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ABSTRACT

Chaos is ubiquitous and plays an important part in most fields of science. On the
classical side, it is widely acknowledged that dynamics is difficult to predict due to
chaos. However, on the quantum side, we can push the limit further by employing
quantum coherence for our benefit. A quantum scar is a striking visual manifestation of quantum mechanical suppression of classical chaos: the condensation of the
probability density in the vicinity of unstable classical periodic orbits.
This Thesis presents a self-contained introduction to a new class of quantum scarring discovered in disordered nanostructures. Counterintuitively, adding randomly
scattered perturbations can actually reveal hidden (classical) regularities in a quantum system. In this pertubation-induced scarring, some of the high-energy states of a
perturbed system are strongly scarred by the periodic orbits of the unperturbed counterpart. Interestingly, this type of scarring is characteristic for disordered nanostructures. This fact is further supported by the physical scarring mechanism presented in
the Thesis. Furthermore, the studied scarring phenomenon sheds light upon understanding the fundamental disconnection posed by reconciling quantum formalism
with the classical concept of chaos. Several quantum measures, including both conventional and modern statistical methods, have shown that the scarring is connected
to the suppression of chaos in eigenvalue statistics.
From the point of view of future nanoelectronics, the results presented in this
Thesis provide insights into the physics of disordered nanostructures. In particularly, it has been shown that the existence, geometry and orientation of perturbationinduced scars can be controlled with experimentally feasible schemes. Together,
these properties could lead to a new field of “scartronics”, where the local conductance of a nanoscale system is modulated by inducing and manipulating scarred
states.
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TIIVISTELMÄ

Kaaoottisia ilmiöitä esiintyy kaikkialla ympärillämme. Tunnetusti klassisen systeemin pitkän ajan käytöksen ennustaminen on haasteellista tai mahdotonta kaaoksen takia. Tätä ennustavuutta voidaan kuitenkin parantaa hyödyntämällä kvanttikoherenssia. Esimerkki kvanttimekaaniikan kaaosta vaimentamasta vaikutuksesta on
kvanttiarpeutuminen, jossa kvanttisysteemin ominaistilan todennäköisyystiheys on
korostonut klassisen mekaaniikan mukaisen epästabiilin periodisen liikeradan ympäristössä.
Tämä väitöskirja käsittelee hiljattain löydettyä uudenlaista kvanttiarpeutumista
paikallisesti häiriöidyssä nanomittakaavan rakenteissa. Intuition vastaisesti satunnaiset häiriöt saavat kvanttisysteemin paljastamaan klassisen fysiikan mukaiset säännölliset liikeradat. Kyseisessä ilmiössä klassisen mekaniikan mukaiset häiriöttömän
systeemin jaksolliset liikeradat jättävät jäljen – kvanttiarven – vastaavan kvanttimekaanisen häirityn järjestelmän korkean kvanttiluvun ominaistiloihin. Mielenkiintoisesti tämän kaltainen kvanttiarpeutuminen on ennemmin pääsääntö kuin poikkeus
paikallisesti häirityissä kvanttisysteemeissä. Tätä seikkaa tukee väitöskirjassa esitetyn arpimekanismin yleisluontoisuus. Kyseinen kvanttiarpeutuminen lisäksi edesauttaa valaisemaan, miten klassillisen mekaniikan mukainen kaaos ilmenee kvanttimekaniikkassa. Eri kvanttikaaosmittarit ovat osoittaneet, että arpeutuminen on
kytkeytynyt kaaoottisuuden vaimenemiseen energiatilastatiikassa.
Modernin teknologian näkökulmasta tässä väitöskirjassa esitetyt tulokset auttavat ymmärtämään häirittyjen nanoskaalan kvanttirakenteiden käyttäytymistä. Erityisesti arpitutkimus on osoittanut, että kvanttiarpien olemassaoloa, muotoa sekä
suuntaa voidaan kontrolloida kokeellisesti. Tulevaisuudessa kvanttiarpeutumista saatetaankin hyödyntää sähkönjohtavuuden kontrolloimiseen kvanttijärjestelmissä.
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1

INTRODUCTION

In the beginning there was chaos...

The term – chaos – was not originally introduced to describe a well-defined scientific problem but it emerged in popularized science. The everyday usage of the term
refers to an opposite of order, reflecting at some level the original meaning of the
word in ancient Greece [1]. In the scientific context, chaos is generally associated
with our limit of predictability. “When the present determines the future, but the
approximate present does not approximately determine the future”, as summarized
by Edward Lorenz, one of the key founders of modern chaos theory. However, we
do not fully understand the nature of chaos. As classical chaos seems to be everywhere, quantum chaos, on the contrary, is not even clearly defined.

1.1 Birth of chaos theory
Although chaos theory is nowadays considered as an interdisciplinary field, its origin lies in physics. The field began in the mid-1600, when Newton published [2] his
laws of motion and the law of the universal gravity, elucidating Kepler’s laws of planetary motion as well as sparking the evolution of calculus and classical mechanics.
However, after decades of effort, the future progress seemed to be already doomed
by the hardship of the infamous three-body problem [3].
The next breakthrough was achieved by Poincaré [4] in the late 1800s. His insight
was to change the way of thinking about dynamics to emphasize qualitative rather
than quantitative aspects. Rather than considering the exact velocities and positions
of objects at all times, we instead focus on analyzing, e.g., the stability of a given
system. The geometric approach developed by Poincaré has then flowered into the
modern subject of dynamics, with applicability far beyond celestial mechanics. For
example, one basic technique for considering dynamics in a geometrical manner is to
interpret differential equations as vector fields. In particular, the geometric approach
17

enabled Poincaré to have the first glimpse on the nightmare of chaos, the inherent
inability for accurate long-term predictions.
Although the geometric approach of Poincaré was later developed further to yield
a much deeper understanding of classical mechanics, thanks to, e.g., the work of
Birkhoff, and later Kolmogorov, Arnold and Moser (see, e.g., Ref. [5]), chaos remained in the background in the first half of the 20th century. Instead, the focus
was on the dynamics of nonlinear oscillators, which stimulated new mathematical
techniques and paved a way for modern technologies such as radars and lasers. In the
1950s, the development of computers revolutionized the study of chaos by permitting the simulation of systems too tedious to analyze just by pen and paper. Such
a study was conducted by E. N. Lorenz, who first observed [6] the chaotic motion
on a strange attractor; the solution of his simplified weather model oscillated in an
irregular fashion. However, the solution fell onto a butterfly-shaped set of points as
illustrated in Fig. 1.1, a forefather of fractals. Moreover, tiny errors of the initial state,
such as a truncation of the values to three decimal places, amplified rapidly, eventually resulting in an embarrassing forecast. As a matter of irony, Lorenz stumbled,
by accident, on what would be later known as chaos theory, the term first deployed
by mathematician James A. Yorke [7].

Figure 1.1 Example of the Lorenz attractor, i.e., a sample of chaotic solutions contained in the Lorenz
equations providing a simplified model for atmospheric convection. Due to the shape of the
Lorenz attractor, the sensitivity on initial conditions is better known in popular culture as the
“butterfly effect”. In the figure, the attractor seems to cross itself repeatedly, but this is just an
artifact of projecting the three-dimensional solution onto a two-dimensional plane.

18

Lorenz’s discoveries had little impact until the 1970s, a golden decade for chaos
research. The highlights of this active decade include famous examples of chaos presented in the review article of R. M. May [8], such as the logistic map and other
iterated maps emerging in population modeling, counterbalancing the often misleading linear intuition towards the nonlinear way of thinking. The most surprising
discovery was reported by Feigenbaum [9]: completely different systems can undergo a transition into chaos in a similar fashion. By the 1980s, the influence of
chaos has spread into various scientific fields, including physics, chemistry, biology,
economics, and geology (see, e.g., Ref. [10]).
During the last decades, chaos has attracted attention along with fractals, which
were popularized by Mandelbrot [11–13]. After James Gleick’s book in 1987 [14],
chaos theory became a trendy field of study. It seems that a wider audience – not
just a hardcore scientist – is fascinated by the nature of chaos. In the scientific community, it is nowadays recognized that chaos is not lurking in a small isolated set of
special systems. Instead, in most systems chaos occurs as a default. In nature, chaos
can be observed everywhere, e.g., in the motion of planets or in the predator-prey
populations. In particular, chaos is not a formless void as originally thought, but
instead it can even show aesthetic beauty.

1.2 Dynamical worldview
The history of chaos has been tightly connected to the study of dynamical systems.
A pedagogical introduction to the topic is presented in Ref. [10], and a more rigorous presentation is given in Ref. [15]. A generic dynamical system consists of two
elements: a phase space and an evolution law. The phase space is the collection of all
possible states of a represented system, and each possible state of the system corresponds to a unique point in the phase space. In other words, the dimension of the
phase space equals to the number of parameters required to fully characterize the
state of the system.
To determine a dynamical system, the phase space needs to be equipped with an
evolution law. There are two different categories of dynamical systems, based on the
nature of the evolution. For continuous time parameter, the evolution rule is represented by a set of first order differential equations; whereas in the case of discrete
time, a set of functions maps a given state to the next state. The evolution law defines
19

a unique trajectory for a given initial phase space point describing deterministically
the state of the system for any future time. In other words, every state of the system
is determined by an unbroken chain of prior occurrences.
The dynamical system is a fundamental model for studying chaotic dynamics. A
mathematically rigorous definition of chaos is, however, an extremely challenging
issue, which is still under an ongoing debate (see, e.g., Ref. [16]). The disagreement
originates from the fact that the definition should include all the natural candidates
but at the same time it should exclude all the unwanted possibilities [17]. Even
though no universal definition for chaos exists yet, there is one by Strogatz [10]
containing the three ingredients commonly agreed on:
Chaos is aperiodic long-term behavior in a deterministic system that exhibits sensitive dependence on initial conditions.
In this definition, the aperiodic long-term behavior means that there are trajectories which do not settle on regular motion, such as fixed points, limit cycles, periodic
orbits (POs) or quasi-periodic orbits, as time goes to infinity. For practical reasons,
it should be required that these chaotic trajectories are not too rare. Furthermore,
the irregular motion does not arise from random or noisy parameters; rather it is
born inherently as a consequence of deterministic time evolution.
The sensitivity to initial conditions refers to the situation where the distance between two phase space points grows exponentially in time starting from an arbitrary small initial difference. More precisely, suppose that r(0) is an initial state
at time t = 0, and r̃(0) is another state close to it with a tiny separation of initial
length δ(0) = ||r(0)−r̃(0)||, as illustrated in Fig. 1.2. As time goes on, the separation
δ(t ) = ||r(t ) − r̃(t )|| grows as
δ(t ) ∼ exp (λt ) δ(0),

(1.1)

where the rate of exponential divergence is characterized by the (positive) Lyapunov
exponent λ. Its inverse, known as the Lyapunov time, describes the timescale on
which chaotic behavior emerges in the system. However, for some systems, the Lyapunov time is so large that a fundamentally chaotic system seems practically to behave in an orderly fashion. For example, our Solar System has the Lyapunov time
of the order of 5 million years [18].
When a system has a positive Lyapunov exponent λ, there is a time horizon be20

Figure 1.2 Growth of the separation δ between two trajectories r and
by the positive Lyapunov exponent for chaotic trajectories.

r̃ in time, which is characterized

yond which our prediction breaks down. Let us suppose that ∆ is our acceptable
relative tolerance. Now, our prediction becomes intolerable when δ(t ) ≥ ∆ which
occurs after the time horizon
thorizon ∼

1
∆
ln
.
λ δ(0)

(1.2)

Because of the logarithmic dependence on the initial uncertainty δ(0), we cannot
predict longer than a few multiples of the Lyapunov time 1/λ, no matter how much
the initial measurement error is reduced. For example, we could image that we are
trying to predict the state of a chaotic system to within a tolerance of ∆ = 10−3 ,
when we improve our initial accuracy δ(0) = 10−7 to the value of 10−13 . Even after
a millionfold improvement in the initial uncertainty, the time for a tolerable prediction is only 2.5 times longer. Therefore, a prediction beyond the Lyapunov time
would quickly begin to call for an initial measurement precision outside of an conceivable technology. This nature of unpredictability is encapsulated in the renowned
methaphorical thought [19] by Lorenz; the flap of a butterfly’s wings in Amazon can
cause a hurricane occurring in Texas a few weeks later.
Based on the existence of the exponential divergence phase space points, the system can be categorized into two classes. A system with no chaotic phase space is
specified as regular, or equivalently integrable. On the other hand, a system with
all states chaotic is called as fully chaotic. Both of these are exceptional limits of a
21

mixed system where both chaotic and regular motion coexist. In the literature, fully
chaotic and mixed cases are also known as hard and soft chaos, respectively. In a
mixed system, the relative fraction of the overall chaotic phase space is a widely employed yardstick for the degree of chaocity.
There are, however, some minimal requirements for chaos to emerge in a generic
dynamical system. In particular, the chaotic behavior stems from the system’s nonlinearity. The essential difference is that a linear system can be broken down into
parts, which each can be separately solved and finally recombined for the full solution. In this sense, a linear system is precisely the sum of its parts, and thus too
simple to yield chaos. It should be emphasized that nature often does not act in a
linear manner. Whenever the parts of a system interact, nonlinearities are present.
Most of the everyday phenomena are nonlinear, and the cornerstone of linear dynamics, the superposition principle, breaks.
Besides the necessity of the nonlinearity, another restriction for chaos is given
by the Poincaré-Bendixson (PB) theorem [20], which is one of the central results of
nonlinear dynamics. It dictates that the dimension of a phase space is required to be
at least three for chaos to appear in smooth, continuous-time dynamics. For lower
dimensional phase spaces, the dynamical possibilities are limited, and chaos cannot
emerge.
With the requirement of nonlinearity and the PB theorem satisfied, chaos can
manifest in a continuous-time system. It is intuitively understandable that a complex
system could behave irregularly. That is, why the tomorrow’s weather is not forecast
a month advance, and it always stays as the topic of today. As supported by the
everyday experience, the more there are moving parts, the more tedious it tends
to be to plan the future accurately. However, the reality is that even a very simple
dynamical system can be chaotic.
A particularly simplistic prototype for continuous-time chaos is given by the
Rössler system [21]:
⎧
⎪
ẋ = −(y + z)
⎪
⎪
⎨

ẏ = x + ay
⎪
⎪
⎪
⎩ ̇z = b + z(x − c),

(1.3)

where the time derivative is denoted by the dot, with common practice. The Rössler
system has a three-dimensional phase space where each point is described by a triplet
22

(x, y, z). As even more ascetic than the mentioned Lorentz system [6] for atmospheric convection, the only source of nonlinearity is one quadratic term x z. Nonetheless, the solution of the Rössler system shows chaotic behavior for certain ranges of
the parameter set (a, b , c). Although the spark for the Rössler system was purely a
theoretical curiosity, it was later found [22, 23] to be useful in modeling equilibrium
in chemical reactions.
If the prerequisites of the PB theorem [20] are broken, even simpler systems can
display chaotic behavior. An iconic example is the Game of Life [24] demonstrating
that even a simple set of rules can produce complicated dynamics. Nevertheless,
the most well-known example of discrete-time chaos is, by far, the logistic map [8].
Mathematically, it is expressed as
xn+1 = µ(1 − xn )xn

(1.4)

which determines the evolution of an initial state x0 ∈]0, 1[ for succedent iterations
n ∈ N. When the control parameter µ is set over the threshold value µ∞ ≈ 3.569946,
chaotic sequences of iterations xn appear. Despite the deceptive simplicity being just
second-degree polynomial, the logistic map is a cornucopia of dynamics, and it is
still under active investigation.
Regardless of a particular system, chaos often emerges in a similar fashion. For
example, many systems undergo a cascade of periodic doubling on their path to chaos
with steps laid by the Feigenbaum constant [9]. Contrast to the original meaning [1],
chaos is thus not some kind of void of information. It can be investigated, even with
simple models, and the knowledge can be directly applied to natural phenomena,
even exploited to accomplish some practical things [25].

1.3 Chaos in classical mechanics
Classical mechanics can be considered as a special subclass in the broader context of
dynamical systems. Here, the relevant aspects are briefly covered with a focus on understanding the role of chaos in classical mechanics. A more thorough introduction
can be found, e.g., in Refs. [5, 26, 27].
A description of a classical system of particles can be derived from its Lagrangian
̇ ) where q = (q1 , . . . , qN ) collectively denotes the generalized coordifunction L (q, q
23

̇ = (q̇ 1 , . . . , q̇ N ) are the cornates of the system (assuming there are N of them), and q
responding time derivatives, i.e., velocities. These are can be absolutely any variables
that enables us to write the kinetic and potential energies T and V , respectively, to
give the Lagrangian L = T − V . The number N is called the number of degrees
of freedom referring to the number of independent motions that are allowed to the
system.
The dynamics in the configuration space formed by the coordinates q is determined by Hamilton’s principle: the transition of the system from time t1 to time t2
is such that the action
S=

∫︂

t2

̇ ) dt
L (q, q

(1.5)

t1

has a stationary value for the physical motion. For the sought extremum, we obtain
the Lagrange equation
d
dt



∂L
∂ q̇ i


−

∂L
=0
∂ qi

for all

i = 1, . . . , N

(1.6)

by explicitly calculating the variation of action and requiring that it vanishes for all
small changes small changes in the coordinates and their velocities along the path
starting with position q(t1 ) at time t1 , and ending with position q(t2 ) at time t2 .
In addition to classical mechanics, the Hamilton’s principle is applicable in several
fields of physics including, e.g., optics, electrodynamics or quantum mechanics.
But besides Lagrange’s formalism, there is an equivalent formalism first developed by Hamilton, which is not particularly superior to the Lagrangian formulation for solving problems in classical mechanics but provides us with more insight
into the dynamical structure of classical mechanics. The transformation from the
Lagrangian representation to the Hamiltonian formalism is a special case of a Leġ are eliminated in favor of generalized
endre transformation, where the velocities q
momenta p = ( p1 , . . . , pN ) defined as
pi =

∂L
∂ q̇ i

(1.7)

for all i = 1, . . . , N . The role of the Lagrangian is taken by the system’s Hamiltonian
̇ · p − L (q, q
̇) .
H (q, p) = q
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(1.8)

Together the canonical variables, i.e., generalized coordinates and corresponding
momenta, construct a 2N dimensional phase space, where a point (q, p) represent
a state of the system. The time-evolution is governed by Hamilton’s equation of
motion
q̇ i =

∂H
∂ pi

and

̇p i = −

∂H
.
∂ qi

(1.9)

Thus, the whole dynamics of a classical system is recorded in its Hamilton’s function
H, which reconciles with the total energy of the system in many cases [28].
Hamiltonian dynamics has some characteristical properties differentiating it from
a generic dynamical system. First, phase space volumes are preserved under timeevolution, better known as the Liouville theorem, implying, for example, that there
are no attractors or repellors in Hamiltonian systems. Second, the PB theorem [20]
constrains Hamiltonian chaos in a way that a phase space has to be at least fourdimensional. Third, there often exist constants of motion further restricting the
motion of the system onto a hypersurface of the full phase space.
By a constant of motion, we refer to the function F (q, p) on phase space, which
does not explicitly depend on time and its Poisson brackets with the Hamiltonian
vanishes:


N 
∑︂
∂H∂F ∂H∂F
{H, F }PB :=
−
= 0.
∂ pi ∂ qi
∂ qi ∂ pi
i =1

(1.10)

Thus, a time-independent Hamiltonian is automatically a constant of motion, often
stating that the total energy of system is conserved. Geometrically, the vanishing
Poisson bracket of the function F (q, p) means that it is a symmetry of the Hamiltonian. This profound connection between symmetries and conservative quantities
is the message of the celebrated Noether theorem (see, e.g., Ref. [5]).
An integrable, or regular, system is defined (in the Liouville sense) to contain as
many independent constants of motion as it has degrees of motion. Then, it is possible to transform the canonical coordinates ({qi }, { pi }) into a set of new coordinates
({Ii }, {θi }) where the Hamiltonian only depends on the variable {Ii }. The variables
{Ii } and {θi } are known as the action and angle coordinates, respectively. In the
action-angle coordinates, the solution of the Hamilton’s equation can be thereby
written (see, e.g., Ref. [5]) in the following way
Ii = constant

and

θi =
25

∂H
t + constant.
∂ Ii

(1.11)

As the angles {θi } are defined on the interval [0, 2π[, the motion in the phase space
occurs on a torus. Identifying a particular point in the phase space is enough first to
specify on which torus the point is (actions), and to specify the location on the torus
(angles).
In addition to regular systems, there are so-called “superintegrable” systems, which
have more constants of motion than the degrees of motion. The two well-known
examples of superintegrable systems are the hydrogen atom and the harmonic oscillator. This stems from an additional symmetry that is particular to the Coulomb
and harmonic potentials. For example, the extra constant of motion in the 1/r potential is known as the Runge-Lenz vector. In the quantum mechanical treatment
of the Coulomb and harmonic potential, there are symmetries responsible for these
additional constants of motion, which further manifest as a degeneracy in the corresponding quantum spectrum.
On top of the superintegrability, we consider separately the case of involution
where the mutual Poisson brackets of the independent functions Fn (q, p) vanish
along with the Hamiltonian H, i.e.,

N 
∑︂
∂ Fn ∂ F m ∂ Fn ∂ F m
{Fn , F m }PB =
−
=0
∂ pi ∂ qi
∂ qi ∂ pi
i=1

(1.12)

as well as {H, Fn }PB = 0 for all n, m = 1, . . . , N . Therefore, the functions are symmetries of each other as well as the Hamiltonian. This special situation is commonly
referred as being completely integrable. In literature, the term partially integrable is
sometimes used if there are constants of motion in involution but fewer than the
degree of motion.
No chaos can take place in an integrable system, where the motion is described
by the solution (1.11) for a given initial values. In fact, all one-dimensional, timeindependent system are integrable, since the Hamiltonian is then the required constant of motion. Thus, all separable systems are also integrable by definition. Moreover, Kepler and Coulomb motion in three-dimensional space fall into this category,
where chaos cannot emerge. However, if a small non-integrable part is added to an
integrable Hamiltonian, a famous Kolmogorov-Arnold-Moser (KAM) theorem [29–
32] states that “most” orbits remain non-chaotic as long as the perturbation on the
integrable system stays relatively small. This suggests that chaos sets in smoothly in
the system as the integrability is broken.
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Two-dimensional systems are interesting in the sense that they are still relatively
simple by restricting the dynamics onto a plane, but they are sufficiently complex
to show chaotic behavior. A common prototype system for studying Hamiltonian
chaos is a billiard. In a billiard, a point-like particle moves without friction in a
two-dimensional domain bouncing from domain boundaries by a specular reflection.
Due to the specular reflection, the PB theorem does not apply to the discontinuous
dynamics of a billiard. Peculiarly, the dynamics is only governed by the shape of the
boundary curve. Finally, it is enough to know the sequence of reflections defined by
the billiard map in order to characterize the motion of the particle. Thus, the billiard
dynamics can be determined without the difficulties stemming from the integration
of the equation of motion. Yet, a billiard manage to capture all the complexity of
the Hamiltonian systems, from integrability to chaotic behavior.
Each elliptic billiard, including the circular system as a special case, is known to
be integrable (see, e.g., Ref. [33]). Figure 1.3, on the other hand, presents two billiards, notorious on their chaotic nature: the Bunimovich stadium (left) and the Sinai
billiard (right). The Bunimovich stadium [34–36], or generally just a stadium, consists of two the two semi-circles connected by two straight lines. A stadium system
can be experimentally realized, e.g., in a optical set-up [37]. The stadium is regarded
as a Bernoulli system, i.e., all trajectories (up to a zero measure) have the positive
Lyapunov exponent. Another billiard system portraying complete chaos is the Sinai
billiard [38, 39], which is also a Bernoulli system. However, chaotic motion inside
the Sinai billiard stems from a concave component causing dispersion, instead of the
defocus taking place in the stadium. Although the Sinai billiard was originally introduced [40] by H. A. Lorentz in 1905 to devise the dynamics of classical electrons in
metals, it more generally forms the theoretical foundation for the periodic Lorentz
gas [41–45], which has became a standard model to explain the interplay between
chaos and transport (see, e.g., Refs. [46–52]).
To clarify, completely integrable as well as fully chaotic systems are rare – though
reading most textbooks would give another impression. A typical system is mixed so
that the phase space contains regular as well as chaotic regions. For example, according to the Birkhoff conjecture [53], ellipses are only completely integrable among
all billiards with smooth curves. The Nekhoroshev theorem [54, 55] further states
that all non-integrable systems have a phase space which has chaotic regions. The
Bunimovich mushroom [56] composed of a semicircular cap sitting on a rectangular
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Figure 1.3 Bunimovich stadium (left) and the Sinai billiard (right). The blue and red lines in the billiards
illustrate the trajectories of two particles differing a little only in the direction of the initial
momentum at the initial position marked by the green triangle. After a few reflections the
initial difference is grown, and the final position of the particles depend sensitively on the
initial configuration. Thus, the motion inside both billiards shows chaotic behavior.

stem is a visual and rigorously studied example of a Hamiltonian system with the
phase space divided into regular KAM-islands and chaotic sea. On top of geometric factors, actual billiards, and other cavities, are generally influenced by impurities
and imperfections causing mixed dynamics. Besides additional deflects, realistically
bounded billiards have soft walls, in contrast to theoretical, fully rigid boundaries.
This softness of the billiard wall can further enhance chaos [57]. In addition, the
motion of a particle is often controlled with external methods such as a magnetic
field which can bring chaotic behavior [58].
Most of the chaos research has focused on classical dynamics in, e.g., billiard systems and omitted quantum mechanical effects. In sufficiently small length and time
scales approaching the atomic scales, we need to shift from the Newtonian picture
and point particles to a quantum-mechanical description. However, in quantum mechanics the concept of chaos has a degree of ambiguity, and as a phenomenon it requires definitions that are largely different from the classical counterpart.

