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Abstract
Ultra-pure copper is produced in industrial scale electrolysis cell. The copper
electrolysis process consumes large amounts of energy. Disturbances in the cell 
like busbar contact failures, anode and cathode positioning inaccuracies and short
circuits  increase the energy consumption, decrease the production and reduce the
quality of the puried copper. These disturbances are inherently stochastic; predicting their location, severity and occurrence time includes signicant uncertainty.
The disturbances cause undesirable non-uniform current distributions in an electrolysis cell group. On the other hand, the formation of short circuits is aected by the
current distribution. Hence, understanding the relation between the disturbances
and the current distributions in the cell group is of great importance.
This thesis deals with computationally intensive means for product development.
The `product' in question is an electrolysis cell group and the `means' are simulation
and optimization. To simulate, one needs a model. In the modelling part of this
thesis, a nite element model of an electrolysis cell group is presented. The model
is multiphysical; it includes the electrical conductivity and heat transfer. Moreover,
the model is augmented with stochastic sub-models for typical sources of cell disturbances: busbar contact resistance, electrode positioning and the short circuits. To
optimize, one needs an optimization problem. In the optimization part of this thesis,
a multiobjective optimization problem is presented and dierent settings  hereafter referred to as optimization settings  for solving the problem are introduced.
The main contributions of this thesis are as follows: (i) the development of a multiphysical FEM model of an electrolysis cell group, (ii) simulation results revealing
the importance of taking stochasticity into account, (iii) a novel current distribution
to be used instead of the cathode current in calculating the current uniformity of an
electrolysis cell group, (iv) the formulation of a multiobjective optimization problem
for the electrolysis cell group design and (v) the optimization settings, revealing that
the design of an electrolysis cell group  dened by topology and sizing  can be
optimized. In addition, the work resulted a novel current distribution system, the
Outotec TwistBar (patent pending).
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Chapter 1
Introduction
In the copper rening industry, the copper electrolysis process is used to produce
pure copper in large electrolysis cell groups. Pure copper is needed, for example,
in conductors, where even small amounts of impurities decrease the electrical conductivity. Davenport et al. [7, p. 280] nicely summarize the electrolysis process
goals:
The principal technical objective of the renery is to produce high-purity
cathode copper. Other important objectives are to produce this pure
copper rapidly and with minimum consumption of energy and manpower.

The copper electrolysis process consumes large amounts of energy. Electrical disturbances, like loose electrode busbar contacts and short circuits between electrodes,
can increase the energy consumption and decrease the amount and quality of copper
produced and thus reduce its market value. The current distribution uniformity of
an electrolysis cell group aects several objectives of the industrial copper electrolysis process. These objectives include: copper production volume, uniform cathode
copper mass distribution and quality of cathode copper (cf. [7, p. 280], [28, p. 147]
and [34, p. 854]). The current distribution uniformity in turn is aected by a current distribution system of an electrolysis cell group, i.e. the intercell busbar system
(ICBB system) .
This thesis can be seen as an approach to the computer aided product development
of a copper electrolysis cell group. As such, the goals of this thesis are the following:
(i) development of the numerical model of an electrolysis cell group, (ii) verication
of the model and (iii) optimization of the electrolysis cell group design using the
model. The cell group design includes both the electrical connection arrangement
between the electrodes (i.e. topology ) and the sizes of selected conductors (i.e. sizing ).
A suciently accurate computational model of an electrolysis cell group can provide many practical benets. Such a model can be used in product development.
As the ICBB system is a large scale structure, the performance of dierent ICBB
system designs can be compared only in a large scale electrolysis cell group model
1
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containing several cells. If the model is accurate enough and the performance measures correctly chosen, then the model can be used for making improvements in
a selected ICBB systems and developing totally new designs. Both geometry and
material variants can be tested or even optimized using the model.
Detailed models of some parts of the electrolysis process have been developed
by using computational uid dynamics (CFD ) technology. Cross and co-workers
[17] have modelled the behaviour of bubbles, droplets and particles in metal rening
and Phillipe et al. [20] have used CFD to model the current density distribution
at vertical gas-evolving electrodes. The geometry in these models is signicantly
restricted due to the computational demands of the CFD and as such these models
are inadequate for simulating phenomena at a cell group level.
To our knowledge, copper electrolysis cell groups have only been modelled in the
past using resistance networks (see e.g. [28, p. 148]). A resistance network model of
a cell group has several advantages. Most importantly, it is simple and its solution is
easy to compute. However, it is only a rough approximation of the electrical system
and it is dicult to model multiphysical phenomena using resistance networks.
Due to the limitations of resistance network models, we decided to use the nite
element method (FEM) [10] for modelling an electrolysis cell group. When compared
to resistance network models, the FEM approach provides at least three signicant
advantages: (i) more accurate modelling of the cell group geometry, (ii) the possibility to model multiple coupled physical phenomena and (iii) the possibility to
improve the model accuracy and size as more computational power becomes available and/or improved FEM modelling software becomes available. In addition, the
FEM approach provides better post-processing capabilities than resistance network
models. For example, the temperature and current distributions can be plotted 
after the FEM model is solved  to produce intuitive visualizations of the solution.
An accurate model of the electrolysis process is multiphysical, in other words
it takes into account multiple coupled physical phenomena. The physical phenomena that an electrolysis process model should include are the current distributions
and the thermal eects caused by resistive heating. Our model includes these phenomena and allows simulation of dierent electrolysis processes with many cathode
constructions and ICBB systems. Our main goal was to model the current distribution within the cell group. Thus, our model does not include phenomena assumed to
have little aect on the large scale current distribution, e.g. chemical reactions and
uid motion were not modelled. As the temperature in an industrial electrolysis cell
can vary over a large range  between 20
and 200
 we considered it necessary to include heat transfer and temperature dependent phenomena in our model.
In particular the model includes the aect of the temperature on the resistivity of
the conductors.





Some results of this thesis have been published in our earlier papers [11, 13, 12].
In [11] we presented a FEM model for a single electrolysis cell and we attempted
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to verify the model. The model in [11] includes 31 anodes and 30 cathodes. An
electrolysis cell group model containing seven electrolysis cells  together with
some simulation results  was rst presented in [13] and later in [12].
With regard to designing an electrolysis cell group, the following contributions
are made in this thesis: (i) a computationally feasible FEM model of a copper electrolysis cell group is developed, (ii) insights into the behaviour of an industrial scale
electrolysis process are discovered using the numerical model and (iii) optimization
of some aspects of the cell group design is done using the numerical model. In (iii)
signicant progress is made in this thesis in dening the objectives and constraints.
In addition, in (iii) stochastic phenomena are taken into account.
The contents of the remainder of this thesis are as follows. In Ch. 2 we briey
present the electrolysis processes used in the industrial scale copper rening. Also
the components of the electrolysis cell group are discussed. The basics of modelling
are introduced in Ch. 3, including the modelling assumptions and decisions. An
empirical cell voltage model is presented in Ch. 4. This empirical cell voltage model
is used to obtain the cell voltage and its components in the electrolysis cell group
FEM model, which is given in Ch. 5. In the remainder of Ch. 5 the model convergence
(i.e. the eects of the mesh renement) is studied and some verication results given.
The FEM model is augmented with stochastic sub-models in Ch. 6.
The software implementation of the FEM model is discussed and some simulation results presented in Ch. 7. In the remainder of Ch. 7 verication of some
`large-scale' process measures is presented. Also results of two dierent approach in
modelling the cell group are compared and a proper size of the cell group model is
discussed. Optimization is dealt with in two chapters. In Ch. 8, the electrolysis cell
optimization problem is analysed and it mathematical expression is formulated. In
Ch. 9, three optimization settings are given and their results discussed. Finally, in
Ch. 10, conclusions are presented.

3

4
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Chapter 2
Copper electrolysis process
The two copper electrolysis processes, electrorening (ER ) and electrowinning
(EW ), will be presented in this chapter. Both of these processes involve reductionoxidation reaction (redox). Process disturbances and a couple of current distribution
systems used in electrolysis cell groups will be discussed. Finally, the Faraday's
electrolysis law and some measures of the copper electrolysis process will be given.

2.1 Components of an electrolysis cell group
The electrolysis process takes place in an electrolysis cell. An electrolysis cell
consists of electrodes, which are for the most part immersed in a liquid called the
electrolyte. An electrode is either an anode, at which the electrons leave the cell and
oxidation occurs; or a cathode, at which the electrons enter and reduction occurs. In
both of the processes under discussion, ER and EW, copper ions of the electrolyte
are deposit on cathodes to produce pure copper. A principal dierence between
the processes is the origin of copper ions: in ER copper ions are dissolved into
the electrolyte from copper anodes , whereas in EW copper ions of the electrolyte
originate to solvent extraction [7, pp. 9-11].
Components of an electrolysis cell group will be next discussed. Fig. 2.1(a)
depicts a typical cell group layout. This sample cell group in Fig. 2.1(a) consists of
three electrolysis cells, each cell having ve anodes (item A) and four cathodes (B).
Red coulour is used for the anodes, whereas the cathodes are blue. For the electrolyte
(C), only wire frame is shown. The cathodes of the leftmost cell are connected to a
negative supply of a direct current source using a cathode busbar (D). The anodes of
the rightmost cell are connected to a positive supply of the current source using an
anode busbar (E). Fig. 2.1(b) depicts an intercell busbar (ICBB ), which is used to
connect the anodes of an electrolysis cell to the cathodes of the next cell, and hence
connect all the electrolysis cells of a cell group electrically in series. Assuming Ng cell group, the cell group layout consists of one anode busbar, one cathode busbar
and Ng − 1 ICBBs. In Fig. 2.1(b) supporting lugs of the leftmost cell cathodes and
the supporting lugs of the rightmost cell anodes are insulated from the ICBB. The
5
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(a) Cell group layout.

(b) Detail: the ICBB.

Typical layout of an ER cell group. The cell group of Fig. 2.1(a) contains
three cells and each cell has ve anodes (A) and four cathodes (B). The ICBBs (F) are
used to connect the cells electrically in series.
Figure 2.1:
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Figure 2.2:

p. 2].

Pyrometallurgical manufacturing process of copper metal. Adapted from [7,

insulators are, however, not show in Fig. 2.1(b).

2.2 Electrorening
The ER process is part of the pyrometallurgical process, cf. Fig. 2.2. The pyrometallurgical process is used to produce copper from sulde ores and also from
recycled copper. Davenport et al. describes the phases of the pyrometallurgical
extraction of copper in [7, p. 4]:
The extraction entails: (i) isolation an ore's Cu-Fe-S (and Cu-S) mineral
particles into a concentrate by froth otation, (ii) smelting this concentrate to molten high-Cu matte, (iii) converting the molten matte to impure molten copper and (iv) re- and electrorening this impure copper
to ultra-pure copper.
Industrial rening cells are 3 - 6 m long and approximately 1.3 m deep. [7,
p. 278]. Large, circa 1 m x 1 m x 0.04 m (W x H x T) impure copper anodes are
cast from molten copper. Assuming that the anode spacing  i.e. the distance of
symmetry planes of the adjacent anodes in a cell  of 0.1 m is used, then about 30
to 60 anode cathode pairs can be loaded to a single cell. Typical ER process cycle

7
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Figure 2.3:

[7, p. 3].

Hydrometallurgical manufacturing process of copper metal. Adapted from

begins by inserting a group of anodes and cathodes into the empty cells [7, pp. 279280]. The cells are then lled with CuSO4 -H 2 SO4 -H 2 O electrolyte, that is heated to
60 - 65
[7, p. 273]. The cells are connected to the current supply. Copper from
copper anodes begins to dissolve into the electrolyte and pure copper to deposit on
cathodes. Usually permanent cathodes , i.e. stainless steel blanks, are used. Copper
is electrodeposited onto permanent cathodes for 7 - 10 days, which is called the
cathode period . Copper loaded permanent cathodes are harvested from the cells and
their copper deposit is removed using an automated stripping machine . The change
intervall of copper anodes is called the anode period . Typically one anode period
contains 2 - 3 cathode periods.



2.3 Electrowinning
The EW process is part of the hydrometallurgical process (cf. Fig. 2.3). The
hydrometallurgical process is used to produce pure copper from oxidized minerals
and chalcocite [7, p. 1]. Hydrometallurgical extraction of copper entails (i) sulphuric
acid leaching of crushed ore, (ii) solvent extraction to produce pure, high concentration Cu-ion electrolyte and (iii) electroplating pure copper from this pure electrolyte
[7, p. 11].
The industrial scale EW process (cf. Fig. 2.4) takes place in large, 4 - 9 m

Chapter 2: Copper electrolysis process

Figure 2.4:

Overview of a modern electrowinning facility.

long electrolysis cells [7, Sec. 19]. The cells are approximately 1.5 m deep. The
high concentration Cu-ion electrolyte is supplied into each cell through a manifold
around the bottom of the cell. The permanent cathodes used are the same that in
the ER process. However, as the copper ions are depleted from the electrolyte, the
permanent anodes are used. The plates of the permanent anodes are made of circa
6 mm thick rolled Pb-Sn-Ca alloy plate [7, p. 329]. The permanent anodes are inert,
and thus do not dissolve into the electrolyte. The temperature of the electrolyte in
the EW process is circa 50 .



In contrast to the ER process, the permanent cathodes are harvested in the EW
process without breaking the current supply of an electrolysis cell. Usually half or
third of the permanent cathodes of an electrolysis cell are changed at a time.

2.4 Cell disturbances
Mechanical disturbances
The cell disturbances include the mechanical and electrical disturbances. The
mechanical disturbances consist of the electrode shape errors and the electrode positioning inaccuracies. Especially the thickness of the copper anodes varies due to
the manufacturing method (casting). In addition, both the anodes and cathodes

9
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may be bent. The electrode positioning in an electrolysis cell is always somewhat
inaccurate. In more detail, the electrode spacing in the direction of an electolysis
cell may not be equal and the electrodes can have angular error, i.e. pitch error.
The pitch error contains horizontal and vertical inclinations of the electrodes. The
positioning errors and the shape errors together result in inequal electrode surface
distances.

Electrical disturbances
Electrical disturbances like stray currents, contact failures and short circuits increase the energy consumption and decrease the quality of produced cathode copper.
In the contact failure the contact resistance between an electrode and a busbar is
increased due to oxidation or dirt. As a result the cell voltage increases. The short
circuit develops between an anode and a cathode due to locally increased cathode
current density or non-uniform cathode copper deposition.
In addition to the earlier described disturbances, there can also be other unwanted phenomena related to the use of high current densities. On the anode side
of the copper ER process current density increase is limited by anode passivation .
The main reason of anode passivation is the limited mass transfer of dissolved copper ions out from the anode surface. Copper sulfate starts to precipitate leading
to other unwanted precipitation reactions and nally to the blocking of the anode
dissolution [2, p. 23].
On the cathode side there is also a limiting cathode current density because
of mass transfer. The limiting cathode current density is reached when the current
density becomes equivalent to the maximally accessible diusion rate of copper ions.
Here the copper concentration at the cathode surface tends to zero [4, p. 33]. In a
commercial copper tankhouse the applied cathode current density can be only about
30 % of the theoretical limiting cathode current density.

2.5 Intercell busbar systems
To understand the ICBB system, busbars must be explained. A busbar is dened
as an elongated conductor being oriented to the direction of an electrolysis cell.
Usually a busbar is homogenous, i.e. it is uniquely dened by its cross sectional shape
and the length. The anode busbar, the cathode busbar and the ICBB (cf. Fig. 2.1)
are examples of the busbar. Two other busbar types discussed in this thesis are: a
voltage equalizer bar (VEB ) for connecting the anodes of an electrolysis cell (anode
VEB ) and a VEB for connecting the cathodes of an electrolysis cell (cathode VEB ).
Let us initially explain the ICBB system to be repeating  i.e. cell-by-cell 
pattern of busbars, which connect electrodes of the same type in an electrolysis cell
and electrodes of the dierent type of the adjacent electrolysis cells. The electrode
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(a) Walker System

(b) Whitehead Intercell Busbar System

(c) Optibar Segmented Intercell Bar System

Schematic view of tree ICBB systems. The components include the anodes (A), the cathodes (B), the insulator (C), the intercell busbar (D) and the conductor
segments (E). Figs. 2.5(a) and 2.5(b) are adapted from [6, p. 304].

Figure 2.5:

types mentioned above are the anodes and cathodes (cf. Sec. 2.1). A slightly dierent
denition for the ICBB system will be given later in Sec. 8.2. An ICBB system always
consists of the ICBB, whereas the anode VEB and the cathode VEB are optional.
Assume that it is possible to split the ICBB, the anode VEB and the cathode VEB
into two or more segments in the direction of an electrolysis cell. Then a vast number
of dierent ICBB systems can be obtained by combining these busbar patterns.
Several ICBB systems are available for industrial scale copper electrolysis. The
Walker System [32] was invented in 1901, and it is based on electrical connection of
adjacent cell electrodes by parallel connection (see Fig. 2.5(a)). This is achieved by
using continuous ICBB (cf. item F in Fig. 2.1). As a result the cathodes of one cell
share apparently the same electric potential with the anodes of the next cell.
The Whitehead Intercell Busbar System (Whitehead) [33], patented in 1916, in
contrast to the Walker System, is based on electrical connection of adjacent cell
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Figure 2.6:

Outotec DoubleContact in use in an EW facility.

electrodes by serial connection (cf. Fig. 2.5(b)). In the Whitehead an anode of one
cell is connected to a cathode of the next cell. This arrangement causes electrical
current to be injected directly from a cathode to an anode in the next cell. Moreover,
each end of a cathode hanger bar (CHB ) rests on the supporting lug of the anode
of the next cell. This arrangement has advantage that the number of the electrode
busbar contacts is halved compared to the Walker System. However, the removal of
the electrodes is restricted. This is because an anode cannot be removed before the
corresponding cathode is removed. Moreover, the electrodes of the adjacent cell are
in the alternating order (cf. Fig. 2.5(b)).
A number of ICBB system modications based on the traditional busbar systems
have recently been invented. The Optibar Segmented Intercell Bar System (Optibar)
[27, 28, 34]  presented in Fig. 2.5(c)  can be seen as a modication of the Whitehead. The Optibar has several advantages over the Whitehead. Most importantly,
(i) the anodes and cathodes of the adjacent cells are in line and (ii) the electrode
removal is not aected by the electrodes of the adjacent cell. These advantages are
achived by splitting the ICBB into parts, which are called the conductor segments
(cf. item E in Fig. 2.5(c)). More specically, the distance of the endpoints of a
conductor segment in the direction of the cell is half of the anode spacing.
The Outotec DoubleContact (DoubleContact) [29, 30, 15], patented in 2002,
can be seen as an extension to the Walker System. A mechanical structure of
the DoubleContact is depicted in Figs. 2.6 and 2.7. Fig. 2.6, taken from an EW
facility, reveals the positioning of busbars on a cell gap, as well as the positioning
of the electrodes on the top of the busbars. The electrolyte is covered with the
mist preventing balls, that are made of plastic. Both the Walker System and the
DoubleContact have the continuous ICBB, see item D in Fig. 2.5(a) and item A in
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Cross sectional view of the Outotec DoubleContact.

Fig. 2.7. In contrast to Walker System the DoubleContact adds the anode VEBs
(item C in Fig. 2.7) and the cathode VEBs (E) to each cell of an electrolysis cell
group. Other components in Fig. 2.7 are an anode hanger bar (B), a lower insulator
(F), an upper insulator (G) and a wall of the electrolytic cell (H). With the VEB,
each electrode is connected to electrical circuit by two contacts.
Under normal circumstances, all the electrode current ows through its ICBB
contact (item A in Fig. 2.8). When connecting an electrolysis cell to the electrical
circuit, it may happen that some of the electrode busbar contacts have increased
resistance due to oxidation or dirt. In this situation, the DoubleContact helps to
achieve uniform current distribution within the cell by providing alternative routes
for the current. When the resistance of a cathode ICBB contact has increased,
the electrical potential of the cathode tends to rise thus decreasing the current
owing from the adjacent anodes to the cathode. However, the cathode VEB allows
the cathode to supply some current to adjacent cathodes via the CHB (item B in
Fig. 2.8) thereby equalizing the cathode potential.

2.6 Faraday's law of electrolysis
According to Faraday's law of electrolysis, the theoretical mass m̂ (kg) of produced substance at an electrode is

m̂ =

M
Q = ζQ,
zF

(2.1)

where Q is the electric charge (As), M is the molar mass of substance (kg/mol), z
is the valence number of the substance as an ion in solution (electrons per ion) and
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Figure 2.8:

Cathode currents, when the Outotec DoubleContact is used.

F is the Faraday's constant (96485.3383 C/mol) [23]. The constant ζ = M (zF )−1
(kg/C) is specic for each substance.
The electric charge Q is
∫
t

Q(t) =

(2.2)

I(u) du,
0

where I is the electric current and t is the time. When the electric current is
independent of the time, i.e. I(t) = I0 , Eq. (2.2) reduces to
(2.3)

Q(t) = I0 t.

In the copper electrolysis process Q is obtained from an ampere hour meter, that
gives the electric charge consumed for an electrolysis cell group during the cathode
period.
Constants in Eq. (2.1) for the copper electrolysis are M = 63.546 · 10−3 kg/mol,
and z = 2. Hence the theoretical mass m̂Cu of the produced cathode copper becomes

m̂Cu = ζCu Q = 3.2930 · 10−7

kg
Q.
C

(2.4)

2.7 Performance measures
The performance of copper electrolysis process is measured by the current distribution uniformity, the current eciency ηI and the specic energy consumption
Es . The current eciency of copper electrolysis process is dened as
mCu
ηI :=
,
(2.5)
m̂Cu
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where mCu is the mass (kg) of produced cathode copper. In the copper electrolysis
the current eciency is decreased [7, p. 282] by

• short circuit currents (3 %),
• stray currents (1 %) and
• unwanted electro-chemical reactions, like reoxidation of cathode copper (1 %).
The specic energy consumption (J/kg) is dened as

Es :=

Ee
,
mCu

(2.6)

where Ee is the electrical energy (J) consumed in the copper electrolysis process.
Typical values for some of the process parameters and measures are presented
in Table 2.1. The nominal cathode current density is a ratio of the supply current
and the total surface area of one cell cathodes in contact with the electrolyte. The
specic energy consumption in the EW process is considerably higher than in the
ER process due to the higher cell voltage needed.

Typical values for the copper electrolysis process parameters and measures,
including the nominal cathode current density Jˆc , the cell voltage Ec and the specic energy
consumption Es [7, pp. 274-275,328].
Table 2.1:

Process

Jˆc
A/m2

Ec
V

Es
kWh/ton

ER

260-340

0.3

300-400

EW

150-340

2

2000
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Chapter 3
Basics of modelling and simulation
Some basic aspects of the modelling and simulation of an electrolysis cell group
are presented in this chapter. These include an overview of the model and simulator
structure, assumptions made, some denitions of sets to be used throughout this
thesis and descriptions of currents and current densities in the electrolysis process.
Finally, the eective current is introduced and an explanation is given for why the
eective current should be used for measuring the copper deposition rate.

3.1 Model structure
The modelling, simulation and optimization of an electrolysis cell group presented
in this thesis relies on the components depicted in Fig. 3.1. These are explained
in the following. Note that the dependence between the components in Fig. 3.1
are indicated by their position, as a component dependens on all the components
below it.
The geometry of an industrial electrolysis cell group (cf. Figs. 2.1 and 2.4) is
complex. The equations used to model the process are nonlinear and coupled. For
both these reasons, nding an explicit solution to the equations is a practical impossibility. As such a FEM approach is used to numerically solve the equations. A
number of mathematical and empirical sub-models are needed in building the FEM
model.
A deterministic model consists of the model geometry and a number of deterministic sub-models. These include the partial dierential equations describing electrical
conduction and heat transfer. In addition, empirical sub-models are used for modelling the cell voltage and the electrode busbar contact. A deterministic simulator is
built on the top of the deterministic model, and it is be used to simulate the eects
of a single cell disturbance.
A stochastic model includes the entire deterministic model. In addition, it has
sub-models for the stochasticity in the electrode busbar contact, electrode positioning and short circuit formation. A stochastic simulator is built on the top of
the stochastic model. The stochastic simulator employs the Monte Carlo method.
17
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Components used in the modelling, simulation and optimization of an electrolysis cell group.
Figure 3.1:

In the Monte Carlo method certain input parameters of the stochastic model are
randomized to obtain estimates for the process measures. A concept of stochastic
scenarios is introduced so that a particular simulation can be repeated if necessary.
The stochastic simulator uses the deterministic simulator to solve the model for a
single stochastic scenario.
Finally, both the deterministic simulator and the stochastic simulator can be
used in optimizing an electrolysis cell group. The optimization may involve topology
optimization and sizing optimization . The goal in topology optimization is to nd
optimal electrode busbar connections, i.e. optimal busbar constructions for the ICBB
systems. In sizing optimization the goal is to nd optimal amount of copper in the
busbars, while the topology of the ICBB system is xed.
A FEM implemententation of the deterministic model is presented in Ch. 5. The
stochastic sub-models as well as their FEM implementations are presented in Ch. 6.
The software implementation of both the deterministic and stochastic simultors is
discussed in Ch. 7. Finally, chapters 8 and 9 contain a description of what was
optimized and how the optimization was done.

3.2 Assumptions
This section contains a list of the assumptions and decisions that were used in
modelling and simulating an electrolysis cell group. In addition, a list of conse-
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CHB
Cathode 2
Cathode 1

Anode 2

Anode 1

z
x
y

Da /2
Electrolyte

Da

Arrangement of the electrodes and the coordinate system of an electrolysis
cell. In this cell the number of anodes Na = 5 and the number of cathodes Nc = 4.
Figure 3.2:

quences of these assumptions and decisions are given.
Two major assumptions related to the copper electrolysis process were made:
A1. The current eciency in the electrolysis process is decreased only by short
circuits, stray currents and unwanted electro-chemical reactions.
A2. The electrical conductivity of the electrolyte is aected only by its copper and
sulphuric acid concentrations and temperature, the mixing of the electrolyte
and gas bubble formation due to the anode reactions.
The following coordinate system assumptions were used:
A3. The x-coordinate increases with increasing cell index, the z -coordinate increases with increasing electrode index and the y -coordinate increases as one
moves towards the bottom of an electrolysis cell.
A4. The origin of the xz -plane is in the middle of the cell group.
A5. The origin of the y -axis is in the bottom of a cathode hanger bar (CHB).
The arrangement of electrodes, a CHB and the coordinate system are depicted
in Fig. 3.2. The origin of the coordinate system in Fig. 3.2 is shown as it is in the
middlemost cell of an electrolysis cell group.
Many assumptions related to geometry were used in forming the model:
A6. The electrolysis cell group consists of an odd number Ng ≥ 1 of electrolysis
cells, that are uniformly distributed in the x-coordinate direction with the cell
spacing Dg .
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A7. An electrolysis cell consists of an even number Nc ≥ 2 of cathodes and

Na = Nc + 1

(3.1)

anodes. Cathodes and anodes occur alternatively along the z -axis.
A8. The electrodes do not have pitch error, i.e. their surface is a plane with a unit
normal vector pointing in the z direction.
A9. The electrodes are uniformly distributed in an electrolysis cell along the z -axis
with an electrode spacing of Da /2 (cf. Fig. 3.2).
A10. The anode and cathode plates in contact with the electrolyte have constant
surface areas of 2Aa and 2Ac , respectively.
A11. The anode and cathode plates in contact with the electrolyte have constant
thicknesses of da and dc , respectively.
A12. The electrodes are symmetrical in the z -coordinate direction, i.e. half of the
electrode plate thickness is above the plane dened by the electrode z -coordinate
and the unit normal vector pointing in the z -coordinate direction.
A13. The cathodes of the rst electrolysis cell (i.e. the cell having the smallest xcoordinate) and the anodes of the last cell are connected to the current supply
of the cell group by the cathode busbar and the anode busbar, respectively.
The following assumptions related to model parameterization were used:
A14. The temperature and the concentrations of the electrolyte are constants within
the process.
A15. The current source to the anode busbar and the current sink at the cathode
busbar have uniform current density (cf. A13).
A16. The electrolysis cell group is supplied by a constant (direct) current Ig0 .
A17. Stray currents are neglected.
A18. Unwanted chemical reactions  those that cause a loss in the current eciency  are neglected.
Before any modeling was done, some decisions were made as to what the model
would include. These decisions are as follows:
M1. The time dependent parts of the electrolysis process are not explicitly modelled.
M2. The velocity elds of uids are not explicitly modelled.
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M3. The gas bubble formation in the electrode surfaces is not explicitly modelled.
As a consequence of M1, the FEM model of an electrolysis cell group is stationary.
However, the empirical cell voltage model (cf. Fig. 3.1) allows us to simulate some of
the time dependent eects of the electrolysis process. These eects will be discussed
in Ch. 4. Owing to M2 and M3, the velocity eld nor the gas bubble distributions
are not solved in the FEM model. Some eects of these phenomena, however, come
into the FEM model via the empirical cell voltage model.
The following consequences of the above assumptions and modelling decisions
will be used in later chapters:
C1. As a consequence of A7, the number Neg of electrode gaps  i.e. the spaces
between the surfaces of the adjacent electrodes  in an electrolysis cell is

Neg = 2Nc .

(3.2)

C2. It follows from assumptions A10 and A12 that the anode and cathode halfsurface areas are Aa and Ac , respectively.
C3. Owing to assumptions A8, A9, A11 and A12, the distance between the electrode surfaces dˆes is constant.
C4. From A6, A7 and A10 it follows that the total area Aatot of the anode surfaces
immersed in the electrolyte is

Aatot = 2Aa Na Ng

(3.3)

and the total area of the cathode surfaces immersed in the electrolyte is

Actot = 2Ac Nc Ng .

(3.4)

C5. Assumptions A16 and A17 imply that a constant supply current Ig0 passes
through each electrolysis cell.
C6. From A1, A17 and A18 it follows that the current eciency is decreased only
by the short circuit currents in the model.
C7. Owing to A2, A14, M2 and M3, one can conclude that the electrical conductivity of the electrolyte is constant within the process.
The temperature and the concentrations of the electrolyte for the ER and EW
processes are given in Appendix J, Table J.4.
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3.3 Index sets
Set I contains the anode indices for a single electrolysis cell:

I = {1, 2, . . . , Na }.

(3.5)

Here Na is the number of anodes in the electrolysis cell (see Eq. (3.1)). Similarly,
when Nc is the number of cathodes in an electrolysis cell, set J contains the cathode
indices for a single electrolysis cell:

J = {1, 2, . . . , Nc }.

(3.6)

K = {1, 2, . . . , Ng },

(3.7)

Set K,
contains the cell indices of an electrolysis cell group.
The set L of electrode gap indices of an electrolysis cell is

L = {2j − 1 : j ∈ J} ∪ {2j : j ∈ J} = {1, . . . , 2Nc },

(3.8)

where J is from Eq. (3.6). In Eq. (3.8) the odd indices {2j − 1 : j ∈ J} and the
even indices {2j : j ∈ J} are for the electrode gaps before and after the cathodes,
respectively. The words `before' and `after' refer to the z -coordinate (see A3 in
Sec. 3.2). The electrode gap before a cathode has smaller z -coordinate than the
electrode gap after the cathode.
Set M contains the ordered pairs (tuples) of the electrode gap indices, Eq. (3.8),
and cell indices, Eq. (3.7), and is given by

M = L × K = {(l, k) : l ∈ L and k ∈ K}.

(3.9)

3.4 Currents and current densities in electrolysis
In this section equations related to electrical currents and current densities are
formulated using the assumptions and consequences presented in Sec. 3.2. In addition, in this section it is assumed that no short circuits exist in the process.
A short hand notation is used in this section. Let Ω be a set of points x that
∫
dene a surface such that Ω dA = A. The notation x ∈ A means the same as
x ∈ Ω.

Currents and current densities of an electrolysis cell group
The nominal cathode current density Jˆc is a process parameter for an electrolysis
cell group (cf. Sec. 2.7). Using Jˆc , the constant supply current Ig0 of a cell group
becomes
Actot ˆ
2Ac Nc Ng ˆ
Ig0 =
Jc =
Jc = 2Ac Nc Jˆc ,
(3.10)
Ng
Ng
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where Actot , Ac , Nc and Ng are dened in Sec. 3.2 and assumption A17 is used. The
values for constants Ac , Jˆc , Ng and Nc are given in Tables J.2 and J.4, Appendix J.
Again using assumption A17, Ig0 can be re-written as

Ig0 =

Aatote ˆ
Ja ,
Ng

(3.11)

where Jˆa is the nominal anode current density and Aatote is the total eective area
of all anode surfaces, i.e. the anode surface area that is involved in the electrolysis
process.
A denition of the nominal anode current density depends on the total area of
anode surfaces involved in the electrolysis process. If one assumes that the electrical
current owing from the outer surfaces of the endmost anodes in an electrolysis cell
is signicant, then the total eective area of the anode surfaces is given by Eq. (3.3):

Aatote = Aatot = 2Aa Na Ng .

(3.12)

On the other hand, if the electrical current owing from outer surfaces of the endmost
anodes can be neglected, then the correct denition of the total eective area of the
anode surfaces is
Aatote = 2Aa Nc Ng .
(3.13)
Here, Aa is dened in Sec. 3.2.
Substituting (3.1), (3.3), (3.10) and (3.12) into (3.11) gives

Ig0 =

Aatot ˆ
2Aa Na Ng ˆ
Ja =
Ja = 2Aa (Nc + 1)Jˆa .
Ng
Ng

(3.14)

Alternatively, using Eq. (3.13) instead of Eq. (3.12) yields

Ig0 =

2Aa Nc Ng ˆ
Ja = 2Aa Nc Jˆa .
Ng

(3.15)

Combining Eqs. (3.10) and (3.14) gives

Ig0 /(2Aa (Nc + 1))
Ac Nc
Ac
1
Jˆa
=
=
,
=
0
ˆ
Ig /(2Ac Nc )
Aa (Nc + 1)
Aa (1 + 1/Nc )
Jc

(3.16)

whereas combining Eqs. (3.10) and (3.15) yields

Ig0 /(2Aa Nc )
Ac
Jˆa
=
.
= 0
Ig /(2Ac Nc )
Aa
Jˆc

(3.17)

The nominal current density should be calculated using Eq. (3.16) when the cell end
eect is signicant, whereas Eq. (3.17) should be used when the end eect is negligible. For a long electrolysis cell containing many electrodes Eq. (3.16) approaches
Eq. (3.17), since
1
= 1.
lim
N →∞ (1 + 1/N )
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Currents and current densities of an electrode gap
The anode current density distribution Ja is

Ja = Ja (x) = J · n,

(3.18)

where J is the current density, n is the outward unit normal vector of the boundary and x ∈ Aatot is a point in an anode surface. Similarly, the cathode current
distribution is

Jc = Jc (x) = −J · n,

(3.19)

where x ∈ Actot is a point in a cathode surface. Consider a single electrode gap. In
the electrode gap the electric current Iega leaving the anode half-surface Aa is

∫
Iega =

Ja (x) dA,

(3.20)

A

where Ja comes from Eq. (3.18) and A = Aa . Similarly, the electric current injected
onto the cathode half-surface Ac is

∫
Iegc =

Jc (x) dA,

(3.21)

A

where Jc comes from Eq. (3.19) and A = Ac . In general Iega and Iegc are not
exactly the same, since part of the current leaving the anode half-surface Aa can
ow to the other side of the anode. Similarly, the cathode half-surface Ac of the
electrode gap can receive some current from the other side of the cathode. However,
in an industrial scale process, the area of electrode surface is large compared to the
distance between the electrodes, and for practical calculations one can assume that

Iega = Iegc = Ieg .

(3.22)

In Eq. (3.22) Ieg is the electrode gap current. The electrode current includes the
electrode gap currents from both sides of the electrode. The average anode current
density J¯a and the average cathode current density J¯c are

Iega
J¯a =
Aa
I
egc
J¯c =
.
Ac

(3.23)
(3.24)

Using Eqs. (3.23), (3.24) and (3.22), the average anode current density may be
expressed as
Ac ¯
J¯a =
Jc .
(3.25)
Aa
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3.5 Eective currents
The importance of the current distribution uniformity of an electrolysis cell group
was discussed in Ch. 1. The current distribution will be next discussed in more detail.
Usually in the copper industry, only cathode current measurements are available.
The magnitude of the cathode currents is aected by the cathode plate area in
contact with the electrolyte. Hence the cathode current densities are typically used
instead of the cathode currents in calculation of the current distribution uniformity
(see e.g. [27], [28] and [34]). Let the matrix Ic of the cathode currents for the cell
group be


Ic,1,1 Ic,1,2 . . . Ic,1,Ng -1 Ic,1,Ng


 Ic,2,1 Ic,2,2 . . . Ic,2,Ng -1 Ic,2,Ng 

,
Ic =  .
..
..
..
..

.
.
.
.
.
 .


Ic,Nc ,1 Ic,Nc ,2 . . . Ic,Nc ,Ng -1 Ic,Nc ,Ng
where Nc is the number of cathodes in one electrolysis cell and Ng is the number
of cells in the cell group (cf. Sec. 3.2). Then the matrix J̆c of the cathode current
densities for the electrolysis cell group is dened as

J̆c :=

Ic
,
2Ac

(3.26)

where Ac is the area of cathode half-surface (cf. C2 in Sec. 3.2). The cathode current
densities J̆c of Eq. (3.26) should not be confused with the average cathode current
density J¯c given in (3.24).
The following two observations related to the cathode currents are important:
(i) the cathode current is a sum of the cathode's electrode gap currents (cf. Eq. (3.21))
and (ii) the electrode gap current is the total current owing between the adjacent
electrode half-surfaces (cf. Eq. (3.22)). It follows from (i) that the cathode current
density may be satisfactory, while the electrode gap current on the cathode's other
half-surface is near zero and high (i.e. near Ic ) on the other half-surface. From (ii) it
follows that almost all the cathode current can pass through a short circuit, and so
only a small portion of the current is used for copper deposition. Due to these two
reasons we now introduce eective currents.

