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ABSTRACT 

Toni Asikainen: Parameter Estimation of Induction Machines 
Master’s Thesis 
Tampere University 
Master’s Degree Programme in Automation Engineering 
September 2020 
 

The goal of this thesis is twofold, namely, the derivation of an accurate discrete-time 
model of an induction machine which is subsequently used by estimation algorithm for the 
online estimation of the parameters of the system in question. Regarding the parameters of 
the system, the stator and rotor angular frequencies vary during operation which makes the 
model time-varying. Moreover, the values of the inductances vary due to the phenomena such 
as saturation, while the thermal heating causes varying resistances. Therefore, the 
continuous-time model must be discretized at each sampling interval which sets a limit on the 
computational load on the method considering the online estimation setting. The used method 
in the parameter estimation is based on an approximation of the Cayley-Hamilton theorem. It 
was found out to perform better compared to commonly used methods such as the forward 
Euler or trapezoidal method considering both the accuracy and stability of the discrete-time 
model. 

The method used for the parameter estimation is the recursive prediction error method. It 
uses the measured and predicted output primarily to form the parameter estimation at each 
recursion. In this thesis the state-space model approach was used which allows, for example, 
use of the Kalman filter to predict the output. It provides a more accurate state and parameter 
estimation compared to the output error approach where the system model is solely used for 
the prediction. However, the increased accuracy introduces larger computational load and 
complexity of the algorithm. Numerical stability of the method was considered by testing 
multiple parameter covariance update methods to ensure stable performance with large data 
sets. Moreover, an orthogonal square root Kalman filter is adapted which provides better 
numerical conditioning of the Kalman filter covariance matrices and higher accuracy. 

The parameter estimation was conducted using two types of data sets. The parameter 
estimates tracked well the true parameters when the data set obtained from both a constant 
and time-varying parameterized simulator model were used. Following, real-world 
measurements were used to validate the method. The obtained parameter estimates were 
less accurate, most notably due to the increased sampling interval and unmodeled dynamics 
and delays in the data set. To mitigate this, a thermal model of the resistance that utilizes the 
measured temperature was used to reduce the number of time-varying parameters. However, 
the estimation outcome did not improve significantly but it appears to have better potential. 
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Tässä diplomityössä on tavoitteena löytää tarkka diskreettiaikainen malli 
induktiomoottorille, jota käytetään jatkuva-aikaisessa parametriestimointi algoritmissa 
kyseisen systeemin parametrien estimointiin. Induktiomoottorin parametrien lisäksi staattorin 
ja roottorin kulmanopeudet muuttuvat, mikä tarkoittaa systeemin olevan ajan suhteen 
muuttuva. Induktanssit muuttuvat eri ilmiöiden kuten saturaation vuoksi, kun taas lämpötilan 
muutos aiheuttaa resistansseihin muutoksen. Tämän takia jatkuva-aikainen malli täytyy 
diskretisoida jokaisen näytteenottojakson aikana, mikä asettaa rajoitteen käytetyn 
menetelmän laskennalliselle kuormalle. Työssä käytetty diskretisointimenetelmä perustuu 
Cayley-Hamilton teoreeman approksimaatioon. Menetelmän tuottaman diskreettiaikaisen 
mallin havaittiin olevan tarkempi sekä stabiili, kun sitä verrattiin induktiomoottorin 
diskretisoinnissa yleisesti käytettyihin Eulerin sekä puolisuunnikas menetelmään. 

Parametrien estimointiin käytetään rekursiivista estimointivirhe menetelmää. 
Estimointivirhe muodostetaan järjestelmästä mitatun ja ennustetun ulostulon välisestä 
erotuksesta, mitä käytetään pääsääntöisenä mittarina uusien parametrien laskennassa. Tässä 
työssä induktiomoottori on mallinnettu tilamallilla, joka mahdollistaa muun muassa Kalman-
suotimen käyttämisen systeemin ulostuloestimaatin muodostamiseksi. Vaihtoehtoisesti 
ulostulonestimaatin muodostamiseen käytettiin pelkkää induktiomoottorin tilamallia, mutta 
Kalman-suotimen havaittiin parantavan sekä estimoitujen tilojen että parametrien tarkkuutta. 
Parantunut suorituskyky vaatii kuitenkin algoritmin, joka on laskennallisesti monimutkaisempi, 
mikä on osaltaan rajoitettu reaaliaikavaatimuksien vuoksi. Käytetyn menetelmän numeerista 
stabiilisuutta tarkasteltiin käyttäen useita parametrikovarianssi matriisin laskentamenetelmiä, 
jotta stabiilius säilyy myös pitkäaikaisessa estimoinnissa. Sen lisäksi kohtisuoraa neliöjuuri 
Kalman-suodinta (eng. orthgonal square root Kalman filter) käytettiin tilaestimaattorina, mikä 
pienentää suotimeen liittyvien kovarianssimatriisien numeerista epätarkkuutta ja siten 
parantaa estimoitujen parametrien tarkkuutta joissakin tapauksissa. 

Parametrien estimointi toteutettiin käyttäen kahden tyyppisiä datasettejä. 
Parametriestimaatit seurasivat oikeita parametreja, kun simulaattorilla tuotettua mittausdataa 
käytettiin estimoinnissa. Tämän jälkeen oikeasta induktiomoottorista kerättyä dataa käytettiin 
estimointimenetelmän validoinnissa. Suorituskyky heikkeni parametriestimaattien tarkkuuden 
suhteen, mihin merkittävimmät syyt olivat kasvanut näytteenottotaajuus sekä data, jossa 
ilmenee viiveitä sekä dynamiikkoja, joita mallinnuksessa ei ole huomioitu. Tästä syystä 
vaihtoehtoista resistanssimallia, joka hyödyntää induktiomoottorista mitattua lämpötilaa, 
käytettiin estimoinnissa. Lisäksi ajansuhteen muuttuvien parametrien lukumäärä pieneni 
käytettäessä resistanssimallia, mikä mahdollisti tarkemman estimointituloksen. Suorituskyvyn 
parantuminen ei ollut merkittävä, mutta lämpötilaan perustuvan mallin potentiaali on suurempi. 
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rekursiivinen estimointivirhe menetelmä 
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1. INTRODUCTION 

The induction machine (IM) is one type of electromechanical machines that can be used 

to convert electrical energy to mechanical energy and vice versa. The IM can operate as 

a generator but typically it is used as a motor in various applications. The operation 

principle of IM is based on supplying an alternating current to the stator windings which 

induces a current on the rotor slots, hence the name induction machine. IMs are the most 

used machines in industrial applications, which is partly due to their low production cost. 

Moreover, they are more robust and require less maintenance compared to other types 

of machines, such as the dc machine, because there is no electrical connection between 

the stator and the rotor. [1] 

The high performance of IM is attainable by vector control strategies, which are common 

in traction systems such as railways or electric vehicles [2]. A common control strategy 

is the rotor-flux-oriented vector control that decouples the torque- and flux-producing 

stator currents. This allows fast dynamic response and control of the torque. [3] [4] 

Considering the indirect rotor-flux-oriented control, the magnitude and space angle of the 

rotor flux-linkage phasor are obtained by utilizing the stator currents and the rotor speed. 

This approach is sensitive to errors in the controller parameters which can lead to 

degraded performance. Moreover, the rotor speed measurement can be replaced with 

its estimation which accuracy depends on the machine parameters [3]. 

The controller performance depends on the machine parameters which accurate 

knowledge is required. The nominal parameter values can be obtained from the 

manufacturer datasheets if they are available. However, the parameters vary during 

operation from their nominal values due to varying temperature, saturation, and 

frequency. The parameter mismatch results in the calculation of an incorrect rotor flux 

position which, in turn, leads to loss of decoupled flux and torque control. [5] Therefore, 

identification of parameters is required to track the varying parameters which are 

estimated from external measurements during operation. 

The IM parameter identification methods can be divided into two groups: offline and 

online identification methods. The offline methods are used when the prior knowledge of 

machine parameters is not available and often the inverter is connected to the machine. 

Because the IM might be already coupled to the load, the offline identification is usually 
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done at standstill. [5] Classical offline identifications methods are the no-load test and 

locked rotor test [6]. The no-load test is used to obtain the magnetizing inductance and 

the leakage inductance is obtained with the locked rotor test. However, these methods 

require either mechanically blocking the rotor or the machine to run at synchronous 

speed which might not be possible. In [7] an offline method has been proposed that 

identifies the inverse-Γ equivalent circuit (presented in Section 2.2) electrical parameters.  

Identification methods that are applied on the machine during operation are called online 

methods which can track slowly varying parameters. Wide range of IM online parameter 

estimation methods exist in literature which have been reviewed thoroughly in [5]. Some 

of the online methods use a signal that is injected during operation to the machine to 

estimate parameters. Short pulses are added to the current signal reference which 

affects the torque command current produced by a proportional-integral controller and it 

is used to adjust the rotor resistance estimate [8]. In [9] current is injected at two widely 

separated frequencies that allows estimation of the rotor resistance. Alternative methods 

that do not require special signals to be injected are more commonly found in online 

estimation literature. The recursive least squares (RLS) have been proposed in [10] for 

online estimation of ithe IM parameters. The modeling used assumes constant rotor 

frequency and derivatives of currents and voltages are required. The noise can corrupt 

the estimation results when using the RLS, therefore, the more robust total least squares 

EXIN neuron method is used in [11] for tracking varying parameters. 

Other methods that are commonly used for online identification include different 

observers and model reference adaptive system (MRAS) approaches. MRAS was first 

used in [12] to estimate the rotor speed which accuracy depends on the stator resistance 

value. Moreover, at low operating speeds the speed estimate is more sensitive when the 

rotor-flux-based MRAS is used. Therefore, a simultaneous estimation of the rotor 

resistance and speed has been proposed in [13]. MRAS for rotor flux estimation has 

been proposed in [14] which allows parallel estimation of the magnetizing inductance 

and the rotor resistance which tend to vary during operation due to saturation and 

temperature variations, respectively. Observer-based methods include adaptive [15], 

Luenberger, and sliding mode observers [2]. Moreover, a Kalman filter based methods 

such as extended Kalman filter (EKF), and unscented Kalman filter (UKF) can be used 

in parameter estimation. Tuning of the EKF and parameter identifiability analysis have 

been proposed in [16]. 

A previous study conducted at ABB Traction used various observers and neural networks 

for the online parameter estimation of induction machines. First, the over parameterized 

RLS proposed in [17] was tested but it was found out to be too sensitive to noise. The 
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EKF was found out to have relatively low robustness to noise and its tuning complicated 

when real data is used in estimation [18] [19]. The UKF has a relatively high robustness 

to noise but the stator and the rotor resistance estimates are inaccurate when the stator 

current is the only measured output from the IM. The main drawback in the EKF and 

UKF is the observability analysis that determines if parameters are observable at current 

the step which must be computed at each time step [19]. In [18] recursive expectation 

maximation (EM) was tested which was found out to have the highest robustness to 

noise, but its use introduced relatively high computational cost. A neural network-based 

estimation was proposed in [18] further extended in [19]. The advantages it brings are 

the lowest computational load among methods tested and good estimation accuracy 

using a real-world measurement data. However, being an empirical method based on a 

training data, its debugging is rather complicated when the neural network is in use. Also, 

the training data must be carefully selected so the trained model is accurate. 

In this thesis, an online identification method for the IM parameter estimation is proposed. 

The goal of this thesis is to propose a discretization method that provides better accuracy 

than a previously used discretization methods and implement a parameter estimation 

algorithm that can be used in real-time operation. The IM model used in estimation is 

treated as a linear time-varying (LTV) continuous-time system which is modeled using 

first order differential equations. Therefore, for numerical computing, the model must be 

discretized which introduces some amount of discretization error. The exact 

discretization gives the most accurate solution for time-varying systems, but its use is 

computationally intensive for online applications. Hence, alternative solutions for the 

discretization of the continuous-time IM model are studied. The chosen discretization 

method is then used in the parameter estimation procedure.  

The proposed parameter estimation algorithm is the recursive prediction error method 

(PEM) which is a broad family of estimation methods. It can be applied on a variety of 

models and in this thesis the IM state-space model parameters are estimated using it. 

As the name suggests, the method minimizes the prediction error which is the difference 

between the measured and predicted output. It can be formed in a various ways of which 

the common choice is the Kalman filter, which has a close relation to the EKF [20]. The 

PEM is chosen as the estimation algorithm because it can be implemented in an online 

setting. Also, it has been used to estimate a constant and time-varying parameterized 

models. 

The thesis constitutes of the following chapters. In the second chapter the modeling and 

discretization of an IM is presented. Also, the observability of LTV systems is discussed 

briefly. In the third chapter the PEM is described in detail. The discretization results and 
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choice of discretization method is made in the fourth chapter. In the same chapter the 

experimental setup for the estimation process is explained and estimation results are 

shown for the simulated and real-world measurements of which the latter has been 

obtained from an IM case study. 
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2. INDUCTION MACHINE MODELING 

An induction machine (IM) is an asynchronous motor with three-phase stator winding in 

it. IM can be categorized into two different categories based on the structure of the motor. 

One is slip-ring rotor, or the wound-rotor, and another one is short-circuited rotor which 

is also known as squirrel-cage rotor. The structure of wound-rotor is more complex than 

the squirrel-cage induction machine, which is more appropriate from economical point of 

view. [1, p. 201] A three-phase induction machine operation principle is based on 

supplying the stator windings with a three-phase voltage source which causes a flow of 

alternating current on the stator side. The stator current produces a rotating magnetic 

field which induces an alternating current on the rotor side. Figure 1 shows the stator 

windings of the three-phase induction machine and the magnetic field produced by 

current. 

 

Figure 1. Induction machine three-phase windings 

The three-phase stator current is presented as 

 𝑖𝑎(𝑡) = 𝑖𝑠𝑐𝑜𝑠(𝜔𝑡) (2.1) 

 𝑖b(𝑡) = 𝑖𝑠𝑐𝑜𝑠(𝜔𝑡 − 2/3𝜋) (2.2) 

 𝑖c(𝑡) = 𝑖𝑠𝑐𝑜𝑠(𝜔𝑡 + 2/3𝜋) (2.3) 

where 𝑖𝑠 is the amplitude of current, 𝜔 is the angular frequency of the current, and 𝑖𝑎(𝑡), 

𝑖𝑏(𝑡), and 𝑖𝑐(𝑡) are currents of phases a, b, and c, respectively. Moreover, the three-

phase voltage and flux can be represented similarly. 
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To simplify the analysis of the three-phase circuit [21], the Clarke transformation can be 

used, which is given by  

 𝒊𝛼𝛽0 =
2

3

[
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] (2.4) 

where 𝒊𝛼𝛽 is the differential-mode of 𝒊abc and 𝑖0 is the common-mode, which is omitted 

since the stator is Y-connected. However, the signals obtained using the Clarke 

transformation are alternating with the given angular frequency. Therefore, the Park 

transformation is used if dc signals are needed. It is possible to apply the transformation 

either of the 𝒊𝑎𝑏𝑐 or 𝒊𝛼𝛽0 signals. The Park transformation is given by  

 𝒊𝑑𝑞 = [
𝑐𝑜𝑠(𝜑) 𝑐𝑜𝑠(𝜑)

−𝑠𝑖𝑛(𝜑) 𝑐𝑜𝑠(𝜑)
] [

𝑖𝛼
𝑖𝛽

] (2.5) 

where 𝜑 is the angle between α and d-axis, and d and q stand for direct and quadrature 

axis, respectively. The common mode would not be affected by the Park transformation 

even if it were included. 

2.1 Induction machine T-model 

The induction motor dynamic equations are presented next. The stator voltage equation 

is given by 

 𝒗𝑠 = 𝑅𝑠𝒊𝑠 +
𝑑𝝍𝑠

𝑑𝑡
+ 𝑻𝜔𝑠𝝍𝑠 (2.6) 

is

𝑻𝜔𝑠𝝍𝑠 𝑻𝜔𝑠𝑙𝝍𝑟  

𝑅𝑠 𝑅r ir

𝐿s𝜎  𝐿r𝜎  

𝐿𝑚  

im

us

 

Figure 2. T-model of an induction machine 
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where 𝒗𝑠 is the voltage applied on the stator, 𝑅𝑠 is the stator resistance, 𝝍𝑠 is the stator 

flux and 𝜔𝑠 is the stator angular frequency. Bold letters denote vectors which 

components are in dq-domain, for example 𝒊𝑠 = [𝑖𝑠𝑑 𝑖𝑠𝑞]𝑇. The rotor voltage equation 

is 

 0 = 𝑅𝑟𝒊𝑟 +
𝑑𝝍𝑟

𝑑𝑡
+ 𝑻𝜔𝑠𝑙𝝍𝑟 (2.7) 

where 𝑅𝑟 is the rotor resistance, 𝝍𝑟 is the rotor flux and 𝜔𝑠𝑙 is the slip frequency and 𝑻 

is orthogonal rotation matrix defined as  

 𝑻 = [
0 1

−1 0
]. (2.8) 

The slip frequency is defined  

 𝜔𝑠𝑙 = 𝜔𝑠 − 𝜔𝑟 (2.9) 

where 𝜔𝑟 is the rotor angular frequency. 

The flux equations describe the relation between currents and fluxes in the system, and 

they are necessary in the analysis of induction machine. They are as  

 𝝍𝑠 = 𝐿s𝜎𝒊𝑠 + 𝐿𝑚𝒊𝑚 (2.10) 

 𝝍𝑟 = 𝐿𝑟𝜎𝒊𝑟 + 𝐿𝑚𝒊𝑚 (2.11) 

where 𝐿𝑠, 𝐿𝑟 and 𝐿𝑚 are the stator, rotor, and magnetizing inductances, respectively. 

The magnetizing current is  

 𝒊𝑚 = 𝒊𝑠 + 𝒊𝑟 . (2.12) 

The stator and rotor inductances are defined as sum of leakage and mutual inductance 

 𝐿𝑠 = 𝐿𝑠𝜎 + 𝐿𝑚 (2.13) 

 𝐿𝑟 = 𝐿𝑟𝜎 + 𝐿𝑚 (2.14) 

where 𝐿𝜎s and 𝐿𝜎r are the stator and rotor leakage inductance, respectively. Using 

leakage inductances on equation (2.10) and (2.11) gives following 

 𝝍𝑠 = 𝐿𝑠𝒊𝑠 + 𝐿𝑚𝒊𝑟 (2.15) 

 𝝍𝑟 = 𝐿𝑚𝒊𝑠 + 𝐿𝑟𝒊𝑟. (2.16) 

The T-model equivalent circuit is depicted in Figure 2 which is obtained using the voltage 

and flux equations presented previously. The total number of parameters to identify is 

five using the T-model. The number could be simply reduced to four by using a leakage 

inductance ratio 𝑘𝑟  
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 𝐿𝑠𝜎 = 𝑘𝑟𝐿𝑟𝜎 (2.17) 

and parameterizing another leakage inductance using the known ratio. Also, the leakage 

inductances could be assumed to be equal 𝐿𝑠σ = 𝐿𝑠𝜎 [22]. However, typically the ratio is 

not known beforehand or the leakage inductances cannot be assumed to be equal. 

Hence, the number of parameters to identify using T model in most cases is indeed five, 

which means that it is overparameterized. Considering the identifiability of the T-model, 

an issue arises because both leakage inductances are not identifiable simultaneously 

using external measurements of the induction machine [23] [24]. Therefore, the Γ or 

inverse-Γ model of an induction machine must be used in identification, both of which 

are given in the next section. 

2.2  and inverse– models 

The different equivalent models of the induction machine are of interest due to the 

unidentifiability issue of the T-model. First, the  model is derived, which is depicted in 

Figure 3, after which the parameter dependencies between the Γ and inverse- model 

are given as described in [22] [25]. The conversion from the T-model to either of the 

equivalent models is obtained using a scaling factor which scales the rotor variables, 

which gives the following equations 

 𝒊𝑟 = �̅�𝒊�̅� (2.18) 

 𝝍r =
�̅�r

�̅�
 (2.19) 

where �̅�𝑟 and 𝒊�̅� are the Γ model rotor flux and current, respectively. Similar scaling is 

used for the inverse-Γ model but the rotor current and flux are replaced with 𝒊�̿� and �̿�𝑟, 

and the scaling factor is �̿�. The stator current and flux remain unchanged in both of the 

equivalent models, thus, �̅�𝑠 = 𝝍𝑠 and 𝒊�̅� = 𝒊𝑠 for the Γ model, and �̿�𝑠 = 𝝍𝑠 and 𝒊�̿� = 𝒊𝑠 

for the inverse-Γ model. 
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is

𝑻𝜔𝑠𝝍𝑠 𝑻𝜔𝑠𝑙 �̅�𝑟  

𝑅𝑠 𝑅𝑟
′  

𝑑�̅�𝑟

𝑑𝑡
 

𝐿𝜎
′

 

𝐿𝑚
′  

𝒊�̅�  

us

𝒊m̅  

 

Figure 3. 𝛤 model of an induction machine 

The scaling factor �̅� is chosen as  

 �̅� =
𝐿𝑠

𝐿𝑚
 (2.20) 

when the Γ model is considered.  

Definition of the Γ model parameters begins by inserting Equations (2.18) and (2.20) into 

(2.15) 

 𝝍𝑠 = 𝐿𝑠𝒊𝑠 + 𝐿𝑠𝒊�̅� = 𝐿𝑚
′ 𝒊�̅� (2.21) 

where the magnetizing inductance is defined as 𝐿𝑚
′ = �̅�𝐿𝑚 and the magnetizing current 

𝒊�̅� = 𝒊𝑠 + 𝒊�̅� is the magnetizing current for the Γ model. The leakage inductance is 

derived from Equation (2.16) by inserting Equations (2.18–2.20) 

 �̅�𝑟 = 𝐿𝑠𝒊𝑠 + (
𝐿𝑠

𝐿𝑚
)
2

𝐿𝑟𝒊�̅�. (2.22) 

The rotor inductance is defined as the sum of leakage and magnetizing inductance 

 𝐿σ
′ + 𝐿𝑚

′ = (
𝐿𝑠

𝐿𝑚
)
2

𝐿𝑟. (2.23) 

The leakage inductance is solved from (2.23) for the Γ model as 

 
𝐿σ
′ = 𝐿𝑠 (

𝐿𝑠𝐿𝑟

𝐿𝑚
2 − 1) = (

𝐿𝑠𝜎 + 𝐿𝑚

𝐿𝑚
)
2

𝐿𝑟𝜎 + (
𝐿𝑠𝜎 + 𝐿𝑚

𝐿𝑚
)
2

𝐿𝑚 − Ls 

= �̅�𝐿𝑠𝜎 + �̅�2𝐿𝑟𝜎 . 

(2.24) 

Finally, the rotor resistance of the Γ model is given by 

 𝑅𝑟
′ = �̅�2𝑅𝑟 . (2.25) 

The Γ model flux equations are  
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 𝝍𝑠 = 𝐿𝑚
′ 𝒊�̅� (2.26) 

 �̅�𝑟 = 𝐿𝑚
′ 𝒊�̅� + (𝐿𝑚

′ + 𝐿σ
′ )𝒊�̅�. (2.27) 

Next, the second alternative equivalent circuit of the T-model is given, which is depicted 

in Figure 4. The inverse-Γ model uses a scaling ratio �̿� given as 

 �̿� =
𝐿𝑚

𝐿𝑟
. (2.28) 

is

𝑻𝜔𝑠𝝍𝑠 𝑻𝜔𝑠𝑙 �̿�𝑟  

𝑅𝑠 𝑅𝑟
′′  

𝑑𝝍s

𝑑𝑡
 

𝐿𝜎
′′

 

𝐿𝑚
′′  

𝒊�̿�  

us

𝒊�̿�  

 

Figure 4. Inverse-𝛤 model of an induction machine 

Inserting (2.18) and (2.19), where the Γ model variables are replaced with the 

corresponding inverse-Γ model variables, and (2.28) into the stator flux Equation (2.15) 

it yields 

 𝝍𝑠 = 𝐿𝑠𝒊𝑠 + �̿�𝐿𝑚𝒊�̿� (2.29) 

Thus, the leakage inductance of the inverse-Γ model is 

 𝐿σ
′′ = 𝐿𝑠 −

𝐿𝑚
2

𝐿𝑟
= 𝐿𝑠𝜎 + �̿�𝐿𝑟𝜎 (2.30) 

Inserting Equations (2.18) and (2.19) with the inverse-Γ model variables as previously in 

(2.29), and Equation (2.28) into (2.16) gives 

 �̿�𝑟 = �̿�𝐿𝑚𝒊𝑠 + �̿�2𝐿𝑟𝒊�̿� = 𝐿𝑚
′′ 𝒊�̿� (2.31) 

where �̿�𝑚 is the magnetizing flux and 𝒊�̿� is the magnetizing current of the inverse-Γ 

model. The magnetizing inductance is defined as 

 𝐿𝑚
′′ = �̿�𝐿𝑚 (2.32) 

and the rotor resistance is obtained in a similar manner as in the Γ model, i.e.,  

𝑅𝑟
′′ = �̿�2𝑅𝑟. 
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Finally, the inverse-Γ model flux equations are 

 𝝍𝑠 = (𝐿σ
′′ + 𝐿𝑚

′′ )𝒊𝑠 + 𝐿𝑚
′′ 𝒊�̿� (2.33) 

 �̿�𝑟 = 𝐿𝑚
′′ 𝒊𝑠 + 𝐿𝑚

′′ 𝒊�̿�. (2.34) 

2.3 State-space representation of the 𝚪 model 

State-space model is used to form a relationship between the system output, state, and 

input signals. The state variables evolve in time as a function of previous states and 

inputs. First-order differential or difference equations are used to obtain a linear state-

space representation. This modeling practice allows to use knowledge of system’s 

physical nature and it offers a compact way to analyze the system, hence, its use is 

common in various areas in system identification and control theory. 

