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ABSTRACT

The aggressive spatial reuse of radio resources is considered today as one of the most promising avenues to achieve
significant cellular capacity improvements in future 5G networks. Accordingly, device-to-device (D2D) communications
is an emerging paradigm that promises to offer these much expected gains without the need for additional investments
into the network infrastructure. However, before this attractive technology can be deployed ubiquitously, the research
community has to fully understand the extent of its potential performance benefits across typical scenarios of interest. In
this work, we consider one such use case of rectangular cells (common for offices, shopping malls, dormitories, etc.) and
develop the corresponding analytical methodology for D2D performance evaluation. As our target metric, we employ the
signal-to-interference (SIR) ratio experienced by a D2D user. To this end, we propose two relatively simple approximations
for SIR distribution and hence capture the related parameters, including user throughput. Further, we carefully investigate
the most interesting numerical results by making important conclusions on the envisioned operation of our chosen scenario.
In particular, we demonstrate that under certain conditions the SIR behavior is insensitive to the dimensions of cells, while
different propagation exponents ”scale” its density function thus allowing to simplify the characterization of SIR in a wide
range of input parameters. Copyright c© 2017 John Wiley & Sons, Ltd.
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1. INTRODUCTION AND MOTIVATION

1.1. Challenges of 5G networking

During the last decade, the volume of traffic transmitted
over the wireless networks has increased tremendously
comparing to the previous years. According to Cisco
forecasts, the corresponding increase rate in 2014 has been
over 70% [1] and it is only expected to grow further. This
is due to the maturity of the fourth-generation (4G) mobile
broadband technology bringing decisive improvements in
many aspects of cellular networking across a number of
novel user applications and services. In particular, 4G has

dramatically augmented the available access data rates at
the same time enabling a rich set of advanced Internet
services, thus effectively competing with other types of
wireless solutions including WiFi [2].

The said significant increase in the air interface capacity
indicates the beginning of the new era of truly ubiquitous
Internet access and many believe that even the latest
4G systems would not be able to handle the resulting
traffic avalanche in the very near future [3]. Furthermore,
this trend is likely to continue with the advent of smart
unattended devices accessing the next-generation cellular
systems, which are projected to reach the unprecedented
number of 50 billion connected ”things” by 2020 [4]. Such
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massive connectivity should, in turn, impact severely the
user quality-of-service (QoS) levels as well as add to the
shortage in the available network capacity [5].

An emerging response to the above developments is the
deployment of denser pico- and femto-cells with smaller
coverage areas [6, 7]. This could potentially provide the
much needed improvements in user data rates and energy
efficiency of various wireless devices [8, 9]. However,
additional challenges arise along the lines of interference
mitigation between such diverse smaller cells. In addition
to the interference aspects, the cellular industry would need
to handle higher rental fees together with the increased
deployment and service costs [10]. Nevertheless, the trend
for network densification is regarded today as a main-
stream solution to upgrade the degrees of spatial reuse and
thus meet the steadily growing traffic demand in the fifth-
generation 5G systems.

In today’s wireless networks, a significant proportion of
traffic is produced by the peer-to-peer (P2P) applications
and services that feature users communicating in close
proximity [11, 12]. From this perspective, the reliance on
direct device-to-device (D2D) transmissions in future 5G
networks may be regarded as another form of densification
– not with the infrastructure-based equipment, but rather
with opportunistic user-based small ”cells”. Existing short-
range radio technologies (e.g., WiFi) may already be used
to enable D2D services by taking advantage of the lower-
to-the-ground links with no need for additional infrastruc-
ture deployment costs. Therefore, D2D communications
may be preferred whenever possible to offload P2P traffic
between the neighboring users and thus avoid the use of
a more expensive cellular resource [13]. Therefore, D2D
connectivity is becoming an effective enabler to reach the
target capacity goals in addition to the network congestion
mitigation within the emerging 5G ecosystem [14].
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Figure 1. A typical urban D2D communications scenario.

In light of the above, direct connectivity promises to
deliver such benefits as: (i) higher data rates, (ii) lower
data transfer latencies, and (iii) better energy efficiencies
to the proximate mobile devices [15]. Ultimately, the 5G
network capacity has to grow by 1000x before 2020 and
D2D communications is an attractive technology to reach

this ambitious goal. Therefore, both industry and academia
are currently investigating this promising innovation to
efficiently leverage the proximity gains in prospective 5G
deployments. To this end, the dense urban scenarios shown
in Fig. 1 are typically of interest. Here, use case 1© corre-
sponds to the critical public safety communications [16]
and wearable connectivity [17], application 2© is char-
acteristic of video/audio session offloading [18], whereas
context-aware, commercial, gaming, and other services are
summarized by scenario 3© [19]. Below we continue with
discussing the key performance factors that are behind
most of these important D2D use cases.

1.2. Performance metrics and our focus

The signal-to-interference ratio (SIR) is the primary metric
that characterizes the link quality between the communi-
cating D2D users and thus reflects their ultimate through-
put performance via the Shannon’s law. In particular, SIR
can be regarded as a proportion between the useful energy
and that resulting from interference [20]. Due to the mobile
and opportunistic nature of D2D connections, SIR is often
a function of the current user location and, hence, can
be treated as a random variable [21]. Correspondingly,
SIR depends on the distance between the D2D transmitter
and the respective receiver as well as on the set of active
transmitters operating over a channel of interest. In other
words, SIR at the receiving device indicates the extent
of how much the effective signal is superior over various
detrimental effects.