Denition

The eective current If is the electric current involved in the copper
deposition on a single side of a cathode plate.
The reason the eective currents should be used for measuring the copper deposition rate is the following: the copper deposition rate ( d/ dt) mCu in a electrode gap
is a linear function of the eective current. By denition of the eective current,
100 % of If is used for producing cathode copper. Thus we can use Eqs. (2.1) and
(2.2) to write
∫
d
d t
d
mCu =
(ζCu Q) = ζCu
If (u) du = ζCu If (t).
(3.27)
dt
dt
dt 0
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As ζCu is a constant, Eq. (3.27) shows that ( d/ dt) mCu is a linear function of If (t).
Since the current eciency is decreased only by short circuits and the electric
current ows strictly from the anode surface to the cathode surface of the same
electrode gap (see Eq. (3.22) and C6 in Sec. 3.2), the eective current becomes

If = Ieg − Is ,

(3.28)

where Ieg is the electrode gap current given in Eq. (3.22) and Is is the short circuit
current.
In general, eective current densities should be used instead of eective currents
in measuring the current distribution uniformity of an electrolysis cell group. This
is because the magnitude of the current density is not aected by cathode area. The
eective current density for an electrolysis cell group is

If,l,k
, ∀ (l, k) ∈ M,
Ac
where M is given by Eq. (3.9). However, using simply eective currents is justied
in our case, since Ac is approximately 1 m2 (cf. Table J.2 in Appendix J).
In the copper industry it is dicult to calculate the eective currents in realtime because the short circuit currents are needed in the calculation in addition to
the electrode currents (cf. Eq. (F.5) in Appendix F). However, the average over
time of the eective current is proportional to the cathode copper deposition on
the cathode half-surface Ac . Typically, in industry, no attempts are made to distinguish between the two sides if cathode when computing the uniformity of the
copper deposition mass distribution. To obtain better measure for the copper mass
distribution uniformity, the copper deposits from both sides of cathodes should be
weighed separately.

Chapter 4
Empirical cell voltage model
In this chapter empirical cell voltage models will be developed for both the ER
and EW processes. These models can be used to obtain the cell voltage and its
components as functions of the cathode current density. The models allow also
some time dependent analysis of the cell voltage, as the eects of copper dissolving
and deposition will be modelled in an average sense. Parts of the cell voltage model
will be used in the FEM modelling of an electrolysis cell group, that is presented in
Ch. 5.

4.1 Basics of cell voltage related electro-chemistry
The factors aecting the cell voltage of an electrolysis cell are summarized by
Aromaa [14, p. 173]:
The cell voltage depends on the thermodynamic equilibrium potentials
of the anode and cathode reactions, kinetic overvoltages, and ohmic resistances caused by the cell hardware.
The thermodynamic equilibrium potentials, i.e. standard electrode potentials, relative to the standard hydrogen electrode are listed in electrochemical series (see e.g. [19]
or [3]). As the standard electrode potentials Ea0 and Ec0 corresponding to the an0
of an
ode and cathode reactions are known, the thermodynamic cell voltage Ecell
electrolysis cell can be computed using
0
Ecell
= Ea0 − Ec0 .

(4.1)

Equation (4.1) gives the theoretical minimum voltage that must be applied to an
electrolysis cell to start the electrochemical reactions [14, p. 166].
The deviation of an electrode potential from its equilibrium potential is called
polarization. Anode polarization is the shift of the anode potential in the positive
direction and cathode polarization is the shift of the cathode potential in the negative
direction. As a consequence of electrode polarization, several overvoltages arise.
27
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The most important are activation, concentration and resistance overvoltages [14,
pp. 166-167].
0
In the copper ER process the thermodynamic cell voltage Ecell
is 0 V, since the
0
0
potentials at both the anode and the cathode are Ea = Ec = 0.337 V (standard
electrode potential for copper) [14, pp. 165-166]. Consequently, the cell voltage in the
ER process is dened by the electrode overvoltages and the resistance overvoltage,
i.e. ohmic drop in the electrolyte. In the EW process the thermodynamic cell voltage
0
Ecell
is 0.891 V, since the anode potential, corresponding to oxygen evolution by
decomposition, is Ea0 = 1.228 V and the cathode potential, corresponding to copper
deposition, is Ec0 = 0.337 V [14, pp. 165-166].

The ohmic drop in the electrolyte is aected by the cell geometry and the electrical resistivity of the electrolyte. The electrical resistivity of the electrolyte is
dependent on its composition and temperature. Moreover, in the EW process the
electrolyte resistivity is aected by oxygen evolution on the anode. The oxygen evolution rate on an anode surface is a function of the current density [22, pp. 15-20].

4.2 Forming the cell voltage model
Though it may be possible to model electrode overvoltages accurately, the empirical cell voltage models are based on laboratory measurements. The measurements
used are electrode polarization measurements and cell voltages (see Appendixes D
and C). The cell voltage models can be used only when short circuits are not
present. This condition is needed to ensure that the overvoltages remain at the
electrode surfaces.
The empirical cell voltage model gives the cell voltage and its components as
scalar values. However, for realistic cell geometries, the potentials are spatial distributions. Thus the empirical cell voltage model should be used only for simple
cell geometries, such as (a) a single isolated electrode gap or (b) a symmetric 2 + 1
electrode conguration (cf. Fig. 4.1). Conguration (a) is preferred, since all the
current leaving the anode half-surface Aa is injected to the cathode half-surface Ac
of the same electrode gap, cf. Eq. (3.22), and the averages of the anode and cathode current densities are related via Eq. (3.25). In conguration (b) a cathode is
between two anodes. By symmetry, the conguration can be split into two identical
electrode gaps, where some part of the electrode gap current ows behind the anode.
In this case, the current densities are related by (3.16) or (3.17). In the cell voltage
measurements of Appendix C, conguration (b) was used.
Aromaa [14, Sec. 4.1], assumed that overvoltages and currents related to anodic
reactions are positive and those related to cathodic reactions are negative. Also, the
cell voltage is negative for an energy-consuming process. However, in this thesis the
signs assigned to all overvoltages, currents and voltages are positive.
For the empirical cell voltage model to be accurate enough and adaptable in a
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(a) Isolated electrode gap
Figure 4.1:
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(b) 2 + 1 electrode cell

Cell arrangements of the simple electrolysis cells.

FEM model, the following must be taken into account:

• the dependence of the cell voltage on the current density
• the dependence of electrode overvoltages on the current density
• the electrode overvoltages when current densities are negative
Accurate cell voltage modelling is important, since the the cell voltage aects the
energy consumption (cf. Eq. (G.7) in Appendix G). According to Aromaa [14,
p. 171], the electrode overvoltages can aect the current distribution within the
electrodes. Hence the electrode overvoltages should be modelled accurately. The
case of negative current densities is important. Such negative densities may occur
during the numerical solution of the FEM model; they may even occur in the nal
FEM solution. As such, the empirical cell voltage model must provide electrode
overvoltages, albeit rough approximations, when current densities are negative.
Although the mixing of the electrolyte and oxygen evolution may signicantly
aect the current distribution on the electrode surfaces, these phenomena are not
modelled explicitly (cf. M2 in Sec. 3.2). However, these phenomena are involved in
the cell voltage model implicitely, since they aect the cell voltage and polarization
measurements.
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Modelling the ER process cell voltage
In the ER processes the thermodynamic cell voltage can be neglected (cf. Sec. 4.1).
Consequently, the cell voltage Ec for the ER process is given by

Ec = Uoe + Uel ,

(4.2)

where Uel is the ohmic drop in the electrolyte. The sum of the electrode overvoltages
Uoe is
Uoe = Uoa + Uoc ,
(4.3)
where Uoa and Uoc are the anode and cathode overvoltages, respectively.
In Eq. (4.2), both Uoe and Uel depend on the current density in the electrolyte.
However, if the current density is a constant and the distance of the electrode surfaces
is changed, Uel changes but Uoe is practically not aected. Moreover, Uoa is a function
of the average anode current density J¯a and Uoc is a function of the average cathode
current density J¯c . Taking these dependencies into account and combining Eqs. (4.2)
and (4.3) yields

Ec (dˆes , J¯c ) = Uoa (J¯a ) + Uoc (J¯c ) + Uel (dˆes , J¯c ),

(4.4)

where dˆes is the nominal electrode surface distance and the average anode current
density J¯a can be calculated using Eq. (3.25). The anode and cathode overvoltages
in (4.4), Uoa and Uoc , can be modelled as functions of the current density using the
electrode polarization measurements (see Appendix D).
The electrode overvoltages for negative current densities are modelled in the ER
process as follows: (i) for the anode side, the cathode overvoltage is used and (ii) for
the cathode side, the anode overvoltage is used. Decisions (i) and (ii) are justied,
since for negative current densities, copper starts to dissolve from the cathode and
deposit onto the anode. For (ii) to be correct, it is necessary to assume that the
permanent cathode has copper on its surface.

Modelling the EW process cell voltage
In the EW process, the cathode overvoltage can be modelled using electrode
polarization measurements (see Appendix D). Unfortunately, anode overvoltage
measurements are not available, since oxygen evolution hinders such measurements.
However, if one ignores the eect of oxygen evolution on the electrical resistivity of
the electrolyte, the ohmic drop can be modelled. Also, cell voltage measurements
(cf. Appendix C) are available for the EW processes. These can be used to calculate
the total anode voltage loss Ueca :
0
Ueca (J¯a ) ≡ Uoa (J¯a ) + Uelg (J¯a ) + Ecell
= Ec (J¯c ) − Uoc (J¯c ) − Uel (J¯c ),

(4.5)

where J¯c can be obtained from Eq. (3.25). In (4.5), the following have been used:
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Uelg (J¯a ) is the the ohmic drop in the electrolyte due to the oxygen evolution.
Ec (J¯c ) is the measured cell voltage.
Uoc (J¯c ) is the cathode overvoltage from the polarization measurements.
Uel (J¯c ) is the ohmic drop in the electrolyte, when the cell geometry is the same as
that used in the cell voltage measurements.
Assume now that the empirical function for the anode total overvoltage is formed
using Eq. (4.5). Then the empirical cell voltage model for the EW process becomes

Ec (dˆes , J¯c ) = Ueca (J¯a ) + Uoc (J¯c ) + Uel (dˆes , J¯c ).

(4.6)

The electrode overvoltages for negative current densities in the EW process are
modelled as follows: (i) for the anode side, the cathode overvoltage is used and
(ii) for the cathode side, the ER process anode overvoltage is used. Decisions (i)
and (ii) are justied, since the EW process may be considered as the ER process
when current densities are negative. In practice, negative current densities must be
prevented in the EW process by maintaining some minimum supply voltage, as the
permanent anodes would otherwise be damaged.
The next section contains a model of the ohmic drop Uel in the electrolyte 
needed in both Eqs. (4.4) and (4.6)  as a function of the electrode surface distance
dˆes and the average cathode current density J¯c .

4.3 Modelling the ohmic drop in the electrolyte
The ohmic drop Uel in the electrolyte is modelled using

Uel = R̃el If ,

(4.7)

where R̃el is an approximation of the electrolyte resistance and If is the eective
current (cf. Sec. 3.5). Assuming that the only cause of current losses are short
circuits (cf. C6 in Sec. 3.2) and that no short circuits exist in the electrode gap
(i.e. Is = 0), the eective current If is given by

If = Ac J¯c ,

(4.8)

where Eqs. (3.22), (3.24) and (3.28) have been used.
The resistance R of a conductor of length L and cross-sectional area A is

R=

1L
,
σA

(4.9)

where σ is the electrical conductivity. Using Eq. (4.9), the approximate electrical
resistance of the electrolyte R̃el becomes

R̃el =

1 dˆes
,
σel Ãel

(4.10)
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where dˆes is the distance between the electrode surfaces and Ãel is the `face-to-face'
surface area of the adjacent electrodes. The electrolyte conductivity σel ((Ωm)-1 ) is
computed using Price and Davenport's empirical function [21, p. 161]:

σel = 13.4 − 0.356 cCu + 0.249 cH2SO4 + 0.426 Tel .

(4.11)



In this equation, Tel is the electrolyte temperature ( ), and cCu and cH2SO4 are the
concentrations (kg/m3 ) of copper and sulphuric acid in the electrolyte.
The distance dˆes of the electrode surfaces is given by

Da − (da + dc )
dˆes =
,
2

(4.12)

where Da is the anode spacing (cf. A9 in Sec. 3.2) and constants da and dc are the
thicknesses of the part of the anode and cathode plates, that are in contact with the
electrolyte. When permanent cathodes are used, the cathode plate thickness is

dc = dcbp + dCu ,

(4.13)

where dcbp is the thickness of the cathode base plate and dCu is the total thickness
of the deposited cathode copper. The `face-to-face' surface area of the adjacent
electrodes is given by

Ãel = cAel Ac ,

(4.14)

where cAel is an empirical constant. A FEM model, which accurately models the
electrolyte and electrode geometry, can be used to obtain a value for cAel . The
resulting cAel value is specic to the cell arrangement, in other words it depends on
the electrode dimensions, electrode positions and the cell size. In particular, the
cAel value is aected by the ratio Ac /Aa of the electrode surface areas. Thus, a cAel
value may be considered to be valid as long as the electrode surface distance change
is suciently small relative to the nominal electrode surface distance dˆes .
By combining Eqs. (4.7), (4.8), (4.10) and (4.14), one can obtain the ohmic drop
Uel in the electrolyte from

1 dˆes ¯
Jc .
Uel (dˆes , J¯c ) =
σel cAel

(4.15)

4.4 Modelling the time dependence
The anode and cathode thicknesses are actually functions time. Taking this into
account, Eq. (4.12) becomes
(
)
D
−
d
(t
)
+
d
(t
)
a
a
cp
c
cp
dˆes (tcp ) =
.
(4.16)
2
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In this equation, tcp is the real-valued cathode period , whose denition depends on
whether the process in question is ER or EW:

tcp :=


 electric charge since beginning of the anode period ,

electric charge during the whole anode period
 electric charge since beginning of the cathode period ,
electric charge during the whole cathode period

ER
EW.

(4.17)

The anode period and cathode period were explained in Ch. 2. Assuming that the
supply current of an electrolysis cell is constant (cf. C5), tcp is proportional to the
time. Moreover, if the electric charge consumed in each cathode period is the same,
then tcp and the `ordinary' cathode period ncp are related by

ncp = dtcp e,

(4.18)

where dxe is the ceiling function.
In the ER process, copper is dissolved from a copper anode onto cathode surfaces.
Assume that one copper anode is used to produce Ncp cathodes, that the initial
copper anode thickness is da (0) and that the total thickness of deposited cathode
copper from both sides of a cathode during each cathode period is dCumax . Then
tcp ∈ [0, Ncp ), and the anode thickness in the ER process can be computed using

da (tcp ) = da (0) − tcp dCumax .

(4.19)

In the EW process, permanent anodes are used and copper is depleted from the
electrolyte onto cathode surfaces (cf. Sec. 2.3). Hence tcp ∈ [0, 1), and the anode
thickness for the EW process is given by

da (tcp ) = da (0).

(4.20)

The cathode thickness for both the ER and EW process can be obtained from

dc (tcp ) = dcbp + frac (tcp ) dCumax ,

(4.21)

where frac (x) := x − bxc is a function that returns the decimal part of a real-valued
argument and bxc denotes the oor function.
Using Eqs. (4.16) - (4.21), the distance dˆes of the electrode surfaces for the ER
and EW processes are given by the following expressions:

)
(
+ btcp cdCumax
D
−
d
(0)
+
d
a
a
cbp
, tcp ∈ [0, Ncp )
for ER: dˆes (tcp ) =
2
)
(
Da − da (0) + dcbp + tcp dCumax
for EW: dˆes (tcp ) =
, tcp ∈ [0, 1).
2

(4.22)
(4.23)
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4.5 Results of the empirical cell voltage model
The above described empirical cell voltage models will be now used to obtain
the components of the cell voltage. The cell voltage current density dependece
will be obtained using the same cell arrangement that was used in the cell voltage
measurements (cf. Appendix C). In addition, the cell voltage dependece on the
real-valued cathode period will be tested using the electrode dimensions and anode
spacing being close to the ones used in the copper industry.

Results of the current density dependence
Figures 4.2(a) and 4.2(b) contain cell voltage model predictions and measurements showing how various quantities depend on current density. The cell voltage
depends on the cell geometry. The model results in Figs. 4.2(a) and 4.2(b) were
obtained using the electrode and the cell dimensions from the cell voltage measurements setup of Appendix C. Moreover, the value for the empirical constant cAel
were approximated using mini-cell FEM models. This yielded cAel = 1.1 for ER and
cAel = 1.4 for EW.
Cell voltage measurements were not needed in forming the empirical cell voltage
model for the ER process. This allows one to validate the empirical cell voltage
model, i.e. one can assess the quality (accuracy) of the model against the cell voltage measurements. Figure 4.2(a) reveals that the model cell voltage matches quite
accurately the measurements.
For the EW process, the cell voltage measurements were needed in forming the
empirical cell voltage model, hence the model can not be validated against the
measurements. However, the model can be veried, i.e. one can check the accuracy
of the model by comparing it to the cell voltage measurements. Figure 4.2(b) reveals
that the model cell voltages are close to the cell voltage measurements.
In both the ER and EW processes, cathode overvoltages were modelled using
numerous cathode polarization measurements. As a result, the cathode overvoltage
is considered to be modelled quite accurately. Only a few observations were available
for modelling the anode overvoltage in the ER process. Nonetheless, Fig. 4.2(a)
shows that anode overvoltage model is accurate enough.

Results of the cathode period dependence
The predictions from the empirical cell voltage model for how several quantities
depend on the real-valued cathode period (cf. Sec. 4.4) are presented in Figs. 4.3(a)
and 4.3(b) over two process cycles. For the ER process, the process cycle is the
anode period (cf. Sec. 2.2). In Fig. 4.3(a) the anode period is assumed to be three
cathode periods. For the EW process, the process cycle is just the cathode period.
The results of Figs. 4.3(a) and 4.3(b) correspond to industrial process conditions,
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ER, cathodePeriod=0, dist. of electrode surf.=42.4 mm (Using lab. measurement parameters)
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(b) The EW process

The dependence of several components of the cell voltage model on current
density and some corresponding laboratory measurements.

Figure 4.2:
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ER, Jc=350 A/m (Using industrial process parameters)
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(b) The EW process

The cell voltage dependence on the real-valued cathode period in the empirical
cell voltage model.
Figure 4.3:
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e.g. the size of the electrodes and the electrode spacing are close to the ones used in
an industrial electrolysis process. The related constants Aa , Ac and Da are given in
Table J.2, Appendix J. The nominal cathode current density used was 350 A/m2 .
In addition, cAel = 1 was assumed.
The changes in cell voltages with time are dierent for the ER and EW processes. For the ER process, cf. Fig. 4.3(a), the cell voltage increases by steps when
the cathode period is changed, i.e. the cell voltage is determined by the `ordinary'
cathode period. The change in the cell voltage is caused by the increased voltage
loss in the electrolyte, which in turn is caused by the increased electrode surface
distance after every cathode harvesting. For the EW process, cf. Fig. 4.3(b), the
cell voltage is a sawtooth function. The decrease of the cell voltage is caused by
the decrease in the electrode surface distance due to the copper deposition onto the
cathode. For both ER and EW processes, Figs. 4.3(a) and 4.3(b) also reveal that
the sum of the electrode overvoltages, given by Eq. (4.3), is constant over time.

4.6 Summary of the emprirical cell voltage model
To conclude the results of this chapter we modelled the cell voltages of the copper
ER and EW processes. In the copper electrolysis processes the cell voltage (≈0.3 V in
ER and ≈2 V in EW) results from quite complicated electro-chemical reactions.
We used several sources  i.e. laboratory measurements, the empirical function
(4.11) for the electrical conductivity of the electrolyte and mini-cell FEM models 
to identify the components of the cell voltage as functions of the cathode current
density. These cell voltage components include the ohmic drop in the electrolyte and
the electrode overvoltages. The eects of the copper dissolving and deposition to
the distance of electrode surfaces were modelled in an average sense to allow some
time dependent analysis of the cell voltage. Finally, the output of the empirical
cell voltage models were compared to laboratory measurements. These comparisons
revealed that the cell voltage obtained from the empirical cell voltage models match
quite accurately to the cell voltage laboratory measurements in both ER and EW as
the average cathode current density J¯c varies over a typical range used in industry.
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Chapter 5
FEM modelling of an electrolysis cell
group
In this chapter the deterministic model of an electrolysis cell group is presented.
The deterministic model, rst introduced in Sec. 3.1, consists of the geometry and
several deterministic sub-models. In the remainder of this chapter the model convergence is studied and the FEM model partially veried. Finally, the eects of the
modelling decisions will be discussed.

5.1 FEM modelling background
In large FEM models it is often necessary to make simplications and approximations to obtain a model whose solution time is reasonable. In FEM models the
solution time is typically a polynomial function of the number of degrees of freedom
(DOF ). Hence by reducing the number of DOF, one can reduce the solution time.
There are several ways to reduce the number of DOF: simplication of geometry,
taking advantage of model symmetry, avoiding small details in geometry and using
suitable mesh elements and element basis functions. Shell element modelling is a
method of simplifying model geometry. One can use shell elements with three dimensional objects where one dimension is much less than either of the other two.
A shell element results when the thin dimension is essentially ignored. The use of
shell elements is reasonable for at geometries like electrode plates, since dependent
variables  the electric potential and the temperature  are homogeneous in the
direction to be ignored.
We used COMSOL Multiphysics® software [26] for modelling a copper electrolysis cell group. COMSOL Multiphysics allows coupling of several physical phenomena
and as such allows modelling of resistive heating in the electrolysis cell group model.
In our model, shell elements are exclusively used to dene the geometry. When shell
elements are used, the equations, including the partial dierential equations, used to
model the physical phenomena must be expressed in the weak form . McOwen [16,
39
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p. 60] explains the mathematical weak form. Weak form modelling for COMSOL
Multiphysics models is described in [24, p. 253]. Weak form contributions are part
of the weak form modelling. By adding a weak form contribution one can augment
an existing equation system. A weak form contribution is associated in a COMSOL
Multiphysics model to a particular domain and a dependent variable.
The term `domain' was used above, without a proper denition. A domain
is a part of a (analyzed) FEM model geometry. In a 3-dimensional FEM model
geometry a domain can be either a subdomain, boundary, edge or a vertex (point)
[26, p. 41]. The following attributes can be associated to a domain: equations that
govern the physical phenomena happening in the domain, boundary and/or initial
conditions and parameters. Typical parameters are physical constants, e.g. the
electrical resistivity of some material.
There are four main problems in modelling an electrolysis cell group: (i) the
geometry is complex, (ii) the geometry contains thin subgeometries like electrode
plates, (iii) the electrolysis process contains stochastic parts and (iv) the process
is time dependent. Solutions to issues (i) and (ii) are discussed in Sec. 5.2. This
chapter deals with the deterministic model, hence the stochastic parts of the process
are neglected or approximated by deterministic sub-model as described in Sec. 5.5.
Time dependency is ignored (cf. M1 in Sec. 3.2) and a stationary model is used.
The use of shell elements causes changes in the modelling equations and requires
approximations in expressing physical properties of the composite structures. These
approximations are presented throughout the chapter in the implementation part of
the sub-models.

5.2 Model geometry and meshing
The geometry of a single electrolysis cell FEM model, rst presented in [11], is
depicted in Fig. 5.1. The components included are the anodes (A), the cathodes
(B), the electrolyte (C), the anode busbar (D), the anode VEB (E), the cathode
busbar (F) and the cathode VEB (G). The electrolyte and the short circuit (not
shown in Fig. 5.1) are modelled as solids, the other components are modelled as
shell elements.
The single electrolysis cell model of Fig. 5.1 contains solids, whose modelling
often requires large numbers of DOF. Our cell group model contains seven such
electrolysis cells. The number of DOF in the cell group model has been reduced
by approximating all parts of the electrolysis cell that are below the electrolyte
surface by a boundary coincident with the electrolyte surface. Hence, the parts of
an electrolysis cell that are submerged in the electrolyte are absent from the model
geometry. The resulting geometry for an electrolysis cell group model  containing
only shell elements  is depicted in Fig. 5.2. The components in Fig. 5.2 are the
anodes (A), the cathodes (B), the ICBBs (C), the anode VEB (D), the cathode
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Figure 5.1:
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Components of the single ER cell FEM model geometry [11].

VEB (E), the electrolyte (F) and an optional short circuit (G). Note that both
Figs. 5.1 and 5.2 apply to ER. The geometries of the ER and EW process cell group
FEM models are the same except for the anodes: the copper anodes are used in
ER, whereas permanent anodes are used in EW (cf. Ch. 2). Both Figs. 5.1 and 5.2
should be compared to the cell group layout presented in Fig. 2.1.
In Chapter 3, assumptions and decisions were made about what features were
to left unmodelled. In particular it was decided that uid velocity elds (M2), gas
bubble formation (M3) and variations in the electrolyte conductivity (C7) were to
be left unmodelled. Ignoring these will certainly cause some modelling inaccuracy.
Ignoring those parts of the electrolysis cell that are below the electrolyte surface will
not cause signicant additional modelling error if the electric potential is uniform in
the y -coordinate direction for two parts: (i) the portion of electrode plates in contact
with the electrolyte and (ii) the electrolyte. The electric potential distribution in
the single cell model anode presented in Fig. 5.3 indicates that it is reasonable to
assume (i), as the relative change in the potential is < 3 %. The anode plate in
Fig. 5.3 is made of 6 mm thick lead alloy sheet. A short circuit is located in the
upper left corner of the anode plate. Even though the electrode plate potential
distribution is quite uniform, the electric potential of the electrolyte can vary more
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Figure 5.2:

Table 5.1:

Components of the ER cell group model geometry [13, 12].

Default mesh parameters of COMSOL Multiphysics 3.3 [26, p. 263].

Parameter name

Description

Default value

hmaxfact

maximum element scaling factor

1

hgrad

element growth rate

1.5

hcurve

mesh curvature factor

0.6

hcutoff

mesh curvature cut o

0.03

hnarrow

resolution of narrow regions

0.5

due to the overvoltages in the electrode surfaces as explained in Ch. 4.
The following two options are possible in the modelling of an electrode busbar
contact in the shell element geometry of Fig. 5.2: a point and a line segment. These
options will be hereafter referred to as the point contact model and the `nite
length contact' model, respectively. Modelling the electrode busbar contacts as
points causes singular sources in the model. This is a problem, since the solution
depends strongly on the maximum element size used for the point [10, p. 497]. We
choose to use the point contact model. A justication for this choice will be given
in Sec. 5.7.
Since the model geometry (cf. Fig. 5.2) contains only shell elements and no solid
objects, triangular mesh elements can be used. The model geometry has a number
of narrow regions, which require large numbers of triangular elements when the
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The electric potential distribution (V) of an EW process anode in the single
electrolysis cell model [11].

Figure 5.3:

default mesh parameters are used. To decrease the number of DOF of the FEM
model, the COMSOL Multiphysics mesh parameter Resolution of narrow regions
(cf. [26, p. 267]) is changed to 0.1 from its default value 0.5 (see Table 5.1 for default
values of COMSOL Multiphysics mesh parameters). The resulting mesh for the ER
cell group model is shown in Fig. 5.4.

5.3 Electrical conduction
This section contains equations used for modelling current distributions in all
electrolysis cell parts that conduct electricity. Hence, these equations are applied
separately to the electrolyte, the cathodes, the anodes and busbars.
The electrical resistivity ρ for conductors can be formulated as

(
)
ρ(T ) = ρ0 1 + α (T − T0 ) ,

(5.1)

where T is the temperature, ρ0 is the resistivity at reference temperature T0 and
α is the temperature coecient of the resistivity. Using Eq. (5.1), the electrical
conductivity σ is dened as

σ(T ) :=

σ0
1
=
,
ρ(T )
1 + α (T − T0 )

where σ0 = 1/ρ0 is the electrical conductivity at the reference temperature T0 .

(5.2)
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Figure 5.4:

etry.

A detail of the mesh generated from the ER process cell group model geom-

The current density J is given by

J = σE = −σ∇U,

(5.3)

where E is the electric eld and U is the electric potential distribution. Electrical
conduction is modelled using

∇ · J = ∇ · (−σ∇U ) = 0 .

(5.4)

The electrical insulation is dened by the natural boundary condition

n · J = 0,

(5.5)

where n is the unit normal vector of Eq. (3.18).

Implementation of electrical conduction
When using the weak form modelling it is necessary to transform Eqs. (5.4) and
(5.5) into the weak form:
∫

σ∇U · ∇U t dV = 0 .

(5.6)

Ω

In this integral U t is a test function for U . For shell elements, the thickness is taken
into account by multiplying the integral (5.6) by the thickness d and integrating
over the shell element S , which yields
∫
d σ∇U · ∇U t dA = 0 .
(5.7)
S
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The base plate of permanent cathodes is made of acid proof steel. The part of the
cathode plate in contact with the electrolyte is a composite structure in the model,
since it includes the base plate itself and a layer of copper deposit on both sides of
the base plate. Physical constants for such composite structures are approximated
using a weighted sum. For example, the approximation for electrical conductivity σ̃
for a composite structure is given by
(N
)−1 N
m
m
∑
∑
σ̃ =
Ai
σi Ai ,
(5.8)
i=1

i=1

where Nm is the number of materials in composite structure, Ai is the cross sectional
area of material i and σi the electrical conductivity of material i.
The weighted sum approximation (5.8) is valid under assumption that the components of the current density to the tangent direction of the shell element are
dominating. If the components of the current density to the normal direction of
the shell elements dominate, the weighted sum approximation ρ̃⊥ for the electrical
resistivity is given by
(N
)−1 N
m
m
∑
∑
ρ̃⊥ =
di
ρi di ,
(5.9)
i=1

i=1

where di is the thickness of material i and ρi the electrical resistivity of material i.
Using Eqs. (5.2) and (5.9) the weighted sum approximation σ̃⊥ for the electrical
conductivity to the normal direction of a shell element becomes
(N
)−1 N
m
m
∑
∑
1
di
σ̃⊥ :=
=
di .
(5.10)
ρ̃⊥
σ
i=1 i
i=1
The approximation (5.10) could be used in the case when the current passes through
a composite structure. A related problem is discussed at the COMSOL support
knowledge base under the topic `thin lm approximation'.
The cell group current supply is modelled by applying a uniform current density
to the anode busbar (see A15 in Sec. 3.2). This is implemented in the COMSOL
Multiphysics model by adding a weak form contribution
∫
Ig0 t
− U ds
(5.11)
L
L
to the anode busbar. In this integral, L = Ls is the length of the current supply line
geometry (cf. Table J.3). The constant supply current Ig0 is given by Eq. (3.10). A
current sink is implemented in the model by adding the negation of integral (5.11)
to the cathode busbar at the other end of the cell group.

5.4 Heat transfer
This section contains equations used for modelling heat transfer in all electrolysis
cell parts involved in either heat conduction or convection. Hence, these equations
are applied separately to the electrolyte, the cathodes, the anodes and busbars.
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For heat transfer by conduction, the heat ux q (vector eld) is given by

q = −k∇T,

(5.12)

where k is the thermal conductivity and T is the temperature (scalar eld). In a
stationary model, heat transfer by conduction is given by

∇ · q = ∇ · (−k∇T ) = Qh ,

(5.13)

where Qh is the heat source. In an electrical conductor, the heat source is resistive
heating, which is given by

Qh =

1
kJ k2 = σk∇U k2 .
σ

(5.14)

Substituting (5.14) into (5.13) yields

∇ · (−k∇T ) = σk∇U k2 .

(5.15)

From Eqs. (5.2) and (5.15) one can see that electrical conduction and heat transfer
are coupled.
Heat transfer by convection is modelled using the natural boundary condition

q⊥ = n · q = h̄(T − T ∞ ),

(5.16)

where q⊥ is the convective ux, h̄ is the average heat transfer coecient and T ∞ is
the ambient bulk temperature.

Implementation of heat transfer
Transforming Eqs. (5.15) and (5.16) into their corresponding weak forms for the
shell element S yields

∫ [
2
]
∑
(
2 t)
t
d k∇T · ∇T − σk∇U k T +
q⊥,i T t dA = 0.
S

(5.17)

i=1

In this integral T t is test function for T and q⊥,i is the convective heat ux in the
direction of the outward-normal vector of the shell element:

q⊥,i = h̄i (T − Ti∞ ).

(5.18)

In Eq. (5.18), constants h̄i and Ti∞ , i ∈ {1, 2} are the average heat transfer coecient
and the ambient bulk temperature, respectively, associated with the two `sides' of
the shell element. Convection occurs also through the shell element boundaries
i.e. edges ∂Sj . This is modelled by adding a weak form contribution
∫
d h̄j (T − Tj∞ )T t ds
(5.19)
∂Sj

for each edge of the shell element. For the composite structures, a weighted sum
approximation is used for the thermal conductivity k , a similar to that of Eq. (5.8).
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No short circuit
Short circuit
Origin + centroids

2000

Contact current [A]
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0

0

50
100
Contact voltage drop [mV]

Measurements of the cathode busbar contact current as a function of the
contact voltage drop [12, p. 906].
Figure 5.5:

5.5 Empirical model of an electrode busbar contact
The empirical model for an electrode busbar contact is based on cathode busbar
contact measurements (cf. Appendix A). In Fig. 5.5 the contact current measurements are presented as a function of the contact voltage drop. Measurements from
distinct operating states  the cathode with and without a short circuit  are
shown using dierent markers. As the contact current increases, both the variance
and the growth rate of the voltage drop decrease. A `stabilization' of the contact
voltage drop in high currents may be due to `burning' of dirt in the surfaces of the
busbar contact.
In forming the empirical model of a cathode busbar contact, only the centroids of
Fig. 5.5 are used; the variance information is neglected. The cathode busbar contact
voltage drop is 40 mV at a nominal current 650 A. The anode busbar contact voltage
drop is assumed to be 15 mV in the ER process and 35 mV in the EW process at the
same nominal current. The resulting empirical functions for the electrode busbar
contact currents are depicted in Fig. 5.6.

Implementation of the electrode busbar contact model
To model the electrode busbar contact current Icn as a function of the contact
voltage drop (cf. Fig. 5.6), we used a linear interpolation function in COMSOL
Multiphysics (cf. [26, p. 155]). An interpolation function is dened by a list, which
contains pairs (x, f(x)) on its elements, e.g. the pairs of the contact voltage drop
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Empirical model for the electrode busbar contact current as a function of the
contact voltage drop [12, p. 906].
Figure 5.6:

Data for the interpolation function used to model the cathode busbar contact
current (A) as a function of the contact voltage drop (V).
Table 5.2:

Argument value (Ucn )

Functional value (Icn )

−50 · 10−3
−40 · 10−3
40 · 10−3
50 · 10−3

-1600
-650
650
1600

and contact current. These pairs are given for the cathode busbar contact model in
Table 5.2. The extrapolation method `extrap' was used. An implementation of the
empirical electrode busbar contact sub-model is next discussed.
Let us dene the contact voltage drop Ucn as

Ucn = U1 − U2 ,

(5.20)

where U1 is the busbar potential and U2 is the electrode potential at the contact
point. The empirical model for an electrode busbar contact is implemented by
adding a weak form contribution

Icn (Ucn )U1t

(5.21)

to the busbar potential U1 and a weak form contribution

−Icn (Ucn )U2t

(5.22)
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to the electrode potential U2 . In (5.21) - (5.22) U1t and U2t are the test functions for
U1 and U2 , respectively. The resistive heating due to the voltage drop in the contact
is implemented by adding a weak form contribution

−Ucn Icn (Ucn )T t

(5.23)

to the temperature T .

5.6 Implementation of the cell voltage model
The empirical cell voltage model was presented in Ch. 4. This section contains
an explanation of how the cell voltage model is implemented in the FEM model.
Modelling with shell elements ignores the thickness of the electrodes that would
be taken into account if electrodes were modelled as solids. As a result the electrolyte
`thickness' in an electrode gap is increased in the geometry of our FEM model. This
increased thickness is taken into account by approximating the electrical conductivity of the electrolyte σel by σ̃el using

σ̃el =

Da /2
σel .
dˆes

(5.24)

In Eq. (5.24) Da is the anode spacing (cf. A9 in Sec. 3.2), dˆes is the nominal distance
of the electrode surfaces given by Eq. (4.12) and σel is the electrical conductivity of
the electrolyte (see Eq. (4.11)). For dˆes , we have used the real-valued cathode period
dependent version, given by Eqs. (4.22) and (4.23). This allows us to simulate the
eects of copper dissolution and deposition in the average sense.
Assume that the results for the electrode overvoltages are available from Ch. 4.
For the ER process, these include the functions for the anode and cathode overvoltages from Eq. (4.4). For the EW process, the functions needed are the total anode
overvoltage and the cathode overvoltage given by Eqs. (4.5) and (4.6), respectively.
In the FEM implementation, the current density is needed as a function of the overvoltage. Fortunately all the overvoltages of Figs. 4.2 and 4.3 are strictly increasing.
This allows us to obtain the current density functions as inverses of the overvoltage
functions.
Overvoltage occurs on both surfaces of an electrode. However, due to the shell
element modelling, the two electrode surfaces merge into one. This issue is solved by
dening dierent potential systems for the electrolyte on each side of the electrode,
say U1 for the electrolyte before the anode and U3 for the electrolyte after the anode.
Here `before' and `after' refer to the z -coordinate (see Fig. 5.2); the electrolyte before
the anode has smaller z -coordinate than the electrolyte after the anode. Let Ja (·)
be the inverse of the empirical anode overvoltage function. Then the overvoltage to
the anode is implemented by adding a weak form contribution,
∫
(
)
(5.25)
ha Ja (U2 − U1 ) + Ja (U2 − U3 ) U2t ds ,
L
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to the electrode potential U2 system. In this integral, ha and L = La are the height
and width of the portion of the anode plate in contact with the electrolyte. For the
potential systems U1 and U3 , the weak form contributions are
∫
∫
t
− ha Ja (U2 − U1 )U1 ds
and
− ha Ja (U2 − U3 )U3t ds.
(5.26)
L

L

The weak form contributions of (5.25) and (5.26) are added to Na Ng line segments
La of our cell group FEM model, each La being an intersection of the electrolyte and
anode plate geometries (cf. Fig. 5.2). For the cathode, the weak form contribution
corresponding to Eq. (5.25) is
∫
(
)
−hc Jc (U1 − U2 ) + Jc (U3 − U2 ) U2t ds ,
(5.27)
L

and the weak form contributions corresponding to Eq. (5.26) become
∫
∫
t
hc Jc (U1 − U2 )U1 ds
and
hc Jc (U3 − U2 )U3t ds .
L

(5.28)

L

In integrals (5.27) and (5.28) hc and L = Lc are the height and width of the portion
of the cathode plate in contact with the electrolyte. Values for constants ha and hc
are given in Appendix J, Table J.2.
We have so far in this chapter proposed the deterministic model (cf. Fig. 3.1) of
an electrolysis cell group. The number of DOF for this FEM model is about 90,000
for the electric potential and about 70,000 for the temperature. If shell elements
were not used to simplify the model geometry, the number of DOF would be larger
by several orders of magnitude. The FEM model is solved in two steps. In the
rst step, only the electric potential is solved. In the second step the solution from
the rst step is used as an initial guess and the electric potential and temperature
are solved together. The solution time is about 3 - 8 minutes using a standard PC
workstation. The solution time depends on the process in question (ER or EW) and
other simulation conditions used.

