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A B S T R A C T   

Regulation of future RNA and protein numbers is a key process by which cells continuously best fit the envi-
ronment. In bacteria, RNA and proteins exist in small numbers and their regulatory processes are stochastic. 
Consequently, there is cell-to-cell variability in these numbers, even between sister cells. Traditionally, the two 
most studied sources of this variability are gene expression and RNA and protein degradation, with evidence 
suggesting that the latter is subject to little regulation, when compared to the former. However, time-lapse 
microscopy and single molecule fluorescent tagging have produced evidence that cell division can also be a 
significant source of variability due to asymmetries in the partitioning of RNA and proteins. Relevantly, the 
impact of this noise differs from noise in production and degradation since, unlike these, it is not continuous. 
Rather, it occurs at specific time points, at which moment it can introduce major fluctuations. Several models 
have now been proposed that integrate noise from cell division, in addition to noise in gene expression, to mimic 
the dynamics of RNA and protein numbers of cell lineages. This is expected to be particularly relevant in genetic 
circuits, where significant fluctuations in one component protein, at specific time moments, are expected to 
perturb near-equilibrium states of the circuits, which can have long-lasting consequences. Here we review sto-
chastic models coupling these processes in Escherichia coli, from single genes to small circuits.   

1. Introduction 

Statistical fluctuations in biochemical processes have long been 
considered to explain rare events or mechanisms (Delbrück, 1940). For 
example, stochastic models were shown to best explain the single-cell 
distributions of numbers of virions in infected bacteria, where 
cell-to-cell variability was observable (Delbrück, 1945). 

However, noise in RNA and protein numbers was not usually 
considered until recently, since observations of mean gene expression 
levels of large cell populations (usually highly expressing genes, such as 
the Lac gene (Lutz et al., 2001)) using technologies such as qPCR, plate 
reading, Western blot, abortive initiation reactions (McClure, 1980), 
etc., were well explained by continuous models (Ackers et al., 1982). 

Subsequently, with the introduction of fluorescent proteins (Shimo-
mura et al., 1962), single-cell fluorescence microscopy (Sanderson et al., 
2014), synthetic genetic constructs (Lee et al., 2016), and flow cytom-
etry (Adan et al., 2017) allowed observing significant cell-to-cell vari-
ability in protein numbers, even in isogenic cell populations in 
homogenous environments. In bacteria, one important cause for this 

variability are the small numbers of RNA in optimal growth conditions, 
usually less than 10 per gene (Taniguchi et al., 2010). 

Noise in prokaryotic gene expression is considered to be a key source 
of bacterial phenotypic heterogeneity. This heterogeneity is expected to 
promote survival of cell populations and cell lineages in fluctuating 
environments (Acar et al., 2008; Charlebois and Bal�azsi, 2016; Healey 
et al., 2016) by enhancing adaptability via specialization of biological 
functionalities (Ackermann, 2015), by allowing phenotype selection 
(Süel et al., 2006) and by providing negative frequency-dependent se-
lection, i.e. the emergence of rare, lesser fit phenotypes in, e.g. envi-
ronments with diverse resources (Charlebois and Bal�azsi, 2016; Healey 
et al., 2016). 

One of the earliest observations of a stochastic decision-making 
mechanism of gene expression occurred in a study of the immunity 
phase-shift in cells lysogenic for λCI857, conducted by Neubauer and 
Calef (1970). Two genes, CI and Cro, form a toggle switch by repressing 
one another. This circuit is thus expected to be in one of two states: 
either CI is ‘ON’ and Cro is ‘OFF’, or vice versa. Once reaching one of 
these states, the circuit is expected to remain stable thereafter. However, 

* Corresponding author. Arvo Ylp€on katu 34, P.O.Box 100, 33014, Tampere University, Finland. 
E-mail address: andre.sanchesribeiro@tuni.fi (A.S. Ribeiro).  

Contents lists available at ScienceDirect 

BioSystems 

journal homepage: http://www.elsevier.com/locate/biosystems 

https://doi.org/10.1016/j.biosystems.2020.104154 
Received 10 September 2019; Received in revised form 3 April 2020; Accepted 16 April 2020   

mailto:andre.sanchesribeiro@tuni.fi
www.sciencedirect.com/science/journal/03032647
https://http://www.elsevier.com/locate/biosystems
https://doi.org/10.1016/j.biosystems.2020.104154
https://doi.org/10.1016/j.biosystems.2020.104154
https://doi.org/10.1016/j.biosystems.2020.104154
http://crossmark.crossref.org/dialog/?doi=10.1016/j.biosystems.2020.104154&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/


BioSystems 193-194 (2020) 104154

2

at rare moments, the circuit was observed to switch to the other state, 
which is consistent with stochastic dynamics. To show this, Arkin et al. 
(1998) design a kinetic model of the circuit using the stochastic 
formulation of chemical kinetics (Gillespie, 1977, 1992) and found that, 
unlike deterministic models, the stochastic model predicted the statistics 
of the circuit. 

Since then, several stochastic models of gene expression have been 
proposed for various organisms, particularly for the model organism 
E. coli. In E. coli, and similar organisms in general, little regulation ap-
pears to be exerted on RNA degradation, in that this process seems to be 
largely independent from the RNA sequence (Bernstein et al., 2002; 
Deutscher, 2006; Chen et al., 2015). In detail, while there is some evi-
dence for regulation of bulk RNA concentrations as a function of cell 
growth rates (Esquerr�e et al., 2014), so far we lack evidence for RNA 
sequence dependent regulation, unlike in transcription initiation, where 
several regulatory mechanisms are encoded at the promoter region of 
each gene (e.g., binding sites for transcription factors). Thus, most sto-
chastic models of gene expression set the key regulatory mechanisms at 
the stage of transcription initiation (for reviews see, e.g. (Gibson and 
Mjolsness, 2001; de Jong, 2002; Ribeiro, 2010)). 

As time-lapse microscopy and single-molecule tracking became 
common practices, cell-to-cell diversity was observed to also emerge in 
cell division due to, e.g., morphological asymmetries in division (for a 
review see (Kysela et al., 2013)), or asymmetries in the partitioning of 
components between sister cells, e.g., due to non-random, protein 
spatial distributions (Llopis et al., 2010). Interestingly, these asymme-
tries in cell division can be affected by the partitioning scheme of the 
components being partitioned (Huh and Paulsson, 2011), and by the 
presence of macromolecules (including the nucleoid), which can 
enhance/reduce heterogeneities in the spatial distribution of the com-
ponents (Gupta et al., 2014a). Further, asymmetries in the location of 
the plane of division (Gupta et al., 2014b) can also enhance asymmetries 
in cell division. Meanwhile, at a higher scale, if the components asym-
metrically partitioned are integrated into a genetic circuit, the asym-
metry in one component may propagate to other proteins of the circuit 
(Munsky et al., 2012). 

Here we review recently proposed stochastic models of the combined 
effects of noise in gene expression and stochastic partitioning of RNA 
and proteins in cell division, in the context of bacterial cell populations. 

Given the myriad of sources of cell-to-cell diversity in gene expres-
sion components, it is not simple to identify the effect of each source 
when analyzing experimental data. Consequently, their modelling can 
also be difficult. Therefore, models usually account for the most com-
mon sources of noise (e.g. in gene expression) and then add a specific 
source studied (for reviews, see (Hellweger et al., 2016; Gupta and 
Mendes, 2018)). As such, we start by reviewing stochastic models of 
gene expression and of partitioning schemes in cell division, separately. 
Next, we review models that include both of these sources of noise. 
Finally, we describe freely available simulators for these models that use 
the common language of representation of chemical reactions in order to 
suit users with various scientific backgrounds. 

For reviews of models of gene expression, models of genetic circuits, 
and a comparison of delayed versus non-delayed stochastic models of 
gene expression, we refer to, respectively, (de Jong, 2002; Karlebach 
and Shamir, 2008; Hasty et al., 2001), and (Ribeiro, 2010). 

2. Stochastic models of gene expression 

Several models of stochastic gene expression have been proposed, 
usually based on observations of viral and bacterial gene expression 
systems. One of the first stochastic models was proposed by Ko et al. (Ko, 
1991, 1992), from empirical evidence that the expression dynamics of 
individual genes did not match their mean behavior (Ko et al., 1990). 
Several models followed (Arkin et al., 1998; Mcadams and Arkin, 1997; 
Gibson and Bruck, 2000; Sasai and Wolynes, 2003; Ozbudak et al., 
2002). For reviews, see (Karlebach and Shamir, 2008; Gibson and 

Mjolsness, 2001). Later on, to consider the complex, multi-step nature 
and/or significant length in time of gene expression, delayed stochastic 
models were introduced (Bratsun et al., 2005; Barrio et al., 2006; 
Roussel and Zhu, 2006; Ribeiro et al., 2006; Gaffney and Monk, 2006). 
Usually, the delays were introduced to account for the time-length of 
protein folding and activation, and/or of transcription initiation. 

We start by describing a stochastic gene expression model with 
neither time delays nor regulatory processes. For this, we assume a 
constitutive gene, i.e. always active (in a ‘ON’ state, represented as 
‘GeneON’). We model the production of RNA and proteins separately, 
both as 1-step processes (reactions (2.1) and (2.2), respectively). This 
separation of gene expression into transcription and translation allows 
for the separate regulation of the kinetics of the two events. Also 
included are separate, constant exponential decays of RNA and proteins 
(reactions (2.3) and (2.4), respectively) (Peccoud and Ycart, 1995; 
Munsky et al., 2012): 

GeneON��!
k1 RNA (2.1)  

RNA��!
k2 P (2.2)  

RNA��!
k3 ∅ (2.3)  

P��!
k4 ∅ (2.4)  

Here, k1 and k2 are the RNA and protein (P) production rates, respec-
tively, while k3 and k4 are the RNA and protein degradation rates by 1- 
step decay processes, respectively. 

Next, one can introduce a regulatory process (Jacob and Monod, 
1961). The most common is repression by transcription blocking, i.e. a 
molecule binds near or at the promoter region, blocking access to the 
RNA polymerase (RNAP). In this model, a gene can either be ‘ON’, with 
transcription occurring at a constant rate, or ‘OFF’ (GeneOFF), if 
repressed. Transitions between the ON and OFF states (at exponentially 
distributed intervals (Gardiner, 2004)) occur at the rates kON and kOFF 
(Kepler and Elston, 2001), as follows: 

GeneOFF ⇄
kON

kOFF
GeneON (2.5) 

Usually, the two events depicted in reactions (2.5) require the 
intervention of one or more regulatory molecules (e.g. transcription 
factors.). As examples, in reaction (2.6), we model a gene whose acti-
vation requires the binding of molecule ‘A’, while in reaction (2.7) we 
model a gene whose repression requires the binding of molecule ‘B’ 
(similarly to above, the explicit representations of A and B allows the 
control of the numbers of these molecules in time and/or in individual 
cells): 

GeneOFF þ A ⇄
kON

kOFF
GeneON:A (2.6)  

GeneOFF:B ⇄
kON

kOFF
GeneON þ B (2.7) 

By designing more complex models than those above, it is possible to 
enhance their realism. For example, in accordance to empirical data, and 
unlike what is represented in reaction (2.1), transcription initiation is a 
multi-step process (McClure, 1985). This is modeled in reactions (2.8) 
where, first, the RNAP has to find a transcription start site (TSS), usually 
located in the promoter region of the gene. The binding between the 
RNAP and the TSS that forms a ‘closed complex’ is reversible (McClure, 
1980). In detail, in the first step of the set of reactions (2.8), kcc is the rate 
at which the RNAP finds the promoter region and performs a 1D diffu-
sion process along the DNA until successfully binding to the TSS (Bai 
et al., 2006; Wang and Greene, 2011), while k-cc is the opposite event. 
Due to being reversible, in general, the RNAP forms several closed 
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complexes until one of them successfully progresses into a stable, open 
complex, following the melting of the DNA and formation of a tran-
scription ‘bubble’, at the rate koc (Bai et al., 2006). The kinetics of this 
process (e.g. the number of closed complex formations per open complex 
formation) can be tuned by changing kcc and koc. The remaining steps 
(here regulated by kescape) represent the overall rate of promoter escape 
and clearance (after completion of the open complex), accounting for 
the rate of abortive initiation (Duchi et al., 2016; Liang et al., 1999). In 
normal conditions, ‘promoter escape’ is much faster than the two pre-
vious rate-limiting steps (kescape >> kcc and koc) (McClure, 1985; Duchi 
et al., 2016). Subsequently, as the RNAP clears the promoter region, it 
forms an elongation complex that will synthesize the RNA. Overall, the 
multi-step nature of transcription initiation can be well modeled by re-
actions (2.8), with GeneON being an active, unrepressed gene, R being 
the RNA polymerase, ProCC the closed complex, and ProOC the open 
complex: 

GeneONþR ⇄
kcc

k cc
ProCC��!

koc ProOC ��!
kescapeGeneON þ Rþ RNA (2.8) 

In this model, the rate of transcription elongation is not accounted 
for in the kinetics of RNA production. This is because it does not affect 
the mean time length between consecutive RNA production events, only 
the variability of this time length. 