The Γ model state-space representation is derived using the stator flux and current 

components as its state variables 

 𝒙 = [𝜓𝑠𝑑 𝜓𝑠𝑞 𝑖𝑠𝑑 𝑖𝑠𝑞]𝑇 . (2.35) 

To begin with derivation, the rotor current is obtained from Equation (2.21)  

 𝒊�̅� =
𝝍𝑠

𝐿𝑚
′ − 𝒊𝑠 (2.36) 

which is inserted into the Γ model rotor flux equation (2.27) which gives 

 �̅�𝑟 = −𝐿σ
′ 𝒊𝑠 + (

𝐿σ
′

𝐿𝑚
′ + 1)𝝍𝑠. (2.37) 

The derivation is followed by substituting (2.36) into the rotor voltage equation (2.7) with 

the rotor variables scaled into the Γ model equivalents using the scaling factor γ̅ 

 
0 = 𝑅𝑟

′ 𝒊�̅� +
𝑑

𝑑𝑡
((

𝐿𝜎
′

𝐿𝑚
′

+ 1)𝝍𝑠 − 𝐿𝜎
′ 𝒊𝑠) + 𝑻𝜔𝑠𝑙 ((

𝐿𝜎
′

𝐿𝑚
′

+ 1)𝝍𝑠 − 𝐿𝜎
′ 𝒊𝑠) 

(2.38) 

In the above expression the derivative of the inductance terms are taken with respect to 

time which are known to be varying. However, their variation is assumed to be slow in 

time, thus, they are assumed to be constant within small time intervals to simplify the 

analysis. The above expression can be used to describe the dynamics of the stator 

current, but the rotor current must be eliminated to obtain the differential equation with 

respect to the stator variables. Substituting (2.36) into (2.38) gives expression for time 

derivative of the stator current 
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 𝑑𝒊𝑠
𝑑𝑡

𝐿σ
′ = (

𝑅𝑟
′

𝐿𝑚
′

+ 𝑻ω𝑠𝑙 (
𝐿σ

′

𝐿𝑚
′

+ 1))𝝍𝑠 +
𝑑𝝍𝑠

𝑑𝑡
(

𝐿σ
′

𝐿𝑚
′

+ 1) + (−𝑅𝑟
′ − 𝑻ω𝑠𝑙𝐿σ

′ )𝒊𝑠. (2.39) 

On the above equation the time derivative of the stator flux appears which when 

rearranging terms can be written as 

 

𝑑𝝍𝑠

𝑑𝑡
= −𝑻𝜔𝑠𝝍𝑠 − 𝑅𝑠𝒊𝑠 + 𝒗𝑠. (2.40) 

The above expression combined with Equation (2.38) yields the differential equation for 

the stator current with respect to the stator variables 

 

𝑑𝒊𝑠
𝑑𝑡

=
1

𝐿𝜎
′

(
𝑅𝑟

′

𝐿𝑚
′

− 𝑻𝜔𝑟 (
𝐿𝜎
′

𝐿𝑚
′

+ 1))𝝍𝑠 −
1

𝐿𝜎
′

(𝑅𝑟
′ + 𝑅𝑠 (

𝐿𝜎
′

𝐿𝑚
′

+ 1) + 𝑻𝜔𝑠𝑙𝐿𝜎
′ ) 𝒊𝑠 

+
1

𝐿𝜎
′

(
𝐿𝜎
′

𝐿𝑚
′

+ 1)𝒗𝑠 
(2.41) 

Equations (2.40) and (2.41) are the ordinary differential equations (ODE) which describe 

the system and they are used for the derivation of the state-space model 

 

𝑑𝒙(𝑡)

𝑑𝑡
= 𝑨(𝑡)𝒙(𝑡) + 𝑩(𝑡)𝒖(𝑡) 

𝒚(𝑡) = 𝑪𝒙(𝑡) 

(2.42) 

where 𝑑𝒙(𝑡) 𝑑𝑡⁄  is the time derivative of the state, 𝑨(𝑡) is the state matrix, 𝑩(𝑡) is the 

input matrix and 𝑪 is the output matrix. The time dependency in the matrix 𝑨(𝑡) and 𝑩(𝑡) 

is due to time-varying angular frequencies and parameters. It should be emphasized that 

the stator current and flux are defined as complex space vectors 

 
𝒊𝑠 = [𝑖𝑠𝑑 𝑖𝑠𝑞]𝑇 

𝝍𝑠 = [𝜓𝑠𝑑 𝜓𝑠𝑞]𝑇 
(2.43) 

which are used to obtain the state-space model. The state matrix is given by 

 
𝑨(𝑡) =

[
 
 
 
 
 
 
 
 

0 ω𝑠 −𝑅𝑠 0
−ω𝑠 0 0 −𝑅𝑠

𝑅𝑟
′

𝐿σ
′ 𝐿𝑚

′

ω𝑟

𝐿σ
′

(
𝐿σ
′

𝐿𝑚
′

+ 1)

−(𝑅𝑟
′ + 𝑅𝑠 (

𝐿σ
′

𝐿𝑚
′ + 1))

�̅�σ

ω𝑠𝑙

−
ω𝑟

𝐿σ
′

(
𝐿σ
′

𝐿𝑚
′

+ 1)
𝑅𝑟

′

𝐿σ
′ 𝐿𝑚

′
−ω𝑠𝑙 −

𝑅𝑟
′ + 𝑅𝑠 (

𝐿σ
′

𝐿𝑚
′ + 1)

𝐿σ
′ ]

 
 
 
 
 
 
 
 

 
(2.44) 

and the input matrix is 
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𝑩(𝑡) =

[
 
 
 
 
 
 

1 0
0 1

1

𝐿σ
′

(
𝐿σ
′

𝐿𝑚
′

+ 1) 0

0
1

𝐿σ
′

(
𝐿σ
′

𝐿𝑚
′

+ 1)
]
 
 
 
 
 
 

. 
(2.45) 

The output of the system consists of the stator currents, thus, the output matrix is 

 𝑪 = [
0 0 1 0
0 0 0 1

]. (2.46) 

2.4 Observability of an induction machine 

Observability is an important topic in parameter identification and control related topics. 

The system observability arises from the question if the measured system output can be 

obtained only with one unique state. If the system is observable, the state at initial time 

0 can be obtained from measurements over some finite time interval 0 ≤ 𝑡1 ≤ 𝑡2. [26] 

[27]. On the other hand, the system being unobservable indicates the state may not be 

determined from the system output. The observability of continuous time-variant linear 

systems can be studied using the Gramian matrices which have been studied in [26]. 

However, its use requires a transition matrix which could be difficult to obtain for a linear 

parameter-varying induction machine. Nevertheless, observability of linear time-invariant 

discrete systems is easy to show by calculating the rank of a matrix which is constructed 

as follows [28] 

 𝑶(𝑨𝑑 , 𝑪𝑑) = [

𝑪𝑑

𝑪𝑑𝑨𝑑

⋮
𝑪𝑑𝑨𝑑

𝑛−1

] (2.47) 

where the matrix 𝑨𝑑 is the state matrix and 𝑪𝑑 is the output matrix in discrete-time 

domain, which derivation discussed in next section further. The system is said to be 

observable if and only if 𝑟𝑎𝑛𝑘(𝑶(𝑨𝑑 , 𝑪𝑑)) = 𝑛𝑥, where 𝑛𝑥 stands for the number of states. 

However, due to the time-varying nature of induction machine, the rank condition will not 

suffice as operating point varies. Hence, alternative methods that have been proposed 

for observability analysis of the time-varying systems are briefly discussed. 

The approach that is used to evaluate observability of an induction machine model 

depends on whether the model chosen is nonlinear or linear. For nonlinear models, the 

Lie derivative is typically used to inspect the local observability [29] [30]. However, in this 

thesis the model used is a linear time-varying, thus alternative method should be used 

to give insight into observability. In [31] [32] a concept of local observability is discussed 
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considering the linear-time varying (LTV) models which is based on testing observability 

on a finite time interval 𝑘,… , 𝑘 + 𝑗 − 1. The discrete model difference equations are now 

 
𝒙(𝑘) = 𝑨𝑑,𝑘−1𝒙(𝑘 − 1) + 𝒘(𝑘 − 1) 

𝒚(𝑘) = 𝑪𝑑𝒙(𝑘) + 𝒗(𝑘) 
(2.48) 

where the 𝒘 and 𝒗 stand for the process and measurement noise, respectively, and 

𝑨𝑑,𝑘−1 is the discrete-time state matrix at time 𝑘 − 1. Using the state evolution the 

following output is obtained  

 

𝒚(𝑘) = 𝑪𝑑𝒙(𝑘) + 𝒗(𝑘) 

𝒚(𝑘 + 1) = 𝑪𝑑𝑨𝑑,𝑘𝒙(𝑘) + 𝑪𝑑𝒘(𝑘) + 𝒗(𝑘 + 1) 

⋯ 

𝒚(𝑘 + 𝑗 − 1) = 𝑪𝑑𝑨𝑑,𝑘+𝑗−2 ⋯𝑨𝑑,𝑘𝒙(𝑘) + 𝑪𝑑𝑨𝑑,𝑘+𝑗−2 ⋯𝑨𝑑,𝑘−1𝒗(𝑘) 

+𝒗(𝑘 + 𝑗 − 1) 

(2.49) 

where 𝑗 is the number of states 𝑛𝑥. The above expressed in a matrix format becomes 

 𝒚∗(𝑘) = 𝑶𝑘𝒙(𝑘) + 𝒗∗(𝑘). (2.50) 

Matrices in (2.50) are defined as 

 

𝒚∗(𝑘) = [

𝒚(𝑘)

𝒚(𝑘 + 1)
⋯

𝒚(𝑘 + 𝑗 − 1)

] , 𝑶𝑘 = [

𝑪𝑑

𝑪𝑑𝑨𝑑

⋮
𝑪𝑑𝑨𝑑,𝑘+𝑗−2 ⋯𝑨𝑑,𝑘

] 

𝒗∗(𝑘) = [

𝒗(𝑘)

𝑪𝑑𝒘(𝑘) + 𝒗(𝑘 + 1)
⋮

𝑪𝑑𝑨𝑑,𝑘+𝑗−2 ⋯𝑨𝑑,𝑘−1𝒗(𝑘) + 𝒗(𝑘 + 𝑗 − 1)

] 

(2.51) 

where the local observability matrix 𝑶𝑘 is an 𝑛𝑦𝑛𝑥 × 𝑛𝑥 matrix where 𝑛𝑦 is number of 

outputs. To solve 𝒙(𝑘) from (2.50), both sides are multiplied by the transpose of the local 

observability matrix which results in 

 𝑶𝑘
𝑇𝑶𝑘𝒙(𝑘) = 𝑶𝑘

𝑇𝒚∗(𝑘) − 𝑶𝑘
𝑇𝒗∗(𝑘). (2.52) 

Therefore, to be able to solve 𝒙(𝑘), an 𝑛𝑥 × 𝑛𝑥 matrix 𝑶𝑘
𝑇𝑶𝑘 must be invertible, thus its 

rank is equal to 𝑛𝑥. Observability condition obtained by computing the rank is rather 

quantitative measure than qualitative. Therefore, the degree of observability (DoO) used 

in [31] should be used as it utilizes the matrices associated with the Kalman filter, which 

is discussed in Section 3.3. The qualitative measure for observability is given by 

 𝑫 =
𝑛𝑦 ∗ 𝑑𝑖𝑎𝑔(𝑷+)

𝑡𝑟𝑎𝑐𝑒(𝑷𝑦𝑦)
 (2.53) 
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where 𝑷+ and 𝑷𝑦𝑦 stand for the a posteriori and prediction error covariance, respectively. 

Only the diagonal elements of the covariance matrices are considered, therefore, the 

diagonal and trace operator are used in the above equation. 

Besides the above brief discussion of observability in linear time-varying systems, the 

presented method should suffice considering the scope of this thesis. An alternative way 

of monitoring DoO has been given in [32] but its use could increase unnecessarily the 

computational load in online parameter estimation. Moreover, in [33] [34] has been 

proposed a simplified observability matrix for piecewise constant systems that is more 

efficient because the redundant computations are omitted.  

2.5 Time-varying parameters of an induction machine 

So far, the induction machine model has been supposed to be a linear time-invariant 

system with only the angular frequency components varying. However, such an 

assumption is not realistic in real operating conditions where all the parameters vary to 

some extent. Induction machine is built of ferromagnetic materials in conjunction with an 

air medium that separates the rotor from the stator. Use of the magnetic materials allows 

to produce a direct magnetic field which is the main energy conversion mechanism. Also, 

the materials used allow higher flux densities which in turn result in higher torque. [1] 

Moreover, the currents flowing in an induction machine cause resistive heating losses 

that occur both in the stator and rotor windings [6, p. 184]. 

Temperature variations in the windings are caused by currents that vary due to varying 

loads, thus, they are inevitable in real operating conditions. According to [35], the change 

in the stator resistance is more drastic at low operating speeds and heavy loads 

whenever temperature changes. However, in this thesis the effect of temperature 

variations on the stator and rotor resistance are assumed to be linear which simplifies 

modeling assumptions. Thus, the thermal model for the resistance is 

 𝑅(Δ𝑇) = 𝑅0(1 + 𝛼𝑇𝛥𝑇) (2.54) 

where 𝑅(Δ𝑇) is the temperature-dependent resistance, 𝑅0 is the nominal resistance 

value at the reference temperature 𝑇0, and α𝑇 is the temperature coefficient of the 

resistance which depends on the material used. The temperature difference 𝛥𝑇 is 

defined as 

 𝛥𝑇 = 𝑇 − 𝑇0 (2.55) 

where 𝑇 is the measured temperature. The change in the resistance can be 100 % of 

their nominal values, thus, estimation of the stator and rotor resistance is necessary. 
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The incorrect resistance estimates lead to certain problems considering the control of an 

induction machine. For example, using certain control methods such as indirect rotor 

flux-oriented control (IRFOC) the benefit of fast torque dynamics is diminished if the rotor 

resistance estimate is incorrect because an error is introduced in the rotor flux position 

[36]. In the same manner, when the indirect stator flux-oriented control is used, the 

performance degrades with an inaccurate stator resistance estimate [37]. Additionally, 

the inaccurate stator resistance value might lead to instability of an induction machine 

when using a speed sensorless drive, or at least an error between the real and estimated 

speed occurs [38]. 

Moreover, the change in the rotor resistance does not only depend on the temperature 

difference but also on the excitation frequency components, and the shape of rotor bars 

[4, p. 38]. The skin effect is caused by a nonuniform current density distribution in the 

rotor bars which leads to an increase in the rotor resistance, and in a decrease in the 

rotor leakage inductance as the frequency increases. Modeling and parameter 

identification of an induction machine where the skin effect is considered has been 

studied in [39]. However, due to modeling assumptions made, resistances are assumed 

to vary as a function of the temperature difference and the rotor leakage inductance 𝐿𝑟σ 

is assumed to be constant. Nevertheless, these assumptions could cause an error in the 

parameter estimation when the real measurements from an induction machine are used.  

Saturation of inductances occurs in an induction machine via increasing flux and load 

levels. All the inductances saturate but it is quite often assumed that only the magnetizing 

inductance saturates as a function of the magnetizing current or flux. Furthermore, the 

magnetizing inductance could saturate significantly due to increased load level if the rotor 

slots are closed and skewed which is typical in smaller induction machines [25]. The 

saturation of the stator and rotor leakage inductances occurs due to the high stator and 

rotor currents, but they can be assumed to have a magnetically linear behavior [40]. The 

assumptions made do not provide an exact induction machine model which might cause 

inaccuracy considering parameter estimation. Regardless, the modeling of an induction 

machine is not the main concern in the thesis, thus, a deep emphasis is not put on a 

complex model. 

The magnetizing inductance changes due to saturation in an induction machine at 

different operating points. At low flux levels the effect of saturation is negligible, thus, the 

relation between the magnetizing current and flux is linear. However, in real operating 

conditions higher flux levels are reached, and saturation causes a decrease in the 

magnetizing inductance. Therefore, the varying magnetizing inductance should be 

considered in parameter estimation. Saturation in induction machines can be presented 
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using various mathematical models. The model used defines the relation between the 

magnetizing inductance and current as [41] 

 𝐿𝑚
′ =

𝜓𝑠

𝑖�̅�(𝜓𝑠)
 (2.56) 

where 𝜓𝑠 = |𝝍𝑠| = √𝜓𝑠𝑑
2 + 𝜓𝑠𝑞

2  is the magnitude of the stator flux, and 𝑖�̅�(𝜓𝑠) is the 

magnetizing current modeled using a power function. Considering the Γ model, the 

magnetizing flux can be modeled using the stator flux, i.e., 𝝍𝑠 = 𝐿𝑚
′ (𝒊𝑠 + 𝒊�̅�), in 

computation of the magnetizing inductance [42]. 

The model for the magnetizing current in the T-model is given by 

 𝑖𝑚(𝜓𝑚) = 𝑖𝑙𝑖𝑛 (
𝜓𝑚

𝜓𝑟𝑒𝑓
) + 𝑖𝑠𝑎𝑡 (

𝜓𝑚

𝜓𝑟𝑒𝑓
)

𝑚𝑒𝑥𝑝

 (2.57) 

where 𝑖𝑙𝑖𝑛 and 𝑖𝑠𝑎𝑡 stands for the linear and saturation part of magnetization current, 

respectively, 𝑚𝑒𝑥𝑝 is the exponent of magnetization current and 𝜓𝑟𝑒𝑓 is the rated value 

of mutual flux. The magnitude of mutual flux 𝜓𝑚 can be replaced with the stator flux 

magnitude as pointed above.  

An alternative function for the magnetizing inductance is used in [43] that is suited for 

the Γ model. The magnetizing inductance depends on the magnitude of the stator flux, 

and is modeled using more simple power function 

 𝐿𝑚
′ =

𝐿𝑢

1 + (𝛽𝜓𝑠)
𝑆
 (2.58) 

where the unsaturated inductance is 𝐿𝑢, the constant 𝛽 is chosen as the inverse of stator 

flux magnitude at which the magnetizing inductance reaches half of its unsaturated 

value, and the exponent 𝑆 is a constant that is typically in the range of 5–9. A comparison 

between Equations (2.57) and (2.58) is shown in Figure 5 which illustrates similarity 

between the magnetization models.  
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Figure 5. Comparison of magnetization curves 

Previously stated assumptions are summarized. The Γ model is used primarily as a 

model in this thesis. However, sometimes the inverse-Γ model is preferred due to its 

simplicity when the control of induction machine is concerned because it allows easier 

modeling of torque equations and design of observers [25]. The leakage inductance 𝐿σ
′  

is assumed to be constant when the Γ model is used assuming the T-model leakage 

inductances are constant. Therefore, there are fewer varying parameters that need to be 

estimated.  

2.6 Discretization of continuous-time system 

Different discretization methods are used to approximate the continuous-time ordinary 

differential equation solution by constructing a discrete sample set 𝑥(𝑘), where 𝑘 =

0,1,2,3…. The purpose of using these approximations is to be able to present a 

continuous-time signal at time-steps 𝑘 by discrete set of samples. The time-difference 

between steps is called the sampling interval 𝑇𝑠, or the step-size, which controls the 

quality of the numerical approximation. A more accurate solution is obtained by reducing 

the sampling interval, but the computational load is increased as more steps are needed. 

However, there exists a lower limit on the sampling time when online parameter 

estimation is considered. Discretization methods that use a fixed sampling time are 
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considered in this thesis because the signals from an induction machine are sampled at 

fixed time-interval. However, also variable step-size methods exist in the literature.  

The continuous-time model of an induction machine was derived in Sections 2.2 and 2.3, 

but its discrete-time counterpart is more important as it is intended to be used with the 

parameter identification algorithm. The discrete-time counterpart of the continuous-time 

state-space model uses difference-equations where the state at time k+1 is obtained 

using state-evolution equations that depend on the state and input at time k. The exact 

discrete-time model is obtained using an analytical solution of the continuous-time 

model, but usually approximate methods are required.  

The analytical solution of linear first order differential equations is presented in Section 

2.6.1, which is the exact discrete-time model that will be used as a benchmark method. 

However, it is not feasible due to time constraints that exist when implementing an online 

parameter estimation method. The reasoning for having to consider the computational 

load is that discretization of time-varying systems requires computing the discrete-time 

model at each time step because the parameters and frequencies vary during operation. 

Therefore, discretization methods that are computationally less intensive are studied in 

Sections 2.6.2 and 2.6.3. 

Discretization of an induction machine model has been studied in control and system 

identification literature. One of the most used methods is the forward Euler method, the 

implementation of which is simple and the computational load is low [3] [44]. However, it 

is necessary to have a small enough sampling interval to ensure stability of the derived 

discrete-time model. Furthermore, the accuracy deteriorates as the sampling interval is 

increased. Therefore, methods that have better accuracy and stability properties are 

considered. As an example, a time-variant discrete-time model which was proposed in 

[45] is particularly effective.  

2.6.1 Analytical solution of linear time-variant system 

Discretization of continuous-time induction machine model using the analytical solution 

is discussed in this section. Consider a continuous-time state-space model  

 

𝑑𝒙(𝑡)

𝑑𝑡
= 𝑨(𝑡)𝒙(𝑡) + 𝑩(𝑡)𝒖(𝑡) 

𝒚(𝑡) = 𝑪𝒙(𝑡) 

(2.59) 

where the output matrix 𝑪 is the only time-invariant matrix in an induction machine model. 

Therefore, for the following analysis a slowly varying system is considered which permits 

the use of methods that are commonly used for linear time-invariant (LTI) systems. 



20 
 

Therefore, all the matrices in (2.59) can be assumed to be constant within the sampling 

interval, which is in an approximation but should suffice when a small enough sampling 

interval is used. Similar assumptions have been made in literature, see, for example, [45] 

[46]. 

The solution of (2.59) is obtained using integration and the exponential function of matrix 

𝑨 [47, p. 87]  

 
𝑑

𝑑𝑡
𝑒𝑨𝑡 = 𝑒𝑨𝑡𝑨 (2.60) 

where 𝑡 denotes time. Multiplying (2.59a) by 𝑒–𝑨𝑡 yields 

 𝑒–𝑨𝑡
𝑑𝒙(𝑡)

𝑑𝑡
− 𝑒–𝑨𝑡𝑨𝒙(𝑡) = 𝑒–𝑨𝑡𝑩𝒖(𝑡). (2.61) 

Using (2.60) and the product rule of derivative, the above equation yields  

 
𝑑

𝑑𝑡
(𝑒–𝑨𝑡𝒙(𝑡)) = 𝑒–𝑨𝑡𝑩𝑢(𝑡). (2.62) 

Integrating both sides of Equation (2.62) from zero to 𝑡 gives 

 𝑒–𝑨𝜏𝒙(𝜏)|
𝜏=0

𝑡
≡ 𝑒–𝑨𝑡𝒙(𝑡) − 𝑒–0𝒙(0) = ∫ 𝑒–𝑨𝜏𝑩𝒖(𝜏)

𝑡

0

𝑑𝜏. (2.63) 

Following, the solution for state 𝒙 at time 𝑡 is obtained from the above equation 

 𝒙(𝑡) = 𝑒𝑨𝑡𝒙(0) + ∫ 𝑒𝑨(𝑡−𝜏)𝑩𝒖(𝜏)
𝑡

0

𝑑𝜏. (2.64) 

However, the discrete-time version of the above formulation is of interest since 

estimation and control is made on a digital processor. The control input 𝒖(𝑡) is assumed 

to be piecewise constant between sampling instants 

 𝒖(𝑡) ≝ 𝒖(𝑘𝑇𝑠), 𝑤ℎ𝑒𝑛 𝑘𝑇𝑠 ≤ 𝑡 < (𝑘 + 1)𝑇𝑠. (2.65) 

Applying the above assumption to (2.64) gives 

 𝒙(𝑘𝑇𝑠) ≝ 𝒙(𝑘) = 𝑒𝑨𝑘𝑇𝑠𝒙(0) + ∫ 𝑒𝑨(𝑘𝑇𝑠−𝜏)𝑩𝒖(𝜏)
𝑘𝑇𝑠

0

𝑑𝜏 (2.66) 

and at the next time instant 

 𝒙(𝑘 + 1) = 𝑒𝑨(𝑘+1)𝑇𝑠𝒙(0) + ∫ 𝑒𝑨((𝑘+1)𝑇𝑠−𝜏)𝑩𝒖(𝜏)
(𝑘+1)𝑇𝑠

0

𝑑𝜏 (2.67) 

where the sampling interval 𝑇𝑠 has been omitted from 𝒙(𝑘) and 𝒙(𝑘 + 1) for simplicity. 

The equation (2.67) can be written as [47, p. 91] 
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𝒙(𝑘 + 1) = 𝑒𝑨𝑇𝑠 [𝑒𝑨𝑘𝑇𝑠𝒙(0) + ∫ 𝑒𝑨(𝑘𝑇𝑠−𝜏)𝑩𝒖(𝜏)
𝑘𝑇𝑠

0

𝑑𝜏] 

+∫ 𝑒𝑨(𝑘𝑇𝑠+𝑇𝑠−𝜏)𝑩𝒖(𝜏)
(𝑘+1)𝑇𝑠

𝑘𝑇𝑠

𝑑𝜏. 

(2.68) 

The term inside the brackets of (2.68) is same as in Equation (2.66), thus, the state 

𝒙(𝑘 + 1) is obtained using the previous state 𝒙(𝑘). Substituting a new integration variable 

𝛿 = (𝑘𝑇𝑠 + 𝑇𝑠 − 𝜏) into (2.68) 

 𝒙(𝑘 + 1) = 𝑒𝑨𝑇𝑠𝒙(𝑘) + ∫ 𝑒𝑨𝛿𝑩𝒖(𝛿)
𝑇𝑠

0

𝑑𝛿. (2.69) 

The continuous-time state-space model using the exact discretization is given as 

 
𝒙(𝑘 + 1) = 𝑨𝑑𝒙(𝑘) + 𝑩𝑑𝒖(𝑘) 

𝒚(𝑘) = 𝑪𝑑𝒙(𝑘) 
(2.70) 

where the subscript d corresponds to the discrete-time equivalent of the continuous-time 

matrices. Finally, the exact discretization of state transition, input, and output matrix are 

obtained as  

 𝑨𝑑(𝑇𝑠) = 𝑒𝑨𝑇𝑠 , 𝑩𝑑 = ∫ 𝑒𝑨𝛿𝑑𝛿
𝑇𝑠

0

𝑩, 𝑪𝑑 = 𝑪. (2.71) 

If the matrix 𝑨 is nonsingular, computation of 𝑩𝒅 can be done without integration by 

writing the exponential matrix as 

 𝑨𝒅(𝑇𝑠) = 𝑰 + 𝑨𝑇𝑠 + 𝑨2
𝑇𝑠

2

2!
+ ⋯ = ∑

(𝑨𝑇𝑠)
𝑛

𝑛!