5.7 Some model convergence studies
In the FEM a continuous problem is discretized using a mesh and element basis
functions. Resulting discretization  and hence the FEM solution  are aected by
the mesh used. In particular the element size used for singularities aect greatly the
FEM solution (cf. Sec. 5.2). This section deals with the convergence of our cell group
FEM model, i.e. the dependence of the FEM solution on the mesh renement. We
also give a justication in modelling electrode busbar contact geometry as a point.
The geometry of an electrolysis cell group FEM model (cf. Sec. 5.2) is impractical
to be used in model convergence studies, as the resulting FEM model is computationally demanding in terms of the number of DOF. Moreover, it was mentioned
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(b) Detail 1: `nite length contact'

Geometry of a single cathode FEM model used in the convergence studies of

in Sec. 5.2 that singularities can even corrupt the FEM solution. For these two
reasons we created a 3-dimensional FEM model of a single cathode with a `nite
length contact' to be used as a reference model in the convergence studies.
The geometry of the FEM model of a single permanent cathode with the `nite
length contact'  depicted in Fig. 5.7  is composed of shell elements. Another
FEM model of a single permanent cathode was created with a point contact.
In the `nite length contact' model of Fig. 5.7 the current of 1950 A is supplied
to a busbar (A) in the upper left corner of Fig. 5.7(a). Current ows through the
CHB (C) to another busbar (B), where a current sink exist. The choice of the length
of the cathode busbar contact is not obvious. We chose to use 5 mm contact length
(see Fig. 5.7(b)). Simulation runs will be next discussed.
A series of simulations were run. In each simulation the mesh was re-generated
using dierent values for the mesh parameters. The related mesh options are given
in Table 5.3. Each mesh option denes a number of common mesh parameters and
the maximum elements size for the busbar contact. Note that the mesh parameter
hnarrow in Table 5.3 was already discussed in Sec. 5.2. From each simulation run the
number of DOF was stored. Moreover, the voltage and the temperature distributions
in the lower edge of the CHB were saved.
Results of the simulation runs for the FEM model employing the `nite length
contact' are given in Fig. 5.8(a) and Fig. 5.9(a). In these gures values of the
dependent variables  i.e. the electric potential U and the temperature T  are
plotted as functions of the x-coordinate for the ve mesh options of Table 5.3. Note
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(a) `Finite length contact'
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(b) Point contact

Electric potential distribution (V) in the lower edge of the CHB in the model
with `nite length contact' (a) and in the model with point contact (b). The ve curves of
each gure are obtained using the ve mesh options of Table 5.3.
Figure 5.8:
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Five mesh options used in the convergence study. A parameter hnarrow is
given in Table 5.1.
Mesh option Description
hnarrow

Table 5.3:

Id
1

mesh with 0.1 mm maximum element size near the
contact

default

2

mesh with 1 mm maximum element size near the contact

default

3

mesh with 1 cm maximum element size near the contact

default

4

default mesh

default

5

mesh used in the cell group model of Ch. 5

0.1

Table 5.4:

Table 5.3.

Number of DOF in the single cathode model for the ve mesh options of
Mesh option
Id

`Finite length
contact'

Point
contact

1

16,912

5,306

2

5,294

3,968

3

2,640

2,460

4

2,640

1,974

5

1,788

1,632

that in Fig. 5.8 and Fig. 5.9 the values of the dependent variables are plotted only
for a portion of the CHB (i.e. x ≤ −0.5 m). Fig. 5.8(a) indicates that the voltage in
the lower edge of the CHB (i.e. y = 0 mm) is practically not aected by the mesh
size near the contacts in the `nite length contact' model. The same applies to the
temperature (cf. Fig. 5.9).
The voltage and temperature distributions in the lower edge of the CHB for
the FEM model with point contact are depicted in Fig. 5.8(b) and Fig. 5.9(b),
respectively. Both Figs. 5.8(b) and 5.9(b) indicate that the values of the dependent
variables `peak' as the elements size near the contacts is decreased. Especially the
contact temperature (cf. Fig. 5.9(b)) is signicantly aected by the element size.
Fig. 5.8 and Fig. 5.9 indicate a good agreement of the potential and temperature
distributions between the FEM model with coarse mesh (mesh options 4 and 5 of
Table 5.3) and the model with `nite length contact'.
According to the above discussion the `nite length contact' model has advantage
of being practically independent of the mesh, whereas the point contact model is
signicantly aected by the elements size used for the contact. A question now arises
whether any argument can be found to justify the use of point contact model.
The single cathode FEM model with `nite length contact' using the coarsest
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(a) `Finite length contact'
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(b) Point contact



Temperature distribution ( ) in the lower edge of the CHB in the model
with `nite length contact' (a) and in the model with point contact (b). The ve curves of
each gure are obtained using the ve mesh options of Table 5.3.
Figure 5.9:

Chapter 5: FEM modelling of an electrolysis cell group
Table 5.5:

of Table 5.3.

55

Estimated number of DOF in the cell group model for the ve mesh options
Mesh option
Id

`Finite length
contact'

Point
contact

1

6,600,000

1,700,000

2

1,700,000

1,200,000

3

590,000

513,000

4

590,000

306,000

5

227,000

160,000

mesh (i.e. option 5 in Table 5.3) yielded 1,788 DOF, while the point contact model
took 1,632 DOF (cf. Table 5.4). Assume that the dierence in the number of DOF
of the single cathode FEM models can be extended to the cell group model having
approximately 160,000 DOF (see p. 50). Then the estimated number of DOF in the
cell group model of Ch. 5 with line contact becomes about 227,000 (cf. Table 5.5).
Using these numbers one can calculate that the estimated saving in the number of
DOF is approximately 30 % when a point is used in modelling the electrode busbar
contact instead of a `nite length'.
Calculation of the eective currents in COMSOL Multiphysics by using the contact currents or alternatively by using line integrals is discussed in Appendix F.
The same discussion applies here: calculation of all the contact currents together
in the point contact model takes only a second, while calculation of the contact
currents by line integrals in the `nite length contact' model would take a couple of
minutes. It may be, however, possible to calculate the line integrals for the contact
currtents in the `nite length contact' model inside the FEM solver without extra
computational load by using the integration coupling variables (see [26, p. 497] for
the coupling variables in COMSOL Multiphysics).
To conlude the results of this section it was found that the modelling of an
electrode busbar contact by using a point is well justied. The solutions of the FEM
model with the point contact together with a coarse mesh and the FEM model with
the `nite length contact' are quite similar. However, the point contact model is
superior to the `nite length contact' model as it yields lesser number of the DOF
and hence shorter solution time.

5.8 Verication of some middle-scale distributions
To justify the use of shell elements in the our cell group model geometry (see
Fig. 5.2) we will next compare the voltage loss obtained from a shell element model
of a single permanent cathode to laboratory measurements. Some properties of the
permanent cathode used in the measurements are given in Table J.2. A measurement
arrangement used is depicted in Fig. 5.10. In Fig. 5.10 the current is supplied to
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Measurement arrangement used in the model verication of Sec. 7.7. The
dimensions are given in mm.
Figure 5.10:

the permanent cathode by using a copper bolt, which is mounted to the CHB (see
item A in detail 1). A grounding point (B) is near the lower edge of the cathode
plate. The voltage loss within the cathode base plate is calculated as a voltage
dierence between the current supply and measurement grid points. The size of
11 x 8 measurement point grid is depicted in Fig. 5.10 by the red crosses. Note
that the rst row of the measurement grid is located in the lower edge of the CHB
(i.e. y = 0 mm).
A 3D FEM model of a permanent cathode corresponding to Fig. 5.10 was created.
The model geometry is the same that was used in Sec. 5.7, except the busbars were
removed and the current supply constructed as in Fig. 5.10. The mesh options were
equal to those used for the cell group model (i.e. mesh option 5 in Table 5.3).
Results of the cathode voltage loss measurements together with the simulation
results obtained from the single cathode model are depicted in Fig. 5.11. The curve
and related 11 crosses in the bottom of Fig. 5.11 correspond to the voltage loss in the
lower edge of the CHB (i.e. y = 0 mm), whereas the topmost curve corresponds to the
voltage loss in the bottom of the cathode base plate of Fig. 5.10 (i.e. y = 1000 mm).
Recall from Ch. 5 that the shell element approximation includes (i) the use
of shell elements and (ii) the weighted sum approximations for material constants
(e.g. (5.8) for the electrical conductivity) of a composite structure. From Fig. 5.11
one can conclude that the FEM model yields satisfactory voltage distribution within
the cathode base plate; hence the use of shell elements in modelling thin geometries
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Voltage loss within the cathode base plate: measurements (crosses) and
simulation (continuous lines).

Figure 5.11:

is well justied.
In the permanent cathode the CHB is a composite structure, having 706 mm2
copper and 407 mm2 acid proof steel in its cross section (cf. Table J.2). According
to Fig. 5.11 a good agreement is achieved for the voltage loss in the CHB lower
edge between the simulation and laboratory measurement; hence the weighted sum
approximation (5.8) of the electrical conductivity is justied in the case of CHB
modelling.
To verify the temperature near the cathode busbar contact we make use of the
results of the model convergence study (see Sec. 5.7). A measurement arrangement
similar to Fig. 5.7  including a permanent cathode and two busbars  was set
up in a laboratory. Three laboratory measurements were made to test the eects
of the cathode mass and impurities of a cathode contact to the busbar contact
temperature. A supply current of 2000 A was used in all these measurements.
The laboratory measurements revealed that the contact temperature varies from
100
to 120
when the contact is cleaned. The lower temperature was achieved
when extra pressing power, corresponding to mass of 60 kg, is applied to the contact.
A high contact temperature, approximately 150 , was measured for the cathode
with the contact surfaces unclean. Comparing the temperature of Fig. 5.9 to the
ones obtained from laboratory measurements would allow one to conclude that the
mesh option 5  used in meshing of the cell group model of Ch. 5  yields quite
realistic value (circa 140 ) for the contact temperature.









To summarize the ndings of this section we veried the shell element approx-
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imations  the use of shell elements and the weighted sum approximation (5.8)
for composite structures  by comparing simulation results of a single permanent
cathode to laboratory measurements. We found that the use of shell elements in
modelling the cathode base plate is well justied. As a consequence we conclude
that the use of shell element in modelling the busbars and anodes is justied. We
also found that the use of the weighted sum approximation (5.8) is justied in the
case of the CHB modelling.
a result we can conclude that the weighted sum
)As
(∑
−1 ∑
Nm
Nm
approximation σ̃ =
i=1 di
i=1 σi di  analogous to (5.8)  is justied in
modelling the cathode plate having copper deposit on its surfaces (cf. Eq. (4.13)).

5.9 Discussion of the modelling approximations and
restrictions
The electrolysis cell group model is based on a number of assumptions, modelling
decisions and approximations, as described in Sec. 3.2 and earlier sections of this
chapter. This section contains comments and explanations related to some of these
decisions and approximations.
The following geometry related modelling approximations were used in this chapter:

• use of shell elements
• ignoring the electrolyte and the portions of the electrodes that are below the
electrolyte surface
• modelling the electrode busbar contact geometry as a point
The rst two approximations are necessitated by the large and complex geometry
of an electrolysis cell group. If these approximations were not made, the model
would not be computationally feasible. In Sec. 5.8 it was found that the use of
shell elements is justied in modelling the electrodes and the busbars. The eects
of an other major geometry simplication  that of shrinking the parts of model
geometry below the electrolyte surface  to a small scale distribution of the electric
potential (i.e. electrode gap scale) should be studied in future work. The singularity
caused by the modelling the electrode busbar contact geometry as a point is taken
into account by using large mesh elements near the contact. The use of the point
contact was justied in Sec. 5.7.
The approximations used in the model equations include the following:

• weighted sum approximations for the electrical conductivity and the thermal
conductivity for composite structures in shell elements
• use of the average heat transfer coecients in modelling convective heat transfer
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• use of empirical functions for modelling the cell voltage
• modelling the electrode busbar contact voltage drop by an empirical function
The use of the weighted sum approximation was justied in Sec. 5.8. The use of the
average heat transfer coecient is necessitated by the model geometry; the chosen
geometry does not enable  even theoretically  the modelling of uid motion,
which would be needed to model free convection. The same applies for the third
approximation; accurate modelling of the cell voltage would require modelling concentration variations in the electrolyte which in turn would require modelling the
electrolyte ow. Such modelling is not possible with the chosen geometry. However,
in Sec. 4.5 the empirical cell voltage model was shown to be accurate enough for
practical applications. An electrode busbar contact behaves like a random process,
and, to our knowledge, no satisfactory stochastic model is currently available. The
empirical busbar contact model presented in Sec. 5.5 is a deterministic approximation of the contact electrical behaviour based on industrial measurements.
The following phenomena were not explicitly modelled:

• time dependent parts of the process
• velocity elds and gas bubble formation
• stochastic parts of the process
Two of the most important time dependent parts of the process are copper dissolution from the anode and copper deposition onto the cathode. These two phenomena
aect the distance between the electrode surfaces, which in turn aects the current
distribution. As mentioned in Ch. 1, the current distribution is closely related to the
goals of the copper electrolysis process. Hence, modelling the time dependent parts
of the electrolysis process should be pursued in future work. The velocity eld of the
electrolyte and the gas bubble formation aect the concentrations of the electrolyte
and thus the copper deposition. Including these would improve the accuracy of the
model, but would signicantly enlarge the task of numerically solving the model. In
addition, modelling the velocity eld would mean that the parts of the electrolysis
cell below the electrolyte surface cannot be ignored in the model geometry. The
stochastic features of the electrolysis process will be handled in Ch. 6.

5.10 Summary of the FEM modelling
To conclude the results of this chapter we proposed stationary FEM models for
both ER and EW cell groups. In these 7-cell groups each cell contains 31 anodes
and 30 cathodes. A cell group FEM model is multiphysical, since the electrical
conductivity and resistive heating are connected physical phenomena. To ease the
computations needed to solve a FEM model approximations were used for both
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(i) the cell group geometry and (ii) physical phenomena happening in the copper
electrolysis process. In reducing the cell group geometry shell elements were used
exclusively for modelling all the sub-geometries: the electrodes, the busbars and the
electrolyte. In the resulting FEM model geometry all parts of the electrolysis cell
that are below the electrolyte surface were approximated by a boundary coincident
with the electrolyte surface. Related to (ii), an empirical model was used for the
cell voltage and heat transfer by convection was modelled by using the average
heat transfer coecients. Moreover, a deterministic approximation for the electrode
busbar contact was presented. In the remainder of this chapter we studied the
model convergence (i.e. the FEM solution dependence on the mesh renement) and
partially veried the modelling accuracy by using a FEM model of a single permanent
cathode. The convergence study revealed that the modelling of an electrode busbar
contact as a point is justied. Moreover, verication of the potential loss in the
permanent cathode revealed that the shell element modelling of the busbars and
electrodes is justied.
Many questions still remain to be answered. Most importantly: are the process
measures (cf. Sec. 2.7) of our 7-cell group model reasonable, what are the benets of
the FEM approach over resistance network models, what is reasonable size for a cell
group model and could the model geometry further reduced. These topics will be
discussed in Ch. 7. We next augment our deterministic cell group FEM models with
the stochastic phenomena of the copper electrolysis process, which were discussed
in Sec. 2.4.

Chapter 6
Modelling of stochastic phenomena
The goal of this chapter is to provide sub-models for the stochastic model
(cf. Sec. 3.1). In this chapter some stochasticity associated with the electrolysis
process is analysed and then sub-models are developed for three stochastic phenomena: electrode busbar contact, electrode positioning and short circuits.

6.1 Background for stochastic modelling
Sources of stochasticity
There are several potential sources for stochasticity in the electrolysis cell. One
of the most important is related to copper deposition onto the cathode surface.
Aromaa states that [14, p. 173]:
The electrodeposition process is very sensitive to current distribution
because it is intrinsically unstable.
The reason for this instability is that a protrusion in the cathode copper deposition
causes the current density of the electrolyte to increase near the protrusion, which
in turn accelerates the protrusion growth. As a result, the protrusion can form a
metallic contact, i.e. a short circuit between adjacent electrodes.
Mechanical cell disturbances are another source of stochasticity. These disturbances include electrode shape errors and electrode positioning errors (cf. Sec. 2.4).
Such disturbances result in unequal electrode surface distances.
A third source of stochasticity are the busbar contacts. These contacts can
vary spatially  from contact to contact  and with time. The electrode busbar
contact resistance may increase due to oxidation or dirt [13]. The increased contact
resistance is more probable at the beginning of a cathode period, when the cathodes
have their minimum weight. Occasionally, the electrode busbar contact can be fully
broken electrically, e.g. when a plastic mist preventing ball (see Fig. 2.6) enters into
the contact.
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What aspects of the above `real world' stochastic phenomena can be implemented
in our models? Assumption A8 in Sec. 3.2 states that the electrodes are planar and
they do not have a pitch error. Hence, our models cannot include electrode shape
error. In addition, time dependent phenomena  such as copper deposition  are
not modelled explicitly (cf. M1). It follows that our models cannot take into anode
dissolving in the ER process or cathode copper deposition account; hence protrusion
growth cannot be included. However, the eects of electrode positioning inaccuracies
can be simulated in our cell group model.
No satisfactory mathematical model exists  to our knowledge  for the formation of a short circuit. In addition, owing to modelling decision M1, transient
eects related to short circuits are not included in the model. The stationary eects
of the short circuits can be, however, simulated by activating several short circuits
in our electrolysis cell group model (cf. item G in Fig. 5.2).
It might seem that a short circuit could be seen as a limiting case of electrode
positioning error, when the distance of the electrode surfaces is zero. However, the
cases of `almost contacting' electrodes and short circuited electrodes are electrically
not the same, since the current owing through the short circuit is not included
in the electrolysis process. The cases are also dierent in terms of the overvoltage
(cf. Ch. 4), since the overvoltage remains as long as the electrodes do not contact
each other or have a short circuit between them.
Modelling decision M1 does not allow the inclusion of any time dependent behaviour of an electrode busbar contact. However, by randomizing the resistance of
each contact, stationary eects due to the spatial variations in contact resistance
can be simulated.
Sections 6.2, 6.3 and 6.4 contain the stochastic models for the electrode busbar
contact resistance, the electrode positioning and the short circuits. Before presenting
these models, a computational method used in implementing the models is discussed.

Calculating an instance of a random variable
In the stochastic sub-models we will need realizations of a random variable coming from some probability density function (PDF ). Sometimes a function is readily
available for calculating such realizations. Here we present a technique for calculating a realization of a random variable coming from an arbitrary PDF. To
have a unique value for a realization, it is necessary to assume that the PDF is
a smooth function.
Let υ be a random number , i.e. computer generated uniformly distributed pseudorandom number on the interval [0, 1]. Consider then a continuous random variable
X ∼ f (x; Θ), where f is the PDF, x is a variable and Θ contains the parameters for
the PDF. The cumulative distribution function (CDF ) for X is given by
∫ x
F (x; Θ) =
f (u; Θ) du.
(6.1)
−∞
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Then a realization γ of X , i.e. a random variate , can be calculated using

γ = F−1 (υ; Θ) ,

(6.2)

where F−1 (·) denotes the inverse CDF.

6.2 Stochastic electrode busbar contact model
The deterministic electrode busbar contact model was described in Sec. 5.5. In
a stochastic electrode busbar contact model, the resistance of an electrode busbar
contact is a random variate. Since the model is stationary, the contact resistance
does not evolve in time but rather in three dimensional space to form a random eld.
Consider the resistance of the ith electrode busbar contact, Rcn,i . In the stochastic electrode busbar contact model, Rcn,i is assumed to be proportional to the inverse
CDF F−1
cn (·) for the contact resistance:

Rcn,i ∝ F−1
cn (υi ; Θcn,i ) .

(6.3)

Here, υi is a random number for the ith electrode busbar contact and Θcn,i contains the distribution parameters. Moreover, the parameter vector components are
assumed to be functions of the contact current,

Θcn,i = (Θ1 (Icn,i ), Θ2 (Icn,i ), . . . , ΘM (Icn,i )) ,

(6.4)

where M is the number of components in the parameter vector. Using the contact
resistance from Eq. (6.3), the contact current Icn,i for the ith electrode busbar contact
can be computed from
Ucn,i
Icn,i =
,
(6.5)
Rcn,i
where Ucn,i is the contact voltage drop dened in Eq. (5.20).

Formation of the stochastic electrode busbar contact model
The stochastic busbar contact model is based on the cathode busbar contact
measurements of Appendix A. Forming the stochastic model requires four steps:
Step 1. normalization of the cathode busbar contact measurements
Step 2. selection of a PDF fcn (·, Θcn,i ), that can be used to model the normalized
measurements
Step 3. specifying the PDF parameter vector Θcn,i components using the normalized
measurements
Step 4. nding a function so that a realization of the contact resistance can be calculated.
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Next, these four steps will be explained.
Step 1: The goals of normalizing the cathode busbar contact measurements
are the following: (i) normalization of the variables  i.e. the contact current and
contact resistance  to the same numerical scale, (ii) modelling the `deterministic'
parts of the measurements by deterministic sub-models and (iii) transforming the
normalized data to the support of the PDF being used to model the stochastic part
of the measurements. The electrical resistance of an `ordinary' conductor (i.e. not a
superconductor) is a positive real number, hence the normalized contact resistance
after (iii) must lie on the interval (0, ∞). Accordingly, the PDF support must
be (0, ∞).
Let Icn and Rcn be the contact current and the contact resistance, respectively.
0
0
Introduce the normalized contact current Icn
, the normalized contact resistance Rcn
00
and the `twice normalized' contact resistance Rcn
as

|Icn |
0
0
Icn
= Icn
(Icn ) :=
,
Icnmax
Rcn
0
0
Rcn
= Rcn
(Rcn ) :=
Rcnmin

(6.6)
(6.7)

and
00
00
0
0
0
0
Rcn
= Rcn
(Icn
, Rcn
) := Rcn
− R0cnlb (Icn
).

(6.8)

0
In (6.6) - (6.8), Icnmax and Rcnmin are constants and R0cnlb (Icn
) is a lower bound
function for the normalized contact resistance, all to be identied from the cathode
busbar contact measurements.
Details of the use Eqs. (6.6), (6.7) and (6.8) in normalizing the cathode busbar
contact measurements are presented in Appendix B. The `once normalized' mea0
0
surements, Icn
and Rcn
, are presented in Fig. 6.1(a), together with the lower bound
00
function. The `twice normalized' resistance Rcn
 to be used in the identication
of the PDF and its parameters  is presented in Fig. 6.1(b). In what follows, use
will be made of the set Snc ,

)
(
Snc := { i0j , rj00 : j ∈ {1, 2, . . . , Nccm }}
containing all Nccm normalized measurement pairs. The estimates for various constants related to the normalization are presented in Table B.1.
Step 2: As mentioned in Step 1, the PDF should have support of (0, ∞).
Moreover, it should be possible to adjust the mode and the variance of the PDF as
the normalized contact current changes. There are number of PDFs, which satisfy
these requirements. From these, the Weibull PDF was selected:

ba−b xb−1 exp (−(x/a)b ) if x ∈ (0, ∞)
.
(6.9)
wblpdf (x; a, b) :=
0
otherwise
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Figure 6.1:

The normalized cathode contact measurements.
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Estimates for constants in the PDF parameter approximation in the stochastic
electrode busbar contact model.
Table 6.1:

Constant
Value

a2

b2

c2

a3

b3

c3

9.8

5.9

0.22

0.704

0.807

0.01

In this Weibull PDF, a > 0 is the scale parameter and b > 0 is the shape parameter.
Step 3: After a PDF has been chosen, the parameters
of the PDF can be
( 0 00 )
specied using the data set Snc . After ordering the pairs ij , rj in Snc according
to i0j values, set Snc is partitioned into four subsets. These four subsets are also
(
)
formed according to i0j values: hence the pairs i0j , rj00 in subset ` all have i0j values
that are less than i0j values in subset ` + 1. The scale parameter a and the shape
parameter b of PDF (6.9) are estimated for each subset using the wblfit function
in the statistical toolbox of MATLAB® . The parameter estimates are the circles in
Figs. 6.2(a) and 6.2(b). The continuous curves in these gures are approximations
for these parameter estimates. The method used to obtain these curves is explained
next.
To model the scale parameter a, dene g2 as follows:
0
0
g2 (Icn
) := a2 exp(−b2 Icn
) + c2 .

(6.10)

Here a2 , b2 and c2 are constants (cf. Table 6.1). Using g2 , the scale parameter is
dened as follows:

g (I 0 ) + (I 0 − I 0 ) g(1) (I 0 ) if I 0 < I 0
2 cntp
cn
cntp 2
cntp
cn
cntp
0
a = a(Icn ) :=
.
(6.11)
g2 (I 0 )
otherwise
cn
0
In this expression, Icntp
is a constant (cf. Table B.1). Moreover, f(k) (x) denotes the
k th derivative of a function f evaluated at x. The curve obtained from (6.11) is
presented in Fig. 6.2(a).
To model the shape parameter b, let
−1

0
0
g3 (Icn
) := (−a3 Icn
+ b3 )

,

(6.12)

where a3 and b3 are constants (cf. Table 6.1). Then the shape parameter is dened as


0
0
0


g3 (Icntp ) if Icn < Icntp ,
0
0
0
0
(6.13)
) := g3 (Icn
b = b (Icn
< (b3 − c3 )/a3 ,
≤ Icn
)
if Icntp



1/c3
otherwise.
where c3 is a constant (cf. Table 6.1). The curve obtained from (6.13) is presented
in Fig. 6.2(b).
Step 4: Combining (6.9), (6.11) and (6.13), one obtains the PDF used in the
stochastic electrode busbar contact model:
0
0
00
0
00
)) .
) , b (Icn
; a (Icn
) := wblpdf (Rcn
; Θcn , Icn
fcn (Rcn

(6.14)
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Figure 6.2:

The contact resistance for the ith busbar contact can be calculated using

( −1
)
0
0
0
0
Rcn,i = Rcn,i (υi , Icn
,i ) ≡ Rcnmin Fcn (υi ; Θcn , Icn ) + Rcnlb (Icn,i ) ,

(6.15)

where Eqs. (6.6), (6.7) and (6.8) are used and F−1
cn (·) is the inverse CDF corresponding to PDF of Eq. (6.14).
The PDF of (6.14) takes as its input argument the twice normalized contact
00
0
resistance, Rcn
. The corresponding PDF for the once normalized resistance Rcn
is
0
0
0
0
0
0
); a (Icn
) , b (Icn
)) .
fcn (Rcn
; Θcn , Icn
) = wblpdf (Rcn
− R0cnlb (Icn

(6.16)

Some quantiles from PDF (6.16) are presented in Fig. 6.3. The quantiles in Fig. 6.3
should be compared to normalized measurements presented in Fig. 6.1(a).

Numerical solution of the contact current
One cannot solve Eqs. (6.5), (6.14), (6.15) for the contact current explicitly, since
components of the parameter vector Θcn,i are functions of the contact current. In
the following we explain how the contact current can be solved numerically inside
the FEM solver.
In a FEM implementation of the stochastic electrode busbar contact model,
the contact current is chosen as a dependent variable. In addition, Eq. (6.5) is
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formulated as a constraint,

Icn,i −

Ucn,i
= 0.
Rcn,i

(6.17)

The initial value for the contact current is obtained by replacing the second term
Ucn,i /Rcn,i of (6.17) by the function Icn (Ucn ) from the empirical electrode busbar
contact model (cf. Fig. 5.6 in Sec. 5.5).
Constraint (6.17) is for a cathode busbar contact. To form the stochastic anode
busbar contact model, one simply multiplies Rcn,i in Eq. (6.17) by a ratio of the
anode and cathode voltage drops, that are given in Sec. 5.5.

6.3 Stochastic electrode positioning model
In modelling electrode positioning inaccuracies, one must drop the assumption
that the distance between each electrode and its immediate neighbors is a constant
(see C3 in Sec. 3.2). Dropping this assumption allows the electrode positions to be
changed along the z -coordinate direction, i.e. direction of an electrolysis cell.
A natural way to implement varying electrode positioning in a FEM model is
simply to move the electrode geometries accordingly. However, changing the model
geometry requires re-meshing of the model. This is impractical for an electrolysis
cell group FEM model, since the model geometry is very large; re-meshing would
take a long time and might require human intervention. To avoid re-meshing, the
electrode positioning error model is implemented in the FEM model by varying the
electrical conductivity of the electrolyte.
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The standard deviations σa and σc of the anode and cathode positioning errors.
Process

σa (m)

σc (m)

ER

5 · 10−3
3 · 10−3

3 · 10−3
3 · 10−3

EW

In the stochastic electrode positioning model, the anode positioning error δa,i
and the cathode positioning error δc,j in the z -coordinate direction are assumed to
be proportional to the inverses of some CDF:

δa,i ∝ F−1
ep (υi ; Θa ) , i ∈ I
δc,j ∝ F−1
ep (υj ; Θc ) , j ∈ J

(6.18)
(6.19)

In (6.18) and (6.19), sets I and J are those dened in Eqs. (3.5) and (3.6), i and j
are the anode and cathode indices, respectively, υi and υj are the random numbers
for the ith anode and j th cathode, and Θa and Θc contain parameters for the PDF
fep (· ; ·) corresponding to the inverse CDF F−1
ep (· ; ·) for the anodes and the cathodes,
respectively.

Implementation of the model
The electrode positioning errors are assumed to be normally distributed, hence

normpdf(· ; µ, σ ), anode
a
fep (· ; Θ) :=
(6.20)
normpdf(· ; µ, σc ), cathode
Here, normpdf(· ; µ, σ) denotes the normal distribution PDF having expected value
µ and standard deviation σ . For both anode and cathode positioning errors, µ = 0.
Table 6.2 contains the standard deviations.
Using Eqs. (6.18), (6.19) and (6.20), the anode and cathode positioning errors in
the stochastic electrode positioning model are given by

δa,i = norminv (υi ; 0, σa ) , i ∈ I

(6.21)

δc,j = norminv (υj ; 0, σc ) , j ∈ J,

(6.22)

where norminv(· ; µ, σ) is the inverse CDF for the normal distribution.
Let the vector δ e of the electrode positioning errors having of Na + Nc = Neg + 1
elements be
δ e := (δa,1 , δc,1 , δa,2 , δa,2 , . . . , δc,Nc , δa,Na )T .
(6.23)
where the vector components are given by Eqs. (6.21) and (6.22). Moreover, Neg is
dened in Eq. (3.2). Using Eq. (6.23), the Neg -element vector of electrode surface
distance deviations δ es is given by

δ es = di(δ e ).

(6.24)
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The di(x) function returns the N − 1 dierences between adjacent elements of its
N -element argument vector x: di(x) := (x2 − x1 , x3 − x2 , . . . , xN − xN −1 )T . When
the electrodes are ideally positioned, the distance between two adjacent electrode
surfaces is the constant dˆes (cf. C3 and Eq. (4.12)). In the stochastic electrode
positioning model, the distances between adjacent electrode surfaces is given by the
Neg -element vector des as
des = dˆes 1 + δ es .
(6.25)
This expression assumes that the electrodes have constant thickness and that they
are symmetric (cf. A11 and A12 in Sec. 3.2). The Neg -element vector of ones is
denoted by 1. Since overlapping and metallic contact of the electrodes must be
avoided, the constraint

des,l ≥ delmin , ∀l ∈ L

(6.26)

must be satised; set L is dened in Eq. (3.8) and delmin is a suitably chosen small
constant, e.g. 1 · 10−3 m.
By analogy with Eq. (5.24), the approximation for the electrical conductivity
σ̃el,l for the electrolyte on lth electrode gap becomes

σ̃el,l =

Da /2
Da /2
σel =
σel , l ∈ L.
des,l
dˆes + δes,l

(6.27)

Equation (6.27) can also be expressed as

σ̃el,l = c2,l c1 σel , l ∈ L,

(6.28)

where the shell elements modelling related constant c1 is

c1 =

Da /2
,
dˆes

(6.29)

and the electrode positioning error related factor c2,l is

c2,l = c2,l (δ es ) =

1
1 + δes,l /dˆes

.

(6.30)

Equation (6.28) could be implemented into the FEM model by dening the electrical conductivity individually for each l ∈ L electrode gaps of an electrolysis cell.
This can be modelled in COMSOL Multiphysics by dening an individual expression
group (i.e. boundary expression group) for each Ng Neg electrode gaps of an electrolysis cell group. To avoid such a large number of expression groups, the electrical
conductivity of the electrolyte is dened as a function of the spatial coordinates.
How should the electrical conductivity of the electrolyte be dened as a function
of the spatial coordinates? Consider an electrolysis cell depicted in Fig. 6.4(a). As
explained in Sec. 5, all the sub-geometries of the FEM model  including the anodes
(items A in Fig. 6.4(a)), the cathodes (item B) and the electrolyte (green rectangle)
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(a) Electrode gaps in the model geometry
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(b) Computational electrode gap domains

Electrode gaps and computational electrode gap domains for a small electrolysis cell geometry containing ve anodes and four cathodes.
Figure 6.4:

are modelled using shell elements. We could use a step function, which cause the
electrical conductivity to change sharply in the boundary between the two adjacent
electrode gaps (dashed line in Fig. 6.4(a)). This leads, however, to an unsatisfactory
distribution of σ̃el , as DOFs at the boundary may fall in either of the electrode gaps.
For better computation of σ̃el , the computational electrode gap domain  depicted in Fig. 6.4(b)  were used. The following components are included in
Fig. 6.4(b): the electrolyte (green), the anodes (item A), the cathodes (item B),
the boundary of domain Ω (dash-dotted line, item C) and boundaries between two
adjacent computational electrode gap domain (dashed lines).
Consider now the k th electrolysis cell in an electrolysis cell group, k ∈ K, and let
vector δ es in Eq. (6.30) correspond to this cell. Let Ω include all the computational
electrode gap domains of the electrolysis cell:

Ω = {(x, z) : xL ≤ x < xH ∧ zL ≤ z < zH } .

(6.31)

The coordinates in (6.31) are

Dg
(2k − Ng − 2) ,
2
N c Da
− δr ,
zL = −
2

xL =

Dg
(2k − Ng ) ,
2
Nc Da
zH =
− δr ,
2

xH =

(6.32)
(6.33)

and δr is a constant. The coordinates given in Eqs. (6.32) and (6.33) are valid when
the electrolysis cell group contains an odd number of cells and the electrolysis cell
contains an even number of cathodes (cf. A6 and A7 in Sec. 3.2). Using Eq. (6.31),
the approximation for the electrolyte electrical conductivity for the k th electrolysis
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cell is


c c σ
2,l 1 el
σ̃el (x) =
c1 σel

if x ∈ Ω
otherwise

(6.34)

.

Here, the electrode gap index l for the computational electrode gap domain is
[
]
z + δr Neg + 1
l = l(z) =
+
(6.35)
Da /2
2
and [·] denotes the rounding function. The value δr = 1 · 10−3 m resulted in a
satisfactory distribution of σ̃el .
Eqs. (6.27) - (6.35) for the single electrolysis cell can be generalized to the cell
group model by redening (6.32) and (6.30) as follows:

xL = −

Ng Dg
,
2

c2,l,k = c2,l,k (δes ) =

xH =
1
1 + δes,l,k /dˆes

.

Ng Dg
,
2

(6.36)
(6.37)

Here, δes is now a matrix of the electrode distance errors for the cell group and the
cell index k is
[
]
x
Ng + 1
k = k(x) =
+
.
(6.38)
Dg
2
Using (6.36) - (6.38), one obtains the expression corresponding to Eq. (6.34):

c
2,l,k c1 σel if x ∈ Ω
σ̃el (x) =
.
(6.39)
c1 σel
otherwise

6.4 Stochastic short circuit model
In the stochastic short circuit model, two assumptions are made: (i) the number
of the short circuits Nsc in an electrolysis cell group is constant and (ii) the short
circuits are similar in the sense that their electrical conductivity is the same within
the process.
The stationary eects of the short circuits are simulated by randomly selecting
the locations for a specied number of short circuits in a cell group model. In
selecting the short circuit locations, it is necessary to ensure that the resulting
locations are distinct.
Let fsc (l, k; Θsc ) be some spatial probability mass function (PMF ) for the short
circuit instantiation, where Θsc contains the parameters of the PMF and l and k are
the electrode gap index and cell index, respectively (cf. Sec. 3.3). Collect in set Ssc
the indices for all short circuit locations:

Ssc = {(l, k) ∈ M : (k − 1)Neg + l ∈ B}.

(6.40)
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The computation of Ssc , using the inverse CDF F−1
sc corresponding to the PMF, will
next be explained.
Given the tuple (l, k) ∈ M. The corresponding linear index i is

i = (k − 1)Neg + l.
The set of linear indices is

A = {1, 2, . . . , Ng Neg },
where constants Neg and Ng are given in Sec. 3.2. Let the set B ⊂ A contain Nsc
`winner' indices. A single linear index i ∈ B can be calculated from

i = F−1
sc (υ; Θsc ),

(6.41)

where υ is the random number. To select Nsc distinct short circuit locations it is
necessary to repeat Eq. (6.41) at least Nsc times, since occasionally the same index
can be generated. Having set B, one can compute set Ssc of (6.40).
As no prior information was available about the spatial PMF for short circuit
location, hence a uniform PMF was assumed. Hence, the PMF for the stochastic
short circuit model is
1
fsc (l, k) ≡
, ∀ (l, k) ∈ M.
(6.42)
Ng Neg
When the PMF is given by Eq. (6.42), the set B of Nsc elements is dened as

i ∈ B ∧ j ∈ A \ B ⇒ υi ≥ υj ,

(6.43)

where υi , i ∈ A is the random number associated to the ith electrode gap.
In the stochastic simulations a choice of Nsc = Ng was used (cf. Table J.2),
yielding on average one short circuit per electrolysis cell. The electrical conductivity
of a short circuit was set so that the cathode ICBB contact current is 1600 A, when
a single short circuit is located in the middle of the center cell of an electrolysis cell
group  i.e. Ssc ={(30, 4)}  the DoubleContact is used and the nominal cathode
current density Jˆc = 325 A/m2 (cf. Table J.4).