The modeling of the multi-step nature of transcription initiation 
(Walter et al., 1967; Kierzek et al., 2001; Saecker et al., 2011; Chen et al., 
2019, 2020) can be of importance, particularly the first two rate-limiting 
steps, as these can be significantly long-lasting. Also, by tuning kcc and 

koc individually, one can alter significantly the shape of the distribution 
of time intervals between RNA production events, even when not 
changing the mean rate of RNA production (Startceva et al., 2019), 
which is not possible if using a one-step model of RNA production 
without time delays (Lloyd-Price et al., 2016). Second, regulatory 
mechanisms in E. coli may act on only one of these steps, or in both by 
different degrees (Lutz et al., 2001; M€akel€a et al., 2017), thus requiring 
their direct representation. 

As an example of how differences in the rates of the two main rate 
limiting steps of transcription initiation can affect the shape of the dis-
tribution of time intervals between consecutive RNA production events 
and, thus, of noise in RNA production, we performed example simula-
tions of the model (2.8), setting different values for kcc and koc, while 
maintaining (1/(R � kcc)þ1/koc) constant. We also consider RNA 
degradation (reaction (2.3)), to ensure realistic RNA numbers (as well as 
the contribution from noise of the degradation process). Models, 
parameter values of the rate constants, and initial values of each 
component are shown in Fig. 1. 

We consider the following conditions. In (A), the formation of the 
closed complex is faster than the formation of the open complex (kcc >

koc). In (B), the rates of formation of the closed and open complex are 
identical (kcc ¼ koc). Finally, in (C) the formation of the closed complex is 
slower (kcc < koc). The expected time between transcription events is the 
same in all conditions. 

To compare the kinetics of RNA production in the three conditions, 
we performed simulations and extracted the number of RNAs in a period 
of time when the RNA numbers are expected to be near equilibrium (for 

Fig. 1. Example simulations of a model of a 2-rate limiting step process of RNA production by an active gene and RNA degradation. Shown are the reactions of RNA 
production and RNA degradation (top left table, reactions 1 and 2, respectively). Also shown are the initial quantities of each component (top right table), and parameter 
values different and identical to each condition (mid tables, left and right, respectively). Three conditions are considered: (A) the rate of closed complex formation is 
higher than the rate of open complex formation (kcc > koc); (B) kcc ¼ koc; and (C), kcc < koc. In all conditions, the mean expected RNA production rate (1/(R � kcc)þ1/ 
koc) is identical. Also identical are kescape and kd. Finally, the bottom figures show the probability distributions of time intervals (Δt) between RNA production events 
(right figures), and the number of RNAs in individual cells at any given moment (left figures). Each figure also shows the mean (μ) and standard deviation (σ) of the 
distribution. Note that the axes ranges differ. We performed 2200 simulations of each model, each 106 s long, and extracted the number of RNAs once per second, 
between moments 2 � 105 s to 1 � 106 s, during which time the RNA numbers are expected to be near equilibrium. 
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details, see legend of Fig. 1). We also obtained the time intervals (Δt) 
between consecutive RNA production events. For this, we modeled 
probes (not shown in reaction 2.8) that appear at the same time as an 
RNA is produced, but do not degrade. As such, the intervals can be ob-
tained from when a new probe appears (avoiding interference from RNA 
degradation). 

The distributions of RNA numbers and Δt values of each condition 
are shown in Fig. 1, along with their respective mean (μ) and standard 
deviation (σ). As expected, since (1/(R � kcc)þ1/koc) does not differ 
between conditions, both μ(Δt) and μ(no. RNAs) do not differ. However, 
one finds that the standard deviation (σ) is minimal when kcc and koc are 
identical (condition B), while it does not differ significantly between 
conditions A and C since the absolute difference between kcc and koc is 
identical in the two conditions. 

To validate these conclusions, we performed two-sample t-tests be-
tween the pairs of distributions of extracted values of σ of the distribu-
tions of Δt values, with the null hypothesis that the data comes from 
normal distributions with equal means and unequal variances. We found 
that the p-values were approximately 0 when comparing A and B and, B 
and C (for p-values smaller than 0.01, we reject the null hypothesis). 
Meanwhile, comparing A and C, we obtained a p-value of 0.13 and, thus 
we cannot reject the null hypothesis. Similar conclusions were obtained 
when comparing the distributions of RNA numbers. Overall, using the 
two-step model (2.8), it is possible to regulate the mean and variability 
in RNA numbers independently from one another (to a certain degree), 
similarly to models with an ON-OFF mechanism whose kinetics is in-
dependent from the transcription process (e.g. a model combining re-
actions 2.1 and 2.5). 

Rather than model the events in transcription initiation explicitly, 
one can instead consider how long they take to be completed once 
initiated. This may result in more accurate dynamics of RNA numbers. 
For example, simulations of reaction (2.8) usually assume that the time 

taken by each step follows an exponential distribution (particularly 
when simulated using the Stochastic Simulation Algorithm (Gillespie, 
1977)). However, this is not necessarily the case (e.g. the opening of the 
DNA for reading is not expected to have this kinetics). To correct for this, 
one can introduce time delays (τ) between the start and completion of an 
event as in (Ribeiro et al., 2006). The delays can be constant or, to be 
more accurate, be randomly extracted from a desired distribution each 
time a reaction occurs (the simulator proposed in (Lloyd-Price et al., 
2012) can be used for this purpose). For this, transcription can be 
modeled as: 

Rþ Pro��!
k1 Proðτ1Þ þ RNAðτ2Þ þ Rðτ2Þ (2.9) 

In (2.9), the RNA polymerase (R) binds to the promoter (Pro) as 
previously but, instead of releasing the products once the reaction 
occurred, it does so only after the time delays (after τ1 seconds in the 
case of the promoter region, and after τ2, with τ2 > τ1, in the case of the 
RNA and RNAP, to account for transcription elongation and termina-
tion). One advantage of this model is that the delays can be directly 
extracted from empirical distributions each time the reaction occurs, to 
obtain accurate distributions of intervals between RNA production 
events. 

To exemplify the ability of this modeling strategy to tune single-cell 
RNA numbers, consider the model (2.9) and three conditions, differing 
in the distribution from which τ1 values are randomly drawn from, each 
time a transcription event occurs (see Fig. 2 for details). For simplicity, 
we consider three conditions (A, B, and C), with τ1 values being drawn 
from Gaussian distributions differing in mean and standard deviation 
(represented as Gaussian (μ,σ2)). The conditions also differ in the rates of 
RNA degradation (kd), which are tuned so that the conditions differ little 
in mean expected RNA numbers. 

Example results in Fig. 2 show that the distribution of time intervals 
between the production of consecutive RNAs and the distribution of 

Fig. 2. Example models of a 2-rate 
limiting step process of RNA produc-
tion from an active gene with time 
delays in the release of the promoter 
(Pro), the RNA, and the RNAP (R). 
Shown are the reactions of RNA pro-
duction along with RNA degradation 
(top left table), the initial quantities of 
each component (top right table), as 
well as the general parameter values 
and the parameter values specific to 
each condition (mid tables). Time de-
lays are randomly drawn from 
Gaussian distributions each time an 
event occurs. Three conditions are 
considered: (A), (B), and (C), which 
differ in the mean and standard devi-
ation of the Gaussian distribution 
from which time delays are drawn 
from. Finally, the bottom figures show 
the probability distributions of time 
intervals (Δt) between RNA produc-
tion events and of the number of RNAs 
in individual cells at any given 
moment (once reaching near equilib-
rium). These figures also show the 
mean (μ) and standard deviation (σ) of 
the distributions. Note that the axes 
ranges differ. We performed 1200 
simulations of each model, each 105 s 
long, and extracted the number of 
RNAs once per second, between mo-
ments 2 � 104 and 1 � 105, during 
which time the RNA numbers are ex-
pected to be near equilibrium.   
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RNA numbers can be tuned by the time delays in transcription initiation, 
even when tuning, e.g. RNA degradation rates, so that mean RNA 
numbers are not affected. To validate these conclusions (by establishing 
that the dynamics differs significantly between the conditions), we 
performed two-sample t-tests between the pairs of distributions of 
extracted values of σ of the distributions of single-cell RNA numbers 
values, with the null hypothesis that the data comes from normal dis-
tributions with equal means and unequal variances. We found that the p- 
values were approximately 0 for all possible pairs of distributions (for p- 
values smaller than 0.01, we reject the null hypothesis). 

Similarly, using this methodology, translation can be modeled as: 

RibosomeþRBS��!
k2 RBSðτ3Þ þ Ribosomeðτ4Þ þ Pðτ5Þ (2.10)  

where RBS stands for the ribosome binding site region of the RNA since, 
in E. coli, once this region is free, ribosomes can bind to initiate trans-
lation of the RNA (which allows for several proteins to be produced 
simultaneously from the same RNA). Meanwhile, τ5 stands for the time 
that it takes for protein folding and activation. Finally, proteins can be 
degraded as in reaction (2.4) (its noted that this model assumes a process 
of protein degradation as simple as the one for RNA, which may not 
suffice in realism). 

These models can be expanded to include several other phenomena 
involved in gene expression. As an example, we describe how one can 
introduce the influence of positive supercoiling buildup, known to affect 
highly expressed genes (see e.g. (Chong et al., 2014)). A set of reactions 
similar to reactions (2.5) can be used to model transcription locking due 
to positive supercoiling buildup (PSB), which causes transcriptional 
bursting (Golding et al., 2005; Chong et al., 2014) (Fig. 3). Namely, 
transcription locking resulting from the accumulation of PSB from the 
activity of neighboring genes can be modeled by reaction (2.11) (Chong 
et al., 2014). Escape from this state requires the intervention of Gyrase 
(Reece and Maxwell, 1991; Drlica, 1992). This is modeled by reaction 
(2.12), whose kinetics depends on the rates of Gyrase association and 
dissociation from the DNA (Reece and Maxwell, 1991) and the number 
of Gyrases in the cell. In this regard, one could also add a time-delay, to 
account for the time taken by Gyrase to resolve sufficient coils to release 
the promoter from a locked state (usually this is much faster than the 
time scale of intervals between transcription events and, thus, we opted 
for not including it). 

ProON��!
kPSB ProLocked (2.11)  

ProLockedþG��!
kG ProON þ G (2.12) 

Promoter locking/unlocking due to PSB, represented in (2.11) and 
(2.12), can be coupled with the models of transcription. E.g., it can be 

coupled with the model in (2.8), by setting that the promoter (Pro), 
when in the ON state, being able to either be bound by RNAP (via re-
action (2.8)) or to become locked due to supercoiling (via reaction 
(2.11)). As such, one could set a model where there is competition for 
ProON, each time it is available. A simpler version of this model (tran-
scription modeled as a 1-step process) was used in (Chong et al., 2014; 
Golding et al., 2005). Finally, an additional reaction (e.g. reaction (2.3)) 
would allow for RNA to degrade (which is not necessary, if the model 
only intends to predict intervals between consecutive RNA production 
events, rather than RNA numbers). 