1.4 Quantum aspect of classical chaos
Although chaotic behavior has a pivotal role in many fields of science, tying together
quantum formalism with classical chaos has been a long-standing challenge. The fun28

damental disconnection poses a challenge to the quantum-classical correspondence
that classical mechanics is the large-quantum-number limit of quantum mechanics.
This disconnection is related to the fact that quantum mechanics has a different kind
of mathematical structure than classical mechanics (see, e.g., Refs. [59–62]).
All physical information of a quantum system is encoded into a state vector |Ψ〉.
More explicitly, a state vector belongs to a complex Hilbert space, and it determines
a mathematical representation for the properties of a quantum system. When projected into a specific basis, a state vector relates to a quantity known as the wave
function. In the conventional sense of the Copenhagen interpretation [63], a wave
function is further related to the probability of observing the system in a physical
state defined by the state vector.
For a quantum system, the phase space is a proper Hilbert space of state vectors
|Ψ〉, whose time-evolution described by a linear, unitary operator U in the following
manner
|Ψ(t )〉 = U (t , t0 )|Ψ(t0 )〉,

(1.13)

which maps the initial state of the time t0 to a time-evolved state at time t . Timeevolution operator depends on the initial time with the requirement of U (t0 , t0 ) =
I . Furthermore, it satisfies, by definition, the composition property:
U (t , t0 ) = U (t , t̃ )U (t̃ , t0 )

(1.14)

where t ≥ t̃ ≥ t0 . All the information of the quantum dynamics is contained in the
time-evolution operator which is determined by the Schrödinger equation
i ħh

∂U
(t , t0 ) = H U (t , t0 ).
∂t

(1.15)

Such as in classical mechanics, the (quantum) Hamiltonian H of the system generates the time-evolution. For a state vector, we obtain consequently the familiar
Schrödinger equation
i ħh

∂
|Ψ(t )〉 = H |Ψ(t )〉.
∂t

(1.16)

The nature of the time-evolution operator severely restricts the sensitivity of a
quantum system. Structurally, the Schrödinger equation is linear, thus missing the
substance of chaos. We can concretize the issue by considering two arbitrary states
|Ψ〉 and |Ψ̄〉 in a Hilbert space, and their difference times t0 and t ≥ t0 defined in the
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following manner
|δ(t )〉 = |Ψ̃(t )〉 − |Ψ(t )〉 and

|δ(t0 )〉 = |Ψ̃(t0 )〉 − |Ψ(t0 )〉,

(1.17)

which are connected by the time-evolution operation as
|δ(t )〉 = U (t , t0 )|δ(t0 )〉.

(1.18)

This means that the separation measured with the vector norm stays as constant in
time:
∆(t ) =

Æ

〈δ(t )|δ(t )〉

=

Æ

〈δ(t0 )|U † (t , t0 )U (t , t0 )|δ(t0 )〉

=

Æ

〈δ(t0 )|δ(t0 )〉 = ∆(t0 ).

(1.19)

Not only does quantum mechanics forbid the sensitive dependence on initial conditions, a trademark of chaos, but it goes even further keeping the distance of Hilbert
state vectors as fixed.
Even in a simpler sense of the overlap, the two states |Ψ〉 and |Ψ̄〉 do not separate
at all:
〈Ψ(t )|Ψ̄(t )〉 = 〈Ψ(t0 )|U † (t , t0 )U (t , t0 )|Ψ̄(t0 )〉 = 〈Ψ(t0 )|Ψ̄(t0 )〉,

(1.20)

as a unitary operator preserves the inner product. [64] However, this not totally
unique for quantum mechanics. Classical systems have a similar issue if we consider
phase space densities and their overlap: for classical densities ρ1 and ρ2 we have, for
all times, that

∫︂

ρ1 (t0 )ρ2 (t0 ) dΓ =

∫︂

ρ1 (t )ρ2 (t ) dΓ ,

(1.21)

where the integral is over phase space.
In addition to the unitary time evolution, there are more hinders for observing
classical chaos in a quantum system, stemming from the measurement postulate.
In classical mechanics, observables such as position and momentum have a role of
being dynamical variables. In quantum mechanics, observables are, on the other
hand, associated with Hermitian operators depending on the representation in practice. Incompatible observables do not commute, and there is consequently an uncer30

tainty relation between them. Basically, the more precisely one of the observables
is known, the less precisely the other can be determined. The Heisenberg uncertainty principle states this behavior for position and momentum, a complementary
pair constructing the classical phase space. Due to the uncertainty principle, we cannot speak about well-defined trajectories in phase space as in classical mechanics: in
fact, we cannot define a Lyapunov exponent in quantum mechanics! More precisely,
events in classical mechanics that occur inside a phase space element of the characteristic scale being order of the Planck constant ħh cannot be distinguished in quantum
mechanics. Consequently, particular phase space points, such local hyperbolic fixpoints, where classical chaos emerges are smeared out in quantum mechanics.
Another contrast between the classical and quantum description is the fact that
the former has a continuous energy spectrum, whereas that of the latter is discrete for
a bound system. The energies of a quantum system are affiliated with the eigenvalues
of the Hamiltonian H . An arbitrary Hilbert space state |Ψ〉 can be then expressed
as a superposition of the corresponding eigenstates |φn 〉:
|Ψ〉 =

∑︂

cn |φn 〉,

(1.22)

n

where the coefficients cn are complex numbers. The closest classical analogy is the
normal mode decomposition of small oscillations, e.g., in a case of vibrating string
(see, e.g. Refs. [26, 27]). As classical experiments on travelling waves demonstrate
them to be a “real” superposition of normal modes, a quantum experiment can, on
the other hand, single out only one state |φn 〉 at one measurement. Instead of being
an expression for the degree of expression of a given normal mode, the coefficients
cn in the eigenstate expansion for the quantum state |Ψ〉 are interpreted as probability amplitudes for the states |φn 〉, and their squared norms |cn |2 give the probability
for the corresponding state to be observed in a given experiment. The superposition |Ψ〉 represents an expectation of the possible eigenstates |φn 〉, rather than the
superpositions observed in classical mechanics.
It is important to note that the referred discreteness is connected to the eigenvalues of the Hamiltonian rather than some other quantum-mechanical operator
which may yet have a continuum eigenvalue spectrum. This distinction is, nevertheless, in many ways cosmetic. For example, classical Sturm-Liouville operators,
such as appearing in thermal conductance [65], possess discrete, real-valued spectra
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(see, e.g., Refs.[66, 67]). For expository perspective, the distinction of this kind is
a convenient, but the reality is more complicated. There are differences in dynamics depending on whether a quantum spectrum is discrete, continuous, or contains
both. Nonetheless, the distinction that a bound quantum mechanical system has
discrete energy states, while the classical system has a continuous energy spectrum
lies at the center of studying quantum nature of chaos.
If the Hamilton H does not explicitly depend on time, the eigenstate expansion
implies that all (bound) quantum-mechanical systems evolve in time in a periodic
or quasi-periodic way, regardless of whether its classical counterpart is regular or
chaotic. Furthermore, the original quantum state will be recovered after some finite
time! These quantum revivals [68–73] reconfirm the fact that there is no exponential separation of two nearby quantum states. On the other hand, the revival of a
wave function [68] can be seen as a quantum counterpart of the Poincaré recurrence
theorem [74] in classical mechanics.
Quantum-mechanical experiments cannot predict the outcome of an observation
in the same sense as in classical experiments, as quantum mechanics only support a
statistical description. However, the fact is that this kind of distinction between
quantum and classical is, in some sense, spurious. We can compute classical probability distributions; the main distinction is that all observables may be measured
simultaneously. In the quantum language, we could say that classical distributions
are quantum ones with all quantum coherence washed away, i.e, averaged over phase
space volumes so that quantum interference effects vanish. This is intimately related
to a fundamental disconnection between the classical and quantum formalism. Classical particles can be labeled by their position and velocity at a given time and their
trajectories are thereby distinguished, whereas in any quantum-mechanical experiment, the labeling of identical quantum particles can be switched without altering
the outcome. Thus, we again end up with the same conclusion as in the case of the
uncertainty principle above that there are no well-defined “quantum” trajectories,
and furthermore no “quantum” Lyapunov exponent.
Based on the roadblocks described above, an unduly pessimistic and premature
conclusion would be that classical chaos is completely suppressed by the quantum
laws. Despite all of the circumstances, quantum mechanics has clearly to “know”
something about classical mechanics. As postulated in Bohr’s correspondence principle, a quantum system is expected to show the same properties as its classical coun32

terpart in the classical limit. For example, any localized phase space wave packet will
follow a classical trajectory in the classical limit. However, we technically require a
classical Hamiltonian only for quantizing it, but afterward we can ignore the underlying classical dynamics. Some classical features are then recovered, extracted from
the Ehrenfest theorem and the similar appearance of Poisson brackets and quantum
commutators which serves as the basis of Dirac’s correspondence. Without much
insight, our classical-looking word is justified with vague arguments of the correspondence principle [75].
A more fundamental bridge toward the classical side is established by the pathintegral formulation of quantum mechanics (see, e.g., Ref. [76]). The dynamical
postulate of quantum mechanics can be replaced with Feynman’s idea of a path integral that is perfectly equivalent to the Schrödinger equation, but far superior as a
segue to better understand the quantum world from the view of classical mechanics.
In particular, the path-integral approach has been a fruitful avenue to understand
chaos in terms of quantum theory (see, e.g., Refs. [77–79]). Loosely speaking, the
constituent principle of Hamilton is upgraded to a quantum version by taking into
account all possible paths, instead of just focusing on the classical trajectory giving
the extremum for the action. All the paths contribute to the quantum evolution, but
with different phases determined by the classical action for a given path in the units
of ħh . Thus, the classical dynamics, chaotic or regular, is embedded, at some level, in
the path integral, and furthermore in quantum mechanics.
The paradigmatic role of chaos is connected to the fundamentals of quantum
mechanics. The above discussion shows that reconciling the concepts of chaos and
quantum is highly nontrivial. Although “genuine” chaos in the spirit of classical mechanics does not exist, chaos does appear in quantum mechanics, but in a different
fashion.

1.5 Definitions of quantum chaos
As described above, the classical definitions of chaos do not apply in the quantummechanical picture, or they might lead to misconceptions. Therefore, it needs to
be emphasized that the term quantum chaos in itself serves to be understood more
to describe a conundrum than a well-posed problem. Due to the ambiguous role
of chaos in quantum mechanics, the more correct term, quantum chaology, was sug33

gested [80] by a pioneer of the field, Sir M. Berry. Nevertheless, the name – quantum
chaos – survived.

Figure 1.4 Mechanics is conventionally compartmentalized into three sections shown in the figure, which
are connected by several links. The main connections are depicted here. Quantum chaos
deals with a relationship between spheres C (chaotic, classical systems) and Q (quantum
systems).

Elementary classical mechanics falls into the first section, illustrated by the sphere
with the letter R in Fig. 1.4. It includes all the well-behaved systems exhibiting
simply and regular dynamics. Furthermore, the compartment contains a powerful mathematical tool known as the perturbation theory. The perturbation theory
enables to analyze the effects of small interactions and disturbances. In general, it
has allowed us to understand a plethora of physical phenomena as a relatively mild
modification on regular systems.
The reality is, however, more complicated; Outside of the range of the perturbation theory lie chaotic systems, which form the second sphere with the letter C
in Fig. 1.4. There are several links between our spheres R and C but the main connection is established by the KAM theorem [29–32]. The KAM theorem provides
an elaborate way for both understanding the evolution of the regularity of a well34

behaving system under a small perturbation, and identifying the perturbation causing a regular system to undergo a transition into chaotic region.
The third and final sphere contains quantum mechanical systems, and it is marked
with the letter Q in Fig. 1.4. The main bridge between the spheres R and Q is known
as the Bohr’s correspondence principle. The correspondence principle states, quite
reasonably, that the classical world should start to emerge from the quantum world
in the semiclassical limit, where quantum number are large, but not infinite [81].
On the other hand, this limit corresponds to the case where the action is enormous
compared to the Planck constant ħh . The semiclassical limit is often denoted as the
limit ħh → 0, which abuses the mathematical definition of the limit since quantum
mechanics cannot be understood [80] as a perturbation extension of classical mechanics.
The scope of quantum chaos is to establish a connection between the spheres C
and Q. In a nutshell, quantum chaos refers to the research of quantum systems which
are classically chaotic [77–79, 82]. The dilemma of this connection arose already in
the early days of quantum mechanics. The basic idea of the “old” quantum theory
was to separate the classical motion into distinct periodic oscillations, represented by
the action-angle coordinates, and then to quantize the classical action of each of these
oscillations. However, this is not possible for all classical systems, as pointed out by
A. Einstein [83, 84]. Unfortunately, the full implications of this observation did not
get attention, and the puzzle related to the role of chaos in quantum mechanics was
forgotten for decades.
In the 1970s, the search of chaos in quantum mechanics re-ignited when M. C.
Gutzwiller discovered a generic way to extract information about the quantum energy levels from a complete enumeration of the corresponding classical orbits. This
is known nowadays as the Gutzwiller trace formula [85] in which the periodic-orbit
theory culminates (see, e.g., Refs. [77–79]). In practice, the calculation of a quantum
spectrum is quite tedious based on the trace formula, since the number of POs in a
chaotic system grows exponentially with their length. On the other hand, even the
knowledge about the shortest POs can produce accurate estimations on the energy
levels of a quantum system. In addition, short POs can profoundly affect the eigenstates of a quantum system, as will be discussed in more details later in this Thesis.
The key finding directing the quantum chaos research in the 1980s and 1990s was
that signs of chaos can be observed in the sequence of the energy levels of a quantum
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system. The central discovery in the quantum eigenvalue statistics is its universality. After the smooth, non-universal part of the quantum spectrum is removed, the
statistics of quantum energies seems to be characterized by the regularity level of the
classical system in a parametric-free way.
If the generic classical dynamics is completely regular, or integrable, the quantum eigenvalues appear to follow Poissonian statistics. In other words, the energies
of the system behave as independent random variables. This is a still open conjecture
named after M. V. Berry and M. Tabor [86]. However, there are counterexamples
against the conjecture’s statement, such as a harmonic oscillator (see, e.g., Ref. [87]).
Therefore, it should be taken as a statement on the statistical properties of a typical classically integrable system, not in the sense of a fully mathematically rigorous
conjecture.
In the other limit, where the classical system is completely chaotic, the energies
of the corresponding quantum system can be described within the framework of
random matrix theory (RMT) [88] describing the statistics of eigenvalues of matrices with random elements. In physics, random matrices were first introduced
by Wigner [89–91], and employed to model the nuclei of heavy atoms [88, 91–93].
Later, the RMT approach was substantially developed further by F. J. Dyson and
M. L. Mehta [94–98]. The core idea of the RMT modeling is very simple: if the
considered quantum system is too complex due to mutual interactions, the best way
to proceed is construct the Hamiltonian as a random matrix, and enforce required
symmetries, e.g., time-reversal, on it. For example, in the case of nuclear spectra,
the RMT concept turned out to be surprisingly successful to produce the statistical
features of the spectra [91, 99]. Astonishingly, a quantum system follows the same
statistics, no matter how simple the actual system is. More precisely, the quantum
spectrum of a classically fully chaotic system follows statistics derived from either
Gaussian orthogonal ensemble (GOE) in the presence of time-reversal symmetry
(see, e.g., Refs. [100–102]) or Gaussian unitary ensemble (GUE) in the absence of it
(see Refs. [103, 104]). A third kind of ensemble is the so-called Gaussian symplectic ensemble (GSE), a valid description in the case of, e.g., spin-orbit interactions,
or for a certain type of quantum graph [105]. The GSE statistics has been recently
experimentally realized in a microwave graph [106, 107].
The influential Bohigas-Giannoni-Schmit (BGS) conjecture [108] categorizes quantum systems into regular and chaotic based on their statistical properties. Roughly
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stated, chaotic systems are described by the RMT statistics; whereas regular ones
follow the Poissonian statistics. Although the BGS conjecture [108] is not (yet)
rigorously proven, it is backed up by an increasing amount of both numerical and
experimental evidence as well as a support from the semiclassical theory (see, e.g.,
Refs. [77, 78, 92, 109, 110]). However, similarly to classical chaos, the typical case is
a mixed system featuring both regular and chaotic motion. Whereas the BGS conjecture classifies fully chaotic and regular systems based on their statistical properties,
a similar universal tool is not known for a generic mixed system. Although there
are several quantum measures in terms of balancing between the Poisson and RMT
spectra such as the Berry-Robnik interpolation [111], the agreement against the classical perspective of chaos is often only qualitative, and even worse, system-specific
at some level. Of course, it is likely that no such simple universal description exists
for mixed quantum systems.
Instead of analyzing statistical distribution of the energy levels, the quantum fingerprints of chaos can be also searched in the probability density distribution of individual quantum states. In the beginning of the 1980s, it was naively assumed that the
quantum states of a classically chaotic system would be featureless and random, since
the classical system fills the available phase space evenly with the preserved total energy. Surprisingly, it turned out that the stationary states of a chaotic system show
interesting nodal structures, as demonstrated in the early 1980s by E. J. Heller [112]
. In this landmark work [112], a series of stationary states were computed for a twodimensional cavity in the shape of billiard, which is known to be classically chaotic.
It was discovered that many stationary eigenfunctions were localized along narrow
channels forming simple, geometric shapes inside the stadium, as shown in Fig. 1.5.
These channels were called by Heller as “scars”.
A quantum scar is a striking visual example of quantum mechanical suppression of
classical chaos [112, 113]: a track of enhanced probability density in the eigenstates
of a quantum system occurring along short unstable POs of the chaotic classical
counterpart. The instability of the classical PO is an essential feature that differentiates quantum scars from the enhanced probability density along stable POs. The
former is caused by quantum interference, whereas the latter is a manifestation of
the correspondence principle, and thereby can be considered as a purely classical effect. Instead of remaining as an isolated theoretical curiosity, quantum scarring has
been reported [100, 114–121] in a diverse range of quantum systems. In particular,
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Figure 1.5 Examples of the probability densities of the eigenstates in a billiard (left panel) which are
scarred by the corresponding classical POs depicted with a solid line (right panel). Reprinted
with the permission from E. J. Heller, Bound-state eigenfunctions of classically chaotic hamiltonian systems: scars of periodic orbits, Phys. Rev. Lett. 53, 1515 (1984). Copyright1984 by
American Physical Society.

it plays a pivotal role in this Thesis.
On top of static, time-independent properties, many fascinating phenomena are
also observed in the time-evolution of quantum chaotic systems, such as Anderson
localization [122, 123] and dynamical localization [124–127]. For example, quantum signatures of classically chaotic scattering [128] are discovered, e.g., in the fluctuations [129, 130], the variation of the conductance in quantum transport [131–
139], the transmission probabilities in nanostructures [78, 140–143], the quantum
time delay [144–149], and the distribution of the scattering resonances [150–153].
The dilemmatic role of chaos in the time-dependent Schrödinger equation further
translates to other systems governed by linear wave equations, such as electromagnetic waves [154].
A particularly interesting aspect of quantum chaos is its connection with number
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theory. There is even a subbranch within number theory called arithmetic quantum chaos [155–159]. Most intriguingly, the nontrivial zeros of the Riemann ζ function follow GUE statistics with an astonishing precision [160]. The deviation
from the GUE distribution is understood in terms of the periodic orbit theory; each
prime number accounts for an “unstable PO” in a fully chaotic system [161]. Therefore, it is natural to ask if there exists a classically chaotic Hamiltonian whose quantum eigenvalues are the imaginary parts of the nontrivial zeros of the Riemann ζ function. This is literally a million-dollar question as one of The Millennium Prize
Problems [162].
The research on how classical chaos affect the behavior of quantum systems is not
an esoteric pursuit, of interest to a few enthusiastics. A common thread among many
of both theoretical and experimental problems concerns the difficulties introduced
by the presence of chaotic motion in the dynamics of the classical counterpart of a
quantum system. Although the quantum definition of chaos still poses a theoretical
challenge, the field of quantum chaos is an emerging rich territory of research. Besides theoretical interest, quantum chaos has also stimulated an increasing amount
of experimental investigation in several areas such as nanotechnology.

1.6 Research objectives and structure of the Thesis
Enlightening the so far largely unknown correspondence between the classical and
quantum nature of chaos is the general goal of the research presented in this Thesis.
In particular, we consider scarring of single-particle eigenstates in two-dimensional
(2D) nanostructures. However, before proceeding further into the scope of the Thesis, there are two fundamental limitations calling for a short justification: the singleparticle picture and the reduction of dimensionality.
First, from the classical point of view, we are required to solve 2N D Hamilton’s
equations to track down the motion of N classical particles in a D-dimensional space.
On the quantum side, the wave function determined by the Schrödinger equation
has the dimension of DN , where N is the number of quantum particles and D
is the spatial dimension. In both the classical and quantum pictures, many-body
problems (N > 2) are notoriously challenging. Since many-body physics is a key
aspect in many areas such as condensed matter [163] and quantum chemistry [164],
a large number of methods have been developed to tackle the problem numerically,
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such as the Hartree-Fock with its variants [165–172], approaches based on Green’s
functions [62], density-functional theory [173–177] and various Monte Carlo methods [178, 179]. Nevertheless, the single-particle physics should not be overlooked.
For example, in several numerical approaches, a many-body problem boils down to
the single-particle level, as illustrated by the Kohn-Sham formalism [174]. On the
other hand, it is possible to fabricate devices where the single-particle picture is a
valid description. The modern fabrication methods have reached the level to manipulate single atoms or to control confined electrons in nanosructures. The progress
in technology has opened a possibility to manufacture structures, such as different
types of semiconductor quantum dots (see, e.g., Ref. [180]), which have a high potential for practical applications as single-electron transistors and qubits.
Secondly, the physical space consists of three spatial dimensions. However, restricting the number of spatial dimensions to two is sufficient to find chaos in classical mechanics (cf. the PB theorem). Thus, 2D systems form a natural “sweet spot” in
the context of classical and quantum chaos (see, e.g., Ref. [139]). The third dimension usually brings unnecessary complexity and only little insight. Furthermore,
2D systems are not only convenient theoretical models but they are also experimentally realizable, e.g., in semiconductor structures [181]. In particular, 2D metal and
semiconductor heterostructures [181] have allowed to investigate new fundamental
phenomena such as the quantum Hall effect [182], and paved the way for practical
applications such as the metal oxide-semiconductor field-effect transistor, which is
a crucial building block of modern computers. In general, 2D physics is blooming
in the current age of topological insulators [183], quantum dots [139, 184–187] and
graphene [188], guiding us into the new era of quantum computing and technology.
If high-energy states of 2D nanostrucures subjected to impurities were truly random and featureless due to chaos, controlled applications in that regime would be
impossible to realize. Quantum scarring, however, offers an important correction to
this assumption. In this Thesis, we consider a new type of quantum scars discovered
in locally perturbed quantum dots, entitled as perturbation-induced (PI) quantum
scarring. In particular, the main object of the Thesis is to improve our understanding of the nature of the PI scarring. Specifically, the following research questions
are addressed:
(i) How general is the PI scarring in different nanostructures?
(ii) Can we control the scarred states with external parameters of field?
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(iii) What is the impact of the PI scarring in the context of quantum chaos?
(iv) What is the connection of the scarring to other quantum localization phenomena?
A specific research objective of the Thesis is connected to the research questions (i)
and (ii). This is to develop a scheme for controlled nanoelectronics by exploiting
the scarred states to control the conductance properties in solid-state structures such
as QDs. In this sense, this objective carries out fundamental theoretical results aiming to produce important information for the corresponding experimental research
and as well for prospective technology.
A more general research objective of the Thesis is related to the research questions
(iii) and (iv). This is to understand the so far largely unknown correspondence
between classical and quantum chaos. This objective has fundamental relevance
across scientific disciplines. In particular, the goal is to extend our knowledge on the
significance of (quantum) chaotic phenomena in nanostructures.
After the introduction to the classical and quantum aspects of chaos in Chapter 1, the remaining of the Thesis is organized as follows. Chapter 2 is a more detailed overview on how quantum signatures of chaos appear in energy-level statistics and in individual eigenstates. In Chapter 3, the PI scarring results presented in
Publications I-III are summarized and supplemented with further descriptions. We
conclude with a summary of the Thesis.
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2

THEORETICAL BACKGROUND

Classical chaos is dead; long live quantum chaos!

