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ABSTRACT

Regulation of future RNA and protein numbers is a key process by which cells continuously best fit the envi-
ronment. In bacteria, RNA and proteins exist in small numbers and their regulatory processes are stochastic.
Consequently, there is cell-to-cell variability in these numbers, even between sister cells. Traditionally, the two
most studied sources of this variability are gene expression and RNA and protein degradation, with evidence
suggesting that the latter is subject to little regulation, when compared to the former. However, time-lapse
microscopy and single molecule fluorescent tagging have produced evidence that cell division can also be a
significant source of variability due to asymmetries in the partitioning of RNA and proteins. Relevantly, the
impact of this noise differs from noise in production and degradation since, unlike these, it is not continuous.
Rather, it occurs at specific time points, at which moment it can introduce major fluctuations. Several models
have now been proposed that integrate noise from cell division, in addition to noise in gene expression, to mimic
the dynamics of RNA and protein numbers of cell lineages. This is expected to be particularly relevant in genetic
circuits, where significant fluctuations in one component protein, at specific time moments, are expected to
perturb near-equilibrium states of the circuits, which can have long-lasting consequences. Here we review sto-

chastic models coupling these processes in Escherichia coli, from single genes to small circuits.

1. Introduction

Statistical fluctuations in biochemical processes have long been
considered to explain rare events or mechanisms (Delbriick, 1940). For
example, stochastic models were shown to best explain the single-cell
distributions of numbers of virions in infected bacteria, where
cell-to-cell variability was observable (Delbriick, 1945).

However, noise in RNA and protein numbers was not usually
considered until recently, since observations of mean gene expression
levels of large cell populations (usually highly expressing genes, such as
the Lac gene (Lutz et al., 2001)) using technologies such as qPCR, plate
reading, Western blot, abortive initiation reactions (McClure, 1980),
etc., were well explained by continuous models (Ackers et al., 1982).

Subsequently, with the introduction of fluorescent proteins (Shimo-
mura et al., 1962), single-cell fluorescence microscopy (Sanderson et al.,
2014), synthetic genetic constructs (Lee et al., 2016), and flow cytom-
etry (Adan et al., 2017) allowed observing significant cell-to-cell vari-
ability in protein numbers, even in isogenic cell populations in
homogenous environments. In bacteria, one important cause for this

variability are the small numbers of RNA in optimal growth conditions,
usually less than 10 per gene (Taniguchi et al., 2010).

Noise in prokaryotic gene expression is considered to be a key source
of bacterial phenotypic heterogeneity. This heterogeneity is expected to
promote survival of cell populations and cell lineages in fluctuating
environments (Acar et al., 2008; Charlebois and Balazsi, 2016; Healey
et al., 2016) by enhancing adaptability via specialization of biological
functionalities (Ackermann, 2015), by allowing phenotype selection
(Stiel et al., 2006) and by providing negative frequency-dependent se-
lection, i.e. the emergence of rare, lesser fit phenotypes in, e.g. envi-
ronments with diverse resources (Charlebois and Balazsi, 2016; Healey
et al., 2016).

One of the earliest observations of a stochastic decision-making
mechanism of gene expression occurred in a study of the immunity
phase-shift in cells lysogenic for ACI857, conducted by Neubauer and
Calef (1970). Two genes, CI and Cro, form a toggle switch by repressing
one another. This circuit is thus expected to be in one of two states:
either CI is ‘ON’ and Cro is ‘OFF’, or vice versa. Once reaching one of
these states, the circuit is expected to remain stable thereafter. However,
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at rare moments, the circuit was observed to switch to the other state,
which is consistent with stochastic dynamics. To show this, Arkin et al.
(1998) design a kinetic model of the circuit using the stochastic
formulation of chemical kinetics (Gillespie, 1977, 1992) and found that,
unlike deterministic models, the stochastic model predicted the statistics
of the circuit.

Since then, several stochastic models of gene expression have been
proposed for various organisms, particularly for the model organism
E. coli. In E. coli, and similar organisms in general, little regulation ap-
pears to be exerted on RNA degradation, in that this process seems to be
largely independent from the RNA sequence (Bernstein et al., 2002;
Deutscher, 2006; Chen et al., 2015). In detail, while there is some evi-
dence for regulation of bulk RNA concentrations as a function of cell
growth rates (Esquerré et al., 2014), so far we lack evidence for RNA
sequence dependent regulation, unlike in transcription initiation, where
several regulatory mechanisms are encoded at the promoter region of
each gene (e.g., binding sites for transcription factors). Thus, most sto-
chastic models of gene expression set the key regulatory mechanisms at
the stage of transcription initiation (for reviews see, e.g. (Gibson and
Mjolsness, 2001; de Jong, 2002; Ribeiro, 2010)).

As time-lapse microscopy and single-molecule tracking became
common practices, cell-to-cell diversity was observed to also emerge in
cell division due to, e.g., morphological asymmetries in division (for a
review see (Kysela et al., 2013)), or asymmetries in the partitioning of
components between sister cells, e.g., due to non-random, protein
spatial distributions (Llopis et al., 2010). Interestingly, these asymme-
tries in cell division can be affected by the partitioning scheme of the
components being partitioned (Huh and Paulsson, 2011), and by the
presence of macromolecules (including the nucleoid), which can
enhance/reduce heterogeneities in the spatial distribution of the com-
ponents (Gupta et al., 2014a). Further, asymmetries in the location of
the plane of division (Gupta et al., 2014b) can also enhance asymmetries
in cell division. Meanwhile, at a higher scale, if the components asym-
metrically partitioned are integrated into a genetic circuit, the asym-
metry in one component may propagate to other proteins of the circuit
(Munsky et al., 2012).

Here we review recently proposed stochastic models of the combined
effects of noise in gene expression and stochastic partitioning of RNA
and proteins in cell division, in the context of bacterial cell populations.

Given the myriad of sources of cell-to-cell diversity in gene expres-
sion components, it is not simple to identify the effect of each source
when analyzing experimental data. Consequently, their modelling can
also be difficult. Therefore, models usually account for the most com-
mon sources of noise (e.g. in gene expression) and then add a specific
source studied (for reviews, see (Hellweger et al., 2016; Gupta and
Mendes, 2018)). As such, we start by reviewing stochastic models of
gene expression and of partitioning schemes in cell division, separately.
Next, we review models that include both of these sources of noise.
Finally, we describe freely available simulators for these models that use
the common language of representation of chemical reactions in order to
suit users with various scientific backgrounds.

