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ABSTRACT 

Joonas Holopainen: Calibration of robot tool pivot point using computer vision 

Master’s thesis 

Tampere University 

Automation technology 

February 2021 
 

Tool centre point (TCP) calibration is a well-researched problem, and many commercial solu-
tions exist. However, the solutions and research have focused on the TCP being on the tip of the 
tool. Pivot point is a special type of TCP that is inside the tool. This thesis focuses on solving the 
pivot point calibration. 

A novel algorithm for robot tool pivot point calibration with two orthogonally placed cameras 
was developed and compared with manual calibration by human inspection in this thesis. The 
pivot point is located by fitting a circle to a specific part of the contours of the tool. The algorithm 
is able to locate the pivot point of multiple rod-shaped tools. This is possible due to six data se-
lection methods that are regularized polynomial regression, Bayesian ridge regression, support 
vector regression, random sample consensus, curvature thresholding and raw tool tip data. The 
data selection methods are used to select the points of the contours that best define the pivot 
point. The calibration is done by moving the tool’s pivot point to the same position in different 
orientations of the tool. The required movement is found by calculating the difference between a 
reference pivot point location and the current pivot point location. 

The algorithm was found to be more accurate than the manual calibration method while still 
maintaining the robustness by being able to calibrate multiple tools without human interception or 
help. By calculating the difference of the pivot points from the lowest point of circle arc, the algo-
rithm was found to produce more accurate results for this difference with all data selection meth-
ods. 
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TIIVISTELMÄ 

Joonas Holopainen: Robotin työkalun napapisteen kalibrointi käyttäen konenäköalgoritmia 
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Työkalun keskipisteen (TCP) kalibrointi on laajasti tutkittu ongelma, jolle on tarjolla useita kau-

pallisia ratkaisuja. Tutkimus ja ratkaisut ovat kuitenkin keskittyneet työkalun kärjessä sijaitsevaan 
keskipisteeseen. Työkalun napapiste on erityinen työkalun keskipiste, joka sijaitsee työkalun si-
sällä. Tässä työ keskitytään ratkaisemaan työkalun napapisteen kalibrointi. 

Työkalun napapisteen kalibroinnille kehitettiin uusi algoritmi tässä työssä. Algoritmi perustuu 
kahteen ortogonaalisesti asetettuun kameraan. Algoritmia vertailtiin ihmisen tekemän manuaali-
seen kalibrointiin. Työkalun napapiste paikallistetaan kuvista sovittamalla ympyrä työkalun kärjen 
ääriviivojen tiettyihin osiin. Algoritmi kykenee kalibroimaan useita sauvamaisia työkaluja, mikä on 
mahdollista käyttämällä kuutta datanvalintamenetelmää. Datanvalintamenetelmät ovat: vakinais-
tettu polynomiregressio, Bayesilainen ridge-regressio, tukivektoriregressio, satunnaisnäytteiden 
konsensus (RANSAC), kaarevuuden kynnystys ja raaka työkalun kärjen data. Datanvalintame-
netelmiä käytetään valitsemaan työkalun ääriviivoista ne pisteet, jotka parhaiten määrittävät työ-
kalun napapisteen. Kalibrointi tehdään liikuttamalla robotin työkalua samaan pisteeseen eri työ-
kalun orientaatioista. Tarvittava liike saadaan referenssinapapisteen ja nykyisen napapisteen pai-
kan erosta.  

Algoritmi osoittautui tarkemmaksi kuin manuaalinen kalibrointi ollen myös robusti, sillä se ky-
keni kalibroimaan useita erilaisia sauvamaisia työkaluja ilman ihmisen apua. Algoritmi tuotti tar-
kempia tuloksia napapisteiden väliselle erolle laskemalla tämä ero ympyrän kaaren alimmasta 
pisteestä. 

 
Avainsanat: työkalun keskipisteen kalibrointi, työkalun napapisteen kalibrointi, regressio 
 
Tämän julkaisun alkuperäisyys on tarkastettu Turnitin OriginalityCheck –ohjelmalla. 
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1. INTRODUCTION 

The quality control of various products like smart phones, tablets, or VR headsets en-

sures that the products work as intended and reduce the costs of refunding or replacing 

a faulty product. The modern standards of the testing are so high that they are practically 

impossible to achieve with human inspection. Robots can be designed to perform the 

same operations that humans do with the products. Because robots are able to perform 

repetitive and time-consuming operations better with lower costs than humans, they are 

perfect for testing the basic operations of these types of products. The need for such 

robots has created an industry in the field of testing robotics. 

Robotics offers a way to accurately do physical movements that are repetitive, are time-

consuming or require high precision. Models of the robots enable these tasks to be 

planned, but models never represent the reality perfectly, and thus the models need to 

be adjusted. This adjustment is called calibration. In robotics there are two main types of 

calibration: robot joint space calibration and tool calibration. This thesis focuses on tool 

calibration: defining the location of tool centre point (TCP) in the tool’s coordinate system. 

The robot’s movements are planned for the TCP. Therefore, it is important to know its 

real location. A special case of TCP, that this thesis focuses on, is the pivot point. When 

a tool touches a flat surface from an orientation, the normal of the surface defines a line 

inside the tool. A pivot point is a point inside the tool through which all such normal lines 

go. 

The objective for this thesis is to develop an algorithm that can locate the pivot point from 

images of the tool and calibrate the pivot point of multiple tools. The research questions 

for the thesis are: 

• how to locate the pivot point,  

• how to allow the calibration of multiple rod-shaped tools  

and  

• how well the algorithm performs in comparison with calibration by human inspec-

tion. 
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A few existing TCP calibration methods are introduced in Chapter 2. These methods are 

either image-based or other and they are either publicly proposed or commercial solu-

tions. Chapter 3 reviews the computer vision methodology required to develop the cali-

bration algorithm, Chapter 4 the fitting methods needed for the algorithm, and Chapter 5 

the theory behind tool calibration with robot movements. Chapter 6 describes the exper-

imental setup and Chapter 7 the algorithm itself. Finally, Chapter 8 gives the performance 

assessment of the algorithm. 
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2. EXISTING TOOL CENTRE POINT CALIBRA-

TION METHODS 

In robotics, the tool centre point (TCP) is the point for which the robot movements are 

planned. The accuracy of the point’s location in the tool model is essential for the robot’s 

ability to perform the tasks that are assigned to it. There are both commercial solutions 

and publicly proposed methods for tool calibration, some of which are briefly introduced 

in this Chapter. Automated methods of tool calibration, intended to replace the manual 

ones, are presented in Sections 2.1 and 2.2. 

Manual TCP calibration is the simplest way to calibrate the robot tool centre point. An 

example of manual calibration process is a cycle of bringing the tool to a fixed point in 

the world coordinate system from different orientations. The resulting robot configura-

tions are saved to compute the TCP. The fixed point can be marked with e.g. a metal 

cone and the calibration can be assisted with orthogonally placed cameras around the 

fixed point. Manual calibration is rarely very accurate, and the results depend on the 

operators and their interpretations. This is one of the reasons why the automated cali-

bration systems are considered highly advantageous. 

2.1 Image based tool centre point calibration methods 

Image based TCP calibration methods have the potential to be highly accurate and cost-

effective. A few of them are presented here. 

One of the older calibration systems is PosEye [1]. It is a commercially developed system 

for fixed area localization, and it was patented in 1986 [2]. The system consists of an IR-

sensor and a fisheye lens, and it uses patterned markers that emit or reflect IR-light so 

that the camera’s position and orientation as a result of known movements can be cal-

culated. Although originally the system required good initial values for camera calibration 

and the position accuracy was not sufficient [3, p. 3], the system has been improved by 

employing new camera models [3][4]. It is suggested that because PosEye camera’s 

position can be calculated, it can be used to calculate the robot positions [3, p. 3]. That 

is why it could be used for TCP calibration although the accuracy of the mounting of the 

sensor directly affects the accuracy of the calibration. PosEye based calibration of TCP 

is applicable if the PosEye camera can be mounted to the robot tool and if the robot has 

large working area with rather loose accuracy requirements. 
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Hallenberg [5] proposed a method for TCP calibration that locates the tip and two other 

tool points with a single camera and applies camera calibration. This method is suitable 

for TCP calibration of rotationally nonsymmetric tools [5] and calibrating the tip of the tool 

as TCP. Furthermore, it has also potential in calibrating the TCP in other points than the 

tip by developing the computer vision algorithms. The method’s accuracy depends on 

the camera resolution and thus scale. However, it has not been investigated how the 

scale of the system affects the accuracy. The accuracy of the method was reported to 

be 0.1 mm. Thus, the method is suitable for applications that do not require very high 

accuracy. However, the benefit of this calibration method is that it completely replaces 

the manual calibration. 

Gordić and Ongaro [6] propose a camera-based calibration method with an imaging area 

having orthogonally placed imaging planes. The method determines with computer vi-

sion algorithms the angle of the tool in the imaging planes and this information is used 

to determine the TCP. This method is suitable for rotation-symmetric tools and to tools 

that have a clearly visible TCP.  

2.2 Other tool centre point calibration methods 

Other TCP calibration methods that are shortly presented here include laser-based meth-

ods, optical, other than image-based, methods and physical methods. In particular, laser-

based methods are widely commercially available. 

LaserLAB [7] is a commercial measurement solution for TCP calibration. It consists of a 

laser sensor and a measuring rod with one or more measuring balls. The sensor has five 

lasers that are placed so that the laser beams cross at the same point inside the sensor. 

In case of 3D calibration, a rod with one or two measuring balls can be used. The meas-

uring rod with measuring ball is attached to the robot. The attached rod’s measuring ball 

is moved inside the laser sensor and the distances from the five lasers to the ball’s sur-

face are calculated. The distances with the known directions of the five lasers give the 

3D-coordinates of the surface points of the ball and these coordinates are used to cal-

culate the position of the ball centre [7]. Four measurements give the first approximation 

of the TCP and usually 12 measurements are enough to give sufficiently high accuracy 

[7]. The accuracy of the system is guaranteed to be better than 0.1 mm and typically to 

be 0.035 mm. This type of method is suitable for applications that allow installation of 

measuring rods to the robot. Furthermore, the TCP of the actual tool is not directly cali-

brated, but the relationship with calibrated point and the TCP of the actual tool needs to 

be known. Also, the measuring area is rather small with its dimensions ranging from 36.5 



5 
 

mm to 39.5 mm. Thus, there is a chance of collision and the calibration must be done 

carefully.  

Leica Absolute Tracker AT930 is a 3D laser tracker that can locate targets with typically 

10 µm accuracy [8]. The system is portable, and the measurement range is 160 m. This 

makes it capable of calibrating large systems with high accuracy. The system can be 

used for TCP calibration, but the accuracy depends on how well the targets can be 

placed on the tool. Furthermore, the tracker can follow the targets only in certain angular 

range. Therefore, the system is better suited for joint than TCP calibration. 

Leoni advintec TCP is another, laser-based TCP calibration product [9]. It can be used 

to 6 degrees of freedom (DoF) calibration of pointy tools, such as welding torches but 

also grippers, so the system is suitable for both rotationally symmetric and rotationally 

nonsymmetric tools. The calibration accuracy is guaranteed to be 20 µm. 

One optical solution for fully automatic TCP calibration and verification is RotoLAB [10]. 

It is an optical 3D sensor placed on a ring capable of locating the TCP of rotation-sym-

metric tools. The 3D measurement is based on 2D coordinate measurement and 1D 

bisection procedure. It is guaranteed to have repeatability of 30 µm with a 75 mm diam-

eter measurement area inside the ring. According to the brochure [10], the rotation-sym-

metric tools include welding torches, plasma cutters and glue nozzles which have the 

TCP at the tip of the tool. 

A much simpler optical calibration method is proposed by Paananen [11]. The method is 

based on two light barriers that can detect the edges of the tool. The accuracy was esti-

mated to be equal to the robot’s accuracy which in this case was 0.1 mm. This accuracy 

is poor in small scale and high accuracy applications. The accuracy was not investigated 

with other robots. This method is suitable when accuracy requirements are low and keep-

ing costs low is important. 

A method to physically calibrate the TCP is proposed by Bergström [12]. The method 

setup consists of a spherical calibration probe attached to the robot and a calibration 

cup. The cup guides the centroid of the sphere always to the same position which is the 

TCP. The accuracy relies on manufacturing tolerances of the probe and the cup. Thus, 

the system costs will be higher the more accurately the TCP needs to be calibrated. 

Because the calibrated point is not the actual TCP, like in LaserLAB, the relationship 

between the point and true TCP needs to be known. Therefore, the method is suitable 

for tools that have good manufacturing tolerances. 
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3. IMAGE PROCESSING AND COMPUTER VI-

SION METHODOLOGY 

This chapter introduces the methods for processing the images, the mathematical meth-

ods allowing point transformations and the methods for computer vision. The methods 

for image processing and computer vision allow to retrieve the contours of the tool that 

the algorithm relies on. 2D and 3D transformations are employed in this thesis for trans-

lating and rotating sets of points and transforming a set of points to match another set of 

points with affine transformation. 

3.1 Thresholding and Otsu’s method 

Thresholding is a method to divide pixels in an image into two or more classes and it is 

applied on images in this thesis. Thresholding result is presented as a new image in 

which the pixels are denoted with their class identifier. In the simplest case, a grayscale 

image is divided into two classes and the resulting image is a binary image. This can be 

called binarization and it is done by choosing a threshold value 𝑘 and comparing all the 

pixel values in the image to the threshold. Thresholding is employed in this thesis. 

Let 𝐼(𝑥, 𝑦) be the grayscale image, 𝑘 the threshold, and 𝐵(𝑥, 𝑦) the output binary image. 

