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Abstract: We consider robust output regulation of passive infinite-dimensional linear port-
Hamiltonian systems. As the main result, we present a Lyapunov-based proof to show that
a passive internal model based low-gain controller solves the control problem for stable port-
Hamiltonian systems. The theoretic results are used to construct a controller controller for
robust output tracking of a piezoelectric tube model.
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1. INTRODUCTION

In this paper we study robust output tracking and distur-
bance rejection for an exponentially stable passive port-
Hamiltonian system (Villegas, 2007; Jacob and Zwart,
2012)

ẋ(t) = (J −R)Qx(t) +Bu(t) +Bdwdist(t), (1.1a)

y(t) = B∗Qx(t) (1.1b)

on a Hilbert space X. In the control problem we aim to
construct a passive dynamic error feedback controller in
such a way that the output y(t) of the system converges
to a given reference signal yref (t), i.e.,

‖yref (t)− y(t)‖ → 0, t→∞,
at an exponential rate despite the external disturbance sig-
nal wdist(t) (cf. Figure 1). In addition, we require that the
controller is robust in the sense that the output tracking
and disturbance rejection are achieved even if the param-
eters of the system (1.1) experience small perturbations.
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Fig. 1. Tracking control problem.

The robust output regulation problem for infinite-dimen-
sional linear systems has been studied extensively in the
literature. Especially the “simple” internal model based
controller has been shown to be effective in achieving

robust output regulation for stable infinite-dimensional
systems (Logemann and Townley, 1997; Hämäläinen and
Pohjolainen, 2000; Rebarber and Weiss, 2003). The pre-
vious references employ frequency domain methods in
the stability analysis of the closed-loop system consisting
of (1.1) and the controller. Our main interest in this
paper is to consider a similar simple robust controller, but
instead use Lyapunov techniques in analysing the closed-
loop stability. The motivation for the study is that the
Lyapunov techniques provide an ideal starting point for
extending results from linear control theory to nonlinear
systems and controllers.

In this paper we assume that the reference and disturbance
signals are finite linear combinations of trigonometric
functions with known frequencies {ωk}qk=0 ⊂ R with
ω0 = 0 and unknown amplitudes. The robust controller we
construct is a port-Hamiltonian error feedback controller

ẋc(t) = Jcxc(t) +Bc(yref (t)− y(t)), (1.2a)

u(t) = B∗cxc(t). (1.2b)

As required by the internal model principle (Paunonen and
Pohjolainen, 2010), Jc is chosen to contain an internal
model of the frequencies of yref (·) and wdist(·), and the
controller is finite-dimensional whenever the system (1.1)
has a finite number of outputs. The internal model prin-
ciple implies that the controller (1.2) will solve the robust
output regulation problem provided that the closed-loop
system consisting of (1.1) and (1.2) is exponentially sta-
ble. The specific structure of Jc and Bc is presented in
Section 3. In particular, the pair (Jc, Bc) is controllable.

As the main result of this paper we will introduce a
Lyapunov-based argument to prove that the closed-loop
system is stable and the controller (1.2) achieves robust
output tracking and disturbance whenever that ‖Bc‖ is
sufficiently small. Because of the condition on ‖Bc‖, (1.2)
is a low-gain controller. The passivity of the system (1.1)
brings the advantage that the controller can be con-



structed without any knowledge of the values P (±iωk) of
the transfer function of (1.1) at the frequencies of yref (t)
and wdist(t), as is the case of general linear systems (Lo-
gemann and Townley, 1997; Hämäläinen and Pohjolainen,
2000). Earlier research using frequency domain methods
has demonstrated that for passive systems (1.1) and (1.2)
the condition on the smallness of ‖Bc‖ is not necessary for
closed-loop stability and robust regulation (Rebarber and
Weiss, 2003). Instead, in our main result this condition is
only required because of the Lyapunov function argument
in used in the proof.

