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The main modulation types selected for future Galileo signals are sine ahcosine Binary-Offset-
Carrier (SinBOC/CosBOC) modulations. On one hand, BOC-modulated signia have a narrower
main lobe of their Autocorrelation Function (ACF), which allows a better accuracy in the delay track-
ing process. On the other hand, the acquisition process becomes ra@omplex, due to the ambiguities
in the ACF, which impose a large number of timing hypotheses for acaate detection of the signal.
Several BPSK-like methods have been proposed in the literature sarfand they are based on the idea
that the BOC-modulated signal can be seen as a superposition of t8? SK-modulated signals, located
at negative and positive subcarrier frequencies. If only one baah (i.e., positive or negative) is used, we
have a single SideBand (SB) technique. If both bands are used (andmbined non-coherently) we have
a dual SB technique. While removing the non-ambiguities in the ACF, bdt single and dual SB tech-
niques suffer of performance degradation compared to a pure BBK method, due to the non-coherent
processing and to the deterioration of the correlation function poperties after filtering or band se-
lection. This paper proposes a comprehensive theoretical analgof the properties of the BPSK-like
techniques, based on the statistics of the detection variables, tained from the simulations.

I. Background and motivation

Binary-Offset-Carrier modulation familiésare the main proposals for the modulation type of Galileo
Open Services (OS) and Publicly Regulated Services (PRS) signals.nTdie advantage is a better use
of the spectrum, which makes the separation with GPS signals é&si@pmpared with the classical
BPSK-modulated pseudorandom (PRN) code, a BOC-modulated PRN bamadditional peaks in the
autocorrelation function. The width of the main lobe of the ACF decreasespared with BPSK, where
the main lobe width i€ chips), but additional sidelobes appear in 2hehip interval, which makes the ACF
to become “ambiguous®; This translates to the fact that the steft),;,, of searching the time bins in the
acquisition process should be sufficiently small, in order to be able to detectaln lobe of the ACF (i.e.,
we need a higher number of timing hypotheses in order to search a givemiiceetainty window com-
pared to BPSK casé)Thus, the acquisition becomes more computationally expensive, the compaitation
load being inversely proportional with the time-bin size (or st@®));,.> This step should be, typically,
about half of the width of the main lobe, which, in its turn, is dependent on thdukaton orderNpoc
(defined here as twice the ratio between the sub-carrier frequépand the chip rate., according t6).

For example, for SinBOQ(1) case, proposed for Galileo OSye have2 Npoc — 1 = 3 significant lobes of
the absolute value of the ACF and the width of the main lobe of the ACF envetopbeceasily computed
as0.68 chips.
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In order to avoid the ambiguities of the ACF and to be able to increase the dtepemetiming hy-
potheses in the acquisition process (and thus, to decrease the acquisitipnherso-called 'BPSK-like’
techniques have been proposed in the literatifre8 The 'BPSK-like’ techniques remove the effect of the
sub-carrier modulation, by implementing a pair of single sideband correlat®ivers, which might be
used individually (single SB case) or combined non-coherently (dualsSB).

The main disadvantage of the BPSK-like techniques is the presence of sorakation losses (com-
pared with a BPSK-modulated signal), mentioned, iy, but not analyzed theoretically so far. The goal of
our paper is to introduce a theoretical analysis of the BPSK-like techniqutree derivation of the expected
detection probability and Mean Acquisition Times (MAT). The theoretical aslig based on chi-square
central and non-central distributions of the decision variables and thengters of these distributions are
estimated based on simulation results. We will show that the variances argknwality parameters for
these distributions are distinct for SinBOC and CosBOC cases, and thegpendent on the modulation
order for SInBOC cases. These results had not been shown hieftine,author’s knowledge.