As explained in the previous chapter, it is a hopeless quest to find chaos in the
quantum world, at least in the classical sense. Nevertheless, in the semiclassical limit,
quantum mechanics should start to produce similar predictions as classical mechanics. Thus, it is natural to to search for quantum fingerprints of classical chaos. Below
we discuss how chaos can be characterized by employing the properties of the eigenstates and the eigenvalues of a quantum Hamiltonian.

2.1 Energy-level statistics
Curiously, the investigation of quantum chaos differs distinctly from the study of
chaos in classical mechanics; the latter considers the time-evolution of phase space
points (see, e.g., Refs. [5, 10, 26]), whereas the former leans on the statistical analysis
of a sequence of real numbers (see, e.g., Refs. [77–79]). A key discovery which has
directed much of the quantum chaos research is that fingerprints of chaos can be
observed in the sequence of the eigenvalues of the Hamiltonian, i.e., the energy levels
of the system.
A peculiar aspect of the energy-level statistics is its universality. After the spectrum is properly unfolded to remove its smooth, system-specific contribution, the nature of the underlying classical system seems to determine the energy-level statistics
in an elegant, nonparametric manner. This occurs regardless of whether the spectrum stems, e.g., from the experimental study of an atom [189], or the numerical
simulation of a quantum billiard [190]. The celebrated BGS conjecture [108] states
that spectral fluctuations agree with Poisson statistics if the corresponding classical
system is integrable, and with Gaussian orthogonal ensemble (Gaussian unitary ensemble) in case of a classically chaotic system (not) obeying time-reversal symmetry.
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Although the conjecture lacks a rigorous proof, there are several studies supporting it (see, e.g., Refs. [78, 92, 109, 110]). It should be addressed that the conjecture
should be interpreted to refer to a general integrable system, in a similar sense as
the Berry-Tabor conjecture [86]. For example, a notorious counterexample for the
BGS statement is given by a harmonic oscillator [191]. Furthermore, a quantum
chaotic system may show deviations from an expected universal behavior, such a
GOE prediction, due to the existence of short POs (see, e.g., Refs. [100, 109, 192]).
Nonetheless, equipped with the BGS conjecture we may test in a simple way if a
quantum system is chaotic or not by studying the statistical measures on the energy
eigenvalues.

2.1.1 Unfolding process
An overall trend in a spectrum has no bearing on chaos. In some systems, the density of the eigenvalue spectrum increases as a function of energy, such as a case of a
hydrogen atom; whereas it conversely decreases for some, like for a particle in a box.
In order to deduce any universal features, a quantum spectrum needs to be unfolded,
i.e., we need to remove the system-specific contribution arising from the average,
smooth behavior of the density of states [82, 93]. In the context of statistics and
signal analysis, the division of this kind is better known as detrending. Formally, the
unfolding process consists of three steps. First, the spectral staircase function
n |︁
o
|︁
N (E) := the number of elements in the set En |︁ En ≤ E

(2.1)

is constructed from the discrete spectrum {En | n ∈ N}. Then, the staircase function
is separated to the average and oscillating part:
N (E) = Navg (E) + Nosc (E).

(2.2)

Finally, the unfolded energy spectrum is computed with the following mapping
ϵ m := Navg (E m ). Defined in this way, the unfolded spectrum {ϵ m | m ∈ N} contains the original spectral fluctuations but embedded on an artificial background of
the sequence of integers. The process also sets the average spacing between unfolded
energy values to unity.
We want to emphasize that the unfolding is a subtle process (see, e.g., Refs. [193–
44

196]). If the average Navg (E) is known, the process is straightforward. For example,
the spectrum of a quantum billiard can be unfolded by employing Weyl’s law [82,
197], which express the average Navg (E) as a function of the parameters defining the
given billiard such as the surface area and the curvature. In general, the average behavior is, however, indeterminate, and an ambiguity emerges in the unfolding process.
In fact, the division of a generic staircase function is not even a well-defined mathematical problem. For a a quantum system, the semiclassical rule dictates that the
average part Navg behaves asymptotically as Navg (E) ∼ Γ (E)/(2πħh )d since each quantum state in a d -dimensional system occupies a volume (2πħh )d of the total phase
space Γ .
Traditional methods to extract the average function encompass polynomial fittings, moving averages and low-pass filters. All these methods suffer from the same
weakness: an arbitrary external parameter is needed to set a frequency, or equivalently, a correlation range, threshold for the separation of the average Navg and the
oscillation part Nosc . For example, a high degree polynomial fitting, a small moving
average window, or a cutoff for high frequencies result in an average function following too smoothly the staircase function. This means that a portion of the oscillation
is transferred to the average part. Naturally, an opposite situation can occur, for
example, in a polynomial fitting with a too low degree polynomial. The improper
unfolding of this kind produces spurious long-range correlations, which may further lead to misleading interpretations [193]. Furthermore, the suitable parameter
is usually determined with trial and error, but in the most unfortunate case, no such
value exists. For example, a certain degree polynomial fitting might be too low, and
the next one too high.
To overcome the ambiguity in the unfolding, data-adaptive methods have been
suggested [194]. In the data-adaptive detrending, the trend is determined with as few
assumptions of the data as possible, and let the signal itself define the frequency scales
with no external parameters for cutoff [198]. For example, the singular value decomposition is presented [199] to provide a data-adaptive way to unfold the ensembles
of quantum spectra. In addition to the singular value decomposition, the empirical
mode decomposition (EMD) [200] is a widely recognized, robust method to extract
a trend of data. Several variants of EMD have been generated to increase the robustness by employing noise; most notable offsprings are the ensemble EMD [201] and
the complete ensemble EMD with adaptive noise [202, 203] (see also Ref. [204] for
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a computational aspect). The advances in statistical theory and time-series analysis, such as the EMD, may assist the detrending of spectral staircase in the delicate
unfolding procedure.
The details of the unfolding do affect the statistical analysis of quantum spectra, and subtle ambiguities may result in the spectra appearing too chaotic or regular [193–196]. Despite of this fact, the issue of unfolding a quantum spectrum is often omitted in literature. For example, the topic is completely ignored in Ref. [78].
However, there are rare exceptions like Ref. [205], which explains the details of the
employed unfolding method. Along with the unfolding, a few preparatory issues
should also be factored in.
First, the given spectrum needs to be complete. The danger of missing or spurious eigenvalues in the range of the spectrum was already discussed in Ref. [97]. Absent near-degenerate energies may render spectra to seem too chaotic, particularly
in studying short-range correlations [206]. On the other hand, eigenvalues near the
ground state should be excluded since they carry system-specific information. Typically, a few hundred lowest energies are discarded.
Finally, we need to take into account the symmetries of the studied system. The
entire spectrum needs to be separated into symmetry classes where the eigenvalues
share mutual good quantum numbers. If different subspectra are merged together,
the mixed spectrum will seem too regular since the eigenvalues from different symmetry classes are uncorrelated. This requirement may be cumbersome to satisfy if
the symmetries of the system cannot be determined. A further symmetry-related
complication arises from non-generic spectra. For example, a separable quantum
system composed of integrable parts and harmonic oscillators generate a chaoticlooking spectrum [87]. In particular, the equidistant energy levels of a harmonic
oscillator mimics level repulsion which is related to the absent of (nearly) degenerate
energy levels in a quantum spectrum. To be more precise, level repulsion refers to a
situation that there is only a low probability to encounter two neighboring energy
levels to be close in energy. This type of apparent “repulsion” between nearby energy
states is recognized to be one of the trademarks of a quantum chaotic system [77–
79].
After these concerns are regarded, the unfolding spectrum reveals the universal
behavior encoded in the spectral fluctuations which can be further analyzed with
statistical measures to search the fingerprints of chaos.
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2.1.2 Statistical measures

Various statistical measures have been developed to infer quantum fingerprints of
chaos from a quantum energy spectrum, especially to compare against the predictions of the BGS conjecture (see, e.g., Refs. [77–79]). The statistical machinery for
analyzing spectral correlations includes measures like the spectral form factor or the
different moments of distributions, such as the number variance Σ2 , skewness γ1
and excess gamma2 (see, e.g., Ref. [78]). For example, the number variance Σ2 (ϵ)
is determined to be the variance of the the number of energy levels n(ϵ, E) in an interval of size ϵ at a given energy E, i.e., Σ(ϵ) = 〈[n(ϵ, E) − ϵ]2 〉. The skewness γ1 (ϵ)
and and excess γ2 (ϵ) are on the other hand defined as higher moments of number
statistics in the following way
γ1 (ϵ) =

M3
3/2

M2

(3rd moment)

and

γ2 =

M4 − 3M22
M22

(4th moment),

(2.3)

where M m (m ∈ N) is determined as M m = 〈[n(ϵ, E) − 〈n(ϵ, E)〉] m 〉. However,
here we focus solely on two of the most common statistical measures of quantum
chaos, namely the nearest-neighbor level spacing (NNLS) and the spectral rigidity
∆3 , supplemented with scaling properties of a quantum spectrum determined with
detrended fluctuation analysis.

2.1.2.1

Nearest-neighbor level spacing

There is probably no spectral correlation studied more than the NNLS distribution.
It is also the simplest measure. The NNLS measures short-range correlations in the
spectrum defined as the distribution P (s ) of distances s between neighboring, unfolded energy levels. In a regular system, the energy levels are uncorrelated resulting
in the NNLS distribution to be Poissonian, i.e, P (s) ∝ exp(−s). On the other hand,
the chaotic system is described by random matrix theory: the GOE and GUE with
and without time-reversal symmetry, respectively. Although analytical expressions
exist for both ensembles [88], they are quite unpractical. Therefore, the NNLS results are commonly compared to the RMT approximations, colloquially known as
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the Wigner surmise [88]:

P (s) ≈

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

π
2s

exp −



πs 2
4



for GOE,
(2.4)

32 2
s exp
π2



−

4s 2
π



for GUE.

Despite the approximate nature, the Wigner surmise provides a very accurate description for the NNLS distribution [88, 207].
The key difference between the Poisson and RMT limits is the fact that the latter
limit displays clear level repulsion, which is one of the main hallmarks of quantum
chaos. In a chaotic system, the energy levels seem to repel each other, producing a
“gap” in the NNLS distribution at small values of s. This is seen in Fig. 2.1 showing
the Poisson and both RMT distributions as a function of the nearest-neighbor level
spacing s. Moreover, the level repulsion has been reported in numerous quantum
systems, which are classically chaotic. Thus, by employing the level repulsion as an
indicator, the NNLS often allows a simple way to identify if a quantum system is
chaotic or not.
2.1.2.2

Spectral rigidity

Since the NNLS only measures short-range correlations, it may not provide the full
picture of the correlations. For further understanding of the spectral fluctuations,
the long-range correlations should also be analyzed. In this Thesis, we consider the
spectral rigidity ∆3 , which has been the most often-used statistic for probing longrange spectral correlations since it was first introduced by F. J. Dyson and M. L.
Mehta [97].
The spectral rigidity ∆3 is defined as the integrated residual of the linear fittings,
averaged over all intervals of size L:
®
∆3 (L) =

∫︂
min
a,b

ϵ+L/2 h
ϵ−L/2

n(ϵ) − aϵ − b

i2

¸
dϵ ,

(2.5)

where n(ϵ) is the spectral staircase function of the unfolded energy spectrum. By
definition, it provides a measure of the correlations in an energy window of size L.
The fluctuations of the original spectrum are embedded in an artificial background of
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Figure 2.1 The left figure presents the nearest-neighbor level spacing evaluated for uncorrelated energy levels (Poisson statistics) and RMT spectra. In particular, the figures shows the Wigner
surmise for the GOE and GUE ensembles.

the unfolded spectral staircase which is a straight line with a unit slope. Therefore,
the discrepancy in the linear fit to the spectral staircase measures the strength of
the fluctuations. Furthermore, the spectral rigidity can be interpreted as a smooth
version of the previously mentioned number variance Σ2 , given by the integration
transformation
2
∆3 (L) =
L4

∫︂

L/2
−L/2


L3 − 2L2 ϵ − ϵ3 Σ2 (ϵ) dϵ.

(2.6)

From the numerical point of view, the relation above usually gives a smoother spectral rigidity than a evaluation directly from the definition.
As before with the NNLS, a regular system is associated with uncorrelated energy
levels whose spectral rigidity grows linearly as a function of window size L. The
other limit, i.e., a chaotic system is instead described by RMT: at small values of
L, the spectral rigidities of the GOE and GUE distributions behave in a Poisson49

like, linear fashion. In contrast, RMT predicts a logarithmic growth rate for spectral
rigidity at large values of L. Intuitively, this stems from the level repulsion, which
results in the low probability of many energy levels to pack together in a given energy
interval. Again, the analytical formulae exist for both RMT ensembles, but they are
rather cumbersome [88]. Therefore, we utilize the approximations for GOE and
GUE distributions, which have the form [88, 93, 109]

∆3 (L) ≈

⎧
⎪
⎪
⎪
⎨

1
π2

⎪
⎪
⎪
⎩

1
2π2

ln(L) − 0.007

for GOE,
(2.7)

ln(L) + 0.058 for GUE.

The formulae for GOE and GOE can be justified with semiclassical analysis [109].
The approximation is only valid in the limit L ≫ 1; in the limit L ≪ 1 the spectral
rigidity should approach the Poisson result L/15. However, this limitation does not
hinder the practical usage of the approximation as the spectral rigidity significantly
differs for a regular and chaotic system at large values of L. This fact can be seen
in Fig. 2.2 showing the spectral rigidity of the Poisson distribution along with the
GOE and GUE approximations.
At large values of L, the spectral rigidity begins to deviate from the universal description. By combining the PO theory and RMT, the BGS conjecture was shown by
M. Berry to hold for long-range spectral correlations probed by the spectral rigidity,
but the universal classification of this kind is valid only for spectrum correlations between energy states within a distance of L ≪ Lmax . The critical value Lmax is related
to the period time Tmin of the shortest closed orbit
Lmax ∝

ρ̄
Tmin

,

(2.8)

where ρ̄ is the mean density of states. Interestingly, the relation above can been
identified with the time-energy uncertainty principle: short distances in time Tmin ,
i.e., the periods of the short POs are connected to large distances in (proper) energy L max /ρ̄. Thus, the semiclassical analysis distinguishes two asymptotic regions,
namely L ≪ Lmax and L ≫ Lmax , which are illustrated in Fig. 2.3.
The spectral correlations within a distance L ≪ Lmax arise mainly from the contribution of long POs. Since there are many long POs in a chaotic system, they will
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Figure 2.2 The figure shows the spectral rigidity for three cases: Poisson, GOE and GUE. For GOE and
GUE, the approximate forms valid only at large L (here L ≥ 5 ≫ 1) are shown.

not produce any system-specific features. Hence, the PO theory justifies the RMT
ansatz; a quantum system whose classical counterpart is chaotic depends only on
global aspects of the classical dynamics, e.g., the global phase space structure and
symmetries, but not on features such as the type of dominating interaction in the
system. On the other hand, system-specific properties are revealed for window sizes
L ≫ Lmax , even in the case of a classically completely chaotic system. In particular,
the spectral rigidity saturates to a non-universal value ∆∞ , estimated by the semiclassical theory. Usually, the individual aspects can be understood by considering a
relatively small number of short POs. In between these two limits, i.e., L ∼ Lmax , a
weak oscillatory structure may be imposed on the Berry saturating rigidity (see Region II in Fig. 2.3). This should not be confused with the Berry oscillation, which is
the asymptotic, quasirandom oscillation pattern of the number variance stemming
from the non-universal behavior.
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Figure 2.3 Schematic illustration of the Berry saturation for a regular quantum system. In Region I, the
spectral rigidity follows the Poisson result according to the BGS conjecture. The spectral
rigidity of a quantum system is only determined by the global aspects of the classical counterpart, e.g., the time-reversal symmetry. The major deviation from the universal description
is seen at (large) values of L ≳ Lmax , where Lmax is connected to the dynamics of the
corresponding classical system. The system-specific behavior begins to emerge in Region
II, where the spectral rigidity starts to saturate towards a fixed value. A faint oscillation of the
spectral rigidity may also be observed. In Region III, the spectral rigidity is saturated to value
∆∞ determined by the classical POs.

2.1.2.3

Detrended fluctuation analysis

A rather unexplored ground is to interpret the energy spectrum of a quantum system as a generalized time series. This enables the application of specialized techniques
from signal analysis, like Fourier analysis, wavelets [208], and normal-mode analysis [209, 210]. In particular, it opens a possibility to apply the detrended fluctuation
analysis (DFA), first introduced in a research of long-range correlation in DNA sequences [211]. In addition to the study of the structural properties of DNA [212–
214], the DFA has been successfully employed in several scientific fields, including in studies of economics time series [215–219]; musical rhythms [220, 221]; cli52

mate and weather data [222–226]; various physiological signals [227–237]; solid state
physics [238, 239]; and even electric quantum transport [240].
As time-series methods such as DFA play an important role across several scientific fields, it took a surprisingly long time that methods directed to time series were
suggested [241] to analyze the fluctuation part of spectral staircase Nosc . In particular, the power spectrum, i.e., the absolute value of the Fourier-transformed spectral
staircase, can be directly accessed and studied in a relative simple manner. Identifying the spectral oscillations with time series also invites the investigation of quantum
spectra with DFA. For quantum spectra, DFA is roughly equivalent to the spectral
rigidity ∆3 as shown in Ref. [242], but is somewhat simpler to compute. However,
the adaptability of DFA to detect quantum signatures of chaos has remained elusive.
Our recent study [243] supports the idea that the DFA approach can be utilized in a
meaningful way to estimate the chaoticity of a mixed quantum system in the context
of energy level statistics as well as to investigate the Berry saturation and the fractal
nature of the spectral fluctuations.

2.1.3 Quantum chaos estimators for mixed systems
The statistical measures as well as the BGS conjecture are only applicable in the cases
of classically regular (integrable) motion or completely chaotic motion (hard chaos).
However, mixed dynamical systems are very common and they display both regular
and chaotic features (soft chaos).
On the classical side, a mixed system has a phase space containing regular as well
as chaotic regions. The degree of chaos is defined as the amount of chaotic phase
space orbits relative to the total size of phase space. The main connection between
a classically regular and chaotic system is established by the KAM theorem [29–32]:
chaos sets in as the relative size of the non-integrable part of the Hamiltonian is
increased.
Quantum mechanically, mixed systems are complex to characterize. We cannot
distinguish events occurring inside a phase space volume of size ∼ ħh d , where d is the
dimension of the phase space. On the other hand, the phase space of a mixed system
can have a complex structure [244]. However, eigenvalue statistics can be used to
characterize mixed systems to some extent.
Several statistical measures have been developed for mixed systems by interpolat53

ing between the Poisson and RMT spectra. Nevertheless, there is no commensurable
definition for quantum chaoticity. Furthermore, different quantum measures, such
as the NNLS and spectral rigidity, can indicate different quantum chaos estimations,
as demonstrated in Ref. [245]. Here, we discuss mixed behavior based on the conventional level statistics from three different points of view.
In the simplest definition, the quantum spectrum of a mixed system can be assumed to consist of two parts with the relative weights 0 ≤ α ≤ 1 and (1 − α) following the Poisson and GOE statistics, respectively. Under this condition, Berry
and Robnik have derived the following mixing expression for the NNLS distribution [111]:

P

mixed

(s) = e

−αs

 ⎷π

q erfc
(1 − α)s
2
2



π
3
−π(1−α)2 s 2 /4
,
+ 2α(1 − α) + (1 − α) s e
2

(2.9)



where erfc(·) is the conjugate error function. The upper panel in Fig. 2.4 illustrates
the mixed NNLS distribution arising from the Berry-Robnik mixing in Eq. (2.9) for
three values of the mixing parameter α. Unlike the Brody mixing [246], the BerryRobnik distribution is based on a theoretical foundation. Secondly, Eq. (2.9) has the
advantage to interpolate between the Poisson and GOE also for small values of s,
since a level belonging to the Poisson spectrum is not repelled by a level belonging
to the GOE spectrum.
Similarly, we can introduce a mixing parameter β for the spectral rigidity [93] as
GOE/GUE

∆mixed
(L) = ∆Poisson
(βL) + ∆3
3
3

((1 − β)L) .

(2.10)

Instead of interpolating directly between the two limits, we seek for the best fitting
β for an energy window L: spectral rigidity for a mixed system is given by an independent superposition of a regular Poisson spectrum and an irregular GOE or
GUE with weights β and (1 − β), respectively. The resulting statistics is shown
for three different mixing parameters β in the lower panel of Fig. 2.4. It is worthwhile to note that the defined spectral rigidity (2.10) is valid only in the energy range
1 ≪ L < Lmax . The upper bound L < Lmax is given by the Berry saturation indicating the breakdown of the universal behavior. The lower bound L ≫ 1 is defined
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Figure 2.4 Estimation of mixed dynamics based on the nearest-neighbor level spacing and the spectral
rigidity. The upper panel shows the Berry-Robnik mixing in Eq. (2.9) for three parameter
values α = 0.25, 0.50, 0.75. The lower panel presents the spectral rigidity mixing defined in
Eq. (2.10) for the mixing values β = 0.25, 0.50, 0.75. In both panels, the two limiting cases
are also shown: Poisson (α, β → 1) and GOE (α, β → 0) as black and blue dashed lines,
respectively.

by the validity of the employed GOE and GUE approximations. Nonetheless, the
mixing parameter β has turned out to be a reasonable quantum chaos estimator for
a mixed system as demonstrated, e.g., in Ref. [100].
Another, novel standpoint to estimate quantum chaocity is to treat the fluctuations in the quantum spectrum as a time series. It has been conjectured [241, 247]
that the power spectrum of spectral fluctuations follows a power law f −γ , where
γ = 2 and γ = 1 correspond to the regular and chaotic limits, respectively. These results have their foundation in RMT [247]: considering the sequence of energy levels
as a discrete time series, RMT predicts in the sense of the BGS conjecture that quantum chaotic systems are characterized by the 1/ f noise, whereas integrable quantum
systems exhibit the 1/ f 2 noise.
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For a mixed system, the values variate smoothly from the regular limit γ = 2
to the chaotic limit γ = 1. This definition coincides with the classical measure of
chaos [248], as demonstrated for the Robnik billiard [249]. The f −1 noise in chaotic
quantum spectra is interesting on its own, since this power spectrum – commonly
known as “pink noise” or “flicker noise” with self-similar (fractal) characteristics –
is ubiquitous in several fields of physics and other disciplines (see, e.g., Ref. [250]).
DFA discussed above has an explicit connection to the power spectrum analysis. The
DFA measures the scaling of spectral fluctuations as ∆3 (L) ∼ L2α , where α ∼ 0.5 and
α ∼ 0 correspond to the regular and chaotic limits, respectively [242].

2.2 Quantum scarring
The study of eigenvalues of a quantum Hamiltonian is only one approach to analyze
the quantum properties of classically chaotic systems. As some signatures of chaos
are hidden in the correlations of quantum spectra, unveiled by statistical measures
such as the NNLS and spectral rigidity, the eigenstates of a classically chaotic system
have their own peculiarity.

