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Abstract

A scalar light field is any stationary monochromatic wave in the visible spectrum
which propagates in an isotropic, homogeneous, non-dispersive and non-magnetic
medium and thus obeys the Helmholtz wave equation. This thesis presents novel
methods and algorithms related to the synthesis and reconstruction of a scalar light
field, given a set of irregularly-distributed target values within a spatial region of
interest. The set of target values and their positions are determined and constrained
by some practical application which requires a light field. The light field synthesis task
is considered in the thesis as split into two complementary subtasks. The first subtask
is to reconstruct numerically a scalar light field whose values at the given locations
approximate the target values of the application. The second subtask is to find the
optimal configuration of an optical device, e.g. a deflectable micromirror device, which
can modulate an incident light wave to produce the desired, reconstructed light field.

The core of the thesis studies problems related to the irregular sampling and recon-
struction of scalar light fields. The aim is to represent a continuous light field, which
satisfies a certain integral or a differential equation, by a set of discrete, irregularly-
distributed samples in a manner which can be stably inverted. This study includes
algorithms which reconstruct a continuous field from a discrete set of samples, together
with the tools for analyzing the stability and convergence of this reconstruction. Two
basic reconstruction approaches are developed. One of them is based on the method
of Projection Onto Convex Sets (POCS) and the other one on least squares opti-
mization. The POCS-based approach defines one set per transversal plane or, more
generally, one set per sample. The projections from set to set are done by light
propagation with the plane-wave decomposition integral. The least squares -based
approaches developed in this thesis model the continuous field as expansion over a
discrete set of basis functions, defining a linear space of the considered light fields.
Two models have been derived – one based on the plane-wave decomposition integral,
and the other one on cylindrical harmonic decomposition, involving Bessel functions
of the first kind. The reconstruction is done by solving a linear system of equations,
obtained by expressing each known sample by equation through the model. The linear
system is solved rapidly by an iterative algorithm – the method of conjugate gradients.
The weighted least squares is used to accelerate moderately the convergence of the
conjugate gradients method. An advantage of the least squares-based approach is the
possibility to analyze the stability of the irregular sampling set and the convergence
of the iterative solver. Different sample distributions influence the stability of the
reconstruction, which are analyzed with the singular values of the linear system.
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ii ABSTRACT

The light field synthesis part of the thesis studies two optimization algorithms to
find the configuration of the deflectable micro-mirror device which synthesizes to best
extent a desired light wave, restricted to a transversal plane. The first approach is a
precise and extensive search based on the method of simulated annealing. The second
approach is a fast and greedy optimization algorithm based on matching pursuit
method for signal decomposition. The field is assumed to satisfy the Fresnel diffraction
integral. However, the algorithms can be easily adapted to serve any light propagation
model.

The main outcome of the thesis is a general framework to be used in light field recon-
struction and synthesis applications. The framework components are interconnected
together and provide the following functionalities:

• modeling continuous light fields by linear expansions;

• reconstructing continuous light fields by rapid iterative algorithms;

• studying the stability of a given sampling set related to reconstruction;

• modeling the physical inconsistency of the sample values related to an applica-
tion;

• optimal configuration of an optical device for synthesizing a desired light field
on a plane.

The components of this framework are consistent with each other, and yet, each com-
ponent can be substituted with an alternative. The alternative would still preserve the
structure of the framework and would function together with the other components.
As such, this framework can be used for evaluation and comparison of alternatives
for a certain module. Such flexibility allows adaptation to any application and any
inherent innovation.

The developed framework for light field reconstruction and synthesis serves applica-
tions related to the following scientific areas: digital holography, computer generated
holography and beam shaping. Industrial applications, e.g. lithography, interferom-
etry, microscopy and particle manipulation benefit from the ability to manipulate a
light wavefront. Free view-point, enabled by the ability to capture and display three-
dimensional scenes, improves environmental applications in education, medicine, TV
and the gaming industry, computer aided design, traffic control, amongst others.
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Chapter 1

Introduction

1.1 Background and motivation

This thesis is devoted to the generation and reconstruction of a desired, application-
oriented, optical Light Field (LF) distribution within a spatial region of interest.
Typically, the light field distribution is generated by modulating an incident wave
through an optical system, which propagates beyond the system in a homogeneous
medium within the region of interest. The design and configuration of the optical
system is based on the knowledge of a physically consistent light field. Therefore, it
is of major importance to reconstruct a light field which satisfies to an optimal extent
the constraints imposed by the application at hand.

Light field reconstruction and synthesis finds applications in various social, industrial
and scientific areas. Recently, much attention has been paid to applications related
to three-dimensional (3D) imaging [1] and, more specifically, digital holography. Pri-
mary tasks are the numerical reconstruction of digitally recorded holograms of real 3D
scenes and Computer Generated Holograms (CGH) of 3D synthetic objects and scenes
[2]. Potential applications of 3D capture and display include education, medicine, the
game industry, cultural heritage, Computer Aided Design (CAD), traffic control, mil-
itary applications, etc. Education, training and simulation benefit from 3D display
to achieve more realistic and detailed visualization. In medicine, high-quality 3D vi-
sualizations and telepresence make diagnosis and monitoring during treatment easier.
Archaeological discoveries can be precisely captured and reconstructed for simulation
in museums and on-line portals. CAD systems for different industrial purposes can
visualize and describe the designed products and their interior without projections
and cross-sections. The game and entertainment industry challenge the user with
completely new freedom of movement and interactivity provided by the 3D visualiza-
tion. Traffic control and the military industry benefit from 3D navigation, education
and training.

Light field reconstruction and synthesis serve directly a wide area of applications in
industrial and research optics called light beam shaping. They include lithography,
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2 CHAPTER 1. INTRODUCTION

interferometry, microscopy and particle manipulation [3]. These applications specify
the light beam shape and properties which have to remain unchanged for a long
propagation distance or appear periodically. In lithography, the focus of the plotting
beam must be kept for large axial extent. Beams with large depth of focus are
convenient to serve as reference beams in interferometry. In microscopy, these beams
can be used as scanning beams to obtain images with extended depth of focus. Dashed
beams which contain peaks appearing periodically along their longitude are used in
measurement and multi-focal imaging. Dark beams have intensity minima along the
propagation direction which can be used for particle trapping and guiding.

Consider the example 3DTV display application represented in Fig.1.1. A 3D scene
available in an abstract representation has to be re-created at the viewer’s display
end. The 3D scene specifies an artificial object or data of some real object, recorded
by some means. A physically consistent light field is numerically reconstructed from
the abstract scene representation by digital processing. According to the Rayleigh-
Sommerfeld diffraction integral, the complex-valued light field distribution on a cer-
tain plane carries sufficient information for the field in the whole region of interest
[4]. This information is used to configure an optical system which re-creates the scene
by modulating an incident light wave. A modulated monochromatic incident wave is
able to re-produce only a monochromatic scene. A full color scene can be achieved by
modulating an incident wave for each color component in e.g. an RGB color system
[1].

The optical modulation systems are primarily based on diffractive media which mod-
ulate either the phase or the amplitude of an incident beam. Early works optimize
the structure of a binary printed transparency to reconstruct a planar pattern in the
far field [2]. Current state-of-the-art Diffractive Optical Elements (DOEs) are able
to span a large part of the space of physically consistent light fields [3]. They use
refraction and their surface is fabricated by a lithographic process. Spatial Light
Modulators (SLMs) are electronically reconfigurable and thus able to serve real-time
applications [5, 6, 7]. However, they reproduce the degrees of freedom of a light wave
to a smaller extent than fixed DOEs do [7]. SLMs are based on liquid crystals, micro-
electromechanical systems and magneto- and acousto-optic modulators [5]. Digital
Micromirror Devices (DMDs) are a type of reconfigurable devices which modulate an
incident wave by reflection. These devices consist of a large array of electronically
controlled micromirrors which can take one of a few preset angles [8]. They are very
attractive as they provide higher contrast ratio, brightness and optical efficiency com-
pared to liquid crystal -based SLMs. A pioneering work uses DMD to reconstruct a
binary hologram [9]. A holographic 3D image projection by DMD in a gel medium is
proposed in [10].

The light modulator configuration is optimized by means of computation to synthe-
size the light field specified on a plane. Many works specify the desired light field as
planar scene, often as intensity only, and concentrate on the constraints imposed by
the DOE/SLM [2, 11]. However, this assumption is not always reasonable, especially
for beam shaping applications. Some of these works try to control the phase and
amplitude at the target plane separately by adding another DOE/SLM [12, 13, 14].
The structure of the DOE is commonly optimized by iterative projection methods
derived on the base of the Gerchberg-Saxton algorithm [15, 16, 17]. Recently, the
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rapid growth of the computational resources has drawn interest towards optimiza-
tion of the DOE structure to approximate directly a volumetric scene specification
[3, 18, 19, 20, 21, 22, 23, 24]. A more general approach is to decouple the optimization
of the DOE/SLM structure from the data specification. This involves a reconstruc-
tion of a physically consistent light field which satisfies best satisfies the volumetric
specification. As a second stage, a reference plane for this field can be targeted by any
type of fixed or reconfigurable modulation device which is appropriate for the appli-
cation at hand. Therefore, light field reconstruction from the specifications provides
a common approach to carry out the processing in any application.

Commonly, the volume of interest is specified on an ensemble of equally spaced planes,
at a regular grid of points on each plane [3, 19, 20, 21, 22, 23]. Often, oversampling is
used to cover the fine details and to enable efficient projections [3, 21, 23]. This results
in large dimensionality, which in many cases is redundant. A minimum amount of
samples per plane can be achieved by maximizing the sampling step separately for
each plane, based on space and bandwidth assumptions and longitudinal distance
[25, 26, 27, 28]. The distance between consecutive planes can be optimized, as well
[23, 29]. This results in a fixed non-uniform, but regular 3D grid [23, 29]. However,
such a 3D grid is still redundant with respect to the degrees of freedom of a light
field, which can be specified only on a single plane. Moreover, some applications
might provide fixed positions of known data points, generally inconvenient to be fit
to either uniform or a fixed non-uniform grid. Computer graphics specify synthetic
3D scenes on a set of irregularly distributed points such as point clouds, 3D meshes,
NURBS, etc [30]. These use higher point density to describe fine details and lower
point density for uniform areas in the scene. Traditionally, 3D scenes are captured
by recording the interference pattern of their light field with a reference beam [2].
Numerical or optical reconstruction of the scene light field requires the same reference
beam, perfectly in-phase. Some recent works try to overcome the need of an additional
beam by making multiple recordings of the same scene at different distances [31, 32,
33, 34, 35]. Light field reconstruction from irregularly distributed samples also covers
the case of a sensing device having different orientation for each recording. Hence, data
specification on irregular grid of points is both dimensionally efficient and application
oriented.

To the best of our knowledge, the problem of irregular sampling and reconstruction of
monochromatic light fields has not yet been addressed. These light fields are special
type of signals where the signal along the propagation dimension depends upon the
signal in the transversal dimension(s). However, the theory of sampling conventional
signals has been well investigated and contains many results for one- and multidimen-
sional signals [36, 37]. Many works investigated theoretical conditions on the recov-
erability of one dimensional band-limited signals [38, 39, 40, 41]. Strict conditions for
multidimensional signals have not yet been found [37, 42, 43]. However, there is a myr-
iad of methods to recover a signal from irregularly distributed samples. A large group
of reconstruction algorithms are based on iterative projections [44, 45, 46, 47]. Many
methods for light field reconstruction and synthesis from both volumetric and planar
data use iterative projections, as well [3, 21, 22, 23, 32, 48, 49]. Therefore, adaptation
of the basic method of Projection Onto Convex Sets (POCS) [16, 50] for light field
reconstruction from irregularly distributed data points seems promising. Another
mainstream of signal reconstruction algorithms from irregularly distributed samples
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is based on finite dimensional modeling of the signal space and iterative matrix in-
version, accelerated for structured matrices [37, 42, 43, 51]. Diffraction science offers
few continuous models to describe monochromatic light fields [4, 52, 53]. Rayleigh-
Sommerfeld diffraction integral and its frequency domain alternative – Plane-Wave
Decomposition (PWD) integral provide exact scalar calculation [4, 54]. The Fresnel
integral restricts the field of calculations only to small angles and the Fourier integral
can be used for the far field [2, 4, 53]. Numerical computations are usually carried
out between parallel planes and use discrete-to-discrete models, mostly derived on the
base of the Fresnel integral. These use fixed uniform grids on the input and output
planes whose steps are either the same or depend on the distance between the planes
[2, 55]. However, such a grid does not fit the irregularly distributed sample posi-
tions. On the other hand, numerical computations require a description of the space
of physically consistent fields with a finite amount of parameters. Hence, a discrete-
to-continuous model of diffraction is required to address the irregular sampling and
reconstruction problem. Possibly, such a model should not have restrictions so that
the light field reconstruction provides exact results. Moreover, such a model should
allow for reconstruction from physically inconsistent data samples, which are likely
for 3D display and beam shaping applications [3].

1.2 Thesis objectives

The ultimate goal of this thesis is to develop a general and efficient framework which
serves a wide range of light field synthesis applications. The generality is targeted by
decoupling the light field synthesis from the prior light field reconstruction within a
volumetric region of interest. The focus of the thesis is on numerical methods which
serve the reconstruction and synthesis. The major part of the thesis investigates
a dimensionally efficient reconstruction, while the synthesis concerns computational
methods to optimize a certain type of modulation device. The objectives of the thesis
are summarized as follows:

1. Develop efficient computational methods for light field reconstruction from data
points, irregularly distributed within a region of interest

(a) Develop finite-dimensional, continuous expansion type of models for
monochromatic light field distribution, based on exact scalar diffraction
integrals

(b) Develop numerical reconstruction techniques which offer a trade-off be-
tween complexity, memory and accuracy

(c) Investigate the influence of the amount, density and distribution of the
specified data points on the stability of the developed techniques

(d) Adapt the methods to serve for a wide range of input data scenarios, in-
cluding physical inconsistency of the data values

2. Develop computational methods for light field synthesis with a DMD
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1.3 Thesis outline

The thesis is organized as follows. Chapter 2 includes some needed preliminaries,
ranging from diffraction science and sampling theory to the state-of-the-art of the
considered topics. Section 2.1 presents a brief background of diffraction theory. It
summarizes the characteristics which define considered light fields and discusses pop-
ular diffraction integrals with their inherent assumptions and limitations. Section 2.2
describes the available tools in sampling theory in relation to this thesis. These are
mainly about irregular sampling, based on frame theory. Section 2.3 reviews the main
results for the sampling of diffraction fields. It presents two common measures of the
degrees of freedom of diffraction fields and compares them to the results available in
the literature. The chapter concludes with a survey of the current trends in LF syn-
thesis in Section 2.4. It also summarizes the main application areas as a motivation
of the thesis. A survey of available LF synthesis methods is used in Section 3.1 to
identify the gaps which are addressed by the contributions of the thesis. Section 3.1
also includes the generic hypotheses which are used to motivate the research. In ad-
dition, Chapter 3 summarizes the scientific content of the publications in this thesis.
Section 3.2 presents the methods for reconstruction of a physically consistent light
field from a set of data points, irregularly distributed within a volume of interest. Sec-
tion 3.3 presents the preliminaries and optimization algorithms for light field synthesis
with DMD presented in publication P1.



Chapter 2

Preliminaries

Light field reconstruction and synthesis problems, as considered in this thesis, form a
highly interdisciplinary subject, which combines knowledge from diffraction science,
sampling theory and theory of inverse problems. Therefore, it is essential to present
these scientific fields with all relevant details to form basic knowledge and discuss open
issues. In addition, the reader should be familiarized with the area of application of
light field reconstruction and synthesis problems, where basic sciences meet to form
the novel approaches described in this thesis. Hence, the specifics of this application
area should be introduced together with a survey of the mainstream state-of-the-art
approaches, presented in detail. This chapter includes the basics of the involved scien-
tific disciplines together with the state-of-the-art, relevant to the considered problems.
It starts with the basics of diffraction science and modern irregular sampling theory
in Section 2.1 and Section 2.2, respectively. Section 2.3 surveys popular approaches
to sampling of the diffraction fields as these are widely used in various light field re-
construction and synthesis problems. Finally, Section 2.4 introduces the area of light
field reconstruction and synthesis problems and a survey of the state-of-the-art.

2.1 Scalar Diffraction Theory

The phenomenon known as diffraction is important in branches of physics and engi-
neering which deal with wave propagation. The diffraction theory discussed in this
section is applicable in a wide variety of fields, e.g. acoustics and radio transmission.
However, here the focus is within the range of physical optics. Knowledge on diffrac-
tion and its inherent limitations is essential in order to fully understand the properties
of three-dimensional imaging and optical data processing systems. Diffraction is nor-
mally taken to refer to various phenomena which occur when a wave encounters an
obstacle. It is described as the apparent bending of waves around small obstacles and
the spreading out of waves past small openings.

7
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This section introduces the reader to the scalar light fields considered in the thesis.
The presentation starts by reviewing the properties of such fields in the space and
frequency domain. The section reviews the integral formulations which describe a
scalar diffraction field. These are well known and mostly used for analytical pur-
poses. However, these integrals are used as a base to derive many discrete diffraction
models which form the core of the thesis. The Rayleigh-Sommerfeld (R-S) integral
and its small-angle approximation are considered in both the space and frequency
domain. The discussions of each space/frequency domain model concern the inherent
assumptions made for its derivation, their scope of validity, and their advantages and
drawbacks in terms of discretization and numerical computations.

2.1.1 Light waves in space and frequency domain

Light waves are electromagnetic waves which are most generally described by the
Maxwell’s wave equations as vector functions having three components – one for each
spatial dimension x, y and z [4]. The consideration in this thesis is limited to the
propagation of monochromatic light waves in media as free space and air. Such waves
have only a single wavelength λ and the media are isotropic, homogeneous, non-
dispersive and non-magnetic. In such a case, the waves are accurately described as
the scalar wave functions of the type [4]:

U(x, y, z, t) = A(x, y, z) cos(2πνt+ φ(x, y, z)) = Re
{

u(x, y, z)e−j2πνt
}

, (2.1)

where t is the time, ν is the temporal frequency, A is the amplitude and φ is the
phase of the monochromatic wave disturbance U(x, y, z, t). The complex function
u(x, y, z) = A(x, y, z)e−jφ(x,y,z) depends on position only. This function u(x, y, z)
describes completely a monochromatic wave, because the time dependence e−j2πνt is
purely deterministic. These considerations simplify Maxwell’s equations to a single
time-independent differential wave equation [4]:

∇2u(x, y, z) + k2u(x, y, z) = 0, (2.2)

where the constant k = 2π/λ is the wave number of the monochromatic field. This
equation is known as the Helmholtz wave equation. In the rest of the thesis the time-
dependent wave disturbance u(x, y, z, t) is not considered any further, as the phasor
u(x, y, z) is sufficient to describe a scalar monochromatic diffraction field.

Certain properties of diffraction fields are more evident in the frequency domain and
hence often used. Therefore, it is important to derive a frequency domain property,
exhibited by any function which satisfies Helmholtz Eq. 2.2. The Fourier transform
of a three dimensional scalar function u(x, y, z) is defined as [56]:

a(kx, ky, kz) =

∞
∫∫∫

−∞

u(x, y, z)e−j(kxx+kyy+kzz)dxdydz, (2.3)

where kx, ky and kz denote the angular frequencies for x, y, and z coordinates, re-
spectively. Applying this integral to Helmholtz wave Eq. 2.2, and using the derivative
property of the Fourier transform [56], one can derive the relation:

a(kx, ky, kz)
(

k2 − k2x + k2y + k2z
)

= 0. (2.4)



2.1. SCALAR DIFFRACTION THEORY 9

The term in the brackets equals zero for frequencies kx, ky and kz which lie on the
sphere with radius k = 2π/λ, centered at the origin. Eq. 2.4 is satisfied for frequen-
cies outside this sphere only if the Fourier transform a(kx, ky, kz) is zero for theses
frequencies. Hence, the Fourier transform of any function satisfying the Helmholtz
wave equation is non-zero only on the sphere

k2x + k2y + k2z = k2 =

(

2π

λ

)2

. (2.5)

This sphere is known as Ewald’s sphere [21, 57]. Often, the considerations are sim-
plified to only one transverse dimension x instead of the plane (x, y). In this case
a similar derivation leads to the conclusion that the two-dimensional (2D) Fourier
transform a(kx, kz) of the monochromatic scalar wave field u(x, z) is restricted to a
circle k2x + k2z = k2 in the frequency plane.

2.1.2 Rayleigh-Sommerfeld diffraction integral

Many practical situations require computations of a scalar light field which satisfies
the Helmholtz wave equation. As the differential Eq. 2.2 is not convenient, an equiv-
alent integral equation is needed. A common derivation [4, 58] of such an integral
starts by applying Green’s identity [59] on two functions which satisfy Eq. 2.2 with
a spherical wave as an auxiliary function. The derivation further takes into account
the Sommerfeld radiation condition [4]. The result of the derivation is known as the
Rayleigh-Sommerfeld diffraction integral:

u(x, y, z) =
1

2π

∞
∫∫

−∞

u(x′, y′, 0)
zejkr

r2

(

1

r
− jk

)

dx′dy′,

r =
√

(x − x′)2 + (y − y′)2 + z2. (2.6)

This integral computes the light field u(x, y, z) at any spatial point (x, y, z) from its
values on an “initial” transversal plane (x, y, z)|z=0, aligned to the origin z = 0.
Assume a hypothetical screen at the plane (x, y, z)|z=0, whose transparency follows
the field values u(x, y, 0), x, y ∈ (−∞;∞) at this plane. Such a screen would re-
produce u(x, y, 0) at the plane (x, y, z)|z=0 when illuminated by a normally oriented
unit-amplitude and zero-phase plane wave. Thus, the result of Eq. 2.6 is somehow
intuitive, since the screen is the obstacle which actually shapes the light from the
source(s) to produce that field. In an abstract set-up, the result of Eq. 2.6 can
be generalized for the field values from any transversal plane (x, y, z)|z=zT

, zT 6= 0.
This plane is assumed as “initial” and, hence, the calculation of u(x, y, z) should
be aligned to this plane by taking the relative value for the longitudinal distance
as z − zT instead of z in Eq. 2.6. Therefore, such an abstract set-up can be used
to calculate diffraction immediately behind the screen. However, when a physically-
existing screen is illuminated by a light source, the screen is never infinitely thin
and there are always internal reflections along the rim of the aperture. This fact
produces erroneous results when Eq. 2.6 is used to calculate diffraction within a few
wavelengths behind the screen [60, 61, 62]. Another note is that Eq. 2.6 can be used
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Figure 2.1: R-S impulse response: hz(x, y) shown on 256× 256 grid inside a window
of size 10−4 × 10−4 m for two propagation distances: z = 3.10−4 m (top row) and
z = 6.10−4 m (bottom row)

to calculate diffraction only in positive direction, i.e. for z > 0. Simple calculation
shows that u(x, y,−z) = −u(x, y, z) by Eq. 2.6, which contradicts the known physi-
cal phenomenon. In summary, knowledge of the field on a certain transversal plane
(x, y, z)|z=zT

is sufficient to describe the field at any point P = (x, y, z) in the positive
three-dimensional half-space (x, y, z)|z>zT

behind that plane.

An important perspective of the integral in Eq. 2.6 is that it can be considered as a
convolution integral. Indeed, it can be rewritten as

u(x, y, z) =

∞
∫∫

−∞

u(x′, y′, 0)hz(x− x′, y − y′)dx′dy′ = (u(·, ·, 0) ∗ hz) (x, y), (2.7)

where the second term of the convolution is the function

hz(x, y) =
zejk

√
x2+y2+z2

2π(x2 + y2 + z2)

(

1
√

x2 + y2 + z2
− jk

)

. (2.8)

Eq. 2.7 shows that the field u(x, y, z) at any transversal plane (x, y, z)|z=const is
calculated as a two-dimensional convolution between the field u(x, y, 0) at the initial
plane and the function hz(x, y) given in Eq. 2.8. Therefore, light propagation by z in
the positive direction is represented as a linear shift-invariant system [63] with impulse
response hz(x, y), which outputs the field u(x, y, z) at the plane (x, y, z)|z=const when
the input is the field u(x, y, 0) from the initial plane (x, y, z)|z=0.
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The diffraction integral of Eq. 2.6 or Eq. 2.7 is used for many analytical purposes,
but not so often for numerical computation of diffraction fields in practice. Numer-
ical computations require discrete data of finite size and hence the integral must
be discretized over the support of the integration. The support of the integration
is determined by the support of the field at the initial plane (x, y, z)|z=0 and the
support of the target volume which is desired to be computed. Computation on a
domain of infinite support is rarely of practical interest, but a finite domain might
still require integration of infinite support because the exponential integrand (or the
impulse response of Eq. 2.8) has infinite support. However, if the support of u(x, y, 0)
is assumed to be finite, the integration is required only within the sub-region of the
plane (x, y, z)|z=0 where u(x, y, 0) 6= 0. The discretization of the integral in Eq. 2.6
or Eq. 2.7 turns out to be the major problem when using the R-S integral for nu-
merical computation. The straightforward approach takes a Riemann sum instead
of the integral. This transforms Eq. 2.7 into a discrete convolution, which is correct
if at least one of the integrands in the continuous convolution is band-limited [64].
According to Eq. 2.5, the Fourier spectrum of u(x, y, z) is supported on a sphere of
radius 2π

λ , and hence u(x, y, 0) is band-limited to 2π
λ . However, the required sam-

pling rate, governed by the Nyquist sampling theorem [64], is too high for practical
purposes. The impulse response of Eq. 2.8 is not band-limited either. It is an oscil-
latory chirp-like function of infinite support, where the frequency of the oscillations
increases together with the radial distance from the origin, and decreases for larger
propagation distance z (cf. Fig. 2.1). Fortunately, for input and output planes of
finite support, the convolution in Eq. 2.7 involves only a sub-range of the full sup-
port of hz(x, y), whose size equals the sum of the supports at the input and output
planes [63]. Hence, the required portion of hz(x, y) does not contain oscillations at
large radial distances, or equivalently, it is band-limited. Therefore, it can be sam-
pled with respect to the involved bandwidth and the convolution of Eq. 2.7 can be
discretized. Note that longer propagation distance along z decreases the bandwidth.
This leads to a sub-region of the 3D half-space z > 0 where the discretized Eq. 2.7
produces correct results. The discrete convolution can already be computed with a
fast O(NlogN) algorithm, based on the Fast Fourier Transform (FFT) [64]. This is
the traditional approach, commonly used for calculation [65]. Shen and Wang [66] en-
hance this approach by introducing weights in the discrete convolution, whose values
are found by the Simpson’s rule for numerical integration [67]. Naskov and Logofătu
[68] use different sampling intervals on the input and output planes in order to widen
the spatial range of accuracy of the discrete convolution. As a result, they obtain a
scaled convolution which is still computed fast in O(NlogN) calculations by the use
of the Fractional Fourier Transform (FrFT) [69]. There are also some non-standard
techniques which are able to compute the R-S diffraction integral in a much wider
spatial range, usually with a limited precision and much slower computation [70, 71].
These use different approaches to approximate the oscillatory part of the R-S integral
and describe it in terms of Fresnel integrals, which can be solved by a fast FFT-based
approach [65]. D’Arcio et al. use polynomial and parabolic phasor to approximate
the impulse response. The approximation turns out to be valid in a region which
can be described as a union of small sub-regions with rectangular or parabolic shape
[71]. Veerman et al. use different manipulations on the integrals to split them into
a smooth and oscillatory part [70]. The smooth part is computed conventionally,
while the oscillatory part is approximated by bicubic splines and subsequent Fresnel
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integrals. This technique shows uniform computation error over a very wide range in
space.

2.1.3 Plane-wave decomposition integral

The diffraction field at any point is described in terms of the 2D function u(x, y, 0) in
Eq. 2.6 and Eq. 2.7 from Subsection 2.1.2. Subsection 2.1.1 shows that the spatial
frequencies kx, ky and kz in the 3D Fourier transform of a diffraction field obey the
relation in Eq. 2.5, which leaves two free coordinates out of all three. Indeed, the
3D diffraction field turns out to be described fully by a 2D function in both cases.
The field has already the 2D spatial domain representation in Eq. 2.6 and Eq. 2.7.
An alternative 2D representation in the frequency domain turns the convolution of
Eq. 2.7 into multiplication, according to the multiplication property of the Fourier
transform [56]. Such a relation might be beneficial from the computational and/or
analytical point of view. However, the derivation of the Fourier transform of the
impulse response hz(x, y) from Eq. 2.8 is not straightforward. One possible derivation
starts by applying the Helmholtz Eq. 2.2 on the 2D inverse Fourier transform for the
field distribution on any transversal plane, as follows:

(

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ k2

)

1

4π2

∞
∫∫

−∞

az(kx, ky)e
j(kxx+kyy)dkxdky = 0, (2.9)

where az(kx, ky) is the 2D Fourier transform of the field distribution at a transversal
plane, standing at distance z from the origin. Putting the term in the brackets inside
the integral and taking the derivation leads to

1

4π2

∞
∫∫

−∞

(

az(kx, ky)(k
2 − k2x − k2y) +

∂2az(kx, ky)

∂z2

)

ej(kxx+kyy)dkxdky = 0. (2.10)

As the integral is inverse Fourier transform, the term inside the brackets can be
considered as the Fourier transform of some 2D function which equals zero. Hence, this
term itself equals zero, yielding the homogeneous second order differential equation

∂2az(kx, ky)

∂z2
+ az(kx, ky)(k

2 − k2x − k2y) = 0. (2.11)

This equation can be solved with respect to az(kx, ky), if considered as an one-
dimensional function of z. The initial condition can be taken as az(kx, ky)|z=0 =
a0(kx, ky) since the goal of the whole derivation is to relate az(kx, ky) to the Fourier
transform a0(kx, ky) of the field u(x, y, 0) on the initial plane (x, y, z)|z=0 at z = 0.
The solution of the differential Eq. 2.10 can be found as [72]:

az(kx, ky) =

{

a0(kx, ky)e
±jz

√
k2−k2

x−k2
y for k2x + k2y < k2;

a0(kx, ky)e
∓z

√
k2
x+k2

y−k2

for k2x + k2y ≥ k2.
(2.12)
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Figure 2.2: Plane-wave decomposition. A diffraction field is decomposed as a super-
position of plane waves, each traveling in direction k = [kx, ky, kz ] determined by the
spatial frequencies.

If only az(kx, ky) = a0(kx, ky)e
jz
√

k2−k2
x−k2

y is considered as a solution, then the
inverse Fourier transform for the field distribution on the plane (x, y, z)|z=const is

u(x, y, z) =
1

4π2

∞
∫∫

−∞

a0(kx, ky)e
jz
√

k2−k2
x−k2

yej(kxx+kyy)dkxdky . (2.13)

This integral is known as the plane-wave decomposition integral. It represents the 3D

diffraction field u(x, y, z) as a superposition of plane waves ejz
√

k2−k2
x−k2

yej(kxx+kyy),
each weighted by the complex amplitude a0(kx, ky) (cf. Fig. 2.2). Each plane wave
has the frequency k = 2π

λ and closes angles θx, θy and θz with the x, y and z
axes, respectively. The angles θx, θy and θz are determined from the frequencies

kx, ky and kz =
√

k2 − k2x − k2y (cf. Fig. 2.3). The angle θz ranges within
[

−π
2 ;

π
2

]

because cos θz = kz

k and kz =
√

k2 − k2x − k2y > 0 for the considered solution of the

differential Eq. 2.11. Therefore, the plane waves ejz
√

k2−k2
x−k2

yej(kxx+kyy) travel in a

positive direction along z. If az(kx, ky) = a0(kx, ky)e
−jz

√
k2−k2

x−k2
y is considered as

the solution of the differential Eq. 2.11, then u(x, y, z) is decomposed in terms of the

plane waves e−jz
√

k2−k2
x−k2

yej(kxx+kyy). Their angle θz ranges within
[

π
2 ;

3π
2

]

and their
direction is negative with respect to the z axis. However, this is in contradiction to
the Sommerfeld radiation condition, which ensures only outgoing waves from a planar
diffraction screen (the initial plane (x, y, z)|z=0 in this case). Therefore, only waves

ejz
√

k2−k2
x−k2

yej(kxx+kyy) with positive direction are included in the PWD integral of
Eq. 2.13.

The plane-wave decomposition integral implicitly includes the solutions of Eq. 2.11
for frequencies which satisfy k2x + k2y ≥ k2 (cf. Eq. 2.12). Note that these can be
obtained from the solutions for k2x + k2y < k2 when the square root of the negative

value k2 − k2x − k2y is written as
√

k2 − k2x − k2y = j
√

k2x + k2y − k2. The respective

decomposition waves in Eq. 2.13 are then e∓z
√

k2
x−k2

y−k2

ej(kxx+kyy), with a minus
sign for waves traveling in positive z direction and plus sign for waves traveling in
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Figure 2.3: Plane wave and directional angles. A plane wave has a fundamental period
of λ in its propagation direction k = [kx, ky, kz ]. Along the coordinate axes x, y and
z the plane wave is harmonic with periods λ cos θx, λ cos θy and λ cos θz. Hence the
frequencies are kx = 2π

λ cos θx
, ky = 2π

λ cos θy
and kz = 2π

λ cos θz
.

negative z direction. These waves are so called evanescent waves [4]. The argument

of the quantity e∓z
√

k2
x−k2

y−k2

is always negative, as a minus sign is taken for positive
z direction, and the plus sign – for negative z direction. Therefore, the evanescent
waves drop off after a few wavelengths of propagation and carry no energy. This is
why some authors omit them from consideration, taking the integration in Eq. 2.13
within the disc k2x+k

2
y < k2. The evanescent waves are not negligible in the vicinity of

the initial plane (x, y, z)|z=0, but they are much more accurately described by vector
theory through Maxwell equations [4].

Eq. 2.13 already provides the desired 2D frequency domain representation of a diffrac-
tion field. Moreover, Eq. 2.13 provides representation of finite support for fields whose
distribution u(x, y, 0) on the initial plane is band-limited. This serves as an alternative
to Eq. 2.6, which has finite support description for fields originating from spatially
limited functions u(x, y, 0). Hence, Eq. 2.13 is preferred for band-limited functions
u(x, y, 0) and Eq. 2.6 preferred for spatially limited functions u(x, y, 0). Eq. 2.13 also
provides a finite support representation for fields with spatially limited u(x, y, 0) for
propagation distance of more than a few wavelengths. Even though a0(kx, ky) is of
infinite support in this case, the evanescent waves suppress its components outside the
disc k2x+k

2
y < k2. However, such support is often too wide to be used for calculations.

The solution of Eq. 2.11 which corresponds to plane waves propagating in the forward
direction can be rewritten as

az(kx, ky) = a0(kx, ky).Hz(kx, ky) with Hz(kx, ky) = ejz
√

k2−k2
x−k2

y . (2.14)

This equation suggests that Eq. 2.14 and Eq. 2.7 are Fourier transforms of each other
when z = zT . Hence, the propagation process from the initial plane of the field to
another transversal plane at a distance z can be modeled as a shift-invariant system
with impulse response hz(x, y) as in Eq. 2.8 and transfer function Hz(kx, ky) as in
Eq. 2.14, where hz(x, y) and Hz(kx, ky) form a Fourier transform pair. Moreover, the
relation in Eq. 2.14 implies that such a propagation model can be used to calculate
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diffraction between any parallel diffraction planes, say at distances z1 and z2 (z2 > z1),
because:

Hz2(kx, ky) = ejz2
√

k2−k2
x−k2

y = ej(z2−z1)
√

k2−k2
x−k2

y .ejz1
√

k2−k2
x−k2

y

= Hz2−z1(kx, ky).Hz1(kx, ky). (2.15)

This relation corresponds to a serial connection of two shift invariant systems. Hence,
the R-S integral can be iterated as well:

hz2(x, y) = hz2−z1 ∗ hz1(x, y). (2.16)

Eq. 2.15 gives a very useful hint: az1(kx, ky) can be calculated from az2(kx, ky) by
the inverse transfer function Hz2(kx, ky)/Hz2−z1(kx, ky) = Hz1−z2(kx, ky). In other
words, Eq. 2.14 can be used to calculate backward propagation. In the general
case of backward propagation at distance z, the transfer function is H−z(kx, ky) =

e−jz
√

k2−k2
x−k2

y . This corresponds to plane waves traveling in a backward direc-
tion in terms of the PWD integral. However, back-propagation calculations must
be made with care. If the initial function u(x, y, 0) is not band-limited, then the
transfer function Hz(kx, ky) multiplies the components of a0(kx, ky) for frequencies

lying outside the disc k2x+k
2
y < k2 with the decaying factor e−z

√
k2
x+k2

y−k2

. The exact
inverse H−z(kx, ky) reconstructs these frequency components by multiplication with

ez
√

k2
x+k2

y−k2

, so theoretically it fully recovers a0(kx, ky) from az(kx, ky). However, in-
formation about the high-frequency components of a0(kx, ky) may be lost in numerical
computations if the respective components of az(kx, ky) fall below the precision limit.
Hence, a0(kx, ky, 0) can be recovered safely from az(kx, ky) by back-propagation with
H−z(kx, ky) only if its spectrum a0(kx, ky) is supported within the disc k2x + k2y < k2.
However, back-propagation can be used to calculate diffraction from the plane at z2
to the plane at z1 when z2 > z1 ≫ λ, because the high frequency components of
az2(kx, ky) and az1(kx, ky) are already suppressed.

It should be noted that the derived PWD integral in Eq. 2.13 is valid under certain
conditions, mainly related to the existence of the Fourier transform of the field distri-
bution along a transversal line [54]. As a starting point, the derivation assumes that
the field distribution u(x, y, z) at the plane (x, y, z)z=const has a 2D Fourier trans-
form az(kx, ky) which exists and is invertible. Another assumption is the existence
and invertibility of the initial condition a0(kx, ky) for the differential Eq. 2.11. Hence,
both u(x, y, 0) and a0(kx, ky) as 2D functions must obey the following properties [56]:
(1) they should be piecewise continuous; and (2) they and their first partial deriva-
tives should decay with the same order of magnitude as 1

R outside some disc of radius

R0 (R =
√

x2 + y2 for u(x, y, 0) and R =
√

k2x + k2y for a0(kx, ky)). Hz(kx, ky) and

hz(x, y) are associated as a Fourier transform pair throughout the derivation, and it
is straightforward to show that they obey the same properties. Therefore, az(kx, ky)
obeys the same properties, since it is a product of a0(kx, ky) and Hz(kx, ky). Hence,
the inverse Fourier transform of az(kx, ky) exists and the same conditions are valid
for u(x, y, z) as a 2D function. In addition, u(x, y, z) must obey the conditions as a
3D function and the Sommerfeld radiation condition.

Finally, the issues related to eventual numerical computations through the PWD inte-
gral should be discussed. The simple Fourier domain product form of Eq. 2.14 suggests
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very efficient numerical implementation through the FFT algorithm [66, 73, 74, 75].
It goes by taking the Discrete Fourier Transform (DFT) of the sampled initial plane
u(x, y, 0), multiplication by the sampled Hz(kx, ky) and an inverse DFT. Hence, this
algorithm is beneficial for band-limited functions u(x, y, 0), whose Fourier transform
a0(kx, ky) contains a finite number of coefficients when sampled. Sampling a0(kx, ky)
corresponds to the periodization of u(x, y, 0) with a period which is inversely pro-
portional to the sampling step. The periodic replicas u(x, y, 0) overlap, because a
band-limited function never has a finite spatial support. If, instead, u(x, y, 0) is con-
sidered to be essentially space- and band-limited, the overlap between the adjacent
replicas of u(x, y, 0) can be minimized by properly decreasing the size of the sampling
step for a0(kx, ky). Note that a denser sampling of a0(kx, ky) increases the dimen-
sionality of computations as the essential support of a0(kx, ky) is covered by a larger
number of essentially non-zero coefficients. Free-space propagation along z tends to
spread the support of the spatially concentrated u(x, y, 0). Therefore, the overlap
between the adjacent periodic replicas of u(x, y, z) becomes already significant after
some distance z. This means that the maximal computation distance z is limited
by the sampling density for a0(kx, ky). If needed, the maximal distance can be in-
creased by increasing the sampling density and, respectively, the dimensionality of
computation.

2.1.4 Fresnel approximation

The R-S diffraction integral of Eq. 2.6 can be simplified by taking into account some

approximations. Often the diffraction radius r = z
√

1 + (x′−x)2

z2 + (y′−y)2

z2 is a few

orders of magnitude higher then the wavelength λ, and then 1
r − jk ≈ −jk. As a next

step, r is approximated using the binomial expansion
√
1 + b = 1+ b

2 − b2

8 + . . . with

b = (x′−x)2

z2 + (y′−y)2

z2 . The term r2 in the denominator of Eq. 2.6 is approximated
only with the first term of the expansion r2 ≈ z. However, the r appearing in the
exponent is much more sensitive to errors, because it is multiplied by the very large
number k and the value of the exponent might change significantly when its argument
changes even by a fraction of a radian. If the first two terms in the binomial expansion
remain, the error is dominated by the third term (b2/8) of the binomial expansion.
Hence, one needs k

8z3 [(x−x′)2+(y− y′)]2max ≪ 1 or z3 ≫ π
4λ [(x−x′)2+(y− y′)]2max.

This is the case when the calculated diffraction involves only small angles. After these
approximations, the R-S integral of Eq. 2.6 transforms to

u(x, y, z) =

∞
∫∫

−∞

u(x′, y′, 0)
ejkz

jλz
e

jk
2z ((x−x′)2+(y−y′)2)dx′dy′. (2.17)

This integral is known as the Fresnel approximation to the R-S diffraction integral.
Note that the diffraction between parallel planes can still be embodied in a linear
shift-invariant system, similar to that of Eq. 2.7 and Eq. 2.8. The impulse response
in this case is

hz(x, y) =
ejkz

jλz
e

jk
2z (x

2+y2). (2.18)
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Its Fourier transform can be directly calculated as [4]:

Hz(kx, ky) = F {hz(x, y)} = ejkze−
jz
2k (k

2
x+k2

y) = e
jkz

(

1− k2
x

2k2 +
k2
y

2k2

)

. (2.19)

The convolution u(x, y, z) = (u(·, ·, 0) ∗ hz) (x, y) transforms to the product
az(kx, ky) = a0(kx, ky)Hz(kx, ky) in the Fourier domain, which suggests a practical
computational algorithm for the Fresnel integral:

u(x, y, z) = F−1 {F {u(x, y, 0)}Hz(kx, ky)} . (2.20)

The forward and inverse Fourier transforms are implemented by the FFT algorithm,
and hence the diffraction is computed in logarithmic complexity. Note that such an
implementation is really similar to the computational algorithm based on the PWD
integral, as described in Subsection 2.1.3.

The implementation from Eq. 2.20 shows very similar limitations to the algorithm,

based on the PWD integral. Still, the Fresnel Hz(kx, ky) = e
jkz

(

1− k2
x

2k2 +
k2
y

2k2

)

can

be considered just an approximation to the PWD Hz(kx, ky) = ejz
√

k2−k2
x−k2

y . In

fact, this approximation corresponds to k

√

1− k2
x

k2 − k2
y

k2 ≈ k
(

1− k2
x

2k2 − k2
y

2k2

)

, where

only the first two terms in the binomial expansion of k

√

1− k2
x

k2 − k2
y

k2 are retained.

The error is negligible when
k2
x

k2 = cos2 θx ≪ 1 and
k2
y

k2 = cos2 θy ≪ 1, where θx
and θy are the angles of propagation of the respective plane wave in the plane-wave
decomposition integral in Eq. 2.13. Hence, the Fresnel approximation, done either
in the spatial or frequency domain, is valid when the calculated diffraction involves
small angles. This implies that the high-frequency details of the field at the output
plane are lost. Hence, only a small portion of the field bandwidth needs to be covered,
for which only a small number of discretes of Hz(kx, ky) is sufficient.

In addition, the implementation of the Fresnel integral in Eq. 2.20 requires the same
sampling step at the input and output planes, because their Fourier transforms use
the same computational grid. In many cases different sampling steps are convenient,
because the support of the input and output apertures is different and the size of
computations (amount of non-zero samples) must be the same for any FFT-based
approach. One way to achieve different sampling steps goes through rewriting the
Fresnel integral of Eq. 2.17 in the form of a single-step Fourier transform. At first, the
exponent under the integral is decomposed as a product of exponents, after opening
the squared brackets in the argument:

u(x, y, z) =
ejkz

jλz
e

jπ
λz (x

2+y2)
∞
∫∫

−∞

u(x′, y′, 0)e
jπ
λz (x

′2+y′2)e−j 2π
λz (x

′x+y′y)dx′dy′, (2.21)

where k = 2π
λ is used. The notations ωx = 2πx

λz and ωy = 2πy
λz help to obtain the

Fourier transform-like integral:

u(ωx, ωy, z) =
ejkz

jλz
e

jλz
4π (ω2

x+ω2
y)

∞
∫∫

−∞

u(x′, y′, 0)e
jπ
λz (x

′2+y′2)e−j(ωxx
′+ωyy

′)dx′dy′.

(2.22)
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The integral can be seen as the Fourier transform of the function u(x′, y′, 0)e
jπ
λz (x

′2+y′2),
where the angular frequencies are ωx and ωy. Eq. 2.22 suggests that the Fresnel
diffraction can be implemented by the algorithm:

u(ωx, ωy, z) =
ejkz

jλz
e

jλz
4π (ω2

x+ω2
y)F

{

u(x′, y′, 0).e
jπ
λz (x

′2+y′2)
}

. (2.23)

The Fourier transform can be calculated by an N -point FFT algorithm which com-
putes N coefficients in the frequency domain fromN samples of an input. The spacing
steps Wx and Wy between the coefficients in the frequency domain are related to the
sampling steps X ′ and Y ′ by the relations X ′ = 2π

NWx
and Y ′ = 2π

NWy
[56, 63, 64].

Expressed for the sampling steps X and Y on the output plane, these relations are:

X ′ =
λz

NX
and Y ′ =

λz

NY
. (2.24)

In practice, either X ′ and Y ′ at the input plane or X and Y at the output plane are
often fixed, for example, by the physical restrictions of some sensor or by the Nyquist
criterion for the function on the respective plane [63, 64]. Eq. 2.24 implies that the
free sampling step is determined based on the propagation distance z and wavelength
λ. However, it can be controlled additionally by the computation size N [55].

2.1.5 Conclusions

This section has presented information about scalar diffraction fields, related to the
thesis and the attached publications. Subsection 2.1.1 has set the range of considered
light fields in this thesis – the ones which satisfy the Helmholtz Eq. 2.2. An impor-
tant feature of these light fields is that their spectrum is nonzero only on Ewald’s
sphere as defined in Eq. 2.5. This fact is used in publications P5, P7 and P8. Sub-
section 2.1.2 has described the most accurate scalar model for diffraction – the R-S
integral together with the limits of its practical use for computations. The frequency
domain alternative of R-S integral – the PWD integral – has been presented in Sub-
section 2.1.3. It is used in most of the publications – P2, P3, P4, P6, P7 and
P8. The derivation of the PWD integral in Eq. 2.9 - Eq. 2.13 is used to explain
and underline the connection between the Helmholtz equation and the plane waves
constituting the decomposition in the PWD integral. The subsequent discussion has
explained the relation between spatial frequencies, direction and directional cosines
of the plane wave as a basis function in the PWD integral. The limits of validity
of the PWD integral and practical computation issues have been discussed as well.
Subsection 2.1.4 has presented the Fresnel approximation of the R-S integral in both
the spatial and frequency domain. The presentation included conditions for validity
and implementation algorithms related to discrete computations. These are relevant
to the literature, surveyed in Chapter 3. Moreover, the few existing results on sam-
pling of the diffraction field, discussed in Section 2.3, have been derived for the case
of Fresnel diffraction.
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2.2 Sampling

Sampling refers to a general mechanism for converting a continuous function into a
sequence of numbers in a manner which can be stably inverted. In the context of this
thesis, such conversion is beneficial for the convenience of computations and processing
related to various optical applications. In comparison, analog computations performed
with optical and electronic systems are faster than digital algorithms implemented on
microprocessors, but less flexible.

The purpose of this section is to introduce the reader to modern sampling theory in
terms of functional spaces using Riesz bases and frames. The section starts with a
brief review of the classical uniform sampling of band-limited functions. The main
results from frame theory are described as a background for the necessary and/or
sufficient density conditions for reconstruction of a function from a set of irregularly
distributed samples. In this context, the most common and widely used reconstruction
approaches are described together with the factors influencing their performance.

2.2.1 Classical sampling theory

Classical sampling theory investigates the case when a continuous function f(x) be-
longs to the space of band-limited functions [76]:

BΩ = {f : ‖f‖ <∞ and F{f(x)} = 0 for kx /∈ [−Ω,Ω)} . (2.25)

A well known result states that such a function can be represented by the sequence
of its sample values {f(nX)}n∈Z, taken at uniformly distributed locations x = nX in
the spatial domain, provided the relation:

X ≤ π

Ω
. (2.26)

This relation is often referred to as the Nyquist sampling theorem [77], even though
the result was shown earlier by Whittaker [78]. Later Kotelnikov [79] showed the
same criterion in the Soviet literature and Shannon generalized the results [76]. The
set of functions

{

Ω
π sinc(Ω(x− nX))

}

n∈Z
forms an orthogonal set for the space BΩ

and, therefore, spans it. The decomposition of every function f(x) ∈ BΩ over this set
consists of the samples:

f(nX) =

〈

f(x),
Ω

π
sinc(Ω(x− nX))

〉

=

∫ ∞

−∞
f(x)

Ω

π
sinc(Ω(x− nX))dx

=
1

2π

∫ ∞

−∞
F (kx)rect

(

kx
Ω

)

ejkxnXdkx = F−1{F (kx)}|x=nX , (2.27)

for all n ∈ Z. The function f(x) can be recovered from its samples by the following
reconstruction formula:

f̂(x) =
Ω

π

∞
∑

n=−∞
f(nX)sinc(Ω(x− nX)) =

Ω

π
sinc(Ωx) ∗

∞
∑

n=−∞
f(nX)δ(x− nX)

= F−1

{

rect

(

kx
Ω

) ∞
∑

m=−∞
F

(

kx −m
2π

X

)

}

, (2.28)
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where F (kx) = F{f(x)}. Eq. 2.28 is, in fact, a low-pass filtering operation with the
ideal reconstruction filter with impulse response hid(x) =

Ω
π sinc (Ωx) and frequency

response Hid(kx) = rect
(

kx

Ω

)

. The set
{

Ω
π sinc(Ω(x− nX))

}

n∈Z
can be regarded as

both sampling and reconstruction set in the case when the samples are taken at an
interval X = π

Ω . However, this set is not anymore orthogonal when the sampling
interval is smaller X < π

Ω even though it still spans BΩ. In this case, one can
use instead the orthogonal set

{

1
X sinc(

π
X (x− nX))

}

n∈Z
for the reconstruction in

Eq. 2.28, if it is performed in the spatial domain. Eq.2.27 also suggests that the set of
functions

{

rect
(

kx

Ω

)

ejkxn
π
Ω

}

n∈Z
forms a basis for the space of finite support functions

L2
[−Ω,Ω) = {F : ‖F (kx)‖ <∞, F (kx) = 0 for kx /∈ [−Ω,Ω)}, in the same way as the set
{

Ω
π sinc(Ω(x− nX))

}

n∈Z
forms a basis for BΩ.

The notation f̂(x) in Eq. 2.28 is used to underline the fact that the reconstruction is
exact only when F (kx) is supported on [−Ω,Ω) and the sampling interval is chosen

as X ≤ π
Ω . The reconstruction f̂(x) is still a good approximation of f(x) when f(x)

is essentially band-limited, i.e. when most of the energy of F (kx) is still supported

within [−Ω,Ω).The approximation f̂(x) is rather crude for non band-limited functions
and/or larger sampling intervals.

2.2.2 Frame theory

The theory described in this subsection serves as a background to describe the theory
of irregular sampling and reconstruction of a function. These are results related to
the stability of a sampling set, its density and various reconstruction algorithms with
the factors influencing their convergence. The consideration is limited to concepts
which either form the basics of the theory or are relevant to the results of this thesis.