Three cases will be discussed here: the ambiguous-BOC approacioriteembiguous single-SB tech-
nigue and the non-ambiguous dual-SB technique. The BPSK case is ptsaska performance bound, in
order to illustrate the gap between the 'BPSK-like’ techniques and the tré&¢&KBBse. We present a com-
prehensive approach for computing the detection probability for thd seaech, by taking into account all
the possible timing hypotheses (this is different frbmvhere only one timing hypothesis is considered at
a time). We also discuss the impact of small frequency errors on the penfice on each algorithm. The
detection probability curves are presented for CosBOC(15,2.5)-modydatidorandom codes with the
parameters taken from Galileo proposals for PRS signals, which haveraased number of ambiguities,
and therefore, are likely to benefit the most from 'BPSK-like’ appreach

IIl. BPSK-like techniques

The block diagrams of theingle-SB methods illustrated in Fig. 1, for Upper SideBand (USB) process-
ing.>.8 The same is valid for the Lower SideBand (LSB) processing. The main lotxeecof the sidebands

received (BOC-modulated) signal

Upper Sideban
USB) Filter -
(USB) Correlation and coherent 2 Non-coherent USB decision statistit
,,,,,,,,,,,,,,,,,,,,,,,,,, ‘ integration over N | | —1 integration —
' Reference BOC-modulated - J code periods
IPRN code with tentative . Upper Sldeban
'delayt and tentative | (USB) Filter

'Doppler §,

Fig. 1 Block diagram of single sideband processing (here, yer sideband).

of the received signal (upper or lower) is selected via filtering ancetated with a reference code, with ten-
tative delayr and reference Doppler frequengy. The reference code is obtained in a similar manner with
the received signal, hence the autocorrelation function is no longer tReoR&BOC-modulated signal, but
it will resemble the ACF of a BPSK-modulated signal. However, the exagiesbithe resulting ACF is not
identical with the ACF of a BPSK-modulated signal, since some information is lloshwiltering out the
sidelobes adjacent to the main lobe. This filtering is needed in order to rdtkineise power.

When thedual-SB methodis used, we add together the USB and LSB outputs and form the dual SB
statistic. The 'BPSK-like’ techniques refer to single and dual SB pracgss
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Theambiguous-BOC processingneans that the received signal is directly correlated with the reference
BOC-modulated PRN sequence (all the spectrum is used for both theegcignal and reference code).
The BPSK caserefers to the situation when the transmitted signal is BPSK modulated and tleéatorr

is done with a reference BPSK-modulated PRN code.
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Fig. 2 Shape of the envelope of the autocorrelation functiofor BPSK, BOC and BPSK-like waveforms with
different front-end bandwidths. OS signals (upper plots) aad PRS signals (lower plots).

Examples of the ACF shape after single and dual SB processing ara $héig. 2, for SinBOC(1,1)
and, respectively, CosBOC(15,2.5) signals, currently selected far@3RS services.The ambiguous-
BOC waveform and the reference-BPSK case are also shown. Inftheldes, the signal before SB
processing is assumed to have infinite bandwidth (BW), hence, we have gbaks in the BOC wave-
form. The filters for SB processing are assumed to be ideal rectandtdéas.fiThe effect of non-ideal
filtering on the ACF waveforms is shown in the right plots of Fig. 2. Here, Finieulse Response (FIR)
filters of bandwidthsl MHz and40 MHz have been used for OS and PRS, respectively. We notice that the
peaks of the ACF become flatter, and the fades of the ACF may have a fingtlevel (e.g., lower right
plot of Fig. 2). Non-constant group delay filters (such as Chebysh®&utterworth) may introduce some
additional, non-constant, delay in the ACF, which should be taken into atdowing the synchronization
process, as emphasized®irin what follows, we will focus on the infinite bandwidth situation, since this
case will give the bound on the performance of the discussed techniques



[ll. Statistical modelling of decision variables

The decision statisti&,,c¢h0q (AT, Af,;\)) is the output of the non-coherent integration, depending on the
delay errorA7 and Doppler erroAJ/‘B. Here, the method refers to one of the following cases, discussed in
the previous Section: ambiguous BOB®C), single SB §5B), dual SB (D.SB), or BPSK (i.e., BPSK
modulation was used at the transmitter).

