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This thesis aims to describe the mathematical methodology of multi-channel tran-
scranial electrical stimulation (MC-tES) and its computational implementation in
the open Matlab-based Zeffiro Interface (ZI) toolbox. The goal is to extend the
current solver capabilities of ZI, and by using the solver implementation, among
other things, to enlighten the process of finding a focal optimized, and preferably
sparse, current pattern, as well as to provide the necessary codes for further soft-
ware development. The present implementation covers both forward and inverse
MC-tES solver. The former inherits for ZI’s finite element method based forward
solver for electroencephalography. Here the mathematical framework of this solver is
described and its connection to MC-tES explained. The application of the complete
electrode model boundary conditions ensures the high accuracy of the model at the
vicinity of the current-injecting electrodes. The inverse problem is approached via ℓ1-
regularized optimization and the dual-simplex linear programming algorithm. The
performance of the implementation is evaluated in numerical experiments in which
the volume current density caused by the stimulus is steered using a synthetic 10
nAm source with a reference extent of 253 mm3 as a target. A rough initial range
for the regularization and tolerance parameter is found with somatosensory, visual
and auditory cortex as the reference target areas, using a realistic multi-layered head
model discretized with 1 mm accuracy.
Keywords: Multi-Channel Transcranial Electrical Stimulation (MC-tES), Elec-
troencephalography (EEG), Forward and Inverse Problem, Finite Element Method
(FEM), Optimization
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current placed in the cerebral cortex is used as targeted brain activity with so-
matosensory, visual and auditory brain areas as reference locations. To enhance
the sparsity and quality of the elicited current pattern injected by the electrodes,
we consider both thresholding and re-optimization of said thresholded pattern, as
potential approaches.

This thesis is organized as follows: Neurological background is explained in Chap-
ter 2; Transcranial Electrical Stimulation, application and methods, are described in
Chapter 3. Furthermore, mathematical background that encompasses the forward
model is described in Chapter 4. Optimization procedure, including linear pro-
gramming, is described in Chapter 5. Results are presented in Chapter 6. Lastly,
conclusions are presented in Chapter 8.
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3 Transcranial Electrical Stimulation (tES)

Transcranial Electrical Stimulation (tES) is a form of NIBS method for stimulating
the neuronal activity and treating psychiatric disorders and studying neuronal be-
havior under the influence of continuous, low-intensity current applied to a specific
region of interest (ROI) of the brain. The current dose applied is defined, but not
limited, by the electrode parameters (total number of electrodes, positioning, shape,
and composition), stimulation waveform (amplitude, pulse shape, amplitude, width,
polarity) and number of stimulation sessions including the time interval between
each sessions (Peterchev et al. 2012); generally traveling through the soft tissue and
skull (Vöröslakos et al. 2018), should be high enough to penetrate the scalp, able
to increase or decrease intrinsic neuronal excitability (Miniussi et al. 2013), while
low enough to prevent severe significant adverse effects during and after stimulation
session.

Numerous experiments had resorted these electrostimulating methods to study
various neuropsychiatric disorders and brain illnesses including stroke conditions
(Fregni et al. 2005b; Lindenberg et al. 2010), epilepsy syndromes (Fregni et al.
2006a), Parkinson’s disease (Boggio et al. 2006; Benninger et al. 2010; Fregni et al.
2005a; Fregni et al. 2006c), major depression disorder (Boggio et al. 2007; Fregni
et al. 2006d; Nitsche et al. 2009), tinnitus (ringing in ear) (Fregni et al. 2006b),
migraine (Antal et al. 2003), and alcoholism (Boggio et al. 2008).

3.1 Application

To apply tES, a set of at least two or more metal or conductive-rubber electrodes
with saline-soaked sponges must be attached to the scalp of the head model (DaSilva
et al. 2011; Ukueberuwa and Wassermann 2010) where the underneath lobes of the
brain to be stimulated area can be identified. The shape and size of the saline-
soaked sponges attached to the terminals must be designed to uniformly distribute
the current over the stimulation area for preventing an eletrical concentration on
the skin-sponge interface, reducing skin irritability generated by these methods (Fu-
rubayashi et al. 2008). Deployment of these electrodes can follow directly from
International EEG 10-10 or 10-20 system (see Fig. 3.1); the ROI of the subject
is determined by measuring distances between inion to the nasion, and from left
pre-auricular to the right pre-auricular (Klem 1999).

The distance between the electrodes applied across the scalp and the electric
generator (or an voltage-fixed battery) will function as a closed-circuitry where the
stimulation current (in mA) travels for a fixed amount of time (measured in minutes)











15

lasting 4, 5 and 6 minutes respectively. Only a minimal duration of 5 minutes ses-
sion was required to observe the excitability that Terney et al. (2008) presented.
While the latter method can be understood as an adjustment, however, comparing
the conclusions drawn from both parties are insufficient to determinate whether or
not the minimal requirement is indeed only 5 minutes. Even though the physio-
logically causalities has not been well understood so far, the motivation and results
documented are significant enough to be considered as a milestone in tRNS stud-
ies. Is suspected that the reason for excitability emanating from this method may
be attributed to the repetitive opening of sodium channels (Paulus 2011) or the
increased neuronal network sensitivity to modulation (Francis et al. 2003). One ad-
vantage worth noticing is that patients have reported to feel less sensations of pain
with tRNS compared to the tDCS method.