6.5 Summary of stochastic modelling
In this chapter we proposed sub-models for the following three stochastic phenomena: contact resistance, electrode positioning and short circuits. All the proposed sub-models are stationary, i.e. the cannot take time dependent phenomena
into account.
The stochastic electrode busbar contact resistance models for both anode and
cathode are based on process measurements of a single ER process cathode. More
measurements would be needed to rene an anode busbar contact model and to
develop contact models for the EW process.
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In the stochastic electrode positioning model we assumed that the electrode positioning error is normally distributed. Moreover, the PDF parameters were assumed
for each electrode type (i.e. cathode and anode). It may be dicult to measure the
electrode positioning in industry, as the electrode surface distance typically varies
within the electrode plate. Hence, the sensibility of the PDF parameter values could
be assessed from the resulting current distribution uniformity of a cell group. We
will return on this topic in Sec. 7.7.
In the stochastic short circuit model we assumed that there is on average one
short circuit per electrolysis cell. The time instance corresponding to this condition is unknown. The cell group design can aect short circuit formation, hence
assumption of the `equal short circuit probability' may be unrealistic. An improved
stochastic model may be developed, in which the short circuit formation is based on
the the protrusion growth. This requires, however, inclusion of time dependent phenomena of the copper electrolysis process and modelling of the electrode thicnesses
as distributions rather than scalars.

Chapter 7
Software implementation and
simulation results
The beginning of this chapter deals with the software implementation of the
electrolysis cell group model including both the deterministic model of Ch. 5 and
the stochastic features of Ch. 6. Some results will be given for both deterministic and
stochastic simulations. Moreover, solutions calculated using two dierent approaches
in modelling an electrolysis cell group will be compared. The remainder of this
chapter deals with the model verication and the possibilities for further reduction
of the cell group FEM model.

7.1 Software implementation of the model
Tasks in performing

FEM simulation

Assume one intends to model some physical process using the FEM approach
and the COMSOL Multiphysics package. Assume in addition that one has collected
Task number and description

Burdensome Comment
for

1. Input process geometry

user

time required increases with
complexity of geometry

2. Form mesh in geometry

computer

time required increases with
accuracy

3. Input equations to be solved

user

4. Input process parameters, boundary conditions, initial conditions

user

5. Solve FEM model

computer

Table 7.1:

time required increases with
accuracy

Tasks to be done when using FEM approach.
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all necessary data about the process. In this situation, to perform a FEM model
simulation, the tasks of Table 7.1 remain to be done. All of these tasks require both
the computer and the user. Table 7.1 indicates whether a task is typically more
burdensome for the user or for the computer. Let us consider these tasks separately.
For all but very simple geometries, task 1 usually requires a considerable amount
of work for a user. The shapes and dimensions of all sections of the process must be
input into COMSOL Multiphysics.
Task 2 is for the most part done automatically by the meshing part of the COMSOL Multiphysics package. A user may make some adjustments to meshing options,
but rarely does a user need concern himself with how the mesh is actually formed.
However, there are two aspects of meshing that a user must take into account:
(a) meshing can take a considerable amount of time, in particular when high accuracy is desired and (b) anytime the process geometry is changed, a new mesh is
required.
Generally, the physical phenomena happening in dierent sections of the process
do not change. As such, a user will usually have to do task 3 only once.
For a xed process, task 4 needs to be done just once. In general this means
setting up a data base containing the parameter values, boundary conditions and
initial conditions. When tasks 1 - 4 have been completed, the FEM model has been
formed. What one needs next is a solution to the FEM model.
In task 5, a typical user of COMSOL Multiphysics will simply feed his FEM
model into the solver and hope for a quick solution. While COMSOL Multiphysics
contains many options for aecting how the solution is to be computed, an inexpert
user would be advised to let the package decide for itself what option values should
be used. As with task 2 however, a user should know that task 5 can be quite
time-demanding, in particular when one requires high accuracy.
Let us consider now the tasks of Table 7.1 with respect to the electrolysis cell
group model. The geometry of the electrolysis cell group is complex for two reasons:
(a) there are many sections  cathodes, anodes, electrolyte, busbars, and (b) the
shape of some sections is far from simple, in particular the busbars. The complex
geometry will certainly make task 1 more laborious and may cause diculties for
task 2 as well. For our purposes, task 3 only needs to be done once: the physical
phenomena taking place in a given section of the electrolysis cell do not change.
Similarly, for a single simulation run, tasks 4 and 5 only need be done once. However, the many sections in the electrolysis cell each require their own parameters,
governing equations and boundary conditions and as such task 3 and 4 can be quite
burdensome.
In chapters 8 and 9 the electrolysis cell group FEM model will be used for
optimization. To perform the optimization intended, careful consideration must be
given how to the tasks of Table 7.1 are done. We consider this topic next.
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FEM simulation and optimization
To formulate a FEM model, tasks 1 - 4 of Table 7.1 must be done. To consider
performing optimization using FEM models, tasks 1 - 4 must be automated. Two
dierent types of optimization can be distinguished: (a) optimization of parameters
and (b) optimization of geometry. In general, (a) is easier. In (a), some optimization
algorithm will generate new parameter values for testing. What a user must do
is develop an automatic way for doing task 4, in other words for taking the new
parameter values from the optimization algorithm and using them in COMSOL
Multiphysics. It is possible to do this using script-les; these are explained below.
In (a), a user needs not concern himself with tasks 1 or 2. If one wishes to perform
(b) however, one must concern oneself with both tasks 1 and 2. We are interested
in both (a) and (b).
Performing optimization of geometry implies that hundreds or thousands of simulations must be run with dierent geometries. Facilities must be available for
changing the geometry quickly and easily. In other words, it must be possible to do
tasks 1 and 2 automatically. To accomplish this geometry templates were used.
Assume a FEM model is being formed for a process and some section of the
process has the following property: parts of the section can be removed and the
resulting process will still be valid. For example, suppose a FEM model is being
made of a raft. Suppose the raft has two sections: the base, made by lashing logs
together and the deck, made of planks. It might be possible to delete one or more
planks and still attain a working raft. In this example, the raft has a section  the
deck  from which one or more parts  planks  can be removed. For modelling
such sections, we used geometry templates. A geometry template is a valid FEM
model geometry which has already been meshed and is stored. It is possible to
delete domains (cf. Sec. 5.1) from a geometry template, but not add them. A user
obtains a geometry variant by selecting the domains that are to be deleted from
the geometry template. The advantage of using a geometry template is that task 2
of Table 7.1, meshing, never needs to be re-done for any of the geometry variants
generated from a geometry template.
Implementing a geometry template in COMSOL Multiphysics is relatively easy.
A domain is not actually `deleted' from the FEM model geometry, rather it is deactivated. De-activation means that the equations in the `deleted' domain are ignored.
Assume all the changes in geometry to be investigated can be produced using
geometry templates. In our case, this assumption is true. One still needs to be
able to perform manipulations automatically on the geometry templates. These
manipulations can be done in script-les, discussed next.
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Stage

Description

A

Load a geometry template from a le. Specify which domains should be
deleted from the geometry template.

B

Specify parameters, equations and boundary conditions for each domain.

C

Feed the FEM model from stage B to the in COMSOL Multiphysics solver.
Once the solver has completed, retrive the FEM model solution.
Table 7.2:

Outline of a typical script for formulating and solving a FEM model.

FEM model formation using scripts
Assuming a user wishes to run a single FEM simulation in COMSOL Multiphysics, then the user will typically do tasks 1 - 5 of Table 7.1 via the graphical user
interface (GUI). However, when hundreds or thousands of simulations are needed,
as is necessary for optimization, one cannot use the GUI; it is necessary to automate
these tasks via script-les, or simply a script.
With COMSOL Multiphysics, it is possible to write a script using either COMSOL Script® or MATLAB. We used MATLAB. An outline of a typical script is
given in Table 7.2. As can be seen, with this script, one can specify equations,
parameters, boundary conditions and to certain extent, geometry. After this typical script has been run, a solution to one FEM model is available. Comparing
Table 7.2 to Table 7.1, one can see that stage A roughly corresponds to tasks 1 and
2. The correspondence is rough since in the script it has been assumed that the
FEM geometry has been pre-meshed. Hence, task 2 is never actually computed in
the script. In addition, in the script it has been assumed that all desired changes in
the geometry can be done via geometry templates; thus the script does not include
the total exibility of task 1. Stage B of the script corresponds to tasks 3 and 4.
The actual coding of the script of Table 7.2 is no simple job, since a typical
electrolysis cell group FEM model involves thousands of domains, each having its
own set of parameters, equations and boundary conditions. Three strategies were
used to make the coding of stages of Table 7.2 easier:

strategy I:

domain groups

strategy II:
strategy III:

modularization and indexing of domains
object oriented programming

These are explained next.
Strategy I: A domain group (cf. [26, p. 192]) is a set of domains having the
same dimension. As explained above, a domain has a set of attributes: equations,
conditions and parameters. All domains belonging to a specic domain group have
the same attributes. In our MATLAB script, it is possible to change any or all of
these attributes for all members of a domain group using a single command; this
considerably simplies stage B of Table 7.2.
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Strategy II:

To understand strategy II, one must understand indexing of domains. In the electrolysis cell group FEM model in COMSOL Multiphysics, there are
three types of domains: points, edges and boundaries. A point is a Cartesian point
specied by (x, y, z)-coordinates. For our FEM model, an edge is a line segment
specied by its two endpoints, (x0 , y0 , z0 ) and (x1 , y1 , z1 ). For our FEM model, a
boundary is a facet which can be specied via its edges. In COMSOL Multiphysics,
each domain is assigned a domain number (cf. [26, p. 166]). This domain number
can be used to identify the domain and manipulate its attributes. These domain
numbers are assigned by sorting the Cartesian coordinates of the domains. In general the sorting is done as follows: rst sorting is done according to x-coordinates,
then according to y -coordinates and nally according to z -coordinates.
The electrolysis cell group consists of fairly obvious modules; in other words sections of the process that are repeated. Here we will use CHBs (cf. Fig. 3.2) of a single
electrolysis cell as an example of such a module. Our intention in using modules
was to ease the formation of domain groups. For example, for some electrolysis cell
group FEM model, all CHBs might belong to the same domain group. Let us call
such a domain group the CHB group. We identied the members of a domain group
via their domain numbers. Let us assume that the domain numbers of all CHBs
are given in vector ichb = (i1 , i2 , . . . , iNc ), where Nc is the number of cathodes in an
electrolysis cell (cf. Sec. 3.2). The domain list  e.g. the list of the domain numbers of the domains  of the CHB domain group is dened by ichb . Forming ichb
by manually selecting or entering the hundreds of domain numbers for the CHBs
among thousands of the boundary indices of our FEM model would certainly be
burdensome. To ease forming vectors such as ichb , we chose specically to orient
the electrolysis cell group geometry so that the main axis of a cell is parallel to the
z -axis (see Fig. 3.2). By doing so, the domain numbers of all CHBs for the k th cell
are given by a simple rule of the following form:

ij = ichb + (j − 1)δchb + (k − 1)δbnd , (j, k) ∈ J × K.
Here ichb is the domain number of the rst CHB in the rst cell of the cell group and
δchb ∈ N is some constant that we can easily determine. Sets J and K are dened
in Eqs. (3.6) and (3.7), respectively. Moreover, a constant δbnd ∈ N is an increment
in the domain numbers of domains of boundary type between adjacent cells. The
CHB group is just one example. Similar statements are valid for many other domain
groups.
Once the domain groups are dened with the aid of the COMSOL Multiphysics
GUI, a domain group can be accessed conveniently from a script. Assume that a
data structure dgrps contains the data for the domain groups. Then the syntax
in retrieving a domain list dl of a domain group is dl=dgrps.dtype.dname.dl,
where dtype and dname are the domain type and domain group name, respectively.
As the order in the domain list is signicant, a domain number associated to the
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1
2
3
4
5
6
7
8
9
10
11
12

% Application mode 4
clear appl
appl.mode.class = 'FlPDEWPoint';
appl.dim = {'Icn','Icn_t'};
% More definitions for the application mode here.
% Definitions for the point settings begins here.
clear pnt
pnt.constr = {0,'Icn−Ucn/Rcn(Icn,x,z)'};
pnt.ind = ones(1,dgrps.pnt.numberOfDomains);
pnt.ind(dgrps.pnt.cathode.BB.contacts.dl) = 2;
appl.pnt = pnt;
fem.appl{4} = appl;
Figure 7.1:

Sample MATLAB code demonstrating the use of a domain group.

each of the domain can be accessed. The use of a domain group is demonstrated
in Fig. 7.1. The script implements Eq. (6.17) for an application mode, that is for
solving the busbar contact current Icn . In the script rows 2-5 are beginning of
the application mode denition. In row 8 the constraints are dened, whereas in
row 9 all the domains of point type are set by default to have no constraint. The
constraint for the cathode busbar contacts is dened in row 10 using a domain group
pnt.cathode.BB.contacts.

Strategy III:

In a large software system object oriented programming (OOP)
(cf. [9, pp. 349-374]) can provide signicant benets compared to the procedural
approach. These include the code organization into natural units (objects), which
have certain data and functionality. Moreover, data owned by an object is not
directly visible outside the object, which helps to prevent accidental data changes
that are typical to the procedural approach.
To benet the advantages of the OOP approach we designed and implemented a
MATLAB class for the electrolysis cell group model. The class contains the COMSOL Multiphysics FEM structure as its private data. Moreover, the class provides
methods for creating and solving the FEM model. Added to that, the class is capable of post-processing the FEM solution, e.g. the electrode currents, the eective
currents and the process measures discussed in Sec. 2.7 can be calculated conveniently. The calculation of the eective currents and the process measures from the
FEM model is discussed in more detail in Appendix G.

7.2 Implementation of the deterministic simulator
Often one wishes to compute the solutions for a series of cell group simulations
consisting of many model geometry and parameter variants. Two strategies were
used to try to reduce the total solution time for such a series: (a) computing the
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Object name /
information

Geometry, Constants, equations
mesh
and boundary conditions for domains

gt
gv
mv

X
x

X

x

x
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Parameters FEM
solution

X

X

New information (X) and `inherited' information (x) for the objects gt, gv
and mv of Fig. 7.2.
Table 7.3:

simulations in an intelligent order and (b) providing a good initial solution to the
FEM solver.
Changing of the geometry template (cf. Sec. 7.1) in a cell group simulation takes
a long time since each change of the geometry template requires loading a large
le  in our case approximately 50 MB  containing the FEM structure into
the computer memory. Hence, when solving a series of simulations, the order of
the simulations should be such that the number of geometry template changes is
minimized.
Solving a FEM problem may take several minutes in our case (see p. 50). A
good initial guess speeds up the computation considerably. The solution of a FEM
problem is a vector of real numbers, and its length corresponds to the number of
DOFs of the model. The number of DOFs is specic to a geometry variant. Hence, in
order to maximize the number of simulation instances for which the initial solution
can be used, the number of geometry variant changes must be minimized.
Let us suppose a series of simulations requires changes in three separate features:
(a) the geometry template, (b) the geometry variant and (c) the model parameters.
Following from the above discussion, the changes in the parameters (c) can be most
easily accommodated, whereas changes in the geometry template (a) are the most
time consuming. The code of Fig. 7.2, where a series of simulations is run, takes
this into account.
In Fig. 7.2, a geometry template is stored in gt, whereas a geometry variant is
stored in gv. A model variant , dened by both model geometry and parameters
is stored in mv. All the variables gt, gv and mv are MATLAB objects of a class
designed for the cell group model. Information provided by each of these objects
(cf. Table 7.3) can be either pre-calculated (e.g. geometry template of gt), userdened (e.g. instructions how to create a geometry variant in gv) or a result of a
calculation (e.g. FEM solution of mv). Assuming that the geometry template and
geometry variant, (a) and (b), are constant, then a sensible initial guess for a FEM
model can be obtained from a previous FEM solution where dierent parameter
values were used. This strategy is used in Fig. 7.2.
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1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

for gt=gts % Geometry templates
% Create a new cell group model object
% and load the geometry template from a file
gt=loadFemStruct(gt);
for gv=gvs % Geometry variants
% Update the geometry−related parameters
gv=updateGeomParams(gt,gv);
initSol=[];
for mv=mvs % Model variants
% Update the continuous parameters and
% finally update the COMSOL FEM structure
mv=update(gv,mv);
mv=solve(mv,initSol); % Solve the model variant
% Store the current FEM solution
fem=get(mv,'fem'); initSol=fem.sol;
% A post−processing code begins here.
end;
end;
end;
Figure 7.2:

A MATLAB code demonstrating the order of simulation runs.

7.3 Implementation of the stochastic simulator
Ensuring repeatability of a simulation
In stochastic simulations it is useful to be able to repeat certain simulation condition at any time. To enable this, stochastic scenarios are introduced. Conceptually,
a stochastic scenario denes process conditions, which are related to the stochasticity. At a technical level a stochastic scenario is a data structure, which stores all
the data needed to calculate values for parameters related to the stochastic modelling. Using Eq. (6.2), it is only necessary to store matrices containing the random
numbers related to each of the stochastic phenomena.

Monte Carlo technique
The stochastic simulator employs the Monte Carlo simulation technique. In this
technique a sequence of simulations are run so that for each simulation the model
parameters associated with the stochastic phenomena are selected randomly from
specied PDFs. Then, provided that the number of simulations is sucient, the
PDF for each performance measure can be estimated. The number of simulations
needed to estimate a PDF can be as many as 10 000 per model variant. However,
for the electrolysis cell group FEM model this number of simulations is unreasonble
since solving one FEM model takes a couple of minutes and the number of model
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Current loss scenes.

Current loss scene name

Real-valued cathode period tcp

Current lossless

0.25

Current lossy

0.99
Table 7.5:

Deterministic cell disturbances.

Abbr. Cell disturbance name

Parameters

Notes

CCF

Cathode ICBB contact
failure

cathode index j , cell
index k

contact is fully broken
electrically

SC

Short circuit

electrode gap index l,
cell index k

variants is large. In our case the number of stochastic scenarios simulated per model
variant was chosen to be 100.

7.4 Simulation cases
This section contains an explanation of simulation cases . Six simulation cases are
dened for the purpose of testing dierent ICBB systems under dierent conditions
(see Table 7.7). Technically, a simulation case is dened by the current loss scene ,
the cell disturbance specication and the process (either ER or EW).
Two current loss scenes were used (see Table 7.4). The current lossless scene
describes the current loss condition at the beginning of the process cycle (cf. Ch. 2).
Hence, the simulations employing the current lossless scene are run using a small
value for the real-valued cathode period. The current lossy scene corresponds to
current loss conditions at the end of the cathode period, when the probability of the
short circuit occurence is high.
The cell disturbance specication denes either a set of deterministic disturbances (cf. Table 7.5) or a set of enabled stochastic sub-models (cf. Table 7.6). If
a simulation does not include any of the stochastic disturbances of Table 7.6, then
the deterministic simulator is run (cf. Sec. 7.2), otherwise the stochastic simulator
is run (cf. Sec. 7.3).
Some details of all simulation cases are given in Table 7.7. In the ideal case ,
no cell disturbances (cf. Sec. 2.4) are present. In the single contact failure case , a
Table 7.6:

Stochastic sub-models.

Abbr. Stochastic sub-model name
SEP

Stochastic electrode positioning model

SBCR Stochastic electrode busbar contact resistance model
SSC

Stochastic short circuit model
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Simulation cases. The current loss scenes, cell disturbances and stochastic
sub-models are given in Tables 7.4, 7.5 and 7.6, respectively.
Table 7.7:

Simulation case name

Current
scene

loss

Cell disturbance spec.

Processes

Ideal case

current lossless

no
disturbance

ER

Single contact failure case

current lossless

CCF (15,4)

ER

Single short circuit case

current lossy

SC (30,4)

ER, EW

Stochastic electrode positioning case

current lossless

SEP

ER

Stochastic current lossless case

current lossless

SEP, SBCR

ER, EW

Stochastic current lossy case

current lossy

SEP, SBCR,
SSC

ER, EW

cathode in the middle of the cell group has its ICBB contact electrically fully broken
(cf. Sec. 6.1). There is a short circuit between an anode and a cathode in the middle
of the cell group when the single short circuit case is used. In the stochastic electrode
positioning case , only one of the stochastic submodel of Table 7.6 is enabled 
the electrode positioning sub-model (cf. Ch. 6). In the stochastic current lossless
case , two stochastic sub-models are enabled. Finally, in the stochastic current lossy
case all the stochastic sub-models are enabled. Table E.1 (Appendix E) contains
additional data related to each of the simulation cases.

7.5 Some examples of simulation results
Electric potential and temperature distributions in a deterministic simulation
Figures 7.3(a) and 7.3(b) contain examples of the electric potential and temperature distributions. These gures are results from the single short circuit case of
Table 7.7. The short circuit is located near the upper right corner of Fig. 7.3(a). In
the short circuit `plug' the electric potential varies linearly between the electrodes.
A high overvoltage (≈1.6 V) in the anodes and a smaller overvoltage (≈0.1 V) in
the cathodes can be observed in the upper right-hand corner of Fig. 7.3(a). The
electric potential of the short circuited electrodes in Fig. 7.3(a) is aected only a
little by the short circuit. However, the temperature increase caused by the short
circuit can be clearly seen in Fig. 7.3(b).
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(a) Electric potential distribution

(b) Temperature distribution

Sample distributions for the electric potential and the temperature in the
EW process [12, p. 908]. The results are calculated using the single short circuit case.

Figure 7.3:
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Electrolyte current density distributions in a deterministic simulation
The electrolyte current density distributions are depicted for three simulation
cases and two ICBB systems in Figs. 7.4, 7.5 and 7.6. These three gures correspond
to the ideal case, the single contact failure case and the single short circuit case of
Table 7.7. For all gures, the ER process was simulated and the deterministic
simulator was used.
The two ICBB systems simulated in Figs. 7.4, 7.5 and 7.6 are the Walker System
and a modication of the Walker System with fully split ICBB . The last mentioned
ICBB system resembles the Optibar. For the fully split ICBB, the ICBB is split into
parts so that an anode of the previous cell is connected to the cathode of the next
cell by a conductor segment (cf. item E in Fig. 2.5(c)). As such, the term `fully split
ICBB' refers to the stucture of the ICBB, rather than the ICBB system. However,
we will use this term in the rest of this section when referring to the Optibar-like
ICBB system. Note that in Figs. 7.4, 7.5 and 7.6, the current density range is
dierent for the two ICBB systems.
In the ideal case, the Walker System provides a uniform current distribution
within the cell group (cf. Fig. 7.4(a)). The current density in the outermost electrode
gaps of the cells is slightly increased. When compared to the Walker System, the
current distribution for the fully split ICBB is much more uneven (Fig. 7.4(b)).
The main reason for this is the directivity of conductor segments in the ICBB. The
current densities for the fully split ICBB range from zero to more than 700 amperes.
In the single contact failure case of Fig. 7.5, there is a clear dierence between the
Walker System and the fully split ICBB. For the Walker System, the current density
drops to zero on both sides of the disturbed cathode (cf. Fig. 7.5(a)). Elsewhere in
the midmost cell, current densities are slightly increased. For the fully split ICBB
(cf. Fig. 7.5(b)), the `footprint' of the cathode busbar contact failure is oriented in
the direction of the cell group. The current drops to zero on two cells: the cell with
the contact failure and the adjacent cell to the left. As a result, four electrode gaps
are totally suppressed, i.e. the electric current passing through these electrode gaps
is almost zero. In addition to that, the current density is increased signicantly next
to the suppressed electrode gaps.
The two selected ICBB systems behave dierently also in the case of single
short circuit (see Fig. 7.6). The eects of the short circuit on the current density
distribution remain local for the Walker System (cf. Fig. 7.6(a)). The current density
is decreased slightly in the electrode gaps close to the short circuit. For the fully split
ICBB (Fig. 7.5(b)), the `footprint' of the short circuit is oriented in the direction
of the cell group and the current density drops signicantly near the short circuited
electrode pair. The current density increases somewhat in a couple of electrode gaps
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(a) Walker System

(b) Fully split ICBB
Figure 7.4:

ideal case.

Current density distribution in the electrolyte for the ER cell group in the
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(a) Walker System

(b) Fully split ICBB

Current density distribution in the electrolyte for the ER cell group in the
single contact failure case.
Figure 7.5:
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(a) Walker System

(b) Fully split ICBB

Current density distribution in the electrolyte for the ER cell group in the
single short circuit case.
Figure 7.6:
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in the two cells that are adjacent to the short-circuit cell.
Simulations similar to those of Figs. 7.4, 7.5 and 7.6 have previously been done
for the DoubleContact [13, pp. 567-568]. These earlier simulations revealed that
the DoubleContact behaves similarly to the Walker System in the ideal case and
in the case of a single short circuit. However, in the single contact failure case,
the DoubleContact maintains an uniform current distribution and hence performs
better than the Walker System (see Fig. 7.5(a)). This is because the cathode VEB
in the DoubleContact provides an alternative route for the current to the disturbed
cathode (see Sec. 2.5).

Results from the stochastic electrode positioning model
Fig. 7.7(a) depicts the electrical conductivity and the current density in the electrolyte for the stochastic electrode positioning case. The eect of the stochastic disturbance in the electrode positioning is clear: the current distribution in Fig. 7.7(b)
is quite non-uniform, ranging from 250 A/m2 to more than 500 A/m2 . If one compares Figs. 7.7(a) and 7.7(b), one can see that the current density and the elecrical
conductivity in the electrolyte are positively correlated.

The importance of stochastic modelling
The eects of including stochastic disturbance phenomena is demonstrated in
Fig. 7.8. In Fig. 7.8 the current distribution uniformity of the cell group and
the specic energy consumption are plotted for the selected two ICBB systems.
The current distribution uniformity is calculated from the cathode current densities
(cf. Eq. (3.26)) of the cell group. Fig. 7.8(a) corresponds to the ideal case, whereas
Fig. 7.8(b) corresponds to the stochastic current lossy case. Fig. 7.8(a) contains single points for the DoubleContact and for the Walker System, since the deterministic
simulator is needed to run only once for each of the ICBB system in the case of a deterministic cell disturbance (cf. Table 7.5). However, Fig. 7.8(b) contains 100 points
for both the DoubleContact and for the Walker System; each point corresponds to
one simulation run inside the stochastic simulator. The sample averages of these
100 simulations for each ICBB system are indicated by the arrows. In the ideal case
the standard deviations of the cathode current densities for the DoubleContact and
Walker System are 1.33 A and 1.75 A, respectively. The corresponding standard
deviations in the stochastic current lossy case are 121 A and 112 A. The increases
in the standard deviations are roughly 9000 % and 6300 %, respectively.

7.6 Comparison of two modelling approaches
The benets of the resistance networks over the FEM approach (and vice versa)
were discussed in Ch. 1. We now raise a question whether the solutions of these two
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(a) Electrical conductivity ((Ωm)-1 )

(b) Current density (A/m2 )

Electrical conductivity and current density in the electrolyte in the ER cell
group simulation, when the Outotec DoubleContact is used. The results are calculated
using the stochastic electrode positioning case.

Figure 7.7:
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(a) Ideal case
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(b) Stochastic current lossy case

Two process measures from the ER cell group simulation for the two ICBB
systems and two simulation cases. The results in Fig. 7.8(a) are from the deterministic
simulator and in Fig. 7.8(b) from the stochastic simulator.
Figure 7.8:
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modelling approaches are similar to each other. We choose to compare a solution
of our ER cell group FEM model (see Ch. 5) to a solution of a resistance network
model by Vidal et al. [28, p. 148]. This resistance network model consists of four cells
and each cell consists of four anodes and four cathodes. Moreover, the resistance
network employs the Optibar. The cell group FEM model uses the similar ICBB
system, the Walker System with the fully split ICBB (cf. Sec. 7.5).
To compare the solutions of the selected cell group models the cathode current
density distributions will be given. In calculation of the cathode current density
we made use of Eq. (3.26). The results are presented in Fig. 7.9. The ideal case
(see Sec. 7.4 for the ideal case) is used to obtain the cathode current density distribution of Fig. 7.9(a) for the ER cell group FEM model. In Fig. 7.9(b) small deviations
in the cathode current density distribution of the resistance network originate to a
simulated arrangement, in which the eects of resistance variation are tested (cf. [28,
p. 149-150]). The cathode current density distribution of Fig. 7.9(a) should be compared to Fig. 7.4(b), in which the current density distribution in the electrolyte is
depicted.
By comparing Figs. 7.9(a) and 7.9(b) it is easily determined that solutions of
the resistance network model and the FEM model are dierent. The resistance network model yields equal cathode current densities for given cathode index, whereas
the FEM model results in diagonally oriented cathode current density distribution.
The reason of the dierent solutions can be found by examining the layout of the
resistance network model (see [28, Figure 7 in p. 149]). The resistance network
model has been simplied by combining the electrolyte resistances from both sides
of an electrode to a single resistance. This simplication makes this particular
resistance network model incapable of modelling the directivity of the conductor
segments (cf. Sec. 7.5).

7.7 Verication of some large-scale measures
In chapters 4 - 6 we modelled a physical device  an electrolysis cell group.
Before using the FEM model in optimization it is reasonable to verify the model,
i.e. compare the model results to process measurements. In Sec. 5.8 we veried some
middle-scale distributions of our cell group model, namely the spatial distributions
of the electric potential and the temperature within a permanent cathode. We
now concentrate on verifying some large-scale process measures. The two process
measures  the current eciency ηI and the specic energy consumption Es  were
dened in Sec. 2.7. Appendix G presents how the current eciency and the specic
energy consumption are calculated in simulations. The other two measures being
considered  the cell voltage Ec and the current distribution uniformity  were
discussed in Ch. 4 (cell voltage) and in Ch. 1 and Sec. 3.5 (current distribution
uniformity).
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(b) Resistance network model

Cathode current density distributions (A/m2 ) for ER cell groups in the cell
group FEM model (a) and in the resistance network model (b). The results are calculated
by using the nominal cathode current density Jˆc = 320 A/m2 . In the 7-cell group FEM
model (a) each cell has 31 anodes and 30 cathodes. In the 4-cell resistance network model
(b) each cell has four anodes and four cathodes.

Figure 7.9:
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Comparison of the ER process measures. In the industry measurements [7,
pp. 274-275] the nominal cathode current density Jˆc varies from 257 A/m2 to 340 A/m2 ,
the average value being 285 A/m2 . The simulation results are calculated by using the
Walker System as the ICBB system and the nominal cathode current density Jˆc = 325
A/m2 . The measures are: the cell voltage Ec , the current eciency ηI and the specic
energy consumption Es .

Table 7.8:

Industry
Simulation, ideal case
Simulation, stochastic
current lossless case
Simulation, stochastic
current lossy case

Ec (V)

ηI (%)

[0.21, 0.4] (0.31)
0.30
0.30

[91.0, 98.0] (95.6) [285, 390] (329)
100.0
257
100.0
257

0.29

91.8

Es (kWh/ton)

266

Comparison of the EW process measures. In the industry measurements [7,
pp. 332-333] the nominal cathode current density Jˆc varies from 150 A/m2 to 340 A/m2 ,
the average value being 285 A/m2 . The simulation conditions and the measures are the
same that in Table 7.8.
Table 7.9:

Ec (V)
Industry
Simulation, ideal case
Simulation, stochastic
current lossless case
Simulation, stochastic
current lossy case

ηI (%)

Es (kWh/ton)

[1.70, 2.10] (1.93) [86.0, 93.0] (90.6) [1840, 2000] (1921)
2.10
100.0
1779
2.11
100.0
1782
2.05

92.3

1883

The data for the comparison of the large scale measures of this section are given
in Tables 7.8 - 7.10. We next discuss Tables 7.8 and 7.9, in which all the process
measures, except the current distribution uniformity, are given for ER and EW,
respectively. The industry data in Tables 7.8 and 7.9 are calculated from two tables of [7, p. 274,332], in which the process measures of seven ER plants and ve
EW plants are given. The nominal cathode current density Jˆc in the industry measurements varies over large range, the average value being 285 A/m2 in both ER
and EW. Several values of the industry measurements of the format `[a, b] (c)' in
Tables 7.8 and 7.9 have the following meaning: a range [a, b] gives the minimum
and the maximum of the process measurements, while c is the average over all the
measurements. In the simulations Jˆc = 325 A/m2 and the Walker System are used.
The selected measures are given for the copper industry and three simulation cases.
The three simulation cases are: the ideal case, the stochastic current lossless case
and the stochastic current lossy case (see Sec. 7.4 for the simulation cases). We next
analyse the factors aecting the cell voltage.
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The following three model approximations aect the cell voltage in our cell group
FEM model: (i) simplications of the model geometry, (ii) the empirical cell voltage
model (see Ch. 4 and Sec. 5.6) and (iii) approximation (5.24) for the electrical
conductivity of the electrolyte. The major simplication of the geometry is the
modelling the electrolyte and parts of the electrodes in contact with the electrolyte
as a shell element coincident with the electrolyte surface (cf. Sec. 5.2). Related
to (ii), the overvoltage of the empirical cell voltage models  given by (4.4) for
ER and by (4.6) for EW  were compared against measurements in Sec. 4.5 and
found accurate enough for our purposes. What is changed between the empirical cell
voltage model and the FEM model is the calculation of the ohmic drop Uel in the
electrolyte. In the empirical cell voltage model Uel is given by Eq. (4.15), whereas
in the FEM model Uel is aected by geometry simplications of (i) and conductivity
approximation of (iii).
The data in Tables 7.8 and 7.9 for the cell voltage Ec  or more precisely the
average cell voltage Ēc given in Eq. (G.7)  indicate a good agreement between the
simulations and industry measurements. Hence the model geometry simplications
of Sec. 5.2 and approximation (5.24) for the electrical conductivity of the electrolyte
can be justied in the average cell voltage sense. Comparing the cell voltages of
Tables 7.8 and 7.9 to results of Fig. 4.2 reveals that the average cell voltage obtained
from the cell group FEM model is slightly higher than one given by the empirical
cell voltage model. In obtaining the cell voltage from Fig. 4.2 the nominal cathode
current density Jˆc =325 A/m2 should be used (cf. Table J.4). The higher cell voltage
is explained by the following two reasons: the results of the empirical cell voltage
models have been obtained by using dierent cell arrangement (cf. Appendix C)
compared to the cell group FEM model (see Table J.2) and the average cell voltage
takes the ohmic losses in the electrode busbar contacts and busbars into account.
No current losses were involved in the ideal case and the stochastic current lossless
case, and the corresponding values for the current eciency in Tables 7.8 and 7.9
are 100 % as expected. In the stochastic current lossy case the current eciency of
the ER process is close to the lowest value reported to industry, while in EW the
same simulation case yields the current eciency close to the largest value reported
to industry. The specic energy consumption obtained from the simulations is close
to the lowest value reported to industry.
Unfortunately only a few measurements are available for the current distribution
uniformity of an electrolysis cell group. Moreover, the process conditions (e.g. the
nominal cathode current density) and the measure used for the uniformity varies between the measurements. The industry measurements of Table 7.10 for the current
distribution uniformity are collected from two sources. For the ER process we used a
histogram of Vidal et al. [28, Figure 10 in p. 151] to estimate the current distribution
uniformity of a 10-cell group with the Walker System. In these measurements the
nominal cathode current density Jˆc =320 A/m2 was used and the uniformity calcu-
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Comparison of the current density uniformity. The processes conditions vary
as follows: in ER the nominal cathode current density Jˆc = 320 A/m2 and the Walker
System are used, while in EW Jˆc = 250 A/m2 and the Outotec DoubleContact are used.
The distribution used in calculation of the uniformity also vary between the processes: in
ER the cathode current densities J̆c are used, while in EW the cathode currents Ic are used.
Table 7.10:

ER

EW

std(J̆c ) (A/m2 )

std(Ic ) (A/m2 )

Industry

(25)

[40, 100] (70)

Simulation, ideal case

[1.6, 1.6] (1.6)

[3.0, 3.1] (3.0)

Simulation, stochastic current lossless case

[28, 33] (29)

[18, 24] (20)

Simulation, stochastic current lossy case

[29, 194] (106)

[20, 440] (227)

lated as the standard deviation of the cathode current densities. For the EW process
we used a non-public report [18], in which the performance of the DoubleContact
was evaluated in a 108-cell group. In the EW measurements Jˆc =250 A/m2 were
used and the current distribution uniformity calculated as the standard deviation of
the cathode currents.
The results in Table 7.10 for the simulation cases containing stochasticity were
calculated using only one stochastic scenario. The cathode current density distributions of the EW cell group simulation are given in Fig. 7.10(a) (the stochastic current
lossless case) and Fig. 7.10(b) (the stochastic current lossy case). Fig. 7.10(b) clearly
indicates that there are four short circuited cathodes in the cell number ve.
In Table 7.10 the current distribution uniformity is given in the format `[a, b] (c)'.
For the industry measurements a range [a, b] gives the minimum and the maximum
of a set of the current distribution uniformity measurements, while c is the `average'
over all the measurements. The quotations around the term `average' are used since
the average of the EW measurements was estimated visually from the report. In
the simulation the range [a, b] gives the minimum and the maximum of the current
distribution uniformity calculated separately for each of the seven cells of our FEM
model, while c is the current distribution uniformity of the cell group.
The values for the current distribution uniformity in Table 7.10 for the ideal
case are clearly unrealistically small compared to the industry values. However, the
values of the current distribution uniformity reported to industry are within the ones
calculated from the two simulation cases having stochastic sub-models enabled. We
next discuss the data of Table 7.10 for ER and EW processes separately.
The standard deviation of the cathode current densities in Table 7.10 reported
for the ER industry is approximately the same as in the stochastic current lossless
case. In the stochastic current lossy case the minimum of the current distribution
uniformity of the cells is close to the industry value, however the average and the
maximum value are signicantly larger. A good current eciency ηI =96 % was
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(a) Stochastic current lossless case
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(b) Stochastic current lossy case

Cathode current density distribution in the EW cell group model with the
Outotec DoubleContact. The results are calculated using the nominal cathode current
density Jˆc = 250 A/m2 .
Figure 7.10:
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reported in [28, p. 152] for the ER measurement, whereas ηI =92.5 % was calculated
for the stochastic current lossy case. Hence the industry value should be compared
to the one calculated from the stochastic current lossless case, which gives a good
agreement between the values.
The current distribution uniformity in Table 7.10 reported for EW industry is
considerably larger than the one obtained from the simulation using the stochastic
current lossless case. In the stochastic current lossy case the current distribution
uniformity varies largely within the cells. Moreover, the current distribution uniformity of the cell group is larger compared to the industry value. This dierence
could be explained by a dierent short circuit condition, since the current eciency
ηI = 95 % was reported to the industry measurement, while ηI = 90.4 % was calculated in the stochastic current lossy case. Together the large values of the current
distribution uniformity and small values of the current eciency would indicate that
the stochastic current lossy case describes conditions of a quite poorly maintained
process, wherein several short circuits are present. The same observation applies to
the ER process also.