We assume that coherent integration is done d¥ecode epochs (one code epoch has a durdjdn.,
where Sy is the spreading factor of the PRN code ahd= 1/f. is the chip interval), followed by non-
coherent integration otV,,. blocks. Obviously, if the delay error is higher (in absolute value) than one
chip (i.e.,|A7T| > T.) or the Doppler error is higher than the inverse of the coherent integratie (i.e.,
\Aﬁ\ﬂ > 1/(N.SrT.), we are in an incorrect bin, i.e., the test statistic is based on noise onlyr||f> 7.
and|Af,;\)| > 1/(N.SrT.), we are in a correct bin, i.e., the test statistic includes both signal and noise.
Depending on the step of searching the time and frequency bins, we magéaral correct bins. In what
follows, we assume that the step between the frequency hypotheses igttse iof the coherent integration
time 1/(N.SrT.) and the step between timing hypothesegAs);;,, (less than one chip). Therefore, we
may haveN; = L%J correct timing hypotheses, whefe | stands for the highest integer smaller or
equal tox.

For BOC and BPSK cases, it is well known that the distribution gfzoc(-) and Zgpsk (-) is a
central or non-central chi-square distribution, according to whetleesin® in an incorrect or a correct bin,
respectively?,10,11.12 This is valid in static channels and it is due to the fact that the output of theathe
integration is a complex Gaussian variable, due to the additive white noisangamaginary parts. The
underlying chi-square distributions ha2év,,. degrees of freedom and a variance equafip/(Nanc),
wherec?, is the narrowband noise spectral power density (double-sided), detatie Carrier-to-Noise
Ratio (CNR) as follows?

9 _ CNR[dB/Hz]-30
oy = Ep10 10 1)
Above, E, is the signal energy (per transmitted code epoch, which is equal he&igfio= 1 ms). The
square-roof\ of the non-centrality parameter of the non-central chi-square distribistefunctionF (-) of
the delay and Doppler errors as follots?

A= VEF(AR, Afp) = /By | R(A7) STEIDTeon) | o
71-AJCDT‘(zoh

whereR(AT) is the ACF value at delay erréx7 for the BOC-modulated PRN code, afd,;, = N.SrT.
is the coherent integration time.

When single or dual SB methods are used, the test statigties(-) and Zpsp(-) are expected to be
also chi-square distributed (central or non-central), due to the facthglying a linear filter on a complex
Gaussian distribution preserves the same distribution at the output. Hoteveariance and non-centrality
parameter are likely to be changed, due to the fact that only the main lobe gifjtie spectrum is used at
the receiver.

In order to find the exact values for the variance and non-centralignpater for single and dual SB,
we carried out several simulations for various SinBOC and CosBOC miazhdaand for various delay and
Doppler errors. The resulting parameters are summarized in Table 1 a(®).eand some examples of the
distribution matching between theory and simulations are shown in Fig. 3. Thiations were carried out
for an oversampling factor a¥; = 2 sub-samples per BOC interval.

In Table 1,z is a parameter accounting for the correlation losses and filtering effects Birthle and
dual SB processing. Simulation results showed that the best distributionesathobtained far slightly
higher than the energy per main lobe, as follows:

[ 0.5  for SInBOC withNpoc = 2 3)
| 0.39 for CosBOCY Ngoc

4




Table 1 Parameters of the central and non-central chi-squa distributions of the test statistic Z,,ctnoa(-)-

Method Variance Square-root of Degrees of
o? non-centrality parameter freedom
A (if correct bin) Neg
BOC/BPSK | 02, /(N.Nyne) | VEF(AT,Afp) 2Npe
Single SB | 202, (NeNpe) | v EyF(AT,Afp) 2N,
Dual SB 202, /(NeNpe) | 22E,F (AT, Afp) 4Npe

Intuitively, the values given by eq. (3) for the parametaran be explained due to some correlation losses
associated with the filtering and due to the modification of the reference @ddeh(can be seen as a
decrease of the non-centrality parameter), together with some decrethgerinise variance (due to the
filtering of the signal and noise, as seen in Fig. 1). Thearameter should be (intuitively) close to the
fraction of power per main lobe of the power spectral density of the BO@utated signal, an assumption
which is indeed verified by our results (e.g., the power per main lobe of th&C&i1,1) signal is around
0.4279 of the total power, if the total power was normalizedlt@and the value fo:, namelyx = 0.5 for
SinBOC(1,1), is slightly above this fraction).