In this work, we target to analyze the SIR in a charac-
teristic D2D scenario. The environment of interest consists
of adjacent rectangular cells of certain dimensions [22],
with D2D partners uniformly distributed across these cells.
By concentrating on two adjacent cells and assuming that
at most one D2D pair can be active in a particular cell at
any given instant of time, we apply the methods coming
from stochastic geometry to develop a comprehensive
mathematical framework. Our employed technique thus
offers a set of useful approximations for the characteristic
D2D performance. In particular, these allow obtaining
the integral expressions for the distributions of SIR and,
therefore, all necessary moments and quantiles. Moreover,
our framework may be easily extended to capture the actual
throughput received by the D2D users in the considered
scenario.

In a nutshell, our results demonstrate that (i) the sce-
nario in question is insensitive to the dimensions of cells,
as long as they have square shapes, while the propagation
paths are characterized by the same attenuation, as well
as (ii) the SIR distribution scales well when different
propagation exponents are considered. These two obser-
vations allow to significantly simplify the SIR analysis
in the considered and similar scenarios. Our developed
framework also helps investigate the impact of the material
of walls between the cells of interest on the resulting SIR.
Essentially, the additional interference degradation due to
the properties of the construction materials determines the
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number of walls that the radio signal can penetrate. For
instance, the walls made of steel or concrete cause more
attenuation to the transmitted signal, which is reflected in
our respective findings.

The rest of this text is organized as follows. Section 2
is devoted to a more detailed overview of the emerging
D2D communications paradigm. Further, in Section 3
we introduce our considered system model and its main
assumptions. The mathematical formulations behind the
proposed D2D performance estimates are then developed
in Section 4. The key numerical results of our system-level
analysis are provided in Section 5. Finally, the conclusions
are summarized in the last section.

2. BACKGROUND ON D2D
COMMUNICATIONS

Recently, as part of the Long Term Evolution (LTE) cellular
system development, various D2D connectivity mecha-
nisms have been intensively investigated by the Third Gen-
eration Partnership Project (3GPP). As a consequence,
the relevant standardization support is underway (coming
in Release-12 and continued by Release-13) for a D2D
technology operator to achieve efficient spatial reuse as
well as provide proximal services and applications in
future LTE deployments [23]. Originally, the pioneering
idea has been to enable D2D communications over the
licensed cellular spectrum in the underlay mode [24] and
since then an extensive body of literature has accumulated
on this subject.

2.1. Enabling D2D technologies

Generally, D2D underlay operates on the same resources
as the cellular network itself and a prominent candidate
technology for the licensed-band D2D is often nicknamed
as LTE-Direct. Essentially, the related concept has been
proposed several years ago in [25] for the P2P partners
in close proximity to exchange data over a direct link
while sharing spectrum with the conventional cellular
users. With this prospective technology, mobile devices
outside the cellular network coverage area may be able to
communicate efficiently similar to how Terrestrial Trunked
Radio (TETRA) technology [26] supports the scenarios of
national security and public safety [27].

Importantly, network-assisted direct communications in
licensed spectrum was originally proposed to improve the
spatial reuse efficiency and reduce the user energy con-
sumption opportunistically [28]. By designing and utiliz-
ing an appropriate cellular network control function, which
offers possibilities for system-wide scheduling and syn-
chronization, D2D partners receive additional performance
benefits [29, 30]. In case of LTE-Direct, for example, the
excessive interference may be mitigated by the introduc-
tion of novel D2D-aware power control methods, where
the D2D partners manage their transmit powers to suppress
the resultant interference to the cellular users [31]. To this

end, network-assisted licensed-band D2D communications
is becoming an attractive area of investigation. However,
despite the considerable research progress in this field [32],
the corresponding standardization efforts are not devel-
oping at a fast pace resulting in the advent of several
alternative near-term solutions before the D2D underlay
technology finally meets the market.

As a viable second option, unlicensed-band direct con-
nectivity promises to leverage the attractive D2D ben-
efits almost immediately, as the respective short-range
WiFi-Direct technology is already implemented in most
contemporary mobile devices [33]. The main advantage
of employing WiFi-Direct for D2D connectivity is so
that this solution does not utilize the valuable licensed
spectrum. However, unlicensed-band communications is
historically subject to uncontrolled interference due to
the lack of centralized power and channel access control.
These can be made available to D2D partners with mod-
erate degrees of cellular network assistance. As a result,
proximal users would only connect over WiFi-Direct when
actually required to transmit relevant data, while keeping
their power-hungry short-range radios in idle at all other
times by relying on ubiquitous cellular control. This simple
yet efficient technology has already been made to work
reliably and may be useful in the longer run as part of
the 5G-grade D2D technology portfolio. More detailed
information about possible D2D offloading solutions could
be found in our recent work [34].

In summary, today there is still no universal standard for
the centralized control over the D2D communications [35].
Another challenge at the stage of proximal discovery is the
lack of suitable information security enablers [36]. How-
ever, we firmly believe that the remaining open research
questions can all be solved promptly by further developing
the network-assisted D2D solutions.

2.2. Related modeling work

Historically, when assessing user performance in conven-
tional cellular networks, the major challenge has been
associated with the uncertainty in the device position.
Indeed, as today’s user devices are typically mobile, their
current geographical location with respect to the serving
base station may change dynamically, which calls for
the utilization of probabilistic methods to yield respective
conclusions on the expected QoS levels. To make matters
worse, in the emerging D2D-enabled cellular systems the
challenge shifts to accounting for the uncertainty in the
locations of all the involved D2D partners, given that both
the transmitter and the receiver may be mobile.