2.2.2.1 Frame expansion

Sampling theory often considers that the functions to be sampled belong to a Hilbert
space. Hilbert spaces are derived from Banach spaces, where the norm metric on a
pair of functions from the space is associated with the inner product between the
functions [80]. A Riesz basis [80, 81, 82, 83] for a Hilbert space H is a set of linearly
independent elements {ϕn} which span H, i.e. any element f in the space H can be
expressed as a linear combination of ϕn of the form

f =
∑

n

cnϕn. (2.29)

The notion of bases in finite-dimensional spaces implies that the number of repre-
sentative elements is the same as the dimension of the space. Moreover, the linear
independence of the set implies that the set of expansion coefficients {cn} is unique
for each element in the space H. Frames are generalizations of Riesz bases, where the
elements in the representative set {ϕn} are no more linearly independent, but have
some redundancy. Hence, the representation of any space element in Eq. 2.29 is no
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longer unique, which opens the opportunity to choose the best representation for the
problem at hand.

Frames can formally be defined in the following way: a sequence {ϕn} in a Hilbert
space H is a frame if there are two constants 0 < A ≤ B < ∞, such that for all f in
H,

A‖f‖2 ≤
∑

n

|〈ϕn, f〉|2 ≤ B‖f‖2. (2.30)

The inequalities in Eq. 2.30 are called frame conditions, where A and B are frame
bounds. Each member of the sequence {ϕn} is referred to as a frame element. The
frame bounds A and B show how much the energy of the function f might differ from
the energy of its decomposition over the frame {ϕn}n. The energy of f and the energy
of its decomposition would be measured by the same physical units in an eventual
application and, hence, the frame bounds A and B are dimensionless. Later on in
this subsection, it becomes evident that the numerical reconstruction of f from its
decomposition is more stable when A and B are closer to each other. In this context,
an orthogonal basis has equal frame bounds A = B and is also called a tight frame.
A frame is called exact if, upon removing one of its elements, it is no longer a frame.
Exact frames are equivalent to Riesz bases. For example, an orthonormal basis is an
exact tight frame with frame bounds A = B = 1.

The coefficients cn in the linear expansion of Eq. 2.29 are found by inner products
of f with the elements from another frame set {ϕ̃n}, called dual frame of {ϕn}, as
cn = 〈f, ϕ̃n〉. The dual frame also spans the space H and the linear expansion can be
written for each frame:

f =
∑

n

〈f, ϕ̃n〉ϕn =
∑

n

〈f, ϕn〉ϕ̃n. (2.31)

The same expansion is also valid for Riesz bases. The only difference between frames
and Riesz bases is the uniqueness of the representation. In this sense, each Riesz
basis has a unique dual, while a frame has a different dual set for each possible
expansion. However, one of the representations minimizes the norm of the frame
expansion coefficients and has the form [80, 81]:

f =
∑

n

〈f, S−1ϕn〉ϕn, (2.32)

where ϕ̃n = S−1ϕn is the canonical dual frame. S is the frame operator defined as

Sf =
∑

n

〈f, ϕn〉ϕn. (2.33)

It is easy to verify that this operator is positive and self-adjoint. Moreover, its largest
and smallest eigenvalues are equal to the frame bounds B and A, respectively [80]. In
this sense the frame bounds are related to the numerical stability of computing the
inverse of the frame operator, which is needed to find the decomposition coefficients.
Note that the canonical dual frame {ϕ̃n} has S−1 for a frame operator:

S̃f =
∑

n

〈f, S−1ϕn〉S−1ϕn = S−1
∑

n

〈S−1f, ϕn〉ϕn = S−1SS−1f = S−1f. (2.34)
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Hence, the largest and smallest eigenvalues of S̃ are A−1 and B−1, respectively. Con-
sequently, the lower and the upper bounds of the canonical dual {ϕ̃n} are B−1 and
A−1, respectively.

The representations in Eq. 2.31 - Eq. 2.33 have a convenient matrix notation, used
in practice in frame reconstruction algorithms. They are used to derive some of the
algorithms for light field reconstruction from a set of irregularly distributed data
points. Let Φ and Φ̃ be matrices whose columns are the frame elements and the dual
frame elements, respectively:

Φ = [ϕ1, ϕ2, ..., ϕn, ...] and Φ̃ = [ϕ̃1, ϕ̃2, ..., ϕ̃n, ...]. (2.35)

As the frame might contain either a finite or infinite number of elements, the matrices
Φ and Φ̃ have either a finite or infinite number of columns. The frame expansion
Eq. 2.31 can be written as

f = Φc = ΦΦ̃
∗
f, (2.36)

where the expansion coefficients are written in a column vector c. The frame operator
S and its inverse are

Sf = ΦΦ∗f and S−1f = (ΦΦ∗)−1f, (2.37)

because S−1Sf = f and SS−1f = f . Therefore, the canonical dual frame is ϕ̃n =
S−1ϕn = (ΦΦ∗)−1ϕn, and consequently the canonical dual frame matrix is

Φ̃ = S−1Φ = (ΦΦ∗)−1Φ. (2.38)

Eq. 2.37 and Eq. 2.38 define a linear operator in a matrix form which is used for the
reconstruction of light fields from a set of irregularly distributed samples. Eq. 2.38
suggests that the canonical dual frame can be calculated by inverting the frame op-
erator matrix ΦΦ∗ and subsequent multiplication by the frame matrix Φ [81, 82].
Taking the conjugate transpose of Eq. 2.38 yields:

Φ̃∗ = Φ∗(ΦΦ∗)−1 = Φ†, (2.39)

where † designates pseudo-inverse operator [81, 82, 84].

The frame bounds A andB in Eq. 2.30 are related to issues of stability of the expansion
in Eq 2.31. Assuming that the function f and the frame elements ϕn are energy
normalized, A and B are the bounds of the energy

∑

n |〈ϕn, f〉|2 of an eventual
coefficient set associated with the frame. This energy determines how stably the
frame expansion performs in numerical applications. For example, any additive noise
in the function f might be boosted by B when calculating the coefficients |〈ϕn, f〉|,
while useful information might be attenuated by A and thus lost in noise.

2.2.2.2 Frame reconstruction

Any practical application of frame theory meets one of the two most common problems
in signal expansion – either to find the expansion coefficients {cn} or to reconstruct
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f . Note that the coefficients {cn} can be calculated in a straightforward manner from
f if the dual frame {ϕ̃n} is known (cf. Eq. 2.31). It is also trivial to reconstruct the
f from {cn} when the frame {ϕn} is known. Here, we concentrate on approaches to
find the solution of the following non-trivial inverse problems:

1. reconstruct f given the coefficient set {cn} and the dual frame {ϕ̃n};

2. reconstruct {cn} given f and the frame {ϕn}.

Obviously, it is impossible to tackle the case when neither the frame, nor its dual are
known. Both problems 1 and 2 can be put in the same generic form, whose numeric
solutions are discussed below.

Frame algorithm. The frame algorithm is based on the Neumann series expansion
of the inverse of a non-expansive linear operator L [85]. More precisely, a linear
bounded operator on a Banach space B, which satisfies

‖g − Lg‖ ≤ γ ‖g‖ for all g ∈ B, (2.40)

can be inverted through the series

L−1 =

∞
∑

i=0

(Id− L)i. (2.41)

Here Id denotes the identity operator. Consequently, an element g ∈ B can be
reconstructed from Lg through the iterations

ĝi+1 = ĝi + L(g − ĝi). (2.42)

After i iterations the error can be estimated as ‖g − ĝi‖ ≤ γi+1 ‖g‖ [47]. In fact

‖g − ĝi‖ = ‖(Id− L)(g − ĝi−1)‖ ≤ ‖Id− L‖ ‖g − ĝi−1‖
≤ ‖Id− L‖i ‖g − ĝ0‖ ≤ γi+1 ‖g‖ , (2.43)

because the norm of the operator Id− L is γ (cf. Eq. 2.40) and ĝ0 = Lg.

This abstract formulation solves problem 1 by substituting g with f and L with
the dual frame operator 2AB

A+B S̃f =
∑

n cnϕ̃n. In fact, this is a reconstruction from

the coefficients cn as they are the input for the frame operator. The factor 2AB
A+B is

introduced for optimal convergence. The convergence is determined by the norm of
Id− 2AB

A+B S̃. As this operator is self-adjoint, its norm is estimated as [47, 80]:

∥

∥

∥

∥

Id− 2AB

A+B
S̃

∥

∥

∥

∥

=

〈(

Id− 2AB

A+B
S̃

)

f, f

〉

= ‖f‖2 − 2AB

A+B

∑

n

| 〈f, ϕ̃n〉 |2

≤ ‖f‖2 − 2A

A+B
‖f‖2 =

B −A

A+B
‖f‖2 . (2.44)

The inequality comes from the lower frame bound B−1 condition for {ϕ̃n}. The
convergence is slow when A is much smaller than B. Moreover, the frame algorithm
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requires good estimates of A and B in order to work optimally. When such estimates
are not available, the factor 2AB

A+B can be substituted by an empirical estimate.

The frame algorithm solves problem 2 in a quite impractical manner. The only chance
to estimate the coefficients is to iterate the frame algorithm for each element in the
canonical dual set {ϕ̃n} = S−1{ϕn}. Hence, now g is replaced by ϕ̃n and L – by S.
The generic frame algorithm, run for every element from the dual frame, converges
with the same factor γ = B−A

A+B [47, 80].

Least squares, pseudo-inverses and iterative solvers. Eq. 2.36 suggests that
the space element f and the coefficient vector c obey the relations

c = Φ̃∗f and f = Φc. (2.45)

In the context of problems 1 and 2, the first equation can be used to estimate f
from c and Φ̃, and the second equation can be used to estimate c from f and Φ.
In general cases these systems might be under-determined, or the known reference
might be noisy and lie outside of the range space of Φ̃∗ (or respectively Φ). Then, it
is convenient to state problems 1 and 2 as the Least Squares (LS) problems :

f̂ = argmin
f

∥

∥

∥
c− Φ̃∗f

∥

∥

∥
and ĉ = argmin

c
‖f −Φc‖ , (2.46)

respectively. The straightforward solution of these problems is given by the pseudo-
inverses:

f̂ = (Φ̃∗)†c =
(

Φ̃Φ̃
∗)−1

Φ̃c and ĉ = Φ†f = Φ∗ (ΦΦ∗)−1
f. (2.47)

Note that the solution of problem 1 is provided by the left pseudo-inverse of Φ̃∗, while
the solution of problem 2 is provided by the right pseudo-inverse of Φ. In this manner
the substitution of Eqs. 2.45 in the respective Eqs. 2.47 guarantees that f is always
reconstructed precisely.

The drawback of the least squares approach is its high computational costs, which
makes it suitable only when the number of sampling points is small. In the full-rank
case, pseudo-inversion is done byQR-decomposition, while for under-determined cases
the Singular Value Decomposition (SVD) is preferable [84]. In both cases the pseudo-
inversion has cubic complexity. The high computational complexity issue of least
squares problem can be tackled by iterative methods for least squares [86]. These are
methods that build up the solution step by step, by taking small increments toward
the minimum of the residual ‖b−Rg‖ at each step. Among all iterative least squares
solvers, one of the most rapid convergence shows the method of Conjugate Gradients
(CG). It requires a Hermitean operator R in order to converge to the minimum, where
b = Rg. However, this requirement is normally relaxed by applying the CG to the
modified problem R∗b = R∗Rg. The resultant algorithm is referred to as conjugate
gradient on normal equations [86]. It iterates as follows:

1. initialize ĝ0 arbitrary, r0 = R∗b−R∗Rĝ0 and d0 = r0
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2. for i = 1 to nit

(a) α = 〈ri,ri〉
〈Rdi,Rdi〉

(b) ĝi+1 = ĝi + αdi

(c) ri+1 = ri − αR∗Rdi

(d) di+1 = ri+1 +
〈ri+1,ri+1〉

〈ri,ri〉 di

end

The solution is updated each time with a small portion α along the search direction dn
(step 2b). The basic idea of CG is to build the search directions dn conjugate to each
other, so that the solution is found in at most N steps for finite dimensional problems
of size N . By conjugate it is meant that the directions are orthogonal to each other,
where the orthogonality is measured with respect to the operator R∗R of the least
squares problem – 〈Rdi, Rdm〉 = 〈di, R∗Rdm〉 = 0. The value of α is chosen in such a
manner that the current error ei+1 = ĝi+1−g is conjugate to the previous direction di
(step 2a). This makes the residual ri+1 orthogonal to all previous search directions.
The new direction di+1 is built from this residual ri+1 so as to be conjugate to all
previous directions (step 2d).

Translated in terms of problem 1, the solution is found by CG with the substitutions
g = f,R = Φ̃∗ and b = c. This use of CG can be considered as an alternative to the
frame algorithm for {ϕ̃n} since S̃ = Φ̃Φ̃∗ = R∗R and the increment in step 2a can

be computed also as α = 〈ri, ri〉 /
〈

di, S̃di

〉

. Similarly, problem 2 is solved by CG

with the substitutions g = c, R = Φ and b = f . Unlike the matrix pseudo-inversion,
CG solves problems 1 and 2 either in discrete or continuous spaces and frames. An
advantage of the CG over the frame algorithm is that it does not involve the frame
bounds or their estimates for optimal convergence. However, the convergence of the
CG algorithm still depends on these bounds indirectly. The convergence factor after
i iterations of CG is [86]

2

(√
vmax −√

vmin√
vmax +

√
vmin

)i

, (2.48)

where vmax and vmin are the minimum and maximum eigenvalues of the iteration
operator, which is S̃ = Φ̃Φ̃∗ in problem 1 and Φ∗Φ in problem 2. Hence, vmax = A−1

and vmin = B−1 for problem 1. The eigenvalues of Φ∗Φ coincide with the eigenvalues
of S = ΦΦ∗ and are equal to the squared singular values of Φ, because both Φ∗Φ
and S = ΦΦ∗ are the product of Φ and its adjoint Φ∗. Therefore, vmax = B and
vmin = A for problem 2. Straightforward calculation shows that the CG convergence
factor for both problems 1 and 2 is

2

(√
B −

√
A√

A+
√
B

)i

. (2.49)

Hence, CG used for frame calculations is faster than the frame algorithm, especially
when there is a big difference between the frame bounds A and B.
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2.2.3 Irregular sampling theory and frames

The theory of frames plays the important role of providing a mathematical framework
for sampling. The connection between frames and sampling is made through a relation
between the frame bound condition in Eq. 2.30 and the energy of the signal samples.
Suppose that a signal f is sampled at a set of sampling points {xn}. The energy of f
is ‖f‖2 =

∫

|f(x)|2dx, whereas the sample energy equals
∑

n |f(xn)|2. A reasonable
sampling set must ensure sample energy comparable to the energy of the continuous
signal. This means that positive constants A and B should exist, such that

A‖f‖2 ≤
r
∑

n=1

|f(xn)|2 ≤ B‖f‖2 (2.50)

for all f belonging to the considered functional space. If the inequalities in Eq. 2.50
are satisfied, then the set of samples {xn} is referred to as a stable set of sampling
[38, 40, 42, 47, 51]. This requirement coincides with the frame bounds condition in
Eq. 2.30, if the samples {f(xn)} are treated as the coefficients of the frame expansion
in Eq. 2.31. This implies that the samples are obtained by sampling f with the dual
frame {ϕ̃n}. Hence, the term stable set of sampling refers to the numerical stability
associated with sampling a signal f and its reconstruction from the set of samples.

In the case of sampling, the dual frame is usually constructed as translates of a single
function ϕ̃(x), that is, ϕ̃n = ϕ̃(x − xn). The reconstruction formula can be written
as:

f =
∑

n

cnϕn =
∑

n

〈f, ϕ̃(x− xn)〉ϕ(x − xn), (2.51)

where the reconstruction frame {ϕn} = {ϕ(x− xn)} is also formed as translates of a
single function ϕ(x). This is often the case, even though not a necessary requirement.
The frames {ϕn} and {ϕ̃n} are also called reconstruction and sampling frames, respec-
tively. Functions with limited spatial support require a finite amount of samples and
thus a finite-dimensional reconstruction frame {ϕn}. However, some classes of signals
with infinite support can also be reconstructed by a finite-dimensional reconstruction
frame.

In the literature, there are results whose primal concern is the sampling of band-
limited functions, i.e. functions belonging to the space BΩ as defined in Eq. 2.25. Nat-
urally, the set of sampling functions can be selected as {ϕ̃n(x) = sinc(Ω(x− xn))}n∈Z

.
Here the question arises when do these functions constitute a basis for BΩ or at
least a frame. In the Fourier domain, such a sinc-based set corresponds to the

set of functions {rect
(

kx

Ωx

)

ejkxxn}n∈Z and similarly there is the question of when

{rect
(

kx

Ωx

)

ejkxxn}n∈Z constitutes a basis or frame for L2
[−Ω,Ω). The answer must be

searched for around the properties of the set of sampling points {xn}, since they deter-
mine the separate elements in the sampling frame/basis. Paley and Wiener[87] were
searching for the answer by representing the points xn as perturbations around the

regular Nyquist grid nπ/Ω. Respectively, the set of functions {rect
(

kx

Ωx

)

ejkxxn}n∈Z
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is related to the orthogonal Fourier series basis {rect
(

kx

Ωx

)

ejkxn
π
Ω }n∈Z through the

Paley-Wiener theorem [80]. Hence, the condition

max
n∈Z

∣

∣

∣
xn − n

π

Ω

∣

∣

∣
≤ D <

π

4Ω
(2.52)

ensures that the set ϕ̃n(x) = sinc(Ω(x− xn))n∈Z
is a Riesz basis for BΩ with dual

basis gn(x)n∈Z
defined by:

gn(x) =
g(x)

(x− xn)g′(xn)
, where g(x) =

∞
∏

n=1

(

1− x

xn

)(

1− x

x−n

)

. (2.53)

The constant D is the infimum of the deviation of the non-uniformly distributed
samples {xn}n∈Z from the regularly distributed samples at the Nyquist rate n π

Ω . The
precise bound D < π/(4Ω) is due to Kadec [41]. The explicit dual basis in Eq. 2.53
is due to Levinson [88]. This basis is still impractical for numerical application due
to the infinite product in the Lagrange interpolation function. This result has been
reformulated and interpreted many times [89, 90, 91].

Note that the density of the samples, required by the condition in Eq. 2.52, coincides
with the Nyquist rate π/Ω. Moreover, the condition permits only a slight perturbation
around the regular Nyquist grid. Weakening the basis {ϕ̃n(x) = sinc(Ω(x− xn))}n∈Z

to a frame, Duffin and Schaeffer [38] found the following weaker condition:

max
n∈Z

∣

∣

∣
xn − ǫn

π

Ω

∣

∣

∣
≤ D <∞, (2.54)

where 0 < ǫ < 1 is an oversampling factor and with the additional requirement
that |xn − xm| > 0 for n 6= m. This result was proven in the forward direction by
Duffin and Schaeffer [38], in the backward direction by Landau [92], and revised by
Feichtinger and Gröchenig [93]. The application of this result is limited, because the
frame bounds A and B, which determine the stability of the frame, are not explicitly
known. An estimate of the upper bound B is D/ǫ [38], while for A only its existence
is known.

The generalization of these results to two dimensions is done in a separable man-
ner [47]. The function f(x, y) is considered to belong to the space BΩ = BΩx

⊗ BΩy

of functions, band-limited both along x and y. The family of functions {ϕ̃n,m(x, y) =
ϕ̃n(x)⊗ ϕ̃m(y) = sinc(Ωx(x−xn)).sinc(Ωy(y−yn))}n,m∈Z is a Riesz basis or a frame
if the sampling sets {xn} and {ym} satisfy the condition Eq. 2.52 for Riesz basis or
the condition Eq. 2.54 for a frame. The Fourier domain alternative of this Riesz basis

(frame) is the set {rect
(

kx

Ωx

)

ejkxxnrect
(

ky

Ωy

)

ejkyym}n,m∈Z.

2.2.4 Reconstruction from irregular samples

This subsection reviews the basic numerical approaches to the reconstruction of a
function from an irregularly distributed sampling set. Most of them can be stated
through the general formulation of the iterative Neuman series inversion of a lin-
ear operator. An accelerated numerical solution is based on discrete modeling of a
band-limited function and inversion through the method of conjugate gradient. The
reconstruction algorithms based on the POCS method are presented in a general form.
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2.2.4.1 Marvasti (frame) method

The set {ϕ̃n(x) = sinc(Ω(x− xn))}n∈Z
forms a frame for BΩ, provided that the con-

dition in Eq. 2.54 is satisfied. Therefore, a function f ∈ BΩ can be reconstructed from
its irregularly distributed samples f(xn) =

Ω
π 〈f(x), sinc(Ω(x− xn))〉 by iterating the

frame operator S̃f =
∑

n f(xn)sinc(Ω(x− xn)), according to the frame algorithm in
Eq. 2.42. This algorithm was suggested by Marvasti et al. [94, 95]. Still, the range
of application of this algorithm is limited, because the frame bounds A and B which
determine the convergence of the frame algorithm are not explicitly known. Hence,
the relaxation parameter for convergence of the frame algorithm is estimated empir-
ically [94]. Without the use of a relaxation parameter in the frame algorithm there
is no guaranteed rate of convergence, even if the sampling points satisfy the Nyquist
criterion. Moreover, the algorithm is very sensitive to irregularities in the sampling
set, such as large gaps and/or clusters.

2.2.4.2 Sauer-Allebach-Aldroubi method

The Sauer-Allebach-Aldroubi method is based directly on the iterative algorithm for
finding the inverse of an operator of Eq. 2.42 based on the Neumann series. The basic
idea of this method is to interpolate the error f − fi of the i-th iteration from the
irregular grid of points to a continuous function, which is then projected onto the
space of interest H. Specifically, the algorithm proceeds as follows [37, 96]:

f̂i+1(x) = f̂i(x) + PH

(

∑

n∈Z

(f(xn)− f̂i(xn))qxn
(x)

)

. (2.55)

The interpolation is done through the so-called quasi-interpolant qxn
(x). The op-

erator PH denotes orthogonal projection onto the space H. In the discrete case,
the interpolation is done from an irregular sampling grid to a regular one. The
set of quasi-interpolants {qxn

(x)}n must satisfy the partition of unity condition and
should be as simple as possible to compute [46]. In this sense, it is convenient to
choose qxn

(x) to act only locally on a few neighboring samples. The simplest pos-
sible choice, yet working well in practice [46], is the rectangular function qxn

(x) =

rect
(

(x− x̄n+1−x̄n

2 )/(x̄n+1 − x̄n)
)

acting between the mid-points x̄n+1 = xn+1−xn

2

and x̄n of the given irregular samples. Other options are to take qxn
(x) as piecewise

linear, cubic, etc.

The projection PH clearly depends on the space H. For the space of band-limited
functions BΩ, PH can be implemented efficiently by filtering in the Fourier domain.
Aldroubi [46] considers weighted shift-invariant space and Wiener-Amalgam spaces H.
The weighted shift-invariant space is characterized by the shift-invariance of the space-
generating set {ϕn(x)}n and weighting function which controls the smoothness and/or
decay of the functions within the space. Wiener-Amalgam spaces are generalizations
of shift-invariant spaces which ensure that the functions locally belong to L∞ and
a projection onto the spaces imply a better local fit. In practice, the shape of the
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space-generating functions can be adapted to a particular impulse response of a device
related to an application. In general, these might be polynomial splines [97] or general
wavelet families [98, 99, 100].

The requirement which ensures the convergence of the algorithm is derived from the
norm of the operator Id − L, according to Eq. 2.43. The convergence factor equals
the product of ‖PH‖ and norm of the difference between the function and its quasi-
interpolated version [46].

2.2.4.3 Adaptive weights method

The frame algorithm for the reconstruction of band-limited functions is prone to ir-
regularities in the sampling grid such as gaps and clusters. Moreover, its convergence
is undetermined, because the lower frame bound A is unknown. Both of these prob-
lems are remedied by an ad-hoc weighting approach, which turns out to have strong
theoretical background [47, 45, 93, 96]. The essence of this approach is to pay more
attention to more “informative” samples by introducing a scalar weight for each sam-
ple. Samples which are densely distributed in a small region are considered to be
highly correlated and thus each sample carries a small portion of information about
the function. On the contrary, samples near the gaps in the sampling grid would
be less correlated and thus carry more information. Naturally, each sample xn is
weighted with a weight

√
wn which depends on the width of the gap between the

mid-points x̄n and x̄n+1:

wn = x̄n+1 − x̄n =
xn+1 − xn−1

2
. (2.56)

Then reconstruction from the weighted samples {√wnf(xn)}n∈Z can be done by the
weighted frame {√wnsinc(Ω(x− xn))}n∈Z for BΩ [45, 47, 96]. The frame bounds of
this set can be explicitly estimated depending on the bandwidth Ω [47, 96] and the
maximal gap τ between two consecutive samples:

A =

(

1− τΩ

π

)2

and B =

(

1 +
τΩ

π

)2

with τ = max
n∈Z

(xn+1 − xn). (2.57)

The reconstruction algorithm can now be done by iterating the frame algorithm with
the frame operator Sw.

Swf(x) =
∑

ninZ

wnf(xn)sinc(Ω(x− xn)). (2.58)

The proof of this result uses the fact that the set
{

1√
wn
PBΩ

rect
(

x
x̄n+1−x̄n

− 1
2

)}

n∈Z

is a frame for the space BΩ, where PBΩ
is orthogonal projection onto BΩ [47, 96].

Hence, this frame can be used to reconstruct f(x) from its local averages f̄xn
around

the sample points xn because they coincide with the scalar product of the function
f(x) and the frame elements:
〈

f(x), PBΩ
rect

(

x

x̄n+1 − x̄n
− 1

2

)〉

=

〈

PBΩ
f(x), rect

(

x

x̄n+1 − x̄n
− 1

2

)〉

=

〈

f(x), rect

(

x

x̄n+1 − x̄n
− 1

2

)〉

= f̄xn
. (2.59)
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Figure 2.4: The serial POCS algorithm

This is an important practical result since the sampling devices usually use spatial
averaging to estimate the sample value. For example, the sampling device in imaging
is commonly a CCD sensor.

This adaptive weights method has an accelerated implementation [37, 42, 43, 51].
It is based on arranging the known samples and the unknown function generation
coefficients in a special manner to obtain a matrix equation, where the matrix is
Toeplitz. The equation is solved by the iterative CG method described in Subsection
2.2.2.2. The matrix-vector product inside CG is efficiently computed through FFT in
logarithmic complexity.

2.2.4.4 POCS Method

POCS is an iterative optimization approach for finding an element of a feasible re-
gion defined by the intersection of a number of convex constraints, starting with an
arbitrary infeasible point [16, 101]. Initially, it has been applied for various signal
restoration problems in signal processing and holography [15, 17, 102] and later – for
irregular sampling of band-limited signals [103, 104].

The applications of POCS use a priori information to constrain the size of the fea-
sible solution subset in the space of interest H. This information includes physical
constraints related to the application and/or desired properties of the solution. Each
constraint is used to define a single set Cn as all functions f ∈ H which obey this
constraint (cf. Fig. 2.4). Formally, the feasible region C ⊂ H is defined as the inter-

section of all N constraint sets Cn ⊂ H: C =
⋂N

n=1 Cn. A solution for the problem at
hand is any function which lies in this intersection. Starting from an arbitrary point
f within the space H, its direct projection onto the set C might be difficult to find,
as it should satisfy many constraints. The idea is to use its projection Pnf onto each
set Cn, n = 1, . . . , N separately, as those projections are easier to find. A projection
Pnf of f ∈ H onto the set Cn is defined through a distance measure E(·, ·):

Pnf = arg min
g∈Cn

E(f, g). (2.60)
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A common choice for E(·, ·) is the Euclidean distance E(f, g) = ‖f − g‖ or weighted
Euclidean distance E(f, g) = ‖W (f − g)‖ for some positive bounded weighting func-
tion W . Sometimes the projection operation is modified to admit relaxation, i.e. Pnf
is replaced by the relaxed operator Pn,µn

f defined by [16, 17]

Pn,µn
f = Pnf + µn(Pnf − f), (2.61)

where µn is a real relaxation parameter satisfying |µn| < 1.

There are two possible ways to iterate from an initial point f0 ∈ H to a point in the
feasible set C. One of them is to update the solution at each iteration by applying
the projections Pn,µn

f in a serial manner (cf. Fig. 2.4):

f̂i+1 = PN,µN
f . . . P2,µ2

fP1,µ1
f̂i. (2.62)

The second approach applies the projections in a parallel manner:

f̂i+1 =
N
∑

n=1

wnPn,µn
f̂i, (2.63)

where wn, n = 1, . . . , N are positive real scalars which satisfy
∑N

n=1 wn = 1. They
play the role of weights which determine the contribution of each set to the solution.
Provided that all sets are convex and their intersection is non-empty, both serial and
parallel POCS methods converge to a point in the intersection [16]. In cases when
the intersection is empty, the serial projections method cycles around the sets, while
the serial projections method finds an element in H which minimizes the weighted
average distance to all sets according to the weights wn, n = 1, . . . , N . The situation
is different in the presence of non-convex sets. If there are only two sets, then both
parallel and serial methods converge [105]. When N > 2, only the serial algorithm
converges, but not necessarily to a feasible element of C [106].

In many practical cases, the constraints are determined by processes which are not
convenient for numerical interpretation. In such cases, the projections become too
complicated to be handled with reasonable computational resources [107]. Often,
the remedy is to transform the problem into a domain where the projection onto a
particular set can be obtained in a simple manner. In addition, a different distance
measure E(·, ·) can be introduced for a problematic set. The conditions under which
such an approach converges are discussed in [50].

The use of POCS method for the reconstruction of band-limited functions f(x) ∈ BΩ

from a finite number of irregular samples {f(xn)}sn=1 can be outlined as follows. All
band-limited functions which share the same sample value f(xn) constitute a convex
set Cn = {∀g ∈ BΩ : g(xn) = f(xn)} ⊂ BΩ. Hence, a solution which belongs to the
intersection of all convex sets C has the samples {f(xn)}sn=1. The projection Pn onto
each set Cn is calculated explicitly as [103]:

Png(x) = g(x) ∗ sinc(Ωx) + (f(xn)− g(xn) ∗ sinc(Ωxn))sinc(Ω(x− xn)). (2.64)
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2.2.5 Conclusions

The purpose of this section has been to introduce the reader to the concepts of mod-
ern sampling theory and irregular sampling, thus providing the background for the
papers which form the core of this thesis. Subection 2.2.1 has represented the sam-
pling problem as decomposition over the space band-limited functions BΩ spanned by
the basis set

{

Ω
π sinc(Ω(x− nX))

}

n∈Z
. Therefore, irregular sampling theory has been

supplemented with the basics of frame and Riesz basis decompositions at first. These
are Eqs. 2.29-2.34 and reformulated in a discrete manner as matrix-vector equations
in Eqs. 2.35-2.39. Subsection 2.2.2 has further described the basic inversion tasks
related to a frame/Riesz basis decomposition and the basic reconstruction methods.
The frame algorithm has been derived in terms of Neumann series expansion of a
non-expansive linear operator. The derivation has related the convergence of the al-
gorithm to the frame bounds. Moreover, this derivation is the base of the convergence
analysis of the POCS-based algorithm in P6. LS-based reconstruction approaches,
implemented through the iterative CG method, are done based on matrix-vector ex-
pansion equations. Their description supplements publications P2, P4, P5, P6, P7
and P8. Finally, Subsection 2.2.3 has translated all the frame theory results to the
case of irregular sampling of signals. The conditions in Eq. 2.52 and Eq. 2.54 for
recoverability of a function from a set of irregular samples suggest that the rate of the
irregular sampling set should not deviate much from the rate of a uniform sampling set
which satisfies the Nyquist condition in Eq. 2.26. The section has concluded with the
main reconstruction algorithms. The POCS-based method from Subsection 2.2.4.4
has described briefly the theory behind the reconstruction algorithm for diffraction
fields, developed in publications P3, P4 and P6. The adaptive weights method from
Subsection 2.2.4.3 provides the idea of the weighted LS reconstruction approach in
P6.
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2.3 Sampling of diffraction fields

The purpose of this section is to present the main theoretical results concerning sam-
pling schemes for a scalar diffraction field. The discussion starts with the concept
of degrees of freedom of the field as a base for evaluation of the redundancy of the
ongoing sampling schemes. Two measures for degrees of freedom, namely the space-
bandwidth product and Wigner distribution are presented. The initial results about
sampling of α-limited scalar light fields, introduced by Gori [25] and revisited by Onu-
ral [26], are described first. These results concern the sampling of the diffraction field
over a transverse plane. The second approach is the generalized sampling method of
Stern and Javidi [108, 109], based on local bandwidth in the Wigner domain. The
generalization of these results for sampling a volume of the diffraction field [3, 23],
rather than a plane, conclude the section.

2.3.1 Degrees of freedom of a diffraction field

Sampling is the representation of a function in terms of discrete set of scalar values in
an invertible manner. Before discussion about the sampling schemes of a diffraction
field, it is interesting to pay attention to the theoretically sufficient amount of values
which are needed to represent the field. This amount is referred to as Number of
Degrees of Freedom (NDF) of the diffraction field. Here we present two alternative
measures for it – the space-bandwidth product and the Wigner distribution.

Recall from Section 2.1 that a scalar light field u(x, y, z) can be reconstructed com-
pletely at any point (x, y, z) in the half-space z > 0, from the knowledge of the field
u(x, y, zT ) at any transversal plane (x, y, z)|z=zT

. This statement is valid for the
Rayleigh-Sommerfeld integral, PWD integral and their Fresnel approximations. This
plane is referred to as the field-generating plane. Without losing generality, assume
that zT = 0 and call the field-generating plane “initial” as well. For the sake of
simplicity throughout the discussion in this section, assume that there is only one
transverse dimension x, resulting in a two-dimensional field u(x, z). All results con-
cerning the sampling are presented for the 2D case and generalizations for the 3D case
are straightforward. The 2D field u(x, z) is completely determined by the knowledge
of the initial field-generating line u(x, 0). As u(x, 0) is sufficient, the NDF of the
diffraction field u(x, z) must coincide with the NDF of the one-dimensional function
u(x, 0).

2.3.1.1 Space-bandwidth product

The amount of discrete values with respect to the conventional sampling representa-
tion of u(x, 0) is related to the spatial and frequency support of u(x, 0). As u(x, 0) is
a diffraction field, it is band-limited to 2π

λ (cf. Subsection 2.1.1). In practice, finite
spatial extent ∆x occurs often due to finite aperture. However, u(x, 0) cannot be
both space and frequency limited in theory. Fortunately, the theory admits functions
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f(x) whose essential part of the energy is finitely supported both in the spatial and
Fourier domain, i.e.

|f(x)|2 < ǫx for |x| > ∆x

2
and |F (kx)|2 < ǫkx

for |kx| > Ω, ǫx, ǫkx
→ 0, (2.65)

where F (kx) = F{f(x)}. In fact, u(x, 0) is essentially space limited and essentially
band-limited. The field u(x, z) is always slightly perturbed near the rim of the aper-
ture and hence not strictly space limited, but rapidly vanishing in the shadow of
the aperture. In the frequency domain, the PWD integral includes rapidly vanish-
ing evanescent waves for frequencies beyond 2π

λ . For the sake of generality, one can
assume further that the essential frequency support of u(x, 0) is for Ω ≤ 2π

λ . An
essentially band-limited function can be uniformly sampled according to the Nyquist
interval X = π

Ω , since the overlap of the adjacent replicas in the Fourier transform is
negligible. The amount of essentially non-zero samples within the spatial support is
then

NDF =
∆x

X
=

∆xΩ

π
. (2.66)

Alternatively, discretization can be done in the Fourier domain with interval 2π
∆x

[56],
which results in the same NDF. This shows that either in the space or frequency
domain u(x, 0) can be recovered from NDF with essentially non-zero discrete values.
Even when applying non-uniform sampling, the theorems from Subsection 2.2.3 imply
a sampling density equal to the Nyquist rate, which would result to the same NDF
on the average.

2.3.1.2 Wigner distribution

Eq. 2.66 derives an important, but not the most general result. This is observed
in the joint space-frequency plane, through the Wigner distribution of the function
f(x) = u(x, 0) [110]:

Wf (x, kx) =

∞
∫

−∞

f

(

x+
x′

2

)

f∗
(

x− x′

2

)

e−jkxx
′

dx′

=
1

2π

∞
∫

−∞

F

(

kx +
k′x
2

)

F ∗
(

kx − k′x
2

)

ejk
′

xxdk′x, (2.67)

where F (kx) = F{f(x)}. The Wigner distribution satisfies the energy relations:

|f(x)|2 =

∫

Wf (x, kx)dkx and |F (kx)|2 =

∫

Wf (x, kx)dx. (2.68)

The inversion from the Wigner distribution Wf (x, kx) to the function f(x) is unique,
apart from a constant phase factor:

∫

Wf (x/2, kx)e
jkxxdkx = f(x)f∗(0), |f(0)|2 =

∫

Wf (0, kx)dkx. (2.69)
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Figure 2.5: Wigner distributions Wf (x, kx) and Wg(x, kx) of two functions f and g,
which occupy the same area in the space-frequency plane, but have different spatial
supports, ∆x and ∆x + 2zΩ

k respectively.

The unique correspondence between the function f(x) and its Wigner distribution
Wf (x, kx) in addition to the energy relations of Eq. 2.68 suggest how to estimate the
spatial and frequency support of f(x) from Wf (x, kx). If the region in the (x, kx)
plane, where Wf (x, kx) is essentially non-zero, is rectangular, then the NDF, as de-
fined by Eq. 2.66, equals the area of this region divided by 2π. In a more abstract
manner, this area equals the number of independent non-zero terms in the Gabor
expansion of f(x) [108, 109, 111, 112, 113].

The difference between the area under the nonzero part of Wf (x, kx) and the space-
bandwidth product of f(x) can be clarified through the following example. Con-
sider another function g(x), whose Wigner distribution Wg(x, kx) is not rectangular
(Fig. 2.5). The example is constructed such that the support |g(x)|2 =

∫

Wg(x, kx)dkx
of g along x is larger than the support of f , but the area under the essentially non-
zero part of Wf (x, kx) and Wg(x, kx) is the same. Therefore, both g and f have the
same amount of independent non-zero terms in their Gabor expansion. Still, g has
larger spatial support than f and, correspondingly, larger space-bandwidth product
as defined by Eq. 2.66. Hence, the space-bandwidth product in Eq. 2.66 coincides
with the NDF of f(x) only when the Wf (x, kx) occupies a rectangular region in the
space-frequency plane. A more precise definition for NDF of a function f(x) is the
area of the region in the (x, kx)-plane where Wf (x, kx) is essentially non-zero:

NDF =
1

2π

∫∫

|Wf (x,kx)|>ǫ

dxdkx. (2.70)

The example in Fig. 2.5 is constructed so that f(x) = u(x, 0) corresponds to a diffrac-
tion field, restricted to the initial line (x, z)|z=0, and g(x) = u(x, z) corresponds to
the Fresnel diffraction field, restricted to a transversal line at a distance z. Such a
situation is commonly met in practice when Fresnel diffraction between two paral-
lel planes must be computed. Eq. 2.20 suggests that the Fourier transforms of f(x)

and g(x) are related through G(kx) = F (kx)e
jkze−

jz
2k

k2
x . Therefore, Wg(x, kx) can be
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expressed in terms of F (kx) as follows:

Wg(x, kx) =
1

2π

∞
∫

−∞

F

(

kx +
k′x
2

)

ejkze
− jz

2k

(

kx+
k′

x
2

)2

×

F ∗
(

kx − k′x
2

)

e−jkze
jz
2k

(

kx− k′

x
2

)2

ejk
′

xxdk′x

=
1

2π

∞
∫

−∞

F

(

kx +
k′x
2

)

F ∗
(

kx − k′x
2

)

ejk
′

xxe
− jz

2k

(

k2
x+kxk

′

x+
k′2
x
4

−k2
x+kxk

′

x−
k′2
x
4

)

=
1

2π

∞
∫

−∞

F

(

kx +
k′x
2

)

F ∗
(

kx − k′x
2

)

ejk
′

x(x− z
k
kx) =Wf

(

x− z

k
kx, kx

)

. (2.71)

Eq. 2.71 suggests that Fresnel propagation of a function f(x) in positive z direction
shears its Wigner distribution function along x, as shown in Fig. 2.5. Hence, a function
f(x), which is essentially band-limited to 2Ω, increases its essential spatial support
from ∆x to ∆x + 2zΩ/k after propagation at a distance z. Consequently, the space-
bandwidth product in Eq. 2.66 increases, unlike the area under its Wigner distribution
according to Eq. 2.70. Therefore, the Wigner distribution is a more general tool than
the space-bandwidth product for measuring the NDF of a diffraction field u(x, z).

2.3.2 Results based on the Nyquist theorem

A very frequent case in practice is the calculation of Fresnel diffraction between two
parallel lines (x′, z)|z=0 and (x, z)|z=const. Numerical computation of u(x, z), re-
stricted to the line (x, z)|z=const, from u(x′, 0) requires sampling on both lines. Al-
ready for decades, the scientific community has used approaches based on the Nyquist
theorem, summarized by Gori [25] and generalized by Onural [26].

Gori considers cases when either the function on the initial line u(x′, 0), or its Fresnel
pattern u(x, z) on distance z are spatially limited. Consider first the case when u(x, z)
is finitely supported on the interval x ∈ [−x0

2 ,
x0

2 ). Recall from Eq. 2.23 that u(x, z)
can be considered as a scaled and modulated version of the Fourier transform of
u(x′, 0)e

jπ
λz

x′2

if the 2πx
λz is the angular frequency. The scaling and modulation do

not change the support of u(x, z) and hence the Fourier transform of u(x′, 0)e
jπ
λz

x′2

is
finitely supported on the interval x ∈ [−πx0

λz ,
πx0

λz ). Therefore, the Nyquist criterion

from Eq. 2.26 can be applied for u(x′, 0)e
jπ
λz

x′2

with the substitution X = X ′ for the
sampling interval and Ω = πx0

λz to obtain:

X ′ ≤ λz

x0
. (2.72)

Such a sampling interval X ′ guarantees that u(x′, 0)e
jπ
λz

x′2

can be recovered from its
samples and, consequently, u(x′, 0) can be recovered. The number N of necessary
samples depends on the spatial support of u(x′, 0). If u(x′, 0) is considered to be
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essentially space-limited within x′ ∈ [−∆x

2 ,
∆x

2 ) and essentially band-limited within
kx ∈ [−Ω,Ω), then N can be related to the NDF of u(x′, 0). The spatial support of
u(x, z) is x0 = ∆x +

2zΩ
k according to Eq. 2.71, since u(x, z) is the Fresnel transform

of u(x′, 0). The number of required samples for u(x′, 0) is

N =
∆x

X ′ =
∆xx0
λz

=
∆x(∆xk + 2zΩ)

kλz
= NDF +

∆2
x

λz
. (2.73)

This computation directly shows the amount of excess samples
∆2

x

λz depending on the
propagation distance.

As a second case, Gori considers that u(x′, 0) is spatially supported on a finite interval

x′ ∈ [−∆x

2 ,
∆x

2 ). The term u(x′, 0)e
jπ
λz

x′2

is also supported on x′ ∈ [−∆x

2 ,
∆x

2 ). It is

the inverse Fourier transform of jλzu(ωx, z)e
−jkze

jλz
4π

ω2
x according to Eq. 2.23, where

ωx = 2πx
λz . Sampling u(x, z) with interval X means sampling jλzu(ωx, z)e

−jkze
jλz
4π

ω2
x

with interval 2πX
λz . This results in periodization of u(x′, 0)e

jπ
λz

x′2

[56] with period λz
X

and the adjacent periodic replicas do not overlap, provided that

X ≤ λz

∆x
. (2.74)

Note that this criterion is exactly the same as the criterion in Eq. 2.72. This enables
employing u(x, z) and u(x′, 0) as an FFT pair, according to the discussion at the end
of Subsection 2.1.4. Moreover, this brings the same excess over the NDF when u(x′, 0)
is essentially space-limited within x′ ∈ [−∆x

2 ,
∆x

2 ) and essentially band-limited within
kx ∈ [−Ω,Ω):

N =
∆x + 2zΩ/k

X
=

(∆x + 2zΩ/k)∆x

λz
= NDF +

∆2
x

λz
. (2.75)

Onural generalizes the result of Eq. 2.72 and Eq. 2.74 for Fresnel diffraction between
two planes for more general uniform sampling grids as quincunx or hexagonal [26].
He completes the work of Gori by discussing also the case of sampling u(x, z) when
u(x′, 0) is strictly band-limited within [−Ω,Ω). Eq. 2.20 implies that u(x, z) is also
band-limited within [−Ω,Ω) and can be conventionally sampled according to the
Nyquist criterion with sampling intervalX ≤ π

Ω . Note that this interval is useful when
the convolutional algorithm from Eq. 2.20 is used to compute Fresnel propagation,
while the criterion in Eq. 2.72 and Eq. 2.74 is required when the Fourier transform-
like algorithm from Eq. 2.23 is used for computation. The criterion X ≤ π

Ω , used for

sampling u(x, z) when u(x′, 0) is essentially space-limited within x′ ∈ [−∆x

2 ,
∆x

2 ) and
essentially band-limited within kx ∈ [−Ω,Ω), requires

N =
∆x + 2zΩ/k

X
=

(∆x + 2zΩ/k)Ω

π
= NDF +

λzΩ2

π2
(2.76)

samples. Note that now the excess over NDF grows with the distance z in contrast
with Eq. 2.73 and Eq. 2.75. This fact can be used to select either Eq. 2.20 or Eq. 2.23
for Fresnel diffraction computations, depending on the problem at hand.
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2.3.3 Results based on local bandwidth

The sampling criteria, formalized by Gori [25] and Onural [26], have an interesting
interpretation in terms of Local Bandwidth (LB). Analyzed in the Wigner domain, the
sampling problem engenders the generalized sampling theorem by Stern and Javidi
[108, 109]. The LB is also employed to produce an optimal non-uniform, but regular
sampling grid on the Fresnel plane [29]. In essence, these results are built up by
respecting the Nyquist criterion in terms of LB, rather than global bandwidth. Such
strategy is useful for diffraction fields restricted to a Fresnel plane, since their LB is
often smaller then their global bandwidth.

Stern and Javidi [108, 109] use uniform sampling grid over a line (x, z)|z=const where
the Fresnel approximation is valid. The sampling step X is uniform over the whole
line, respecting the Nyquist criterion for the Maximum Local Bandwidth (MLB):
X ≤ 2π

MLB. A rigorous derivation of this result is made by the use of the Wigner

distribution. Sampling a function f(x) with an interval X effectively periodizes its
Wigner distributionWf (x, kx) by

π
X along the frequency axis kx and samples it along

x with an interval X
2 [114]:

Wfs(n, kx) =
π

T

∑

l

(−1)nlWf

(

nX

2
, kx − lπ

X

)

, (2.77)

where Wfs(n, kx) is the Wigner distribution of the sampled function fs(x). Peri-
odization with π

X implies that the sampling period X should obey π
X ≥ MLB, so that

the adjacent periodic replicas of Wf (x, kx) do not overlap. Note that this is twice
higher than the Nyquist rate when MLB is equal to the global bandwidth. However,
even when taking 2π

X ≥ MLB, the signal can be reconstructed. At sampling interval
X ≤ 2π

MLB, each value Wfs(n, kx) is result of the overlap by at most two adjacent

replicas Wf

(

nX
2 , kx − lπ

X

)

and Wf

(

nX
2 , kx − (l+1)π

X

)

. Roughly speaking, “half” of

the signal information for recovering Wf (x, kX) is lost due to this overlap. However,
the samples in Wfs(n, kx) occur at Xn

2 , i.e. there are twice as many samples than
required by the Nyquist theorem occupying the spatial support of f(x). A rigorous
analysis on how the whole information about the signal is recovered form Wfs(n, kx)
when X ≤ 2π

MLB can be found in [108, 109].

Eq. 2.71 can be used to determine the MLB of the Fresnel diffraction field u(x, z),
restricted to a line (x, z)|z=const from the spatial support ∆x and bandwidth 2Ω
of the diffraction field u(x, 0) on the reference line. The relation Wu(x,z)(x, kx) =

Wu(x,0)

(

x− z
kkx, kx

)

suggests that a rectangular region, occupied by Wu(x,0)(x, kx),
is sheared to a parallelogram, occupied by Wu(x,z)(x, kx). The vertical sides of the

rectangle at x = ±∆x

2 are mapped to tilted lines on the parallelogram such that

x − z
kkx = ±∆x

2 or kx = z
k

(

x∓ ∆x

2

)

. Depending on the value of z, the top left

corner
(

x = −∆x

2 + z
kΩ,Ω

)

of the parallelogram might appear before or after the

bottom right corner
(

x = ∆x

2 − z
kΩ,Ω

)

along the x-axis (Fig. 2.6). The first case

occurs for z ≤ ∆xk
2Ω and determines MLB = 2Ω (Fig. 2.6 left). The second case

occurs for z > ∆xk
2Ω and determines the MLB as the space along kx between the left
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Figure 2.6: Wigner distribution Wu(x,z)(x, kx) of the Fresnel diffraction field u(x, z),

restricted to the line (x, z)|z=const for two different diffraction distances: z ≤ ∆xk
2Ω

(left) and z > ∆xk
2Ω (right).
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(Fig. 2.6 right):
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z

k
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∆x
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)

− z

k

(

x− ∆x

2

)

=
k∆x

z
. (2.78)

The first case requires conventional Nyquist sampling with interval X ≤ π
Ω , because

MLB = 2Ω. The second case requires X ≤ 2π

MLB = λz
∆x

and thus it is equivalent

to the criterion in Eq. 2.74. Note that z ≤ ∆xk
2Ω is the same as λzΩ2

π2 ≤ ∆2
x

λz and
the convolutional algorithm in Eq. 2.20 provides less excess on the NDF in compari-
son with the Fourier transform-like algorithm in Eq. 2.23, according to Eq. 2.76 and
Eq. 2.75. The Fourier transform-like algorithm in Eq. 2.23 is less redundant when
z ≤ ∆xk

2Ω . Hence, depending on the propagation distance z, either the convolutional
or the Fourier transform-like algorithm is preferred as the less computationally ex-
pensive algorithm. In this context, an intuitive algorithm to recover u(x, 0) from the
samples of u(x, z) is to compute discrete back-propagation followed by continuous
reconstruction by low-pass filtering.

Both of these sampling approaches are redundant with respect to the NDF of the
diffraction field. This is due to the fact that they use an uniform sampling step
within the spatial support of u(x, z) and thus do not take full advantage of the local
bandwidth. For the sake of no redundancy, VanderLugt suggests a non-uniform,
but regular sampling grid, where the sampling step depends on the position of the
respective sample [29]. The sample spacing is determined according to the Nyquist
criterion for the LB(x) at position x: X(x) = 2π

LB(x)
. Such a sampling scheme is

illustrated in Fig. 2.7, where regions 1, 2 and 3 correspond to regions 1, 2 and 3 of
the Wigner distribution of u(x, z) in Fig. 2.6. The LB is constant LB = 2Ω or
LB = MLB = k∆x

z in region 2 and the sampling step is uniform X2(x) = π
Ω or

X2(x) = λz
∆x

, respectively. The LB decays linearly towards the outer end region 1

and region 3, LB(x) = k
(left)
x (x) + Ω = z

k

(

x+ ∆x

2

)

+ Ω for region 1 and LB(x) =

Ω − k
(right)
x (x) = Ω − z

k

(

x− ∆x

2

)

for region 3. The average amount of samples,
used inside each region, can be calculated as the x-support of the region times its
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Figure 2.7: Optimum non-uniform sampling according to LB(x) along the support of
Fresnel diffraction field u(x, z) which is restricted to the line (x, z)|z=const. The thin
vertical lines indicate the positions of the samples.
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Figure 2.8: Finite aperture with minimal rm and maximal rM radial distances to a
particular line in the volumetric grid.

average LB divided by 2π. This amount equals the area of each region divided by
2π. Therefore, the average total amount of samples is equal to 1

2π times the area of
the parallelogram occupied by its Wigner distribution, or equivalently, to the NDF
of the diffraction field. Hence, this sampling strategy is optimal as it requires no
redundancy in the samples. However, the original paper by VanderLugt does not
discuss, or even imply, an eventual approach to recover the continuous u(x, z) from
the set of non-uniform samples [29].