Robust output regulation of infinite-dimensional linear
systems has been studied previously in (Pohjolainen, 1982;
Logemann and Zwart, 1992; Logemann and Townley, 1997;
Hämäläinen and Pohjolainen, 2000; Rebarber and Weiss,
2003; Boulite et al., 2009; Hämäläinen and Pohjolainen,
2010; Paunonen and Pohjolainen, 2010; Paunonen, 2016,
2017). In particular, the construction of a robust low-gain
controllers for stable systems has been studied in (Loge-
mann and Townley, 1997; Hämäläinen and Pohjolainen,
2000; Rebarber and Weiss, 2003), and also specifically
for port-Hamiltonian systems (Humaloja and Paunonen,
2018) and for passive systems (Rebarber and Weiss, 2003;
Paunonen, 2017).

Notation: If X and Y are Banach spaces and A : X → Y
is a linear operator, we denote by D(A), N (A) and R(A)
the domain, kernel and range of A, respectively. The space
of bounded linear operators from X to Y is denoted by
L(X,Y ). If A : X → X, then σ(A) and ρ(A) denote the
spectrum and the resolvent set of A, respectively. For
λ ∈ ρ(A) the resolvent operator is R(λ,A) = (λ−A)−1.
The inner product on a Hilbert space is denoted by 〈·, ·〉.
For T ∈ L(X) on a Hilbert space X we define ReT =
1
2 (T + T ∗).

2. A MOTIVATING EXAMPLE

As a motivating example we consider the output track-
ing trajectory problem for a piezoelectric tube used in
positioning systems for Atomic Force Microscopy (see Fig-
ure 2). This actuator provides the high positioning resolu-
tion and the large bandwidth necessary for the trajectory
control during scanning processes.
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(a) Description morphologique du tube
piézoélectrique (modèle PT 230.94), et la
disposition de ses électrodes (électrodes
externes +x, -x, +y et -y, ainsi que l’élec-
trode interne qui sert de masse électrique).

(b) Fonctionnement du tube piézoélectrique :
la déflection dans 3 directions X , Y et Z, se-
lon l’application de U et �U . La tension maxi-
male est de ±250V pour ±35µm en X et Y , et
±4.5µm en Z.

FIGURE 1.2: Description et fonctionnement du tube piézoélectrique, modèle PT 230.94.

Par conséquent, les techniques de commande en boucle ouverte (Fig. 1.3b-(2)), permettant
de contourner ce problème sont particulièrement adaptées. La commande en boucle ouverte de
l’hystérésis, du creep et des oscillations mal-amorties est basée essentiellement sur les tech-
niques d’inversion de modèle. Pour ce faire, le modèle de l’effet à commander est d’abord iden-
tifié. Ensuite, différentes techniques consistant à inverser ce modèle ou à trouver une structure
équivalente à son inverse sont appliquées [89, 95, 159]. Ces techniques ont été beaucoup étu-
diées pour la commande monovariable, c’est à dire pour les actionneurs mono-axe [39, 127, 30]
ou pour les actionneurs multi-axes mais en étudiant chaque axe de l’actionneur individuellement
[16, 169, 126].

Par ailleurs, les approches relatives à la modélisation et commande multivariable des ac-
tionneurs piézoélectriques multi-axes, en considérant les transferts directs et les couplages si-
multanément, sont nouvelles. Dans cette thèse, nous proposons une extension des techniques de
modélisation et commande utilisées en monovariable aux approches multivariables, permettant
de prendre en compte à la fois les transferts directs et les couplages.

1.2 Objectifs et plan du rapport

Ce travail de thèse s’articule autour de quatre principaux objectifs :

1. Mettre en place des modèles multivariables pour les actionneurs piézoélectriques multi-
axes, les techniques existant dans la littérature étant limitées à la modélisation monova-
riable. La modélisation proposée sera du type boite-noire (Fig. 1.3a), c’est à dire basée
sur des relations entrées-sorties uniquement et sur des modèles mathématiques.

2. Utiliser les modèles multivariables proposés afin de proposer des nouvelles lois de com-
mande multivariables en boucle ouverte, pour les actionneurs piézoélectriques multi-axes.
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Fig. 2. The piezoelectric tube.