To this end, there are two capable methodologies to
potentially capture the resulting D2D performance – the
optimization theory and the stochastic geometry. The opti-
mization theory produces a system-wide ”snapshot” at
a certain time instant and helps develop practical algo-
rithms for the optimized network operation, mindful of a
given metric of interest. The distribution of users is often
assumed to be random but fixed to a certain ”typical”
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realization of points on the plane. Then, after multiple
iterations the uncertainty in user locations can be resolved
satisfactorily. However, owing to numerous details that
have to be taken into account as well as to the integer nature
of the involved parameters, the resulting formulations
appear as (mixed) integer programming (MIP) problems,
which cannot be solved in polynomial time. Some fea-
sible solutions may still be possible by applying game-
theoretic models [37]. Ultimately, the major limitation of
the described approach for the evaluation of the prospec-
tive D2D-enabled cellular systems is in its ”fixed” nature of
randomness, which requires time-consuming system-level
simulations to deliver the target performance parameters.

Over the recent years, the stochastic geometry has
become another extremely useful and popular tool for the
analysis of various cellular systems. This methodology
naturally considers a certain random distribution of users
on the plane allowing to quantify their various performance
parameters as functions of distance between the com-
municating entities. Not surprisingly, numerous research
results capturing the distributions and the moments of
SIR, Shannon capacity, spectral efficiency, and the actual
data rate of users have emerged lately for a plethora of
interesting scenarios and spatial distributions of users,
all helping to dimension the advanced cellular systems
of today [38, 21]. As proximal communications is being
steadily introduced to the contemporary cellular landscape,
stochastic geometry is expected to play a pivotal role in its
assessment, as it has the potential to efficiently characterize
the uncertainty in locations of all the participating D2D
users.

Therefore, a large number of studies addressing various
D2D-centric scenarios by applying methods of stochastic
geometry have already been published. The challenges of
D2D link selection and base station assignment have been
addressed by [39] utilizing a comprehensive modeling
framework. The authors considered two different choices
of frequencies for D2D communications – orthogonal
and non-orthogonal. Using a Poisson Point Process (PPP)
as the distribution of mobile devices, they developed an
analytical methodology allowing to calculate user data
rates in all of the considered cases. The paper in question
demonstrated that for a high proportion of D2D-capable
users the optimal division of spectrum in the overlay mode
is invariant. Moreover, an important trade-off between the
D2D selection threshold and the spectrum available for
D2D communications has also been revealed, that is, the
more D2D links are allowed to be established the less
spectrum should be available for them to limit the resulting
interference and vice versa. This useful framework has
been extended subsequently in [40], where the authors
applied stochastic geometry to develop centralized and
distributed power control algorithms. The said work con-
cluded that even though the centralized control outper-
forms the distributed alternative, the latter is also feasible.

Further, the authors in [41] addressed the D2D-aware
power allocation problem. Here, the PPP has been used

to characterize the distribution of the transmit powers
and the corresponding SINR for a D2D-enabled cellu-
lar network equipped with a power control capability.
An important feature of this study is in that the omni-
directional coverage areas of transmitters were allowed to
intersect. Unfortunately, no optimization problem has been
formulated to this end and thus no results on the optimal
power allocation have been reported. Then, the comparison
between the coordinated and the distributed scheduling of
D2D transmissions has been considered by [42], where the
SNR metric was employed to demonstrate the superiority
of the former scheduling option. The underlying model
was again based on a Poisson distribution of base stations
with coverage areas induced by the respective Dirichlet
tessellations resulting in formation of the Voronoi cells.
The D2D transmitters have been assumed to all have omni-
directional coverage areas and follow another PPP. The pri-
mary difference of this research compared to other studies
is in that the associated receivers have been positioned at
fixed worst-case distances from their transmitters. How-
ever, no particular mechanism for distributed coordination
has been proposed.

A scenario of opportunistic D2D communications with
orthogonal spectrum allocation and devices capable of
energy harvesting has been studied in [43]. The authors
modeled their base station positions by utilizing a PPP
with the induced Voronoi cells characterizing the coverage
of each base station. In this environment, the distribution
of SIR has been obtained for both random and prioritized
spectrum access. Another use case of opportunistic D2D
communications has been investigated by [44]. The work
in question employed the classical results from stochastic
geometry to develop a simple control technique, where
the D2D links are activated whenever the estimated target
SIR on a link is above a certain preset threshold. Finally,
the D2D coverage model that includes the power control
capability can be found in [40, 45].

The above short summary of D2D-related work is by
no means exhaustive. Still it confirms the applicability of
stochastic geometry as a prominent tool for assessing the
performance of network-assisted D2D systems. In contrast
to all the discussed models, which for the most part
focus on various open-space environments, in this paper
we address an important practical scenario of D2D com-
munications in adjacent rectangularly-shaped cells (e.g.,
rooms). This scenario is common for the urban areas
with high user density, where D2D capabilities would be
most needed, such as shopping malls, dormitories, offices,
etc. In these environments, the presence of walls between
the adjacent cells promises desirable conditions for com-
munication between the D2D partners and may lead to
simpler forms of assistance from the controlling base
station, which may be limited solely to low-complexity
classification of users across different areas of interest.
In what follows, we characterize this novel type of D2D
environment by employing both SIR and Shannon rate
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metrics that reveal the effects of different wall materials
on the resulting performance.