As an example, Fig. 4 shows the time intervals between RNA pro-
duction events of such a model, absent of RNA degradation and of 
regulation by transcription factors, for simplicity (reactions (2.6) and 
(2.7) could be added for implementing activation/repression mecha-
nisms, respectively). Also shown are the reactions simulated, their 
parameter values, and initial numbers of each component. From the 
results, the variability of the time intervals between consecutive RNA 
production events increases as Gyrase numbers decrease, even when the 
mean of the interval between consecutive RNA production events is kept 
near constant (here, this was achieved by compensating increasing OFF 
periods due to positive supercoiling buildup with increased transcrip-
tion initiation rates). 

In summary, stochastic modelling of gene expression can be made 
increasingly complex, depending on which processes are modeled and to 
which level of detail. The level of detail desired usually should follow 
the precision and nature of the measurements from which the empirical 
data is obtained: e.g., from mean RNA and protein production rates in 
cell populations, to single-cell level, to single-RNA (Golding et al., 2005) 
and single-protein numbers (Taniguchi et al., 2010), and finally, to the 
single nucleotide and codon level (Herbert et al., 2008). The models 
should also consider, e.g., what perturbations are they expected to 
mimic the effects of. For example, when the measurements explore the 
effects of overexpressing Gyrase, it will be relevant to add reactions 
modeling positive supercoiling buildup and represent Gyrases and their 
actions explicitly. 

3. Stochastic partitioning in cell division 

Some of the first stochastic models of single-cell distributions of 
protein levels in growing cell populations were developed for E. coli 
(Berg, 1978; Rigney, 1979), whose division is morphologically 
near-symmetric (Marr et al., 1966; Trueba, 1982). These models usually 
assumed that proteins were homogenously distributed in the mother 
cell, at the moment of division, or were evenly distributed by the two 
geometric sides of the cell. The latter assumption is usually accurate for 
many proteins existing in large numbers, unless they are clustered 

Fig. 3. Schematic representation of transcriptional bursting. The gene can be in the OFF state or in the ON state, during which time there is a significant increase in 
the numbers of mRNA transcribed by the gene. 
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(Kuwada et al., 2015). 
In this regard, a genome wide study of protein localization (Kuwada 

et al., 2015) using cells from the ASKA þ library (Kitagawa et al., 2006) 
reported that only 40% of the (869) proteins observed were partitioned 
asymmetrically. Further, ~50% of these (~250 proteins) formed ag-
gregates, likely due to inclusion bodies, which ‘artificially’ promote 
asymmetry, due to their preferential localization at the cell poles 
(Lindner et al., 2008), caused by a phenomenon of nucleoid exclusion 
from midcell (Woldringh et al., 1994; Winkler et al., 2010). E.g. assume 
a cell with two such clusters and that, once the cell divides, each 
daughter cell inherits only one cluster (Gupta et al., 2014a). Since these 
clusters will likely differ in size, this already generates asymmetries in 
division. Further, in the subsequent cell division events, the partitioning 
of the clusters will be necessarily uneven, as only one of daughter cells 
will inherit the only protein cluster of the mother cell. Recent observa-
tions of these phenomena were reported in, e.g. (Neeli-Venkata et al., 
2016), where both natural and synthetic protein aggregates, as well as 
the nucleoids, were tracked, which allowed the development of more 
complex models of partitioning in cell division. 

Given the above (and since the localization of the proteins was 
widely diverse, suggesting that fusion with GFP did not play a major role 
(Kuwada et al., 2015)), the actual fraction of proteins that are asym-
metrically partitioned in cell division in natural conditions may be less 
than 25%. This implies that, for some proteins the asymmetric parti-
tioning is selectively advantageous while for others it is not (Erjavec 
et al., 2008; Kysela et al., 2013). It further suggests that E. coli may have 
evolved ingenious asymmetric protein partitioning processes (Ventura 

and Sourjik, 2011). One case where it could be advantageous is the 
asymmetric partitioning of unwanted protein aggregates, which could 
be a means to ‘renew’ most cells of a lineage, at the cost of a few in-
dividuals that would inherit most aggregates (Stewart et al., 2005; 
Lindner et al., 2008). 

In general, there are at least two means by which partitioning in cell 
division can be asymmetric. Either the cell components are unevenly 
split even though division is morphological symmetric (Fig. 5, bottom 
left) or, division is morphologically asymmetric, causing the larger 
daughter cell to inherit more components, provided that they are 
homogenously distributed (Fig. 5, top right). Finally, both asymmetries 
(positional and morphological) can occur, which could further enhance 
functional asymmetries between sister cells. 

To introduce these asymmetries in stochastic models of gene 
expression of growing cell populations, Huh and Paulsson developed 
several models of partitioning schemes (Huh and Paulsson, 2011), 
shown in Fig. 5. They range from ‘perfectly homogeneous’ (top left 
scheme) to ‘entirely heterogenous’ (one-gets-all, bottom right scheme). 
The intermediate schemes considered here are based on known mech-
anisms by which cellular components (e.g. non-functional proteins) can 
form larger components or, instead, on cell components that preferen-
tially locate in certain positions (e.g. the Tsr protein complexes prefer-
entially locate at the cell pole due to nucleoid exclusion (Neeli-Venkata 
et al., 2016) as well as due to the action of Tol-Pal complexes (Santos 
et al., 2014)). Finally, the authors considered morphological asymme-
tries (see the bottom right model in Fig. 5). These strategies have since 
been applied to various models of cellular processes (Jahn et al., 2015). 

Fig. 4. Example models of a 2-rate limiting step process of RNA production from an active gene (ProON) subject to locking (ProLocked) due to positive supercoiling 
buildup and unlocking by the action of Gyrases (G). Shown are the reactions of RNA production along with promoter locking and unlocking (top left table), the initial 
quantities of each component (top right table), and the general parameters and the parameters specific to each condition (mid and bottom tables, respectively). Three 
conditions are considered: (A), (B), and (C), differing in the numbers of Gyrases (G) and in the kinetics of the closed complex formation (k1 and k-1). Finally, the 
bottom right figures show example probability distributions of time intervals (Δt) between consecutive RNA production events, along with the mean (μ) and standard 
deviation (σ) of the distributions of each condition. Note that the axes ranges differ. We performed 1200 simulations of each model, each 106 s long, and extracted the 
time intervals between consecutive RNA production events. 
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Assuming the use of, e.g., the simulator SGNS2 (Lloyd-Price et al., 
2012), one can introduce such partitioning schemes with ease. For 
example, assume a growing population with cells expressing a given 
protein. To introduce partitioning of this protein by pair formation, one 
can introduce reactions by which these proteins bind and unbind from 
one another. The rates of these events will define the fraction of paired 
proteins. One can also set reactions for pairs to bind to a third protein, 
etc., creating larger clusters. To introduce uneven partitioning at the 
single protein level, one can define uneven probabilities of the two 
daughter cells inheriting a protein. Similarly, the effects of morpholog-
ical asymmetries in division can also be modeled by setting uneven 
probabilities of inheritance and then defining different rate constants in 
the two daughter cells (to account for differences in their volumes). 

It is also possible to model spatial heterogeneities, such as due to the 
presence of the nucleoid at midcell. E.g., in (Gupta et al., 2014a) the cell 
was modeled as a 1-dimensional structure, divided into N equal sections. 
Then, to simulate the effects of the presence of a nucleoid at midcell on 
the spatial dynamics of large molecules, the model tuned different 
probabilities of cell components moving between next nearest neighbor 
sections as a function of their position. Initially, the model assumed 
equal probabilities of a molecule in section n to move to sections nþ1 or 
n-1 (except at the extreme sections). Next, to introduce nucleoid oc-
clusion, which heavily reduces the chances of large cellular components 
to occupy the midcell region, it was decreased the chance of large 
molecules of moving towards the geometric center of the cell in accor-
dance with the shape of an inverted Gaussian function, centered at 
midcell (i.e. the closest from midcell, the less likely it is to further 
approach the cell center). This model has significant flexibility. E.g. it 
allows introducing single-cell variability in the nucleoid center or size by 
introducing distinct Gaussian functions in individual cells. A similar 
strategy can be used to model nucleoid replication. E.g. one can 
implement two, lesser wide Gaussian functions, that first emerge at 
midcell and then move over time towards each becoming centered in 
between midcell and the cell extremities. 

4. Models combining stochastic genetic circuits and partitioning 
in cell division 

The first models considering cell-to-cell variability in protein 
numbers in growing cell populations (Berg, 1978; Rigney, 1979) made 
evident that cell division alters the shape of the single-cell distribution of 
protein numbers. It was shown that, even when assuming binomial 
partitioning in division, single-cell distributions of protein numbers 
could not be well described by a Poisson distribution, if proteins 
numbers are small. One of the reasons for this is that, unlike noise from 
gene expression, noise from cell division is introduced at specific points 
in time, causing a temporary surge of cell-to-cell variability in protein 
numbers, which then “dissipates” over time, until the next division 
event. 

Consequently, the effects of stochastic partitioning should differ with 
the rate of cell division (Bertaux et al., 2018; Scott et al., 2010; Schwabe 
and Bruggeman, 2014; Klumpp et al., 2009). Also, the models suggested 
that the variability in RNA and protein numbers introduced by cell di-
vision can be regulated by the timings of cell division (e.g. the degree of 
synchronization, the nature of the partitioning process such as its bias, 
and the kinetics of gene expression events (Wang et al., 2015, 2018; 
Soltani and Singh, 2016)). 

In this regard, it has been considered that, in real cells, when 
‘implementing’ different growth rates, cells exhibit different mRNA 
lifetimes (Esquerr�e et al., 2015) and RNAP and ribosomes abundance 
(Klumpp et al., 2009), among other. This suggests that the cells execute 
different global transcriptional programs, which likely differ in noise 
levels (Bar-Even et al., 2006; Esquerr�e et al., 2014). Meanwhile, Bertaux 
and colleagues (Bertaux et al., 2018), using a 2-step gene expression 
model (transcription followed by translation), showed that a single-cell 
distribution of protein numbers can be kept independent from the 
growth rate, by tuning the translation rates. 

As examples of how partitioning in cell division affects distributions 
of gene expression products in an isogenic cell population, we simulated 
the dynamics of single-cell protein distributions in cell lineages subject 
to different partitioning schemes. Models and results are shown in Fig. 6. 
We considered: (A) perfect proteins’ partitioning; (B) random size par-
titioning and (C) all-or-nothing partitioning. Each cell was set to grow at 
a constant rate and divide when reaching a specific length. In division, 
the length of the daughter cells relative to the mother cell was set ac-
cording to a binomial distribution with p ¼ 0.5 (except for case B, where 
it is based on a beta distribution with α ¼ β ¼ 2). The gene expression 
model in each cell is depicted in Fig. 6 (reactions (2.9), (2.3), (2.10) and 
(2.4) for RNA and proteins production and degradation, respectively). 
The rate constants and parameters of the partitioning schemes are also 
shown in Fig. 6. 

One important information required to implement cell division is 
whether a component is replicated (e.g. a gene) or partitioned (e.g. 
proteins) in division. In the case of SGNS2, the partitioning of the 
components of the mother cell is a process by which a component either 
“remains” in one daughter cell, or it “moves” to “the other” daughter 
cell. This is implemented as follows (see an example complete imple-
mentation in Supplementary Material). Let “split” be a cell division 
event represented as a chemical reaction, with substrates, a rate con-
stant, and products, as in (4.1):  

split:Protein@Cell –[1]–> @Cell þ Promoter@Cell þ :Protein@Cell;  (4.1) 

Here, the cell component “Protein” of the mother cell is consumed 
during a split (as it is set to be a substrate of the reaction) and then 
appears as a product (of the splitting process). Consequently, it is not 
replicated but will appear in one of the daughter cells. Meanwhile, the 
component “Promoter” is not consumed, since it is not a substrate, but is 
produced. As such, a “Promoter” will be replicated (in the sense that it 

Fig. 5. Schematic representation of partitioning schemes of cell components due to asymmetric positioning and/or morphologically asymmetric divisions. (Top left) 
Perfect partitioning, (Top center) Pair formation, (Top Right) Random size partitioning, (Bottom left) Preferential partitioning, (Bottom center) Cluster formation, and 
(Bottom right) All or nothing partitioning. 