For the sake of simplicity we consider the motion of the
piezotube in one direction. In this case the structure of
the system behaves as a clamped-free beam, represented

by the Timoshenko beam model and actuated through
homogeneous distributed control stemming from the piezo-
electric action over the last section of the beam (the first
section being passive). By choosing as state variables the
energy variables, namely the shear displacement x1 =
∂w
∂z (z, t) − φ(z, t), the transverse momentum distribution

x2 = ρ(z)∂w∂t (z, t), the angular displacement x3 = ∂φ
∂z (z, t)

and the angular momentum distribution x4 = Iρ
∂φ
∂t (z, t)

for z ∈ (a, b), t ≥ 0, where w(z, t) is the transverse dis-
placement and φ(z, t) the rotation angle of the beam, the
port-Hamiltonian model of the uncontrolled Timoshenko
beam is given by (Le Gorrec et al., 2005):

ẋ(t) = (J −R)Qx(t) (2.1)

with Q = diag
(
K, 1ρ , EI,

1
Iρ

)
, J = P1

∂
∂z + P0, R = G0

and

P1 =

 0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 P0 =

 0 0 0 −1
0 0 0 0
0 0 0 0
1 0 0 0

 G0 =

 0 0 0 0
0 bw 0 0
0 0 0 0
0 0 0 bφ


and ρ, Iρ, E, I and K the mass per unit length, the angular
moment of inertia of a cross section, Young’s modulus of
elasticity, the moment of inertia of a cross section, and the
shear modulus respectively, bw, bφ the frictious coefficients.
The energy of the beam is expressed in terms of the energy
variables,

E(t) =
1

2

∫ b

a

(Kx21 +
1

ρ
x22 + EIx23 +

1

Iρ
x24)dz

=
1

2

∫ b

a

x(z)T (Qx)(z)dz =
1

2
‖x‖2Q.

The beam being clamped at point a, i.e., 1
ρx2(a, t) =

1
Iρ
x4(a, t) = 0 ∀t ≥ 0 and free at point b, i.e., Kx1(b, t) =

EIx3(b, t) = 0 ∀t ≥ 0 the domain of the operator J is

D(J ) =

x ∈ H1(0, 1;R4)

∣∣∣∣∣∣∣
x2(a, t) = 0
x4(a, t) = 0
x1(b, t) = 0
x3(b, t) = 0

,∀t ≥ 0

 .

Control through piezoelectric actuation is modeled as a ho-
mogeneous distributed torque over the segment [b− η, b],
and thus the controlled version of (2.1) becomes

ẋ(t) = (J −R)Qx(t) + Bu(t)

y(t) = B∗Qx(t)

where

B(z)u(t) =

 0
0
0

1[b−η,b](z)

u(t),

B∗Qx(t) =

∫ b

b−η

∂φ

∂t
(z, t)dz.

3. A PASSIVE ROBUST CONTROLLER

In this section we will present a dynamic error feedback
controller of the form (1.2) to achieve robust output
tracking and disturbance rejection of the signals (3.1).
We assume B ∈ L(U,X) and Bd ∈ L(U,X) in the
system (1.1). The input and output spaces U = Y and



Ud are Hilbert spaces. The reference signal yref (t) and
disturbance signal wdist(t) are assumed to be of the form

yref (t) = a0 +

q∑
k=1

[
a1k cos(ωkt) + a2k sin(ωkt)

]
, (3.1a)

wdist(t) = b0 +

q∑
k=1

[
b1k cos(ωkt) + b2k sin(ωkt)

]
, (3.1b)

where the frequencies {ωk}qk=0 ⊂ R are known, and ω0 = 0
and ωk > 0 for k ∈ {1, . . . , q}. The main control problem
is defined in the following.

The Robust Output Regulation Problem. Choose a
controller (1.2) in such a way that the following hold.

(a) The closed-loop consisting of the plant (1.1) and (1.2)
is exponentially stable.