∞

𝑛=0
 (2.72) 

which is the Taylor series presentation of the exponential function 𝑒𝑨𝑇𝑠 and 𝑰 denotes the 

identity matrix of appropriate size. Substituting (2.72) into 𝑩𝑑 in (2.71)  

 𝑩𝑑 = ∫ (𝑰 + 𝑨𝛿 + 𝑨2
𝛿2

2!
+ ⋯)𝑑𝛿

𝑇𝑠

0

𝑩 (2.73) 

which results in 

 𝑩𝑑 = (𝑇𝑠𝑰 +
𝑇𝑠

2

2!
𝑨 +

𝑇𝑠
3

3!
𝑨2 +

𝑇𝑠
4

4!
𝑨3 + ⋯)𝑩. (2.74) 

Rearranging terms, (2.74) can be written as 

 𝑩𝑑 = 𝑨−1 (𝑇𝑠𝑨 +
𝑇𝑠

2

2!
𝑨2 +

𝑇𝑠
3

3!
𝑨3 + ⋯+ 𝑰 − 𝑰)𝑩 (2.75) 

where Equation (2.72) is substituted in the above which yields 
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 𝑩𝑑 = 𝑨−1(𝑨𝒅(𝑇𝑠) − 𝑰)𝑩. (2.76) 

As mentioned in the previous section, the online parameter estimation using exact 

discretization is not possible since the time spent on discretization must be smaller than 

the sampling interval [48]. Thus, the exact solution should be used only as a benchmark 

method that is used to verify the accuracy of other discussed discretization methods. 

2.6.2 Euler methods 

Euler methods are simple and easy to implement discretization methods that are 

commonly found in studies where discretization of an induction machine is considered 

[46] [49]. First, the forward Euler method (referred to as the Euler method) is the most 

basic approach to obtain the discrete-time version of the continuous-time model. It is 

categorized as an explicit method which means the solution at time step 𝑘 + 1 is obtained 

using the state at time step 𝑘. Implicit methods, on the other hand, use the current and 

next state to obtain the solution at time step 𝑘 + 1. Moreover, implicit methods can have 

stability properties which make them better compared to explicit methods [50]. Therefore, 

the backward Euler method is also considered in the thesis as an alternative, which 

belongs to the same category as the Euler method considering their accuracy.  

The differential equation (2.59) can be presented using a function  

 𝑓(𝒙, 𝑡) =
𝑑𝒙(𝑡)

𝑑𝑡
 (2.77) 

which is used to simplify the notation of the derivation of the discretization methods. The 

Euler method can be presented using a difference quotient [50, p. 144] 

 𝑓(𝒙(𝑘), 𝑡𝑘) ≈
𝒙(𝑘 + 1) − 𝒙(𝑘)

𝑇𝑠
 (2.78) 

where 𝑡𝑘 denotes the time instant at 𝑘𝑇𝑠 which approximates the differential equation 

using a tangent line through point 𝒙(𝑘) at time instant 𝑡𝑘. Thus, the approximation of 

state at next time-instant 𝑡𝑘+1 is 

 𝒙(𝑘 + 1) = 𝒙(𝑘) + 𝑇𝑠𝑓(𝒙(𝑘), 𝑡𝑘). (2.79) 

Inserting the equation (2.59) yields a solution for Euler discretization given by 

 𝒙(𝑘 + 1) = 𝒙(𝑘) + 𝑇𝑠(𝑨𝒙(𝑘) + 𝑩𝒖(𝑘)) = (𝑰 + 𝑇𝑠𝑨)𝒙(𝑘) + 𝑇𝑠𝑩𝒖(𝑘). (2.80) 

Stability of the Euler method has been studied in [50, p. 147–149] which was shown that 

it can exhibit instability with the increasing sampling interval, which is discussed more 

thoroughly in Section 2.6.5.  
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Figure 6. Comparison between the Euler and the backward Euler methods 

Another Euler method, called the backward Euler method, is given by 

 𝒙(𝑘 + 1) = 𝒙(𝒌) + 𝑇𝑠𝑓(𝒙(𝑘 + 1), 𝑡𝑘+1). (2.81) 

The only difference between (2.79) and (2.81) is that the left endpoint approximation is 

replaced by the right endpoint approximation which is illustrated in Figure 6. Hence, the 

approximation used for the backward Euler uses the tangent line to approximate the next 

state, which is equal to the time derivative of function at time step 𝑘 + 1. Substituting 

(2.59) into (2.81) yields 

 𝒙(𝑘 + 1) = 𝒙(𝑘) + 𝑇𝑠(𝑨𝒙(𝑘 + 1) + 𝑩𝒖(𝑘 + 1)) (2.82) 

which is solved for 𝒙(𝑘) [51, p. 198] 

 𝝌(𝑘 + 1) ≝ 𝒙(𝑘) = (𝑰 − 𝑨𝑇𝑠)𝒙(𝑘 + 1) − 𝑩𝑇𝑠𝒖(𝑘 + 1) (2.83) 

where a new state vector 𝝌(𝑘 + 1) is introduced to replace 𝒙(𝑘). Delaying (2.83) by a 

time step and solving for 𝒙(𝑘) 

 𝒙(𝑘) = (𝑰 − 𝑨𝑇𝑠)
−1𝝌(𝑘) + (𝑰 − 𝑨𝑇𝑠)

−1𝑩𝑇𝑠𝒖(𝑘). (2.84) 

Using (2.83) to obtain state equation it yields 

  𝝌(𝑘 + 1) = (𝑰 − 𝑨𝑇𝑠)
−1𝝌(𝑘) + (𝑰 − 𝑨𝑇𝑠)

−1𝑩𝑇𝑠𝒖(𝑘). (2.85) 

The output is obtained by substituting 𝒙(𝑘) from (2.84) to measurement equation 

 𝒚(𝑘) = 𝑪𝒙(𝑘) = 𝑪(𝑰 − 𝑨𝑇𝑠)
−1𝝌(𝑘) + 𝑪(𝑰 − 𝑨𝑇𝑠)

−1𝑩𝑇𝑠𝒖(𝑘). (2.86) 
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The improved stability of the backward Euler clearly comes with increased complexity 

because the output equation depends on matrices 𝑨, 𝑩 and 𝑪. Moreover, the new state 

vector 𝝌 is different from the original state 𝒙. The stability is discussed more thoroughly 

in Section 2.6.5. 

2.6.3 Other discretization methods 

The commonly used discretization methods were proposed in Section 2.6.2. However, 

their accuracy is low and their performance decreases as sampling time is increased. 

Therefore, alternative methods are discussed the accuracy of which does not deteriorate 

as rapidly. Some of the proposed methods approximate the exact discretization, whereas 

other methods are based on the numerical approximations of an ODE. Also, a time-

variant discrete-time model proposed in [45] is discussed in the end of this section. 

Nevertheless, the intention is to study more accurate methods, while not neglecting the 

associated computational load.  

To begin with, the trapezoidal method, also called Tustin approximation and bilinear 

transformation, in its classical form is studied. Afterwards, the modified trapezoidal 

method or Heun’s method is studied that is based on a similar trapezoidal approximation. 

The trapezoidal method uses the time derivatives at points 𝑘 and 𝑘 + 1 to approximate 

the solution as follows 

 𝒙(𝑘 + 1) = 𝒙(𝑘) +
𝑇𝑠

2
(𝑓(𝒙(𝑘 + 1), 𝑡𝑘+1) + 𝑓(𝒙(𝑘), 𝑡𝑘)). (2.87) 

It is an implicit method because the solution of 𝑓(𝒙(𝑘 + 1), 𝑡𝑘+1) is required to obtain the 

state 𝒙(𝑘 + 1). Substituting the continuous-time model from (2.59) to (2.87) yields 

 𝒙(𝑘 + 1) − 𝒙(𝑘) = 𝑨
𝑇𝑠

2
(𝒙(𝑘 + 1) + 𝒙(𝑘)) + 𝑩

𝑇𝑠

2
(𝒖(𝑘 + 1) + 𝒖(𝑘)) (2.88) 

from which the state 𝒙(𝑘 + 1) is isolated 

 

𝒙(𝑘 + 1) = (𝑰 −
𝑨𝑇𝑠

2
)
−1

(𝑰 +
𝑨𝑇𝑠

2
) 𝒙(𝑘) 

+(𝑰 −
𝑨𝑇𝑠

2
)
−1

𝑩
𝑇𝑠

2
(𝒖(𝑘 + 1) + 𝒖(𝑘)). 

(2.89) 

However, on the right-hand side is a dependency on the input at time step 𝑘 + 1 which 

is removed by introducing the state vector 𝒛(𝑘 + 1)  

 𝒛(𝑘 + 1) ≝
1

√𝑇𝑠

(𝑰 −
𝑨𝑇𝑠

2
)𝒙(𝑘 + 1) −

1

√𝑇𝑠

𝑩𝑇𝑠

𝟐
𝒖(𝑘 + 1) (2.90) 
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where the scale factor √𝑇𝑠 is introduced which is given in references [52] [53]. The 

equation (2.90) is shifted a one step backwards and solved for the state 𝒙(𝑘) 

 𝒙(𝑘) = (𝑰 −
𝑨𝑇𝑠

2
)
−𝟏

√𝑇𝑠𝒛(𝑘) − (𝑰 −
𝑨𝑇𝑠

2
)
−𝟏 𝑩𝑇𝑠

2
𝒖(𝑘). (2.91) 

The state evolution equation for the state 𝒛(𝑘 + 1) is obtained after rigorous manipulation 

by substituting (2.90) and (2.91) into (2.89) which results in 

 𝒛(𝑘 + 1) = (𝑰 −
𝑨𝑇𝑠

2
)
−1

(𝑰 +
𝑨𝑇𝑠

2
) 𝒛(𝑘) + (𝑰 −

𝑨𝑇𝑠

2
)
−1

𝑩√𝑇𝑠𝒖(𝑘). (2.92) 

The output equation is obtained by substituting (2.91) into the output in (2.59) 

 𝒚(𝑘) = √𝑇𝑠𝑪(𝑰 −
𝑨𝑇𝑠

2
)
−1

𝒛(𝑘) + 𝑪 (𝑰 −
𝑨𝑇𝑠

2
)
−1 𝑩𝑇𝑠

𝟐
𝒖(𝑘). (2.93) 

It should be noted that, the original state vector 𝒙 is not preserved during state evolution 

but it can be obtained using Equation (2.91). Moreover, the input term influences the 

output directly, like the backward Euler, which increases the complexity. 

An alternative method based on the trapezoidal rule is Heun’s method [50, p. 162] [54], 

which approximates the state 𝒙(𝑘 + 1) on the right-hand side of Equation (2.87) using 

the Euler method. Figure 6 can be used as an illustrative example on how Heun’s method 

produces its approximation by using the average of the two values at time 𝑘 + 1, which 

results in a more accurate value close to the true value. The prediction using the Euler 

method and the trapezoidal rule is 

 

�̅�(𝑘 + 1) = 𝒙(𝑘) + 𝑇𝑠𝑓(𝒙(𝑘), 𝑡𝑘) 

𝒙(𝑘 + 1) = 𝒙(𝑘) + 𝑇𝑠

𝑓(�̅�(𝑘 + 1), 𝑡𝑘+1) + 𝑓(𝒙(𝑘), 𝑡𝑘)

2
 

(2.94) 

where the state �̅�(𝑘 + 1) is obtained by the Euler method. Substituting the predicted state 

into the model (2.59) yields 

 
𝑓(�̅�(𝑘 + 1), 𝑡𝑘+1) = 𝑨((𝑰 + 𝑨𝑇𝑠)𝒙(𝑘) + 𝑇𝑠𝑩𝒖(𝑘)) + 𝑩𝒖(𝑘 + 1) 

= 𝑨(𝑰 + 𝑨𝑇𝑠)𝒙(𝑘) + 𝑇𝑠𝑨𝑩𝒖(𝑘) + 𝑩𝒖(𝑘 + 1) 
(2.95) 

which is then substituted into (2.94)  

 
𝒙(𝑘 + 1) = 𝒙(𝑘) +

𝑇𝑠

2
(𝑨(𝑰 + 𝑇𝑠𝑨)𝒙(𝑘) + 𝑇𝑠𝑨𝑩𝒖(𝑘) + 𝑩𝒖(𝑘 + 1) 

+𝑨𝒙(k) + 𝑩𝒖(𝑘)). 

(2.96) 
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Also, while using Heun’s method, a dependency on the input at 𝑘 + 1 exists that can be 

removed by moving terms at 𝑘 + 1 to the left-hand side and defining the state �̅� similar 

to the trapezoidal method which is results in 

 

�̅�(𝑘 + 1) ≝ 𝒙(𝑘 + 1) −
𝑇𝑠

2
𝑩𝒖(𝑘 + 1) 

= (𝑰 + 𝑇𝑠𝑨 +
𝑨𝟐𝑇𝑠

2

2
)𝒙(𝑘) +

𝑇𝑠

2
(𝑨𝑇𝑠 + 𝑰)𝑩𝒖(𝑘). 

(2.97) 

Delaying (2.97) by a time step, and solving for 𝒙(𝑘) gives 

 𝒙(𝑘) = �̅�(𝑘) +
𝑇𝑠

2
𝑩𝒖(𝑘). (2.98) 

Substituting (2.98) into (2.97) 

 �̅�(𝑘 + 1) = (𝑰 + 𝑇𝑠𝑨 +
𝑨𝟐𝑇𝑠

2

2
)(�̅�(𝑘) +

𝑇𝑠

2
𝑩𝒖(𝑘)) +

𝑇𝑠

2
(𝑨𝑇𝑠 + 𝑰)𝑩𝒖(𝑘) (2.99) 

which is solved for 

 �̅�(𝑘 + 1) = (𝑰 + 𝑨𝑇𝑠 +
𝑨𝟐𝑇𝑠

2

2
) �̅�(𝑘) + (𝑇𝑠𝑰 + 𝑨𝑇𝑠

2 +
𝑨𝟐𝑇𝑠

3

4
)𝑩𝒖(𝑘). (2.100) 

The output equation is obtained using (2.98) 

 𝒚(𝑘) = 𝑪�̅�(𝑘) + 𝑪
𝑇𝑠

2
𝑩𝒖(𝑘). (2.101) 

The stability properties of Heun’s method are not good considering it is an explicit 

method, because it uses the Euler method to form the prediction of state. Stability 

properties of explicit methods in general are discussed in Section 2.6.5.  

The last discretization method based on a numerical approximation of an ODE solution, 

is the explicit midpoint method [50, p. 151]. As the name suggests, the method evaluates 

the function 𝑓(𝒙(𝑘 + 1/2), 𝑡𝑘+1/2) between the time steps 𝑘 and 𝑘 + 1; the resulting value 

is then used in the approximation. The Euler method is used to predict the value between 

the time steps by using a half of the sampling interval 

 𝒙 (𝑘 +
1

2
) = 𝒙(𝑘) +

𝑇𝑠

2
𝑓(𝒙(𝑘), 𝑡𝑘) = 𝒙(𝑘) +

𝑇𝑠

2
(𝑨𝒙(𝑘) + 𝑩𝒖(𝑘)). (2.102) 

The above solution is used to obtain the value of 𝒙(𝑘 + 1) as follows 

 𝒙(𝑘 + 1) = 𝒙(𝑘) + 𝑇𝑠𝑓 (𝒙 (𝑘 +
1

2
) , 𝑘 +

1

2
) (2.103) 
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= 𝒙(𝑘) + 𝑇𝑠 (𝑨(𝒙(𝑘) +
𝑇𝑠

2
(𝑨𝒙(𝑘) + 𝑩𝒖(𝑘))) + 𝑩𝒖(𝑘 +

1

2
)) 

where the input 𝒖(𝑘 + 1/2) = 𝒖(𝑘) because it is piecewise constant. Rearranging terms 

in Equation (2.103) gives 

 𝒙(𝑘 + 1) = (𝑰 + 𝑨𝑇𝑠 +
𝑇𝑠

2𝑨2

2
)𝒙(𝑘) + (𝑇𝑠𝑰 +

𝑇𝑠
2𝑨

2
)𝑩𝒖(𝑘). (2.104) 

The output equation is simply 𝒚(𝑘) = 𝑪𝒙(𝑘).   

In the end of Section 2.6.1 in Equation (2.72) was given an alternative way to derive the 

exact discretization which is also known as the Taylor series expansion. It is used to 

approximate the exact discretization by using a computationally efficient solution. 

Considering the sampling interval chosen is sufficiently small, higher order terms have 

minor influence on the accuracy. Therefore, the higher order terms can be omitted 

because they would only increase the computational load without improving the accuracy 

considerably. The third order Taylor series expansion is obtained by including terms up 

to third order as follows 

 𝑒𝑨𝑇𝑠 = 𝑰 + 𝑨𝑇𝑠 +
(𝑨𝑇𝑠)

2

2!
+

(𝑨𝑇𝑠)
3

3!
 (2.105) 

and the input matrix is obtained using Equation (2.74) 

 𝑩𝑑 = (𝑇s𝑰 +
𝑨𝑇𝑠

2

2
+

𝑨2𝑇𝑠
3

6
)𝑩. (2.106) 

The second order Taylor series expansion is obtained in similar way, but the third order 

term is omitted from Equations (2.105) and (2.106). 

In general, many of the discretization methods discussed in this section, and in literature 

can be expressed using the Taylor series expansion considering a linear state-space 

model. For example, the first order Taylor series expansion corresponds to the Euler 

method and the second order series was shown to correspond to the midpoint method, 

see (2.104). Moreover, the Taylor series expansion can be used to express many of 

methods that belong to the family of Runge-Kutta methods which include the forward 

Euler method. The fourth order Runge-Kutta (RK4) method can be expressed using the 

fourth order Taylor series expansion when a state-space model is considered. However, 

it is not considered as a valid method for online implementation due to its pronounced 

computational load.  

Last, the time-variant discrete model proposed in [45] is briefly discussed because it has 

been shown to be particularly effective. The method is referred to as the Bottura 



28 
 

discretization. The discretization is based on the decomposition of the state matrix as a 

constant matrix, 𝑨𝑐, and time variant matrix, 𝑨ω, which entries depend on the angular 

frequencies. The continuous-time state-space model is presented as �̇�(𝑡) = 𝑨𝑐𝝍(𝑡) +

𝑨𝜔𝝍(𝑡) + 𝑩𝒖(𝑡) where the state vector is 𝝍 = [𝜓𝑠𝑞 𝜓𝑠𝑑 𝜓𝑟𝑞 𝜓𝑟𝑑  ]𝑇 and 𝜓𝑟𝑑 and 𝜓𝑟𝑞 

are the rotor flux components in dq frame, and the input vector is 𝒖 = [𝑣𝑠𝑞 𝑣𝑠𝑑 0 0]𝑇. 

The constant part is augmented into the input vector as  

 �̅�(𝑡) = 𝒖(𝑡) + 𝑨𝑐𝝍(𝑡)  (2.107) 

which is used to replace the input of the state-space model above which results in  

�̇�(𝑡) = 𝑨𝜔𝝍(𝑡) + 𝑩�̅�(𝑡). This allows to discretize the time-variant part only as the �̅� is 

piecewise constant within one sampling interval. For the detailed derivation of the 

discrete model, which is given as 

 𝝍(𝑘 + 1) = 𝑨𝑑𝝍(𝑘) + 𝑩𝑑[𝑣𝑠𝑞 𝑣𝑠𝑑]𝑻 (2.108) 

refer to [45]. In (2.108), the state and input matrix are 

 

𝑨𝑑 = [
𝑨1

𝑑 − 𝑎𝑅𝑠𝑩1
𝑑 𝑐𝑅𝑠𝑩1

𝑑

𝑐𝑅𝑟𝑩2
𝑑 𝑨2

𝑑 − 𝑏𝑅𝑟𝑩2
𝑑
] 

𝑩𝑑 = [𝑩1
𝑑

𝑶
] 

(2.109) 

where 𝑎 = 1/(σ𝐿𝑠), 𝑏 = 1/(σ𝐿𝑟), and 𝑐 = 𝐿𝑚/(𝐿𝑠𝐿𝑟 − 𝐿𝑚
2 ) with the σ = 1 − 𝐿𝑚

2 /(𝐿𝑠𝐿𝑟). 

Moreover, matrices 𝑨1
𝑑, 𝑨2

𝑑, 𝑩1
𝑑, and 𝑩2

𝑑 have been obtained from the exact discretization 

from the time-variant part, which are given by 

 

𝑨1
𝑑 = [

cos(𝜔𝑠𝑇𝑠) − sin(𝜔𝑠𝑇𝑠)

sin(𝜔𝑠𝑇𝑠) cos(𝜔𝑠𝑇𝑠)
] 

𝑨2
𝑑 = [

cos(𝜔𝑠𝑙𝑇𝑠) − sin(𝜔𝑠𝑙𝑇𝑠)

sin(𝜔𝑠𝑙𝑇𝑠) cos(𝜔𝑠𝑙𝑇𝑠)
] 

𝑩1
𝑑 =

1

𝜔𝑠
[

sin(𝜔𝑠𝑇𝑠) −(1 − cos(𝜔𝑠𝑇𝑠))

1 − cos(𝜔𝑠𝑇𝑠) sin(𝜔𝑠𝑇𝑠)
] 

𝑩2
𝑑 =

1

𝜔𝑠𝑙
[

sin(𝜔𝑠𝑙𝑇𝑠) −(1 − cos(𝜔𝑠𝑙𝑇𝑠))

1 − cos(𝜔𝑠𝑙𝑇𝑠) sin(𝜔𝑠𝑙𝑇𝑠)
] 

(2.110) 

which depend on the stator and slip angular frequency and sampling interval. 

2.6.4 The Cayley-Hamilton theorem as a discretization method 

The Cayley-Hamilton theorem is discussed as a discretization method for a linear time-

varying induction machine model. It allows computation of functions with matrix 

arguments such as the matrix exponential which is obtained in a straightforward manner 
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[55]. It has been used on discretization method for induction machines with constant 

parameters in [56] where the state matrix was separated to a constant and varying matrix 

like in the Bottura discretization 

 𝑨(𝑡) = 𝑨𝑐 + 𝑨𝜔(𝑡). (2.111) 

Because of the constant electrical parameters, the matrix exponential 𝑒𝑨𝑐𝑇𝑠 can be 

computed offline. The Cayley-Hamilton theorem is used to obtain the exact solution of 

the time-varying matrix exponential 𝑒𝑨ω(𝑡)𝑇𝑠. Then, the discrete-time state matrix is 

 𝑨𝑑 = 𝑒(𝑨𝑐+𝑨𝜔(𝑡))𝑇𝑠 = 𝑒𝑨𝑐𝑇𝑠𝑒𝑨𝜔(𝑡)𝑇𝑠 (2.112) 

where the latter equality holds if and only if 𝑨𝑐𝑨𝜔(𝑡) = 𝑨𝜔(𝑡)𝑨𝑐. Therefore, the solution 

obtained using (2.112) is an approximation if the constant and time-varying matrix are 

not commutative [46]. 

Use of the Cayley-Hamilton theorem to obtain solution for matrix exponential is proposed 

next [55] [57]. Given an 𝑛 × 𝑛 matrix 𝑨 its characteristic equation is defined as  

 𝑑𝑒𝑡(𝑨 − 𝜆𝑖𝑰) = 0 ⇒ 𝜆𝑖
𝑛 + 𝛼𝑛−1𝜆𝑖

𝑛−1 + ⋯+ 𝛼1𝜆𝑖 + 𝛼0 = 0 (2.113) 

where 𝜆𝑖 are the eigenvalues of 𝑨. Matrix 𝑨 satisfies its own characteristic equation 

 𝑨𝑛 + 𝛼𝑛−1𝑨
𝑛−1 + ⋯+ 𝛼1𝑨 + 𝛼0𝑰 = 0. (2.114) 

To use the Cayley-Hamilton theorem given above, a scalar argument function 𝑓(𝜆) is 

extended to a function with matrix argument 𝑓(𝑨). Given a polynomial function  

 𝑓(𝜆) = 𝛼𝑚𝜆𝑚 + 𝛼𝑚−1𝜆
𝑚−1+. . . +𝛼0 (2.115) 

the corresponding matrix function is 

 𝑓(𝑨) = 𝛼𝑚𝑨𝑚 + 𝛼𝑚−1𝑨
𝑚−1 + ⋯+ 𝛼0𝑰 (2.116) 

which coefficients 𝛼𝑖 are the same as in Equation (2.115). It follows from the fact that a 

polynomial matrix function 𝑓(𝑨) with its eigenvalues λ𝑖 and corresponding eigenvectors 

𝒗𝑖 satisfies the expression 

 𝑓(𝑨)𝒗𝑖 = 𝑓(𝜆𝑖)𝒗𝑖. (2.117) 

The Cayley-Hamilton theorem (2.113) and (2.114) states that the matrix function can be 

written as a polynomial 𝑝 of degree 𝑛 − 1  

 𝑓(𝑨) = 𝑝(𝑨) = 𝛼𝑛−1𝑨
𝑛−1 + 𝛼𝑛−2𝑨

𝑛−2 + ⋯+ 𝛼0𝑰 (2.118) 

and the following holds 
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 𝑓(𝜆𝑖) = 𝑝(𝜆𝑖) (2.119) 

where 𝑖 = 1,… , 𝑛. Therefore, solving the unknown polynomial coefficients α𝑖 of 𝑝(𝓐) is 

possible to express (2.119) in the form  

 [

𝑓(𝜆1)

𝑓(𝜆2)
⋮

𝑓(𝜆𝑛)

] =

[
 
 
 
1 𝜆1 𝜆1

2 ⋯ 𝜆1
𝑛−1

1 𝜆2 𝜆2
2 ⋯ 𝜆2

𝑛−1

⋮ ⋮ ⋮ ∙ ⋮
1 𝜆𝑛 𝜆𝑛

2 ⋯ 𝜆𝑛
𝑛−1]

 
 
 

[

𝛼0

𝛼1

⋮
𝛼𝑛−1

] (2.120) 

where the matrix 𝑨 eigenvalues 𝜆𝑖 are used as an argument to functions on the left-hand 

side, the square matrix on the right-hand side contains powers of eigenvalues and the 

column vector of α𝑖 are unknown polynomial coefficients. To simplify the notation, a 

matrix form, 𝓕 = �̅�𝜱, can be adapted. The matrix �̅� is called a Vandermonde matrix 

which is nonsingular if the eigenvalues are distinct [55] [58, p. 203–207]. Given that 

matrix �̅� is invertible, the coefficient vector is obtained as 𝜱 = �̅�−𝟏𝓕. To reduce the 

computational load associated with the inversion of the Vandermonde matrix, a recursive 

algorithm could be used [59]. However, it might not have huge influence on the 

performance because the dimension of the matrix �̅� is 4 × 4 when an induction machine 

model is discretized. 