The formation of the binary image can be expressed as follows: 

𝑩(𝑥, 𝑦) =  {
 0   if  𝐼(𝑥, 𝑦) ≤ 𝑘

 1   if  𝐼(𝑥, 𝑦) > 𝑘
. (1)  

Because selecting the threshold 𝑘 manually may lead to poor classification accuracy, the 

threshold is determined automatically in this thesis. Nobuyuki Otsu [13] presented how 

to determine the threshold 𝑘 so that the inter-class variance of the two classes is max-

imized. The maximization of the variance between two classes means that the two clas-

ses are as different as possible, so the threshold must be optimal. The inter-class vari-

ance 𝜎𝐵
2 is given as: 

𝜎𝐵
2 = 𝜔0𝜔1(𝜇1 − 𝜇0)

2 (2)  

where 𝜔0 and 𝜔1 are the probabilities of the two classes, 0 and 1, and 𝜇0 and 𝜇1 are the 

corresponding means. The probabilities are calculated as: 
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𝜔0 = ∑𝑝𝑖

𝑘

𝑖=1

, 𝜔1 = ∑ 𝑝𝑖

𝐿

𝑖=𝑘+1

, (3)  

where 𝑘 is the threshold, 𝐿 is the maximum grey level of the image, and  

𝑝𝑖 = 
𝑛𝑖
𝑁

 (4)  

where 𝑛𝑖 is the number of pixels having grayscale value 𝑖 and 𝑁 is the total number of 

pixels in the image. Thus, the probabilities ∑ 𝑝𝑖
𝑘
𝑖=1  and ∑ 𝑝𝑖

𝐿
𝑖=𝑘+1  are the portion of pixels 

below and above the threshold. The class means 𝜇0 and 𝜇1 are given by 

𝜇0 = 
∑ 𝑖𝑝𝑖
𝑘
𝑖=1

𝜔0
, 𝜇1 = 

∑ 𝑖𝑝𝑖
𝐿
𝑖=1+𝑘

𝜔1
. (5)  

3.2 Gaussian filtering 

Gaussian filtering on images is applied in this thesis. Gaussian filtering is a way of 

smoothing an image by convolving an image with a kernel approximating a 2-dimen-

sional Gaussian function. The Gaussian filter is defined by the Gaussian function: 

𝑔(𝑥, 𝑦) =  
1

2𝜋𝜎2
𝑒
−
x2+𝑦2

2𝜎2 , (6)  

where 𝑥 and 𝑦 are the coordinates of the pixel, and 𝜎 is the standard deviation of the 

Gaussian distribution [14, p. 206]. When the kernel approximating a Gaussian function 

is constructed, the size of the kernel is determined by the standard deviation. An example 

of a Gaussian kernel with 𝜎 = 1 is: 

𝑮 =  
1

256

[
 
 
 
 

 

1
3
6
3
1

3
15
25
15
3

6
25
41
25
6

3
15
25
15
3

1
3
6
3
1

 

]
 
 
 
 

, (7)  

where 𝑮 ∈ ℝ5×5 is the 5-by-5 approximation matrix of the normalized 2-dimensional 

Gaussian distribution given by Equation (6) where 𝑥 and 𝑦 run from −2 to 2.  
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3.3 Morphological operations 

Morphological operations are ways to highlight shapes in an image. Morphological oper-

ations on binary images are applied in this thesis. There are four basic morphological 

operations: dilation, erosion, opening and closing. [15, p. 75 – 81] 

Structuring element is the foundation of morphological operations on binary images. Es-

sentially, the structuring element is a set of pixels represented by a binary kernel. Struc-

turing elements are often much smaller than the image the morphological operation is 

done to. The shape of the pixel values in the structuring element can be anything. The 

following are examples of structuring elements: 

𝑺𝑏𝑜𝑥 = 

[
 
 
 
 

 

1 1 1 1 1
1
1
1

1 1 1
1 𝟏 1
1 1 1

1
1
1

1 1 1 1 1

 

]
 
 
 
 

,  (8)  

𝑺𝑐𝑟𝑜𝑠𝑠 = 

[
 
 
 
 

 

0 0 1 0 0
0
1
0

0 1 0
1 𝟏 1
0 1 0

0
1
0

0 0 1 0 0

 

]
 
 
 
 

, (9)  

𝑺𝑒𝑙𝑙𝑖𝑝𝑠𝑒 = 

[
 
 
 
 

 

0 0 1 0 0
1
1
1

1 1 1
1 𝟏 1
1 1 1

1
1
1

0 0 1 0 0

 

]
 
 
 
 

. (10)  

Morphological operations work by iterating through the pixels of the binary image under 

the operation. The centre pixel of the structuring element is at the same position as the 

current pixel of the binary image under operation and the pixels affecting the morpholog-

ical operation are determined by nonzero elements of the structuring element. The mor-

phological operations can thus be thought of as a nonlinear operation on a structuring 

element sliding through a binary image. In the examples (8) – (10), the centre pixel is 

bolded in the middle of the matrix. The centre pixel can be any pixel of the structuring 

element, but it is usually the centre of the structuring element. [15, p. 75 – 77]  

Dilation is denoted with ⊕-operator. Dilation of a binary image 𝑨 by structuring element 

𝑺 is defined as [15, p. 79] 
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𝑨⊕ 𝑺 = ⋃𝑺𝑎
𝑎∈𝑨

. (11)  

This means that every time the centre pixel of the sliding structuring element is at a 

pixel 𝑎 with value one in the original binary image, the entire area of the structuring ele-

ment in the dilated image have ones as pixel values. An example of the effect of dilation 

is presented in Figure 1. 

  

Figure 1.  The effect of dilation. On the left is the original binary image sized 320-
by-210 and on the right is the dilated binary image. The dilation is done with 9-

by-9 rectangle structuring element, see Equation (8). Zeros are marked with 
black pixels and ones are marked with white pixels. 

As the name suggests, dilation increases the area of pixels with ones from that in the 

original image. 

Erosion is denoted with a ⊖-operator. Erosion of the binary image 𝑨 by structuring ele-

ment 𝑺 is defined as [15, p. 79]  

𝑨⊖ 𝑺 = {𝑎 | 𝑎 + 𝑠 ∈ 𝑨  ∀𝑠 ∈ 𝑺}. (12)  

This means that when all the pixels with ones in the sliding structuring element coincide 

with pixels with ones in the binary image 𝑨, the centre element of the output binary image 

will have a pixel value one, else zero. The effect of erosion is presented in Figure 2.  
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Figure 2.  The effect of erosion. On the left image is the original binary image sized 
320-by-210 and on the right image is the eroded binary image. The erosion is 
done with 9-by-9 rectangle structuring element, see Equation (8). Zeros are 

marked with black pixels and ones are marked with white pixels. 

Erosion decreases the size of the area of pixels with ones from that in the original image. 

The opening operation is denoted with ○-operator. The opening operation on binary im-

age 𝑨 by structuring element 𝑺 is defined as first eroding the original image and then 

dilating the result [15, p. 81]  

𝑨 ○ 𝑺 = (𝑨⊖ 𝑺)⊕ 𝑺. (13)  

The effect of the opening operation is presented in Figure 3. 

  

Figure 3.  The effect of opening operation. On the left image is the original binary 
image sized 320-by-210 and on the right is the output binary image. The open-
ing is done with 9-by-9 rectangle structuring element, see Equation (8). Zeros 

are marked with black pixels and ones are marked with white pixels. 

The opening operation with a suitable structuring element removes small arbitrary areas 

with pixel values one while maintaining the shape and structure of the larger features in 

the image. 
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The closing operation is denoted with •-operator. The closing operation on binary image 

𝑨 by structuring element 𝑺 is defined as first dilating the original image and then eroding 

the resulting image [15, p. 79] 

𝑨 • 𝑺 = (𝑨⊕ 𝑺)⊖ 𝑺. (14)  

The effect of the closing operation is presented in Figure 4. 

  

Figure 4.  The effect of closing operation. On the left image is the original binary im-
age sized 320-by-210 and on the right is the output binary image. The closing is 

done with 9-by-9 rectangle structuring element, see Equation (8). Zeros are 
marked with black pixels and ones are marked with white pixels. 

The closing operation removes small arbitrary areas with pixel values zero while main-

taining the shape and structure of the larger features in the image. 

3.4 Contour retrieval 

A contour retrieval algorithm finds the contours in a binary image. Two such algorithms 

are proposed by Suzuki and Abe [16]. The first algorithm for retrieving the contours and 

the full hierarchical structure of the contours in a binary image is applied in this thesis.  

The first algorithm in [16] extracts all the contours, both outer contours and contours of 

holes, and their hierarchical structure. A contour that encircles another contour is a par-

ent of the encircled one and these relationships between the contours form a hierarchical 

structure. The contour retrieval algorithm in [16] follows the border following algorithm 

presented by Rosenfield and Kak in [17]. The algorithm is presented in Program 1. The 

inputs for the function are signed integer image im, the starting coordinate (i, j) of the 

border following in the image, the starting coordinate (i2, j2) for search of nonzero pixel 

around the current pixel and the sequential number of the border NBD. 
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1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 

Function FOLLOW_BORDER(im, (i, j), (i2, j2), NBD): 
    Search clockwise around (i, j) starting from (i2, j2) for \n 
    a nonzero pixel 
    If nonzero pixel is found do: 
        Let (i1, j1) be the first found nonzero pixel 
    else do: 
        Denote im(i, j) = -NBD 
        Exit Function 
    end if 
    (i2, j2) = (i1, j1) 
    (i3, j3) = (i, j) 
    While not back in starting location do: 
        Search counterclockwise around (i3, j3) starting \n 
        from (i2, j2) for a nonzero pixel 
        Let (i4, j4) be the first found nonzero pixel 
        If im(i3, j3+1) = 0 and is examined in line 13 \n 
        and im(i3, j3) = 1 do: 
            im(i3, j3) = -NBD 
        else if im(i3, j3+1) ≠ 0 and is not examined in line 13 \n  
        and im(i3, j3) = 1 do: 
            im(i3, j3) = NBD 
        else do: 
            Pass 
        end if 
        If (i4, j4) = (i, j) and (i3, j3) = (i1, j1) do: 
            # The border is back in the starting location  
            Return im 
        else do: 
            (i2, j2) = (i3, j3) 
            (i3, j3) = (i4, j4) 
        end if 
    end while 
end function 

Program 1. Border following algorithm presented in [16] follows the algorithm in [17]. 
Interpreted from [16]. Notation \n means the statement continues on the next line. 

First, a clockwise search for a nonzero pixel around pixel at (i, j) starting from pixel at (i2, 

j2) is conducted in lines 2 and 3. The coordinates of the first nonzero pixel found are 

saved to a new coordinate variable (i1, j1) in line 5. If no nonzero pixel is found, the pixel 

at (i, j) is denoted with negative NBD and the function is exited in lines 7 and 8. Next, the 

coordinate (i2, j2) is updated to (i1, j1) in line 10 and the starting point (i, j) is recorded to 

a new coordinate variable (i3, j3) and the border following loop can start from line 12. 

The border following is executed until the starting point is reached which is inspected in 

line 25. In line 13, a counterclockwise search for a nonzero pixel is done around the pixel 

at (i3, j3) starting from pixel at (i2, j2). The coordinate of the first found nonzero pixel is 

saved to a new variable (i4, j4). 

In lines 16 to 24 the pixel at (i3, j3) is denoted with following conditions: if the pixel at (i3, 

j3+1) is 0 and it was examined in line 13, and the pixel at (i3, j3) is 1, the pixel at (i3, j3) 

is denoted with negative NBD. If the pixel at (i3, j3+1) is nonzero and it was not examined 
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in line 13, and the pixel at (i3, j3) is 1, the pixel at (i3, j3) is denoted with NBD. If these 

conditions are not met, the pixel at (i3, j3) is not changed and it means the pixel has been 

followed before. 

In lines 25 to 31 the coordinates (i3, j3) and (i2, j2) are updated, and the image im is 

returned with the followed border denoted to it once the coordinates under inspection 

come back to the first coordinates of the border following loop. The new starting coordi-

nate (i2, j2) for the counterclockwise search is the border coordinate (i3, j3). The new 

coordinate (i3, j3) to look around is updated to the coordinate (i4, j4) that was added to 

border this round of the loop.  

To retrieve the hierarchical structure of the contours, the parent of the border needs to 

be decided. The algorithm for this is presented in Program 2. The inputs for the function 

are the signed integer image im, the current border coordinate (i, j) and the sequential 

number of the border LNBD which is either the parent of the current border or a border 

that shares a parent with the current border. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 

Function DECIDE_PARENT(im, (i, j), LNBD): 
    If im(i, j) > 0 do: 
        If LNBD > 0 do: 
            parent = parent of the border LNBD 
        else do: 
            parent = LNBD 
        end if 
    else do: 
        If LNBD > 0 do: 
            parent = LNBD 
        else do: 
            parent = parent of the border LNBD 
        end if 
    end if 
    return parent 
end function 

Program 2. Function for deciding the parent for the new border in [16]. Interpreted from 
[16].  

The sign of pixel value in the signed integer image im at coordinate (i, j) tells if the border 

is an outer border or a border of a hole. If the sign is positive, the border is an outer 

border and if the sign is negative, the border is a border of a hole. The pixel value in (i, 

j) and the variable LNBD are always nonzero. If the coordinate (i, j) is in outer border and 

the border LNBD is also an outer border, the current border shares the parent with the 

border LNBD. On the other hand, if the border LNBD is a hole border, the parent of the 

current border is the border LNBD.  
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If the coordinate (i, j) is in a hole border and the border LNBD is an outer border, the 

parent of the current border is LNBD. On the other hand, if the border LNBD is a hole 

border, the current border shares the parent border with the border LNBD. 

The full algorithm for contour retrieval is presented in Program 3. The functions DE-

CIDE_PARENT and FOLLOW_BORDER presented in Program 2 and Program 1 are 

used in this algorithm. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 

Input binary image b 
Copy b to signed integer image im 
Initialize NBD = 1 
For i = 0:N do: 
    Initialize LNBD = 1 
    For j = 0:M do: 
        If im(i, j) = 1 and im(i, j-1) = 0 do: 
            Increment NBD by 1 
            Denote im(i, j) = NBD 
            (i2, j2) = (i, j-1) 
        else if im(i, j) ≥ 1 and im(i, j+1) = 0 do: 
            Increment NBD by 1 
            If im(i, j) > 1 do: 
                LNBD = im(i, j)  
            Denote im(i, j) = -NBD 
            (i2, j2) = (i, j+1) 
        else do: 
            Pass DECIDE_PARENT and FOLLOW_BORDER 
        end if 
        If not pass DECIDE_PARENT and not pass FOLLOW_BORDER do: 
            parent = DECIDE_PARENT(im, (i, j), LNBD) 
            im = FOLLOW_BORDER(im, (i, j), (i2, j2), NBD) 
        end if 
        If im(i, j) ≠ 1 do: 
            LNBD = |im(i, j)| 
        end if 
    end for 
end for 

Program 3. The algorithm for contour retrieval in [16]. Interpreted from [16]. 

The algorithm requires a binary image b whose values are copied to a signed integer 

image im. The sequential number of border NBD is initialized to 1. The contour retrieval 

algorithm is done with a raster scan represented by the two for loops starting from line 4 

and 6. The signed integer image im is of size (N, M) and the scan starts from the first 

row and first column of the image ending to the row N and column M of the image.  

The conditions for a border are presented in lines 7 and 11: if the pixel value at (i, j) of 

im is 1 and the pixel value at (i, j-1) of im is 0, the border is an outer border and if the 

pixel value at (i, j) of im is equal or greater than 1 and the pixel value at (i, j+1) of im is 0, 

the border is a border of a hole. 
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In lines 7 to 10 the case of a newly found outer border is considered. Variable NBD is 

incremented by one, and the pixel value at (i, j) of im is changed to NBD. Also, the pre-

vious pixel coordinate is saved to a new variable (i2, j2).  

