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On Dynamic Modeling of PCM-Controlled
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Abstract— Peak-current-mode (PCM) control was published
first time in open literature in 1976. The observed peculiar
behavior caused by the application of PCM-control in a power
electronic converter have fascinated the researchers to attempting
to capture the dynamics associated to it. It is commonly assumed
that the peculiar phenomena originate from the sampling process
in the PCM control. A resistor is usually connected as a load, when
modeling the converter dynamics and during the frequency-
response measurements. The load resistor will actually dominate
the frequency responses and hide the real dynamics associated to
PCM control. Other measurement problems will arise from the
non-modeled circuit elements dominating, especially, the high-
frequency dynamic behavior of the converters. Because of these
problems, the PCM models are not usually properly validated. The
investigations, in this paper, show that: i) the PCM models have to
be accurate also at the low frequencies for ensuring, for example,
stable design of output-current-feedback-controlled converters, ii)
the high low-frequency accuracy can be obtained only by means of
duty-ratio gain becoming infinite at the mode limit, iii) the high-
frequency accuracy of the PCM models can be obtained by means
of different high-frequency extensions, iv) the key for the PCM
modeling lies in the proper duty-ratio constraints, and v) the high-
frequency magnitude and phase behaviors are caused by the
second-harmonic-mode operation of the converter due to the
frequency-response-measurement injection signal. The main
objective of this paper is to show that such a modeling technique,
which fully matches the above criteria, has been developed already
in early 1990’s and later elaborated for more general form.
Validation of the dynamic models is performed by simulation,
where the converter and its operational environment are perfectly
known. The load-resistor effect is removed computationally for
performing the complete validation. A PCM-controlled buck
converter is used as an example.

Index Terms—PCM control, dynamic modeling, harmonic-
mode operation, duty-ratio constraints

I. INTRODUCTION

Peak-current-mode (PCM) control of switched-mode
converters was publicly introduced in 1978 [1,2], which is
nowadays widely applied control method due to the beneficial
features that it provides in converter dynamics and overcurrent
protection as discussed in [3]. The first attempt to capture the
dynamics of PCM-controlled converters was reported in 1979
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[4]. The state space of the PCM-controlled converter was
developed by replacing the perturbed duty ratio in the direct-
duty-ratio (DDR) or voltage-mode (VM)-controlled state space
by means of the duty-ratio constraints [4].

In the subsequent modeling approaches, the duty-ratio
constraints are usually developed by assuming the time-
averaged inductor current to be constant during the switching
cycle as the consequence of sample-and-hold effect [5-17]. This
assumption leads usually to the duty-ratio gain to be related to
the inverse of the inductor-current up slope, which is justified
by the analogy to the modulator gain under DDR control (i.e.,
1/V,,) asin [5-10]. It is, however, clearly stated in [18,19] that

the development of the duty-ratio constraints shall be
performed under dynamic condition, where the derivative of the
time-varying averaged inductor current is not zero. When this
statement is followed strictly and properly, the obtained duty-
ratio gain will become infinite at the maximum duty ratio up to
which the converter can work without entering into
subharmonic modes [20-26]. The infinite duty-ratio gain is also
obtained in [11,12] despite the assumption of constant time-
varying inductor current as a result of certain additional
assumptions. As an outcome of those assumptions, the obtained
duty-ratio constraints equal the constraints given in [20,21,23].
The describing function method reported in [27] leads also to
the duty-ratio gain, which becomes infinite at the mode-limit
duty ratio. The existence of infinite duty-ratio gain is widely
disputed, because its physical existence in the power electronic
converters has not been verified explicitly. There is, however,
plenty of evidence, which explicitly supports its existence [20-
26]. Similar infinite duty-ratio gain is observed to take place
also in the PCM-controlled converters operating in
discontinuous conduction mode (DCM) [28]. In DCM, the
mode-limit duty ratio equals the duty ratio at which the
converter enters into continuous conduction mode (CCM) [28].

The practical frequency-response measurements have
indicated that the magnitude and phase behaviors of the control-
related transfer functions do not match with the average-model-
based predictions, but they exhibit parallel-resonant-type
behavior in vicinity of half the switching frequency causing
increase in the magnitude and excess phase shift. This
phenomenon is assumed to be the consequence of the sample-
and-hold effect caused by the sampling of the inductor current
[8,9,11,12]. The associated delay function is usually computed
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based on the sampled-data modeling principles [8,12,15-17],
the modulation waveforms associated to the duty-ratio process
[13] or on intuition as in [29]. The delay function is usually a
transfer function of infinite order in s, which is transformed into
a finite-order mode by using different Padé approximations
[10]. As an outcome of the approximation, a resonant transfer
function is usually obtained, where the parameters (i.e.,
damping factor and undamped natural frequency) are selected
for obtaining the desired high-frequency behavior of the
models. As discussed in [10], the used high-frequency
extension does not comply with the original delay function. The
delay function is added usually in the inductor-current feedback
loop [8,10]. The presented model validations, for example, in
[13,14] show clearly that the resonant circuit with properly
tuned parameters would yield perfect high-frequency match
between the predicted and simulation-based-measured
frequency responses. Comprehensive discussions are provided
on the inductor-current loop modeling in sampled-data domain
including the application of Pade approximation in Refs.
[11,12]. The final outcome of those discussions is not
unfortunately given in such a manner that the reader can
understand explicitly, where the sampling effect has to be
placed for obtaining perfect high-frequency accuracy.

As the load resistor dominates the low-frequency part of the
frequency responses in most of the published papers, the overall
validation of the proposed models is impossible based on the
given responses. In order to predict the impedance-based
interactions correctly [30] or to design a stable output-current
feedback-controlled PCM-controlled converter [31], the
models have to be accurate at the low frequencies as well: Fig.
1 shows the measured output-current loop gain ( L, (s) , dashed

line), when a PCM-controlled buck converter is loaded with a
resistor. The solid line shows the corresponding measured
output-current loop gain ( L, (s) ), when the correct load (i.e., a

storage battery) is connected at the output terminal. The
increase of loop crossover frequency by two decades would
lead evidently to instability, because the crossover frequency of
the output-current loop would be easily higher than the
switching frequency, which indicates explicitly the necessity to
removing the load-resistor effect from the PCM models. The
detailed analysis of the load effect can be found from [31].

In this paper, we will show that the infinite-duty-ratio-gain-
based models in [11,12,20-23] will produce very accurate
small-signal models from DC up to 1/5" of the switching
frequency as such, which is usually considered to be the
absolute-maximum crossover frequency of the feedback loop
gain as well. We will also show that the models in [8,9] will
produce very accurate responses from DC to half the switching
frequency as has been stated also in [13,14]. The approximate
transfer functions in [8] and the investigations in this paper
indicate clearly that the real duty-ratio gain in [8,9] equals the
infinite-gain duty-ratio gain proposed in [11,12,20-23] as well.
The infinite duty-ration gain is also clearly visible in [14] (cf.
Table III: R, ). In addition, we will show that the infinite-gain
models in [20-23] can be upgraded to produce accurate high-

frequency responses with a simple resonant circuit placed in the
inductor-current loop. According to the thorough investigations
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of this paper, the high-frequency extension in [11,12] equals the
extension produced by the simple method, which is applied in
this paper.
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Fig. 1 Effect of resistive load on the output-current loop gain of a PCM-
controlled buck converter [31].

