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Abstract: We present a multipolar tensor analysis of second-harmonic 
generation from arrays of noncentrosymmetric gold nanoparticles. In 
contrast to earlier results, where higher multipoles and symmetry-forbidden 
signals arising from sample defects play a significant role, the present 
results are completely dominated by symmetry-allowed electric-dipole 
tensor components. The result arises from significant improvement in 
sample quality, which suppresses the higher-multipole effects and enhances 
the overall response by an order of magnitude. The results are a prerequisite 
for metamaterials with controllable nonlinear properties. 
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Metamaterials are artificial nanostructures whose optical properties arise from the geometry 
of their structural features [1]. Such materials often consist of arrays of metal nanoparticles 
whose optical properties are dominated by the collective oscillations of the conduction 
electrons in the particles. The oscillations give rise to plasmonic and magnetic resonances, 
which depend on the size, shape, dielectric environment, and mutual ordering of the particles 
[2,3]. The resonances can lead to strong electromagnetic fields near the particles and thus 
enhance optical interactions. The linear optical responses tailored in such ways are utilized, 
e.g., to achieve negative index of refraction [1] or cloaking [4,5]. 

The local-field enhancement is particularly important for nonlinear optical processes, 
which scale with a high power of the field. For second-order effects, noncentrosymmetric 
structures are needed, and the response is also otherwise very sensitive to symmetry. Such 
structures have been characterized by second-harmonic generation (SHG) in order to 
understand the role of the structural features [6,7] and resonance enhancement [8,9] in the 
efficiency of SHG. 

An important problem in these efforts has been that the selection rules between the 
allowed and forbidden SHG signals, as derived from the ideal structural symmetry, have not 
been fulfilled [10–13]. In some cases, forbidden signals have even dominated the response 
[14]. This problem arises from symmetry-breaking nanoscale defects of the structures. The 
defects can act as attractors for particularly strong local fields [15,16] and thus play a 
disproportionate role in the second-order response. Even when the local response of the 
defects is dipolar, they give rise to characteristic higher-multipole (magnetic-dipole and 
electric-quadrupole) features in SHG when analyzed using effective-medium concepts 
appropriate for metamaterials [14]. In the most detailed analysis to date, the tensor 
components associated with higher-multipole effects were up to 50% in magnitude compared 
to the dominant electric-dipole component [17]. Furthermore, the symmetry-forbidden signals 
were dominated by higher-multipole effects, thus emphasizing their connection to defects. It 
is evident that it is not acceptable to have random defects significantly influence the nonlinear 
response if one aims to develop nonlinear metamaterials with the response tailored by the 
structural features of the sample. Beyond results regarding multipole effects in coherent SHG, 
their role has also been addressed in incoherent hyper-Rayleigh scattering [18,19], described 
with different levels of detail from first-principles approaches [20] to effective quantities 
[21,22]. 

In this study, we show that the dipole limit of SHG can be reached by using 
nanostructured samples with significantly improved quality. We prepare an array of 
noncentrosymmetric gold nanoparticles and analyze its response in terms of effective electric-
dipole and higher-multipole tensors. We show that the response is dominated by the 
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symmetry-allowed electric-dipole tensor components. The higher-multipole tensor 
components are found to be at most a few percent of the dominant dipolar component and for 
most cases well below this. In addition, the nonlinear response is enhanced by a factor of 10 
compared to samples of earlier generation with lower quality. We have thus essentially 
reached the dipole limit in SHG, implying that the response is dominated by the overall 
features of the sample, not by random defects. This is a prerequisite for tailoring the nonlinear 
response in a controllable way by the structural features of the sample. 

Our sample consists of an array of L-shaped gold nanoparticles (Fig. 1(a)), prepared by 
electron-beam lithography and lift-off. The particle dimensions were chosen to yield a 
plasmonic resonance at the laser wavelength used for the SHG experiments (1060 nm). The 
nominal linewidth is 100 nm and both arms have the equal length of 250 nm. The thickness of 
the gold layer is 20 nm and there is a thin adhesion layer of chromium between the fused 
silica substrate and the gold. In addition, the sample was covered by a 20-nm thick protective 
layer of silica. The array period is 500 nm in both directions and the total sample area is 1 × 1 
mm2. 

 
Fig. 1. SEM images and geometry of arrays of L-shaped nanoparticles for present, high-quality 
(a) and earlier, low-quality (b) samples. (c) x- and y-polarized extinction spectra of high- and 
low-quality samples. 

For comparison, a sample from an earlier generation is also shown (Fig. 1(b)), where 
defects and higher multipole effects played a significant role in the SHG response [17]. The 
other main difference is that the array period of the old sample is 400 nm. It is evident from 
the SEM images of the quality of the present sample is significantly improved. The 
improvement is possible due to a new electron-beam lithography system, which has better 
accuracy and beam stability than the old system. The new system is also faster allowing 
smaller beam step size and thus improved line quality. Due to the high accelerating voltage 
(100 kV) of the new system, the forward scattering of electrons is smaller, which improves 
the shape control of the patterns further. Beyond the present sample, several others have been 
prepared with similar quality. 