In lines 11 to 16 the case of a border of a hole is considered. Variable NBD is incre-

mented by one and if a border has already been denoted to the image, so the pixel value 

at (i, j) of im is larger than 1, variable LNBD is updated to the pixel value at (i, j) of im. 

The pixel at (i, j) is denoted with negative NBD and the next coordinate (i, j+1) is saved 

to the variable (i2, j2).  

If the pixel at (i, j) does not meet the conditions of a border, lines 20 to 23 are skipped 

and the algorithm resumes in line 24. If the pixel value at (i, j) is not 1, the variable LNBD 

is updated with the absolute value of the pixel at (i, j) of im and the scan continues until 

all the pixels in the image are scanned. 

Lines 20 to 23 are only used when a border is found in lines 7 or 11. First, the parent of 

the current border is decided and saved, see Program 2. Second, the border following is 

executed, see Program 1.  

3.5 Points in homogeneous coordinates 

Points are normally presented in inhomogeneous coordinates and presenting them in 

homogeneous coordinates allows their translation by multiplying with a transformation 

as discussed later in Section 3.6. For example, vector 𝑝̅ =  [𝑥 𝑦]𝑇 represents a two-

dimensional point in inhomogeneous coordinates. The homogeneous coordinates differ 

from inhomogeneous coordinates by adding one extra dimension [18, p. 32 – 33]. The 

extra dimension represents the scale of the other dimensions. Thus, points differing only 

in scale in homogeneous coordinates are equivalent in inhomogeneous coordinates. 

Adding extra dimension to a point in inhomogeneous coordinates to present the point in 

homogeneous coordinates can be as simple as adding 1 as the extra dimension: 

𝑝̅ =  [
𝑥
𝑦] , 𝑝̅

ℎ𝑜𝑚.
→    𝒑̅ =  [

𝑥
𝑦
1
]. (15)  

Vector 𝒑̅ represents the vector 𝑝̅ in homogeneous coordinates with the scale 1. Homo-

geneous coordinates are conversed to inhomogeneous coordinates by dividing the other 

elements of the vector by the extra dimension. As a three-dimensional example: vector 
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𝒑̅ =  [ 𝑥 𝑦 𝑧 𝑤 ]𝑇 is a vector in homogeneous coordinates where 𝑤 is the scale. Con-

verting back to inhomogeneous coordinates is as follows: 

𝒑̅
𝑖𝑛ℎ𝑜𝑚.
→     𝑝̅ =  [ 

𝑥 𝑤⁄

𝑦 𝑤⁄

𝑧 𝑤⁄
 ]. (16)  

3.6 2D and 3D transformations 

Geometric transformations in both 2D and 3D, translation, rotation and affine, [18, p. 36 

– 44] are of interest in this thesis. Transformations are a way to map the points from one 

location to another location by multiplying the coordinates of the original points with a 

desired transformation matrix. For example, two-dimensional transformation matrix can 

be written: 

𝑨2×3 = [ 
𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23

 ] ,   or   𝑨3×3 = [ 

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

 ]. (17)  

Transformation matrix 𝑨2×3 is used when points in homogeneous coordinates are to be 

transformed to inhomogeneous coordinates given their scale is one. Transformation ma-

trix 𝑨3×3 allows composing multiple transformations and is used when the points are to 

remain in homogeneous coordinates and when doing projective (perspective) transfor-

mation.  

Translation is the first transformation to be introduced. It moves, or translates, the points 

to another location completely maintaining their relative positions and orientation [18, p. 

36]. The equation for translation in 2D and 3D in inhomogeneous coordinates can be 

written as 𝑥̅′ = 𝑥̅ + 𝑡̅. The translation can be also written as a matrix multiplication: 

𝑥̅′ = [ 𝑰 𝑡̅ ] 𝒙̅,   or   𝒙̅′ = [ 
𝑰 𝑡̅

0̅𝑇 1
 ] 𝒙̅ (18)  

where 𝑰 ∈ ℝ2×2 is a 2-by-2 and 𝑰 ∈ ℝ3×3 a 3-by-3 identity matrix, 𝑡̅ is the translation vec-

tor, 0̅ is zero vector, 𝒙̅ is the point in homogeneous coordinates, and 𝑥̅′ is the translated 

point in inhomogeneous coordinates and 𝒙̅′ is the translated point in homogeneous co-

ordinates. 
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Rotation changes the orientation of the points but maintains their relative positions to 

each other [18, p. 36]. The transformation of rotation and translation is written as: 

𝑥̅′ = [ 𝑹 𝑡̅ ] 𝒙̅,   or   𝒙̅′ = [ 
𝑹 𝑡̅

0̅ 1
 ] 𝒙̅ (19)  

where 𝑹, rotation matrix, is a square matrix defining the rotations. Rotation matrix in 2D 

is defined as: 

𝑹 = [ 
cos 𝜃 −sin 𝜃
sin𝜃 cos 𝜃

 ] (20)  

where 𝜃 is the rotation angle. Matrix 𝑹 is an orthonormal matrix: 𝑹𝑹𝑇 = 𝑰 and |𝑹| = 1. As 

the translation vector 𝑡̅ in Equation (19) can be anything, the combined rotation and 

translation transformation is also called rigid body motion. A scaling factor 𝑠 can be in-

cluded to the rotation transformation: 

𝑥̅′ = [ 𝑠𝑹 𝑡̅ ] 𝒙̅. (21)  

The transformation is also called similarity transformation. 

In three dimensions, rotations are about three axes, so that the final 3D rotation matrix 

represented by Euler angles is the result of the multiplication of the rotation matrices 

about each axis [19, p. 34 – 37] [19]: 

                         𝑹 = 𝑹𝑧(𝛼)𝑹𝑦(𝛽)𝑹𝑥(𝛾)

= [
cos𝛼 −sin𝛼 0
sin𝛼 cos𝛼 0
0 0 1

] [
cos 𝛽 0 sin𝛽
0 1 0

−sin𝛽 0 cos𝛽
] [
1 0 0
0 cos 𝛾 − sin𝛾
0 sin 𝛾 cos 𝛾

]. 
(22)  

The rotation sequence in Equation (22) means that first, the rotation 𝛾 is about x-axis 

which rotates the two other axes, then rotation 𝛽 about the new y-axis rotates the z-axis, 

and last rotation 𝛼 about the new z-axis. Euler angles for 3D rotations in robotics is usu-

ally avoided because a singularity may appear as one degree of freedom is lost if two 

consecutive axes align [19, p. 38 – 39]. No singularity occurs if the rotation matrix is 

calculated from quaternions [18, p. 43 – 44]. The rotation in homogeneous three dimen-

sions is defined uniquely by the unit vector in the direction of the rotation axis 𝑛̅ and the 

rotation angle 𝜃. The quaternion is then defined as: 



18 
 

𝑞̅ = (𝑣̅, 𝑑) = (sin
𝜃

2
𝑛̅, cos

𝜃

2
 ) = (𝑎, 𝑏, 𝑐, 𝑑). (23)  

The rotation matrix is given by Rodrigues’ formula: 

𝑹(𝑛̅, 𝜃) = 𝑰 + sin𝜃 [𝑛̅]× + (1 − cos𝜃)[𝑛̅]×
2 = 𝑰 + 2𝑑[𝑣̅]× + 2[𝑣̅]×

2 = 𝑹(𝑞̅) (24)  

where the vector operators are defined as follows: 

[𝑣̅]× = [
0 −𝑐 𝑏
𝑐 0 −𝑎
−𝑏 𝑎 0

]   and  [𝒗]×
2 = [

−𝑏2 − 𝑐2 𝑎𝑏 𝑎𝑐
𝑎𝑏 −𝑎2 − 𝑐2 𝑏𝑐
𝑎𝑐 𝑏𝑐 −𝑎2 − 𝑏2

]. (25)  

Thus, the rotation matrix depending on the quaternion 𝑞̅ = (𝑎, 𝑏, 𝑐, 𝑑) is 

𝑹(𝑞̅) = [

1 − 2(𝑏2 + 𝑐2) 2(𝑎𝑏 − 𝑐𝑑) 2(𝑎𝑐 + 𝑏𝑑)

2(𝑎𝑏 + 𝑐𝑑) 1 − 2(𝑎2 + 𝑐2) 2(𝑏𝑐 − 𝑎𝑑)

2(𝑎𝑐 − 𝑏𝑑) 2(𝑏𝑐 + 𝑎𝑑) 1 − 2(𝑎2 + 𝑏2)

]. (26)  

The rotation matrix given by the quaternions is applied in Equation (19). 

Affine transformations are employed in this thesis. Affine transformation maintains the 

parallelism of lines while the relative positions, angles, orientation, and position of the 

points change. Affine transformation is defined as follows: 

𝑥̅′ = 𝐀𝑥̅, or 𝑥̅′ = [
𝑨
0̅
] 𝑥̅,  

where 𝑨2×3 = [
𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23

]and 𝑨3×4 = [

𝑎11
𝑎21
𝑎31

𝑎12
𝑎22
𝑎32

𝑎13
𝑎23
𝑎33

𝑎14
𝑎24
𝑎34
]. 

(27)  

Affine matrix 𝑨2×3 is for the 2D case and 𝑨3×4 is for the 3D case. [18, p. 37, p. 40] 
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3.7 Random sample consensus 

Random sample consensus (RANSAC) was first introduced by Fischler and Bolles [20] 

in their work on automated cartography. It is an algorithm to draw samples from a dataset 

that represent the desired model the best i.e. has the greatest number of inliers within a 

certain error margin. The algorithm for RANSAC is presented in Program 4. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

Model M requires minimum n number of samples to instantiate its \n 
free parameters. 
Initialize S1 = empty set, S2 = empty set, i = 0 
Set t to be the function of the estimate of the number of gross \n 
errors in P. 
While (size of S2 < t) OR (i < limit of iterations) do: 
    Increment i by 1 
    Draw random set S sized n from dataset P 
    Compute model M given samples S 
    Check inliers S1 from P given M(S) and error margin 
    If size of S1 > size of S2 do: 
        S2 = S1 
    end if 
end while 
If limit of iterations is reached, choose: 
    Algorithm failed 
        or: 
    Continue with current S2 
end if 
Compute final M given inlier samples S2 

Program 4. The algorithm for RANSAC. Interpreted from [20]. Notation \n means the 
statement continues on the next line.  

The algorithm begins by determining the number of samples n that the model M requires 

to instantiate its free parameters. For example, a circle needs three samples, and a line 

needs two. In lines 3 to 5 the aiding variables are initialized. Empty sets S1 and S2 later 

contain the inliers and i keeps track of the number of iterations. Threshold t is number 

that is given as a function of the estimate of the number of gross errors in the whole 

dataset P.   

Lines 6 to 14 represent the main loop of the algorithm: as long as the size of the set S2 

is smaller than the threshold t or the limit of iterations is not reached, the iteration con-

tinues. First, n random samples are drawn from the dataset P. The model M is computed 

with the samples and all points in dataset P are checked if they are within the error margin 

from current model M. The inliers are the set S1. If the size of S1 is larger than the size 

of S2, the current set of inliers, S1, is selected to be the largest set of inliers and thus 
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assigned to S2. When the iteration terminates, S2 is the final set of inliers. The final 

model M is computed with the inlier set S2. 

If the limit of iterations is reached, lines 15 to 19 represent the choice for the programmer 

to fail the algorithm or to continue with the largest set.  

3.8 Menger curvature and Heron’s formula 

The tool centre point calibration method in this thesis relies on the contours of the tool 

and the corresponding curvatures. The curvature 𝑐 of a curve can be described with 

three points, 𝑝1 , 𝑝2 and 𝑝3, which define a circle. The inverse of the radius 𝑟 of this circle 

is known as Menger curvature [21]: 

𝑐(𝑝1, 𝑝2, 𝑝3) =
1

𝑟
 . (28)  

The radius can be calculated as [21]: 

𝑟 =
𝑎𝑏𝑐

4𝐴
 (29)  

where 𝑎 =  |𝑝1 − 𝑝2|, 𝑏 = |𝑝2 − 𝑝3| and 𝑐 = |𝑝3 − 𝑝1| are the lengths of the edges and 𝐴 

the area of the triangle defined by the three points. Thus, Menger curvature is calculated: 

𝑐(𝑝1, 𝑝2, 𝑝3) =
1

𝑟
=
4𝐴

𝑎𝑏𝑐
. (30)  

The triangle area defined by three points is given by Heron’s formula [22]: 

𝐴 = √𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐), 𝑠 =
𝑎 + 𝑏 + 𝑐

2
 (31)  

where 𝑠 is half of the triangle perimeter. 

3.9 Projecting 3D vector onto a plane 

A plane is defined by three non-colinear points forming two difference vectors, 𝑥̅ and 𝑦̅. 

The plane’s unit normal is the normalized cross product [23, p. 80]: 
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𝑛̅𝑥𝑦 =
𝑥̅ × 𝑦̅

‖𝑥̅ × 𝑦̅‖
 (32)  

of the two vectors. The vector projection of vector 𝑎̅ onto unit vector 𝑏̅ is defined [23, p. 

82]: 

𝑝̅𝑎 = (𝑎̅ ∙ 𝑏̅)𝑏̅, (33)  

where 𝑎̅ ∙ 𝑏̅ is the dot product of the two vectors.The rejection of vector 𝑎̅ from unit vector 

𝑏̅ can be defined with the vector projection 𝑝̅𝑎  [23, p. 83 – 84]: 

𝑟̅𝑎 = 𝑎̅ − 𝑝̅𝑎 (34)  

A three-dimensional vector’s projection onto a plane can thus be calculated as a vector 

rejection from the plane’s unit normal: 

𝑝̅𝑥𝑦 = 𝑣̅ − (𝑣̅ ∙ 𝑛̅𝑥𝑦)𝑛̅𝑥𝑦 (35)  

where 𝑣̅ is the three-dimensional vector and 𝑛̅𝑥 is the plane’s unit normal vector. 
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4. FITTING METHODS 

This chapter introduces mathematical methods employing the least squares parameter 

identification: fitting a circle to data, identifying a transformation matrix from a set of 

points to another set of points, and the regularized polynomial regression, the Bayesian 

ridge regression and the support vector regression. 