As stated earlier, the measured small-signal behavior of
the magnitude and phase of the control-related transfer
functions do not correspond to the average-model-based
predicted frequency responses. The investigations, in this
paper, show that the mismatches are caused by the converter
operation in second-harmonic mode due to the frequency-
response-measurement injection signal. This operation starts
gradually affecting the converter operation from 1/5% of the
switching frequency, and the duty-ratio gain F, will become

infinite at half the switching frequency. The measured
frequency responses in vicinity of half the switching frequency
are dependent on the used injection signal amplitude as well.
The infinite duty-ration gain at half the switching frequency
explains also why the ideal series-resonant circuit placed in the
inductor-current loop improves the accuracy of the predictions
as well.

The development of the small-signal models in [8,9,13-16] is
rather difficult, and therefore, their application to more
complicated higher-order converters would be difficult as well.
The modeling methods presented in [20,23] are obtained by
applying transparent modeling methodology, which produces
explicit definition for the key factors in the PCM modeling i.e.,
the unified averaged comparator equation from which the duty-
ratio constraints can be easily developed also for more
complicated converters [24,25] as well as for current-fed
converters [26], etc.

The main contributions of this paper are as follows: i)
Confirming the real effects of PCM control on the overall
dynamics of a switched-mode converter, ii) confirming the
validity of the proper PCM averaged models, iii) emphasizing
and verifying the necessity to removing the resistive-load effect
from the analytic and measured transfer functions, iv) verifying
the inductor-current loop behavior in buck converter, v)
verifying the high accuracy of the models in [8,9] and the
models presented in [11,12,20,21,23], and v) observing that the
high-frequency magnitude and phase behaviors are caused by
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the second-harmonic-mode operation of the converter due to
the frequency-response-measurement injection signal. The
main objective of the paper is to emphasize that the problems
in PCM modeling has been successfully solved already in early
1990°s in [11,20], and the modeling method is later only
elaborated for more convenient and wider usage in [23]. A buck
converter is used as an example for validating the accuracy of
the models.

The rest of the paper is organized as follows. Section II briefly
presents the PCM modeling method developed in [8,9] and
[23]. Section III presents the frequency responses measured
from the Matlab™ Simulink-based switching model by using
pseudorandom-binary-sequence-based frequency-response
measurement technique introduced in [32,33]. Experimental
validation of the proposed techniques is presented in Section
IV. Discussions are provided in Section V, and the conclusions
are finally drawn in Section VI.

II. PCM-CONTROL MODELING

The modeling method of the direct-duty-ratio (DDR) or
voltage-mode (VM) controlled converters, which is known as
state space averaging (SSA) [34,35], is known to produce
accurate small-signal models up to half the switching frequency
without any high-frequency modulation effects [36]. Fig. 2
shows the control-to-output-voltage frequency responses of a
DDR-controlled buck converter, which are extracted from the
corresponding switching model, and predicted by means of the
SSA-based small-signal models (cf. e.g. [37]). The used
Simulink (Matlab™) based switching models are given
explicitly in [38]. Fig. 2 confirms the accuracy (i.e., perfect
match) of SSA-based model as well as the absence of
modulation effects. The accuracy of the DDR models is
important, because the PCM models are based on them as
implicitly stated in [4], whether they are developed based on the
DDR state space or on the corresponding equivalent circuits
[39,40] as in [8,13,14]. The high distribution of the phase-
response data points in vicinity of half the switching frequency
is the consequence of the used pseudorandom binary-sequence-
based frequency-response measurement technique as discussed
in [32,33].

The main difference between the DDR and PCM-controlled
converters is that the duty ratio is generated in DRR-controlled
converter by means of a fixed PWM-ramp signal and in PCM-
controlled converter by means of the up slope of the
instantaneous inductor current. Therefore, the small-signal
models representing the dynamics of PCM-controlled converter
can be established by developing the proper duty-ratio
constraints of the form [4,24]

d=F, (%~ q%) (1)
i=1

where F denotes the duty-ratio gain, x_ the control variable,
and ¢, the feedback or feedforward gain related to variable x,

(i.e., state and input variables) [23,24]. The modeling is simply
finalized by replacing the perturbed duty ratio (d ) in the
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small-signal state space of the corresponding DDR-controlled
converter by means of (1) [37].
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Fig. 2 Frequency responses of control-to-output-voltage of a DDR-controlled
buck converter with 100-kHz switching frequency at two different input
voltages: The dashed blue lines and the x-marks denote the analytically
predicted and switching-model-based measurements at 20 V, and the solid red
lines and the circle-marks denote the same predictions and measurements at 50
V, respectively.

A. Duty-Ratio Constraints

Fig. 3 shows the inductor-current waveforms, the control
current (i, ), and the inductor-current compensating ramp ( m,

) during one arbitrary cycle in CCM under dynamic conditions.
As discussed in [35], the real state variables producing the
dynamic behavior up to half the switching frequency are the
time-averaged values of the instantaneous variables within one
cycle. Fig. 3 shows clearly that at the time instant (i.e., at
t = (k+d)T, ), when the duty ratio is established, the variables

in Fig. 3 can be linked together by
iy —mdT, =" (i) + A, (2)

i=1
which is actually known as the comparator equation due to
what physically takes place in the PWM modulator of the
converter.
The only unknown variable in (2) is Aj (cf. Fig. 3), which

can be solved e.g. by the geometrical studies of the inductor-
current waveforms [20], by theoretical averaging techniques as
in [21] or by considering the situation in Fig. 3 to be a transient
state and applying the derivative of the time-varying averaged

inductor  current  properly as  in [23] (i.e.,
Ai, = 1 m,dT, ——dT d{iy) ,where iy _ dm, —d’m, (cf.
2 2 dt
[35])) . As an outcome of the named techniques, Aj can be
given in general [23] by
dd T
[Z (my; +my, j (©))

where m, and m, denote the absolute values of the up and

down slopes of the associated inductor currents as denoted in
Fig. 3.
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compensation ramp.

Inductor-current waveforms in CCM including the control current and

The different gains in the small-signal duty ratio constraints
in (1) can be found by replacing the up and down slope with
their topology-based values in (3) as well as linearizing the
corresponding averaged comparator equation in (2) at a certain
operating point. The duty-ratio gain ( F, ) can be given in a
generalized form by

F = 4)

m n

Z(Mli +M2i)

T| M +(D'=D) =

which indicates that it becomes infinite, when the duty ratio (
D,,, ) equals

1 M
Dy = b )

2 Z(M li +M 2i)
i=1
and defines the mode limit (ML) for the operation of the
converter at the switching frequency. If requiring harmonic-
mode-free operation of the converter in all conditions (i.e.,
steady state and transients) within the specified input-voltage
range (i.e., up to D,,, =1) then the compensation should be

designed as

Z(M 1i +M. 2i)

M= 6
¢ > (6)
The compensation value in (6) does not comply with the
optimal compensation value of the buck converter, which
would nullify the audiosusceptibility (i.e., G, =0 in (23)).
Such a compensation value can be given for the buck-type

converters in general [24] by

UL Q)

Fig. 4 shows the measured instantaneous inductor current,
when the converter operates in second-harmonic mode. Fig. 4
shows clearly that the up and down slopes as absolute values
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are equal, when the inductor-current loop is not compensated
(e, M, =0).

fetroy ] ME0

\_M2
; t 5 )

o d~07 fdl’~m[§1 ~mf dzO?\\

/ A |

A =TT 110 ps kT, 1pus | KFDI;

4 I

g B 2 ps 200m O STOPPED
Fig.4  The measured inductor-current waveforms in the second-harmonic-

mode of operation.