3. CONSIDERED SYSTEM MODEL

In this work, we focus on a high-density indoor
metropolitan-type D2D deployment, where a floor of a
building (e.g., a shopping mall or office) serves as the
area of interest, see Fig. 2. This conventional shopping
mall or office scenario naturally implies that the wire-
less cells all have rectangular shapes, and a single cell
covers every room completely. In general, the potential
D2D partners are assumed being distributed inside the
cells randomly and uniformly. When communicating in
the D2D mode, the transmitting devices take advantage
of the omni-directional radiation pattern. In what follows,
we do not focus on any specific D2D technology, as there
may be several options for the latter (see above). Instead,
all involved D2D users are assumed to share the same
set of frequencies, that is, we consider the interference
scenario where all the devices are assigned an identical
set of communication channels or resource blocks across
different cells to maximize the degrees of spatial reuse [46]
and, thus, increase maximum upload speed [47].
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Figure 2. The considered D2D deployment in a city mall.

In what follows, we concentrate on two adjacent cells
assuming that there is a single D2D pair operating in each
of those at a time (as e.g., assigned by some network
assistance function). For this scenario, we propose two per-
formance approximation methods (see Fig. 3), where black
solid lines indicate the data paths between the transmitters
and their associated receivers, whereas red dashed lines
correspond to the interfering signals from the neighboring
transmitter. The reason behind offering two approximate
models is in that the direct analysis of the target setup is
extremely complex due to the uncertainty in locations of
all the involved communicating entities.

In our first approximation, we assume that the receiving
devices are positioned in the geometrical centers of their
cells while the transmitting devices are allowed to be
uniformly distributed within the respective cells. The sec-
ond model is ”mirrored”, where the transmitting devices

are fixed at the cell centers and the receiving devices
are distributed uniformly. For convenience, we refer to
these approximations as to the ”uplink” and ”downlink”
cases, respectively. As demonstrated in Fig. 3, both these
models are expected to deliver a strict upper bound on
the SIR performance, given that the fixed locations of
either transmitters or receivers ”protect” from extremely
unfavorable user positions. For each of the two models,
we further obtain the SIR distribution as a function of the
important input parameters, including (i) the dimensions
of cells a and b, and (ii) the propagation exponents on the
direct and interference paths α1 and α2.

4. PROPOSED PERFORMANCE
EVALUATION

4.1. SIR-centric considerations

To begin with, the SIR can be formally written as

S =
PRx∑N
i=1 Ii

, (1)

where the received signal power PRx is a function of the
distance between the transmitter and the receiver, whereas
the interference power Ii is a function of the distance and
the signal between the receivers and the ith interfering
user. In this paper, we consider SIR instead of the signal-
to-interference-plus-noise ratio due to the fact that adding
a constant factor to the denominator of the above function
does not alter the underlying probabilistic behavior of
the problem at hand, but the resulting expressions take a
somewhat more complex form.

Further, the propagation model can be specified as

P = P (l1) = gl−α1
1 , Ii = Ii(li) = gl−αii , (2)

where g is the transmit power (assumed to be constant
for all the transmitters), l1 is the distance between the
transmitter and the receiver, li, i = 2, 3, . . . , N are the
distances between the interfering users and the receiver,
and αi, i = 1, 2, . . . , N are the corresponding path loss
exponents. For our scenario, the typical values of α1 are
around 2 corresponding to the line-of-sight transmission.
Generally, the values ofαi, i = 2, 3, . . . , N may vary from
2 to 6 depending on the material of walls between the cells
as well as other details of propagation environment [48].

Both proposed models can in principle be treated sim-
ilarly and we exemplify our approach by considering the
”uplink” case shown in Fig. 3(a). To this end, we focus
on a pair of users in the adjacent rectangular cells with
the side lengths of (a1, b1) and (a2, b2), respectively. The
receiver of interest (denoted as Rx1) is equidistant from
the edges of the tagged cell and the coordinates of the
corresponding receiver are distributed uniformly over the
area of this cell. The adjacent cell is associated with the
transmitter Tx1 and the receiver Rx1 that use the same
set of frequencies for their communication. Hence, we
concentrate on the SIR at Rx1. Let us then denote the
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Figure 3. The proposed approximations for the target D2D scenario.

distance between the transmitter Tx1 and the receiverRx1

as R1, and the distance between Tx2 and Rx1 as D1.
Then, (1) can be written as

S =
PRx(R1)

I(D1)
, (3)

where PRx(R1) = gR−α1
1 , I(D1) = gD−α2

1 .
Assuming a constant transmit power, (3) reads as

S =
R−α1

1

D−α2
1

= R−α1
1 Dα2

1 , (4)

thus producing the sought expression for the SIR analysis.

4.2. The overall procedure

The general methodology that we employ to establish
the SIR distribution for the ”downlink” and the ”uplink”
models is based on systematic application of the functional
transformations of random variables, which are considered
in detail in Appendix A. In both ”downlink” and ”uplink”
cases the initial random variables are the coordinates of the
interacting users. Successive application of the transforma-
tion technique allows to get distributions of functions of
these coordinates including distance and SIR densities.

First, consider the ”uplink” setup illustrated in Fig. 3(a),
where the random user in the neighboring cell acts as
interferer for the tagged central device. Due to the non-
random receiver position, the interference path is inde-
pendent from the useful signal path. In this case, we can
readily estimate the distributions of the numerator and the
denominator in the SIR expression (4), and then find the
distribution of their ratio. The later step is feasible due
to independence of propagation paths. Indeed, in order to
obtain the distribution of the ratio between two random

variables we need to know their joint distribution, see
Appendix A. In the ”uplink” case (see Fig. 3(a)), due to the
abovementioned independence property, the joint density
is simply given by the product of the respective densities.

Interestingly, the ”downlink” case leads to a more
complicated analysis, as we cannot apply the ”uplink”
approach directly here – the two propagation paths are
no longer independent from each other. While it is still
feasible to determine the distributions of the numerator
and the denominator separately, their joint density, which
is required to then obtain the distribution of their ratio,
is significantly harder to derive. Nevertheless, the anal-
ysis is still feasible according to the generic procedure
sketched in Appendix A and the summary of notation
could be found in Table I.