A brief example of discretization using the Cayley-Hamilton theorem is presented in the 

following. Consider a matrix exponential 

 𝑒𝑨𝑇𝑠 = 𝑒
([

0 1
−1 0

]𝑇𝑠) = 𝛼0𝑰 + 𝛼1𝑨𝑇𝑠. 
(2.121) 

The unknown coefficient vector using (2.120) as follows 

 [
𝛼0

𝛼1
] = [

1 𝑗𝑇𝑠

1 −𝑗𝑇𝑠
]
−1

[ 𝑒𝑗𝑇𝑠

𝑒−𝑗𝑇𝑠
] = [

𝑐𝑜𝑠(𝑇𝑠)

𝑠𝑖𝑛(𝑇𝑠) 𝑇𝑠⁄
] (2.122) 

where eigenvalues of the matrix 𝑨𝑇𝑠 are ±𝑗𝑇𝑠. 

For reason of completeness, it should be mentioned that if some of the eigenvalues 𝜆𝑖 

are same the Vandermonde matrix would be singular. Whenever the multiplicity 𝑚 > 1, 

the equation 𝑓(λ𝑖) must be differentiated 𝑚 − 1 times [55] 

 
𝜕𝑓(𝜆𝑖)

𝜕𝜆𝑖
=

𝜕𝑝(𝜆𝑖)

𝜕𝜆𝑖
 (2.123) 

which are used to replace the dependent rows in (2.120). However, it was observed that 

the eigenvalues of the state matrix of the induction machine model given in Section 2.3 

never coincide in normal operating conditions. However, if the stator frequency is close 

to zero, two pairs of eigenvalues with multiplicity of two are obtained, a case which should 

occur rarely.  
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2.6.5 Stability analysis for discrete models 

Stability analysis for the discrete models proposed in Sections 2.6.1–2.6.4 is conducted 

here. First, the stability is defined for linear time-invariant discrete systems. Then, the 

stability properties of the commonly used Euler methods given in Section 2.6.2 are 

discussed because they represent an implicit and explicit discretization method, of which 

the latter is better in the sense of stability. Finally, stability analysis is extended to the 

discretization of linear parameter-varying systems. Stability is an important concept in 

discretization of continuous-time models because certain discretization methods could 

cause stability issues in certain conditions. Moreover, because parameter estimation is 

considered, there should exist a simple way to monitor the stability of the estimated 

model. 

Stability analysis of the discrete induction machine model is done under the assumption 

of piecewise constant parameters and angular frequencies, thus stability concepts 

related to linear time-invariant systems can be applied. To define stability, the following 

discrete autonomous system is adopted 

 
𝒙(𝑘 + 1) = 𝑨𝑑𝒙(𝑘) 

𝒚(𝑘) = 𝑪𝑑𝒙(𝑘) 
(2.124) 

where the input term is omitted because it does not affect the stability as explained later 

when the concept of BIBO (bounded-input bounded-output) stability is employed. The 

continuous-time counter part of system (2.124) is  

 

𝑑𝒙(𝒕)

𝑑𝑡
= 𝑨𝒙(𝑡) 

𝒚(𝑡) = 𝑪𝒙(𝑡). 

(2.125) 

If system (2.124) is stable it ensures that the state stays bounded regardless of the initial 

conditions. However, to have a stronger definition of stability, the definition of asymptotic 

stability is given in Definition 2.1 [57, p. 78]. A system being asymptotically stable 

guarantees that the state stays bounded regardless of the initial conditions and the state 

converges to zero as time increases provided that the original continuous-time solution 

converges to zero. Moreover, asymptotic stability implies that the discrete model is stable 

and BIBO stable, which means the bounded input signal to the system results in a 

bounded output signal. [57] Therefore, asymptotically stable systems are considered in 

the following analysis. 
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 Let 𝒙∗(𝑘) be the solution of the autonomous system (2.127), which can 

be obtained using a discretization method. Then the solution is said to be asymptotically 

stable if it is stable and for every initial condition, |𝒙∗(0) − 𝒙(0)| < 𝛿, where 𝛿 is chosen 

freely, implies the state converges to zero as time increases,  

𝑙𝑖𝑚
𝑘→∞

|𝒙∗(𝑘) − 𝒙(𝑘)| → 0.  

Stability can be determined from the continuous-time state matrix 𝑨 eigenvalues 𝜆1, … , 𝜆𝑛 

using a matrix eigenvalue decomposition. Consider the exact discretization, 𝑨𝑑 = 𝑒𝑨𝑇𝑠, 

which eigenvalues depend on the matrix 𝑨 eigenvalues as follows [60, p. 54]  

 𝑒𝜆1𝑇𝑠 , . . . , 𝑒𝜆𝑛𝑇𝑠 . (2.126) 

The continuous-time counterpart of system (2.125) is asymptotically stable if the matrix 

𝑨 eigenvalues have negative real parts [61]. They are mapped inside the unit circle 

centered at the origin using Equation (2.126). This can be shown by expressing the 

complex exponential function as 

 𝑒𝜆𝑅𝑒+𝑗𝜆𝐼𝑚 = 𝑒𝜆𝑅𝑒𝑒𝑗𝜆𝐼𝑚 = 𝑒𝜆𝑅𝑒(𝑐𝑜𝑠(𝜆𝐼𝑚) + 𝑗 𝑠𝑖𝑛(𝜆𝐼𝑚)) (2.127) 

the magnitude of which is less than unity if and only if the real part of the eigenvalues is 

negative, λ𝑅𝑒 < 0, and the imaginary parts 𝜆𝐼𝑚 can be chosen freely. Therefore, the 

eigenvalues of a discrete-time state matrix have magnitude less than unity when the 

exact discretization is used provided that the continuous-time model is stable. The 

condition for asymptotic stability of discrete-time model is yet to be defined but the 

obtained result gives insight into it. 

The system is asymptotically stable if and only if the eigenvalues of a matrix 𝑨𝑑 have 

magnitude less than unity [6, p. 63]. Moreover, the eigenvalue condition was shown to 

apply for slowly time-varying systems in [61, p. 456–459], which should suffice for an 

induction machine model because of the assumption of a piecewise continuous and 

slowly varying system. However, the stability analysis of other discretization methods 

discussed should be studied in a similar manner where the continuous-time state matrix 

eigenvalues are used to obtain the discrete-time state matrix eigenvalues. 

Stability of Euler methods that were analyzed in Section 2.6.2 are studied first due to 

their simple structure. The state matrix eigenvalues obtained using the forward Euler 

method can be found from the eigenvalues of continuous-time matrix 𝑨 with a similar 

eigenvalue decomposition as in (2.126). The eigenvalue decomposition using matrix 

functions is as follows 

 𝑓(𝑨) = 𝝊𝑓(𝑑𝑖𝑎𝑔(𝜆1, … , 𝜆𝑛))𝝊−𝟏 (2.128) 
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where the matrix 𝑑𝑖𝑎𝑔(𝜆1, … , 𝜆𝑛) is a diagonal matrix containing the eigenvalues of 𝑨, 𝝊 

is a matrix composed of the corresponding eigenvectors on its columns, and the matrix 

function 𝑓(. ) is used to obtain the discrete-time state matrix. It should be noted that, the 

decomposition can be performed only with independent eigenvectors. [6, p. 25] 

Therefore, if this condition holds Equation (2.130) can be used to transform the 

continuous-time matrix eigenvalues to its discrete-time counterpart eigenvalues. 

Only one of the continuous-time matrix eigenvalue should be considered, denoted by 

λ𝑚𝑎𝑥, which results in the largest discrete-time eigenvalue. For Euler method the largest 

magnitude continuous-time eigenvalue corresponds to the largest discrete-time 

eigenvalue.  The following condition should hold for an asymptotically stable discrete-

time system obtained using the Euler method 

 |1 + 𝑇𝑠𝜆𝑚𝑎𝑥| < 1. (2.129) 

It is easy to prove that condition (2.129) does not hold for an increasing sampling interval 

or magnitude of the eigenvalue, thus the Euler method can produce an unstable model. 

To show this, assume for simplicity that λmax is a real number which leads to following 

inequality 

 
−2 < 𝑇𝑠λ𝑚𝑎𝑥 < 0 

⇒ 0 < 𝑇𝑠 < 2 λ𝑚𝑎𝑥⁄  
(2.130) 

where the last inequality follows from λ𝑚𝑎𝑥 being negative by default.  

The asymptotic stability condition for the backward Euler method is obtained likewise  

 |1/(1 − 𝑇𝑠𝜆𝑚𝑎𝑥)| < 1 (2.131) 

which implies that the sampling interval must be positive given that 𝜆𝑚𝑎𝑥 is negative. 

Therefore, the discrete model is guaranteed to be stable regardless of the size of 

sampling interval provided that the continuous-time model is asymptotically stable. 

Stability of the remaining methods of which stability can be studied using the eigenvalue 

transformation are the trapezoidal method and other methods belonging to the group 

which state matrix is computed using the Taylor series expansion, namely Heun’s and 

the midpoint method. The stability condition for the latter methods to produce an 

asymptotically stable discrete model is given by 

 |1 + 𝑇𝑠𝜆𝑚𝑎𝑥 + 𝑇𝑠
2𝜆𝑚𝑎𝑥

2 /2| < 1 (2.132) 

which implies instability if either 𝑇𝑠 or 𝜆𝑚𝑎𝑥 increases to a certain value. For the 

trapezoidal method, the condition is given by 
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 |(1 −
𝑇𝑠𝜆𝑚𝑎𝑥

2
)

−1

(1 +
𝑇𝑠𝜆𝑚𝑎𝑥

2
)| < 1 (2.133) 

which holds if the term 𝑇𝑠𝜆𝑚𝑎𝑥 is less than or equal to zero [50]. Therefore, the implicit 

trapezoidal method produces an asymptotically stable discrete model if the continuous-

time model is asymptotically stable. 

The asymptotic stability analysis for the previously discussed discretization methods has 

been provided. For the remaining methods, the Bottura discretization and Cayley-

Hamilton theorem, stability can be accessed using the eigenvalues of the discrete-time 

state matrix. The adequate condition for asymptotic stability is to have the largest 

magnitude eigenvalue inside the unit circle centered at the origin, which can be solved 

after the discrete model is computed. However, the stability properties of the Cayley-

Hamilton theorem should coincide with the exact discretization since the theorem is used 

to evaluate the matrix exponential.  
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3.  PREDICTION ERROR METHOD 

The prediction error method (PEM) is a widely used parameter estimation method, which 

consists of multiple different methods of the same family. For example, least squares is 

a special type of prediction error method [62, p. 198]. The differences arise considering 

which cost function, model structure and predictor are used [62, p. 188] [63]. The model 

chosen produces the most notable differences regarding how the estimation is carried 

out. For example, discrete transfer function-based models can be used in estimation that 

describe the input-output behavior of the system which is identified. One of the simplest 

estimator structures is obtained when an autoregressive exogenous (ARX) model is used 

because the problem can be formulated as a linear regression [62, p. 12] [64, p. 192]. 

Also, more advanced transfer function models that are found in literature, such as 

autoregressive-moving-average with exogenous inputs (ARMAX) model, can be used. 

In this thesis, the continuous-time state-space model is converted to its discrete 

counterpart using the discretization methods that were discussed in the previous chapter.  

Real system

Predictor

Algorithm to 
minimize

 cost function

Input

Measurement

-

+
Prediction error

Parameter estimate

Prediction

 

Figure 7. Structure of prediction error method [Adapted from: [62]] 

The name prediction error method gives a good indication about how the identification is 

realized. The prediction error is constructed by subtracting the predicted output from the 

measured output. The prediction is obtained using a predictor model, which is based on 

the mathematical model of the system considered for identification. The predictor is 

parameterized using the parameters of the system which are obtained from the 

estimation algorithm. Therefore, to minimize the prediction error the parameters are 

adjusted recursively. Moreover, because the method relies solely on the data, measured 
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output and input to the real system, the uncertainties appearing in the data affect the 

identification accuracy. Figure 7 illustrates the structure of PEM where the data routing 

is also shown. 

PEM for state-space models allows use of a wide variety of predictors which depends on 

the model of choice. A common choice is to use a so-called output error method (OE), 

which is applied also in this thesis that uses the state-space model of the system to form 

the output prediction. In [65] OE method has been applied on an induction machine 

parameter identification, where both offline and online identification were tested. 

Moreover, a similar approach was used in [66] and [67] for estimation. An alternative 

predictor for linear models is the Kalman filter, and its variants, such as the orthogonal 

square root Kalman filter which is numerically more robust alternative. The Kalman filter 

predictor has been used for a linear parameter-varying (LPV) aircraft model identification 

in [68]. Moreover, for nonlinear systems, nonlinear filters must be utilized. In [20] an 

extended Kalman filter (EKF) along with many other filters were proposed as predictors 

in PEM. Also, square root versions of the unscented Kalman and cubature Kalman filter 

were used in [69] and [70], respectively. 

3.1 Minimization of the prediction error 

The theoretical background of PEM is derived in this section. First, the background of 

PEM is introduced briefly, and the minimization of the formulated function is discussed. 

The definition of prediction error is given and its use as a metric to identify the parameters 

of the model is described because it is the core part of the algorithm. The function 

minimization is accomplished using a quasi-Newton method that allows the computation 

of the parameter estimate recursively after new measurements become available. Last, 

the recursive version of PEM is given which can be applied in online setting.  

The prediction error is used as a measure to quantify the correctness of the estimated 

model compared to the real system. The prediction error at time step 𝑘 is defined as 

 𝝐(𝑘) = 𝒚(𝑘) − �̂�(𝑘|𝜽) (3.1) 

where the measured output is 𝒚(𝑘) and the predicted output �̂�(𝑘|𝜽) are obtained using 

a parameter set 𝜽 which is the parameterization of the predictor model. The goal of the 

parameter identification is to obtain the correct model using the past measurements 

 𝒛k−1 = [𝒛(𝑘 − 1) 𝒛(𝑘 − 2) . . . 𝒛(𝑘)] (3.2) 

where 𝒛(𝑘) = [𝒚𝑇(𝑘) 𝒖𝑇(𝑘)]𝑇 is a vector of measured outputs and inputs at time step 𝑘 

[4, p. 7]. The predicted output can be expressed using a predictor function [71, p. 71–80]  
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 �̂�(𝑘|𝜽) = 𝑔𝑀(𝜽, 𝑘, 𝒛𝑘−1) (3.3) 

which depends on the previous measurements and parameter vector. The function is 

introduced to establish the idea of prediction being dependent on the whole data 

sequence, 𝒛𝑘−1, and the model structure. This function also defines the unique model of 

the system, defined as 𝑀(𝜽), which is obtained by a certain parameterization. 

Considering a set of different parameterizations, a set of models is defined 

 𝑀 = {𝑀(𝜽)|𝜽 ∈ 𝐷𝑚} (3.4) 

where 𝐷𝑚 is the compact subset of parameters where the model is defined. However, 

depending on the used model, deterministic or stochastic, the function 𝑔𝑀 might not give 

the exact output but merely a prediction of it. In [72, p. 32–33] is explained that the 

assumptions of stochastic properties that were used to form predictors does not have to 

be related to the exact properties of 𝒛𝑘−1. Also, in [73, p. 744] it is mentioned that the 

stochastic probability assumptions used to form the predictor function does not have to 

be related exactly to the probabilistic features of the data set. Therefore, the predictor 

should work even if incorrect noise assumptions are used. 

The function and its minimization for PEM are given in the following. Assuming the data 

set 𝒛𝑁, defined, as in (3.2), is known and used to compute 𝑁 number of prediction errors. 

The aim is to estimate the parameter set �̂�𝑘+1 at time 𝑘 by minimizing the prediction error 

(3.1) by defining following cost function [71, p. 81–82] 

 𝑉𝑁(𝜽, 𝒛𝑁) =
1

𝑁
∑ 𝑙(𝝐(𝑘, 𝜽))

𝑁

𝑘=1

 (3.5) 

where 𝑙(. ) is a scalar-valued function which can be chosen depending on the problem. 

Function (3.5) is minimized with respect to the parameter vector 𝜽 which results in 

 �̂�𝑘+1 = arg minimize
𝜽∈𝐷𝑚

𝑉𝑘(𝜽, 𝒛𝑘) (3.6) 

where �̂�𝑘+1 is the minimizer of the cost function at the 𝑘th iteration, which is a typical 

minimization problem for PEMs [74, p. 199]. For multi-input, multi-output systems, the 

following function is used for minimization [71, p. 82] 

 𝑙(𝝐) =
1

2
𝝐𝑇�̂�−1𝝐 (3.7) 

where the 𝑛𝑦 × 𝑛𝑦 positive definite matrix �̂� is the weighting matrix that is changed by 

prioritization set to the components of the prediction error. The weighting matrix can be 

parameterized directly through the parameter vector 𝜽 or updated adaptively, for 
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example using the Kalman filter. The optimal choice of the weighting matrix for the 

quadratic criteria (3.7) has been shown to be the true prediction error covariance matrix 

for offline estimate, which gives the closest estimate to the true parameter vector 𝜽0 

[71, p. 87].  

The minimization of function (3.5) may not be easy in general because it is nonlinear 

[62, p. 212]. However, different numerical methods have been implemented to minimize 

that type cost functions. Usually iterative methods are used which have a following 

structure 

 �̂�𝑘+1 = �̂�𝑘 + 𝜇𝒇𝑘 (3.8) 

where 𝒇𝑘 is the search direction which is based on the cost function value from the 

previous iteration, and 𝜇 is a constant that is chosen such that function value is minimized 

for the following iteration. The superscript notation on the parameter vector is used here 

for a notational simplicity. Three different groups exist depending on how the search 

direction 𝒇𝑘 is obtained [74, p. 326]. Particularly the Newton algorithms and quasi-

Newton algorithms are in interest. They use the function value, its gradient and the 

Hessian matrix, or its approximate, to obtain a new search direction at each iteration. 

The Newton direction is given by 

 𝒇𝑘 = −[𝑽′′(�̂�𝑘)]
−1

𝑽′(�̂�𝑘) (3.9) 

where 𝑽′′(�̂�𝑘) is the second derivative called as the Hessian matrix and 𝑽′(�̂�𝑘) is the 

gradient. The Newton notation over the Leibniz notation is adapted in the following 

discussion notation due to its simplicity. The quasi-Newton direction is obtained in the 

same way as (3.9) but the Hessian matrix is substituted with its approximation.  

[71, p. 46] The quasi-Newton method is more favorable due to the Hessian 

approximation being guaranteed positive-definitive even when the estimate is far away 

from true minimum, which might not be true for the true Hessian matrix [74, p. 326]. Using 

(3.8) and (3.9), a general form for the minimization algorithm is obtained as 

 �̂�𝑘+1 = �̂�𝑘 − 𝜇[𝑹(𝑘)]−1𝑽′(�̂�𝑘) (3.10) 

where 𝑹(𝑘) is the Hessian matrix or its approximation. 

The derivation of the gradient and the Hessian matrix in the above equation are derived. 

The gradient of function (3.5) using (3.7) with a symmetric weighting matrix is given by 

[62, p. 212] 
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 𝑽′(𝜽) =
𝑑

𝑑𝜽

1

𝑁
∑

1

2
𝝐𝑇(𝑘, 𝜽)�̂�−1𝝐(𝑘, 𝜽)

𝑁

𝑘=1

= −
1

𝑁
∑ 𝜳(𝑘, 𝜽)�̂�−1𝝐𝑻(𝑘, 𝜽)

𝑁

𝑘=1

 (3.11) 

where an 𝑛θ × 𝑛𝑦 matrix 𝜳(𝑡, 𝜽) is defined as follows 

 
𝑑

𝑑𝜽
𝝐(𝑡, 𝜽) =

𝑑

𝑑𝜽
[𝒚(𝑘) − �̂�(𝑘|𝜽)] = −𝜳𝑇(𝑘, 𝜽). (3.12) 

The computation of the gradient of prediction (3.12) is the most time-consuming part of 

the estimation algorithm, which is affected by the choice of the model structure and the 

predictor. Its computation for state-space models will be discussed in more detail in 

Section 3.3. The Hessian matrix is 

 

𝑽′′(𝜽) =
1

𝑁
∑ 𝜳(𝑘, 𝜽)�̂�−1𝜳𝑇(𝑘, 𝜽)

𝑁

𝑘=1

−
1

𝑁
∑ 𝜳′(𝑘, 𝜽)�̂�−1𝝐(𝑘, 𝜽)

𝑁

𝑘=1

 

−
1

𝑁
∑ 𝜳(𝑘, 𝜽)

𝑑�̂�−1

𝑑𝜽
𝝐(𝑘, 𝜽)

𝑁

𝑘=1

 

(3.13) 

where 𝜳′(𝑘, 𝜽) is the Hessian of the prediction. The second term can be omitted since it 

is close to zero when the estimate is close to 𝜽0. [71, p. 91] [74, p. 328] Moreover, the 

third sum is omitted because computing the gradient of the weighting matrix is 

unnecessary [62, p. 212]. These assumptions lead to the quasi-Newton direction 

 𝑽′′(𝜽) ≈ 𝑹(𝑁) =
1

𝑁
∑ 𝜳(𝑘, 𝜽)�̂�−1𝜳𝑇(𝑘, 𝜽)

𝑁

𝑘=1

 (3.14) 

where 𝑹(𝑁) is the approximation of the Hessian matrix, which is positive semidefinite 

matrix by a construction [62, p. 212] [71, p. 91]. Finally, to obtain the parameter estimate 

for the next iteration, Equations (3.11) and (3.14) are substituted into (3.10) which yields 

 

�̂�𝑘+1 = �̂�𝑘 + 𝜇 [∑ 𝜳(𝑘, �̂�𝑘)�̂�−1𝜳𝑇(𝑘, �̂�𝑘)

𝑁

𝑘=1

]

−1

 

∗ [∑𝜳(𝑘, �̂�𝑘)�̂�−1𝝐𝑇(𝑘, �̂�𝑘)

𝑁

𝑡=1

]. 

(3.15) 

The non-recursive PEM is given in (3.15). It uses a batch of data which is used iteratively 

to generate the parameter estimate offline. However, for online estimation the recursive 

version of PEM is required because it allows to update the parameter estimates every 

time new data is available. Thus, the newest parameter estimate depends on the 

previous parameter estimate and measurements obtained at the current time step. 

Benefits of using recursive methods include their ability to track varying parameters in 
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real time and less computations are required to get closer to the exact solution. Whereas, 

non-recursive methods are usually implemented to estimate constant parameterized 

systems. However, some problems can arise with recursive estimation methods, such 

as, how fast the estimate converges to the real parameter value or if it even converges. 

[71] 

The recursive update of the approximated Hessian matrix is derived here. Given that 

Equation (3.14) is not usually a good approximation since it neither weighs the latest 

measured values nor considers the variation in parameters. Weighting coefficients are 

added [71, p. 91–92] 

 𝑹(𝑁) = ∑ 𝛽(𝑁, 𝑘)𝜳(𝑘, 𝜽)�̂�−1𝜳𝑇(𝑘, 𝜽)

𝑁

𝑘=1

+ 𝛿(𝑁)𝑹0 (3.16) 

where 𝑹0 allows use of prior information of 𝑹(𝑁), and the weighting coefficients satisfy 

the following condition 

 ∑ 𝛽(𝑁, 𝑘)

𝑁

𝑘=1

+ 𝛿(𝑁) = 1. (3.17) 

If the weighting coefficient 𝛽(𝑁, 𝑘) is chosen using a certain weighting profile as in [71, 

p. 60], a recursive formula for the Hessian approximation is obtained 

 𝑹(𝑘) = 𝑹(𝑘 − 1) + 𝛾(𝑘)[𝜳(𝑘)�̂�−1𝜳𝑇(𝑘) − 𝑹(𝑘 − 1)] (3.18) 

where γ(𝑡) is the gain sequence used to control how much weight is put on the recent 

data, thus the parameter estimates stay more alert for variations. Following, the recursive 

formula to compute the newest parameter estimate is  

 �̂�(𝑘) = �̂�(𝑘 − 1) + 𝛾(𝑘)𝑹−1(𝑘)𝜳(𝑘)�̂�−1𝝐(𝑘). (3.19) 

However, there are certain aspects that must be taken into consideration before the 

algorithm can be implemented for online parameter estimation. The matrix inversion of 

𝑹 in (3.19) is not always possible considering that 𝑹 can be singular (or close to that, 

due to numerical issues). Also, potential unnecessary inversion increases the 

computational load. For these reasons, an alternative is presented in the next section 

that it, among other, does not require the inversion of matrix �̂�. 