For SinBOC modulation of higher orders, different values: dfave been found, such as= 0.46 for
Npoc = 3,4,5,6 andz = 0.41 for Ngoc = 7. Typically, the higherNgoc order, the higher are the
correlation losses. On the other hand, due to an increased numberesfifathe envelope of the ACF
of a sine or cosine-BOC modulation with higtizoc, the benefit of using a BPSK-like method for high
modulation orders could be quite significant in terms on CNR as the simulatidisreglishow.

The number of degrees of freedom for dual SB method (see Tablel N,is because, before the non-
coherent integration process, we haveeal Gaussian variables, coming from the real and imaginary parts
of the noise in the upper band, and respectively in the lower band.

Examples of the simulation-based normalized histogram and the theoreticudrne Probability Dis-
tribution Function (PDF) for correct and incorrect bins are shown in Bgfor SinBOC(1,1) and Cos-
BOC(15,2.5), respectively. The considered correct binkas= 0 and a small Doppler error, specified in
the figure caption. We remark that similar good matching has been obtainearious other CNR levels,
Doppler errors, coherent and non-coherent integration times andrB@Dlation orders.

The Cumulative Distribution Function (CDF) under correct and incorbéttiypotheses can be written

ass

Ndeg/Qfl . 1
Fo(z)=1- Y e a2 (ﬁ) -7 inincorrect bins @
k=0

Foc(z,\)=1— QNgey /2 (—f ) in correct bins,

with o2, Neg, andX given in Table 1 and)Ndeg/g(-) being the generalized Marcum-Q functibh.

IV. Detection-probability and MAT computation for serial se arch acquisition

The detection probability per bift;,, (A7) is the probability that the decision variable is higher than
a decision threshold, provided that we are in a correct bin (hypothekig). Similarly, the false alarm
probability Py, is the probability that the decision variable is higher tharprovided that we are in an
incorrect bin (hypothesig{y. From the definition of the CDF, it follows that

{ Pay,, (A7, Afp) = 1= Fue(y,) 5)
Pfa = 1- FC(FY)



Matching to chi-square distributions, single SB, SinBOC(1,1) Matching to chi-square distributions, dual SB, CosBOC(15,2.5)
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Fig. 3 Matching between theoretical (Th) and simulation-basd (Sim) distributions of the test statistic
Zmethod(+) for single and dual SB. Upper: SinBOC(1,1), single SB, CNR=30B/Hz, N, = 10, N. =2, Afp =0
Hz. Lower: CosBOC(15,2.5), dual SB, CNR=35 dB/Hz)N. = 8, N. = 1, Afp = 25 Hz.

Above, \ (and, thus Py, = also) is dependent on the method and on the delay and Doppler errocsasesd
with the considered bin. Since we have several (I\g), correct bins, the global detection probabiliBy
can be computed as follows:

N¢—1
Py(ATg) = Z Py,,. (AT0 + k(At)pin, AfD)
k=0
k—1 .
% TT (1= P (A7 + i(At)win ATD) ) (6)
=0

that is, the sum of probabilities of detecting the signal inittie bin, provided that all the previous tested
hypotheses for the prior correct bins gave a mis-detection. In egA{G)is the delay error associated with
the first sampling point in the two-chip interval where we haveNaeorrect bins. Eq. (6) is valid only for
fixed sampling points. However, due to the random nature of the chatimelsampling point (with respect
to the channel delay) is randomly fluctuating, hence, the gléhalill be computed as the expectation
operatorE(-) over all possible initial delay errors (under uniform distribution, we simphg tidne temporal
mean):

Py = Ean (Pa(A7)). )

Fig. 4 illustrates the idea of computing the gloBal Here, two possible sampling sequences are shown.
The total number of sampling sequences depends on a discrete steg) shfiiently small. The step of
searching the time bins in this figure(idt),;, = 0.2 chips.