The peculiar behavior of the inductor current in Fig. 4 can be
explained by means of the infinite duty-ratio gain as follows:
The inductor-current feedback loop and the control current
form a similar constellation as the well-known voltage-
follower-operational-amplifier circuit, which can be expressed
as

l’:L :Fm(fco _l’:L)
R ®)
lL = lco

1+F,

According to (8), i, =i when F, =eo, which means that

i, = 0 when i =I_ asitisinopen loop. In practice, this means

that the inductor-current derivative will be zero. According to
[35], the inductor-current derivative can be given in CCM by

dli ,

% =dm,—d'm, ©)
When equating the derivative in (9) to zero and replacing the
duty ratio by the mode-limit duty ratio in (5), we get the relation
between the inductor-current slopes and the compensation ramp

as

m, =m, +2M, (10)

which indicate that the up and down slopes as absolute values
are equal when M, =0 as in Fig. 4. The existence of the even

harmonic operation modes can be explained by the equality of

the absolute values of the slopes, which dictates the operational

frequencies to be f, /2", where f, denotes the switching

frequency. According to the inductor-current waveforms in Fig.

4, we can compute that the corresponding averaged duty ratio
can be given by

_di+d, _ m

av 2 -

According to the equality in (10), we can compute the mode-

limit duty ratio in (5) to be

an

m +m,
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D, =—= (12)

m1+m2

which equals the averaged duty ratio in (11). This means that
the mode-limit duty ratio will govern the operation of the
converter in harmonic modes [23]. More information related to
the PCM control can be found from [37]. It may be obvious that
the resonant-like behavior of the inductor-current loop at half
the switching frequency cannot explain the harmonic behavior
of the inductor current at the frequencies of £, /2", where n >1.

Dr. Bass gave the same message already in 1990 in his PhD
dissertation based on the system eigenvalues vs. the switching
frequency [41].

The averaged comparator equation in (2) can be developed

further in terms of duty ratio ( [D ) in steady state for a second-
order converters as follows

(M, +M,)T MM,

)T.-D

2
1, -1 =— D" +(M, .
(13)
According to (13), we can compute that the minimum distance
between the control current and average inductor current will

be limited to

M T M M, + M )T
11, = L M MOEIT g
min 9 M, +M, 8
at the duty ratio
pl, M (15)
2 M +M,

which equals D,,, in (5) and (12). At the higher duty ratios,

the comparator equation in (13) does not have any more real
valued solutions. The same minimum distance is also obtained
in [42] based on chaos theory. In practice, this means that the
inductor-current ripple has to start increasing for continuing the
operation of the converter as explicitly visible in Fig. 4. In the
small-signal models, the non-existence of real valued solutions
is reflected as infinite modulator gain. Thus the developed
comparator equation predicts exactly the duty-ratio value, at
which the converter will enter into harmonic mode of operation,
when the inductor-current-loop compensation is varied.

B. Small-Signal Model of PCM-Controlled Buck Converter

The power stage of the PCM-controlled buck converter is
shown in Fig. 5 with the resistive load and the values of
components. According to (2) and (3) as well as the definition
of the inductor-current up and down slopes (cf. [35]), the
corresponding duty-ratio constraints can be given by

d = F, (fco - quTL = i Vi)

(16)

where

DOI:10.1109/TPEL.2017.2737679 5

1
rou,+ PO
2L
DD'T,
g, =1+ 2L = (ry —1y) (17)
_oT,
qin 2L

V = Vin +VD +(rd _rds)lu

€

1mQ

50V R=75 mQ
| 4 q |pq , :
: S i RS-FF Ri, |
AL < g |
! <) v, =Ri,
: TS Time 'é co s co :
1 b 1
100kHz 22 / :

________________________________________

Fig.5  The power stage of the PCM-controlled buck converter.

The set of PCM transfer functions for the basic buck, boost,
and buck-boost converters can be derived in a general form
from the block diagram presented in Fig. 6 based on the general
duty-ratio constraints of (18). In Fig. 6, the transfer functions
denoted by the superscript ‘DDR’ corresponds to the set of
transfer functions describing the dynamic behavior of the
corresponding DDR-controlled converter.

(18)

d = Fm (;co - qu‘.\L - qinv‘\m - qovAo)

The general set of transfer functions can be given as shown
in (19) (the output dynamics) and (20) (the input dynamics),
respectively.

BF
s s Phtm g oo
G =Y — A
DA 1+L +L,
5 1+ BF 4, )Z??R " F.a. Gfik
Z, =2=—-"~ A (19)
i I+L +L,

~ DDR
G :v_o — F, m Gco—o
i, 1+L +L,
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\ F, (¢, +- - )G™® +4, )G
y = lin — yPOR _ AZ,
o g T 1+1 +L,
; Fy((q, +- 222" = 6!
Tyy==T." + < (20)
i I+L +L,

' E,G™
G — il_n — m "~ ci-o

i, 1+L +L,
where Z. denotes the impedance of the output capacitor, L_
and L, denote the inductor-current and output-voltage loop
gains as givenin (21) (i.e., GI°* and G>°* denote the control-
to-inductor-current and control-to-output-voltage transfer
functions of the corresponding DDR-controlled converter (cf.
[37]) as well as A=l and B=0 for a buck converter, and
A=D and B=1 . for boost and buck-boost converters,
respectively.

Lc = F quGCDIEaR

DDR (21)
LV = quOGCD-O

5 | yyDDR
vi“ : YinL-o
2 »| 7 DDR
lO ToL-o
4 qin
co
,,,,,,,,,,,,,,,,,,,,,,,,, @
O DDR
Vin Yin-o
2 »| 7 DDR > 2
lo Toi»o ' lin
DDR ~
Gci-o iL
~ 4
G l ,,,,,,,,,,,,,,,,,
E, q.
<. S 5
i [ROKIH 4o [« 7,
ZCO
(b)

Fig. 6 The control-engineering-type block diagrams for computing the general
transfer functions representing (a) the output dynamics and (b) the input
dynamics of the basic second-order converters.
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The explicit internal or unterminated set of transfer functions

of the buck converter can be obtained by replacing d in the
linearized state space of the corresponding DDR-controlled
buck converter (cf. [23]) by (16). The corresponding transfer
functions can be solved from the obtained linearized PCM state
space (cf. [23,37]) yielding

— i — (D_le/eqin)(D_Fm]oqL)S _

Y — _in F | ]
in-o ‘,;in LA mqm .
T.. = b (D-F,1,q,)1+sr.C) @)
Iy LCA
Geo = lAl—" = PV (D-Fo1,q,)s +EI
o LCA
and
7 P _(imre+ B Vg +sL)(1+57.0)
0-0 l’:o LCA
G, =to  (D=FVq, )+ s7C) o
vin LCA
b, FV.(+s1.C)
C0-0 d" LCA
where the denominator of the transfer functions is
+F V. 1
A=s? 4oty (24)
L LC
and », and V', are
1=+ D+ Dl 1 25)

Ve = Vin +(rd _rds)[o
For comparison, the corresponding control-to-output-voltage
transfer function of the DDR-controlled buck converter can be
given by
DDR _ V. d+s1.0) (26)
0 S LC+sr,C+1
for the verification of the responses shown in Fig. 2 [35,37].
The denominator in (24) indicates clearly that the PCM control
will increase the damping of the system by increasing the
coefficient of s by F, Vg, (cf. (24) vs. (26)), which is usually a

lossless resistance of tens of ohms connected in series with the
output inductor. The control-related transfer functions in (22)
and (23) show that F equals also directly the modulator gain

similarly as 1/7, in the DDR-controlled converter (i.e., V,

equals the peak-to-peak value of the constant PWM ramp
signal).