2.2.1 Ergodicity of quantum states
A classically chaotic system is also ergodic, i.e., almost all of the trajectories eventually explore evenly the entire available phase space. Therefore, it would be natural
to expect that the eigenstates of the quantum counterpart would also spread over
the quantum phase space evenly up to random fluctuations in the semiclassical limit
ħh → 0. However, there is an import subtlety that needs to be addressed.
A classical trajectory has an infinite amount of time to explore the accessible phase
space. In other words, the dynamics might be ergodic, but with a very small rate
of exploration. A situation of this kind and its consequence on the corresponding
quantum states is discussed in Ref. [251]. On the other hand, an electron will evenly
tunnel nonclassically from a quantum well to another well as time goes to infinity, no
matter how small the value of ħh is. Therefore, if we first go limit t → ∞, we recover
a nonclassical result by taking ħh → 0. Of course, this dilemma is easily solved by
taking ħh → 0 before the time limit t → ∞. Nonetheless, we are restricted to take
the limits in the opposite order. We can always, at least in principle, take time to be
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very long, but we cannot to take ħh → 0, since ħh has a fixed value, being a constant
of nature. The system may correspond to its classical analogy, if we manage to cut
off the dynamics before of quantum effects, such as tunneling and diffraction effects,
emerge but after classical-like phase space dynamics has set in. On top of this aspect,
there is one more hinder for complete classical-quantum correspondence: both the
initial and final states will have to be averaged over small but sufficiently large regimes
in order to wash out quantum interference effects.
The assumption of eigenstates spreading uniformly over phase space violates the
sequence of limits described above: we must take time to infinity before carrying
out the limit ħh → 0; in the opposite situation we superpose stacks of eigenstates.
Nonetheless, this should not prevent us to be curious about individual eigenstates in
the semiclassical limit ħh → 0. There are rigorous quantum ergodicity theorems [252–
254] stating that the expectation value of an operator converges towards the corresponding classical microcanonical average. This is probably the most rigorous result
that can be obtained. Nonetheless, the quantum ergodicity theorems leave open the
possibility of a subset of macroscopically nonergodic eigenstates. However, their
fraction of all the eigenstates vanishes in the limit ħh → 0. In particular, this possibility enables the existence of quantum scars.

2.2.2 Quantum scars
A quantum scar [255] is a track of enhanced probability density in the eigenstates
of a quantum system that occurs along a short unstable PO of the chaotic classical
counterpart [112, 113, 256]. The pivotal element is the instability of the PO that
differentiates quantum scar from more trivial enhancements of the probability in the
neighborhood of stable POs. The latter can viewed as a manifestation of the Bohr
correspondence principle, whereas the former stems from quantum interference.
The existence of scarred states is rather unexpected based on the Gutzwiller trace
formula [77, 85] which connects the quantum mechanical density of states to the
POs in the corresponding classical system. According to the trace formula, a quantum spectrum is not a result of a trace over all the positions but it is determined by
a trace over all the POs only. Furthermore, every PO contributes to an eigenvalue,
although not exactly equally. It is even more unlikely that a particular PO would
stand out in contributing to a particular eigenstate in a fully chaotic system since al57

Figure 2.5 Probability densitity distribution of a quantum eigenstate in a Bunimovich stadium which is
scarred by a classical periodic orbit with a “bowtie” shape. Reprinted with the permission
from E. J. Heller, The semiclassical way to dynamics and spectroscopy (Princeton University
Press, 2018). Copyright2018 by Princeton University Press.

together POs occupy a zero-volume portion of the total phase space volume. Hence,
nothing seems to imply that any particular PO for a given eigenvalue could have an
significant role compared to other POs. Nonetheless, quantum scarring proves this
assumption to be wrong.
On the classical side, there is no direct analogue of scars. On the quantum side,
they can be interpreted as an eigenstate analogy to how short POs correct the universal RMT eigenvalue statistics. Scars correspond to nonergodic states which are permitted by the quantum ergodicity theorems [252–254]. In particular, scarred states
provide a striking visual counterexample to the assumption that the eigenstates of
a classically chaotic system would be without structure. Figure 2.5 shows a mannequin of quantum scars: a quantum state along an unstable, bowtie-shaped PO in
a stadium. This billiard system is a well-known example of hard chaos in classical
mechanics.
Scarring should not be confused with statistical fluctuations. Similar structures
occur even as random superpositions of plane waves [258], in the sense of the Berry
conjecture [259, 260]. Furthermore, distinctive to a quantum scar, a stadium in
Fig. 2.5, for example, supports highly nonergodic eigenstates called “bouncing balls”.
In the case of a stadium billiard, these eigenstates reflect trapped bouncing motion
between the straight walls. It has been shown [261] that the bouncing states persist at the limit ħh → 0, but at the same time the results in Ref. [261] suggests a di58

minishing percentage of all the states in the agreement with the quantum ergodicity
theorems [252–254].
The scarring was first described in 1983 by S. W. McDonald in his thesis [262]
on the stadium billiard as an interesting numerical observation. This finding was
not thoroughly reported in the article discussion [263] about the wave functions
and NNLS spectra for the stadium billiard. A year later in Ref. [112], E. J. Heller
published the first examples of scarred eigenfunctions together with a theoretical explanation for their existence. The results revealed large footprints of individual POs
influencing some eigenstates of the classically chaotic Bunimovich stadium, named
as scars by E. J. Heller.
A wave packet analysis was a key in proving the existence of the scars, and it is still
a valuable tool to understand them. In the original work of E. J. Heller, the quantum spectrum is extracted by propagating a Gaussian wave packet along a PO [112].
Nowadays, this seminal idea is known as the linear theory of scarring [112, 113, 256,
257], outlined in the following few paragraphs.
In the semiclassical limit, a Gaussian wave packet |Ψ(t )〉 launched on a moderately unstable PO sticks for short times in the region where the dynamics can be
linearized. The center of the propagating wave packet will follow the classical orbit
for a few periods with changing only its shape. According to the linearization, its
width will swell in one direction at each period by an exponential factor of exp(χ ),
where χ = λT is the dimensionless stability exponent constructed by multiplying
the Lyapunov exponent λ of the orbit and the period T of the orbit. In the orthogonal direction, the wave packet will instead shrink by a factor exp(−χ ) due to the
conservation of phase space volume, as dictated by the Liouville theorem. At the
multiplies of the period T , the autocorrelation function |〈Ψ(0)|Ψ(t )〉| shows sharp
peaks, indicating that the wave packet is returned close to its original configuration
|Ψ(0)〉. In the linear approximation, the computation of the overlap yields [256]
|〈Ψ(0)|Ψ(nT )〉|2 ≈

1
∼ exp(−nχ ),
cosh(nχ )

(2.11)

where n is a positive integer. In other words, the periodic recurrences die out at an
exponential rate characterized by the stability exponent χ .
The autocorrelation recurrence requires that the local density of states is strongly
peaked in the vicinity of the initial wave packet energy. For an initial wave packet
59

|Ψ(0)〉, the local density of states is determined in the following manner:
S(E) =

∑︂

|〈ψn |Ψ(0)〉|2 δ(E − En ),

(2.12)

n

where En are the eigenenergies of the system and |ψn 〉 are the corresponding, orthonormalized eigenstates. The local density of states is connected to the autocorrelation function via a Fourier transformation:
|︁∫︂

 |︁|︁ |︁|︁∑︂
|︁|︁

|︁
i
E
t
−i
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|︁
|︁
|︁ S(E) exp
dE |︁|︁ = |︁
|〈ψn |Ψ(0)〉|2 exp − n |︁ = |〈Ψ(0)|Ψ(t )〉|.
|︁
|︁ n
ħh
ħh |︁
(2.13)
If the linearization holds for the autocorrelation function at short times, the
Fourier-transformed local density of states will contain a sequence of peaks separated by 2π/T with widths scaling as χ /T . As demonstrated in Ref. [112], even
though the probability amplitude in the observed peaks is uniformly distributed
among the eigenstates near the peak, it is still necessary that some of the eigenstates
have a large overlap with the initial wave packet. The absolute overlap between the
wave packet |Ψ(t )〉 and an eigenstate |ψn 〉 is time-dependent. Therefore, the eigenstate is required to posses a large overlap with the wave packet at all times. Since the
wave packet mimics the motion of the classical PO, at least up to the period T , the
eigenstate has to contain a continuous track of enhanced probability density along
the PO. That is to say, the eigenstate is scarred by the PO.
The theory predicts the scar enhancement along a classical PO, but it cannot precisely pinpoint which particular states are scarred and how much. Rather, it can be
only stated that some states are scarred within certain energy zones, and by at least
by a certain degree. The strength of scarring is mainly determined by the stability
exponent χ . Unfortunately, there is no universal measure on scarring; the exact relationship of the stability exponent χ to the scarring strength is matter of definition.
Nonetheless, there is a rule of thumb [77, 257]: quantum scarring is significant when
χ < 2π, and the strength scales as χ −1 . Thus, strong quantum scars are, in general,
associated with POs that are moderately unstable and relative short.
An fascinating consequence of scarring is antiscarring [257, 264]. Since there
may be strongly scarred states among the eigenstates, the necessity for a uniform
average over a large number of states requires the existence of antiscars with low
probability in the region of scars. Furthermore, it has been realized [264] that some
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decay processes have antiscarred states with anomalously long escape times.
The linear scarring theory outlined above has been later extended to include nonlinear effects taking place after the wave packet departs the linear dynamics domain
around the PO [113]. At long times, the nonlinear effect can assist the scarring [113,
256]. This stems from nonlinear recurrences associated with homoclinic orbits. A
further insight on scarring was acquired with a real-space approach by E. B. Bogomolny [265] and a phase-space alternative by M. V. Berry [266] complementing the
wave-packet and Hussimi space methods utilized by E. J. Heller and L. Kaplan [112,
113, 256].
Aside from the theoretical curiosity, quantum scarring has surprising computational aspects. A simulation of the quantum system is able to sense unstable POs
in the form of scars, even with a low-level approximation such as a coarse basis. In
contrast, a classical calculation to track down these POs calls for high numerical
accuracy. Interestingly, it seems that in the absence of simplifying features such as
symmetries, the simplest method for finding a moderately unstable PO is just to
look at the solutions of the time-independent Schrödinger equation.
The first experimental confirmations of scars were obtained in microwave billiards in the early 1990s [114, 115]. Further experimental evidence for scarring has
later been delivered by observations in, e.g., quantum wells [116–118], optical cavities [119, 120] and the hydrogen atom [100]. In the early 2000s, the first observations
were achieved in an elliptical billiard [267]. In this system, many classical trajectories
converge and lead to pronounced scarring at the foci, commonly called as quantum
mirages [268]. In addition, recent numerical results indicated the existence of quantum scars in ultracold atomic gases [121].

2.2.3 Phenomena connected to quantum scarring
There are several phenomena connected to “conventional” quantum scarring discussed above, either by theory or appearance. First of all, when scars are visually
identified, some of the states may remind of classical “bouncing-ball” motion, excluded from quantum scars into its own category. Secondly, as already addressed,
we should be aware of the fact that random linear combinations of plane waves tend
to form distinct structures of an enhanced probability density.
On the other hand, there is a genre of scars, not caused by actual POs, but their
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remnants – ghosts. They refer to POs that are found in a nearby system in the sense
of some tunable, external system parameter [269, 270]. Scarring of this kind has
been associated to almost-periodic orbits [271]. Another subclass of ghosts stems
from complex POs which exist in the vicinity of bifurcations [272, 273].
Most of the research on quantum scars has been restricted to non-relativistic quantum systems described by the Schrödinger equation, where the dependence of the
particle energy on momentum is quadratic. However, scarring can occur (see, e.g.,
[274–276]) in a relativistic quantum systems described by the Dirac equation, where
the energy-momentum relation is linear instead. For example, numerical simulations on graphene flakes [274] have revealed unequivocal signatures of pronounced
concentrations of eigenstates along (unstable) classical POs. Heuristically, these relativistic scars are a consequence of the fact that both spinor components satisfy the
Helmholtz equation, in analogue to the time-independent Schrödinger equation.
Therefore, relativistic scars have the same origin as the conventional scarring [112]
introduced by E. J. Heller. Nevertheless, there is a difference in terms of the recurrence with respect to energy variation. Furthermore, it was shown that the scarred
states can lead to strong conductance fluctuations in the corresponding open quantum dots via the mechanism of resonant transmission [274].
Recent quench experiments with Rydberg atom arrays have discovered unexpectedly long-lived, periodic revivals which fail to thermalize at least on experimental
timescales [277–279]. These observations have lately stimulated a lot of theoretical
research [280–285]. In particular, it was hypothesized in Ref. [280] that the oscillatory dynamics arises from a small group of non-thermal many-body eigenstates
embedded in a sea of thermal eigenstates generically obeying the eigenstate thermalization hypothesis [286]. These atypical, ergodicity-breaking eigenstates are named
as “quantum many-body scars” in analogue to conventional quantum scarring [112].
Later, this analogy was strengthened by showing that the long-lived revivals are also
closely related to an unstable PO in a semiclassical description of quantum manybody dynamics [282]. As a remark, this is not the first time when the idea of manybody scars has appeared but in a different sense; it has been suggested that the electron density of small interacting electronic systems may contain traces of quantum
scarring by classical POs [287].
In the next chapter, we extend the list above by a new class of quantum scarring.
These scars thrive in two-dimensional quantum wells disordered by local perturba62

tions. They are not not explained by ordinary scar theory [112, 113, 256], but powered by a generic scarring mechanism combining the near-degeneracy structure of
the underling system and the local nature of the perturbations.
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3

SUMMARY OF RESULTS

It’s a bird... It’s a plane... It’s a quantum scar of a periodic orbit!

In addition to conventional quantum scars [112, 113], or other relative phenomena discussed in Sec. 2.2.3, there is a new kind of quantum scarring appearing in twodimensional nanostructures disturbed by local perturbations. Even though similar
in appearance to ordinary quantum scars, these new scars have a fundamentally distinct origin. The Thesis revolves around this perturbation-induced scarring. In this
chapter, we present a review on the PI scarring results discussed in Publications I III. In contrast to the space-constrained publications, the chapter includes additional
discussion about the scar research.

3.1 Disordered quantum dots and wells
Our PI scar research is closely connected to disordered quantum nanostuctures. The
research is not completely driven by theoretical curiosity, but it is also motivated by
a technological demand. For example, the semiconductor industry is now struggling
to maintain the pace of Moore’s law [288] stating that the number of transistors, and
their performance in integrated circuits will double approximately every two years.
Although R. Feynman famously suggested at the annual American Physical Society
meeting in 1959 that there is plenty of room at the bottom, we are now running
out of classical space. Thus, the next real breakthrough could be to exploit quantum
phenomena for our benefit.
In the rapidly expanding field of nanotechnology, quantum dots (QDs), or wells,
represent the basic elements of novel nanoelectronics (see, e.g., Refs [139, 184–187]).
They have spatial dimensions ranging from nanometers to a few microns. The tunable size, geometry and the number of electrons, which varies from several thousands even down to a single electron [185, 289], makes them an interesting environment for applications as well as for investigating various physical phenomena, such
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as the Wigner crystallization [290–294]. From the numerous eventual applications,
the most promising are different optical applications [295–298], single-electron transistors [299, 300] and qubits (quantum bits) [301], which are the building blocks of
quantum computing.
Electrons in QDs are confined, in the conventional approach, at the interface
between two semiconductor materials such as formed in a GaAs-AlGaAs barrier
layer. The transverse dimensions, restricted by a lateral confinement, are considerably larger than the thickness of the QD. The semiconductor QDs are fabricated
with several different methods (see, e.g., Ref. [184]) sharing a mutual objective to produce a lateral confinement of 2D electron gas at an interface of a semiconductor heterostructure. One of the earliest directions was to employ lithographic techniques
to manufacture metal electrodes on a heterostucture surface, such as described in
Ref. [302], which under an applied voltage confines the 2D electron gas into a small
area. Furthermore, the electron density in the QD can be adjusted with a gate voltage [302]. The etching techniques, on the other hand, allow a construction of vertical
QDs [303–305], where electric transport through the quantum device can be manipulated via contacts positioned on both ends of the pillar-shape heterostructure forming the QD. In comparison to lateral QDs, the number of electrons is commonly
easier to control in the vertical QD, and the etching fabrication enables the versatile shaping of the quantum-dot geometry. Along with the lithographic and etching
techniques, the third approach for fabricating QDs is to utilize a growth mechanism
(selective or self-assembly) of a semiconducting compound on top of a material with
a wider band gap (see, e.g., Refs. [306–310]). Compared to the counterparts created with the two other methods, self-assembled QDs are commonly smaller in size,
which opens a discrete energy regime suitable for, e.g., quantum-dot lasers [295].
On the experimental side, QD studies have mainly focused on their transport
and optical properties. For example, Coulomb blockade provides information about
the shell structure of the QD [304]. Other approaches include techniques such as
gated transport spectroscopy and single-electron capacitance spectroscopy, reviewed
in Ref. [185]. The optical properties are usually investigated with absorption and
emission spectroscopy of far-infrared light, which corresponds to the typical energy
range of semiconductor QDs [184]. Due to the long wavelength, far-infrared spectroscopy probes the center-of-mass motion of the electrons inside the QD, even in
an insensitive way to the electron-electron repulsion in the case of a harmonic con66

finement [311]. However, if the symmetry of the system is lowered, the relative and
center-of-mass motions couple together, opening a path to study interaction effects.
This has piqued increasing interest towards the theoretical research of non-circular
QDs [312–315].
Regardless of geometrical factors, actual quantum-dot cavities do not usually have
hard walls but soft boundaries, which can enhance chaos [57]. Furthermore, an
applied magnetic field can also induce chaotic behavior [58]. It has been hypothesized [316] that the softness of the wall combined with a magnetic field results
in fractal behavior of the magnetocondutance observed in semiconductor quantum
cavities [317]. On the other hand, theoretical studies of interacting electrons in noncircular QDs have shown that a magnetic field can strongly affect the optical excitation spectra [318], and vice versa, the interactions can contribute to the magnetization of the quantum-dot system [319, 320]. In particular, a lot of interest has been
attracted towards non-circular single-electron quantum cavities affected by an external magnetic field (see, e.g., Ref. [78]). This is motivated by the the classically chaotic
behavior of confined particles under a uniform magnetic field [58]. For example, the
diamagnetic susceptibity of elliptical quantum billiards was suggested to be affected
by its classically chaotic nature [321]. This was later specified by the work on the
mesoscopic susceptibility of a square billiard [322], consistent with the experimental
evidence of Ref. [323]. Regardless of some discrepancies [324], energy level statistics
in general reflects the integrability of the underlying classical system, in the sense of
the BGS conjecture [108]. The dynamics, however, is characterized by the strength
of the field. For example, the energy-level statistics of a rectangular QD, which is
classically pseudointegrable, has been shown to move towards the Wigner picture
as affected by a homogenous, perpendicular magnetic field [325]. Nevertheless, the
general trend is that the increasing magnetic field will eventually begin to dominate
over the confining field and the system will become integrable with the eigenstates
condensing into Landau levels.
Besides the effect of the boundary or the magnetic field, the symmetry of QDs is
usually distorted by different kind of impurities and defects. Although the theoretical modeling of QDs has mainly focused on the approximation of clean samples, real
semiconductor devices operate under the influence of distortions stemming from
different kinds of impurities. However, the mutual interaction of electrons tends to
smear out the effect of impurities [320, 326]. Nonetheless, even a relatively weak
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distortion can strongly affect the features of a QD, e.g., by lifting the degeneracies
and inducing the level-repulsion [326, 327]. Moreover, theoretical studies [327, 328]
have shown that impurities can even out the energy evolution with respect to an
applied magnetic field. In particular, the interplay of impurities and symmetries is
highlighted by the existence of PI scarring.
The PI scar research revolves around modeling and understanding the physics of
realistically bounded, disordered nanostructures. The quantum system in question
is a QD confined to have a negligible degree of freedom for electrons in the vertical
direction, and it is thus two-dimensional. The 2D system is chosen to be located on
the xy plane. Furthermore, the Zeeman energy is omitted, which has proven to be
a suitable approximation [329]. The external magnetic field B perpendicular to the
plane is incorporated via a vector potential A with minimal coupling. Furthermore,
we set the effective mass to unity without losing the generality. To summarize, we
focus on the following single-electron Hamiltonian without spin given in atomic
units:
H =

1
(−i∇ + A)2 + Vext + Vimp .
2

(3.1)

Here, Vext describes the external confinement potential and Vimp describes the model
potential for impurities.

3.1.1 Confining potential
The external confining potential Vext defines the geometry of a QD. In the absence
of impurities, it also determines the energy scales and the analytical solvability of the
system. In our research in Publications I - III, we have assumed that the confinement Vext is a smooth continuous function.
Among various confinements, the power-law potentials Vext (r ) ∝ r α , where
α > 0, are particularly convenient for investigating the classical POs of the underlining unperturbed system. However, we have mainly focused on the cases where the
exponent is an integer. This type of potentials belong to the special class of functions
called homogeneous functions which show multiplicative scaling behaviour: if the argument of the homogeneous potential V (r) is multiplied by a factor λ ∈ R, then its
value is multiplied by some power of this factor, i.e., V (λr) = λk V (r), where k ∈ N
is referred as the degree of homogeneity.
In a homogeneous, circular potential, POs at different energies are similar up to a
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scaling in space and time. Thus, the geometry of a PO is independent of its energy E.
Furthermore, due to the circular symmetry, different POs can be easily enumerated
with two integers v r and vθ (see, e.g., Ref. [26], and Table 3.1): after v r oscillations
around the radial turning points, the particle has traveled around the origin vθ times
before returning to its original configuration. We have developed a new algorithm
to determine the existence of POs in the system, including the presence of a perpendicular homogeneous magnetic field.
α

(v r , vθ )

1
2

(7,4)

(9, 5)

(11, 6)

(13, 7)

(15, 8)

(11, 5)

(13, 6)

(15, 7)

(2, 1)

3
4

(7, 3)

(9, 4)

(11, 5)

(12, 5)

(13, 6)

(15, 7)

5

(5, 2)

(7, 3)

(9, 4)

(11, 5)

(12, 5)

(13, {5, 6})

(15, 7)

6

(5, 2)

(7, 3)

(8, 3)

(9, 4)

(11, {4, 5})

(12, 5)

(13, {5, 6})

(14, 5)

7

(5, 2)

(7, 3)

(8, 3)

(9, 4)

(11, {4, 5})

(12, 5)

(13, {5, 6})

(14, 5)

(15, 7)

(5, 2)

(7, 3)

(8, 3)

(9, 4)

(11, {4, 5})

(12, 5)

(13, {5, 6})

(14, 5)

(15, 7)

8

(3, 1)

(15, 7)

Table 3.1 Periodic orbits in the absence of a magnetic field for the power potential of Vext ∝ r α up to
α = 8 and v r = 15 organized with increasing α. The braces in the table contain different
possible integer values for vθ at the given value of v r .

A common power-law approximation for the confinement Vext is an elliptic potential:

1
1
Vext = ω 2x x 2 + ωy2 y 2 ,
2
2

(3.2)

where the frequencies ω x and ωy define the confinement strength in the x and y directions, respectively. Classical POs exist if the frequencies are commensurable, i.e.,
if their ratio is a rational number. The corresponding POs are known as Lissajous
orbits, which appear in numerous scientific fields [330]. On the other hand, if the
frequencies are incommensurable, the motion is quasiperiodic, resulting in ergodic
behavior on a torus [10]. In the special case of ω x /ωy = 1, the system reduces to
an isotropic, parabolic 2D oscillator, whose POs are analytically solvable in a perpendicular magnetic field (see, e.g., the supplementary material of Publication I and
Ref. [331]).
Various studies combining experiments and theory, such as Refs. [180, 305], have
confirmed the validity of the parabolic approximation to model the external confining potential of electrons in a QD, up to the quantum Hall regime reached with a
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strong magnetic field. For example, the isotropic harmonic confinement has proven
an appropriate estimate for QDs where the lateral confinement is produced by metallic gates around the quantum device [332]. Modifications to this confinement potential in QDs has been discussed in Ref. [333].