2.3.4 Generalizations for a volume

Many light field reconstruction and synthesis applications are related to 3D imaging [1,
2] and light beam shaping [3]. These commonly specify a desired light field within an
application-oriented volume of interest, thus requiring depth. Therefore, any related
numerical computations require sampling of the whole volume of interest. To the best
of the author’s knowledge, the only volumetric sampling strategy has been developed
by Piestun et al. [3, 23, 49]. There, the volume is sampled with an ensemble of
longitudinal lines, parallel to the optical axis. Each line is sampled non-uniformly,
but regularly. The spacing between lines is chosen on the base of Eq.2.74.

The sampling grid on each line is determined in a manner which guarantees that
the light field along the line can be reconstructed from the samples. Without loss
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of generality, consider that the line is the optical axis (x, y, z) = (0, 0, z). Assume
that the field u(x, y, 0) is known over an arbitrary aperture in the reference plane
(x, y, z)|z=0 (Fig. 2.8). The Fresnel integral from Eq.2.17 can be written for the
optical axis in cylindric coordinate system (r, θ, z) as:

u(0, 0, z) =
ejkz

jλz

∞ 2π
∫∫

0 0

ru(r, θ, 0)ej
k
2z

r2dθdr = − jve
j k2

2v

2π

∞
∫

0

f(r)ejvr
2

dr2

= − je
j k2

2v

2π
vF−1{f̄(p)} =

ej
k2

2v

2π
F−1

{

df̄(p)

dp

}

, (2.79)

where v = k
2z , p = r2 and f̄(p) = f(r) =

∫

u(r, θ, 0)dθ. The function df̄(p)
dp is the

Fourier transform of the function g(v) = 2πe
−j k2

2v u
(

0, 0, k
2v

)

. Therefore, the support

of df̄(p)
dp can be used in the Nyquist criterion to determine the sampling step V for

sampling g(v) uniformly over v. Note that u(0, 0, z) can be uniquely determined from

g(v). The support of df̄(p)
dp is the same as the support of f̄(p), which, in turn, can

be determined from the shape of the aperture. Assume that the aperture opens from
rm to rM with respect to the origin (Fig. 2.8). Then the function f(r) is nonzero

between rm and rM and the support of f̄(p) and df̄(p)
dp is r2M − r2m. The sampling

step is V = 2π
r2
M

−r2m
. The variable z is inversely proportional to v and therefore the

uniform grid along v is transformed to a non-uniform, but regular grid along z with
variable step size Z. Two consecutive samples along v, spaced by V , occur at v = k

2z

and v = k
2(z−Z) . This relation can be used to determine Z from the Nyquist criterion

for V as:

Z ≤ 4πz2

k(r2M − r2m)− 4πz
. (2.80)

Note that the distances rm and rM between the aperture and the line are individual
for each line in the volumetric grid. Hence, the non-uniform grid along the line is
individual for each line. When needed, the individual grids can be aligned by selecting
the sampling step Z according to the maximal value of r2M − r2m. Moreover, Eq.2.74
determines z-dependent spacing between the lines in the volumetric grid. As the
lines need to stay parallel to the z-axis, the z-dependency in Eq.2.74 is relaxed by
selecting the smallest z in the volume of interest. Such a 3D grid is very redundant
with respect to the degrees of freedom of the light field. Not only are the samples
per plane redundant, but many planes are taken into computation for the sake of
specifying the desired scene in depth.

2.3.5 Conclusions

This section has surveyed the main results related to the sampling of diffraction fields.
This detailed survey has been made in order to motivate the idea of reconstructing
a diffraction field from a set of samples irregularly distributed within a region of
interest. The main motivation is to have a sampling scheme which is able to sample
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the diffraction field in a volume and at the same time to be non-redundant, i.e. does
not require many more samples than the NDF of the field. The sampling scheme in
Subsection 2.3.4 has been derived for a volume of interest, but is very redundant as
the required samples exceed by multiple times the NDF of the field. On the other
hand, the techniques presented in Subsection 2.3.2 and Subsection 2.3.3 exceed the
NDF by just a little, but distribute the samples over a single transversal plane of the
field in an uniform manner.

The measure for efficiency is the reason why the section has started by describ-
ing two measures for NDF of a function – the space-bandwidth product in Sub-
section 2.3.1.1 and the area under the Wigner distribution in Subsection 2.3.1.2. The
space-bandwidth product is accurate enough when the function occupies a rectangle
in the time-frequency plane. This is a reasonable assumption if the function is the
light field distribution on the initial line, right behind an aperture. However, this
rectangle shears along x after some propagation distance z. In this case, the area
under the Wigner distribution of the propagated function is a more accurate measure
for the NDF of the diffraction field. Section 2.3.2 has presented sampling schemes
for the cases when either the diffraction pattern or its bandwidth is limited. The
results are based on the Nyquist condition and the amount of needed samples are
comparable to the NDF of the field, with a slight excess over the NDF. The results
presented in Subsection 2.3.3 are derived on the basis of the maximal local bandwidth,
measured by the Wigner distribution. Even though this analysis is more rigorous, the
results are essentially the same as those in Subsection 2.3.2. An advantage of the
local bandwidth analysis is that it admits a strictly non-redundant sampling scheme,
which distributes the required samples on the plane in a non-uniform, but regular
manner.
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Figure 2.9: Light field synthesis within a 3D volume of interest. The optical system
is illuminated by an incident wave to produce the desired light field distribution
D(x, y, z).

2.4 Light field reconstruction and synthesis

Light field synthesis refers to the generation of desired optical light-field distribution
within a region of interest in 3D space. An incident light wave enters an optical
system to be modulated, and then propagates in an homogeneous medium beyond
the system where the desired 3D optical field distribution is formed, as illustrated in
Fig. 2.9.

The modulation takes place in optical systems that contain classical optical elements
such as lenses, prisms, beam splitters, optical fibers and apertures in addition to
modulation elements. The modulation elements can be fixed or electronically recon-
figurable DOEs/SLMs which modulate the incident wave by masking with a certain
relief structure and/or electronically controlled transparency. The DMDs are the type
of SLMs considered in this thesis.

The requirements for a 3D light field come from the specifics of the application at
hand, e.g. recorded data in digital holography, synthetic objects in computer gen-
erated holography, desired shape for a light beam. Mathematically described, the
requirements might not be feasible to produce a physically consistent light field which
satisfies the Helmholtz wave equation. In addition, the light field may be constrained
by finite bandwidth, aperture and energy. Therefore, the primal goal is to search for
a field which approximates the requirements to the best extent.

The configuration of the modulation element has the greatest influence on synthesized
3D light field distribution. This configuration is commonly found by a numerical opti-
mization procedure. As discrete computations, these require a discrete representation
of the light field and the desired, application-oriented, 3D distribution. While the
problem of generating arbitrary wave fronts on one plane has already been well un-
derstood, the generation of light distributions within a 3D domain has only recently
been attempted. In the following, approaches for solving either the planar or the
volumetric case are surveyed. Most of these are primarily based on variations of the
POCS algorithm.
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This section is organized as follows. First, the significance and specifics of light field
synthesis and reconstruction is motivated by a review of potential applications in 3D
imaging and light beam shaping. Subsection 2.4.2 describes the specifics for fixed
and electronically reconfigurable DOEs/SLMs. Subsection 2.4.3 presents the most
popular techniques used for LF synthesis on a transversal plane behind the modu-
lation element. Subsection 2.4.4 summarizes the state-of-the-art LF reconstruction
algorithms within a volume.

2.4.1 Applications of LF reconstruction and synthesis

2.4.1.1 Digital holography

Holography is considered to be the most realistic approach for 3D scene capture [2,
55, 115]. Conventional recording sensors such as CCD, CMOS, or analog thin films
are able to capture only the amplitude of light on a certain plane. However, within
any transversal plane, the phase of the wavefront is the one which carries the scene
depth information [4]. In holography, the phase is recorded indirectly by interfering
with the object field O = |O|ejφO with a known reference wave R = |R|ejφR onto the
plane of the sensor [2, 55, 115]. In this notation, the (x, y)-dependency of O and R is
omitted for the sake of readability. The recorded intensity on the sensor is

I = |O +R|2 = OO∗ +RR∗ +RO∗ +OR∗. (2.81)

The object light field can be re-synthesized once it is known on a desired reference
plane. This can be reconstructed from the last term OR∗ in Eq. 2.81 by multiply-
ing with the known wave 1

|R|e
jφR and back-propagating O to the desired reference

plane. Depending on the conditions, a different diffraction model is used for the
back-propagation and the holography is referred to as Fresnel, Fraunhofer or image
plane hologram [2, 55]. R-S or PWD diffraction is used rarely, when the precision of
computations is necessary.

There are various approaches to extract OR∗ out of the intensity mixture I [2, 55, 115,
116]. The two most common approaches are known as temporal phase shifting and
spatial phase shifting [55]. The temporal phase shifting approach takes K recordings
of the interference Ii = |O +Ri|2, i = 1, ...,K at subsequent time instants, each with
reference wave Ri. The reference waves Ri are chosen to have different constant phase
offsets φR,i: Ri(x, y) = |R(x, y)|ejφR,i . The term OR∗ is extracted by adding the
intensities Ii in an appropriate manner. This is possible, provided that

∑

i e
jφR,i = 0

and
∑

i e
j2φR,i = 0 [2]. One commonly used choice is φR,i =

2πi
K for K ≥ 3. When

K = 4, the term OR∗ is extracted as OR∗ = (I1 + jI2 − I3 − jI4)/4.

The spatial phase shifting approach introduces a linear offset in the phase of the
reference wave by tilting it with respect to the optical axis [2, 55]. Therefore, this
approach is often referred to as “off-axis” holography. The reference wave is usually
selected as a plane wave. A tilt at angle θx around the y-axis with respect to the
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optical z-axis introduces a linear phase shift R(x, y) = |R|ejkx sin θx . Analogously,
a tilt at angle θy around the x-axis with respect to the optical z-axis introduces a
linear phase shift R(x, y) = |R|ejky sin θy . Generally, the tilted plane wave has the
expression R(x, y) = |R|ejk(x sin θx+y sin θy) whose 2D Fourier transform is a spike at
(kx, ky) = (k sin θx, k sin θy). In the Fourier domain, the term F{RR∗} is a spike at the
origin (kx, ky) = (0, 0), F{OO∗} is centered at the origin with a twice larger extent
than F{O} and the terms F{OR∗} and F{RO∗} are shifted replicas of F{O} at
(kx, ky) = (−k sin θx,−k sin θy) and (kx, ky) = (k sin θx, k sin θy), respectively. Hence,
F{OO∗} and F{OR∗} do not overlap, provided that k sin θx and k sin θy are at least
1.5 times the support of F{O} along kx and ky , respectively. Moreover, the sensor
should record frequencies four times larger than the bandwidth of the object. When
these are satisfied, F{OR∗} is extracted from F{I} by e.g. band-pass filtering.

2.4.1.2 Computer generated holography

Computer generated holography is a general term which encompasses the light field
reconstruction and synthesis of a 3D scene, given its abstract representation in math-
ematical or computer graphics terms [1, 2, 3, 10]. This subsection presents the frame-
work for reconstruction of the wave front of a computer generated hologram for sub-
sequent synthesis with a modulation device. Digital holography can be considered
as a part of computer generated holography which is related to the light field recon-
struction and display of real world objects, recorded by a sensor.

The objects constituting the 3D scene are not necessary real, might be related to
any application involving computer generated imagery: from CAD to gaming, virtual
reality -based training and testing, medical imaging, cultural heritage. Commonly,
the 3D scenes are assumed to be available in geometrical, or vector graphics models
[1]. These represent a scene as a composition of elementary diffracting elements such
as point scatters, curve segments, slits, etc. The most general representation of 3D
scene or object is provided by a point cloud. A point cloud is a set of vertices of
(x, y, z) coordinates, typically intended for the representation of the external surface
of an object. In computer graphics, point clouds often serve as a base of surface models
such as polygon meshes or NURBS. In computer generated holography, a point cloud
is very convenient to pose the light field reconstruction problem as reconstruction
from irregularly distributed samples, considered in publications P2, P3, P4, P5, P6
and P7, P8. A polygon mesh is a collection of vertices, edges and faces that defines
the shape of a polyhedral object. NURBS is a mathematical model for representing
curves and surfaces, defined by its order and a set of weighted control points. A
wire frame model is created by specifying each edge of the physical object where
two mathematically continuous smooth surfaces meet, or by connecting an object’s
constituent vertices.

The light wave front of a 3D scene represented by a geometrical model is usually
calculated as a superposition of elemental wave fronts which correspond to each ele-
ment of the geometrical model [2, 10]. Such a technique offers a crude approximation
which offers reasonable results for simple scenes and large size of the models. Better
techniques are based on direct 3D light field reconstruction, as discussed in Subsec-
tion 2.4.4.
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2.4.1.3 Light beam shaping

A light field undergoes diffraction effects upon propagation, which tend to induce
variations in its profile. For example, a diffraction pattern which stays in focus at
a certain plane, undergoes dramatic changes away from this plane. However, many
practical applications drive their interest towards light beams whose profile does not
change, or maintains certain properties for a long diffraction distance. Some general
cases with their applications are listed below [3].

3D curves. 3D light curves have peak intensity of the light distribution concentrated
around some 3D curve, following any trajectory in space. Non-diffracting beams have
a prominent intensity peak propagating for long distances along the axis without
significant divergence. These beams are used in measurement and alignment systems.
Non-diffracting beam array is an array of light spots which keep their intensity and
width along propagation. Another typical 3D light curve is the dashed beam, which
consists of axial intensity peaks that appear periodically along propagation. Such
beams find application in measurement and multi-focal imaging.

Dark beams. Dark beams are beams where a dark region with a certain pattern and
axial extent is important. This situation appears in optical systems that are designed
for specific purposes such as optical inspection systems, optical tweezers, and atom
trapping and guiding.

Rotating beams. A special case of generalized propagation invariance occurs when
the transverse intensity distribution is invariant upon propagation, except for a con-
tinuous rotation about the optical axis and a scale change. A typical example is screw
wave front dislocations.

Extended depth of focus. This is a 3D light field where a complex 2D structure
might appear in focus for a long propagation distance. For example, in a microscope
only one plane and its very near proximity produce a sharp image, while objects lying
in other planes appear blurred. In microlithography, a mask image pattern must be
projected onto the wafer surface in focus. Extended depth of focus of the image will
relax the wafer alignment and planarization.

Super-resolving lenses. These are synthesized phase masks whose point spread
function is narrower in comparison with conventional optical lenses. This might be
used to improve the resolution in, e.g. microscopic imaging.

2.4.2 Light wave modulation elements

This subsection describes different elements used to modulate an incident wave in or-
der to produce a desired light distribution. An ideal wave modulation element would
modify accurately the amplitude and phase of an incident light wave in a continuous
manner with a high resolution on a large useful area. Thus, the full number of degrees
of freedom of the desired light field can be reproduced. Unfortunately, there is no
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such ideal device and the technological limitations must be taken into account. The
greatest limitations are coupling between phase and amplitude, limited aperture, res-
olution and dynamic range. In the following, the technological principles of commonly
available modulation elements are discussed with respect to their limitations.

Fixed DOE/SLM. The earliest available form of DOEs are binary printable media,
used to synthesize computer generated holograms in the Fraunhofer region [2, 117].
The desired resolution of the Fourier transform of the synthesized object is achieved
by dividing the media into square cells. A fully transparent opening inside each cell
modulates both the phase and amplitude of the desired object. The amplitude is
modulated by the size of the opening, while the phase is modulated by a shift of the
opening within the cell. In this manner the size of the cell limits the freedom of the
coupled amplitude-phase modulation. A higher degree of freedom can be achieved
by combining and/or rearranging two three or four cells to contribute to a single
resolution element in the Fourier transform [118, 119]. These methods are known as
phase detour methods.

Current state-of-the-art DOEs modulate an incident light wave by a mask containing
an amplitude pattern or a relief structure. Usually, these operate on the phase of the
incident wave, leaving the intensity unchanged. The diffractive surface of DOEs is split
into an array of cells, each designed to transform the phase of the coherent illuminating
wave by a specified amount. The required phase change at each cell is achieved by
accurately producing a sub-wavelength multi-level depth profile. Upon illumination,
each cell is considered to be emitting a spherical wavefront with a specified phase
retardation. These diffracted wavefronts interfere in the reference plane to produce
the required light distribution.

DOEs are usually fabricated from transparent silicon-based substrate. The multi-
level relief structure on the surface is performed by multi-step lithographic process,
including photo-lithography or direct e-beam writing, and etching. The size of one
resolution cell reaches size up to 200-500 nm with 1-5 inch wafer plate. The power
efficiency reaches above 90%.

Electronically reconfigurable DOE/SLM. Electronically reconfigurable SLMs are
the most widely used optical modulation elements for light field synthesis applications.
Their main advantage over fixed elements is the possibility to reconfigure them during
run-time. Therefore, a single SLM can be used for many purposes in an application,
often providing the possibility for real-time performance.

The available SLM technologies are primarily based on liquid crystals. The molecules
of a liquid crystal may be oriented in a crystal-like way, where different orientation
leads to different optical properties. In essence, liquid crystals change their refractive
index depending on the molecule orientation, which can be controlled by applying an
electrical charge.

There are two basic technologies for reconfigurable elements, differing in the way the
electrical charge is applied to the liquid crystal. The first group of SLMs are optically
addressed, while the second group of SLMs are electronically addressed by a silicon
chip. The optically addressed SLMs use an incoherent light image to control the



48 CHAPTER 2. PRELIMINARIES

orientation of the liquid crystal molecules. The intensity of the incoming incoherent
light is sensed by a photo-sensor, which transforms the intensity into electrical charge
directly over the liquid crystal. The resolution achieved by this method reaches 100
cycles/mm. The major disadvantage is the variable contrast and sensitivity across
the device. In electronically addressed SLMs, the voltage to the liquid crystal is
applied by an electrode on one side and a silicon chip on the other. The silicon chip
is divided into pixel cells, to change the local electric field across the liquid layer and
thus switch the pixels “on” or “off”. Amplitude modulation in each pixel can be
performed by altering the time the pixel is in the “on” state. With this technology,
modern commercially available SLMs have a pixel pitch size of 8−30µm, with around
90% fill factor. The size of the matrices reaches 1920× 1200 pixels.

Liquid crystal SLMs can be addressed to modulate light in three common configura-
tions [120]. One of the configurations aims at high contrast in the amplitude at the
expense of spiral dependency between the phase and the amplitude in the complex
plane. The second configuration sacrifices contrast in order to modulate only the am-
plitude of the incident light wave. In fact, there is always a small phase modulation.
The third configuration is nearly phase-only. There are commercially available SLMs
which provide over 2π phase modulation with rather linear input/output response. A
few attempts have been made to couple the phase with amplitude towards a larger
domain of pixel vales in the complex plane. Birch et al. use phase detour methods
to codify a complex number by a group of neighboring pixels [121]. However, this
comes at the expense of effective SLM resolution. Stolz et al. have studied in detail
the properties of the coupled phase and amplitude domains using another complex
number codification scheme [122]. The domain of pixel values in the complex plane
is significantly enlarged by the use of more than one SLM at the expense of more
sophisticated control [6, 120].

2.4.3 LF synthesis on a target plane

This subsection summarizes popular approaches to the synthesis of a desired complex
light field distribution d(x, y) = |d(x, y)|ejφd(x,y) on a reference plane (x, y, z)|z=const.
The reference plane can be considered as any plane from the volume of interest where
the desired 3D LF distribution D(x, y, z) should be generated. This means that the
approaches considered here assume knowing the distribution d(x, y), which, when
propagated within the volume of interest, produces the desired 3D light distribu-
tion D(x, y, z). The synthesis of d(x, y) is done by complex wave front modulation
elements, whose design and/or configuration is facilitated by computer based opti-
mization algorithms.

Phase modulation elements are simple to design and configure, because they have
a quite linear input/output characteristic and achieve resolution close to the light
wavelength. Such resolution is sufficient for light field reconstruction and hence for
direct phase modulation without limiting the degrees of freedom of the modulated
wavefront. In addition, phase elements have high diffraction efficiency, i.e. the mod-
ulated wave front energy is close to the incident wave energy. Provided with a light
wave which already satisfies the desired amplitude |d(x, y)|, a phase element placed
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Figure 2.10: LF synthesis by two modulation elements: one to control the phase
(PGE) and one to control the amplitude (AGE) of the incident wave.

in the output plane (x, y, z)|z=const can produce the desired phase φd(x, y). For sake
of clarity, abbreviate this element as Phase Generation Element (PGE). The PGE
leaves a remaining challenge in the generation of the desired amplitude |d(x, y)|. The
desired amplitude |d(x, y)| is usually produced by modulating an incident light wave
r(x, y) = |r(x, y)|ejφr(x,y) with another modulation element, abbreviated as Ampli-
tude Generation Element (AGE), which is placed in the initial plane (x, y, z)|z=0

(Fig. 2.10). Due to technological limitations, the available laser sources often produce
the incident light wave r(x, y) as a Gaussian beam, even though it is possible to use
any light field distribution in theory. If AGE is also a phase modulation element,
then its transmittance ejφA(x,y) must be optimized to generate right before the PGE
a wave front g(x, y) at the output plane (x, y, z)|z=const, whose amplitude approxi-
mates to the best extent the desired amplitude |d(x, y)|. The wave front g(x, y) is the
result of modulating the incident wave by the phase only transmittance ejφA(x,y) and
propagation on distance z to the plane (x, y, z)|z=const:

g(x, y) =

∫

|r(x′, y′)|ej(φr(x
′,y′)+φA(x′,y′))hz(x, y;x

′, y′)dx′dy′. (2.82)

The propagation response hz(x, y;x
′, y′) corresponds to the impulse response of the

R-S integral in Eq. 2.8, the Fresnel impulse response in Eq. 2.18, or the Fourier trans-
form kernel of the Fraunhofer approximation [4]. In practice, the long propagation
distance for the Fraunhofer approximation is shortened by an appropriate lens-based
architecture [12, 13, 14]. Some authors even use the fractional Fourier transform for
propagation, implemented also by appropriate lens configuration [12].

A direct method for synthesis of the desired amplitude |d(x, y)| decomposes it into
elementary geometrical objects: points, lines, circles, discs, rectangles elliptic disks
[11]. A phase modulation pattern is calculated analytically for each type of elemen-
tary object, depending on the object’s parameters. The desired amplitude |d(x, y)|
is synthesized by superposing the phase patterns of the elementary objects which
constitute |d(x, y)|. This superposition mixture is directly generated by the phase
element. An evident shortcoming of this approach is the necessity of decomposing
|d(x, y)| into elementary objects, which might be a complex optimization itself. In
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addition, the authors report that the diffraction efficiency is difficult to estimate for
a certain object.

One of the first, yet widely used, algorithms for optimization of the AGE transmit-
tance ejφr(x,y) subject to a desired output magnitude |d(x, y)| is the Gerchberg-Saxton
algorithm [15, 17, 102]. In essence, it iterates between the initial plane (x, y, z)|z=0

and the output plane (x, y, z)|z=const by numerical propagation and enforces the in-
cident wave r(x, y) and desired amplitude |d(x, y)| restrictions, respectively. That
is, each iteration modifies the propagated g(x, y) to have the desired amplitude as
ĝ(x, y) = |d(x, y)|ejφg(x,y). The modified ĝ(x, y) is back-propagated to the initial
plane as f(x, y) =

∫

ĝ(x′, y′)h−z(x, y;x
′, y′)dx′dy′ where the incident wave is enforced

as f̂(x, y) = |r(x, y)|ejφf (x,y). Under this enforcement, the phase φf (x, y) is preserved
by selecting the phase of the AGE as φA(x, y) = φf (x, y)−φr(x, y). The basic idea of
the iterations is to preserve the phase correspondence between the LF distributions
on the initial and output planes, while enforcing their amplitudes.

Note that this approach resembles the serial POCS method, which was described
in Subsection 2.2.4.4. In this case there are two sets Cr and Cd associated with the
incident wave r(x, y) and the desired output LF distribution d(x, y), respectively. The
sets can be defined formally as:

Cr = {∀f ∈ DF0 : |f(x, y)| = |r(x, y)|} and

Cd = {∀g ∈ DFz : |g(x, y)| = |d(x, y)|} . (2.83)

The space DFz can be defined as the space of the two dimensional functions which
are diffraction fields at a transversal plane (x, y, z)|z=const. The set Cr consists of
all diffraction fields at the initial plane (x, y, z)|z=0 whose amplitude is restricted to
the amplitude |r(x, y)| of the reference wave. Note that the phase of the φr(x, y)
does not impose a further restriction, because the AGE transmittance adds a volun-
tary phase φA(x, y) to φr(x, y). The set Cd consists of all diffraction fields at the
output plane (x, y, z)|z=const whose amplitude is restricted to the desired amplitude
|d(x, y)|. The projection onto each set is done by forward or backward propagation
and amplitude enforcement. Note that the sets defined as in Eq. 2.83 are not convex.
A simple calculation shows that a set Cr does not include every convex combination
α|r|ejφ1 + (1 − α)|r|ejφ2 = |r|(αejφ1 + (1 − α)ejφ2) 6= |r|ejφ, 0 < α < 1 of two el-
ements |r|ejφ1 and |r|ejφ2 which belong to Cr . Fortunately, there are only two sets
and the convergence of the algorithm is assured, even though the final solution might
be a local minimum [48]. The propagation in the projections can be implemented
according to either R-S integral, Fresnel integral, Fraunhofer approximation, or frac-
tional Fourier transform. All of these have frequency domain alternatives which lead
to efficient FFT-based numerical implementations, as discussed in Section 2.1. Dif-
ferent propagation operators may contribute to improving the convergence and the
diffraction efficiency [12, 13, 48].

Fienup [123] shows that the Gerchberg-Saxton algorithm and some of its modifications
are equivalent to fast implementations of gradient search methods. As such, the
Gerchberg-Saxton algorithm is sensitive to the starting point and is often trapped to
local minima. Moreover, the technology of the available modulation element might not
always have linear input/output characteristic, good resolution and phase-only mode.
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For example, a cheap DOE has low resolution and coarse step-wise input/output
characteristic, with only a few available levels. Hence, the possible states of the
modulated output wave are discrete rather than continuous. The mirrors of the DMD,
considered in publication P1, take one of a few pre-defined angles and its output does
not directly modulate the phase or amplitude of incident wave front. Yet another
example is a deformable mirror with a continuous surface which is controlled by a
discrete set of actuators [124]. In this case the set of possible output LF distributions
is discrete rather than continuous. The LF distribution which approximates best
d(x, y) is produced by appropriately configuring the modulation element. The search
for best configuration is an NP-hard combinatorial problem and requires constrained
optimization algorithm. Many constrained optimization algorithms can act as global
optimization algorithms when the set of possible solutions is continuous.

Genetic algorithms are a class of global/constrained optimization algorithms which
resemble the mechanisms of nature survival [125]. A genetic algorithm operates on a
population of potential solutions iteratively and optimizes by the principle of survival
of the fittest, according the problem specifics. At each iteration, a new generation
of potential solutions is produced from the fittest solutions in the current generation.
The reproduction is based on crossover (random information exchange) between two
solutions in the current generation and mutation (random information permutation)
of their offspring. These are the operations which allow the algorithm to explore new
regions where better solutions may lie. The crossover and mutation are done with a
certain probability, which decays for later iterations. The performance of a genetic al-
gorithm in a beam shaping application was demonstrated by controlling a deformable
mirror [124]. A common problem with the genetic algorithms and other global algo-
rithms is the slow convergence rate and excessive computations for evaluation of the
fitness of all candidate solutions. A modification which speeds up the convergence is
the hybrid global/local approach, suggested for the design of a phase-only DOE in
beam shaping [14]. The basic idea is to optimize each candidate solution in the new
generation locally before the next fitness evaluation and selection for reproduction.

2.4.4 LF reconstruction inside a volume

This subsection summarizes approaches which design and configure light wave mod-
ulation elements directly from the desired 3D light distribution D(x, y, z) speci-
fied within the volume of interest. Some of these approaches concentrate only on
the reconstruction of a complex light field distribution d(x, y) on a reference plane
(x, y, z)|z=const which, when propagated within the volume of interest, would pro-
duce D(x, y, z). Provided d(x, y) one can use any of the approaches described in 2.4.3,
or similar, to design and configure the light modulation element.

2.4.4.1 Physical limitations of the light fields

Depending on the application at hand, the desired 3D LF distribution D(x, y, z) is
not guaranteed to be physically consistent. Therefore, it is important to summa-
rize the limitations which determine a physically consistent light field. A scalar light
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field u(x, y, z) is a complex-valued function which satisfies the Helmholtz Eq. 2.2.
Consequently, the 3D Fourier transform of u(x, y, z) is supported on the Ewald’s
sphere k2x + k2y + k2z = k2 with radius k = 2π

λ . In addition, only part of this sphere
may be occupied due to the resolution limits of eventual modulation system. Often,
the part of the Ewald’s sphere for frequencies |kx| ≤ Ωx < k, |ky| ≤ Ωy < k and
√

k2 − Ω2
x − Ω2

y ≤ |kz | ≤ k is sufficient for the application at hand and used for the

computations. In the spatial domain, the transversal extent of u(x, y, z) is also limited
by the finite aperture of the modulation device. To be consistent with the Fourier
transform theory, u(x, y, z) is assumed to be essentially limited in the frequency do-
main and essentially limited along any transversal plane (x, y, z)|z=const. Another
restriction follows from the PWD integral of Eq. 2.13. The Fourier transform of the

field restricted to the transversal plane (x, y, z)|z=const is a0(kx, ky)e
jz
√

k2−k2
x−k2

y .

Therefore, the field u(x, y, z = const) and a0(kx, ky)e
jz
√

k2−k2
x−k2

y obey Parseval’s
energy identity:

∫∫

|u(x, y, z = const)|2dxdy =

∫∫

|a0(kx, ky)ejz
√

k2−k2
x−k2

y |2dkxdky

=

∫∫

|a0(kx, ky)|2dkxdky. (2.84)

Hence, the energy of the field on any transversal plane must be the same.

In addition, one may impose constraints associated with the application at hand if
these can be easily placed inside the optimization procedure. Such constraints may
be useful to narrow down the search space for the reconstructed field. For example,
non-diffracting beams have plane wave components which have the same kz [24].
This effectively selects a ring on Ewald’s sphere, where the 3D Fourier transform of
u(x, y, z) is non-zero. A generalization of the non-diffracting beams are self-imaging
beams, which consist of more than one ring in the Fourier domain. Under certain
conditions, the separate non-diffracting beams which correspond to the separate rings
go in and out of phase periodically along z. This creates the periodicity of the pattern
along z.

2.4.4.2 Related work

There are approaches to light field reconstruction and synthesis performed by a di-
rect calculation, without the need of an optimization procedure. Such methods often
limit critically the set of possible light fields which can be reconstructed by inherent
assumptions and crude approximations. Rosen and Yariv demonstrated the recon-
struction of arbitrary paraxial focal lines with Fraunhofer diffraction [18]. A desired
focal line is designed as a superposition of straight line segments, each of which cor-
responds to a radial harmonic function on the reference plane. Two other works also
approximate a Fourier hologram from the data of multiple-angle planar recordings
[126, 127]. Shabtay et al. use the method of calculus of variations to reconstruct a
light field from a desired 3D LF distribution within the volume of interest [20]. A
drawback of this method is that the desired shape must be integrated along z, either
numerically or analytically.
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Most widely used approaches to light field reconstruction are iterative and are based
on generalized projection methods [50]. These methods differ in the way they specify
the desired 3D LF distribution within the volume of interest, the way they form the
sets and the way the projections are implemented.

A straightforward light field reconstruction approach defines the set of physically
consistent light fields as all 3D functions u(x, y, z), whose 3D Fourier transform is
non-zero only on Ewald’s sphere k2x+k

2
y+k

2
z = k2 with radius k = 2π

λ . The projection
of any 3D function f(x, y, z) on this set is done by computing its 3D Fourier transform
and setting all the frequency components to zero except those which lie on Ewald’s
sphere. The desired 3D LF distribution within the volume of interest constrains
another set of all possible functions which have specific shape within the volume of
interest. The projection of a light field onto this set would take inverse 3D Fourier
transform from Ewald’s sphere and restrict the desired values within the volume
of interest. This rather elegant LF reconstruction approach suffers some practical
inconveniences. If the function inside the volume of interest is specified on a uniform
rectangular lattice, it also transforms to a uniform rectangular lattice in the Fourier
domain. Such a lattice can not host precisely a spherical surface where the 3D Fourier
transform of the LF must be non-zero. The original paper for this approach does not
mention or imply any sampling strategy inside the volume of interest [21]. Moreover,
the 3D FFT assumes that the light field is periodic along the coordinates x, y and
z. Finite aperture can always be assumed and the field can be effectively periodized
along x and y. However, periodicity along z is a critical restriction which limits the
set of reconstructible light fields.

A few related works try to reconstruct a light field from a set of CCD intensity mea-
surements [31, 32, 33]. Upon illumination, the object produces a light field whose
intensity is captured by a CCD sensor on a few parallel planes [31, 32], sometimes
by two or more CCD images per plane [33]. The light field is reconstructed using an
algorithm based on serial POCS method. A set is defined for each CCD measurement
plane as all Fresnel light fields whose intensity is measured by the CCD. Hence, the
sets are not anymore convex. The projection is made by propagation with the Fresnel
transform to the plane of the measurement, where the measured intensity is forced
and the result is back-propagated to the initial plane. As the sets are not convex, the
convergence of the method is not theoretically guaranteed. In practice, the conver-
gence depends on the precise alignment of the CCD planes and rapid convergence is
achieved by adding more CCD measurements. This requires long measurement time,
which is inconvenient in many applications. Short measurement times are achieved by
putting a phase modulation SLM in the Fourier domain of the imaging system [34, 35].
The SLM is used to simulate the transfer function of propagation and this the CCD
position does not need to be changed and aligned for each measurement.

This approach and many others fall within a general framework for light field recon-
struction and synthesis, formalized by Piestun and Shamir [3] and used for various
beam shaping and 3D display problems [22, 23, 24, 49, 50, 128, 129, 130]. The aim
is to find the light field u(x, y, z) which lies closest to a desired 3D LF distribution
D(x, y, z) within the volume of interest, and, eventually satisfies other desired con-
straints associated with the field properties. The overall procedure can be outlined
as follows:
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Z

Figure 2.11: Sampling grid within the volume of interest for the general iterative LF
reconstruction approach.

1. Define a volume of interest and desired light field distribution D(x, y, z) inside.
If needed, D(x, y, z) contains only magnitude.

2. Define tolerance distribution η(x, y, z) for the desired field values

3. Transform D(x, y, z) ± η(x, y, z) to mathematical constraints. This is done by
the volumetric sampling strategy described in Subsection 2.3.4. In effect, this
strategy leads to an ensemble of parallel planes, with a uniform rectangular
sampling grid at each plane (Fig. 2.11). The sampling steps along x and y
are the same for each plane and are determined according to Eq. 2.74, with
the smallest z used inside the volume of interest. The distance Z between two
consecutive planes is selected according to Eq. 2.80. On such sampling grid, one
constraint set Cl is defined as all possible light fields which have the specified
values on the grid at a certain plane.

4. Define constraints for the technological limitations of the SLM/DOE if a direct,
one-stage LF synthesis is targeted.

5. Run an iterative optimization procedure to solve the problem:

û(x, y, z) = arg min
u∈Cl

Ew(u(x, y, z), D(x, y, z)), (2.85)

where Ew(·, ·) is a weighted distance measure between u(x, y, z) and D(x, y, z)
with different weights wl for each constraint. This sets a hierarchy among the
constraints, relaxing the important ones more.

In general, one could use any optimization procedure to solve Eq. 2.85. Global opti-
mization procedures, e.g. genetic algorithms or simulated annealing, are avoided as
computationally intensive. The least squares methods are often inconvenient due to
the non-linearity, non-convexity and non-intersecting constraints. Serial or parallel
POCS, described in Subsection 2.2.4.4 are preferred as easy to implement. The pro-
jection of the function on the reference plane d(x, y) onto the set Cl, defined on the
grid of the l-th plane (x, y, z)|z=zl

, can be formally defined as:

Pl{d(x, y)} = BPzi {FPzl{d(x, y)}(nX,mY ) := D(nX,mY, zl)} , (2.86)

where FPzl and BPzl denote forward and backward propagation on distance zl, re-
spectively, according to R-S, PWD, Fresnel or Fraunhofer diffraction. The set of points
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{(nX,mY )}m,n∈Z define the uniform rectangular grid on the plane (x, y, z)|z=zl
with

sampling steps X and Y along the coordinates x and y, respectively. The parallel
POCS implementation directly relates the weights of the sets to the weights wl of
the distance function Ew(·, ·). Also different weights can be used for the separate
iterations. It is possible to use hybrid methods which perform serial projections onto
a few sets in parallel with the projections onto the rest of the sets. Also in the parallel
mode different weights can be used for the separate iterations.

2.4.5 Conclusions

This section has discussed all matters relevant to the topic of the thesis – LF recon-
struction and synthesis. The section start with a brief introduction to the problem,
motivated by the potential application areas which have been summarized in Subsec-
tion 2.4.1. Subsection 2.4.2 outlined the basic technical constraints which the fixed
or electronically reconfigurable SLMs impose on the range of synthesized light fields.
These constraints play a leading role for the derivation of any of the algorithms for LF
synthesis on a target output plane which have been summarized in Subsection 2.4.3.
Yet these methods are derived based on the assumption that the desired complex
LF distribution on the plane is available. As discussed in Subsection 2.4.1, such an
assumption is not valid in many applications. Therefore, Subsection 2.4.3 presents
the current state-of-the-art in LF reconstruction based on volume specifications. The
technical discussion of these methods serves as a basis of comparison with the meth-
ods, developed in this thesis.
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Chapter 3

Methods for LF

reconstruction and synthesis

This chapter summarizes the main results and contributions of the publications which
constitute this thesis. Section 3.1 identifies the current issues in the LF synthesis and
reconstruction literature and summarizes the hypotheses, followed by the publications.
The section underlines the gap filled by the contributions in the publications, and
serves as a starting point to find practical situations which would benefit from the
designed methods. Section 3.2 presents the relations and the essence of the methods
for LF reconstruction from a set irregularly distributed samples which appear in
publications P2, P3, P4, P5, P6, P7, P8. Section 3.3 summarizes the methods for
light field synthesis with DMD from publication P1.

3.1 Problem formulation and hypotheses

The possibility to control light is attractive in various industrial, measurement and 3D
imaging applications. Many of these require the generation of a desired application-
oriented light field within a volume of interest. The situation is formally depicted
in Fig. 3.1. An incident light wave is modulated by an optical system to produce a
light field u(x, y, z) within the volume of interest. Optimally, the produced light field
u(x, y, z) follows the desired 3D scene, as described by the function D(x, y, z). In
theory, light fields are described as complex scalar functions u(x, y, z) in three dimen-
sions (x, y, z). Yet, the two-dimensional complex function d(x, y) = u (x, y, z)|z=const,
which describes the field on any transversal “reference” plane, carries sufficient in-
formation about the field behavior in the whole 3D space. The depth information is
carried by the phase φd(x, y) = arg d(x, y) of such a two-dimensional function.

Due to this fact, many scientists search for methods to synthesize a complex wave
function d(x, y) over a target reference plane which is transversal to the propagation
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Figure 3.1: Two-step light field synthesis. LF synthesis can be based on LF recon-
struction prior to simpler modulation system design.

direction. These methods assume that d(x, y) is already available and concentrate on
the design/configuration of the light wave modulation element, as surveyed in Subsec-
tion 2.4.3. However, many practical situations specify the desired scene D(x, y, z) in
the volume of interest, rather than a plane. Therefore, “planar” light field synthesis
methods are not directly applicable in such situations.

As discussed in Subsection 2.4.4, the depth information of the scene D(x, y, z) is
commonly specified on multiple planes, at a regular grid of samples per plane. In
some cases the planes are formed by multiple CCD recordings. For applications
where such CCD recordings are not possible/available, the desired data points are
specified on the regular grid shown in Fig. 2.11. This grid was derived based on the
considerations illustrated in Fig. 2.8, which define a non-uniform, but fixed-position
grid. To the best of our knowledge, no other sampling strategy within a volume was
discussed in the literature. Note that both grids require an amount of samples which
exceeds the NDF of the reconstructed light field by a very large factor. Moreover, the
sample positions defined in any of these grids are not convenient to host data points,
whose position is fixed by an application. A typical example is CGH, where the data
points of the desired scene are the vertices of a 3D mesh or a point cloud, distributed
in a very irregular manner.

Finally, the alternative to design/configuration of the light wave modulation element
directly from a volume light field specification is more complicated than the planar
case. An eventual method has to deal both with the limitations of the modulation
device and the desired constraints on the light field over the whole volume of interest.
Such methods exist, but often they are limited to specific area of application.

The publications in the thesis follow a rather general, two-stage approach to synthesize
a LF inside a volume. This approach decouples the design of the light wave modulation
element from the reconstruction of a physically consistent light field. By physically
consistent light field is meant any wave which satisfies the Helmholtz wave equation
and other restrictions such as essentially finite bandwidth and/or spatial extent, etc.
At first, the desired 3D specification D(x, y, z) is used for the reconstruction of the
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Figure 3.2: LF sets for reconstruction and synthesis. The desired light field D(x, y, z)
can be directly projected to the set R of fields reproducible by a DOE/SLM, or, first
to the set C of physically consistent light fields and then to R.

light field distribution on a reference plane, its Fourier spectrum, or a more general
abstract light field representation. At a second stage, this light field representation is
used as input for the design and configuration of the modulation element.

The benefit of decoupling the LF synthesis from the LF reconstruction is two-fold.
The desired 3D scene D(x, y, z) can be described efficiently without much redundancy
compared to the NDF of the reconstructed light field, as explained in Hypothesis 1.
This fact suggests better numerical efficiency of the LF reconstruction methods. The
second benefit of the two-stage LF synthesis approach is that it is more universal
and technology-independent. The information about the reconstructed physically
consistent light field can be stored and later produced under the available technology
and conditions. Moreover, different LF reconstruction methods can be combined with
the same light wave modulation element.

The eventual accuracy and complexity of the two-stage LF synthesis approach is
discussed at a higher level of abstraction with the help of Fig. 3.1. The set of light
fields which can be reproduced with a certain DOE/SLM is denoted by R and the
set of all physically consistent light fields is denoted by C. The desired 3D scene
D(x, y, z) is not always physically consistent and lies outside the set C in the general
case. Any light field which is reproduced by the DOE/SLM is physically consistent
at the same time and hence R is a subset of C. Therefore, the two-stage LF synthesis
approach yields the same light field as a single-stage approach if a global optimization
procedure is used in both approaches. Hence, the point in R which lies at minimal
distance from the desired D(x, y, z) can be found by first finding the closest point on
C, which is then projected onto R. Often, the optimization procedures used to find a
minimal distance projection is local rather than global. In such a case, the direct and
the two-stage LF synthesis produce different results and a general statement of which
result is preferable cannot be made. Moreover, it is also arguable whether the direct
or the two-stage approach uses less computational resources. The direct approach
uses a single optimization procedure and intuitively should be faster. However, it
works under harder constraints than the two optimization procedures of the two-stage
approach and thus may converge more slowly.

Hypothesis 1. The reconstruction of a physically consistent light wave which best
approximates the desired 3D scene D(x, y, z) should be formalized in a manner which
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Figure 3.3: Irregular sampling of a LF. A desired 3D scene D(x, y, z), specified on a
set of irregularly distributed points {(xi, yi, zi)}si=1, is used to reconstruct a light field
distribution d(x, y) on a reference plane.

suits the specifics of any application. The core content of the thesis consists of meth-
ods for LF reconstruction which follow the irregular sampling scenario. A desired
scene D(x, y, z) is specified through complex values D(xi, yi, zi), i = 1...s on a set of
points {(xi, yi, zi)}si=1, irregularly distributed within a volume of interest (Fig. 3.3).
The LF reconstruction problem is stated as to find a representation which carries
sufficient information about the physically consistent light field u(x, y, z) from the de-
sired complex values {D(xi, yi, zi)}si=1. Such a representation can be the complex
LF distribution d(x, y) = u (x, y, z)|z=const on the reference plane, or its Fourier
transform, or the parameters of a more abstract light field model. The set of values
{D(xi, yi, zi)}si=1 is considered to carry a small amount of redundant information,
i.e. the amount s of samples is slightly greater, but comparable to NDF of the re-
constructed light field. The values {D(xi, yi, zi)}si=1 may specify a light beam shape,
a desired computer generated object or recorded LF values by some sensing device.
For beam shaping applications, the designer has the freedom of choosing the point
locations. The point locations can be chosen in a manner which ensures the stabil-
ity of the reconstruction and at the same time is sufficient to specify some desired
properties of the reconstructed light field, such as resolution, aperture, etc. More-
over, some applications, e.g. computer-generated holography, deal with synthetic 3D
scenes commonly described by a point cloud, mesh or any other geometrical model
which specifies the positions of the sampling points {(xi, yi, zi)}si=1 itself. The values
{D(xi, yi, zi)}si=1 may also represent recorded data of the light field of an illuminated
object, captured by e.g. a holographic technique.

Hypothesis 2. The light field synthesis of the reconstructed physically consistent
light field d(x, y) = |d(x, y)|ejφd(x,y) can be done separately by any available light
wave modulation element. Naturally, the extent to which d(x, y) on a reference plane
is approximated depends on the technological limitations of the modulation element
itself. Publication P1 optimizes the configuration of a DMD to reproduce d(x, y) when
illuminated by a plane wave. The DMD consists of a 2D array of square micro-mirrors,
each of which can be deflected into one of a few pre-defined angles. The DMDs are
not a standard device for 3D LF synthesis and their use demonstrates the range and
flexibility of the two-stage approach to LF synthesis, represented in Fig. 3.1.
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3.2 LF reconstruction from samples on irregular

grids

Publications P2, P3, P4, P5, P6, P7 and P8 address the problem of light field
reconstruction. The problem is cast as reconstruction from a set of field samples,
irregularly distributed within the region of interest. Such a consideration facilitates
the use of many results derived in the irregular sampling theory of conventional 1D
and 2D functions. Note that a light field is not a conventional 3D function since it is
completely described by the 2D complex function on a reference plane.

Formally stated, the problem is to reconstruct a physically consistent light field
u(x, y, z), given the set of desired complex values {D(xi, yi, zi)}si=1. The form of
the reconstruction can be the complex LF function d(x, y) = u (x, y, z)|z=const on
the reference plane, or its Fourier transform, or the parameters of a more abstract
light field model. The desired values D(xi, yi, zi), i = 1...s are irregularly distributed
within some volume of interest and their amount s should be slightly exceeding, but
of the same order of the NDF of, the reconstructed light field.

The methods for LF reconstruction developed in publications P2, P3, P5, P6, P7
and P8 simplify the consideration to one transverse dimension x only, keeping also
the longitudinal dimension z, as the one which enables the depth specifications. In
this context, the problem is formulated so as to reconstruct a field restricted to the
reference line d(x), provided a set of irregularly distributed desired field samples
{D(xi, zi)}si=1. Generalizations from 2D consideration over (x, y) to 3D consideration
over (x, y, z) is often straightforward. Comparison of the two basic reconstruction
methods in 3D is considered in publication P4.

Two basic approaches for LF reconstruction from a set of irregularly distributed sam-
ples have been developed. One of them is based on the serial POCS method. The
other one is based on the method of least squares approximations and is computation-
ally implemented by the method of conjugate gradients. The LS-based approach has
a good theoretical background in irregular sampling theory, which relates the stability
and speed of the reconstruction to the properties of the sample distribution.

3.2.1 POCS-based methods

Publications P3, P4 and P6, attached in this thesis, discuss POCS-based methods
for light field reconstruction from irregularly distributed data points. POCS has been
applied to various problems in holography and image restoration, where a priori in-
formation is used to constrain the size of the feasible solution set [12, 15, 17, 102].
Moreover, it has been applied for signal reconstruction from irregularly distributed
samples [103, 104]. Therefore, it is anticipated that POCS can be applied in the
considered LF reconstruction problem. The basic form of the POCS-based recon-
struction algorithm is developed in P3 for the 2D case and the generalization to 3D
is presented in P4. Publication P6 generalizes the basic 2D POCS in a manner
whereby the irregularly distributed samples can have free positions and discusses its
convergence.
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3.2.1.1 Basic POCS method

POCS is a computational approach to find an element of a feasible region defined
by the intersection of a number of convex sets, starting with an arbitrary infeasible
point. Usually, the sets are defined by some constraints related to the application. The
constraints in the considered LF reconstruction problem are the desired irregularly
distributed samples {D(xi, zi)}si=1. Here it is convenient to define a set Cl, l = 1, ..., L
related to the samples {D(xi, zi)}i:zi=zl which lie on a transversal line (x, z)|z=zl

.
The set is defined as all diffraction fields u(x, z) which have the desired samples
{D(xi, zi)}i:zi=zl :

Cl = {∀u(x, z) ∈ DF : u(xi, zl) = D(xi, zl), ∀i : zi = zl} , l = 1, ..., L. (3.1)

The notation DF in Eq. 3.1 is used for the space of diffraction fields, i.e. all functions
u(x, z) which satisfy the Helmholtz wave equation. The set Cl is related to a transver-
sal line in order to have computationally efficient projections from one set to another.
The projection Pl of a function f(x, z) onto the set Cl is done by substituting the
known data points {D(xi, zi)}i:zi=zl on the line (x, z)|z=zl

and propagation to ensure
that the resultant function lies in the space DF :

Plf(x, z) = F−1
{

e−jzl
√

k2−k2
xF {f(x, zl) +

+
∑

i:zizl

(D(xi, zl)− f(xi, zl)) δ(x− xi, z − zl)

}}

, l = 1, ..., L. (3.2)

The substitution with the known data samples in Eq. 3.2 is represented as just an
addition of the difference D− f at the positions {(xi, zi)}i:zi=zl of the samples which
define the set Cl. The propagation model is the PWD implemented in the Fourier
domain. Note that the resultant function after the resubstitution is back-propagated
on distance −zl to the initial line (x, z)|z=0. In general, the propagation can be made
to any other transversal line (x, z)|z=zp

, e.g. related to the next set Cp. In such a case

the propagation kernel must be ej(zp−zl)
√

k2−k2
x instead of e−jzl

√
k2−k2

x . Propagation
at any distance, in a backward or forward direction, which is done after substitution
with the known data samples ensures that the resultant function is a diffraction field.

The Fourier domain propagation in Eq. 3.2 can be implemented efficiently by the FFT
algorithm. The FFT acts on uniformly distributed data points in space/frequency.
Therefore, the input and output lines of the propagation should be available on uni-
form sampling latices, aligned to each other. The projections from the set Cl−1 to
the next set Cl use propagation from line (x, z)|z=zl

to the line (x, z)|z=zl+1
which

defines the next set Cl+1. The projection onto the set CL of the last line (x, z)|z=zL
propagates to the line (x, z)|z=z1

of the first set C1. Hence, passing through all sets
requires having the propagation data points placed on each line on uniform latices
which are all aligned. Correspondingly, the resubstitution of the known data samples
{D(xi, zi)}i:zi=zl for the projection onto Cl must be hosted by the uniform lattice
on line (x, z)|z=zl

used for propagation. This arrangement of the known data points
would be inconvenient for applications where their position cannot be selected during
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the design process. For example, meshes describing objects used in computer gener-
ated holography have the vertices fixed to certain locations. In an attempt to tackle
this situation, one might select very dense sampling lattices on all lines. In any case,
the step of the lattices should be smaller or equal to the smallest non-zero difference
between the x-locations of any two samples from the set {D(xi, zi)}si=1. However,
such an approach might increase the complexity of the computations much above the
desired one, e.g. the one defined by the degrees of freedom in the desired field.