For reviews of models of gene expression, models of genetic circuits,
and a comparison of delayed versus non-delayed stochastic models of
gene expression, we refer to, respectively, (de Jong, 2002; Karlebach
and Shamir, 2008; Hasty et al., 2001), and (Ribeiro, 2010).

2. Stochastic models of gene expression

Several models of stochastic gene expression have been proposed,
usually based on observations of viral and bacterial gene expression
systems. One of the first stochastic models was proposed by Ko et al. (Ko,
1991, 1992), from empirical evidence that the expression dynamics of
individual genes did not match their mean behavior (Ko et al., 1990).
Several models followed (Arkin et al., 1998; Mcadams and Arkin, 1997,
Gibson and Bruck, 2000; Sasai and Wolynes, 2003; Ozbudak et al.,
2002). For reviews, see (Karlebach and Shamir, 2008; Gibson and
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Mjolsness, 2001). Later on, to consider the complex, multi-step nature
and/or significant length in time of gene expression, delayed stochastic
models were introduced (Bratsun et al., 2005; Barrio et al., 2006;
Roussel and Zhu, 2006; Ribeiro et al., 2006; Gaffney and Monk, 2006).
Usually, the delays were introduced to account for the time-length of
protein folding and activation, and/or of transcription initiation.

We start by describing a stochastic gene expression model with
neither time delays nor regulatory processes. For this, we assume a
constitutive gene, i.e. always active (in a ‘ON’ state, represented as
‘Genepn’). We model the production of RNA and proteins separately,
both as 1-step processes (reactions (2.1) and (2.2), respectively). This
separation of gene expression into transcription and translation allows
for the separate regulation of the kinetics of the two events. Also
included are separate, constant exponential decays of RNA and proteins
(reactions (2.3) and (2.4), respectively) (Peccoud and Ycart, 1995;
Munsky et al., 2012):

Geneon—»RNA (2.1)
RNA-2,p (2.2)
RNA-. g (2.3)
P 2.4)

Here, k; and k;, are the RNA and protein (P) production rates, respec-
tively, while ks and k4 are the RNA and protein degradation rates by 1-
step decay processes, respectively.

Next, one can introduce a regulatory process (Jacob and Monod,
1961). The most common is repression by transcription blocking, i.e. a
molecule binds near or at the promoter region, blocking access to the
RNA polymerase (RNAP). In this model, a gene can either be ‘ON’, with
transcription occurring at a constant rate, or ‘OFF (Geneggp), if
repressed. Transitions between the ON and OFF states (at exponentially
distributed intervals (Gardiner, 2004)) occur at the rates koy and kogr
(Kepler and Elston, 2001), as follows:

koy

Geneorr 2 Genepn (2.5)
korr

Usually, the two events depicted in reactions (2.5) require the
intervention of one or more regulatory molecules (e.g. transcription
factors.). As examples, in reaction (2.6), we model a gene whose acti-
vation requires the binding of molecule ‘A’, while in reaction (2.7) we
model a gene whose repression requires the binding of molecule ‘B’
(similarly to above, the explicit representations of A and B allows the
control of the numbers of these molecules in time and/or in individual
cells):

ko
Geneorr +A 2 Geneoy A (2.6)
korr
kon
Geneopr.B 2 Geneoy + B 2.7)
korr

By designing more complex models than those above, it is possible to
enhance their realism. For example, in accordance to empirical data, and
unlike what is represented in reaction (2.1), transcription initiation is a
multi-step process (McClure, 1985). This is modeled in reactions (2.8)
where, first, the RNAP has to find a transcription start site (TSS), usually
located in the promoter region of the gene. The binding between the
RNAP and the TSS that forms a ‘closed complex’ is reversible (McClure,
1980). In detail, in the first step of the set of reactions (2.8), k. is the rate
at which the RNAP finds the promoter region and performs a 1D diffu-
sion process along the DNA until successfully binding to the TSS (Bai
et al., 2006; Wang and Greene, 2011), while k... is the opposite event.
Due to being reversible, in general, the RNAP forms several closed
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complexes until one of them successfully progresses into a stable, open
complex, following the melting of the DNA and formation of a tran-
scription ‘bubble’, at the rate k. (Bai et al., 2006). The kinetics of this
process (e.g. the number of closed complex formations per open complex
formation) can be tuned by changing k. and k,. The remaining steps
(here regulated by kescqpe) represent the overall rate of promoter escape
and clearance (after completion of the open complex), accounting for
the rate of abortive initiation (Duchi et al., 2016; Liang et al., 1999). In
normal conditions, ‘promoter escape’ is much faster than the two pre-
vious rate-limiting steps (kescape >> ke and koc) (McClure, 1985; Duchi
et al., 2016). Subsequently, as the RNAP clears the promoter region, it
forms an elongation complex that will synthesize the RNA. Overall, the
multi-step nature of transcription initiation can be well modeled by re-
actions (2.8), with Genegy being an active, unrepressed gene, R being
the RNA polymerase, Procc the closed complex, and Progc the open
complex:

Kescape

kee
Geneoy +R 2 Procc—k’bProoc-—»GeneON + R + RNA

kece

(2.8)

In this model, the rate of transcription elongation is not accounted
for in the kinetics of RNA production. This is because it does not affect
the mean time length between consecutive RNA production events, only
the variability of this time length.

The modeling of the multi-step nature of transcription initiation
(Walter et al., 1967; Kierzek et al., 2001; Saecker et al., 2011; Chen et al.,
2019, 2020) can be of importance, particularly the first two rate-limiting
steps, as these can be significantly long-lasting. Also, by tuning k.. and
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koc individually, one can alter significantly the shape of the distribution
of time intervals between RNA production events, even when not
changing the mean rate of RNA production (Startceva et al., 2019),
which is not possible if using a one-step model of RNA production
without time delays (Lloyd-Price et al., 2016). Second, regulatory
mechanisms in E. coli may act on only one of these steps, or in both by
different degrees (Lutz et al., 2001; Makela et al., 2017), thus requiring
their direct representation.