It is well known that the damping factor of the PCM-
controlled converter is quite high, which means that the roots of
the denominator in (24) are well separated. Therefore, they can
be estimated as follows

! FuVeq
wLow-freq = m wHigh-frsq = L = (27)

which shows that the low-frequency pole moves towards the
origin and the high-frequency pole moves towards infinity,
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when the duty ratio approaches the value of mode limit (D,,, )
(cf. (5)) and F, approaches infinity as discussed earlier. As a
consequence, the output impedance of the converter (cf. Z

in (23)) at the mode limit equals the output-capacitor impedance

of the converter, because the inductor will be effectively
blocked by the infinite lossless series resistance (i.e., F,V.q, ).

Fig. 7 shows the simulation-based measured output impedances
of the buck converter, when the duty ratio approaches the mode
limit (i.e., D,,, =0.4759(solid red lines), D, =0.4986

22V 21V

(dashed blue lines)), and passes it (¥;, =20.8V & 20.5V (solid
and dashed black lines; 2" harmonic modes).
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Fig. 7 Behavior of output impedance, when the duty ratio approaches the mode
limit and goes beyond it.

The low-frequency phase behavior at the input voltage of 21
V (ie., D=0.5) shows clearly that the output impedance
resembles the output-capacitor impedance at the mode limit as
discussed above (i.e., the magnitude has slope of -20 dB/decade
and the phase equals — 90 degrees). Fig. 7 shows that the output
impedance will exhibit resonant behavior, when the converter
enters into harmonic mode, where the resonant poles locate in
the right half plane. The averaging-based models do not
naturally explain the observed phenomenon. The internal
resonance of the converter is close to 900 Hz, and therefore, the
observed resonances are not related to it.

The unterminated inductor-current loop gain of the buck
converter can be given by (28) (cf. (21)), because the coefficient
g, = 0 in case of the buck converter (cf. (17)). In case of boost
and buck-boost converters, the inductor-current loop gain is

affected also by the feedback from the output voltage (cf. Fig.
6a).

Ligew = Fan QLGC?_I-)OR (28)
where the control-to-inductor-current transfer function equals
DDR _ V,sC (29)

TSP LC+srC+1
When measuring the loop gain, the load impedance (Z, ) will
affect the loop gain as
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TDDR GDDR
Lo = Fug (G0 +-2— —200) (30)
ZL 1 0-0
+
ZL

where the output-current-to-inductor-current transfer function
(7,2°% ) and output impedance ( Z°™® ) can be given according

oL-o

to [37] by

oor ___1F57C
o S LCHsrC+]
por _ (1, =1 +sL)(1+s1.C)

o s’LC+s1,C+1

Fig. 8 shows the measured and predicted frequency
responses of the load-resistor-affected inductor-current loop.
The measurements are performed at the input voltage of 50 V
(red), 30 V (blue), and 25 V (magenta). The predicted responses
are denoted by black lines (50 V: solid; 30 V: dashed, and 25
V: dash-dotted). The low-frequency part (i.e., < 100 Hz) of the
responses equals F_g, V. /R, , which is perfectly predicted by

(€2))

(30). Fig. 8 shows that the magnitude and phase will start
deviating from the predictions based on the average model and
exhibiting series-resonant-like behavior with right-half-plane
(RHP) feature. Ref. [8] shows also inductor-current-loop
measurements. The author has stated that the prediction and
measurement have very good match despite the small gain error
(i.e., the predicted magnitude is smaller than the measured one).
This actually indicate that the assumed modulator gain does not
correspond to the duty-ratio gain governing the behavior of the
inductor-current loop in a buck converter. The author has not
recognized either that the inductor-current loop gain, in the
model, will also be affected by the feedback from the output
voltage (i.e., k_ cf. [8,9]), which would correct the prediction

r

to match the measured response.
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20

10! 10? 10° 10*

90
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7]

o
S

Phase (deg)

-180
10' 10° 10° 10*
Frequency (Hz)
Fig. 8 The measured and predicted load-affected ( R, =4€ ) inductor-current

loop gains at the input voltage of 50 V (red solid line), 30 V (blue solid line),
and 25 V (magenta solid line). The predicted responses are denoted by black
lines (50 V: solid line; 30 V: dashed line, and 25 V: dash-dotted line).

Fig. 9 shows the behavior of the duty-ratio gain ( F,, ) in (17),
when the duty ratio approaches the mode limit value of 0.5.
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According to Fig. 9, it may be obvious that the practical
measurement of the infinite gain is impossible because of
requiring extremely small injection signal without forcing the
duty ratio to pass the mode limit. Fig. 8 shows that the passing
of the mode limit has taken place already at quite low duty-ratio
value at the input voltage of 25 V due to the high resonant gain
of the loop. Fig. 8 proves clearly that the models referenced and
presented in this paper predicts well also the behavior of the
inductor-current loop gain except at the high frequencies.

21.5V]

22V

25V 23V,

50V 30V
.21 0.25 0.3 0.35 0.4 0.45

0.493

20k [ { i ! " 21,1935V

uty ratio gain (Fm)

21.2v

21.3V

0.4985 0.499 0.4995 0.5

Duty ratio (D)

0.4974 0.498

Fig. 9
approaches the mode-limit value of 0.5.

The behavior of the duty-ratio gain ( F/, ), when the duty ratio

m

C. Buck Converter Models in Ref.[ 8,9]

The author of [8,9] assumes intuitively that the modulator or
duty-ratio gain (FY) equals 1/(m +M,)/T,, where m,
denotes the up slope of the inductor current and M, the

inductor-current-loop compensation ramp. In addition, he
assumes because of the sample-and-hold effect that the time-
varying average inductor current stays constant during the
switching cycle. For obtaining the feedforward gain from input
voltage (&, ) and the feedback gain from the output voltage (

k. ), the author gives a comparator equation for the averaged

inductor current based on geometric study of the associated
waveforms as follows

d'm,T,

<lL> = ico _d].;Mc - (32)

from which the named gains should be found by linearizing it
at the operating point. Actually, the process for obtaining the
gains requires additional information, which is not explicitly
given in [8,9] As an outcome of the modeling process, the
author gives the required gains for the buck converter as follows
(Note: the load-resistor effect is removed in (33) compared to
the original gains in [8,9]):
k, =—DTS (1—2) k = L
L 2 2L

(33)

Therefore, the corresponding duty-ratio constraints for the buck
converter can be given by
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d = Fy (;co —(I—k,r. );L +hk Ve + kv, - krrcio) (34)
when the constraints are adapted to the state-space form (i.e.,
v, is substituted by v +r.i, —r.i, ). The corresponding PCM
state space can be developed similarly as in Section B by
replacing the perturbed duty ratio by (34) in the DDR state
space. Only the transfer functions representing the output
dynamics are given here by omitting also the parasitic elements
as

R _D+Frxljkaln

0 LCAR

R sL+anVin

0-0 _—R

Lea (35)

R _ Fm I/in

0 LCAR

R R
AR :S2+SF;nVin +1 F;nkrVin
LC

Based on (35), we can compute that G} =0 when the

inductor current is compensated by the optimal compensation
(ie., M_ =V, /2L )similarly asin (23). At DC, the gain of the

control-to-output-voltage transfer function (GS_ 2 ) in (35)
becomes
FX B 1 36)
—F*kV. D'-DY,
1 karV;n 2(1{C+( )I/m)

2L
which equals £ in (17). This means that the duty-ratio gain in

the models of [8,9] becomes also infinite at the mode limit. Due
to the equivalence in (36), we can expect that the models given
in Subsection B and the models of [8,9] will give exactly the
same frequency responses with proper high-frequency
extensions.