4.1 Least squares method 

The least squares method is an optimization technique that estimates the model param-

eters by minimizing the sum of squared errors. The model to be fitted can be linear or 

non-linear. [14, p. 149]  

Linear least squares method approximates data with linear functions. The linear model 

is defined as [14, p. 149]: 

𝑦̅ = 𝑿𝑤̅ (36)  

where vector 𝑦̅ ∈ ℝ𝑛×1 contains the data from the dependent variables, design matrix 

𝑿 ∈ ℝ𝑛×𝑚 contains data from the independent variables, vector 𝑤̅ ∈ ℝ𝑚×1 contains the 

unknown model parameters, or weights, and 𝑛 is the number of observations and 𝑚 is 

the number of independent variables with 𝑛 > 𝑚. The problem is to determine the model 

weights 𝑤̅, and because the system is overdetermined, the solution can be obtained with 

minimizing the sum of squared errors. The sum of squared errors for a linear model is 

defined [14, p. 149 – 150]: 

𝐸 ≝∑(𝑥𝑖1𝑤1 +⋯+ 𝑥𝑖𝑚𝑤𝑚 − 𝑦𝑖)
2

𝑛

𝑖=1

= |𝑿𝑤̅ − 𝑦̅|2 (37)  

The solution to the minimization is given by: 

𝑤̅ =  ((𝑿𝑇𝑿)−1𝑿𝑇)𝑦̅ (38)  

where ((𝑿𝑇𝑿)−1𝑿𝑇) is the pseudoinverse of matrix 𝑿.  

 



23 
 

 

Nonlinear least squares method identifies parameters when the error is a nonlinear func-

tion of parameters. The derivation of the non-linear least squares algorithm is presented 

in Forsyth and Ponce [14, p. 153 – 156]. A system of nonlinear functions is defined as: 

{

𝑓1(𝑤1, … , 𝑤𝑚) = 0

𝑓2(𝑤1, … , 𝑤𝑚) = 0
⋮

𝑓𝑛(𝑤1, … , 𝑤𝑚) = 0

⇔ 𝑓̅(𝑤̅) = 0 (39)  

where 𝑓𝑖(𝑤1, …𝑤𝑚) = 𝑥𝑖1𝑤1 +⋯+ 𝑥𝑖𝑚𝑤𝑚 − 𝑦𝑖 , 𝑖 = 1,… , 𝑛 as in Equation (37) which 

would make the system linear, or 𝑓𝑖 can be an arbitrary function which makes the system 

non-linear. Also, in this case there are more observations than equations and the prob-

lem is again to find the weights of the nonlinear model. The weights can be approximated 

by minimizing the squared error defined as:  

𝑬(𝑤̅) ≝ |𝑓̅(𝑤̅)|
2
=∑𝑓𝑖

2(𝑤̅)

𝑛

𝑖=1

 (40)  

where 𝑓̅ = [𝑓1, … , 𝑓𝑛]
𝑇, and 𝑤̅ = [𝑤1, … , 𝑤𝑚]

𝑇, and there are more error functions than 

unknowns (𝑛 > 𝑚). Because there is no general method for finding the global solution to 

the nonlinear least squares problem, the solution is found by iterative methods that em-

ploy linearization at each iteration step [14, p. 153]. The iterative methods rely on first 

order Taylor expansion: 

      𝑓𝑖(𝑤̅ + 𝛿𝑤̅) =  𝑓𝑖(𝑤̅) + 𝛿𝑤1
𝜕𝑓𝑖
𝜕𝑤1

(𝑤̅) + ⋯+ 𝛿𝑤𝑚
𝜕𝑓𝑖
𝜕𝑤𝑚

(𝑤̅) + 𝑂(|𝛿𝑤̅|2)  

≈ 𝑓𝑖(𝑤̅) + ∇𝑓𝑖(𝑤̅) ∙ 𝛿𝑤̅ 

(41)  

where the second order term 𝑂(|𝛿𝑤̅|2) is omitted [14, p. 153]. From the Taylor expansion 

in Equation (41) follows that: 

𝑓̅(𝑤̅ + 𝛿𝑤̅) ≈ 𝑓̅(𝑤̅) + 𝑱𝑓̅(𝑤̅)𝛿𝑤̅ (42)  

where the Jacobian 𝑱𝑓̅ of 𝑓 ̅is defined [14, p. 154]: 
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𝑱𝑓̅(𝑤̅) ≝ (
∇𝑓1

𝑇(𝑤̅)
⋮

∇𝑓𝑛
𝑇(𝑤̅)

) =

(

 
 

𝜕𝑓1
𝜕𝑤1

(𝑤̅) ⋯
𝜕𝑓1
𝜕𝑤𝑚

(𝑤̅)

⋮ ⋱ ⋮
𝜕𝑓𝑛
𝜕𝑤1

(𝑤̅) ⋯
𝜕𝑓𝑛
𝜕𝑤𝑚

(𝑤̅)
)

 
 
. (43)  

The solution to the minimization problem in Equation (40) can be obtained with Gauss-

Newton method that seeks the value of 𝛿𝑤̅ iteratively, and minimizes: 

𝐸(𝑤̅ + 𝛿𝑤̅) = |𝑓̅(𝑤̅ + 𝛿𝑤̅)|
2
≈ |𝑓̅(𝑤̅) + 𝑱𝑓̅(𝑤̅)𝛿𝑤̅|

2
 (44)  

for the estimate 𝑤̅ resulting from previous iteration step [14, p. 155]. The linear least 

squares setting is thus established with Equation (44), and the solution to the minimiza-

tion problem is given by [14, p. 156]: 

𝛿𝑤̅ =  −((𝑱𝑓̅
𝑇(𝑤̅)𝑱𝑓̅(𝑤̅))

−1
𝑱𝑓̅
𝑇(𝑤̅))𝑓̅(𝑤̅). (45)  

The Gauss-Newton method may converge slowly or not at all if the residuals are large, 

as stated in [14, p. 156]. For this reason, the Levenberg-Marquardt algorithm is applied 

in this thesis instead, and it is obtained by replacing Equation (45) with: 

𝛿𝑤̅ =  −((𝑱𝑓̅
𝑇(𝑤̅)𝑱𝑓̅(𝑤̅) + 𝜇𝐼)

−1
𝑱𝑓̅
𝑇(𝑤̅))𝑓̅(𝑤̅) (46)  

where 𝜇 > 0 is a free parameter that is allowed to change over the iterations [14, p. 156]. 

The free parameter 𝜇 is initialized to some value, Equation (46) is solved, and the 

squared errors are calculated. If the error decreases with the free parameter, the param-

eter is decreased for the next iteration. If the error increases or remains the same, the 

free parameter is increased for the next iteration [24]. Eventually, the free parameter 

reaches zero, and the algorithm transforms back to Gauss-Newton algorithm.  

4.2 Geometric fitting of circle to points of data 

There are various methods utilizing least squares to fit a circle to points of data. One of 

them, the method that minimizes the geometric distance from the circle’s circumference 

to the data points is applied in this thesis. This method is known as the geometric fit or 

best fit [25] [26]. The geometric distance is defined: 
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𝑑𝑖 = ‖𝑧̅ − 𝑥̅𝑖‖ − 𝑟 (47)  

where  𝑥̅𝑖 = [𝑥𝑖1, 𝑥𝑖2]
𝑇 is a data point, and the unknowns 𝑧̅ = [𝑧1, 𝑧2]

𝑇 is the centre of the 

circle and 𝑟 is the radius of the circle [25]. This is the distance of the data point to the 

circumference of the circle. By minimizing: 

∑𝑑𝑖
2

𝑛

𝑖=1

 (48)  

for 𝑛 data points, the optimal centre and radius of the circle is obtained [25]. This is a 

non-linear least squares estimation problem. Non-linear least squares problem is solved 

iteratively using Levenberg-Marquardt -algorithm of Section 4.1. The Jacobian 𝑱(𝑧1, 𝑧2, 𝑟) 

of the residuals 𝑑̅ is [25]: 

𝑱(𝑧1, 𝑧2, 𝑟) =  

[
 
 
 
 

𝑧1 − 𝑥11

√(𝑧1 − 𝑥11)
2 + (𝑧2 − 𝑥12)

2

𝑧2 − 𝑥12

√(𝑧1 − 𝑥11)
2 + (𝑧2 − 𝑥12)

2
−1

⋮ ⋮ ⋮
𝑧1 − 𝑥𝑛1

√(𝑧1 − 𝑥𝑛1)
2 + (𝑧2 − 𝑥𝑛2)

2

𝑧2 − 𝑥𝑛1

√(𝑧1 − 𝑥𝑛1)
2 + (𝑧2 − 𝑥𝑛2)

2
−1
]
 
 
 
 

. (49)  

The iteration can be initialized, for example, from the centre of the mass of the data 

points for [𝑧1, 𝑧2]
𝑇 and from the mean distance from the centre of mass to the data points 

for the radius 𝑟 [26].  

4.3 Fitting a set of points to another set of points in three di-
mensions 

Identifying a transformation between two sets of data points is applied in this thesis. A 

set of three-dimensional points can be transformed to match another set of points with a 

transformation 𝑩:  

𝑝̅𝑖
′ = 𝑩𝑝̅𝑖, 𝑖 ∈ 1,2,… , 𝑛 (50)  

where 𝑝̅𝑖
′ is the resulting point, 𝑝̅𝑖 is the point to be transformed and 𝑩 is the transfor-

mation to be found. The transformation 𝑩 is an affine transformation introduced in Sec-

tion 3.6. Point 𝑥̅ can be transformed from homogeneous coordinates to in-homogeneous 

coordinates by making the transformation 𝑩 a 3×4 matrix. 
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The transformation 𝑩 can be found with linear least squares introduced in Section 4.1. 

The system to be solved is: 

min|𝑿𝑏̅ − 𝑎̅|
2
 (51)  

where  

𝑎̅ = [⋯ 𝑥𝑖′ 𝑦𝑖′ 𝑧𝑖′ ⋯]𝑇 , (52)  

𝑿 =  

[
 
 
 
 

 

⋮
𝑥𝑖
0
0

𝑦𝑖
0
0

𝑧𝑖
0
0

0
𝑥𝑖
0

0
𝑦𝑖
0

0
𝑧𝑖
0

0
0
𝑥𝑖

0
0
𝑦𝑖

0
0
𝑧𝑖

1
0
0

0
1
0

0
0
1

⋮

 

]
 
 
 
 

, 𝑖 ∈ [1…𝑁] (53)  

and 

𝑏̅ = [𝑏11 𝑏12 𝑏13 𝑏21 𝑏22 𝑏23 𝑏31 𝑏32 𝑏33 𝑏14 𝑏24 𝑏34]𝑇 . (54)  

Vector 𝑎̅ is the flattened array of the target points, matrix 𝑿 is the matrix representation 

of the points to be transformed and vector 𝑏̅ is the vector representation of the transfor-

mation matrix 𝑩 ∈ ℝ3×4 to be obtained. This formulation enables the solution to be ob-

tained with least squares method, see Equations (36 - 38).  

4.4 Regression models 

Regression is defined as estimating the mathematical relationship between an independ-

ent variable and dependent variable. For example, linear regression means fitting a line 

equation to points of data with linear least squares method. Three regression models are 

applied in this thesis and introduced in this section: regularized polynomial regression, 

Bayesian ridge regression and support vector regression.  

4.4.1 Regularized polynomial regression 

The polynomial regression model is [27, p. 273]:   

𝜀𝑖 = 𝑤0 +𝑤1𝑥𝑖 +𝑤2𝑥𝑖
2 +⋯+𝑤𝑚𝑥𝑖

𝑚 − 𝑦𝑖 , (𝑖 = 1, 2, … , 𝑛) (55)  

which can be written in matrix form as: 
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𝜀̅ = 𝑿𝑤̅ − 𝑦̅ (56)  

where 𝑦̅ is the vector containing the data from the dependent variables, 𝑤̅ is the vector 

containing the free parameters, or weights, 𝑿 is the design matrix containing the data 

from the independent variables and 𝜀 ̅is the vector containing the random errors. In pol-

ynomial regression the design matrix 𝑿 is a Vandermonde matrix: 

𝑿 =

[
 
 
 
 
 

 

1 𝑥1 𝑥1
2

1 𝑥2 𝑥2
2

1 𝑥3 𝑥3
2

⋯

𝑥1
𝑚−1

𝑥2
𝑚−1

𝑥3
𝑚−1

⋮ ⋱ ⋮
1 𝑥𝑛 𝑥𝑛

2 ⋯ 𝑥𝑛
𝑚−1

 

]
 
 
 
 
 

, 𝑿 ∈ ℝ𝑛×𝑚 (57)  

where there are 𝑛 observations, or independent variables, on as many rows and 𝑚 input 

variables on as many columns [28]. As the model is linear in model parameters, the 

solution to polynomial regression is obtained with linear least squares, see Section 4.1. 

The Vandermonde matrices are often ill-conditioned, so regularization is needed. 

Regularized regression means that parameters are not selected only based on how well 

the model fits the data, but some additional features of the model are taken into consid-

eration, typically limiting the magnitude of the parameters. Ridge regression, or Tikhonov 

regularization, is a method that limits the sum of squared values of parameters by [29]: 

|𝑿𝑤̅ − 𝑦̅|2 + 𝛼|𝑤̅|2, (58)  

where 𝑿 is the matrix of input data, 𝑤̅ are the model parameters and 𝑦̅ contains the 

measured values. Regularization parameter 𝛼 is adjustable and the magnitude of the 

model parameters is limited by it [29]. 

The regularized polynomial regression is just the combination these two approaches: the  

matrix 𝑿 in ridge regression is the Vandermonde matrix. The model parameters are 

solved: 

 

𝑤̅ = ((𝑿𝑇𝑿+ 𝛼𝑰)−1𝑿𝑇)𝑦̅. (59)  
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4.4.2 Bayesian ridge regression 

Bayesian ridge regression (BRR) is a Bayesian statistics approach with ridge regression 

to the model parameter estimation. Bayesian linear regression becomes Bayesian ridge 

regression when the prior likelihood over the model’s free parameters is assumed to be 

zero mean Gaussian distributed. The formulation of the Bayesian ridge regression in this 

section follows Tipping [30]. 

Given data 𝑦̅ with respect to values in 𝑥̅ we have a model: 

𝜀̅ = 𝑿𝑤̅ − 𝑦̅ (60)  

where 𝑿 is the design matrix containing the independent variables from 𝑥̅ and 𝑤̅ is the 

vector containing the weights for the model. Error vector 𝜀 ̅contains the errors in the data 

which are assumed to be zero mean and follow the Gaussian distribution. Thus, the 

likelihood over data 𝑦̅ given 𝑿: 

𝑝( 𝑦̅ | 𝑿 ) = 𝑁( 𝑦̅ | 𝑿𝑤̅, 𝜎2 ) (61)  

follows the Gaussian distribution 𝑁 with mean 𝑿𝑤̅ and variance 𝜎2. The likelihood of the 

data 𝑦̅ given weights 𝑤̅ and variance 𝜎2 is: 

𝑝( 𝑦 ̅| 𝑤̅, 𝜎2 ) = (2𝜋𝜎2)−𝑛/2𝑒𝑥𝑝 {−
1

2𝜎2
|𝑿𝑤̅ − 𝑦̅|2}. (62)  

Assuming Gaussian prior over the weights 𝑤̅ in Bayesian approach is equivalent to L2-

regularization which is called ridge regression [31]. The prior over the free parameters 𝑤̅ 

given 𝑛 + 1 hyperparameters in 𝛼̅ is [30]: 

𝑝( 𝑤̅ | 𝛼̅ ) =∏𝑁(𝑤𝑖|0, 𝛼𝑖
−1)

𝑛

𝑖=0

. (63)  

As can be seen from Equation (63), an individual hyperparameter controls one weight. 