3.2 Recursive prediction error method 

The general recursive algorithm for solving a quadratic cost function has been derived in 

previous section. However, there are certain issues that has yet to be addressed. In this 
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section, alternative presentations of PEM are derived, among which a variant that does 

not require inversion of the Hessian matrix is discussed. Moreover, numerical stability of 

the parameter covariance defined in (3.21) is discussed in the end of this section. The 

choice of weighting matrix �̂� was stated to be important for obtaining the correct 

parameter estimate in offline identification. To this end, a recursive method is employed 

which corresponds to an approximation of prediction error covariance [71, p. 92]. The 

recursive update is given by 

 �̂�(𝑘) = �̂�(𝑘 − 1) + 𝛾(𝑘)[𝝐(𝑘)𝝐𝑇(𝑘) − �̂�(𝑘 − 1)] (3.20) 

which initialization increases the rate that parameter vector changes in the beginning of 

algorithm. 

In conclusion, the PEM algorithm is given in Algorithm 1, which does not yet take into 

consideration how the predicted output and its gradient are obtained. The output of the 

algorithm is the parameter vector �̂�(𝑘) and matrix 𝑹(𝑘) which are used in the next 

recursion for obtaining the new estimate. However, as pointed out in the end of the 

previous section, the issues that arise when using inversions should be taken care of by 

using an alternative version. 

𝝐(𝑘) = 𝒚(𝑘) − �̂�(𝑘) 

�̂�(𝑘) = �̂�(𝑘 − 1) + 𝛾(𝑘)[𝝐(𝑘)𝝐𝑇(𝑘) − �̂�(𝑘 − 1)] 

𝑹(𝑘) = 𝑹(𝑘 − 1) + 𝛾(𝑘)[𝜳(𝑘)�̂�−1𝜳𝑇(𝑘) − 𝑹(𝑘 − 1)] 

�̂�(𝑘) = �̂�(𝑘 − 1) + 𝛾(𝒕)𝑹−1(𝑘)𝜳(𝑘)�̂�−1(𝑘)𝝐(𝑘) 

Algorithm 1. A recursion of PEM algorithm 

An algebraically equivalent rearrangement is given in [71, p. 94–95] which avoids the 

inversion of matrix 𝑹(𝑘) by applying the matrix inversion lemma (Lemma 3.1). 

Lemma 3.1. Matrices 𝑨, 𝑩, 𝑪 and 𝑫 are appropriate dimension, so that the product 𝑩𝑪𝑫 

and sum 𝑨 + 𝑩𝑪𝑫 exist. Moreover, the matrices 𝑨, 𝑪, 𝑨 + 𝑩𝑪𝑫, and 𝑪−1 + 𝑫𝑨−1𝑩 are 
nonsingular. Then following holds 

 [𝑨 + 𝑩𝑪𝑫]−1 = 𝑨−1 − 𝑨−1𝑩[𝑪−1 + 𝑫𝑨−1𝑩]−1𝑫𝑨−1  

Proof Multiplying both sides from the right by 𝑨 + 𝑩𝑪𝑫  

 
𝐈 + 𝐀−1𝑩𝑪𝑫 − 𝑨−1𝑩[𝑫𝑨−1𝑩 + 𝑪−1]𝑫

− 𝑨−1𝑩[𝑫𝑨−1𝑩 + 𝑪−1]−1𝑫𝑨−1𝑩𝑪𝑫 

= 𝐈 + 𝑨−1𝑩[𝑫𝑨−1𝑩 + 𝑪−1]−1[[𝑫𝑨−1𝑩 + 𝑪−1]𝑪𝑫 − 𝑫 − 𝑫𝑨−1𝑩𝑪𝑫] 

= 𝑰 + 𝑨−𝟏𝑩[𝑫𝑨−𝟏𝑩 + 𝑪−𝟏]
−𝟏

∗ [𝟎] = 𝑰  

 

which proves the matrix inversion lemma. [71, p. 19] ∎ 
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By defining a new matrix,  

 𝑷(𝑘) = 𝛾(𝑘)𝑹−1(𝑘) (3.21) 

which is called the parameter covariance matrix [20]. The parameter covariance can be 

updated recursively 

 

𝑷(𝑘) =
1

𝜆(𝑘)
[𝑷(𝑘 − 1) − 𝑷(𝑘 − 1)𝜳(𝑘)[𝜳𝑇(𝑘)𝑷(𝑘 − 1)𝜳(𝑘)

+ 𝜆(𝑘)�̂�(𝑘)]
−1

𝜳𝑇(𝑘)𝑷(𝑘 − 1)] 

(3.22) 

where λ(𝑘) is a forgetting factor which is related to the gain sequence γ(𝑘) as follows 

 𝜆(𝑘) = 𝛾(𝑘 − 1)
1 − 𝛾(𝑘)

𝛾(𝑘)
. (3.23) 

To reduce the computational load by avoiding redundant computations, a new matrix 

that appears in (3.22) is introduced [71, p. 326] 

 𝑺(𝑘) = [𝜳𝑇(𝑘)𝑷(𝑘 − 1)𝜳(𝑘) + 𝜆(𝑘)�̂�(𝑘)]. (3.24) 

The gain vector used to update the parameter estimate is obtained as 

 𝑳(𝑘) = 𝑷(𝑘)𝜳(𝑘)�̂�−1(𝑘) = 𝑷(𝑘 − 1)𝜳(𝑘)𝑺(𝑘)−1 (3.25) 

where the latter should be used because it is already computed in (3.22). Using the 

previous derivation, the algorithm of PEM without the matrix inversion is given in 

Algorithm 2. 

𝝐(𝑘) = 𝒚(𝑘) − �̂�(𝑘) 

�̂�(𝑘) = �̂�(𝑘 − 1) + 𝛾(𝑘)[𝝐(𝑘)𝝐𝑇(𝑘) − �̂�(𝑘 − 1)] 

𝑺(𝑘) = 𝜳𝑇(𝑘)𝑷(k − 1)𝜳(𝑡) + 𝜆(𝑘)�̂�(𝑘) 

𝑳(𝑘) = 𝑷(𝑘 − 1)𝜳(𝑘)𝑺(𝑘)−1 

�̂�(𝑘) = �̂�(𝑘 − 1) + 𝑳(𝑘)𝝐(𝑘) 

𝑷(𝑘) = [𝑷(𝑘 − 1) − 𝑳(𝑘)𝑺(𝑘)𝑳𝑇(𝑘)]/𝜆(𝑘) 

Algorithm 2. PEM algorithm without a matrix inversion 

In [71] is a discussion on the numerical stability of Algorithm 2. The parameter covariance 

update 𝑷(𝑘) might cause stability issues because it is sensitive to round-off errors which 

will accumulate because of successive subtractions. Therefore, a straightforward 

alternative is to use a numerically better form, called the stabilized Kalman equation, 

which is used to replace the parameter covariance update in Algorithm 2. It is given by  

 
𝑷(𝑘) = [𝑰 − 𝑳(𝑘)𝜳𝑇(𝑘)]𝑷(𝑘 − 1)[𝑰 − 𝜳(𝑘)𝑳𝑇(𝑘)]/𝜆(𝑘) 

+𝑳(𝑘)�̂�(𝑘)𝑳𝑇(𝑘). 
(3.26) 
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The stabilized Kalman equation has been used in [70, p. 1204] with a minor modification 

to the forgetting factor 𝜆(𝑘) which has been replaced with a forgetting matrix 𝜦(𝑘) of 

appropriate size, and the division is replaced with an array division (Matlab operation 

“./”) where each element of a matrix is divided by the corresponding element of a divisor 

matrix. The application of the adaptive process noise covariance estimation is explained 

in Section 4.2.1.  

Alternatively, various factorization methods exist, such as QR and UD factorization, 

which can be used to update the parameter covariance in Algorithm 2. The theoretical 

background on the algorithms can be found in [71], which are out of the scope of this 

thesis, thus not included. The UD factorization method is discussed to improve the 

numerical properties of the parameter covariance matrix in case Equation (3.26) fails at 

the online estimation. The factorization of the parameter covariance matrix is expressed 

as 

 𝑷(𝑘) = 𝑼(𝑘)𝑫(𝑘)𝑼𝑇(𝑘) (3.27) 

where 𝑼(𝑘) is an upper triangular matrix with all diagonal elements equal to one, and 

𝑫(𝑘) is a diagonal matrix. The UD algorithm for multi-input, multi-output systems is based 

on computing a sequence of 𝑛𝑦 scalar problems, which each corresponds to a case 

where only one measurement is used.  

A brief explanation of how the parameter covariance can be updated in 𝑛𝑦 sequences is 

given. In the following with an algorithm for updating the matrix 𝑼(𝑘) and 𝑫(𝑘) assuming 

that a single output system is given. Finally, the extension to multi-output systems using 

the sequential update is provided. 

Considering a multi-output system, the weighting matrix �̂�(𝑘) can be expressed using a 

Cholesky decomposition for that �̂� should be positive definite 

 �̂�(𝑘) = 𝑴(𝑘)𝑴𝑇(𝑘) (3.28) 

where 𝑴(𝑘) is a lower triangular matrix. Introducing a new gradient for the predicted 

output 

 �̅�(𝑘) = 𝜳(𝑘)(𝑴(𝑘)𝑇)−1. (3.29) 

The ith column of matrix �̅�(𝑘) is denoted by �̅�𝑖(𝑘). The parameter covariance can be 

updated sequentially by iterating for 𝑗 = 1,… , 𝑛𝑦 

 
𝑷𝑗(𝑘) = 𝑷𝑗−1(𝑘) − 𝑷𝑗−1(𝑘)�̅�𝑗(𝑘)[�̅�𝑗

𝑇(𝑘)𝑷𝑗−1(𝑘)�̅�𝑗(𝑘) 

+𝜆(𝑘)]−1�̅�𝑗
𝑇(𝑘)(𝑘)𝑷𝑗−1(𝑘) 

(3.30) 
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where 𝑷0(𝑘) = 𝑷(𝑘 − 1) and the updated parameter covariance for next recursion is 

obtained using the matrix from the last sequence 

 𝑷(𝑘) = 𝑷𝑛𝑦
(𝑘)/λ(𝑘). (3.31) 

This sequential update strategy allows for updating the parameter covariance matrix 

using UD factorization, which is compatible for both single- and multi-output systems if 

the sequential update is used.  

Before giving the algorithm, an important modification related to the parameter 

covariance update is given which improves the parameter tracking performance  

[71, p. 55]. A new matrix, called parameter pseudonoise, is summed to the parameter 

covariance, 𝑷(𝑘) = 𝑷(𝑘) + 𝑸θ, which enables the algorithm to be more alert to 

parameter changes by bounding the covariance matrix entries but at expense the 

expense of increased complexity of the UD factorization. Its use is discussed in Section 

4.2.1. 

The UD update for multi-output systems using the sequential method is given in 

Algorithm 3. The algorithm loops 𝑛𝑦 times and uses sequentially the latest available 

matrix 𝑼 and 𝑫. Hence, for the first loop, the previous PEM recursion matrices 𝑼 and 𝑫 

are used. For the following loops a simplification in notation is made on line 12 which 

implies 𝑼(𝑘 − 1) and 𝑫(𝑘 − 1) are obtained from the previous loop, which is equivalent 

to Equation (3.30). The vectors 𝒇, 𝒈, 𝜷, 𝒗, and 𝝁 are auxiliary variables that are used in 

the algorithm. The notation 𝑫𝑗𝑗 denotes the jth diagonal element and 𝑼𝑖𝑗 corresponds to 

the ith row and jth column. 

Algorithm 3 does not include the summation of parameter pseudonoise 𝑸𝜃 which is given 

in Algorithm 4. However, the factorization of 𝑸𝜃 is required, thus, Cholesky 

decomposition is applied which gives 𝑸𝜃 = 𝑽𝜃𝑽𝜃
𝑇, where 𝑽𝜃 is an 𝑛θ × 𝑛θ matrix with a 

full rank. Note that, the diagonal elements must be positive to ensure a positive definite 

matrix. Then, the following is obtained 

 𝑷(𝑘) = �̃�(𝑘)�̃�(𝑘)�̃�𝑇(𝑘) + 𝑽𝜃𝑽𝜃
𝑇 = 𝑾(𝑘)𝑫(𝑘)𝑾𝑇(𝑘) (3.32) 

where �̃�(𝑘) and �̃�(𝑘) were obtained using Algorithm 3, and the matrices on the right-

hand side correspond to the UD factorization of the latest 𝑷(𝑘). Two new matrices need 

to be defined. First, a matrix 𝑾0, which nth column is denoted by 𝑾𝑛
0 , is obtained by 

stacking the nth column of matrix �̃�𝑻(𝑘) on top of the nth column of 𝑽𝜃
𝑇, where 𝑛 =

1,… , 𝑛θ. Then 
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for 𝑝 = 1, . . . , 𝑛𝑦 

2. 𝜳(𝑘) = �̅�𝑝(𝑘), β0 = λ(𝑘)  

𝑓 ≔ 𝑼𝑇(𝑘 − 1)𝜳(𝑘) 𝑔 ≔ 𝑫(𝑡 − 1)𝑓 

4. for 𝑗 = 1, . . . , 𝑛𝜃 

  𝛽𝑗 ≔ 𝛽𝑗−1 + 𝑓𝑗𝑔𝑗 

6.  𝑫𝑗𝑗(𝑘) ≔ β𝑗−1𝑫𝑗𝑗(𝑘 − 1)/(β𝑗) 

  𝑣𝑗 ≔ 𝑔𝑗 

8.  𝜇𝑗 ≔ −𝑓𝑗/𝛽𝑗−1 

  for 𝑖 = 1, . . . , 𝑗 − 1 (If j==1, skip this step) 

10.   𝑼𝑖𝑗(𝑘) ≔ 𝑼𝑖𝑗(𝑘 − 1) + 𝑣𝑖𝜇𝑗 

 if 𝑝 < 𝑛𝑦 

12.  𝑼(𝑘 − 1) ≝ 𝑼(𝑘) and 𝑫(𝑘 − 1) ≝ 𝑫(𝑘) (Use in the next iteration) 

𝑫(𝑘) = 𝑫(𝑘)/𝜆(𝑘) (To obtain correct value of 𝑷 = 𝑼𝑫𝑼𝑇) 

Algorithm 3. Update of the UD terms associated with the parameter covariance 
matrix 

matrix 𝑫 is defined as a block diagonal matrix, 𝑫 = 𝑏𝑙𝑘𝑑𝑖𝑎𝑔([�̃�(𝑘), 𝑰𝑛θ×𝑛θ
]). The 

necessary matrices have been defined for Algorithm 4, which output is the UD 

factorization of 𝑷(𝑘) which is given on lines 2 and 4. 

for 𝑗 = 𝑛θ, 𝑛θ − 1,...,2 

2. 𝑫𝑗𝑗(𝑘) = [𝑾𝑗
𝑑−𝑗

]
𝑇
𝑫𝑾𝑗

𝑑−𝑗
 

 for 𝑖 = 1,2, … 𝑗 − 1 

4.  𝑼𝑖𝑗(𝑘) = [𝑾𝑖
𝑑−𝑗

]
𝑇
𝑫𝑾𝑗

𝑑−𝑗
/𝑫𝑗𝑗(𝑘) 

  𝑾𝑗
𝑑−𝑗+1

≔ 𝑾𝑖
𝑑−𝑗

− 𝑼𝑖𝑗(𝑘)𝑾𝑗
𝑑−𝑗

 

6. if 𝑗 == 2 

  𝑫11(𝑘) = [𝑾1
𝑑−1]𝑇𝑫𝑾1

𝑑−1 

Algorithm 4. UD factorization with the summation of the parameter pseudonoise 𝑸𝜃 
to the parameter covariance 𝑷(𝑘) 

3.3 Predictors and associated gradients 

Sections 3.1 and 3.2 provide the recursive prediction error method but the predictors, 

and sensitivity equations associated with them, have not been discussed yet. The 

predictor is used to generate the predicted output which is subtracted from the real output 

measurement to obtain the prediction error. Moreover, the gradient of prediction is 

required in the PEM which depends on the used predictor model. Considering state-

space models, the gradient of prediction depends on the gradient of state, also called as 

sensitivity. The sensitivity of state is not usually available, but it can be computed 

iteratively using equations which depend on the chosen predictor.  
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The induction machine is modeled using a discrete-time stochastic state-space model, 

which allows incorporating the noise properties of the identified system in the predictor 

model. Consider the stochastic state-space model 

 
𝒙(𝑘 + 1) = 𝑨𝑑(𝑘)𝒙(𝑘) + 𝑩𝑑(𝑘)𝒖(𝑘) + 𝒘(𝑘) 

𝒚(𝑘) = 𝑪𝑑𝒙(𝑘) + 𝒗(𝑘) 
(3.33) 

where 𝒘(𝑘) and 𝒗(𝑘) are process and measurement noise, respectively. They are 

independent sequences of Gaussian random variables with zero mean and their 

covariances are given by 

 
𝑹1(�̂�(𝑘)) = 𝐸{𝒘(𝑘)𝒘T(𝑘)} 

𝑹2 = 𝐸{𝒗(𝑘)𝒗T(𝑘)} 
(3.34) 

where 𝐸{. } is an expectation operator. The parameterization and estimation of process 

noise covariance elements are possible if a Kalman filter is used as a predictor, which is 

discussed further in this section. 

The model in (3.33) allows for using two kind of predictors, of which the simpler one is 

the output error method. It can be regarded as a parallel model identification method 

which is an open-loop technique that produces the prediction by using the input of the 

real system as an input to the state-space model (3.33) [20, p. 59–60]. The method aims 

to minimize the prediction error by adjusting parameters of the model. Moreover, the real 

system is assumed deterministic which means the noise properties are not used to form 

the predictor. 

Another approach is to use closed-loop state-observers which are more suited as 

predictors for state-space models. The main difference between these two approaches 

is that the state-observer uses as its input not only the input to the real system, but also 

the output measurement of the real system. It is obvious that the latter approach is 

superior to the first one because the correction between states does not entirely rely on 

the parameter vector adjustments. This is an important property considering that 

incorrect initial conditions, process noise and unmodeled disturbances affect the 

parameter estimation. However, the observer approach leads to an increase in the 

algorithm complexity.  

First, the OE method is discussed where the predicted output is obtained as 

 
�̂�(𝑘 + 1) = 𝑨𝑑(�̂�(𝑘))�̂�(𝑘) + 𝑩𝑑(�̂�(𝑘))𝒖(𝑘) 

�̂�(𝑘 + 1) = 𝑪𝑑�̂�(𝑘 + 1). 
(3.35) 

The system model is used to predict the output at the next time step. In the following the 

subscripts in matrices denote that their time dependency, parameter dependency of 
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state. Only the gradient of prediction is required for PEM, which is obtained from (3.35) 

[71] 

 𝜳𝑇(𝑘, 𝜽) =
𝑑

𝑑𝜽
[𝑪𝑑�̂�(𝑘 + 1)]. (3.36) 

Following, the state sensitivity matrix is defined as 

 𝑾(𝑘, 𝜽) ≝
𝑑

𝑑𝜽
�̂�(𝑘) (3.37) 

and the gradient of output matrix as 

 𝑫(𝜽, 𝑥) ≝
𝜕

𝜕𝜽
[𝑪𝑑(𝜽)𝒙]|𝜽=�̂� (3.38) 

which is zero because the output matrix of induction machine model is not 

parameterized. The gradient of prediction is 

 𝜳𝑇(𝑘, 𝜽) = 𝑪𝑑𝑾(𝑘, 𝜽). (3.39) 

The gradient of (3.36) gives the update equation for the state sensitivity propagation 

 𝑾(𝑘 + 1, 𝜽) =
𝑑

𝑑𝜽
[𝑨𝑑(�̂�(𝑘))�̂�(𝑘) + 𝑩𝑑(�̂�(𝑘))𝒖(𝑘)]. (3.40) 

The gradient of state and input matrices are used to define the following matrix 

 �̅�(�̂�, 𝒙, 𝒖) =
𝜕

𝜕𝜽
[𝑨𝑑(𝜽)𝒙 + 𝑩𝑑(𝜽)𝒖]|𝜽=�̂� (3.41) 

which can be considered as the Jacobian matrix. The update equations for the state 

sensitivity, and gradient of prediction are given as 

 
𝑾(𝑘 + 1) = 𝑨𝑑(�̂�(𝑘))𝑾(𝑘, 𝜽) + �̅�(�̂�(𝑘), �̂�(𝑘), 𝒖(𝑘)) 

𝜳(𝑘 + 1) = 𝑾𝑇(k + 1)𝑪𝑑
𝑇 . 

(3.42) 

The computation of the gradients in (3.41) is accomplished using symbolic or numeric 

derivatives. The symbolic solution can be obtained using the MATLAB Symbolic Toolbox 

and it is evaluated by substituting the necessary variables. The numerical derivative is 

given as a limit [75, p. 186]  

 
𝑑𝑓

𝑑𝑥
≈

(𝑓(𝑥 + ℎ) − 𝑓(𝑥 − ℎ))

2ℎ
 (3.43) 

where ℎ is chosen so that, 𝑥 and 𝑥 + ℎ are distinguishable, which depends on the 

precision of computational platform where the algorithm is implemented.  

The Kalman filter as a predictor on the recursive prediction error method was first 

proposed in [76] where its relation to EKF was shown. Involvement of the Kalman gain 
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sensitivity with respect to the parameter vector, 𝑑𝑲 𝑑𝜽⁄ , was shown to improve the 

convergence properties of PEM compared to EKF. However, calculating the Kalman gain 

sensitivity is a complex procedure because it requires sensitivity equations of each 

equation that are used to compute the Kalman gain. However, these sensitivity equations 

allow estimation of the process and measurement noise covariance matrix elements if 

the Kalman filter is used as a predictor on PEM, which was shown to reduce bias in 

estimated system parameters [20]. For a better numerical stability, an orthogonal square 

root Kalman filter (OSRKF) with state sensitivity propagation equations is proposed in 

Appendix A which performance is compared to the conventional Kalman filter, which is 

given below, in Section 4.2.5. 

The Kalman filter constitutes of two steps, the prediction and measurement step [77]. 

The predicted state uses the previous state estimate to produce the a priori estimate with 

a prior covariance. In the second step, the measured output is used to correct the state 

prediction which is referred to as the a posteriori estimate. The prediction step is formed 

using the system model as follows 

 
�̃�(𝑘 + 1) = 𝑨𝑑(�̂�(𝑘))�̂�(𝑘) + 𝑩𝑑(�̂�(𝑘))𝒖(𝑘) 

�̂�(𝑘 + 1) = 𝑪𝑑�̃�(𝑘 + 1) 
(3.44) 

where �̃� denotes the predicted state and the predicted output is obtained similar to (3.35). 

The a priori covariance is given by 

 𝑷𝑘+1
− = 𝑨𝑑𝑷𝑘

+𝑨𝑑
𝑇 + 𝑹1 (�̂�(𝑘)) (3.45) 

which and the prediction error covariance is 

 𝑷𝑘+1
𝑦𝑦

= 𝑪𝑑𝑷𝑘+1
− 𝑪𝑑

𝑇 + 𝑹2 (3.46) 

which can be used in PEM in the place of approximated prediction error covariance in 

Algorithm 2. The Kalman gain, which is used to correct the state prediction after the 

output measurement is acquired, is calculated as follows 

 𝑲𝑘+1 = 𝑷𝑘+1
− 𝑪𝒅

𝑻(𝑷𝑘+1
𝑦𝑦

)
−𝟏

. (3.47) 

The a posteriori covariance is given by 

 𝑷𝑘+1
+ = (𝑰 − 𝑲𝑘+1𝑪𝑑)𝑷𝑘+1

− (𝑰 − 𝑲𝑘+1𝑪𝑑)𝑇 + 𝑲𝑘+1𝑹2𝑲𝑘+1
𝑇 (3.48) 

which can be computed also as [78]  

 𝑷𝑘+1
+ = (𝑰 − 𝑲𝑘+1𝑪𝑑)𝑷𝑘+1

− . (3.49) 

Once the output measurement is available, the state prediction is corrected 
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 �̂�(𝑘 + 1) = �̃�(𝑘 + 1) + 𝑲𝑘+1(𝒚(𝑘 + 1) − �̂�(𝑘 + 1)). (3.50) 

The gradient of prediction in (3.44) requires solving the sensitivity equations of the 

Kalman filter. Therefore, the sensitivity propagation of state is more complex compared 

to OE method previously. The derivation of the sensitivity equations has been achieved 

by following [20] and references therein, and [71] where an alternative form of the 

Kalman filter was used in PEM. The sensitivity of the predicted state (3.37) is 

 �̃�(𝑘 + 1) = 𝑨𝑑(�̂�(𝑘))
𝑑�̂�(𝑘)

𝑑𝜽
+

𝑑𝑨𝑑(�̂�(𝑘))

𝑑𝜽
�̂�(𝑘) +

𝑑𝑩𝑑(�̂�(𝑘))

𝑑𝜽
𝒖(𝑘) (3.51) 

where the gradients of state and measurement matrix are obtained in a similar manner 

as in Equation (3.42) for the OE method. The gradient of prediction is then 

 𝜳𝑇(𝑘 + 1) = 𝑪𝑑

𝑑�̃�(𝑘 + 1)

𝑑𝜽
+

𝑑𝑪𝑑

𝑑𝜽
�̃�(𝑘 + 1). (3.52) 

To be able to update the sensitivity of state estimate (3.50), a derivative of Kalman gain 

is required. Moreover, the derivative of the prediction error covariance inverse matrix is 

needed in the Kalman gain derivative equation. The a priori covariance appears in the 

prediction error covariance equation (3.46) which derivative is given by 

 
𝑑𝑷𝑘+1

−

𝑑𝜽
=

𝑑𝑨𝑑

𝑑𝜽
𝑷𝑘

+𝑨𝑑
𝑇 + 𝑨𝑑

𝑑𝑷𝑘
+

𝑑𝜽
𝑨𝑑

𝑇 + 𝑨𝑑𝑷𝑘
+

𝑑𝑨𝑑
𝑇

𝑑𝜽
+

𝑑𝑹1(�̂�(𝑘))

𝑑𝜽
 (3.53) 

where the gradient of the process noise covariance 𝑹1(�̂�(𝑘)) enters the sensitivity 

equation. Therefore, estimation of its elements is possible using the PEM as was 

previously stated.  