3.3 Need for Optimization

One pragmatic problem on MC-tES is the amount of freedom researchers and clin-
icians has for adjusting (tweaking) electrode parameters and current dosage. In
most cases, full details are not provided either because focalization over the ROI is
enhanced through placement of the electrode on the scalp or the planned injected
current for stimulation cannot be delivered (or received) as intended (Guleyupoglu
et al. 2013); permitting this action consequently results in an increased number of
cases with different adjustments. Although this action can be justifiable since human
morphology as well as their electrical properties varies from one case to another, the
amount of studies with contradictory outcomes alludes the fact that conventional
MC-tES regularization are far from finding optimal standardization.

Conventional tDCS require the usage of extended size electrodes patches to inject
the current pattern to a specific area within the target brain ROI. One approach
to improve the targeting is to optimize the electrode placement. This optimization
varies depends whether the goal is to maximize focality or directionality at the
target ROI (Rampersad et al. 2013). Should the goal is to increase the focality,
the electrodes patches should be replaced with a dense array of electrodes over the
ROI instead (Datta et al. 2009). The availability of using an increased number
of electrodes patches consequently leads to an increase of degrees of freedom, thus
the importance for devising systematic techniques to determinate optimal injected
current pattern is required, specially when using dense arrays as the working area
is limited.
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Z‘ = 0 or I‘ = 0, no difference will be present, therefore both potentials U‘ and u

will become constants, U‘ � u. By assuming that the effective contact impedance
is ~Z‘ = Z‘je‘j, we can now rewrite 4.12 as

U‘ =
R

‘ u dS

je‘j
+ Z‘I‘. (4.13)

4.3 Weak Form

A general weak form for electric potential field u 2 H1(
) can be obtained integrat-
ing by parts. Here H1(
) denotes a Sobolev space of square integrable (

R
Ω

juj2 dV <

1) functions with square integrable partial derivatives. Multiplying 4.9 with a
smooth enough test function v 2 S, where S is a subspace of H1(
), it follows that

0 = �
Z

Ω

r � (σru)v dV,
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Z
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Z

e‘

σ
∂u

∂n
v dS. (4.14)

The weak form of 4.14 can then be obtained by substituting the second term of the
right-side and yields
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thus, the final form is

0 =
Z

Ω

r � (σru)v dV �
LX

‘=1

I‘
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e‘

v dS

�
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for all v 2 S. The left-side of 4.16 defines a diffusion operator. On the right-side,
the first term corresponds to neural sources, the second term to the stimulation
sources, the third and fourth terms describe the shunting effects.

4.3.1 Point Electrode Model (PEM)

Electrodes that are point-like, for example needle electrodes, can be modelled via
PEM evaluating the limit of 4.16, where the surface area of the electrode tends to
a single point p⃗‘ (electrode position), that is

1
je‘j

Z

e‘

v dS ! v(p⃗‘). (4.17)

In other words, the integral mean of v tends to v(p⃗‘). When applied to 4.16, the
third and fourth term on the right hand side vanish, since 1

je‘j2
R

e‘
u dS

R
e‘

v dS !
v(p⃗‘)u(p⃗‘) and 1

je‘j

R
e‘

uv dS ! v(p⃗‘)u(p⃗‘). Thus, the weakform for PEM is given by

Z

Ω

σru � rv dV = �
Z

Ω

(r � Jp)v dV +
LX

‘=1

I‘v(p⃗‘) (4.18)

4.4 Resistivity matrix

We derive the resistivity matrix R for the previously mentioned electrode models
when the right side of the equation 4.9 has a potential value of zero. Given the
scalar valued functions ψ1, ψ2, . . . , ψn 2 S, the potential u can be approximated as
the finite sum u =

PN
i=1 zi ψi . Denoting by z = (z1, z2, . . . , zN) the coordinate vector

of the discretized potential, by U = (U1, U2, . . . , UL) the (ungrounded) electrode
voltages, and by y = (I1, I2, . . . , IL) as the injected current pattern, the weak form
4.16 is given by  

A �B
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z

y

!

=

 
0

U

!

. (4.19)
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Here, A is of the form

ai;j =
Z

Ω

σrψi � rψj dV +
LX

‘=1

1
Z‘je‘j

Z

e‘

ψiψj dS, (4.20)

and the entries of B (N -by-L) and C (L-by-L) are given by

bi;‘ =
1

Z‘je‘j

Z

e‘

ψi dS, (4.21)

c‘;‘ =
1
Z‘

. (4.22)

Consequently, the resistivity matrix satisfying z = Ry can be expressed as

R = A �1B (C � B T A �1B )�1. (4.23)

The ungrounded electrode potentials U can be obtained by referring to the bottom
row of 4.19, U = �B T z + Cy . The resistivity matrix for the PEM weak form 4.18
can be followed from 4.23 by taking the limit je‘j ! p⃗‘ which leads to

bi;‘ !
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ψi(p⃗‘) (4.24)

and
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or
a0

i;j !
Z

Ω

σrψi � rψj dV. (4.26)

4.5 Volume current matrix

We now define a matrix F(k) which evaluates the k-th Cartesian component of the
volume current density �σru when multiplied by the coordinate vector z of the
discretized electrical potential distribution u. The entries of this matrix are given
by

f
(k)
i;j =

8
<

:
�σj(rψj)k, if j 2 Ti

0, otherwise,
(4.27)

where subsets Ti, i = 1, 2, . . . , M form a partitioning of 
 for a user-defined dimen-
sion M . The k-th Cartesian component of the discretized volume current given the
stimulating current pattern can be obtained as follows

F (k)Ry = F (k)A �1B (C � B T A �1B )�1y . (4.28)
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