The prior of the hyperparameters can be defined with Gamma distributions [30]: 

𝑝(𝛼̅) =∏Gamma(𝛼𝑖|𝑎, 𝑏),

𝑛

𝑖=0

 (64)  
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𝑝(𝜎−2) = Gamma(σ−2|𝑐, 𝑑), (65)  

 where 

Gamma(𝑥|𝑦, z) = Γ(𝑦)−1𝑧𝑦𝑥𝑦−1 exp(−𝑧𝑥) (66)  

with Γ(𝑦) = ∫ 𝑡𝑦−1 exp(−𝑡) 𝑑𝑡
∞

0
 being the gamma function. The parameters 𝑎, 𝑏, 𝑐 and 𝑑 

can be set to small values (≪ 1) or to zero to make the priors of the hyperparameters 

non-informative. 

By applying the Bayesian rule, the posterior of the unknowns 𝑤̅, 𝛼̅ and 𝜎2 given the data 

𝑦̅ is [30]: 

𝑝( 𝑤̅, 𝛼̅, 𝜎2 | 𝑦̅ ) =
𝑝( 𝑦̅ | 𝑤̅, 𝛼̅, 𝜎2 ) 𝑝( 𝑤̅, 𝛼̅, 𝜎2) 

𝑝(𝑦̅)
. (67)  

However, Equation (67) cannot be directly calculated because 𝑝(𝑦̅) is not known and 

cannot be calculated. Tipping [30] proposes that the posterior distribution over the 

weights 𝑤̅ is: 

𝑝( 𝑤̅ | 𝑦̅, 𝛼̅, 𝜎2 ) =
𝑝( 𝑦̅ | 𝑤̅, 𝜎2 ) 𝑝( 𝑤̅ | 𝛼̅ )

𝑝( 𝑦̅ | 𝛼̅, 𝜎2 )

= (2𝜋)−(𝑛+1)/2|𝚺|−1/2𝑒𝑥𝑝 {−
1

2
(𝑥̅ − µ̅)𝑇𝚺−1(𝑥̅ − µ̅)} 

(68)  

where posterior covariance 𝚺 and posterior mean µ̅ are: 

𝚺 = (𝜎−2𝑿𝑇𝑿+ 𝚨)−1 (69)  

µ̅ = 𝜎−2𝚺𝑿𝑇𝑦̅ (70)  

with 𝚨 = 𝑑𝑖𝑎𝑔(𝛼0, 𝛼1, … , 𝛼𝑛). The optimal mean µ̅ is estimated by maximizing 

𝑝( 𝑦̅ | 𝛼̅, 𝜎2 )𝑝(𝛼̅)𝑝(𝜎−2) and equivalently the logarithm of that: 

log 𝑝(𝑦̅| log 𝛼̅ , log 𝜎−2) +∑log𝑝(log𝛼𝑖)

𝑛

𝑖=0

+ log𝑝(log 𝜎−2) (71)  
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which by noting 𝑝(log𝛼) = α𝑝(𝛼) and ignoring the terms independent of 𝛼 and 𝜎−2 gives 

the objective function: 

        ℒ = −
1

2
[log|𝜎2𝑰 + 𝑿𝚨−1𝑿𝑇| + 𝑦̅𝑇(𝜎2𝑰 + 𝑿𝚨−1𝑿𝑇)−1𝑦̅] 

+∑(𝑎 log𝛼𝑖 − 𝑏𝛼𝑖)

𝑛

𝑖=0

+ 𝑐 log𝜎−2 − 𝑑𝜎−2. 

(72)  

To maximize Equation (72), the hyperparameters 𝛼𝑖 and variance 𝜎2 need to updated 

iteratively until the mean µ̅ in Equation (70) converges. The hyperparameters and vari-

ance are calculated in [30] following MacKay [32]: 

𝛼𝑖
new =

𝛾𝑖 + 2𝑎

µ𝑖
2 + 2𝑏

, 𝛾𝑖 ≡ 1 − 𝛼𝑖Σ𝑖𝑖 (73)  

(𝜎2)new =
‖𝑦̅ − 𝑿µ̅‖2 + 2𝑑

𝑛 − Σ𝑖𝛾𝑖 + 2𝑐
 (74)  

where 𝑎, 𝑏, 𝑐 and 𝑑 are the same constants from Equations (64) and (65) that can be set 

to some small value (≪ 1) or to zero. 

The predictions can be done with the converged posterior mean µ̅ as the weights 𝑤̅ in 

the model in Equation (60). 

4.4.3 Support vector regression 

Support vector regression is an application of the support vector machine (SVM) for re-

gression purpose. It generalizes well to unseen data and provides accurate predictions. 

In this section, Smola’s and Schölkopf’s introduction [33] to support vector regression is 

followed. To introduce the support vector regression, a linear case is considered [33]: 

𝑓(𝑥̅) = 〈𝑤̅, 𝑥̅〉 + 𝑏, 𝑤 ∈ 𝒳, 𝑏 ∈ ℝ (75)  

where 〈 ∙ , ∙ 〉 denotes the dot product (or inner product) in the space of input patterns 𝒳, 

vector 𝑤̅ contains the weights for the independent variables in 𝑥̅ and 𝑏 is a constant. 

Support vector regressor in linear case is trained according to Vapnik [34] as cited in [33] 

by solving: 
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min  
1

2
‖𝑤̅‖2 + 𝐶∑(𝜉𝑖 + 𝜉𝑖

∗)

𝑛

𝑖=1

,   

subject to {

𝑦𝑖 − 〈𝑤̅, 𝑥𝑖〉 − 𝑏 ≤ 𝜀 + 𝜉𝑖
〈𝑤̅, 𝑥𝑖〉 + 𝑏 − 𝑦𝑖 ≤ 𝜀 + 𝜉𝑖

∗

𝜉𝑖 , 𝜉𝑖
∗            ≥ 0

 

(76)  

where error 𝜀 is the value that defines the precision within which the deviations of the 

model predictions from observed outcomes are not penalized, and parameters 𝜉𝑖 and 𝜉𝑖
∗ 

are slack variables that define the soft margin loss outside the error 𝜀 range. Con-

stant 𝐶 > 0 is a freely adjustable constant that controls the complexity of the weights 

against the training data. Low 𝐶 allows the slack variables to be large and thus the 

weights can be low and the regressor is smoother, thus making the weights less com-

plex. High 𝐶 on the other hand favours low slack variables that require high weights to fit 

the regressor to as many training examples as possible, thus making the weights more 

complex.  

Equation (76) can be more easily solved in its dual formulation and it also allows to use 

non-linear functions [33] which are employed in this thesis. The dual formulation of sup-

port vector optimization problem in general case is solved by maximizing: 

−
1

2
∑(𝛼𝑖 − 𝛼𝑖

∗)(𝛼𝑗 − 𝛼𝑗
∗)𝑘(𝑥𝑖, 𝑥𝑗)

𝑛

𝑖,𝑗=0

− 𝜀∑(𝛼𝑖 + 𝛼𝑖
∗)

𝑛

𝑖=1

+∑𝑦𝑖(𝛼𝑖 − 𝛼𝑖
∗)

𝑛

𝑖=1

,   

subject to ∑(𝛼𝑖 − 𝛼𝑖
∗) = 0

𝑛

𝑖=0

  and  𝛼𝑖 , 𝛼𝑖
∗ ∈ [0, 𝐶] 

(77)  

where 𝑘(𝑥𝑖, 𝑥𝑗) is the kernel function, variables 𝛼𝑖 and 𝛼𝑖
∗ are Lagrange multipliers [33]. 

The kernel function allows the expansion of the support vectors from linear functions to 

non-linear functions [33]. The weights 𝑤̅ and the function 𝑓(𝑥) can be written [33]: 

𝑤̅ =∑(𝛼𝑖 − 𝛼𝑖
∗)Φ(𝑥𝑖)

𝑛

𝑖=1

 (78)  

and 
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𝑓(𝑥) =∑(𝛼𝑖 − 𝛼𝑖
∗)𝑘(𝑥𝑖, 𝑥) + 𝑏

𝑛

𝑖=1

 (79)  

where Φ is a mapping function that maps the inputs 𝑥̅ from input space 𝒳 to higher 

dimensional feature space ℱ. However, it is enough to know the kernel functions 

𝑘(𝑥, 𝑥′) ≔ 〈Φ(𝑥),Φ(𝑥′)〉 because the support vector algorithm depends only on the inner 

products between 𝑥𝑖 as was shown in [33]. The constant 𝑏 can be computed [33]:  

max{−𝜀 + 𝑦𝑖 − 〈𝑤̅, 𝑥𝑖〉|𝛼𝑖 < 𝐶 or 𝛼𝑖
∗ > 0} 

≤ 𝑏 ≤ 

min{−𝜀 + 𝑦𝑖 − 〈𝑤̅, 𝑥𝑖〉|𝛼𝑖 > 0 or 𝛼𝑖
∗ < 𝐶} . 

(80)  

There are several constraints for the kernel functions which can be reviewed from [33]. 

Particularly useful kernel function in many studies has been the radial basis function 

(RBF):  

𝑘(𝑥, 𝑥′) = exp(−
‖𝑥 − 𝑥′‖2

2𝜎2
) (81)  

with 𝜎 ≥ 0. The RBF is employed in this thesis. 

Other nonlinear admissible kernel functions that have been widely applied, are: 

𝑘(𝑥, 𝑥′) = 〈𝑥, 𝑥′〉𝑝 (82)  

is a homogeneous polynomial function with 𝑝 ∈ ℕ  [35], 

𝑘(𝑥, 𝑥′) = (〈𝑥, 𝑥′〉 + 𝑐)𝑝 (83)  

is an inhomogeneous polynomial with 𝑝 ∈ ℕ and 𝑐 ≥ 0  [33], 

𝑘(𝑥, 𝑥′) = tanh(𝜗 + 𝜅〈𝑥, 𝑥′〉) (84)  

is a hyperbolic tangent kernel (which does not satisfy Mercer’s condition [36] as cited in 

[33] but has been used successfully as shown in [37]).  
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The predictions with support vector regressor are done by computing Equation (79) after 

the minimization of Equation (77) and solving 𝑏 in Equation (80). 
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5. TOOL CALIBRATION WITH ROBOT MOVE-
MENTS 

Tool centre point (TCP) calibration is done by changing the orientation of the tool and 

keeping the TCP in a fixed position in the world coordinates. Forward kinematics offers 

a way to calculate the tool centre point. 

5.1 Forward kinematics 

Forward kinematics describes the respective relations between the robot’s links and 

joints. Joint allows the relative movement between two rigid bodies, links [38, p. 5]. Each 

joint forms a frame which is a homogeneous transformation matrix with translation and 

rotation matrix that defines its position and orientation [38, p. 23]. Two types of joints are 

enough to consider: prismatic and revolute [38, p. 63]. Prismatic joints allow linear move-

ment in one dimension and revolute joints allow rotational movement in one dimension. 

Denavit-Hartenberg (DH) notation is a way to describe the geometry between two con-

secutive frames. The description of the DH-parameters is illustrated in Figure 5. 

 

Figure 5.  Illustration of the parameters in DH convention. Frame 𝑖 − 1 is formed by 
axes 𝑥𝑖−1, 𝑦𝑖−1 and 𝑧𝑖−1 and frame 𝑖 is formed by axes 𝑥𝑖 , 𝑦𝑖 and 𝑧𝑖. Illustrated 

after [19, Fig. 7.5, p. 197] 

The parameters are described here according to Corke [19, p. 197]. Parameter 𝑑, the 

link offset, is the distance between the origin of frame 𝑖 − 1 and 𝑥𝑖 along the axis 𝑧𝑖−1. 

Parameter 𝑎, the link length, is the distance from 𝑧𝑖−1 to 𝑧𝑖 along the axis 𝑥𝑖. Parameter 
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𝛼, the link twist, is the angle between 𝑧𝑖−1 and 𝑧𝑖 about the axis 𝑥𝑖. Parameter 𝜃, the joint 

angle, is the angle between 𝑥𝑖−1 and 𝑥𝑖 about axis 𝑧𝑖−1. The transformation between two 

consecutive frames can be expressed with the DH notation [19, p. 198 with typo cor-

rected]: 

𝑻𝑖 
𝑖−1 = [ 

𝑹 𝑡̅

0̅ 1
 ] =  [

cos 𝜃𝑖
sin 𝜃𝑖
0
0

−sin𝜃𝑖 cos 𝛼𝑖
cos 𝜃𝑖 cos 𝛼𝑖
sin𝛼𝑖
0

sin𝜃𝑖 sin 𝛼𝑖
−cos𝜃𝑖 sin 𝛼𝑖

cos 𝛼𝑖
0

𝑎𝑖 cos𝜃𝑖
𝑎𝑖 sin𝜃𝑖
𝑑𝑖
1

] (85)  

where 𝜃𝑖, 𝛼𝑖, 𝑎𝑖 and 𝑑𝑖 are the DH-parameters between the two frames 𝑖 − 1 and 𝑖 intro-

duced above. For prismatic joints, the parameter 𝑑 is variable and for revolute joints the 

parameter 𝜃 is variable while the parameters 𝑎 and 𝛼 are always constant. 

The DH notation can be used to describe the kinematics of chain of links by doing a 

matrix multiplication of the individual transformation matrices in the ascending order from 

robot base to the tool [38, p. 76]. For example, a system with 𝑁 links would form a trans-

formation: 

𝑻𝑁 
0 = 𝑻1 

0 ∙ 𝑻2 
1 ∙ … ∙ 𝑻𝑁 

𝑁−1  (86)  

where frame 0 is the robot’s base and frame 𝑁 is the robot’s tool or any other frame 

(such as tool flange) to which we want to find the transformation.  

5.2 Tool calibration method using robot movements 

Forward kinematics can be utilized to calibrate the TCP. A method utilizing the kinematic 

model for TCP calibration was first proposed by Shiu and Ahmad [39]. The idea was to 

solve the homogeneous transformation equations of the form: 

𝑨𝑿 = 𝑿𝑩 (87)  

where 𝑿 is the transformation from the tool flange to the TCP and 𝑨 and 𝑩 are known 

transformations with 𝑨 being the transformation of the movement of the wrist and 𝑩 being 

the measured transformation of the movement of the TCP. Equation (87) is derived from 

the equation [39]:  

𝑻61𝑿𝒀1 = 𝑻62𝑿𝒀2 (88)  
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where 𝑻6𝑥 is the transformation from the robot’s base to the wrist, 𝑿 is the transformation 

from wrist to TCP and 𝒀𝑥 is the transformation from the TCP to a fixed point. Equation 

(87) is obtained by multiplying Equation (88) from left side with 𝑻62
−1 and from the right 

side with 𝒀1
−1 [39]. 