7.8 Possibilities for further reduction of the model
In Sec. 5.2 we proposed geometry for our electrolysis cell group FEM model. In
this model shell elements were used exclusively for modelling all the sub-geometries:
the electrodes, the busbars and the electrolyte. This section deals with the following
three subjects: proper size of the cell group geometry, possibility of further reduction
of the FEM model geometry and sensibility of modelling a cell group as a resistance
network and the advantages of the FEM approach.

Proper size of the cell group model
What aspects can aect the choice of the size of a cell group model? Following
two aspects can be easily identied: (a) computational demand of the model and (b)
sensibility of simulation results obtained from the model. A modern industrial ER
cell group can consist of 30-40 cells and have 50-60 electrode pairs in one cell, while
an EW cell group can consist of more than 100 cells and have 60-80 electrode pairs
in one cell [31]. Modelling and solving of such large cell group would be burdensome,
even when using a resistance network model. On the other hand, a small cell group
model may not yield realistic simulation results (e.g. current distribution within the
cell group). Related to issue (b), end eects and dominance of a single disturbance
(e.g. short circuit) can decrease the sensibility of the simulation results in a small
cell group model. End eects include the electrode connections to the current supply
(i.e. to the anode busbar and the cathode busbar, cf. Sec. 2.1) and the eect caused
by the endmost anodes of an electrolysis cell (see Sec. 3.4). In a small model only a
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few cell disturbances (e.g. short circuits) can be placed into the cell group. In such
case the eects of the cell disturbances would dominate the current distribution of
the cell group, resulting in unrealistic value for the current distribution uniformity.
In Sec. 5.2 we choose a strategy of building the cell group geometry as large as
possible in the terms of the total number of electrodes in the cell group. We found
that further increase of the geometry size was restricted in COMSOL Multiphysics
by application errors appearing during analysis of the geometry or during mesh
creation. Figs. 7.5(b) and 7.6(b) reveal that a single cell disturbance can aect the
current distribution of at least six adjacent cells when using an ICBB system with
busbars split to parts. Hence the number of cells in the model should not be reduced
from the current number of seven.

Further simplication of the cell group FEM model geometry
Consider the cell group FEM model of Ch. 5. Could the model geometry be
further simplied, but still preserve the modelling accuracy at a reasonable level?
In Sec. 5.1 we briey considered this question by presenting the requirements which
should be met for shell element modelling to be reasonable. Now we will give these
requirements more formally.
A procedure for reducing model geometry would be given as follows. For each
domain Ω (solid in the case of true 3D model) do the following: Initialize the set
of space dimension indices S = {1, 2, . . . , N } of Ω (N = 3 for a solid). Dimension i
can be reduced from the domain Ω (and thus removed from the set S) if all of the
following ve conditions are met:

I

Ω is a hyperrectangle (a generalization of a rectangle for higher spatial dimensions)
with the dimensions d1 × d2 × . . . × dN

II

any boundary ∂Ω normal to the direction i is connected to at most one other
domain

III

Ω is connected to one or more other domains at most by one boundary ∂Ω
perpendicular to the direction of di

IV

change in a dependent variable (e.g. electric potential) is small in the direction
of di

V

additionally, reducing the direction i from the domain Ω should not cause singularities to the model

After all the N directions have been checked, the set S would contain indices of the
dimensions which cannot be reduced. The cardinality |S| (the number of elements
in the set S) gives the dimension of the reduced domain as follows: 3 (solid), 2 (shell
element) and 1 (edge). Note that the procedure above applies for reduction of a
solid of dimensions h × d × L to a shell element of dimensions h × L or even to an
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edge ∂ 2 Ω of length L. Furthermore, it can be used for reduction of a shell element
S with the dimensions h × L to an edge ∂S of length L.
Conditions I and IV together allow one to transform the domain integrals (5.6)
∏
and (5.17) to integrals over ∂Ω or ∂ 2 Ω with extra factor i∈{1,2,...,N }\S di . Conditions
II and III are necessary to ensure that the connections between domains can be
preserved. The reasoning for condition V was discussed in Sec. 5.2. We next study
if above conditions are satised for some sub-geometries of our cell group FEM
model of Sec. 5.2.
Recall from Sec. 5.1 that in the cell group geometry of Fig. 5.2 a busbar contact
is modelled as a point. Taking that into account, conditions I - V of above paragraph
are satised for both the VEB (see Fig. 5.2) and an anode hanger bar of the EW
process (see Fig. 5.3 and Table J.2). Moreover, for the CHB conditions II - V are
satised and also condition I is quite accurately satised. The electrolyte of an
electrode gap is an example for which condition II is violated in our shell element
geometry of Fig. 5.2, since the electrolyte of the cell gap is connected in the xdirection to the following two shell elements: an electrolyte of an another electrode
gap and an electrode plate. Moreover, condition IV is violated for the electrolyte. If
the ICBB would be reduced to a line segment (parallel to the z -axis), then condition
III is violated since the ICBB is connected to electrodes of the adjacent cells. Note
that by modelling the VEBs and the CHBs as edges in our ER cell group geometry
of Fig. 5.2 the number of singularities would be reduced by 25 %, as an intersection
of two line segments does not imply singularity.
What may be the possible consequences if one or more conditions I - V of the
procedure above are not satised when reducing a part of the shell element geometry
of Fig. 5.2? Consider the electrolyte of an electrode gap. In reducing this particular
shell element to a line segment (parallel to the z -axis) conditions II and IV are
violated. As a consequence a resulting model would not take the current leakage from
one electrode half-surface to the other half-surface of the same electrode (cf. Sec. 3.4)
into account.

Resistance network models and superiority of the FEM approach
The last two questions to be discussed in this section are: can an electrolysis cell
group be reasonably modelled as a resistance network and what are the advantages
of using the FEM approach instead of a resistance network in modelling of a cell
group. Take an outline of the geometry and equations of chapters 4 - 6 needed in
modelling an electrolysis cell group. Is it possible to model the cell group geometry
and equations governing the physics and stochasticity involved in the copper electrolysis process using a resistance network? To answer that we consider the parts of
the cell model in the following text separately.
In the resistance network model electrical behaviour of a cell group must be described by a set of connected resistances (i.e. a graph). After the network is formed
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and relevant nodal equations established, the solution (e.g. nodal electric potentials)
can be numerically solved. In forming the the resistance network diculties arise in
how to discretize the real geometry (continuum) using resistances. Should one electrode be presented by one vertex or by a sub-graph containing several resistances?
How can one nd a reasonable level of simplication? In the FEM approach discretization of an equation system to the mesh is `built-in'; however the mesh quality
can aect the FEM solution and therefore the eects of mesh renement should
be carefully examined. We next discuss about how the physics and stochasticity of
chapters 4 - 6 could be modelled in a resistance network.
The empirical cell voltage model of Ch. 4 could be implemented into a resistance
network model without signicant diculties. Electrical conduction and heat conduction (see Secs. 5.3 and 5.4) would be modelled quite accurately if the geometry
reduction procedure (see p. 100) results in |S| = 1 for all the domains, i.e. all the
model sub-geometries can be reasonably reduced to edges (which is not true in our
case). The geometry is ignored in the resistance network model. As a consequence
diculties arise in forming a realistic model of convective heat transfer. The stochastic busbar contact model of Sec. 6.2 could be implemented in a resistance network
model without diculties. The same applies to the stochastic electrode positioning
model of Sec. 6.3 and the stochastic short circuit model of Sec. 6.4.
Are there any other issues than the implementation issues to be considered when
assessing the two alternative methods  the FEM and resistance networks  in
modelling an electrolysis cell group? In Ch. 1 the following four advantages of the
FEM approach over the resistance networks were given: more accurate modelling of
the geometry, possibility to model multiphysical phenomena, possibility to improve
the model accuracy and better post-processing capabilities. These advantages of the
FEM approach would allow one to develop more realistic model of an electrolysis
cell group, get insight into phenomena happening in the industry scale electrolysis
process and even set up new research questions. The new research questions would
lead to an iterative cycle of model improvements.

7.9 Summary and discussion of simulation results
To summarize the results of this chapter we rst discussed implementation of
the deterministic and the stochastic simulators. These simulators were built on the
top of the deterministic FEM model of Ch. 5 and stochastic sub-models of Ch. 6.
Next some simulation results were given and the dierent approaches  the FEM
and a resistance network  available in modelling the cell group compared. In the
remainder of this chapter large scale measures of the cell group model were veried
and the proper size of a cell group model was discussed. We next summarize the
main ndings of this chapter.
Simulation results calculated using an ICBB system with continuous ICBB (e.g.
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the Walker System) revealed that the eects of a cell disturbance to the current
distribution in the electrolyte remain spatially local. Consider next an ICBB system for which the busbars are split into parts (i.e. the fully split ICBB) and a cell
disturbance exists in one cell of the cell group. The current density distribution
in electrolyte calculated from the deterministic simulator using such ICBB system
revealed that (i) the distribution is diagonally oriented in the cell group and (ii) a
`footprint' of a single cell disturbance can spread to many cells. Moreover, the current density in the electrolyte can be increased in the adjacent cells, thus increasing
the probability of further short circuit formation.
In comparing the modelling approaches we found that the cathode current density distributions obtained from the FEM model and one particular resistance network model are dierent. This result does not, however, indicate that it is impossible
to use a resistance network in modelling a cell group. The result rather indicates
that an attention must be paid in simplifying the geometry to a resistance network.
Verication of several large-scale process measures revealed that the results for
the cell voltage and the specic energy consumption obtained from the FEM model
of an electrolysis cell group are quite realistic. To obtain realistic values for the
current eciency and the current distribution uniformity it was found necessary to
take the stochastic phenomena  e.g. electrode positioning and short circuits 
into account. The stochastic current lossy case  yielding on average one short
circuit per electrolysis cell  was considered to present conditions of a quite poorly
maintained electrolysis process, wherein several short circuits are present.
In the last topic of this chapter we considered the following tree subjects: (i)
what is a proper size of the cell group FEM model, (ii) could the geometry of the cell
group FEM model further simplied and nally (iii) is it reasonable to model a cell
group as a resistance network and why is the FEM approach superior over resistance
networks. It was found that to restrain the dominance of the end eects and single
cell disturbance and to study large `footprints' of the cell disturbances a cell group
model of Ch. 5 would be large enough. In discussing possible reduction in the
geometry of the cell group model of Ch. 5 it was found that some sub-geometries 
including the VEB, the CHB and the anode hanger bar of the EW process  could
be modelled as line segments without diculties. Related to (iii) it was found that
the major pain in modelling the cell group by a resistance network would arise in
discretization of the real geometry into resistances. Moreover, it is dicult to model
heat transfer in a resistance network. The advantages of the FEM approach 
including increased modelling accuracy and better post-processing capabilities  are
also important in modelling an electrolysis cell group.
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Chapter 8
Optimization setup
One of the intended uses of the electrolysis cell group FEM model of chapters 4 6 is optimization. In this chapter a multiobjective optimization problem to be solved
using the FEM model is formulated.

8.1 Background for optimization
Mathematical optimization is usually a very late step in the computer aided
product development process. It usually takes place after the mathematical model
is dened and veried. Often the model development, verication and optimization
form an iterative process. This is because verication and optimization may reveal
weaknesses in the model and in the optimization problem denition.
An optimization problem must have at least one objective function or more simply
an objective. An objective is some well-dened quantity that should be maximized
or minimized. If there are several objectives, then the optimization problem is a
multiobjective optimization problem . Objectives are dependent on design variables
or simply variables. Maximization or minimization of the objectives is done by
changing the variables. Often, there are values the variables may not have. The
values that the variables may have  so-called feasible values  are dened via
constraints. A distinction is made between continuous and discrete optimization. In
continuous optimization, all variables are real. Similarly, in discrete optimization
each variable is integral or it can only take values from some nite set. In mixedinteger optimization at least one variable is continuous and at least one variable is
integral.
When attempting to optimize parts of an electrolysis cell group using the FEM
model, the following issues must be taken into account:
i. The model has its inaccuracies and limitations.
ii. The sensitivity of objectives and constraints to changes in the design variables
may provide useful information.
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iii. The electrolysis processes contains stochastic parts.
iv. It is important to choose or specify objectives and constraints carefully.
v. A signicant uncertainty can be involved in dening the constraints.
vi. A solution given by the optimization procedure should be commercially acceptable .
Next, these issues will be explained in more detail.
Issues i and ii: The modelling inaccuracies include modelling approximations
and parameter estimation errors. The convection model given in Eq. (5.16)  employing the average heat transfer coecient  is an example of model approximation
in our electrolysis cell group FEM model. Parameter values are often inaccurate,
since they may be estimated using small samples of measurements; sometimes no
measurements are available at all. For example, the stochastic electrode busbar contact model (cf. Sec. 6.2) was formed using a small sample of cathode busbar contact
measurements. Issue ii is related to issue i. The rate and direction of change in an
objective when a particular design variable is changed is the sensitivity of the objective to that particular variable. The same holds for the sensitivity of a constraint.
Modelling inaccuracies will aect the value of an objective or a constraint and thus
this actual value may be suspect. However, even when a model has inaccuracies,
the sensitivities can still be reliable. As an example, consider that the value of the
ambient bulk temperature T ∞ in Eq. (5.16) has some error, which cause bias to the
busbar temperature. Neglecting the bias, the model can yield the busbar temperature accurate enough. Thus, the optimization should be done in a way so that, if
possible, sensitivity can be assessed.
Issue iii: The stochastic parts of the electrolysis process were discussed in Ch. 6.
Continuous optimization in a stochastic setting may be a challenging task, especially
when solving a FEM model takes a long time. In discrete optimization the stochastic
simulator (cf. Sec. 7.3) can be used to estimate objective values.
Issue iv and v: In Sec. 8.5 the objectives will be dened using high-level
production and manufacturing goals of the copper electrolysis process. Issue v has
similar eects to the optimization problem than issue i. Uncertainty in dening the
constraints can originate to inaccurate or missing material data  e.g. melting point
of material used for busbar insulators (see Fig. 2.7)  or inaccurate formulation of
a constraint. Constraints can also be treated as objectives as we will see in Sec. 8.7.
Re-formulating a constraint as an objective makes assessing its sensitivity to design
variables easier.
Issue vi: Manufacturing, durability, usability and economic aspects should be
taken into account when assessing the commercial acceptability of a solution. It is
dicult to formulate an objective that can take these realistically into account. As
such, the nal decision about which solutions are to be actually implemented must
be left to the appropriate experts.
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In the remainder of this chapter, two dierent kinds of optimization problems will
be described: topology optimization and sizing optimization. The topology of an
electrolysis cell group describes how the electrodes are electrically connected within
an electrolysis cell and between the the adjacent electrolysis cells. Sizing refers to
the dimensions  our case the cross sectional area  of selected conductors in an
electrolysis cell group. Together, topology and sizing dene the cell group design.
The design of an electrolysis cell group may be optimized in two phases:
1. Find the optimal electrical connections using topology optimization.
2. Find the optimal cross sectional areas of the conductors using sizing optimization.
The number of feasible solutions in the topology optimization stage is immense. It
is not our intention to perform strict optimization in the sense that some algorithm
is allowed to freely select topolgy solutions from this immense set. Rather, a small
but representative subset, the pre-dened ICBB system topologies , is selected and
optimization is performed over this subset. More details on topology optimization
are given in the next two sections.

8.2 Topology of an electrolysis cell group
One has dened an electrolysis cell group topology when one has specied two
sets of electrical connections: (i) connections between electrodes within an electrolysis cell and (ii) connections between the electrodes of one cell and the electrodes of its
neighbouring adjacent cells. One of the most important challenges in topology optimization is how to create a set of candidate topologies. Creation of this candidate
set is important since not all possible topologies are commercially acceptable.
The topology optimization problem that we will handle, is the optimization of
the ICBB system topology. An ICBB system topology is dened by specifying the
connections for the ICBB, the anode VEB and the cathode VEB. For the cost of
manufacturing an ICBB system design to be moderate, the connections of each
busbar must be simple. This will be achieved if the connections of each busbar can
be specied using only a few simple rules.
Assume that the following connections are possible in dening the ICBB system
topology: from an anode to all other Na anodes of the same cell, from a cathode to
all other Nc cathodes of the same cell and from an anode to all cathodes of the next
cell. Now the following two observations apply: (i) the number of possible ICBB
system topologies would be huge and (ii) most of the resulting topologies would
not be commercially acceptable. Observation (ii) follows, since to obtain reasonable
manufacturing cost of an ICBB system any connection in a resulting ICBB system
topology shoud not cross any other connection.
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(a) Non-twisted ICBB system topology

(b) Twisted ICBB system topology

Topology templates. In these gures the cell group contains ve cells and
each cell has ve anodes (red circles) and four cathodes (blue circles).
Figure 8.1:

Topology templates
To exclude topologies that may not be commercially acceptable, topology templates are used. Two topology templates for a 5-cell electrolysis cell group are
presented in Fig. 8.1. In Figs. 8.1(a) and 8.1(b), each cell has 5 anodes (red circles)
and 4 cathodes (blue circles). A non-twisted ICBB system topology (non-twisted
topology) is presented in Fig. 8.1(a) and a twisted ICBB system topology (twisted
topology) is depicted in Fig. 8.1(b). The ICBB conductor segments are the diagonal
lines connecting anodes and cathodes. The optional ICBB spacer segments are the
vertical switches between the ICBB conductor segments.
The number Nt of dierent topologies that can be created using the topology
templates of Figs. 8.1(a) and 8.1(b) is

(
)
(
)
Nt = 2 pow 2, (Na − 1)(Ng − 1) = pow 2, 1 + Nc (Ng − 1) ,

(8.1)

where Eq. (3.1) has been used. With values Nc = 30 and Ng = 7 one obtains
Nt ≈ 3.06 · 1054 . When optimizing the topology of an electrolysis cell group, only a
small subset of those ICBB system topologies that can be formed from the topology
templates of Fig. 8.1 will be used as candidates.

8.3 Cell group designs in optimization
This section contains a detailed description of the cell group design, that was
rst introduced in Ch. 1.
Both topology optimization and sizing optimization are done in this thesis. When
all variables from both optimizations have been set, one obtains a cell group design.
The two components of the cell group design are the ICBB system design and the
electrode designs (see Fig. 8.2). An electrode design denes the sizing of the CHB,
more specically its cross sectional area. An ICBB system design denes both the
ICBB system topology and the sizing of the VEBs.
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Components of the cell group design. The items with an asterisk (*) must
be dened separately for the ICBB, anode VEB and cathode VEB.
Figure 8.2:

All the busbars of an ICBB system  the ICBB, anode VEB and the cathode
VEB  were depicted in Figs. 2.6 and 2.7. Figure 8.3 shows one particular ICBB:
the fully split ICBB. In general, an ICBB consists of the ICBB conductor segments
(item D) and optional ICBB spacer segments (item E). In Fig. 8.3, all the spacer
segments for the ICBB are actually absent. Fig. 8.3 also shows the anodes (A),
the cathodes (B) and the electrolyte (C). Setting the electrical connections of the
conductor segments (topology) and the cross sectional area (sizing) of a busbar, is
part of specifying an ICBB system design. In this thesis the cross sectional area of
the ICBB is constants, whereas the cross sectional areas of the anode VEB and the
cathode VEB will be allowed to change jointly.
Dene the busbar segment to be either the spacer segment or conductor segment
of a busbar. Formation of a geometry variant from a geometry template by `deleting'
domains was discussed in Sec. 7.1. In the cell group FEM model, the `deletion' of
busbar segments is dened uniquely by the busbar split pattern . Here we use the
term `deletion' in the same meaning as in Sec. 7.1. However, `deletion' of a single
ICBB busbar segment requires `deletion' of three domains, as both the ICBB spacer
segment and the ICBB conductor segment consist of three boundaries (cf. Fig. 8.3).
The busbar split pattern discussed above is given by a spacer pattern , which
denes the spacer segments to be `deleted'. The conductor segments are always
present in the ICBB since they connect the electrodes of the adjacent cells. For a
VEB, a conductor segment is needed only if it is adjacent to an existing (i.e. not
`deleted') spacer segment.
The term cell gap related busbars will be used in what follows. For cell gap `,
` ∈ {1, 2, . . . , Ng − 1}, the cell gap related busbars are the ICBB of cell gap `, the
anode VEB of cell ` and the cathode VEB of cell (` + 1) (cf. A13 in Sec. 3.2). In
addition, let a busbar conguration dene the busbar split patterns for the cell gap
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Figure 8.3:

A detail of an EW cell group model geometry with the fully split ICBB.

related busbars.
The geometry template  rst introduced in Sec. 7.1  is composed using the
busbar geometries and an ICBB system twist pattern (twist pattern) . The twist
pattern denes for each cell gap whether or not the cell gap related busbars have a
mirrored busbar construction . If a cell gap has the mirrored busbar construction, the
geometries of the cell gap related busbars of this cell gap are mirrored against to the
symmetry plane given by x = (x, y, 0). For the ER process, there are two geometry
templates, one for the non-twisted topology and one for the twisted topology. There
are two analogous geometry templates for the EW process.
Given a geometry template corresponding to a twist pattern, the ICBB system
topology is dened by the busbar conguration as follows. For each busbar of the
cell gap related busbars (i.e. the ICBB, anode VEB and cathode VEB) of a cell gap,
nd the corresponding busbar split pattern from the busbar conguration. Assuming
now that the twist pattern denes the mirrored busbar construction not to be used
in this cell gap, `delete' the busbar segments of the busbar using the busbar split
pattern. Otherwise  i.e. in the case of the mirrored busbar construction  use a
`mirrored' version of the busbar split pattern in the `deletion'.
In discussing how the FEM model was to be formed in Sec. 7.1, the term geometry
variant was used. All the sub-geometries of an electrolysis cell group FEM model
are xed except for the busbar geometries. Moreover, shell elements are exclusively
used for modelling of the busbar geometries. Hence, specifying the ICBB system
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topology is equivalent to specifying the geometry variant.

Predened ICBB system topologies
The ICBB system topologies used in this this thesis are made by selecting one of
the topology templates described in Sec. 8.2 and by selecting one of a number of predened busbar congurations. The busbar congurations are in turn composed of
pre-dened busbar split patterns for the ICBB, anode VEB and the cathode VEB.
As we have dened only two topology templates, a choise between the topology
templates can be indicated by a single boolean variable. A selection of the busbar
conguration can be indicated by an integer variable, hereafter referred to as busbar
conguration Id. The busbar conguration is dened by an integer triple consisting
of the ICBB split pattern Id, anode VEB split pattern Id and cathode VEB split
pattern Id. The alternatives for these three busbar split patterns are depicted in
Fig. 8.4 (details about Fig. 8.4 are given below).
The twist pattern can be presented as a vector of Ng − 1 boolean elements. The
`th element of the vector is 1 if the mirrored busbar construction is used in the `th
cell gap and 0 otherwise. Using the topology templates and assumming that the
number of the cells in a cell group is odd (cf. A6 in Sec. 3.2), there are two possible
twist patterns, either

(0, 0, 0, 0, . . . , 0, 0)T

(8.2)

(0, 1, 0, 1, . . . , 0, 1)T

(8.3)

or

Vector (8.2) corresponds to the non-twisted topology (see Fig. 8.1(a)) and vector (8.3) to the twisted topology (see Fig. 8.1(b)).
Similarly to the twist pattern, the ICBB spacer pattern , anode VEB spacer pattern and cathode VEB spacer pattern can be presented as boolean vectors with
Na − 1, Na − 1 and Nc − 1 elements, respectively. In these spacer pattern vectors,
an element is 1, when a spacer segment is present. The corresponding busbar split
patterns  the ICBB split pattern, the anode VEB split pattern and the cathode
VEB split pattern  have 2Na − 1, 2Na − 1 and 2Nc − 1 elements, respectively.
The ten pre-dened ICBB split patterns are depicted in Fig. 8.4(a). A white rectangle indicates that a busbar is split by removing a spacer segment. In Fig. 8.4(a),
all the spacer segments exist for the continuous ICBB (Id 1). The fully split ICBB
(Id 8) has only conductor segments and no spacer segments.
The anode VEB and cathode VEB each have four pre-dened VEB split patterns ,
which are shown in Figs. 8.4(b) and 8.4(c). VEB split patterns 1 and 2 correspond
to a non-existent VEB and a continuous VEB , respectively. In Fig. 8.4(b), the short
busbar segment in VEB split patterns 3 and 4 connects the endmost anode of an
electrolysis cell to the current supply, when the fully split ICBB is used.
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Busbar split patterns. The busbar split pattern Ids are shown in x-axis.
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If mirroring of the cell gap related busbars in any single cell gap does not change
topology of an ICBB system, the corresponding busbar conguration is said to be
mirror-symmetric . In our case, a busbar conguration is mirror-symmetric if and
only if it has a continuous ICBB and a symmetrical VEB split patterns.
The pre-dened busbar congurations are presented in Table 8.1. Four of the 21
busbar congurations of Table 8.1 are mirror-symmetric. Hence the number of predened ICBB system topologies in this thesis becomes 4 + 2(21 − 4) = 38. There are
three groups in Table 8.1. The busbar congurations in group A were chosen so that
the eects of the VEBs can be assessed. Groups B and C contain novel ICBB system
topologies, the Outotec TwistBar (TwistBar) , and some of its variants. The busbar
congurations of group B were chosen so that the eects of the ICBB splitting can
be evaluated. In group C, some candidates are formed, which we hope to be superior
over the ICBB system topologies in groups A and B.
We will identify a particular ICBB system topology by the busbar conguration
Id of Table 8.1. Clearly, all the mirror-symmetric ICBB system topologies can be
always identied uniquely by the busbar conguration Id. The other ICBB system
topologies can be referred uniquely by the busbar conguration Id after the topology
template is set to either the non-twisted topology or the twisted topology. Moreover, `ICBB system' will often be used as a synonym for `ICBB system topology'.
As such, the ICBB system names given Table 8.1 are always valid for the busbar
congurations 1-4. However, the ICBB system names for busbar congurations 5-21
are valid only if the topology template is xed to the twisted topology.

Signicance of redundancy
The anode VEBs and the cathode VEBs were not used in forming the topology templates (cf. Figs. 8.1(a) and 8.1(b)). The reason for this is that equivalent
connections to those provided by the anode VEBs and the cathode VEBs can be
obtained by activating appropriate ICBB spacer segments. However, a severe electrode busbar contact failure can virtually break the electrical connection between
an electrode and a busbar. Consider the total topology to be the set of connections
provided by the ICBBs, the anode VEBs and the cathode VEBs. Consider now
two situations: (i) no busbar contact failures present, (ii) busbar contact failures
present. It may be that if the anode VEBs and the cathode VEBs were removed
there would be no change in the total topology in situation (i), but there would be
a change in situation (ii). This suggests that any redundancy created by the VEBs
cannot be neglected as long as contact failures can occur. As a result, all the busbar
congurations presented in Table 8.1 must be considered as distinct topologies.
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Busbar congurations. The busbar split patterns are depicted in Fig. 8.4.
The ICBB system names for busbar congurations 5 − 21 are valid only if the topology
template is xed to the twisted ICBB system topology.
Table 8.1:

Group
name

Id Related ICBB system name

Busbar split
pattern Ids

Is mirrorsymmetric?

1,2,2
1,2,1

Yes
Yes

1,1,2

Yes

with ICBB split to

1,1,1
2,1,1

Yes
No

with ICBB split to

3,1,1

No

with ICBB split to

4,1,1

No

with ICBB split to

5,1,1

No

with ICBB split to

6,1,1

No

with ICBB split to

7,1,1

No

11 Outotec TwistBar with continuous
VEBs
12 Outotec TwistBar with continuous
anode VEB
13 Outotec TwistBar modication 1
Group C 14 Outotec TwistBar modication 2
15 Outotec TwistBar modication 3
16 Outotec TwistBar modication 4
17 Outotec TwistBar modication 5
18 Outotec TwistBar modication 6
19 Outotec TwistBar modication 7
20 Outotec TwistBar
21 Outotec TwistBar modication 8

8,2,2

No

8,2,1

No

8,1,2
8,1,1
9,1,1
9,1,2
8,3,1
8,3,2
8,3,3
8,4,4
10,2,2

No
No
No
No
No
No
No
No
No

1
Group A 2
3
4
5

Outotec DoubleContact
Outotec DoubleContact with anode
VEB
Outotec DoubleContact with cathode
VEB

Walker System
Outotec TwistBar
2 parts
Group B 6 Outotec TwistBar
3 parts
7 Outotec TwistBar
5 parts
8 Outotec TwistBar
6 parts
9 Outotec TwistBar
10 parts
10 Outotec TwistBar
15 parts
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8.4 Multiobjective optimization problem
The multiobjective optimization problem that will be dealt with in this thesis
can be formulated as

min{f(x) :
x∈X

M
∑

%i = 1 ∧ g(ς) ≤ 0} .

(8.4)

i=1

In this expression, the tuple x contains M binary-integer design variables in % ∈ BM
and N continuous design variables in ς ∈ RN
+:

x := (%, ς) .

(8.5)

The objective function vector, f(x), is assumed to contain Q elements. In (8.4), the
feasible domain is
M
∑
X := {x :
%i = 1 ∧ g(ς) ≤ 0},
(8.6)
i=1

where the inequality g(ς) ≤ 0 has to be interpreted component-wise. The objective
function vector f(x) maps a point x ∈ BM × RN
+ of the design space to the criterion
space, or more formally
Q
f : BM × RN
(8.7)
+ → R .
In multiobjective optimization  i.e. the optimization process based on the formulation (8.4)  it is typical that the objectives in f(x) are conicting. In such cases
a unique optimum is usually not available, but rather a set of optimal solutions. In
this thesis, this set is dened using the concept of Pareto-optimality.

Denition

Pareto-optimality [8, p. 10]. A design variable vector x∗ is Paretooptimal for (8.4) if and only if there is no vector x ∈ X with the following two
properties:
fl (x) ≤ fl (x∗ ), for all l ∈ {1, 2, . . . Q},
(8.8)
and
fl (x) < fl (x∗ ), for at least one l ∈ {1, 2, . . . Q} .

(8.9)

Hence for all Pareto-optimal vectors, the value of one objective can not be reduced
without increasing the value of at least one of the other objectives.

8.5 Objectives, constraints and design variables
This section contains an analysis of objectives and constraints arising from manufacturing and operating goals of an electrolysis cell group. `Manufacturing' refers
to the construction of the electrolysis cell group and `operating' refers to the use
of the cell group to rene copper. These high level objectives and constraints are
used to dene the mathematical objectives and the design variables used in the
multiobjective optimization of an electrolysis cell group.
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Mind map: from high level goals to the measurable objectives. The shapes
and their corresponding contents are as follows: (octagon, operating goal), (rectangle,
technical constraint), (oval, technical requirement), (cross, process parameter or design
variable) and (rectangle with rounded corners, measurable objective). Green (continuous)
lines denote positive dependency and red (dashed) lines negative dependency.
Figure 8.5:

Figure 8.5 depicts a mind-map of some of the dependencies between the goals,
requirements, constraints and objectives in the copper electrolysis process. Many
elements related to certain modelling limitations discussed in Sec. 3.2 are left out
of Fig. 8.5. Neglected elements include the concentrations and additives of the electrolyte (cf. A14 in Sec. 3.2); these both aect the cell voltage and copper deposition
and thus the probability of short circuits. Moreover, time dependent and uid motion related phenomena are neglected (cf. M1 and M2 in Sec. 3.2).

Objectives and constraints
The sole manufacturing goal considered is to minimize the cost of manufacturing
the electrolysis cell group. Minimization of the manufacturing cost involves minimization of material costs, which are aected by the amount of material used in
making the conductors.
The operating goals of the copper electrolysis process were discussed in Ch. 1.
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They include maximizing the copper production volume and minimizing the operating costs. In addition, the copper produced must meet certain quality demands.
Achieving the quality demands is made easier when short circuits are avoided.
To maximize the production volume, the electric charge used in copper deposition
must be maximized (cf. Eqs. (2.4) and (2.5)). This can be achieved by using a high
supply current and by minimizing the current losses. The current losses can be
measured by the current eciency. According to Eq. (G.6), the copper production
volume is a linear function of the sum of the eective currents.
The current eciency is decreased primarily by short circuits (cf. Sec. 2.7), hence
the probability of short circuits occuring should minimized. Moreover, if a short circuit appears, its severity  its current  should be minimized. Localized increases
in current density is one of the main factors aiding the formation of short circuits
(cf. Sec. 6.1). The probability of a short circuit occuring is assumed to be proportional to the eective current, hence the maximum value of the eective currents of
an electrolysis cell group must be minimized.
Minimizing the operating costs implies minimizing the electricity consumption.
This can be achieved by minimizing the specic energy consumption. The specic energy consumption is aected by the cell voltage and the current eciency
(cf. Eq. (G.7)).
In addition to the objectives arising from the operating goals, the following ve
technical requirements exist: (i) avoiding anode passivation, (ii) taking into account
the limiting cathode current density, (iii) ensuring cathode copper stripping and
(iv) avoiding melting of busbar insulators. Anode passivation and limiting cathode
current density were explained in Sec. 2.4. The above listed technical requirements
will be next analyzed in more detail.
The current density  and hence the sum of the eective currents  is restricted
by the anode passivation and by the limiting cathode current density. To maximize
the average of the eective currents so that the maximum allowed current density
is not exceeded, the maximum of the eective currents should be minimized.
If the copper deposition on the surface of a permanent cathode is too thin or
too thick, it can prevent the automated stripping of the cathode copper. Hence, the
eective currents must be within a certain range. Instead of dening `hard limits'
for the allowed range, one can maximize the minimum of the eective currents and
minimize the maximum of the eective currents.
Avoiding melting of busbar insulators is the same as avoiding excessively high
busbar temperatures. A conductor's temperature is aected by its supply current
and by the amount of conductive materials used in it. The maximum temperature
of the busbars can be calculated directly from the FEM model.

Design variables
When the ohmic drop in the conductors and electrolyte increases or the voltage
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drop in the electrode busbar contacts increases, the cell voltage increases. Three
factors aect the ohmic drop in the electrolyte: (i) the distances between the electrode surfaces, (ii) the electrical conductivity of the electrolyte and (iii) the eective
current (cf. Eq. (4.15)). However, item (i) is a constant, at least in the average sense
(cf. Eq. (6.20) and C3 in Sec. 3.2). Also, item (ii) is constant in our model (C7 in
Sec. 3.2). In addition, the supply current of the electrolysis cell group is constant
(A16 in Sec. 3.2). Hence, the cell voltage is minimized in the model by minimizing
the voltage drops in the conductors and in the electrode busbar contacts.
The ICBB system topology is clearly one of the design variables, since it aects
the manufacturing costs, the probability and severity of short circuits as well as the
voltage drops. These drops include the voltage drop in the electrode busbar contacts
and the ohmic loss in busbars.
The ohmic drop U in a conductor of length L and cross-sectional area A is

U = RI =

1L
I,
σA

(8.10)

where Eq. (4.9) is used and I is the electric current passing through the conductor.
According to Eq. (8.10), the cross sectional area of a conductor can be used as a
design variable. Section 8.7 contains more details about using A as a design variable.

8.6 Measuring the current distribution uniformity
The discussion in section 8.5 revealed the importance of the uniformity of the
eective current distribution. Let us now study the eective current distribution,
when short circuits are present. It is important that no specic requirement is made
regarding the eective currents of electrode gaps having short circuits since a major
portion of the electric current in such electrode gaps passes through the short circuits
and thus reduces the current eciency. For this reason, the objectives related to
the uniformity of the eective currents should ignore the eective currents of short
circuited electrode gaps. Omitting these short circuited electrode gaps results in the
`punctured' distribution Ifp of the eective currents. More details about punctured
eective currents (PEFCs) are presented in Appendix F. When calculating objective
functions using Ifp instead of the eective current matrix If , the minimum eective
currents will increase, since a short circuit tends to decrease the eective current of
a short circuited electrode gap.
The minimum and maximum of the PEFCs are simply mini (Ifp,i ) and maxi (Ifp,i ).
In practice, the latter is the same as maxl,k (If,l,k ), since a short circuit does not increase the eective current of a particular electrode gap. The signicance of the
extreme values of the current distribution, the minimum and maximum of the eective currents, was discussed above. The `spread' of the current distribution is also
important, as it is related to the objective of having uniform cathode copper mass
distribution of an electrolysis cell group (cf. Ch. 1). A measure for the spread of the
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current distribution can be obtained by applying some p-norm k · kp ,

(
kukp :=

∑

)1/p
|ui |p

, p ∈ R ≥ 1,

(8.11)

i

or the innity norm k · k∞ ,

kuk∞ := max |ui |

(8.12)

i

to the vector u = g(Ifp ), where g : RN → RN is some, yet unidentied, vector valued
function. Alternatively, statistical functions can be used. For example, one could
minimize the mean deviation or the bias-corrected sample standard deviation or
the statistical range. For vector v = (v1 , v2 , . . . , vN )T , these three functions can be
computed using
N
1 ∑
|vi − v̄|
meandev(v) :=
N i=1
(∑
)1/2
N
1
2
std(v) := √
(vi − v̄)
N − 1 i=1

statrange(v) := max(vi ) − min(vi ),
i

(8.13)
(8.14)
(8.15)

i

where v̄ is the sample mean,
N
1 ∑
v̄ = mean(v) :=
vi .
N i=1

(8.16)

Comparing Eqs. (8.13), (8.14) and (8.15) to (8.11) and (8.12), one can write these
three functions as norms:
meandev(v) ≡

1
kv − v̄ 1k1 ,
N

std(v) ≡ √

1
kv − v̄ 1k2
N −1

statrange(v) ≡ kv − min(v) 1k∞ .
Here 1 denotes the vector of ones having N elements.