As an example of how differences in the rates of the two main rate
limiting steps of transcription initiation can affect the shape of the dis-
tribution of time intervals between consecutive RNA production events
and, thus, of noise in RNA production, we performed example simula-
tions of the model (2.8), setting different values for k.. and k,., while
maintaining (1/(R x k¢)+1/k,) constant. We also consider RNA
degradation (reaction (2.3)), to ensure realistic RNA numbers (as well as
the contribution from noise of the degradation process). Models,
parameter values of the rate constants, and initial values of each
component are shown in Fig. 1.

We consider the following conditions. In (A), the formation of the
closed complex is faster than the formation of the open complex (k. >
koc)- In (B), the rates of formation of the closed and open complex are
identical (k. = ko). Finally, in (C) the formation of the closed complex is
slower (k. < ko). The expected time between transcription events is the
same in all conditions.

To compare the kinetics of RNA production in the three conditions,
we performed simulations and extracted the number of RNAs in a period
of time when the RNA numbers are expected to be near equilibrium (for

Reactions Initial quantities
i k Kescape GeneON 1
1) R+Gene,, —=—> RPro.. —=— RPro,. —=**— Gene,, + RNA+R
%) . R 50
RNA———J
RNA
Specific parameters General parameters
% -1 i
Condition A ko R 1/50 s e | 100
koc 1/350 s k, 1/4000 s
Ka "R 1/200 s 1 1
016 cc S
Condition B ——+—=400s
ks 1200 s | kee xR kye
K™ B 1/350 s
" cC S
Condition C e
oc 1/50 s
Single-cell At distributions Single-cell distribution of RNA numbers
0.: A 0. B 0. c 0. A 0. B 0.15, c
=401 =401 =401 u=10 u=10 n=10
0.18| o =353.97 0.18 o =283.76 018 o =354.25 o0=296 o=273 =297
0.16| 0.16 o 0.16
0.14| 0.14 0.14 01 01 0
2012 gmz 2012 :;‘ é‘ %‘
: : :
o o ] © 3 3
0. 0.08| Q. 0.08 Q. 0.08 o o a
0.06| 008 008 0.05 0.05 0.05
0.04| 0.04 0.04
0.02] 0.02 0.02
390 400 410 420 390 400 410 420 a 390 400 410 420 O“ 10 20 30 Do 10 20 30 DU 10 20 30
Time (s) Time (s) Time (s) No. RNAs No. RNAs No. RNAs

Fig. 1. Example simulations of a model of a 2-rate limiting step process of RNA production by an active gene and RNA degradation. Shown are the reactions of RNA
production and RNA degradation (top left table, reactions 1 and 2, respectively). Also shown are the initial quantities of each component (top right table), and parameter
values different and identical to each condition (mid tables, left and right, respectively). Three conditions are considered: (A) the rate of closed complex formation is
higher than the rate of open complex formation (k¢ > koc); (B) kee = koc; and (C), kee < koc. In all conditions, the mean expected RNA production rate (1/(R x k.)+1/
ko) is identical. Also identical are kescqpe and kq. Finally, the bottom figures show the probability distributions of time intervals (At) between RNA production events
(right figures), and the number of RNAs in individual cells at any given moment (left figures). Each figure also shows the mean (p) and standard deviation (o) of the
distribution. Note that the axes ranges differ. We performed 2200 simulations of each model, each 10° s long, and extracted the number of RNAs once per second,
between moments 2 x 10° s to 1 x 10° s, during which time the RNA numbers are expected to be near equilibrium.
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details, see legend of Fig. 1). We also obtained the time intervals (At)
between consecutive RNA production events. For this, we modeled
probes (not shown in reaction 2.8) that appear at the same time as an
RNA is produced, but do not degrade. As such, the intervals can be ob-
tained from when a new probe appears (avoiding interference from RNA
degradation).

The distributions of RNA numbers and At values of each condition
are shown in Fig. 1, along with their respective mean (u) and standard
deviation (c). As expected, since (1/(R X k¢)+1/k,.) does not differ
between conditions, both p(At) and p(no. RNAs) do not differ. However,
one finds that the standard deviation (c) is minimal when k.. and k,. are
identical (condition B), while it does not differ significantly between
conditions A and C since the absolute difference between k.. and k. is
identical in the two conditions.

To validate these conclusions, we performed two-sample t-tests be-
tween the pairs of distributions of extracted values of ¢ of the distribu-
tions of At values, with the null hypothesis that the data comes from
normal distributions with equal means and unequal variances. We found
that the p-values were approximately 0 when comparing A and B and, B
and C (for p-values smaller than 0.01, we reject the null hypothesis).
Meanwhile, comparing A and C, we obtained a p-value of 0.13 and, thus
we cannot reject the null hypothesis. Similar conclusions were obtained
when comparing the distributions of RNA numbers. Overall, using the
two-step model (2.8), it is possible to regulate the mean and variability
in RNA numbers independently from one another (to a certain degree),
similarly to models with an ON-OFF mechanism whose kinetics is in-
dependent from the transcription process (e.g. a model combining re-
actions 2.1 and 2.5).

Rather than model the events in transcription initiation explicitly,
one can instead consider how long they take to be completed once
initiated. This may result in more accurate dynamics of RNA numbers.
For example, simulations of reaction (2.8) usually assume that the time
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taken by each step follows an exponential distribution (particularly
when simulated using the Stochastic Simulation Algorithm (Gillespie,
1977)). However, this is not necessarily the case (e.g. the opening of the
DNA for reading is not expected to have this kinetics). To correct for this,
one can introduce time delays (7) between the start and completion of an
event as in (Ribeiro et al., 2006). The delays can be constant or, to be
more accurate, be randomly extracted from a desired distribution each
time a reaction occurs (the simulator proposed in (Lloyd-Price et al.,
2012) can be used for this purpose). For this, transcription can be
modeled as:

R+ ProLPro(n) + RNA(1,) + R(12) (2.9

In (2.9), the RNA polymerase (R) binds to the promoter (Pro) as
previously but, instead of releasing the products once the reaction
occurred, it does so only after the time delays (after 7; seconds in the
case of the promoter region, and after 73, with 7, > 77, in the case of the
RNA and RNAP, to account for transcription elongation and termina-
tion). One advantage of this model is that the delays can be directly
extracted from empirical distributions each time the reaction occurs, to
obtain accurate distributions of intervals between RNA production
events.