Unfortunately, the algorithm does not take advantage of quaternions when computing 

the rotations which causes singularities at angles 0 and 𝜋. However, the idea Shiu and 

Ahmad proposed has been developed further and the following algorithm is presented 

by Hallenberg [5].  

Similarly to the idea in [39], Hallenberg [5] solves an equation corresponding to (88) with 

the transformations 𝒀1 and 𝒀2 being identity matrices because the TCP stays fixed. With 

𝑁 transformations 𝑻 from robot base frame to the tool flange the following must hold  

𝑻𝑖𝑿 = 𝑻𝑗𝑿 (89)  

where 𝑖, 𝑗 ∈ [1…𝑁] and 𝑖 ≠ 𝑗 given the TCP is in a fixed position in world coordinates. 

The matrix 𝑿 is the homogeneous transformation from tool flange to tool centre point: 

𝑿 =  [ 
𝑹𝑇𝐶𝑃 𝑡̅𝑇𝐶𝑃
0̅ 1

 ]  =  [

1 0
0 1

0 𝑥
0 𝑦

0 0
0 0

1 𝑧
0 1

] (90)  

where 𝑡̅𝑇𝐶𝑃 = [𝑥 𝑦 𝑧]
𝑇 is the translation from the tool flange to the tool centre point and 

𝑹𝑇𝐶𝑃 = 𝐼3 is the rotation from the tool flange to the TCP. The rotation matrix is identity 

matrix because it is assumed that there are no rotations from the tool flange to the TCP. 

Following Section 5.1, the transformations 𝑻𝑖 and 𝑻𝑗 from the robot’s base to tool flange 

are denoted: 

𝑻𝑖 = [ 
𝑹𝑖 𝑡𝑖̅

0 0 0 1
 ] (91)  

and 

𝑻𝒋 = [ 
𝑹𝑗 𝑡𝑗̅

0 0 0 1
 ]. (92)  

By assigning Equations (90) – (92) to (89), the Equation (89) can be rewritten as 
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[(𝑹𝑖 −𝑹𝑗)] [ 
𝑥 
𝑦 
𝑧 
] =  −[ 𝑡𝑖̅ − 𝑡𝑗̅ ] (93)  

which is solvable with linear least squares method presented in Section 4.1. Matrix 

[(𝑹𝑖 −𝑹𝑗)] is 3N-by-3 matrix and [ 𝑡𝑖̅ − 𝑡𝑗̅ ] is 3N-by-1 vector with N being the number of 

different transformation pairs.  
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6. EXPERIMENTAL SETUP 

The experimental setup in this thesis consists of a 5-axes robot with integrated imaging 

setup. The robot and the imaging setup are designed by OptoFidelity.  

6.1 Imaging setup 

The imaging setup consists of two high resolution machine vision cameras that are 

placed close to orthogonally against each other’s centrelines and they lay on the same 

plane. They both have telecentric lenses, so the images they produce have minimal per-

spective error. The illumination is diffuse background light. The imaging setup is illus-

trated in Figure 6. 

 

Figure 6.  Illustration of the imaging setup 

The imaging setup produces two images with white background and objects in the imag-

ing area appearing dark. Therefore, the images with objects in them have strongly bi-

modal intensity distribution and Otsu’s method is expected to find a good threshold value 

for identifying the tool contour. 

This imaging setup allows the creation of a three-dimensional coordinate system from 

the images which is referred to from now on as the 3D camera coordinate system. Map-
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ping the points in the images to the 3D camera coordinate system is done by first obtain-

ing the image coordinates from both images and then merging them together. How this 

is done is further discussed in Section 7.1.  

6.2 Robot description 

The robot calibrated has five degrees of freedom. The axes contain three linear axes 

with prismatic joints, x, y, and z, and two rotational axes with revolute joints, azimuth, 

and tilt. The configuration of the robot is illustrated in Figure 7. 

 

Figure 7.  Illustration of the robot’s axes configuration. Rectangular shapes around 
thinner rectangular shapes represent linear (prismatic) joints and elliptical 

shapes represent rotational (revolute) joints. 

The tool can be brought to the imaging area only directly from above. Furthermore, the 

robot’s tilt axis movement is limited between -1 and 61 degrees and the imaging setup 

restricts it further to angles less than approximately 50 degrees. Therefore, robot’s pivot 

point can be calibrated only with rather limited orientations. 

6.3 Calibrating the coordinate systems 

The robot has its own coordinate system based on metric units. The images taken by 

the cameras form their coordinate system that does not entirely coincide with the robot’s 

coordinate system. Therefore, two calibrations are required: finding the pixels-per-milli-

metre -value (PPMM) and finding the transformation between points in the images and 

the points in the robot’s coordinate system. The coordinate system formed by the images 

is slightly rotated and skewed compared to the robot’s coordinate system. 
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The PPMM calibration is done by measuring the tool’s width and taking a well-focused 

image of the tool. The image is thresholded with Otsu’s method and the width of the tool 

in pixels is compared to that in millimetres. The PPMM value is calculated: 

𝑃𝑃𝑀𝑀 = 
𝑤𝑖𝑑𝑡ℎ (𝑝𝑥)

𝑤𝑖𝑑𝑡ℎ (𝑚𝑚)
 . (94)  

The calibration of the rotation and skew of the camera coordinate system against the 

robot’s coordinate system is done by moving the tool along robot’s axes and saving the 

movements of the tool in 3D camera coordinate system and in robot’s coordinate system. 

This way, two sets of corresponding points are gathered: the points on the robot’s coor-

dinate system and the corresponding points in the 3D camera coordinate system.  

The transformation between the 3D camera coordinates and robot’s coordinate system 

can be  obtained by finding the least squares fit between two sets of points in homoge-

neous coordinate system as discussed in Section 4.3.  

The transformation from 3D camera coordinates to robot’s coordinate system is as fol-

lows: 

𝑐̅ =
1

𝑝𝑝𝑚𝑚
𝑨𝑏̅ =  

1

𝑝𝑝𝑚𝑚
[ 

𝑎11
𝑎21
𝑎31

𝑎12
𝑎22
𝑎32

𝑎13
𝑎23
𝑎33

𝑎14
𝑎24
𝑎34
 ] [

𝑥
𝑦
𝑧
1

], (95)  

where 𝑐̅ is the transformed position in the robot’s coordinate system, 𝑨 ∈ ℝ3×4 is the 

transformation between 3D camera coordinate system and 𝑏̅ = [𝑥, 𝑦, 𝑧, 1]𝑇 is the homo-

geneous coordinates in the 3D camera coordinates in pixels. The 𝑧 component in 𝑏̅ is 

ambiguous, and handling it is discussed in Section 7.1. 
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7. PIVOT POINT CALIBRATION ALGORITHM  

This Chapter presents the calibration of a tool that is rod-shaped with a nearly spherical 

tip and almost rotation symmetric. The pivot point is the point inside the tool tip through 

which all the lines normal to the spherical tip travel through.  

The calibration algorithm is based on the tool calibration method presented in Section 

5.2: the pivot point is brought to the same position with different robot joint configurations. 

The required tool movement to bring the pivot point to the same position is computed 

with an algorithm that fits a circle to the tip contours of the tool images and estimates the 

pivot point location from both images. The difference between a reference pivot point 

and current pivot point location gives the required tool movement.  

There are two ways to calculate the difference between the pivot points with this algo-

rithm, the difference between the centres of the fitted circles and the lowest points, or 

bottoms, of the fitted circles. Both ways are inspected in this thesis, but we can argue 

why the bottom of the circle might give us better results than the centre of the circle. The 

definition of pivot point states that a normal line of the spherical tip always crosses the 

pivot point. This would indicate that the important section of the tool is the surface that 

touches a work object. So, calculating the difference from the bottom of the circle brings 

the surface of the tool always to the same position. This is true because the circle is 

defined by the tool’s surface points which most of are the points that are near the tool’s 

lowest point. Also, the radius of the circle may vary a lot depending on how good the 

spread of the good data points is. The effect by the spread of the data points to the 

location of the bottom of the circle is miniscule compared to the location of the centre of 

the circle. Therefore, bottom of the circle should give better and more repeatable results 

than the centre of the circle.   

7.1 Pivot point difference calculation algorithm 

The main algorithm of the software is for pivot point determination and the difference 

calculation between the pivot point in current images and the reference pivot point. The 

algorithm locates the pivot point from both the x- and y-camera’s images. If the reference 

is not yet provided, the algorithm saves both, the x- and y-reference, otherwise the algo-

rithm continues to calculate the difference between the references and the current pivot 

point locations. The algorithm is presented in Program 5.  
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1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 

Input image from x camera 
Input image from y camera 
Input azimuth angle 
Input tilt angle 
Compute tool projection angles using tilt angle and azimuth angle 
For both images (x and y camera) do: 
    Pre-process and threshold image 
    Identify tool contour 
    Identify tool tip area contour 
    For all data selection methods do: 
        Find good data from tool tip area 
        Fit a circle to the selected data 
        If no reference (x or y) do: 
            Add circle and data to reference (x or y) 
            Exit 
        Else do: 
            Calculate difference between reference circle and \n 
            current circle 
            Compute translation of the current contour 
            Compute the fit between translated contour and the \n 
            reference contour  
        EndIf 
    EndFor 
    Select the translation that has the best fit 
EndFor 
Select the translation in z direction that has best normalized fit 
Return translations in x, y, and z directions 

Program 5. Pivot point difference calculation algorithm. Notation \n means statement 
continues on the next line. 

The algorithm requires the images from x- and y-camera which are provided in lines 1 

and 2. Given azimuth and tilt angles of the tool, we can calculate the tool’s projections’ 

angles seen on both cameras in line 5 (see Section 7.1.1).  From line 6 to line 25 the 

algorithm handles both x- and y-image. In line 7, the image is pre-processed and 

thresholded (see Section 7.1.2). Then, the tool contour is identified (see Section 7.1.3), 

and the tool tip area is determined (see Section 7.1.4). In lines 10 to 23 all data selection 

methods are iterated, and the operations in lines 11 to 21 are executed with all of them.  

The contour of the tool is the data that is used to locate the pivot point of the tool. How-

ever, the raw contour provided by the pre-process and threshold function leads to inac-

curate calibration, and therefore the data needs to be processed with models. The re-

gression methods of Section 4.4 are applied. Furthermore, for data selection, a method 

of determining a tool tip area (see Section 7.1.4) as the raw tool tip data, and curvature 

thresholding (see Section 7.1.5) were developed. Tool tip area determination is needed 

for all methods to work and this algorithm is used to produce the raw data of the tool tip. 

Curvature thresholding filters data points that have too high or too low curvature for them 

to accurately represent the points of the tool contour that define the pivot point. 
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The data selection methods are regularized polynomial regression, Bayesian ridge re-

gression, support vector regression with RBF-kernel, random sample consensus, curva-

ture thresholding and raw data which is the tool tip contour. The selection procedure in 

the case of the three regression methods is just accepting the points within a chosen 

distance from the regression curves and in the case of RANSAC accepting points within 

a chosen distance from the circle arc that had the most inliers. The chosen distance in 

all data selection methods can be determined by the prediction uncertainty. These meth-

ods are used to isolate the data points that best describe the contour of the tool that 

defines the pivot point. The pivot point is estimated by fitting a circle to the good data 

points. 

Finding the good data points is executed in line 11 and fitting the circle is done in line 12. 

If there is no reference information so far, the circle and data from both images are saved 

as the reference images in line 14. Otherwise, the difference between the reference circle 

and the new circle is calculated in lines 17 and 18. This gives the required translation for 

the contour. The contour is translated, and the fit value is calculated in lines 19 to 21 

(see Section 7.1.6). The best translation is given by the highest fit value and the best 

translation is chosen for each image in line 24. The shift in x-direction is given by the y-

translation in x-image and the shift in y-direction is given by the y-translation in y-image 

with the experimental setup in this thesis. The x-translations from both images are can-

didates for the shift in z-direction. The image giving better normalized fit for the transla-

tion gives the shift in z-direction.  

7.1.1 Computation of tool projection angles in x- and y-image 

The tool’s orientation in 3D coordinates formed by x, y, and z-axis is given by two values, 

azimuth, and tilt. Azimuth is the angle of the tool about z-axis and tilt is the angle between 

the z-axis and the tool. To compute the projection angles of the tool in x- and y-image, 

the tool can be thought of as a 3D unit vector that is rotated an angle about z-axis and is 

rotated some angle parallel to the z-axis. The tool vector and its relationship with azimuth 

and tilt angle is illustrated in Figure 8. 
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Figure 8.  Illustration of tool vector with azimuth and tilt angles 

The images can be thought of as planes defined by the x- and z-axis for the x-image and 

y- and z-axis for the y-image. The planes can be presented by their normal vectors, and 

the projection onto a plane is the vector rejection of the tool vector from the plane’s nor-

mal. This vector rejection is calculated with Equation (35). The algorithm to calculate the 

angles of the projections is presented in Program 6. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

Input azimuth, tilt 
length_tool = 1 
height_tool = cos(tilt) * length_tool 
width_tool = sqrt(length_tool^2 - height_tool^2) 
x_tool = width_tool * cos(azimuth) 
y_tool = width_tool * sin(azimuth) 
z_tool = height_tool 
tool_vector = [x_tool, y_tool, z_tool] 
normal_xz = [1, 0, 0] × [0, 0, 1] 
normal_yz = [0, 1, 0] × [0, 0, 1] 
proj_xz = tool_vector – (tool_vector · normal_xz) * normal_xz 
proj_yz = tool_vector – (tool_vector · normal_yz) * normal_yz 

Program 6. Algorithm for projection computation 

In lines 2 to 7, the tool vector is defined. The tool is set to be of length 1 and its z-

coordinate is the height of the right-angled triangle given by the tilt angle and setting the 

length as the hypotenuse. The height is calculated in line 3. The length and height give 

us the width of the right-angled triangle with Pythagorean theorem, as calculated in line 

4. The x- and y-coordinates can be calculated from the right-angled triangle defined by 

the azimuth angle and the width set as the hypotenuse. The x- and y-coordinates of the 

tool are calculated in lines 5 to 6 and the vector defining the tool is constructed in line 8. 

The normal vectors of the planes xz and yz are calculated in lines 9 and 10 and the 

projections of the tool vector to these planes are calculated in lines 11 and 12. 
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The projections computed in Program 6 are used to calculate the orientations of the tools 

appearing in the images. This requires the prior information about how the coordinate 

system of the robot appears on the images. In this case, the robot’s coordinate system 

appears on the images so, that on both images, the x-axis of the image is equivalent to 

the z-axis of the robot and the y-axis of the y-image is the y-axis of the robot and y-axis 

of the x-image is the x-axis of the robot. The relationship between the images’ coordinate 

system and robot’s coordinate system is illustrated in Figure 9. 