8.7 Optimization problem denition
The design variables for the electrolysis cell group design optimization problem
are as follows:

% is the vector of binary variables for the busbar conguration.
ν is the binary variable for the topology template.
ς is the vector of continuous variables for the normalized cross sectional areas of the
CHB and VEBs.
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The tuple x in Eq. (8.5) containing all the design variables must be re-dened as

x := (%, ν, ς) .

(8.17)

In general % ∈ BM , where M is the number of candidate busbar congurations. In
this thesis, there are M = 21 pre-dened candidates, which are given in Table 8.1.
Hence, % ∈ B21 . Let %i = 1, if the ith busbar conguration is chosen and %i = 0
otherwise. Only one busbar conguration candidate can be chosen and so only one
element of % can be 1 (cf. Sec. 8.2). With regard to the topology template, ν = 0
will mean the non-twisted topology is used and ν = 1 will mean the twisted topology
is used. The vector ς of continuous design variables is dened as follows:
)
(
)
(
ς1
Achb /Âchb
:=
.
(8.18)
ς=
Aveb /Âveb
ς2
In this expression, Âchb and Âveb are the nominal cross sectional areas of copper in
the CHB and VEB (cf. Table J.3) and Achb and Aveb are the cross sectional areas of
copper in the CHB and VEB in the current design. Assuming the permissible ranges
of ς1 and ς2 are ς1L ≤ ς1 ≤ ς1H and ς2L ≤ ς2 ≤ ς2H , the components of the constraint
function vector g(ς) of (8.6) become

g1 (ς) := −Achb /Âchb + ς1L

g2 (ς) := Achb /Âchb − ς1H

(8.19)

g3 (ς) := −Aveb /Âveb + ς2L

g4 (ς) := Aveb /Âveb − ς2H .

(8.20)

Collecting these details, the feasible domain of Eq. (8.6) can be re-written as

X := {x :

M
∑

%i = 1 ∧

∑

%i ≤ 1 − ν ∧ g(ς) ≤ 0} .

(8.21)

i∈Sms

i=1

Set Sms contains the mirror-symmetric busbar congurations. From Table 8.1, Sms =
{1, 2, 3, 4}. The constraint
∑
%i ≤ 1 − ν
(8.22)
i∈Sms

in Eq. (8.21) forces the non-twisted topology to be used when a mirror-symmetric
busbar congurations is used. Adding constraint (8.22) yields better formulation of
the optimization problem since it halves the search space for the mirror-symmetric
busbar congurations.
It follows from the discussion in Secs. 8.5 and 8.6 that the objectives in optimizing
an electrolysis cell group include the following: (i) maximizing the minimum of the
PEFCs, (ii) minimizing the deviation of the PEFCs, (iii) minimizing the maximum
of the eective currents, (iv) maximizing the current eciency, (v) minimizing the
specic energy consumption and (vi) minimizing the amount of copper used in the
busbars and CHBs. In addition, the maximum busbar temperature should not
exceed certain level. As the limiting temperature of a busbar is not known, the
busbar temperature can be minimized.
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In Sec. 8.6, several functions were proposed for measuring the uniformity of the
current distribution in an electrolysis cell group. From Eqs. (8.11) and (8.12), it is
clear that increasing the norm degree p gives more weight to large components of a
vector. It is not obvious, which choice of p best suits this particular optimization
problem. As a multiobjective optimization problem is being solved, there is no great
harm done in adding a few objective functions. As such it was decided to add three
objective functions  the mean deviation (8.13), the standard deviation (8.14) and
the statistical range (8.15) of the PEFCs  to measure the current distribution
uniformity.
The following are all the individual objective functions used:
f1 (x) := − min(Ifp )

(8.23)

f2 (x) :=meandev(Ifp )

(8.24)

f3 (x) :=std(Ifp )

(8.25)

f4 (x) :=statrange(Ifp )

(8.26)

f5 (x) := max(Ifp )

(8.27)

f6 (x)

:=1 − ηIg

(8.28)

f7 (x) :=Es

(8.29)

f8 (x) := max(Tbb )

(8.30)

f9 (x) :=cuvol(x)

(8.31)

The individual objective functions in (8.23) - (8.31) should all be minimized. Hence,
using (8.23) - (8.31), the objective function vector f(x) = (f1 (x), f2 (x), . . . , f9 (x))T
corresponds to the multiobjective optimization problem of (8.4). The temperature
distribution for the busbars (ICBB and VEBs) is given Tbb . In Eq. (8.31), cuvol(·)
returns the total volume of copper in the busbars and CHB and is described in
Appendix H. The alias names, descriptions and units of the objective functions are
given in Table 8.2. The alias names will be used in the rest of this thesis instead of
the related function symbol or description.
As Eqs. (8.23) - (8.31) indicate, most of the elements in the objective function
vector f(x) can not be expressed explicitly as a function of the design variables.
Instead, the objective functions must be calculated from a solution of the electrolysis cell group FEM model, that is `built' using the values of the design variables
(cf. stages A and B in Table 7.2).

8.8 Summary of optimization setup
To summarize the results of this chapter a common `framework' for the design
optimization of an electrolysis cell group was given. We rst presented a cell group
design, which includes both the electrical connection arrangement between the electrodes (i.e. topology) and the sizes of selected conductors (i.e. sizing). Next 38
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Table 8.2:

Additional data for the individual objective functions.

Obj.
func.,
Alias name

Description

Unit

f1 , IfpMinNeg

negation of the minimum of the PEFCs

A

f2 , IfpMeanDev

mean deviation of the PEFCs

A

(8.13)

f3 , IfpStd

standard deviation of the PEFCs

A

(8.14)

f4 , IfpRange

statistical range of the PEFCs

A

(8.15)

f5 , IfMax

maximum of the eective currents

A

f6 , etaILoss

loss in the current eciency

Appendix G

f7 , Es

specic energy consumption

kWh/ton Appendix G

f8 , TbbMax

maximum temperature of the busbars

f9 , cuvol

total volume of copper in the busbars
and CHBs



m3

See

Appendix H

pre-dened ICBB system topologies were dened to be used as candidates in topology optimization. A general multiobjective optimization problem was given together
with the denition of Pareto-optimality. In the remainder of this chapter the design
optimization problem of an electrolysis cell group was given based on the analysis
of the goals, requirements and constraints in the copper electrolysis process. In this
optimization problem two discrete design variables are used to dene topology and
two continuous design variables are used to dene sizing of the cell group design.
Nine objectives were identied, from which ve are related to current distribution
uniformity of a cell group. In industry the current distribution uniformity is usually
calculated from the cathode currents. To obtain better measure the PEFCs (punctured eective currents) were introduced. The PEFCs  based on the eective
currents dened in Sec. 3.5  are superior over the cathode currents in calculation
of the current distribution uniformity for the following three reasons: (i) the PEFCs
provide better resolution of the current distribution, (ii) the copper deposition rate
is linear function of the eective currents and (iii) the PEFCs neglect the currents
of short circuited electrode gaps. Benet (i) follows from the fact that the cathode
current is the sum of the cathode half-surface currents (i.e. electrode gap currents),
while the eective current is calculated for the cathode half-surface. Moreover, benet (ii) follows because the eective current neglects the short circuit current, which
is not involved in the copper deposition onto the cathode surface.

Chapter 9
Optimization settings and results
In the nal section of Ch. 8 a multiobjective optimization problem was formulated
for optimizing the design of an electrolysis cell group. In this chapter three settings
for this problem will be presented and some results will be given.

9.1 Background for optimization settings
From the decision maker's point of view it is important to be able to see simultaneously the values of several objectives, which arise in multiobjective optimization.
Sometimes a Pareto-gure can be used. In a Pareto-gure the coordinate axes of
the gure are used for the objective values. A Pareto-gure can be used to visualize
up to four objectives; three objectives are indicated by the x, y and z coordinate
values and one by colour. However, Pareto-gures with more than two objectives
are often dicult to interpret. Moreover, all the objective functions (cf. Sec. 8.7)
are minimized in our case, hence the Pareto-optimal solutions map to the `lower-left
boundary' of a Pareto-gure.
If the number of the objectives is large, then a value path gure [5, p. 379] may
be used to plot traces for selected solutions. In a value path gure the objective
values are plotted for each objective; the objective indices are the x-axis values and
the objective values the y -axis values.

9.2 Optimization strategy
The multiobjective optimization problem, given in (8.4), can be solved using the
denition of the Pareto-optimality (cf. Sec. 8.4), resulting in a set of Pareto-optimal
solutions. The multiobjective optimization problem could also be transformed into
a substitute problem [8, pp. 10-19], leading to a scalarization of the multiobjective optimization problem. A substitute problem usually requires user-denable
parameters like the weighting factors or a demand level vector. Transforming a multiobjective optimization problem into a scalar optimization problem is an attractive
123
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option, since many optimization packages are available for solving single objective
optimization problems. However, a substitute problem has signicant limitations.
For example, the method of objective weighting is scale dependent and is guaranteed to nd all Pareto-optimal solutions only for convex optimization problems [8,
p. 11]. Hence we choose not to transform the multiobjective optimization problem
to a substitute problem.
The time dependent parts of the copper electrolysis process include deterministic
phenomena, such as copper dissolving and deposition, but also stochastic phenomena, like short circuit formation (cf. Sec. 6.1). In a time dependent numerical model
of an electrolysis cell group, values of the objectives  e.g. the current eciency
and the specic energy consumption  could be obtained from many simulations
over the production cycle (cf. Sec. 2.2). In our model, time dependent phenomena
are not modelled explicitly (cf. M1 in Sec. 3.2), i.e. our model is stationary.
In Sec. 7.4 a number of simulation cases were dened, each case corresponding to
dierent process conditions. These simulation cases can be used to specify optimal
cell group designs. Assuming there are ` simulation cases and Q objectives, there
are two possibilities:

• Consider the ` simulation cases to be distinct and separate. Specify optimal
cell group designs for each simulation case using the Q objectives.
• Consider all ` simulation cases simultaneously. This will essentially mean that
instead of solving a multiobjective optimization problem with Q objectives,
one needs to solve a multiobjective optimization problem with ` Q objectives.
In this thesis, the former was chosen.
Our purpose was not to apply some optimization methods to extract some global
optimal cell group designs, but rather to show that optimization was possible using
the electrolysis cell group FEM model. As such, we content ourselves with examining
carefully selected two-dimensional Pareto-gures and using them to compare the
solutions.
In the following sections, we propose three settings for optimizing an electrolysis
cell group design. Some details about these settings are given in Table 9.1. In the
deterministic setting for topology optimization , the optimality of the ICBB system
topology will be rst assessed in the ideal case (cf. Table 7.7), i.e. when no cell
disturbances are present. In the second setting, called the stochastic setting for
topology optimization , the optimality of the ICBB system topology will be assessed
separately in the two simulation cases that include stochasticity: the stochastic
current lossless case and the stochastic current lossy case. The nal setting is the
deterministic setting for sizing optimization . Although Table 9.1 indicates that the
stochastic current lossy case is used, this nal setting is deterministic since the
stochasticity is `disabled'. More details are given in Sec. 9.6.
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Optimization settings. The simulation cases and busbar congurations are
dened in Tables 7.7 and 8.1, respectively.
Table 9.1:

Optimization
setting name

Simulation cases

Topology
template

Processes

Busbar
congurations

Stochastic
scenarios

Deterministic ideal case
setting
for
topology
optimization

nontwisted
topology,
twisted
topology

ER

1 − 21

not applicable

Stochastic
setting
for
topology
optimization

stochastic current
lossless
case,
stochastic current
lossy case

twisted
topology

ER, EW

1 − 12,
15 − 21

1 − 100

Deterministic stochastic current
setting
for lossy case
sizing optimization

twisted
topology

ER, EW

21 (ER),
1 (EW)

1

9.3 Importance of the right choice of criteria
In the copper industry the current distribution uniformity of an electrolysis cell
group is calculated using the cathode current densities (cf. Sec. 3.5). Let us compare
the results for the current distribution uniformity, when the PEFCs (cf. Sec. 8.6) are
used instead of the cathode current densities. As half of the cathode surface area Ac
in contact with the electrolyte is almost precisely 1 m2 in our case (cf. Table J.2),
the measures have the same numerical scale.
In Fig. 9.1 the standard deviation of the cathode current densities (JcStd) and
the standard deviation of the PEFCs (IfpStd) are plotted for the pre-dened ICBB
systems (cf. Table 8.1) in the ER process. The results in Fig. 9.1 are calculated
using the twisted topology from two simulation cases: the stochastic current lossless
case and stochastic current lossy case. The gures reveal, that the selected measures
have strong positive correlation in the stochastic current lossless case (cf. Fig. 9.1(a)).
However, in the stochastic current lossy case (Fig. 9.1(b)) the correlation between the
measures is negative. Thus the cathode currents should not be used in calculating
the current distribution uniformity of an electrolysis cell group unless one can be
sure that short circuits are not present in the process. This result was explained in
Sec. 3.5. Even if short circuits are not present, the measures may not produce exactly
the same ranking for the selected ICBB systems. For example, from Fig. 9.1(a),
based on IfpStd one would conclude that ICBB system 17 is better than ICBB
system 3, whereas using JcStd one would arrive at the opposite conclusion.
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(b) Stochastic current lossy case

XY-plots for IfpStd and the standard deviation of the cathode current
densities in the ER process. The results are calculated using the twisted ICBB system
topology.
Figure 9.1:
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9.4 Deterministic setting for topology optimization
The deterministic setting for topology optimization of an electrolysis cell group
design will be used to nd non-feasible ICBB systems disconnecting some of the
electrodes from the current supply and to choose between the topology templates
(cf. Sec. 8.2). The ideal case (cf. Sec. 7.4) is suitable for this setting. This is because
a simulation in the ideal case reveals the eects of the ICBB system topology on the
objectives, whilst the eects of the cell disturbances are neglected.
The cross sectional areas of the CHB and VEB are forced to their nominal values.
This condition corresponds to choosing

ς1L = ς1H = 1

(9.1)

ς2L = ς2H = 1

(9.2)

in Eqs. (8.19) and (8.20). A non-feasible busbar conguration is one where at least
one electrode is not connected to a current supply. Such non-feasible busbar congurations can be found by checking the minimum of the eective currents since an
electrode that is not connected to a current supply has no eective current. Let  be
a small positive constant value. Then the feasible domain in this setting is dened
as follows:

X1 := {x ∈ X : f1 (x) +  ≤ 0 ∧ Eqs. (8.19), (8.20), (9.1) and (9.2) are satised}.
(9.3)
Here, X is the feasible set of (8.21) and f1 (x) is the negation of the minimum eective
current of (8.23).
It is desirable that a ICBB system topology does not disturb the current distribution of an electrolysis cell group. Hence the choice between the topology templates
must be based on the current distribution uniformity. The standard deviation of
the PEFCs (IfpStd, cf. Table 8.2) is used for measuring the uniformity.

Results
The Pareto-gures in 9.2 for the objectives IfpMinNeg and IfpStd in ER clearly
reveal that busbar congurations 13 and 14 are non-feasible. The gures also reveal
that the deviation of current distribution uniformity almost halves, when the twisted
topology (cf. Fig. 9.2(a)) is used instead of the non-twisted topology (Fig. 9.2(b)).
At the same time, when going from non-twisted topology to twisted topology, the
performance in terms of the objective IfpMinNeg either improves slightly or remains
largely unchanged. Hence, the twisted topology is superior to the non-twisted topology.
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Pareto-gures for the objectives IfpMinNeg and IfpStd in the ER process
for the 21 busbar congurations of Table 8.1. The results are calculated using the ideal
case.

Figure 9.2:
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9.5 Stochastic setting for topology optimization
The goal of the stochastic setting for topology optimization of an electrolysis cell
group is to nd optimal ICBB system topologies when cell disturbances are present.
Pareto-optimality will be assessed separately in two simulation cases: the stochastic
current lossless case and the stochastic current lossy case. The simulations for these
two cases reveal the eects of the ICBB system topology on the objectives at two
dierent time instances of the process cycle, namely at the beginning (lossless) and
at the end (lossy) of the rst cathode period (cf. Sec. 7.4).
The results from the deterministic setting for topology optimization (cf. Sec. 9.4)
will be taken into account, i.e. the two non-feasible busbar congurations  13 and
14  will be exluded and the twisted topology used. The cross sectional areas of
the CHB and VEB are restricted to their nominal values.
In the stochastic setting for topology optimization, the cell disturbances are randomized using the stochastic simulator (cf. Sec. 7.3). Typically, in a stochastic
optimization problem, the expected value or the variance of an objective is minimized. In our case the expected value was selected. The sample mean, cf. Eq. (8.16),
is used as an estimator for the expected value.
To exclude busbar congurations 13 and 14 and to force use of the twisted
topology, the feasible domain for this section is given by

∑

X2 := {x ∈ X1 : %13 + %14 = 0 ∧

%i ≤ ν} ,

(9.4)

i∈NM \Sms

where X1 is given in Eq. (9.3). Moreover, the set NM = {1, 2, . . . , M }. The constraint
∑
i∈NM \Sms %i ≤ ν in Eq. (9.4) forces the twisted topology to be used with busbar
congurations, which are not mirror-symmetric.

Normalization of the objective values
When assessing the values for several objectives simultaneously, the objective
values should be normalized. Consider a single objective with many values. Normalization is typically achieved either (i) by dividing the values by their minimum,
or (ii) by subtracting the minimimum of all values and and then dividing by the
value range. Assuming that all the objective values are positive, these approaches
map the objective values to the intervals [1, ∞) and [0, 1], respectively. Method (i)
may be useful, when the ratio of objective values is important. However, the method
produces an undesirable results when an objective has both positive and negative
values. An extension to method (i) is proposed in he following to x this problem.
Let Q objective values for M busbar congurations be stored in an M × Q
objective value matrix y so that its ith row yi,∗ , corresponding to the ith busbar
conguration, is

yi,∗ = f(xi )T , i ∈ NM .

(9.5)
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Here, f is the objective function vector given in Eqs. (8.23)  (8.31) and xi contains
the values of the design variables for the ith busbar conguration. Assuming a
minimization problem, the lifting vector δ is dened as

δ T = (δ1 , δ2 , . . . , δQ ) := | min(y) | − min(y),

(9.6)

where min(·) is calculated column-wise and the absolute value is calculated componentwise. Using δ , the lth column of the normalized objective matrix can be computed
0
= (y∗,l + δl 1)/| min(y∗,l )|. The entire normalized objective value matrix y0
using y∗,l
can be computed from

y0 = (y + 1 δ T ) diag(| min(y) |)−1 , | min(y) | > 0 .

(9.7)

Here, 1 is a vector of with M ones and 1 δ T is the outer product of the vectors 1 and δ .

Results
Normalized objective values
The normalized objective values (cf. (9.7)) are presented as value-paths in Fig. 9.3.
Each of the sub-gures corresponds to one of the simulation cases. The index l of the
objective function is presented in the x-axis, while the normalized objective value for
each ICBB system is presented in the y -axis. The current eciency related objective
f6 is given only when short circuits are present.
From Figs. 9.3(a) - 9.3(d) one can see that objective f7 , corresponding to the
specic energy consumption, is not useful in characterizing the ICBB systems, since
its variation is very small. Hence, objective f7 can be omitted.
Fig. 9.3(d) indicates, that the measures of the current distribution uniformity 
the mean deviation f2 , the standard deviation f3 and the statistical range f4 
produce rankings of ICBB systems that are similar, but not exactly the same. Hence
none of those objectives can be neglected. Figure Fig. 9.3 also indicates, that the
variation in the objectives tends to be larger, when short circuits are present 
Fig. 9.3(b) and Fig. 9.3(d). Moreover, the variation in the objective f6 , related to
the current eciency, is much larger in the ER process than in the EW process.

Pareto-gures
The objective function vector f(x), dened in Sec. 8.7, contains 9 components.
Consequently, there are C29 = 36 ways to select two objectives to be displayed in a
N
Pareto-gure for each of the simulation case. Here, CM
is the binomial coecient:
N
≡
CM

N!
.
M ! (N − M )!

Nevertheless, it would be dicult to achieve a `picture as whole' from such large
amount of gures. In choosing what objectives to use in Pareto-gures, two factors
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Normalized objective values in the stochastic setting for topology optimization. For each objective, there are 21 points corresponding to the 21 ICBB systems of Table 8.1.
Figure 9.3:
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Selection of objectives in the stochastic setting for topology optimization. The
objective functions are described in Table 8.2.
Table 9.2:

Objective
func. and alias

Stochastic current lossless case

Stochastic current lossy case

f1 IfpMinNeg

X

(X)

f2 , IfpMeanDev

X

X

f5 , IfMax

X

X

f6 etaILoss

X

f8 TbbMax

X

should be taken into account: (i) an objective should make a clear distinction between the ICBB systems in at least one simulation case and (ii) an objective should
capture one of the essential aspects of the optimization setting, e.g. in topology optimization the current distribution uniformity is considered as an essential objective
whilst the copper amount in the busbars is not.
The objectives and constraints were analyzed in Sec. 8.5. We continue this
analysis to nd the essential objectives for the two simulation cases. The result of
the analysis  the selection of the objectives to be used in the Pareto-gures  is
summarized in Table 9.2.
Whether short circuits are present or not, it is always desirable that the cathode copper mass distribution in a cell group be uniform and the formation of short
circuits be minimized. The current distribution uniformity will be measured by the
mean deviation of the PEFCs (IfpMeanDev). In Sec. 8.5, reasons were given for
why the probability of short circuit formation should be measured by the maximum of the eective currents (IfMax). It is also necessary that the cathode copper
can be removed from the permanent cathodes by an automated stripping machine.
This condition will be measured by the negation of the minimum of the PEFCs
(IfpMinNeg). When the short circuits are present, it is desirable that the copper
production volume is maximized. Also, the busbar maximum temperature is assumed to reach larger values when the short circuits are present. The production
volume is measured by the loss in the current eciency (etaILoss), whereas the
busbar maximum temperature is denoted by TbbMax.
Figure 9.4 indicates that the minimum of the PEFCs in the stochastic current
lossless case is more than 160 A for all the selected ICBB systems. The corresponding
eective current density If /Ac is about 50 % of the nominal cathode current density
Jˆc = 325 A/m2 (cf. Eq. (3.5) and Tables J.2 and J.4) and thus considered large
enough to ensure automated cathode stripping. The variation in IfMax is quite
small in ER. However, for the EW process, the IfMax values for ICBB systems 15
and 17 are signicantly larger than for other ICBB systems. From Table 8.1 and
Fig. 8.4 one sees that none of the busbars are continuous in the ICBB systems 15
and 17. According to Fig. 9.4(b) the ICBB systems with the continuous busbars 
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including the DoubleContact and ICBB systems 11 and 21  are either are Paretooptimal or almost Pareto-optimal in EW. To an ICBB system have the continuous
busbars the related busbar conguration must have at least one continuous busbar:
the continuous ICBB or a continuous VEB.
Figure 9.5 contains Pareto-gures for the objectives IfpMinNeg and IfMax in
the current lossy case. These Pareto-gure reveal signicant dierences between
the ER and EW processes. In the ER process (Fig. 9.5(a)), the maximum of the
eective currents, IfMax varies in a narrow range and the minimum remains positive, i.e. IfpMinNeg is always negative. In the EW process, the variation in IfMax
is signicant, and IfpMinNeg has sign changes. According to Fig. 9.5 the DoubleContact is Pareto-optimal solution in the stochastic current lossy case for the
selected objectives. This would indicate  together with the observations in the
previous paragraph  that the ICBB systems employing the continuous busbars are
preferable in EW.
Figure 9.5 revealed that the minimum of the PEFCs is small in some of the ICBB
systems when short circuits are present. However, assuming that the short circuits
are removed periodically, the resulting copper deposion thickness may be sucient
to allow automated stripping.
Figures 9.4 and 9.5 indicate that objective IfMax improves slightly for ICBB
systems with continuous busbars in the current lossy case compared to the current
lossless case. However, for the ICBB systems with split busbars, IfMax increases
moderately in ER and signicantly in EW. In Sec. 8.5, it was argued that the probability of short circuit formation is proportional to the eective current. Assuming
that this is true, splitting of the busbars increases the probability of further short
circuit formation when short circuits are present, somewhat in ER and signicantly
in EW.
The Pareto-gures in Fig. 9.6 are for the objectives IfpMeanDev and IfMax when
short circuits are not present. The variation in the current distribution uniformity
is small in both the ER and EW processes. In the ER process (cf. Fig. 9.6(a)), the
TwistBar based ICBB systems, in particular ICBB systems 19 and 20, perform well.
In the current lossy case (cf. Fig. 9.7), the current distribution uniformity related
objective, IfpMeanDev deteriorates, as the busbars are split more. At the same
time, the current eciency related objective, etaILoss, improves with increasing
busbars splitting. However, the dierence between the processes is notable. In
the ER process (Fig. 9.7(a)), the uniformity is aected only a little, and the current
eciency improves signicantly with increasing busbars splitting. In the EW process
(Fig. 9.7(b)), the opposite is true, as the current eciency improves only slightly
and the uniformity deteriorates signicantly with increasing splitting.
Figure 9.8 reveals, that ICBB system 12 causes high busbar maximum temperatures both in ER (Fig. 9.8(a)) and EW (Fig. 9.8(b)). Moreover, ICBB systems 16
and 18 cause high temperature in EW. These ICBB systems have either a fully split
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or an almost fully split ICBB, one continuous VEB and the other VEB missing or
only partially existing (cf. Table 8.1 and Fig. 8.4). These kind of busbar congurations can cause high loads (current densities) for the continuous VEB, and hence
result in high busbar maximum temperatures.

9.6 Deterministic setting for sizing optimization
In the deterministic setting for sizing optimization we study the eects of the
copper amount of the selected conductors  the CHB and the VEBs  on the
objective values. The stochastic current lossy case is used in this setting, as the
temperature of the busbars is assumed to achieve highest value when short circuits
are present. The sizing of the selected conductors could be optimized for all the
Pareto-optimal ICBB system topologies from the stochastic setting for topology
optimization. Instead we will choose two ICBB system topologies, one for the ER
process and the other for the EW process.
In sizing optimization it is practically impossible to use the stochastic simulator
(cf. Sec. 7.3), since the number of simulations needed would be huge. However,
it is important that the stochastic phenomena could be taken into account. A
compromise between the realistic objective values and the computational power
needed is achieved by using only one stochastic scenario. The choice can be also
justied by the size of the FEM model geometry, since in a large cell group the
variation of objectives is assumed to be quite small as the stochastic scenario changes.
The set of short circuited electrode gaps (cf. Eq. (6.40)) for the stochastic scenario
used is Ssc = {(1, 10) , (3, 26) , (4, 28) , (5, 4) , (5, 37) , (5, 42) , (5, 57)}.
The selection of the ICBB system topologies to be optimized in this setting is
based on the following criteria. First of all, the busbar conguration of the selected
ICBB system must not disconnect any of the electrodes from the current supply
even if the VEBs are removed (cf. Eq. (9.3)). This criterion is necessary to avoid
excessive loads (current densities) in the VEBs. Secondly, the busbar conguration
must have at least one VEB, as the VEB size is one of the design variables. Thirdly,
the dierences in the process cycle of ER and EW must be taken into account.
Finally, the results from the topology optimization should be used.
The TwistBar-family ICBB system topologies were found promising for the ER
process in the topology optimization (cf. Sec. 9.5). In the EW process the permanent
cathodes are harvested without breaking the current supply of the electrolysis cell
group (cf. Sec. 2.3). Hence the continuous busbar based ICBB systems are preferred
in EW. Based on the above selection criteria, the `Outotec TwistBar modication
8' was chosen to be optimized in ER and the DoubleContact in EW (cf. Table 9.1).
These optimization cases  dened by the simulation case and the ICBB system
topology  will be hereafter referred to as Case A and Case B , respectively.
The continuous design variables of Eq. (8.18) were forced in the topology opti-

Chapter 9: Optimization settings and results

140

mization settings (Secs. 9.4 and 9.5) to their nominal values. Now they are relaxed
to certain intervals. These intervals  corresponding to the feasible values of the
normalized CHB and VEB sizes  are dened by choosing

ς1L = 0.25

ς1H = 2

(9.8)

ς2L = 0.01

ς2H = 2

(9.9)

in Eqs. (8.19) and (8.20). To take the selection of the ICBB system and the constraints (9.8) - (9.9) into account, the feasible domain for Case A is given by

X3 := {x ∈ X : %21 = 1 ∧ ν = 1 ∧ Eqs. (8.19), (8.20), (9.8) and (9.9) are satised}.
(9.10)
For Case B the feasible domain is given by
X3 := {x ∈ X : %1 = 1 ∧ Eqs. (8.19), (8.20), (9.8) and (9.9) are satised}. (9.11)
In Eqs. (9.10) and (9.11) the feasible domain X is given by Eq. (8.6).
It is assumed, that (i) the objective values change somewhat smoothly as a
function of the design variables and (ii) the change in the objective value is fast for
small values of the design variables and small for large values. If assumption (i)
holds, it is sucient to solve the model for certain design variable values, and then
use an interpolation function to to get a continuous approximation for an objective
value. If assumption (ii) is true, the values of a design variable used in a simulation
should be generated using the exponential spacing instead of the uniform spacing.
An exponentially growing vector w of N elements, starting from a and ending to b,
can be conveniently generated in MATLAB using logspace function:

w = logspace(log(a), log(b), N ),

(9.12)

where log(·) denotes the 10-based logarithm function.
The simulation grid parameters related to the CHB and VEB normalized sizes
are presented in Table 9.3, including the number of the data point N . The elements
of the lists I and J in Table 9.3  dening the design variable values of the simulations  are calculated using (9.12) based on N and the limit of the design variables.
The simulation grid is dened by the lists I and J, as the tuple of the continuous
design variables ς ∈ I × J. The grid used for post-processing is extended so that
the maximum distance of any consecutive two elements in either of the lists I and J
does not exceed 0.05 m. The objective values for the extended grid are interpolated
using the interp2 function in MATLAB with `spline' method.

Results
The results for the sizing optimization could be presented using Pareto-gures,
as in the previous settings for topology optimization. A third objective could be
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Simulation grid related parameters for sizing optimization, including the number N of the data points of the design variables and the lists I and J of the design variable
values.
Table 9.3:

Design
element

Constant

Value

CHB

N
I
N
J

5
<0.25,0.42,0.71,1.19,2.00>

VEB

10
<0.01,0.02,0.03,0.06,0.11,0.19,0.34,0.62,1.11,2.00>

then added to gures by using color indicating the objective value. Instead of using
Pareto-gures we will present `response surfaces' for the objectives. A response surface is obtained by plotting the objective value as a function of the design variables.
Using the `response surfaces' one can assess the sensitivity of the objectives of our
optimization problem (cf. Sec. 8.7), as required in Sec. 8.1.
Note that both the process and the ICBB system topology are dierent in Case
A and Case B. As a consequence the following results should be interpreted with
caution. Especially the behaviour of the ICBB system topologies should not be
compared to each other, as the results are aected by the process in addition to the
ICBB system topology.
The current density distributions of the electrolyte calculated for the optimization cases of this section are depicted in Fig. 9.9. Note that the upper bound of the
current density is slightly higher in Case A (Fig. 9.9(a)) than in Case B (Fig. 9.9(b)).
The short circuited electrode gaps can be identied from the gures, as their current density is decreased. The fth electrolysis cell has four short circuits. As a
consequence the average current density of that cell is clearly decreased in Case B.
The current density distribution of Fig. 9.9(b) should be compared to the cathode
current density distribution of Fig. 7.10(b), in which the same stochastic scenario
is used. However it should be noted that the result of Fig. 9.9(b) is obtained by
using the nominal cathode current density Jˆc = 325 A/m2 , while in Fig. 7.10(b)
Jˆc = 250 A/m2 . This comparison of Figs. 9.9(b) and 7.10(b) reveals that the current of a short circuited cathode increases, while the current density in the surfaces
of that cathode decreases.
The normalized objective values are presented in Fig. 9.10. Both Case A (cf.
Fig. 9.10(a)) and Case B (Fig. 9.10(b)) have notable variation in the objectives
IfpMinNeg, TbbMax and cuvol (cf. Table 8.2). In addition, Case A has large variation
in the objective etaILoss and Case B in the objective IfpRange.
Fig. 9.10 indicates that the variation is small in some of the objectives, and they
could therefore be omitted. However, we will present the results for all the objectives
to obtain the absolute values and the sensitivity of the objectives. In addition, the
results for the CHB maximum temperature will be presented.
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(a) Case A

(b) Case B

The current density distributions (A/m2 ) in the electrolyte, as the CHB and
VEBs have their nominal size. The results are calculated using the stochastic current lossy
case.
Figure 9.9:
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Normalized objective values in the deterministic setting for sizing optimization. For each objective, there are 50 points corresponding to the 50 simulation runs
of Table 9.3.
Figure 9.10:

The copper volume (cuvol) of the CHB and VEBs in the cell group model
(cf. Fig. 9.11) changes linearly as a function of the design variables. This can be also
veried by taking the gradient of Eq. (H.7) with respect to the vector of continuous
design variables ς , which yields a constant vector. Fig. 9.11 also indicate, that the
copper volume increases much faster in the direction of the increasing CHB size than
in the direction of the increasing VEB size.
Figures 9.12(a) and 9.12(b) indicate that the minimum of the objective IfpMinNeg
is attained when both the CHB and the VEBs have their maximum size. Moreover,
IfpMinNeg is almost independent of the CHB size as long as it is say more than
≥ 50 % of its nominal value. In Case A the objective IfpMinNeg changes almost
linearly in the VEB size, while in Case B IfpMinNeg is practically not aected by
the VEB size.
The current distribution uniformity (Figs. 9.13 - 9.15)  measured by the objectives IfpMeanDev, IfpStd and IfpRange  improves somewhat as the VEB size
is increased. The CHB size aects only a little the selected objectives. However,
decreasing the CHB size improves the objectives IfpMeanDev and IfpStd. At the
same time the objective IfpRange deteriorates a little.
According to Fig. 9.16 the objective IfMax improves somewhat when the VEB
size is increased. In Case A (cf. Fig. 9.16(a)) the change rate of IfMax is fast for
small values of the VEB size, say <50 % of its nominal value. Elsewhese the change
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The volume (m3 ) of copper in the CHB and busbars (objective cuvol).
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rate of IfMax is small and almost constant as a function of the VEB size. In Case
B (cf. Fig. 9.16(b)) the variation in IfMax is neglible.
The objective etaILoss (cf. Fig. 9.17), and hence the current eciency, remains
almost independent of the design variables as long the VEB size is more than 20 % of
its nominal value. However, for smaller values of the VEB size etaILoss improves
fast in Case A as the VEB size is decreased. The specic energy consumption
(Es) (cf. Fig. 9.18) improves somewhat as the CHB size is increased. However, the
change rate is small as the CHB size exceeds its nominal value. The VEB size does
not practically aect Es. In Case B (Fig. 9.18(b)) the variation in the objectives
etaILoss and Es is negligible.
According to Fig. 9.19 the objective TbbMax behaves dierently in the selected
optimization cases. In Case A the low values of the objective are obtained when
the VEB size has small value and the CHB size large value, whereas in Case B the
minimum is attained when both the VEB and CHB sizes are in their upper limit.
Moreover, TbbMax is in Case A almost linear as a function of the design variables
as they are say ≥50 % of their nominal value. In Case B the objective TbbMax is
almost independent of the design variables as long as the VEB size is say ≥25 % of
its nominal value.
The maximum temperature of the CHBs was not chosen as an objective in
Sec. 8.5. However, Fig. 9.20 indicates that the CHB maximum temperature increases
fast as the CHB size is decreased. In Case A the maximum CHB temperature is
archived as the CHB size is in its lower limit and the VEB size in its upper limit,
whereas in Case B the maximum is attained when both the CHB and VEB are in
their lower limit. The highest temperature computed for the optimization cases is
more than 220 . Such temperatures obviously raise worker safety issues. Therefore the maximum temperature of the CHBs is a good candidate to be taken as an
objective in design optimization of an electrolysis cell group.



9.7 Summary of optimization settings
To summarize the results of this chapter we proposed three optimization settings
based on the optimization setup of Ch. 8. By using these settings we attempted to
optimize both the topology (i.e. electrical connections between the electrodes) and
sizing (i.e. cross sectional area of selected conductors) in the cell group design. We
next summarize the optimization problem of Ch. 8 and the optimization results of
each optimization settings separately.
The multiobjective optimization problem of Sec. 8.7 is large due the following
ve reasons: (i) the search space of the optimization problem is huge (cf. Sec. 8.2),
the dimension Q = 9 of the criterion space is large, the optimization problem is
of mixed-integer type, (iv) the objectives are calculated from a FEM model which
solution time is quite long and (v) Monte Carlo simulations are involved due to the
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The loss in the current eciency (objective etaILoss).
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The maximum temperature ( ) of the busbars (objective TbbMax).
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need to take stochasticity of the processes into account. Due to these reasons it is
practical impossibility to obtain a set of global optimal solutions to the multiobjective optimization problem of Sec. 8.7. To obtain some results (i.e. sub-optimal
solutions) we made several simplications to the multiobjective optimization: reduced the search space, applied the optimization settings sequentially and used
two-dimensional Pareto-gures to visualize selected two objective values simultaneously.
Results of the rst optimization setting  the deterministic setting for topology optimization  allowed us to almost halve the search space, since the twisted
topology was found superior to the non-twisted topology. In other words, it was
observed that the `orientation' of the ICBB conductor segments should change in
every second cell gap to maintain uniform current distribution of the cell group.
In the second optimization setting  the stochastic setting for topology optimization  the objective values were calculated in two processes conditions: (i) at
the beginning of the processes cycle when no short circuits exists and (ii) at the
end of rst cathode period when many short circuits exists. The corresponding
stochastic scenarios used in simulations are the stochastic current lossless case and
the stochastic current lossy case. It was found that the ICBB systems with continuous busbars are more `stable' compared to ICBB systems with busbars split in the
current lossy case in the sense that they maintain lower maximum of the PEFCs (see
Sec. 8.6 for the punctured eective currents). On the other hand, some members of
the TwistBar-family ICBB systems  having busbars split and the ICBB conductor
segments `mirrored' in every second cell gap  are promising in ER as they provide better current eciency compared to ICBB systems with continuous busbar.
In Sec. 6.5 we explained assumption of the `equal short circuit probability' and its
eects to the sensibility of simulation results when the stochastic current lossy case
is used. Hence measurements from an industrial scale electrolysis cell are needed to
verify the behaviour of the TwistBar-family ICBB systems when short circuits are
present.
In the last optimization setting  the deterministic setting for sizing optimization  we were interested in the eects of CHB and VEB sizing on the various
objectives of Sec. 8.7. Two optimization cases were contructed. Both of these optimization cases used the stochastic current lossy case but the ICBB system varied
as follows: in ER one modication of the TwistBar-family ICBB system was used,
whereas in EW the DoubleContact was used. The results of this optimization setting
were presented as `responce surfaces'. A responce surface is obtained by plotting an
objective value as a function of the design variables. The results of this optimization
setting revealed that most of the objectives of Sec. 8.7 are only slightly aected by
the CHB and VEB sizing, however with the following exception: the total copper
amount of the design elements (i.e. the VEBs and CHBs) increases with the CHB
sizing. Moreover, it was found that the maximum temperature of the CHBs in-
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creases fast for small CHB sizing. As a conclusion it would be possible to reduce the
copper amount used for the CHBs and VEBs, but with the increasing probability
of high temperature in CHBs. What is the maximum allowed CHBs temperature is
basically a worker safety issue.