Based on the assumption of the sample-and-hold effect to
cause the observed magnitude and phase deviations in vicinity
of half the switching frequency, the author of [8,9] has
introduced a series-resonant circuit to be connected in the
inductor-current feedback loop of the form

2
S S
t—

s7s s

where @, =7 /T, and Q, = -2/ x based on the phase behavior

H,(s)=1+ 37

of the measured inductor current loop in [8,9] (cf. Fig. 8).
Adding of the series-resonant element in (37) in the inductor-
current loop will produce the desired effect in vicinity of half
the switching frequency as will be demonstrated in Section III.
If the high-frequency extension in (37) is used in the inductor-
current loop given in (30) (Subsection B) then the phase shift
will be much more than the measured inductor-current loops in
Fig. 8 indicate.

Computing the transfer functions, where H _(s)is included,
can be most conveniently performed by means of Fig. 10
including also all the parasitic elements associated to the power
stage as follows
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1+ M)GDDR M (GPPR
ZR — A 10-0 A c0-0
o 1+L —L,
R
(1+ BEn LGy ooy oo
Gio = A (38)
I+L —-L,
GDDR
R CO-0
o 1+ L-L,
and
F (k4 T goon ey Gooe
YR YDDR C
n-o n-o 1 + L _ L
FR(( k +H (S))ZDDR H (S))GDDR
AZ C1-0
T, =T e )
FR GDDR
R C1-0
T4l -1,

where the transfer functions with the superscript ‘DDR’ denote
the corresponding transfer functions of DDR-controlled
converter, A = 1 and B = 0 for buck converter, A = D and B
=1, for boost and buck-boost converters, Z.denotes the
capacitor as well as

cL-o m "'r " co-0 Gclil-)oR deHOteS the
control-to-inductor-current  transfer  function of the
corresponding DDR-controlled converter given in (29), and
G>"* denotes the control-to-output transfer function given in
equals 1/R_ (cf. Fig. 5), where R,
denotes the equivalent inductor-current sensing resistor, which
is not included in (38) and (39) (i.e., F, =1) (cf. Fig. 6 for

impedance of the output
L, =FrH_(5)GPPF and L, = FRk GDPR .

(26), respectively. F,

comparison).
5 DDR i
Vin YmL -0
~ L DDR H o
L ToL -0 ZC > Vo

>k, A 61‘ k. |4
iCO
F,
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" : DDR
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T
"}

(b)
Fig. 10 Control engineering block diagrams for computing PCM transfer
functions in [8,9]: (a) Output dynamics, and (b) input dynamics.

D. Load-Affected Transfer Functions

As discussed earlier, the PCM-controlled converter has to be
loaded by a resistor due to its current-output nature (cf. Fig. 5),
when the converter is operated in open loop [43]. Therefore, all
the measured transfer functions are load resistor affected. The
full set of general load-affected transfer functions of the
converter can be found from [37]. We give here only the load-
affected transfer functions, which we will be treat in Section III:

zZ

ZLoad — 0-0 GLOad Gio-o GLoad — €0-0

ioo T c0-0
Zoo 1+

L L L
The internal output impedance ( Z _ ) can be usually measured

(40)

1+

directly, but all the other transfer function will be load affected.
The analytic unterminated transfer functions can be solved
computationally based on the transfer functions given in (40).
The process requires to using a proper software package such
as Matlab™ Symbolic Toolbox. Based on (23) and (40), G-

io-0

and G can be given without parasitic elements by

€0-0

Gl — D-F, Vg,
LC(52+s(RL1C F‘“IZC"LH Lol 14 Dol m}EqL)
GLoad — le/e
Lo s s Bl L Bl

RC L LC R
(41)

If the corresponding transfer functions are measured responses,
then the computation of the unterminated responses requires to
changing the measured data into complex numbers before
applying (40). According to (41), the load-affected poles of the
system can be given similarly as in (27) by

a)Load ~ 1 wa)ad ~ F V qL (42)

Low-fre High-fre
q RL C g q L
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because F,V.gq, >> R, . The low-frequency magnitude of G:*

€0-0

in (41) equals approximately R, , and the low-frequency
magnitude of G-equals R (D-F,V.q,) /(R +F,V.4q,),
where F, Vg, denotes the low-frequency output impedance of

the converter (cf. (23)). Thus the load resistance dominates the
dynamic behavior of the converter at the low frequencies. This
means also that all the different modeling methods should yield
easily accurate low-frequency predictions, which do not,
however, validate the model overall accuracy.

The unterminated transfer functions of the current-output
PCM-controlled buck converter can be measured directly,
where the load is, for example, a storage battery (cf. [30,43]).
The voltage-output transfer functions can be computed as
instructed in [30], which yields for the control-to-output

transfer function (i.e., G'° equals G, in(23)) as
e
Goro = 6" (43)

where Y equals 1/Z_ in (23). Therefore, the experimental

unterminated voltage-output-mode transfer functions have to be
solved computationally despite the test set up by means of
which they have been obtained. According to (43), the solving
of the voltage-output G)° does not require complicated

transformations due to its simplicity.

III. SIMULINK-BASED MODEL VALIDATION

As stated earlier, the applied Simulink models are explicitly
given in [38]. The principles of the frequency-response-analysis
method is described in [32,33] and implemented as a Simulink
m-file for extracting the frequency responses from the
Simulink-based switching models. The pseudorandom binary-
sequence technique [32,33], which is applied in extracting the
frequency responses, produces rather high distribution in the
data points, when the injection frequency approaches half the
switching frequency as an inherent feature. The frequency
response lies in the middle of the deviation band (cf. [32,33]) as
it is clearly visible also in Fig. 2. The PCM models, which are
introduced in Section II (i.e., (23)), are validated in Subsection
A, and the models in [8,9] are validated in Subsection B,
respectively.

A. Validation of PCM Models in [20,21,23]

Fig. 11 shows the set of control-to-output-voltage transfer
functions, where the measured transfer functions are denoted by
crosses (20V) and circles (50V). The predicted transfer
functions are denoted by dashed blue lines (20V) and solid red
lines (50V) (cf. (23)), respectively. The set of load-resistor-
affected transfer functions ( Gy, ) are encircled in the figure.
The inductor-current loop is compensated by the optimal
compensation value i.e., M, =V, /2L . The transfer functions

in Fig. 11 include also the effect of the inductor-current
equivalent sensing resistor (i.e., 1/ R ).

As the figure shows, the change in the input voltage does not
affect the low-frequency part (i.e., up to 5 kHz) of the load-
affected transfer functions, because the load resistor dominates
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totally the response (cf. (41) and (42)). When the load effect is
removed (cf. red and blue responses) then the real nature of the
transfer functions is revealed. The model accuracy is clearly
perfect at the low frequencies. It should be also observed that
the magnitude of the control-to-output transfer in the frequency
range from 50 Hz to 20 kHz will be stay quite constant despite
the changes in the input voltage. This phenomenon is caused by
the fact that the product of the low-frequency pole (= 1/ F, ¥, C
) (27) and the DC gain of the transfer function (= F, 7, ) will
stay approximately constant (= 1/ C') despite the changes in the
input voltage. The same phenomenon applies also for the load-
resistor-affected transfer function (ie., @, =1/R C and

G..(DC) =R, ) as Fig. 11 explicitly shows. This means that

the crossover frequency of the output-voltage feedback loop
will stay constant despite the changes in the input voltage as
well.