The derivative of the prediction error covariance is needed to compute the derivative of 

its inverse matrix as is shown in the following. The derivative of (3.46) with respect to a 

parameter yield 

 
𝑑𝑷𝑘+1

𝑦𝑦

𝑑𝜽
=

𝑑𝑪𝑑

𝑑𝜽
𝑷𝑘+1

− 𝑪𝑑
𝑇 + 𝑪𝑑

𝑑𝑷𝑘+1
−

𝑑𝜽
𝑪𝑑

𝑇 + 𝑪𝑑𝑷𝑘+1
−

𝑑𝑪𝑑
𝑇

𝑑𝜽
+

𝑑𝑹2

𝑑𝜽
. (3.54) 

It is used in the derivative of its inverse matrix as follows 

 𝑑(𝑷𝑘+1
𝑦𝑦

)
−1

𝑑𝜽
= −(𝑷𝑘+1

𝑦𝑦
)
−1 𝑑𝑷𝑘+1

𝑦𝑦

𝑑𝜽
(𝑷𝑘+1

𝑦𝑦
)
−1

 (3.55) 

which is based on the matrix inverse derivative rule [20, p. 121]. The last equation that 

is required before being able to compute the state sensitivity update is the derivative of 

the Kalman gain which is given by 
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𝑑𝑲𝑘+1

𝑑𝜽
=

𝑑𝑷𝑘+1
−

𝑑𝜽
𝑪𝑑

𝑇(𝑷𝑘+1
𝑦𝑦

)
−1

+ 𝑷𝑘+1
−

𝑑𝑪𝑑
𝑇

𝑑𝜽
(𝑷𝑘+1

𝑦𝑦
)
−1

 

+𝑷𝑘+1
− 𝑪𝑑

𝑇
𝑑(𝑷𝑘+1

𝑦𝑦
)
−1

𝑑𝜽
 

(3.56) 

where previously calculated derivatives (3.53) and (3.55) are used. The sensitivity of the 

state update is 

 
𝑑�̂�(𝑘 + 1)

𝑑𝜽
= (𝑰 − 𝑲𝑘+1𝑪𝑑)

𝑑�̃�(𝑘 + 1)

𝑑𝜽
+

𝑑𝑲𝑘+1

𝑑𝜽
(𝒚(𝑘 + 1) − �̂�(𝑘 + 1)). (3.57) 

Last, the sensitivity update for the a posteriori covariance (3.48) is 

 

𝜕𝑷𝑘+1
+

𝜕𝜽
= (𝑰 − 𝑲𝑘+1𝑪d)

𝑑𝑷𝑘+1
−

𝑑𝜽
(𝑰 − 𝑲𝑘+1𝑪𝑑)

𝑇 

−(
𝑑𝑲𝑘+1

𝑑𝜽
𝑪𝑑 + 𝐾𝑘+1

𝑑𝑪d

𝑑𝜽
)𝑷𝑘+1

− (𝑰 − 𝑲𝑘+1𝑪𝑑)𝑇 

−(𝑰 − 𝑲𝑘+1𝑪𝑑)𝑷𝑘+1
− (

𝑑𝑲𝑘+1

𝑑𝜽
𝑪𝑑 + 𝑲𝑘+1

𝑑𝑪𝑑

𝑑𝜽
)
𝑇

 

+
𝑑𝑲𝑘+1

𝑑𝜽
𝑹2𝑲𝑘+1

𝑇 + 𝑲𝑘+1𝑹2

𝑑𝑲𝑘+1
𝑇

𝑑𝜽
 

+𝑲𝑘+1

𝑑𝑹2

𝑑𝜽
𝑲𝑘+1

𝑇 

(3.58) 

where the derivative of the measurement covariance can be assumed to be zero. 

However, it has been included in the derivation of the sensitivity equations just to 

illustrate PEM ability to perform as an adaptive observer besides being a parameter 

estimation algorithm.  
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4. DISCRETIZATION AND PARAMETER 
ESTIMATION RESULTS 

In the previous sections several discretization methods and PEM were presented. The 

discretization methods are studied first because their properties affect the 

implementation of the parameter estimation algorithms and results obtained with them. 

Moreover, instability of a discretization method would cause the system model to diverge 

from the real state. This in turn would lead to problems in the parameter estimation 

algorithm. Therefore, the discretization method used in the parameter estimation should 

be stable and it should provide accurate enough state evolution. The choice of 

discretization method has a direct impact on the quality of parameter estimates.  

In Section 4.1 the stability aspects of the discretization methods presented in Sections 

2.6.2–2.6.4 are studied using an induction machine model with varying operating point. 

The accuracy is studied using different matrix norms that have been used previously in 

studies considering the discretization of an induction machine model. In the conclusion 

of the section, a discretization method is proposed which is used in the parameter 

estimation studies in Section 4.2. Moreover, an interesting finding is reported that could 

be utilized in the future if the chosen discretization method is used in real-time 

applications. 

The implementation of the parameter estimation algorithm and the results are given in 

Section 4.2. First, the tuning of PEM is discussed in Section 4.2.1. Several applications 

of PEM for tracking time-varying parameters are also discussed. Section 4.2.2. gives a 

description of data sets that have been used in the parameter estimation studies. These 

include the simulated data and data from a real-world induction machine-based case 

study. The results for the simulated data are given in Sections 4.2.3 and 4.2.4. Last, the 

relevant tests and their results using the real-world data are given in Section 4.2.5. 

4.1 Discretization results 

In this section, the stability of discretization methods is studied using methods discussed 

in Section 2.6.5. Moreover, their accuracy is analyzed under varying stator and rotor 

frequency. The stability analysis serves as a basis on the choice of a valid discretization 

method that will be used later in the parameter estimation. The accuracy of a discrete 

model affects the system output but also the gradient computation in PEM, thus it is 

important for obtaining an accurate parameter estimate. 
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4.1.1 Discrete-time model stability 

In this section the stability of discretization methods is studied, which is an important 

aspect to ensure the parameter estimation algorithm is stable. The stability was defined 

in Section 2.6.5 by giving a condition on eigenvalues of the discrete state matrix. First, 

the method that transforms the continuous-time state matrix eigenvalues to its discrete 

equivalent is used. Second, the discrete state matrix eigenvalues are studied to test the 

stability of the Bottura discretization and Cayley-Hamilton theorem. 

Discretization of the continuous-time Γ model given in Section 2.3 was implemented 

using varying operating conditions. The stator angular frequency was varied between 

0.01–1200 rad/s, and a constant slip ratio of 0.01 was used, which is defined as a ratio 

between the slip and stator angular frequencies as 𝜔𝑠𝑙 𝜔𝑠⁄ . It was observed that the 

variation of the slip ratio in the range of 0.01–30 did not affect noticeably the stability. 

Moreover, the sampling was ranged between 250 μs and 12 ms. The reason for using 

such a broad range is that the data sets used in parameter estimation are sampled at 

different rate. The nominal parameters for the Γ model were computed using the T-model 

parameters which are given in Table 1. The magnetizing inductance was varied between 

four different values to see how it affects the stability of discrete-time model. 

Table 1. T-model parameters used in the stability analysis 

 

The stability results using the eigenvalue transformation method are shown in Figures 8 

and 9. The gray area illustrates the region where the discrete model is asymptotically 

stable, and the stator frequency value is shown where the stability is lost. The x- and y-

axis represent the continuous-time state matrix eigenvalues real and imaginary parts 

which have been transformed into their discrete equivalent. It was found that the forward 

Euler method, and the second and third order Taylor series expansion were the only 

discretization methods that resulted in unstable discrete-time model. The second order 

Taylor series expansion is not shown because loss of stability occurred at slightly lower 

frequency compared to the third order expansion. Moreover, the methods that have the 
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same discrete state matrix as the second order Taylor series expansion have the same 

stability properties. Therefore, Heun’s method and the midpoint method are unstable. 

The Euler method does not produce stable model even at the lowest sampling interval, 

whereas both discussed Taylor series expansions are unstable at the sampling interval 

of 12 ms.  

 

Figure 8. Stability analysis of the Euler method 

Next, the stability results considering the Bottura discretization and Cayley-Hamilton 

theorem are discussed. The analysis has been done by computing the absolute values 

of the eigenvalues of discrete state matrix. The Bottura discretization was found out to 

be unstable when the sampling interval of 12 ms is used which is illustrated in Figure 10. 

Neither the exact discretization (implemented using the Cayley-Hamilton theorem) nor 

its reduced order approximation, which is discussed in the next section, did not show any 

stability issues at any point of the conducted tests.  

As a conclusion on the stability, the forward Euler, the Taylor series expansion, and 

methods with a same discrete state matrix cannot be used. Also, the Bottura 

discretization suffers from loss of stability. Therefore, they cannot be used in the 

parameter estimation algorithm because there is at least one operative point when the 

discretized model dynamics would be unstable. However, if a smaller sampling interval 

were considered the omitted methods could be considered. 
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Figure 9. Stability analysis of the third order Taylor series expansion 

 

Figure 10. Magnitude of the largest eigenvalue of matrix 𝑨𝑑 using the Bottura 
discretization 
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4.1.2 Discrete-time model accuracy 

In this section the accuracy of the discretization methods is evaluated using matrix norms 

[18] [46] [79]. An intuitive way to compare the accuracy of discretization methods would 

be a metric that quantifies the deviation in the outputs produced by the exact 

discretization and method compared with it. The accuracy is evaluated in the same 

frequency range as in the previous section. Moreover, the model parameters are the 

same as in the stability test with a constant magnetizing inductance value of 5 mH. 

Moreover, two alternative approximations of the exact discretization are given. 

To begin with, a brief description of the norms used to evaluate the accuracy is given. 

Norm ‖∙‖2 of matrix 𝑴 is defined as [79, p. 1637] 

 ‖𝑴‖2 = √𝜆𝑚𝑎𝑥(𝑴
𝑇𝑴) (4.1) 

where 𝜆𝑚𝑎𝑥(𝑴
𝑇𝑴) denotes the maximum eigenvalue of its matrix argument. 

Alternatively, the Euclidean norm of matrix can be computed using the Frobenius norm 

[80, p. 547] 

 ‖𝑴‖𝐹𝑟𝑜 = √∑ ∑ (𝑀𝑖𝑗)
2𝑛

𝑗=1

𝑛

𝑖=1
= √𝑡𝑟𝑎𝑐𝑒((𝑴∗)𝑴) (4.2) 

where 𝑴∗ is the conjugate transpose of matrix 𝑴. The results obtained using (4.2) and 

(4.3) differ slightly but the relative accuracy of the discretization methods coincide. The 

norm (4.2) is used because MATLAB uses it when calling the function 𝑛𝑜𝑟𝑚(∙). The 

relative discretization error is computed with 

 𝛥𝑴 =
‖𝑴𝑒𝑥𝑎𝑐𝑡 − 𝑴‖2

‖𝑴𝑒𝑥𝑎𝑐𝑡‖2
∗ 100 (4.3) 

where 𝑴𝑒𝑥𝑎𝑐𝑡 denotes the exact discrete state matrix and 𝑴 is obtained using a given 

discretization method. A similar method which uses norm to evaluate accuracy is 

proposed in [18] which uses ‖∙‖∞ norm instead, defined as 

 ‖𝑴‖∞ = max
1≤𝑖≤𝑛

∑|𝑴𝑖𝑗|

𝑛

𝑗=1

. (4.4) 

The discretization error using the norm (4.5) is 

 Δ𝑴 = 100 ∗ ‖𝑴𝑒𝑥𝑎𝑐𝑡 − 𝑴‖∞ (4.5) 

where the multiplier of 100 is used so the results would coincide with [18].  
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Before looking into the accuracy results, two alternative approximation of the exact 

discretization are proposed by utilizing the Cayley-Hamilton theorem. The purpose is to 

obtain insight if an approximative version would lead to a sufficiently accurate model with 

lower computational load because the exact discretization, even when employing the 

Cayley-Hamilton theorem, might not meet the time constraints in an online setting. In the 

first version the third order term is omitted from the state matrix computation even though 

all the coefficients are solved using the Cayley-Hamilton theorem. Using the three first 

coefficients α𝑖 are used as follows 

 𝑨𝑑 = 𝛼0𝑰 + 𝛼1𝑨𝑇𝑠 + 𝛼2𝑨
2𝑇𝑠

2. (4.6) 

The input matrix is computed using Equation (2.76) given that the matrix 𝑨 is nonsingular. 

This version is denoted by 𝛼3 term left out. Because the fourth coefficient 𝛼3 is not used 

in the discretization, only the three coefficients need to be found.  

The method to compute only the necessary coefficients is to remove the fourth column 

from the Vandermonde matrix �̅� in Equation (2.120). This leads to a matrix form which 

can be solved for the three unknown coefficients 𝛼0,...,2 which are solved according to the 

Cayley-Hamilton theorem. This version is denoted by reduced order in the following 

figures. The main difference between these approximations lies in how many unknown 

coefficients are solved from (2.120). The former approximation uses the original 

Vandermonde matrix and the latter one uses the Vandermonde matrix with the last 

column removed. Moreover, it is worth pointing out that, both approximations pass the 

stability test discussed in the previous section. 

First, a sampling interval of 250 𝜇s was used to evaluate the accuracy using Equations 

(4.3) and (4.5). The results obtained are shown in Figures 11 and 12, respectively. The 

accuracy using 12 ms sampling interval is shown in Figure 13 where Equation (4.5) was 

used. Results on the input matrix 𝑩𝑑 are left out because its error had a similar shape as 

that of matrix 𝑨𝑑. These figures illustrate that the discretization accuracy deteriorates as 

the stator frequency (in absolute value) increases, which occurs because many entries 

of matrix 𝑨 depend on it.  

Based on the stability and accuracy results of the discretization methods it can be 

concluded that the exact discretization using the Cayley-Hamilton theorem (reduced 

order) provides the best accuracy compared to the other methods. However, the Bottura 

discretization produces more accurate dynamics when the highest sampling interval is 

considered, see Figure 14, but it cannot be used because its stability was lost in multiple 

operating points, which is illustrated in Figure 10. The comparison between the Bottura 

discretization and the reduced order Cayley-Hamilton theorem has been implemented 
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using a state-space model of the T-model which state vector constitutes of the stator and 

the rotor fluxes, because the Bottura discretization in (2.108) was given so. 

 

Figure 11. Error in the discrete-time state matrix using (4.3) with the sampling 
interval of 250 𝜇s 

 

Figure 12. Error in the discrete-time state matrix using (4.5) with the sampling 
interval of 250 𝜇s 
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Figure 13. Error in the discrete-time state matrix using (4.6) with the sampling 
interval of 12 ms 

 

Figure 14. Bottura discretization compared to the reduced order Cayley-Hamilton 
theorem using (4.6) to evaluate the error with sampling interval of 12 ms 
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4.2 Induction machine parameter estimation 

4.2.1 Tuning and implementation aspects of PEM  

The performance of PEM algorithm relies on its tuning which could be troublesome at 

least if prior information about the nature of the system is not available, which is not the 

case with the induction machine. Tuning includes the initialization of the parameters, the 

state and its derivative, and the choice of noise covariance matrices, weighting matrix, 

and parameter pseudonoise matrix. All choices are made by the designer because 

different systems require different tuning. However, tuning should not be too difficult and 

time consuming for a satisfactory parameter estimation. Also, the algorithm should be 

robust to different tuning choices. Therefore, one goal is to conclude if the algorithm is 

too cumbersome to use.  

First, the choice of the forgetting factor λ is considered because its tuning is the most 

straightforward. The goal of the forgetting factor is to put more weight on the recent data, 

thus older data has less influence on the algorithm. Usually the forgetting factor is tuned 

such as it increases with time so that less weight is put on the initial measurements than 

on the most recent measurements, which improves the convergence to the true 

parameters [74, p. 380]. Moreover, less weight on the older estimates allows tracking of 

varying parameters because the newly acquired output data excites a change in the 

parameter estimates. Based on the above, the forgetting factor is given by 

 𝜆(𝑘) = λ𝑒𝑛𝑑 − (λ𝑒𝑛𝑑 − λ𝑖𝑛𝑖𝑡)𝑒
−

𝑘
𝑇λ (4.7) 

where λ𝑖𝑛𝑖𝑡 and λ𝑒𝑛𝑑 are the initial and final value of 𝜆(𝑘), and 𝑇λ is the rise time of the 

forgetting factor from the initial to final value. Typically, the forgetting factor is between 

0.98 and 0.995 [74, p. 379]. An example using (4.7) is shown in Figure 15 where the 

vertical line denotes the time step at which the forgetting factor has reached a 63 % of 

difference between the initial and final values. 
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Figure 15. Forgetting factor as a function of time 

Using only the forgetting factor can result in a bad tracking performance of time-varying 

parameters, thus the previously discussed in Section 3.2 mentioned parameter 

pseudonoise matrix is discussed. The following formula is used to track thetime- varying 

parameters 

 𝑷(𝑘) = 𝑷(𝑘) + 𝑸θ (4.8) 

where 𝑸θ is a diagonal matrix which models the varying nature of parameters. It can be 

described as the covariance matrx of parameter variation 𝒑(𝑘) as follows 

 
𝜽(𝑘) = 𝜽(𝑘 − 1) + 𝒑(𝑘) 

𝑸θ = 𝐸{𝒑(𝑘)𝒑𝑇(𝑘)} 
(4.9) 

which allows using knowledge on how the parameters vary [74, p. 379–380]. Considering 

the induction machine parameters, it is a possible to take into account the rate of 

corresponding parameter variation while tuning the matrix 𝑸𝜃. Moreover, this prevents 

the parameter covariance from decaying to zero even if there was no excitation from the 

newly acquired measurements. A similar method that set a lower bound on the 

parameter covariance matrix entries was used in [20]. 

The noise covariance matrices 𝑹1(𝜽) and 𝑹2 have an influence on the estimation 

because they affect the Kalman gain and its derivative which in turn affects the state 

prediction and its sensitivity. Alternatively, the entries of the process noise covariance 

matrix can be parameterized as long as the number of estimated parameters does not 
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exceed the maximum number of estimated parameters (𝑛𝑦 + 𝑛𝑢)𝑛𝑥 [81]. In the following 

the parameterization used in [20] is adapted 

 𝑹1(𝜽) =

[
 
 
 
 
1

2
𝜃1

2 0 0

0 ⋱ 0

0 0
1

2
𝜃𝑛

2
]
 
 
 
 

. (4.10) 

The estimation of the measurement noise covariance matrix is not necessary because it 

can be either approximated sufficiently well [82] or it can be found through a trial and 

error. 

An adaptive estimation of the process noise covariance elements has been proposed in 

[70]. Its purpose is to prevent the process noise covariance elements from being constant 

as excitation reduces when the correct parameters are reached. The adaptive structure 

is implemented by replacing the forgetting factor 𝜆(𝑘) in the stabilized Kalman equation 

(3.26) with the forgetting matrix 𝜦(𝑘), and the division is replaced with an elementwise 

division which corresponds to the Matlab operation “./”. First, all the entries of the 

forgetting matrix are set equal to the forgetting factor (4.7) 

 𝜦(𝑘) = 𝜆(𝑘)𝟏𝑛𝜃×𝑛𝜃
. (4.11) 

Then, the diagonal entries of (4.11) corresponding to the process noise covariance 

elements are replaced with an adaptive forgetting factor that converges to one, which is 

given by 

 
𝜆𝑄(𝑘) = 1 − (1 − 𝜆(𝑘))𝜆𝑑𝑒𝑐𝑎𝑦

𝑘𝑄  

𝑑𝑖𝑎𝑔(𝜦(𝑘))1:𝑛𝑥
= 𝜆𝑄(𝑘) 

(4.12) 

where λ𝑑𝑒𝑐𝑎𝑦 is used to control the convergence speed and 𝑘𝑄 is an index that increases 

at each recursion until it is reset to 0. The reset is based on a moving window of length 

𝐿ϵ where the Euclidean norm of prediction errors is stored 

 𝝐𝑤𝑖𝑛𝑑𝑜𝑤 = [‖𝝐𝑘−𝐿𝜖
‖

2
. . . ‖𝝐𝑘‖2]

𝑇
. (4.13) 

The reset occurs if the most recently obtained scaled Euclidean norm of prediction error, 

where the scaling factor is 𝜖𝑓𝑎𝑐𝑡𝑜𝑟, is larger than the maximum value found in (4.13). 

Thus, the condition for the reset is 

 ‖𝝐𝑘‖2𝜖𝑓𝑎𝑐𝑡𝑜𝑟 > max(𝛜𝑤𝑖𝑛𝑑𝑜𝑤). (4.14) 

The last aspect that must be addressed is the stability of identified model. A projection 

algorithm is used to keep the model in the stable region which is defined using the 
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eigenvalues of discrete state matrix. Moreover, the parameter estimates can be bounded 

to a region which is set prior to the estimation. This is a necessary part of PEM because 

there is a chance that parameters move to the unstable region which leads to instability, 

most likely causing the algorithm to halt (or crash). In [5] the projection algorithm is given 

where a small positive constant 𝜌 is used to increase the stability margin in nonlinear 

system identification. Similar approach is adapted here for the induction machine 

identification because the varying frequency could result in an unstable model. The 

projection algorithm is given in Algorithm 5 where the projection factor 𝜇 is used to 

determine the reduction in the parameter change denoted by 𝛥�̂�(𝑘) if the latest 

parameter estimate does not belong to the stable region or they are outside of the 

parameter boundaries. The condition for the parameter set that produces stable model 

is given by 

 𝐷𝑚 = {𝜽 |𝑒𝑖𝑔 (𝑨𝑑(�̂�(𝑘)))| < 1 − 𝜌}. (4.15) 

1. Choose the projection factor 0 ≤ μ < 1 

2. Compute �̂�(𝑘 + 1) = �̂�(𝑘) + 𝛥�̂�(𝑘 + 1) 

3. Test if �̂�(𝑘 + 1) belongs to the stable region [�̂�(𝑘 + 1)]
𝐷𝑀

.  

if yes, go to 5, else go to 4 

4. Reduce 𝛥�̂�(𝑘 + 1) ≝ 𝜇𝛥�̂�(𝑘 + 1), and go to 2 

5. End 

Algorithm 5. Projection algorithm for PEM 

4.2.2 Experiment description 

In the following sections the PEM algorithm using the Kalman filter as predictor is tested 

using multiple data sets. The performance of the algorithm is evaluated under different 

data sets that capture different cases and operating conditions. First, the ideal data is 

used, which means there are no unmodeled dynamics or delays, thus, the data fits the 

induction machine model. It has been generated by a simulator model which is built using 

the Matlab Simulink, and the model is based on the Γ model, see Equations (2.44)–

(2.46). The estimation results using the simulated data are given in Sections 4.2.3 and 

4.2.4. Second, the real-world data set, shown in Appendix B, can be described as 

nonideal data, because it has been obtained from a real-world induction machine. The 

estimation results are given in Section 4.2.5. The aim of this section is to provide 

background on the simulator experiments which were used for the development and 

analysis of PEM. 

The data sets used as an input to the simulator model are shown in Figures 16–18. The 

measurement signals sampled using a sampling time of every 250 𝜇s, are used in the 
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parameter estimation in Section 4.2.3. The first data set, shown in Figure 16, relate to 

noise-free signals that correspond to an operating point where a load is applied on the 

induction machine. The data sets depicted in Figures 15 and 16 contain more noise and 

larger fluctuations in the signals. They stand for load and no-load operation, respectively. 

It should be noted that, only the stator voltage and the stator and rotor angular 

frequencies depicted are used in estimation. The stator current corresponds to 

measurement from the simulator model which uses a constant parameterization. Thus, 

the measured variables used for the estimation are different when varying parameters 

are considered. 

 

Figure 16. Operation with load: noise-free signals 

Different profiles for the parameter variation were used in the simulator. First, a constant 

parameterized model was simulated using the noise-free input data. As a second 

experiment, both resistances, 𝑅𝑠 and 𝑅𝑟
′ , were varying along with the magnetizing 

inductance, which was modeled in two ways. First, the magnetizing inductance was 

supplied as a preset vector to the simulator, which did not correspond to a realistic 

saturation. Then, the function for the magnetizing inductance  

𝐿𝑚
′ (𝜓𝑠) = 𝐿𝑢 (1 + (𝛽𝜓𝑠)

𝑆)⁄ , which was discussed in Section 2.5, was implemented to 

generate a realistic saturation. The stator flux magnitude was computed using the stator 

flux components during simulation. The rapid fluctuations on the stator voltage shown in 



64 
 

Figures 17 and 18 caused a rapidly varying stator flux which led to a noisy magnetizing 

inductance. To overcome this issue, the stator flux was directed through a low-pass filter 

before computing the magnetizing inductance, which technical aspects are discussed in 

Section 4.2.3.  

 

Figure 17. Operation with load: signals contaminated with noise 

The last parameter estimation experiment using a simulated data set is studied in Section 

4.2.4. The simulator model was supplied with the input signals of real-world data set and 

the ideal stator current measurements from the simulator were used in the parameter 

estimation. Therefore, the estimation used a combination of real- and simulated data. 

Moreover, the varying parameters were available in the data set which allowed adjusting 

the model parameters during the simulation. The sampling interval of 12 ms was used 

which is significantly greater than in the previous experiments. The reason for using the 

real-world data as an input to the simulator is to obtain measurement data that allows an 

easier analysis and development of different alternatives of PEM. However, it is worth 

mentioning that, no conclusion can be drawn if PEM is a valid estimation method for the 

real-world measurements when the simulated data is used. Thus, in Section 4.2.5 only 

the measurements from the real-world induction machine are used in the estimation 

process. 
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Figure 18. No-load operation: signals contaminated with noise 

4.2.3 Results using the continuous-time simulator data 

In this section the input data depicted in Figures 16–18 is used to obtain the stator current 

measurements from the simulator that are used in the estimation. It should be noted that, 

a sampling time of 250 μs is used. The tuning procedure for PEM was explained in 

Section 4.2.1 which serves as a basis for the algorithm implementation. Considering the 

initialization of the algorithm, the state is set equal to zero because the true state is not 

available. Also, the sensitivity of the state is initialized to zero. Therefore, all the 

derivatives associated with the Kalman filter are also set to zero.  
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Figure 19. Magnetizing inductance as a function of the stator flux magnitude  

At first, parameter estimation experiments are performed using the noise-free data set in 

Figure 16. In addition to a constant parameterized model, two different varying 

parameterizations are used in the estimation. First, the magnetizing inductance as well 

as the stator and rotor resistances were varied based on the preset values. Second, the 

magnetizing inductance function given in Section 2.5 was used in the simulator to 

generate the varying magnetizing inductance. Figure 19 illustrates the relation between 

the magnetizing inductance 𝐿𝑚
′  of the Γ model and the stator flux magnitude. Also, the 

parameters used on the magnetization function are shown in figure, namely, 𝛽 = 0,7, 𝑆 =

6 and 𝐿𝑢 = 13 mH, which is the unsaturated magnetizing inductance. 