4.3. Detailed SIR analysis

The results summarized in this subsection have been
obtained after applying our proposed approach introduced
in the previous subsection. In addition, the transformation
of random variables technique sketched in Appendix has
been employed. Omitting the intermediate technical steps,
for the ”downlink” case we obtain the probability density
function (pdf) of SIR in the form

SD(x) =

∫ ∞
0

1ΩD (x, y2)W (x, y2)dy2, (5)

where

1A(x, y) =

{
1, (x, y) ∈ A
0, (x, y) /∈ A

(6)

and the integrand is given by (7), which is is integrated
over the domain ΩD = ΩD,1 ∪ ΩD,2 ∪ ΩD,3 ∪ ΩD,4 pre-
sented in (8). Therefore, we have

WD(y1, y2) =
4

c2
y

1
α1
1 y

α2
α1

+1

2√
2c2(y

2
α1
1 y

2α2
α1

2 + y2
2)− (y

2
α1
1 y

2α2
α1

2 − y2
2)2 − c4

(7)
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Table I. Simulation Parameters

Notation Description
N Number of interfering pairs

SIR, S Signal-to-Interference ratio
R1 Distance between target pair: receiver and transmitter
D1 Distance between target receiver and interferer
Rx1 Target receiver
Rx2 Interfering cell receiver
Tx1 Target transmitter
Tx2 Interfering transmitter

Ii, i=1, 2, . . . , N Interference power from the ith source
li, i=1, 2, . . . , N Distance between the transmitter and the receiver
αi, i=2, 3 . . . , 6 Path loss exponent

g Transmit power
ai = bi = A, i=1, 2, . . . , N Cluster side length

PRx Useful signal received power at the target receiver
SD, SU Probability density function (pdf) of SIR

SD,dB , SU,dB Logarithmic transformation of the value of SIR
WD,WU,i, i =1, 2, . . . , 6 SIR probability density function (pdf)

ΩD Domain of integration
R Achievable data rate in bits per second
C Channel capacity in bits per second
w Channel bandwidth

ΩD,1 =
{

(y1, y2) :
c

2
≤ y

1
α1
1 y

α2
α1
2 ≤ c√

2
, c− y

1
α1
1 y

α2
α1
2 ≤ y2 ≤ y

1
α1
1 y

α2
α1
2

}
, (8)

ΩD,2 =
{

(y1, y2) :
c√
2
≤ y

1
α1
1 y

α2
α1
2 ≤ c , c− y

1
α1
1 y

α2
α1
2 ≤ y2 ≤

√
c2 + y

2
α1
1 y

2α2
α1

2 −

√
4c2y

2
α1
1 y

2α2
α1

2 − c4
}
,

ΩD,3 =
{

(y1, y2) : c ≤ y
1
α1
1 y

α2
α1
2 ≤ 3c

2
, y

1
α1
1 y

α2
α1
2 − c ≤ y2 ≤

√
c2 + y

2
α1
1 y

2α2
α1

2 −

√
4c2y

2
α1
1 y

2α2
α1

2 − c4
}
,

ΩD,4 =
{

(y1, y2) :
3c

2
≤ y

1
α1
1 y

α2
α1
2 ≤

√
5

2
c ,

√
y

2
α1
1 y

2α2
α1

2 − 2c2 ≤ y2 ≤

√
c2 + y

2
α1
1 y

2α2
α1

2 −

√
4c2y

2
α1
1 y

2α2
α1

2 − c4
}
.

Note that since we have to calculate the joint probability
density function (jpdf) of the two propagation paths first,
the domain of the integrand cannot be obtained in an
explicit form. As a consequence, the integration limits for
y2 in (5) are defined by using the indicator function (6).
Importantly, the result in (5) offers the pdf of the ratio
between the received and the interfering power. To obtain
a more typical logarithmically-scaled variable (expressed
in dB), we have to apply another transform given by

SD,dB(x) = SD(10x/10)10x/10−1 ln 10. (9)

For the simpler ”uplink” case, where the propagation
paths are independent of each other, lets us obtain the
integration limits in an explicit form. Nevertheless, to
simplify the notation we still resort to using the indicator
function. As a result, the SIR densities in the ”uplink”
setup are

SU (x) =

∫ ∞
0

6∑
i=1

1ΩU ,i (x, y2) WU,i(x, y2)dy2,

SU,dB(x) = SU (10x/10)10x/10−1 ln 10, (10)

where the components above are given by (11)–(12) below.
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WU,1(y1, y2) = A arcsinβ (arcsin γ − arcsin δ) , (y1, y2) ∈ ΩU ,1,

WU,2(y1, y2) =
πA

2
arcsinβ, (y1, y2) ∈ ΩU ,2,

WU,3(y1, y2) = A arcsin ε (arcsin γ − arcsin δ) , (y1, y2) ∈ ΩU ,3,

WU,4(y1, y2) =
πA

2
arcsin ε, (y1, y2) ∈ ΩU ,4,

WU,5(y1, y2) = A (arcsin ε− arcsin ζ) (arcsin γ − arcsin δ) , (y1, y2) ∈ ΩU ,5,

WU,6(y1, y2) =
πA

2
(arcsin ε− arcsin ζ) , (y1, y2) ∈ ΩU ,6 (11)

and the coefficients in (11) are

A =
8y

2
α1
2

α1α2c4
(y1y2)

2
α2
−1
,

β =

√
−c2 + 4(y1y2)

2
α2

2(y1y2)
1
α2

,

γ =
c

2y
1/α1
2

,

δ =

√
−c2 + 4y

2/α1
2

2y
1/α1
2

,

ε =
c

2(y1y2)1/α2
,

ζ =

√
−9c2 + 4(y1y2)2/α2

2(y1y2)1/α2
, (12)

where the domains of integration are defined by (13)
and (14).