I.S.C. Baptista and A.S. Ribeiro                                                                                                                                                                                                              



BioSystems 193-194 (2020) 104154

8

(caption on next page) 

I.S.C. Baptista and A.S. Ribeiro                                                                                                                                                                                                              



BioSystems 193-194 (2020) 104154

9

will “remain” in the original cell and will also appear in the “other 
daughter cell” that was produced in this process). For purposes of 
implementation alone, note that the product “Protein” is preceded by a 
“:”, while the product “Promoter” is not. For details on the various 
possible schemes of partitioning of the components that are not repli-
cated, see (Lloyd-Price et al., 2012). 

Finally, in the case of SGNS2, there is the possibility of delayed 
events. To handle this (i.e. for components in the waitlist to not be lost 
during cell division), the simulator will always implement the same rules 
of partitioning in cell division to both the components in and the com-
ponents out of the waitlist. However, those in the waitlist will remain in 
the waitlist of the daughter cells until the waiting time is over, as which 
point they will other appear in both daughter cells or in only one of the 
daughter cells, depending on the rules set, as described above. 

From Fig. 6, first, comparing conditions A, whose proteins are 
distributed evenly between sister cells (see inset in Fig. 6A), and B, 
whose proteins partitioning follows an unbiased binomial distribution, 
one finds that the mean difference between protein numbers of sister 
cells following division is near-identical (aside from stochastic fluctua-
tions). However, the latter shows a larger standard deviation and kur-
tosis, due to the randomness in protein partitioning. Meanwhile, in 
condition C, there is an absolute asymmetry in the partitioning, causing 
the mean and standard deviation of the difference in protein numbers 
between sister cells to be much higher than in A and B (while the kur-
tosis is lower). 

Regarding small genetic circuits (Segall et al., 1986; Arkin and Ross, 
1994; Arkin et al., 1998; Samoilov et al., 2002; Wolf and Arkin, 2002, 
2003; Levchenko et al., 2004; Klumpp et al., 2009; Uriu, 2016; Bertaux 
et al., 2018; Rosenfeld et al., 2005), the effects of cell division are ex-
pected to differ significantly between circuits. For example, in genetic 
switches, since their stability depends on the number of proteins of the 
active gene, the higher the asymmetry in the partitioning of the ‘domi-
nant’ protein during cell division, the more likely it will be that state 
switching will occur in the daughter cell receiving less proteins. Mean-
while, in genetic clocks, the same perturbation is expected to cause the 
circuit to lose ‘track of time’ but not ‘change state’, since the system only 
has one stable ‘noisy attractor’. It is also expected a relationship between 
the period of oscillation of the Repressilator and the effects of tuning cell 
division rates. 

The effects of the ‘uncertainty’ introduced by stochastic partitioning 
and division times on the dynamics of small genetic circuits has recently 
been explored in several studies, assuming various initial conditions and 
models. For example, Stamatakis and Mantzaris (2010) studied the ef-
fects of intrinsic noise and division cycle on the dynamics of a model 
stochastic oscillator. In some conditions, coherence resonance emerged 
between the cell cycle and the oscillatory dynamics of the oscillator, 
which enhanced the robustness of the oscillation. 

Meanwhile, Gonze (2013) studied the perturbations introduced by 
the cell division cycle on the oscillatory dynamics of a Repressilator. The 
study focused on the effects of noise due to the limited number of pro-
teins and cell-to-cell variability in these numbers generated by noisy 
partitioning in cell division and noisy division times. Interestingly, they 
reported that, within the range of parameter values analyzed, cell-to-cell 
heterogeneity was a stronger source of variability in the oscillations of 
the Repressilator than the division events. 

In (Lloyd-Price et al., 2014), noise in partitioning in division was also 
found to affect the long-term dynamics of toggle switches and Repres-
silators, for various partitioning schemes. The behavior of these circuits 
was analyzed for binomial partitioning, pair formation (an ordered 
partitioning scheme) and random accessible volume (a disordered par-
titioning scheme) as defined in (Huh and Paulsson, 2011). It was found 
that changing the partitioning scheme sufficed to alter significantly the 
circuits’ long-term dynamics. 

Another study (Tourigny, 2014) showed that the oscillations can 
suffer phase shifts after cell division although, if the oscillations have 
faster periods than cell division, the oscillations will likely be robust to 
the perturbations. Meanwhile, Ahmed et al. (2015) studied the dy-
namics of populators of genetic oscillators assuming that cell division 
acts as a ‘resetting’ process and showed that, in this scenario, cell divi-
sion causes phase drifts. 

When studying genetic oscillators, Veliz-Cuba and colleagues 
(Veliz-Cuba et al., 2015) reported that there is a high cell-to-cell vari-
ability in the oscillation amplitude, even though sister cells were 
strongly correlated for many minutes after cell division. They noted that, 
since fluctuations due to intrinsic noise have short-term effects (Rose-
nfeld et al., 2005), the long-term variability observed is likely from 
extrinsic noise sources, namely, the partitioning of cellular components 
in cell division. They also noted that time delays in gene expression can 
enhance/decrease the impact of cell division on the circuits’ dynamics. 
Meanwhile, Jaruszewicz-Bło�nska and Lipniacki (2017) explored the 
influence of the cell cycle on the dynamics of model genetic switches 
(with one of the genes close to the origin of replication and the other 
close to the terminus of replication site). It was found that the rate of the 
cell cycle can affect the state of the toggle switch and that this influence 
depends on the locations of the genes of the switch and their state at the 
moment of division. Finally, results in (Bertaux et al., 2018) suggest that 
the regulation of cell size when changing cell division rates may allow 
enhancing/reducing the effects on gene expression noise. 

Oppositely to the studies above, Paijmans and colleagues (Paijmans 
et al., 2016) considered that in live cells, since most small genetic cir-
cuits conduct complex operations (such as counting time and decision 
making, as described above), their dynamics needs to be reliable (i.e. 
stable), even following DNA replication. To investigate potential 
mechanisms evolved to ensure their stability in cell division, they started 
by using models to identify which events during cell division most 
perturb the circuits. Next, they proposed means by which bacteria 
(specifically, the cyanobacterium Synechococcus elongatus) protect the 
circuits from those perturbations. Relevantly, they showed that one such 
mechanism could be the multi-copy presence of the circuits and their 
asynchronous replication, as a means to minimize changes in gene 
expression rates and, thus, protein numbers. Subsequently, in (Paijmans 
et al., 2017), the authors investigated sources of robustness of the 
repressilator (Elowitz et al., 2002) and the dual-feedback oscillator 
(Stricker et al., 2008) in growing cells populations, and suggested that 
the perturbations due to cell division can couple the period of oscillation 
to the period of the cell cycle. 

Finally, recent models have become more detailed regarding cell 
volume growth and cell growth stage dynamics (Song et al., 2015; 
Marguet et al., 2019; Mura et al., 2019), and focused on how these 
variables affect the relationship between noise from division and noise 

Fig. 6. Probability distributions of differences in protein numbers between sister cells following cell division, when splitting proteins according to ‘perfect parti-
tioning’ (A, blue), ‘random size partitioning’ (B, green) and ‘all or nothing partitioning’ (C, in red) (cell lengths and/or RNA and protein numbers). Shown are the 
distributions as well as their mean (μ), standard deviation (σ), and kurtosis (k), and respective standard errors. The insets show example time series of protein 
numbers in a single cell line (vertical black lines represent moments of cell division). Simulations using SGNS2, assuming the model depicted in the top left table. 
Parameter values common to all conditions are depicted in the Table ‘General parameters’, while those differing between conditions are shown in the middle table 
describing conditions A, B, and C. All cells have a constant growth rate and divide when reaching the same specific length. However, after division, sister cells can 
differ in size, implying that they will take different amounts of time to perform their division. Here, ‘L’ stands for cell length while ‘N’ stands for number of RNA or 
proteins, prior or after cell division. We performed 100 simulations per condition (6 division events from one original cell, per simulation). Each cell lifetime was 
1800 s. Proteins number were extracted once per second. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version 
of this article.) 
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from gene expression. For example, Song et al. (2015) proposed a 
single-cell stochastic model accounting for cell volume and cycle stages 
(divided into time blocks differing in growth rate and accounting for 
DNA replication). Setting a stochastic partitioning of components in 
division of a model GAL network in yeast, the authors showed that the 
model can predict, e.g., the single-cell distribution of the component 
proteins of the real system. 

Altogether, when considering genetic circuits, the effects of asym-
metries in partitioning in cell division are complex, as the asymmetries 
can either amplify or dampen the internal fluctuations in the circuits’ 
dynamics, among other. In example Fig. 7, we show the dynamics of a 
model genetic switch in a single cell line. From the figure, which shows 
the numbers of the two proteins of the switch over time, it is visible that 
the first and second division events reduce the difference in numbers 
between the two proteins, but the third and subsequent division events 
enhance that difference, causing the switch to become nearly stable with 
gene 1 remaining ‘ON’ and gene 2 remaining ‘OFF’. This model was 
implemented in SGNS2 (Lloyd-Price et al., 2012), and the code to 
implement its reactions is provided in Supplementary Material. 

Besides the partitioning scheme in division, it can also be of value to 
regulate cell division times (mean and cell-to-cell variability of these 
times). Using SGNS2, this can be implemented by tuning the simulation 
time of each cell, followed by the creation of two new compartments, 
each being a new daughter cell (using the function ‘split’). This method 
was used to create the example dynamics shown in Fig. 7. 

5. Simulators and models implementation 

In order to explore stochastic models of genetic circuits and the po-
tential effects of cell division, several simulators have been recently 
proposed (for a detailed review of simulators, see (Gupta and Mendes, 
2018)). In short, most simulators solve the chemical master equation 
according to the Stochastic Simulation Algorithm (SSA) (Gillespie, 
1977), such as Blakes et al. (2011), Hattne et al. (2005), Hoops et al. 
(2006) and Lok and Brent (2005). Others allow combining the SSA with 
O.D.E.s for faster processes (Gupta and Mendes, 2018). It is noted that, 
to some extent, models of cell division can be implemented using these 
features alone. As a simple example, assume the following set of 
competing reactions, where the number identifier defines in which cell 
is the component located: 

A0��!
kdiv A1ð1000Þ (5.1)  

A0��!
kdiv A2ð1000Þ (5.2)  

Assuming kdiv to be very large, from this model would result a dynamic 
system where, at approximately moment t ¼ 1000, the components ‘A’ 
in cell ‘0’ would be partitioned near-symmetrically between the 
daughter cells ‘1’ and ‘2’. Here, the identification of the component with 
a number is of relevance, since it prevents that a component in cell ‘1’ 
can affect reactions in other cells. As an example, A1 cannot move to cell 

2 and become A2, provided that no reaction A1��!
kdiv A2 is predefined. By 

implementing more complex time delays and different rate constants 
one would further be able to introduce stochasticity in division times 
and to implement various partitioning schemes, respectively. 

More complex models are made possible if the simulators can 
implement compartmentalization, particularly if the compartments 
(and, thus, cell division and the partitioning processes) can be dynam-
ically generated and sized. There are already simulators that support 
compartmentalization, with the compartments being either static 
(Hattne et al., 2005), dynamically sized (Blakes et al., 2011), or created 
at runtime (Lok and Brent, 2005; Spicher et al., 2008; Lloyd-Price et al., 
2012) to allow, e.g., the simulation of growing cell populations. 
Compartmentalization, while not strictly necessary as described above, 
greatly facilitates the implementation of models with cell division. In 
this section, we describe the features of a few simulators, which have 
different abilities that can be of use, depending on the model to be 
implemented. 

SGNS2 (Lloyd-Price et al., 2012) uses the next reaction method 
variant to solve the SSA. It can also implement the delayed SSA (Roussel 
and Zhu, 2006) and allows multi-delayed reactions to be solved within 
hierarchical, interlinked compartments which can be created, destroyed 
and divided at runtime. Thus, it can simulate complex processes, such as 
coupled transcription and translation at the nucleotide and codon levels, 
with various simultaneous translation events. Also, it can simulate cell 
lineages and the cell components can be partitioned according to various 
schemes, on a per-molecule-type basis. Using the compartmentalization 
tool, one can also implement intake of substances from the environment, 
heterogenous protein localization, presence of a nucleoid, etc. 