The estimation results using the stator current measurements from the constant 

parameterized model are shown in Figure 20. The parameter estimates obtained from 

PEM converge to the true parameter values even when they are initialized with a 

relatively large error. During the tests, the two alternative approaches of the prediction 

error covariance were used, of which the adaptive prediction error covariance, given in 

Equation (3.20), worked better. Initially the prediction error covariance of the Kalman 

filter was used but it was found out to produce worse results. The reason could be related 

to the incorrect noise covariance matrices which influence the prediction error 

covariance. The covariance was initialized as �̂�(0) = 𝑑𝑖𝑎𝑔([50 50]), which was found 

out to give relatively fast convergence. Smaller initial values lead to a slower 

convergence rate, and larger values caused noisier estimate because the parameter 

gain vector value increased due to it.  
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Figure 20. Load operation with the noise-free signals shown in Figure 16: a constant 
parameterized induction machine model  

The parameter tracking ability with the noise-free data is discussed next. The estimation 

results for the two different magnetizing inductance models are shown in Figures 21 and 

22. The former figure illustrates the estimation results with the preset magnetizing 

inductance and in the latter figure the results for the magnetizing inductance function are 

shown. The adaptive prediction error covariance was used for the same reason as 

previously, and its initial diagonal elements were set to 250, which was found out to 

increase the convergence rate. Moreover, the pseudonoise matrix was used to improve 

the tracking performance in both tests. Because the data used in estimation does not 

have noise to affect the induction machine, both noise covariance matrices were set 

relatively small  

 
𝑹1 = 𝑑𝑖𝑎𝑔([10−15 10−15 10−6 10−6]) 

𝑹2 = 𝑑𝑖𝑎𝑔([10−4 10−4]). 
(4.16) 
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Figure 21. Load operation with the noise-free signals shown in Figure 16: parameter 
estimates using the preset magnetizing inductance 

 

Figure 22. Load operation with the noise-free signals shown in Figure 16: parameter 
estimates using the magnetizing inductance depicted in Figure 19 
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To serve as a more realistic experiments, the noise contaminated data sets shown in 

Figures 17 and 18 were used for similar tests. To test the effect of measurement noise 

covariance matrix, a measurement noise of variance 200 with zero mean was added to 

the measured stator current from the simulator. The results demonstrate the robustness 

of PEM to a measurement noise when the noise covariance matrix is chosen correctly. 

However, the ratio between the entries of the noise covariance matrices, 𝑹1 and 𝑹2, was 

found out to be more important factor in the estimation than their absolute values 

considering they are chosen close to their correct values. For example, overestimated 

values on the process noise covariance matrix produced worse estimates if the 

measurement noise covariance matrix was not changed to compensate for the effect. 

The estimation results using data when the machine operated with load is shown in 

Figures 23. The parameters were initialized to 50 % of their true initial values to test how 

fast a convergence is possible. The noise covariance matrices, the initial parameter 

covariance, and the pseudonoise matrix were set as 

 

𝑹1  = 𝑑𝑖𝑎𝑔([10−15 10−15 10−6 10−6]) 

𝑹2  = 𝑑𝑖𝑎𝑔([200 200]) 

𝑷(0) = 𝑑𝑖𝑎𝑔([10−6 10−6 10−6 10−6]) 

𝑸𝜃 = 𝑑𝑖𝑎𝑔([0 10−10 0 10−10]). 

(4.17) 

The initial value of the parameter covariance matrix should reflect the initial error in 

parameter estimate, thus larger values cause faster changes in estimates during the 

beginning of the algorithm. During the tests, a large parameter covariance neither did 

improve nor worsen the estimation accuracy. The employed parameter pseudonoise was 

selected as a diagonal matrix with each element corresponding to an expected variation 

in parameter. Too large elements produced noisy estimates, but values found by trial 

and error increased the tracking performance. The prediction error shown in Figure 24 

resembles a white noise that was added to the stator current measurements. Therefore, 

the prediction error is minimized. 
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Figure 23. Load operation with the noise contaminated signals shown in Figure 17: 
parameter estimates using the magnetizing inductance depicted in Figure 19 

 

Figure 24. Load operation with the noise contaminated signals shown in Figure 17: 
the minimized prediction error associated with Figure 23 

The data set in Figure 18 was used to see the performance at different operating 

condition. Like previously, measurement noise with the same noise properties was 

added to the stator current measurements. The results of the parameter estimates are 

shown in Figure 25. Similar tuning for the PEM was used as with the load data set. 
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Figure 25. No-load operation with the noise contaminated signals shown in Figure 
18: parameter estimates using the magnetizing inductance depicted in Figure 

19 

The results shown above with the noise contaminated data sets and the magnetizing 

inductance function are low-pass filtered with respect to the stator flux. Without the filter, 

the noise contaminated stator flux caused relatively large peaks on the true parameters. 

The low-pass filter used is available in the Simulink which significantly reduced the 

variation in the magnetizing inductance. The downside of lowpass filtering is the delay it 

introduces because of the phase shift which depends on the chosen bandwidth of the 

filter. A passband and stopband frequency of 75 and 150 Hz, respectively, were used 

which led to 0.02 second delay between the filtered and unfiltered signals. Figure 26 

illustrates the effect filtering has on the magnetizing inductance and the stator flux 

magnitude.  

The results presented in this section seem promising in the sense that tuning seems to 

be relatively straightforward in the case of noisy measurement signals and varying 

parameters. However, a rather small sampling interval was used to discretize the model 

which positively affects the estimation. In the following sections the real-world data with 

sampling time of 12 ms is used for parameter estimation which is significantly larger than 

in the previously discussed experiments. Moreover, the real-world data has nonidealities 

such as delays, unmodeled dynamics and errors. Therefore, the results in this section 
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merely verify the effectiveness of the discussed method (i.e., PEM) for tracking 

parameters using nonideal data. 

 

Figure 26. Effect of low-pass filtering the stator flux components to reduce the noise 
in the magnetizing inductance and the magnitude of stator flux 

4.2.4 Results using the real-world data as an input to the 
simulator 

The parameter estimation using real-world data as an input to the simulator is given in 

this section. The measured stator current used in PEM has been obtained from a 

simulator model which input variables, namely the stator voltage, angular frequencies, 

and machine parameters, correspond to data given in Appendix B. The objective is to 

obtain understanding in how the increased sampling interval, 12 ms, and the data set 

size affect the estimation. Also, the parameters vary at a different rate at different 

operation conditions. Only the induction machine parameter estimation results are 

presented along with an experiment that uses temperature data to model the variation in 

resistances. 

The estimation results are shown in Figure 27. The performance degrades with the 

increased sampling interval compared to that in the previous section, which has been 

addressed in [83] where a method to overcome issue with a high sampling interval in 

PEM is proposed. Due to the sampling interval appearing explicitly in the equations of 
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PEM; thus, it has a big influence on the estimation. Moreover, the discretization accuracy 

deteriorates with an increased sampling interval, which also affects the accuracy of the 

gradient computation. Nevertheless, the estimation results seem reasonably good 

except that of the stator resistance estimation is considerably worse compared to the 

other estimates. Both inductance estimates diverge between 200–600 seconds, which 

is due to the stator angular frequency being close to zero. At such a frequency 

unobservability of states or lack of excitation might occur that causes the observed 

inaccuracy. Nevertheless, a better stator resistance estimation is required, which 

motivates the use of temperature measurements in the estimation process.  

 

Figure 27. Parameter estimates using the data set given in Appendix B as an input 
to the simulator 

The induction machine model with its resistance terms modeled using the temperature 

dependent function is tested, which was discussed in Section 2.4. The resistance terms, 

𝑅𝑠 and 𝑅𝑟
′ , in the continuous-time state space (2.44)–(2.46) are replaced with the thermal 

model of the corresponding resistance, 𝑅 = 𝑅0(1 + 𝛼𝑇𝛥𝑇). The temperature difference 

𝛥𝑇 is obtained by subtracting the measured temperature value from the nominal value 

of 150 °C. The advantage of the proposed model is the reduction in the number of varying 

parameters to one compared to three of the original Γ model. However, the number of 

unknown parameters is increased by one if the temperature coefficient of resistance α𝑇 
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if the reasonable assumption of an unknown coefficient is made. However, for the real 

data it might justify assuming the temperature coefficient of resistivity is known because 

it is dependent on the material used to construct the induction machine. 

The estimation results using the temperature measurements are shown in Figures 28 

and 29. The increased accuracy in the nominal resistance and temperature coefficient 

estimates is visible in Figure 28. Also, the leakage inductance estimate has less 

fluctuation which could result from the better resistance estimation. Figure 29 illustrates 

the computed resistance values using the thermal model for both the stator and rotor 

resistance. Also, their relative errors are shown in the bottom part, which is computed as 

follows 

 
|�̂� − 𝜽0|

𝜽0
. (4.18) 

 

Figure 28. Parameter estimates using the thermal model and data set given in 
Appendix B as an input to the simulator 

Nevertheless, the estimation using the increased sampling interval and larger data set 

seems to increase the time that must be spent on tuning the algorithm. As pointed out, 

the presented results do not provide all the necessary insight regarding the performance 

of PEM in a real-world setting. Therefore, in the next section estimation is conducted 
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using the real data, and the alternative implementations of PEM are used to validate if 

the method is effective in real time. 

 

Figure 29. Estimated resistances and their relative errors using the results shown in 
Figure 28 

4.2.5 Results using the real-world measurements 

In this section the estimation results using the measurements from the real-world 

induction machine are presented. The data set used is shown in Appendix B where each 

of the necessary signals for estimation are shown, including the true parameter values. 

The nominal parameters for the studied induction machine are given in Table 2. The 

values for both resistances are given at the nominal temperature of 150 °𝐶. The 

magnetizing inductance value given in the table is the unsaturated value.  

Table 2. Nominal parameter values for the data set given in Appendix B 

 

0.266

0.0252

0.042

Electrical parameters

0.00259

10.1

0.166𝐿𝜎𝑟 (mH)
𝐿𝜎𝑠 (mH)

𝑅𝑟 (Ω)

𝑅𝑠 (Ω)

𝐿𝑚 (mH)

𝛼𝑇 (1/°C)
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Considering the numerical conditioning of the parameter covariance matrix in PEM, the 

three update equations presented in Section 3.2 were tested. First, the equation given in 

Algorithm 2 was applied due to its low computational load, but it led into stability issues 

during some tests. It was observed that sometimes the estimation algorithm would crash 

due to the parameter covariance matrix being singular. From the remaining methods, it 

was found out that the results obtained using the stabilized Kalman equation resulted in 

the most accurate parameter estimates, thus, the corresponding results are presented 

in the following. 

The parameter estimation is conducted using three different approaches. The first two 

include estimation of induction machine parameters with and without the process noise 

covariance estimation, and third approach uses the thermal model that was used in the 

previous section. In the first approach the performance of the OSRKF, given in Appendix 

A, is compared to the conventional Kalman filter. Then, an experiment is conducted with 

the process noise covariance estimation with and without the adaptive forgetting matrix, 

given in Equations (4.11)–(4.14). Last, the temperature model estimation is tested which 

produced promising results in the previous section. 

First, validation of PEM using the Kalman filter and OSRKF as predictors is implemented 

where the induction machine parameters are estimated with a constant process noise 

covariance matrix. The state vector and its sensitivity were initialized to zero. The 

parameters were initialized randomly with a perturbation of 30 % from their true initial 

values. Moreover, during the estimation process the parameters were bounded to lie in 

the range  

 0.1 ∗ 𝑚𝑖𝑛(𝜽0)–3∗ 𝑚𝑎𝑥(𝜽0) (4.19) 

where 𝜽0 denotes the true parameter vector. A reasonable knowledge of the parameters 

is usually available from the datasheet or they have been obtained using an offline 

identification method such as the one in [7]. The parameter boundaries were 

implemented in Algorithm 5 which was monitored with the stability. The following 

matrices were used for the first experiment 

 

𝑸𝜃 = 𝑑𝑖𝑎𝑔(10−10 2.4 ∗ 10−8 0 10−11) 

𝑹1 = 𝑑𝑖𝑎𝑔(0.1 0.1 15 15), 𝑹2 = 𝑑𝑖𝑎𝑔(0.018 0.061) 

𝜆𝑖𝑛𝑖𝑡 = 0.98,                                               𝜆𝑒𝑛𝑑 = 0.9995. 

(4.20) 

The prediction error covariance used in estimation is the recursively updated prediction 

error covariance because the Kalman filter prediction error covariance 𝑷𝑦𝑦 was found 

out to produce worse estimation results as previously. The obtained parameter estimates 

are shown in Figure 30 where SR stands for the estimates obtained using the OSRKF 
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as a predictor. The difference between these two predictors was noticeable only when 

either of the noise covariance matrices were set relatively large or small compared to the 

above. Then, the OSRKF produced slightly more accurate parameter estimates. 

Only the first 3000 seconds of the estimation process are shown because afterwards the 

parameter estimates deteriorate. The measured stator current is constant between 250–

500 seconds, as shown in Appendix B, which causes the divergence of parameter 

estimates. During testing of the algorithm, the choice of process noise covariance was 

found out to have an effect on the estimates during the parts of data where the model 

output does not coincide with the measured output even if correct parameters were used. 

For other parts it did not have a significant effect on the estimation. Moreover, the degree 

of observability, discussed in Section 2.4 and given in Equation (2.53), was computed 

using the Kalman filter covariance matrices at each recursion. The entries corresponding 

to the stator current components increased during the time range of 250–500 seconds, 

which could indicate a reason why estimates diverge.  

The estimation of the process noise covariance elements could improve the performance 

because it has an effect on the estimates whenever the model output does not coincide 

with the measured data. The results with the process noise covariance estimation are 

shown in Figure 31. The results obtained using the adaptive forgetting matrix are omitted 

since similar estimates were obtained but the computational load increased 

tremendously during the estimation process. It could be caused by an incorrect tuning 

that led into rapidly occurring reset of the forgetting factor. The noise covariances were 

initialized with the same elements as in the first experiment. Also, same values were 

used on the forgetting factor corresponding to the IM parameters and the parameter 

pseudonoise matrix 𝑸θ was selected as previously. Nevertheless, the estimation results 

were not improved significantly. 
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Figure 30. Estimation of the parameters given the data set in Appendix B. The 
comparison between the conventional and orthogonal square root Kalman filter 

predictors without the process noise covariance estimation 

The estimation using the temperature model was implemented last and its results are 

shown in Figure 32. An additional method to monitor prediction error was implemented 

based on the [84, p. 19] which is called the cumulative sum (CUSUM) test. Because the 

parameters are constant except for the magnetizing inductance considering the 

temperature model, the forgetting factor is set so its final value is one. However, this 

caused often biased estimates; thus, using the CUSUM test allows monitoring the 

prediction error size which is caused by the erroneous parameter estimates. The test 

monitors the size of the prediction error which should remain between certain boundaries 

as follows 

 𝒈(𝑘) = 𝑚𝑎𝑥(𝒈(𝑘 − 1) + 𝝐(𝑘) − 𝒗, 0) (4.21) 

where 𝒈 is the cumulative sum and 𝒗 is the boundary for the prediction error which 

corresponds to the amplitude of measurement noise. Resetting of the estimation process 

is done if the cumulative sum (4.17) exceeds certain limit set by the user which affects 

how often the reset is done. This can be achieved in numerous ways such as by 

increasing the entries of the parameter covariance matrix or by adjusting the forgetting 

factor, of which latter was adapted in the estimation. Because the forgetting factor was 
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set to converge to one and the matrix 𝑸𝜃 was used to track the varying magnetizing 

inductance. The obtained results are better, but there exists bias in the nominal 

resistances and temperature coefficient. If the latter was assumed known, the 

temperature model might be more effective for estimating the machine parameters. 

The estimation of an induction machine parameters in an online setting was found out to 

be rather challenging with the presented method. The tuning of the algorithm is the most 

important factor that affects how well the parameters are tracked, which can be simplified 

slightly by estimating the process noise covariance elements. However, this increases 

the computational load that could be an issue in a real operating situation where the 

induction machine is operated. When the model does not fit well into the data on certain 

operating points, the estimated process noise covariance can potentially improve the 

estimation on those parts, where on the other parts the process noise covariance 

elements tend to lower due to smaller prediction errors. The adoption of an adaptive 

forgetting factor was found out to increase the computational load as estimation 

progressed. Also, its use increases the degrees of freedom in tuning, making the tuning 

process more laborious. The temperature model was found out to perform the best where 

the CUSUM test was used to reset the estimation process. However, the accuracy of the 

parameter depends on the accuracy of discretized model and gradients of prediction 

obtained with it. When a sampling interval of 12 ms is used, the gradient of prediction 

increases a lot compared to the case where a sampling interval of 250 μs is used. 

Therefore, PEM, and model-based techniques such as EKF, might not be valid for online 

estimation. 
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Figure 31. Estimation of the induction machine parameters along with the diagonal 
elements of the process noise covariance matrix using the data set given in 

Appendix B 
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Figure 32. Estimation of the temperature model parameters using the data set given 
in Appendix B. The CUSUM test resets are shown as dashed vertical lines 
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5. CONCLUSION 

The parameter estimation of an induction machine has been studied for several decades 

and different methods have been proposed for the online parameter estimation in 

literature. The increased performance requirements of induction machines require a 

more accurate parameter estimates for the controller. Moreover, certain constraints are 

set considering the online estimation, such as the computational load cannot be too high. 

Also, the ability to track time-varying parameters that change during different operating 

conditions.  

Many of the parameter estimation algorithms are based on the discrete-time model of an 

induction machine. In this thesis, different discretization methods have been studied 

which can be applied in either parameter estimation or control. The stability of the 

discussed methods under varying operating conditions has been studied. Also, their 

numerical accuracy has been evaluated using methods based on matrix norms which 

are found in literature for the discretization of an induction machine model. An 

observability analysis for a discrete-time linear time-varying system has been carried out, 

and a method to compute the degree of observability has been presented. The chosen 

discretization method for the parameter estimation was based on the approximation of 

the exact discretization obtained using the Cayley-Hamilton theorem. Its stability and 

numerical accuracy were found out to outperform commonly used methods such as Euler 

and trapezoidal method. 

The PEM was used for the online parameter estimation of the induction machine Γ-model 

electrical parameters. The predictors used were the output error method, the Kalman 

filter, and the orthogonal square root Kalman filter, which was derived from a maximum 

likelihood estimation algorithm. The parameter estimation was conducted using a 

simulated and real-world data set. A Matlab-based Simulink model was implemented to 

generate the data sets for testing the performance of the PEM, which was found out to 

perform well using a constant and varying parameterized model. The effect of 

measurement noise did not have a huge influence on the estimation given that the choice 

of the measurement noise covariance reflected the noise properties.  

Multiple experimental tests were implemented with the real-time data to validate the 

method. First, the data was used as an input to the simulator to obtain measurements 

that would not contain nonidealities, such as delays and unmodeled dynamics. The 

accuracy of the parameter estimates was found out to deteriorate with the increased 
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sampling interval. A promising results were obtained using a thermal model that requires 

temperature measurement. The estimation using only the real-world measurements was 

tested using various approaches. First, the estimation with the Kalman filter and OSRKF 

was compared of which the latter was found out to perform more robustly during some 

tests. For example, when the process noise covariance was set close to zero the 

numerical accuracy of the orthogonal filter was found out to be better. Moreover, the 

parameter estimation with process noise covariance estimation was applied. Its use 

increased performance only slightly during parts where the used model did not coincide 

with the measurements obtained from the real induction machine because the process 

noise covariance element estimates increased. The larger values of the process noise 

indicates the model does not correspond to the true system which in turn improved 

parameter estimates by some degree.  

Increased accuracy in estimation results were obtained using the temperature model 

when the real measurements were used. The reduced number in varying parameters 

was the main factor in performance increase because only the magnetizing inductance 

was varying. The stator and rotor nominal resistances and leakage inductance is nearly 

constant during operation when the Γ model is used. However, due to the nature of the 

real data, the CUSUM test was applied, which allows reset of the estimation process 

when the cumulative sum of prediction error exceeds certain limit. Therefore, if there is 

a bias in the estimated constant parameters, the error can be reduced when the reset 

occurs. The temperature model itself has the largest potential in the future applications 

considering PEM or other state-space model based approaches. 

There are multiple reasons for the parameter estimates being inaccurate when using the 

real-world data. The sampling interval was high compared to that used in the simulator 

experiments which affects directly the size of error in the predicted output and its 

gradient. Moreover, the model using does not take all the dynamics of the real induction 

machine into account during certain operating conditions. Its effect on the estimation can 

be partly reduced by using the process noise covariance estimation. Therefore, PEM 

and other similar model based approaches could lack of accurate estimation considering 

these facts. Thus, a more appropriate model could resolve these issues in addition to 

smaller sampling interval if an induction machine model discretization is required. 



84 
 

BIBLIOGRAPHY 

[1]  P.C. Sen, Principles of Electric Machines and Power Electronics, 3rd ed ed. Wiley 
Etextbooks, US, 1989, 618 p. 

[2] S. Hasan, I. Husain, A Luenberger-Sliding Mode Observer for Online Parameter 
Estimation and Adaptation in High-Performance Induction Motor Drives, IEEE 
Transactions on Industry Applications, Vol. 45, Iss. 2, 2009, pp. 772-781.  

[3]  P. Vas, Sensorless Vector and Direct Torque Control, Oxford University Press, 
1998, 729 p. 

[4]  M. Ranta, Dynamic Induction Machine Models Including Magnetic Saturation and 
Iron Losses, Aalto University, 2013, 59 + 84 p.  

[5]  E. Levi, M. Raina, H.A. Toliyat, A Review of RFO Induction Motor Parameter 
Estimation Techniques, IEEE Transactions on Energy Conversion, Vol. 18, Iss. 
2, 2003, pp. 271-283.  

[6]  S.J. Chapman, Electric machinery fundamentals, 5. ed. ed. McGraw-Hill, New 
York, NY, 2012, 680 p. 

[7]  M. Carraro, M. Zigliotto, Automatic Parameter Identification of Inverter-Fed 
Induction Motors at Standstill, IEEE Transactions on Industrial Electronics, Vol. 
61, Iss. 9, 2014, pp. 4605-4613.  

[8]  W. Dunnigan, B.W. Williams, S. Wade, A new method of rotor resistance 
estimation for vector-controlled induction machines, IEEE Transactions on 
Industrial Electronics, Vol. 44, Iss. 2, 1997, pp. 247-257.  

[9]  T.A. Lipo, T. Matsuo, A Rotor Parameter Identification Scheme for Vector-
Controlled Induction Motor Drives, IEEE Transactions on Industry Applications, 
Vol. IA-21, Iss. 3, 1985, pp. 624-632.  

[10]  M. Bodson, J. Chiasson, J. Stephan, Real-time estimation of the parameters and 
fluxes of induction motors, IEEE Transactions on Industry Applications, Vol. 30, 
Iss. 3, 1994, pp. 746-759.  

[11]  G.-A. Capolino, M. Cirrincione, M. Pucci, G. Cirrincione, A new experimental 
application of least-squares techniques for the estimation of the induction motor 
parameters, IEEE Transactions on Industry Applications, Vol. 39, Iss. 5, 2003, 
pp. 1247-1256.  

[12]  C. Schauder, Adaptive speed identification for vector control of induction motors 
without rotational transducers, IEEE Transactions on Industry Applications, Vol. 
28, Iss. 5, 1992, pp. 1054-1061.  

[13]  V. Vasić, S. Vukosavić, Robust MRAS-Based Algorlthm for Stator Resistance and 
Rotor Speed Identification, IEEE Power Engineering Review, Vol. 21, Iss. 11, 
2001, pp. 39-41.  



85 
 

[14]  S. Yang, D. Ding, X. Li, Z. Xie, X. Zhang, L. Chang, A Novel Online Parameter 
Estimation Method for Indirect Field Oriented Induction Motor Drives, IEEE 
Transactions on Energy Conversion, Vol. 32, Iss. 4, 2017, pp. 1562-1573.  

[15]  J. Chen, J. Huang, Online Decoupled Stator and Rotor Resistances Adaptation 
for Speed Sensorless Induction Motor Drives by a Time-Division Approach, IEEE 
Transactions on Power Electronics, Vol. 32, Iss. 6, 2017, pp. 4587-4599.  

[16]  L.C. Zai, C.L. DeMarco, T.A. Lipo, An extended Kalman filter approach to rotor 
time constant measurement in PWM induction motor drives, IEEE Transactions 
on Industry Applications, Vol. 28, Iss. 1, 1992, pp. 96-104.  

[17]  K. Wang, J. Chiasson, M. Bodson, L.M. Tolbert, A nonlinear least-squares 
approach for identification of the induction motor parameters, IEEE Transactions 
on Automatic Control, Vol. 50, Iss. 10, 2005, pp. 1622-1628.  

[18]  L. Yingzhao, REGULAR REPORT, 2017, 40 p.  

[19]  B. Philippe, Induction Machine Parameter Estimation, 2019, 52 p.  

[20]  C. Bohn, Recursive Parameter Estimation for Nonlinear Continuous-Time 
Systems through Sensitivity-Model-Based Adaptive Filters, 2000, 143 p.  