3.1.2 Potential bumps
The local perturbations can be modeled by adding randomly located bumps to the
otherwise smooth confining potential Vext . The individual bumps can be assumed
to be Gaussian-like with amplitude M and width σ, which gives the full width at half
⎷
maximum of 2 2σ. The total perturbation is thus
Vimp (r) = M

∑︂
i


|r − ri |2
exp −
,
2σ 2


where the sum goes over all bumps. This kind of perturbation models the effect
of atomic disorder caused by, e.g., dopant or impurity atoms. The bumps are either randomly distributed with a constant average density, or individual bumps are
added to a specific location. A similar disorder model of randomly scattered bumps
has been studied with density-functional theory [334, 335] and the diffusive quantum Monte-Carlo approach [328]. On the other hand, a single, focused bump could
be generated by a conducting nanotip [336–338]. Furthermore, the role of such external impurities in QDs can be quantitatively identified through the measured differential magnetoconductance displaying the quantum eigenstates [327]. However,
it should be noted that our perturbation model neglects another type of disorder
present in many experimental samples, namely the disorder of the edge. This could
be a deformation of the confining potential (soft boundary), or roughness on the
“billiard wall” (hard confinement). The edge disorder can be very relevant in areas
of classical wave phenomena such as in phonon scattering.
In our studies of PI scars, the bump amplitude M is usually small compared to
the energy of the quantum states we consider. Thus, each individual bump can be
considered as a small perturbation. The width of the bump is, on the other hand,
similar to the typical local wavelength of the eigenstates of interest. We have studied impurity densities for hundreds of randomly scattered bumps in the classically
allowed space related to the eigenstates under the investigation.
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3.1.3 Numerical scheme
We approach the 2D problems highlighted above numerically by employing the
itp2d software [339]. It employs the imaginary time propagation method [340],

which is a very general algorithm for solving eigenvalue problems such as the timeindependent Schrödinger equation.
The imaginary time propagation algorithm is based on the idea that the eigenstates of a Hamiltonian form a complete basis for the corresponding Hilbert space.
Hence, we can expand any arbitrary state in this Hilbert space in the terms of the
eigenstates of the Hamiltonian. All high energy components are removed from the
expansion if the expansion is operated repeatedly with an imaginary time propagation operator exp(iϵH ), where H is the studied Hamiltonian and ϵ > 0 is a
parameter. Thus, this type of iteration eventually produces an approximation of
the ground state although the initial trial state is arbitrary (but not an eigenstate of
the Hamiltonian). In order to extract more eigenstates besides the ground state, the
imaginary time propagation is applied to each member of a linearly independent ensemble of N initial trial states which are not orthogonal to any of the wanted eigenstates. This condition is fulfilled (with practical certainty) by setting the initial states
to random noise. Furthermore, an ensemble consist of random noise states is a numerically suitable choice due to the exponential convergence rate of the imaginary
time propagation. After every propagation step, the whole ensemble is orthonormalized, which preserves the norms of the N linearly independent components in
the ensemble. The combined effect of the imaginary time propagation and the orthonormalization causes the ensemble to converge toward the N lowest eigenstates
of the given Hamiltonian.
The itp2d software [339] is a modern implementation of the imaginary time
propagation method geared for solving the single-particle, time-depend Schrödinger
equation in two dimensions. The software is particularly suited for 2D problems
with strong perpendicular magnetic fields. This is due to the existence of an exact
factorization of the exponential kinetic-energy operator in a magnetic field [340].
With the itp2d software, we can thus investigate a large number of quantum-dot
potentials in an external magnetic field with different kinds of impurity shapes and
landscapes.
Although a natural framework for a perturbed system would be an expansion
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in terms of the eigenstates of the unperturbed system, we have decided to utilize
the itp2d software for two main reasons. Firstly, the software is capable to solve
thousands of the eigenvalues and eigenstates of a perturbed system, enough for a
reliable statistical consideration. Secondly, it is a suitable platform to test different
realizations of disordered potential landscapes efficiently. Furthermore, since a finite
perturbation will eventually vanish at large energies, the corresponding eigenstates
begin to coincide with the unperturbed states, and thus they are not very informative.
To determine a large number of eigenstates of a unperturbed system, we also employ the it2d software in the absence of an analytical approach. However, in the case
of a harmonic oscillator, the eigenstates and energies can be compared to the wellknown analytical solutions of a unperturbed system. In a homogeneous magnetic
field, the energies of the unperturbed, isotropic oscillator correspond to the FockDarwin spectrum [341, 342], which is observed experimentally in semiconductor
QDs [180]. The corresponding eigenfunctions can be formed in the terms of the associated Laguerre polynomials. On the other hand, the eigenstates of an anisotropic
harmonic oscillator without a magnetic field can be solved in terms of the HermiteGaussian modes, regardless of the value of the frequency ratio (see, e.g. Ref. [59]).
In general, the solutions of an anisotropic harmonic oscillator can be also examined
analytically under a perpendicular magnetic field (see, e.g., Ref. [343]), although we
have focused on the zero-field case.
In addition to quantum simulations, we have supplemented our studies with analysis of classical dynamics and the phase space, which have yielded useful insights to
quantum scarring and quantum chaos. The classical simulations have performed
with the bill2d program [344].

3.2 Scar observations
After introducing the perturbation Vimp , some of the high-energy eigenstates of the
studied perturbed systems show clear scars corresponding to the POs of the unperturbed counterpart. These scar can be very strong, covering up to 80 % of the total
probability density, and their spatial orientation is fairly persistent as a function of
energy. Furthermore, the scarring phenomenon do not seem to be restricted to any
particular unperturbed potential Vext . Since there are no scars in the unperturbed
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systems, the scarring is caused by the perturbation Vimp of the impurities. Moreover,
profound scarring is observed in a perturbed system when the unperturbed quantum
system contains special near-degeneracy structures, called as resonant sets, which are
further connected to the POs of the classical (unperturbed) counterpart. We have
analyzed both the classical and quantum nature of these resonances in Publications
I-III.
Ever since the work of Ref. [345], the
prototype system for PI scars has been the
case of the locally perturbed r 5 -potential.
In this case, a dominant form of scarring
is a rounded five-point star, i.e., a pentagram (see Fig. 3.1), which corresponds to
the shortest non-trivial PO in the unperturbed classical system. The special nature
of the exponent α = 5 arises from the fact
that the shortest nontrivial POs in the potentials α = 1, 2, 4 are longer (see Table. 3.1).
In particular, the harmonic confinement
(α = 2) has special characteristics, and thus
it will be considered later as a separate case.
α

In other power-law potentials Vext (r ) ∝

Figure 3.1 Example of an eigenstate scarred
by a pentagram-shaped PO in a
r 5 -potential perturbed by randomly
scattered bumps (red dots).

r , scarring occurs analogously to the r 5 -potential. With other exponents α, different shapes of scars emerge. They correspond to classical POs shown in Table. 3.1 in
the absence of a magnetic field. Scars of POs with high-integer values for (v r , vθ ) are
scarce and less apparent than the scarring related to POs with smaller integers. Furthermore, a homogeneous confinement Vext is not a necessary condition for scarring.
Scars emerge in other forms of the unperturbed potential when affected by local perturbations. As an example of this fact, we have shown in Publication II that some
eigenstates of locally distorted hyperbolic-cosine-type potentials Vext (r ) ∝ cosh(r )
are strongly scarred by the pentagram-shaped POs of the unperturbed classical system.
Much of our interest has been attracted to the special case of the harmonic oscillator. On the experimental side, as pointed out above, this has repeatedly proven
to be a realistic model for QDs fabricated in semiconductor heterostructures since
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the pioneering works of Tarucha and Kouwenhoven [305]. Moreover, a generic 2D
anisotropic (elliptic) harmonic oscillator is a widely applied model for quantum cavities with soft boundaries. From a theoretical point of view, the harmonic oscillator
offers a platform to test the concepts of the PI scarring analytically.
In Publications I-III, we have shown that locally perturbed oscillators exhibit
strong scarring. The perturbed Fock-Darwin system shows profound PI scarring at
certain magnetic field values related to the existence of POs in the unperturbed system. Since the external magnetic field breaks the time-reversal symmetry, we observe
two types of scars at fixed magnetic fields corresponding to POs with opposite directions. In an elliptic oscillator, some of the eigenstates are, on the other hand, strongly
scarred by the Lissajous orbits of the unperturbed classical counterpart. They occur
at certain values of the geometries of the confinement. In both situations, we have
presented an analytical model to predict the emergence of the scarring. In addition
to PI scars, we observe quantum states that show features of classical “bouncing-ball”
motion. Furthermore, some eigenstates contain a trace of two scars, or a combination of a scar and a bouncing-ball state. We have also observed remnant states, or
ghosts which reflect the symmetry of the unperturbed quantum system. These remnant states are related to the eigenstates of the unperturbed system which are weakly
affected by the applied perturbation Vimp .
Different random realizations of the bump locations demonstrate that PI scars
are not a rare occurrence at optimal scarring parameters. For example, in the case
of an anisotropic oscillator with a commensurable frequency ratio, the proportion
of strongly scarred states among all the first 4000 eigenstates varies from 10 % to
60 %. Nonetheless, further studies are required to quantify how common the scars
are among all random realizations of bumpy potential landscapes. For this purpose,
we have been developing tools for the automated detecting and classification of PI
scars employing machine learning [346], along with different approaches for measuring the strength of a scar.

3.2.1 Controllability
From the beginning of our research, a key objective has been to figure out a controlled way to manipulate scarred eigenstates. In Publications I and Publications
III, we have shown that the existence and geometry of PI scars can be controlled in a
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locally perturbed QD modelled by a harmonic confinement via two experimentally
realistic schemes. The states can be brought close to resonances in the unperturbed
system, where profound scarring emerge under the influence of the perturbation, by
either an external magnetic field or by adjusting the geometry of the confinement
potential. In particular, we have shown that scarring occurs in the vicinity of certain
values of the magnetic field and confinement frequency ratios. Moreover, the shape
of scars can be designed by tuning the system close to the resonance related to the
desired geometry.
Outside of the harmonic oscillator, we do not have such a clear way controlling
scars with the external field since PI scars exist, for example, in a wide range of values
of the magnetic field (see Publication III). Nevertheless, there are a few features that
can be utilized for our benefit. Due to the finite nature of the perturbation, PI scars
only exist in a certain energy range. In addition, scarring will be absent in a magnetic
field sufficient large to overcome the perturbation. Furthermore, the occurrence of
scarring can be affected by breaking the symmetry of the confinement potential, or
by manipulating the exponent α in power-law potentials of the type Vext (r ) ∝ r α .
Another important tool for controlling scars is the fact that some scarred states
are oriented to coincide with as many bumps as possible. This “pinning” effect is
demonstrated in Publication I by considering the overlap 〈Ψ|Vimp |Ψ〉 between the
scarred state |Ψ〉 and the impurity potential Vimp . In particular, it is shown that even
a single bump can create a strong scar that is pinned to its location. For both the
multiple-bump and the single-bump cases, this analysis confirms that there are scars
pinned to an orientation that maximizes the overlap with the impurities.
By producing a single perturbation with, e.g., a voltage of a nanotip [336–338],
the pinning effect can be employed to force scars to a specific orientation. Furthermore, the geometry and existence of these scars can be conveniently tuned via either
an external magnetic field or via adjusting the confining potential appropriately. Together, these methods provide a complete external control over the scarred states.
By selecting which parts of the system are connected by the scar paths, this may
provide a method to modulate quantum transport in nanoscale QDs. A successful
experiment of this type, however, requires that the system is otherwise clean from
external impurities such as migrated ions from the nanosructure substrate. Moreover, a sufficient energy range in transport applications is required as the scars are
more abundant at high energies, but eventually they will vanish as the states will
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overcome the finite perturbation.

3.2.2 Stability
In the view of prospective future applications, the controllability of scars is encouraging. This aspect is further amplified by the fact that the observed scars show resilience against the changes in the system conditions, such as small deviations in the
magnetic field or in the potential landscape. Interestingly, these PI scars are more
stable than the classical POs they resemble.
Combined, the research in Publications I-III has indicated that there are optimal
impurity parameters for PI scarring to emerge at a particular energy range. As the
perturbation increases in the variation of the bump amplitude M and width σ, the
scars become more pronounced until reaching a maximum visibility at a systemspecific sweet spot, and then fading away into a completely delocalized state. This
transition occurs in a smooth manner. The same effect is observed in the variation
of the bump density: at low densities, the eigenstates of the perturbed system begin
to gain traces of the symmetry stemming from the unperturbed system, whereas the
states are completely delocalized at high densities. However, the region boundaries
for bump densities depend on the confining potential.
During the variation of the bump amplitude M and width σ, the scars do not
appear to change their shape or even their orientation. On the other hand, the situation is different when the bump density is modulated. If the number of the bumps
is varied considerably, the scars re-orientate themselves. Furthermore, if the bump
density is high, the bumps begin to overlap and, at a certain limit, the bums merge
into wider “superbumps”, and the system characteristics become very different.
Another perspective to the stability, besides the perturbation, is the energy level
structure of the underlying quantum system. Generally, quantum scars are observed
when the unperturbed spectrum contains near-degeracies related to the short POs of
the unperturbed system. The proportion and strength of the scarred states depend
on the degree of degeneracy of these resonant sets: more and stronger scars appear
when more energy levels are (nearly) crossing. In the scarring region, the perturbation is sufficiently weak not to completely destroy the resonant sets. In fact, the scars
become less visible if the system is deviated in such a way that the near-degeneracy
structures begin to vanish. Along with the weakening scarring strength, the num76

ber of scars reduces with increasing deviation from the optimal conditions related
to the resonant sets. Nevertheless, both effects can be compensated by adjusting the
perturbation.
To analyze the stability of scars more analytically, we have introduced a localization measure (α value) for a normalized eigenstate |Ψn 〉 defined as
α=Z

∫︂

|Ψn (r)|4 dr,

(3.3)

where the normalization factor Z is determined by the classical area for the energy
En in the unperturbed system. This definition of the α value is closely related to a
well-known measure called the inverse participation number (see, e.g., Refs. [347,
348]). As the α value describes the localization of the probability density of a state,
we have employed it here to estimate the strength of scarring.
The α analysis was employed in the context of an anistropic oscillator in Publication III. The α values of the scars support the general claim that the strength of the
scarring decreases in a smooth manner when the near-degeneracies are lifted. In the
case of Lissajous scarring, this corresponds to move outside of the optimal frequency
ratios. Thus, the presented α value has proven to be a useful tool for a qualitative
scarring analysis. Nevertheless, further studies are required to rationalize the α measure to be suitable for comparing the strength of PI scarring in a quantitative manner,
especially between different confining potentials.

3.2.3 Eigenvalue statistics
To deepen our understanding of locally disordered QDs, we have studied the eigenvalue statistics in the case of randomized bumps in the confining potential. This
is the topic of Publication II. However, the main focus is on the connection between the statistics and the formation of PI scarring. The quantum chaocity of the
system was determined with three estimators derived from energy level statistics.
The α estimator was determined by short-range spectral correlations according the
Berry-Robnik mixing (2.9). The other two estimators β and γ are based on longrange correlations: the estimator β is defined by the spectral rigidity mixing (2.10),
whereas the estimator γ is extracted from the scaling properties of the spectrum with
detrended fluctuation analysis, as detailed in Sec. 2.1.2.3.
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Our results show that the most visible scars are detected as the system undergoes
a smooth transition from the regular to chaotic eigenvalue statistics. However, the
details depend on the given potential, in particular, which values of (M , σ) can be
considered as a sufficient perturbation. In addition to the prototype potentials r 5
and r 2 , we have examined a r 8 -potential, as well as a non-homogeneous yet circularly symmetric cosh-type potential. In both cases, we observe similar behavior in
energy level statistics compared to the r 5 case: an increase in the amplitude M and the
width σ of the bumps results in a transform from the Poisson to the GOE statistics.
The most visible PI scarring arises at the intermediate region in all of the quantum
estimators.
The external magnetic field has a similar qualitative effect on the eigenvalue statistics in different potentials. With a fixed perturbation, an increasing magnetic field
eventually begins to dominate the properties of the system. In the classical picture,
the Lorentz force begins to overcome the perturbation stemming from the bumps in
the potential. In the quantum system instead, energy levels start to condensate into
Landau levels. This results in an increasing regularity in all three quantum estimators
α, β and γ .
When strong PI scars are present, the eigenvalue statistics are mostly mixed, i.e.,
between the Wigner-Dyson and Poisson pictures in RMT. An exception to this trend
is the superintegrable Fock-Darwin system, where the regime of scarring is characterized by strong Poisson-like behavior in the chaos estimators. The special characteristics of a perturbed harmonic oscillator in a magnetic field is caused by its superintegrability. A quantum system is called superintegrable [349, 350] if there is
a maximal set of independent symmetry operators, i.e., additional symmetry operators (not necessary commuting) exist compared to an integrable system. The two
limits of the unperturbed Fock-Darwin system at the zero-field limit and the Landau
system limit, i.e., B → ∞ are known to be superintegrable [351]. Excluding these
limits, a general Fock-Darwin system is superintegrable at specific magnetic field
values as shown in Ref. [351]. At these values, the locally perturbed Fock-Darwin
system exhibits prominent PI scars, as shown in Publication I. Interestingly, these
scars seem to be connected to the coherent states of the unperturbed Fock-Darwin
system described in Ref. [351]. Furthermore, the superintegrability results in strong
peaks of regularity in the quantum chaocity estimators, as shown in Publication II.
In a broader context of quantum chaos, our results in Publication II demon78

strate that the effect of the original symmetry preserves longer than what can expected from the classical dynamics. Classically, a large number of randomly scattered bumps leads to a mixed phase space, which is almost fully chaotic. If the total
perturbation of the bumps is very weak, the Lyapunov time of the system can be
still be very long. On the quantum side, the spectrum of the system is close to that
of the unperturbed spectrum, when the perturbation is weak. For instance, in the
limit of a weak perturbation, the spectrum of the perturbed system is well described
by first-order perturbation theory. This is not close to a RMT spectrum. In fact, our
results show that along with considering exact symmetries, near-symmetries should
be taking into account if the quantum chaotic nature of a system is inferred based on
the eigenvalue statistics derived from RMT.
Our results on spectral statistics extend the research carried out in Ref. [327], and
show how local perturbations such as impurity atoms influence the spectrum of a
QD, which can be also experimentally verified. Furthermore, we show that quantum scarring is related to the suppression of chaos. Nonetheless, further research is
required, for example, to rationalize quantum chaotic estimators in mixed systems.
In particular, a prospective line for future research is the validation of the DFA approach for analysing quantum chaos. This is already under investigation [243]. We
also examine how local perturbations affect the Berry saturation and the fractality
of the quantum spectrum.

3.2.4 Subspectrum composition
Besides analyzing the statistics of the full spectrum, we have also examined how individual unperturbed states contribute to PI scars. For this purpose, we have introduced the concept of the subspectrum of a scar in Publication II. A scarred state
|Ψ〉 of a perturbed quantum system is expanded in the basis of the corresponding
unperturbed states |φ m 〉 (m ∈ N) as
|Ψ〉 =

∑︂

c m |φ m 〉,

(3.4)

m

where c m ∈ C. The set {|c m |2 } is then referred as a subspectrum of a scar. The values
|c m |2 ∈ R are restricted to interval [0, 1] for all m ∈ N, since the state |Ψ〉 and the
basis states |φ m 〉 are orthonormalized. Therefore, the subspectrum describes the
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relative weights of the unperturbed states in the construction of a PI scar.
The subspectrum analysis has revealed that only a few unperturbed states have
a clear contribution to the subspectrum of the scarred state, which are close in energy. In particularly strong PI scarring, the contribution is most evenly spread in
the nearly-degenerate states. This commonly occurs when the quantum estimators
indicate mixed statistics. In the case of a weaker perturbation, there usually is an
unperturbed state dominating the subspectrum. Consequently, the perturbed states
resemble more a circularly symmetric state of the unperturbed system than a PI scar,
and the energy level statistics corresponds to the Poisson limit. In addition, the observed remnant states are analyzed to be unperturbed states which do not mix, or
mix very weakly, under the applied perturbation. In the Wigner-Dyson region of the
eigenvalue statistics, the total perturbation of the individual bumps is strong enough
to mix many unperturbed states. Therefore, the probability density distribution appears “chaotic”, reflecting the ergodic nature of the underlining classically chaotic
system.
The relationship between the energy level statistics and the PI scarring can be
understood as the combined effect of existence of resonant sets in the corresponding
unperturbed system and the nature of the perturbations. In the future, the natural
next step would be to study the statistical properties of a wave function by computing the probability distribution of the subspectrum. For example, the elements of
the eigenvectors of RMT obey Porter-Thomas distribution [79, 88], which agrees
with Berry’s conjecture [260] for higher-energy eigenstates of a quantum system
which is classically chaotic. In contrast to the ergodic states, it could be assumed
that the corresponding distribution for scarred eigenstates deviates from the PorterThomas distribution. This would be an eigenstate counterpart to energy level statistics. Nevertheless, the scar formation and composition at the subspectral level sheds
light upon the physical mechanism behind PI scars.

3.3 Scarring mechanism
The research on the origin of the scarring phenomenon was conducted in collaboration with P. J. J. Luukko, E. J. Heller and L. Kaplan in the footsteps of Ref. [345].
Before delving into the mechanism behind the observed scars, we want to address two
aspects. First, we want to emphasize that a new theoretical framework is needed to
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understand the PI scarring. As already mentioned, these scars are not explained by
the conventional scarring theory [112, 113], which would require moderately unstable, short POs in the perturbed system. The scarred eigenstates do not appear
to to vanish or even change their orientation when the amplitude M or the width
σ of the bumps is adjusted. This rules out the possibility that the state would be
scarred by the POs of the unperturbed system which would have survived through
the perturbation with some nontrivial cancellation of the individual bumps. In this
scenario, the scarring would have been sensitive to the exact details of the bumpy
potential landscape. Another proof against the conventional scarring theory is the
fact that there are only a few preferred scar orientations for a particular realization of
the randomly scattered bumps. This disclaim for being conventional scars is further
supported by the tendency of the scars to often pin to the bumps.
In addition to the exclusion of the conventional scarring, PI scars can neither be
explained by dynamical localization [124–127]. Dynamical localization corresponds
to localization in angular momentum space, whereas the scars are localized in the position space. Moreover, it is not able to explain that scars generally orient to coincide
with as many bumps as possible.
Secondly, in the scarring region, the considered amplitudes of the bumps are generally small in comparison to the total energy, making each individual bump a small
perturbation. Nonetheless, combined the bumps form a sufficient perturbation to
destroy classical long-time stability; any stable structures present in the otherwise
chaotic Poincaré surface of section are very small compared to ħh = 1. The tiny islands in a classical phase space are observed for small amplitudes A and widths σ,
but they vanish even before the scarring reaches its peak as a function of the bump
amplitude M and width σ.
On top of excluding the effect of actual POs, the possibility of near-periodic orbits was ruled out as a reason of the scarring. Since quantum mechanics smears out
the details inside phase space volumes of the order of reduced Planck constant ħh ,
many nearly periodic orbits could constructively contribute to the formation of the
scars. However, nearly periodic orbits exist only at small values of amplitudes A and
widths σ.
To provide a theoretical explanation for the PI scarring, a simple heuristical framework is found in the quantum perturbation theory employing the variational principle. For PI scars to occur, only two general ingredients are required (illustrated in
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Fig. 3.2): the existence of special (nearly) degenerate states referred already above as a
resonant set, in the unperturbed system, and the individual perturbations that have
a short spatial range.

Resonant

Localized

sets

perturbations

Figure 3.2 Cooking up perturbation-induced scars: the condition for PI scars to emerge encompasses
two key ingredients. The scarring arises as a combined effect of particular nearly degenerate
states in the unperturbed quantum system and the local nature of perturbations such as
Gaussian bumps in the confining potential.