 

Figure 9. Relationship between images’ coordinate system and robot’s coordinate 
system. The arc on the right side of the illustrated images is the tool and the ro-

bot’s coordinate systems are illustrated inside the tool. 

In this case, the angles of the tool can be calculated from the geometric dot product 

definition [23, p. 123]: 

𝑎̅ ∙ 𝑏̅ = ‖𝑎̅‖‖𝑏̅‖ cos 𝜃 (96)  

which can be rewritten for this case: 

𝜃𝑖𝑚𝑎𝑔𝑒 = arccos (
𝑝̅𝑖𝑚𝑎𝑔𝑒 ∙ 𝑧̅

‖𝑝̅𝑖𝑚𝑎𝑔𝑒‖‖𝑧̅‖
) (97)  

where 𝜃𝑖𝑚𝑎𝑔𝑒 is the angle of the tool in either x-image or y-image, 𝑝̅𝑖𝑚𝑎𝑔𝑒 is the projection 

vector in either the x-image or y-image and 𝑧̅ is the z-axis of the robot or the x-axis of the 

image. These angles can be given to the tool tip area determination algorithm introduced 

in Section 7.1.4 after making sure the angles computed here actually represent the tool 

angles in the images which is dependent on how the coordinates are interpreted. 



46 
 

7.1.2 Pre-processing and thresholding an image 

The imaging setup produces greyscale images with highly bimodal distribution of inten-

sities where the background is white and the objects in the images appear dark. There-

fore, thresholding (see Section 3.1) can be used to create a binary image which repre-

sents the contours of the objects. The bimodal distribution allows the usage of automatic 

threshold search with Otsu’s method (see Section 3.1). The thresholding may produce 

unnecessarily “rough” contours, so the grayscale image can be smoothed before thresh-

olding with Gaussian filtering (see Section 3.2) and the binary image after thresholding 

with morphological operations (see Section 3.3). Smoothing the image before and after 

thresholding provides smoother contours. Because it is chosen that the objects are rep-

resented as ones in the binary image and we want to get rid of points that break the 

shape outside the main body of the object, we use morphological opening. There might 

be also false or undesirable detections of objects that may be caused by unwanted par-

ticles such as dust, so morphological opening cleans the image from those. This reduces 

the number of contours retrieved from the image.  

7.1.3 Tool contour identification 

Given the binary image highlighting the objects found from the image, a way to identify 

the tool is needed. Because it is known from which direction the tool is inserted to the 

imaging area with this setup and it is known that there are two large objects present in 

the images, it is known that the tool must be the rightmost largest area limited by a con-

tour on the image. The algorithm is presented in Program 7. 

1 
2 
3 
4 
5 

Input binary_image 
Retrieve contours from binary_image 
Get two largest contours 
Calculate the centroids of the contours 
Denote tool_contour = rightmost contour 

Program 7. Algorithm for tool contour identification 

So, we start by retrieving the contours (see Section 3.4) in line 2 given the binary image, 

and two largest areas limited by contours are chosen to be inspected. The centroids are 

calculated in line 4 and the centroids of the two largest contours tell which is the rightmost 

one. That one is selected as the tool contour. 

7.1.4 Tool tip area determination 

The contour provided by the pre-process and threshold function is the starting point of 

determining the tool tip area. Tool tip area is determined by finding the tip point of the 
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tool and then selecting points that are closer to it than a given threshold distance. The 

tip point is the lowest point of the tool. Because with the setup in this thesis the contour 

can be at an angle between -60 and 60 degrees, the contour needs to be rotated to use 

the lowest point of the tool’s contour as the tip point.  

The contour can be rotated by multiplying coordinates of the contour transformed into 

the homogenous coordinates with a rotation matrix (see Section 3.6). The correct rotation 

angle is given as introduced in Section 7.1.1.  

All the points of the contour that have at most a certain Euclidian distance from the tip 

point, are considered the points that form the tool tip. The algorithm for the tool tip area 

determination is presented in Program 8. The inputs of the algorithm are the contour 

from the pre-process and threshold function and the angle estimated from tool projec-

tions, and the output of the algorithm is the tool tip contour. 

Program 8. Tool tip area determination algorithm 

The algorithm starts with inputting the contour and the angle of rotation of the contour. 

Next, the transformation for rotation is obtained using the angle in line 2 and the rotated 

contour is computed in line 3. This is a matrix multiplication between the transformation 

(rotation and translation) matrix and the matrix representing the contour coordinates. 

Next, in line 4, we initialize the tip point and tip index to the first coordinate and index of 

the contour. In lines 5 to 9 we go through each point of the rotated contour to find the tip 

index.  

It is chosen that the lowest point of the tool is the point that has the smallest x-coordinate 

but it might as well be chosen that the lowest point is the point that has the largest x-

coordinate or smallest or largest y-coordinate. This is all dependent on how the tool is 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 

Input contour, angle 
Compute transformation from angle 
Compute rotated_contour = transformation · contour 
Initialize tip_point and tip_index to first point of contour 
For point in rotated_contour do: 
    If point’s x-coordinate < tip_point’s x-coordiante: 
        Denote tip_index = point’s index 
    end if 
end for 
Denote tip_point = point in contour with tip_index 
For point in contour do: 
    If distance from point to tip_point < value do: 
        Add point to tip_contour 
    end if 
end for 
Return tip_contour 
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oriented in the image provided, and in this case the tool is oriented from right to left. In 

line 10 the tip point is denoted to be the point with the tip index of the contour. 

In lines 11 to 15 we go through the original contour to determine the tip area and to add 

points to tip contour. In line 12 the distance of the point to the tip point is checked and if 

the distance is less than a freely selected value the point is added to the tip contour in 

line 13. Finally, the tool tip contour is outputted from the algorithm in line 16. 

7.1.5 Curvature thresholding for data selection 

Curvature thresholding is a data selection method developed in this thesis. The idea is 

simple: calculate the curvature at contour points in the tip area and omit the points with 

too high or too low curvature. Curvature thresholding aims to select the points that have 

their curvature at a certain range and have similarly curved points around them as good 

data points.  

The curvature calculated for each point is the Menger curvature of Equation (30) which 

is defined by three points. The three points are: a point of the contour for which the 

curvature is calculated to, and two points n indices behind and ahead the point in the 

contour. The algorithm is presented in Program 9. 
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1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 

For point i in contour do: 
    Select points i+n and i-n from contour 
    Compute Menger curvature defined by points i, i+n and i-n 
    If centroid of points i, i+n and i-n outside contour do: 
        Denote curvature = -curvature 
    end if 
    Add computed curvature to curvatures 
    If min_value < curvature < max_value do: 
        Denote curvature good in curvatures 
    else do: 
        Denote curvature bad in curvatures 
    end if 
end for 
For curvature in curvatures and point in contour do: 
    If curvature is good do: 
        Initialize add_to_good_data = True 
        For j = 1:k do: 
            If curvature +/- j is bad do: 
                Denote add_to_good_data = False 
            end if 
        end for 
        If add_to_good_data = True do: 
            If distance from point to tip_point < value do: 
                Add point to good_data 
            end if 
        end if 
    end if 
end for 

Program 9. Algorithm for curvature thresholding 

The algorithm starts with going through the points of the contour in lines 1 to 13. The 

contour in this case is the contour of the whole tool seen on the image to assure the 

continuity of the curvature on the edges of the tip area. The three points are selected in 

line 2 and the points are used to compute the Menger curvature in line 3. Whereas 

Menger curvature is positive by definition, this algorithm applies signed curvature. The 

sign of the curvature is determined in lines 4 to 6 by checking if the centroid of the three 

points is outside the area limited by the contour. If the centroid is outside, the curvature 

is negative, otherwise it is positive. The sign has been computed using OpenCV:s func-

tion pointPolygonTest [40] that calculates if a given point is inside the polygon, outside 

it, or on its edge. The computed curvature is added to a list of curvatures in line 4 and 

the value of the curvature is checked whether it is in an acceptable range in lines 7 to 

12. The range can be decided by the programmer depending on the application and the 

selection of how far the other two points are collected. 

Once all the curvatures are computed, we can check the surroundings of each curvature 

point and start thresholding the data in lines 14 to 28. The curvatures and points of the 

contour are iterated simultaneously. In line 15 the goodness of the curvature is checked 

and in line 16 the flag for adding a point to good data is initialized to true. Next, all the 
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other curvatures ranging from 1 to k are checked in lines 17 to 21. If any of those curva-

tures are bad, then the flag for adding the point to good data is denoted as false. This is 

done to ensure that there are many similarly curved points near each other. This means 

that it is likely that these points represent the data points that define the pivot point of the 

tool. If the flag for adding a point to good data has remained true, we finally check if the 

point is at the tool tip area in line 23. If it is, we add the point to the good data in line 24. 

7.1.6 Fit between two contours 

The major challenge in this thesis was to find out how well the calculated pivot points 

match with each other. Because the only common data with the different images is the 

contour of the tool tip, it makes sense to calculate the sum of intersecting parts between 

the reference contour and the translated contour. The translation is given by the differ-

ence between pivot point locations. If the contours align perfectly, the sum should be 

larger than the sum of only partially intersecting contours. However, because the tool is 

not perfectly rotation-symmetric, there is a small chance that the largest sum might not 

be the result of the best fit. This can be prevented by subtracting the parts of the trans-

lated contour not aligning with the reference contour.  

An image 𝐼tc(𝑥, 𝑦) imaging the translated contour is formed as follows: 

𝐼tc(𝑥, 𝑦) = {
1, if 𝑖(𝑥, 𝑦) is in contour

0, otherwise
, (98)  

where 𝑖(𝑥, 𝑦) is the pixel value at (𝑥, 𝑦). A signed image 𝐼target(𝑥, 𝑦) is formed to represent 

the reference contour as a target. First, negative values are assigned to the image to 

represent the parts to subtract from the intersection sum. All values are initialized to 

𝐼target(𝑥, 𝑦) = −105. Then, a circle with ascending values towards the centre of the circle 

estimated from the target contour data is added to the image: 

𝐼target(𝑥, 𝑦) = {

−100

𝑅 − 𝑟 + 1
(𝑑 − 𝑟 + 1) − 1, if 𝑟 ≤ 𝑑 ≤ 𝑅

−100

𝑅 − 𝑟 + 1
− 1, if 𝑑 < 𝑟

, 𝑅 ≥ 𝑟, (99)  

where 𝑑 is the distance from pixel (𝑥, 𝑦) to the centre of a circle at pixel (𝑥𝑝, 𝑦𝑝), 𝑅 is the 

distance to start the ascend and 𝑟 is the distance to stop the ascend. Additionally, 𝑅 

needs to be larger than or equal to 𝑟, so that the values inside the circle would ascend 

as intended towards the centre. The negative values are assigned to the target image to 
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penalize the translated contours that have large portions of them outside the target area 

but some parts inside the target area. 

Next, the target representing the reference contour is added to the target image: 

𝐼target(𝑥, 𝑦) =
100

𝑒
1
2
(𝑁−𝑡)

+ 𝑡 + 5, if 𝑡 < 𝑁, (100)  

where 𝑁 is the chosen maximum distance and 𝑡 is the distance of a pixel (𝑥, 𝑦) from the 

reference contour. The function defined in Equation (100) is intended to weigh the trans-

lated contours landing very near the reference contour and still reward the translated 

contours that land within a reasonable distance from the contour.  

Finally, the pixels inside an area limited by a polygon are denoted as −105. The polygon 

is defined as: 

(
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, (101)  

where 𝑟𝑝 is the radius of the circle fitted to get the pivot point of the reference contour, 𝑤 

is the width of the image and ℎ is the height of the image. The illustration of the target 

image with a colour bar is presented in Figure 10.  
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Figure 10. Example of the target for fit value calculation. The target is the yel-
low arc in the middle with descending positive values receding from it. Negative 
values remain constant in the centre area until they descend towards the image 

edges where they remain constant again.  

The fit between the translated contour image 𝐼tc and the target image 𝐼target is calculated 

as the sum over the elementwise product between the two images: 

𝑓𝑖𝑡 =∑𝑖tc(𝑥, 𝑦)𝑖target(𝑥, 𝑦)

𝑥,𝑦

, (102)  

 where 𝑖a(𝑥, 𝑦) is the value of the pixel at (𝑥, 𝑦). 
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The algorithm for the fit value computation is presented in Program 10. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

Input reference_circle, reference_contour 
Input current translated_contour 
Create target_image 
Denote negative values to target_image 
Denote target to target_image 
Replace values in irrelevant regions of target_image with \n        
largest negative value 
Create contour_image 
Denote translated_contour to contour_image 
Replace irrelevant regions of contour_image with zeros 
fit_value = sum(contour_image * target_image) 

Program 10. Algorithm for fit value computation 

The algorithm needs the reference circle, reference contour and translated contour which 

are input in lines 1 and 2. The target image is created in lines 3 to 7. The target image 

can be for example the same size as the images from the cameras. The negative and 

positive values are drawn to the image following Equations (98) to (101) in lines 4 and 5. 

Replacing the values in irrelevant regions of the target image with the minimum value is 

done in lines 6 and 7. This is done to prevent positive values in irrelevant regions affect-

ing the results. The contour image is created in lines 8 to 10 by drawing the translated 

contour to the image and replacing the values in irrelevant regions with zeros. The image 

has to be the same size as the target image. The fit value is calculated in line 11 following 

Equation (102). 

7.2 Calibration process 

The process aims to produce enough data from transformations to the tool flange to get 

the least squares solution to the pivot point (or TCP) of the tool as was described in 

Section 5.2. The process for the tool’s pivot point calibration is described in Figure 11. 
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Figure 11. Calibration process 

It is assumed that the initial estimate for the pivot point is close to the actual pivot point.  

This assumption is made to be certain that the tool stays within the imaging area when 

changing its orientation. First, the reference images are taken. The tool should be ori-

ented vertically at this point to ensure the success of the calibration procedure. The lo-

cation of the pivot point is calculated from the reference images and it is saved as de-

scribed in Section 7.1. The orientation of the tool is changed, and new images of the tool 

are taken. The pivot point location is calculated from the new images and the difference 

between the new location and the reference location is calculated. If the differences of 

any axis, x, y or z is larger than 10 µm, the tool is moved according to the difference. 