To exemplify the ability of this modeling strategy to tune single-cell
RNA numbers, consider the model (2.9) and three conditions, differing
in the distribution from which 7; values are randomly drawn from, each
time a transcription event occurs (see Fig. 2 for details). For simplicity,
we consider three conditions (A, B, and C), with 7; values being drawn
from Gaussian distributions differing in mean and standard deviation
(represented as Gaussian (p,csz)). The conditions also differ in the rates of
RNA degradation (kg), which are tuned so that the conditions differ little
in mean expected RNA numbers.

Example results in Fig. 2 show that the distribution of time intervals
between the production of consecutive RNAs and the distribution of

Reactions

Initial quantities

Fig. 2. Example models of a 2-rate
limiting step process of RNA produc-
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RNA numbers can be tuned by the time delays in transcription initiation,
even when tuning, e.g. RNA degradation rates, so that mean RNA
numbers are not affected. To validate these conclusions (by establishing
that the dynamics differs significantly between the conditions), we
performed two-sample t-tests between the pairs of distributions of
extracted values of ¢ of the distributions of single-cell RNA numbers
values, with the null hypothesis that the data comes from normal dis-
tributions with equal means and unequal variances. We found that the p-
values were approximately O for all possible pairs of distributions (for p-
values smaller than 0.01, we reject the null hypothesis).
Similarly, using this methodology, translation can be modeled as:

Ribosome + RBSLRBS(Q) + Ribosome(74) + P(z5) (2.10)
where RBS stands for the ribosome binding site region of the RNA since,
in E. coli, once this region is free, ribosomes can bind to initiate trans-
lation of the RNA (which allows for several proteins to be produced
simultaneously from the same RNA). Meanwhile, 75 stands for the time
that it takes for protein folding and activation. Finally, proteins can be
degraded as in reaction (2.4) (its noted that this model assumes a process
of protein degradation as simple as the one for RNA, which may not
suffice in realism).

These models can be expanded to include several other phenomena
involved in gene expression. As an example, we describe how one can
introduce the influence of positive supercoiling buildup, known to affect
highly expressed genes (see e.g. (Chong et al., 2014)). A set of reactions
similar to reactions (2.5) can be used to model transcription locking due
to positive supercoiling buildup (PSB), which causes transcriptional
bursting (Golding et al., 2005; Chong et al., 2014) (Fig. 3). Namely,
transcription locking resulting from the accumulation of PSB from the
activity of neighboring genes can be modeled by reaction (2.11) (Chong
et al., 2014). Escape from this state requires the intervention of Gyrase
(Reece and Maxwell, 1991; Drlica, 1992). This is modeled by reaction
(2.12), whose kinetics depends on the rates of Gyrase association and
dissociation from the DNA (Reece and Maxwell, 1991) and the number
of Gyrases in the cell. In this regard, one could also add a time-delay, to
account for the time taken by Gyrase to resolve sufficient coils to release
the promoter from a locked state (usually this is much faster than the
time scale of intervals between transcription events and, thus, we opted
for not including it).

Proon i'3>Prou,cked (2.11)
Prooaed - G—%>Progy + G (2.12)

Promoter locking/unlocking due to PSB, represented in (2.11) and
(2.12), can be coupled with the models of transcription. E.g., it can be

~—RNA

-~
~ ~

-~

P
ON [
OFF
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coupled with the model in (2.8), by setting that the promoter (Pro),
when in the ON state, being able to either be bound by RNAP (via re-
action (2.8)) or to become locked due to supercoiling (via reaction
(2.11)). As such, one could set a model where there is competition for
Prooy, each time it is available. A simpler version of this model (tran-
scription modeled as a 1-step process) was used in (Chong et al., 2014;
Golding et al., 2005). Finally, an additional reaction (e.g. reaction (2.3))
would allow for RNA to degrade (which is not necessary, if the model
only intends to predict intervals between consecutive RNA production
events, rather than RNA numbers).

As an example, Fig. 4 shows the time intervals between RNA pro-
duction events of such a model, absent of RNA degradation and of
regulation by transcription factors, for simplicity (reactions (2.6) and
(2.7) could be added for implementing activation/repression mecha-
nisms, respectively). Also shown are the reactions simulated, their
parameter values, and initial numbers of each component. From the
results, the variability of the time intervals between consecutive RNA
production events increases as Gyrase numbers decrease, even when the
mean of the interval between consecutive RNA production events is kept
near constant (here, this was achieved by compensating increasing OFF
periods due to positive supercoiling buildup with increased transcrip-
tion initiation rates).

In summary, stochastic modelling of gene expression can be made
increasingly complex, depending on which processes are modeled and to
which level of detail. The level of detail desired usually should follow
the precision and nature of the measurements from which the empirical
data is obtained: e.g., from mean RNA and protein production rates in
cell populations, to single-cell level, to single-RNA (Golding et al., 2005)
and single-protein numbers (Taniguchi et al., 2010), and finally, to the
single nucleotide and codon level (Herbert et al., 2008). The models
should also consider, e.g., what perturbations are they expected to
mimic the effects of. For example, when the measurements explore the
effects of overexpressing Gyrase, it will be relevant to add reactions
modeling positive supercoiling buildup and represent Gyrases and their
actions explicitly.

3. Stochastic partitioning in cell division

Some of the first stochastic models of single-cell distributions of
protein levels in growing cell populations were developed for E. coli
(Berg, 1978; Rigney, 1979), whose division is morphologically
near-symmetric (Marr et al., 1966; Trueba, 1982). These models usually
assumed that proteins were homogenously distributed in the mother
cell, at the moment of division, or were evenly distributed by the two
geometric sides of the cell. The latter assumption is usually accurate for
many proteins existing in large numbers, unless they are clustered

\
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Fig. 3. Schematic representation of transcriptional bursting. The gene can be in the OFF state or in the ON state, during which time there is a significant increase in

the numbers of mRNA transcribed by the gene.
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Fig. 4. Example models of a 2-rate limiting step process of RNA production from an active gene (Progy) subject to locking (Propecked) due to positive supercoiling
buildup and unlocking by the action of Gyrases (G). Shown are the reactions of RNA production along with promoter locking and unlocking (top left table), the initial
quantities of each component (top right table), and the general parameters and the parameters specific to each condition (mid and bottom tables, respectively). Three
conditions are considered: (A), (B), and (C), differing in the numbers of Gyrases (G) and in the kinetics of the closed complex formation (k; and k_;). Finally, the
bottom right figures show example probability distributions of time intervals (At) between consecutive RNA production events, along with the mean (p) and standard
deviation (o) of the distributions of each condition. Note that the axes ranges differ. We performed 1200 simulations of each model, each 10°s long, and extracted the

time intervals between consecutive RNA production events.