We finally note that by setting α1 = α2 = α, that is the
provided expressions become significantly simpler consid-
ering D2D communications in an open-space environment.
Similarly, when α1 and α2 are integers, the integrals in (5)
and (10) can be expanded to obtain the sought solution in
an explicit form

ΩU ,1 =
{

Ψ7 ≤ y1 ≤
Ψ2

Ψ1
,

Ψ2

y1
≤ y2 ≤ Ψ3

}
∪
{Ψ2

Ψ1
< y1 ≤

Ψ3

Ψ4
,Ψ1 ≤ y2 ≤ Ψ3

}
∪
{Ψ3

Ψ4
< y1 ≤

Ψ4

Ψ1
,Ψ1 ≤ y2 ≤

Ψ4

y1

}
,

ΩU ,2 =
{Ψ2

Ψ1
≤ y1 ≤

Ψ4

Ψ1
,

Ψ2

y1
≤ y2 ≤ Ψ1

}
∪
{
y1 >

Ψ4

Ψ1
∩ Ψ2

y1
≤ y2 ≤

Ψ4

y1

}
,

ΩU ,3 =
{Ψ3

Ψ4
≤ y1 ≤

Ψ4

Ψ1
,

Ψ4

y1
≤ y2 ≤ Ψ3

}
∪
{Ψ4

Ψ1
< y1 ≤

Ψ7

3−α2
,Ψ1 ≤ y2 ≤ Ψ3

}
∪
{ Ψ7

3−α2
< y1 ≤

Ψ5

Ψ1
,Ψ1 ≤ y2 ≤

Ψ5

y1

}
,

ΩU ,4 =
{Ψ4

Ψ1
≤ y1 ≤

Ψ5

Ψ1
,

Ψ4

y1
≤ y2 ≤ Ψ1

}
∪
{Ψ5

Ψ1
< y1,

Ψ4

y1
≤ y2 ≤

Ψ5

y1

}
,

ΩU ,5 =
{Ψ5

Ψ3
≤ y1 ≤ Ψ8,

Ψ5

y1
≤ y2 ≤ Ψ3

}
∪
{

Ψ8 < y1 ≤
Ψ5

Ψ1
,

Ψ5

y1
≤ y2 ≤

Ψ6

y1

}
∪
{Ψ5

Ψ1
< y1 ≤

Ψ6

Ψ1
,Ψ1 ≤ y2 ≤

Ψ6

y1

}
,

ΩU ,6 =
{Ψ5

Ψ1
≤ y1 ≤

Ψ6

Ψ1
,

Ψ5

y1
≤ y2 ≤ Ψ1

}
∪
{Ψ6

Ψ1
< y1,

Ψ5

y1
≤ y2 ≤

Ψ6

y1

}
. (13)

Ψ1 =
( c

2

)α1

, Ψ5 =

(
3c

2

)α2

,

Ψ2 =
( c

2

)α2

, Ψ6 = cα2

(√
5

2

)α2

,

Ψ3 =

(
c√
2

)α1

, Ψ7 =
cα2−α1(√
2
)2α2−α1

,

Ψ4 =

(
c√
2

)α2

, Ψ8 = cα2−α1

√
5α2

2α2−α1
. (14)

5. MAIN NUMERICAL RESULTS

In this section, we first validate the obtained quantita-
tive data with our developed simulation environment. In
connection to this, we thoroughly assess the accuracy of
our proposed approximations by comparing the respective
results with those produced by simulations. Further, we
investigate numerically the response of both the ”uplink”
and the ”downlink” models with respect to the key input
parameters. Finally, we demonstrate how these proposed
models could be used for the actual D2D data rate analysis.
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Table II. Simulation Setup

Parameter Description
a = b = c ∈ [5; 25] Cluster side length

α1 = 2 Target cluster path loss exponent
α2 ∈ [2; 6] Interfering clusters path loss exponent
w =180 kHz Channel bandwidth

a = 1.2456, b = 1.3463 Fitting parameters of the modified Shannon’s expression
106 Number of samples
200 Sampling frequency

Log-distance path loss model Propagation model

System parameters and their values used in this section
are shown in Table II.

5.1. Validation and accuracy of our
approximation

To carefully validate our proposed approximations as well
as to assess their accuracy in the target D2D commu-
nications scenario, where all the considered transmitters
and receivers are distributed randomly and uniformly in
their respective cells, we develop a simple yet powerful
simulator based on direct modeling of the involved random
variables and the subsequent estimation of the associ-
ated performance metrics. Our developed simulator allows
varying all of the input parameters of interest accounted
for by the studied system model, including the dimensions
of the cells a and b, the path loss exponents α1 and α2, the
number of experiments, and the sampling frequency. As an
output, our tool provides the empirical density functions,
the sample means and standard deviations, as well as the
estimates of the quantiles of the main random variables,
such as SIR and Shannon rate.

Along these lines, Fig. 4 compares the analytical results
against those obtained with simulations for the ”uplink”
and the ”downlink” scenarios. In both cases, the dimen-
sions of the cells are set as a = b = c = 10, whereas var-
ious path loss exponents are used on different paths. The
number of samples used to construct the empirical den-
sities has been taken as 10e6. As a result, the simulation
data indicates the excellent match with the respective ana-
lytical results. For both models, the Kolmogorov-Smirnov
goodness-of-fit statistical test [49] has been performed
with the level of significance set to 0.05. This confirms the
hypothesis on that the simulation samples belong to our
considered analytical distribution.