(b) For all yref(t) and wdist(t) of the form (3.1) and for
all initial states of the plant and the controller

‖y(t)− yref(t)‖ → 0, as t→∞
at an exponential rate.

(c) If (J,R,B,Bd) are perturbed to (J̃ , R̃, B̃, B̃d) in such
a way that the perturbed closed-loop system is expo-
nentially stable, then (b) continues to hold.

For λ ∈ ρ((J − R)Q) we denote the transfer function of
the system (1.1) is given by P (λ) = B∗QR(λ, (J−R)Q)B.
If we denote ReT = 1

2 (T + T ∗), then the passivity of the
system implies that ReP (iω) ≥ 0 for all iω ∈ ρ((J−R)Q)∩
iR. To verify this, for any λ ∈ ρ((J−R)Q)∩C+ we can let
u ∈ U be arbitrary and denote x = (λQ−1 − J +R)−1Bu.
Then

Re〈P (λ)u, u〉 = Re〈B∗QR(λ, (J −R)Q)Bu, u〉
= Re〈(λQ−1 − J +R)−1Bu,Bu〉
= Re〈x, (λQ−1 − J +R)x〉
= (Reλ)〈x,Q−1x〉+ 〈x,Rx〉 ≥ 0

since Q−1 ≥ 0, R ≥ 0, and Reλ ≥ 0. In order to solve
the robust output regulation problem, it is necessary to
assume that {±iωk}qk=0 ⊂ ρ((J − R)Q) and that the
transfer function P (λ) is such that P (±iωk) are surjective
for all k ∈ {0, . . . , q}. This necessity can be observed,
for example, from the result (Paunonen and Pohjolainen,
2010, Lem. 6.4). In the case of our passive system, we make
the following natural assumption.

Assumption 3.1. Assume that ±iωk ∈ ρ((J − R)Q) and
ReP (±iωk) > 0 for all k ∈ {0, . . . , q}.

We choose the parameters Jc and Bc of the controller
in such a way that the controller (1.2) will incorporate
an internal model of the signals yref (t) and wdist(t) in
the sense of (Paunonen and Pohjolainen, 2010; Paunonen,
2016). To this end, we will choose Xc = Y × · · · × Y =
Y 2q+1,

Jc = blockdiag(J0
c , J

1
c , . . . , J

q
c ),

J0
c = 0 · IY , Jkc =

[
0 ωkIY

−ωkIY 0

]
,

Bc = δc

B
0
c0
...
Bqc0

 , B0
c0 = IY , Bkc0 =

[
IY
0

]
.

Since Y is allowed to be infinite-dimensional, we will use
the definition of the internal model expressed in terms
of the G-conditions (Hämäläinen and Pohjolainen, 2010;
Paunonen, 2016).

Lemma 3.2. The controller incorporates an internal model
of the signals yref (t) and wdist(t) in (3.1) in the sense that
the G-conditions

R(±iωk − Jc) ∩R(Bc) = {0}, ∀k ∈ {0, . . . , q} (3.2a)

N (Bc) = {0} (3.2b)

are satisfied.

Proof. Since Bkc0 are injective, the same is true for Bc
and thus (3.2b) holds. First let k = 0 with ω0 = 0 and
w ∈ R(iω0 − Jc) ∩ R(Bc). Then w = (iω0 − Jc)xc = Bcy
for some w, xc ∈ Xc and y ∈ Y , and the structure of Jc
and Bc imply that in particular (iω0 − J0

c )x1c = δcB
0
cy.

Since iω0 − J0
c = 0 and B0

c is injective, we have y = 0,
which further implies w = Bcy = 0. Thus (3.2a) holds for
k = 0.