(Kuwada et al., 2015).

In this regard, a genome wide study of protein localization (Kuwada
et al., 2015) using cells from the ASKA + library (Kitagawa et al., 2006)
reported that only 40% of the (869) proteins observed were partitioned
asymmetrically. Further, ~50% of these (~250 proteins) formed ag-
gregates, likely due to inclusion bodies, which ‘artificially’ promote
asymmetry, due to their preferential localization at the cell poles
(Lindner et al., 2008), caused by a phenomenon of nucleoid exclusion
from midcell (Woldringh et al., 1994; Winkler et al., 2010). E.g. assume
a cell with two such clusters and that, once the cell divides, each
daughter cell inherits only one cluster (Gupta et al., 2014a). Since these
clusters will likely differ in size, this already generates asymmetries in
division. Further, in the subsequent cell division events, the partitioning
of the clusters will be necessarily uneven, as only one of daughter cells
will inherit the only protein cluster of the mother cell. Recent observa-
tions of these phenomena were reported in, e.g. (Neeli-Venkata et al.,
2016), where both natural and synthetic protein aggregates, as well as
the nucleoids, were tracked, which allowed the development of more
complex models of partitioning in cell division.

Given the above (and since the localization of the proteins was
widely diverse, suggesting that fusion with GFP did not play a major role
(Kuwada et al., 2015)), the actual fraction of proteins that are asym-
metrically partitioned in cell division in natural conditions may be less
than 25%. This implies that, for some proteins the asymmetric parti-
tioning is selectively advantageous while for others it is not (Erjavec
et al., 2008; Kysela et al., 2013). It further suggests that E. coli may have
evolved ingenious asymmetric protein partitioning processes (Ventura

and Sourjik, 2011). One case where it could be advantageous is the
asymmetric partitioning of unwanted protein aggregates, which could
be a means to ‘renew’ most cells of a lineage, at the cost of a few in-
dividuals that would inherit most aggregates (Stewart et al., 2005;
Lindner et al., 2008).

In general, there are at least two means by which partitioning in cell
division can be asymmetric. Either the cell components are unevenly
split even though division is morphological symmetric (Fig. 5, bottom
left) or, division is morphologically asymmetric, causing the larger
daughter cell to inherit more components, provided that they are
homogenously distributed (Fig. 5, top right). Finally, both asymmetries
(positional and morphological) can occur, which could further enhance
functional asymmetries between sister cells.

To introduce these asymmetries in stochastic models of gene
expression of growing cell populations, Huh and Paulsson developed
several models of partitioning schemes (Huh and Paulsson, 2011),
shown in Fig. 5. They range from ‘perfectly homogeneous’ (top left
scheme) to ‘entirely heterogenous’ (one-gets-all, bottom right scheme).
The intermediate schemes considered here are based on known mech-
anisms by which cellular components (e.g. non-functional proteins) can
form larger components or, instead, on cell components that preferen-
tially locate in certain positions (e.g. the Tsr protein complexes prefer-
entially locate at the cell pole due to nucleoid exclusion (Neeli-Venkata
et al., 2016) as well as due to the action of Tol-Pal complexes (Santos
et al., 2014)). Finally, the authors considered morphological asymme-
tries (see the bottom right model in Fig. 5). These strategies have since
been applied to various models of cellular processes (Jahn et al., 2015).
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Fig. 5. Schematic representation of partitioning schemes of cell components due to asymmetric positioning and/or morphologically asymmetric divisions. (Top left)
Perfect partitioning, (Top center) Pair formation, (Top Right) Random size partitioning, (Bottom left) Preferential partitioning, (Bottom center) Cluster formation, and

(Bottom right) All or nothing partitioning.

Assuming the use of, e.g., the simulator SGNS2 (Lloyd-Price et al.,
2012), one can introduce such partitioning schemes with ease. For
example, assume a growing population with cells expressing a given
protein. To introduce partitioning of this protein by pair formation, one
can introduce reactions by which these proteins bind and unbind from
one another. The rates of these events will define the fraction of paired
proteins. One can also set reactions for pairs to bind to a third protein,
etc., creating larger clusters. To introduce uneven partitioning at the
single protein level, one can define uneven probabilities of the two
daughter cells inheriting a protein. Similarly, the effects of morpholog-
ical asymmetries in division can also be modeled by setting uneven
probabilities of inheritance and then defining different rate constants in
the two daughter cells (to account for differences in their volumes).

It is also possible to model spatial heterogeneities, such as due to the
presence of the nucleoid at midcell. E.g., in (Gupta et al., 2014a) the cell
was modeled as a 1-dimensional structure, divided into N equal sections.
Then, to simulate the effects of the presence of a nucleoid at midcell on
the spatial dynamics of large molecules, the model tuned different
probabilities of cell components moving between next nearest neighbor
sections as a function of their position. Initially, the model assumed
equal probabilities of a molecule in section n to move to sections n+1 or
n-1 (except at the extreme sections). Next, to introduce nucleoid oc-
clusion, which heavily reduces the chances of large cellular components
to occupy the midcell region, it was decreased the chance of large
molecules of moving towards the geometric center of the cell in accor-
dance with the shape of an inverted Gaussian function, centered at
midcell (i.e. the closest from midcell, the less likely it is to further
approach the cell center). This model has significant flexibility. E.g. it
allows introducing single-cell variability in the nucleoid center or size by
introducing distinct Gaussian functions in individual cells. A similar
strategy can be used to model nucleoid replication. E.g. one can
implement two, lesser wide Gaussian functions, that first emerge at
midcell and then move over time towards each becoming centered in
between midcell and the cell extremities.

4. Models combining stochastic genetic circuits and partitioning
in cell division

The first models considering cell-to-cell variability in protein
numbers in growing cell populations (Berg, 1978; Rigney, 1979) made
evident that cell division alters the shape of the single-cell distribution of
protein numbers. It was shown that, even when assuming binomial
partitioning in division, single-cell distributions of protein numbers
could not be well described by a Poisson distribution, if proteins
numbers are small. One of the reasons for this is that, unlike noise from
gene expression, noise from cell division is introduced at specific points
in time, causing a temporary surge of cell-to-cell variability in protein
numbers, which then “dissipates” over time, until the next division
event.