[21]  E. Clarke, W.C. Duesterhoeft, M.W. Schulz, Determination of Instantaneous 
Currents and Voltages by Means of Alpha, Beta, and Zero Components, 
Transactions of the American Institute of Electrical Engineers, Vol. 70, Iss. 2, 
1951, pp. 1248-1255.  

[22]  G.R. Slemon, Modelling of Induction Machines for Electric Drives, IEEE 
Transactions on Industry Applications, Vol. 25, Iss. 6, 1989, pp. 1126-1131.  

[23]  A.M. Alturas, S.M. Gadoue, B. Zahawi, M.A. Elgendy, On the Identifiability of 
Steady-State Induction Machine Models Using External Measurements, IEEE 
Transactions on Energy Conversion, Vol. 31, Iss. 1, 2016, pp. 251-259.  

[24]  P. Blaha, I. Herman, P. Vaclavek, AC Drive Observability Analysis, IEEE 
Transactions on Industrial Electronics, Vol. 60, Iss. 8, 2013, pp. 3047-3059.  

[25]  M. Hinkkanen, A.-. Repo, J. Luomi, Influence of Magnetic Saturation on Induction 
Motor Model Selection, XVII International Conference on Electrical Machines,  
pp. 1-6. 

[26]  E. Kreindler, P.E. Sarachik, On the concepts of controllability and observability of 
linear systems, IEEE Transactions on Automatic Control, Vol. 9, Iss. 2, 1964, 
pp. 129-136. 

[27]  R.E. Kalman, On the general theory of control systems, IFAC Proceedings 
Volumes, Vol. 1, Iss. 1, 1959, pp. 491-502. 

[28]  E.D. Sontag, Mathematical Control Theory, Springer-Verlag New York, 1998,  
532 p. 



86 
 

[29]  F. Alonge, F. D'Ippolito, A. Fagiolini, A. Sferlazza, Extended complex Kalman 
filter for sensorless control of an induction motor, Control Engineering Practice, 
Vol. 27, Iss. 1, 2014, pp. 1-10.  

[30]  F. Alonge, T. Cangemi, F. D'Ippolito, A. Fagiolini, A. Sferlazza, Convergence 
Analysis of Extended Kalman Filter for Sensorless Control of Induction Motor, 
IEEE Transactions on Industrial Electronics, Vol. 62, Iss. 4, 2015, pp. 2341-2352.  

[31]  K.A. Neusypin, K. Shen, A.V. Proletarsky, Quantitative Analysis of Observability 
in Linear Time-Varying Systems, 2016 35th Chinese Control Conference (CCC), 
2016, pp. 44-49.  

[32]  K. Shen, Y. Xia, M. Wang, K.A. Neusypin, A.V. Proletarsky, Quantifying 
Observability and Analysis in Integrated Navigation, Navigation, Vol. 65, Iss. 2, 
2018, pp. 169-181.  

[33]  L. Jiazhen, X. Lili, Z. Chunxi, W. Yan, A Simplified Method of PWCS Observability 
Analysis Theory by Research of General Expressions, Proceedings 2013 
International Conference on Mechatronic Sciences, Electric Engineering and 
Computer (MEC), IEEE, pp. 154-162. 

[34]  G. Meifeng, D. Jingxin, K. Xingwei, An Improved PWCS Approach on 
Observability Analysis of Linear Time-Varying System, Chinese Control and 
Decision Conference, IEEE, pp. 761-765. 

[35]  L. Chang, R. Doraiswami, H.M. Kojabadi, A novel adaptive observer for very fast 
estimation of stator resistance in sensorless induction motor drives, IEEE 34th 
Annual Conference on Power Electronics Specialist, 2003. PESC '03, IEEE, pp. 
1455-1459. 

[36]  M.W. Dunnigan, B.W. Williams, X. Yu, A Novel Rotor Resistance Identification 
Method for an Indirect Rotor Flux-Orientated Controlled 
Induction Machine System, IEEE Transactions on Power Electronics, Vol. 17, Iss. 
3, 2002, pp. 353-364.  

[37]  M. Boussak, K. Jarray, A high-performance sensorless indirect stator flux 
orientation control of induction motor drive, IEEE Transactions on Industrial 
Electronics, Vol. 53, Iss. 1, 2006, pp. 41-49.  

[38]  K.L.V. Iyer, X. Lu, K. Mukherjee, N.C. Kar, Online stator and rotor resistance 
estimation scheme using swarm intelligence for induction motor drive in EV/HEV, 
2011 1st International Electric Drives Production Conference, IEEE, pp. 202-207. 

[39]  M. Hinkkanen, J. Luomi, M. Ranta, Rotor parameter identification of saturated 
induction machines, 2009 IEEE Energy Conversion Congress and Exposition, 
IEEE, pp. 1524-1531. 

[40]  M. Chapariha, J. Jatskevich, F. Therrien, L. Wang, Constant-Parameter 
Interfacing of Induction Machine Models Considering Main Flux Saturation in 
EMTP-Type Programs, IEEE Transactions on Energy Conversion, Vol. 31, Iss. 
1, 2016, pp. 12-26.  



87 
 

[41]  M. Hinkkanen, J. Luomi, T. Tuovinen, Modeling of Saturation Due to Main and 
Leakage Flux Interaction in Induction Machines, IEEE Transactions on Industry 
Applications, Vol. 46, Iss. 3, 2010, pp. 937-945.  

[42]  M. Hinkkanen, M. Ranta, Online Identification of Parameters Defining the 
Saturation Characteristics of Induction Machines, IEEE Transactions on Industry 
Applications, Vol. 49, Iss. 5, 2013, pp. 2136-2145.  

[43]  M. Hinkkanen, J. Luomi, Z. Qu, M. Ranta, Loss-Minimizing Flux Level Control of 
Induction Motor Drives, IEEE Transactions on Industry Applications, Vol. 48, Iss. 
3, 2012, pp. 952-961.  

[44]  M.C. Chandorkar, B.M. Joshi, Time Discretization Issues in Induction Machine 
Model Solving for Real-time Applications, 2011 IEEE International Electric 
Machines & Drives Conference (IEMDC), IEEE, pp. 675-680. 

[45]  C.P. Bottura, J.L. Silvino, P. de Resende, A Flux Observer for Induction Machines 
Based on a Time-Variant Discrete Model, IEEE Transactions on Industry 
Applications, Vol. 29, Iss. 2, 1993, pp. 349-354.  

[46]  M. Aguirre, J. Rodriguez, C.A. Rojas, J.I. Yuz, A Comparison of Discrete-Time 
Models forModel Predictive Control of Induction Motor Drives, 2015 IEEE 
International Conference on Industrial Technology (ICIT), IEEE, pp. 568-573. 

[47]  C.T. Chen, Linear System: Theory and Design, 3rd ed. Oxford University Press, 
New York, 1999, 350 p. 

[48]  M.C. Chandorkar, M.B. Patil, V. Dixit, Real time simulation of power electronic 
systems on multi-core processors, 2009 International Conference on Power 
Electronics and Drive Systems (PEDS), IEEE, pp. 1524-1529. 

[49]  D. Beckmann, M. Dagen, T. Ortmaier, A Comparison of Discretization Methods 
for Parameter Estimation of Nonlinear Mechanical Systems Using Extended 
Kalman Filter: Symplectic versus Classical Approaches, 2017, 367-384 p. 

[50]  R.S. Palais, R.A. Palais, Differential Equations, Mechanics, and Computation, 
American Mathematical Society, Princeton, N.J, 2009, 313 p. 

[51]  G.F. Franklin, M.L. Workman, J.D. Powell, Digital Control of Dynamic Systems, 
3rd ed. Addison-Wesley, 1998, 850 p. 

[52]  G.C. Goodwin, R.H. Middleton, Digital Control and Estimation: A Unified 
Approach, Prentice-Hall, 1990, 538 p. 

[53]  P. Apkarian, On the Discretization of LMI-synthesized Linear Parameter-Varying 
Controllers, Automatica, Vol. 33, Iss. 4, 1997, pp. 655-661. 

[54]  D. Beckmann, M. Dagen, T. Ortmaier, Sympletic Discretization Methods for 
Parameter Estimation of a Nonlinear Mechanical System using an Extended 
Kalman Filter, Proceedings of the 13th International Conference on Informatics 
in Control, Automation and Robotics (ICINCO 2016) - Volume 1, SCITEPRESS, 
pp. 327-334. 



88 
 

[55]  C. Heemskerk, M. Visser, S. Stramigioli, Cayley-Hamilton for Roboticists, 
Proceedings of the 2006 IEEE/RSJ International Conference on Intelligent 
Robots and Systems, IEEE, pp. 4187-4192. 

[56]  P. Cortes, J.I. Yuz, J. Rodriguez, H. Miranda, Predictive Torque Control of 
Induction Machines Based on State-Space Models, IEEE Transactions on 
Industrial Electronics, Vol. 56, Iss. 6, 2009, pp. 1916-1924. 

[57]  B. Wittenmark, K.J. Åström, Computer-Controlled Systems: Theory and Design, 
3rd ed. Prentice Hall, 1996, 555 p. 

[58]  G.H. Golub, C.F. Van Loan, Matrix computations, 4th ed. Johns Hopkins 
University Press, 2013, 784 p. 

[59]  A.Y. Ghassabeh, A recursive algorithm for computing the inverse of the 
Vandermonde matrix, Cogent Engineering, Vol. 3, Iss. 1, 2016, pp. 1-9.  

[60]  T. Glad, L. Ljung, Control theory: multivariable and nonlinear methods, Taylor & 
Francis, 2000, 482 p. 

[61]  W.J. Rugh, T. Kailath, Linear System Theory, 2nd ed. Pearson, 1995, 600 p. 

[62]  P. Stoica, T. Söderström, System Identification, Prentice Hall, 1989, 612 p. 

[63]  P.E. Caines, L. Ljung, Asymptotic Normality of Prediction Error Estimators for 
Approximate System Models, 1978 IEEE Conference on Decision and Control 
including the 17th Symposium on Adaptive Processes, IEEE, pp. 927-932. 

[64]  M. Galrinho, Least Squares Methods for System Identification of Structured 
Models, KTH School of Electrical Engineering, 2016, 151 p. 

[65]  P.P.J. van Den Bosch, S. Weiland, R.J.A. Gorter, Simultaneous estimation of 
induction machine parameters and velocity, Proceedings of PESC '95 - Power 
Electronics Specialist Conference, IEEE, pp. 1295-1301. 

[66]  A.M.N. Lima, C.B. Jacobina, E.B. de Souza Filho, Nonlinear parameter 
estimation of steady-state induction machine models, IEEE Transactions on 
Industrial Electronics, Vol. 44, Iss. 3, 1997, pp. 390-397.  

[67]  P. Coirault, J.C. Trigeassou, D. Kerignard, J.P. Gaubert, Recursive parameter 
identification of an induction machine using a non-linear programming method, 
Proceeding of the 1996 IEEE International Conference on Control Applications 
IEEE International Conference on Control Applications held together with IEEE 
International Symposium on Intelligent Contro, IEEE, pp. 644-649. 

[68]  A. Fujimori, L. Ljung, Model Identification of Linear Parameter Varying Aircraft 
Systems, Proceedings of the Institution of Mechanical Engineers, Part G: Journal 
of Aerospace Engineering, Vol. 220, Iss. 4, 2006, pp. 337-346.  

[69]  M.H. Riva, M. Wielitzka, T. Ortmaier, Sensitivity-based Adaptive SRUKF for 
Online State, Parameter, and Process Covariance Estimation, 2017 IEEE 56th 
Annual Conference on Decision and Control (CDC), IEEE, pp. 1547-1553. 



89 
 

[70]  D. Beckmann, M. Dagen, T. Ortmaier, M.H. Riva, Online parameter and process 
covariance estimation using adaptive EKF and SRCuKF approaches, 2015 IEEE 
Conference on Control Applications (CCA), IEEE, pp. 1203-1210. 

[71] L. Ljung, T. Söderström, Theory and Practice of Recursive Identification, The MIT 
Press, 1983, 551 p. 

[72]  M.R.-H. Abdalmoaty, Learning Stochastic Nonlinear Dynamical Systems Using 
Non-stationary Linear Predictors, KTH Royal Institute of Technology, 2017, 
186 p. 

[73]  L. Ljung, Convergence analysis of parametric identification methods, IEEE 
Transactions on Automatic Control, Vol. 23, Iss. 5, 1978, pp. 770-783.  

[74]  L. Ljung, System Identification: Theory for the User, 1999, 640 p. 

[75]  B.P. Flanner, W.H. Press, S.A. Teukolsky, W.T. Vetterling, Numerical Recipes in 
C: The Art of Scientific Computing, 2nd ed. Cambridge University Press, 1997, 
994 p. 

[76]  L. Ljung, Asymptotic Behavior of the Extended Kalman Filter as a Parameter 
Estimator for Linear Systems, IEEE Transactions on Automatic Control, Vol. 24, 
Iss. 1, 1979, pp. 36-50.  

[77]  B.D.O. Anderson, J.B. Moore, Optimal Filtering, Prentice-Hall, 1979, 367 p. 

[78]  S. Dubljevic, J. Xie, Q. Xu, D. Ni, Observer and filter design for linear transport-
reaction systems, European Journal of Control, Vol. 49, 2019, pp. 26-43.  

[79]  J. Rodriguez, C.A. Rojas, J.I. Yuz, C.A. Silva, Comments on "Predictive Torque 
Control of Induction Machines Based on State-Space Models", IEEE 
Transactions on Industrial Electronics, Vol. 61, Iss. 3, 2014, pp. 1635-1638. 

[80]  D.S. Bernstein, Matrix Mathematics: Theory, Facts, and Formulas, Princeton 
University Press, 2009, 1184 p. 

[81]  L. Ljung, P.A. Parrilo, Initialization of Physical Parameter Estimates, IFAC 
Proceedings Volumes, 2003, pp. 1483-1488. 

[82]  C. Durieu, E. Laroche, E. Sedda, Methodological Insights for Online Estimation 
of Induction Motor Parameters, IEEE Transactions on Control Systems 
Technology, Vol. 16, Iss. 5, 2008, pp. 1021-1028.  

[83]  T. Wigren, Scaling of the sampling period in nonlinear system identification, 
Proceedings of the 2005, American Control Conference, 2005, IEEE, pp. 5058-
5065. 

[84]  J. Wiklander, Performance Comparison of the Extended Kalman Filter and the 
Recursive Prediction Error Method, Linköpings Universitet, 2003, 57 p.  

[85]  M.V. Kulikova, Y.V. Tsyganova, On efficient parametric identification methods for 
linear discrete stochastic systems, Automation and Remote Control, Vol. 73, Iss. 
6, 2012, pp. 962-975.  



90 
 

[86]  L. Raillon, C. Ghiaus, An efficient Bayesian experimental calibration of dynamic 
thermal models, Energy, Vol. 152, 2018, pp. 818-833.  

   



91 
 

APPENDIX A: ORTHOGONAL SQUARE ROOT 
KALMAN FILTER 

The orthogonal square root Kalman filter (OSRKF) is discussed with its sensitivity 

equations that are required in the RPEM. Because the OSRKF is based on a form 𝑸𝑨 =

𝑹 where 𝑨 is a block matrix that contains information necessary for updating the following 

covariance matrices and the Kalman gain, its performance should be expected to be 

better compared to a non-orthogonal square root method. Moreover, it has many 

advantages over the conventional Kalman filter discussed in Section 3.3. The 

computational precision is higher, the orthogonal transformation is numerically stable, 

and it guarantees the symmetric structure of covariance matrices. Moreover, matrix 

inversion is not needed that reduces the computational load and numerical rounding 

errors. [85] 

Consider a stochastic discrete state-space model 

 
𝒙(𝑘 + 1) = 𝑨𝑑𝒙(𝑘) + 𝑩𝑑𝒖(𝑘) + 𝒘(𝑘) 

𝒚(𝑘 + 1) = 𝑪𝑑𝒙(𝑘 + 1) + 𝒗(𝑘) 
(1) 

where 𝑤(𝑘) and 𝒗(𝑘) are the process and measurement noise with the covariance 

matrices 𝑹1 and 𝑹2, respectively. The Cholesky decomposition of the noise covariance 

matrices are 𝑹1
1/2

 and 𝑹2
1/2

 which are upper triangular matrices, i.e., 𝑹1 = 𝑹1
𝑇/2

𝑹1
1/2

. The 

version using upper triangular matrix has been used in [86]. Because the OSRKF is 

based on the matrix square root, in the initialization the Cholesky decomposition is 

applied on the a posteriori covariance matrix 𝑷0
+ which square root is an upper triangular 

matrix 𝑺0
+. It should be noted that the Cholesky decomposition is used only in the 

initialization. 

The filter constitutes of two consecutive steps, the prediction and measurement step. 

The state prediction �̃�(𝑘 + 1) is obtained as follows 

 
�̃�(𝑘 + 1) = 𝑨𝑑(�̂�𝑘)�̂�(𝑘) + 𝑩𝑑(�̂�𝑘)𝒖(𝑘) 

�̂�(𝑘 + 1) = 𝑪𝑑�̃�(𝑘 + 1). 
(2) 

The square root of the a priori covariance is obtained as follows 

 𝑸𝑘+1
𝑇𝑈 [

𝑺𝑘
+𝑨𝑑

𝑇

𝑹1
1/2 ] = [

𝑺𝑘+1
−

0
] (3) 

where the pre-array on the left hand-side is multiplied by 𝑸𝑘+1
𝑇𝑈 , which is the transpose of 

the orthogonal rotation matrix obtained by a QR decomposition of the pre-array, and  
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matrix 𝑺𝑘+1
−  corresponds to a square root of the a priori covariance matrix. The matrix on 

the right hand-side is called the post-array which is an upper triangular matrix.  

The measurement step requires solving the prediction error and a posteriori covariance, 

and the Kalman gain which are obtained by the QR decomposition 

 𝑸𝑘+1
𝑀𝑈 [

𝑹2
1/2

0

𝑺𝑘+1
− 𝑪𝑑

𝑇 𝑺𝑘+1
−

] = [
𝑺𝑘+1

𝑦𝑦
�̅�𝑘+1

𝑇

0 𝑺𝑘+1
+ ] (4) 

where �̅�𝑘+1
𝑇  is the transpose of the normalized Kalman gain, 𝑺𝑘+1

𝑦𝑦
 and 𝑺𝑘+1

+  are the 

square root of the prediction error and a posteriori covariance. Moreover, the normalized 

prediction error is defined as 

 �̅�(𝑘 + 1) = (𝑺𝑘+1
𝑦𝑦

)
−𝑇

(𝒚(𝑘 + 1) − 𝑪𝑑�̃�(𝑘 + 1)) (5) 

which is used in the measurement step to correct the state prediction 

 �̂�(𝑘 + 1) = �̃�(𝑘 + 1) + �̅�𝑘+1�̅�(𝑘 + 1). (6) 

The state sensitivity propagation is computed likewise in Section 3.3 except sensitivities 

of the covariance matrices and Kalman gain are computed by utilizing the QR 

decomposition. To begin with, sensitivity of the predicted state is 

 
𝑑�̃�(𝑘 + 1)

𝑑𝜽
= 𝑨𝑑

𝑑�̂�(𝑘)

𝑑𝜽
+

𝑑𝑨𝑑

𝑑𝜽
�̂�(𝑘) +

𝑑𝑩𝑑

𝑑𝜽
𝒖(𝑘) (7) 

where the dependency on the estimated parameter vector �̂�𝑘 is left out from matrices 𝑨𝑑 

and 𝑩𝑑 for simplicity. The gradient of prediction is as follows 

 𝜳𝑇(𝑘 + 1) = 𝑪𝑑

𝑑�̃�(𝑘 + 1)

𝑑𝜽
+

𝑑𝑪𝑑

𝑑𝜽
�̃�(𝑘 + 1). (8) 

Sensitivity of the a priori covariance is 

 
𝜕𝑺𝑘+1

−

𝑑𝜽
= (𝓛𝑖

𝑇 + 𝓓𝑖 + 𝓤𝑖)𝑺𝑘+1
−  (9) 

where the matrices 𝓛𝑖 , 𝓓𝑖 and 𝓤𝑖 stand for a lower triangular, diagonal, and upper 

triangular parts of the following matrix 

 𝓛𝑖 + 𝓓𝑖 + 𝓤𝑖 = 𝑨𝑖𝑺𝑘+1
−  (10) 

where 𝑨𝑖 is an auxiliary matrix of size 𝑛𝑥 × 𝑛𝑥 which is obtained from the following 

 𝑸𝑘+1
𝑇𝑈

[
 
 
 
 
𝑑(𝑺𝑘

+𝑨𝑑
𝑇)

𝑑𝜽

𝑑𝑹1
1/2

𝑑𝜽 ]
 
 
 
 

= [
𝑨𝑖

𝑪𝑖
]. (11) 
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It should be noted that the chain rule is applied on the matrix 

 
𝑑(𝑺𝑘

+𝑨𝑑
𝑇)

𝑑𝜽
=

𝑑(𝑺𝑘
+)

𝑑𝜽
𝑨𝑑

𝑇 + 𝑺𝑘
+

𝑑(𝑨𝑑
𝑇)

𝑑𝜽
. (12) 

The sensitivity update of the state in the measurement step is obtained as 

 
𝑑�̂�(𝑘 + 1)

𝑑𝜽
=

𝑑�̃�(𝑘 + 1)

𝑑𝜽
+

𝑑�̅�𝑘+1

𝑑𝜽
�̅�(𝑘 + 1) + �̅�𝑘+1

𝑑�̅�(𝑘 + 1)

𝑑𝜽
 (13) 

where sensitivity of the normalized Kalman gain and prediction error are required. Before 

being able to compute (13), solving the following equations are required 

 𝑸𝑘
𝑀𝑈

[
 
 
 
 𝑑𝑹2

1/2

𝑑𝜽
0

𝑑(𝑺𝑘+1
− 𝐶𝑇)

𝑑𝜽

𝑑𝑺𝑘+1
−

𝑑𝜽 ]
 
 
 
 

= [
𝑿𝑖 𝒀𝑖

𝑽𝑖 𝑾𝑖
] (14) 

where the size of matrices 𝑿𝑖, 𝒀𝑖 , 𝑽𝑖, and 𝑾𝑖 are 𝑛𝑦 × 𝑛𝑦, 𝑛𝑦 × 𝑛x, 𝑛x × 𝑛𝑦, and 𝑛x × 𝑛x, 

respectively. Moreover, the following upper and lower triangular, and diagonal matrices 

are required for the sensitivity computation in (13) 

 𝓛𝒊
+ + 𝓓𝒊

+ + 𝓤𝒊
+ = [

𝑿𝑖 𝒀𝑖

𝑽𝑖 𝑾𝑖
] [

𝑺𝑘+1
𝑦𝑦

�̅�𝑘+1
𝑇

0 𝑺𝑘+1
+ ]

−1

 (15) 

which is a size of 𝑛𝑥 + 𝑛𝑦 × 𝑛𝑥 + 𝑛𝑦. Thus, matrices on the left hand-side must be 

separated into matrices �̂�𝑖
+, �̂�𝒊

+, and �̂�𝒊
+ which represent submatrices from the first row 

and column to row and column 𝑛𝑦. Similarly, �̌�𝑖
+, �̌�𝒊

+, and �̌�𝒊
+ are the submatrices from 

row and column 𝑛𝑦 + 1 to row and column 𝑛𝑦 + 𝑛𝑥. 

Finally, sensitivity of the covariance matrices and normalized Kalman gain are 

 

𝑑𝑺𝑘+1
𝑦𝑦

𝑑𝜽
= ((�̂�𝑖

+)
𝑇

+ �̂�𝒊
+ + �̂�𝒊

+)𝑺𝑘+1
𝑦𝑦

 

𝑑�̅�𝑘+1
𝑇

𝑑𝜽
= 𝒀𝑖 + ((�̂�𝑖

+)
𝑇

− �̂�𝑖
+) �̅�𝑘+1

𝑇 + (𝑽𝑖(𝑺𝑘+1
𝑦𝑦

)
−1

)
𝑇
𝑺𝑘+1

+  

𝑑𝑺𝑘+1
+

𝑑𝜽
= ((�̌�𝑖

+)
𝑇

+ �̌�𝒊
+ + �̌�𝒊

+)𝑺𝑘+1
+ . 

(16) 

Gradient of the normalized prediction error in Equation (13) is obtained using the chain 

rule 
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𝑑�̅�(𝑘 + 1)

𝑑𝜽
=

𝑑(𝑺𝑘+1
𝑦𝑦

)
−𝑇

𝑑𝜽
𝝐(𝑘 + 1) + (𝑺𝑘+1

𝑦𝑦
)
−𝑇 𝑑𝝐(𝑘 + 1)

𝑑𝜽
 

= −(𝑺𝑘+1
𝑦𝑦

)
−𝑇 𝑑(𝑺𝑘+1

𝑦𝑦
)
−𝑇

𝑑𝜽
(𝑺𝑘+1

𝑦𝑦
)
−𝑇

𝝐(𝑘 + 1) 

+(𝑺𝑘+1
𝑦𝑦

)
−𝑇

(−
𝑑𝑪𝑑

𝑑𝜽
�̃�(𝑘 + 1) − 𝑪𝑑

𝑑�̃�(𝑘 + 1)

𝑑𝜽
) 

(17) 

where the derivative rule of matrix inversion has been applied on the first derivative. The 

sensitivity of normalized prediction error reduces to  

 

𝑑�̅�(𝑘 + 1)

𝑑𝜽
= −(𝑺𝑘+1

𝑦𝑦
)
−𝑇

(
𝑑(𝑺𝑘+1

𝑦𝑦
)
−𝑇

𝑑𝜽
�̅�(𝑘 + 1) +

𝑑𝑪𝑑

𝑑𝜽
�̃�(𝑘 + 1) 

+𝑪𝑑

𝑑�̃�(𝑘 + 1)

𝑑𝜽
). 

(18) 

Sensitivity of the state is updated at the measurement step (13) using Equations (16) 

and (18).  
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APPENDIX B: TRAMLINK SANTOS DATA 

 
Figure 1. Tramlink Santos measured input and output variables 
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Figure 2. Tramlink Santos time-varying parameters  