StochPy (Maarleveld et al., 2013) is user-friendly, integrated in Py-
thon, and uses the direct method variant to solve the SSA, as well as 
other stochastic simulation algorithms, such as tau-leaping and next 
reaction. It also provides several pre-implemented statistics and plotting 
and analysis tools of the probability distributions of cellular components 
and event timings. 

GeneCircuits simulates genetic circuits in exponentially growing cell 
populations, allowing for time delays (e.g. in transcription and trans-
lation), periodic changes in gene dosage, and time-dependent reaction 
rate constants (Luo et al., 2013). The latter feature, in particular, pro-
vides the user with some flexibility in modelling complex events, such as 
changes (at run time) in temperature, cellular components, stress, etc. 
since, to some extent, these can be well captured by changes in the rate 
constants. Meanwhile, as noted, delays allow including processes that, 
while too complex to be realistically modeled (in physical dimensions, 
such as protein folding), their realistic time-length can be accounted for 
and, thus, the overall dynamics of the system does not need to be 
affected by unrealistic assumptions. 

Finally, it is worth mentioning COPASI (Hoops et al., 2006), which is 
platform-independent and user-friendly simulator with a graphical 
interface that is particularly useful to simulate models using various 
methods, such as stochastic, hybrid deterministic–stochastic methods, 
and deterministic models. 

6. Discussion 

Time-lapse microscopy of cells with fluorescently tagged compo-
nents existing in small numbers has shown that the cell-to-cell vari-
ability in the numbers of these components differs with their 

Fig. 7. Depiction of the dynamics of the numbers of the two proteins (P1 and 
P2) of a model genetic switch in a cell line, as affected by stochastic partitioning 
in cell division. Shown are the numbers of the two component proteins over 
time (P1 in green and P2 in orange). Also shown are the division events (ver-
tical black lines). The figure to the right is an illustration of the topology of the 
switch, with two genes (green and orange balls) repressing one another (black 
lines). Cell division time was set to ~33 min, to be in conformity with realistic 
parameter values. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the Web version of this article.) 
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partitioning scheme in cell division. Based on empirical data, models 
have been recently developed that, combining stochastic models of gene 
expression with (from simple to complex) models of partitioning 
schemes in cell division, can predict with more accuracy the RNA and 
protein numbers of individual genes in growing cell lineages. 

One of the ongoing efforts in this research topic is the development of 
models that can predict the impact of partitioning schemes (and 
potentially make use of them) on the dynamics of small genetic motifs 
(switches, clocks, etc.). Recent results of such exploratory studies sug-
gest that the outcomes can be far from evident. More knowledge is 
therefore necessary, if we are to understand how cells maintain the 
dynamic stability of their genetic motifs in the context of cell lines. 
Notably, this stability is essential for their survival, as the dynamical 
states of these motifs, in some cases, constitute the phenotypic adapta-
tions of cells to environmental changes (i.e., they can act as the ‘mem-
ory’ of past decisions for best fitting their environment (Eldar and 
Elowitz, 2010; Kalmar et al., 2009)). 

In the long-term, this research field may produce better under-
standing of how cells maintain the stability of their metabolism during 
cell division. This is particularly interesting since many proteins exist in 
small numbers (Taniguchi et al., 2010) implying that, even if they are 
homogenously distributed, their partitioning will, at best, follow a 
binomial scheme (rather than near symmetric) (Huh and Paulsson, 
2011). From this, and since there is no significant evidence for active 
protein transport mechanisms in E. coli, non-symmetric protein parti-
tioning in division (even if due to noise alone) is likely to be common (in 
agreement with the estimations reported in (Kuwada et al., 2015)). 

Finally, regarding the stability of the functioning of the GRN (in the 
context of being a large set of interacting genes), it is unknown whether 
the transcription factors responsible for the interactions have parti-
tioning schemes that ensure near symmetric sharing between sister cells 
(to maintain stability in gene-to-gene interactions). However, it is un-
likely that all have such schemes (see Section 3). As such, it remains an 
open question how is functioning of the GRN kept stable following cell 
divisions (assuming morphologically symmetric divisions). Oppositely, 
if division introduces (periodic) instability, what are the mechanisms 
ensuring the return to homeostasis? Given that the regulation of the 
stability of the GRN dynamics is likely a critical factor for survival, 
understanding how this is achieved is of key relevance to understand the 
dynamics of cell lineages. 

Funding 

This work was supported by the Academy of Finland (295027 to 
ASR), Jane and Aatos Erkko Foundation (610536 to ASR), and the 
Finnish Cultural Foundation (to IB). The funders had no role in study 
design, data collection and analysis, decision to publish, or preparation 
of the manuscript. 

Declaration of competing interest 

The authors declare that they do not have any conflict of interest. 

Appendix A. Supplementary data 

Supplementary data to this article can be found online at https://doi. 
org/10.1016/j.biosystems.2020.104154. 

The software SGNS2 is available at:https://sites.google.com/view/ 
andreribeirolab/home/software 

References 

Acar, M., Mettetal, J.T., van Oudenaarden, A., 2008. Stochastic switching as a survival 
strategy in fluctuating environments. Nat. Genet. 40, 471–475. https://doi.org/ 
10.1038/ng.110. 

Ackermann, M., 2015. A functional perspective on phenotypic heterogeneity in 
microorganisms. Nat. Rev. Microbiol. 13, 497–508. https://doi.org/10.1038/ 
nrmicro3491. 

Ackers, G.K., Johnsontt, A.D., Shea, M.A., 1982. Quantitative model for gene regulation 
by lambda phage repressor. Proc. Natl. Acad. Sci. U.S.A. 79, 1129–1133. https://doi. 
org/10.1073/pnas.79.4.1129. 

Adan, A., Alizada, G., Kiraz, Y., Baran, Y., Nalbant, A., 2017. Flow cytometry: basic 
principles and applications. Crit. Rev. Biotechnol. 37, 163–176. https://doi.org/ 
10.3109/07388551.2015.1128876. 

Ahmed, H., Ushirobira, R., Efimov, D., 2015. On robustness of phase resetting to cell 
division under entrainment. J. Theor. Biol. 387, 206–213. https://doi.org/10.1016/ 
j.jtbi.2015.09.033. 

Arkin, A., Ross, J., 1994. Computational functions in biochemical reaction networks. 
Biophys. J. 67, 560–578. https://doi.org/10.1016/S0006-3495(94)80516-8. 

Arkin, A., Ross, J., McAdams, H.H., 1998. Stochastic kinetic analysis of developmental 
pathway bifurcation in phage lambda-infected Escherichia coli cells. Genetics 149, 
1633–1648. 

Bai, L., Santangelo, T.J., Wang, M.D., 2006. Single-molecule analysis of RNA polymerase 
transcription. Annu. Rev. Biophys. Biomol. Struct. 35, 343–360. https://doi.org/ 
10.1146/annurev.biophys.35.010406.150153. 

Bar-Even, A., Paulsson, J., Maheshri, N., Carmi, M., O’Shea, E., Pilpel, Y., Barkai, N., 
2006. Noise in protein expression scales with natural protein abundance. Nat. Genet. 
38, 636–643. https://doi.org/10.1038/ng1807. 

Barrio, M., Burrage, K., Leier, A., Tian, T., 2006. Oscillatory regulation of Hes1: discrete 
stochastic delay modelling and simulation. PLoS Comput. Biol. 2, e117. https://doi. 
org/10.1371/journal.pcbi.0020117. 

Berg, O.G., 1978. A model for the statistical fluctuations of protein numbers in a 
microbial population. J. Theor. Biol. 71, 587–603. https://doi.org/10.1016/0022- 
5193(78)90326-0. 

Bernstein, J.A., Khodursky, A.B., Lin, P.H., Lin-Chao, S., Cohen, S.N., 2002. Global 
analysis of mRNA decay and abundance in Escherichia coli at single-gene resolution 
using two-color fluorescent DNA microarrays. Proc. Natl. Acad. Sci. U.S.A. 99, 
9697–9702. https://doi.org/10.1073/pnas.112318199. 

Bertaux, F., Marguerat, S., Shahrezaei, V., 2018. Division rate, cell size and proteome 
allocation: impact on gene expression noise and implications for the dynamics of 
genetic circuits. R. Soc. Open. Sci. 5, 172234. https://doi.org/10.1098/rsos.172234. 

Blakes, J., Twycross, J., Romero-Campero, F.J., Krasnogor, N., 2011. The infobiotics 
workbench: an integrated in silico modelling platform for systems and synthetic 
biology. Bioinformatics 27, 3323–3324. https://doi.org/10.1093/bioinformatics/ 
btr571. 

Bratsun, D., Volfson, D., Tsimring, L.S., Hasty, J., 2005. Delay-induced stochastic 
oscillations in gene regulation. Proc. Natl. Acad. Sci. U.S.A. 102, 14593–14598. 
https://doi.org/10.1073/pnas.0503858102. 

Charlebois, D.A., Bal�azsi, G., 2016. Frequency-dependent selection: a diversifying force 
in microbial populations. Mol. Syst. Biol. 12, 880. https://doi.org/10.15252/ 
msb.20167133. 

Chen, H., Shiroguchi, K., Ge, H., Xie, X.S., 2015. Genome-wide study of mRNA 
degradation and transcript elongation in Escherichia coli. Mol. Syst. Biol. 11, 781. 
https://doi.org/10.15252/msb.20145794. 

Chen, J., Gopalkrishnan, S., Chiu, C., Chen, A.Y., Campbell, E.A., Gourse, R.L., Ross, W., 
Darst, S.A., 2019. E. coli TraR allosterically regulates transcription initiation by 
altering RNA polymerase conformation. eLife 8, e49375. https://doi.org/10.7554/ 
eLife.49375. 

Chen, J., Chiu, C., Gopalkrishnan, S., Chen, A.Y., Olinares, P.D.B., Saecker, R.M., 
Winkelman, J.T., Maloney, M.F., Chait, B.T., Ross, W., Gourse, R.L., Campbell, E.A., 
Darst, S.A., 2020. Stepwise promoter melting by bacterial RNA polymerase. Mol. Cell 
78, 1–14. https://doi.org/10.1016/j.molcel.2020.02.017. 

Chong, S., Chen, C., Ge, H., Xie, X.S., 2014. Mechanism of transcriptional bursting in 
bacteria. Cell 158, 314–326. https://doi.org/10.1016/j.cell.2014.05.038. 

de Jong, H., 2002. Modeling and simulation of genetic regulatory systems: a literature 
review. J. Comput. Biol. 9, 67–103. https://doi.org/10.1089/10665270252833208. 

Delbrück, M., 1940. Statistical fluctuations in autocatalytic reactions. J. Chem. Phys. 120 
https://doi.org/10.1063/1.1750549. 

Delbrück, M., 1945. The burst size distribution in the growth of bacterial viruses 
(bacteriophages). J. Bacteriol. 50, 131–135. 

Deutscher, M.P., 2006. Degradation of RNA in bacteria: comparison of mRNA and stable 
RNA. Nucleic Acids Res. 34, 659–666. https://doi.org/10.1093/nar/gkj472. 

Drlica, K., 1992. Control of bacterial DNA supercoiling. Mol. Microbiol. 6, 425–433. 
https://doi.org/10.1111/j.1365-2958.1992.tb01486.x. 

Duchi, D., Bauer, D.L.V., Fernandez, L., Evans, G., Robb, N., Hwang, L.C., Gryte, K., 
Tomescu, A., Zawadzki, P., Morichaud, Z., Brodolin, K., Kapanidis, A.N., 2016. RNA 
polymerase pausing during initial transcription. Mol. Cell. 63, 939–950. https://doi. 
org/10.1016/j.molcel.2016.08.011. 

Eldar, A., Elowitz, M.B., 2010. Functional roles for noise in genetic circuits. Nature 467, 
167–173. https://doi.org/10.1038/nature09326. 