The POCS-based reconstruction algorithm presented here is generalized to 3D in P4.
The generalization is straightforward. The convex sets Cl, l = 1, ..., L are defined
based on the known samples {D(xi, yi, zi)}i:zi=zl which lie in the same transversal
plane (x, y, z)|z=zl

rather than a line. Then the projection Pl is done by resubstitu-
tion of these known samples on their locations at the plane (x, y, z)|z=zl

and propa-
gation to the plane (x, y, z)|z=zl+1

which defines the next set Cl+1. The algorithm is
completed again by iteration from set to set, passing through all the sets. It still has
the drawback that all known data samples {D(xi, yi, zi)}si=1 should be hosted on the
uniform sampling lattices used for propagation.

3.2.1.2 Generalization to free sample positions

Publication P6 modifies the basic POCS-based algorithm in a manner that the given
desired samples {D(xi, zi)}si=1 may have free positions and do not need to be hosted
by any uniform lattices. However, the propagation used in the projections benefits
from efficient computations based on the FFT. The modification is done by defining
the sets and the projections in a slightly different form.

The projections in the modification do not propagate from one line to another, but
rather propagate the new information from each particular convex set Cl, l = 1...L
to the reconstructed function d(x) = u(x, 0) on the initial line (x, z)|z=0. If the
propagation is done by FFT in a straightforward manner, it still requires uniform
lattices on the input (x, z)|z=zl

and output (x, z)|z=0 lines which host the given data
samples {D(xi, zi)}i:zi=zl . However, one might define the set Cl as all known samples
u(xi, zi) with zi = zl, and which can be hosted by an N -point uniform lattice xl

with a fixed step. Note that more set(s) Cm must be defined for the same line if the
lattice xl does not host all samples with zi = zl. The sets Cm correspond to the
same distance z = zl, but are defined by different lattices xl and xm. All latices have
the same sampling step, but they are slightly displaced. In the general case, there
might be no more than one sample per line which defines the lattice xl and the set
Cl, respectively. In such a case, the number of convex sets L will coincide with the
number of sampling points s and each projection will result in an update caused by
a single point. However, if two or more points per line happen to belong to uniform
grids, the algorithm should benefit from this. Again, in the general case each grid xl

is not aligned to the grid at the initial line (x, z)|z=0 and is assumed to be centered
at some point χl 6= 0 and encompassing a spatial interval of length T along x:

xl = {(xl)k}N−1
k=0 = χl + {−T/2 + kT/N}N−1

k=0 . (3.3)
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Now the formal definition of a set Cl, l = 1...L can be stated as:

Cl = {∀u(x, z) ∈ DF : u(pl) = D(pl)} ,
pl = {(xi, zi), i = 1...s : zi = zl, xi ∈ xl}, (3.4)

where pl is the set of points which are hosted by the grid xl and DF denotes the
space of diffraction fields.

Now it suffices to define the projection Pl of a diffraction field u(x, y) onto the set Cl.
The given samples which define the set must be enforced on their positions pl and this
information must be propagated back to the reconstructed function d(x) on the initial
line (x, z)|z=0. However, the sampling lattice for d(x) at the initial line (x, z)|z=0

might not be aligned to all lattices xl, l = 1, ..., L simultaneously. Therefore, the new
information from a set Cl is aligned to the origin by the use of the shift theorem for
the Fourier transform [56]. An offset χl of the lattice is alternatively considered as
shift of the function uχl

(x, z) = u(x + χl, z). Hence, its Fourier transform along x is
modulated by the factor ejkxχl and the lattice offset is compensated by the inverse
factor e−jkxχl . The projection is formally represented as:

Plu(x, z) = F−1
{

F {u(x, 0)}+ e−jkxχle−jzl
√

k2−k2
x×

× F







∑

(xi,zi)∈pl

(D(xi, zl)− u(xi, zl)) δ(x− xi, z − zl)













, (3.5)

where
d(xi, zl) = F−1

{

F{u(x, 0)}ejzl
√

k2−k2
x

}∣

∣

∣

x=xi

. (3.6)

This generalization of the POCS-based reconstruction algorithm can be outlined as
follows:

1. initialize d̂0,0 arbitrary

2. for n = 1 to nit

for l = 1 to L

(a) use ûn,l(x, 0) = dn,l(x) in Eq. 3.6 to predict the field ûn,l(xi, zl) at the
points {∀(xi, zi) ∈ pl} of the given samples which define the set Cl

(b) calculate d̂n,l+1(x) = ûn,l+1(x, 0) by the projection ûn,l+1 = Plûn,l of the
predicted field ûn,l(x, z) onto the set Cl.

end

Publication P6 derives the condition and rate of convergence of this version of the
POCS algorithm. The derivation goes through an expression for the error en,l, ob-
tained at the n-th iteration for the set Cl, in terms of the previous error en,l−1,
obtained at the n-iteration for the previous set Cl−1. The error en,l is measured by
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the difference between the predicted field at the current step ûn,l(x, z) and the true un-
derlying field u(x, y), which must be reconstructed, and whose samples {u(xi, zi)}si=1

approximate best the desired samples {D(xi, zi)}si=1. The convergence of the algo-
rithm is ensured if the norm of the error decreases after each projection, that is
‖en,l‖ ≤ ‖en,l−1‖. The derivation in P6 shows that the norms of the consecutive er-
rors are related through the norm of an operator, which incorporates the forward and
backward propagation, lattice offset compensation and resubstitution of the known
data samples done for each projection. The L2 norm of this operator is:

‖u(x, zl)− u(pl)‖22 = ‖u(x, zl)‖22 − ‖u(pl)‖22 . (3.7)

The norm of the the field restricted to the transversal line (x, z)|z=zl
can be normalized

to unity before the calculations. Therefore, the norm of the difference u(x, zl)−u(pl)
is always less than or equal to unity. Hence, the norm of the operator which relates the
two consecutive errors en,l−1 and en,l is less than unity and the algorithm converges.

3.2.2 Least squares-based methods

LS-based LF reconstruction methods use a finite-dimensional model which represents
the scalar light field by a linear combination of generating functions, similarly to
the frame decomposition in Eq. 2.29. Consequently, the LF reconstruction problem
transforms to finding the parameters of the model, provided the desired data values
{D(xi, zi)}si=1. Respectively, the light field synthesis becomes defined as an inverse
problem. The parameters of the decomposition from Eq. 2.29 are the coefficients cn,
provided that the waveforms ϕn are known.

This subsection starts with the presentation of the finite-dimensional models derived
in P2 and P5. The relation of the models to the number of degrees of freedom is also
described, as in P8. The focus of this subsection is on the basic LS reconstruction
approach, based on the CG method. Its convergence is discussed in terms of matrix
singular values and frame bounds. These are the factors which define the stability
of a particular sampling set. Upon reconstruction, an unstable sampling set leads to
a boost of the inconsistency of the sample values. The Tikhonov approach, used in
P7 and P8, is discussed briefly as a regularized solution. Another elegant approach
to precondition the CG method is to use the weighted LS as in P6, with adaptive
weights which depend on the stability of the sampling set.

3.2.2.1 Finite-dimensional models

Fourier generators. The first model is based on discretization of the PWD integral.
The model assumes that the field u(x, 0) on the initial line (x, z)|z=0 has essentially
limited support in the spatial and frequency domain. Denote the spatial support of
u(x, 0) by ∆x and the frequency support by 2Ω, as in Section 2.2 and Section 2.3.
The function u(x, 0) can be periodized along x since its spatial support is essentially
limited. In the frequency domain, this periodization reflects in the discretization of
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the Fourier transform a(kx) of u(x, 0) at a uniform rate. Note that the period T of
the periodization must be larger than the spatial extent ∆x of u(x, 0), i.e. T ≥ ∆x.
Eventually, u(x, 0) is represented within a finite spatial support x ∈

[

−T
2 ,

T
2

)

by a
discrete set of Fourier coefficients am. In essence, this periodization samples the PWD
integral at points kx = 2πm

T , which leads to the discrete expansion:

u(x, z) =

⌊M−1
2

⌋
∑

m=−⌊M
2
⌋

ame
j 2π

T

(

xm+z
√

T2

λ2 −m2

)

. (3.8)

This discrete, Fourier generators-based model describes the field u(x, z) continu-
ously at any spatial point as a superposition of the basis functions ϕm(x, z) =

e
j 2π

T

(

xm+z
√

T2

λ2 −m2

)

. These are a discrete set of plane waves, orthogonal to each
other. Note that Eq. 3.8 includes a finite number of M basis elements. These corre-
spond to the M discretes am of a(kx), taken at the rate kx = 2π

T , which fall within
the support 2Ω of the Fourier spectrum a(kx). Therefore, M , Ω and T should obey
the relation M =

⌊

ΩT
π

⌋

.

The discrete model in Eq. 3.8 defines a functional space. It is spanned by the set of

mutually orthogonal basis functions ϕm(x, z) = e
j 2π

T

(

xm+z
√

T2

λ2 −m2

)

. Any function
u(x, z) which belongs to this space exhibits the properties of a scalar diffraction field
within the limits of one transversal period T . The period T is also the parameter
which determines the basis functions ϕm(x, z) and thus the space spanned by them.
In general, any function which belongs to the space spanned by {ϕm(x, z)}m with one
value of T does not belong to the space spanned by {ϕm(x, z)}m with another value
of T .

The generalization of the model in Eq. 3.8 to the 3D case is straightforward. Another

transversal dimension y brings an extra term in the plane waves e
j
(

z
√

k2−k2
x+xkx+yky

)

[4]. Now the 2D function u(x, y, 0) must be assumed space-limited also along y, as
discretization of ky corresponds to periodization along y. The model of Eq. 3.8 is
derived in P2, generalized to 3D in P4 and discussed in P6, P7 and P8.

Bessel-Fourier generators. Another expansion which expresses the 2D light field
u(x, z) in terms of a set of basis functions is derived in publication P5. As discussed
in Subsection 2.1.1, the Fourier spectrum of a 3D light field u(x, y, z) is supported
on the Ewald’s sphere with radius k, described by Eq. 2.5. The Ewald’s sphere is a
circle in two dimensions and the 2D Fourier transform a(kx, kz) of u(x, z) is non-zero
only on this circle. Hence, a change of the spatial frequencies kx and kz to polar
form (kx, kz) = (k sin θ, k cos θ) represents the 2D Fourier transform a(kx, kz) as the
one-dimensional function:

a(k sin θ, k cos θ) = a
(

2π
λ sin θ, 2πλ cos θ

)

≡ C(θ), (3.9)

where the rotation angle varies the interval θ ∈ [0, 2π). After this change of the
variables, The 2D light field u(x, z), expressed in terms of the inverse 2D Fourier
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transform integral, becomes the one-dimensional integral:

u(x, z) =
2π

λ

2π
∫

0

C(θ)ej
2π
λ

(x sin θ+z cos θ)dθ. (3.10)

A change of the spatial coordinates x and z in polar form as x = r sinφ and z = r cosφ
simplifies the integral in Eq. 3.10 to

u(r, φ) =
2π

λ

2π
∫

0

C(θ)ej
2π
λ

r cos(θ−φ)dθ. (3.11)

The function C(θ) is defined on the interval θ ∈ [0, 2π). It can be considered periodic
outside this interval and, consequently, described by the complex Fourier series:

C(θ) =

∞
∑

m=−∞
cme

jmθ. (3.12)

Inserting Eq.3.12 into Eq.3.11, changing the order of summation and integration and
making the substitution α = θ − φ, the field can be expressed as:

u(r, φ) =
4π2

λ

∞
∑

m=−∞
cme

jm(φ+π
2 )Jm

(

2π
λ r
)

. (3.13)

Here, Jm(t) denotes the m-th Bessel function of the first kind [131]:

Jm(t) =
1

2πejmπ/2

2π
∫

0

ejmαejt cosαdα.

More details on this derivation are presented in publication P5. The model from
Eq. 3.13 describes the field continuously at any spatial point as a superposition of
a discrete set of basis functions ψm(r, φ) = ejm(φ+ π

2
)Jm (kr), m ∈ Z, referred to

as Bessel-Fourier (B-F) generators. Hence, the discrete set of scaling coefficients
cm describes completely the continuous field. However, no explicit discretization is
done during the derivation. Finite dimensions in the summation are achieved by
truncation to M nonzero coefficients cm 6= 0,m = −

⌊

M
2

⌋

, ...,
⌊

M−1
2

⌋

. However, such
a truncation should be conformed with the characteristics of the function C(θ). The
set of basis functions {ψm(r, φ)}m is orthogonal and separable, as derived in P5.
Therefore, they also span a functional space where each function of the space satisfies
the Helmholtz wave equation. As such, the functions which belong to this space are
scalar diffraction fields. However, the space spanned by a truncated set ofM functions
ψm(r, φ) = ejm(φ+π

2
)Jm (kr), m = −

⌊

M
2

⌋

, ...,
⌊

M−1
2

⌋

is a subspace of the space of all
possible scalar diffraction fields.

Each ψm(r, φ) is a Bessel function along radial direction and exponentially oscillating
along the angular direction. Generalization of this model to 3D uses spherical har-
monics instead of cylindrical ones ejm(φ+ π

2
) and spherical Bessel functions of the first

kind along the radial direction r [132].
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3.2.2.2 Dimensionality of the models and NDF

The amount M of the non-zero weighting coefficients determines the dimensionality
of any forward or inverse problem related to computation or reconstruction of a light
field. Therefore, it is important to relate this amount to the physical properties of
the approximating field. The NDF of the light field u(x, z) is equal to the NDF of the
generating function of the reference line u(x, 0). In terms of the Wigner distribution,
the NDF is the area in the time-frequency plane under which the Wigner distribution
of the function is essentially nonzero [110]. If the shape of this area is nearly rect-
angular, the NDF can be measured alternatively by the space-bandwidth product of
u(x, 0) according to Eq. 2.66. The following discussion is derived in publication P8.

Fourier generators. The amount of required coefficients MF for this model is
directly related to the bandwidth 2Ω of u(x, 0):

MF
2π

T
= 2Ω =

2πNDF

∆x
,

hence MF =

⌊

NDF
T

∆x

⌋

. (3.14)

Eq. 3.14 suggests thatMF is directly proportional to NDF. This result is expected as
the Fourier generators discretize the frequency band of u(x, 0). The proportionality
coefficient T

∆x
defines the excess which needs to be taken. The period T must be larger

than ∆x so that the periodic replicas of u(x, 0) do not overlap. However, choosing
T close to ∆x does not guarantee that an overlap will not occur on a line at further
distance z. Discrete frequency axis kx defines a discrete Fourier spectrum of u(x, z)
at any line (x, z)|z=const, keeping u(x, z) periodic along x with the same period T .
On the other hand, spatially limited pattern u(x, 0) tends to spread its transversal
support when propagated along z. Therefore, given maximal distance zmax according

to the specified region of interest, one must ensure that T > ∆
(zmax)
x , where ∆

(zmax)
x

is the support of u(x, z = const = zmax). The relative increase of this spatial support

∆
(zmax)
x /∆x is smaller (closer to 1) for larger ∆x at fixed distance zmax.

Bessel-Fourier generators. The coefficients cm in the Bessel-Fourier model are
the Fourier series coefficients of C(θ). Their amountMB can be determined from the
frequency support of C(θ). Direct comparison of Eq. 3.11 and Eq. 2.13, written for
the 2D field u(x, z), yields:

C(θ) = a(k sin θ, k cos θ) = a(k sin θ). (3.15)

Hence, the frequency support of a(k sin θ) coincides with the frequency support of
C(θ) and is used to estimate the number MB.

The duality property of the Fourier transform F{a(kx)} = u(−2πx, 0) can be used
to obtain the frequency support of a(kx) as ∆x/2π. However, the frequency sup-
port of a(k sin θ) with respect to θ is not the same, even though it is related to
∆x/2π. The highest frequency in the Fourier transform of a(kx) is ∆x/4π – the
same as the frequency of the harmonic cos(∆x

2 kx). Therefore, the frequency support
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of cos(∆x

2 k sin θ) = cos(π∆x

λ sin θ) can be used to estimate the frequency support of
a(k sin θ). In communication theory, such a harmonic function is recognized as a spe-
cial case of frequency modulated signal cos(2πfcθ +

f∆
fm

sin(2πfmθ)). Its frequency

support is approximated as 2(fm + f∆) according to Carson’s rule [133]. The fre-
quency support of cos(π∆x

λ sin θ) and a(k sin θ) and C(θ) respectively is estimated as

2( 1
2π + ∆x

2λ ) ≈ ∆x

λ . Hence, the dimensionality of the Bessel-Fourier model, required to
describe a field with transversal support ∆x on the reference line, is

MB =

⌊

∆x

λ

⌋

=
⌊

NDF
π

Ωλ

⌋

. (3.16)

This result suggests that the Bessel-Fourier model requires a small amount of gener-
ators when the spatial support of the field is comparable to the wavelength. From
another point of view, if NDF is assumed to be fixed, then the excess inMB compared
to NDF is determined by the ratio between π/Ω and λ. In fact, π/Ω is the size of the
finest detail structure in u(x, 0).

3.2.2.3 Discrete models, frames and sampling sets

The finite dimensional models in Eq. 3.8 and Eq. 3.13 represent the continuous-domain
light field u(x, z) (resp. u(r, φ)) as a decomposition on a set of mutually orthogo-

nal basis functions {ϕm(x, z)}m =

{

e
j 2π

T

(

xm+z
√

T2

λ2 −m2

)
}

m

(resp. {ψm(r, φ)}m =

{

ejm(φ+
π
2 )Jm

(

2π
λ r
)

}

m
). Knowledge of the coefficients {am}m (resp. {cm}m) which

weight the basis functions are sufficient to recover the continuous light field at any
desired point. Each coefficient am (resp. cm) can be found by an inner product be-
tween the field and the respective basis function ϕm (resp. ψm), because the basis is
orthogonal.

In practice, any calculations related to these models must be carried out in a discrete
fashion, on a sampling grid of representative points. Most probably, there exists a
sampling grid for each model where the basis functions still maintain their mutual
orthogonality after sampling. However, the primal concern of this thesis is to relax
any sample point distribution {(xi, zi)}si=1 defined by the set of points {D(xi, zi)}si=1

desired to be reconstructed in any potential application. Often, the applications
are not flexible with regard to the sample locations. The orthogonality of the sets
{ϕm}m and {ψm}m might not remain after sampling on an arbitrary irregular grid
{(xi, zi)}si=1.

Eq. 3.8 and Eq. 3.13 can be written for each point (xi, zi) (resp. (ri, φi) with (xi, zi) =
(ri sinφi, ri cosφi) from the irregular grid {(xi, zi)}si=1 defined by the desired sample
values {D(xi, zi)}si=1:

u(xi, zi) =

⌊M−1

2
⌋

∑

m=−⌊M
2
⌋

ame
j 2π

T

√

T2

λ2 −m2 ziej
2π
T

mxi , (3.17)
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u(ri, φi) =
4π2

λ

⌊M−1

2
⌋

∑

m=−⌊M
2
⌋

cme
jm(φi+

π
2
)Jm

(

2π
λ ri

)

. (3.18)

After irregular sampling, the sets {ϕm(xi, zi)}m =

{

e
j 2π

T

(

xim+zi

√

T2

λ2 −m2

)
}

m

and

{ψm(ri, φi)}m =
{

ejm(φi+
π
2 )Jm

(

2π
λ ri

)

}

m
of the discrete-domain functions do not

form an orthogonal basis, but might form a frame. In fact, we are interested in
the sampling distributions for which these sets form frames. Note that these frames
differ from the continuous-domain sampling and reconstruction frames discussed in
Subsection 2.2.2. These frames span spaces similarly to the orthogonal bases in Eq. 3.8
and Eq. 3.13. However, the spaces here are vector spaces rather than the functional
spaces spanned by the bases in Eq. 3.8 and Eq. 3.13. The vector spaces are derived
from these functional spaces by picking only the values of the functions at the locations
required by the sampling set {(xi, zi)}si=1.

The properties of the frames {ϕm(xi, zi)}m and {ψm(ri, φi)}m are used to determine
the stability of the sampling sets {(xi, zi)}si=1. Recall that the stability of a set of
irregularly distributed samples is measured by relating the energy of the samples to
the energy of the continuous-domain function being sampled. In this case the energy
of the samples is simply calculated as

∑s
i=1 |u(xi, zi)|2. The continuous-domain light

field has finite energy, which is the same on each transversal line (x, z)|z=const. It is
equal to the energy of the field on the initial line ‖u(x, 0)‖2 which, in turn, should
be equal to the energy of its Fourier transform a(kx). The coefficients {am}m are
obtained by uniform discretization of a(kx) and therefore their energy is a measure
of the energy of the continuous field u(x, z). Hence, the stability of the sampling set
{(xi, zi)}si=1 is measured in terms of the Fourier generators model from Eq. 3.8 as:

AF

∑

m

|am|2 ≤
s
∑

i=1

|u(xi, zi)|2 ≤ BF

∑

m

|am|2. (3.19)

The B-F model from Eq. 3.13 represents the Fourier transform C(θ) of the continuous
field in terms of its Fourier series according to Eq. 3.12. Therefore, the energy of the
coefficients {cm}m should be equal to the energy of C(θ). The function on the Ewald’s
circle C(θ) is the 2D Fourier transform of the continuous field u(x, z) and thus the
energy of C(θ) measures the energy of u(x, z). Hence, the stability of the sampling
set {(ri, φi)}si=1 can be measured in terms of the B-F generators model from Eq. 3.13
as:

AB

∑

m

|cm|2 ≤
s
∑

i=1

|u(ri, φi)|2 ≤ BB

∑

m

|cm|2. (3.20)

The upper and lower bounds in Eq. 3.19 and Eq. 3.20 determine the stability of
a sampling set {(xi, zi)}si=1. The closer the lower and upper bound are, the bet-
ter the stability of the set. In fact, these bounds are proportionally related to the
bounds of an actual continuous-domain sampling frames. The sampling frame ac-
cording to the Fourier generators model can be obtained as the ensemble of translates
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{α(x − xi, z − zi)}si=1 of the function α(x, z) =
∑

m e
j 2π

T

(

xm+z
√

T2

λ2 −m2

)

. The sam-
pling frame according to the B-F generators model can be obtained as the ensemble

of translates {β(r − ri, φ − φi)}si=1 of the function β(r, φ) =
∑

m ejm(φ+
π
2 )Jm

(

2π
λ r
)

.
It is possible to verify that u(xi, zi) = 〈u(x, z), α(x− xi, z − zi)〉 and u(ri, φi) =
〈u(r, φ), β(r − ri, φ− φi)〉. Even though these two sampling frames seem to be con-
venient for analytical purposes, they are not convenient for numerical computations.
Moreover, their consideration steps beyond the contents of the publications enclosed
in this thesis. The subsequent discussion shows how the frame bounds of the discrete
frames {ϕm(xi, zi)}m and {ψm(ri, φi)}m can also be used to analyze the stability of
the sampling set.

3.2.2.4 LS reconstruction and CG

The light field reconstruction problem consists of finding the unknown field-generating
coefficients cm or am, given the irregularly distributed samples D(xi, zi), i = 1, ..., s.
Each of the expansions in Eq. 3.17 and Eq. 3.18, considered for a single sample u(xi, zi)
(resp. u(ri, φi)), represents a linear equation for the M unknown coefficients {am}m
or {cm}m. When considered for all the available samples, each set of equations defines
a linear system of equations. These systems are expressed in a matrix form as:

u = Ah, (3.21)

where the unknown vector h = a = [a−⌊M
2
⌋, a−⌊M

2
⌋+1, ..., a⌊M−1

2
⌋]
T or h = c =

[c−⌊M
2
⌋, c−⌊M

2
⌋+1, ..., c⌊M−1

2
⌋]
T contains the field generating coefficients. The light field

samples are ordered in the vector u = [u(x1, z1), u(x2, z2), ..., u(xs, zs)]
T . A is the

reconstruction matrix, which has two different forms depending on the discrete model.
For the Fourier generators model A is

A = R = {Rp,q} = {ej 2π
T

√

T2

λ2 −(q−⌊M
2
⌋−1)2 zpej

2π
T

(q−⌊M
2
⌋−1)xp},

p = 1, ..., s, q = 1, ...,M (3.22)

and for the Bessel-Fourier generators model A is

A = J = {Jp,q} = {ej(q−⌊M
2
⌋−1)(φp+

π
2
)Jq−⌊M

2
⌋−1(krp)}

p = 1, ..., s, q = 1, ...,M. (3.23)

The matrix A in Eq. 3.21 relates the coefficients of the discrete model, stored in the
vector h, to the irregularly distributed samples of the corresponding light field, stored
in u. However, the application at hand often requires data point values {D(xi, zi)}si=1

which do not obey any of the discrete models in Eq. 3.8 or Eq. 3.13. This means that
there is no such set of coefficients which, when fed into the model, would produce
the desired values at the desired locations. Therefore, the remaining possibility is to
reconstruct a set of irregularly distributed light field samples û which approximate
the desired values {D(xi, zi)}si=1. This statement is formalized as the least squares
optimization problem:

ĥ = argmin
h

‖D−Ah‖ , (3.24)
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where D = [D(x1, z1), ..., D(xs, zs)]
T is the vector of desired data samples. The

coefficient vector ĥ produces the approximating vector û = Aĥ when fed into Eq. 3.21.
The approximating light field vector û lies closest to the vector of desired values D in
the s-dimensional range space of the frame matrix A. This is the space of light fields
which obey one of the discrete models in Eq. 3.8 or Eq. 3.13 and are sampled on the
irregular grid of points {(xi, zi)}si=1.

The LS problem defined in Eq. 3.24 is linear because the operator A acts linearly on
the unknown vector h. Therefore it can be solved by the CG method, described in
Subsection 2.2.2.2. Written for this specific case, the CG iterates as follows:

1. initialize ĥ0 arbitrary, r0 = A∗D−A∗Aĥ0 and d0 = r0

2. for n = 1 to nit

(a) α = 〈rn,rn〉
〈Adn,Adn〉

(b) ĥn+1 = ĥn + αdn

(c) rn+1 = rn − αA∗Adn

(d) dn+1 = rn+1 +
〈rn+1,rn+1〉

〈rn,rn〉 dn

end

3. reconstruct the light field values û as û = Aĥ according to the considered
discrete model

The iteration operator is now the matrix A∗A, the unknown is the vector of coeffi-
cients ĥ and the target is the vector of desired field samples D. The current residual
at the n-th iteration is rn = A∗D−A∗Aĥn, and the current search direction is de-
noted by the vector dn. The convergence of the CG algorithm depends on the ratio
between the largest vmax and the smallest vmin eigenvalues of the iteration operator.
These are the the squared of the largest σmax and the smallest σmin singular values
of the matrix A. According to Eq. 2.48, n iterations decrease the reconstruction error
by a factor of at least:

2

(

σmax − σmin

σmax + σmin

)n

= 2

(

σmax/σmin
− 1

σmax/σmin
+ 1

)n

. (3.25)

The closer the singular values σmax and σmin are, the closer the error decay factor is
to zero and the convergence of the CG algorithm is faster. Note that the column index
q of the matrix A coincides with the frame element index m in Eq. 3.17 and Eq. 3.18.
This means that the columns of the matrix A are the frame elements ϕm(xi, zi) (resp.
ψm(ri, φi)) of the discrete frames. Hence, A plays the role of the frame matrix Φ
from Eq. 2.35. Therefore, the smallest and largest singular values of A coincide with
the square root of the lower and upper bounds of the frame used in A, respectively.
By definition, the smallest and largest singular values of a matrix A are found as:

σ2
min = min

h:‖h‖=1
‖Ah‖2 = min

h:‖h‖=1
〈Ah,Ah〉 = min

h:‖h‖=1
〈u,u〉 =

= min
h:‖h‖=1

s
∑

i=1

|u(xi, zi)|2 = A ‖h‖2 , (3.26)
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σ2
max = max

h:‖h‖=1
‖Ah‖2 = max

h:‖h‖=1
〈Ah,Ah〉 = max

h:‖h‖=1
〈u,u〉 =

= max
h:‖h‖=1

s
∑

i=1

|u(xi, zi)|2 = B ‖h‖2 . (3.27)

The lower A and upper B frame bounds coincide with AF and BF from Eq. 3.19
when the frame {ϕm(xi, zi)}m is used in A or with AB and BB from Eq. 3.20 when
the frame {ψm(ri, φi)}m is used in A. The singular values σmax and σmin of the
matrix A coincide with the square root of the sampling set bounds. This explains one
aspect of the term “stability” of a sampling set. The sampling set and an underlying
continuous-domain model define a frame which spans a vector space according to
Eq. 3.17 or Eq. 3.18. The frame has the same bounds as the sampling set. This frame
is used to reconstruct a desired element from the vector space with the CG algorithm
or the frame algorithm. A stable sampling set is one whose lower and upper bounds
are close to each other and the reconstruction algorithm converges rapidly.

3.2.2.5 Stability of the sampling set and physically inconsistent data

This subsection explains probably the most influential aspect of the term “stability”
of the sampling set. The large difference between the bounds A and B slows down
the convergence of the CG algorithm, used for reconstruction. More importantly,
the reconstruction algorithm boosts any, even negligibly small, physical inconsistency
in the desired sample values {D(xi, zi)}si=1 if A is much smaller than B. Here, the
reasons for that are explained and the regularization strategy used in P7 and P8 is
outlined.

Often in a practical application, the desired sample values {D(xi, zi)}si=1 cannot be
simulated as samples of a scalar light field which satisfies the Helmholtz wave equation.
In such a situation, the vector of the desired values D does not belong to the space
spanned by the frames {ϕm(xi, zi)}m or {ψm(ri, φi)}m. However, the desired values
are imposed only at the locations {(xi, zi)}si=1 and the physical inconsistency can be
modeled only there. The inconsistency might be of various origins and difficult to
predict in the common case. A reasonable and rather general assumption is to model
the inconsistency as an additive Gaussian term ε = [ε1, ..., εs]

T :

D = Ah+ ε. (3.28)

The entries of the random vector ε are drawn from zero-mean normal distribution
εi ∼ N (0, σ2). A naive direct reconstruction approach strongly amplifies the random

term ε so that it prevails over the desired coefficient vector estimate ĥ if there is a
big difference in the singular values of A. This defines the reconstruction problem as
an inverse problem [134].

Any linear system can be solved by taking the pseudo-inverse with the help of SVD
[84]. SVD decomposes an s×M matrix A in terms of its singular values and singular
vectors:

A = UΛV∗, (3.29)
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where U and V are s×s andM×M unitary matrices, whose columns are the left and
right singular vectors of A, respectively. The matrix Λ is a s ×M diagonal matrix
with the value ordered singular values of A:

Λ = diag{σ1, σ2, ..., σn}, σmax = σ1 ≥ σ2 ≥ ... ≥ σn = σmin ≥ 0, (3.30)

where n = min(s,M). The Moore-Penrose pseudo-inverse can be used to find a

solution ĥ, provided the desired data vector D [84]:

ĥ = A†D = VΛ†U∗D,

Λ† = diag{σ−1
1 , σ−1

2 , ..., σ−1
n }. (3.31)

The pseudo-inverse is able to deal with the inverse problems which break Hadamard’s
existence condition [134] when A has small condition number κ = σmax

σmin
. If the

solution does not exist, applying the pseudo-inverse maps D to the vector ĥ which
lies closest to it in the range space of A which is known as the LS solution. However,
if the condition number ofA is large, the pseudo-inversion does not produce a sensible
solution. The norm of A† is equal to its largest singular value, which is σ−1

min. If the
SVD pseudo-inverse is applied to the left side of the inconsistent vector D = Ah+ ε,
the noise norm in the resultant reconstruction is boosted by a factor of σ−1

min. In the
case when the condition number of A is large, σ−1

min is large as well, and the noise is
dominant in the reconstruction.

The LS optimization problem tries to find a solution which yields a residual D−Ah
with minimum norm. The Tikhonov regularization approach tries to minimize also
the norm of the solution:

ĥ = argmin
h

{

‖Ah−D‖2 + δ ‖h‖2
}

. (3.32)

Tikhonov regularization balances between the contradictory requirements for small
residual and small norm of the solution [134]. The penalty term δ is used to tune
this balance. The optimal value of δ can be determined automatically by Morozov’s
discrepancy principle [134]. The minimum norm requirement ensures the smoothness
of the solution and thus robustness to noise, while minimizing the residual ensures
that the solution is close to the target. This regularization approach was used in P7
and P8.

Written in SVD terms, the Tikhonov solution can be shown to be equivalent to [134]:

ĥ = VΛ†
δU

∗D,

Λ†
δ = diag

{

σ1
σ2
1 + δ

, ...,
σn

σ2
n + δ

}

. (3.33)

This form shows improvement over the pseudo-inverse SVD. The small singular values
do not boost the random term ε anymore, since they are substituted with a value close
to δ. This value is selected in such a manner that the singular vectors corresponding
to small eigenvalues are taken to contribute to the solution. On the other hand, large
eigenvalues are not modified much by δ and contribute with the accurate weight to
the solution, driving ĥ toward the desired value.
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The SVD form of the Tikhonov regularized solution in Eq. 3.33 is very convenient for
analytical purposes. However, finding the SVD of a matrix requires cubic complexity
[84]. A more computationally attractive approach [134] uses the CG method as an

iterative matrix solver. The minimizer ĥ of the Tikhonov functional in Eq. 3.32 is
equivalent to the solution of the linear system [134]:

(A∗A+ δI)ĥ = A∗D. (3.34)

The matrix H = A∗A+δI is symmetric and positive definite and thus can be inverted
by the CG method. This is the numerical reconstruction approach used in P7 and
P8.

The sampling set bounds A and B are determined by the spatial distribution of the
desired data points {D(xi, zi)}si1 within the region of interest. Suppose that u(x, z)
is the desired light field whose samples approximate the values {D(xi, zi)}si1 at the
positions {(xi, zi)}si1 . In general, the light field u(x, z) might not spread its energy
uniformly within the region of interest, i.e. there are darker areas of shadow and
brighter areas with high light field values. Suppose further that a large portion of
the samples do not cover the bright parts of the field, leaving large gaps. The energy
of these samples is then very small in comparison with the energy of the generating
coefficients h, no matter how densely the samples are distributed outside the gap.
This pushes the lower bound A of the sampling set down and consequently increases
the condition number κ of the reconstruction matrix A. Now consider the case when
a dense cluster of samples lie on one of the bright areas of the field. The same
local information is added several times in Eq. 3.19 or Eq. 3.20, which increases the
upper bound B and κ. Thus, the presence of clusters and gaps in the density of the
sampling set has significant influence on the bounds of the sampling set {u(xi, zi)}si1 .
Publications P7 and P8 study the influence of this and some other properties of the
sample distributions which influence the stability of the sample set. The spectral
characteristics of the matrix A are analyzed in various scenarios depending on the
size of the volume of interest, clustering of the data points and amount of input data.

Better bounds and faster convergence of the conjugate gradient algorithm can be
achieved if the samples are weighted with some adaptive weights wi, i = 1, ..., s sat-
isfying

∑

iwi = 1. Then, the LS problem is to find the coefficient vector h provided
weighted desired values WD and weighted frame matrix WA:

ĥ = argmin
h

‖WD−WAh‖ , (3.35)

whereW = diag{w1, ..., ws} is a diagonal matrix of the sample weights. These weights
can be chosen based on the separation between the neighboring samples, e.g. by the
reciprocal of the distance to the closest sample. Such an approach is demonstrated in
P6. In essence, this approach implies weighting the frame elements in the matrix A.
This decreases the difference between the lower and the upper bounds of the frame
and the sampling set, respectively.
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Figure 3.4: Deflectable mirror device.

3.3 Light field synthesis with DMD

This section discusses the generation of a desired complex LF d(x, y) = |d(x, y)|ejφd(x,y)

on a reference plane (x, y, z)|z=const by modulation of an incident light source wave
with an optical modulation element. The design and configuration of complex wave
front modulation element subject to its technological constraints is greatly facilitated
by computer based optimization algorithms. The emphasis in this section is on the
use of matching pursuit and simulated annealing algorithms for optimizing the config-
uration of a DMD which would produce d(x, y) on a desired plane when illuminated
by a plane wave. These algorithms constitute the content of publication P1.

The DMD is a reflection-mode type of spatial light modulator, which consists of a two-
dimensional array of square shaped identical micro-mirrors (Fig. 3.4). Each mirror
can be deflected separately, tilting it along its diagonal axis to one of a few pre-fixed
angles. The most widely used and commercially available DMD is developed by Texas
Instruments [135]. This is micro-electromechanical device, whose chip has on its sur-
face of the order of a million microscopic mirrors. The TI DMD has been used for
the synthesis of high quality two-dimensional color images in digital video display
systems. Each micro-mirror can be tilted two possible angles of ±10-12◦, correspond-
ing to “on” and “off” states. In the “on” state, the light from the illuminating light
source is reflected to the plane of interest, while in the “off” state, the light is directed
onto a side heat sink. Each mirror can modulate the amplitude of the reflected light
wave by temporal pulse width modulation. The mirrors themselves are made out of
aluminum and are around 10µm across with spacing of around 1µm. The greatest
advantage of the DMDs over liquid crystal-based SLMs is the higher brightness and
contrast ratio. Occasionally, DMDs have been also used in holographic applications
[8]. Kreiss et al. used DMD to synthesize binary amplitude holograms for application
in digital holographic interferometry [9]. The generation of holographic stereograms
in a gel medium by a DMD is suggested in [10].

Publication P1 describes LF synthesis by appropriately tilting the mirrors of the
DMD and illuminating the device with coherent laser light. The light which is re-
flected from the mirrors propagates to approximate the intended light field on the
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Figure 3.5: Diffraction of a an arbitrary oriented plane wave ej(kxx+kyy+kzz) by a
rectangular aperture of size Wx × Wy , lying at the initial plane (x, y, z)|z=0 and
centered at (xc, yc).

target plane (Fig. 3.4). Note that such an approach concentrates on optimizing the
deflection angles for the mirrors, subject to the target light field rather than altering
between “on” and “off” states to modulate only the amplitude of the incident light
wave. In contrast, either tilt angle of each mirror can contribute to the desired light
field. Combining the optimal angles for each mirror enables simultaneous phase and
amplitude modulation.

3.3.1 Rectangular aperture illuminated by a plane wave

This section makes analytical derivation of the diffraction field which results when
a rectangular aperture is illuminated by an arbitrary oriented plane wave. Such a
case sets the background for the approach presented in publication P1 about light
field synthesis by a digital micro-mirror device. The surface of each micro-mirror can
be considered to be the rectangular aperture which obscures an incident plane wave.
The angle of this plane wave depends on the orientation of the micro-mirror and the
DMD illumination wave.

Consider the set-up in Fig. 3.5, where a plane wave ej(kxx+kyy+kzz) illuminates a
planar rectangular aperture. Without loss of generality, the aperture is assumed to
lie in a transversal plane (x, y, z)|z=0 and the problem is to calculate the diffraction
pattern at another transversal plane (x, y, z)|z=const at some distance z. Let the
size of the aperture be Wx × Wy and let it be centered at the point (xc, yc). As

discussed in Subsection 2.1.3, the frequency vector k = [kx, ky, kz ]
T

determines the
orientation of the plane wave, with |k|2 = k2x + k2y + k2z = k2. The plane wave within

the plane (x, y, z)|z=0 of the aperture has the expression ej(kxx+kyy). The aperture
can be described by the function

A(x, y) = rect

(

x− xc
Wx

)

rect

(

y − yc
Wy

)

, (3.36)
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where rect(x) is a rectangular pulse of width 1 and height 1, centered at the origin.
The field u(x, y, 0) generated by the plane wave in the plane of the aperture is the
function

u(x, y, 0) = A(x, y)ej(kxx+kyy) = rect

(

x− xc
Wx

)

rect

(

y − yc
Wy

)

ej(kxx+kyy)

= ej(kxxc+kyyc)rect

(

ξ

Wx

)

rect

(

η

Wy

)

ej(kxξ+kyη)

= ej(kxxc+kyyc)υ(ξ, η), (3.37)

where ξ = x−xc and η = y−yc. The field u(x, y, z) at the desired plane (x, y, z)|z=const
is the convolution between the field u(x, y, 0) at initial plane and a free space propa-
gation impulse response hz(x, y):

u(x, y, z) = (u(·, ·, 0) ∗ hz) (x, y) =
∞
∫∫

−∞

u(x′, y′, 0)hz(x− x′, y − y′)dx′dy′

=

∞
∫∫

−∞

υ(ξ, η)hz(x − xc − ξ, y − yc − η)dξdη

= ej(kxxc+kyyc) (υ(·, ·) ∗ hz) (x− xc, y − yc)

= ej(kxxc+kyyc)ψk(x− xc). (3.38)

In Eq. 3.38, the following vector notations are used: k = [kx, ky, kz]
T
, x = [x, y, z]

T

and xc = [xc, yc, 0]
T
. The function ψk(x) is the field generated when the rectangular

aperture is centered at the origin and illuminated by the plane wave with orientation
k. The impulse response hz(x, y) can be either the R-S impulse response as in Eq. 2.8
or the Fresnel impulse response as in Eq. 2.18. Derivation of ψk(x) in terms of
the Fresnel impulse response is simpler, yet accurate enough for many practical cases,
including the problem considered in publication P1. Moreover, a closed form solution
can be derived in this case:

ψk(x) = (υ(·, ·) ∗ hz) (x, y)

=

∞
∫∫

−∞

rect

(

ξ

Wx

)

rect

(

η

Wy

)

ej(kxξ+kyη)
ejkz

jλz
e

jk
2z ((x−ξ)2+(y−η)2)dξdη

=
ejkz

jλz

Wx/2
∫

−Wx/2

ekxξe
jk
2z (x

2−2xξ+ξ2)dξ

Wy/2
∫

−Wy/2

ekyηe
jk
2z (y

2−2yη+η2)dη

=
ejkz

jλz

Wx/2
∫

−Wx/2

e
jk
2z ((x−

zkx
k )−ξ)2ejkx( zkx

2k
−x)dξ

Wy/2
∫

−Wy/2

e
jk
2z

((

y− zky
k

)

−η
)2

e
jky

(

zky
2k

−y
)

dη

=
ejkz

j
ejkx( zkx

2k
−x)IWx

(

x− zkx
k

)

e
jky

(

zky
2k

−y
)

IWy

(

y − zky
k

)

. (3.39)



3.3. LIGHT FIELD SYNTHESIS WITH DMD 79

The last line of the derivation uses the notation

IW (t) =
1√
λz

W/2
∫

−W/2

ej
π
λz

(t−τ)2dτ =
1√
2

√
2
λz (

W
2
−t)

∫

−
√

2
λz (

W
2
+t)

ej
π
2
γ2

dγ. (3.40)

The integral IW (t) can be split into two parts: one with limits from −
√

2
λz

(

W
2 + t

)

to 0 and another – from 0 to
√

2
λz

(

W
2 − t

)

. Each of the resultant integrals has

tabulated forms and can be found in many larger computational software packages
[136, 137, 138].

As a final result of this discussion, consider the case when the aperture is a planar
mirror from the DMD chip. The derivation of the diffracted field away from the
mirror should be the same, as the part of the plane wave falling on the mirror is
totally reflected, while the rest of the plane wave travels in the direction behind the
mirror. The only difference is that the direction of the illuminating plane wave, i.e.
the vector k = [kx, ky, kz]

T , must be assumed to follow the direction of the reflection.
On the DMD chip, the mirrors are able to change their orientation according to
one of a few pre-set angles, say α, while the desired field still falls onto the same
target plane. The angle is three-dimensional α = [αx, αy, αz]

T in the general case.
Therefore, the solution of Eq. 3.38 for the diffracted field at the target plane must be
modified, because the plane wave falls at a different orientation than k = [kx, ky, kz ]

T

onto the mirror and the target plane and the initial plane close an angle α. Let us
then fix two coordinate systems: one x = [x, y, z]T with the target plane and another
x′ = [x′, y′, z′]T with the initial plane. Assume that the coordinate system x is fixed
so that that the target plane is transversal to the Oz axis at some distance z. This
is convenient as it coincides with the assumption made when deriving the solution in
Eq. 3.38. Let the other coordinate system x′ be fixed so that the tilted initial plane
is transversal to the axis Oz′ and aligned with the origin z′ = 0. With this choice,
the coordinate systems x and x′ close an angle α and relate to each other through
the rotation matrix Rα:

x′ = Rαx. (3.41)

In a similar manner, the orientation of the plane wave k = [kx, ky, kz]
T transforms

in the new coordinate system x′ as k′ = Rαk. Hence the solution for the diffraction
field u(x, y, z) at the target plane becomes:

u(x, y, z) = ej(kxxc+kyyc)ψRαk (Rα(x− xc)) . (3.42)

3.3.2 Mathematical formulation

The main aim of publication P1 was to develop algorithms which determine the op-
timal configuration of the mirrors on the DMD chip, so that a desired light field
d(x, y) at a transversal plane (x, y, z)|z=const is reproduced to the best extent. The
desired field d(x, y) contains amplitude and phase simultaneously, because the mir-
rors from the DMD chip reflect in a certain manner the incident light wave r(x, y).
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The angle of each mirror determines its contribution to the field at the output plane
(x, y, z)|z=const. Therefore, the problem of finding the optimal tilt angles for all mir-
rors subject to the desired field d(x, y) must be described in a formal manner. This
subsection formulates the problem of scalar light field synthesis as a constrained op-
timization problem. This formalism is convenient for the presentation of the possible
optimization algorithms.

Assume that the DMD consists of M × N micro-mirrors, where each mirror can be
deflected to one of S possible angles. As the number of mirrors is finite, their index
j is selected to be one-dimensional j = 1, ...,M × N . Let gj,s(x, y) denote the field
generated by j-th mirror when it is tilted to s-th possible angle with s = 1, ..., S
and j = 1, ...,M ×N . The respective angle and position of the mirror can be taken
into account in Eq. 3.42 to calculate each gj,s(x, y). With this new notation, the
total light field, produced by the DMD on the output plane can be expressed as the
superposition of the light fields gj,s(x, y) produced by each mirror:

g(x, y) =
M×N
∑

j=1

S
∑

s=1

pj,sgj,s(x, y). (3.43)

In this linear combination the scalar coefficients pj,s bear certain restrictions. A
particular mirror with index j can be turned only to one of its S positions and therefore
contributes to the total field g(x, y) only with the field gj,s(x, y) corresponding to this
active position s. On the other hand, each mirror on the DMD chip is turned to
a certain position, so it inevitably produces one of its fields gj,s(x, y). Hence, the
scalar coefficients pj,s take binary values 0 or 1 with the restriction that for the j-th
mirror only one coefficient pj,s, s = 1, ..., S can have value 1 and the rest must take
value 0. This restriction of the coefficients pj,s, together with Eq. 3.43 constrain the
minimization problem:

d̂(x, y) = argmin
g

{‖d(x, y)− g(x, y)‖} . (3.44)

Eq. 3.44 implies that the optimally synthesized field d̂(x, y) is the field g(x, y) which
lies closest to the desired field d(x, y). The field g(x, y) ranges within the space of fields
which can be reproduced by the DMD. That is, g(x, y) should satisfy Eq. 3.43 together
with the restrictions on the coefficients pj,s. Therefore, a candidate optimization
algorithm strategy must find the coefficients pj,s, j = 1, ...M ×N , s = 1, ..., S, which
generate through Eq. 3.43 the best approximation of d(x, y). The sequel presents
the algorithms from publication P1 which naturally handle such kinds of constrained
optimization problems.

3.3.3 Light field synthesis methods

3.3.3.1 Simulated annealing

Simulated annealing is an optimization procedure based on trial and error evaluation
of the possible states of the solution. It is a global optimization algorithm which is very
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easily applied when the search space is discrete, as in the case for finding the optimal
tilt angle for each mirror of the DMD chip. The algorithm avoids local minima by a
random search which accepts changes which sometimes might degrade the solution.
Taking a degraded solution in a random direction around the current solution widens
the search range around a local minimum. This step toward a degraded solution
should be large enough with respect to a local minimum and small with respect to a
global one. A certain quality metric determines how close to the global minimum the
solution lies.

The simulated annealing optimizes the mirror tilt angles on the chip as follows. The
initial mirror configuration is selected randomly, and each step of the algorithm alters
the state of all mirrors. The quality of the current solution is evaluated by a quality
metric Q, which is the reciprocal of the mean squared error ‖d(x, y)− g(x, y)‖2. When
handling each mirror during the iterations, at first the quality metricQ1 of the solution
with the mirror’s current state is calculated. Then, its tilt angle is changed to a
different state, selected randomly, and the quality metric Q2 of the solution with the
new state is calculated. The effect of the change is evaluated by the ratio r of the new
to the old quality metric r = Q2

Q1
. If the change improves the solution, i.e. r > 1, the

new state of the mirror is accepted. The new state of the mirror might still be accepted
even if it degrades the solution, i.e. r ≤ 1. In this case the change is accepted with
probability rT (i). The function T (i) is a weighting function of the current iteration
i, which usually is selected to be monotonically decreasing. This possible random
change for each mirror is performed on each mirror in a sequential manner. One pass
through all the mirrors forms an iteration of the simulated annealing algorithm.

The choice of the weighting function T (i) is essential for the performance of the
algorithm. The function should be decreasing on its argument. In such a manner,
random degrading changes are more probable during the early iterations, because it
is also more likely to be around a local minimum during the early iterations. On the
other hand, late iterations are closer to the global optimum and a degrading change
of the mirror states should not be tolerated. The implementation in publication P1
uses a function T (i), which depends not only on the iteration number i, but also on

the current mirror position j. The particular choice is T = exp
{

− (i−1)MN+j
4MN

}

. The

reason behind this choice is that DMD typically contains a large number of mirrors
and the synthesized field might improve significantly during a single pass through all
the mirrors.

3.3.3.2 Matching pursuit

Originally, the matching pursuit algorithm has been developed as a fast and greedy
approach for signal approximation by a linear combination of waveforms, iteratively
selected from a large collection [139]. As a greedy approach, matching pursuit is
known for its sub-optimal behavior, converging to a local minimum. However, it is
very fast, because a few passes through the collection might be sufficient to arrive at
a satisfactory solution.
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The expression of the output light field, as formulated in Eq. 3.43, resembles a linear
signal expansion of g(x, y) over the collection of waveforms the gj,s(x, y), weighted
with the coefficients pj,s. The difference with the classical case here is that the set
of values for the coefficients pj,s is constrained to 0 and 1, where for a certain mirror
j only one of the possible pj,s can be 1 and the rest must be 0. The waveforms in
this case are the light fields gj,s(x, y) obtained by each mirror turned to certain angle.
None of the DMD configurations guarantees to reproduce fully any desired light field
d(x, y) which satisfies the Helmholtz wave equation. Therefore, the expansion in
Eq. 3.43 is not guaranteed to describe it precisely. However, a similar description in
terms of the light fields gj,s(x, y) is:

d(x, y) =

m≤M×N
∑

j=1

S
∑

s=1

pj,sgj,s(x, y) + Rm(x, y) = g(x, y) +Rm(x, y). (3.45)

The function Rm(x, y) denotes the residual between the actual synthesized field g(x, y)
and the desired one d(x, y). The index j of the first summation in Eq. 3.45 runs up
to m ≤ M × N . This notation is used for generality, i.e. it also includes the case
when the desired field d(x, y) is approximated with fewer mirrors than available on
the DMD chip.

Matching pursuit is a recursive adaptive algorithm that builds up the signal represen-
tation one element at a time, picking the most contributive element at each step. In
terms of the considered optimization problem, the algorithm chooses at each step a
mirror turned at a certain position among all mirrors with all possible positions. The
chosen mirror and position generate a light field gjs(x, y) which contributes best to
the desired field. The measure for contribution is the portion of the current residual
Rj(x, y), as defined by Eq. 3.45, which the generated light field gjs(x, y) occupies.
Formally, the algorithm starts from an initial residual R0(x, y) = d(x, y) and the
mirror and tilt angle selected at each step are the ones which minimize the norm of
the residual ‖Rj(x, y)‖ = ‖Rj−1(x, y)− gj,s(x, y)‖. In this manner, matching pursuit
naturally serves the constrained optimization problem at hand. The modification
used in publication P1 is outlined below.