The samples are described using a coordinate system where x is the in-plane symmetry 
axis of the L shape and y is the orthogonal in-plane direction. The extinction spectra of the 
samples (Fig. 1(c)) were measured using fiber optic spectrometers at normal incidence. The 
samples are strongly dichroic with main resonances at similar wavelengths. The x-polarized 
resonances occur at 1033 nm (present sample) and 1060 nm (earlier sample) and the y-
polarized resonances at 1554 nm (present) and 1490 nm (earlier). Additional resonances at 
680 nm (present) and 710 nm (earlier) are related to the linewidth of the particles [23]. An 
important observation is that the extinction peak of the present sample is greatly enhanced and 
the linewidth narrowed. This is a direct consequence of the significantly improved sample 
quality with much less inhomogeneous broadening. 

The nonlinear response is usually described by the nonlinear susceptibility tensor of the 
material. In nanostructures, however, the local fields and material properties exhibit nanoscale 
variations, which complicates such an approach. In order to avoid such nanoscale difficulties, 
we use the nonlinear response tensor (NRT) Aijk [24], which operates on the level of input and 
output radiation fields 

 (2 ) ( ) ( ),i ijk j k
jk

E A E Eω ω ω=∑  (1) 
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where ijk refer to the polarization components of the respective fields. NRT is strictly specific 
to a given experiment rather than the sample itself. Its benefit is that it includes all multipole 
effects implicitly and it allows the signals to be analyzed using electric-dipole symmetry 
rules. Within the effective medium approach, NRT is proportional to the effective 
susceptibility of the nanostructure. Furthermore, the NRT approach can be extended to 
account for effective electric-dipole and higher-multipole effects. Due to difficulties in 
separating magnetic and quadrupole effects from each other in coherent signals [25], both are 
included in effective magnetic tensors. This results in three effective tensors, which describe 
electric-dipole interactions only ( ) ,eee

ijkA magnetic interactions at the fundamental frequency 

( ) ,eem
ijkA and magnetic interactions at the second-harmonic frequency ( )mee

ijkA  [17]. 
The three tensors can be separated from each other by comparing SHG signals in the 

transmitted (T) and reflected (R) directions and for metal (M) and substrate (S) side incidence 
of the fundamental field [17]. When the fundamental beam is normally incident on the sample 
along z direction, any SHG signal can always be expressed in the general form 

 2 2(2 ) ( ) ( ) ( ) ( ),i x y x yE fE gE hE Eω ω ω ω ω= + +  (2) 

where the expansion coefficients f, g, and h depend on the components of the three tensors 
and are different for the various experimental geometries. For our present sample, which 
exhibits a resonance for x-polarized fundamental field, the SHG signal is expected to be 
dominated by its x-polarized component. The expansion coefficients for x-polarized detection 
and the various experimental geometries are shown in Table 1. It is evident that if only 
symmetry-allowed (f and g) and dipolar effects play a role, all four signals should behave in 
the same way. On the other hand, symmetry-forbidden and higher-multipole effects contribute 
with varying signs to different signals, making possible the determination of all tensor 
components. 

Table 1. The expansion coefficients expressed as function of NRT components for specific 
configurations. The signs depend on measurement geometry (M-: metal side incidence,  

S-: substrate side incidence, -T: transmission, -R: reflection). Note that f and g are 
allowed for the ideal symmetry of the L shape, whereas h is forbidden. 

Geometry f g h 

M-T eee eem mee
xxx xxy yxxA A A+ +  eee eem mee

xyy xyx yyyA A A− +  ( )eee eem eem mee
xxy xyy xxx yxyA A A A+ − +  

M-R eee eem mee
xxx xxy yxxA A A+ −  eee eem mee

xyy xyx yyyA A A− −  ( )eee eem eem mee
xxy xyy xxx yxyA A A A+ − −  

S-T eee eem mee
xxx xxy yxxA A A− −  eee eem mee

xyy xyx yyyA A A+ −  ( )eee eem eem mee
xxy xyy xxx yxyA A A A− + − +  

S-R eee eem mee
xxx xxy yxxA A A− +  eee eem mee

xyy xyx yyyA A A+ +  ( )eee eem eem mee
xxy xyy xxx yxyA A A A− + − −  

Our experimental setup for SHG is shown in Fig. 2. A Nd:glass laser (200 fs pulse length, 
82 MHz repetition rate) provided the fundamental beam at 1060 nm and its average power 
before the sample was 80 mW. The beam was weakly focused with 300 mm focal length lens 
on the sample, resulting in spot size of 300 μm. The polarization of the beam was set to x or y 
direction and then continuously modulated with a quarter-wave plate (QWP). Any possible  
 

 
Fig. 2. Experimental setup. L – lens, P – polarizer, A1, A2 – analyzers, HWP – half-wave 
plate, QWP – quarter wave plate, VISF – visible blocking filter, IRF1, IRF2 – infrared 
blocking filters, PMT1, PMT2 – photomultiplier tubes. 
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SHG light from the optical components preceding the sample was filtered with a visible-
blocking filter. The SHG signals were detected by photomultiplier tubes and photon counting 
by first filtering away the fundamental beam with infrared-blocking filters and using 
analyzers to pass only x-polarized SHG light. 