Elowitz, M.B., Levine, A.J., Siggia, E.D., Swain, P.S., 2002. Stochastic gene expression in 
a single cell. Science 297, 1183–1186. https://doi.org/10.1126/science.1070919. 

Erjavec, N., Cvijovic, M., Klipp, E., Nystr€om, T., 2008. Selective benefits of damage 
partitioning in unicellular systems and its effects on aging. Proc. Natl. Acad. Sci. U.S. 
A. 105, 18764–18769. https://doi.org/10.1073/pnas.0804550105. 

Esquerr�e, T., Laguerre, S., Turlan, C., Carpousis, A.J., Girbal1, L., Cocaign-Bousquet, M., 
2014. Dual role of transcription and transcript stability in the regulation of gene 
expression in Escherichia coli cells cultured on glucose at different growth rates. 
Nucleic Acids Res. 42, 2460–2472. https://doi.org/10.1093/nar/gkt1150. 

Esquerr�e, T., Moisan, A., Chiapello, H., Arike, L., Vilu, R., Gaspin, C., Cocaign- 
Bousquet, M., Girbal, L., 2015. Genome-wide investigation of mRNA lifetime 

I.S.C. Baptista and A.S. Ribeiro                                                                                                                                                                                                              

https://doi.org/10.1016/j.biosystems.2020.104154
https://doi.org/10.1016/j.biosystems.2020.104154
https://sites.google.com/view/andreribeirolab/home/software
https://sites.google.com/view/andreribeirolab/home/software
https://doi.org/10.1038/ng.110
https://doi.org/10.1038/ng.110
https://doi.org/10.1038/nrmicro3491
https://doi.org/10.1038/nrmicro3491
https://doi.org/10.1073/pnas.79.4.1129
https://doi.org/10.1073/pnas.79.4.1129
https://doi.org/10.3109/07388551.2015.1128876
https://doi.org/10.3109/07388551.2015.1128876
https://doi.org/10.1016/j.jtbi.2015.09.033
https://doi.org/10.1016/j.jtbi.2015.09.033
https://doi.org/10.1016/S0006-3495(94)80516-8
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref7
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref7
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref7
https://doi.org/10.1146/annurev.biophys.35.010406.150153
https://doi.org/10.1146/annurev.biophys.35.010406.150153
https://doi.org/10.1038/ng1807
https://doi.org/10.1371/journal.pcbi.0020117
https://doi.org/10.1371/journal.pcbi.0020117
https://doi.org/10.1016/0022-5193(78)90326-0
https://doi.org/10.1016/0022-5193(78)90326-0
https://doi.org/10.1073/pnas.112318199
https://doi.org/10.1098/rsos.172234
https://doi.org/10.1093/bioinformatics/btr571
https://doi.org/10.1093/bioinformatics/btr571
https://doi.org/10.1073/pnas.0503858102
https://doi.org/10.15252/msb.20167133
https://doi.org/10.15252/msb.20167133
https://doi.org/10.15252/msb.20145794
https://doi.org/10.7554/eLife.49375
https://doi.org/10.7554/eLife.49375
https://doi.org/10.1016/j.molcel.2020.02.017
https://doi.org/10.1016/j.cell.2014.05.038
https://doi.org/10.1089/10665270252833208
https://doi.org/10.1063/1.1750549
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref23
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref23
https://doi.org/10.1093/nar/gkj472
https://doi.org/10.1111/j.1365-2958.1992.tb01486.x
https://doi.org/10.1016/j.molcel.2016.08.011
https://doi.org/10.1016/j.molcel.2016.08.011
https://doi.org/10.1038/nature09326
https://doi.org/10.1126/science.1070919
https://doi.org/10.1073/pnas.0804550105
https://doi.org/10.1093/nar/gkt1150


BioSystems 193-194 (2020) 104154

12

determinants in Escherichia coli cells cultured at different growth rates. BMC 
Genom. 16, 275. https://doi.org/10.1186/s12864-015-1482-8. 

Gaffney, E.A., Monk, N.A.M., 2006. Gene expression time delays and turing pattern 
formation systems. Bull. Math. Biol. 68, 99–130. https://doi.org/10.1007/s11538- 
006-9066-z. 

Gardiner, C.W., 2004. Handbook of Stochastic Methods: for Physics, Chemistry, and the 
Natural Sciences, third ed. Springer, New York.  

Gibson, M.A., Bruck, J., 2000. Efficient exact stochastic simulation of chemical systems 
with many species and many channels. J. Phys. Chem. A 104, 1876–1889. https:// 
doi.org/10.1021/jp993732q. 

Gibson, M.A., Mjolsness, E., 2001. Modeling the activity of single genes. In: Bower, J.M., 
Bolouri, H. (Eds.), Computational Modeling of Genetic and Biochemical Networks. 
MIT Press, Cambridge, Massachusetts, pp. 3–48. 

Gillespie, D.T., 1977. Exact stochastic simulation of coupled chemical reactions. J. Phys. 
Chem. 81, 2340–2361. https://doi.org/10.1021/j100540a008. 

Gillespie, D.T., 1992. A rigorous derivation of the chemical master equation. Physica A 
188, 404–425. https://doi.org/10.1016/0378-4371(92)90283-V. 

Golding, I., Paulsson, J., Zawilski, S.M., Cox, E.C., 2005. Real-time kinetics of gene 
activity in individual bacteria. Cell 123, 1025–1036. https://doi.org/10.1016/j. 
cell.2005.09.031. 

Gonze, D., 2013. Modeling the effect of cell division on genetic oscillators. J. Theor. Biol. 
325, 22–33. https://doi.org/10.1016/j.jtbi.2013.02.001. 

Gupta, A., Mendes, P., 2018. An overview of network-based and -free approaches for 
stochastic simulation of biochemical. Computation 6, 9. https://doi.org/10.3390/ 
computation6010009. 

Gupta, A., Lloyd-Price, J., Neeli-Venkata, R., Oliveira, S.M., Ribeiro, A.S., 2014a. In vivo 
kinetics of segregation and polar retention of MS2-GFP-RNA complexes in 
Escherichia coli. Biophys. J. 106, 1928–1937. https://doi.org/10.1016/j. 
bpj.2014.03.035. 

Gupta, A., Lloyd-Price, J., Oliveira, S.M., Yli-Harja, O., Muthukrishnan, A.B., Ribeiro, A. 
S., 2014b. Robustness of the division symmetry in Escherichia coli and functional 
consequences of symmetry breaking. Phys. Biol. 11, 066005 https://doi.org/ 
10.1088/1478-3975/11/6/066005. 

Hasty, J., McMillen, D., Isaacs, F., Collins, J.J., 2001. Computational studies of gene 
regulatory networks: in numero molecular biology. Nat. Rev. Genet. 2, 268–279. 
https://doi.org/10.1038/35066056. 

Hattne, J., Fange, D., Elf, J., 2005. Stochastic reaction-diffusion simulation with MesoRD. 
Bioinformatics 21, 2923–2924. https://doi.org/10.1093/bioinformatics/bti431. 

Healey, D., Axelrod, K., Gore, J., 2016. Negative frequency-dependent interactions can 
underlie phenotypic heterogeneity in a clonal microbial population. Mol. Syst. Biol. 
12, 877. https://doi.org/10.15252/msb.20167033. 

Hellweger, F.L., Clegg, R.J., Clark, J.R., Plugge, C.M., Kreft, J.U., 2016. Advancing 
microbial sciences by individual-based modelling. Nat. Rev. Microbiol. 14, 461–471. 
https://doi.org/10.1038/nrmicro.2016.62. 

Herbert, K.M., Greenleaf, W.J., Block, S.M., 2008. Single-molecule studies of RNA 
polymerase: motoring along. Annu. Rev. Biochem. 77, 149–176. https://doi.org/ 
10.1146/annurev.biochem.77.073106.100741. 

Hoops, S., Sahle, S., Gauges, R., Lee, C., Pahle, J., Simus, N., Singhal, M., Xu, L., 
Mendes, P., Kummer, U., 2006. COPASI—a COmplex PAthway SImulator. 
Bioinformatics 22, 3067–3074. https://doi.org/10.1093/bioinformatics/btl485. 

Huh, D., Paulsson, J., 2011. Random partitioning of molecules at cell division. Proc. Natl. 
Acad. Sci. U.S.A. 108, 15004–15009. https://doi.org/10.1073/pnas.1013171108. 

Jacob, F., Monod, J., 1961. Genetic regulatory mechanisms in the synthesis of proteins. 
J. Mol. Biol. 3, 318–335. https://doi.org/10.1016/S0022-2836(61)80072-7. 

Jahn, M., Günther, S., Müller, S., 2015. Non-random distribution of macromolecules as 
driving forces for phenotypic variation. Curr. Opin. Microbiol. 25, 49–55. https:// 
doi.org/10.1016/j.mib.2015.04.005. 

Jaruszewicz-Bło�nska, J., Lipniacki, T., 2017. Genetic toggle switch controlled by 
bacterial growth rate. BMC Syst. Biol. 11, 117. https://doi.org/10.1186/s12918- 
017-0483-4. 

Kalmar, T., Lim, C., Hayward, P., Mu~noz-Descalzo, S., Nichols, J., Garcia-Ojalvo, J., 
Arias, A.M., 2009. Regulated fluctuations in nanog expression mediate cell fate 
decisions in embryonic stem cells. PLoS Biol. 7, e1000149 https://doi.org/10.1371/ 
journal.pbio.1000149. 

Karlebach, G., Shamir, R., 2008. Modeling and analysis of gene networks. Nat. Rev. Mol. 
Cell Biol. 9, 770–780. https://doi.org/10.1038/nrm2503. 

Kepler, T.B., Elston, T.C., 2001. Stochasticity in transcriptional regulation: origins, 
consequences, and mathematical representations. Biophys. J. 81, 3116–3136. 
https://doi.org/10.1016/S0006-3495(01)75949-8. 

Kierzek, A.M., Zaim, J., Zielenkiewicz, P., 2001. The effect of transcription and 
translation initiation frequencies on the stochastic fluctuations in prokaryotic gene 
expression. J. Biol. Chem. 276, 8165–8172. https://doi.org/10.1074/jbc. 
M006264200. 

Kitagawa, M., Ara, T., Arifuzzaman, M., Ioka-Nakamichi, T., Inamoto, E., Toyonaga, H., 
Mori, H., 2006. Complete set of ORF clones of Escherichia coli ASKA library (a 
complete set of E. coli K-12 ORF archive): unique resources for biological research. 
DNA Res. 12, 291–299. https://doi.org/10.1093/dnares/dsi012. 

Klumpp, S., Zhang, Z., Hwa, T., 2009. Growth rate-dependent global effects on gene 
expression in bacteria. Cell 139, 1366–1375. https://doi.org/10.1016/j. 
cell.2009.12.001. 

Ko, M.S., 1991. A stochastic model for gene induction. J. Theor. Biol. 153, 181–194. 
https://doi.org/10.1016/s0022-5193(05)80421-7. 

Ko, M.S., 1992. Induction mechanism of a single gene molecule: stochastic or 
deterministic? Bioessays 14, 341–346. https://doi.org/10.1002/bies.950140510. 

Ko, M.S., Nakauchi, N., Takahashi, N., 1990. The dose dependence of glucocorticoid- 
inducible gene expression results from changes in the number of transcriptionally 
active templates. EMBO J. 9, 2835–2842. 

Kuwada, N.J., Traxler, B., Wiggins, P.A., 2015. Genome-scale quantitative 
characterization of bacterial protein localization dynamics throughout the cell cycle. 
Mol. Microbiol. 95, 64–79. https://doi.org/10.1111/mmi.12841. 

Kysela, D.T., Brown, P.J.B., Huang, K.C., Brun, Y.V., 2013. Biological consequences and 
advantages of asymmetric bacterial growth. Annu. Rev. Microbiol. 67, 417–435. 
https://doi.org/10.1146/annurev-micro-092412-155622. 