Consequently, the effects of stochastic partitioning should differ with
the rate of cell division (Bertaux et al., 2018; Scott et al., 2010; Schwabe
and Bruggeman, 2014; Klumpp et al., 2009). Also, the models suggested
that the variability in RNA and protein numbers introduced by cell di-
vision can be regulated by the timings of cell division (e.g. the degree of
synchronization, the nature of the partitioning process such as its bias,
and the kinetics of gene expression events (Wang et al., 2015, 2018;
Soltani and Singh, 2016)).

In this regard, it has been considered that, in real cells, when
‘implementing’ different growth rates, cells exhibit different mRNA
lifetimes (Esquerré et al., 2015) and RNAP and ribosomes abundance
(Klumpp et al., 2009), among other. This suggests that the cells execute
different global transcriptional programs, which likely differ in noise
levels (Bar-Even et al., 2006; Esquerré et al., 2014). Meanwhile, Bertaux
and colleagues (Bertaux et al., 2018), using a 2-step gene expression
model (transcription followed by translation), showed that a single-cell
distribution of protein numbers can be kept independent from the
growth rate, by tuning the translation rates.

As examples of how partitioning in cell division affects distributions
of gene expression products in an isogenic cell population, we simulated
the dynamics of single-cell protein distributions in cell lineages subject
to different partitioning schemes. Models and results are shown in Fig. 6.
We considered: (A) perfect proteins’ partitioning; (B) random size par-
titioning and (C) all-or-nothing partitioning. Each cell was set to grow at
a constant rate and divide when reaching a specific length. In division,
the length of the daughter cells relative to the mother cell was set ac-
cording to a binomial distribution with p = 0.5 (except for case B, where
it is based on a beta distribution with o = § = 2). The gene expression
model in each cell is depicted in Fig. 6 (reactions (2.9), (2.3), (2.10) and
(2.4) for RNA and proteins production and degradation, respectively).
The rate constants and parameters of the partitioning schemes are also
shown in Fig. 6.

One important information required to implement cell division is
whether a component is replicated (e.g. a gene) or partitioned (e.g.
proteins) in division. In the case of SGNS2, the partitioning of the
components of the mother cell is a process by which a component either
“remains” in one daughter cell, or it “moves” to “the other” daughter
cell. This is implemented as follows (see an example complete imple-
mentation in Supplementary Material). Let “split” be a cell division
event represented as a chemical reaction, with substrates, a rate con-
stant, and products, as in (4.1):

split:Protein@Cell —[1]-> @Cell + Promoter@Cell + :Protein@Cell; (4.1)

Here, the cell component “Protein” of the mother cell is consumed
during a split (as it is set to be a substrate of the reaction) and then
appears as a product (of the splitting process). Consequently, it is not
replicated but will appear in one of the daughter cells. Meanwhile, the
component “Promoter” is not consumed, since it is not a substrate, but is
produced. As such, a “Promoter” will be replicated (in the sense that it
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Fig. 6. Probability distributions of differences in protein numbers between sister cells following cell division, when splitting proteins according to ‘perfect parti-
tioning’ (A, blue), ‘random size partitioning’ (B, green) and ‘all or nothing partitioning’ (C, in red) (cell lengths and/or RNA and protein numbers). Shown are the
distributions as well as their mean (), standard deviation (), and kurtosis (k), and respective standard errors. The insets show example time series of protein
numbers in a single cell line (vertical black lines represent moments of cell division). Simulations using SGNS2, assuming the model depicted in the top left table.
Parameter values common to all conditions are depicted in the Table ‘General parameters’, while those differing between conditions are shown in the middle table
describing conditions A, B, and C. All cells have a constant growth rate and divide when reaching the same specific length. However, after division, sister cells can
differ in size, implying that they will take different amounts of time to perform their division. Here, ‘L’ stands for cell length while ‘N’ stands for number of RNA or
proteins, prior or after cell division. We performed 100 simulations per condition (6 division events from one original cell, per simulation). Each cell lifetime was
1800 s. Proteins number were extracted once per second. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version

of this article.)

will “remain” in the original cell and will also appear in the “other
daughter cell” that was produced in this process). For purposes of
implementation alone, note that the product “Protein” is preceded by a
“”, while the product “Promoter” is not. For details on the various
possible schemes of partitioning of the components that are not repli-
cated, see (Lloyd-Price et al., 2012).

Finally, in the case of SGNS2, there is the possibility of delayed
events. To handle this (i.e. for components in the waitlist to not be lost
during cell division), the simulator will always implement the same rules
of partitioning in cell division to both the components in and the com-
ponents out of the waitlist. However, those in the waitlist will remain in
the waitlist of the daughter cells until the waiting time is over, as which
point they will other appear in both daughter cells or in only one of the
daughter cells, depending on the rules set, as described above.

From Fig. 6, first, comparing conditions A, whose proteins are
distributed evenly between sister cells (see inset in Fig. 6A), and B,
whose proteins partitioning follows an unbiased binomial distribution,
one finds that the mean difference between protein numbers of sister
cells following division is near-identical (aside from stochastic fluctua-
tions). However, the latter shows a larger standard deviation and kur-
tosis, due to the randomness in protein partitioning. Meanwhile, in
condition C, there is an absolute asymmetry in the partitioning, causing
the mean and standard deviation of the difference in protein numbers
between sister cells to be much higher than in A and B (while the kur-
tosis is lower).

Regarding small genetic circuits (Segall et al., 1986; Arkin and Ross,
1994; Arkin et al., 1998; Samoilov et al., 2002; Wolf and Arkin, 2002,
2003; Levchenko et al., 2004; Klumpp et al., 2009; Uriu, 2016; Bertaux
et al., 2018; Rosenfeld et al., 2005), the effects of cell division are ex-
pected to differ significantly between circuits. For example, in genetic
switches, since their stability depends on the number of proteins of the
active gene, the higher the asymmetry in the partitioning of the ‘domi-
nant’ protein during cell division, the more likely it will be that state
switching will occur in the daughter cell receiving less proteins. Mean-
while, in genetic clocks, the same perturbation is expected to cause the
circuit to lose ‘track of time’ but not ‘change state’, since the system only
has one stable ‘noisy attractor’. It is also expected a relationship between
the period of oscillation of the Repressilator and the effects of tuning cell
division rates.