On the other hand, if k ∈ {1, . . . , q} and w = (±iω0 −
Jc)xc = Bcy for w, xc ∈ Xc and y ∈ Y , then the structures
of Jc and Bc again imply that[

±iωkIY −ωkIY
ωkIY ±iωkIY

] [
z1
z2

]
= δcB

k
c y = δc

[
y
0

]
for some z1, z2 ∈ Y . Since ωk > 0, the second line of the
above equation implies z1 = ∓iz2. Substituting to the first
line we get

δcy = ±iωkz1 − ωkz2 = ±iωk(∓iz2)− ωkz2 = 0,

which shows w = Bcy = 0. Since w ∈ R(±iωk−Jc)∩R(Bc)
was arbitrary, we have that (3.2b) is satisfied. �

The internal model principle (Paunonen, 2016, Thm. 7)
now states that the controller solves the robust output
regulation problem provided that the closed-loop system
consisting of the plant and the controller is exponentially
stable. If we write

ẋc(t) = Jcxc(t) +Bcuc(t) (3.3a)

yc(t) = B∗cxc(t) (3.3b)

then the stability of the closed-loop consisting of (1.1)
and (1.2) is equivalent to showing that for wdist(t) ≡ 0 the
closed-loop consisting of (1.1) and (3.3) under the power-
preserving interconnection Ramı́rez et al. (2014){

u(t) = yc(t)
uc(t) = −y(t)

is exponentially stable.

The following is the main result of this paper.

Theorem 3.3. There exists δ∗c > 0 such that for all δc ∈
(0, δ∗c ), the closed-loop system consisting of the plant and
the controller is exponentially stable. In this case the
controller solves the robust output regulation problem for
all reference and disturbance signals (3.1).

The proof of Theorem 3.3 uses the following lemma.

Lemma 3.4. Let Q = I and let H ∈ L(Xc, X) be such that
R(H) ⊂ D(J − R) and HJc = (J − R)H − BB∗c . Then
there exist δ∗0 > 0, Mc > 0 such that for any δc ∈ (0, δ∗0)
we can choose Pc0 > 0 such that ‖Pc0‖ ≤Mc and

Pc0(Jc +BcB
∗H) + (Jc +BcB

∗H)∗Pc0 = −δ2c . (3.4)



Proof. Applying a block-diagonal similarity transform
T = blockdiag(T0, T1, . . . , Tq) where T0 = I and Tk =[
I I
iI −iI

]
, T−1k = 1

2

[
I −iI
I iI

]
we can define G1 = T−1JcT =

blockdiag(iω0IY , iω1IY ,−iω1IY , . . . , iωqIY ,−iωqIY ) and
G2 = T−1Bc and write

Jc +BcB
∗H = T (G1 +G2B

∗HT )T−1.

Since Jc ∈ L(Xc) with σ(Jc) ⊂ iR and σ(J−R) ⊂ C−, the
Sylvester equation HJc = (J − R)H − BB∗c has a unique
solution H ∈ L(Xc, X) satisfying R(H) ⊂ D(J − R) Vũ
(1991). The Sylvester equation and the definitions of G1

and G2 further imply

HTG1 = (J −R)HT −BB∗cT,
where B∗cT = δc [I, . . . , I]. Since G1 is block-diagonal, it is
straightforward to verify that

HT = −δc
[
R(iω0, J −R)B, . . . ,

R(iω1, J −R)B,R(−iω1, J −R)B, . . . ,

R(iωq, J −R)B,R(−iωq, J −R)B
]
,

and thus B∗HT is equal to

−δc [P (iω0), P (iω1), P (−iω1), . . . , P (iωq), P (−iωq)] .

Since we have by Assumption 3.1 that ReP (±iωk) > 0 for
all k ∈ {0, . . . , q}, we also have σ(P (±iωk)) ⊂ C+ for all
k ∈ {0, . . . , q}. Indeed, if S ∈ L(U) is such that ReS > 0
and Reλ ≤ 0, then

Re(S − λ) = |Reλ|+ ReS > 0,

which further implies that S − λ is boundedly invert-
ible (see, e.g.,(Paunonen, 2017, Lem. A.1(a))). Write
B∗HT = −δcK. Since G2 = T−1Bc = (δc/2)G20 where
G20 = [I, . . . , I]∗, the operator (G1 + G2B

∗HT )∗ =
G∗1 − (δ2c/2)K∗G∗20 is of the form of the operator Ac(ε)
in (Hämäläinen and Pohjolainen, 2011, App. B) with
ε = δ2c/2. If we denote by Tδc(t) the semigroup generated
by Jc + BcB

∗H = T (G1 +G2B
∗HT )T−1, then the proof

of Theorem 1 in (Hämäläinen and Pohjolainen, 2011, App.
B) shows that there exist M0, ω0, δ

∗
0 > 0 for all δc ∈ (0, δ∗0)

we have that ‖Tδc(t)‖ ≤M0e
−ω0δ

2
c t for all t ≥ 0.