First, there are sets of special nearly degenerate, or quasi-degenerate, states in the
unperturbed system, which are connected to the POs of the unperturbed classical
system. In a generic separable system, the existence of these resonant sets can be
justified with the Bohr-Sommerfield quantization rule, which is an accurate approximation in the semiclassical limit of large quantum numbers. In the unperturbed
system, the classical motion can be divided into separable oscillations. A PO corresponds to a situation when these oscillations are in resonance, i.e., the ratios of the
oscillation frequencies are rational numbers. On the quantum side, these classical
resonances cause nearly degenerate groups of the unperturbed states with approximately the same energy. Even though the oscillation frequencies of the POs are not
constants, there are some states in each resonant set that are close to each other in
energy. In general, shorter POs result in a more accurate degeneracy, which further
appears as stronger scarring.
Secondly, a moderately small perturbation leads to eigenstates which are mainly
confined to a subspace spanned by the states in these resonant sets. Therefore, according to perturbation theory, we can approximately construct the perturbed states
by diagonalizing the perturbation Vimp in the basis of the resonant set (see, e.g.,
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Ref. [60]). Due to the connection between the states in the resonant set and classical motion, some linear combinations of the resonant set will trace out a path of a
classical PO. The scarred linear combinations are preferred by the system if the perturbation Vimp is localized at the individual bumps. The variational principle can
be employed to construct the best linear combination of the nearly degenerate resonant basis. In a finite dimensional nearly degenerate Hilbert space, the eigenstate |Ψ〉
corresponds to the extremal eigenvalue if it extremizes the expectation value of the
perturbation, i.e., the quantity 〈Ψ|Vimp |Ψ〉. When the total perturbation consists
of individual perturbations localized in space, this extremazation of the expectation
value is effectively achieved by selecting a linear combination localized in space, i.e.,
a scar, and orienting it to hit as many or as few of the localized perturbations as
possible.
The two-step argumentation based on the resonant sets and the local nature of
perturbation differs from the other types of scarring such as conventional [112, 113]
or many-body quantum scars (see, e.g., Ref. [280]). The general scar theory holds
for a generic separable quantum system, not only, e.g., a restricted set of circular
symmetric potentials we have mainly considered in Publication I and Publication
III. Furthermore, our general scarring mechanism applies even to higher spatial dimensions than two. In fact, PI scars emerge in a dense random gas as a polyatomic
trilobite Rydberg molecule [352].
In the context of this Thesis, our scar theory explains the observed features of
PI scars, such as the pinning of the scars to bumps or the dependence on the resonant set structure. In particular, it predicts the occurrence and shapes of the FockDarwin and Lissajous scars at certain values of the magnetic field and confinement
ratios, respectively. The preferred orientations are also well understood, since the
scar orientation is usually determined by the same set of bumps in a certain energy
interval. For sufficient large energy differences, scars will change their absolute size,
and they may need to find a different orientation for the extremization with new
bumps. Furthermore, the scar theory also explains the dominance of pentagrams
among the observed PI scars. The pentagram is the simplest geometry among polygons with a self-crossing point. In a pentagram-like scar, the probability density is
concentrated in the vicinity of these self-crossing points. In this way, the scarred
states |Ψ〉 can further maximize the overlap 〈Ψ|Vimp |Ψ〉. In fact, this implies that an
optimal strategy to pin a pentagram into a desired orientation is to utilize a generated
83

local perturbation positioned on a self-crossing point.
In addition to explaining the observed properties, there is one more aspect of
the theory that we want to stress. The variational argumentation does not assert if
bumps are either repulsive or attractive. Our numerical results support the theoretical statement that PI scars persist in potential landscapes which include attractive
perturbations. This type of PI scars can be understood as well within the presented
scarring mechanism. In this reversed situation, the counterintuitive scars are the
ones that extremize the overlap with the perturbation by avoiding the attractive
bumps. However, an unexplored future research area is a “mixed” potential landscape where the attractive and repulsive bumps compete in forming PI scars.
Despite of the theoretical progress of understanding the scarring phenomenon,
there are still unresolved questions. For example, it is not clear which role the
Poincaré-Birkhoff fixed-point theorem plays in the formation of PI scars. Furthermore, we are currently studying the exact relationship between the strength (i.e.,
width and amplitude) of perturbations and the level of near-degeneracy in a resonant
set. Our numerical simulations, such as those presented in Publication II, indicate
that there are optimal parameter combinations for PI scars to occur in a given system. However, the variational explanation does not quantify the specific nature of
the perturbations, e.g., the width or amplitude of the bumps. To specify an optimal
width for individual bumps is a complicated task under research since this depends on
the density and amplitudes of the bumps as well as the structure of the unperturbed
quantum system, e.g., the level of near-degeneracy. An important future ambition
is to formulate the conditions of the PI scarring as a precise mathematical statement.
Along with this goal, we also aim to determine how many classical-looking states,
i.e., scars we can construct out of a single resonant set. Both of these problems are
connected to the open question of precisely defining a PI scar with a well-defined
measure for the degree of scarring.
Currently, we have only discussed disorder as a set of local “point-like” impurity
potentials, which is a widely employed model to describe atomic disorder. However,
many experimental samples also contain another type of disorder, namely disorder
of the the edge. This could be disorder of the otherwise smooth confining potential
(soft boundary), or roughness of the billiard wall (hard confinement). An interesting line of future research is thus to study if such disorder would have a similar or
different influence on scarring. This is a particularly intriguing question due to the
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general nature of the scarring mechanism, which does not specify the cause of the
localized perturbation.

3.4 Connection to other research
Since the scarring mechanism is very generic, it is natural to wonder if we are first
to come across the phenomenon. In particular, this suspicion is enhanced by the
fact that the scars are visually very distinctive. Nonetheless, no clear indication of
a previous discovery has stood out in the literature, although there are various connections to different research topics.
Somewhat reminiscent scarring triggered by a perturbation has been reported
in a weakly perturbed quantum billiard [353]. Triangle-shaped scarred eigenstates
were found when an originally circular billiard is deformed into a spiral. The scars
in the spiral billiard reflect the POs of the unperturbed circular billiard, and, furthermore, the degeneracy of the billiard do participate in the creation of the scarred
states. This means that the first element, namely symmetry-related near-degeneracy,
is contributing to the phenomenon, but the second ingredient, local perturbations,
is absent. In addition, there is no evidence for preferred scar orientations, and the
scars of this kind are scarce among all the eigenstates [354]. Therefore, the scarring
reported in Ref. [353] is substantially weaker to the PI scarring reported here.
The research on scars is motivated by the experimental activity of spiral-shaped
dielectric microcavities [355], which have shown excellent lasing attributes [356].
Both simulations [357, 358] and experiments [359] have confirmed the existence of
resonances mirroring the POs of the circular billiard. Since the existence of unstable as well as stable POs has been ruled out in a spiral billiard, these resonances are
characterized as quasi-scars, distinct to conventional quantum scars. However, further analysis has revealed that quasi-scars are, in fact, a variation of conventional
scarring. The quasi-scarred resonances originate from the corrections to ray dynamics caused by the openness of the system [360, 361]. They are “authentic” scars of
the spiral billiard, but with a modified reflection law. In consequence, the observed
quasi-scar resonances are not directly connected to the scars in Ref. [353].
Slightly deformed billiards have appeared before, e.g., in the context of quantum
ergodicity [251]. Another type of perturbation-driven scarring has been reported in
a ripple billiard that has sinusoidal walls [362]. Even though the scars in the ripple
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billiard are assumed to be caused by conventional scarring [112], the question of the
near-degeneracy in the unperturbed rectangular billiard is overlooked in the formation of the scarred eigenstates. Furthermore, the effect of stable POs on the scarring
is not excluded.
A study of a microwave billiard of a rectangular shape with a thin barrier inside
has shown that certain states possess unique structures called superscars [363, 364]
that are connected to families of neutrally stable classical POs [365]. Unlike conventional scars [112] or our PI scars, superscars persist at large quantum numbers, and
are embedded into but clearly distinct from a large number of nonscarred states. The
scarred states of this pseudointegrable billiard act as a “doorway” [366] to the (often
chaotic) background of delocalized states. The decisive difference separating superscars from PI scars is the fact that the perturbation caused by the thin barrier exists
for all energies as the bumps produce a finite perturbation vanishing at sufficient
large energies.
In addition to the connections mentioned above, further research is needed to
find the fundamental connection of PI scarring to other quantum localization phenomena such as conventional quantum scarring [112], many-body scarring [280–
285] and branched flow [257, 367, 368]. For example, an interesting open question
is the existence of a system containing PI scars as well as conventional scars. Another
open challenge is the extension of the concept of PI scars to many-body systems. This
would establish a bridge to many-body scarring in Refs. [280–285]. In the case of
a branched flow, a bumpy potential landscape in a nanostructure leads to the formation of narrow branches of electron flow instead of smoothly spreading fans. As
the branched flow has a similar origin compared to PI scarring, it is important to
understand the connection between these two phenomena.
In general, our research has suggested that the PI scarring should be experimentally relevant in a wide range of disordered quantum systems. For example, we have
provided the first statistical study on distorted, realistically bound (soft boundary)
quantum cavities including the effect of an external magnetic field. This should result in further theoretical and experimental research on quantum chaotic aspects of
locally perturbed quantum systems. Moreover, the scarred eigenstates of an electron
in a QD may be measured with quantum tomography (see, e.g., Ref. [369]). Open
QDs are also suitable for wave function imaging based on shifts in the energy of the
single-particle resonances, induced by an AFM tip (see, e.g., Refs. [370, 371]). In
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Publication III, we have extended the concept of PI scarring outside the scope of
nanoelectronics, such as an optical setup. Furthermore, there is a possibility that
PI scarring may give an (alternative) explanation for already existing experimental
measurements, although we are aware of none at the moment.
Previous studies have shown that the effect of (conventional) scarring can be observed in conductance fluctuations [274, 372]. Likewise, our research also aims at
the development of a control scheme for quantum transport. This direction of research is further supported the experimental fact that quantum transport devices
almost certainly contain external perturbations. The previous work of Ref. [345]
has already demonstrated that PI scars can be utilized to propagate quantum wave
packets in the perturbed system with very high fidelity. Peculiarly, adding randomly
scattered impurities can enhance the transmission of coherent wave packets. This research is further complemented by our research in Publications I-III showing that
the scarred states are not only general and robust but they can be controlled with
experimentally feasible schemes. Combined, these milestones pave a way towards
“scartonics”, where PI scars are exploited to coherently control the conductance in
nanoscale quantum systems. Thus, an important line of our future research is to analyze the effect of PI scarring on the conductance of the QD by employing realistic
quantum transport calculations. For this purpose, we have developed a new versatile quantum transport software package [373], complementing the itp2d packet
presented in Ref. [339]. This software packet will enable us to analyze the transport
properties of realistic QDs, such as those exhibiting PI scarring. Along with the generality and controllability, the possibility of transport applications indicates a bright
future for the PI scarring.
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4

CONCLUSION

When you reach the end of the Thesis, you will be at the beginning of
perturbation-induced scarring...

Chaos has a pivotal role in various fields of science. However, the concept of
chaos poses a challenge to the correspondence principle, stating classical mechanics
to correspond to the large-quantum-number limit of quantum mechanics. This fundamental disconnection has motivated the field of quantum chaos, i.e., the study of
quantum systems whose classical counterparts are chaotic. One of the most striking quantum chaotic phenomena is the scarring of a single-particle wave function. In
consequence of quantum interference, the probability density of a quantum state can
be concentrated along short unstable periodic orbits of the corresponding chaotic
classical system. Hence, the quantum state carries an imprint of the periodic orbit –
a “quantum scar”.
The new class of quantum scarring – perturbation-induced quantum scars – is
the main scientific contribution of this Thesis. The three publications included
in the Thesis represent a new distinct avenue of research on quantum chaos. It is
not customary to discover new physics in such a simple system as the stationary
singe-particle Schrödinger equation. Overall, the Thesis captures the essentials of
the perturbation-induced quantum scarring in high-energy eigenfunctions of twodimensional confined systems.
First of all, we have characterized strong quantum scars in two-dimensional nanostructures perturbed by local impurities. Interestingly, these scars resemble periodic
orbits of the corresponding unperturbed classical system. Even in the limit of a large
number of impurities, the scars endure. On the other hand, we have demonstrated
that a single bump in the potential can be sufficient not only to cause scarring but also
to attract the scar (pinning effect). In particular, we have shown that the existence,
shape and orientation of the scars can be controlled with an external magnetic field
or by manipulating the confining potential, combined with a focused perturbative
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potential induced by, e.g., a nanotip. Furthermore, the scars show resilience against
alternations of the system conditions, unlike the classical periodic orbits they reflect.
Despite an apparent similarity, the perturbation-induced scars are not explained
by the conventional scarring theory, which would require the existence of short,
moderately unstable periodic orbits in the perturbed system. Instead, we have presented a new kind of generic mechanism for perturbation-induced scars to emerge.
The scars are supported by special quantum near-degeneracies, resonant sets, in the
unperturbed system and the local nature of the perturbations.
The general basis of the scarring indicates that perturbation-induced scars may be
a common feature rather than a rare occurrence in disordered quantum nanostructures. It is possible that the scarring may explain some already existing experimental
measures, although we are aware of none at the time of this Thesis. Nonetheless,
the results presented in the Thesis provide insights into understanding the physics
of realistically bounded, disordered quantum wells relevant for semiconductor technology. Presumably, some of the rich variety of scarring will have a realization in
future nanoelectronics. As suggested in the Thesis, the most vigorous avenue for the
future research is to open up a path into transport applications, where scarred states
are utilized to coherently control the conductance in nanoscale quantum systems.
In addition to the interesting experimental aspects, our findings also shine further
light upon the nature of quantum chaos. As a general remark, the perturbationinduced scarring highlights the fact that one would benefit from paying more attention to fostering near-degeneracies in perturbed systems, instead of mainly considering exact symmetries. In particular, we have demonstrated, for the first time, that
quantum scarring corresponds to suppression of chaos. Here, the fundamental connection between scars and quantum chaos has been analyzed with several quantum
measures including both conventional and modern statistical approaches.
At the moment, quantum scarring seems to undergo its renaissance period, sparked
by the discoveries of many-body scars and perturbation-induced scars. After having
found the path, it is easier to take the next step. Hopefully, the first steps taken in
this Thesis will guide the research for further understanding of perturbation-induced
scarring, and for offering new valuable insights into the connections between quantum theory and classical mechanics.
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Quantum scars are enhancements of quantum probability density along classical periodic orbits. We study
the recently discovered phenomenon of strong perturbation-induced quantum scarring in the two-dimensional
harmonic oscillator exposed to a homogeneous magnetic field. We demonstrate that both the geometry and
the orientation of the scars are fully controllable with a magnetic field and a focused perturbative potential,
respectively. These properties may open a path into an experimental scheme to manipulate electric currents in
nanostructures fabricated in a two-dimensional electron gas.
DOI: 10.1103/PhysRevB.96.094204

I. INTRODUCTION

Quantum scars [1,2] are tracks of enhanced probability
density in the eigenstates of a quantum system. They occur
along short unstable periodic orbits (POs) of the corresponding
chaotic classical system. While being an interesting example of
the correspondence between classical and quantum mechanics,
quantum scars also show how quantum mechanics may suppress classical chaos and make certain systems more accessible
for applications. In particular, the enhanced probability density
of the scars provides a path for quantum transport across an
otherwise chaotic system.
A new type of quantum scarring was recently discovered
by some of the present authors [3]. It was found that
local perturbations (potential “bumps”) on a two-dimensional
(2D) radially symmetric quantum well produce high-energy
eigenstates that contain scars of short POs of the corresponding
unperturbed (without bumps) system. Even though similar
in appearance to ordinary quantum scars, these scars have a
fundamentally different origin. They result from resonances
in the unperturbed classical system, which in turn create
semiclassical near-degeneracies in the unperturbed quantum
system. Localized perturbations then form scarred eigenstates from these near-degenerate “resonant sets” because the
scarred states effectively extremize the perturbation. These
perturbation-induced (PI) scars are unusually strong compared
to ordinary scars, to the extent that wave packets can be
transported through the perturbed system, along the scars, with
higher fidelity than through the unperturbed system, even with
randomly placed perturbations [3].
In this paper we study these perturbation-induced scars in
a 2D quantum harmonic oscillator exposed to a perpendicular
homogeneous magnetic field. This system has direct experimental relevance as it is a prototype model for semiconductor
quantum dots in the 2D electron gas [4]. Previous studies
combining experiments and theory have confirmed the validity
of the harmonic approximation to model the external confining
potential of electrons in the quantum dot, up to the quantum
Hall regime reached with a strong magnetic field [5,6].
Furthermore, the role of external impurities in 2D quantum
dots has been quantitatively identified through the measured
differential magnetoconductance that displays the quantum
2469-9950/2017/96(9)/094204(4)

eigenstates [7]. We show that, once perturbed by Gaussian
impurities, the high-energy eigenstates of the system are
strongly scarred by POs of the unperturbed system, and
the shape of these scars can be conveniently tuned via the
magnetic field. Furthermore, in the last part of this paper we
replace the impurities with a single perturbation, representing
a controllable nanotip [8], and use the “pinning” property of
the scars to control the scars with the nanotip. Together, these
methods of controlling the strong perturbation-induced scars
could be used to coherently modulate quantum transport in
nanoscale quantum dots.
II. MODEL SYSTEM

All values and equations below are given in atomic units
(a.u.). The Hamiltonian for a perturbed 2D quantum harmonic
oscillator is
H = 12 (−i∇ + A)2 + 12 ω02 r 2 + Vimp ,

(1)

where A is the vector potential of the magnetic field. We set the
confinement strength ω0 to unity for convenience and assume
the magnetic field B is oriented perpendicular to the 2D plane.
We model the perturbation Vimp as a sum of Gaussian bumps
with amplitude M, that is,



(r − ri )2
M exp −
.
Vimp (r) =
2σ 2
i
We focus on the case where the the bumps are positioned
randomly with a uniform mean density of two bumps per unit
square. In the energy range considered here, E = 50–100,
hundreds of bumps exist in the classically allowed region.
The full √
width at half maximum (FWHM) of the Gaussian
bumps 2 2 ln 2σ is 0.235, which is comparable to the local
wavelength of the eigenstates considered. The amplitude of
the bumps is set to M = 4, which causes strong PI scarring in
this energy regime.
We solve the eigenstates of the Hamiltonian of Eq. (1)
using the ITP2D code [9]. This code utilizes the imaginary time propagation method, which is particularly suited
for 2D problems with strong perpendicular magnetic fields
because of the existence of an exact factorization of the
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exponential kinetic-energy operator in a magnetic field [10].
The eigenstates and energies can be compared to the wellknown solutions of an unperturbed system. The unperturbed
energies correspond to the Fock-Darwin (FD) spectrum [11]:


FD
Ek,l

1
1
= (2k + |l| + 1) 1 + B 2 − lB,
4
2

(2)

where k ∈ N and l ∈ Z. In the limit B → ∞, the states
condensate into Landau levels. The FD spectrum is observed
experimentally in semiconductor quantum dots (see, e.g.,
Ref. [12]).
Before considering further the quantum solutions of the
Hamiltonian we briefly discuss the corresponding classical
system. The unperturbed 2D harmonic oscillator in a perpendicular magnetic field is analytically solvable as described
in the Supplementary Material [13] and Ref. [14]. The POs
are associated with classical resonances where the oscillation
frequencies of the radial and the angular motion are commensurable. In the following, the notation (vθ ,vr ) refers to
a resonance where the orbit circles the origin vθ times in vr
radial oscillations. The resonances occur only at certain values
(2,5)
(3,7)

(3,8)

(1,4)

(1,3)

(2,7)

(1,5)

(2,9)

(1,6)

(2,11)

(2,13)

FIG. 1. Scaled (arb. units) density of states as a function of the
magnetic field for an unperturbed (lower panel) and perturbed (upper
panel) two-dimensional harmonic oscillator. The dashed vertical
lines indicate the resonances (vθ ,vr ) that correspond to a substantial
abundance of scarred eigenstates in the perturbed case (see Fig. 2).

of the magnetic field given by
vr /vθ − 2
B=√
.
vr /vθ − 1

(3)

By classical simulations using the BILL2D program [15] we
have confirmed that a perturbation with amplitude M = 4 is
sufficient to destroy classical long-term stability in the system.
Any remaining structures in the otherwise chaotic Poincaré
surface of a section are vanishingly small compared to h̄ = 1.
III. QUANTUM SCARS

Next we describe the quantum solutions of the system.
To visualize the spectrum of a few thousand lowest energies
as a function of B we show in Fig. 1 the density of states
(DOS) computed as a sum of the states with a Gaussian
energy window of 0.001 a.u. The upper and lower panel
correspond to the perturbed (with bumps) and unperturbed
system, respectively. The B values indicating resonances
(vθ ,vr ) are marked by dashed vertical lines. The upper panel
of Fig. 1 shows that the bumps are sufficiently weak to not
completely destroy the FD degeneracies.
As expected from the theory of PI scarring, the eigenstates
of the perturbed system show clear scars corresponding to
the POs of the unperturbed system. Because of the classical
resonance condition (3) these scars appear at specific values
of the magnetic field where short classical periodic orbits
are possible. Examples of the scars are shown in Fig. 2.
The eigenstate number varies between 400 and 3900. The
proportion of strongly scarred states among the eigenstates
varies from 10 to 60% at bump amplitude M = 4. The
proportion and strength of scarred states depend on the degree
of degeneracy in the spectrum: more and stronger scars appear
when more energy levels are (nearly) crossing. The specific

FIG. 2. Examples of scars in a perturbed two-dimensional harmonic oscillator in a magnetic field. The geometries of the scars can
be attributed to the classical resonances (vθ ,vr ) and the corresponding
periodic orbits in the unperturbed system.
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FIG. 4. Schematic figure on the utilization of scars in nanostructures. The magnetic field (here B = 0) determines the geometry of
the scar (here linear), the energy range refines the geometry further
(here longitudinal), and an external voltage gate generates a local
perturbation (here the pink dot) that pins the scar, thus determining
the orientation.