The mean acquisition timé&,, for the serial search can be computed according to the gighahe
false alarmPy,, the penalty times,.,,.i;+, and the total number of bins in the search spate

_ 2+ (2 — Pd)(q - 1)(1 + ernaltfoa)

T 8)

wherery = N.N,.SrT. is the dwell time, and®; and Py, are given by egs. (5) to (8).
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Fig. 4 Examples of sampling sequences capturing th®; possible correct bins for the decision statistic of a
SinBOC(1,1)-modulated signal; ambiguous BOC method.

V. Simulation results

In the simulations, we considered PRN codes of lerfgith= 1023, modulated via CosBOQC}, 2.5)
modulation (i.e., PRS signals). The false alarm probability was assumedig, be 10~3. The detection
thresholdy was computed according to thi%,, and used then in the calculusBf. The MAT curves may
be easily derived from eq. (8) and from the detection probability curves

The detection probability for various CNR values, assuming a step7of= 0.05 chips or0.5 chips,
respectively, is shown in Fig. 5. As seenin Fig. 5, there is a significamigéerms of detection probability
if we use a BPSK-like technique and a step0df chips, instead of using the ambiguous-BOC method.
On the other hand, if the step is small (less than half of the main lobe of the AlGFg is only slight
improvement of a single-SB technique versus the ambiguous-BOC cakenbnaboutl dB gain of the
dual-SB technigue versus the ambiguous-BOC case. Due to the prackssias, BPSK-like techniques

Pd for (A t)bin:0.0S chips, CosBOC(15,2.5) case Pd for (A t)hin:O.S chips, CosBOC(15,2.5) case
1 — 1 T T ———
. ,"
L
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0.8L| — BPSKbound .
. — Ambiguous case (BOC waveform) v
| | - - Unambiguous case, dual sideband | 7
0.77) .- Unambiguous case, single sideband "
0.6r
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0.4r
0.3r
BPSK bound 0.2r
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- - - Unambiguous case, dual sideband | ] 0.1r
== Unambiguous case, single sideband
0 i i 0 i
14 16 24 26 28 15 30

20 22 0 25
CNR [dB/Hz] CNR [dB/Hz]
Fig. 5 Detection probability as functions of CNR for CosBOC(5,2.5) and two stepg\7T = 0.05 chips (upper)
and A7 = 0.5 chips (lower). A fp = 0, N. = 40 ms; N,,. = 1 blocks.

are quite far from the BPSK bound, but they still offer improvement ovemtnbiguous-BOC processing.
The impact of frequency errors on thg is shown in Fig. 6 fotV, = 40 ms. All the considered methods
suffer of fast performance deterioration when the Doppler erroreases above one fifth of the coherent



integration time.
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Fig. 6 Detection probability as functions of the small Doppér error Af;, CosBOC(15,2.5), CNR25 dB/Hz;
N, =40 ms; N,,. = 1 blocks, A7 = 0.5 chips.

We also remark from Fig. 5, that the losses reportédon3 dB of single-SB compared to BPSK bound
and of(0.5 dB of dual-SB compared with BPSK bound) are not always true, anddbpgnd on the step
((At)pir,) and on the modulation order. For example, for a st&p);;,, = 0.5 chips, the losses are higher
than given if for dual SB of CosBOC(15,2.5) modulation (we loose abbéitdB when using dual-SB
processing compared to BPSK bound).

VI. Conclusions

In this paper, we presented a theoretical analysis of the BPSK-like meiinade context of BOC-
modulated signals for serial search acquisition. Our analysis was bagbé etatistical modelling of the
decision variables in the acquisition process. We also presented a cemgirehapproach for computing
the detection probability for the serial search, by taking into account alpdissible timing hypotheses.
We showed that there is significant gain in terms of detection probability if 8Balechnique is used to
remove the ambiguities of the correlation function, since higher steps aftdegrthe timing hypotheses
can be employed. We also showed that both BPSK-like techniques (sirdjiduah SB) do not reach the
BPSK bound. We also illustrated the effect of small residual Doppleu&eqgy errors on the performance
of BPSK-like algorithms.
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