Lee, J.W., Gyorgy, A., Cameron, D.E., Pyenson, N., Choi, K.R., Way, J.C., Silver, P.A., Del 
Vecchio, D., Collins, J.J., 2016. Creating single-copy genetic circuits. Mol. Cell. 63, 
329–336. https://doi.org/10.1016/j.molcel.2016.06.006. 

Levchenko, A., Bruck, J., Sternberg, P.W., 2004. Regulatory modules that generate 
biphasic signal response in biological systems. Syst. Biol. 1, 139–148. https://doi. 
org/10.1049/sb:20045014. 

Liang, S.-T., Bipatnath, M., Xu, Y.-C., Chen, S.-L., Dennis, P., Ehrenberg, M., Bremer, H., 
1999. Activities of constitutive promoters in Escherichia coli. J. Mol. Biol. 292, 
19–37. https://doi.org/10.1006/jmbi.1999.3056. 

Lindner, A.B., Madden, R., Demarez, A., Stewart, E.J., Taddei, F., 2008. Asymmetric 
segregation of protein aggregates is associated with cellular aging and rejuvenation. 
Proc. Natl. Acad. Sci. U.S.A. 105, 3076–3081. https://doi.org/10.1073/ 
pnas.0708931105. 

Llopis, P.M., Jackson, A.F., Sliusarenko, O., Surovtsev, I., Heinritz, J., Emonet, T., Jacobs- 
Wagner, C., 2010. Spatial organization of the flow of genetic information in bacteria. 
Nature 466, 77–81. https://doi.org/10.1038/nature09152. 

Lloyd-Price, J., Gupta, A., Ribeiro, A.S., 2012. SGNS2: a compartmentalized stochastic 
chemical kinetics simulator for dynamic cell populations. Bioinformatics 28, 
3004–3005. https://doi.org/10.1093/bioinformatics/bts556. 

Lloyd-Price, J., Tran, H., Ribeiro, A.S., 2014. Dynamics of small genetic circuits subject to 
stochastic partitioning in cell division. J. Theor. Biol. 356, 11–19. https://doi.org/ 
10.1016/j.jtbi.2014.04.018. 

Lloyd-Price, J., Startceva, S., Kandavalli, V., Chandraseelan, J.G., Goncalves, N., 
Oliveira, S.M., H€akkinen, A., Ribeiro, A.S., 2016. Dissecting the stochastic 
transcription initiation process in live Escherichia coli. DNA Res. 23, 203–214. 
https://doi.org/10.1093/dnares/dsw009. 

Lok, L., Brent, R., 2005. Automatic generation of cellular reaction networks with 
Moleculizer 1.0. Nat. Biotechnol. 23, 131–136. https://doi.org/10.1038/nbt1054. 

Luo, R., Ye, L., Tao, C., Wang, K., 2013. Simulation of E. coli gene regulation including 
overlapping cell cycles, growth, division, time delays and noise. PLoS One 8, e62380. 
https://doi.org/10.1371/journal.pone.0062380. 

Lutz, R., Lozinski, T., Ellinger, T., Bujard, H., 2001. Dissecting the functional program of 
Escherichia coli promoters: the combined mode of action of Lac repressor and AraC 
activator. Nucleic Acids Res. 29, 3873–3881. https://doi.org/10.1093/nar/ 
29.18.3873. 

Maarleveld, T.R., Olivier, B.G., Bruggeman, F.J., 2013. StochPy: a comprehensive, user- 
friendly tool for simulating stochastic biological processes. PLoS One 8, e79345. 
https://doi.org/10.1371/journal.pone.0079345. 

M€akel€a, J., Kandavalli, V., Ribeiro, A.S., 2017. Rate-limiting steps in transcription dictate 
sensitivity to variability in cellular components. Sci. Rep. 7, 10588. https://doi.org/ 
10.1038/s41598-017-11257-2. 

Marguet, A., Lavielle, M., Cinquemani, E., 2019. Inheritance and variability of kinetic 
gene expression parameters in microbial cells: modeling and inference from lineage 
tree data. Bioinformatics 35, i586–i595. https://doi.org/10.1093/bioinformatics/ 
btz378. 

Marr, A.G., Harvey, R.J., Trentini, W.C., 1966. Growth and division of Escherichia coli. 
J. Bacteriol. 91, 2388–2389. 

Mcadams, H.H., Arkin, A., 1997. Stochastic mechanisms in gene expression. Proc. Natl. 
Acad. Sci. U.S.A. 94, 814–819. https://doi.org/10.1073/pnas.94.3.814. 

McClure, W.R., 1980. Rate-limiting steps in RNA chain initiation. Proc. Natl. Acad. Sci. 
U.S.A. 77, 5634–5638. https://doi.org/10.1073/pnas.77.10.5634. 

McClure, W.R., 1985. Mechanism and control of transcription initiation in prokaryotes. 
Annu. Rev. Biochem. 54, 171–204. https://doi.org/10.1146/annurev. 
bi.54.070185.001131. 

Munsky, B., Neuert, G., van Oudenaarden, A., 2012. Using gene expression noise to 
understand gene regulation. Science 336, 183–187. https://doi.org/10.1126/ 
science.1216379. 

Mura, M., Feillet, C., Bertolusso, R., Delaunay, F., Kimmel, M., 2019. Mathematical 
modelling reveals unexpected inheritance and variability patterns of cell cycle 
parameters in mammalian cells. PLoS Comput. Biol. 15, e1007054 https://doi.org/ 
10.1371/journal.pcbi.1007054. 

Neeli-Venkata, R., Startceva, S., Annila, T., Ribeiro, A.S., 2016. Polar localization of the 
serine chemoreceptor of Escherichia coli is nucleoid exclusion-dependent. Biophys. 
J. 111, 2512–2522. https://doi.org/10.1016/j.bpj.2016.10.024. 

Neubauer, Z., Calef, E., 1970. Immunity phase-shift in defective lysogens: hereditary 
change of early regulation of lambda prophage. J. Mol. Biol. 51, 1–13. https://doi. 
org/10.1016/0022-2836(70)90265-2. 

Ozbudak, E.M., Thattai, M., Kurtser, I., Grossman, A.D., van Oudenaarden, A., 2002. 
Regulation of noise in the expression of a single gene. Nat. Genet. 31, 69–73. https:// 
doi.org/10.1038/ng869. 

Paijmans, J., Bosman, M., ten Wolde, P.R., Lubensky, D.K., 2016. Discrete gene 
replication events drive coupling between the cell cycle and circadian clocks. Proc. 
Natl. Acad. Sci. U.S.A. 113, 4063–4068. https://doi.org/10.1073/pnas.1507291113. 

Paijmans, J., Lubensky, D.K., ten Wolde, P.R., 2017. Robustness of synthetic oscillators in 
growing and dividing cells. Phys. Rev. E. 95, 052403 https://doi.org/10.1103/ 
PhysRevE.95.052403. 

I.S.C. Baptista and A.S. Ribeiro                                                                                                                                                                                                              

https://doi.org/10.1186/s12864-015-1482-8
https://doi.org/10.1007/s11538-006-9066-z
https://doi.org/10.1007/s11538-006-9066-z
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref33
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref33
https://doi.org/10.1021/jp993732q
https://doi.org/10.1021/jp993732q
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref35
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref35
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref35
https://doi.org/10.1021/j100540a008
https://doi.org/10.1016/0378-4371(92)90283-V
https://doi.org/10.1016/j.cell.2005.09.031
https://doi.org/10.1016/j.cell.2005.09.031
https://doi.org/10.1016/j.jtbi.2013.02.001
https://doi.org/10.3390/computation6010009
https://doi.org/10.3390/computation6010009
https://doi.org/10.1016/j.bpj.2014.03.035
https://doi.org/10.1016/j.bpj.2014.03.035
https://doi.org/10.1088/1478-3975/11/6/066005
https://doi.org/10.1088/1478-3975/11/6/066005
https://doi.org/10.1038/35066056
https://doi.org/10.1093/bioinformatics/bti431
https://doi.org/10.15252/msb.20167033
https://doi.org/10.1038/nrmicro.2016.62
https://doi.org/10.1146/annurev.biochem.77.073106.100741
https://doi.org/10.1146/annurev.biochem.77.073106.100741
https://doi.org/10.1093/bioinformatics/btl485
https://doi.org/10.1073/pnas.1013171108
https://doi.org/10.1016/S0022-2836(61)80072-7
https://doi.org/10.1016/j.mib.2015.04.005
https://doi.org/10.1016/j.mib.2015.04.005
https://doi.org/10.1186/s12918-017-0483-4
https://doi.org/10.1186/s12918-017-0483-4
https://doi.org/10.1371/journal.pbio.1000149
https://doi.org/10.1371/journal.pbio.1000149
https://doi.org/10.1038/nrm2503
https://doi.org/10.1016/S0006-3495(01)75949-8
https://doi.org/10.1074/jbc.M006264200
https://doi.org/10.1074/jbc.M006264200
https://doi.org/10.1093/dnares/dsi012
https://doi.org/10.1016/j.cell.2009.12.001
https://doi.org/10.1016/j.cell.2009.12.001
https://doi.org/10.1016/s0022-5193(05)80421-7
https://doi.org/10.1002/bies.950140510
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref61
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref61
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref61
https://doi.org/10.1111/mmi.12841
https://doi.org/10.1146/annurev-micro-092412-155622
https://doi.org/10.1016/j.molcel.2016.06.006
https://doi.org/10.1049/sb:20045014
https://doi.org/10.1049/sb:20045014
https://doi.org/10.1006/jmbi.1999.3056
https://doi.org/10.1073/pnas.0708931105
https://doi.org/10.1073/pnas.0708931105
https://doi.org/10.1038/nature09152
https://doi.org/10.1093/bioinformatics/bts556
https://doi.org/10.1016/j.jtbi.2014.04.018
https://doi.org/10.1016/j.jtbi.2014.04.018
https://doi.org/10.1093/dnares/dsw009
https://doi.org/10.1038/nbt1054
https://doi.org/10.1371/journal.pone.0062380
https://doi.org/10.1093/nar/29.18.3873
https://doi.org/10.1093/nar/29.18.3873
https://doi.org/10.1371/journal.pone.0079345
https://doi.org/10.1038/s41598-017-11257-2
https://doi.org/10.1038/s41598-017-11257-2
https://doi.org/10.1093/bioinformatics/btz378
https://doi.org/10.1093/bioinformatics/btz378
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref78
http://refhub.elsevier.com/S0303-2647(20)30055-1/sref78
https://doi.org/10.1073/pnas.94.3.814
https://doi.org/10.1073/pnas.77.10.5634
https://doi.org/10.1146/annurev.bi.54.070185.001131
https://doi.org/10.1146/annurev.bi.54.070185.001131
https://doi.org/10.1126/science.1216379
https://doi.org/10.1126/science.1216379
https://doi.org/10.1371/journal.pcbi.1007054
https://doi.org/10.1371/journal.pcbi.1007054
https://doi.org/10.1016/j.bpj.2016.10.024
https://doi.org/10.1016/0022-2836(70)90265-2
https://doi.org/10.1016/0022-2836(70)90265-2
https://doi.org/10.1038/ng869
https://doi.org/10.1038/ng869
https://doi.org/10.1073/pnas.1507291113
https://doi.org/10.1103/PhysRevE.95.052403
https://doi.org/10.1103/PhysRevE.95.052403


BioSystems 193-194 (2020) 104154

13

Peccoud, J., Ycart, B., 1995. Markovian modeling of gene-product synthesis. Theor. 
Popul. Biol. 48, 222–234. https://doi.org/10.1006/tpbi.1995.1027. 

Reece, R.J., Maxwell, A., 1991. DNA gyrase: structure and function. Crit. Rev. Biochem. 
Mol. Biol. 26, 335–375. https://doi.org/10.3109/10409239109114072. 

Ribeiro, A.S., 2010. Stochastic and delayed stochastic models of gene expression and 
regulation. Math. Biosci. 223, 1–11. https://doi.org/10.1016/j.mbs.2009.10.007. 

Ribeiro, A.S., Zhu, R., Kauffman, S.A., 2006. A general modeling strategy for gene 
regulatory networks with stochastic dynamics. J. Comput. Biol. 13, 1630–1639. 
https://doi.org/10.1089/cmb.2006.13.1630. 