Let δc ∈ (0, δ∗0). Since Tδc(t) is exponentially stable, we

can choose P̃c0 > 0 such that

(Jc +BcB
∗H)P̃c0 + (Jc +BcB

∗H)∗P̃ ∗c0 = −I.
The operator P̃c0 is given by P̃c0 =

∫∞
0
Tδc(t)

∗Tδc(t)dt.
Thus

‖P̃c0‖ ≤
∫ ∞
0

‖Tδc(t)‖2dt ≤M2
0

∫ ∞
0

e−2ω0δ
2
c tdt =

M2
0

2ω0δ2c
.

Now the operator Pc0 = δ2c P̃c0 satisfies the conditions of
the lemma. �

Proof of Theorem 3.3. As explained in Section 3 it suf-
ficient to show that the closed-loop system is exponen-
tially stable without the presence of the reference and
disturbance signals. By possibly changing variables x(t)

to Q1/2x(t) and defining new operators J̃ = Q1/2JQ1/2,

R̃ = Q1/2RQ1/2, and B̃ = Q1/2B we can assume through-
out the proof that Q = I.

Let H ∈ L(Xc, X) satisfying R(H) ⊂ D(J − R) be the
solution of the Sylvester equation HJc = (J−R)H−BB∗c .
Since Jc ∈ L(Xc) with σ(Jc) ⊂ iR and σ(J−R) ⊂ C−, the

solution H exists and is unique Vũ (1991). Moreover, since
Bc = δcBc0, also H = δcH0 for a fixed H0 ∈ L(Xc, X).
We choose the Lyapunov function candidate for the closed-
loop system as

Ve = 〈x, Px〉+ 〈xc, (Pc +H∗PH)xc〉+ 2 Re〈x, PHxc〉
where x = x(t) and xc = xc(t) are the states of the plant
and the controller, respectively. We have[

I 0
−H∗ I

] [
P PH

(PH)∗ Pc +H∗PH

] [
I −H
0 I

]
=

[
P 0
0 Pc

]
,

which implies that Pe :=
[

P PH
(PH)∗ Pc+H

∗PH

]
> 0 whenever

P > 0 and Pc > 0. Thus under these conditions Ve is a
valid Lyapunov function candidate.

If we denote Ã = J − R − HBcB
∗, then a direct com-

putation using u(t) = yc(t) = B∗cxc(t), uc(t) = −y(t) =
−B∗x(t), and HJc = (J − R)H − BB∗c can be used to
verify that

V̇e = 2 Re〈(J −R)x+Bu,Px〉
+ 2 Re〈Jcxc +Bcuc, (Pc +H∗PH)xc〉
+ 2 Re〈(J −R)x+Bu,PHxc〉
+ 2 Re〈x, PH(Jcxc +Bcuc)〉

= 〈x+Hxc, (PÃ+ Ã∗P )(x+Hxc)〉
+ 〈xc, (Pc(Jc +BcB

∗H) + (Jc +BcB
∗H)∗Pc)xc〉

+ 2 Re〈x+Hxc, (PHBcB
∗H +BB∗cPc)xc〉.