Analyzing the results shown in Fig. 4 further, we notice
that both proposed models provide a somewhat loose
estimation of the empirical SIR density in our charac-
teristic D2D scenario. The underlying reason is that for
both approximations we restrict the locations of either
transmitter or receiver to the geometrical center of a cell
and thus ”disable” any potential worst-case positioning
options of transmitters/receivers with respect to each other.
Therefore, whereas our models could be insufficiently

accurate to characterize the quantiles of SIR, they might
be very useful to capture the moments of the target metrics
of interest. In this regard, we particularly highlight the
behavior of our ”uplink” model that essentially mimics the
performance of the D2D system, while at the same time
maintains the much needed operational simplicity and low
computational complexity.

To conclusively assess whether our proposed approxi-
mate models could reflect the D2D scenario under investi-
gation, Fig. 5 provides the mean and the standard deviation
of SIR over a broad range of path loss exponents α2

between the interferer and the receiver. As we observe,
both the ”uplink” and the ”downlink” models yield an
upper bound of SIR, implying that any of those may be
used as a first-order optimistic estimate on the achievable
SIR. Importantly, the absolute approximation error for the
mean value decreases with the growth of α2 from around
2.2 dB for α2 ∈ (2, 3) to as low as 1.4 dB for α2 > 4. In
our calculations, we assume that the highest effective SIR
value is 30 dB and increasing it further would not bring
any substantial D2D performance benefits. This is due to
the fact that the values of SIR over 20 dB lead to the use
of the best possible modulation and coding schemes; hence
any further data rate improvement is not possible for higher
SIR [50]. In practice, unnecessarily large SIR values can
be controlled by employing various techniques similar to
reduction in the device transmit power.

5.2. Properties of the proposed models

Our proposed approximate models have a number of curi-
ous properties that may simplify the D2D performance
analysis for different configurations of cells. In particular,
the SIR density function and, therefore, all the associated
moments are insensitive to the choice of the cell dimen-
sions a and b, when a = b and α1 = α2. This conclusion
follows directly from the utilized methodology and is
particularly important for the open-space environments.
Another interesting feature is the scaling of the studied
density functions, when the same path loss exponents are
assumed on both the signal and the interference paths.
This useful finding is illustrated in Fig. 6, which shows
the ”uplink” and the ”downlink” densities for a = b = c =
5, 15, 25 with α1 = 2 and α2 = 3.
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(a) α1 = 2, α2 = 3 (b) α1 = 2, α2 = 4

Figure 4. Analytical and simulated SIR densities for the proposed models, a = b = c = 10.
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Figure 5. Analytical and simulated SIR moments for the proposed models, a = b = c = 10, α1 = 2.

Furthermore, Fig. 7 demonstrates the impact of different
values of α2 for the identical cell dimensions a = b =
c = 10. As we learn from the figure, this effect is fairly
straightforward and self-explanatory: the larger the α2

is, the better the interference picture at the receiver side
becomes. Recalling that the value of α2 is primarily deter-
mined by the material of walls, our proposed models allow
for capturing the SIR properties for different construction
materials.

5.3. D2D performance analysis

Let us finally offer a simple numerical example charac-
terizing the performance of D2D communications within
the licensed LTE band. We remind that a single LTE
resource block of bandwidth is 180 kHz which is assumed
to be reused across the neighboring cells. To estimate the
achievable data rate, we employ the modified Shannon’s

formula in the form

R =
w

b
log2

(
1 +

SIR

a

)
, (15)

where w = 180 kHz is the channel bandwidth, while a =
1.2456 and b = 1.3463 are the fitting parameters of the
modified Shannon’s expression for 3GPP LTE systems
borrowed from [51].

Given that our obtained SIR is a random variable, and
in accordance with (15), we apply the following transfor-
mation utilizing it to produce the mean and the standard
deviation of the channel capacity estimate C

C = Si
[
a(2bx/w − 1)

]
2bx/w

ab ln 2

w
, i ∈ D,U. (16)

In light of the above, Fig. 8 demonstrates the mean D2D
data rate achieved over a single resource block in adjacent
cells, as well as the corresponding standard deviation of
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(a) ”Uplink” case (b) ”Downlink” case

Figure 6. The scaling effects of cell dimensions.

(a) ”Uplink” case (b) ”Downlink” case

Figure 7. The effects of different α2 for a = b = c = 10.

this rate. We note that the difference between our simulated
D2D scenario and the considered approximate models
is typically around 10% and decreases further with the
growth of the path loss exponent α2. Therefore, the upper
bound delivered by the proposed D2D performance esti-
mations is acceptable for the overall data rate assessment.

6. SUMMARY AND CONCLUSIONS

In this work, we analyzed the emerging concept of D2D
communications in a characteristic urban scenario with
rectangular cells. Our proposed modeling framework is a
powerful tool to estimate the SIR and the data rate distri-
butions analytically without the need for time-consuming
and often prohibitive system-level simulations. Both con-
sidered mathematical models, named ”uplink” and ”down-
link”, provide reasonable upper bounds on the respective

system performance showing the accuracy of about 10%
according to the respective simulation data. Comparing
the results produced by these two models, we conclude
that even though they lead to different distributions, the
output mean SIR values are nearly identical. Hence, for
most practical purposes, we recommend the application of
the simpler ”uplink” method resulting in lower complexity.
Further, as the gap between the reported analytical and
simulation data is near-constant, one may properly adjust
the model in question to deliver even tighter SIR and data
rate estimates. Interestingly, the dependence of our results
on the propagation exponent is linear for both SIR and data
rate.