• initialize R0(x, y) = d(x, y)

• for j = 1 to MN

– (a) go through all the mirrors and their positions and pick the most con-
tributive one: {i, s} = argmini,s ‖Rj−1(x, y)− gi,s(x, y)‖

– (b) update residual Rj(x, y) = Rj−1(x, y) − gi,s(x, y)

• end

Matching pursuit works particularly well when the waveforms in the collection are
mutually orthogonal [139]. However, such a statement is not valid for the light fields
gj,s(x, y) generated from the mirrors when turned to any of their angles. The algo-
rithm selects the mirror and the positions one by one, resulting in local optimization.



3.3. LIGHT FIELD SYNTHESIS WITH DMD 83

Therefore, in some cases the first few elements might be chosen wrongly, and then the
algorithm spends many subsequent iterations without much improvement. Therefore,
such an algorithm may end up far from the optimum solution. On the positive side,
some fields might be sufficiently approximated by only a few mirrors, chosen greedily
during the first steps. In such a case, matching pursuit is preferable as very fast
algorithm.

The speed of this algorithm can be traded for achieving better approximation. This
is illustrated in publication P1 by increasing the order of the optimization. It is
essentially the same as the procedure above, but uses a combination of two mirrors
instead of one. That is, a combination of the two most contributive mirrors is found
instead of the most contributive mirror at step (a). Step (b) subtracts the joint
contribution of these two mirrors from the current residual.
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Chapter 4

Summary of results

This thesis contains a collection of publications related to scalar light field synthesis
and reconstruction from a set of data points, irregularly distributed within a region
of interest. The problem of light field synthesis is decoupled from the problem of
light field reconstruction from the input data points, as described in Fig. 3.1. De-
tailed discussion of the light field synthesis problem for a particular light modulation
device (DMD) is presented in publication P1. The main emphasis of the thesis is
on the problem of reconstruction of scalar light fields from a set of irregularly dis-
tributed data points. Most of the publications on light field reconstruction consider
one transverse dimension only. Generalization to 3D is considered in publication P4.
The reconstruction problem is initiated in publication P3, where the first practical
reconstruction algorithms are discussed in detail. Publications P2, P4, P5, P6,
P7 and P8 cast the problem as reconstruction from a set of irregularly distributed
light field samples. Publication P5 derives a discrete model based on cylindrical
harmonics. Publication P6 compares the convergence properties of the LS-based
and POCS-based reconstruction methods and P7 and P8 study the stability of the
reconstruction under various data point distribution scenarios.

Publication P1 considers the problem of scalar light field synthesis by a DMD. This
work formulates the problem as a constrained linear optimization problem, which can
be solved by suitable global or local combinatorial optimization algorithm. The formu-
lation is done by calculating possible fields, generated by illuminating each mirror at
each of its possible tilt angles. Two optimization algorithms are considered: one local
– matching pursuit algorithm and one global – simulated annealing. The conventional
matching pursuit algorithm is adapted to the constrained optimization problem. In
addition, a second-order matching pursuit algorithm is suggested in order to improve
the behavior, otherwise prone to falling into local minima. This improvement comes
at the expense of increased computational complexity. Simulated experiments are
carried out for two possible DMD sizes, where each DMD is configured to synthesize
two possible patterns on a desired target plane – one of the patterns belongs to the
range space of the device, while the other does not. In all cases, simulated anneal-
ing shows better reconstruction than both matching pursuit algorithms, reaching the

85
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global minimum. However, matching pursuit algorithms use less computations, still
showing satisfactory reconstructions. The convergence of the simulated annealing
algorithm is very much dependent on its starting point. Moreover, its parameters
have to be tuned by an ad-hoc approach. The author contributed to this publication
mainly with the part related to the matching pursuit algorithm. This includes the
development of the idea, its implementation for numerical experiments and analysis of
the results. The text of the paper was written and edited jointly with the co-authors,
while the author made a significant contribution.

Publication P3 is the first publication in the collection which considers in detail the
problem of light field reconstruction from arbitrarily distributed data points within a
region of interest. One transverse dimension is considered and the known data points
are taken from a 2D rectangular grid which covers the 2D region of interest. The
light field is reconstructed on a reference line, at an uniform grid of points, aligned
to the 2D grid of points in the region of interest. The PWD integral is assumed to
describe accurately the light field propagation in this publication. Two approaches
to light field reconstruction are considered. The first approach reconstructs the light
field on an initial line by inverting a linear system with the Moore-Penrose pseudo-
inverse. The linear system is obtained by writing a propagation equation from the
initial line to each given data point. The second approach is based on the serial POCS
method and represents the major novelty of publication P3. It defines one set per
transversal line in the 2D grid from the region of interest. The projections from set to
set are implemented efficiently based on the FFT algorithm by propagating from line
to line and re-substituting the known data points. Both algorithms are evaluated to
reconstruct a light field, which is generated by a rect-function on the initial line. The
distribution of points inside the region of interest is done arbitrarily. A fair evaluation
is achieved by averaging the reconstruction results over an ensemble of different data
point distributions. The experiments reconstruct the light field for a variable number
of known data points. The POCS-based reconstruction is able to produce satisfactory
results after many iterations, even when the known data points are less than the target
resolution, i.e. less than the number N of points which constitute the sampling grid
on the initial line. For more than N known data points, the matrix pseudo-inversion
-based method reconstructs to practically zero error. For a small number of iterations,
the POCS-based approach needs slightly larger than N data points to converge to
a zero error. When the number of given data points increases, the computational
complexity of the POCS-based approach decreases up to a certain level. The pseudo-
inverse reconstruction is more efficient if the number of known data points is less
than or slightly larger than N . The author contributed to the theoretical derivation
of the POCS-based reconstruction algorithm. He also implemented the POCS-based
algorithm and prepared the experiments for the publication. His contribution to the
manuscript concerns writing all parts related to the POCS-based algorithm and also
organizing the structure and editing of the text jointly with the other co-authors.

Publication P2 casts the LF reconstruction problem as reconstruction from irregu-
larly distributed LF samples. Such a consideration allows the positions of the known
data points to be completely free, not belonging to any predefined uniform grid as the
one considered in publication P3. The irregular sampling problem is posed through
a discrete model of the continuous diffraction field. In essence, this model discretizes
the PWD integral. Such a discretization leads to periodization of the light field in
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a transversal direction, which requires an essentially space-limited support along the
transversal direction. As essentially space-limited patterns tend to spread upon prop-
agation, the maximal transversal size of the region of interest can be used to determine
the periodization. Finite dimension of the model is achieved if the frequency support
of the diffraction field is also assumed to be essentially limited. The reconstruction
problem is posed as an LS problem by writing the model for each known field sample
within the region of interest. Publication P2 suggests solving the LS problem by the
iterative method of conjugate gradients because of its fast convergence. Simulations
are carried out on two different light fields: a Gaussian beam and a rectangular beam,
similarly as in publication P3. The Gaussian beam has essentially limited support
in space and frequency, while the rectangular beam is not band-limited. However,
the reconstruction results for both fields are very similar. The CG procedure con-
verges in a small number of iterations if the known field samples are slightly more
than the assumed non-zero coefficients in the discrete model. The number of iter-
ations which lead to a satisfactory reconstruction is further reduced if the number
of known samples is increased. Consequently, the computational complexity reduces
in a similar manner. However, the iterations are not significantly reduced for very
large number of samples, while the complexity per iteration increases. Therefore, it
is not beneficial to have a very large number of samples. The author took part in the
clarification of the idea behind the problem formulation and solution. Most of the
theoretical derivations were also carried out by him. The numerical experiments and
results were implemented by the author, who also analyzed the results and prepared
the manuscript of the paper.

Publications P3 and P2 derive two iterative light field reconstruction approaches:
one of them is based on the POCS method and the other one on the CG method.
Publication P4 generalizes these two approaches for the 3D case when there are
two transverse dimensions. A comparison of the numerical performance of these
approaches is interesting for an eventual practical application. The POCS-based
approach propagates efficiently from plane to plane by the use of FFT and assumes
that the known data points belong to a predefined 3D uniform grid which is aligned
with a uniform grid on the reconstructed reference plane. Such a setup is not in favor
of the CG-based reconstruction, which assumes completely free data point positions.
The simulations in publication P4 try to reconstruct a diffraction field which has a
rect distribution on the reference plane. The simulations vary the number of known
data points and the number of iterations for the CG and POCS. The two algorithms
have different computational complexity per iteration and, therefore, they can be
assessed by the number of complex multiplications. The results show that POCS
converges for a smaller number of known samples than CG when the computational
complexity of each algorithm is fixed. If a desired reconstruction error is fixed, then
POCS again outperforms CG, requiring a smaller number of complex multiplications
to achieve the desired error for any amount of known samples. Even though POCS
seems to be faster than CG in every way, the CG-based approach has the great
advantage that the known samples can occupy freely any positions within the region
of interest, not necessarily aligned to a uniform grid. The author implemented the
CG-based algorithm and took part in the analysis of the numerical results. Another
contribution is to the revision and editing of the manuscript.

The results of publication P4 inspired a theoretical study and comparison of the
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POCS and CG-based reconstruction approaches in publication P6. For a fair com-
parison, the POCS-based reconstruction approach is generalized to free known sample
positions. This is done by defining each set by the points on a transversal line, which
can be considered to belong to the same uniform grid. This grid can have free off-
set from the grid on the reference line. In such a set up, there can appear more
than one set per line and/or only one known sample defining a set. The projections
are done by efficient FFT-based propagation from the initial line to the line defin-
ing the set, where the free shift between the grids is compensated according to the
shift theorem of the Fourier transform. The error analysis of this POCS-based recon-
struction shows that the error reduction after each projection depends on the portion
of the energy which is contained in the samples forming the set. The convergence
of the CG-based approach depends on the condition number of the matrix obtained
when writing the diffraction equation for each point in the irregular sampling set.
The entries of this matrix depend only on the positions of the data points. In this
sense, a stable sampling set yields a matrix with a good condition number. An un-
stable sampling can be moderately compensated by introducing adaptive weights to
each sample, resulting in a weighted LS-based reconstruction. The simulations in this
publication reconstruct a Gaussian beam from a fixed number of known samples. This
number is selected to be sufficiently large, i.e. such that its further increase would
not significantly speed up the convergence. One of the experiments illustrates the
benefit of using adaptive weights for CG-based reconstruction. Another experiment
shows that the POCS-based approach converges faster when the sets formed by the
known samples are better structured. The author initiated the idea of this publica-
tion by deriving the convergence and error analysis for the POCS-based algorithm.
The idea of incorporating free sample positions in the POCS-based algorithm came
during this derivation. The author also implemented and carried out all experiments
which produce the results of the publication. He also prepared the essential part of
the manuscript.

Publication P5 derives an alternative model for the LS-based light field reconstruction
approach with the CG method. The model is derived for one transverse dimension
only in a polar coordinate system. It decomposes the continuous light field onto a set
of functions, which are cylindrical harmonics along the angle and Bessel functions of
the first kind along the radius. The biggest advantage of this model is evident during
the derivation – the model does not assume finite spatial extent of the field for the
inherent discretization. The Fourier spectrum of the field is supported on Ewald’s
circle and thus it is periodic. It can be naturally represented in discrete terms by
its Fourier series. The Bessel functions of the first kind are used to represent the
remaining integral of the inverse Fourier transform. The model is feasible in practice,
because there exist efficient and accurate numerical algorithms to calculate Bessel
functions [140]. The simulations in this publication aim at reconstructing a Gaussian
beam for a different number of known data points within a region of interest. A
satisfactory reduction in a small number of CG iterations is achieved when the known
data points are slightly more than the dimensionality of the model. The convergence of
this model depends only on the positions of the known samples, in a similar manner to
the discrete PWD model in publications P2, P4 and P6. The Bessel functions-based
model leads to faster CG convergence when the sampling set contains points with more
diverse positions along the angular direction. The author took part in the derivation
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of the discrete model consisting of cylindrical harmonics and Bessel functions. He also
proved that the continuous functions constituting the model form an orthogonal set.
The author implemented all the numerical experiments and produced all the results.
He had a leading role in preparing the manuscript.

Publications P7 and P8 investigate the factors which influence the stability of light
field reconstruction from a set of data samples, irregularly distributed within a region
of interest. These factors are related mainly to the distribution of known data samples
within the region of interest. Such a consideration is interesting for many practical
applications where the specified data samples are not physically consistent. A con-
sistent light field is represented by the discrete models of publications P2 and P5.
The inconsistency of the known data points is represented inside the models as an
additive random term, whose values have normal distribution. Such a representation
is quite general as it encompasses inconsistency in a wide range of applications. The
representation of the known data points poses the light field reconstruction problem
as an inverse problem. Both publication P7 and publication P8 use basic Tikhonov
regularization for the light field reconstruction from irregularly distributed and phys-
ically inconsistent data samples. The motivation behind this choice is to illustrate
the properties of the modeling. Tikhonov regularized inversion is implemented itera-
tively by the CG method. In theory, the models from P2 and P5 require a certain
dimensionality which is sufficient for the representation of a light field with certain
NDF, measured by the space-bandwidth product of u(x, 0). This issue is derived in
detail in publication P8. The required dimensionality of both models is proportional
to the NDF of the light field. The excess of the PWD-based model from publication
P2 is determined by the ratio of the minimal and maximal field support within the
region of interest. The excess of the the Bessel functions-based model from publica-
tion P2 is determined by the ratio of the finest detail structure of the field to the
wavelength. Extensive numerical simulations investigate the factors which affect the
stability of the reconstruction for scenarios which require the same dimensionality for
both models. The stability is measured by the distribution of the singular values of
the matrices which correspond to the models. Uniform sample density defines the
reconstruction problem as well-posed when described by the PWD-based model and
as ill-posed when described by the Bessel functions-based model. However, spatial
variations of the density define the reconstruction problem as ill-posed for both mod-
els. The more clustered the sample density is, the less uniformly the singular values of
the reconstruction matrices are distributed. Consequently, the reconstruction requires
regularized inversion. P7 investigates only a limited number of scenarios, where the
level of clustering is simulated by varying the extent of the spatial region occupied by
a fixed amount of data samples. In addition, P8 considers a variable amount of data
samples. Moreover, the existence of an ill-posed problem and, respectively, the need
for regularization is clearly underlined by comparing the performance of the recon-
struction in cases with ill-posed and well-posed data sample distributions, consistent
and inconsistent known sample values. In all experiments, the regularization is able to
compensate for the ill-posedness of the reconstruction problem, yielding reconstruc-
tion error comparable to the level of inconsistency of the samples. The convergence
of the CG algorithm becomes slower for sampling sets with more clustered density.
Consequently, the reconstruction error in a finite number of iterations is larger. The
practical applicability of the reconstruction approach is illustrated by an additional
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experiment in P8. The experiment is done on a distribution of the field samples,
mimicking a scenario which arises for high-resolution light field reconstruction from
a multiple low-resolution and limited-aperture CCD recordings. The results demon-
strate rapid convergence to an error, comparable to the level of inconsistency of the
sample values, where the CCD noise is considered as the source of inconsistency. The
author has prepared the major parts of publications P7 and P8. These include the
idea of the problem modeling, solution and considered scenarios, their derivations,
the implementation of the experiments and analysis of the results, and preparation
of the manuscript.
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ABSTRACT

We investigated the problem of complex scalar monochromatic light field synthesis with a deflectable mirror array
device (DMAD). First, an analysis of the diffraction field produced by the device upon certain configurations
is given assuming Fresnel diffraction. Specifically, we derived expressions for the diffraction field given the
parameters of the illumination wave and the tilt angles of the mirrors. The results of the analysis are used in
later stages of the work to compute the samples of light fields produced by mirrors at certain points in space.
Second, the light field synthesis problem is formulated as a linear constrained optimization problem assuming
that mirrors of the DMAD can be tilted among a finite number of different tilt angles. The formulation is initially
developed in the analog domain. Transformation to digital domain is carried out assuming that desired fields
are originating from spatially bounded objects. In particular, we arrived at a Dp = b type of problem with
some constraints on p, where D and b are known, and p will be solved for and will determine the configuration
of the device. This final form is directly amenable to digital processing. Finally, we adapt and apply matching
pursuit and simulated annealing algorithms to this digital problem. Simulations are carried out to illustrate the
results. Simulated annealing performs successful synthesis when supplied with good initial conditions. However,
we should come up with systematic approaches for providing good initial conditions to the algorithm. We do not
have an appropriate strategy currently. Our results also suggest that simulated annealing achieves better results
than MP. However, if only a part of the mirrors can be used, and the rest can be turned off, the performance of
MP is acceptable and it turns out to be stable for different types of fields.

Keywords: Light Field Synthesis, Deflectable Mirror Array Device, Fresnel Diffraction, Linear Constrained
Optimization Problem, Matching Pursuit Algorithm, Simulated Annealing Algorithm

1. INTRODUCTION

In this work we consider the problem of complex scalar monochromatic light field synthesis with a deflectable
mirror array device (DMAD) and we deal with the associated signal processing. The DMAD is a reflection-mode
spatial light modulator (SLM), which consists of a two-dimensional array of square shaped identical micro-
mirrors. The mirrors can be tilted along their diagonal axes. The deflection of each mirror can be controlled
separately. One of the most widely used practical DMADs is the digital micromirror device (DMD) developed
by Texas Instruments.1 This device comprises a large number of mirrors, typically in the order of a million
mirrors per chip. This device has been used for the synthesis of high quality two-dimensional color images in
digital video display systems.2 It has also been occasionally used in holographic applications. In particular,
its employment in generation of holographic stereograms was suggested,3 and its usage in digital holographic
interferometry to synthesize binary amplitude holograms was proposed.4

Here we concentrate on the usage of DMADs to synthesize desired monochromatic light fields within a spatial
volume of interest. Piestun and Shamir5 formulate the general light field synthesis problem as the optimization
of device configurations for the purpose of achieving the most successful creation of a desired light field within

This work is supported by EC within FP6 under Grant 511568 with acronym 3DTV.



a region in space and in time. Our formulation is similar to theirs. In our case, light fields can be synthesized
by appropriately tilting the mirrors on the DMAD and illuminating the device with coherent laser light. The
light which is reflected from the mirrors will propagate to approximate the intended light field within the target
volume (Fig. 1). Since we posed our problem as the synthesis of monochromatic light fields, time dimension is
irrelevant to us. We will basically try to replicate the phasor of a given monochromatic field.

Therefore, given the desired field, the key problem is the determination of the tilt angles of the mirrors
accordingly. Therefore it falls in the framework of combinatorial problems. In some applications, it may be
the case that this inverse problem should be solved in a fast manner compatible with real-time operation.
However, the problem has a very high dimensionality due to the large number of mirrors present on the device.
Hence, solving this problem is a challenging task that requires the usage of both accurate and fast combinatorial
optimization algorithms. An attractive candidate is the simulated annealing algorithm.6, 7 Its major advantage
over other methods is an ability to avoid becoming trapped at local minima. The algorithm employs a random
search which not only accepts changes that decrease objective function, but also some changes that increase
it with time decaying probability. Another fast algorithm that comes from the field of signal representation is
the matching pursuit algorithm.8 It is a greedy strategy for signal approximation by a linear combination of
waveforms, iteratively selected from a large collection. This algorithm can be easily adapted to the problem at
hand by restricting the possible values of the coefficients in the linear combination.

Below, we first provide an analysis of the field produced by this device in sec. 2. Up to a point, we summarize
the results we derived in an earlier work.9 We also extend the analysis assuming Fresnel diffraction. Second,
we pose the light field synthesis problem as a linear constrained optimization problem in sec. 3. Initially, the
problem is posed in the analog domain. The developed framework is independent of particular digitization
schemes. Later, assuming that fields to be synthesized are arising due to diffraction from spatially bounded
objects, we build up a digital optimization problem on top of the analog optimization problem. This problem
can directly be attacked on a digital computer. Finally, we describe the adaption and application of matching
pursuit and simulated annealing algorithms to solve this digital optimization problem, respectively in sec. 4.1
and sec. 4.2. We test our formulations and illustrate our results through a number of computer simulations,
which we describe in sec. 4.3. Our conclusions are stated in sec. 5.

2. ANALYSIS OF LIGHT FIELD GENERATED BY A DMAD

In this section, we firstly summarize the results of one of our earlier works .9 In that work, there is an analysis of
the light field produced by a DMAD given the tilt angles of the mirrors on the device. However, the results were
not specialized for a specific diffraction kernel. Here, we secondly extend the results of that previous analysis for
the case of Fresnel diffraction.

We will express the light field produced by the device upon illumination by a plane wave under a certain
configuration with respect to the coordinate system shown in Fig. 2. We favored this coordinate system because
the mirrors are tilted along their diagonal axes. By this choice, we expect to obtain more manageable expressions
at the end. In this coordinate system, tilt axes of mirrors are parallel to y-axis. The mirrors of the DMAD can
be indexed with a column vector i =

[
m n

]T with m, n ∈ Z, such that the i’th mirror is centered around:

Ti =




xc

yc

0


 =

(
W
√

2 +
L
√

2
2

) 

−1 1
1 1
0 0


 i (1)

where 2W is the width of the mirrors and L is the length of the spacing between the mirrors.

Let the device be illuminated by an incident plane wave whose functional representation in the coordinate
system described above is given by exp

{
j 2π

λ κT x
}
. Here, x is the position vector given by x =

[
x y z

]T

and κ is the direction cosines vector of the plane wave given by κ =
[

α β γ
]T satisfying the constraint

α2 +β2 +γ2 = 1. This incident plane wave will hit the mirrors, and it will be reflected back by each of them. Let
us in particular denote the functional representation of the field reflected from the i’th mirror by u

(i,θi)
κ (x) with

respect our coordinate system, assuming that the mirror is tilted by an angle θi in clockwise direction around its



axis of rotation. Note that the dependence of the field on the direction of the incident plane wave is also stressed
through inclusion of the κ parameter to the representation. Then, the total field reflected from the DMAD can
be obtained by superposing the individual fields reflected from the mirrors as:

u(x) =
∑

i

u(i,θi)
κ (x) (2)

Turning our attention back to the individual fields, u
(i,θi)
κ (x) is given as:

u(i,θi)
κ (x) = exp

{
j
2π

λ
κT Ti

}
ψRθi

κ (Rθi (x−Ti)) (3)

where Ti is the matrix given by Eq. 1, Rθ is given as:

Rθ =




1√
2

cos θ 1√
2

1√
2

sin θ

− 1√
2

cos θ 1√
2

− 1√
2

sin θ

− sin θ 0 cos θ


 (4)

and the six parameter function ψκ (x) is given as:

ψκ (x) = ψ[
α β γ

]T

([
x y z

]T
)

= hz(x, y) ⊗x,y rect
( x

2W

)
rect

( y

2W

)
exp

{
j
2π

λ
(αx + βy)

}
(5)

Here, hz(x, y) denotes the impulse response of free space propagation system and ⊗x,y denotes 2D convolution
in the x and y coordinates.

We refer to Fig. 3 to explain the function defined in Eq. 5 in more detail. In this figure, as seen, there
is a single square shaped mirror of width 2W , and this mirror is placed in a coordinate system such that its
aperture can be described by rect

(
x

2W

)
rect

(
y

2W

)
. Also, this mirror is illuminated by a plane wave, which is

represented by exp
{
j 2π

λ κT x
}

= exp
{
j 2π

λ (αx + βy + γz)
}
. Hence, the field on the mirrors aperture becomes

rect
(

x
2W

)
rect

(
y

2W

)
exp

{
j 2π

λ (αx + βy)
}
. This function can be convolved with hz(x, y) to arrive at the descrip-

tion of the field that is reflected from the mirror. Since ψκ (x) is obtained exactly in the same way as suggested
by Eq. 5, ψκ (x) actually represents the reflected field in the problem depicted in Fig. 3.

The equations derived up to this point are valid regardless of the choice for the diffraction kernel hz(x, y).
Actually, only the ψκ (x) function of Eq. 5 is influenced by the choice of the diffraction kernel. In the rest of
this section, we will derive explicit expressions for this function under the Fresnel approximation for free-space
diffraction. The Fresnel kernel for free-space diffraction is given as10:

hz(x, y) =
ejkz

jλz
ej k

2z (x2+y2) (6)

Above, we pointed the connection between the problem depicted in Fig. 3 and ψκ (x). Therefore, to solve for
ψκ (x), we have to solve the problem in Fig. 3 for arbitrary values of κ, i.e. for arbitrary illumination directions,
assuming Fresnel diffraction. In the fourth chapter of his book,10 Goodman solves this problem for the case of
normally incident illumination (α = β = 0, γ = −1). In particular, he achieved the following result:

ψ[
0 0 −1

]T

([
x y z

]T
)

=
ejkz

j
I(x)I(y) (7)

where

I(x) =
1√
λz

∫ W

−W

exp
{

j
π

λz
(x− ζ)2

}
dζ (8)

Here, as previously declared, 2W is the width of the mirrors. Eq. 8 can be simplified further by setting

α1 = −
√

2
λz

(W + x) (9)

α2 =

√
2
λz

(W − x) (10)



Using the new variables above, Eq. 8 can be rewritten as

I(x) =
1√
2
{[C(α2)− C(α1)] + j [S(α2)− S(α1)]} (11)

where C(z) and S(z) are the familiar frequently encountered and tabulated Fresnel integrals:

C(z) =
∫ z

0

cos
(

πt2

2

)
dt (12)

S(z) =
∫ z

0

sin
(

πt2

2

)
dt (13)

To extend these results to the case of oblique illumination with small incidence angle (for general α, β, γ
satisfying α2 + β2 + γ2 = 1, and α, β sufficiently small so that Fresnel approximation is valid) we essentially
went through a procedure similar to that outlined by Goodman,10 and arrived at the following explicit formula
for ψκ (x):

ψ[
α β γ

]T

([
x y z

]T
)

=
ejkz

j
exp

{
j

π

λz

(
2αzx− α2z2

)}
I(x− αz)

exp
{

j
π

λz

(
2βzy − β2z2

)}
I(y − βz) (14)

where I(x) is given by Eq. 8 as before.

3. LINEAR CONSTRAINED OPTIMIZATION PROBLEM FORMULATION

Our main intention is to synthesize monochromatic light fields with a DMAD in a space region of interest to the
best extent. As explained in detail in sec. 1, to synthesize a desired complex light field to the best extent, we
must determine the optimum tilt angles for the mirrors. Therefore, we should develop a procedure to convert the
specifications of the desired light field to these optimum tilt angles. In this section, we formulate the problem of
complex monochromatic light field synthesis with a DMAD as a linear constrained optimization problem. A lot
of readily available optimization algorithms exist for this class of problems. For the rest of this paper, we assume
that the mirrors on the DMAD we work with can be tilted to a finite number of discrete tilt angles, rather than
being continuously tunable.

For convenience, we slightly change the notation of the previous section. Let us assume that our DMAD
consist of M ×N (M, N ∈ Z+) micro-mirrors and each micro-mirror can be tuned to S ∈ Z+ different discrete
tilt angles. Since the mirrors are finite in number, let us adopt a one-dimensional indexing scheme for the mirrors
this time, reserving the letter j for the mirror index, such that j ∈ Z and 1 ≤ j ≤ M ×N . Let ujs(x) denote the
field generated by j’th mirror when it is tilted to s’th position (s ∈ Z, 1 ≤ s ≤ S). Finally, let b(x) represent
the desired light field.

With this new notation, the total light field produced by the DMAD can be expressed in the following form:

u(x) =
M×N∑

j=1

S∑
s=1

pjsujs(x) (15)

This expression represents the field for a fixed configuration of the device (i.e. the configuration does not change
in time) such that the tilt angles for the entire DMAD have been specified. At first glance, this expression
seems to be a linear combination of all individual fields generated by the mirrors. However, there are several
constraints associated with this linear combination due to the nature of the device. In particular, all the possible
fields ujs(x) cannot be present in this linear combination with nonzero coefficients simultaneously. Only one of
the S fields produced by each mirror can be contributing to the total field, since each mirror can be tilted to a
single position at any time. On the other hand, each mirror on the chip will in any case be tilted in one of the



S angles in a fixed manner, so will inevitably be producing one of the S fields. All of these remarks imply that
in Eq. 15, for each j, strictly one of the coefficients pjs

is one and the others are zero.

Therefore, Eq. 15 is actually a constrained linear combination of the individual fields produced by each
mirror. Remember that given b(x) (the desired field), our aim is to determine the set of optimum tilt angles for
the mirrors. In other words, for all j, we want to find out the best selections for the nonzero and unity coefficients
pjs

, such that b(x) is synthesized to the best extent. At this point, we have set the light field synthesis problem
as a linear constrained optimization problem in the analog domain.

Although we have a well-defined optimization problem in the analog domain, we will most likely have to
solve this problem in digital domain. Therefore, we have to transform the analog problem into an equivalent
digital problem. For this purpose, the first step is the digitization of the information present in the analog
light fields ujs

(x) and b(x). There may be various strategies for this task, each of which makes sense under
different assumptions and approximations. Here, we base our digitization strategy on the assumption that the
light fields we wish to synthesize propagate from spatially bounded objects. We believe this is reasonable in
real-world situations. When the Fresnel approximation is considered for diffraction, light fields emerging from
spatially bounded objects can be represented fully by their samples taken at finite rates.11, 12 In the case of
arbitrary spatially bounded objects, the number of samples required to fully characterize the diffraction fields
might be infinite. In our work, we further assume that a finite number of samples is enough to characterize the
fields. We assume that all the fields we wish to synthesize are fully determined by their samples taken at a set
of R (R ∈ Z+) predetermined space locations. Thus, we can represent ujs

(x) and b(x) by vectors ujs and b
respectively. Both ujs and b are of size R× 1.

Finally, we get the following matrix equation as a digital description of our light field synthesis problem:

Dp = b (16)

In the above equation,

• Vector b ∈ CR×1 represents the given field as stated before.

• D ∈ C(M×N×S)×R represents the behavior of the device. Each column of D, which is of size R × 1,
corresponds to the samples of one of the individual fields produced by one of the mirrors on the device.
Specifically, the {(j − 1)× S + s}th column of D is ujs .

• p ∈ R(M×N×S)×1 generates the constrained linear combination of the columns of D, as previously stated
through Eq. 15. We seek to solve for this vector actually, which will dictate the choice of tilt positions
of the mirrors. The already discussed constraints of the problem reduce the set of possible values for
this vector. In particular, the following requirements should be fulfilled: p is such that for all k ∈ Z,
1 ≤ k ≤ M × N ; the sub-vector p [(k − 1)× S + 1 : k × S] is equal to a column of the S × S identity
matrix. Each of these sub-vectors actually determine the configuration of a single mirror. The nonzero
element within the sub-vector will correspond to the tilt angle selected for that mirror.

At last, we achieved a discretized linear constrained optimization problem. The problem can be attacked on
a digital computer in this form. A myriad of algorithms exist for this type of problems, such as constrained least
squares, matching pursuit or simulated annealing, and they can be applied to solve for the optimum tilt angles
(the vector p) given the desired field (the vector b) and the specifications of the device (the matrix D).

4. APPLICATION OF MATCHING PURSUIT AND SIMULATED ANNEALING
ALGORITHMS

Having put our optimization problem in a suitable format for digital processing, now it is time to adapt and apply
solution algorithms. For this purpose, here we consider matching pursuit and simulated annealing algorithms,
and report our simulation results. First, we give a brief introduction to these algorithms.



4.1. Matching Pursuit Algorithm

The light field synthesis problem, as formulated by Eq. 15, can be formally interpreted as a signal representation
problem. The desired light field u(x) can be considered as a signal that has to be represented by linear com-
bination of waveforms, selected from a dictionary D. These waveforms can be the light fields ujs

(x) generated
by the mirrors of the DMAD. Respectively, pjs

are the coefficients in the representation. The difference in our
problem is the restrictions on these coefficient that were imposed in subsection 3. Since we deal with practical
light fields that cannot be always synthesized exactly by the DMAD, their approximate representation can be
stated as

u(x) =
m∑

j=1

S∑
s=1

pjsujs(x) + R(m)(x), (17)

where R(m)(x) is the signal residual after synthesis by m < M × N dictionary elements. Mallat and Zhang8

have discussed a general method for such approximate decomposition that addresses the sparsity issue directly.
Matching pursuit (MP) is a recursive, adaptive algorithm that builds up the signal representation one element
at a time, picking the most contributive element at each step. Starting from an initial residual R(0)(x) = u(x),
the element chosen at the jth step is the one which minimizes ‖R(j)(x)‖ as defined in (17). The residual at stage
j is given by R(j)(x) = R(j−1)(x)− pjs

ujs
(x).

The MP approach works well for many types of signals. It has been shown to be especially useful for extracting
structure from signals which consist of components with widely varying time-frequency localizations.8 When
stopped after a few steps, it yields an approximation using only a few atoms. The algorithm selects the dictionary
elements one by one, resulting in a local optimization. Therefore, in certain cases it might choose wrongly in the
first few iterations and end up spending most of its time correcting for any mistakes made in the first few terms.
This results in an algorithm that may end up far from the global optimal solution.

Despite of this drawback, MP is a very attractive choice since it is a fast search procedure. This is necessary
when one has to deal with DMADs consisting of thousands of mirrors. Another advantage in comparison with
most of the traditional optimization methods is that MP can be easily modified to adopt the constraints on the
coefficients pjs . This modification is outlined below.

• initialize R(0)(x) = u(x)

• for j = 1 to MN

– (a) go through all the mirrors and their positions and pick the most contributive one: {i, s} =
arg mini,s ‖R(j−1)(x)− pisuis(x)‖

– (b) update residual R(j)(x) = R(j−1)(x)− pisuis

• end

The orthogonality between the light fields reflected from each mirror of the DMAD is highly dependent on the
chosen sampling grid. Therefore, the dictionary elements for our specific case are not necessarily orthogonal and
the MP algorithm is expected to show its local optimality behavior. This raises the question of whether higher-
order optimizations may be of benefit. To clarify this need some experiments were done also with a ”second-order”
matching pursuit (MP2). It follows essentially the same strategy as described above. The difference is that at
step (a), instead of the most contributive mirror, a combination of the two most contributive mirrors is found.
At step (b) the joint contribution of these two mirrors is subtracted from the residual. It should be noted that
the complexity of the search for pairs of most contributive mirrors increases to O((M ×N)3) in comparison to
O((M ×N)2) in the case of first order matching pursuit.



4.2. Simulated Annealing Algorithm
Simulated annealing is a well-known and frequently used optimization algorithm.6, 7 Since it is widely used, we
will directly present its application to our problem. Basically, in our case the algorithm starts with an initial
configuration of the mirrors, and we hope to eventually arrive at a state such that the desired field is replicated
to a satisfactory extent. In our experiments, as the distance metric, we use the total mean-squared error; and we
use the reciprocal of this quantity as the quality measure to assess the level of success within the reconstruction.
We go over all the mirrors sequentially. When we are handling a specific mirror during the iterations, we firstly
calculate the current value of quality measure, Q1. Then, we switch the current tilt angle of the mirror arbitrarily
to one of the remaining options, and calculate the new value of the quality measure, Q2. We calculate the ratio
between these two quantities, r = Q2

Q1
, which signals the effect of the change that is attempted. If the results

improve with this modification (r > 1), the state of the mirror is updated to the new tilt position. On the other
hand, if there is a deterioration in the results (r ≤ 1), the change is performed with a probability of rT (t), where
T (t) is a time-dependent weighting function. As stated before, all the mirrors on the chip will be experimented
sequentially with this simple test, and their stated will be altered appropriately if necessary. Usually, within the
overall run, there will be several passages over the entire chip. Remembering from previous sections that we had
M ×N mirrors, if the number of passages over the entire chip is K ∈ Z+, there will be a total of K ×M ×N
mean squared error computations and comparisons during execution of the algorithm.

The weighting function is the essential part of the algorithm for the purpose of simulating the annealing part.
Specifically, when the algorithm is running, this function has high values during the earlier stages, while its value
decreases as the number of iterations increase. Since it directly influences the decision on whether a change will
be made under degradation of results or not, the interpretation of its effect is as follows: at the beginning, even
if results become worse, changes are allowed and enhanced. The aim here is to prevent the algorithm to converge
to a local optimum, but rather provide it with a chance to step on a path through which it can arrive at the
global optimum. Towards the end of the algorithm though, changes resulting in spoilage are barely allowed, this
time to prevent the algorithm from getting out of the road that leads to the global optimum.

In our simulations, we selected K = 40. As for the weighting function, we used T (t) = exp
{
− t

4×M×N

}
.

When the j’th mirror was processed for the k’th (k ∈ Z, 1 ≤ k ≤ K) time, this function was evaluated at
t = (k − 1) × M × N + j, and the obtained value is assigned as the weighting factor to be used during the
operations.

4.3. Simulation Results
We have carried out several simulations to illustrate and verify the usefulness of our formulations and results
developed in the previous sections.

In our simulations, we represented the target field by its samples taken uniformly on a square planar patch
residing in front of the DMAD. Through optimization algorithms, we tried to configure the DMAD to reconstruct
these samples with minimum error. Our error criteria is the mean squared error of the difference signal between
the samples of the original and reconstructed fields.

Our convention for exact placement of the sampling patch relative to the DMAD is illustrated in Fig. 4. The
coordinate system here is the same as in Fig. 2. First, we calculated the dimensions of the square region on the
z = 0 plane in which the DMAD exactly fits. This region is shown as R1 in Fig. 4, with dimensions d1×d1. The
distance of the sampling patch R2 to the DMAD is taken to be z = d1, while the dimensions of the sampling
patch are chosen as d2 = 0.75d1.

The simulations were carried out separately for two DMADs of sizes 25 × 25 and 71 × 71. In both cases,
the mirrors were 16µm× 16µm in size, and they could be tilted to −12,0 and 12 degrees (their axes of rotation
is parallel to the y-axis in Fig. 4) and the interspacing between the mirrors was 1µm. For the case of 25 × 25
DMAD, all the light fields were represented by 11 × 11 uniformly distributed samples on the sampling patch.
The distance of the patch to the mirrors was z = 300µm, while the sampling interval in both x and y directions
were dx = dy = 45µm. When we used instead the 71 × 71 DMAD, the sampling patch consisted of 25 × 25
uniformly distributed samples, the distance of the patch to the mirrors turned out to be z = 853µm, while the
sampling intervals became dx = dy = 53µm.



In all the experiments, the DMADs were illuminated by normally incident plane waves of wavelength λ =
633nm. To arrive at the format suggested by Eq. 16, we firstly prepared the matrix D by computing the samples
of the fields produced by mirrors of the chip on the sampling patch. We made extensive use of the formulas
developed in sec. 2 for that purpose. In our experiments with the 25 × 25 DMAD, D had a size of 121 × 1875.
The row size follows since the sampling patch consists of 11 × 11 samples, resulting in a total of 121 samples.
The column size is obtained as 675 × 3 = 1875 since there are a total of 625 mirrors and each mirror can be
tilted to three different angles. In the case of the 71× 71 device, the size of D became 625× 15123.

With both the 25 × 25 and 71 × 71 DMADs, we conducted the simulations for two target fields. One of
these fields was randomly selected within the range space of the device, so that the optimization problem had
an exact solution. The other one was chosen to be circle function. We tried to reconstruct the samples of this
circular field. In this case, we tried to find out the configuration that produced the closest set of samples to the
original field in minimum mean-squared sense. The performance of the proposed algorithms was evaluated with
the percentage mean squared error error. It is computed by dividing the mean square error of reconstruction to
the total energy of the original samples, and multiplying the result by 100.

In the first experiment a 25× 25 DMAD was used to to synthesize a field which was in its range space, where
the optimal tilt positions of the mirrors were found by using first- and second-order matching pursuit algorithms.
Fig. 5 shows the progress of the percentage error along with the number of iterations. (Note that in the case of
matching pursuit algorithm, the total number of iterations equal the total number of mirrors.) The dashed curve
is associated with first-order matching pursuit, while the solid one shows the error when second-order matching
pursuit is used. These curves illustrate the performance of MP as a fast approximation strategy using minimal
number of dictionary elements. Both versions of the algorithm arrive at an approximate solution - 0.8% and 0.5%
error for first and second order matching pursuit respectively. In both cases, this lowest value is reached after
the 400th iteration - less than the total number of mirrors. After a good approximate solution has been found
with minimum number of mirrors, adding more mirrors increases the error when they are combined with the
mirrors selected so far. This due to the fact that the expansion coefficients in 17 are restricted only to unity and
the portion of reflected light from a mirror cannot be controlled to minimize the error further. On the contrary,
when it is strictly unity it degrades the approximation when combined with the other mirrors. Indeed, the final
errors yielded by the algorithms were 5.5% and 4.3%. Another important observation is that for any number of
mirrors the second order MP leads to lower error. These suggests that the use of global optimization algorithm
will be of benefit.

We also tried to reconstruct the field above using simulated annealing. This algorithm and the solution it
converges is inevitably influenced by the initial estimate begun with. At first, we ran the algorithm a hundred
times in which for each run we randomly selected an initial configuration, and among the hundred results, we
looked at the most satisfactory one. In this trial, we were able to recover the exact configuration that produced
the input field. However, in most of the trials the algorithm is stuck in a local minimum and finds only an
approximate solution. Therefore we lack a systematic approach for selection of the initial conditions which will
lead in most of the cases to the global optimum.

For the 25 × 25 DMAD, another group of simulations were performed when the target field had a circular

distribution of 1.5circ

(√
( x

dx )2
+( y

dy )2

2

)
. This field was not necessarily in the range space of the device. Results

with first- and second-order matching pursuit algorithms are plotted in Fig. 5. Still the performance of second-
order algorithms is better - the errors are 1.0% (MP) and 0.7% (MP2) percent during the iterations. However,
this time the final errors produced by the algorithms had significantly intolerable values - 78.2% (MP) and 74.2%
(MP2). We also applied simulated annealing. Firstly, similar to the previous case, we initiated the algorithm a
hundred times with randomly selected initial conditions, and searched for the best result. Via this algorithm,
the target field was reconstructed up to an error of 13.3%. This shows that if only an approximate solution
is theoretically possible, MP is superior to simulated annealing as a greedy algorithm that minimizes the error
without trying to recover the underlying structure.

The same sequence of simulations, with some minor changes, were applied to the 71× 71 DMAD. We firstly
tried to regenerate a field within the range space. This time, due to its high computational complexity, we
avoided the application of second-order matching pursuit, but concentrated only on the first-order version. The



propagation of error is demonstrated in Fig. 7. The curve is similar in shape to that in the previous experiments.
The final value of the error is 8.8% while the minimum value reached is 0.7%. On the other hand, we observed
that when several random initial conditions were applied, simulated annealing recovered the field perfectly.

Secondly, we tried to synthesize a circular field distribution of 1.5circ

(√
( x

dx )2
+( y

dy )2

2

)
. The error curve of

first-order matching pursuit algorithm is plotted in Fig. 8. Similar to the counterpart of this simulation for the
case of 25 × 25 DMAD, the final error is unacceptably high (46.5%) in spite of the very low value (0.7%) the
error reaches during the iterations. We also applied simulated annealing a hundred times with different initial
conditions each time. The best reconstruction we obtained is shown in Fig. 9, while the corresponding error
versus iteration number curve is plotted in Fig. 10. (Note that in the case of simulated annealing, the total
number of iterations is equal to the multiplication of the total number of mirrors and the total number of passes
over the entire device.) The final error is 5.8%.

Consideration of results leads us to the following observations: We infer from the experiments in which the
desired field is within the range space of the DMAD that the simulated annealing algorithm is able to perform
perfect reconstruction (given good initial conditions). However, we lack a systematic and quick approach to
supply good initial estimates that would enable convergence to the global optimum. Another alternative might
be to search for parameters of simulated annealing that would yield better results. Our choices here were based
on experimental trials instead of more systematic approaches, so they may not be optimal. On the other hand,
when considered on its own, the matching pursuit algorithm produces high error values at the end despite the
fact that the error goes very low during the iterations. As explained above this is due to the restriction for
the coefficients in the expansion 17. However, the experiments with circular fields suggest that the performance
of MP does not depend on whether the desired field is theoretically reproducible by the DMAD. Moreover,
the convergence time may be very short. Under the assumption that only part of the mirrors can be used to
synthesize the field the performance of the matching pursuit approach is acceptable, and the algorithm itself
might turn out to be very handy.

5. CONCLUSION

In this work, we addressed the problem of complex monochromatic light field synthesis with a deflectable mirror
array device(DMAD). With their large number of degrees of freedom, DMADs are promising spatial light mod-
ulators to be used in light field synthesis applications, but they raise challenging inverse problems: finding the
optimal position of the mirrors of the DMAD is a difficult optimization problem. The major contribution of this
work is the formulation of the problem as a constrained linear optimization problem which can be numerically
solved in a fast manner by using any of the dozens of readily existing algorithms for such problems. Here, the
matching pursuit and simulated annealing algorithms were tested. They were chosen since they are fast and can
be easily adapted to the constraints of the problem. According to our results, MP shows worse behavior com-
pared to simulated annealing, in the sense that at the end, the configuration suggested by simulated annealing
results in a better reproduction of the desired field than the one suggested by matching pursuit. However, if only
a part of the mirrors can be used, and the rest can be turned off, the performance of MP is acceptable and it
turns out to be stable for different types of fields. On the other hand, the simulated annealing algorithm, with
its low computational complexity, exhibits a strong potential to produce good results when it is supplied with
good initial conditions. However, at the moment, we are neither aware of systematic approaches for examining,
assessing and speculating on the prospective impact of initial conditions to the final result of the algorithm, nor
on ways of producing such good initial estimates. These problems must be undertaken in future works.



Figure 1. Light field synthesis with a DMAD Figure 2. Chosen coordinate system

Figure 3. Physical interpretation of ψκ(x) of Eq. 5 Figure 4. Placement of sampling patch with respect to
DMAD



Figure 5. Error of first and second-order MP for field in
range space

Figure 6. Error of first and second-order MP for circular
field

Figure 7. Error of first-order MP for field in range space Figure 8. Error of first-order MP for circular field



Figure 9. Reconstruction of circular object with simulated
annealing

Figure 10. Error of simulated annealing for circular field
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ABSTRACT

Reconstruction of the diffraction field from non-uniformly
sampled data points is an important signal processing prob-
lem in 3D display of a scene. The plane wave decomposi-
tion approach is traditionally used to calculate the diffrac-
tion between two parallel planes. Here, we use its dis-
crete form to create a finite dimensional model of con-
tinuous diffraction fields. The model is used to state the
problem of field reconstruction as matrix inversion. When
the analysis is carried out in frequency domain, a sym-
metric reconstruction matrix can be formed. Its inver-
sion is simplified by fast iterative approach, based on the
conjugate gradient (CG) method. Numerical experiments
demonstrate the applicability and accuracy of the chosen
approach. The CG method converges in a small number
of iterations and requires much less computational costs
compared to direct matrix inversion.

1. INTRODUCTION

The computation of the light field distribution which arises
over the entire three-dimensional (3D) space from an ab-
stract representation of a 3D scene is known as the for-
ward problem in holography. This problem is important in
holographic three-dimensional television (3DTV), since
the display device has to be controlled by signals which
depend on the optical field of the scene. Solving the for-
ward problem is a challenging task, since the 3D scene
may be a complex structure consisting of opaque, trans-
parent or semi-transparent surfaces and lines. In a more
general setting, the sampled representation of the scene
can be assumed to be in the form of discrete data points,
non-uniformly distributed over the 3D space. Thus, the
forward problem becomes a problem of diffraction field
reconstruction, given a set of irregularly distributed sam-
ples. In this work we investigate the problem and suggest
a fast numerical solution.

If the optical field is known on a certain plane, it can
be calculated at any other parallel plane using a linear,
shift-invariant relation [1, 2, 3]. Once the field at any
plane is sampled, efficient numerical approaches can be
utilized for fast computation of the whole diffraction field
[4, 5]. The sampling problem in optics has been investi-
gated in the literature. The field samples at a certain plane

This work is supported by EC within FP6 under Grant 511568 with
acronym 3DTV.

are chosen so that the function which generates the field
can be recovered perfectly. Gori [6], showed that a func-
tion can be reconstructed from its samples, provided that
the function is α-Fresnel limited. Onural [7], derived con-
ditions and approaches for recovery of the optical field
in the cases of space-limited and band-limited functions.
Stern and Javidi [8], considered in addition the effects of
finite aperture size of the recording sensor.

In our earlier work [9], we have addressed the problem
of reconstruction of optical field from arbitrary distributed
samples, taken from uniformly sampled planes. The prob-
lem was analyzed theoretically and solutions which are
based on direct matrix inversion and projection onto con-
vex sets (POCS) [10, 11] were suggested. In the present
work, we generalize the problem for non-uniform sam-
pling along x and z coordinates and build a Fourier do-
main reconstruction matrix. Its symmetric structure al-
lows us to use an efficient inversion algorithm, i.e.the con-
jugate gradient optimization algorithm [12, 13].

2. PROBLEM FORMULATION

We consider optical fields generated by monochromatic
(single wavelength) light waves, propagating in free space
[1, 2, 3]. The free space as propagation medium is lin-
ear, isotropic, and homogeneous. Under these conditions,
the optical field on one plane can be accurately related to
that on another parallel plane through the Rayleigh - Som-
merfeld diffraction integral, which is a linear and shift-
invariant relationship [1, 2, 3]. We assume that the dis-
tances involved are r À λ, where λ is the wavelength.
Under these conditions, the Rayleigh - Sommerfeld diffrac-
tion integral and the so-called plane wave decomposition
approach are equivalent [14, 15]. In the rest of the paper
the plane wave decomposition approach is adopted. For
simplicity, the discussions are restricted to one transverse
dimension only. Extension to two transverse dimensions
is straightforward. The diffraction integral over 2D space
arising from the plane wave decomposition approach is

u(x, z) =

2π
λ∫

− 2π
λ

a(kx)ej(kxx+kzz)dkx, (1)

where u(x, z) is the field over 2D space, and a(kx) is
the Fourier spectrum of the field u(x, 0) on the reference
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Figure 1. The vectors k1 = [k1x, k1z] and k2 = [k2x, k2z]
are the wave vectors of the plane waves. The field at the
output line is equal to the superposition of the plane waves
illuminated on the input line according to Eq.1 [9].

line z = 0. The x axis is the transverse axis and the z
axis is the optical axis along which the field propagates.
The variables kx and kz are the spatial frequencies of the
propagating plane waves along the x and z axes respec-
tively, and form the wave vectors k = [kx, kz] (see Figure
1). The variable kz is related to kx by k2 = k2

z + k2
x

where k = 2π
λ is the length of the wave vector. A prop-

agating monochromatic wave with wavelength λ cannot
have a harmonic component in the transverse plane with
higher frequency than 2π

λ since kx = k cos φ (cf. Fig-
ure 1). Therefore, in the case of free space propagation
of monochromatic light, the function on the reference line
u(x, 0) is assumed bandlimited. This also determines the
limits of the integral in Eq. 1.

In order to address numerically the problem of recon-
struction of the field from finite number of non-uniformly
distributed samples, a finite dimensional model of Eq. 1
has to be created. In Eq. 1 every point of the field u(x, z)
can be expressed in terms of the spectrum a(kx) of the
field u(x, 0) on the reference line. Consider an essentially
space-limited function u(x, 0), or, more precisely, a func-
tion whose space - bandwidth product is finite, and denote
the spatial extent of interest by T . Such a function can be
periodized, which is equivalent to discretization of a(kx).
A periodic and bandlimited function is equivalently repre-
sented by a finite number of discrete spectral components.
That is, the discrete values of the frequency kx are :

kx =
2πm

T
, (2)

where m = −bM
2 c, ..., bM−1

2 c. Substituting kx as given
by Eq.2 and k = 2π/λ in Eq.1 leads to the finite dimen-
sional model of diffraction:

u(x, z) =
bM−1

2 c∑

m=−bM
2 c

amej
√

k2−kx
2 zejkxx

=
bM−1

2 c∑

m=−bM
2 c

amej 2π
T

√
β2−m2 zej 2π

T mx, (3)

Figure 2. An example of irregularly sampled data repre-
senting a curved line. Filled circles represent given data
points, blank circles represent unknown samples

where β = T
λ and am = a( 2π

T m) are the coefficients of
the Fourier series expansion of u(x, 0).