The effects of the ‘uncertainty’ introduced by stochastic partitioning
and division times on the dynamics of small genetic circuits has recently
been explored in several studies, assuming various initial conditions and
models. For example, Stamatakis and Mantzaris (2010) studied the ef-
fects of intrinsic noise and division cycle on the dynamics of a model
stochastic oscillator. In some conditions, coherence resonance emerged
between the cell cycle and the oscillatory dynamics of the oscillator,
which enhanced the robustness of the oscillation.

Meanwhile, Gonze (2013) studied the perturbations introduced by
the cell division cycle on the oscillatory dynamics of a Repressilator. The
study focused on the effects of noise due to the limited number of pro-
teins and cell-to-cell variability in these numbers generated by noisy
partitioning in cell division and noisy division times. Interestingly, they
reported that, within the range of parameter values analyzed, cell-to-cell
heterogeneity was a stronger source of variability in the oscillations of
the Repressilator than the division events.

In (Lloyd-Price et al., 2014), noise in partitioning in division was also
found to affect the long-term dynamics of toggle switches and Repres-
silators, for various partitioning schemes. The behavior of these circuits
was analyzed for binomial partitioning, pair formation (an ordered
partitioning scheme) and random accessible volume (a disordered par-
titioning scheme) as defined in (Huh and Paulsson, 2011). It was found
that changing the partitioning scheme sufficed to alter significantly the
circuits’ long-term dynamics.

Another study (Tourigny, 2014) showed that the oscillations can
suffer phase shifts after cell division although, if the oscillations have
faster periods than cell division, the oscillations will likely be robust to
the perturbations. Meanwhile, Ahmed et al. (2015) studied the dy-
namics of populators of genetic oscillators assuming that cell division
acts as a ‘resetting’ process and showed that, in this scenario, cell divi-
sion causes phase drifts.

When studying genetic oscillators, Veliz-Cuba and colleagues
(Veliz-Cuba et al., 2015) reported that there is a high cell-to-cell vari-
ability in the oscillation amplitude, even though sister cells were
strongly correlated for many minutes after cell division. They noted that,
since fluctuations due to intrinsic noise have short-term effects (Rose-
nfeld et al., 2005), the long-term variability observed is likely from
extrinsic noise sources, namely, the partitioning of cellular components
in cell division. They also noted that time delays in gene expression can
enhance/decrease the impact of cell division on the circuits’ dynamics.
Meanwhile, Jaruszewicz-Blonska and Lipniacki (2017) explored the
influence of the cell cycle on the dynamics of model genetic switches
(with one of the genes close to the origin of replication and the other
close to the terminus of replication site). It was found that the rate of the
cell cycle can affect the state of the toggle switch and that this influence
depends on the locations of the genes of the switch and their state at the
moment of division. Finally, results in (Bertaux et al., 2018) suggest that
the regulation of cell size when changing cell division rates may allow
enhancing/reducing the effects on gene expression noise.

Oppositely to the studies above, Paijmans and colleagues (Paijmans
et al., 2016) considered that in live cells, since most small genetic cir-
cuits conduct complex operations (such as counting time and decision
making, as described above), their dynamics needs to be reliable (i.e.
stable), even following DNA replication. To investigate potential
mechanisms evolved to ensure their stability in cell division, they started
by using models to identify which events during cell division most
perturb the circuits. Next, they proposed means by which bacteria
(specifically, the cyanobacterium Synechococcus elongatus) protect the
circuits from those perturbations. Relevantly, they showed that one such
mechanism could be the multi-copy presence of the circuits and their
asynchronous replication, as a means to minimize changes in gene
expression rates and, thus, protein numbers. Subsequently, in (Paijmans
et al.,, 2017), the authors investigated sources of robustness of the
repressilator (Elowitz et al., 2002) and the dual-feedback oscillator
(Stricker et al., 2008) in growing cells populations, and suggested that
the perturbations due to cell division can couple the period of oscillation
to the period of the cell cycle.

Finally, recent models have become more detailed regarding cell
volume growth and cell growth stage dynamics (Song et al., 2015;
Marguet et al., 2019; Mura et al., 2019), and focused on how these
variables affect the relationship between noise from division and noise
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from gene expression. For example, Song et al. (2015) proposed a
single-cell stochastic model accounting for cell volume and cycle stages
(divided into time blocks differing in growth rate and accounting for
DNA replication). Setting a stochastic partitioning of components in
division of a model GAL network in yeast, the authors showed that the
model can predict, e.g., the single-cell distribution of the component
proteins of the real system.

Altogether, when considering genetic circuits, the effects of asym-
metries in partitioning in cell division are complex, as the asymmetries
can either amplify or dampen the internal fluctuations in the circuits’
dynamics, among other. In example Fig. 7, we show the dynamics of a
model genetic switch in a single cell line. From the figure, which shows
the numbers of the two proteins of the switch over time, it is visible that
the first and second division events reduce the difference in numbers
between the two proteins, but the third and subsequent division events
enhance that difference, causing the switch to become nearly stable with
gene 1 remaining ‘ON’ and gene 2 remaining ‘OFF’. This model was
implemented in SGNS2 (Lloyd-Price et al., 2012), and the code to
implement its reactions is provided in Supplementary Material.

Besides the partitioning scheme in division, it can also be of value to
regulate cell division times (mean and cell-to-cell variability of these
times). Using SGNS2, this can be implemented by tuning the simulation
time of each cell, followed by the creation of two new compartments,
each being a new daughter cell (using the function ‘split’). This method
was used to create the example dynamics shown in Fig. 7.