Extending the proposed simple approximations for
the real-world D2D scenario, where both communicating
devices of interest assume arbitrary locations, another pair
of random coordinates has to be introduced. This, in turn,
will invoke all the underlying mathematical manipulations,
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(a) The mean achievable D2D rate
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Figure 8. The mean and the standard deviation of the achievable D2D rate.

beginning with the jpdf calculation for the two correspond-
ing propagation paths, which would yield significantly
more involved derivations. To this end, one of the possible
solutions is to assume these paths to be independent from
each other, which might lead to adequate approximations,
but would still suffer from the associated analytical com-
plexity. Therefore, our proposed modeling approach main-
tains attractive balance between the incurred mathematical
complexity and the resulting performance. Finally, we
believe that the methodology presented in this paper may
also be useful in a more general context of heterogeneous
networks – both ”uplink” and ”downlink” cases can thus
be reused subject to the necessary modifications.

We plan to continue our efforts by characterizing
D2D scenarios where more than one cell affects the
transmission. As for our preliminary investigations, we
demonstrate that while those models presented in the
paper are accurate for two adjacent cells they are more
biased for multi-cell scenarios featuring 8 cells at one
floor or 26 cells in 3D-space at the floor of interest
(9 and 9 at floors above and below and 8 at the floor
having the tagged cell). However, we observed that the
effect of dependence between propagation paths we
highlighted in the paper vanishes when more inter-
fering cells are taken into account. This is of special
interest as it allows for simple analysis of more complex
system configurations.

A. DISTRIBUTIONS OF FUNCTIONS OF
RANDOM VARIABLES

According to [52, 53], we review below a solution to the
generic problem of obtaining the joint distribution of a
number of random variables (RVs) specified as functions
of a certain number of other RVs. These important results
are employed in subsection 4.3 above to produce the

SIR distributions in both the ”uplink” and the ”downlink”
cases.

First, consider the general case and let ξ =
(ξ1, ξ2, . . . , ξn) be the set of RVs with the jpdf wξ(x).
Then, suppose that the transformation for this set is given
as

yk = fk(x), k = 1, n. (17)

Hence, we target to characterize the jpdf of n trans-
formed RVs as a function of n initial RVs. When the
resulting set of random variables has fewer elements than
the initial set, we first need to introduce some auxiliary
variables, such that both sets would have exactly the same
number of RVs. The solution is then similar to what we
outline below, except for the last step where we need to
integrate over all the auxiliary RVs.

Further, using (17) we can obtain the jpdfWη(y) of the
new RVs η = (η1, η2, . . . , ηn), where

ηk = fk(ξ), k = 1, n. (18)

Let now

xk = φk(y), k = 1, n, (19)

be the inverse of (17). In general, φk is a multivalued
function having a number of branches. Therefore, denote
the i-th branch by

xk,i = φk,i(y), k = 1, n, i ≥ 1. (20)

Observe that η can be considered as a point in the n-
dimensional Euclidean space. To this end, define B as an
event corresponding to when the point η falls into a certain
n-dimensional subspace Sy . The probability of such an
event comprises the contributions by all the branches
of φk. Then, defining Ai as ξ ∈ Sxi , i = 1, 2, . . . , we
observe that B = ∪iAi and Ai ∩Aj = ∅, i 6= j, which
implies that the probability of the event B may be
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expressed as

P{B} = Vy =
∑
i

Vxi =
∑
i

P{Ai}, (21)

where Vy is the n-dimensional volume. Assuming suffi-
ciently small volumes of Sxi and Sy , the expression for Vi
can be approximated as follows

Vy ≈Wη(y)Sy, Vxi ≈ wη(xi)Sxi . (22)

The limit of the ratio Sxi/Sy can then be expressed
through a Jacobian as

Ji = lim
Sxi→0

Sy→0

Sxi
Sy

=
∂(x1,i, . . . , xn,i)

∂(y1, . . . , yn)
=

=

∣∣∣∣∣∣∣∣
∂x1,i
∂y1

. . .
∂x1,i
∂yn

...
...

∂xn,i
∂y1

. . .
∂xn,i
∂yn

∣∣∣∣∣∣∣∣ , i ≥ 1. (23)

From (21)-(23), we express the sought jpdf as

Wη(y) =
∑
i

wξ(φ1,i(y), . . . , φn,i(y)) |Ji| . (24)

Consider now the scalar transformation function in the
form

y = (y1), y1 = f(x1, . . . , xn). (25)

By introducing the auxiliary variables as

yk = xk, k = 2, n, (26)

we first need to determine the jpdf of the following set of
RVs

η1 = f(ξ), ηk = ξk, k = 2, n, (27)

with the known jpdf wξ(x).
In this case, it is easy to show that

x1 = φ(y), xk = yk, k = 2, n, Ji =
∂φi(y)

∂y1
. (28)

According to (24), the required jpdf is readily given by

Wη(y) =
∑
i

wξ(φ(y), y2, . . . , yn)

∣∣∣∣∂φi(y)

∂y1

∣∣∣∣ . (29)

Integrating over the auxiliary RVs, we receive the final
form of the pdf Wη1(y1) as

∑
i

∫
Yi

wξ(φ(y), y2, . . . , yn)

∣∣∣∣∂φi(y)

∂y1

∣∣∣∣ dyn . . .dy2,

(30)

where Yi is the domain of variables y2, . . . , yn for the i-th
branch.
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