The finite dimensional model in Eq.3 can be used to
calculate the diffraction field at any point (x, z) from the
diffraction field on the reference line u(x, 0), represented
by its Fourier coefficients am. In the general case of ir-
regular sampling, the diffraction field u(x, z) is given at
a finite set of s sampling points {(xi, zi)}s

i=1. Therefore,
the irregular sampling and reconstruction problem can be
stated as to find the Fourier coefficients am given the sam-
ples u(xi, zi), i = 1, ..., s. A system of s linear equations
for am can be constructed by writing Eq. 3 for each point
in the irregular sampling set {(xi, zi)}s

i=1:

u(xi, zi) =
bM−1

2 c∑

m=−bM
2 c

amej 2π
T

√
β2−m2 ziej 2π

T mxi , (4)

for i = 1, ..., s.
The problem of diffraction field reconstruction from

irregularly distributed samples provides a general frame-
work for computation of the diffraction field generated by
an arbitrary-shaped object (Figure 2). This problem re-
quires a rather novel solution, since most of the known
methods deal with the calculation of the diffraction be-
tween parallel or tilted lines only [5, 16, 17].

3. RECONSTRUCTION ALGORITHM

The system in Eq. 4 is linear and can be expressed in a
matrix form:

u = Ra, (5)

where a = [a−bM
2 c, a−bM

2 c+1, ..., abM−1
2 c]

T is the un-
known vector of the Fourier coefficients and the vector of
given samples is u = [u(x1, z1), u(x2, z2), ..., u(xs, zs)]T .
R is the reconstruction matrix

R = {rp,q}, (6)

where rp,q, p = 1, ..., s, q = 1, ..., M is the matrix ele-
ment

rp,q = ej 2π
T

√
β2−(q−bM

2 c+1)2 zpej 2π
T mxp . (7)

The diffraction field at the point (xi, zi) equals the the
inner product of the i-th row of R with a.

The straightforward approach to solve Eq.5 is to take
the pseudo-inverse R† of R:

a = R†u. (8)



In the case when s ≥ M the system in Eq.5 is over-
determined and the pseudo-inverse of R has the form:

R† = (RHR)−1RH , (9)

where RH is the conjugate transpose of R. When s < M
the system in Eq.5 is under-determined. If the data in u is
consistent, then infinitely many solutions exist. However,
there is no way to find among them the true underlying
vector a which generated the field. In this case the pseudo-
inverse of R is

R† = RH(RRH)−1. (10)

and Eq. 8 produces a minimum-norm solution for a. Still,
there is no guarantee that this is the solution of interest.

The major drawback of solving the problem by com-
puting the pseudo-inverse is the high computational costs.
In the over-determined case pseudo-inversion is usually
done by computing QR-decomposition of R, while in the
under-determined case it is recommended to use singular
value decomposition (SVD) of R [12]. Even the most ef-
ficient numerical approaches for QR or SVD have cubic
complexity [18].

Therefore, we need a fast and numerically stable algo-
rithm to find the (approximate) solution of the following
(LS) problem:

â = arg min
a∈RM

‖u−Ra‖2 (11)

In linear programming [13] there exists a myriad of iter-
ative algorithms for solving LS problems [13, 12]. How-
ever, most of them have slow convergence when applied
directly to LS problems with large condition number of
the matrix. Nevertheless, an important observation in Eq.
9 and Eq. 10 helps to avoid this difficulty. The costly
operation in the equations is the inversion of the matrices
Q′ = RHR in Eq. 9 and Q′′ = RRH in Eq. 10. We
observe that both Q′ and Q′′ are symmetric:

(Q′)p,q = cH
p cq = (cH

q cp)H = (Q′)H
q,p;

(Q′′)p,q = rprH
q = (rqrH

p )H = (Q′′)H
q,p. (12)

Here cp and cq are the p-th and q-th columns of R, and
rp and rq are the p-th and q-th rows of R respectively.
The symmetry of Q′ and Q′′ allows taking advantage of
the conjugate gradient (CG) method to invert them. This
method is known to be one of the most powerful and flex-
ible methods [13]. It converges in at most n iterations for
n - dimensional problems [12]. For the over-determined
case the dimensionality of the problem is n = M , while
for the under-determined case it is n = s.

A single formulation of the inversion problem can be
stated for both under - and over-determined cases:

x̂ = arg min
x∈Rn

‖b−Qx‖2, (13)

When s > M this formulation can be derived by multi-
plying both sides of Eq.5 with RH to get

RHRa = RHu. (14)

The following substitutions in Eq.14

Q = Q′ = RHR, x = a and b = RHu (15)

lead to Qx = b which can be restated as in Eq. 13.
In the under-determined case the minimum norm so-

lution for a lies in the row space of the matrix R [12].
Therefore, it can be written as the linear combination:

a =
s∑

i=1

vir(xi, zi) = RHv, (16)

where v is the vector of coefficients. Using this fact, Eq.
5 can be rewritten as:

RRHv = u. (17)

Now denote

Q = Q′′ = RRH , x = v and b = u (18)

to get the same form Qx = b, formally stated by Eq.
13. Note that in the over-determined case solving the LS
problem in Eq. 13 directly outputs the vector of Fourier
coefficients â, while in the under-determined case x̂ must
be multiplied by RH to get â.

The CG algorithm for the general case proceeds as fol-
lows:

1. compute the matrix R according to Eq.6 and Eq.7;

2. If s < M compute Q and b according to Eq. 18,
otherwise compute them according to Eq. 15.

3. initialize x̂[0] arbitrary, d0 = b −Qx̂[0] and g0 =
−d0

4. for n = 1 to nit ≤ M

(a) αn = − gT
n dn

dT
nQdn

(b) x̂[n+1] = x̂[n] + αndn

(c) gn+1 = Qx̂[n+1] − b

(d) γn = −gT
n+1Qdn

dT
nQdn

(e) dn+1 = −gn+1 + γndn

end

5. If s < M compute â = RH x̂, otherwise â = x̂.

6. reconstruct the diffraction field u(x, z) from the es-
timated Fourier coefficient vector â with Eq. 3.

For the case when s < M the dimensionality of the
problem is equal to s. In this case the CG algorithm is
unable to restore true field and converges to the local mini-
mum, nearest to the starting point. For the over-determined
case the dimensionality of the problem, and hence the
complexity of the reconstruction algorithm, depends only
on the bandwidth M of the field and does not depend on
the number of known samples s. However, the conver-
gence rate of the algorithm is influenced by the vector b.



Roughly speaking, the equation b = RHu can be consid-
ered as inverse of Eq.4 and hence b plays the role of an
initial estimate of a. Therefore, the closer b is to a, the
faster the CG method converges to a solution. The good-
ness of the estimate b is proportional to s and hence the
convergence rate of the algorithm depends indirectly on s.

4. EXPERIMENTAL RESULTS

The approach outlined above is illustrated by experiments
with two different optical fields. A simple bandlimited
function on the reference line is constructed first and then
the field on the other lines is generated by Eq. 3. The
bandwidth of the two functions is bandlimited to 256 non-
zero coefficients. The function on the reference line of
the first field is a smoothed square pulse located at the
center of the line with width approximately 1/8 of the
assumed function duration. The function is constructed
from a unit-magnitude square pulse, whose spectrum is
windowed in Fourier domain with Kaiser window. In this
way, the field-generating function is bandlimited and thus
consistent with the finite dimensional model of Eq. 3.
The function on the reference line of the second field is
a Gaussian pulse located at the center of the line with sim-
ilar width as in the previous function. We will refer to the
first field as ”rectangular field” and to the second field as
”Gaussian field” for short. For the rectangular field the
distance from the reference line z ranges between 0.5 and
1.5, while for the Gaussian field z ranges between 0.5 and
4.5. For numerical simulation, the fields are uniformly
sampled at L = 256 lines with N = 256 samples per line.
The simulated fields are depicted in Figure 3.

Assessment of the results is based on the normalized
error between the original and reconstructed diffraction
patterns u(x, z) and û(x, z) respectively:

e =
‖û(x, z)− u(x, z)‖2

‖u(x, z)‖2 . (19)

For each of the diffraction fields the error has been
tabulated for different number s of known data points as
shown in Tables 1 and 2. First 10 columns of the ta-
bles show the normalized error when the fields are recon-
structed with the CG algorithm. Each column corresponds
to a certain number of CG iterations nit. In this way the
impact of nit on the performance is illustrated. The last
columns in Tables 1 and 2 show the error when the recon-
struction is done by directly inverting the matrix R ac-
cording to Eq. 8. For each value of s, 15 diffraction pat-
terns have been reconstructed using s randomly selected
data points from the initial simulated fields. Each of the
15 reconstructed diffraction patterns corresponds to a dif-
ferent random choice of the positions of the s known data
points within the simulated field. The final error reported
for each value of s is the average of the error over all 15
choices.

As expected, the error decreases with increasing num-
ber of given points. A sufficient number of given points is
crucial for the performance of the algorithm. This num-
ber turns out to be M since for s ≥ M direct inversion

Figure 3. Simulated diffraction fields and reconstructions
from s = 282 known data points. Top: simulated rect-
angular field (left) and Gaussian field (right). Bottom:
reconstructed rectangular field (left) and Gaussian field
(right).

yields practically zero error. However, the CG method
needs slightly more points to find a good solution in rea-
sonable number of iterations. When s is lower than M ,
the error takes higher values and cannot be reduced much
by undertaking more iterations. This is expected since we
have an under-determined system in Eq. 5. The CG al-
gorithm converges to the minimum-norm solution, as the
direct pseudo-inversion does.

For a certain number of CG iterations, there is a num-
ber of given points (drop-off value) providing the desired
accuracy (error below a small threshold). Figure 4 illus-
trates this behavior for nit = 256 iterations. The number
of iterations used to construct this figure is chosen to be
equal to the dimensionality of the problem, because this
number is theoretically sufficient [12]. As expected, the
drop-off value of the curve in Figure 4 is reached for val-
ues of s slightly higher than M .

The convergence of the CG method is illustrated in
Figure 5 for fixed number of known data points. In gen-
eral, the error decreases by the number of iterations. The
algorithm converges faster for larger values of s as one
can see from Tables 1 and 2.

The computational complexity of the proposed algo-
rithm is mainly dependent on the computational complex-
ity of the involved CG method. For each iteration in the
CG algorithm, at least two multiplications of the matrix
Q with a vector are required. Their costs dominate over
the costs of other operations. For the over-determined case
this results in about 2M2 complex multiplications per iter-
ation. The under-determined case is not considered here,
because it shows poor reconstruction results and therefore



Conjugate gradient algorithm Direct
number of iterations nit matrix

s 10 20 30 50 100 150 200 300 500 1000 inversion
77 0.7242 0.7161 0.7161 0.7161 0.7161 0.7161 0.7161 0.7161 0.7161 0.7161 0.7161
128 0.8218 0.5402 0.5395 0.5395 0.5395 0.5395 0.5395 0.5395 0.5395 0.5395 0.5395
205 2.8867 0.4141 0.2368 0.2163 0.2154 0.2152 0.2151 0.2150 0.2150 0.2150 0.2150
256 0.9420 0.5081 0.3497 0.2151 0.1882 0.1586 0.1417 0.1167 0.0886 0.0553 0.0000
282 0.5781 0.1810 0.0702 0.0112 0.0059 0.0019 0.0008 0.0002 0.0000 0.0000 0.0000
307 0.3650 0.0654 0.0125 0.0003 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
333 0.2163 0.0199 0.0016 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
384 0.0780 0.0017 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
512 0.0067 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
1024 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Table 1. Reconstruction results for the rectangular field. The table shows the normalized error e for different numbers of
given data points s. When CG algorithm is utilized different error values are shown for increasing number of iterations.

Conjugate gradient method Direct
number of iterations nit matrix

s 10 20 30 50 100 150 200 300 500 1000 inversion
77 0.7142 0.7082 0.7082 0.7082 0.7082 0.7082 0.7082 0.7082 0.7082 0.7082 0.7082
128 1.0080 0.5255 0.5252 0.5252 0.5252 0.5252 0.5252 0.5252 0.5252 0.5252 0.5252
205 6.3613 0.5706 0.2363 0.2073 0.2072 0.2072 0.2072 0.2072 0.2072 0.2072 0.2072
256 1.9310 1.0258 0.6939 0.4449 0.3889 0.3309 0.2953 0.2458 0.1947 0.1335 0.0000
282 1.2134 0.3593 0.1248 0.0143 0.0058 0.0021 0.0008 0.0000 0.0000 0.0000 0.0000
307 0.7040 0.1050 0.0158 0.0004 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
333 0.4191 0.0296 0.0017 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
384 0.1425 0.0025 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
512 0.0119 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
1024 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Table 2. Reconstruction results for the Gaussian field. The table shows the normalized error e for different numbers of
given data points s. When CG algorithm is utilized different error values are shown for increasing number of iterations.

is not of practical interest. To find the solution vector â in
nit iterations, one needs 2nitM

2 complex multiplications
plus sM complex multiplications for the initial estimate
b. The overall complexity in terms of complex multipli-
cations is given by

2nitM
2 + sM. (20)

The number of given points s affects the complexity not
only through the second term of Eq.21 but also indirectly
through the number of iterations needed to achieve the de-
sired accuracy. The latter dependence is illustrated in Fig-
ure 6, for a pre-specified reconstruction error of 0.0005.
The curve drops right after s = M and for larger values
of s the desired error is reached in a smaller number of it-
erations. For example, less than 15 iterations are sufficient
if starting with s = 2M given points.

In contrast, when matrix inversion is utilized, the costs
increase for higher s. The pseudo-inverse is computed ac-
cording to Eq. 9, by applying QR-decomposition of R.
When efficient numerical approach for QR-decomposition
is utilized, e.g. Householder transformations [18], the
complexity is estimated as

sM2 − M3

3
+

M2

2
. (21)

Figure 7 compares the computational complexity of
the investigated algorithm with that of direct matrix in-
version for certain number s of given samples in terms of
complex multiplications. The dotted curve represents the
computational complexity for reconstruction by pseudo-
inversion, according to Eq. 21. The values for CG method
are estimated by Eq. 20, where the number of iterations
nit is selected to ensure a normalized reconstruction er-
ror below 0.0005. Figure 7 shows that the proposed al-
gorithm becomes to be less computationally expensive for
s > 1.2M and for sufficient number of points it might be
up to 100 times faster.

Figure 3 shows reconstruction results for values of s
close to M , with no visual difference between the simu-
lated and reconstructed fields.

5. CONCLUSION

In this paper we have addressed the problem of recon-
struction of diffraction field from irregularly distributed
samples. Various forward problems in diffraction, directly
related with the 3D scene display can benefit from its so-
lution. Such a problem is calculation of the optical field,
generated or reflected by arbitrary curved lines and sur-
faces. Our aim has been to reduce the computational costs
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Figure 4. Normalized error e for different number of
known samples s when the iterations are nit = 256. Solid
line stands for the rectangular field and dashed line stands
for the Gaussian field.

in comparison with conventional methods for direct ma-
trix inversion. We have taken advantage of the symmet-
ric Fourier domain reconstruction matrix and have imple-
mented a rapidly convergent iterative algorithm, based on
the CG method. The numerical experiments show prac-
tically perfect reconstruction for small number of itera-
tions. The proposed method outperforms the straightfor-
ward pseudo-inversion approach when the number of given
samples is slightly larger than M .
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Abstract

Computation of the diffraction field from a given set of arbitrarily distributed data points in space is an important signal

processing problem arising in digital holographic 3D displays. The field arising from such distributed data points has to be

solved simultaneously by considering all mutual couplings to get correct results. In our approach, the discrete form of the

plane wave decomposition is used to calculate the diffraction field. Two approaches, based on matrix inversion and on

projections on to convex sets (POCS), are studied. Both approaches are able to obtain the desired field when the number of

given data points is larger than the number of data points on a transverse cross-section of the space. The POCS-based

algorithm outperforms the matrix-inversion-based algorithm when the number of known data points is large.

r 2006 Elsevier B.V. All rights reserved.

Keywords: Scalar optical diffraction; Plane wave decomposition; Pseudo-matrix inversion; Projection onto convex sets
1. Introduction

Holographic three-dimensional television (3DTV)
systems will consist of several parts fulfilling
different functions: capturing the 3D scene, repre-
senting it in abstract form, its transmission, and
finally display. Once the abstract representation of
the scene arrives at the display end, it is necessary to
first compute the diffraction field that the scene
would have created, in order to drive the display
device in a manner so that the same field will be
e front matter r 2006 Elsevier B.V. All rights reserved

age.2006.11.008

is supported by EC within FP6 under Grant

onym 3DTV.

ing author.

ess: borahan@ee.bilkent.edu.tr (G.B. Esmer).
recreated. This paper deals with the solution of the
problem of computing the diffraction field from the
sampled abstract representation of the scene. This
sampled representation consists of known values of
the optical field over an irregularly distributed,
arbitrary array of discrete points.

Diffraction problems are most commonly for-
mulated such that the optical field at one plane is
computed in terms of the field at another plane. This
paper deals with computation of the field over all of
space in terms of a set of given data points
distributed arbitrarily over the space. It is not
correct to calculate the optical field arising from
such distributed data by means of straightforward
superposition. This fact is often ignored and
straightforward superposition is employed, which
.
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dx.doi.org/10.1016/j.image.2006.11.008
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amounts to assuming that each data point repre-
sents a source [12,10]. Here we properly formulate
the problem and consider its solution using two
approaches. The first utilizes a direct matrix
inversion while the second one is iterative and
utilizes the projections onto convex sets (POCS)
method [1,9], which has been successfully used for
various restoration problems in image processing
and holography [7,20,5].
2. Review of diffraction theory

The computation of the light field in a desired
region, based on the knowledge of the field in some
other region, is the subject of diffraction theory,
which is a mature area of knowledge [8,3,17,16].
Despite this, there are gaps in the efficient numerical
application of the theory and there seems to be
considerable scope for application of signal proces-
sing techniques such as sampling, numerical linear
algebra, fast transformations, iterative projections,
and decomposition algorithms towards obtaining
better computation methods.

In most cases, monochromatic (single wave-
length) light is used in holography. Moreover, the
medium we are interested in is linear, isotropic, and
homogeneous. Under these conditions, the optical
field on one plane can be accurately related to that
on another plane through the Rayleigh–Sommerfeld
diffraction integral, which is a linear and shift-
invariant relationship [8,3,17].

In this study, we work with fields consisting of
propagating waves; hence the input and output
fields do not contain any evanescent wave compo-
nents. Moreover, we assume that the distances
involved are rbl, where l is the wavelength. Also,
we use plane wave decomposition to compute scalar
optical diffraction field, because plane wave decom-
position and Rayleigh-Sommerfeld diffraction in-
tegral are equivalent [18,11]. For simplicity, we
restrict our discussions to only one transverse
dimension; extension to two transverse dimensions
is straightforward. The diffraction integral over 2D
space arising from the plane wave decomposition
approach is

uaðx; zÞ ¼

Z 2p=l

�2p=l
AðkxÞ exp½jðkxxþ kzzÞ�dkx, (1)

where uaðx; zÞ is the field over 2D space, and AðkxÞ

gives the complex amplitudes of the harmonic
components (Fourier coefficients) of the field
uaðx; 0Þ over the input line. (The relationship
between ð2pÞAðkxÞ and uaðx; 0Þ is the 1D Fourier
transform (FT) relation.) The variables kx and kz

are the spatial frequencies of the propagating
plane waves along the x- and z-axis, respectively.
The x-axis is the transverse axis and the z-axis
is the optical axis along which the field propagates.

The variable kz is related to kx by kz ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
� k2

x

q
where k ¼ 2p=l. The expression in Eq. (1) can be
rewritten as

uaðx; zÞ ¼F�1fF½uaðx; 0Þ� expðj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
� k2

x

q
zÞg, (2)

where F denotes the FT and F�1 is the inverse FT.
The input field is a bandlimited spatial function,

whose bandlimit is within �k. This is because a
propagating monochromatic wave with wavelength
l cannot have a harmonic component in the
transverse plane with higher frequency. In certain
cases, it may be desirable to further restrict the
bandwidth along the transverse direction x. For
instance, we may restrict kx such that �BpkxoB,
where Bpk. So far, kx may assume any real value in
this interval. To arrive at a feasible numerical
framework, we must restrict ourselves to a finite
number N of possible values of kx. These may be
chosen as kx ¼ lð2B=NÞ where l ¼ �N=2; . . . ;
N=2� 1 for even N and a similar formula for odd
N. Discretizing the transverse frequency will result
in a field which is periodic along the transverse
direction x, with a fundamental period X ¼ pN=B.
Therefore, a careful choice of simulation parameters
is necessary if the consequences of this periodicity
effect are to be minimized. Therefore, the field
becomes

uaðx; zÞ ¼
XN�1
m¼0

Am expðj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
� k2

x

q
zÞ exp j

2B

N
mx

� �
,

(3)

where

kx ¼

2p
m

X
; m ¼ 0;

N

2

� �
;

2p
ðm�NÞ

X
; m ¼

N

2
;N

� �
:

8>>><
>>>:

(4)

Sampling this periodic and bandlimited function
with a sampling period X s ¼ p=B, which is its
Nyquist rate, yields N samples per period, as
expected. Restricting our attention to these samples,
x ¼ nX s and z ¼ pX s, where n is an integer
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spanning one period, and p is the distance between
the lines along the longitudinal direction z, we can
write

uaðnX s; pX sÞ

¼
XN�1
m¼0

Am expðj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
� k2

x

q
pX sÞ exp j

2p
N

mn

� �
. ð5Þ

Each frequency component m, determines the
propagation direction of the corresponding plane
wave. The angle f, which is shown in Fig. 1, denotes
the angle between the z-axis and the propagation
direction:

fm ¼

sin�1
lm

NX s

� �
; m ¼ 0;

N

2

� �
;

sin�1
lðm�NÞ

NX s

� �
; m ¼

N

2
;N

� �
:

8>>><
>>>:

(6)

Thus m 2 ½0;N=2Þ corresponds to the positive f
angles, and m 2 ½N=2;NÞ corresponds to the nega-
tive f angles. The relation between kz and m is

kz ¼

2p
NX s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 �m2

q
; m ¼ 0;

N

2

� �
;

2p
NX s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ðm�NÞ2

q
; m ¼

N

2
;N

� �
;

8>>><
>>>:

(7)

where b ¼ NX s=l. Therefore, the discrete kernel
corresponding to the plane wave decomposition
becomes,

HpðmÞ ¼

exp j
2p
N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 �m2

q
p

� �
; m ¼ 0;

N

2

� �
;

exp j
2p
N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ðm�NÞ2

q
p

� �
; m ¼

N

2
;N

� �
8>>><
>>>:

(8)
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Fig. 1. The vectors k1 and k2 are the wave vectors of the plane

waves.
and the resultant form of the discrete representation
of the plane wave decomposition is

uðn; pÞ ¼
XN�1
m¼0

AmHpðmÞ exp j
2p
N

nm

� �
, (9)

where N � Am is the DFT of the sampled input field.
The variable n is restricted to the range ½0;NÞ.
Therefore, the discrete diffraction field can be
expressed as

uðn; pÞ ¼ DFT�1fDFTfuðn; 0ÞgHpðmÞg. (10)

This completes the proper discretization of the
diffraction formula.

3. Computation of diffraction patterns from

distributed data points over 2D space

Computation of the diffraction pattern at the
output arising from a distributed set of points can
be time-consuming, due to the z dependency of the
kernel. The diffraction relation between the dis-
tributed data set and a given line cannot be
represented as a shift-invariant system. As already
described, calculation of the diffraction field from
one line to another is relatively straightforward
since the corresponding system is linear and shift-
invariant. The distributed points we wish to deal
with may represent samples over a curved line, a
tilted line, or another shape in 2D space. An
illustration is given in Fig. 2. There are several fast
methods which can be used to compute the
diffraction field between parallel and tilted lines
[15,19,4,14,13,6]. However, these methods cannot be
used to compute the diffraction field from arbitra-
rily-distributed data points. In such a case, a simple
and naive approach, i.e., calculation of the diffrac-
tion field by direct superposition assuming each
Fig. 2. An illustration of 1D object illumination and the

diffraction pattern of the object over 2D space. Dots on the

corresponding diffraction pattern represent the locations of a set

of distributed known data points over 2D space.
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data point as a source of light, would yield erroneous
results. Two simple examples clarify this fact: In
Fig. 3, black squares represent given samples while
circles represent the missing ones. In the first example,
the input and output lines are parallel to each other
with no missing points (Fig. 3(a)). The relationship
between the fields on these lines can be represented as
a linear shift-invariant system, given by Eq. (10). In
the second example (Fig. 3(b)), the field at one of the
sample points on the input line is not known. Instead,
the field at another sample point Q, not located on
the input line, is given in order to compensate the
missing data. Each point on the input line contributes
to the field at Q, and in turn, the field at Q affects the
field in other places. Therefore, it is not possible to
write a proper superposition including the point Q for
the field at unknown regions.

Let us assume a hypothetical straight line, referred
to as the reference line, and compute the diffraction
field on it. We rewrite Eq. (10) in matrix form:

g ¼ Af, (11)

where the vectors f and g represent the discrete
diffraction fields uðn; 0Þ and uðn; pÞ of the reference
line and some other line, respectively. The rows of A
are obtained from Eq. (10) as

A ¼W�1HpW, (12)

where the matrix W is the N-point DFT matrix. The
matrix Hp is the diagonal matrix

Hp ¼

Hpð0Þ 0 . . . 0

0 Hpð1Þ 0

..

. . .
. ..

.

0 0 . . . HpðN � 1Þ

2
666664

3
777775. (13)
The matrix A is unitary. Furthermore, Ak represents
the diffraction field at a distance pk. Proofs of these
properties are given in the Appendix.

3.1. Calculation by matrix inversion

Our first approach calculates the diffraction field
on the reference line by directly solving the system
of linear equations (direct matrix inversion).

Let the vector g0 denote the diffraction data over s

distributed data points,

g0 ¼

g01

g02

..

.

g0s

2
666664

3
777775. (14)

Each g0i is a function of both pi, the index in the z

direction, and ni, the index in the x direction. The
relation between the vector g0 and the reference
vector f is given by

g0 ¼ ABFf, (15)

where ABF is an s by N matrix:

ABF ¼

rðp1; n1Þ

rðp2; n2Þ

..

.

rðps; nsÞ

2
666664

3
777775, (16)

where rðpi; niÞ is a 1 by N row vector from the matrix
A with p ¼ pi. This row vector provides the
diffraction field relation between the field on the
reference line and the field on the point specified by
pi and ni. The vector f is obtained by

f ¼ AþBFg
0, (17)

where AþBF is the pseudo-inverse of the matrix ABF:

AþBF ¼
ðAH

BFABFÞ
�1AH

BF; s4N;

AH
BFðA

H
BFABFÞ

�1; soN:

(
(18)

Here AH
BF is the conjugate transpose of ABF.

Knowing the diffraction field on the reference line,
we can compute the diffraction field on any other
line in the 2D space using Eq. (11).

3.2. Calculation by using projections onto convex

sets

Our second approach utilizes an iterative techni-
que, based on the POCS method [1,9]. POCS has
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been applied to various problems in holography and
image restoration where a priori information is used
to constrain the size of the feasible solution set
[7,20,5]. It is a computational approach for finding
an element of a feasible region defined by the
intersection of a number of convex constraints,
starting with an arbitrary infeasible point [1,9].
Fig. 4 shows how convergence to the intersection is
achieved by iterative projections onto the individual
convex sets. In our problem, the constraints are the
known data points on consecutive lines. In addition,
the data points are known to belong to the same
diffraction field and therefore Eq. (10) has to be
satisfied among all lines. Therefore, the convex set
Cl ; l ¼ 1; . . . ;M (number of lines), can be defined as
all possible diffraction fields having the given data
points on a certain line z ¼ zl :

Cl ¼ f8f ðx; zÞ : f ðxil ; zlÞ ¼ vl ,

f ðx; zjÞ ¼ Aj�l f ðx; zlÞ;8j;xg, ð19Þ

where vl is the vector of known values on the line
z ¼ zl and il is the vector with the indices of their
positions. A is the diffraction matrix given by
Eq. (12) written for two consecutive lines, and its
ðj � lÞth power Aj�l , is the diffraction matrix from
the line z ¼ zl to the line z ¼ zj . A closed form
expression for f ðx; zjÞ can be written with the help of
an arbitrary function qðxÞ:

f ðx; zjÞ ¼ A
j�l
il

vl þ A
j�l

īl
qðxīl
Þ, (20)

where īl is the vector with the indices of the
unknown values on the line z ¼ zl , and A

j�l
il

and
A

j�l

īl
are submatrices of Aj�l obtained by taking

columns with indices il and īl .
It is straightforward to show that the sets Cl

defined by Eq. (19) are convex. Let us assume that
the functions f 1ðx; zÞ and f 2ðx; zÞ belong to the set
Cl , and F ðx; zÞ ¼ af 1ðx; zÞ þ ð1� aÞf 2ðx; zÞ; 0oao1
is their convex combination. Then for every line z ¼
intersection

Set A

S
et

 B

p
ro

je
c
ti
o
n

projection

starting
point

Fig. 4. Projections onto convex sets (POCS).
zj we have

F ðx; zjÞ ¼ aAj�l
il

vl þ aAj�l

īl
q1ðxīl

Þ

þ ð1� aÞAj�l
il

vl þ ð1� aÞAj�l

īl
q2ðxīl

Þ

¼ A
j�l
il

vl þ A
j�l

īl
Qðxīl
Þ, ð21Þ

where QðxÞ ¼ aq1ðxÞ þ ð1� aÞq2ðxÞ. Since qðxÞ in
Eq. (20) can be an arbitrary function, the last line of
Eq. (21) becomes of the form of Eq. (20) and
therefore F ðx; zÞ belongs to the set Cl . This fact
shows that Cl is convex, because a convex combina-
tion of any two functions which belong to Cl also
belongs to Cl .

A POCS-based algorithm requires iterating from
set to set using projections. A straightforward
strategy is to propagate from line to line using
Eq. (10). Unknown points are generated by the field
from the previous line and the known points are
kept. Let us assume gðx; zÞ 2 Cl�1 and f ðx; zÞ 2 Cl .
Then,

f ðxīl
; zlÞ ¼ gðxīl

; zlÞ

and

f ðxil ; zlÞ ¼ vl , (22)

while projecting from the set Cl�1 to the set Cl . With
this choice, f ðx; zlÞ differs from gðx; zlÞ in the
restricted values at positions xil only, and therefore
the distance from gðx; zlÞ to f ðx; zlÞ is minimized
with respect to all functions in Cl . Moreover, the
distance taken for any other line z ¼ zj is minimized
since

d ¼ kf ðx; zjÞ � gðx; zjÞk
2

¼ kAj�l
ðf ðx; zlÞ � gðx; zlÞÞk

2

¼ kf ðx; zlÞ � gðx; zlÞk
2 ð23Þ

and Aj�l is unitary for any j and l. Hence, the
squared distance between gðx; zÞ and f ðx; zÞ is also
minimal for all the functions from the set Cl because

kf ðx; zÞ � gðx; zÞk2 ¼
X

j

kf ðx; zjÞ � gðx; zjÞk
2.

Therefore, the choice for f ðx; zÞ given by Eq. (22)
corresponds to the orthogonal projection of gðx; zÞ
onto the set Cl and hence the iterative method will
converge [20].

At the first line z ¼ 0, iterations are initiated by
setting the missing points to arbitrary values. After
passing through all lines, the unknown points on the
first line are computed using the data on the last
line.
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The algorithm can be summarized as follows:
 a

1.
 initialize the first line of the desired field

f ðxil
; 0Þ ¼ v0; f ðxīl

; 0Þ ¼ qðxīl
Þ, for any qðxÞ
2.
 for i ¼ 1 to nit
(a) for l ¼ 2 to M
i. f ðx; zlÞ ¼ Af ðx; zl�1Þ
ii. f ðxil ; zlÞ ¼ vl
(b) end
(c) f ðx; 0Þ ¼ A�Mþ1f ðx; zMÞ
b c
(d) f ðxil ; 0Þ ¼ v0;

3.
 end
d e

Fig. 5. Initial diffraction field over the entire 2D space; N ¼ 256

samples per line (a) and reconstructed diffraction fields from s

known data points (b)–(e); (b) matrix inversion method with

s ¼ 230; (c) matrix inversion method with s ¼ 282; (d) POCS

algorithm with s ¼ 230; (e) POCS algorithm with s ¼ 282.
where nit is the number of iteration.

3.3. Results

For purposes of illustrating and evaluating the
two approaches outlined above, we choose a simple
function as the optical field on the reference line.
Then, the diffraction field at other lines is calculated
using Eq. (10). The computation is conducted with
M ¼ 256 lines with N ¼ 256 samples per line and
the range of p is ½129; 384�. The function on the
reference line is a unit-magnitude square pulse of 32
samples located at the center of the line. The
generated initial data pattern is depicted in Fig. 5(a).

Assessment of the results is based on the normal-
ized error between the original and reconstructed
diffraction patterns uðn; pÞ and u0ðn; pÞ, respectively,PN�1

n¼0

P384
p¼129ju

0ðn; pÞ � uðn; pÞj2PN�1
n¼0

P384
p¼129juðn; pÞj

2
. (24)

The error has been tabulated for different
numbers s of known data points, as shown in
Tables 1 and 2. For each value of s, 15 diffraction
patterns have been reconstructed using s randomly
selected data points from the initial simulated field.
Each reconstructed diffraction pattern corresponds
to a different random choice of the positions of the s

known data points within the field. The final error
reported for each value of s is the average of the
error over all 15 choices.

The numerical implementations of the proposed
algorithms utilize the complex arithmetic operations
such as multiplication and addition. Computation
times of these operations depend on many imple-
mentation details including hardware properties and
operating system behavior. Implementations of the
described digital algorithms need the execution of
large amount of complex arithmetic operations;
furthermore, large amount of data fetch and write
operations are needed. The actual resultant compu-
tation time naturally depends on the specifics of the
computer architecture and the operating system
behavior. Though incomplete, a comparison of the
required total number of multiplications may give
an idea about the computational complexity of the
algorithms.

The numerical results for the matrix inversion
method are summarized in Table 1. Higher number
of initial given samples yields better reconstruction
of the original diffraction pattern, as expected.
When this number is equal to or higher than N, the
diffraction field is reconstructed perfectly. This
approach involves computation of the diffraction
field on a reference line by taking the pseudo-inverse
of ABF and computation of the entire diffraction
field from that line. Forward and inverse DFTs are
required to calculate the diffraction from between
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consecutive lines. We chose to implement the DFT
using common FFT algorithms. The diffraction
field computation on a line requires two FFT
algorithms and to implement FFT algorithm,
ðN=2Þ log2 N complex multiplications are used. As
a result of this, the total number of complex
multiplications are needed to calculate the diffrac-
tion pattern over 2D space from the input field on a
line is MN log2 N þMN, where M is the number of
lines and the additional term MN is the multi-
plication of the discrete kernel by the DFT
Table 2

Normalized error for different numbers of iterations nit and given kno

s Number of iterations nit

10 20 30 50 100

77 0.7312 0.7312 0.7312 0.7312 0.7312

128 0.5336 0.5328 0.5328 0.5328 0.5328

179 0.3392 0.3288 0.3272 0.3264 0.3264

205 0.2357 0.2183 0.2133 0.2101 0.2087

230 0.1590 0.1304 0.1194 0.1098 0.1023

256 0.1022 0.0708 0.0575 0.0441 0.0307

282 0.0606 0.0311 0.0200 0.0104 0.0033

307 0.0369 0.0127 0.0058 0.0017 0.0002

333 0.0201 0.0048 0.0015 0.0002 0.0000

512 0.0001 0.0000 0.0000 0.0000 0.0000

1024 0.0000 0.0000 0.0000 0.0000 0.0000

2048 0.0000 0.0000 0.0000 0.0000 0.0000

4096 0.0000 0.0000 0.0000 0.0000 0.0000

8192 0.0000 0.0000 0.0000 0.0000 0.0000

16 384 0.0000 0.0000 0.0000 0.0000 0.0000

Table 1

Normalized error of the matrix inversion method for different

numbers of given data points over 2D space

Number of given samples ¼ s Ave. norm. error

77 0.6928

128 0.5112

179 0.3104

205 0.2176

230 0.2240

256 0.0000

282 0.0000

307 0.0000

333 0.0000

512 0.0000

1024 0.0000

2048 0.0000

4096 0.0000

8192 0.0000

16 384 0.0000

Each normalized error is obtained by averaging the results of 15

simulations.
coefficients of the input field. An efficient method
for computing the pseudo-inverse of ABF should be
used; we chose the pseudo-inversion based on
Householder transformations. According to [2], its
number of complex multiplications is estimated as

sN2 �N3=3, (25)

and therefore, the total number of complex multi-
plications for the matrix inversion method is

:sN2 �N3=3þMN log2 N þMN. (26)

For the POCS-based algorithm, the impact of the
number of iterations has been investigated. For
different values s of the number of known data
points, the algorithm is applied for different
numbers of iterations nit. Again, 15 different
random selections of s known data points have
been used and the errors averaged. The numerical
results are summarized in Table 2. As expected, the
error decreases with increasing number of given
points. A sufficient number of given points is crucial
for the performance of the algorithm. For a certain
number of iterations, there is a number of given
points (drop-off value) providing the desired accu-
racy (error below a small threshold). Fig. 6
illustrates this behavior for 200 iterations. One
would expect that the drop-off value is reached for
values of s equal or higher than N. For such values,
the sets Cl should intersect at a single point. When s

is lower than N, the error takes higher values and
cannot be reduced much by undertaking more
iterations. This is expected since we have an
wn data points s

200 300 500 1000 3000

0.7312 0.7312 0.7312 0.7312 0.7312

0.5328 0.5328 0.5328 0.5328 0.5328

0.3264 0.3264 0.3264 0.3264 0.3264

0.2084 0.2084 0.2083 0.2083 0.2083

0.0991 0.0984 0.0981 0.0980 0.0980

0.0216 0.0177 0.0138 0.0099 0.0053

0.0007 0.0002 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 0.0000
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Fig. 6. Normalized errors for different numbers of known

samples at 200 iterations.
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Fig. 7. Evaluation of POCS computational efficiency for

different numbers of known samples s. Solid line: number of

POCS iterations nit needed to achieve normalized error o0:0005.
Dashed lines: number of iterations for which POCS and matrix

inversion methods give the same computational costs.
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underdetermined system where the intersection of
the sets Cl is a region rather than a point. Therefore,
successive projections yield a solution rather far
from the original diffraction field. In general, the
error decreases by the number of iterations and after
a certain number of iterations is reached, the error
saturates. The algorithm converges much faster for
larger values of s.

The computational complexity of the POCS-
based algorithm is determined by the number of
iterations nit, the number of parallel lines M, and
the number of sample points per line N. For each
iteration, M lines are computed by Fourier domain
operations (cf. Eq. (10)). N log2 N þN complex
multiplications are required for calculation of the
diffraction field on a line when FFT is used, because
FFT algorithm is used twice. This results in a total
number of complex multiplications:

nitðMN log2 N þMNÞ. (27)

Note that the number of given points s is not
present in the complexity measure given by (27).
However, this number influences the complexity
indirectly, as it determines the number of iterations
needed for achieving the desired accuracy. As
shown in Fig. 7, more given points result in less
iterations to achieve the same accuracy. The curve
drops right after s ¼ N and after that point the
desired error can be reached in a reasonable number
of iterations. For example, less than 10 iterations
are sufficient if starting with s ¼ 2N given points. In
contrast, the matrix inversion algorithm gets more
complex for higher s. To relate the computational
complexity of the POCS-based algorithm with that
of direct matrix inversion, a second curve (the
dashed line) is constructed in Fig. 7. For each s, it
gives the number of iterations so that the computa-
tional complexity of the two algorithms is the same.
Any number of iterations below that curve positions
the POCS approach as the more preferable method.
In Fig. 7, these iterations become less for sX1:4N.
Direct comparison of the number of the multi-
plications that both approaches require for different
values of s are presented in Table 3. The values for
the matrix inversion method are calculated using
Eq. (26). The values for POCS method are found
from Eq. (27). The parameter nit, in Eq. (27), is
determined by the POCS method that yields
normalized error below 0.0005. Again, Table 3
shows that the POCS algorithm is less computa-
tionally costly when sX1:4N. An additional pecu-
liarity of the POCS approach is that, being an
iterative algorithm, it is more robust to computa-
tional errors than direct matrix inversion, especially
for high values of N.

Fig. 5 shows simulations for values of s close to
N, with no visual difference between the results of
the two methods.
4. Conclusion

In this work, the computation of the diffraction
field from a set of distributed data points which may
represent the abstract structure of an object has
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Table 3

Comparison between the number of complex multiplications of POCS method and pseudo-inversion method (PINV) for different numbers

of known samples s

s 256 282 358 384 410 512 1024 2048 4096 8192 16 384

PINV 1:18eþ 7 1:35eþ 7 1:85eþ 7 2:02eþ 7 2:19eþ 7 2:86eþ 7 6:21eþ 7 1:29eþ 8 2:63eþ 8 5:32eþ 8 1:07eþ 9

POCS 8:55eþ 9 1:29eþ 8 1:61eþ 7 1:13eþ 7 9:17eþ 6 4:72eþ 6 1:77eþ 6 1:18eþ 6 1:18eþ 6 1:18eþ 6 1:18eþ 6

The costs are shown in number of complex multiplications needed to achieve error below 0.0005.
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been investigated. First, a discrete formulation of
the relevant diffraction theory has been presented.
In this formulation, fictionally periodic fields have
been used where the period of the field is determined
by the size of the field along the transverse direction.
Two approaches for obtaining simultaneous solu-
tion of the diffraction field have been studied. The
first attacks the problem by a direct matrix inversion
approach while the second utilizes the POCS method
to recover the desired diffraction field iteratively.
Both algorithms converge to the desired field when
the number of given samples is equal to or larger
than the period but they may not converge to the
desired field if the number of given data points is
lower than the period. Computational complexity
which is determined by the number of complex
multiplications is another issue addressed in this
work. The matrix inversion enjoys lower computa-
tional complexity for small numbers of initially given
points while POCS is beneficial when there are more
given points, when a few number of iterations
becomes sufficient to achieve the desired accuracy.

Appendix

The proof that the matrix A is unitary is given
below by showing that AHA ¼ I as follows:

AHA ¼ AAH
¼ I

¼ ðW�1HpWÞðW
�1HpWÞ

H

¼ ðW�1HpWÞðW
HHH

p W�H Þ

¼W�1HpNHH
p W�H

¼W�1NW�H

¼ I. ð28Þ

Another property of A is that

AlAj
¼ ðW�1HlpWÞðW

�1HjpWÞ

¼W�1HlpHjpW

¼W�1HðlþjÞpW, ð29Þ
where HðlþjÞp represents the kernel of the discrete
system which is used to calculate the diffraction field
at pðl þ jÞ.
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ABSTRACT

Diffraction field computation is an important task in the sig-
nal conversion stage of the holographic 3DTV. We consider
an abstract setting, where the diffraction field of the desired
3D scene to be displayed is given by discrete samples distrib-
uted over 3D space. Based on these samples, a model of the
diffraction field should be built to allow the field computation
at any desired point. In our previous works, we have proved
our concepts for the simplistic 2D case. In this paper, we gen-
eralize the earlier proposed techniques, namely the projection
onto convex sets and conjugate gradient based techniques and
test them for their computational efficiency and memory re-
quirements for a specific 3D case.

Index Terms— Scalar Optical Diffraction, Rayleigh - Som-
merfeld Diffraction, Plane Wave Decomposition, Projection
onto Convex Sets, Conjugate Gradient

1. INTRODUCTION

Holographic 3DTV requires the following basic building
blocks: capture, representation, coding, signal conversion and
display. In this chain, the display device plays a very im-
portant role, as it generates the light field being the optical
replica of the captured and abstractly represented 3D scene.
This work is related with the signal conversion part which
provides the connection between the 3D scene representation
and the display end.

In diffraction theory, computation of a diffraction field at a
surface due to a given field elsewhere is one of the major prob-
lem which has attracted researchers for decades [1]. Compu-
tation of the scalar optical diffraction due to an abstract 3D
scene is a challenging problem.

In this work, we assume that a 3D scene is described by a
set of distributed data points over the 3D space. In our earlier
works [2], [3], this problem has been addressed within a 2D
space and now it is extended to 3D space. Problems computa-
tional complexity and memory management arising with this
extended space setting, are commented in more details.

This work is supported by EC within FP6 under Grant 511568 with
acronym 3DTV.

2. BASICS OF THE SCALAR OPTICAL
DIFFRACTION THEORY

To compute scalar optical fields, we do not use Fresnel or
Fraunhofer approximations. Instead, we rely on the Rayleigh-
Sommerfeld (R-S) integral as the more general and exact scalar
optical diffraction integral. More specifically, we utilize the
plane wave decomposition (PWD) since it provides the same
result as the R-S diffraction integral [4]. While the latter uti-
lizes spatial domain relations, the former interprets the prob-
lem in frequency domain and is more attractive from compu-
tational point of view. The notations in this work are general-
ized from [2] and [3].

Lets assume that an initial diffraction field, ua(x, y, 0),
is given on the plane z = 0. 2D Fourier transform (FT) of
ua(x, y, 0) gives the complex coefficients of the plane waves,
A(kx, ky), that form ua(x, y, 0),

(2π)2A(kx, ky) = F{ua(x, y, 0)} (1)

where F denotes the 2D FT [5]. Then, the diffraction field
for monochromatic waves on another plane which is parallel
to z = 0 is expressed as

ua(x, y, z) =

2π
λ∫

− 2π
λ

A(kx, ky) exp [j(kxx+ kyy + kzz)]dkxdky

(2)
where kx, ky and kz are the spatial frequencies of the prop-
agating waves along the directions x, y and z axes, respec-
tively. The x and y axes denote the transversal directions and
z is the longitudinal axis which is the optical axis. The vari-
able kz can be expressed as a function of kx and ky , because

of dealing with monochromatic waves, kz =
√
k2 − kx

2 − ky
2,

where k = 2π
λ .

The spatial frequencies of the diffraction field which is
propagating along the optical axis may be restricted to be
within −B ≤ kx, ky ≤ B, where B ≤ k. For numerical
computations the frequencies kx and ky are discretized to N
frequency terms each. Consequently, the input signal can be
represented by N2 frequency components. These frequency
components are selected as kx = nf

2B
N and ky = mf

2B
N ,



where nf and mf are integers and elements of the set
[−N/2, N/2). Uniform sampling operation in frequency do-
main causes periodicity in the transversal spatial domain. The
period in both x and y axes is X = πN

B . Therefore, the ex-
pression given by Eq. 2 becomes

ua(x, y, z) =
N/2−1∑

nf =−N/2

N/2−1∑
mf=−N/2

AD(nf ,mf )

exp (j

√
k2 − (

2B
N
nf )2 − (

2B
N
mf )2z)

exp [j
2B
N

(nfx+mfy)] (3)

where AD(nf ,mf ) is a 2D array representing samples of
A(kx, ky) [6]. Sampling along the x and y axes is accom-
plished by setting the sampling period Xs = π

B to satisfy
the Nyquist rate. Therefore, the expression in Eq. 3 can be
rewritten as

ua(nXs,mXs, pXs) =
N/2−1∑

nf=−N/2

N/2−1∑
mf=−N/2

A(nf ,mf )

Hp(nf ,mf ) exp [j
2π
N

(nfn+mfm)] (4)

whereHp(nf ,mf ) is the frequency response of the free space
propagation kernel, which is defined as

Hp(nf ,mf ) = exp (j
2π
N

√
β2 − nf

2 −mf
2p), (5)

where β = NXs

λ and p = z
Xs

. Thus the discrete diffraction
field becomes,

u(n,m, p) = DFT−1
{
DFT{u(n,m, 0)}Hp(nf ,mf )

}
,
(6)

where DFT and DFT−1 stand for discrete FT and inverse
discrete FT, respectively [6].

3. DISCRETE FIELD COMPUTATION FROM
DISTRIBUTED DATA

Two methods are presented: projection onto convex sets
(POCS) and conjugate gradient (CG). Both of them take the
given distributed sample points as an input and give the dif-
fraction field on a reference plane. We choose to implement
these fast iterative methods, because direct solution needs much
more computation time.

3.1. Projection Onto Convex Sets

First method is based on an iterative approach POCS. Our
problem falls in the framework of POCS as proven in [2]. The
constraints for the problem are the given samples and the R-S
diffraction field relationship. The algorithm utilizes Eq. 6.

The summary of the algorithm is

1. initialize the first line of the desired field f(ni1 ,mi1 , 1) =
v1, f(nī1 ,mī1 , 1) = q(nī1 ,mī1), for any q(n,m)

2. for i = 1 to nit

(a) for l = 2 to M

i. f(n,m, pl) =
DFT−1

{
DFT{f(n,m, pl−1)}H1(nf ,mf )

}
ii. f(nil ,mil , pl) = vl

(b) end

(c) f(n,m, 1) =
DFT−1

{
DFT{f(n,m, pM )}H−M+1(nf ,mf )

}
(d) f(ni1 ,mi1 , 1) = v1;

3. end

where vl is the vector of the known samples on the plane
z = plXs, and il and īl are the vector of indices of the known
and the unknown values on the plane z = plXs, respectively.
q(n,m) is an arbitrary function whose samples are used in
place of the unknown samples and nit is the number of total
iteration [2].

3.2. Conjugate Gradient

The second algorithm is based on Eq. 3 which provides the
relation between the complex amplitudes of the plane waves,
AD(nf ,mf ), and the given data samples. The relationship
given by Eq. 3 can be expressed as a matrix multiplication,

u = Ra (7)

where the vector a denotes the complex amplitudes of the
plane waves that form the diffraction field on the reference
plane. In Eq. 3, these complex amplitudes, AD(nf ,mf ), are
given as a 2D array, AD = [a1|a2| . . . |aN ]. The representa-
tion of AD is converted into a vector, a, in Eq. 7 as

a =




a1

a2

...
aN


 . (8)

The vector u in Eq. 7 denotes the diffraction field on the given
data points. The R matrix in Eq 7 is the reconstruction matrix
and its elements are

rl,i,j = exp (j

√
k2 − (

2B
N
i)2 − (

2B
N
j)2zl)

exp (j
2B
N
ixl) exp (j

2B
N
jyl) (9)

where xl and yl are the locations of the given samples on the
plane z = zl. The R matrix is formed as in Eq. 10.

Multiplication of u by the pseudo-inverse of the R will
give a. The pseudo-inversion of the matrix R is taken by CG
algorithm. The method is summarized as



R =




r1,1,1 . . . r1,N,1 r1,1,2 . . . r1,N,2 . . . r1,1,N . . . r1,N,N

r2,1,1 . . . r2,N,1 r2,1,2 . . . r2,N,2 . . . r2,1,N . . . r2,N,N

...
...

. . .
...

rs,1,1 . . . rs,N,1 rs,1,2 . . . rs,N,2 . . . rs,1,N . . . rs,N,N


 . (10)

1. compute the R by using Eq. 9 and Eq. 10

2. if s < N2 compute Q = RRH and b = u, otherwise
compute Q = RHR and b = RHu

3. initialize x̂[0] arbitrarily, d0 = b − Qx̂[0] and g0 =
−d0

4. for n = 1 to nit ≤ N2

(a) αn = − gT
n dn

dT
nQdn

(b) x̂[n+1] = x̂[n] + αndn

(c) gn+1 = Qx̂[n+1] − b

(d) γn = −gT
n+1dn

dT
nQdn

(e) dn+1 = −gn+1 + γndn

5. if s < N2 compute â = RH x̂, otherwise â = x̂

6. reconstruct the diffraction field on the reference plane
from the estimated complex amplitudes of the plane
waves by utilizing inverse FT relation.

4. RESULTS

The outlined algorithms are evaluated by a synthetically gen-
erated simple optical field on the reference plane. Then, the
diffraction field over the 3D space, due to the diffraction field
on the reference plane, is computed according to Eq. 6. The
field on the reference plane consists of N by N samples,
whereN = 64. There is an 8 by 8 unit-magnitude rectangular
opening located in the middle of the reference plane and the
rest of the samples are taken as zero. The 3D space consists
of M = 64 planes which are uniformly located along the z-
axis and there is a 64 by 64 uniform grid on each plane. An
illustration of the implemented scenario is given in Figure 1.
In the scenario, the distance parameter p between the refer-
ence and first plane equals to four and there are M planes in
the defined 3D space. Typical results of the algorithms can be
seen in Figure 2.