FIG. 3. (a, b) Examples of scarred eigenstates at B ≈ 0.7 found
in a system with several impurities and a single impurity with M = 4,
respectively. The locations and FWHMs of the impurities are denoted
with blue dots. (c) Overlap between the scarred state and the impurity
potential, ψ|Vimp (θ )|ψ , as a function of the rotation angle with
respect to the original orientation Vimp . The upper (blue) and lower
(red) curves correspond to the situations in (a) and (b), respectively.
The lower curve has been multiplied by a factor of 6 for visibility.

shape of the scar for a chosen resonance (vθ ,vr ) depends
on the energy. For example, the two examples shown for
the triangular geometry (1,3) in Fig. 2 correspond to orbits
with opposite directions, which are not equivalent because the
magnetic field breaks time-reversal symmetry.
As pointed out in Ref. [3], because the scarred states
maximize the perturbation Vimp they are oriented to coincide
with as many bumps as possible. This pinning effect is
demonstrated in Fig. 3(a). Even a single perturbation bump
can produce a strong scar that is pinned to its location, as
illustrated in Fig. 3(b).
As another view on the pinning effect, Fig. 3(c) shows the
overlap between the scarred state and the impurity potential,
ψ|Vimp (θ )|ψ , as a function of the rotation angle with respect
to the original orientation Vimp . This is shown for both the
multiple-bump (upper curve) and the single-bump (lower
curve) cases, corresponding to situations in Figs. 3(a) and 3(b),
respectively. The three distinctive maxima in both cases
confirm that the scar is pinned to a location that maximizes the
perturbation.
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By creating a single perturbation with, e.g., a conducting
nanotip [8], the pinning effect can be used to force the
scars to a specific orientation. Together, the magnetic field
and the pinning effect provide complete external control
over the strength, shape, and orientation of the scars. By
selecting which parts of the system are connected by the
scar paths, this provides a method to modulate quantum
transport in nanostructures in a scheme depicted in Fig. 4.
A successful experiment requires that the system is otherwise
clean from external impurities such as migrated ions from the
substrate [7]. In addition, a sufficient energy range in transport
is required as the scars are more abundant at high energies
(level number 500). In the future, we will study this effect in
more detail using realistic quantum transport calculations.
IV. SUMMARY

To summarize, we have shown that perturbation-induced
quantum scars are found in a two-dimensional harmonic
oscillator exposed to an external magnetic field. The scars
are relatively strong, and their abundance and geometry can
be controlled by tuning the magnetic field. By controlling the
orientation of the scars though their tendency to pin to the
local perturbations, we reach perfect control of the scarring
using external parameters. This scheme, using a conducting
nanotip as the pinning impurity, may open up a path into
“scartronics,” where scars are exploited to coherently control
quantum transport in nanoscale quantum systems.
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Abstract

The suppression of chaos in quantum reality is evident in quantum scars, i.e. in enhanced
probability densities along classical periodic orbits. They provide opportunities in controlling
quantum transport in nanoscale quantum systems. Here, we study energy level statistics
of perturbed two-dimensional quantum systems exhibiting recently discovered, strong
perturbation-induced quantum scarring. In particular, we focus on the effect of local
perturbations and an external magnetic field on both the eigenvalue statistics and scarring.
Energy spectra are analyzed to investigate the chaoticity of the quantum system in the
context of the Bohigas–Giannoni–Schmidt conjecture. We find that in systems where strong
perturbation-induced scars are present, the eigenvalue statistics are mostly mixed, i.e. between
Wigner–Dyson and Poisson pictures in random matrix theory. However, we report interesting
sensitivity of both the eigenvalue statistics to the perturbation strength, and analyze the
physical mechanisms behind this effect.
Keywords: quantum chaos, quantum scar, disorder, quantum well, energy-level statistics
(Some figures may appear in colour only in the online journal)

perturbations (Gaussian ‘bumps’ in the potential). Later, similar scars were observed in a perturbed 2D harmonic oscillator
exposed to an external magnetic field [9]. Some of the highenergy eigenstates are scarred exceptionally strongly by short
POs of the corresponding unperturbed system. These scars
have a similar appearance to the conventional scars, but a fundamentally different origin: they stem from the classical resonances in the unperturbed system resulting in semiclassical
near-degeneracies (resonant sets) in the unperturbed quantum
system. Localized bumps then generate scarred eigenstates
out of the resonant sets as these perturbed-introduced (PI)
scars effectively extermize the perturbation.
Before the concept of quantum scarring, it was naively
assumed that the quantum states of a classically chaotic
system would be featureless and random, since the classical system fills the available phase space evenly with preserved total energy, up to random fluctuations. In this chaotic
regime, any control in quantum transport would be tedious to
realize. However, it has been shown [8] that PI scars can be
exploited to propagate quantum wave packets in the system
with very high fidelity. Furthermore, the existence, geometry,

1. Introduction
Chaotic behavior is ubiquitous and plays an important part
in most fields of science. However, reconciling quantum formalism with classical physics has been a long-standing challenge. The fundamental disconnection poses a challenge to
quantum-classical correspondence [1], and has motivated
a long-standing search for quantum signatures of classical
chaos [2–5].
On the classical side, it is widely acknowledged that
generic classical systems are difficult to predict due to chaos.
However, on the quantum side, we can push the limit further
by utilizing quantum coherence for our benefit. A quantum
scar is a striking visual example of quantum mechanical suppression of chaos: a track of enhanced probability density in
the eigenstates of a quantum system that occur along short
unstable periodic orbits (POs) of the chaotic classical counter
part [6, 7].
In addition to the conventional scars, a new type of quantum
scarring was recently discovered [8] in a two-dimensional
(2D), radially symmetric quantum well disturbed by local
1361-648X/19/105301+9$33.00
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and orientation of PI scars are controllable as demonstrated in
[9]. Thus, PI scars may indicate a path to coherent control in
nanoscale quantum transport.
In addition to promising applications, PI scars
deserve further exploration in terms of classical-quantum
correspondence away from the semiclassical limit. Instead
of studying the probability density distribution of quantum
states, the quantum fingerprints of chaos can be searched in the
distribution of the energy levels—along the methods widely
applied in the field of quantum chaos [2, 3]. In particular, a
regular system can be characterized by an uncorrelated energy
level sequence leading to a Poisson statistics of the eigenvalue
spacings. On the other hand, chaotic behavior is related to
the spectral statistics of random matrix ensembles. This kind
of characterization is the essence of the famous Bohigas–
Giannoni–Schmit conjecture (BGS) [10].
In this paper, we investigate the energy level statistics in
perturbed 2D oscillators which are known to show PI scarring. Upon the variation of the bumps and/or the magnetic
field, scars evolve and the system undergoes transitions in
the quantum eigenvalue spectrum. To describe spectral fluctuations, we employ the conventional eigenvalue statistics
such as the spectral rigidity [11]. This is supplemented with
detrended fluctuation analysis (DFA) [12]—an important tool
in time-series analysis that can be applied also to characterize
static complex systems [13]. Recently, DFA has been used in
the classification of fractal magnetoconductance in chaotic
quantum cavities [14]. We show that PI scarring is connected
to transitions in the energy level statistics. In most cases, the
scars can be detected from their surroundings in the mixed
region between regular and chaotic eigenvalue statistics. An
exception is the ‘superintegrable’ 2D harmonic oscillator in a
magnetic field [16] that—in the case of perturbation—shows
clear scars at magnetic fields that correspond to regular statistics. Finally, the connection between specific resonant energy
eigenlevels and PI scarring is analyzed in detail by introducing
the idea of the subspectrum of a scar.
The paper is organized as follows. In section 2 we introduce
the physical system and the model potential including
the perturbation. In section 3 we introduce the numerical
scheme to solve the eigenvalue problem, and outline also the
solutions of the corresponding classical system. In section 4
we review the common schemes to assess quantum chaotic
properties through eigenvalue statistics, and define estimators
for mixed systems that combine regular and chaotic features.
The results are divided to two parts: the relation of PI scarring
and eigenvalue statistics in section 5 and the subspectrum
analysis of particular eigenstates that contribute to PI scarring
in section 6. The main conclusions are discussed and the paper
is summarized in section 7.

2
1
− i∇ + A + Vext + Vimp .
H=
(1)
2

The magnetic field B is oriented perpendicular to the 2D plane.
It is included in the Hamiltonian through the vector potential
A. The external confinement potential is given by
Vext (r) =

1 2 n
ω |r| ,
2 0

where n is an integer. We mainly focus on the cases of n  =  5
and n  =  2, where the latter corresponds to the harmonic oscillator that is widely used as a model potential for semiconductor quantum dots [15]. We also briefly discuss alternative
potentials, n  =  8 and a cosh-type external potential. In all
cases, the factor of the confinement strength is set to ω0 = 1
for convenience.
The perturbation Vimp is modeled as a sum of Gaussian
bumps:



(r − ri )2
Vimp (r) = M
exp −
.
2σ 2
i
√
Here, M and 2 2σ determine the amplitude and the full
width at half maximum of the bumps, respectively. The bump
width is comparable to the local wavelength of an eigenstate
in the energy region where strong PI scarring is observed.
The bumps are positioned randomly in the potential with a
uniform mean density of two bumps per unit square. The PI
scars appear in the energy range that corresponds to hundreds
of bumps in the classically allowed region. However, even a
single bump can produce a strong scar as demonstrated in [9],
and—in general—PI scars are relatively common [8]. Here
we do not quantitatively assess the dependence of the PI scars
on the bump locations, i.e. we only consider one realization of
random potential showing strong PI scarring. We focus on the
general properties of the system, particularly the eigenspectrum and its subsets, as a function of M and σ.
3. Numerical scheme
We solve thousands of the eigenstates of the Hamiltonian of
equation (1) by employing the itp2d software package [17].
The software utilizes the imaginary time propagation method
without a basis by orthonormalizing the states along the
propagation of initially random wave functions. The method
is particularly suited for 2D systems with perpendicular
magnetic fields. This is due to the exact factorization of the
exponential kinetic energy operator in a magnetic field [18].
In the limit M → 0 or σ → 0 , the Hamiltonian reduces
to an unperturbed, circularly symmetric system, where the
magnetic field lifts the degeneracy of the states with opposite
angular momenta. It is noteworthy that at denegeracies the individual (basis-free) solutions of itp2d may not be eigenstates
of the angular momentum. However, the common eigenstates
of the Hamiltonian and the angular momentum operator can
be formed as a linear combination of the degenerate numerical
solutions. In the case of n  =  2 without perturbation, i.e. the

2. System
All values and equations below are given in atomic units
(a.u.). The Hamiltonian for a perturbed 2D quantum system
has a form

2
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uncorrelated, and the NNLS distribution is Poissonian. In
contrast, the chaotic limit is described by random matrix
theory (RMT). Analytical expressions exist [24] for Gaussian
random-matrix ensembles, i.e. for the Gaussian orthogonal
ensemble (GOE) and Gaussian unitary ensemble (GUE) with
and without time-reversal symmetry, respectively. However,
here we employ the commonly applied RMT approximations,
colloquially known as the Wigner surmise [24]:

π −πs2 /4

for GOE,
 2 se
P(s) ≈

 32 2 −4s2 /π
s e
for GUE.
π2

2D harmonic oscillator in a magnetic field, the Schrödinger
equation is analytically solvable. The energies correspond to
the Fock–Darwin (FD) spectrum [19], and the corresponding
eigenstates of the FD system can be expressed in the associate
Laguerre polynomials (see, e.g. [16]).
In the corresponding classical system, the solution of the
equations of motion can be found for a particle in an unperturbed symmetric rn-potential without a magnetic field in
standard texts on classical mechanics (see e.g. [20]). The POs
are associated with classical resonances where the oscillation
frequencies of the radial and the angular motion are commensurable. In this work, we use the notation (vθ , vr ) referring
to a resonance, where the orbit circles the origin vθ times in
vr radial oscillations. If the potential V(r) is a homogeneous
function of the radius r, POs with different total energies are
the same up to a scaling factor. A similar approach is possible
in the case of a perpendicular homogeneous magnetic field
[21]. For a classical 2D HO in a magnetic field an analytical
solution is available (see e.g. [22]). In this case, resonances
occur only at

The second statistical measure applied in this paper is the
spectral rigidity ∆3 (see, e.g. [3, 24]). It is defined as the integrated residual of the linear fittings, averaged over all intervals
of size L:


 ε+L/2 
2
∆3 (L) = min
n(ε) − aε − b dε ,
a,b

ε−L/2

where n(ε) is the spectral staircase function of the unfolded
energy spectrum. Thus, the spectral rigidity measures the correlations in an energy window of size L. Here we employ the
approximations for GOE and GUE distributions valid in the
limit L  1:
1
 π2 ln(L) − 0.007 for GOE,
∆3 (L) ≈
 1
ln(L) + 0.058 for GUE.
2π 2

vr /vθ − 2
B= 
.
(2)
vr /vθ − 1

Furthermore, we have studied the corresponding perturbed
classical systems utilizing the bill2d software [23]. The
classical simulations have been conducted to confirm if
the perturbation is sufficient to destroy classical long-term
stability in the system.

Thus, the behavior in a chaotic system is logarithmic instead
of the linear behavior in the regular case. However, the spectral rigidity should approach the Poisson result L/15, when
L  1. In addition, it has been shown [27] that short POs
cause a saturation of ∆3 to a finite value at large L. The exact
saturation value depends on the period (in time) of the orbit.
In many cases, a dynamical system is mixed in the sense
that it shows both chaotic and regular behavior. In a classical system, chaos sets in as the relative size of the non-integrable part of the Hamiltonian is increased according to the
Kolmogorov–Arnold–Moser theorem [28]. In the quantum
case, we next review three ways to describe mixed behavior.
For the NNLS distributions, the Berry–Robnik mixing [29]
weights the Poisson and GOE statistics with factors 0  q  1
and 1  −  q, respectively, leading to


 √π
(1 − q)s
P(s) = eqs q2 erf
2



2 2
π
+ 2q(1 − q) + (1 − q)3 s e−π(1−q) s /4 .
2

4. Estimators of quantum chaos
Next we describe the method to study the quantum solutions,
in particular the energy eigenvalue spectrum resulting from
the single-particle Schrödinger equation with the Hamiltonian
in equation (1). In the context of quantum chaos, several
statistical measures have been developed to compare the
energy spectra to the predictions given by the BGS, and to
detect the quantum fingerprints of classical chaos [24].
First, the spectrum need to be unfolded to remove the nonuniversal contribution [5, 25]. In general, the average, smooth
behavior of the density of states (DOS) is system-specific;
the universal behavior is observed in the fluctuation around
this mean. This fluctuating part of the initial spectrum can
extracted by first determining the spectral staircase function
 


N(E) = # Em  Em  E ,
and then separating it to the average and oscillating part:
N(E) = N̄(E) + Nosc (E).

Now, the unfolded energy spectrum is defined as εm := N̄(Em ).
The unfolding can be a subtle process, see, e.g. [26].
The simplest statistical measure of (quantum) chaos is
the nearest-neighbor level spacing (NNLS), i.e. the distribution P(s) of distances s between neighboring (unfolded)
energy levels. The NNLS displays short-range correlations
in the spectrum. For a regular system, the energy levels are

In the same spirit, we introduce a mixing parameter Q for the
spectral rigidity:
GOE/GUE

∆measured
(L) = ∆Poisson
(QL) + ∆3
3
3

((1 − Q)L).

Here we determine the best fitting for an energy window L
instead of directly interpolating between the Poisson (Q  =  1)
3
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Figure 1. Estimation parameters for chaoticity from eigenvalue level statistics in a perturbed r5-type quantum system as functions of the

bump amplitude M and width σ. (a) Berry–Robnik mixing parameter q for the nearest-neighbor level spacing. (b) Mixing parameter Q
for spectral rigidity. (c) Exponent α for spectral fluctuations according to the detrended fluctuation analysis. The solid lines in (a) and (b)
correspond q  =  0.5 and Q  =  0.5, respectively. See text and figure 2 for examples I, II, and III.

and width is increased over a threshold value. The solid line
depicts the value q  =  0.5. In the case of the spectral rigidity
Q in figure 1(b), the transition occurs in the same parameter
range, but it is smoother. However, q and Q are different at
the leftmost parts of figures 1(a) and (b), i.e. at large bump
widths σ and small amplitudes M. In this region, the potential
is relatively smooth, but the bumps span over a large number
of eigenstates, which affects the long-range correlations
measured by Q. This effect is not captured by q that measures
NNLS mixing. Hence, the estimator q remains close to the
regular limit of q  =  1, whereas Q  <  1.
The transition between regular and chaotic behavior is verified by α as seen in figure 1(c). However, the transition is relatively smooth, and the chaotic limit corresponding to α = 0 is
not well captured, since the obtained range is α = 0.3 . . . 0.5.
The transition is also very smooth compared with q and Q. In
other words, the range 0  α  0.3 is missing in figure 1(c),
even though q and Q display full chaoticity at large values
of M and σ. Therefore, the results indicate that—particularly
towards the chaotic limit—α might not be an unambigious
statistical measure compared to q and Q. Further studies are
needed to utilize DFA more thoroughly in the assessment of
quantum chaoticity.
Next, we consider in more detail three examples marked
as I, II, and III in figure 1. The corresponding parameter combinations are (M, σ) = (20, 0.08), (26, 0.10), and (40, 0.18),
respectively. The upper panel of figure 2 shows the NNLS distributions of these cases, and the lower panel shows the corre
sponding spectral rigidities. In Case I, the NNLS has the
shape of the Possonian distribution, and the spectral rigidity
follows the Poisson result. On the other hand, Case II located
at the ‘transition regime’, i.e. along the line q  =  Q  =  0.5 in
figure 1 can be understood as a mixed quantum system. Its
NNLS distribution and spectral rigidity have features of both
Poisson and GOE statistics. Finally, Case III located at the
chaotic region in figure 1 shows GOE statistics in both NNLS
and spectral rigidity in figure 2.
The insets in the upper panel of figure 2 show the probability densities of state no. 2791 (ordered in energy) at different levels of perturbation (I, II, III). PI scarring begins to
occur in the parameter region near to the transition to chaos.
In the chaotic regime, most of the scars observed in the eigenstates are faded into completely delocalized states. However,
the distribution of Case III in figure 2 has deviations from the

and the GOE/GUE limit (Q  =  0). In the results below, the
energy window L ranges from 0 to 30 which was found to be
a sufficient maximum value.
Another approach to analyze the spectral rigidity is to treat
the fluctuations in the quantum spectrum as a time series. It
has been conjectured [30, 31], that the power spectrum of
spectral fluctuations follows a power law f −γ , where γ = 1
and 2 correspond to the regular and chaotic limits, and a
mixed system has values 1 < γ < 2 . This definition is in line
with the classical measure of chaos [32] as demonstrated for
the Robnik billiard [33]. In this work, we have applied a time
series approach in terms of the DFA, which has an explicit
connection to the power spectrum analysis. The DFA measures the scaling of spectral fluctuations as ∆3 (L) ∼ L2α,
where α ∼ 0.5 and α ∼ 0 correspond to the regular and chaotic limits as described in [34].
In the following, we apply the parameters q, Q, and α
defined above to assess the level of chaoticity of quantum systems under consideration. However, we point out that there
is no commensurable definition of chaoticity resulting from
energy level statistics.
5. Energy level statistics
5.1. Zero magnetic field

We begin by analyzing the n  =  5 case, i.e. the r5-system. The
system is interesting in terms of PI scarring [8] as its shortest
non-trivial PO—a five-point star (pentagram)—is shorter
than in the cases of n = 1, 3, 4 (the special case of n  =  2 is
discussed below). It corresponds to a classical resonance of
(vθ , vr ) = (5, 2).
We solve 4000 energy eigenstates of equation (1) for each
parameter combination of the bump amplitude M = 12, . . . , 44
and width σ = 0.02, . . . , 0.20. From each spectrum, we compute the NNLS distribution and the spectral rigidity ∆3 with
the mixing parameters q and Q, as well α from the DFA as
defined in the previous section. Figure 1 shows the results
for these parameters as functions of M and σ as open circles.
The surfaces in the plots are constructed by applying cubic
interpolation.
The NNLS mixing parameter q in figure 1(a) shows a
relatively sharp transition from regular behavior (q close to
one) towards the chaotic limit (q  =  0) as the amplitude or/
4
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Figure 2. Examples of eigenlevel statistics of the perturbed r5-potential. The upper panel shows the NNLS distributions of Cases I, II, and
III marked in figure 1. The red and blue curves correspond the Poisson and GOE distributions, respectively. The insets show the probability
density of the energy eigenstate 2791, which is strongly scarred in Case II. In the lower panel, the spectral rigidities ∆3 of Cases I, II, and
III are shown as a function of the energy window size L, along with the spectral rigidity of the Poisson and GOE limits.
Table 1. Average and standard deviation of the quantum estimators

over many realizations of disorder: 20 random realizations of
the bump locations for Cases I and III, and 40 for Case III.
The parameters (M, σ) are (20, 0.08), (26, 0.10) and (40, 0.18),
respectively, and they are same as used in figure 2.
q

Q

Case

Avg.

SD

I
II
III

∼1
0.593
0.010

∼0
0.288
0.015

Avg.
0.889
0.466
0.090

α

SD
0.037
0.072
0.028

Avg.
0.507
0.439
0.325

SD
0.009
0.017
0.017

GOE limit, which might be caused regular components such
as remaining weak PI scars. Interestingly, as the amplitude
and width of the bumps increase, the maximum visibility
of a scar is observed around the middle of the transition in
figures 1(a) and (b). Nonetheless, the orientation of the scars
does not change during their lifetime.
We want to address that PI scarring is not a rare occurrence (see also [8]). To provide statistical proof for the generality of our results, we have repeated the calculations for an
ensemble of different random bump landscapes for three pairs
of (M,σ) corresponding to Case I, II, and III, respectively.
The size of the ensemble is 20, 40, and 20 bump configurations, respectively. For each mixing parameter q, Q, and α ,
the average and the standard deviation (SD) are determined.
These results are summarized in table 1. The analysis confirm
the validity of statistics for Cases I and II with relatively small
SD. The largest SD occurs in Case II. In particular, the mixing

Figure 3. Spectral rigidity of the perturbed r5-potential with bumb
amplitude M  =  4 and width σ = 0.1 at different magnetic fields B.
In addition to the computed spectral rigidities, the Poisson and the
GUE limit are shown.

estimator q is rather sensitively on the considered bump configuration as the individual energy levels depend subtly on the
locations of the bumps. However, the estimator Q, as well as
α , measures long-range correlation in the spectra, and thus it
is less sensitively on the difference between individual energy
levels. Nevertheless, Case II can be on average described to
be located at transition region, where most visible PI scars are
detected.
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Figure 4. Density of states (in arbitrary units) of the unperturbed harmonic oscillator as a function of the magnetic field B, and energy E.
The arrows indicate the resonances (vθ , vr ) corresponding to a substantial abundance of scarred eigenstates when the oscillator potential
is perturbed by bumps [9]. The white curve shows the mixing estimator Q (Poisson versus GUE) computed from the spectral rigidity in a
perturbed system with (M, σ) = (4, 0.1) as a function of the magnetic field.

perturbation causes strong PI scarring in the energy range
E = 50, . . . , 100. Some of the (vθ , vr ) resonances are marked
by arrows [9].
As seen in figure 4 (white curve), the energy level statistics of the perturbed system changes rapidly from Poisson-like
(Q = 1) towards GUE (Q ∼ 0) as B is increased from zero. At
specific values of B, however, corresponding to the resonances
at near-degeneracies, significant deviations from GUE statistics are observed. Interestingly, particularly strong scarring is
seen as Q is closer to the Poisson limit. Vice versa, when scars
are not visible, the system is close to chaotic limit described
by the GUE statistics. In this sense, the PI scars correspond to
order in a perturbed HO. This is also seen in figure 4 as high
degeneracies of the energy states at resonances.

5.2. Non-zero magnetic field

Next we examine the effect of an external magnetic field
on both the energy level statistics and scarring. Due to the
breakdown of the time-reversal symmetry, the chaotic limit
is described by the GUE statistics. In figure 3 we consider
an r5-system (as above) perturbed by bumps with amplitude
M  =  24 and σ = 0.10 under the influence of an external magn
etic field. The parameters are chosen such that at B  =  0 strong
PI scars are observed. As the strength of the field increases,
the mixing estimators indicate that the system changes from
regular behavior towards GUE statistics. However, the system
does not reach the GUE limit even at high magnetic fields.
Instead, the maximum ‘chaoticity’ is achieved at B ∼ 0.1.
At higher fields, the system starts to move back towards the
Poisson limit. This can be understood in a way that a high
magnetic field effectively regularizes the system due to strong
Lorentz forces that enhance regularity.
As the magnetic field is increased, the relative number of
PI scars decreases, although they are present even at strong
fields ( B ∼ 1). The observed pentagram scars have a preferred
orientation due to the magnetic field. We confirmed numer
ically the existence of classical (5, 2) orbits in a pure system
with a magnetic field [21].
Finally, we focus on a harmonic oscillator (r2 system) in
an external magnetic field, which is an exceptional system
regarding the PI scarring. In [9], it was shown that strong
quantum scars occur at specific magnetic field values that
determine the geometry of the scar through the corresponding
classical resonance (vθ , vr ).
Figure 4 shows the DOS of the analytic FD spectrum computed as a sum of the states in a Gaussian energy window of
0.001 a.u. The white curve on top of the DOS shows in the
spectral rigidity mixing estimator Q (Poisson versus GUE)
calculated from 4000 energy eigenstates of the perturbed
oscillator with bump amplitude M  =  4 and width σ = 0.1. The
eigenlevel statistics has been calculated separately for each
value of B = 0 . . . 2 , with a resolution of ∆B = 0.01. The

6. Subspectrum analysis
Besides analyzing the statistics of the full spectrum and their
correspondence to the scarring effect, it is worthwhile to
examine how individual states contribute to PI scars. We begin
by briefly considering the mechanism behind PI scarring in
the framework of quantum perturbation theory as explained
in [8].
First, the unperturbed circularly symmetric system is separable leading to special near-degeneracies which are connected to classical resonances. The eigenstates are labeled
by two quantum numbers (r, l), corresponding to radial and
angular motion, respectively. At B  =  0, the opposite angular
momentum states (r, ±l) are exactly degenerate. Additionally,
there are near-degeneracies related to the classical POs.
Based on the Bohr–Sommerfield quantization, if a state
(r, l) is nearby in action to a periodic orbit corresponding to
a resonance of the oscillation frequencies (vθ , vr ), the states
(r + kvθ , l − kvr ) with small k ∈ N are nearby in energy.
These states are referred to a ‘resonant set’ of the unperturbed
basis states. Because of the relationship of the resonant states
to the classical resonances, some linear combinations in the
6
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Figure 5. Example of a state (no. 2791) in a perturbed system in the basis of unperturbed states (see text). The Cases I, II, and III
correspond to those considered in figures 1 and 2. In the middle panel, the quantum numbers (r, |l|) are shown for the essential unperturbed
states that form the scar (inset).

to couple many unperturbed states. Therefore, the probability
density distribution seems ‘chaotic’, reflecting the nature
of ergodicity of the underlining classically chaotic system.
However, classical simulations [21] reveal that the perturbation in Case II is already sufficient to destroy any long-time
stability. The remaining structures in the otherwise chaotic
Poincaré surface of section are vanishingly small compared to
 = 1 (see also [8]).