Once the movement is completed, new images are taken and difference between the 

location of pivot points is calculated again. If all the differences are lower than 10 µm the 

pivot point is considered to be at an acceptable distance from the tool’s desired pivot 

point. The transformation to the tool flange given by the robot’s joint configuration is 

saved. If there is not enough transformations saved, the loop continues by reorienting 

the tool. Once there are enough transformations, minimum being four, the pivot point (or 

TCP) can be calculated by solving the Equation (93) of Section 5.2.  
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7.3 Software used to implement the algorithm 

The software to implement the algorithms presented in this chapter was coded with Py-

thon 3.5 [41] programming language with multiple openly accessible libraries and pack-

ages. The mathematical implementations and matrix operations were done with NumPy-

library [42], computer vision related operations with OpenCV-library [43], regression 

functions for regularized polynomial regression, Bayesian ridge regression and support 

vector regression with scikit-learn -library [44], circle fitting with circle-fit -package [45] 

and visualizations with matplotlib-library [46].  
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8. ASSESMENT OF THE TOOL CALIBRATION AL-

GORITHM 

Three aspects are inspected for the algorithm assessment: the imaging system, data 

selection methods and the calibration results. The imaging system’s accuracy is depend-

ent on the resolution and the repeatability of the location of the pivot point.  

8.1 Imaging accuracy and repeatability 

The imaging accuracy and repeatability is inspected with the spatial resolution of the 

imaging setup in metric units, and by examining the covariance of the pivot point from 

multiple images with the tool in one position. Because the pivot point is determined by a 

circle, the centroid’s and radius’ covariance is examined. This is also testing the repeat-

ability of the pivot point determination algorithm. 

8.1.1 Resolution 

The image resolution defined in this case as pixels-per-millimetre (PPMM) -value was 

calculated at the point where the tool looked the sharpest. However, because of the 

telecentric lenses, and the imaging area being so small, the PPMM does not change 

significantly over the imaging area. Therefore, the PPMM could be calculated by meas-

uring the width of a tool and measuring the corresponding width in pixels in the image 

and dividing the width in meters by the width in pixels. The accuracy of the width meas-

urement was 10 µm, so this is already a limit for the absolute accuracy of the imaging 

system. The result for PPMM is ~359.774 px/mm which means that one pixel is ~2.7795 

µm. This means we can trust the imaging system to locate the pivot point with 10 µm 

accuracy from the resolution aspect. 

8.1.2 Repeatability of pivot point location 

The repeatability of the pivot point location can be determined by inspecting the covari-

ance matrix of multiple images from the same location. This simultaneously tests the 

repeatability of the imaging system, pivot point determination algorithm and gives a hint 

on how well the robot is able to keep the tool at the same spot. Ideally, all these aspects 

would be tested separately, but in this case, it is enough to combine all these aspects 

into one uncertainty to give an overall view on how repeatable the system is as a whole. 
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Ten images were taken with both cameras and the centroids in pixels with their set av-

erage values subtracted from the values are presented in Figure 12. 

 

Figure 12. Centroids of repeated images with means removed in x- and y-
camera 

It can be seen from Figure 12 that the centroids are fairly well concentrated. Especially 

the x-camera’s y-coordinate seems to have a small variance. The data to construct the 

figure is given in Table 1. 

Table 1. Centroid and radius of the pivot point in repeated images 

Image 
number 

 y-image   x-image  

x y radius x y radius 

1 1580.108 917.6904 265.3184 1538.468 903.8757 264.9107 

2 1578.632 917.0143 264.6509 1538.127 903.6944 264.6578 

3 1578.775 916.4869 265.002 1537.018 903.6482 263.986 

4 1578.648 916.2693 265.045 1537.214 903.8063 264.2018 

5 1578.801 916.1199 265.2944 1537.44 903.9606 264.5683 

6 1577.996 915.7616 265.0151 1537.592 903.5704 264.9639 

7 1577.744 915.3844 265.1639 1536.936 903.8224 264.9212 

8 1578.451 915.3712 265.822 1536.969 903.9474 264.7686 

9 1577.71 915.6949 265.0824 1536.953 903.7371 265.0177 

10 1577.942 915.0126 265.414 1537.064 904.0125 265.0224 

For more meaningful analysis, a covariance matrix of the data is computed. The matrix 

is given in Table 2.  

 

 

-1.5

-1

-0.5

0

0.5

1

1.5

2

-1 -0.5 0 0.5 1 1.5 2

y (px)

x (px)

Centroids with means removed

y-image x-image



58 
 

 

Table 2. Covariance matrix of the centroids and radii of the repeated images 

    Covariance 
matrix 

 
y-image 

  
x-image 

 

x y radius x y radius 

y-im-
age 

x 0.455222      

y 0.448675 0.604487     

radius 0.012854 -0.096850 0.086600    

x-im-
age 

x 0.250452 0.330800 -0.047500 0.259634   

y 0.013945 -0.028060 0.029882 -0.009250 0.018923  

radius -0.071090 -0.084330 0.027217 0.022253 0.010736 0.114965 

The variance of y-image’s x-axis is 0.455222 which gives the standard deviation of 

0.674701 px and the variance of y-axis is 0.604487 which gives the standard deviation 

of 0.777488 px. These standard deviations are well below 1 px which indicates a good 

repeatability on the y-image. The covariance between the y-image’s x- and y-axis is 

0.448675 which indicates a diagonal spread on the coordinates. This can be also seen 

from Figure 12. The covariance could mean that possible changes on the other axis 

affect the other axis too. What we can say by analysing further the covariance matrix, 

the effect of the radius is not likely to affect the covariance between x and y because the 

variance of radius is low and the covariances between the radius and x- and y-axis are 

also low. 

The variance of x-image’s x-axis is 0.259634 which gives the standard deviation of 

0.509543 px and the variance of the y-axis is 0.018923 which gives the standard devia-

tion of 0.13756 px. The standard deviations are a lot better, especially on the y-axis which 

could be also seen from Figure 12. The covariance between x- and y-axis is low,                  

-0.009250, which indicates that the x- and y-axis are not dependent on each other: higher 

variance of the x-axis is not seen on y-axis. Also, in this case the radius stays stable with 

low variance and low covariances with the x- and y-axis. 

Assuming the measurement of the PPMM would be accurate to 1 µm instead on 10 µm, 

we can calculate the accuracy of the imaging system on different confidence levels. With 

the confidence of 3σ, the accuracy would be 6.5 µm, with 2σ it would be 4.4 µm and with 

1σ it would be 2.2 µm given the highest standard deviation is 0.777488 px and one pixel 

was 2.7795 µm. All of these are below 10 µm which was the measuring accuracy, so the 

imaging system’s repeatability is limited to 10 µm. 
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8.2 Data selection method comparison 

To optimize the algorithm for speed, the number of data selection methods could be 

reduced. The methods can be compared with each other by normalizing the fit values 

they produce and comparing the sums of them over multiple cycles of using the algo-

rithm. The ranks of the methods can be also compared to see if they produce a different 

result. Additionally, a point system can be established to give points for methods that 

score within certain range from the maximum score. These emphasize the importance 

of good score but if the difference is minimal it really does not matter which translation is 

chosen. In addition to the selection methods, we compare both the centre of the circle 

and bottom of the circle for all methods. The data for the different tools is not separated, 

and it must be stressed that the dataset is biased towards one tool which was used in 

major part of the cases. Therefore, we cannot draw conclusions on how well the methods 

work for certain type of tool or for tools generally.  

The results are presented in Table 3. The results include the normalized sum of all nor-

malized fit values (first row), the rankings of the normalized sums (second row), the nor-

malized sum of points gained from rankings in individual cases (third row), the rankings 

of previous one (fourth row), rankings of the number of first places (fifth row), the number 

of at least second places (sixth row) and the number of at least third places (seventh 

row) in individual cases, and the rankings of the number of normalized sums that are 

within 85 % (eighth row), 90 % (ninth row) and 95 % (tenth row) from the maximum score 

in individual cases. The results for bottom of the circle are presented in rows 1 to 10 and 

for centre of the circle in rows 11 to 20. The methods are marked to the header row of 

the table and are in this order: Bayesian ridge regression (BRR), curvature thresholding 

(CT), regularized polynomial regression (RPR), RANSAC, raw data (raw) and support 

vector regression (SVR). 

 

 

 

 

 

 



60 
 

Table 3.  Method comparison results 

  BRR CT RPR RANSAC raw SVR 
b
o
tt
o

m
 

1   normalized sum 0.932022 0.963706 0.951442 1 0.970785 0.941938 

2 ranks of normalized sums 6 3 4 1 2 5 

3 normalized sum of ranks 0.605805 0.885456 0.697253 1 0.814607 0.569913 

4 ranks of normalized sum of ranks 5 2 4 1 3 6 

5 ranks of ranks =1 5 2 8 1 3 5 

6 ranks of ranks <=2 6 2 5 1 3 4 

7 ranks of ranks <=3 5 2 4 1 3 6 

8 ranks of fit value >0.85MAX 4 6 3 5 1 2 

9 ranks of fit value >0.9MAX 5 6 3 4 1 2 

10 ranks of fit value >0.95MAX 4 5 3 2 1 5 

c
e
n
tr

e
 

11 normalized sum 0.704448 0.588675 0.75278 0.703125 0.836745 0.786074 

12 ranks of normalized sums 10 12 9 11 7 8 

13 normalized sum of ranks 0.052747 0 0.192572 0.19226 0.473159 0.208177 

14 ranks of normalized sum of ranks 11 12 9 10 7 8 

15 ranks of ranks <=1 12 4 11 7 9 10 

16 ranks of ranks <=2 12 8 11 7 9 10 

17 ranks of ranks <=3 12 9 11 7 8 10 

18 ranks of fit value >0.85MAX 11 12 10 9 7 8 

19 ranks of fit value >0.9MAX 11 12 9 10 7 8 

20 ranks of fit value >0.95MAX 11 12 9 9 7 8 

One thing is certain by looking at the table: the bottom of the circle produces better re-

sults than centre of the circle when comparing the methods individually and overall. The 

centre of the circle ranked to the bottom six in all categories except with curvature thresh-

olding (CT) when comparing the number of first places in individual cases, but it lost to 

its bottom counterpart in that category too. The difference between bottom of the circle 

and centre of the circle is vast when analysing the normalized sum of all fit values: the 

all methods score within 7 % from the highest sum while the closest one of centre meth-

ods is over 16 % away from the maximum sum and 9 % away from the closest bottom 

method.  

As stated before, the data set is biased, so the RANSAC-method seems to be the best 

one with almost every meter. But if we look at rows 8 to 10, the most important ones if 

we are looking for the generally best methods, RANSAC is not the best one. In fact, raw 

data would be the best one by getting the most fit values with 85, 90 and 95 % of the 

maximum fit value scored in individual cases. Another stably scoring method in this as-

pect is RPR which is third in all meters. SVR ranks well in 85 and 90 % meters but drops 

in 95 % meter. 
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8.3 Tool’s pivot point calibration accuracy, precision, and ro-
bustness 

The calibration accuracy is assessed by comparing the calibration results with manual 

calibration results. The precision of the calibration with this robot setup is assessed by 

examining the maximum and mean errors of the least squares fit of the calibration 

method described in section 5.2. Robustness of the method is assessed by using differ-

ent tools for calibration and comparing the calibration results. 

The study for the pivot point calibration was executed by inviting three people to do cal-

ibrations first manually and then using the algorithm developed in this thesis. Only gen-

eral information and recommendations on how to do the calibration was provided but the 

amount of calibration points, the orientations for the tool in calibration points and tools to 

calibrate were freely selected. Manual calibration was done using the same imaging 

setup as the algorithm utilizes and a GUI that showed the reference images blended to 

the camera feed. This way the manual calibration produces very accurate results. The 

results include the mean and maximum error for both manual and algorithm driven case 

and they are presented in Table 4. 

Table 4. Calibration results for manual and algorithm driven cases 

Tool Mean error manual Mean error algorithm Max error manual Max error algorithm 

p
er

so
n

 1
 HB2 0.1117 0.1384 0.3702 0.3753 

2H2 0.0657 0.0813 0.2025 0.2557 

HB1 0.0562 0.0669 0.1813 0.1947 

p
er

so
n

 2
 2H2 0.0695 0.0655 0.2045 0.1656 

HB1 0.0755 0.0536 0.1982 0.1262 

B2 0.0588 0.0362 0.1368 0.0948 

p
er

so
n

 3
 2H2 0.0791 0.0784 0.2030 0.1845 

HB1 0.0887 0.0619 0.1951 0.1377 

B2 0.0581 0.0433 0.1981 0.1305 

There is one major difference in conducting the calibrations between person 1 and the 

rest: the robot was moved with the precision of 1 µm with person 1 and with 10 µm with 

the other persons in the algorithm driven case. Manual calibration was done always with 

the robot movement precision of 10 µm. This difference explains why the results are 

more accurate with the algorithm with persons 2 and 3 and the other way around with 

person 1. The reason for this might be the imaging accuracy or issues with robot repeat-

ability. 

The accuracy of the algorithm compared to the manual method is concluded by analysing 

the results gathered from calibrations by persons 2 and 3, we can see that the accuracy 
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of the calibration gets better. With person 2, the mean error decreases marginally with 

tool 2H2, only by 6 %, and with person 3, the decrease is 1 %. However, the maximum 

error decreases with person 2 by 19 % and with person 3 by 9 %. With tools HB1 and 

B2, the difference is larger: with both persons the mean error decreases at least 25 % 

and maximum error decreases at least 30 %. The difference for the error decreases is 

because the interpretation for correct location for the tip has less room for error with 2H2 

tool than the others. This leads to human and algorithm producing similar results given 

the same tools. 

We can thus conclude that the algorithm is more accurate and precise than the manual 

calibration by at least 1 %, but this is dependent on the tool being calibrated. The algo-

rithm also shows robustness by being able to calibrate different tools consistently better 

than a human. 



63 
 

9. CONCLUSIONS AND FUTURE WORK 

The major contribution of this thesis was developing an algorithm that can calibrate the 

pivot point automatically. The study for accuracy, precision and robustness also showed 

that the algorithm could work on its own because there were no failures that required 

human intervention. However, this does not mean that safety limits on movements 

should not be applied if the algorithm is used in automatic calibration process. The cali-

bration results showed that the algorithm developed in this thesis for pivot point calibra-

tion is more accurate than manual calibration. The imaging system is repeatable at least 

to 10 µm and the algorithm can handle multiple rotation-symmetric tools that have a pivot 

point. A major result in this thesis was concluding that bottom of the circle works better 

than the centre of the circle for finding the correct difference between reference pivot 

point and current pivot point location. However, no single data selection method could 

be concluded to be the best for this type of application, and thus all data selection meth-

ods should remain in the algorithm until more data is gathered. 

The absolute accuracy of the algorithm is still unclear, so researching that is necessary. 

Optimizing the algorithm for speed by selecting the correct data selection methods for 

different tools is a logical next step in the development of the algorithm. Also developing 

a more computationally efficient algorithm for determining the fit value is a topic for future 

work, especially if it is impractical to optimize performance of the algorithm.  
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