5. Simulators and models implementation

In order to explore stochastic models of genetic circuits and the po-
tential effects of cell division, several simulators have been recently
proposed (for a detailed review of simulators, see (Gupta and Mendes,
2018)). In short, most simulators solve the chemical master equation
according to the Stochastic Simulation Algorithm (SSA) (Gillespie,
1977), such as Blakes et al. (2011), Hattne et al. (2005), Hoops et al.
(2006) and Lok and Brent (2005). Others allow combining the SSA with
O.D.E.s for faster processes (Gupta and Mendes, 2018). It is noted that,
to some extent, models of cell division can be implemented using these
features alone. As a simple example, assume the following set of
competing reactions, where the number identifier defines in which cell
is the component located:
Ao~ A, (1000) (5.1)

Generation: 0 1 2 3 4
4000

—P1

3500 P2

3000

~

() (w2

)

N
Is;

=1
=]

Protein numbers
- N
o o
3 3
o o

1000
500

y.d

0 2000

4000 6000
Time (s)

8000

Fig. 7. Depiction of the dynamics of the numbers of the two proteins (P1 and
P2) of a model genetic switch in a cell line, as affected by stochastic partitioning
in cell division. Shown are the numbers of the two component proteins over
time (P1 in green and P2 in orange). Also shown are the division events (ver-
tical black lines). The figure to the right is an illustration of the topology of the
switch, with two genes (green and orange balls) repressing one another (black
lines). Cell division time was set to ~33 min, to be in conformity with realistic
parameter values. (For interpretation of the references to colour in this figure
legend, the reader is referred to the Web version of this article.)
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Ao, A4 (1000) (5.2)
Assuming kg;, to be very large, from this model would result a dynamic
system where, at approximately moment t = 1000, the components ‘A’
in cell ‘0’ would be partitioned near-symmetrically between the
daughter cells ‘1’ and ‘2’. Here, the identification of the component with
a number is of relevance, since it prevents that a component in cell ‘1’
can affect reactions in other cells. As an example, A; cannot move to cell

2 and become Ay, provided that no reaction A; f'LAz is predefined. By
implementing more complex time delays and different rate constants
one would further be able to introduce stochasticity in division times
and to implement various partitioning schemes, respectively.

More complex models are made possible if the simulators can
implement compartmentalization, particularly if the compartments
(and, thus, cell division and the partitioning processes) can be dynam-
ically generated and sized. There are already simulators that support
compartmentalization, with the compartments being either static
(Hattne et al., 2005), dynamically sized (Blakes et al., 2011), or created
at runtime (Lok and Brent, 2005; Spicher et al., 2008; Lloyd-Price et al.,
2012) to allow, e.g., the simulation of growing cell populations.
Compartmentalization, while not strictly necessary as described above,
greatly facilitates the implementation of models with cell division. In
this section, we describe the features of a few simulators, which have
different abilities that can be of use, depending on the model to be
implemented.

SGNS2 (Lloyd-Price et al., 2012) uses the next reaction method
variant to solve the SSA. It can also implement the delayed SSA (Roussel
and Zhu, 2006) and allows multi-delayed reactions to be solved within
hierarchical, interlinked compartments which can be created, destroyed
and divided at runtime. Thus, it can simulate complex processes, such as
coupled transcription and translation at the nucleotide and codon levels,
with various simultaneous translation events. Also, it can simulate cell
lineages and the cell components can be partitioned according to various
schemes, on a per-molecule-type basis. Using the compartmentalization
tool, one can also implement intake of substances from the environment,
heterogenous protein localization, presence of a nucleoid, etc.

StochPy (Maarleveld et al., 2013) is user-friendly, integrated in Py-
thon, and uses the direct method variant to solve the SSA, as well as
other stochastic simulation algorithms, such as tau-leaping and next
reaction. It also provides several pre-implemented statistics and plotting
and analysis tools of the probability distributions of cellular components
and event timings.

GeneCircuits simulates genetic circuits in exponentially growing cell
populations, allowing for time delays (e.g. in transcription and trans-
lation), periodic changes in gene dosage, and time-dependent reaction
rate constants (Luo et al., 2013). The latter feature, in particular, pro-
vides the user with some flexibility in modelling complex events, such as
changes (at run time) in temperature, cellular components, stress, etc.
since, to some extent, these can be well captured by changes in the rate
constants. Meanwhile, as noted, delays allow including processes that,
while too complex to be realistically modeled (in physical dimensions,
such as protein folding), their realistic time-length can be accounted for
and, thus, the overall dynamics of the system does not need to be
affected by unrealistic assumptions.

Finally, it is worth mentioning COPASI (Hoops et al., 2006), which is
platform-independent and user-friendly simulator with a graphical
interface that is particularly useful to simulate models using various
methods, such as stochastic, hybrid deterministic—stochastic methods,
and deterministic models.

6. Discussion
Time-lapse microscopy of cells with fluorescently tagged compo-

nents existing in small numbers has shown that the cell-to-cell vari-
ability in the numbers of these components differs with their
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partitioning scheme in cell division. Based on empirical data, models
have been recently developed that, combining stochastic models of gene
expression with (from simple to complex) models of partitioning
schemes in cell division, can predict with more accuracy the RNA and
protein numbers of individual genes in growing cell lineages.

One of the ongoing efforts in this research topic is the development of
models that can predict the impact of partitioning schemes (and
potentially make use of them) on the dynamics of small genetic motifs
(switches, clocks, etc.). Recent results of such exploratory studies sug-
gest that the outcomes can be far from evident. More knowledge is
therefore necessary, if we are to understand how cells maintain the
dynamic stability of their genetic motifs in the context of cell lines.
Notably, this stability is essential for their survival, as the dynamical
states of these motifs, in some cases, constitute the phenotypic adapta-
tions of cells to environmental changes (i.e., they can act as the ‘mem-
ory’ of past decisions for best fitting their environment (Eldar and
Elowitz, 2010; Kalmar et al., 2009)).

In the long-term, this research field may produce better under-
standing of how cells maintain the stability of their metabolism during
cell division. This is particularly interesting since many proteins exist in
small numbers (Taniguchi et al., 2010) implying that, even if they are
homogenously distributed, their partitioning will, at best, follow a
binomial scheme (rather than near symmetric) (Huh and Paulsson,
2011). From this, and since there is no significant evidence for active
protein transport mechanisms in E. coli, non-symmetric protein parti-
tioning in division (even if due to noise alone) is likely to be common (in
agreement with the estimations reported in (Kuwada et al., 2015)).

Finally, regarding the stability of the functioning of the GRN (in the
context of being a large set of interacting genes), it is unknown whether
the transcription factors responsible for the interactions have parti-
tioning schemes that ensure near symmetric sharing between sister cells
(to maintain stability in gene-to-gene interactions). However, it is un-
likely that all have such schemes (see Section 3). As such, it remains an
open question how is functioning of the GRN kept stable following cell
divisions (assuming morphologically symmetric divisions). Oppositely,
if division introduces (periodic) instability, what are the mechanisms
ensuring the return to homeostasis? Given that the regulation of the
stability of the GRN dynamics is likely a critical factor for survival,
understanding how this is achieved is of key relevance to understand the
dynamics of cell lineages.
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