M=V, 2L

out

Magnitude (dB)

Phase (deg)

10° 10! 10° 10° 10*
Frequency (Hz)

Fig. 11 The set of control-to-output-voltage transfer functions at the input
voltage of 20 V (dashed blue lines, crosses) and 50 V (solid read lines, circles),
where the cross and circle-marked lines denote the measured responses. The

load-resistor-affected responses ( Gc'i%o ) are denoted by black color.

Fig. 12 shows the high-frequency part of the transfer
functions in Fig. 11, which clearly indicates that the developed
modeling produces very accurate responses up to 1/10" of the
switching frequency without any high-frequency extension.
Even at 1/5" of the switching frequency, the deviation from the
real responses is very small. The modulation process starts
affecting the responses significantly only after 1/5" of the
switching frequency. The practical feedback-loop crossover
frequency will be usually placed at the frequencies lower than
1/5™ of the switching frequency, which is well covered by the
developed models. The behavior of the high-frequency pole
will explain part of the high-frequency phase behavior very well
as discussed in Section II (i.e., the high-frequency pole will
move towards infinity, when the input voltage decreases (cf.

(27)).
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Magnitude (dB)

Phase (deg)

Frequency (kHz)

Fig. 12 The high-frequency part (i.e., from 8 kHz to 50 kHz) of the transfer
functions in Fig. 11 (The red color denotes responses at 50 V, and the blue color
denotes the responses at 20 V).

Figure 13 shows the set of unterminated open-loop output
impedances, where the denotations are the same as in Fig. 11.
As discussed earlier, the internal output impedances can be
measured directly, and therefore, only the unterminated output
impedances are given explicitly. The low-frequency behavior
of the load-resistor-affected output impedance equals the
behavior of the load-resistor-affected control-to-output-voltage
transfer functions in Fig. 11. The high-frequency behavior
equals the behavior of the unterminated responses in Fig. 13 (cf.
Fig. 11). Fig. 13 indicates that the developed model predicts
exactly the behavior of the output impedance from the low to
high frequencies. In the buck converter, there are no modulation
effects visible, when approaching half the switching frequency.

Magnitude (dBQ)

& AN el
S X
~ 45 N
2 V=20V %
_g X
= x
_90 L 1 1 1 1
10° 10' 10° 10° 10*
Frequency (Hz)

Fig. 13 The set of unterminated open-loop output impedances at the input
voltage of 20 V (dashed blue lines, crosses) and 50 V (solid red line, circles),
where the cross and circle-marked lines denote the measured responses.

Fig. 14 shows the set of input-voltage-to-output-voltage
transfer functions (G, _ ) (i.e., audio susceptibility), where the

io-0

denotations are the same as in Fig. 11. The inductor-current-
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loop compensation is set to zero (i.e., M, =0), because with the

optimal compensation the high-frequency attenuation is so high
that even Matlab™-based frequency-response analyzer cannot
exactly measure the high-frequency phase behavior. The
minimum input voltage is also chosen to be 22 V, because the
duty ratio is higher than 0.5 at the input voltage of 20 V. The
named problem is visible clearly in Fig. 14, where the phase
deviation between the predicted and measured frequency
responses is higher than expected and starting already close to
1 kHz. We can, however, expect that the model prediction
would be accurate up to 1/10% of the switching frequency as in
the case of G__ in Fig. 11. The additional attenuation effect of

co-0

the resistive load is also clearly visible in Fig. 14 as discussed
in Section II (cf. The responses denoted by G *: )

io-o /*°

Magnitude(dB)

Phase (deg)

10° 10! 107 10° 10*
Frequency (Hz)

Fig.14 The set of open-loop input-to-output transfer functions at the input
voltage of 20 V (blue lines, crosses) and 50 V (red lines, circles), where the
cross and circle-marked lines denote the measured responses. The load-resistor-

affected responses are denoted by G

0o *

The high-frequency accuracy of the models in (22) and (23)
can be improved by adding an ideal series- resonant circuit in
the inductor-current feedback loop similarly as in the modeling

method of [8,9]. The resonant circuit will be of the form
2
H(s)=1+—

where @, =z /T, (i.e., half the switching frequency). If using

(44)

the similar series-resonant circuit as the author of [8,9] in (37)
then the phase shift would be decreased, because the series-
resonant circuit will be sitting in the denominator of the transfer
functions as shown in (45) and (46) (i.e., L, = F, H_q, G2}
The corresponding models can be computed by replacing ¢,
with ¢, H_(s) in (19)-(21), which can be given by (cf. [37])
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H (s)qL DDR DDR
F +—")G T +q )G
(g, Y ) Gi)

in-o ci-o

Y = YDDR _ c
n-o n-o 1 + LC + LV
H H
(g, + =0y 7o ) oo
Tow = T30+ : A
I+L, +L,
F,Goot
(45)
and
(4 B ()00 poon | T ()dy oon
Z = A A
e 1+L +L,
BF,H
(14 DLy Goon g g oo
Go = A (46)
I+L +L,
F GDDR

°°'°_1+LC+LV

The application of H_(s)in case of buck converter (i.e.,
G in (46)) will produce a second-order resonant circuit

shown in (47), which will generate the desired magnitude and
phase behavior, when the operating point moves towards the
DLy of
F V.

m’ in

mode limit by modulating the damping factor ({ =

the resonant circuit i.e., ¢ =0 at the mode limit, when
F_ = . The accuracy of the extended models in (46) is

demonstrated in Subsection B.

G?olio = 2 rc (47)
s L
— +5 +1
wil‘ m" in

A thorough study of [11,12], reveals that the high-frequency
extension in (47) corresponds exactly to the high-frequency
extension given in [11,12] (i.e., Eq. (22)). Therefore, the
validation of the models presented in this subsection and
Subsection B will be valid also for the models given in [11,12].
It is later shown in Section V that F will approach infinity

when the injection frequency of the frequency-response-
measurement process approaches half the switching frequency
due to the second-harmonic mode operation of the converter.

B. Validation of PCM Models in [8,9]

The output impedance predicted by the model in (39) will
give exactly the same responses as given in Fig. 13. It is
sometimes complained that the author has removed the high-
frequency extension from his approximate model in [8,9], when
noticing that the modulation effect does not appear in the
measurement. The full-scale model, however, indicate that the
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high-frequency extension does not have effect on the output
impedance.

Fig. 15a shows the control-to-output-voltage responses at the
input voltage of 20 V (blue) and 50 V (red). The predicted
responses are denoted by solid blue and red lines and the
measured responses are denoted by black crosses and circles,
respectively. Fig. 15b shows the high-frequency part (i.e., from
8 kHz to 50 kHz) of the responses, where the measured
responses are denoted by black lines. Fig. 15 clearly indicates
that the model in [8,9] exactly captures both the low and high-
frequency behavior of the transfer functions. Fig. 16 shows the
comparison of [8,9] model (solid blue and red lines) and the
improved model (dashed black lines) of this paper in the same
conditions as in Fig. 15. Fig. 16 indicates that the responses
coincide perfectly. It validates also the feasibility of the high-
frequency series-resonant circuit in (44). As stated in
Subsection A, the models given in [11,12] will yield the same
responses as the improved models of this paper.