Chapter 10
Conclusions
The conclusions of this thesis will be grouped under three headings: modelling,
simulation and optimization. For each heading improvements, and suggestions for
future work are also given.

Modelling
A semi-empirical, multiphysical, stationary FEM model of a copper electrolysis
cell group has been developed. The model contains electrical conduction and heat
transfer phenomena. The FEM model is more versatile and accurate than resistance
networks, which have been used in the past for modelling a copper electrolysis cell
group.
To ease the computations needed to solve the FEM model, two types of approximations were used: reduction of the FEM model geometry and empirical sub-models.
The reduction of the model geometry was achieved by using shell elements exclusively and `shrinking' the parts of the electrolysis cell that are below the electrolyte
surface. Empirical sub-models were developed for the cell voltage and electrode
busbar contact. Moreover, heat transfer by convection was approximated by using
the average heat transfer coecients. By using these techniques, the solution for a
7-cell copper electrolysis group FEM model can be solved in less than 8 minutes on
a standard PC workstation. Having this modest solution time, it was possible to use
the FEM model for optimization purposes. The FEM model of an electrolysis cell
group was augmented with stochastic sub-models for modelling disturbances arising from variations in electrode busbar contact resistances, variations in electrode
positioning and short circuit formation.
The proposed model could be improved in many ways. Time dependency could
be added. In addition, the empirical cell voltage sub-model could be rened if more
measurements were available. The use of shell element modelling and simplications
to the geometry were necessary to reduce the computational burden of the FEM
model. However, these simplications prevent some possibly interesting simulations,
including simulation of the electrode inclination. The stochastic sub-models could
157
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be improved in many ways. More measurements would allow renement of the
electrode busbar contact resistance model for the anodes and for the VEB contacts.
More importantly, the stochastic short circuit sub-model should be improved to
handle the formation of the short circuits more realistically. This would require the
inclusion of time dependency.

Simulation
Two simulators  deterministic and stochastic  were developed for the cell
group FEM model. The deterministic simulator was used to simulate the eect of
a single cell disturbance, whereas the stochastic simulator was used when one or
more stochastic disturbances are present. Both the simulators were found necessary.
The eects of changes in the ICBB system as well as the eects of a single cell
disturbance can be assessed using the deterministic simulator. Verication of several
large-scale process measures revealed that the results for the cell voltage and the
specic energy consumption obtained from the FEM model of an electrolysis cell
group are quite realistic. To obtain realistic values for the current eciency and
the current distribution uniformity of a cell group it was found necessary to take
the stochastic phenomena  i.e. electrode busbar contact, electrode positioning and
short circuits  into account.

Optimization
In the optimization part of this thesis we rst set up the optimization problem,
which included both combinatorial and real-valued design variables. The combinatorial design variables pertain to the electrical connections of the ICBB system. The
optimization of these is referred to as topology optimization. The real-valued design
variables were the cross-sectional areas of the CHB and the VEBs. Optimization of
these variables is referred to as sizing optimization. Setting up the problem required
completion of several tasks: (a) formulating meaningful objective functions, (b) reducing the number of candidate ICBB systems considered in topology optimization
to a `managable' level, (c) deciding what simulation scenarios are meaningful for the
two types of optimization. One result of task (a) was a new and improved measure
of current distribution uniformity in an electrolysis cell group. A typical measure of
current distribution uniformity uses cathode currents. However, simulation results
were presented showing why this typical measure is poor and why our new measure  based on punctured eective currents  is better. In task (b), we managed
to reduce the huge number of possible ICBB system topologies to a set of 38 candidates. Without such a reduction, attempting topology optimization would have
been futile. We next discuss in more detail task (c).
In task (c) we dened three settings for the design optimization of an electrolysis
cell group. The design optimization is the combination of the topology optimiza-
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tion and the sizing optimization. The rst two settings  the deterministic and
stochastic settings for topology optimization  were sequential. In other words,
results from the deterministic setting were used in the stochastic stochastic setting.
Using these results we were able to exclude a couple of non-feasible ICBB systems,
which disconnect at least one electrode from the current supply. Moreover, we were
able to exclude the non-twisted topology, which distorts the current distribution
of an electrolysis cell group. The last setting, the deterministic setting for sizing
optimization, was independent of the rst two settings.
One of the main results of the topology optimization was a novel and promising family of ICBB system topologies, the TwistBar family. The stochastic setting
provided several important ndings of which two stand out: (i) when short circuits
are present, the ICBB system topologies based on the TwistBar are Pareto-optimal
when the objectives considered are the current distribution uniformity and the current eciency and (ii) the probability of short circuit formation increases as the
busbars are split more. In practice, the TwistBar family ICBB systems can only
be used in an ER process, not in an EW process. This is because the cathodes
are harvested in EW without breaking the current supply, which requires the use
of continuous ICBB. As such, the Walker System and the DoubleContact family
ICBB systems are considered to be suitable in EW. With regards to (ii), process
measurements from an industrial scale cell group would be needed to study how the
TwistBar behaves in actual conditions.
The last optimization setting  the deterministic setting for sizing optimization  revealed that the copper amount in the conductors can be varied in a large
range without signicantly aecting most of the objectives, e.g. the current distribution uniformity, the current eciency and the specic energy consumption. The
CHBs contain a large portion of the copper used in the conductors of an electrolysis
cell group. Reducing the copper amount in the CHB should be considered. How
much reduction is practical is limited by the maximum CHB temperature. The
model yielded temperatures as large as 250
when the CHB size is reduced to
25 % of its nominal value. Such temperatures obviously raise worker safety issues.



More advanced optimization settings could be developed based on the work presented in this thesis. In doing so, the following issues need to be solved: (i) how to
take the stochasticity realistically into account and (ii) how to measure the commercial acceptability  i.e. manufacturing, durability, usability and economic aspects 
of an ICBB system. There are two main diculties in combining optimization and
stochasticity: developing realistic stochastic models and the heavy computational
demands of the optimization, where numerous objective values, and hence numerous FEM model solutions, are required. Moreover, to compute objectives over the
production cycle, time dependent phenomena of the electrolysis processes should be
included and this would further increase the computational demands. Related to
(ii), it is necessary to dene a mathematical formulation specifying when a ICBB
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system topology is commercially acceptable. Finally, the optimization results presented in this thesis should be validated using process measurements before proceeding further. The validation process would certainly provide information about
how to improve the numerical model of the electrolysis cell group and revise the
optimization problem.
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Appendix A
Cathode busbar contact
measurements
This appendix deals with the cathode busbar contact measurements. The cathode busbar contact measurements are used in the deterministic electrode busbar
contact model of Sec. 5.5 and in the stochastic electrode busbar contact of Sec. 6.2.
To be more specic, the stochastic contact model uses normalized busbar contact
measurements. Normalization of the measurements is discussed in Appendix B.
The purpose of a cathode measurements is to obtain the resistance of a cathode
intercell busbar (ICBB) contact as a function of the contact current. It is dicult to
measure the electric current passing through an electrode busbar contact in a process environment. Hence the contact current will be calculated indirectly using the
cathode hanger bar (CHB) potential loss measurements and the CHB temperature
measurements. The cathode measurements were obtained from a single cathode of
an ER process industrial scale test cell group containing three cells. The ICBB system used was the DoubleContact. The measurement period was 29 days containing
four full cathode periods and one partial cathode period. The duration of a single
cathode period was approximately seven days.
The following quantities were measured:



• Tchb : The temperature of the CHB ( )
• Uchb : The ohmic drop in the CHB (V)
• Ucn : The voltage drop in the cathode ICBB contact (V).
Both Tchb and Uchb were measured at the ICBB contact end of the CHB. An individual observation (vector of data points from each data series) was an average of 6 min
(measurement device level) observations. The number of data points in each data series was 6961. The time series of the process measurements are presented in Fig. A.1.
The CHB is a composite material consisting of a solid copper bar, which is
covered by a tube made of acid proof steel. The cross cross sectional areas of the
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Time series of the cathode contact measurements.
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CHB for copper (Âchb ) and acid proof steel are 706 mm2 and 407 mm2 , respectively
(cf. Table J.3). Since the electrical conductivity of copper is much larger compared
to acid proof steel, the acid proof steel tube was neglected in transforming the CHB
ohmic drop and the temperature to the electric current.
Let U = Uchb be the ohmic drop in the CHB, measured by voltage sensors having
distance of L = Lchb in the direction of the CHB. In addition, let T = Tchb be the
temperature of the CHB near the voltage sensors. Then the approximation for the
electrical current I through the cross-section A = Âchb of the CHB is calculated as

I=

U
Aσ0 U
=
,
R
L (1 + α (T − T0 ))

(A.1)

where Eqs. (5.2) and (8.10) are used. Moreover, σ0 and α are for copper and Lchb =
0.2 m. The contact current Icn is equal to the CHB current.
At this stage (i) outliers are removed from the data series and (ii) the observations
are classied. An observation is marked as an outlier if one of the following is true:

• The cathode being measured is not available for measurements due to the
cathode harvesting.
• A measurement is unusable due to a problem in the measurement arrangement,
e.g. broken sensor.
The observations were manually classied into either of the following two categories:
short circuit free case or short circuit case. The total number of observations after
removing the outliers was Nccm = 4273, from which 3288 belong to the short circuit
free case and the rest to the short circuit case. The classied measurements 
together with the contact current from (A.1)  are presented in Fig. A.2 as functions
time.
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Time series in the cathode contact measurements, as the outlier are removed.

Appendix B
Normalization of cathode busbar
contact measurements
This appendix deals with the normalization of the cathode busbar contact measurements of Appendix A. The normalized cathode busbar contact measurements
are used in the stochastic electrode busbar contact model of Sec. 6.2.
The normalization of the cathode busbar contact measurements have several
goals. These goals were discussed in Sec. 6.2. The normalization involves the following steps:
Step 1. calculation of the contact resistance from the contact voltage drop and the
contact current
Step 2. rst normalization of the contact resistance and the contact current
Step 3. identication of a lower bound function of the normalized contact resistance
Step 4. second normalization of the contact resistance by by subtracting the lower
bound from the `once normalized' contact resistance
These steps are explained in the following.
Step 1: Assume, that the results from the cathode busbar contact measurements
consisting of N = Nccm observations are given in vectors i = (i1 , i2 , . . . , iN )T and u =
(u1 , u2 , . . . , uN )T corresponding to the contact current Icn and the contact voltage
drop Ucn , respectively. The the vector r = (r1 , r2 , . . . , rN )T of contact resistances is
calculated as
uj
(B.1)
rj = .
ij
The result of this calculation is presented in Fig. B.1.
Step 2: Using Eqs. (6.6) and (6.7), the vectors i0 = (i01 , i02 , . . . , i0N )T of the nor0 T
)
malized contact currents and the normalized contact resistance r 0 = (r10 , r20 , . . . , rN
are calculated as

i0j =

|ij |

rj0 =

Icnmax
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rj
Rcnmin

.

(B.2)
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The maximum contact current Icnmax and the minimum contact resistance Rcnmin in
(B.2) are calculated as

Icnmax = kik∞

and

Rcnmin = min (r) ,

(B.3)

where k · k∞ is dened in Eq. (8.12). The numerical values for Icnmax and Rcnmin
are given in Table B.1. After the normalization it follows that i0j ∈ [0, 1] and rj0 ∈
[1, ∞) , ∀j .

Step 3:

0
The lower bound of the normalized contact resistance Rcn
as a function
0
of the normalized contact current Icn is parametrized as follows. Let
0
0
g1 (Icn
) := a1 exp(−b1 Icn
) + 1,

(B.4)

where a1 and b1 are constants (cf. Table B.1). Then a contact resistance lower bound
function R0cnlb (·) is dened as

g (I 0 ) + (I 0 − I 0 ) g(1) (I 0 ) if I 0 < I 0
1 cntp
cntp
cn
cntp
cntp 1
cn
0
0
,
(B.5)
Rcnlb (Icn ) :=
g1 (I 0 )
otherwise
cn

0
0
) denotes the derivative of
is a constant (cf. Table B.1) and g1 (Icntp
where Icntp
0
0
. The normalized measurements and the lower boundary
) evaluated at Icntp
g1 (Icn
function are presented in Fig. 6.1(a).
(1)

Step 4:

The `twice normalized' contact resistances r 00 can be obtained  in
theory  by subtracting the lower bound function from the `once normalized' contact resistance (cf. Eq. (6.8)). However, the elements of r 00 must be guaranteed to
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Estimates for the constants in the normalization of the cathode contact
measurements.

Table B.1:

Constant

Description

Unit

Icnmax
Rcnmin
0
Icntp
a1
b1

maximum contact current in the measurements

A

1800

minimum contact resistance in the measurements

Ω

26 · 10−6
650 A/Icnmax
40
14

constant related to Eq. (B.5)
constant related to Eq. (B.5)
constant related to Eq. (B.5)

Value

be strictly positive. Hence the vector r 00 of `twice normalized' contact resistances is
calculated as

r0 − R0 (i0 ) if r0 > R0 (i0 )
cnlb j
cnlb j
j
j
,
(B.6)
rj00 =

otherwise
where Eq. (6.8) is used and  is a small positive constant (0.01). From Eq. (B.6) it
0
follows that rj00 ∈ (0, ∞) , ∀j . Finally, using the normalized data in the vectors Icn
00
and Rcn
, a set Snc containing the normalized cathode contact measurement data is

(
)
Snc = { i0j , rj00 : j = 1 . . . N )}.

(B.7)

The ordered value pairs (tuples) dened by set Snc are presented in Fig. 6.1(b).
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Appendix C
Cell voltage laboratory
measurements
This appendix deals with the cell voltage laboratory measurements. The goal of
the cell voltage measurements is to obtain estimates for the cell voltage as a function
of the cathode current density in both the ER and EW processes. The results are
used in the empirical cell voltage model of Ch. 4.
The cell voltage measurements were obtained in a laboratory using small electrolysis cells (i.e. mini-cells). The cell arrangement used is schematically described
in Fig. 4.1(b). The mini-cell consisted of a pair of anodes and a cathode between
the anodes. The anode spacing used was 100 mm, and the cathode located quite
accurately in the middle of the anodes. The electrodes were placed in a vat, which
dimensions (L x W x H) were 20 cm x 15 cm x 12 cm. The cathode was made
of acid proof steel, and its dimensions (W x H x T) were 80 mm x 90 mm x 3.2
mm. The sides and bottom of the cathode plate were electrically insulated from the
electrolyte. The anode dimensions (W x H x T) and material varied between the
processes as follows:

• ER: 40 mm x 55 mm x 12 mm, copper
• EW: 80 mm x 75 mm x 8 mm, lead alloy.
The vat was then lled with the electrolyte. The electrolyte properties are given in
Table C.1. The electrolyte properties in Table C.1 are:

cCu the copper concentration of the electrolyte
cH2SO4 the sulphuric acid concentration of the electrolyte
T the temperature of the electrolyte.
During a measurement constant current is supplied to the anodes ca. 60 minutes,
thereafter the cell voltage is measured as a voltage between the anode and the
cathode. The cathode current density is calculated as a ratio of the supply current
173
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Table C.1:

Electrolyte properties in the mini-cell laboratory measurements.
Process

cCu
kg/m3

cH2SO4
kg/m3

T

ER

50

160

65

EW

40

160

50
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and the total area of the non-insulated cathode surfaces immersed into the electrolyte
(cf. Eq. (3.26)). Next measurement cycle begins with higher supply current.
The results of the cell voltage measurement are presented in Fig. C.1. The measurements may include a small, approximately 1-2 mV ohmic drop, which originates
to the current supply cable mountings to the electrodes.

Appendix D
Electrode polarization laboratory
measurements
This appendix deals with the electrode polarization laboratory measurements.
The purpose of the electrode polarization measurements is to obtain estimates of the
anode overvoltage and the cathode overvoltage as functions of the current density.
These overvoltage estimates are used in the empirical cell voltage model of Ch. 4.
Note that the anode overvoltage cannot be measured for the EW process due to the
oxygen formation on the anode surface.

Measurement arrangement
Arrangement used in the measurement of cathode polarization curves consisted of
a three-electrode cell depicted in Fig. D.1. The main components in this arrangement
are the working electrode (item A), the counter electrode (B) and the reference
electrode (C). During a measurement current is owing between the working and
counter electrode and the potential of the working electrode is measured as a voltage
between the working electrode and the reference electrode.
The working electrode was a small copper disc (diameter 8.8 mm), the counter
electrode a copper strip and the reference electrode a copper electrode. All electrodes were immersed in the electrolyte to be studied. The working electrode was
mechanically polished after every measurement. A Luggin probe with salt bridge
was used (items C and D in Fig. D.1). This arrangement caused an additional ohmic
drop between the working and reference electrode.
All the polarization curves were measured using galvanostatic technique where
the cell current was stepwise increased. Cell current was started at 0 mA and
stopped at 34 mA. Current step in the measurements was 0.0153 mA and scan rate
0.1 mA/s.
The arrangement to measure anode polarization curves was principally the same
as in the measurement of cathode polarization curves (three electrode cell). In these
measurements, however, the working electrode was made from a typical anode copper
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The three-electrode cell used in the polarization measurements (adapted
from [1, p. 49]).
Figure D.1:

material (99 % Cu, disc diameter 26 mm), the reference electrode of plastic covered
copper wire (head open) installed close to the working electrode surface and the
counter electrode was a copper strip. Measurements were made using potentiostatic
technique where a voltage ramp was fed between the working electrode and the
reference electrode. At the same time the cell current between the working electrode
and the counter electrode was measured. Potential ramp was started at 0 mV and
stopped at 400 mV with scan rate of 10 mV/min. The working electrode was also
in these measurements mechanically polished after every measurement.
The use of the salt bridge causes an oset to the cathode polarization measurements, i.e. the overvoltage diers from zero at a zero current density. The oset was
removed during the post-processing phase of the measurements.

The polarization measurements for the ER process
The electrolyte properties for the ER process polarization measurements are
given in Tabs. D.1 and D.2. The listed electrolyte properties are:

cCu the copper concentration of the electrolyte
cH2SO4 the sulphuric acid concentration of the electrolyte
cNi the nickel concentration of the electrolyte
T the temperature of the electrolyte.
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Table D.1:

surements.

The properties of the electrolyte in the ER process anode polarization meaExperiment

cCu
kg/m3

cH2SO4
kg/m3

cNi
kg/m3

T

1

63

150

17.0

65

2

63

150

17.0

65

3

61

166

16.7

65

70
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Figure D.2:
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The electrode polarization measurements for the ER process.

The anode and the cathode polarization measurements consisted of 3 and 2 individual experiments, respectively. The measurement results and the average of
measurements are depicted in Figs. D.2(a) and D.2(b). The anode overvoltage is a
function of the anode current density, whereas the cathode overvoltage is a function
of the cathode current density.

The polarization measurements for the EW process
The electrolyte properties for the EW process cathode polarization measurements are given in Table D.3. The measurements, added to the the average of the
measurements, are depicted in Fig. D.3.
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The properties of the electrolyte in the ER process cathode polarization
measurements.
Table D.2:

Experiment

cCu
kg/m3

cH2SO4
kg/m3

cNi
kg/m3

T

1

54.1

163

8.9

65

2

54.1

163

8.9

65



The properties of the electrolyte in the EW process cathode polarization
measurements.
Table D.3:

Experiment

cCu
kg/m3

cH2SO4
kg/m3

cguar
kg/m3

T

1

38.0

167

10

50

2

33.6
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The cathode polarization measurements for the EW process.

Appendix E
Supplementary data for the
simulation runs
In Table E.1 some supplementary data is be given for the simulation cases of
Sec. 7.4 (see Table 7.7). Table E.1 contains data for the ICBB systems and the
stochastic scenarios used in the simulation runs of Ch. 7 - Ch. 9. The list of gures
related to each of the simulation case is also shown in Table E.1.

Supplementary data for the simulation runs. The simulation cases and the
busbar congurations are dened in Tables 7.7 and 8.1, respectively

Table E.1:

Simulation
name

case

Topology
plates

tem-

Busbar
congurations

Stochastic Figures
scenarios

Ideal case

non-twisted
topology,
twisted topology

1 - 21

not applicable

7.4, 7.8(a), 9.2

Single
contact
failure case

non-twisted
topology,
twisted topology

1,15

not applicable

7.5

Single short circuit case

non-twisted
topology,
twisted topology

1,15

not applicable

7.3, 7.6

Stochastic electrode positioning
case

non-twisted
topology

1

1

7.7

Stochastic current
lossless
case

twisted topology

1 - 21

1 - 100

9.1(a),
9.3(c), 9.6

Stochastic current lossy case

twisted topology

1 - 21

1 - 100

7.8(b),
9.1(b),
9.3(b), 9.3(d), 9.5,
9.7, 9.8, 9.9 - 9.20
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9.3(a),
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Appendix F
Eective currents in simulations
This appendix deals with the computation of the eective currents and the punctured eective currents (PEFCs) in simulations. The eective currents and the
PEFCs are discussed in Secs. 3.5 and 8.6, respectively.

Computing the eective current
The eective current If (cf. Eq. (3.28)) for a single electrode gap can be calculated
from the FEM model of an electrolysis cell group using Eq. (3.21). However, in
COMSOL Multiphysics a quantity (e.g. the electrode busbar contact current Icn ) for
a list of point geometries can be calculated quickly compared to line integrals and
boundary integrals. In the following we propose a method of calculating the eective
currents of an electrolysis cell group FEM model using the electrode busbar contact
currents and the short circuit currents. The short circuit currents are calculated
from the FEM model by boundary integration, which requires Nsc calls of postint
function [25, p. 81] in COMSOL Multiphysics. However, in our model the number
of short circuits Nsc ≤ Ng = 7 (cf. Sec. 6.4). Hence the proposed method allows us
to avoid evaluation of at least Neg Ng − Nsc line integrals compared to the method
of solving the eective currents directly by integration.
Assume that the following quantities are calculated from the FEM model: the
Na × Ng matrix of anode currents Ia , the Nc × Ng matrix of cathode currents Ia and
the Neg × Ng matrix of the short circuit currents Is . Dene now the Na + Nc × Ng
matrix Ie of the electrode currents as


Ia,1,1 Ia,1,2 . . . Ia,1,Ng -1 Ia,1,Ng


 Ic,1,1 Ic,1,2 . . . Ic,1,Ng -1 Ic,1,Ng 


 Ia,2,1 Ia,2,2 . . . Ia,2,Ng -1 Ia,2,Ng 




(F.1)
Ie =  Ic,2,1 Ic,2,2 . . . Ic,2,Ng -1 Ic,2,Ng  .


.
.
.
.
.


..
..
..
..
..




 Ic,Nc ,1 Ic,Nc ,2 . . . Ic,Nc ,Ng -1 Ic,Nc ,Ng 
Ia,Na ,1 Ia,Na ,2 . . . Ia,Na ,Ng -1 Ia,Na ,Ng
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Re-writing (3.28) for the cell group we establish the relation between the eective
current matrix If , the electrode gap current matrix Ieg and the short circuit current
matrix Is as
If = Ieg − Is .
(F.2)
How is the electrode gap currents Ieg related to the electrode currents Ie ? Using
Kirchho's Current Law (KCL) and assumption (3.22) one can obtain
(F.3)

Ie = AIeg .
In Eq. (F.3) A is the Neg × Neg Toeplitz
1st sub-diagonal:

1 0 0

 1 1 0

 0 1 1

 . . .
A =  .. .. ..

 0 0 0


 0 0 0
0 0 0

matrix having ones in main diagonal and

...
...
...
..
.

0
0
0
..
.

0
0
0
..
.

0
0
0
..
.









.

... 1 0 0 


... 1 1 0 
... 0 1 1

(F.4)

Solving Ieg from (F.3) and substituting the result into (F.2) yields

If = A−1 Ie − Is .

(F.5)

Matrix equation (F.5) can be solved eciently in MATLAB using the backslash
operator: If=A\Ie-Is.

Computing the punctured eective currents
Given the set Ssc of the short circuited electrode gaps (cf. Eq. (6.40)), the
punctured eective currents (PEFCs) Ifp can be obtained using Algorithm 1. In the
algorithm < · > denotes a list and cat(·) denotes the list concatenation function.

Algorithm 1: Ifp
Data: The set Ssc of short circuited electrode gaps, the matrix If of the
eective currents.
Result: The punctured eective currents (PEFCs) Ifp .

begin

Ifp ←− <>
for l ←− 1 to Neg , k ←− 1 to Ng
if (l, k) ∈ M \ Ssc then
Ifp ←− cat(Ifp , < If,l,k >)

end

do

Appendix G
Computing the process measures in
simulations
This appendix deals with the computation of the process measures of Sec. 2.7 in
simulations. The process measures are extensively used in Secs. 7.7 and 8.7.
The FEM model of the electrolysis cell group allows us to calculate the eective
currents easily unlike in a real electrolysis process (cf. Appendix F). This can be exploited in a calculation of the current eciency and the specic energy consumption
in simulations as presented in the following.
Assume that the matrix If has been calculated using (F.5). In addition, let
msum (A) be the sum of elements of M × N matrix A,
msum (A) =

N ∑
M
∑

ai,j .

(G.1)

j=1 i=1

The supply current Ig0 passes through each electrolysis cell in the cell group in the
simulations (cf. C5 in Sec. 3.2), hence
msum (I eg ) = Ig0

(G.2)

msum (Ieg ) = Ng Ig0 .

(G.3)

and
In Eq. (G.2) I eg is a vector of the electrode gap currents for an electrolysis cell,
i.e. a column of the electrode gap current matrix Ieg (cf. Eq. (F.2)). Using (G.3) the
current eciency ηIg of the cell group is calculated in the simulations as

ηIg =

msum (If )
msum (If )
=
,
msum (Ieg )
Ng Ig0

(G.4)

where additionally Eqs. (2.4), (2.5) and the denition of the eective current have
been used.
In the stationary case the electric energy consumption in Eq. (2.6) is

Ee = Es Ig0 tp ,
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where Es is the voltage drop in the cell group and tp is the production time. According
to (3.27), the copper deposition rate for a single electrode gap is ( d/ dt) mCu =
ζCu If (t). The mass mCu of produced cathode copper in the Ng electrolysis cell group
during the production time tp becomes

mCu =

Ng Neg ∫
∑
∑
k=1 l=1

∫

tp

ζCu If,l,k dt =
0

tp

ζCu msum (If ) dt = ζCu msum (If ) tp ,

(G.6)

0

where we have used (G.1) and the interchangeability of the integral and summation.
Moreover, Neg and Ng are given in Sec. 3.2. Finally, combining Eqs. (2.6), (G.4),
(G.5) and (G.6) the specic energy consumption of the cell group is calculated in
the simulations as

Es =

Es Ig0 tp
Es Ig0
1 Ēc
Ee
Es
=
=
=
=
, (G.7)
g
g
mCu
ζCu msum (If ) tp
ζCu ηI Ng Ig0
ζCu ηI Ng
ζCu ηIg

where Ēc = Es /Ng is the average cell voltage of the cell group.

Appendix H
Computing the copper volume of the
conductors
This appendix deals with the computation of the copper volume of the conductors
(i.e. the busbars and CHBs) of an electrolysis cell group. The resulting function
cuvol(·) is used in Sec. 8.7.
Given the design variables in x = (%, ν, ς), cf. Eq. (8.17), let the binary integer
vectors i, a and c dene the busbar split patterns of the ICBB, the anode VEB and
the cathode VEB corresponding to the busbar conguration dened by the incidence
vector %. In addition, let the vectors u, v and w of 2Na − 1, 2Na − 1 and 2Nc − 1
elements dene the lengths of the busbar segments for the ICBB, the anode VEB
and the cathode VEB, respectively:

u = (Lif , Lis , Lic , Lis , . . . , Lis , Lic , Lis , Lil )T

(H.1)

v = (Lae , Lvs , Lvc , Lvs , . . . , Lvc , Lvs , Lae )T

(H.2)

w = (Lce , Lvs , Lvc , Lvs , . . . , Lvc , Lvs , Lce )T .

(H.3)

In Eqs. (H.1) - (H.3) constants Lif , Lil , Lic , Lis , Lae , Lce , Lvc and Lvs are given
in Table J.3. Now the function icbblen(·) returning the total length of the active
busbar segments in one ICBB and the vector valued function veblen(·) returning the
lengths of the active busbar segments in one anode VEB and one cathode VEB are

icbblen(i) ≡ iT u
(
)T
veblen(a, c) ≡ aT v, cT w .

(H.4)
(H.5)

Using Egs. (H.4) and (H.5) the copper volumes of one anode busbar, cathode busbar,
ICBB, anode VEB, cathode VEB and the CHB are given by the vector valued
function cuvolnom(·) as


Âicbb icbblen(1)


 Âicbb icbblen(1) 


.
(H.6)
cuvolnom(x) ≡ 
Â
icbblen(i)
icbb




 Âveb veblen(a, c) 
V̂chb
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In Eq. (H.6) constants Âicbb , Âveb and V̂chb are given in Table J.3. Moreover, 1
denotes the vector of ones having 2Na − 1 elements. Dene the vector r for the
normalized sizes of the above conductors as r = r(x) = (1, 1, 1, ς2 , ς2 , ς1 )T and
the conductor incidence count vector b = (1, 1, Ng − 1, Ng , Ng , Ng Nc )T . Then the
function cuvol(·), returning the total volume of copper in the busbars and CHBs, is

cuvol(x) ≡ r(x)T diag (b) cuvolnom(x).

(H.7)

Appendix I
Symbols
Table I.1:

Mathematical notations.

Symbol

Description

a
b
c
A
A∗,i , Aj,∗
CkN

vector a = (a1 , a2 , . . . , aN ) of N elements

S
0, 1
[a, b]
[a, b)
(a, b)
:=
≡
=
≈
∝
∀, ∧

list b =< b1 , b2 , . . . , bN > of N elements
n-tuple c = (c1 , c2 , . . . , cN ) of N elements
matrix

ith column and a j th row of a matrix A, respectively
binomial coecient, which value is given explicitly by CkN ≡
(
)
N !/ k! (N − k)! ; (·)! denotes the factorial
set S = {a1 , a2 , . . . , aM } of M elements
vector of zeroes, vector of ones
closed interval, [a, b] := {x ∈ R : a ≤ x ≤ b ∧ a < b}
half-closed interval, [a, b) := {x ∈ R : a ≤ x < b ∧ a < b}
open interval, (a, b) := {x ∈ R : a < x < b ∧ a < b}
denition operator
equivalence operator
substitution operator
`is approximately' operator, i.e. a ≈ b is the same as saying that a
is approximately b
`is proportional to' operator, i.e. a ∝ b is the same as saying that a
is proportional to b
logic: universal quantier, AND-connective
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Table I.2:

ces.

Mathematical operators and functions related to sets, lists, vectors and matri-

Name

Description

AT
A−1
cat(I, J)
diag(u)

transpose of a matrix A

di(x)

function, which returns a vector of dierences of
adjacent elements in a vector x of N elements,
i.e. di(x):=(x2 − x1 , x3 − x2 , . . . , xN − xN −1 )T

logspace(a, b, N )

function, which returns N logarithmically spaced points between 10a and 10b

msum (A)

sum of elements of a matrix A

|A|
a∈A
A∪B
A⊂B
A\B
A×B

cardinality (i.e. the number of distinct elements) of a set A

inverse of a matrix A
concatenation of two lists I and J
function, which returns a diagonal matrix with the elements
of the vector u on its main diagonal

a is a member of a set A
union of two sets A and B
set A is subset of a set B, i.e. a set A is a portion of a set B
dierence of two sets A and B
Cartesian product of two sets A and B
Table I.3:

Fundamental mathematical sets.

Name

Description

BN
N
NN
R
R2
R3
RN
RN
+

set of N -tuples of binary integer numbers, i.e. BN := {0, 1}N
set of positive integer numbers
set of positive integer numbers up to N , i.e. NN := {1, 2, . . . , N }
set of real numbers

set of pairs of real numbers, i.e. R2 := R × R

set of triples of real numbers, i.e. R3 := R × R × R
set of N -tuples of real numbers
set of N -tuples of positive real numbers
Table I.4:

Name

Common mathematical operators.

Description

d
dx
(k)

dierential operator

f (x)

k th derivative of a function f evaluated at x

dx

dierential, i.e. an innitesimal change in x

∇φ

gradient of a scalar eld φ

∇·Γ

divergence of a vector eld Γ
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Table I.5:

Common mathematical functions.

Name

Description

f, g, h

functions

g
frac (x)
max(·)
min(·)
pow(a, b)
|x|
dxe
bxc
[x]

vector valued function

k · kp
k · k∞

vector p-norm

fractional part of a real number x, i.e. frac (x) := x − bxc
maximum value of a set, function, vector list, etc.
minimum value of a set, function, vector list, etc.
power function, i.e. pow(a, b) := ab
absolute value of a real number x.
ceiling function, which returns the smallest integer ≥ x
oor function, which returns the largest integer ≤ x
rounding function, which returns the integer closest to x; halfintegers are rounded up
vector innity-norm (maximum norm)

Table I.6:

Common mathematical symbols.

Name

Description

a, b, c, d, p, r
a, b, c, u, v , x,
y
i, j , k , l, `
x, y
A
A, B, S
I, J
M, N


constants (duplicates: d for the thickness)
vectors (duplicate: x for the coordinate vector)
indices (duplicate: k for the thermal conductivity)
variables (duplicates: x and y for coordinate values)
matrix
sets
lists
upper limits of index values (duplicate: M for the molar mass)
small positive constant value
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Table I.7:

Common symbols related to the physics.

Symbol

Description

Unit

m
t
x, y , z
x
x L , x H , zL ,
zH
G
I
I0
Q
R
T
U
dt

mass

kg

time

s

coordinate values (duplicates: x and y for variables)

m

x = (x, y, z)
lower and upper values for the x and z coordinates

m

electrical conductance

S

electric current

A

constant electric current

A

electric charge

C

electrical resistance

Ω

coordinates of a point in R2 or

R3 ; in

R3 ,

temperature (scalar eld)
electric potential (scalar eld)
time dierential

Table I.8:

m


V
s

Symbols related to electrolysis, see Sec. 2.6.

Symbol

Description

Unit

m̂

theoretical mass of produced substance in the electrolysis
process

kg

z

valence number of the substance as an ion in solution
(electrons per ion)

F
M

Faraday's constant (96485.3383 C/mol)

C/mol

molar mass of substance (duplicate: M for a summation
limit)

kg/mol

ζ

constant part in the Faraday's electrolysis law

kg/C
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Symbols related to copper electrolysis, see Sec. 2.6.

Symbol

Description

Unit

mCu

produced (weighted) mass of produced cathode copper in
the copper electrolysis process

kg

m̂Cu

theoretical mass of produced cathode copper in the copper electrolysis process

kg

Ee

electric energy consumption of the copper electrolysis
process

J

Es

specic energy consumption of the copper electrolysis
process

J/kg

ηI
ζCu

current eciency of the copper electrolysis process
constant part in the Faraday's electrolysis law in the case
of copper electrolysis

kg/C

Symbols related to the currents and current densities of the copper electrolysis
process, see Sec. 3.4.
Table I.10:

Symbol

Description

Unit

Ic

cathode current

A

Iˆc

nominal cathode current

A

Ieg

the electrode gap current (the electric current passing
from an anode to a adjacent cathode)

A

Iega

electric current leaving from an anode surface in an electrode gap

A

Iegc

electric current injected onto a cathode surface in an electrode gap

A

If

the eective current (the electrical current passing from
an anode to a adjacent cathode through the electrolyte)

A

Ig0

constant supply current of electrolysis cell group

A

Is

short circuit current between adjacent electrodes

A

Ja , Jc

anode and cathode current density distributions (scalar
elds)

A/m2

Jˆa , Jˆc

the nominal anode current density and the nominal cathode current density

A/m2

J¯a , J¯c

the average anode current density and the average cathode current density (calculated for the electrode halfsurfaces Aa and Ac , respectively)

A/m2

J̆c

the cathode current densities of an electrolysis cell group
(matrix)

A/m2
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Table I.11:

Symbols related to an empirical cell voltage model, see Ch. 4.

Symbol

Description

Unit

cAel

empirical, geometry related factor in the calculation of
Ãel

cCu , cH2SO4 ,
cNi , cguar

concentrations of copper, sulphuric acid, nickel and guar
in the electrolyte

kg/m3

dap

thickness of a part of an anode plate, that is in contact
with the electrolyte

m

dcbp

thickness of a cathode base plate

m

dCu

total thickness of the deposited copper on a cathode base
plate; thickness of dCu /2 on each side

m

dCumax

maximum allowed value of total thickness of the deposited copper on a cathode base plate

m

dˆes

nominal distance of the electrode surfaces

m

tcp

the real-valued cathode period

Uec

total voltage drop in the electrode surfaces due to the
electro-chemical reactions

V

Ueca

total voltage drop in an anode surface

V

Uel

voltage drop in the electrolyte

V

Uelg

voltage drop in the electrolyte due to the gas evolution
at an anode surface

V

Uoa , Uoc

overvoltages of the anode and cathode reactions

V

Uoe

sum of the electrode overvoltages

V

Ãel

`face-to-face' surface area of adjacent electrodes

m2

Ea0 , Ec0

standard electrode potential for anode and cathode reactions, respectively

V

0
Ecell

thermodynamical cell voltage

V

Ncp , ncp

number of cathode periods in an anode period, an index
of the cathode period

R̃el

approximation of the electrical resistance of the electrolyte

Ω

σel

electrical conductivity of the electrolyte

(Ωm)-1

Ec

cell voltage

V
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Symbols related to FEM model geometry, see Sec. 5.2.