Since the plant is exponentially stable, there exists ε > 0,
P > 0 and δ∗1 > 0 such that for all δc ∈ (0, δ∗1) we have

PÃ+ Ã∗P ≤ −εI.
Indeed, for any ε > 0 we can choose a fixed P > 0 such
that P (J −R) + (J −R)∗P = −2εI, and

PÃ+ Ã∗P

= P (J −R) + (J −R)∗P + 2δ2c Re(PH0Bc0) ≤ −εI
when δc > 0 is small enough. If we let Pc0 > 0 be as in
Lemma 3.4 and εc > 0, then for Pc = εcPc0 > 0 we have

Pc(Jc +BcB
∗H) + (Jc +BcB

∗H)∗Pc = −εcδ2cI
and ‖Pc‖ ≤Mcεc for some constant Mc and for all εc > 0.

If 0 < δc < min{δ∗0 , δ∗1}, we can use the inequality
2 Re〈x, y〉 ≤ α2‖x‖2 + 1

α2 ‖y‖2 for α > 0 to estimate

V̇e = 〈x+Hxc, (PÃ+ Ã∗P )(x+Hxc)〉
+ 〈xc, (Pc(Jc +BcB

∗H) + (Jc +BcB
∗H)∗Pc)xc〉

+ 2 Re〈x+Hxc, (PHBcB
∗H +BB∗cPc)xc〉

≤ −ε‖x+Hxc‖2 − εcδ2c‖xc‖2 + ‖H∗P (x+Hxc)‖2

+ ‖BcB∗Hxc‖2 + α2‖B∗(x+Hxc)‖2 +
1

α2
‖B∗cPcxc‖2

=
[
−ε+ δ2c‖H∗0P‖2 + α2‖B‖2

]
‖x+Hxc‖2

+ δ2c

[
−εc + δ2c‖Bc0B∗H0‖2 +

1

α2
M2
c ε

2
c‖Bc0‖2

]
‖xc‖2.

Here ε > 0 is fixed, and we can choose α2 = ε/(2‖B‖2).
Then we can choose a sufficiently small fixed εc > 0 and
δ∗2 > 0 such that if 0 < δc < δ∗c := min{δ∗0 , δ∗1 , δ∗2}, then

V̇e ≤ −ε̃e
(
‖x+Hxc‖2 + ‖xc‖2

)
= −ε̃e‖Txe‖2

≤ −ε̃e‖T−1‖−2‖P 1/2
e ‖−2〈xe, Pexe〉 =: −εeVe,



where xe = (x, xc)
T , T = [ I H0 I ], and εe depends on the

choice of δc > 0. �

4. ROBUST CONTROLLER FOR THE
PIEZOELECTRIC TUBE

We can now construct a controller to achieve robust output
tracking for the piezotube model presented in Section 2.
We consider the reference signal

yref (t) = a cos(ωt) + b sin(ωt), a, b ∈ R \ {0}.
with a single pair of frequencies ±ω where ω > 0. Since
the piezotube is a single-input single-output system, we
can use a controller

ẋc(t) =

[
0 ω
−ω 0

]
xc(t) + δc

[
1
0

]
(yref (t)− y(t)),

u(t) = δc [1 0]xc(t)

on Xc = R2. Theorem 3.3 implies that whenever ω > 0
is such that ReP (iω) 6= 0, the above controller achieves
asymptotic output tracking of the reference signal yref (t)
for all sufficiently small δc > 0. Moreover, due to robust-
ness the output tracking is achieved even if the physical
parameters of the piezotube model in Q, J , R, or B
contain uncertainty or experience changes, as long as the
closed-loop system stability is preserved.

5. CONCLUSIONS

In this paper we have considered the robust output
regulation of passive stable infinite-dimensional port-
Hamiltonian systems. As our main result we have pre-
sented a new Lyapunov proof to show that a passive in-
ternal model based controller achieves exponential closed-
loop stability and robust output regulation. The use of
Lyapunov techniques in the proof opens up new possi-
bilities in design of robust controllers for nonlinear port-
Hamiltonian systems.

ACKNOWLEDGEMENTS

The research was completed when the first author visited
FEMTO-ST Institute of Université de Franche-Comté in
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Hämäläinen, T. and Pohjolainen, S. (2000). A finite-
dimensional robust controller for systems in the CD-
algebra. IEEE Trans. Automat. Control, 45(3), 421–431.
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