Evaluation of the results is based on two parameters. One
of them is the normalized error between the original and the
reconstructed diffraction patterns, u(n,m, 0) and u′(n,m, 0):

( N−1∑
n,m=0

|u′(n,m, 0)−u(n,m, 0)|2
)/( N−1∑

n,m=0

|u(n,m, 0)|2
)
.

(11)

Fig. 1. Implemented scenario.

The other one is the number of complex multiplications re-
quired by the algorithms. From the computed field over the
3D space, we randomly take s data points to reconstruct the
field on the reference plane. For each value of s, ten different
random selections of data points are generated, assessment
parameters are computed for each selection and then aver-
aged for each value of s.

Increasing the number of given samples, s, in both algo-
rithms provides faster convergence to the given field on the
reference plane, as expected. The curves in Figure 3 show
how fast the normalized errors decrease when the number of
complex multiplications is fixed to 1.7x109.

When s ≤ N2, the solution sets of the algorithms will not
be comprised by only the original field. Hence, the solution
may converge to pattern which may not be the same as the
original one.

The computational complexities of both algorithms are
determined by the number of complex multiplications, be-
cause we assume that complex multiplication needs more com-
putation time than complex addition, data fetching and writ-
ing operations. Both algorithms use the 2D-DFT operation
which can be implemented by N2 log2N complex multipli-
cations if common 2D-FFT algorithms are used. For the POCS
algorithm, total number of complex multiplications is

nit(2MN2 log2N +N2M). (12)

The parameter nit is related to the s, but there is no closed
form for it. It can be found from the experiments. For the CG
algorithm, the total number of complex multiplications is

2nitN
4 + sN2 +N2 log2N (13)

where the parameter nit is again heuristically estimated. It is
found by the numerical experiments for each scenario. The
curves in Figure 4 illustrate the necessary complex multipli-
cations in POCS and CG algorithms.



Fig. 2. Layout of the figure |ac | b
d | (a) Magnitude of the re-

constructed diffraction field on the reference plane obtained
by the POCS algorithm when the number of given samples
is 0.8N2. (b) The same scenario as in (a) when CG is used
(c) Reconstructed field by POCS on the same plane when the
number of given samples is 2.0N2. (d) The same scenario as
in (c) when CG is utilized.

5. CONCLUSION

Two effective methods to calculate the scalar optical diffrac-
tion field simultaneously due to the arbitrarily distributed sam-
ple points over the 3D space are presented. First method uti-
lizes POCS algorithm and the second one is based on CG al-
gorithm. Both of them are iterative methods. POCS needs
less memory space than CG. In CG, we have to use large
matrices to represent the diffraction field relationship. Imple-
mentation of POCS needs less number of complex multiplica-
tions than CG in the case, when the given 3D diffraction field
samples are taken from an uniform grid with large enough
sampling period over the z-axis.
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ABSTRACT

A discrete computational model for the diffraction process is
essential in forward problems related to holographic TV. The
model must be as general as possible, since the shape of the
displayed objects does not bear any restrictions. We derive
a discrete diffraction model which suits the problem of re-
construction of diffraction fields from a set of non-uniformly
distributed samples. The only restriction of the model is the
wave nature of the field. The derivation takes advantage of
changing the spatial and frequency coordinates to polar form
and ends up with a model stated in terms of Bessel functions.
The model proves to be a separable orthogonal basis. It shows
rapid convergence when evaluated in the framework of the
non-uniform sampling problem.

Index Terms— diffraction, non-uniform sampling, polar
coordinates, Bessel functions

1. INTRODUCTION

The computation of the light field distribution which arises
over the entire three-dimensional (3D) space from an abstract
representation of a 3D scene is known as the forward problem
in holography [1]. This problem is important in holographic
three-dimensional television (3DTV), because the display de-
vice has to be controlled by signals which depend on the opti-
cal field of the scene. In order to solve forward problems, it is
relevant to have an accurate and general model that simulates
numerically the diffraction process. Since numerical calcula-
tions usually are carried out by a computer, the model has to
be also discrete, i.e. it must be dependent on finite number
of parameters. In addition, the model must be as general as
possible, because the nature of the displayed scene is usually
not known in advance.

In our earlier work [2, 3] the forward problem is stated as
reconstruction of the diffraction field from a set of given sam-
ples, non-uniformly distributed in the space. This statement
is general enough, because it does not assume any particu-

This work is supported by EC within FP6 under Grant 511568 with
acronym 3DTV.

lar shape for the object. However, the model used to calcu-
late the diffraction bears certain limitations. The plane wave
decomposition integral [4] is discretized in order to achieve
discrete diffraction model. The discretization is done by sam-
pling the Fourier transform of first plane of the field. Since
this sampling is equivalent to periodization of the function on
the first plane, this function must have finite spatial extend.
It is also assumed to be essentially band-limited in order to
obtain a model which depends on a finite number of Fourier
coefficients. Moreover, the diffraction field can be consid-
ered up to a limited distance along the propagation direction
z. The discretization of the spectra on the first line assumes
periodization along the transverse directions. On the other
hand, a space-limited pattern on the first plane spreads when
propagated along the z-axis. The spread is proportional to the
distance from the initial plane. After certain distance the adja-
cent periodic replicas on the same plane start overlapping [5]
and the model starts producing erroneous results. One way
to overcome this problem is to assume larger periods in the
transverse directions when discretizing the Fourier spectra of
the initial plane, so that there is more distance between the
adjacent replicas. However, this will increase the dimension-
ality of the model, because larger period in spatial domain
corresponds to denser sampling in frequency domain and the
essential frequency band is represented by more coefficients.
Therefore the model in [2, 3] can be used to calculate accu-
rately the diffraction field up to some distance, which depends
on the support of the diffraction pattern and the chosen dimen-
sionality of the model.

Our motivation in this paper is to search for a model which
can be used to calculate diffraction patterns with less restric-
tions. Yet the model must be discrete and finite-dimensional.
In order to do so, we start from the wave nature of the diffrac-
tion field. The Helmholtz wave equation puts the only re-
striction on our model - the Fourier transform of the wave is
nonzero only on a sphere. We arrive at an elegant model in-
volving Bessel functions of the first kind [6] by writing the
spatial and frequency coordinates in a polar form. There exist
accurate numerical methods to calculate the Bessel functions
[7] which make our model practically feasible.



2. DIFFRACTION MODEL IN POLAR
COORDINATES

We consider optical fields generated by monochromatic (sin-
gle wavelength) light waves, propagating in free space [4].
For simplicity, the discussions are restricted to one transverse
dimension only. Extension to two transverse dimensions is
straightforward. The light field u(x, z) can be expressed in
terms of its two-dimensional Fourier transform A(kx, kz) as

u(x, z) =
∫∞∫
−∞

A(kx, kz)ej(kxx+kzz)dkxdkz. (1)

The x axis is the transverse axis and the z axis is the optical
axis along which the field propagates. The variables kx and
kz are the spatial frequencies for x and z respectively. They
can be written in polar form as kx = k sin θ and kz = k cos θ,
where k ∈ [0,∞) is the radius and θ ∈ [0, 2π) is the angle.
After the change of the variables the 2D Fourier transform
integral of Eq.1 becomes

u(x, z) =

∞∫
0

2π∫
0

kA(k sin θ, k cos θ)ej(kx sin θ+kz cos θ)dkdθ.

(2)
The light field u(x, z) satisfies the Helmholtz wave equation
∇2u(x, z) + k2u(x, z) = 0. Therefore the Fourier trans-
form A(kx, kz) is nonzero only on a circle, centered at the
origin with radius k0 = 2π

λ , where λ is the wavelength of the
monochromatic light. This implies that the spectra A(kx, kz)
written in polar coordinates depends only on one variable:

A(k sin θ, k cos θ) = A(k0 sin θ, k0 cos θ) ≡ A(θ). (3)

Now the Fourier integral of Eq.2 becomes one dimensional:

u(x, z) =
2π
λ

2π∫
0

A(θ)ej 2π
λ (x sin θ+z cos θ)dθ. (4)

The change of the spatial coordinates x and z in polar form as
x = r sinφ and z = r cosφ simplifies the integral in Eq. 4 to

u(r, φ) =
2π
λ

2π∫
0

A(θ)ej 2π
λ (r sin φ sin θ+r cos φ cos θ)dθ

=
2π
λ

2π∫
0

A(θ)ej 2π
λ r cos(θ−φ)dθ (5)

We arrived at a rather simple form that does not impose any
restrictions on the generated field. However, this expression
is far from a computational formula since it involves integra-
tion and does not depend on finite number of elements. The
Fourier transform of the field is nonzero only on a circle and

therefore A(θ) can be considered as 2π-periodic with respect
to θ. Hence A(θ) can be represented by the complex Fourier
series:

A(θ) =
∞∑

m=−∞
cme

jmθ (6)

Inserting Eq.6 in Eq.5 leads to

u(r, φ) =
2π
λ

2π∫
0

∞∑
m=−∞

cme
jmθej 2π

λ r cos(θ−φ)dθ

=
2π
λ

∞∑
m=−∞

cm

2π∫
0

ejmθej 2π
λ r cos(θ−φ)dθ. (7)

The integral inside the summation of the last line can be writ-
ten as a Bessel function of the first kind [6] after making the
substitution α = θ − φ :

u(r, φ) =
2π
λ

∞∑
m=−∞

cm

2π−φ∫
−φ

ejm(α+φ)ej 2π
λ r cos αdα

=
2π
λ

∞∑
m=−∞

cme
jmφ

2π∫
0

ejmαej 2π
λ r cos αdα

=
2π
λ

∞∑
m=−∞

cme
jmφ2πjmJm

(
2π
λ r
)
. (8)

Here by Jm(t) is denoted the m-th Bessel function of the first
kind [6], whose integral form is

Jm(t) =
1

2πjm

2π∫
0

ejmαejt cos αdα. (9)

The last line of Eq. 8 can be simplified to obtain the final form
of the discrete diffraction model:

u(r, φ) =
4π2

λ

∞∑
m=−∞

cme
jm(φ+ π

2 )Jm

(
2π
λ r
)

(10)

There exist efficient and accurate numerical algorithms to cal-
culate Bessel functions [7], which can be utilized in the model.
Equation 10 can be used to calculate the field at any point
(r, φ) if the coefficients cm of the Fourier series of A(θ) are
known. Note that there are no practical restrictions for the de-
sired field. There were no assumptions during the derivation,
except that the field is a wave, i.e. it satisfies the Helmholtz
wave equation and, consequently, its Fourier transform is non-
zero only on the circle with radius 2π

λ .
Equation 10 is in fact a representation of the diffraction

field u(r, φ) as a linear combination of the functions:

ψm(r, φ) = ejm(φ+ π
2 )Jm

(
2π
λ r
)
. (11)
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Fig. 1. Plots of some basis functions ψm(r, φ) in cartesian
coordinate system (x, z) for m = 0, 5, 10, 20 (from left to
right). The top and the bottom rows depict the real and imag-
inary parts, respectively.

It is interesting to note that these functions are separable.
They are product of a Bessel function which depends only on
r and an exponent which depends only on φ. The separability
property can be used to show that the functions ψm(r, φ) are
mutually orthogonal:

〈ψm(r, φ), ψn(r, φ)〉 =

2π∫
0

∞∫
0

ψm(r, φ)ψ∗
n(r, φ)dφdr

=

2π∫
0

∞∫
0

ejm(φ+ π
2 )Jm

(
2π
λ r
)
e−jn(φ+ π

2 )Jn

(
2π
λ r
)
dφdr

=

∞∫
0

Jm

(
2π
λ r
)
Jn

(
2π
λ r
)
dr

2π∫
0

ej(m−n)(φ+ π
2 )dφ

= 0 for m �= n. (12)

Therefore the set {ψm(r, φ)}∞m=−∞ forms an orthogonal ba-
sis. As derived, the basis is suitable for decomposition of
signals representing light fields. Figure 1 shows some basis
functions for m = 0, 5, 10 and 20. The functions are shown
with respect to the cartesian coordinate system (x, z). As one
can see, they are smooth circular oscillatory functions, whose
action moves away from the origin when the number m in-
creases.

3. RECONSTRUCTION FROM NON-UNIFORMLY
DISTRIBUTED SAMPLES

For numerical computation the infinite summation in the model
from Eq. 10 is impractical. A finite dimensional version of the
model can be obtained by taking only the partial sum of M
basis elements:

u(r, φ) =
4π2

λ

�(M−1)/2�∑
m=−�M/2�

cme
jm(φ+ π

2 )Jm

(
2π
λ r
)
. (13)

We will use the polar model of Eq. 13 for the problem of
non-uniform sampling of diffraction fields [2]. The problem
can be stated for polar coordinates as reconstruction of u(r, φ)
from a finite set of s sampling points {(ri, φi)}s

i=1. The field
can be calculated if the coefficients cm are known. A system
of s equations for cm can be constructed by writing Eq. 13
for each point in the irregular sampling set:

u(ri, φi) =
4π2

λ

�M/2�∑
m=−�M/2�

cme
jm(φi+

π
2 )Jm

(
2π
λ ri

)
, i = 1...s.

(14)
This system is linear and can be stated in matrix form:

u = Jc, (15)

where c = [c−�M
2 �, c−�M

2 �+1, ..., c�M−1
2 �]

T is the unknown
vector of the coefficients and the vector of given samples is
u = [u(r1, φ1), u(r2, φ2), ..., u(rs, φs)]T . J is the s × M
reconstruction matrix

J = {Ji,l} = {ej(l−�M
2 �−1)(φi+

π
2 )Jl−�M

2 �−1

(
2π
λ ri

)},
i = 1, ..., s, l = 1, ...,M. (16)

The straightforward approach to solve Eq. 15 is to take the
pseudo-inverse. It has two different forms - for the over-
determined case (s > M) and the under-determined case
(s < M). In this work the latter case is ignored, because
then the field can never be reconstructed, and therefore the
results are not of practical interest. The major drawback of
solving the problem by computing the pseudo-inverse is the
high computational costs which grow when the number of
given samples s increases. In linear programming [8] there
exists a myriad of iterative algorithms for solving linear sys-
tems. Conjugate gradient method applied on normal equa-
tions (CGN) [8] is one of the most powerful algorithms for
inversion of rectangular matrices. It proceeds as follows:

1. compute the matrix J according to Eq. 16 and b =
JHu;

2. initialize ĉ[0] arbitrary, g0 = b−JHJc and d0 = −g0

3. for n = 1 to nit

(a) α = gT
n gn

dT
nJHJdn

(b) ĉ[n+1] = ĉ[n] + αdn

(c) gn+1 = gn + αJHJd

(d) γ = −gT
n+1gn+1

gT
n gn

(e) dn+1 = −gn+1 + γdn

end

4. reconstruct the diffraction field u(r, φ) from the esti-
mated Fourier coefficient vector ĉ with Eq. 13.



4. EXPERIMENTAL RESULTS

The non-uniform sampling problem outlined in section 3 was
simulated in two experiments in order to evaluate the finite
dimensional model of Eq. 13. In the experiments the given
samples were generated by Eq. 14, where M = 256 coef-
ficients cm were chosen as a Gaussian pulse centered at the
origin. The positions of the samples are randomly chosen in-
side a spatial rectangle, centered at the origin and lying in the
half-plane z > 0. Assessment of the results is based on the
normalized error between the original c and reconstructed ĉ
coefficient vectors - e = ‖c − ĉ‖2/‖c‖2.

Samples whose positions are mirror images with respect
to z = 0 of the positions of the given samples were added
to complete the initial information during the experiments.
The values of the new samples are complex conjugate to the
original values, as can be seen from Eq. 14. The addition of
the new samples speeds up the convergence of CGN.

The goal of the first experiment is to track the behavior of
CGN for different numbers of given samples. The number of
iterations is kept fixed to the dimensionality of the problem
nit = 256, because this number is theoretically sufficient [8].
Figure 2(a) illustrates this experiment. As expected, the drop-
off value of the curve is reached for values of s slightly higher
thanM . The second experiment illustrates the convergence of
the CGN method (Figure 2(b)). In this experiment the num-
ber of iterations nit is increased from zero to 200 while the
number of given samples s is kept fixed to 384. This number
is chosen to be 1.5M , because in the first experiment this is
the value where the error curve in Figure 2(a) saturates.

During the experiments for each value of s, 50 differ-
ent vectors ĉ are reconstructed using s randomly chosen data
points. Each reconstructed vector corresponds to a different
random choice of the positions of the s known samples. The
final error estimate for a value of s is an average of the errors
of all 50 choices.
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Fig. 2. Experimental results (a) Normalized error e for dif-
ferent number of known samples s when the iterations are
nit = 256 (b) Convergence of the CGN algorithm when the
number of given samples is s = 384.

5. CONCLUSION

The main goal of this paper is the derivation of discrete diffrac-
tion model suitable for non-uniform sampling and reconstruc-
tion of monochromatic light fields. It is practically feasible
because its formulation is in terms of Bessel functions, for
which there are accurate computational algorithms. The main
advantage of the model is that it does not impose any restric-
tions on the field. Moreover, the model is a separable orthogo-
nal basis where any diffraction field can be decomposed. The
model was evaluated for reconstruction of diffraction fields
from a set of non-uniformly distributed samples. The recon-
struction converges fast for number of given samples slightly
larger than the dimensionality of the model.
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ABSTRACT

Reconstruction of a light field from a set of non-uniformly
distributed samples is important for holographic type of
3D scene display. The non-uniform sampling problem has
been already addressed and rapidly convergent iterative
schemes developed, mainly based on the method of Pro-
jection Onto Convex Sets (POCS) and matrix inversion
by the method of Conjugate Gradients (CG). This paper
presents a derivation of the convergence rates for both of
the schemes and analyzes the factors which influence the
error decay. The presence of clusters and gaps in the dis-
tribution of the given samples turns out to have the most
significant influence on the convergence. Based on the
analysis, a regularization method is derived for the CG-
based reconstruction scheme which proves to be power-
ful even when the local sample density estimate is rough.
The POCS-based scheme is generalized for the case of
off-grid known samples. Its error analysis leads to similar
conclusions for the convergence impact factors as in the
CG-based scheme. In addition, the analysis suggests sce-
narios where the POCS excels, and others where the CG
is much better.

1. INTRODUCTION

The computation of the light field over the entire three-
dimensional (3D) space from an abstract 3D scene repre-
sentation is known as the forward problem in holography.
Holographic 3D display systems use the light field infor-
mation to display a scene, and thus benefit from efficient
techniques which solve the forward problem. The devel-
opment of such techniques is a challenging task, since 3D
scenes consist of various shapes and shades. In a general
setting, the 3D scene information can be assumed to be
available as non-uniformly distributed in space light field
points. Thus the forward problem can be formulated as to
reconstruct a light field from irregularly distributed sam-
ples.

A real-time application needs to reconstruct the field
for large data sample sets in fast and accurate manner. Pre-
viously, we have developed iterative reconstruction
schemes, based mainly on the method of Projection Onto
Convex Sets (POCS) [1], and matrix inversion through the
Conjugate Gradients (CG) method [2]. The POCS-based

This work was supported by the Academy of Finland, project No.
213462 (Finnish Centre of Excellence program (2006 - 2011).

scheme assumes that the known field samples belong to
a pre-defined regular grid, and utilizes anO(N log N)-
complex propagation algorithm to iterate between succes-
sive lines which define the convex sets. The CG-based
scheme builds a discrete model of the light field which
represents the reconstruction task as matrix inversion prob-
lem, and solves it iteratively through CG. However, for
certain sample distributions the involved matrix has high
condition number and inversion with CG converges slowly.

The main goal of this paper is to perform a theoret-
ical analysis of the convergence rate of the POCS- and
CG-based reconstruction schemes. We aim at identify-
ing and analyzing the main factors which influence the
convergence and the computational efficiency, and to il-
lustrate their impact. The results can be used to achieve
faster convergence and/or better computational efficiency.

2. PROBLEM FORMULATION

In this section, we formulate the problem of reconstruc-
tion of a diffraction field from its sampled version, where
the sampling coordinates are given on a non-uniform grid.
We start with a brief review of diffraction theory equa-
tions we need, then we specify a finite dimensional model
of diffraction to be used in the reconstruction.

2.1. A finite-dimensional model of diffraction

Diffraction theory studies phenomena occurring during
propagation and reflection of light within, and at the bor-
ders of different physical media. In general, these phe-
nomena are described through complex-valued functions
representing light (optical) wave fields and their distribu-
tion across space. In the general case, these are vector
functions confined to the Maxwell equations [3]. When
the medium is free space and the light source is monochro-
matic with wavelengthλ, the corresponding light field is
accurately described by a scalar function. Under the con-
ditions of linearity, isotropy and homogeneity of the free
space, the light field at any spatial point can be related to
that on a plane through the Rayleigh-Sommerfeld diffrac-
tion integral [4]. The same integral can be used to com-
pute the optical field on a plane given the field on another
parallel plane, having linear and shift-invariant relation-
ship between the two functions [4, 5]. Under the assump-
tion that the distancer between the parallel planes sat-
isfiesr >> λ, the Rayleigh-Sommerfeld diffraction inte-



Figure 1. The vectorsk1 = [k1x, k1z ] andk2 = [k2x, k2z]
are the wave vectors of the plane waves. The field at the
output line is equal to the superposition of the plane waves
illuminated on the input line according to Eq. 1 [1].

gral can be regarded as an equivalent to the so-calledplane
wave decompositionapproach [4, 6, 7].

In the rest of the paper, the plane wave decomposition
approach is used. For the sake of simplicity, the discus-
sion is restricted to one transverse dimension only. The
diffraction field at any point in the 2D free space is com-
puted as:

u(x, z) =

2π
λ∫

− 2π
λ

a(kx)ej(kxx+kzz)dkx, (1)

whereu(x, z) is the field over 2D space, thex axis is the
transverse axis and thez axis is the optical axis along
which the field propagates. This integral represents the
light field u(x, z) as a superposition of plane waves
ej(kxx+kzz), where each plane wave is oriented at an an-
gle determined by the wave vectork = [kx, kz], as il-
lustrated in Figure 1. The variablekz is related tokx by
k2 = k2

z + k2
x wherek = 2π

λ
is the length of each wave

vector. In the superposition integral each plane wave con-
tributes with complex amplitudea(kx). This superposi-
tion of plane waves bears another interpretation, which is
more convenient for our purpose. The variableskx and
kz are the spatial frequencies of the propagating plane
waves along thex and z axes respectively. The angles
of the plane waves determine different spatial frequencies
kx along the transversal dimensionx. Therefore, different
plane waves determine harmonics with different frequen-
cieskx in the transverse plane. Consequently, the complex
amplitudesa(kx) can be considered as the Fourier spec-
trum of the of the fieldu(x, 0) on a reference line withz =
0. A propagating monochromatic wave with wavelengthλ
cannot have a harmonic component in the transverse plane
with higher frequency than2π

λ
sincekx = k cosφ (cf.

Figure 1). Therefore, in the case of free space propagation
of monochromatic light, the function on the reference line
u(x, 0) is assumed band-limited. This also determines the
limits of the integral in Eq. 1.

To elucidate the role of the functiona(kx), let us con-
sider the plane waves in Eq. 1 split asej(kxx+kzz) =

ej
√

k2−k2
xzejkxx. The plane wave decomposition integral

takes the form:

u(x, z) =

2π
λ∫

− 2π
λ

a(kx)ej
√

k2−k2
xzejkxxdkx. (2)

Now interpret Eq. 2 as inverse Fourier integral where the

functiona(kx)zi
= a(kx)ej

√
k2−k2

xzi is the Fourier trans-
form of the fieldu(x, zi) at a line slicez = zi. In other
words, the fieldu(x, z) at any particular linez = zi can be
computed from the field on the initial lineu(x, 0) by three
consecutive steps: (1) Fourier transform to finda(kx); (2)
Fourier-domain multiplication by the transfer function of

the free spaceej
√

k2−k2
xz; and (3) inverse Fourier trans-

form to get back to spatial domain. This interpretation
has both theoretical and numerical importance. Theoreti-
cally, it clearly shows the dependence between input, sys-
tem and output. Numerically, it suggests the utilization of
an FFT algorithm, under proper sampling [1].

According to Eq. 1, every point of the fieldu(x, z)
can be expressed in terms of the spectruma(kx) of the
field u(x, 0) on the reference line. Consider anessentially
space-limited functionu(x, 0) or, more precisely, a func-
tion whose space - bandwidth product is finite, and denote
the spatial extent of interest byT . Such a function can be
periodized, which is equivalent to discretization ofa(kx).
A periodic and bandlimited function is equivalently rep-
resented by a finite number(M) of discrete spectral com-
ponents. That is, the discrete values of the frequencykx

are :

kx =
2πm

T
, (3)

wherem = −⌊M
2 ⌋, ..., ⌊M−1

2 ⌋. Substitutingkx as given
by Eq. 3 in Eq. 2 leads to afinite-dimensionalmodel of
diffraction:

u(x, z) =
⌊M−1

2
⌋∑

m=−⌊M
2
⌋

amej 2π
T

√
T2

λ2 −m2 zej 2π
T

mx, (4)

wheream = a(2π
T

m) are the coefficients of the Fourier
series expansion ofu(x, 0). This model assumes the field
at the reference linez = 0 is a trigonometric polynomial
of orderM , which is easily transferable to any otherz

coordinate thought the transfer functionej
√

k2−k2
xz.

2.2. Non-uniformly sampled diffraction fields

The finite-dimensional model in Eq. 4 can be regarded as
a function expansion with respect toM kernels formed
as product of exponents alongx axis and chirps alongz
axis, weighted by the coefficientsam. TheseM gener-
ators determine any particular monochromatic field with
wavelengthλ and spatial extend of the reference lineT .
In the general case of irregular sampling, the diffraction
field u(x, z) is given at a finite set ofs sampling points
{(xi, zi)}s

i=1. The irregular sampling and reconstruction
problem can be stated as to find the unknown field gen-
erating coefficientsam, given the samples{u(xi, zi)}s

i=1.



Eq. 4 can be written for each point in the irregular sam-
pling set{(xi, zi)}s

i=1:

u(xi, zi) =
⌊M−1

2
⌋∑

m=−⌊M
2
⌋

amej 2π
T

√
β2−m2 ziej 2π

T
mxi , (5)

for i = 1, ..., s.
Theses equations form a linear system for theM un-

knownsam. Speaking linear algebra, this system will
have a solution if it is of full rank. To characterize the
stability of the sampling set with respect to the field gener-
ators, we are interested in having a sampling set bounded
by the energy of the field at the first line, as

A ‖a‖2 ≤
s∑

i=1

|u(xi, zi)|2 ≤ B ‖a‖2
. (6)

Such set of sampling points{(xi, zi)}s
i=1 which has

bounded energy for any choice of generating coefficients
am with strictly positive boundsA andB is referred to as
stable sampling set[8].

In the following we describe and analyze two differ-
ent approaches to find the coefficientsam. The first uses
iterative algorithm to solve the system of Eq. 5 [2]. The
second algorithm iterates from given point to given point
and falls in the framework of the method of POCS [9, 10].

3. RECONSTRUCTION BY ITERATIVE MATRIX
INVERSION

3.1. Method description

The system in Eq. 5 is linear and can be expressed in a
matrix form:

u = Ra, (7)

wherea = [a−⌊M
2
⌋, a−⌊M

2
⌋+1, ..., a⌊M−1

2
⌋]

T is the un-
known vector of the field generating coefficients andu =
[u(x1, z1), u(x2, z2), ..., u(xs, zs)]T is the vector of given
samples.R is the reconstruction matrix

R = {rp,q}
= {ej 2π

T

√
β2−(q−⌊M

2
⌋+1)2 zpej 2π

T
(q−⌊M

2
⌋+1)xp},

p = 1, ..., s, q = 1, ..., M, (8)

The diffraction field at the point(xi, zi) equals the inner
product of thei-th row ofR with a.

We need a fast and numerically stable algorithm to
find (approximate) solution̂a for the unknown vectora
and we limit the consideration to the over-determined case
s ≥ M .

Expressing the residual between the true vector and its
approximation

g = u− Râ, (9)

and minimizing theL2 norm of this residual‖u − Râ‖2,
one ends with solving aLeast Squares (LS)problem. Reach-
ing an LS solution goes through finding the (pseudo-)inverse

of the matrixR, which operation is of cubic complex-
ity in the general case [11]. We opt for the conjugate
gradient method (CG), known as one of the most rapidly
convergent and numerically stable algorithms for solving
LS problems iteratively [12]. However, it requires a Her-
mitian and positive definite matrix. When the matrix is
rectangular, as in our case, we can consider the follow-
ing equivalent matrix equation that will produce the same
solution as Eq. 7:

RHRa = RHu. (10)

Now the matrix to be solved by CG is the Hermitian ma-
trix RHR. The residual whose norm is minimized by it-
erating CG in this case is measured as:

g = RHu − RHRâ. (11)

CG applied on the matrixRHR has a form, where the
matrix RHR is never explicitly computed. This form is
called CG method on normal equations (CGN) and is out-
lined below [12]:

1. initializeb = RHu â0 arbitrary,g0 = b−RHRâ0

andd0 = g0

2. forn = 1 to nit

(a) α = gH
n gn

dH
n RHRdn

(b) ân+1 = ân + αdn

(c) gn+1 = b − RHRân+1

(d) γ = gH
n+1gn+1

gH
n gn

(e) dn+1 = gn+1 + γdn

end

3. reconstruct the diffraction fieldu(x, z) from the es-
timated field generating coefficient vectorâ with
Eq. 4.

Any iterative algorithm for solving LS problems builds
the solution step by step, updating the solution vector each
time with a small portion (α) along some search direc-
tion dn (step 2b). The basic idea of CG is to build the
search directionsdn conjugate to each other, so that after
at mostM steps the solution will be found. By conjugate
is meant that the directions are orthogonal to each other,
where the orthogonality is measured with respect to the
RHR matrix of the LS problem -dH

n RHRdk = 0. The
value ofα is chosen in such a manner that the current error
en+1 = ân+1 − a is conjugate to the previous direction
dn (step 2a). This makes the residualgn+1 orthogonal
to all previous search directions. The new directiondn+1

is build from this residualgn+1 as to be conjugate to all
previous directions (step 2d-e).



3.2. Convergence analysis

This subsection presents the derivation of the approxima-
tion error at then-th CG iteration in terms of the initial
error. Then, factors influencing the final expression can be
analyzed with respect to different sampling distributions.
The analysis can be used as a base to decrease the impact
of the distributions on the convergence rate.

Write the error vectoren+1 in the form:

en+1 = an+1 − a = an + αndn − a = en + αndn

= en−1 + αn−1dn−1 + αndn = ...

= e0 +
n∑

k=0

αkdk. (12)

This equation shows thaten+1belongs to a spacee0 +
Dn+1, whereDn+1 = span{d0,d1, ...,dn}. The search
directions are built from the residuals (step 2e) and there-
fore Dn+1 = span{g0,g1, ...,gn}. Now denoteQ =
RHR and write each residualgn in the form:

gn = −Qen = −Q(en−1 + αn−1dn−1)
= gn−1 − αn−1Qdn−1. (13)

Recall thatdn−1 ∈ Dn and therefore each new subspace
Dn+1 is constructed fromDn and the subspaceQDn.
Hence,

Dn = span{g0,Qg0,Q
2g0, ...,Q

n−1g0}
= span{Qe0,Q

2e0,Q
3e0, ...,Q

ne0}. (14)

The subspacesDn are known as Krylov subspaces. Recall
that the erroren belongs to the spacee0 + Dn. Then it
can be expressed as a linear combination of the spanning
elementsQie0 of this subspace:

en =

(
I +

n∑
i=1

φiQ
i

)
e0 = Pn(Q)e0. (15)

Pn(Q) is the polynomial of ordern from the parenthesis
of the above expression. Ifv is an eigenvector ofQ with
respective eigenvalueλ, thenQiv = λiv and therefore
Pn(Q)v = Pn(λ)v. Since the matrixQ is Hermitian, the
eigenvectors can be chosen to form an orthonormal set and
the errore0 can be expressed as a linear combination of
these eigenvectors. Inserting this linear combination in the
last form of Eq. 15,en can be expressed as similar linear
combination of the eigenvectors, where the coefficients of
this combination are multiplied byPn(λi). Now theQ-
norm of the error can be written as [13]:

‖en‖Q ≤ min
Pn

max
λ∈Λ(Q)

P 2
n(λ) ‖e0‖Q . (16)

CG determines alpha in such a manner which minimizes
‖en‖Q within the spaceDn + e0 (step 2a), or, in other
words CG finds the polynomialPn(λ) which minimizes
the expression in Eq. 16. However, the convergence is
determined by the eigenvalue which gives maximum value
of Pn(λ).

Since our goal is to analyze and estimate the error
reduction aftern iterations of CG, we need to find the
polynomialPn(λ) explicitly. This means that the coef-
ficientsφi in Eq. 15 must be known. However, they de-
pend on the coefficientsαi andγi which are not available
before the algorithm is run. More general approach is to
find a polynomial which minimize Eq. 16 over the interval
[λmin, λmax] between the smallest and largest eigenvalue,
rather than on particular set of eigenvaluesΛ(Q). Such a
polynomial is known to be a relation of two Chebyshev
polynomialsTn of ordern [12]:

Pn(λ) =
Tn

(
λmax+λmin−2λ

λmax−λmin

)

Tn

(
λmax+λmin

λmax−λmin

) . (17)

The polynomial in the numerator has maximal value of1
inside the interval[λmin, λmax] and therefore the erroren

can be estimated as

‖en‖Q ≤
[
Tn

(
λmax + λmin

λmax − λmin

)]−1

‖e0‖Q

=
[
Tn

(
κ + 1
κ − 1

)]−1

‖e0‖Q (18)

= 2
[(√

κ + 1√
κ − 1

)n

+
(√

κ − 1√
κ + 1

)n]−1

‖e0‖Q ,

whereκ = λmax/λmin is the condition number of the
matrix Q. The second addend inside the square brackets
converges to zero asn grows, so it is common to estimate
the error with the weaker inequality

‖en‖Q ≤ 2
(√

κ − 1√
κ + 1

)n

‖e0‖Q . (19)

This equation suggests that the convergence of the CG al-
gorithm highly depends on the condition number of the
matrixQ. To relateκ to the bounds a stable sampling set
(cf. Eq. 6), the energy of the known samples is can be
expressed as:

‖u‖2
2 = uHu = aHRHRa = aHQa. (20)

For a stable sampling set the energy of the samples is
strictly positive and thus the matrixQ is strictly positive
definite, i.e. its eigenvalues are always positive. Since the
energy of the samples is bounded for all vectorsa, con-
sider the case when it is an eigenvectorv of Q:

A ‖v‖2
2 ≤ vHQv ≤ B ‖v‖2

2 , or

A ‖v‖2
2 ≤ λvHv ≤ B ‖v‖2

2 . (21)

This last equation implies thatA ≤ λ ≤ B, for all eigen-
values ofQ. ThereforeA ≤ λmin andλmax ≤ B and
consequently the condition number ofQ can be estimated
as κ(Q) ≤ B/A. The constantsA and B are deter-
mined from the reconstruction function and the sampling
set. Suppose that the coefficientsa determine a light field
which is a beam centered along thez-axis, and has es-
sentially finite extent alongx. Suppose further that the



Figure 2. Projection Onto Convex Sets

samples do not cover the extent of the beam, leaving a
large gap. The energy of such samples will be very small
in comparison with the energy ofa, no matter how dense
they are outside the gap. This pushes the lower boundA
from Eq. 6 down and consequently increasesκ(Q). Now
consider the case when we have a dense cluster of sam-
ples lying on the beam. The same local information will
be added several times in Eq. 6, which will increaseB
andκ(Q). Thus, the presence of clusters and gaps in the
density of the sampling set has significant influence on the
condition number ofQ.

An add-hoc approach to compensate for the clustering
is to weight different samples according to their density.
Samples from areas with higher density are assigned with
small weights and samples from less populated areas are
emphasized as more important with higher weights. This
weighting can be represented in a matrix form as multiply-
ing the known samples vectoru with a diagonal weighting
matrixW. Then, Eq. 7 is modified as follows:

Wu = WRa. (22)

CG can be used to solve this LS problem by further mul-
tiplying both sides byRH to obtain a symmetric matrix
RHWRa and target vectorRHWu.

4. RECONSTRUCTION BY POCS

As a second approach we consider an iterative technique,
developed based on the POCS method. POCS is a com-
putational approach for finding an element of a feasible
region defined by the intersection of a number of con-
vex constraints, starting with an arbitrary infeasible point
[14, 15]. Figure 2 illustrates how convergence to the in-
tersection is achieved by iterative projections onto the in-
dividual convex sets. In our earlier work [1], POCS was
used to reconstruct a diffraction field from a set of irreg-
ularly distributed samples, which belong to a predefined
uniform grid. Here, the same algorithm is reformulated
to serve the general case when the given field samples
have random positions, unrelated to any particular uni-
form grid.

4.1. Method description

The POCS-based reconstruction method from [1] consid-
ers the known data samples as the constraints that deter-
mine the convex sets. Naturally, a convex set is defined

as all possible diffraction fields that have the given data
points on a certain line. This is beneficial only in the case
these points belong to a uniform grid with sampling in-
terval T/M , and aligned with the starting sampling grid
on the reference line. In such a case, the algorithm makes
use of an FFT-based computation of diffraction field from
line to line. This was the key-point of the algorithm de-
veloped in [1]. There, the algorithm was based on iter-
ating from line to line efficiently by the use of FFT, and
re-substituting the values of the known data points at each
line, as they were always on positions of anM -point reg-
ular grid. However, in the case of no structured samples
such an iteration is not possible. Consider, e.g. the case
of single point per line, or the case of dense points not
aligned with respect to the starting grid.

Here, we suggest a modification to overcome these
difficulties. We still want to benefit from using FFT. How-
ever, instead of propagating from line to line, we propa-
gate thenew informationfrom each particular convex set
Cl, l = 1...L to the unknown coefficientsam. In order to
use anM -point IDFT for this propagation,we define the
setCl as all known samplesu(xi, zi) with zi = zl, which
can be hosted by anM -point uniform gridxl. In the gen-
eral case there might be no more than one sample per line
to be considered as belonging to the setCl. In such a case,
the number of convex setsL will coincide with the num-
ber of sampling pointss and each projection will result to
an update caused by a single point. However, if two or
more points per line happen to belong to uniform grids,
we should benefit from this. Again, in the general case
each such gridxl will be not aligned to the initial grid
and can be assumed centered at some pointχl 6= 0 and
encompassing a spatial interval of lengthT alongx:

xl = {(xl)k}M−1
k=0 = χl + {−T/2 + kT/M}M−1

k=0 (23)

Now the formal definition of a setCl, l = 1...L can be
stated as:

Cl = {∀f(x, z) ∈ DFM : f(pl) = u(pl)} ,

pl = {(xi, zi), i = 1...s : zi = zl, xi ∈ xl}, (24)

wherepl is the set of points which are hosted by the grid
xl andDFM denotes the space of diffraction fields, gen-
erated byM nonzero coefficients through Eq. 4.

To complete the POCS method, the projections onto
the sets have to be determined. Consider a fieldf(x, y),
generated through Eq. 4 by coefficientsa

(f)
m . Its projec-

tion Pl ontoCl can be defined as substituting its samples
f(pl) by the known samplesu(pl) which define the set,

and reflecting this substitution onto the coefficientsa
(f)
m .

The substitution can be represented as just addition of the
differenceu − f at the positionspl of the samples which
define the set:

Plf(x, z) = f(x, z)+
∑

(xi,zi)∈pl

(u−f)(xi, zl)δ(x−xi, z−zl),

(25)
whereδ(x, z) is a Kronecker delta. The substitution acts
only on line z = zl and on pointspl which belong to



the gridxl. It is sufficient to propagate the information
from the gridxl back to the coefficientsfm. According
to Eq. 4, the Fourier series coefficients of the fieldu(x, z)

at z = zl areame
j 2π

T

√
T2

λ2 −m2 zl . These coefficients are
related throughM -point DFT withM regular samples on
a gridx0, centered at the origin. This can be represented
in a matrix form as:

Hzl
a = Fu(x0, zl), (26)

whereH−1
zl

= diag(ej 2π
T

√
T2

λ2 −m2 zl) andF is the DFT
matrix. Having a sampling gridxl for a setCl means it is
shifted from the origin byχl.Alternatively, we can assume
shifting the fielduχl

(x, z) = u(x + χl, z) prior to sam-
pling onx0. Eq. 4 performs this operation by modulation:
amej 2π

T
mχl . This changes Eq. 26 to:

Hzl
Eχl

a = Fu(xl, zl), (27)

whereEχi
= diag(ej 2π

T
mχi). Eventually,

a = E−1
χl

H−1
zl

Fu(xl, zl) (28)

is the equation which propagates information from the
field line u(x, zl), sampled with a regular gridxl, to the
coefficientsam. Denote byf an s-dimensional vector
which contains the samplesf(xi, zi), i = 1...s, ordered
in the same way as the known samplesu(xi, zi) in the
vectoru from Eq. 7. The differenceu − f sampled at the
grid xl can be represented with the following equation:

(u − f)(xl, zl) = Sl(u − f), (29)

whereSl is aM × s permutation matrix which takes the
samples(u − f)(xi, zi), (xi, zi) ∈ pl from the difference
vectoru−uf and positions them properly on the gridxl.
ThusSl has value1 on positions(k, i), wherei is such
that(xi, zi) ∈ pl andk are the positions of these samples
on the gridxl.

Eq. 28 written for the sampled difference(u−f)(xl, zl)
from Eq. 29 describes the back-propagation of the differ-
ence information to the field generating coefficientsa

(f)
m ,

ordered in a vectora(f). Consequently, the projectionPl

can be re-defined to act on the field generating coefficient
vectora(f):

Pla
(f) = a(f) + E−1

χl
H−1

zl
FSl(u − f). (30)

The POCS-based reconstruction algorithm proceeds
as follows:

1. initialize â0,0 arbitrary

2. forn = 1 to nit

for l = 1 to L

(a) predict the field at the points of the given sam-
ples{(xi, zi)}s

i=1 asû(n,l) = Rân,l.

(b) calculatêan,l+1 = Plân,l by projecting the
predicted field̂u(n,l)(x, z) through Eq. 30

end

3. reconstruct the diffraction fieldu(x, z) from the re-
covered field generating coefficient vectorâ with
Eq. 4.

4.2. Convergence analysis

We attempt on deriving an expression for the error ob-
tained at then-th iteration in terms of the error at previous
iterations. Such expression can be analyzed to find factors
which influence the decay of the error norm through the
iterations, and the impact of these factors.

The error vectoren,l+1 which is obtained at then-th
iteration, after projecting on the setCl can be derived as
follows:

en,l+1 = a − ân,l+1 = a − Plân,l

= a − ân,l − E−1
χl

H−1
zl

FSl(u − û(n,l))

= en,l − E−1
χl

H−1
zl

FSlR(a − â(n,l))

=
(
I − E−1

χl
H−1

zl
FSlR

)
e(n,l). (31)

In order to ensure convergence, that is‖en,l+1‖ ≤ ‖en,l‖,
the iteration matrix

(
I− E−1

χl
H−1

zl
FSlR

)
must benon-

expansivei.e. it does not increase the the norm of a vector,
when applied to it. Astrict non-expansiveness of the ma-
trix is sufficient condition and a non-strict non- expansive-
ness is a necessary condition for convergence. The norm
of the iteration matrix is a measure for expansiveness:

∥∥I− E−1
χl

H−1
zl

FSlR
∥∥ =∥∥E−1

χl
H−1

zl
F
(
F−1Hzl

Eχl
− SlR

)∥∥ ≤∥∥E−1
χl

H−1
zl

F
∥∥∥∥F−1Hzl

Eχl
− SlR

∥∥ =∥∥F−1Hzl
Eχl

− SlR
∥∥ . (32)

The matricesHzl
andExl

represent propagation of the
coefficients and shift in spatial domain alongx by χl. Ac-
cording to the definition of the matrix norm, the derivation
from Eq. 32 continues as:

∥∥F−1Hzl
Eχl

− SlR
∥∥ =

max
a,‖a‖=1

∥∥F−1Hzl
Eχl

a − SlRa
∥∥ =

max
a,‖a‖=1

‖u(xl, zl) − Slu‖ . (33)

The operationSlu selects the samplesu(xi, zi), (xi, zi) ∈
pl which determine the setCl from the vectoru, and puts
them on the respective positions of the gridxl. Therefore
the differenceu(xl, zl) − Slu is u(xl, zl) with zeros in-
stead of the set determining samplesu(xi, zi), (xi, zi) ∈
pl. ForL2 norm, it can be written as:

‖u(xl, zl) − Slu‖2
2 = ‖u(xl, zl)‖2

2 − ‖u(pl)‖2
2 . (34)

As the norm of the coefficient vectora is unity, the norm
of the M -point uniformly sampled fieldu(xl, zl) on the
line zl is unity as well. Therefore, the norm of the differ-
enceu(xl, zl) − Slu is always less than or equal to unity.
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Figure 3. Performance of the CG-based reconstruction
on data with (solid line) cluster with and without (dashed
line) using weights for regularization.

Hence the iteration matrix
(
I − E−1

χl
H−1

zl
FSlR

)
is non-

expansive and the algorithm is convergent.
Eq. 34 suggest that if samples forming the setCl con-

tain large portion of the energy ofu(xl, zl) then the con-
vergence is faster. Consider the case whenu(x, z) is a
beam, with finite extent alongx at the linez = zl. If this
beam falls into a place where the samplesu(pl) form a
gap, then these samples will have small energy. Increasing
their density outside the gap will not decrease the norm in
Eq. 34 and therefore will not speed up the convergence.
Thus, taking the maximal value of this norm in Eq. 33 over
all possible field generatorsa will produce a value close
to 1 in the case when there are clusters or gaps in the sam-
plesu(pl). On the other hand, if these samples are spread
along the whole spatial extentT , then for anya they will
take significant part of the energy ofu(xl, zl) resulting in
lower norm in Eq. 33. Clusters alongz are also undesired.
Closely related points define closely spaced convex sets.
A projection from a set to set will not change much the
projected signal and will bring little new information.

The POCS performance highly depends on the struc-
ture of the given samples. Fully arbitraty sample positions
determine large number of sets (up tos) while samples on
few lines and on regural grids determine low number of
sets and more efficient projectctions from set to set.

5. EXPERIMENTS

The theoretical analysis on the convergence of the de-
scribed approaches is illustrated by three different experi-
ments. The given samples for the experiments were gener-
ated by Eq. 4, whereM = 256 non-zero field generating
coefficientsam were chosen as a Gaussian pulse centered
at the origin. Assessment of the results is based on the
normalized error between the originala and reconstructed
â coefficient vectors -e = ‖a − â‖2 / ‖a‖.

The goal of the first experiment is to verify the ben-
efit of using adaptive weights to regularize the CG-based
method for the case when there are clusters in the known
samples. The number of the given samples is chosen to
bes = 1.5M such that the system in Eq. 5 is not under-
determined.M samples are chosen to be randomly scat-
tered within a spatial rectangle, centered at the origin and
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Figure 4. Performance of the POCS-based reconstruction
method on data which defines structured (solid line) and
unstructured (dashed line) convex sets.

lying in the half-planez > 0, while the rest0.5M sam-
ples are chosen to form a cluster. The CG-based recon-
struction method is run with and without adaptive weights
on the samples for regularization. The error convergence
is shown in Figure 3 with solid and dashed lines respec-
tively. The condition numbers of the weighted and un-
weighted matrices reflects the benefit of using the weights
- κ(RHWR) = 2826, κ(RHR) = 8031. A simple ap-
proach is used to measure the clustering of the samples
and assign the adaptive weights inW. The spatial rect-
angle where the known samples are situated is subdivided
into rectangular cells with a coarse grid. The number of
samplesnc inside each cellc is counted, and each sample
which falls inside the cellc is weighted by1/nc. While
this method is not very precise, as it does not adapt to
the cluster shapes, it is used here only to demonstrate the
regularization power of the adaptive weights iterative ap-
proach.

The second experiment illustrates the rapid conver-
gence of the POCS-based reconstruction method when
structured convex sets can be formed from the known sam-
ples. Two sets ofs = 1.5M scattered light field samples
were generated. The samples for the first set are chosen to
be randomly scattered within a spatial rectangle, centered
at the origin and lying in the half-planez > 0. The sam-
ples for the second set are chosen inside the same spatial
rectangle, but they are selected so that they form4 struc-
tured convex sets. Each of these sets contains points which
lie on the same distancez, and are irregularly scattered
such that anM -point regular grid is able to host them.
The error convergence of the POCS-based reconstruction
method is shown in Figure 4 with a solid line for the struc-
tured data set and dashed line for the completely random
data set.

In general, the CG-based reconstruction algorithm con-
verges faster than the POCS-based algorithm. However,
when the known samples can be used to form structured
convex sets, the POCS-based algorithm uses much less
computations. This can be illustrated by choosing irregu-
larly scattered data points which form structured data sets,
in the same manner as in the previous experiment. For
such data, the error convergence rate in terms of number of
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Figure 5. Performance in terms of number of iterations
nit for the POCS-based (solid line) and CG-based (dashed
line) reconstruction methods on structured data.
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Figure 6. Performance in terms of complex multipli-
cations (CM ) for the POCS-based (solid line) and CG-
based (dashed line) reconstruction methods on structured
data.

iterations is similar for both reconstruction methods (Fig-
ure 5). However, one iteration of CG has computational
complexity ofO(Ms), while the POCS-based algorithm
has complexity ofO(M log M) for the projection from
one structured set to another, resulting inO(LM log M)
per iteration forL sets. In this experiment the structured
sets areL = 4, and the benefit of using POCS instead of
CG can be seen in Figure 6.

6. CONCLUSION

In this work, we aimed at analyzing the convergence of the
two preferred iterative schemes for diffraction field recon-
struction from non-uniformly distributed samples. The
convergence of the CG-based reconstruction method is
highly dependent on the condition number of the non-
uniform sample generating matrix. For clustered sam-
ple distributions, this matrix has a high condition num-
ber which can be reduced by adaptively weighting the
samples. This method shows efficiency even when the
weight selection method is rather rough. The POCS-based
reconstruction method is generalized for the case when
the known samples do not belong to a pre-defined reg-
ular grid. A detailed theoretical analysis shows that if
structured convex sets can be defined from the samples
distribution, the reconstruction method is rapidly conver-
gent and efficient implementation exists. Numerical sim-
ulations show smaller computational costs than those re-
quired by the CG-based approach.

7. REFERENCES

[1] G. B. Esmer, V. Uzunov, L. Onural, H. M. Ozak-
tas, and A. Gotchev, “Diffraction field computa-
tion from arbitrarily distributed data points in space,”
Signal Processing: Image Communication, vol. 22,
pp. 178–187, February 2007.

[2] V. Uzunov, A. Gotchev, G. B. Esmer, L. Onural, and
H. M. Ozaktas, “Non-uniform sampling and recon-
struction of diffraction field,” inProceedings of The
2006 SMMSP Workshop, Florence, Italy, 2007, pp.
191–197.

[3] E. Hecht,Optics, Addison Wesley, 1998.

[4] J. W. Goodman,Introduction to Fourier Optics, Mc-
Graw-Hill, New York, 1996.

[5] B. E. A. Saleh and M. C. Teich,Fundamentals of
Photonics, John Wiley and Sons, Inc., 1991.
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Abstract—This paper addresses the problem of reconstruction
of a monochromatic light field based on data points, irregu-
larly distributed within a volume of interest. Such set up is
considered to serve a wide area of applications related with
three-dimensional display and beam shaping, where physically
inconsistent input data is commonly available. Finite-dimensional
models of scalar light fields are used to state the reconstruction
problem as matrix inversion. Regularized inversion is done by
the Tikhonov method, implemented by the iterative algorithm
of conjugate gradients. The problem proves to be ill-posed,
where the data points inconsistency is fully compensated by
the regularized inversion, showing to be attractive for any
application.

I. INTRODUCTION

The numerical reconstruction of a physically consistent light
field within a volume of interest is important in many light
field synthesis applications related with light beam shaping [1]
and digital holography as three-dimensional (3D) imaging [2].
Primary tasks of digital holography are numerical reconstruc-
tion of digitally recorded holograms and computer generated
holograms of synthetic 3D objects and scenes.