60 |

YoV M=V, 2L

out

Magnitude (dB)

Phase (deg)

10° 10! 10 10° 10*
Frequency (Hz)
(a)

Magnitude (dB)

Phase (deg)

10 20 30 40 50
Frequency (kHz)
(b)

Fig. 15 [8,9]-model-based predicted (solid red and blue lines) and simulation-
based measured (black lines) control-to-output-voltage responses at the input
voltage of 20 V (blue) and 50 V (red): (a) the frequencies from 1 Hz to 50 kHz,
and (b) the frequencies from 8 kHz to 50 kHz.
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V. =20V

20 Fy =50V
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10° 10' 10° 10° 10*
Frequency (Hz)

Fig. 16 The comparison of control-to-output-voltage responses predicted by
[8,9]-model (blue and read solid lines) and the model of this paper with the
high-frequency extension (black dashed lines).

IV. EXPERIMENTAL VALIDATION

Fig. 17 shows the experimentally measured (solid lines) and
predicted (dashed lines) control-to-output-voltage transfer
function of the buck converter in Fig. 5. The original
measurements include naturally the effect of the load resistor,
which is removed computationally. Fig. 17 shows clearly that
the measurement setup contains either at input or output-
terminal side un-modeled circuit elements, which makes the
model validation very difficult as discussed earlier. Similar
high-frequency behavior is visible also in [15]. The predictions
do not contain the high-frequency extension ( H_ (s) ) in (47).

60 T T T T
40
20

Magnitude (dB)

Phase (deg)

10° 10! 10° 10° 10*
Frequency (Hz)

Fig. 17 The experimentally measured (solid lines) and predicted (dashed
lines) control-to-output-voltage transfer functions of the buck converter in Fig.

5 at the input voltage of 20 V.

Fig. 18 shows the experimentally measured (solid lines) and
predicted (dashed lines) output impedance of the buck
converter. It was earlier demonstrated that the averaging-based
small-signal model will predict exactly the output impedance,
but that is not evident based on the given responses in Fig. 18
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due to the extra circuit elements either at output or input-
terminal side.

40 T T T T

20 1

Magnitude (dBQ)

Phase (deg)

10° 10 102 10° 10*
Frequency (Hz)

Fig. 18 The experimentally measured (solid lines) and predicted (dashed
lines) output impedance of the buck converter in Fig. 5 at the input voltage of
20 V.

Fig. 19 shows the measured unterminated output-voltage
feedback loops of the DDR and PCM-controlled buck
converters (cf. Fig. 5) at the input voltages of 20 V (blue) and
50 V (red). The loop crossover frequencies have been designed
to be equal at the input voltage of 50 V (i.e., 11 kHz) as shown
in Fig. 19 (cf. the read curves). The lowering of the input
voltage to 20 V reduces the crossover frequency of the DDR-
controlled converter to 5.5 kHz due to the reduction of the loop
magnitude by 8 dB. The crossover frequency of the PCM-
controlled converter stays at 11 kHz and the loop behavior does
not change at the frequencies higher than100 Hz as shown in
Fig. 19 (i.e., the blue and red solid-line responses coincide). The
feedback-loop gain behavior of the PCM-controlled buck
converter, in Fig. 19, validates explicitly the discussions in
Subsection A. This phenomenon is one of the beneficial
features the PCM control will provide as well.

60
40
20

Magnitude (dB)

DDR 20V,50V
10° 10° 10*
Frequency (Hz)

Phase (deg)
)
(=]

Fig. 19 The measured output-voltage feedback loops of DDR (dashed lines:
50V (red), and 20V (blue)) and PCM (solid lines: 50V (red), and 20V (blue))
PCM-controlled buck converters at the input voltage of 50 V and 20 V.
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V. DISCUSSIONS

A. Sensitivity to High-Frequency Noise

The sensitivity to subharmonic oscillation and instability of
the PCM-controlled converter is extensively treated recently in
the open literature [44-46]. The same phenomenon is observed
to take place in the DDR-controlled converters as well [47]. It
is also known that the controller of the PCM-controlled
converter can be based on proportional-integral-type (PI)
controller because of the first-order-like system behavior (cf.
Fig. 17). In power electronics, the used PI controller (i.e., Type
2) includes an extra high-frequency pole to remove the effect of
switching-frequency noise as shown in [27]. The high-
frequency pole has also other duties such as providing sufficient
high-frequency gain margin as well as tuning the phase margin
to be proper. The sensitivity studies e.g. in [44] have been
performed by using the control-engineering-like PI controller,
where the high-frequency pole is omitted.

Fig. 20 shows the behavior of the output-voltage
feedback loop of a PCM-controlled buck converter, when the
control system is based on Type 2 controller (solid line) and on
control-engineering-like PI controller (dashed line). A typical
feature of the PCM-controlled loop gain is the increasing of the
high-frequency magnitude due to the moving of the high-
frequency pole into infinity, when the operating point
approaches the mode limit. To avoid the problems, the high-
frequency pole has to be placed in such a manner that sufficient
gain margin exists. Another role of the high-frequency pole is
in adjusting the phase margin for obtaining feasible transient
behavior.

The dashed line, in Fig. 20, shows that the converter will be
prone to high-frequency noise effects due to the lack of
sufficient gain margin. In addition, the phase margin is rather
high, which would make the transient response to be very slow
as well. In practice, it may be obvious that the crossover
frequency has to be much lower in case of control-engineering-
like PI controller than in case of Type-2 controller for obtaining
robust stability (i.e., sufficient gain margin). The necessity to
use the high-frequency pole will actually remove the problems
associated to the switching-frequency noise.

Magnitude (dB)

Phase (deg)

10 10° 10
Frequency (Hz)

Fig. 20 The output-voltage loop gains of PCM-controlled buck converter with
the use of Type-2 controller (solid lines) and control-engineering-like PI

controller (dashed 1ine).
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B. Summary of Model Differences and Similarities

The existence of the infinite duty-ratio gain in the models of
[8,9] and this paper including also [12,20,21] is confirmed
explicitly. The author of [8,9] does not agree this fact. The
models for the basic buck, boost, and buck-boost converters in
[8,9] require the use a feedforward gain from the input voltage
(k;) and a feedback gain from the output voltage (&, ) for all

the converters (cf. Fig. 10 and Table I). The models of this paper
requires the use of only one feedforward gain (g,, ) from the
input voltage in case of the buck converter (cf. Fig. 6 and Table
II). The feedback and feedforward gains for the basic converters
for the models in [8,9] are given in Table I, and for the models
of this paper in Table II, respectively.

The inductor-current feedback loop was measured in case of
buck converter (cf. Fig. 8). The measurement shows that the
model of this paper accurately models the behavior of the loop
gain up to the resonant frequency and beyond. In the measured
frequency responses in [8,9], the accuracy was not good, and
the reason for this is that the author had not taken into account
that the contribution of the feedback from the output voltage via
k.. This actually indicates that the model of this paper shows

explicitly that there is no feedback from the output voltage
either, because the feedback gain (¢, ) equals zero (cf. Table

II). In the models of this paper, the feedforward or feedback
gain appears from the terminal, where the inductor current is
not continuous (cf. Table II). In case of boost and buck-boost
converters, the measured inductor-current loop would contain
the effect of the output-voltage feedback as well.

Table I: Feedforward and feedback gains for buck, boost, and buck-boost
converters in [8,9].