resonant subspace will trace out the path of the classical periodic orbit (vθ , vr ).
Secondly, a sufficiently small perturbation leads to the
localization of the eigenstates mostly at the near-degenerate
part of the resonant subspace. Due to the localized nature of
the bumps, the system prefers scarred linear combinations,
which effectively extermize the perturbation.
Next, we present the concept of the subspectrum of a scar.
A scarred state |ψ of a perturbed quantum system is expanded
in the basis of the corresponding unperturbed states |φm 
(m ∈ N ) in the following way,

|ψ =
cm |φm ,

7. Discussion and summary
Our results generally show that the most visible scars are
detected as the system undergoes a transition from the regular to chaotic region. The perturbation is then sufficient to
couple the relevant unperturbed states but it is not too strong
to destroy the near-degenerate structure of the resonant sets.
However, the details depend on the given potential, in par
ticular, which values of (M, σ) can be considered as a sufficient
perturbation. In addition to the r5 and r2 potentials considered
in detail above, we have examined a r8 potential as well as a
non-homogeneous yet circularly symmetric cosh-type potential. In both cases, we observe similar behavior in energy level
statistics compared to the r5 case: an increase in the ampl
itude and the width of the bumps result in a transform from
the Poisson to the GOE statistics. The most visible PI scarring
arises at the intermediate region.
The external magnetic field has a similar qualitative effect
on the eigenvalue statistics in different potentials. With a fixed
perturbation, an increasing B eventually begins to dominate
the properties of the system. In the classical picture, the
Lorentz force begins to overcome the perturbation caused by
the bumps in the potential. On the other hand in the quantum
system, energy levels start to condensate into Landau levels.
This results in increasing regularity in the estimators of energy
level statistics.
The special characteristics of a perturbed r2 system (HO) in
a magnetic field arise from its superintegrability. A quantum
system is called superintegrable [35] if there is a maximal
set of independent symmetry operators, i.e. additional symmetry operators (not necessary commuting) exist compared
to an integrable system. The two limits of the unperturbed FD

m

where cm ∈ C. We refer to the set {|cm |2 } as a subspectrum
of a scar. The values |cm |2 ∈ R are restricted to interval [0, 1]
for all m ∈ N , since the state |ψ and the basis states |φm  are
orthonormalized. Therefore, the subspectrum describes the
relative weights of the unperturbed states in the construction
of a PI scar.
Figure 5 shows the subspectrum of the energy eigenstate
2791 in the perturbed quantum system corresponding to Cases
I, II, and III—the same examples as those considered above
in figures 1 and 2. The basis of the unperturbed energy eigenstates is the same in all cases. The insets show the probability
densities of the states; the same as those in figure 2. In the
middle panel of figure 5, the radial and angular quantum numbers (r, |l|) are marked for relevant unperturbed states.
According to the two leftmost panels in figure 5, only five
states states have a clear contribution to the subspectrum of
the state in the Cases I and II. The states belong to a resonant
set (r + 2k, l − 5k), where k ∈ N. The contribution is most
evenly spread in the resonant set in Case II, where the interference pattern traces out the shape of the classical PO, i.e. a
pentagram, and PI scarring is particularly strong. In Case I
with a weaker perturbation, the unperturbed state m  =  2790
dominates the subspectrum. Consequently, the perturbed state
resembles more a circularly symmetric state of the unperturbed system than a PI scar.
In the chaotic region, corresponding to Case III and the
rightmost panel of figure 5, the perturbation is strong enough
7
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The present results show that systems with perturbationinduced quantum scars are (mostly) mixed in terms of the
conventional statistical measures of quantum chaos, even
though the corresponding classical systems are highly chaotic as already analyzed in a previous work [8]. The relationship between the energy level statistics and the PI scarring
is shown to stem from the resonant sets, i.e. particular neardegeneracies, in the corresponding unperturbed system and
the the local nature of the perturbations. However, further
research is required both to further rationalize quantum chaotic estimators in mixed systems and to exploit scarring in
quantum technology.

system at B  =  0 and B → ∞ (Landau system) are known to be
superintegrable, and a general FD system is superintegrable at
specific magnetic field values as shown in [16]. These values
correspond to equation (2), and their neighborhood upon sufficient perturbation shows PI scarring [9]. Furthermore, as
shown above, the superintegrability leads to strong peaks of
regularity in estimator Q in figure 4. It is noteworthy that the
PI scars resemble the coherent states of the unperturbed FD
system presented in [16].
In addition, we want to point out that the PI scarring cannot
be explained by dynamical localization [38, 39]. Although
present in systems studied here, dynamical localization corresponds to localization in angular momentum space, whereas
the scars are localized in position space. Furthermore, dynamical localization does not explain the preferred orientations of
the PI scars (see [8]).
In general, the present work shows how the recently
discovered form of quantum scarring—PI scarring—
is related to eigenvalue statistics. Our results assist to
develop the theory of PI quantum scarring further as well
as to understand the connection between PI scars and
related phenomena such as conventional scarring [6, 7]
and branched flow [40]. Moreover, for classical billiards it
has been shown that soft boundaries can bring chaos [36].
In addition, an external magnetic field can cause chaotic
behavior [37]. It has been hypothesized [41] that the softness of the wall combined with a magnetic field causes
fractal behavior of the magnetocondutance observed in
semiconductor quantum cavities [42]. Therefore, we provide a statistical study on this kind of distorted, realistically bound (soft boundary) quantum cavities including the
effect of an external magnetic field. Furthermore, as previous studies have demonstrated [43], classical chaos can
also be exploited to control quantum transport. Likewise,
our research aims to the development of a quantum control
scheme: it paves way towards ‘scartonics’, where PI scars
are utilized to coherently control conductance in nanoscale
quantum systems (see [8, 9]).
To summarize, we have studied the eigenvalue statistics
and several estimators for quantum chaos in the case of twodimensional quantum wells perturbed by randomized bumps
in the potential. We have focused on the connection between
the statistics and the formation of perturbation-induced
quantum scars, i.e. eigenstates that resemble classical POs
of the corresponding unperturbed system. We have shown
that the system undergoes a smooth transition from regular
behavior to chaos as the perturbation is increased. The used
estimators for chaoticity, i.e. the Berry–Robnik and spectral
rigidity mixing parameters as well as the exponent of DFA
are in a qualitative agreement in the transition. The perturbation-induced scarring is strong in the transition regime of
mixed eigenvalue statistics. The results between different
potentials, and in the presence of an external magnetic field
are consistent. An exception is the superintegrable FD system,
where the regime of scarring is characterized by Poisson-like
behavior in the chaos estimators. We have also demonstrated
in detail the scar formation and composition at the subspectral
level.
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A quantum scar—an enhancement of a quantum probability density in the vicinity of a classical periodic
orbit—is a fundamental phenomenon connecting quantum and classical mechanics. Here we demonstrate
that some of the eigenstates of the perturbed two-dimensional anisotropic (elliptic) harmonic oscillator are
strongly scarred by the Lissajous orbits of the unperturbed classical counterpart. In particular, we show that
the occurrence and geometry of these quantum Lissajous scars are connected to the anisotropy of the
harmonic confinement, but unlike the classical Lissajous orbits the scars survive under a small perturbation
of the potential. This Lissajous scarring is caused by the combined effect of the quantum (near)
degeneracies in the unperturbed system and the localized character of the perturbation. Furthermore, we
discuss experimental schemes to observe this perturbation-induced scarring.
DOI: 10.1103/PhysRevLett.123.214101

The harmonic oscillator (HO) is a linchpin in various
fields of physics [1]. The periodic orbits (POs) of the twodimensional (2D) anisotropic (elliptic) HO were first
investigated by Bowditch [2] and later in more detail
by Lissajous [3]. These Lissajous orbits are sensitive on
the frequency ratio of the confinement. In contrast, the
corresponding quantum eigenfunctions possess the same
rectangular symmetry as solved in terms of the HermiteGaussian (HG) modes [4], regardless of the value of the
frequency ratio.
The HG modes can be experimentally studied from laser
transverse modes due to the analogy of the Schrödinger
equation with the wave equation [5]. On the other hand, the
HO has turned out to be a suitable prototype model for
semiconductor quantum dots (QDs) [6]. However, actual
QD devices are influenced by impurities and imperfections
(see, e.g., Refs. [7–10]). If high-energy eigenstates of a
generic, perturbed QDs were indeed featureless and random, controlled applications in this regime would be
tedious to realize. Besides additional deflects, anisotropic
QDs have attracted general interest in connection with the
chaotic behavior as well as the properties in an external
magnetic field [11–17].
Nonetheless, in consequence of quantum interference,
the probability density of a quantum state can be concentrated along short unstable POs of the corresponding
chaotic classical system, and the quantum state bears an
imprint of the PO—a “quantum scar” [18,19]. The scarring
of a single-particle wave function is one of the most striking
phenomena in the field of quantum chaos [20]. The
notation of quantum scarring was introduced by one of
the present authors in Ref. [18]. Nowadays, quantum scars
have been reported in a diverse range of experiments [21–23]
and simulations [24–26]. Furthermore, an effect called
0031-9007=19=123(21)=214101(6)

“quantum many-body scarring” has been hypothesized
[27,28] to cause the unexpectedly slow thermalization of
cold atoms, observed experimentally [29].
In this Letter, we describe a new kind of quantum
scarring present in a 2D anisotropic HO disturbed by local
perturbations such as impurity atoms. In this case, the scars
are formed around the Lissajous orbits of the corresponding
unperturbed system. In particular, we demonstrate that the
geometry of the observed scars depend, in a similar manner
as classical POs, on the frequency ratio of the confinement
potential, but unlike the POs in the classical system, the
scars show resilience against the alteration of the confinement. We explain our findings by generalizing the mechanism of recently discovered perturbation-induced (PI)
quantum scarring [30–32]. We also consider schemes for
observing these quantum scars experimentally.
In the following, all values and equations are given in
atomic units (a.u.). The Hamiltonian for a perturbed 2D
quantum elliptical HO is determined by
1
1
H ¼ ð−i∇ þ AÞ2 þ ðω2x x2 þ ω2y y2 Þ þ V imp :
2
2

ð1Þ

The magnetic field B is assumed to be oriented
perpendicular to the 2D plane and incorporated via the
vector potential A. The characteristic frequencies of the
harmonic confinement are described as ωx ¼ pω0 and
ωy ¼ qω0 and, for convenience, we set ω0 to unity. The
perturbation V imp is modeled as a sum of Gaussian bumps
with amplitude M and width σ; that is,

214101-1

V imp ðrÞ ¼ M

X
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jr − ri j2
:
exp −
2σ 2
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We consider the case where the bumps are scattered
randomly with a uniform mean density of two bumps
per unit square. In the energy range considered here,
E ¼ 50; …; 250, hundreds of bumps exist in the classically
allowed region. The
full ﬃwidth at half maximum of the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gaussian bumps 2 2 ln 2σ is 0.235, comparable to the
local wavelength of the eigenstates considered. The amplitude of the bumps is set to M ¼ 4, which causes strong
scarring in the studied energy regime.
The Schrödinger equation for the Hamiltonian in Eq. (1)
is solved by utilizing the ITP2D code [33] based on the
imaginary time propagation method. However, before
considering the quantum solutions of the perturbed HO,
we briefly discuss the unperturbed system, both classical
and quantum.
First, we consider classical POs in an anisotropic HO
without a magnetic field. In the following, the notation
(p; q) refers to the frequency ratio ωx =ωy ¼ p=q. Closed
curves exist only if the frequencies are commensurable;
i.e., the ratio ωx =ωy is rational. In our notation, this occurs
when p and q are relative primes, and the corresponding
closed curves are Lissajous orbits. Geometrically, the
particle has returned exactly to its starting position with
its original velocity after making p and q oscillations
between the x and y turning points, respectively. On the
other hand, if the frequencies are incommensurable, the
motion is quasiperiodic, resulting in ergodic behavior on
a torus [34].
On the quantum side, the unperturbed system is likewise
analytically solvable. The eigenstates of an anisotropic HO
can be expressed [35] as
pﬃﬃﬃﬃﬃﬃ
1
pﬃﬃﬃﬃﬃﬃ
2
2
Ψn;m ðx; yÞ ¼ N Hn ð ωx xÞH m ð ωy yÞe−2ðωx x þωy y Þ ;

ð2Þ

where N is a normalization constant and Hm ð·Þ is the
Hermite polynomial of order m. The corresponding
energy spectrum shows degeneracies at commensurable
frequencies.
In general, the solutions of an anisotropic HO can be also
examined analytically under a perpendicular magnetic field
[36], although here we focus on the zero-field case. In
addition, we want to emphasize the fact that the quantum
solutions presented in Eq. (2) have rectangular symmetry,
even in the limit of large quantum numbers. Hence, the
eigenstates in Eq. (2) do not show any features of classical
POs. In order to describe a classical particle, one can
construct [37] a coherent state for a one-dimensional HO,
more precisely, a wave packet whose center follows the
corresponding classical motion. Generalized to 2D, the
Schrödinger coherent state must be a wave packet with its
center mimicking a classical trajectory. This idea has been
employed to form stationary coherent states reflecting the
classical Lissajous orbits in terms of the time-dependent
Schrödinger coherent states [38]. Furthermore, coherent
states of this kind have been theoretically exploited to

FIG. 1. Alpha scar visible in the probability density of the
eigenstate n ¼ 3453 in an elliptical harmonic potential (1, 2)
perturbed by Gaussian-like bumps. The state is strongly scarred
by the alpha-shape Lissajous orbit of the corresponding unperturbed potential represented as a solid red line. Blue markers
denote the locations of the bumps. It is noteworthy that multiple
bumps are located on the scar path.

reconstruct the experimental laser modes localized on
Lissajous orbits as a superposition of the HG modes
[39]. Nevertheless, this artificial reconstruction of laser
modes cannot explicitly manifest the quantum-classical
correspondence stemming from the Schrödinger equation.
When perturbed by randomly positioned Gaussian-like
bumps, some of the high-energy eigenstates of the anisotropic HO are strongly scarred by Lissajous orbits of the
unperturbed system. Figure 1 shows an example of a strong
quantum scar resembling the corresponding alpha-shape
Lissajous orbit in the classical, unperturbed potential with
commensurable frequencies (2, 3). Furthermore, the presented alpha scar is counterintuitively oriented so that
it maximizes the overlap with the bumps (see below for
details).
Generally, strong quantum Lissajous scars are observed
at commensurable frequencies (p; q), where short classical
POs exist. Examples of these quantum Lissajous scars are
presented in Fig. 2. In addition to the example cases shown
in Fig. 2, we also observe Lissajous scars related to higher
commensurable frequencies (p; q) such as (2, 5), (3, 5),
or (4, 5). The eigenstate number varies between 500 and
3900. At given commensurable frequencies (p; q), the scars
appear in two distinct shapes due to the anisotropy of
the oscillator: the enhanced probability distribution related
to a scar either resembles an open string or a continuous
loop, thus, are called strings and loops, respectively.
We stress that the Lissajous scars are not a rare
occurrence at commensurable frequencies [40]; the proportion of strongly scarred states among all the first 4000
eigenstates varies from 10% to 60% at amplitude M ¼ 4.
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(a)

FIG. 2. Examples of Lissajous scars in a two-dimensional
anisotropic harmonic oscillator with commensurable frequencies
perturbed by potential bumps. The geometries of the scars depend
on the confinement potential (p; q), which also defines the shape
of the POs in the unperturbed system. At a fixed (p; q), the scars
can be divided into two subgroups: strings (upper row) and loops
(lower row).

Furthermore, some eigenstates contain a trace of two
scars, e.g., a combination of two strings or a string and
a loop. In addition to Lissajous scars, we observe quantum
states that show features of classical “bouncing-ball-like”
motion.
As the bump density is decreased, the eigenstates of
the perturbed system begin to gain traces of rectangular
symmetry stemming from the unperturbed system. On the
other hand, if the bump density is increased, the scars
fade into completely delocalized states. The same effect is
observed in the variation of the bump amplitude and width.
However, the Lissajous scars show persistence toward a
modulation of the confinement, i.e., a deviation from the
commensurable frequencies, as shown and analyzed below.
To further analyze the Lissajous scarring, we compute
the density of states (DOS) as a sum of the states with a
Gaussian energy window of 0.001 a.u. Figure 3 visualizes
the DOS for a few thousand lowest energy levels as a
function of the ratio ωx =ωy . Figure 3(a) corresponds to
an unperturbed system, and the dashed vertical lines mark
the accidental degeneracies at the ratio (p; q) shown in
Fig. 2. The proportion and strength of scarred states depend
on the degree of degeneracy in the unperturbed spectrum:
more and stronger scars appear when more energy levels
are (nearly) crossing. Figure 3(b), on the other hand,
illustrates the commensurable frequency (1, 2) that the
perturbation caused by the bumps is sufficiently weak
enough to not completely destroy this degeneracy structure.
We supplemented the scar analysis by introducing a
localization measure R(α value) for a normalized eigenstate
n defined as αn ¼ Z jψ n ðrÞj4 dr, where the normalization
factor Z is determined by the classical area for the energy En
in the unperturbed system [41]. As the α value describes the
localization of the probability density of a state, we employ it
here to estimate qualitatively the strength of scarring.
If the confinement deviates from a commensurable
frequency (p; q) while keeping V imp otherwise unchanged,

(b)

(d)

(c)

FIG. 3. (a) Density of states of the unperturbed two-dimensional harmonic oscillator as a function of anisotropy parameter
ωx =ωy . The dashed vertical lines indicate the commensurable
(p; q) that correspond to a significant abundance of scarred
eigenstates in the perturbed case (see Fig. 2). Two distinct limits
are also seen in (a): namely, the unbounded case (ωx =ωy → 0)
and the isotropic oscillator (ωx =ωy ¼ 1). (b) Density of states of
the corresponding perturbed system as a function frequency ratio
in the neighborhood of the commensurable frequency (1, 2)
demonstrating that the bumps are sufficiently weak enough not to
fully destroy the (near) degeneracy of the unperturbed system.
(c) Examples of Lissajous scars in the vicinity of the commensurable frequency (1,2) labeled with the value δ describing
the deviation from the ideal frequency ratio ωx =ωy ¼ 0.5. The
scarring level of the quantum state is estimated by the α value.
Note that the scars exist, although the corresponding unperturbed
classical PO does not. (d) Normalized average of α value as a
function of the deviation δ. The scarring weakens as the deviation
δ increases according to the normalized average, as well as the α
value of the individual example scars in (c).

the scars persist. Figure 3(c) presents examples of strong,
looplike Lissajous scars in the neighborhood of the
commensurable frequency (1, 2), marked with the deviation
δ from the corresponding frequency ratio ωx =ωy ¼ 0.5.
We want to emphasize that the classical POs that the
scars resemble do not exist in the perturbed or even in
the unperturbed system when the frequency ratio ωx =ωy
differs from the commensurable frequency (1, 2). Although
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scarred states exist outside the optimal frequency ratio, the
strength of the scarring decreases as indicated by the α
value of the scars shown in Fig. 3(c).
For a more complete picture, we also compute an average
α̃ðδÞ. More precisely, we consider 30 looplike Lissajous
scars, such scars as in Fig. 3(c), at different deviations in the
interval jδj ¼ 0.01 indicated by the black vertical lines in
Fig. 3(b). The normalized average α̃ð0Þ=α̃ðδÞ shown in
Fig. 3(b) reveals that the scarring becomes weaker as the
deviation δ from the commensurable frequency increases.
Along with the average scarring strength, the number of
scars reduces with increasing deviation. In practice, the
scars connected to the commensurable frequency (1, 2)
have vanished outside the deviation interval presented in
Fig. 3(b). However, both effects can be compensated at a
certain level by adjusting the perturbation.
Before delving into the mechanism behind these oddly
ordered structures, we want to address two aspects. First,
the considered amplitude of the bumps (M ¼ 4) is small in
comparison to the total energy, making each individual bump
a small perturbation. Nonetheless, together the bumps form
sufficient perturbation to destroy classical long-time stability; any stable structures present in the otherwise chaotic
Poincaré surface of section are minuscule compared to
ℏ ¼ 1.
Second, the Lissajous scars cannot be explained by
dynamical localization [42,43]: it corresponds to localization
in angular momentum space, whereas the scars are localized
in position space. In addition, dynamical localization is
not able to explain that scars generally orient to coincide
with as many bumps as possible (see also Refs. [30,32]).
Furthermore, even though similar in appearance, the
conventional scar theory [18,19,44,45] cannot describe
the Lissajous scarring, as it would require the existence of
short, moderately unstable POs in the perturbed system.
To explain the Lissajous scarring, we generalize the
PI scar theory beyond circularly symmetric potentials
[30–32]. Recently, PI scars have drawn attention since
they have been demonstrated to be highly controllable [32]
and can be utilized to propagate quantum wave packets in
the system with high fidelity [30]. Combined, this may
open a door to coherently modulate quantum transport in
nanoscale devices by exploiting the scarring. In addition,
the PI scars have been analyzed [46] in the framework
of quantum chaos. Furthermore, the PI scarring is expected
to be manifested in a dense random gas as a polyatomic
trilobite Rydberg molecule [47].
For PI scars to occur, we only require two ingredients:
the existence of special (nearly) degenerate states called a
“resonant set” in the unperturbed system, and the individual
bumps need to have a short spatial range. Hence, we extend
the PI scarring mechanism to hold for a larger set of
systems with a lower symmetry than circular symmetry
[30–32,46], such as an anisotropic oscillator.
In an anisotropic oscillator, the resonant sets stem from
the accidental degeneracy occurring at commensurable

frequencies; e.g., the dashed lines in Fig. 3(a) correspond
to frequency ratios with substantial degeneracy. These
resonant sets are related to a family of classical POs,
which ensures that some linear combinations of the states in
a resonant set are scarred by Lissajous orbits.
A moderate perturbation forms eigenstates that are linear
combinations of a single resonant set. Based on the
variational theorem, the states corresponding to extremal
eigenvalues extremize the perturbed Hamiltonian. Because
the states in a resonant set are (nearly) degenerate, this
basically means extremizing the perturbation. In the
extremization, the system prefers the scarred states since
the bumps causing the perturbation are localized [48].
Thus, scarred states can effectively maximize (minimize)
the perturbation by selecting paths coinciding with as many
(few) bumps as possible. As a result, the extremal eigenstates arising from each resonant set often contain scars of
the corresponding PO.
The elliptical oscillator has also experimental relevance:
it realistically models disordered quantum with soft boundaries. Thus, it provides a platform, as a quantum counterpart of classical billiard, to investigate the nature of
quantum chaos, e.g., with a statistical analysis of the energy
levels [20].
An important avenue of future research is to analyze
the effect of PI scarring on the conductance of the QD in
more detail (see Refs. [30,32]) by employing realistic
quantum transport calculations. Previous studies (see,
e.g., Refs. [24,49]) have shown that the effect of (conventional) scarring can be observed in the conductance
fluctuations. Moreover, open QDs are suitable for wave
function imaging based on shifts in the energy of the singleparticle resonances, induced by an AFM tip [50–52]. In
addition, the scarred eigenstates of an electron in a QD may
be measured with quantum tomography [53]. For completeness, we want to address that a PI scar can be even
created by a single bump, generated in a controlled manner
by, e.g., a conducting nanotip [54].
Outside of QDs, we suggest that Lissajous scars may
be possible to detect in optical systems, frequently
employed to observe conventional quantum scars (see,
e.g., Refs. [55–57]) and to study quantum chaos in general
[20]. For some types of polarization, the three components
of the electric field decouple, and thereby, for example, a
quasimonochromatic light can be described in terms of a
scalar wave equation [58]. Further, in the paraxial approximation (at the lowest order), the slowly variating amplitude
of the field formally satisfies a single-particle Schrödinger
equation in a dielectric medium with spatially dependent
refractive index [59–61]. Thus, the formulation allows us
to interpret the light propagation as the evolution of a
massive particle [61–64], and Schrödinger-like behavior,
such as scarring, should emerge. In particular, with a
suitable choice of the refractive index, this “optical
Schrödinger equation” (see, e.g., Ref. [61]) reduces to
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an anisotropic HO, such as arising from the quantum
Hamiltonian (1) without a magnetic field. The potential
bumps may be realized by creating small, localized deviations of the refractive index, which can be even randomly
positioned. Therefore, optical fibers [60,65] may be
employed to experimentally investigate PI scars, along
with other quantum phenomena.
In conclusion, we have shown that a two-dimensional
anisotropic harmonic oscillator supports quantum scars
induced by randomly scattered potential bumps. These
quantum Lissajous scars are relatively strong, and their
abundance and geometry are related to commensurable
frequencies. This counterintuitive phenomenon emerges
from the extended concept of PI scarring as a combination
of resonant sets and the localized nature of the perturbation.
We also considered the experimental consequence of the
quantum Lissajous scars. In particular, an optical approach
may indicate a path to experimentally realize these scars in
optical fibers by utilizing the analogy between the quantum
theory and classical electromagnetism. Lissajous scars are
hence a peculiar example of quantum suppression of
classical chaos, not only for establishing a relationship
between quantum states and classical POs in the 2D
anisotropic harmonic oscillator, but also for optics.
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