Rigney, D.R., 1979. Stochastic model of constitutive protein levels in growing and 
dividing bacterial cells. J. Theor. Biol. 76, 453–480. https://doi.org/10.1016/0022- 
5193(79)90013-4. 

Rosenfeld, N., Young, J.W., Alon, U., Swain, P.S., Elowitz, M.B., 2005. Gene regulation at 
the single-cell level. Science 307, 1962–1965. https://doi.org/10.1126/ 
science.1106914. 

Roussel, M., Zhu, R., 2006. Validation of an algorithm for delay stochastic simulation of 
transcription and translation in prokaryotic gene expression. Phys. Biol. 3, 274–284. 
https://doi.org/10.1088/1478-3975/3/4/005. 

Saecker, R.M., Record Jr., M.T., Pieter, L., 2011. Mechanism of bacterial transcription 
initiation: RNA polymerase - promoter binding, isomerization to initiation- 
competent open complexes, and initiation of RNA synthesis. J. Mol. Biol. 412, 
754–771. https://doi.org/10.1016/j.jmb.2011.01.018. 

Samoilov, M., Arkin, A., Ross, J., 2002. Signal processing by simple chemical systems. 
J. Phys. Chem. 106, 10205–10221. https://doi.org/10.1021/jp025846z. 

Sanderson, M.J., Smith, I., Parker, I., Bootman, M.D., 2014. Fluorescence microscopy. 
Cold Spring Harb. Protoc. 2014 https://doi.org/10.1101/pdb.top071795 pdb. 
top.071795.  

Santos, T.M., Lin, T.Y., Rajendran, M., Anderson, S.M., Weibel, D.B., 2014. Polar 
localization of Escherichia coli chemoreceptors requires an intact Tol-Pal complex. 
Mol. Microbiol. 92, 985–1004. https://doi.org/10.1111/mmi.12609. 

Sasai, M., Wolynes, P.G., 2003. Stochastic gene expression as a many-body problem. 
Proc. Natl. Acad. Sci. U.S.A. 100, 2374–2379. https://doi.org/10.1073/ 
pnas.2627987100. 

Schwabe, A., Bruggeman, F.J., 2014. Contributions of cell growth and biochemical 
reactions to nongenetic variability of cells. Biophys. J. 107, 301–313. https://doi. 
org/10.1016/j.bpj.2014.05.004. 

Scott, M., Gunderson, C.W., Mateescu, E.M., Zhang, Z., Hwa, T., 2010. Interdependence 
of cell growth and gene expression: origins and consequences. Science 330, 
1099–1102. https://doi.org/10.1126/science.1192588. 

Segall, J.E., Block, S.M., Berg, H.C., 1986. Temporal comparisons in bacterial 
chemotaxis. Proc. Natl. Acad. Sci. U.S.A. 83, 8987–8991. https://doi.org/10.1073/ 
pnas.83.23.8987. 

Shimomura, O., Johnson, F.H., Saiga, Y., 1962. Extraction, purification and properties of 
aequorin, a bioluminescent protein from the luminous hydromedusan, Aequorea. 
J. Cell. Comp. Physiol. 59, 223–239. https://doi.org/10.1002/jcp.1030590302. 

Soltani, M., Singh, A., 2016. Effects of cell-cycle-dependent expression on random 
fluctuations in protein levels. R. Soc. Open. Sci. 3, 160578. https://doi.org/10.1098/ 
rsos.160578. 

Song, R., Peng, W., Liu, P., Acar, M., 2015. A cell size- and cell cycle-aware stochastic 
model for predicting time-dynamic gene network activity in individual cells. BMC 
Syst. Biol. 9, 91. https://doi.org/10.1186/s12918-015-0240-5. 

Spicher, A., Michel, O., Cieslak, M., Giavitto, J.L., Prusinkiewicz, P., 2008. Stochastic P 
systems and the simulation of biochemical processes with dynamic compartments. 
Biosystems 91, 458–472. https://doi.org/10.1016/j.biosystems.2006.12.009. 

Stamatakis, M., Mantzaris, N.V., 2010. Intrinsic noise and division cycle effects on an 
abstract biological oscillator. Chaos 20, 033118. https://doi.org/10.1063/ 
1.3484868. 

Startceva, S., Kandavalli, V.K., Visa, A., Ribeiro, A.S., 2019. Regulation of asymmetries in 
the kinetics and protein numbers of bacterial gene expression. Biochim. Biophys. 
Acta Gene Regul. Mech. 1862, 119–128. https://doi.org/10.1016/j. 
bbagrm.2018.12.005. 

Stewart, E.J., Madden, R., Paul, G., Taddei, F., 2005. Aging and death in an organism that 
reproduces by morphologically symmetric division. PLoS Biol. 3, e45. https://doi. 
org/10.1371/journal.pbio.0030045. 

Stricker, J., Cookson, S., Bennett, M.R., Mather, W.H., Tsimring, L.S., Hasty, J., 2008. 
A fast, robust and tunable synthetic gene oscillator. Nature 456, 516–519. https:// 
doi.org/10.1038/nature07389. 

Süel, G.M., Garcia-Ojalvo, J., Liberman, L.M., Elowitz, M.B., 2006. An excitable gene 
regulatory circuit induces transient cellular differentiation. Nature 440, 545–550. 
https://doi.org/10.1038/nature04588. 

Taniguchi, Y., Choi, P.J., Li, G.W., Chen, H., Babu, M., Hearn, J., Emili, A., Xie, X.S., 
2010. Quantifying E. coli proteome and transcriptome with single-molecule 
sensitivity in single cells. Science 329, 533–538. https://doi.org/10.1126/ 
science.1188308. 

Tourigny, D.S., 2014. Geometric phase shifts in biological oscillators. J. Theor. Biol. 355, 
239–242. https://doi.org/10.1016/j.jtbi.2014.04.017. 

Trueba, F.J., 1982. On the precision and accuracy achieved by Escherichia coli cells at 
fission about their middle Arch. Microbiol. 131, 55–59. https://doi.org/10.1007/ 
BF00451499. 

Uriu, K., 2016. Genetic oscillators in development. Dev. Growth Differ. 58, 16–30. 
https://doi.org/10.1111/dgd.12262. 

Veliz-Cuba, A., Hirning, A., Atanas, A.A., Hussain, F., Vancia, F., Josi�c, K., Bennett, M.R., 
2015. Sources of variability in a synthetic gene oscillator. PLoS Comput. Biol. 11, 
e1004674 https://doi.org/10.1371/journal.pcbi.1004674. 

Ventura, B.D., Sourjik, V., 2011. Self-organized partitioning of dynamically localized 
proteins in bacterial cell division. Mol. Syst. Biol. 7, 457. https://doi.org/10.1038/ 
msb.2010.111. 

Walter, G., Zillig, W., Palm, P., Fuchs, E., 1967. Initiation of DNA-dependent RNA 
synthesis and the effect of heparin on RNA polymerase. Eur. J. Biochem. 3, 194–201. 
https://doi.org/10.1111/j.1432-1033.1967.tb19515.x. 

Wang, F., Greene, E.C., 2011. Single-molecule studies of transcription: from one RNA 
polymerase at a time to the gene expression profile of a cell. J. Mol. Biol. 412, 
814–831. https://doi.org/10.1016/j.jmb.2011.01.024. 

Wang, H., Yuan, Z., Liu, P., Zhou, T., 2015. Division time-based amplifiers for stochastic 
gene expression. Mol. Biosyst. 11, 2417–2428. https://doi.org/10.1039/ 
c5mb00391a. 

Wang, Q., Huang, L., Wen, K., Yu, J., 2018. The mean and noise of stochastic gene 
transcription with cell division. Math. Biosci. Eng. 15, 1255–1270. https://doi.org/ 
10.3934/mbe.2018058. 

Winkler, J., et al., 2010. Quantitative and spatiotemporal features of protein aggregation 
in Escherichia coli and consequences on protein quality control and cellular ageing. 
EMBO J. 29, 910–923. https://doi.org/10.1038/emboj.2009.412. 

Woldringh, C.L., Zaritsky, A., Grover, N.B., 1994. Nucleoid partitioning and the division 
plane in Escherichia coli. J. Bacteriol. 176, 6030–6038. https://doi.org/10.1128/ 
jb.176.19.6030-6038.1994. 

Wolf, D.M., Arkin, A.P., 2002. Fifteen minutes of fim: control of type 1 pili expression in 
E. coli. OMICS 6, 91–114. https://doi.org/10.1089/15362310252780852. 

Wolf, D.M., Arkin, A.P., 2003. Motifs, modules and games in bacteria. Curr. Opin. 
Microbiol. 6, 125–134. https://doi.org/10.1016/S1369-5274(03)00033-X. 

I.S.C. Baptista and A.S. Ribeiro                                                                                                                                                                                                              

https://doi.org/10.1006/tpbi.1995.1027
https://doi.org/10.3109/10409239109114072
https://doi.org/10.1016/j.mbs.2009.10.007
https://doi.org/10.1089/cmb.2006.13.1630
https://doi.org/10.1016/0022-5193(79)90013-4
https://doi.org/10.1016/0022-5193(79)90013-4
https://doi.org/10.1126/science.1106914
https://doi.org/10.1126/science.1106914
https://doi.org/10.1088/1478-3975/3/4/005
https://doi.org/10.1016/j.jmb.2011.01.018
https://doi.org/10.1021/jp025846z
https://doi.org/10.1101/pdb.top071795
https://doi.org/10.1111/mmi.12609
https://doi.org/10.1073/pnas.2627987100
https://doi.org/10.1073/pnas.2627987100
https://doi.org/10.1016/j.bpj.2014.05.004
https://doi.org/10.1016/j.bpj.2014.05.004
https://doi.org/10.1126/science.1192588
https://doi.org/10.1073/pnas.83.23.8987
https://doi.org/10.1073/pnas.83.23.8987
https://doi.org/10.1002/jcp.1030590302
https://doi.org/10.1098/rsos.160578
https://doi.org/10.1098/rsos.160578
https://doi.org/10.1186/s12918-015-0240-5
https://doi.org/10.1016/j.biosystems.2006.12.009
https://doi.org/10.1063/1.3484868
https://doi.org/10.1063/1.3484868
https://doi.org/10.1016/j.bbagrm.2018.12.005
https://doi.org/10.1016/j.bbagrm.2018.12.005
https://doi.org/10.1371/journal.pbio.0030045
https://doi.org/10.1371/journal.pbio.0030045
https://doi.org/10.1038/nature07389
https://doi.org/10.1038/nature07389
https://doi.org/10.1038/nature04588
https://doi.org/10.1126/science.1188308
https://doi.org/10.1126/science.1188308
https://doi.org/10.1016/j.jtbi.2014.04.017
https://doi.org/10.1007/BF00451499
https://doi.org/10.1007/BF00451499
https://doi.org/10.1111/dgd.12262
https://doi.org/10.1371/journal.pcbi.1004674
https://doi.org/10.1038/msb.2010.111
https://doi.org/10.1038/msb.2010.111
https://doi.org/10.1111/j.1432-1033.1967.tb19515.x
https://doi.org/10.1016/j.jmb.2011.01.024
https://doi.org/10.1039/c5mb00391a
https://doi.org/10.1039/c5mb00391a
https://doi.org/10.3934/mbe.2018058
https://doi.org/10.3934/mbe.2018058
https://doi.org/10.1038/emboj.2009.412
https://doi.org/10.1128/jb.176.19.6030-6038.1994
https://doi.org/10.1128/jb.176.19.6030-6038.1994
https://doi.org/10.1089/15362310252780852
https://doi.org/10.1016/S1369-5274(03)00033-X

	Stochastic models coupling gene expression and partitioning in cell division in Escherichia coli
	1 Introduction
	2 Stochastic models of gene expression
	3 Stochastic partitioning in cell division
	4 Models combining stochastic genetic circuits and partitioning in cell division
	5 Simulators and models implementation
	6 Discussion
	Funding
	Declaration of competing interest
	Appendix A Supplementary data
	References