Buck Boost Buck-boost
k DT D T DT D
e (e B B e Uy

L 2 2L L 2
k, T, D"T, D"T,

2L 2L 2L

Table II: Feedforward and feedback gains for buck, boost, and buck-boost
converters in [12,20,21,23].

Buck Boost Buck-boost
T DD'T, 0 DD'T,
2L 2L
q, 0 DD'T, DD'T,
2L 2L

The major difference between the modeling methods
introduced in [8,9] and this paper is how the modeling is
performed in practice. The explicit procedure to obtain the
required feedforward and feedback gains are not given in
general form in [8,9]. The method used in this paper is explicitly
given in general form in Eqgs. (1)-(3), which can be applied to
an arbitrary converter with ease.

As stated explicitly earlier, the models given in [11,12] are
the same as reviewed in this paper. The papers contain,
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however, elements, which do not promote the wider acceptance
of their outcomes. The main such elements are i) the ambiguity
in developing the model (i.e., from Eq. (2) to Eq. (4)) , ii) the
lack of comprehensive validation of the models, and iii) the lack
of explicit information, where the sampling effect shall be
placed for obtaining the models.

C. Absence of Modulation Effect in Output Impedance
According to [8,9] and the investigations earlier in this paper,
the modulation effect is not visible in the output impedance (cf.
Fig. 13). Fig. 21 shows the simulation-based measurements of
the input admittance of the converter without (cf. solid lines)
and with an added input capacitor of 10 puF with an ESR of
30 mQ (cf. dashed lines). As the figure shows, the added input
capacitor removes the modulation effects, which is quite
obvious, when it dominates fully the high-frequency behavior
of the input admittance. The same applies to the absence of the
modulation effects in the output impedance. In the output-
impedance models (cf. Z , in (46)), the high-frequency

extension (H_(s)) is present both in the numerator and
denominator (i.e., L), which cancels the modulations effect to
be visible in the predicted output-impedance response. This
indicates also that the modulation effect is actually not a part of
F (cf. [12]) but a part of the inductor-current loop as in [8]. If
the modulation effect would a part of F then the modulation

effect would not be visible in the control related transfer
functions (cf. (46)) similarly asin Z__ .

~ 20 T r .
c »
sC. PPle
5 of . fn P B ¥
S~ n-o 1 C Pt
.§ +sr., Gy -
E 20t REpi-ae
g
-40 ! !
10" 107 10°
180 ===
£
S 135T S
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é’, 90 F Yin—o 4y
= 1+s1. C,
45 i
10' 10° 10°
Frequency (Hz)
Fig. 21 The effect of input capacitor on the behavior of the input admittance.

D. Origin of High-Frequency Behavior of Transfer Functions

Fig. 22 shows the behavior of the output-voltage ripple, when
the frequency-response injection signal is added at the control
current, when measuring the frequency response of the control-
to-output-voltage transfer function. Figs. 22a and 22b show that
the converter operates normally (i.e., no second-harmonic
operation is visible in the waveforms). Figs. 22¢ and 22d show
that the converter enters time to time into the second harmonic
mode. Fig. 22f shows that the converter operates fully in the
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second-harmonic operation mode, where the duty-ratio gain
will be infinite. Fig. 22f shows also that the output voltage has
decreased approximately by 250 mV due to the reduction in the
average inductor current. Fig. 23 shows two switching cycles of
the inductor current, where the modulation process is visible.

10.1 ——
10,05 1O kHz @]
10.01 r 1 T T

10.1 T T T T T T T T T

2 10.05 Fo0 kHz ®)]
5 1001 . N T I I R

& 0 10 20 30 40 50 60 70 80 90 100
= 101 _—

>

£ 1001 oWz ., T, ©

=

Sl 2 N 4 50 @ 10 8 % i

9.96 40 kHz !
9 760 10 20 30 40 50 60 70 8 90 100

9.74 £-50 kHz (N
97 A D A
0 10 20 30 40 50 60 70 80 90 100

Time (us)

Fig. 22 Behavior of output voltage when an frequency-response injection
signal is added at the control current having amplitude of 0.2 A: (a)

f,=10kHz, (b) f, =20kHz, (c) f, =30kHz ,(d) f, =40kHz, and (d)
f,=50kHz .

32 T
\‘RSOI‘HZ i,, =02Asin(wt) ¥, =20V M=V, /2L
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Fig. 23 Modulation process of the inductor current at half the switching
frequency.

Fig. 24 shows the effect of injection-signal amplitude on the
measured high-frequency part of the control-to-output-voltage
transfer function, where the black solid line denotes the
predicted response by using the models given in this paper, and

i, denotes the amplitude of the used injection signal. The

figure shows that the mismatch with the prediction starts in
vicinity of 1/5" of the switching frequency, which explains also
why the average-model-based predictions are rather accurate up
to 1/5" of switching frequency as discussed in Section III. The
reason is also clearly visible in Figs. 22a and 22b.
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Fig. 24 Effect of the injection-signal amplitude (i , ) on the measured high-

co

frequency control-to-output-voltage transfer function.

VI. CONCLUSIONS

PCM control was publicly reported in the middle of 1970’s
and noticed to change the converter dynamic behavior
profoundly compared to corresponding DDR or VM-controlled
converter. The dynamic modeling to capture the dynamics
related to the PCM control in CCM has fascinated the
researchers for a long time. The first models, which are shown
to produce highly accurate responses, are developed in late
1980’s and gained high popularity later. Multitude of modeling
attempts have been proposed since late 1980’s, which are
claimed to produce equal model accuracy or even better. Most
of the presented models have been load-resistor affected, which
hides, especially, the low-frequency part of the models.
Therefore, the model validation has been concentrated on the
frequencies close to half the switching frequency, where the
unmodeled circuit elements in the test setups, the uncertainties
in the component values, the state of inductor-current-
feedback-loop compensation, and the effect of the frequency-
response-injecting-signal level would make the validation
challenging. A modeling technique, which produces such a
modulator gain that becomes infinite at the mode limit, was
proposed in two articles in early 1990°s [11,20]. The validity of
the modeling technique was categorically disputed, because the
existence of the high gain was not verified in practice.

The investigations of this paper show evidently that the accurate
small-signal modeling of PCM control in CCM (i.e., from DC
to half the switching frequency) requires to using such duty-
ratio constraints, which exhibit infinite duty-ratio gain at the
mode-limit duty ratio as well as a proper high-frequency
extension. It was verified that the popular models [8,9] contain
also the infinite duty-ratio gain, but it is implicitly embedded in
the model structures needing computational actions to revealing
its existence. The infinite duty-ratio gain predicts exactly the
duty ratio at which the converter enters into subharmonic mode.
In addition, it can be used to predict and explain the peculiar
behavior of the inductor-current up and down slopes, when the
converter operates in harmonic modes. In practice, the
maximum feedback-loop crossover frequency has to be placed
at the frequencies less than 1/5" of the switching frequency to
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avoid the switching ripple to cause instability. The
investigations, in this paper, show explicitly that the proper
average-model-based small-signal models yield accurate
predictions up to 1/5" of the switching frequency without any
additional high-frequency correction.

The investigations, in this paper, shows also explicitly that
the peculiar magnitude and phase behavior of the transfer
functions is caused by the converter operation in harmonic
mode, which is induced by the frequency-response-
measurement injection signal. At half the switching frequency,
the converter is permanently in second-harmonic mode, where
the duty-ratio gain becomes infinite as well.
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