According to the Rayleigh-Sommerfeld diffraction integral,
the light field on a certain plane is sufficient to compute the
wave field at any point within the volume of interest [3]. In
contrast, most works specify the volumetric structure of the
3D object on an ensemble of planes, at regular grid of points
at each plane, often oversampled [4], [5], [1]. Such a 3D
grid is still redundant in the sense that a light field can be
uniquely determined from a single plane. Moreover, a fixed
sampling grid often does not fit to data points distribution
provided by the application at hand. Therefore, a rather general
and dimensionally efficient set-up is to specify the volume of
interest as ensemble of data points with free positions, often
determined by the application at hand. In many cases, the data
specifications are not guaranteed to be physically consistent
with a light wave. For example, beam shaping and computer
generated holography specify a 3D object or scene as a very
complex structure of various shape and refraction properties,
and thus is unlikely to be a physically consistent light wave. A
common approach to treat the data inconsistencies are based
on iterative serial or block projection techniques, derived from
the Gerchberg-Saxton algorithm [6].

In our work we employ two previously developed finite-
dimensional models of diffraction which represent a light field
by a linear combination of generating functions[8], [7]. In this

manner the light field reconstruction is cast as an inversion
problem. The inconsistencies of the specified data points can
be modeled by an additive Gaussian term. Being simple,
such a modeling is quite general as it encompasses a wide
range of distortions coming from various applications. In many
cases the data point distributions contain clusters and gaps
which cause high condition number of the inversion matrices.
We aim at treating the inconsistencies as inverse problem
with a common approach such as the matrix-free Tikhonov
regularization, based on conjugate gradient iterations [9]. We
study the practical use of finite dimensional models and their
performance depending on the input data specifications.

II. PROBLEM FORMULATION

This paper uses two discrete expansions to model a scalar
monochromatic light field u(x, z) within a free space volume
of interest. For sake of simplicity, only one transversal spatial
dimension x is used together with the longitudinal dimension
z. The first model [7] discretizes the plane wave angular
spectrum [3] to get the expansion:

u(x, z) =

bM−1
2 c∑

m=−bM2 c

ame
j 2π
T z

√
T2

λ2
−m2

ej
2π
T mx. (1)

The coefficients am are the disretes of the angular spectrum
a(kx) for the discrete spatial frequencies kx = 2πm

T . Their
number M depends on the effective bandwidth of the de-
scribed light field and the density, determined by the assumed
spatial extent T of the field [7]. We refer to this expansion as
to Fourier Series (FS) -based model.

The second discrete expansion represents the light field u
in polar coordinate system (r, φ) with the correspondence x =
r sinφ and z = r cosφ. A detailed derivation [8] leads to an
expansion of the field in terms of circular harmonics:

u(r, φ) =
4π2

λ

bM−1
2 c∑

m=−bM2 c

cme
jm(φ+π

2 )Jm
(
2π
λ r
)
, (2)

where Jm is the m-th order Bessel function of the first kind.
The number M of nonzero coefficients cm is related to the
spatial and angular extent of the field [8]. We refer to this
expansion as to Bessel Functions (BF) -based model.

Naturally, an irregular grid can be specified as the set
of s sampling points {(xi, zi)}si=1, or, alternatively in polar
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coordinates {(ri, φi)}si=1. The field of interest is specified as
sample values u(xi, zi), i = 1, ..., s at these points. Now the
light field reconstruction problem can be stated as to find the
unknown field-generating coefficients cm or am, given the
irregularly distributed samples u(xi, zi), i = 1, ..., s. Eq. (2)
and Eq. (1) can be written for each point (xi, zi) to obtain
two alternative sets of equations, which can be expresed in a
matrix form as:

u = Ah, (3)

where h = a = [a−bM/2c, a−bM/2c+1, ..., ab(M−1)/2c]
T or

h = c = [c−bM/2c, c−bM/2c+1, ..., cb(M−1)/2c]
T is the un-

known vector of the field generating coefficients and the vector
of given samples is u = [u(x1, z1), u(x2, z2), ..., u(xs, zs)]

T .
A is the reconstruction matrix which has two different forms
depending on the discrete model. For the BF-based model A
is

A = J = {Jp,q}

=
{
ej(q−b

M
2 c−1)(φp+π

2 )Jq−bM2 c−1
(krp)

}
,

p = 1, ..., s, q = 1, ...,M (4)

and for the FS-based model A is

A = R = {Rp,q}

=

{
ej

2π
T zp

√
T2

λ2
−(q−bM2 c−1)2ej

2π
T (q−bM2 c−1)xp

}
,

p = 1, ..., s, q = 1, ...,M (5)

The straightforward approach to solve for the coefficient
vector h is to invert the matrix A. Note that the structure
of this matrix is determined only by the positions of the
known samples. Some field specifications might use more
samples to describe the fine details of a scene and less for
the uniform regions. Such clustering of the samples causes
large condition number of the matrix A and inversion becomes
numerically unstable. In addition, there might be noise and/or
the scene samples can be inconsistent with the physical models
of Eq. (2) and Eq. (1). As the inconsistencies might be of
various origin and difficult to predict in the common case, it
is reasonable to assume that their nature is also random as
any eventual noise appeared upon the scene capture. These
two factors can be accounted in a common random term ε:

y = Ah+ ε, (6)

where now y = [y1, ..., ys]
T is the vector of given data

samples, h is the unknown coefficient vector, A = J or
A = R depending on the model chosen for reconstruction,
and ε = [ε1, ..., εs]

T is a random vector drawn from zero-mean
normal distribution εi ∼ N (0, σ2). Upon direct inversion,
the high condition number of A causes strong amplification
of the random term and it dominates over the reconstructed
coefficients h.

The Tikhonov regularization approach finds a solution ĥ
which minimizes the functional:

ĥ = arg min
g∈RM

{
‖Ag − y‖2 + δ ‖g‖2

}
. (7)

Tikhonov regularization balances between the contradictory
requirements for small residual and small norm of the solution
[9]. The penalty term δ is used to tune this balance. Optimal
value of δ can be determined automatically by the Morozov’s
discrepancy principle. The minimum norm requirement en-
sures smoothness of the solution an thus robustness to noise,
while minimizing the residual ensures that the solution is
close to the target. A computationally attractive approach [9]
is based on iterative matrix solvers. The minimizer ĥ of the
Tikhonov functional in Eq. (7) is equivalent to the solution of
the linear system [9]:

(ATA+ δI)ĥ = ATy (8)

As the matrix H = ATA + δI is symmetric and positive
definite, it can be inverted with an iterative method. the
iterations build the solution step by step, updating the solution
vector each time until a desired accuracy is achieved. In
many cases the iterations converge fast enough to ensure
O(N2) complexity. The conjugate gradient (CG) method is
one of the most rapidly convergent and numerically stable
algorithms [9]. The level of the regularization parameter δ
can be automatically chosen e.g. according to Morozov’s
discrepancy principle [9].

III. EXPERIMENTS AND RESULTS

The data for all experiments is simulated by choosing the
coefficients in the models of Eq. 1 and Eq. 2 and computing the
field sample values at a set of irregularly distributed positions
{(xi, zi)}si=1. The sample positions are randomly distributed
within the region of interest, where a part of them forms a
cluster. The data inconsistency with the physical model is
simulated by adding a Gaussian term to the calculated sample
values. An inverse crime [9] is avoided by simulating the field
values with the BF-based model of Eq. 2 and performing
the reconstruction with the FS-based model of Eq. 1 an all
experiments. The performance of the reconstruction is assessed
by the Mean Squared Error (MSE) between the simulated and
reconstructed field values, calculated on a regular grid.

Fig. 1 demonstrates the existence of an inverse problem in
the presence of cluster. It shows the plots of the singular values
of the matrices R and J from Eq. 5 and Eq. 4, respectively.
The matrices are of size 384 × 256 which corresponds to
reconstruction of 256 unknown coefficients from 384 data
samples. Half of the sample positions are chosen to form a
cluster of square shape and variable size (cf. Fig. 1). In the
next experiment, the field samples are simulated at the same
sets of positions by the BF-based model. The samples are
simulated by choosing coefficients cm for the model which
would generate a continuous Gaussian beam inside the region
of interest. The energy level of the inconsistency term added
to the irregular samples is σ = 5% of the energy of the
field, computed on the regular grid used to estimate the
MSE. Fig. 2 shows the error convergence of the CG-based
iterative reconstruction, done by the matrix R. The value of the
regularization parameter δ is chosen according to Morozov’s
discrepancy principle [9].



Fig. 1. Singular values of J (solid lines) and R (dashed lines) for different
size of the cluster as percent of the region of interest.

Fig. 2. Convergence of the CG-based Tikhonov regularized reconstruction
for different sizes of the cluster (as percent of the region of interest). The
samples are simulated with the BF-based model and σ = 5% inconsistency
and the reconstruction is done by the FS-based model.

The last experiment shows the performance of the re-
construction for different noise levels σ. The field sample
distribution is chosen such that half of the 384 samples form
a cluster of 100 times smaller than the volume of interest.
Again, the coefficients cm for the BF-based model used in the
simulations correspond to a continuous Gaussian beam inside
the region of interest. Fig. 3 shows the reconstruction error
as a function of the regularization parameter δ. The curves
were build by varying δ in the regularized reconstruction. The
optimal values of δ which give the best reconstruction for
each noise level are very close to the ones obtained by the
Morozov’s discrepancy principle.

IV. CONCLUSION

In this paper we use two discrete models of diffraction to
demonstrate the performance of regularized reconstruction of
scalar light fields from irregularly distributed samples with

Fig. 3. Regularized reconstruction error e versus the regularization parameter
δ for different noise levels σ. The samples form a square cluster 100 times
smaller than the volume of interest.

inconsistency. The condition number of the reconstruction
matrices grows with the level of clustering of the data points.
The iterative reconstruction is able to compensate for the
sample inconsistency only when their clustering is not very
strong. The reconstruction converges rapidly also for larger
cluster size. The regularization compensates the ill-posedness
of the problem with reconstruction error close to the data point
inconsistency.
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This paper addresses the problem of reconstruction of a monochromatic light field from data points, irregularly distributed within
a volume of interest. Such setting is relevant for a wide range of three-dimensional display and beam shaping applications,
which deal with physically inconsistent data. Two finite-dimensional models of monochromatic light fields are used to state
the reconstruction problem as regularized matrix inversion. The Tikhonov method, implemented by the iterative algorithm of
conjugate gradients, is used for regularization. Estimates of the model dimensionality are related to the number of degrees of
freedom of the light field as to show how to control the data redundancy. Experiments demonstrate that various data point
distributions lead to ill-poseness and that regularized inversion is able to compensate for the data point inconsistencies with good
numerical performance.

1. Introduction

Many optical applications require a generation and control of
light fields. Digital processing by computers is an attractive
way of implementing such operations as it overcomes pos-
sible physical limitations of analog devices. However, signal
processing has to be suitably coupled with the otherwise
naturally continuous optical signals. This coupling requires
effective discrete representation of the continuous functions,
associated with the light fields. From one point of view,
the discrete representation of a light field should preserve
the degrees of freedom of the continuous model which
describes the physical properties of the field. From another
point of view, the discrete representation should admit the
requirements on the light field which are imposed by the
application. Three-dimensional (3D) imaging deals with the
reconstruction of captured optical signals by digital means as
CCD arrays and recreation of synthetic or computer gener-
ated, 3D data by holographic means [1]. Light beam shaping
requires the reconstruction or synthesis of light beams which
maintain certain properties along their propagation [2].

This paper addresses the problem of monochromatic
light field reconstruction from ensemble of data samples

with free positions, distributed within a volumetric region of
interest. Setting the light field specification at a nonuniform
irregular grid of points is rather general and can be utilized
in a wide range of applications. For example, computer
generated holography [3] reconstructs a light field to approx-
imate a synthetic or a captured object, given its 3D abstract
model—a point cloud, mesh, NURBS, and so forth [4]. The
data provided by such 3D models can be hosted conveniently
by an irregular grid. Limited aperture and resolution in
digital holography are remedied by multiple CCD recordings
in a single or different planes [5, 6]. These are prone
to distortions originating from not precisely known CCD
measurement locations which can be handled by an irregular
grid of points. Reconstruction of a light field in terms of
light field generators is required to drive properly a light
modulation system for an eventual light field synthesis. For
example, a color holographic 3D display system drives three
spatial light modulators—one for each red, green and blue
color channel [7].

Another advantage of specifying the application con-
straints as an ensemble of irregularly distributed samples
is the control on the input data redundancy. According to
the Rayleigh-Sommerfeld diffraction integral, the light field
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on a certain plane is sufficient to compute the wave field
at any point within the volume of interest [8]. Therefore,
a regular grid of samples at a certain transversal plane
should be sufficient to reconstruct the whole field. Gori [9]
and Onural [10] have derived conditions for the sampling
rate when the support of the field at any Fresnel plane
is limited, considering the cases when the diffraction field
originates from strictly band limited or strictly space limited
function. In the general case of a function which is essentially
limited both in space and frequency domain, the amount
of needed samples should not be higher than the degrees
of freedom N of the field, measured by the finite space-
bandwidth product. In this case the conditions from [9, 10]
require redundant amount of samples, as the spatial spread
of the field extends upon propagation along the longitudinal
direction z, while the frequency support remains the same.
An adhoc approach as in [11] and a strict derivation as in
[12, 13] use information about local bandwidth to reach
the number of degrees of freedom by the amount of needed
samples at any transversal plane along z. Early works [3, 14]
use some of these results to specify the object on a plane,
loosing the volumetric opportunity. Some recent works
commonly specify the volume of interest on an ensemble
of equally spaced planes, at a regular grid of points at each
plane, often oversampled [2, 15–19]. However, such a 3D
grid is still redundant with respect to the number of degrees
of freedom of the diffraction field. Moreover, a fixed 3D
grid might not fit well to an application-driven data point
distribution. In this sense, an irregular grid of points not only
fits any potential application but also opens up opportunities
for volumetric specifications and data redundancy control.

In any application, the specifications for the light field are
not guaranteed to be physically consistent with a light wave.
Digital recording of holograms include CCD noise, misalign-
ment, finite aperture and resolution. Light beam shaping and
computer generated holography specify complex structures
with properties, unlikely to be exhibited by a light wave.
The mainstream of articles on light field synthesis treats
the data specification inconsistencies by various iterative
projection methods, derived on the base of the Gerchberg-
Saxton algorithm [20]. Volumetric specifications usually
define one constraint set per plane, assign weights and
tolerances to the sets and use parallel or serial projections
to reach an optimized solution [2, 6, 18, 19, 21, 22]. Other
methods define the constraint sets on Ewald’s surface [17]
or fractional Fourier domain [23]. Alternative approaches to
treat the data inconsistency are based on genetic algorithms
with application to beam shaping [24, 25]. In our work we
employ two finite-dimensional models for diffraction which
represent a light field by a linear combination of generating
functions [26, 27]. In these models, the inconsistencies of
the specified data points can be represented by an additive
Gaussian term. While being simple, such a representation is
quite general and encompasses a wide range of distortions.

The light field reconstruction problem can be cast as an
inverse problem [28] to find the coefficients of the finite-
dimensional models from the specified data points [26, 27,
29]. The focus of this paper is on the characteristics of the
input data specification which influence the stability of the

finite-dimensional models for light field reconstruction. The
spectrum of each model is analyzed in various scenarios
depending on the size of the volume of interest, clustering
of the data points and amount of input data, as these are
important for practical applications. As far as the mathe-
matical approach is concerned, the Tikhonov regularization
[28] is used with both models to provide an approximate
solution which fits the specified data points. The singular
value decomposition- (SVD-) based implementation of
Tikhonov regularization is used to illustrate and analyze the
limits of the reconstruction. The regularization parameters
are determined by Morozov’s discrepancy principle. The
matrix-free Tikhonov regularization is suggested as practical
approach for reconstruction. It iteratively finds a regularized
solution based on the method of conjugate gradients (CGs)
[30]. The convergence rate and final reconstruction error for
various scenarios are presented to assess this approach.

The paper is organized as follows. Section 2 introduces
the basics of diffraction and notations related to the con-
sidered light fields. Section 3 presents the finite-dimensional
models used to represent the field, and discusses their
properties with focus on dimensionality issues. Section 4
states the observation model in a matrix form, based
on the irregularly distributed inconsistent data samples.
Regularized solutions used for approximating the input
data are presented in Section 5. Section 6 illustrates the
performance of the suggested reconstruction methods in a
number of guided experiments.

2. Basics of Diffraction

Consider a light field u(x, y, z), generated by a monochro-
matic light wave, which propagates in a linear, isotropic
and homogeneous media. Under such conditions, the spatial
distribution of the complex amplitude u satisfies the homo-
geneous Helmholtz wave equation [8]:

∇2u + k2u = 0, (1)

where k = 2π/λ is the wave number of the monochromatic
light. Such waves, emerging from an optical system, satisfy
the Sommerfeld radiation condition and are accurately
described by the Rayleigh-Sommerfeld diffraction integral
[8]. It relates the light field u(x, y, z) at any point (x, y, z)
to that on a “reference” plane at z = 0 in a linear and
shift-invariant relationship. However, the practical use of
this relationship for computations is limited as it requires
very high sampling rate [31]. Therefore, frequency domain
alternatives of the Rayleigh-Sommerfeld diffraction integral
are preferred [2, 22, 31].

For the sake of simplicity, the discussion is restricted
to one transverse dimension (x) only, resulting in a two-
dimensional (2D) scalar function u(x, z) describing the
light field. Note that the interesting dimension for the
scope the paper is the longitudinal one (z) as it keeps the
volumetric properties of the light field. Generalizations to the
three dimensional case are straightforward and mentioned
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whenever necessary. The function u(x, z) can be represented
by its 2D Fourier transform A(kx, kz):

u(x, z) =
∫∞
−∞

∫∞
−∞

A(kx, kz)e j(kxx+kzz)dkxdkz, (2)

where kx and kz are the spatial frequencies along x and
z directions, respectively. Applying the Fourier transform
on (1) and using the derivative property of the Fourier
transform, one ends up with the relation A(kx, kz)(k2 − k2

x −
k2
z ) = 0. Hence, A(kx, kz) can be nonzero only on the circle

with radius k = 2π/λ:

k2
x + k2

z = k2 =
(

2π
λ

)2

. (3)

3. Finite-Dimensional Models of Diffraction

3.1. Bessel-Fourier (B-F) Generators. As the spatial frequen-
cies kx and kz are limited only to a circle, the Fourier
transform A(kx, kz) is in fact one-dimensional function:

A(kx, kz) = A(k sin θ, k cos θ) ≡ C(θ), (4)

where the frequencies are expressed in polar form as kx =
k sin θ, kz = k cos θ with k = 2π/λ and θ ∈ [0, 2π). Upon a
change of the spatial coordinates x and z in polar form as x =
r sinφ and z = r cosφ, the Fourier transform in (2) becomes

u
(
r,φ
) = 2π

λ

∫ 2π

0
C(θ)e j(2π/λ)r cos(θ−φ)dθ. (5)

The function C(θ) is 2π-periodic. Consequently, it can
be described by the complex Fourier series as C(θ) =∑

m cme
jmθ . Inserting this into (5) and changing the order of

summation and integration, the field can be expressed as

u
(
r,φ
) = 4π2

λ

�(M−1)/2�∑
m=−�M/2�

cme
jm(φ+π/2)Jm

(
2π
λ
r
)

, (6)

where Jm(t) is the mth order Bessel function of the first
kind [32] which solves the remaining integral under the
summation. Equation (6) assumes that the Fourier series
representation of C(θ) has been truncated to M nonzero
coefficients cm /= 0,m = −�M/2�, . . . , �(M−1)/2� to arrive at
finite representation. Detailed derivation of the model can be
found in [26]. This model describes the field continuously at
any spatial point as a superposition of a discrete set of basis
functions ψm(r,φ) = e jm(φ+(π/2))Jm(kr), which are mutually
orthogonal and separable. Hence, the discrete set of scaling
coefficients cm describes completely the continuous field. Yet,
no explicit discretization was done during the derivation.

The model of (6) can be generalized to three dimensions
[33]. In 3D, the Fourier transform A(kx, ky , kz) is supported
on a sphere with the same radius k = 2π/λ and therefore
it is two-dimensional. Such a function can be expressed
as a superposition of spherical harmonics, instead of the
cylindrical harmonics e jm(φ+π/2). In radial direction the Bessel
functions Jm(kr) are substituted by the spherical Bessel
functions of the first kind.

3.2. Fourier Generators. Another frequency domain rep-
resentation of the diffraction field u(x, z) is based on a
decomposition in plane waves e j(z

√
k2−k2

x+xkx):

u(x, z) =
∫ 2π/λ

−2π/λ
a(kx)e j

√
k2−k2

xze jkxxdkx, (7)

where a(kx) is the 1D Fourier transform of the field u(x, 0)
restricted only to the initial line at z = 0. The derivation of
this integral is based on solving the Helmholtz equation for
the 1D Fourier transform az(kx) of the field u(x, z) restricted
to a line at a distance z, given a(kx) as initial condition.

The plane waves e j(z
√
k2−k2

x+xkx) propagate only in positive

direction z ≥ 0 as the frequencies kz =
√
k2 − k2

x assume
only positive sign. This corresponds to taking only half of the
circle k2

z + k2
x = k2 for kz ≥ 0.

As kx is limited within [−2π/λ, 2π/λ], the function
u(x, 0) is band limited. It can be further assumed to be
essentially space limited or, more precisely, to have a finite
space-bandwidth product. Such a function can be periodized
with period equal to the transversal extent T of a spatial
region of interest. This is equivalent to discretization of
a(kx). A periodic and band limited function is equivalently
represented by a finite number (M) of discrete spectral
components at values of the frequency kx = 2πm/T ,m =
−�M/2�, . . . , �(M−1)/2�. Using these values of kx in (7) leads
to a finite-dimensional model of diffraction:

u(x, z) =
�(M−1)/2�∑
m=−�M/2�

ame
j(2π/T)z

√
(T2/λ2)−m2

e j(2π/T)mx, (8)

where am = a(2πm/T) are the coefficients of the Fourier
series expansion of u(x, 0). This discrete, Fourier generators-
based, model describes the field continuously at any spatial
point as a superposition of the basis functions ϕm(x, z) =
e j(2π/T)z

√
(T2/λ2)−m2

e j(2π/T)mx.
The generalization of the model in (8) is straightforward.

Another transversal dimension y brings an extra term in

the plane waves e j(z
√
k2−k2

x+xkx+yky) [8]. Now the 2D function
u(x, y, 0) must be assumed space limited also along y, as
discretization of ky corresponds to periodization along y.

3.3. Dimensionality of the Models and Field Characteristics.
The derived models involve a finite number of M basis
functions in a linear combination to build up a light
field. The amount of the nonzero weighting coefficients
determine the dimensionality of any forward or inverse
problem related with computation or reconstruction of a
light field. Therefore, it is important to relate this amount
to the physical properties of the approximating field. The
specified region of interest and target detail level can be
naturally related to the spatial and frequency content of the
field, that is, to the number of degrees of freedom of the field.
As the field can be completely described by the function on
the initial line u(x, 0), its number of degrees of freedom is
equal to the degrees of freedom of u(x, 0). The number of
degrees of freedom N is a set of N numbers which describe it
completely. In terms of the Wigner distribution, this is the
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area in the time-frequency plane under which the Wigner
distribution of the function is essentially nonzero [34]. This
can be measured by the space-bandwidth product between
the spatial Δx and frequency Δkx extent:

N = ΔxΔkx
2π

, (9)

where the factor 2π renormalizes the angular frequency
kx to an ordinary one. The number N can be related
to the number of independent Gabor atoms with unit
space-bandwidth product in the Gabor representation of
u(x, 0). Alternatively, if u(x, 0) is sampled uniformly along
x according to the Nyquist rate 2π/Δkx, then N becomes
the number of essentially nonzero samples from which
the continuous function u(x, 0) can be reconstructed. In
practice, N can often be estimated from the application at
hand. For example, it can be related to the physical properties
of a sensing device. For synthetic data and other applications,
reasonable assumptions about the desired detail level of the
target can be used.

3.3.1. Fourier Generators. The amount of required coef-
ficients MF for this model is directly related with the
bandwidth of u(x, 0):

2πMF

T
= Δkx = 2πN

Δx
,

hence MF =
⌊
N

T

2πΔx

⌋
.

(10)

Equation (10) suggests that MF is directly proportional to
N . This result is expected as the Fourier generators discretize
the frequency band of u(x, 0). The proportionality coefficient
T/Δx defines the excess which needs to be taken. The period
T must be larger than Δx so that the periodic replicas of
u(x, 0) do not overlap. However, choosing T close to Δx
does not guarantee that an overlap will not occur on a
line at further distance z. Discrete frequency axis kx defines
discrete Fourier spectrum of u(x, z) at any line z, keeping
u(x, z) periodic with the same period T . On the other hand,
spatially limited pattern u(x, 0) tends to spread its transversal
support when propagated along z. Therefore, given maximal
distance zmax according to the specified region of interest, one
must ensure that T > Δzmaxx, where Δzmaxx is the support
of u(x, zmax). The relative increase of this spatial support
Δzmaxx/Δx is smaller (closer to 1) for larger Δx at fixed
distance zmax.

3.3.2. Bessel-Fourier Generators. The coefficients cm in the
Bessel-Fourier model are the Fourier series coefficients
of C(θ). Their amount MB can be determined from the
frequency support of C(θ). Direct comparison of (2) and (7)
yields

A(kx, kz) = a(kx)δ
(
kz −

√
k2 − k2

x

)
,

C(θ) = A(k sin θ, k cos θ) = a(k sin θ)δ(0).

(11)

Hence, the frequency support of a(k sin θ) coincides with the
frequency support of C(θ) and can be used to estimate the
number MB.

The duality property of the Fourier transform
FT{a(kx)} = u(−2πx, 0) can be used to obtain the frequency
support of a(kx) as Δx/2π. However, the frequency support
of a(k sin θ) with respect to θ is not the same, even though
it is related to Δx/2π. The highest frequency in the Fourier
transform of a(kx) is Δx/4π—the same as the frequency
of the harmonic cos((Δx/2)kx). Therefore, the frequency
support of cos((Δx/2)k sin θ) = cos((πΔx/λ) sin θ) can
be used to estimate the frequency support of a(k sin θ).
In communication theory, such a harmonic function is
recognized as a special case of frequency modulated signal
cos(2π fcθ + (Δ f / fm) sin(2π fmθ)). Its frequency support
is approximated as 2( fm + Δ f ) according to the Carson’s
rule [35]. The frequency support of cos((πΔx/λ) sin θ)
and a(k sin θ) and C(θ),respectively, is estimated as
2((1/2π) + (Δx/2λ)) ≈ Δx/λ. Hence, the dimensionality of
the Bessel-Fourier model required to describe a field with
transversal support Δx on the reference line is:

MB =
⌊
Δx

λ

⌋
=
⌊
N

2π
Δkxλ

⌋
. (12)

This result suggests that the Bessel-Fourier model requires
small amount of generators when the spatial support of the
field is comparable to the wavelength. From another point
of view, if N is assumed to be fixed, then the excess in MB

compared to N is determined by the ratio between 2π/Δkx
and λ. In fact, 2π/Δkx is the size of the finest detail structure
in u(x, 0).

4. Irregularly Sampled Diffraction Fields

An irregular grid is specified as the set of s sampling points
{(xi, zi)}si=1, or, in polar coordinates {(ri,φi)}si=1, with the
correspondence xi = ri sinφi and zi = ri cosφi. The sampled
field is specified as the sample values u(xi, zi), i = 1, . . . , s. The
light field reconstruction problem is to find the unknown
field-generating coefficients cm or am, given the irregularly
distributed samples u(xi, zi), i = 1, . . . , s. Equations (6) and
(8) can be written for each point in the irregular sampling
set to obtain

u
(
ri,φi

) = 4π2

λ

�(M−1)/2�∑
m=−�M/2�

cme
jm(φi+(π/2))Jm

(
2π
λ
ri

)
,

u(xi, zi) =
�(M−1)/2�∑
m=−�M/2�

ame
j(2π/T)

√
(T2/λ2)−m2 zi e j(2π/T)mxi ,

(13)

for i = 1, . . . , s. Each of these sets of equations forms a linear
system for the M unknown coefficients cm or am and can be
expressed in a matrix form:

u = Ah, (14)

where h = a = [a−�M/2�, a−�M/2�+1, . . . , a�(M−1)/2�]
T or

h = c = [c−�M/2�, c−�M/2�+1, . . . , c�(M−1)/2�]
T is the unknown
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vector of the field generating coefficients and the vector of
given samples is u = [u(x1, z1),u(x2, z2), . . . ,u(xs, zs)]T . A
is the reconstruction matrix which has two different forms
depending on the discrete model. For the Bessel-Fourier
model A is

A = J =
{
Jp,q

}

=
{
e j(q−�M/2�−1)(φp+(π/2))Jq−�M/2�−1

(
krp
)}

,

p = 1, . . . , s, q = 1, . . . ,M

(15)

and for the Fourier model A is

A = R =
{
Rp,q

}

=
{
e j(2π/T)

√
(T2/λ2)−(q−�M/2�−1)2 zp e j(2π/T)(q−�M/2�−1)xp

}
,

p = 1, . . . , s, q = 1, . . . ,M.
(16)

The straightforward approach to solve for the coefficient
vector h is to invert the matrix A. Note that the structure of
this matrix is determined only by the positions of the known
samples. Some field specifications might use more samples
to describe the fine details of a scene and less for the uniform
regions. Such clustering of the samples causes large condition
number of the matrix A and inversion becomes numerically
unstable. In addition, there might be noise and/or the scene
samples can be inconsistent with the physical models of (6)
and (8). As the inconsistencies might be of various origin and
difficult to predict in the common case, it is reasonable to
assume that their nature is also random as any eventual noise
appeared upon the scene capture. These two factors can be
accounted in a common random term ε:

y = Ah + ε, (17)

where now y = [y1, . . . , ys]
T is the vector of given data

samples, h is the unknown coefficient vector, A = J or A =
R depending on the model chosen for reconstruction, and
ε = [ε1, . . . , εs]

T is a random vector drawn from zero-mean
normal distribution εi ∼ N (0, σ2). Upon direct inversion,
the high condition number of A causes strong amplification
of the random term and it dominates over the reconstructed
coefficients h.

5. Regularized Reconstruction

A linear system can be solved by taking the pseudoinverse
with the help of SVD [36]. SVD decomposes an s×M matrix
as A = UDVT with U and V containing the left and right
singular vectors of A, respectively. D = diag{d1, . . . ,dn},n =
min(s,M), is an s×M diagonal matrix with the value ordered
singular values of A. The Moore-Penrose pseudoinverse A+

can be used to find a solution ĥ, provided the desired
data vector y as ĥ = A+y = VD+UTy, where D+ =
diag{d−1

1 ,d−1
2 , . . . ,d−1

n } [36].

If the SVD pseudoinverse is applied to the left side of
the noisy observation vector y = Ah + ε, the noise norm
in the resultant reconstruction will be boosted by a factor of
d−1
n . In the case when the condition number of A is large,
d−1
n is large as well, and the noise will be dominant in the

reconstruction. A common remedy is to apply Tikhonov
regularization, that is, to introduce a penalty term δ into the
inversion matrix D+

δ = diag{d1/(d2
1 +δ), . . . ,dn/(d2

n+δ)} [28].
This is equivalent to solving the minimization problem

ĥ = arg min
g∈RM

{∥∥Ag− y
∥∥2 + δ

∥∥g
∥∥2
}

, (18)

that is, to minimizing the norms of both residual and
solution. Tikhonov regularization balances between the con-
tradictory requirements for small residual and small norm of
the solution by the penalty term δ [28]. The minimum norm
requirement ensures smoothness of the solution an thus
robustness to noise, while minimizing the residual ensures
that the solution is close to the target. Optimal value of δ can
be determined automatically by the Morozov’s discrepancy
principle [28].

The SVD form of the Tikhonov regularized solution
is very convenient for analysis purposes. However, finding
the SVD of a matrix is of cubic complexity [36]. A more
computationally attractive approach is based on iterative

matrix solvers [28]. The minimizer ĥ of the Tikhonov
functional in (18) is equivalent to the solution of the linear
system [28]:

(
ATA + δI

)
ĥ = ATy (19)

The matrix H = ATA + δI is symmetric and positive definite.
Therefore, it can be inverted with an iterative method, which
builds the solution step by step, updating the solution vector
each time until a desired accuracy is achieved [30]. In
many cases the iterations converge fast enough to ensure
lower complexity than the SVD-based Tikhonov solution.
The conjugate gradient method is one of the most rapidly
convergent and numerically stable algorithms [30]. It iterates
as follows:

(1) initialize b = ATy, ĥ arbitrary, r0 = b−Hĥ and d0 =
r0.

(2) For i = 1 to imax

(a) wi = Hdi
(b) βi = ‖ri‖/(dTi wi)

(c) ĥ = ĥ + βidi
(d) ri+1 = ri − βiwi

(e) γi = ‖ri+1‖2/‖ri‖2

(f) di+1 = ri+1 + γidi

(3) End.

CG method updates the solution at each iteration with a
small portion βi along the search direction di (step (2c)).
The search directions are conjugate to each other, which
guarantees convergence in at most M iterations. Practically,
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the algorithm converges to a predefined accuracy in much
less iterations imax  M. The most computationally
expensive operation at each iteration is the matrix-vector
product at step (2a) which requires M2 operations. The
total complexity of the algorithm is O(imaxM2)—lower than
O(M3) required by the SVD-based Tikhonov solution.

6. Experiments and Results

The light field reconstruction approaches presented in this
paper are evaluated by controlled experiments on simulated
data. The experiments are described in two subsections. The
first subsection describes the details of input data simulation
and the criterion for reconstruction performance evaluation,
common to all experiments. The second subsection presents
experimental results and discusses the benefits of the regular-
ized reconstruction in various scenarios.

6.1. Data Simulation and Performance Evaluation. All experi-
ments are carried out on synthetic data. The data is simulated
using the observation model of (17), where the matrix A is
computed according to (15) for the B-F model or according
to (16) for the Fourier model. The matrices relate M
generating coefficients with s data samples, pseudorandomly
distributed within a volume of interest.

The dimensionality M of the reconstruction matrix
must be the same for both models so that the reconstruc-
tion results are comparable. However, this dimensionality
depends on different factors for the different models (cf.
Section 3.3). For both models, M = 256 nonzero coefficients
are able to produce a Gaussian beam inside a square region
of interest with size T× zmax = 0.1 mm×0.1 mm. The size of
the region of interest is selected so that the adjacent replicas
of the field produced by the Fourier generators do not
overlap at distance zmax comparable to T . Figure 1 depicts the
magnitude of the fields produced by the B-F generators and
the Fourier generators by showing the values on a uniform
256× 256 grid which spans the whole region of interest.

The samples of the field used for its reconstruction are
simulated by (17) on s randomly selected positions within
the volume of interest. The amount of points s is chosen to
be greater than the amount of nonzero coefficients M. The
underdetermined case s < M is not considered interesting
as the minimal norm solution might diverge substantially
from the true underlying coefficient vector [27, 37]. In some
experiments, part of the specified data points are selected
to form clusters with size much smaller than the region of
interest. The samples are randomly distributed according to
uniform distribution both inside and outside of the clusters.
The size and position of the clusters and the amount of
points inside and outside the clusters define different sample
density in different subdomains of the region of interest.
Varying these parameters helps to investigate the effect of
variable sample density within the light field support. The
influence of these parameters on the ill-posedness of the
reconstruction problem is examined during the first group
of experiments. Based on the results, representative scenarios
are selected to test the reconstruction approaches.

(a) (b)

Figure 1: A diffraction field representing a Gaussian beam com-
puted by the B-F generators (a) and by the Fourier generators (b)
on an uniform 256× 256 grid covering a region of interest with size
0.1 mm× 0.1 mm.

In a fair experiment, the reconstruction performance
must be compared with the inconsistency of the input data.
Hence, the inconsistency level σ and the reconstruction error
e must be measured according to the same quantity. Often
one model is used to simulate the samples and another to
reconstruct the light field, so that an inverse crime does not
take place when experimenting on simulated data [28]. The
models are characterized by sets of generating coefficients
which cannot be compared directly. Instead, the sets of
coefficients are used to compute the reconstructed light field
within the whole region of interest on a uniform, rectangular
grid Γ = {lξ,nζ}Ml,n=0, with ξ = T/M and ζ = zmax/M being
the sampling steps. The error is measured on this uniform
grid:

e = ‖F0 − F‖
‖F0‖

. (20)

Here, F0 = u0(Γ) and F = u(Γ) are vectors formed by the
field values computed on the grid Γ out of the simulation and
reconstruction models, respectively. An inconsistency level σ ,
comparable to this error, can be selected as a percentage of
the energy of the field F0.

6.2. Experiments. The light field reconstruction problem
becomes ill-posed and requires regularization when the
spectrum of the reconstruction matrix (R or J) is widely
spread and contains many small values. The structure of
the matrices depends only on the specified data point
distribution. A first group of experiments investigates the
spectra of these matrices for different data point distribution
scenarios. A second group of experiments illustrates the need
and benefit of regularization even for some cases of well-
distributed and physically consistent data points. Finally, the
last group of experiments shows the benefits and limitations
of the regularization for data distributions which make the
reconstruction problem ill-posed. This group includes also
an experiment which demonstrates a potential practical
application of the considered reconstruction approach.

6.2.1. Matrix Singular Values. This group of experiments
examines the spectra of R and J for various volume of interest
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Figure 2: Singular values of J (solid lines) and R (dashed lines) for
different sizes of the region of interest in [m] (number next to each
line) and s = 384 given data points which do not form a cluster.
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Figure 3: Singular values of J (solid lines) and R (dashed lines) for
different sizes of the cluster as percent of the region of interest.

sizes and specified data point densities. Spatial variations of
the density are simulated by forming data point clusters of
various size, shape and position.

The plots in Figure 2 represent the singular values of J
and R for varying size of the region of interest. It has square
shape and the amount of irregularly distributed points is
selected as s = 1.5M = 384 so that the matrices are
overdetermined. No clusters are formed in this experiment.
The vertical axis in Figure 2 represents the singular value di,
while the abscissa represents its index i = 1, 2, . . . ,n after
the singular values have been sorted in a descending order,
that is, d1 ≥ d2 ≥ · · · ≥ dn. Both J and R show their
most compact spectra when the dimensionality M = 256
fits the size of the region of interest. Driving away from this
matching size, the spectrum of both J and R spreads more.
The matrix R has well-concentrated singular values, while J
is still ill-conditioned for the matching size. Hence, in the
absence of clusters, R can still be used for reconstruction

without regularization, as the next group of experiments
will demonstrate. Irregularly distributed samples in a square
region of interest do not have wide angular diversity and the
Bessel-Fourier generators do not bring enough information
to recover the coefficients from the samples. This causes
wide-spread singular values of J. It is possible to demonstrate
that the spectra of J become more compact if the volume of
interest has wider size along x than along z.

Next experiments investigate how the presence of clusters
influence the spectra of J and R. The basic experiment
varies the size of a single square cluster, positioned in the
center of a square region of interest of size T × zmax =
0.1 mm × 0.1 mm. The experiments use s = 384 points,
half of which are distributed inside the cluster and the other
half outside. The singular value plots in Figure 3 show
that the matrix R becomes ill-conditioned similarly to J. A
smaller cluster spreads the singular values more for both
matrices. However, the spectra of J are less sensitive to the
changes of the size of the cluster, while the spectra of R
vary considerably. This is another illustration of the fact that
the Bessel-Fourier generators produce a well-conditioned
reconstruction matrix when the angular diversity of the
samples is higher. On the other hand, this also shows that the
Fourier model depends more on the transversal and longi-
tudinal diversity of the sample positions, as the cluster size
controls the sample density distribution. Some additional
experiments vary the position of a fixed-size cluster within
the region of interest and the amount of clusters. The amount
of clusters does not influence significantly the spectra of
both matrices, provided that the sample density within the
clusters is kept constant. However, large amount of clusters
spread the general distribution of samples, which improves
the spectra of R. The spectra of J improve significantly when
the cluster position goes closer to the origin, thus providing
samples with higher angular diversity. The spectra of R
remain invariant to the position of the cluster within the
region of interest.

The last experiments of this group investigates how the
amount of given points s influences the singular values of J
and R. The simulated region of interest has size T × zmax =
0.1 mm × 0.1 mm and contains a single cluster of 100 times
smaller size, located in the middle. One of the experiments
varies the amount of points outside the cluster from 64 to
1024, while the amount of points within the cluster is kept
fixed to 192. The other experiment varies the amount of
points inside the cluster from 64 to 1024, while the amount
of the samples outside the cluster is kept fixed to 192. The
minimum total amount of points s is at least 256 in both
experiments, so that the matrices are not underdetermined.
The singular value plots of J and R show significant influence
when the points outside the cluster are varied (Figure 4),
while they remain almost invariant to the amount of points
within the cluster. More points outside the cluster carry
more information for both models and the singular values
of the reconstruction matrices become more compact. The
Bessel-Fourier generators benefit from new points outside
the cluster as they carry new angles, unlike new points within
the cluster. The Fourier generators benefit from more points
outside the cluster as this increases the overall point density,
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Figure 4: Singular values of J (solid lines) and R (dashed lines)
for different amounts (shown next to each line) of given samples
outside a cluster of size 100 times smaller than the region of interest.

Table 1: Nonregularized reconstruction errors for different noise
levels.

σ , [%] e, Fourier model e, B-F model

0 3.19.10−13 1.88.10−5

1 0.015 4.56.107

2 0.027 9.12.107

5 0.068 2.28.108

10 0.13 4.56.108

while more points within the cluster keep the overall density
the same. However, this benefit vanishes after the overall
density goes above a certain level, which is theoretically
sufficient to reconstruct any field for the chosen volume of
interest and dimensionality M.

6.2.2. Regularization for Unclustered Input Data Points.
This group of experiments aims at demonstrating that an
ill-conditioned reconstruction matrix needs regularization
for reconstruction even for well-distributed and physically
consistent input data. The benefits and limitations of the
Tikhonov regularization method are illustrated for different
levels of inconsistency of the input data. The data was
simulated inside a square region of interest of size T×zmax =
0.1 mm × 0.1 mm with the B-F model. The model uses
M = 256 nonzero coefficients. The amount of simulated
points is s = 384 so that the matrices R and J are
overdetermined. The points do not form a cluster so that
R has compact spectrum and J does not (Figure 2). At
first, nonregularized reconstructions were done for different
levels of inconsistency with errors shown in Table 1. The
reconstruction based on the Fourier model shows practically
zero error for physically consistent data (σ = 0%), while
the reconstruction with B-F generators shows some very
small, yet not zero error. For inconsistent data, the Fourier
generators are able to reconstruct a field with an error
comparable to the inconsistency level. At the same time the
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Figure 5: Convergence of the CG algorithm for reconstruction
from nonclustered and physically consistent field samples, simu-
lated by the B-F generators. The CG algorithm was applied to the
nonregularized matrices J and R.

B-F generators model is unable to reconstruct the field even
for very small inconsistency (σ = 1%). This is due to the
random term amplification by the reciprocal of the small
singular values of J, as discussed in Section 5. In practice,
the reconstruction from consistent data is done by applying
an iterative technique based on the CG method on the
reconstruction matrices R and J. The convergence of CG
depends on the condition number d1/dn of the matrix [30].
Hence, CG converges fast for R whose condition number
is small and very slow for J which has high condition
number (Figure 5). A regularization strategy is needed
when the reconstruction matrix is ill-conditioned. Tikhonov
regularization changes the singular values of a matrix by
the parameter δ (cf. Section 5). Any change in the spectra
of the reconstruction matrix impairs the accuracy of an
eventual reconstruction. However, the small singular values
are increased and the inconsistency random term ε is not
amplified much. An optimal value of δ corresponding to a
minimal error is found by Morozov’s principle. Such value
of δ optimizes the condition number of JTJ + δI so that
the CG-based Tikhonov regularization converges faster with
a minimal final error (Figure 6). The final error is very
close to the inconsistency level σ . Thus, the regularization
of J helps to acheive very similar convergence and error as
reconstructing with the well-conditioned R.

6.2.3. Benefits and Limitations of Regularization for Clustered
Data Points. The last group of experiments aim at illustrat-
ing the benefits and the limitations of the regularized field
reconstruction when the specified data point distribution
contains clusters. In such scenarios, both matrices R and J
have widely spread spectra. In this context, it is interesting
to investigate how the factors affecting the spectra of R and
J influence the regularized reconstruction performance. The
factors which have the greatest influence on the spectrum are
the size of the cluster and the amount of points outside the
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Figure 6: Convergence of the CG algorithm for reconstruction
from nonclustered field samples, generated by the B-F model. The
inconsistency level is 5%. The CG algorithm was applied to the
regularized J and unregularized R.

cluster. The performance is assessed by the reconstruction
error and the convergence rate of the CG-based Tikhonov
regularization.

The first experiment of this group investigates the
performance of the Tikhoniov regularized reconstruction for
different levels of inconsistency σ of the input data. The B-F
generators are used to simulate the data points inside a square
region of interest of size T × zmax = 0.1 mm × 0.1 mm. The
total amount of points is s = 384 and half of them form a
cluster of 100 times smaller size than the region of interest.
The cluster is located in the center of the region of interest.
The field was reconstructed from the known samples by
the SVD-based Tikhonov regularization on the matrix R for
different values of the regularization parameter δ. The plots
of the reconstruction error e versus δ are shown in Figure 7.
The plots show that the Tikhonov regularization is able to
compensate completely for the clusterization of inconsistent
input data. If the samples are physically consistent, only
an approximate solution can be achieved with sufficiently
low error rate. Figure 8 shows the convergence rate of the
CG-based Tikhonov regularized reconstruction when the
level of inconsistency of the input data is 5%. The value of
the regularization parameter δ was computed by Morozov’s
principle. The B-F model leads to slightly faster convergence
rate than the Fourier model, demonstrating the existence of
an inverse crime. Comparison with Figure 6 shows that both
models have similar performance compared to the case of
nonclustered data. In this case, the Tikhonov regularization
is able to compensate completely for the ill-posedness caused
by data clustering.

Next, it is interesting to test if decreasing the size of the
cluster further affects the performance of the regularized
reconstruction as it affects the spectra of the matrices R and J
(Figure 3). In this experiment, the data inconsistency level is
fixed to σ = 5% and the size of the cluster is varied. All other
parameters of the scenario are the same as in the previous
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Figure 7: Tikhonov regularization reconstruction error e versus the
regularization parameter δ for different noise levels σ . The samples
are simulated with the B-F generators and the field is reconstructed
by the Fourier generators. The samples form a square cluster 100
times smaller than the volume of interest.
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Figure 8: Convergence of the CG-based Tikhonov regularized
reconstruction from samples generated by the B-F model which
form a square cluster of size 100 less than the region of interest.
The inconsistency level of the samples is 5%.

experiment. Figure 9 shows the convergence of the CG-based
Tikhonov regularized reconstruction involving the Fourier
generators. The optimal regularization parameter δ for each
curve is obtained by Morozov’s discrepancy principle. The
optimal δ value is smaller for smaller cluster sizes, and hence
the condition number of the reconstruction matrix ATA + δI
increases and the convergence of the CG algorithm becomes
slower.

Another factor which influences the spectrum of the
reconstruction matrices J and R is the amount of given data
samples outside the cluster (Figure 4). It is interesting to
check the influence of this amount on the reconstruction
error and convergence of the CG-based reconstruction. The
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Figure 9: Convergence of the CG-based Tikhonov regularized
reconstruction for different sizes of the cluster (as percent of the
region of interest). The samples are simulated with the B-F model
and σ = 5% inconsistency and the reconstruction is done by the
Fourier generators.
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Figure 10: Convergence of the CG-based Tikhonov regularized
reconstruction with the Fourier generators for different amounts
of data points outside a cluster (number next to each line). The
samples are simulated with the B-F generators and σ = 5%
inconsistency.

B-F generators are used to simulate the data points inside
a square region of interest of size T × zmax = 0.1 mm ×
0.1 mm with level of inconsistency σ = 5%. 192 points
form a cluster in the middle of the region of interest with
size 400 times smaller than this region. The amount of
points outside the cluster is varied from 64 to 1024 so
that the total amount of points is always at least 256 and
J and R are not underdetermined. Figure 10 shows the
convergence plots of the CG-based reconstruction done with
the Fourier model. The lower reconstruction error clearly
indicates the benefit of having more data points outside the
cluster, showing lower minimal error rate. The optimal value

of the regularization parameter δ increases together with the
amount of points. This decreases the condition number of
the regularized reconstruction matrix ATA + δI and speeds
up the convergence rate.

The last experiment investigates a sample distribu-
tion scenario which occurs for high-resolution light field
reconstruction from multiple low-resolution and limited-
aperture CCD recordings. Such a scenario is investigated
to demonstrate the practical applicability of the proposed
reconstruction approach. In addition, this experiment recon-
structs a light field which originates from a realistic object as
a more sophisticated distribution. The reconstruction is done
again with one transverse dimension only for the sake of
comparability with the other experiments. The object at the
initial line is 256-sample vertical strip from the “Lena” image,
which is used as a standard test material in image processing.
The bandwidth of this object contains 256 nonzero frequency
components, which coincide with the coefficients am of the
Fourier generators model. The light emerging from such an
object is propagated within a region of size T × zmax =
0.2 mm × 0.2 mm which makes the effective bandwidth of
the image Δkx = 256(2π/2.10−4) ≈ 8042.5 rad/mm. The
CCD sensors are considered to have twice lower frequency
resolution, that is, sampling step of 2(2π/Δkx) ≈ 0.0016 mm
and size 0.1 mm—twice smaller than the transversal extent
T . This setting results in 64 samples per CCD. Samples of
the light field are captured by 6 different CCD recordings
obtained at 6 different CCD positions on a transversal line,
such that the oversampling factor is 1.5. The positions of
the CCDs are selected such that the total amount of samples
is distributed denser around the origin and sparser towards
the side of the line, as shown in Figure 11. In this manner,
the sampling approximates a density distribution, optimal in
the sense of [11]. The higher sample density at the center
forms a cluster which spreads the singular values of the
reconstruction matrix R, as evident from Figure 11. Complex
values at the CCDs sample positions are simulated from the
coefficients am of the Fourier generators model. In practice,
complex values can be obtained by, for example, temporal
phase shifting for each CCD position. The CCD noise is sim-
ulated by adding an inconsistency with level σ = 5% to the
simulated CCD sample values. The regularized, CG-based
reconstruction shows rapid convergence to an error compa-
rable to the inconsistency level, as illustrated in Figure 12.

7. Conclusion

This paper has addressed the problem of monochromatic
light field reconstruction from irregularly distributed sam-
ples with physically inconsistent values. The proposed recon-
struction method is based on finite-dimensional modeling
of the problem and regularized inversion. Our approach
encompasses a wide range of applications in the area of
3D display and beam shaping. The dimensionality of both
models can be directly related to the number of degrees
of freedom of the field with a certain excess. The excess
depends on the ratio between the transversal extent and
volume of interest for the Fourier model and on the ratio
between the finest detail level and wavelength for the B-F
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Figure 11: Samples from CCD recordings at 6 different CCD
positions (shown in different colors and heights) on a transversal
line (top) spread the singular values of R (bottom).
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Figure 12: Convergence of the CG-based Tikhonov regularized
reconstruction of the “Lena” strip light field from samples which
imitate data multiple CCD recordings. The samples are simulated
with the Fourier generators and σ = 5% inconsistency.

model. Uniform sample density defines the reconstruction
problem as well posed when described by the Fourier model
and as ill-posed when described by the B-F model. For such
density, satisfactory reconstruction can be done with amount
of points close to the number of degrees of freedom of
the field. However, spatial variations of the density define
the reconstruction problem as ill-posed for both models.
Regularized reconstruction is able to compensate for the ill-
posedness when the sample density variations are not very
diverse within the region of interest. The reconstruction
error and convergence of the iterative solver are very similar
to the well-posed case. Large variations of the sample density

increase the reconstruction error above the level of incon-
sistency of the input sample data. In this sense, increasing
redundancy in the amount of samples away from the number
of degrees of freedom of the field brings clear benefit.
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