The sample was slightly tilted off-normal with respect to fundamental beam (θ less than 
2°) to allow detection of reflected SH radiation. The angle is sufficiently small that the fields 
do not couple significantly to the normal direction (z) of the sample [14,26]. 

The above measurements allow the relative complex values of the expansion coefficients 
to be determined for each signal separately. However, absolute calibration of the various 
signals is essentially impossible. The signals were thus separately normalized and their 
polarization lineshapes compared to obtain evidence of the presence or absence of higher 
multipole effects. 

The measured signals (M-T, M-R, S-T and S-R) as functions of the rotation angle of the 
QWP and their fits to Eq. (2) are shown in Fig. 3. The lineshapes for S incidence have been 
reflected with respect to the zero angle of QWP to counter the sign change of the y-axis (h 
coefficient in Table 1) when the sample is flipped. All four signals should then show the same 
dependence on the polarization if only electric dipoles play role, whereas higher multipoles 
would lead to differences in the measured signals. All four measured lineshapes in Fig. 3 are 
seen to overlap almost perfectly. This result suggests that the SHG response of the present 
sample is strongly dominated by the electric-dipole interaction. 

 
Fig. 3. Normalized transmitted (-T) and reflected (-R) SHG signals from an array of L-shaped 
gold nanoparticles for metal incidence (M-) and substrate incidence (S-), and from the present 
high-quality sample. Symbols represent the data from the measurements and solid lines are 
theoretical fits. The starting and detected linear polarization was x. 

For more quantitative information about the various multipole effects, the fitted values of 
the coefficients f, g and h for the measured signals were compared to their expressions in 
terms of the components of the tensors (Table 1). This results in a group of linear equations, 
whose solution yields the relative complex values of the components (Table 2). The values are 
normalized to the dominant component eee

xxxA , which has electric-dipole origin. eee
xxxA  is allowed 

for the ideal structure and has a plasmonic resonance at the fundamental wavelength. 
The response is clearly dominated by the allowed electric-dipole components eee

xxxA  and 
eee
xyyA , whereas the forbidden dipolar component eee

xxyA  is very weak. In addition, the 
magnitudes of the components of the two magnetic tensors remain below 2% of the dominant 
component with the exception of the combination ( )eem eem

xyy xxxA A−  which is 3.5%. Interestingly, 
this component is symmetry-forbidden, i.e., it arises from the residual imperfections of the 
sample. Nevertheless the results are a significant improvement compared to those for the low-
quality particles shown in Fig. 1(b), where the higher multipolar components had magnitudes 
up to 50% of the dominant dipolar components [17]. 

#157528 - $15.00 USD Received 2 Nov 2011; revised 7 Dec 2011; accepted 7 Dec 2011; published 15 Dec 2011
(C) 2011 OSA 19 December 2011 / Vol. 19,  No. 27 / OPTICS EXPRESS  26870



In order to exclude any other possibilities for higher-multipole effects, we also measured 
the y-polarized SHG signals. They were always found to be weaker than the x-polarized 
signals by an order of magnitude and also dominated by electric-dipole effects. These results 
will thus not change the general conclusion presented above. Improvements in the sample 
quality have thus allowed us to reach essentially the dipole limit in the SHG response. 

Table 2. Determined values of NRT components 

Tensor component Allowed Value Magnitude 
eee
xxxA  YES 1 1 
eem
xxyA  YES −0.003 0.003 
mee
yxxA  YES −0.0017 0.0017 
eee
xyyA  YES 0.3126-0.114i 0.3327 
eem
xyxA  YES 0.0094-0.0153i 0.018 
mee
yyyA  YES −0.0074 + 0.0133i 0.0153 
eee
xxyA  NO 0.0084-0.002i 0.0086 
eem eem
xyy xxxA A−  NO −0.0349 + 0.0033i 0.035 
mee
yxyA  NO −0.0005 + 0.0038i 0.0039 

We have also compared the maximum signal level from the present sample to that from 
the lower-quality sample. After accounting for the different particle densities of the two 
samples, the SHG response of the present sample was found to be a factor of 10 higher. This 
enhancement arises from the narrower resonance and better resonance enhancement at the 
fundamental wavelength. 

In conclusion, we have shown that improvements in sample quality, obtained by state-of-
the-art nanofabrication, lead to significant advances in their effective nonlinear optical 
properties. In particular, the symmetry rules for second-harmonic generation are well fulfilled 
and the higher-multipole effects, which have been associated with defects, are almost 
completely suppressed. Furthermore, the efficiency of second-harmonic radiation is enhanced 
by a factor of 10 compared to similar samples of earlier generation. We have thus reached, to 
a very good approximation, the desired dipole limit where the nonlinear response arises from 
the overall structural features of the sample and is not significantly influenced by random 
defects. This result is an essential prerequisite for designing nonlinear metamaterials with 
engineered properties. 
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