Symbol

Description

Unit

d

thickness of a structure (duplicate: d for a constant)

m

da , dc

thicknesses of anode and cathode plates, that are in contact
with the electrolyte, respectively

m

ha , hc

heights of the parts of the anode and cathode plates, which
are in contact with the electrolyte, respectively

m

u, v , w

vectors of 2Na − 1, 2Na − 1 and 2Nc − 1 elements dening
the lengths of the busbar segments of the ICBB, anode VEB
and cathode VEB, respectively

m

Aa , Ac

areas of one side of anode and cathode surfaces, that are in
contact with the electrolyte, respectively

m2

Aatot , Actot

total areas of anode and cathode surfaces, that are immersed
into the electrolyte, respectively

m2

Aatote

total eective area of the anode plates, i.e. the area which is
involved in the electrolysis process

m2

Âchb , Âicbb ,
Âveb

nominal cross sectional area of copper in the CHB, ICBB and
VEB, respectively

m2

Da

anode spacing, see glossary for more details

m

Dg

spacing between adjacent cells of an electrolysis cell group

m

La , Lc

widths of the parts of the anode and cathode plates, which
are in contact with the electrolyte, respectively

m

Lae , Lce ,
Lvc , Lvs

lengths of the busbar segments of a VEB: endmost anode
VEB conductor segment, endmost cathode VEB conductor
segment, conductor segment and spacer segment

m

Lif , Lil , Lic ,
Lis

lengths of the busbar segments of an ICBB: rst conductor segment, last conductor segment, conductor segment and
spacer segment

m

Ls

length of a current supply line geometry

m

Na , Nc

number of anodes and cathodes in an electrolysis cell, respectively

Neg

number of electrode gaps in an electrolysis cell

Ng

number of cells in an electrolysis cell group

V̂chb

nominal volume of copper in a single CHB

m3
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Table I.13:

Symbols related to index sets of an electrolysis cell group model, see Sec. 3.3.

Symbol

Description

i, j

anode and cathode indices of an electrolysis cell, respectively (duplicate: i for an index)

i

electrode index of an electrolysis cell (duplicate: i for the
anode index)

ichb

a domain number of the rst CHB in the rst electrolysis
cell of an electrolysis cell

ichb

a domain list ichb = (i1 , i2 , . . . , iNc ) for the CHBs of a
single electolysis cell

k

cell index (duplicate: k for a constant, k for the thermal
conductivity)

l

index of an electrode gap of an electrolysis cell (duplicate:
l for an index)

I
J
K
L
M

set of anode indices of an electrolysis cell

δbnd

increment in the domain numbers of the boundaries in
the adjacent electrolysis cells

δchb

increment in the domain numbers of the CHBs within an
electrolysis cell

Unit

set of cathode indices of an electrolysis cell
set of cell indices of an electrolysis cell group
set of electrode gap indices of an electrolysis cell
set containing index pairs (l, k); index pair (l, k) can be
used to identify an electrode gap of an electrolysis cell
group

Table I.14:

Common modelling related symbols, see Ch. 5.

Symbol

Description

Unit

h
n
A
L
V
ds
dA
dV
Ω
∂Ω
∂ 2Ω

height

m

outward unit normal vector of a boundary
area

m2

length

m

volume

m3

innitesimal length

m

innitesimal area
innitesimal volume
a domain
boundary of a domain Ω
edge of a domain Ω

m2
m3
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Symbols related to the modelling of electrical conductivity, see Sec. 5.3.

Symbol

Description

Unit

J
E
T0
U1 , U2 , U3

current density (vector eld)

A/m2

electric eld (vector eld)

V/m

α
ρ
ρ0
ρ̃⊥

temperature coecient of the electrical resistivity

1/

electrical resistivity

Ωm
Ωm
Ωm

σ
σ0
σ̃
σ̃el

electrical conductivity

σ̃⊥

approximation of the electrical conductivity to the normal direction of a shell element

reference temperature
electric potentials for dierent parts of a model geometry

electrical resistivity at the reference temperature T0
approximation of the electrical resistivity to the normal
direction of a shell element
electrical conductivity at the reference temperature T0
approximation of the electrical conductivity
approximation of the electrical conductivity of the electrolyte

Table I.16:


V



(Ωm)-1
(Ωm)-1
(Ωm)-1
(Ωm)-1
(Ωm)-1

Symbols related to the modelling of heat transfer, see Sec. 5.4.

Symbol

Description

Unit

h̄, h̄i

average heat transfer coecient in general and for the
ith surface

W/(m2 K)

k
q
q⊥ , q⊥,i

thermal conductivity

W/(m K)

Qh
Tel
T ∞ , Ti∞

heat source (scalar eld)

heat ux (vector eld)
heat ux to the direction of a surface outward-normal
vector in general and for the ith surface (scalar eld)
nominal temperature of the electrolyte
ambient bulk temperature in general and for the ith
surface

Table I.17:

W/m2
W/m2
W/m3




Symbols related to shell element modelling, see Ch. 5.

Symbol

Description

Nm
S
∂S , ∂Si

number of materials in a composite structure
a shell element
edge of a shell element and the ith edge of a shell element

Unit
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Table I.18:

Symbols related to the weak form modelling, see Ch. 5.

Symbol

Description

Tt
Ut
U1t , U2t , U3t

test function for the temperature T

Unit

test function for the electric potential U
test functions for the electric potentials U1 , U2 and U3 ,
respectively

General symbols related to the empirical modelling of an electrode busbar
contact, see Secs. 5.5 and 6.2.
Table I.19:

Symbol

Description

Unit

Icn , Icn,i

contact current in general and for the ith electrode busbar
contact

A

Rcn , Rcn,i

contact resistance in general and for the ith electrode
busbar contact

Ω

Ucn , Ucn,i

contact voltage drop in general and for the ith electrode
busbar contact

V

Table I.20:

pendix A.

Symbols related to the cathode busbar contact measurements, see Ap-

Symbol

Description

j
Lchb
Nccm

observation index (duplicate: j for an index in general)

Tchb

measured temperature of the CHB near the busbar contact

Uchb

measured potential loss in the CHB

distance of the Uchb sensors in the CHB
number of observations in a cathode busbar contact measurements after removing outliers

Unit
m


V
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Symbols related to the cathode busbar contact measurement normalization,
see Appendix B.
Table I.21:

Symbol

Description

0
g1 (Icn
), a1 ,
b1

function and modelling constants related to Eq. (B.4)

i

vector i = (i1 , i2 , . . . , iNccm )T of the contact current measurements
(
)T
vector i0 = i01 , i02 , . . . , i0Nccm of the normalized contact
current measurements

A

vector r = (r1 , r2 , . . . , rNccm )T of the calculated contact
resistances
(
)T
0
vector r 0 = r10 , r20 , . . . , rN
of the normalized contact
ccm
resistances
(
)T
00
vector r 00 = r100 , r200 , . . . , rN
of the twice normalized
ccm
contact resistances

Ω

u

vector u = (u1 , u2 , . . . , uNccm )T of the contact voltage
drop measurements

V

Icnmax

maximum of the contact current in the measurements

A

0
0
Icn
,Icn
,i

normalized contact current in general and for the ith contact

0
Icntp

modelling constant related to Eqs. (B.5), (6.11) and
(6.13)

Rcnmin

minimum of the contact resistance in the measurements

0
Rcn

normalized contact resistance

00
Rcn

twice normalized contact resistance

0
)
R0cnlb (Icn

lower bound function for the normalized contact resistance

Snc

set of normalized contact resistance measurements,
)
(
i.e. Snc = { i0j , rj00 : j = 1 . . . Nccm )}

i0
r
r0
r 00

Unit

Ω

Appendix I: Symbols

198

Table I.22:

Symbols related to the probability and statistics, see Ch. 6 and Sec. 8.6.

Name

Description

X ∼ normpdf(µ, σ)

`is distributed as' operator, e.g. X ∼ normpdf(µ, σ) is the
same as saying that a random variable X is normally distributed with the mean µ and the standard deviation σ

f

probability density function (PDF) (duplicate: f for function in general)

υ
v̄
F
F−1
X, Y
mean
meandev
normpdf
normpdf
std
statrange

a random number, see glossary for more details

unif

uniform PDF

wblcdf

Weibull CDF

wblinv

inverse Weibull CDF

wblpdf

Weibull PDF

µ
σ
γ

(arithmetic) mean

mean value, v̄ = mean(v)
cumulative distribution function (CDF)
inverse CDF
random variables
mean function
mean deviation function
normal PDF
inverse normal CDF
(bias-corrected) sample standard deviation function
statistical range of a set,
vector
i.e. statrange(u) := max(u) − min(u)

standard deviation
a random variate, see glossary for more details

list,

etc.,
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Common symbols related to the modelling of stochasticity, see Ch. 6.

Symbol

Description

υi
Θ
Θj

a random number associated with the ith geometry item

Unit

parameters of a PDF

j th parameter of a PDF

Table I.24:

Symbols related to the stochastic electrode busbar contact model, see Sec. 6.2.

Symbol

Description

a

scale parameter of the Weibull PDF (duplicate: a for a
constant)

b

shape parameter of the Weibull PDF (duplicate: b for a
constant)

fcn

PDF for the stochastic busbar contact modelling
0

g2 (Icn ), a2 ,
b2 , c2
0
g3 (Icn
), a3 ,
b3 , c3
Fcn , F−1
cn

function and constants related to Eq. (6.10)

Θcn , Θcn,i

parameters of the PDF fcn in general and for the ith electrode busbar contact

function and constants related to Eq. (6.12)
CDF and the inverse CDF for the stochastic busbar contact modelling

Unit
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Table I.25:

Symbols related to the stochastic electrode positioning model, see Sec. 6.3.

Symbol

Description

c1

constant in Eq. (6.28) related to the shell element modelling

c2,l

constant in Eq. (6.28) related to the electrode positioning
for the lth electrode gap of an electrolysis cell
(
)T
vector des = des,1 , des,2 , . . . , des,Neg of the distances of
the electrode surfaces in an electrolysis cell

des

Unit

m

des,l

distance of electrode surfaces for the lth electrode gap of
an electrolysis cell

m

delmin

minimum allowed distance of the electrode surfaces in
any electrode gap of a cell group

m

fep

a PDF for the stochastic electrode positioning modelling

Fep

inverse CDF corresponding to the PDF fep for the
stochastic busbar contact modelling

δa,i
δc,j
δe
δ es , δes

positioning error for the ith anode

m

positioning error for the j th cathode

m

vector and a matrix of the electrode surface distance deviations for an electrolysis cell and a cell group, respectively

m

δes,l
δr
σa , σc

electrode surface distance error for the lth electrode gap

m

rounding constant

m

standard deviations of the anode and cathode positioning
errors, respectively

m

σ̃el,l

approximation of the electrical conductivity of the electrolyte for the lth electrode gap of an electrolysis cell

Θa , Θc

parameters of the PDF fep in a case of the anodes and
cathodes, respectively

−1

vector of electrode position errors for an electrolysis cell

Table I.26:

(Ωm)-1

Symbols related to the stochastic short circuit model, see Ch. 6.4.

Symbol

Description

fsc

PMF for the stochastic short circuit modelling

i

linear index of an electrode gap (duplicate: i for index as
general)

Nsc

number of short circuits in an electrolysis cell group
model

F−1
sc

inverse CDF corresponding to the PMF fsc for the
stochastic short circuit modelling

Θsc

parameters of the PDF fsc

Unit
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Symbols related to the post-processing of an electrolysis cell group model,
see Appendices F and G.

Table I.27:

Symbol

Description

Unit

tp
Ia ,Ic

production time of copper electrolysis

s

anode and cathode currents of an electrolysis cell group
(matrices)

A

I e , Ie

electrode currents of an electrolysis cell (vector), electrode currents of an electrolysis cell group (matrix)

A

I eg , Ieg

the electrode gap currents of an electrolysis cell (vector),
electrode gap currents of an electrolysis cell group (matrix)

A

If

vector I f = (If,1 , If,2 , . . . , If,Neg )T of the eective currents
for an electrolysis cell

A

If

matrix of the eective currents of an electrolysis cell
group (matrix)

A

If,l,k

element of the eective current matrix If corresponding
to the electrode gap (l, k) ∈ M (see Table I.13 for the
set M)

A

Ifp , Ifp,i
I s , Is

list of the PEFCs; the ith element of the list Ifp

A

short circuit currents of an electrolysis cell (vector), short
circuit currents of an electrolysis cell group (matrix)

A

Ēc
Es
Ssc

average cell voltage

V

cell group voltage (voltage drop in the cell group)

V

Tbb
ηIg

set containing index pairs (l, k) of the electrode gaps of
an electrolysis cell group, which have a short circuit
temperature distribution of the busbars (i.e. anode busbar, cathode busbar, ICBBs and VEBs)
the current eciency for an electrolysis cell group
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Symbols related to calculation of the copper volume of conductors in a cell
group model, see Appendix H.
Table I.28:

Symbol

Description

Unit

a, c

binary integer vectors of Na − 1 and Nc − 1 elements for
the anode VEB split pattern and the cathode VEB split
pattern, respectively

b

vector of incidence counts of the anode busbar, cathode
busbar, ICBB, anode VEB, cathode VEB and the CHB
in an electrolysis cell group

i

binary integer vector of Na − 1 elements for the ICBB
split pattern

r

vector of the normalized sizes of the anode busbar, cathode busbar, ICBB, anode VEB, cathode VEB and CHB,
respectively

cuvol

function, which returns the total volume of copper in the
conductors of a cell group model

cuvolnom

vector valued function, which returns the volume of copper in one anode busbar, cathode busbar, ICBB, anode
VEB, cathode VEB and CHB, respectively

m3

icbblen

function, which returns the total length of active busbar
segments in the ICBB

m

veblen

vector valued function, which returns the total lengths of
active busbar segments in the anode VEB and cathode
VEB, respectively

m

m3
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Symbols related to the optimization, see chapters 8 and 9.

Symbol Description

x, x∗ ,
xi
Achb ,
Aveb
Nt
X, Xi

design variables, optimal design, values of the design variables for the
ith ICBB system topology

X∗ , X
ν

sets of optimal solutions and non-optimal solutions, respectively

M , i,
%, %i

binary integer design variables dening the busbar conguration: the
number of busbar congurations (21), an index of a busbar conguration, a vector of variables, the ith element of the vector %

N , j,
ς , ςj
ς1L , ς1H ,
ς2L , ς2H
P , k,
g , gk
Q, l, f,
fl
y, y0 , δ ,
δl
Sms

continuous design variables: the number of variables (2), an index of
variable, a vector of variables, the j th element of the vector ς

cross sectional area of copper in the CHB and VEB, respectively (m2 )
number of dierent possible topologies in an electrolysis cell group

feasible domain, a re-dened feasible domain for the ith optimization
setting
binary integer design variable dening whether or not the twisted topology is used

lower and upper bounds of the continuous design variables
constraints: the number of constraints, an index of constraint, a constraint function vector, the k th element of the vector g
objectives: the number of objectives, an index of objective, an objectives
function vector, the lth element of a objective function vector f
objective values: an objective value matrix, a normalized objective value
matrix, an oset vector, the lth element of an oset vector δ
set of busbar conguration indices corresponding to the mirrorsymmetric ICBB system topologies
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Appendix J
Modelling constants
Table J.1:

Material constants. Symbols ρ0 , α and k are presented in Tables I.15 and I.16.

Material
Cu
Pb
acid proof steel (type 316L)

∗

ρ0

α

10−9 Ωm
16.9
206
750

10−3 /
3.9
4.2
1.0



k
W/(m K)
395
35.3
15

∗

Measured values for constants not available; using approximate values instead.

†

In the ER process a soluble anode is cast from impure copper. In the EW process a plate a
permanent anode is made of lead alloy sheet. For the ER process the thickness corresponds to
the maximum of anode plate thickness.
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Various constants related to a model geometry, see Sec. 5.2, excluding the
busbar related constants that are given in Table J.3. If two values are provided, then the
rst value is for ER and the second value for EW; otherwise the processes share the same
value.
Table J.2:

Geometry

Property

Electrolysis number of cells in a cell group
distance between cells
cell group
Electrolysis number of anodes in a cell
cell
number of cathodes in a cell
anode spacing, see Table I.12
Anode

Cathode

cross sectional area of copper in the
hanger bar
thickness of the plate†
area of one side of a plate, that is in
contact with the electrolyte
height of a part of the plate, which is
in contact with the electrolyte
cross sectional area of copper in the
CHB
cross sectional area of acid proof steel
in the CHB
nominal volume of copper in the CHB
thickness of the base plate made of acid
proof steel (type 316L)
total thickness of a deposited copper in
the base plate
area of one side of a plate, that is in
contact with the electrolyte
height of the plate, that is in contact
with the electrolyte

Symbol Unit

Value

Ng
Dg
Na
Nc
Da

m

7
1.31

mm

31
30
100

mm2

da
Aa

mm
m2

ha

m

Âchb

mm2

 / 1000
40 / 6
0.9652 /
0.8967
0.99 /
0.98
706

mm2

407

V̂chb
dcbp

mm3
mm

911000
3.0

dCu

mm

12

Ac

m2

1.00425

hc

m

1.03
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see Sec. 5.2.
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Constants related to the busbars of the cell group FEM model geometry,

Geometry

Property

Symbol Unit

All busbars

length

m

3.1

ICBB

cross sectional area of copper
length of the rst conductor segment
length of the last conductor segment
length of the conductor segment
length of the spacer segment

L̂bb
Âicbb
Lif
Lil
Lic
Lis
Ls

m
m
m
m

1682
0.11
0.06
0.07
0.03

m

3.0

length of the current supply line geometry

Ls

m

3.0

cross sectional area of copper
length of the endmost anode VEB conductor segment
length of the endmost cathode VEB
conductor segment
length of the conductor segment
length of the spacer segment

Âveb
Lae

mm2
m

394
0.09

Lce

m

0.14

Lvc
Lvs

m
m

0.08
0.02

anode busbar length of the current supply line geometry
cathode
busbar

VEB

mm2

Value

Process constants, see Sec. 3.2 and Sec. 3.4. If two values are provided, then
the rst value is for ER and the second value for EW; otherwise the processes share the
same value.
Table J.4:

Geometry

Property

Cell group

nominal cathode current density

Symbol Unit
Jˆc
A/m2

Electrolyte

nominal temperature
copper concentration
sulfuric acid concentration

Tel
cCu
cH2SO4



Value
325

65 / 50
kg/m3 40
kg/m3 160
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Modelling constants related to the heat transfer, see Sec. 5.4. If two values
are provided, then the rst value is for ER and the second value for EW; otherwise the
processes share the same value. Symbols h̄, T ∞ and Tel are given in Table I.16.
Table J.5:

Boundary

h̄
W/(m2 K)

T∞

electrode  air

2.5

Busbar  air

10

electrode  electrolyte

1000

short circuit  electrolyte

7000 / 15000

ICBB  cell wall

300

anode VEB  insulator

150

cathode VEB  insulator

150

Tel − 10
Tel − 10
Tel
Tel
Tel
Tel
Tel / Tel +10



Glossary
anode busbar

An endmost busbar of an electrolysis cell group providing the positive current supply for the cell group. 5, 10, 20, 40, 45, 99, 185, 187, 201, 202,
207, 209

anode passivation

A blocking reaction on the anode surface due to the high local
current density. 10, 117, 187

anode period

In the ER process, the change interval of the copper anodes. Usually
21 days. 8, 33, 34, 187, 192

anode spacing

The distance between the symmetry planes of adjacent anodes of
an electrolysis cell. 7, 12, 32, 34, 49, 173, 187, 193, 206

anode VEB

A busbar for connecting the anodes of an electrolysis cell. 10, 11, 13,
40, 107, 109111, 113, 114, 185, 187, 193, 202, 209, 210

anode VEB split pattern

A busbar split pattern for an anode VEB. 111, 187,

202, 217

automated stripping machine

A device used in the copper industry to remove
copper deposition from the permanent cathodes. 8, 117, 132, 134, 187

average anode current density

A ratio of the electrical current and the surface
area calculated for one side of the anode plate in contact with the electrolyte.
24, 28, 30, 187, 191

average cathode current density

A ratio of the electrical current and the surface area calculated for one side of the cathode plate in contact with the
electrolyte (see J¯c in Table I.10). Should not be confused with the cathode
current density. 24, 25, 28, 30, 31, 37, 187, 191, 210

busbar conguration

Dened by the busbar split patterns for the cell gap related
busbars. 109111, 113, 119, 120, 127, 129, 130, 134, 139, 185, 187, 203

busbar

An elongated conductor being oriented to the direction of an electrolysis
cell. The anode busbar, cathode busbar, ICBB, anode VEB and cathode VEB
are the busbars of this thesis. 1012, 18, 43, 45, 48, 51, 5658, 60, 96, 99,
209

Glossary
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100, 103, 106, 107, 109111, 113, 117, 118, 120122, 132, 134, 139, 155, 159,
185187, 201, 207209

busbar contact

A contact between an electrode and a busbar. 1, 12, 13, 17, 42,
47, 48, 50, 51, 55, 5764, 6668, 73, 80, 83, 86, 96, 101, 102, 106, 118, 157,
158, 165, 169, 181, 187, 196, 199, 200

busbar segment

Either conductor segment or spacer segment of a busbar. 109
111, 185, 187, 193, 202

busbar split pattern

A logical pattern dening activation of the conductor segments and spacer segments for a busbar. 109111, 185, 187, 209211, 213,
217

cathode busbar

An endmost busbar of an electrolysis cell group providing the
negative current supply for the cell group. 5, 10, 20, 40, 45, 99, 185, 187, 201,
202, 207, 209

cathode current density

A ratio of the electrical current and the surface area
calculated for both sides of the cathode plate (industry denition, see J̆c in
Table I.10). Should not be confused with the average cathode current density.
25, 37, 90, 93, 97, 103, 125, 141, 173, 187, 191, 209

cathode period

In the ER and EW processes, the change interval of the permanent
cathodes. Usually 7 days. 8, 14, 33, 34, 37, 61, 83, 129, 155, 165, 187, 192

cathode VEB

A busbar for connecting the cathodes of an electrolysis cell. 10, 11,
13, 40, 41, 90, 107, 109111, 113, 114, 185, 187, 193, 202, 209, 210

cathode VEB split pattern

A busbar split pattern for a cathode VEB. 111, 187,

202, 217

cell disturbance

One of the following: electrode busbar contact failure, electrode
positioning, short circuit. 9, 17, 61, 83, 90, 100, 103, 124, 127, 129, 158, 187

cell gap

The space between two adjacent cells of an electrolysis cell group. 12, 101,
109111, 113, 155, 187

cell gap related busbars

The ICBB of the cell gap, the anode VEB of the preceding cell and the cathode VEB of the subsequent cell. 109, 110, 113, 187,
209, 213, 214, 217

cell group design

Design of an electrolysis cell group. 1, 3, 74, 107, 108, 121124,

127, 149, 187

cell spacing
19, 187

The distance between electrolysis cells in an electrolysis cell group.

Glossary

211

commercially acceptable

Commercial criteria for a cell group design, including
manufacturing costs. 106108, 159, 160, 187

computational electrode gap domain

Computational domain(boundary) used
to improve the quality of a distribution of the electrical conductivity of the
electrolyte. 71, 72, 187

computer aided product development

A product development process, in which
computer software are involved. The process typically enables one to simulate,
prototype and even optimize the product without acutually implementing the
physical product; however measurements would be needed to verify the resuting model. 1, 105, 187

COMSOL, Inc.

A company providing various software and services related to
modelling, simulation and optimization. 187

COMSOL Multiphysics®

A nite element analysis and solver software package
from COMSOL, Inc.. 39, 40, 43, 45, 47, 55, 70, 7580, 100, 181, 187, 217

COMSOL Script®

A numerical computing environment and a programming language from the COMSOL, Inc.. 78, 187

conductor segment

A segment of a busbar, which is connected to an electrode.
12, 86, 108, 109, 111, 155, 187, 193, 207

continuous busbar

A busbar, which is continuous in the direction of an electrolysis cell. 10, 132, 134, 139, 155, 187

continuous ICBB

A busbar split pattern for the ICBB, for which all the spacer
segments are enabled. 11, 12, 102, 111, 113, 134, 159, 187

continuous VEB

A busbar split pattern for a VEB, for which all the spacer segments are enabled. 111, 134, 139, 187

copper anode

An anode construction for the ER process, cast from molten impure
copper. 5, 79, 33, 41, 187

current eciency

The measure for the current losses in the electrolysis process.
14, 15, 1921, 26, 93, 96, 97, 99, 103, 117, 120, 124, 130, 132, 134, 149, 155,
158, 159, 183, 187, 191, 201

current loss scene

Simulation scene dening whether the electric current losses
exists or not. See also: simulation case. 83, 187

current lossless
current lossy

A named current loss scene. 83, 187

A named current loss scene. 83, 130, 187
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design

Design of a mechanical structure, dened by topology and sizing. 107, 120,
187

design optimization

A mathematical process whereby the topology and sizing of a
structure is dened given a prescribed set of limitations and a clear objective.
See also topology optimization and sizing optimization. 119, 121, 122, 149,
158, 187

deterministic setting for sizing optimization

A named optimization setting.

124, 139, 155, 159, 187, 214

deterministic setting for topology optimization

A named optimization set-

ting. 124, 127, 129, 155, 159, 187, 215

deterministic model

A part of an electrolysis cell group model. See Fig. 3.1. 17,
18, 39, 40, 50, 102, 187

deterministic simulator

A part of an electrolysis cell group model. See Fig. 3.1.
17, 18, 83, 86, 90, 102, 103, 158, 187

domain group

A set of domains having the same dimension and sharing the same
constants, expressions and equations. A domain group stores the geometric
indices of its members in a domain list. 7880, 187

domain list

A vector of domain numbers for a set of domains of the same dimension, e.g. boundary, edge or point. 79, 187, 194, 212

eective current

The electric current involved in the copper deposition in a single
side of a cathode plate. 25, 26, 31, 55, 80, 117, 118, 120, 122, 127, 132, 134,
181183, 187, 191, 201

electrode gap

The space between two adjacent electrodes of an electrolysis cell.
21, 22, 2426, 28, 31, 49, 7073, 86, 101, 118, 122, 139, 141, 181184, 187, 191,
193, 194, 200, 201

electrode spacing

The distance between the symmetry planes of adjacent electrodes of an electrolysis cell. Typically half of the anode spacing. 10, 20, 37,
187

FEM model

A numerical model being a result of the FEM modelling process. 2,
3, 17, 21, 29, 32, 34, 37, 3941, 43, 4951, 53, 55, 56, 59, 60, 68, 70, 7580, 82,
93, 96, 97, 99103, 105, 106, 109, 110, 117, 121, 124, 139, 149, 157159, 181,
183, 187, 212, 213, 216

FEM modelling

A process of dening, solving and post-processing of a FEM
model. 2, 27, 187, 212
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fully split ICBB

A busbar split pattern for the ICBB, for which all the spacer
segments are disabled. 86, 93, 103, 109, 111, 139, 187

domain number

An index of a domain in a FEM model. 79, 187, 194, 212

indexing of domains

A proceduces of giving an unique index for each of the domain within the same dimension (e.g. a point, edge and boundary) in a (analyzed) FEM model geometry. Note that the indices are unique only within
the domain type, i.e. boundary, edge and point. 78, 79, 187

geometry template

A versatile FEM geometry, which allows to create geometry
variants by activating subset of its subgeometries. 77, 78, 81, 109, 110, 187

geometry variant

An instance of FEM model geometry created from a geometry
template. 77, 81, 109111, 187

hyperrectangle

Generalization of a rectangle for higher spatial dimensions. 100,

187

ICBB spacer pattern
ICBB split pattern

A spacer pattern for the ICBB. 111, 187

A busbar split pattern for the ICBB. 111, 187, 202

ICBB system

A part of a current supply system of an electrolysis cell group, which
is used to (i) connect the cathodes to the anodes of the adjacent cell by the
ICBB and (ii) optionally connect the electrodes of the same type in the same
cell by one or two VEBs. 1, 2, 1012, 18, 83, 86, 90, 93, 100, 102, 103, 107,
109, 113, 114, 125, 127, 130, 132, 134, 139, 140, 155, 158, 159, 165, 179, 187

ICBB system design

Design of an ICBB system, dened by the ICBB system
topology and sizing of busbars. 107109, 187, 214

ICBB system topology

The topology part of the ICBB system. Corresponds to
the geometry variant in the software implementation of the FEM model. 107,
108, 110, 111, 113, 118, 122, 124, 127, 129, 139, 141, 158160, 187, 203

ICBB system twist pattern

A logical pattern dening mirroring of the cell gap
related busbars. 110, 111, 187

ideal case

A named simulation case. 83, 86, 90, 93, 9597, 124, 127, 187

limiting cathode current density

A current-limiting phenomenon on a cathode
surface, which is a result of a nite diusion rate of copper ions.. 10, 117, 187

MATLAB®

A numerical computing environment and a programming language
from the MathWorks, Inc.. 66, 78, 80, 81, 140, 182, 187
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mirror-symmetric

If mirroring of the cell gap related busbars of a cell gap does
not change topology of the ICBB system, the busbar conguration is said to
be mirror-symmetric. 113, 114, 120, 129, 187, 203

model variant

Fully congured FEM model, including the geometry variant and
continuous parameters. 8183, 187

multiobjective optimization

A mathematical process where two or more objectives are minimized or maximized simultaneously given a prescribed set of
limitations. 115, 123, 155, 187

multiobjective optimization problem

A mathematical formulation of the design variables, objectives and constraints in a multiobjective optimization process. 105, 115, 121124, 149, 155, 187

nominal anode current density

A parameter of the electrolysis process. Depends on the nominal cathode current density and the cell geometry. 23, 187,
191

nominal cathode current density

A parameter of the electrolysis process. 15,
22, 37, 73, 95, 96, 132, 141, 187, 191, 207

non-twisted ICBB system topology

A topology template for which the cell gap
related busbars are identical in each of the cell gap. 108, 110, 111, 113, 120,
127, 155, 159, 187

object oriented programming (OOP)

A computer programming paradigm. 80,

187

ohmic drop

The voltage (IR) drop  e.g. in the electrolyte  due to the electrical
resistivity of the conductive material. 28, 3032, 37, 96, 117, 118, 165, 167,
174, 187

Optibar Segmented Intercell Bar System

An ICBB system construction. 12,

86, 93, 187

Case A

A named optimization case in the deterministic setting for sizing optimization. 139141, 143, 149, 187

Case B

A named optimization case in the deterministic setting for sizing optimization. 139141, 143, 149, 187

optimization case

Conditions for sizing optimization of the cell group design. Dened by the simulation case and the ICBB system topology. 139, 141, 149,
155, 187, 214

optimization setting

An attempt to nd a set of sub-optimal ICBB system designs. i, 3, 123, 124, 132, 139, 140, 149, 155, 158, 159, 187, 203, 212, 216
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Outotec Oyj

A worldwide technology leader providing innovative and environmentally sound solutions for a wide variety of customers in minerals and metals
processing as well as related process industries. 187

Outotec DoubleContact

A patented ICBB system from Outotec Oyj. 12, 13,
73, 90, 97, 134, 139, 155, 159, 165, 187

Outotec TwistBar

An ICBB system construction from Outotec Oyj (patent pending). 113, 134, 139, 155, 159, 187

permanent anode

An anode construction for the EW process, for which an electrode plate is made of lead alloy sheet. 9, 31, 33, 41, 187

permanent cathode

A cathode construction, where a base plate is made of acid
proof steel (e.g. type 316L). Also called the `stainless steel blank'. 8, 9, 30, 32,
45, 51, 5558, 60, 93, 117, 132, 139, 187

punctured eective currents

The eective currents excluding the short circuited
electrode gaps. 118, 120122, 125, 127, 132, 134, 155, 181, 182, 187, 201

random number

Computer generated uniformly distributed pseudorandom number on the interval [0, 1]. 62, 63, 69, 73, 82, 187, 198, 199

random variate

A variable generated from random number. 63, 187, 198

real-valued cathode period

The real-valued cathode period tcp of the electrolysis
process, dened by the electric charges consumed. See also: cathode period.
33, 34, 49, 83, 187, 192

setting

An attempt to solve a problem or sub-problem, e.g. deterministic setting
for topology optimization. 106, 124, 127, 139, 140, 149, 158, 159, 187

shell element

A simplied geometry, which results as one dimension of a three
dimensional geometry object is reduced. 39, 40, 42, 4446, 4951, 5558, 60,
96, 99101, 157, 187, 195

shell element modelling

A method of simplifying a FEM model geometry by
using the shell elements. 39, 49, 60, 100, 187, 200

simulation case

Dened by the process, presence of the stochasticity and (possibly
empty) set of enabled cell disturbances. 83, 84, 86, 9597, 124, 125, 129, 130,
132, 139, 179, 187

single contact failure case
single short circuit case

A named simulation case. 83, 86, 90, 187

A named simulation case. 84, 86, 90, 187
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sizing

Denes the cross-sectional area of the conductors in a cell group. 1, 107109,
121, 122, 139, 149, 155, 156, 187

sizing optimization

A mathematical process whereby the size of a structure elements is dened given a prescribed set of limitations and a clear objective. 18,
107, 108, 139, 140, 158, 159, 187

spacer pattern

A logical pattern dening actication of the spacer segments for a
busbar. 109, 187

spacer segment

A segment of a busbar, which is between two conductor segments.
108, 109, 111, 113, 187, 193, 207

specic energy consumption

The measure for the energy eciency of the electrolysis process. 14, 15, 90, 93, 96, 103, 117, 120, 124, 130, 149, 158, 159, 183,
184, 187, 191

stochastic setting for topology optimization

A named optimization setting.

124, 129, 139, 155, 159, 187

stochastic current lossless case

A named simulation case. 84, 9597, 99, 124,

125, 129, 132, 134, 155, 187

stochastic current lossy case

A named simulation case. 84, 90, 9597, 99, 103,
124, 125, 129, 130, 132, 134, 139, 155, 187

stochastic electrode positioning case
stochastic model

A named simulation case. 84, 90, 187

A part of an electrolysis cell group model. See Fig. 3.1. 17, 18,

61, 187

stochastic scenario

A data structure containing the random numbers needed to
re-construct the random variates for a stochastic simulation. 18, 82, 83, 97,
139, 141, 155, 179, 187

stochastic simulator

A part of an electrolysis cell group model. See Fig. 3.1. 17,
18, 82, 83, 90, 102, 106, 129, 139, 158, 187

domain

An element of a (analyzed) FEM model geometry, i.e. a point, edge, boundary or a solid. A domain has constants, expressions and equations associated
on it. 40, 7780, 100102, 109, 187, 194, 211213

topology

Denes electrical connections between the electrodes in a cell group. 1,
18, 107109, 113, 121, 122, 149, 187

topology optimization

A mathematical process whereby the location and number
of voids within a structure is dened given a prescribed set of limitations and
a clear objective. 18, 107, 108, 122, 132, 139, 140, 158, 159, 187
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topology template

A template dening all the possible electrical connections between the electrodes in an electrolysis cell group. 108, 111, 113, 119, 120, 127,
187

mirrored busbar construction

Given a cell gap, the geometry and the busbar
split pattern of the cell gap related busbars are mirroded. 110, 111, 187

twisted ICBB system topology

A topology template for which the cell gap related busbars are mirroded in each other cell gap. 108, 110, 111, 113, 120, 125,
127, 129, 155, 187, 203

VEB spacer pattern

A spacer pattern for a VEB. 111, 187

VEB split pattern

Either the anode VEB split pattern or the cathode VEB split
pattern. 111, 113, 187

Walker System

A traditional ICBB system construction. 1113, 86, 90, 93, 95,
96, 103, 159, 187

weak form

A particular formulation of a partial dierential problem. 39, 40, 44,

46, 187

weak form contribution

A contribution to an COMSOL Multiphysics model equation system. 40, 45, 46, 4850, 187

weak form modelling

A particular way of specifying a COMSOL Multiphysics

model. 40, 44, 187

Whitehead Intercell Busbar System
11, 12, 187

A traditional ICBB system construction.
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CDF

cumulative distribution function. 62, 63, 67, 69, 187, 198200

CFD

computational uid dynamics. 2, 187

CHB

cathode hanger bar. 12, 13, 19, 51, 53, 5658, 79, 101, 103, 108, 119122,
127, 129, 139141, 143, 149, 155, 156, 158, 159, 165, 167, 185187, 193, 194,
196, 202, 203, 206

DOF

degrees of freedom. 39, 40, 43, 50, 51, 55, 71, 81, 187

ER

electrorening. 5, 7, 9, 10, 15, 21, 27, 28, 30, 31, 33, 34, 37, 41, 43, 47, 49, 50,
59, 62, 69, 73, 83, 86, 93, 9597, 99, 101, 110, 125, 127, 130, 132, 134, 139,
155, 159, 165, 173, 174, 176, 187, 205

EW

electrowinning. 5, 8, 9, 12, 15, 21, 27, 28, 30, 31, 33, 34, 37, 41, 47, 49, 50,
59, 69, 73, 83, 9597, 99, 101, 103, 110, 130, 132, 134, 139, 155, 159, 173175,
177, 187, 205

FEM

nite element method. 2, 17, 18, 29, 4951, 55, 60, 67, 75, 77, 78, 80, 81, 90,
99, 101103, 187

GUI

graphical user interface. 78, 79, 187

ICBB

intercell busbar. 5, 1013, 40, 73, 83, 84, 86, 101, 107111, 113, 114, 121,
139, 155, 165, 185, 187, 193, 201, 202, 207209

PDF

probability density function. 6264, 66, 67, 69, 74, 82, 187, 198200

PEFCs
PMF
VEB

See punctured eective currents. 187

probability mass function. 72, 73, 187, 200

voltage equalizer bar. 10, 13, 101, 103, 108, 109, 111, 113, 114, 119121, 127,
129, 139141, 143, 149, 155, 156, 158, 187, 193, 201, 203, 207, 208
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