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Abstract 
Three-dimensional (3D) imaging refers to a set of techniques aimed at sensing 3D visual 

scenes, processing them and recreating them on various displays. 3D imaging has always been 
of research interest given the quest for ultra-realistic and interactive visualization of the world 
around us. 3D imaging technologies are at the core of a number of important applications such 
as 3D cinema, free-viewpoint video, advanced driver assistance systems, robot vision, 
simultaneous localization and mapping, and human face identification in mobile devices, just 
to name a few. Still, there are research challenges and problems which require further research. 
Unlike other research topics in signal/image processing, 3D imaging needs to address the full 
processing chain. It starts with proper sensing in terms of sensor hardware, and topologies 
involving aligned multi-modal sensors. It then goes on to proper data representation and 
compression, moves on through 3D reconstruction in terms of multi-view multi-depth video or 
geometrical models and ends up with rendering and visualization on displays aimed at higher 
quality of user immersion. Only such a holistic approach would ensure that 3D visual scenes 
are analyzed and visualized correctly: that their geometry is faithfully represented, the textures 
are photo-realistically rendered, and the user experience is therefore greatly enhanced. Failing 
to take into account all the main links in the 3D data processing chain would inevitably lead to 
degraded quality and might eventually discourage the use of 3D imaging. People would have 
to continue seeing the recreated visual world on flat screens in plain old 2D. 

Starting with 3D scene sensing, one has to select the sensing modes, which generally vary 
from passive (stereo or multi-) camera systems to active depth sensors or optimized 
combinations of these. When dealing with multiple sensors, an important problem is to know 
their exact relative position in order to interpret the projected corresponding points correctly; a 
problem described as stereo calibration. While the problem has arguably been solved in its 
supervised form, more advanced solutions are needed for non-supervised cases, i.e. when 
cameras have to be calibrated seamlessly for the user based only on the features of the target 
image. This is especially important when mechanical or other misalignments affect the sensing 
quality. A major problem with active sensors is the existence of measurement imperfections, 
i.e. noise caused by weak illuminating signals, low-lighting, low material reflectivity, and other 
sensor or scene-related factors. Thus, the problem of denoising and enhancing such data 
becomes of primary importance. Working with multi-modal sensors naturally requires fusing 
the multiple modes in effective 3D representations, which also have to be suitable for 
compression, storage and subsequent rendering. 

This thesis presents novel solutions for all the links in the 3D imaging chain. Our approach 
could be described as ‘pushing to the limits’. We have considered cases where the sensing is 
complicated by a number of factors which we summarize as low-sensing conditions, these being 
low-power of the device, miniaturization requirements for the sensor, low-light, low-
reflectivity and low transmission bandwidth. Finding solutions for such difficult cases would 
ensure that 3D imaging techniques would work in any conditions. Our main object of interest 
is the depth modality, which provides information about a scene’s geometry and, when aligned 
with the color modality, can serve for depth image-based rendering (DIBR) of the desired 
virtual views. Depth can be estimated either by ‘passive stereo’ camera set-ups or by active 
sensors utilizing the “Time-of-flight” (ToF) principle. 
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For passive stereo, we have analyzed the effect of the image processing pipeline (IPP) on 
the quality of estimated depth maps. We have built a model of a mobile IPP and quantified the 
influence of all the processing blocks on the quality of the subsequent depth estimation, 
implemented with a set of state-of-the-art techniques. We place specific emphasis on the 
influence of (even small) mechanical misalignments, which have to be tackled by on-the-fly 
recalibration. We have developed a novel recalibration technique tailored for mobile stereo, 
where sensors are supposed to be rigidly fixed but might not always be so. Our approach 
considers roughly calibrated cameras and aims at constraining the number of their degrees of 
freedom, which yields a robust solution and speeds up the algorithm. 

For the case of active depth sensing, we have concentrated on the use of miniaturized ToF 
sensors, where the illumination sources and the device’s power are reduced so that they can be 
integrated in mobile devices. In the considered ToF devices, the range data is measured by the 
elapsed time during which a light signal illuminates a scene and travels back to the sensing 
elements. The range accuracy of a typical ToF device is strongly correlated with the light 
intensity of the received reflected light signal – a weaker signal implies less accurate 
measurement. In low-sensing operating mode, the captured data has to be post-processed in 
order to achieve the desired measurement accuracy that is achieved in normal operating mode. 
We have thoroughly modelled two noises always presented in the low-sensing case. First, we 
have modelled a spatially-correlated noise cast as Fixed-pattern noise (FPN). Such noise is 
particularly pronounced in low-sensing conditions and has to be removed as a first step in any 
further processing. We have developed a method which effectively suppresses FPN by means 
of adaptive notch filtering. Furthermore, we have modelled the remaining noise in terms of 
probability distributions and validated the derived models with empirical measurements. Based 
on the new models, we have devised an effective denoising method which favors the use of a 
complex-valued representation of the sensed signal and makes use of its naturally stabilized 
noise variance. 

Current ToF devices have certain technological limitations such as low spatial resolution 
and limited ability to capture color information. A solution for this is to combine two or more 
devices to capture color ((V)iew) and depth (Z) data and fuse them into a 3D representation 
referred to as “View-plus-depth” (V+Z). We have investigated the case of multi-sensor data 
fusion and developed appropriate methods also incorporating the modules for virtual view 
rendering and dis-occlusion in-painting. Finally, we have analyzed the 3D data representation 
by V+Z and developed a new method for its efficient asymmetric representation which has 
competitive performance in compression and fusion tasks.  

The thesis includes a list of the software modules developed during the course of related 
research. It allows the developed methods and models to be used in a wide range of applications 
in mobile 3D imaging, car and robot navigation, and 3D realistic visualization.
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∙ ,  Belongs to {left, right} image in the stereo pair 
∙ ∙  Mathematical expectation (mean) operator 
∙ ∙  Variance operator 

⨂ Cross-correlation operation 
, Amplitude of a harmonic signal; {noisy, GT} 

,	 ∈ ; | | Baseline translation vector; baseline distance;  
, , , ∈ , Phase delay of a harmonic signal; {noisy, GT} 

, , , ∈ Modulation offset of a harmonic signal; {noisy, GT} 
D Pixel disparity of stereo corresponding points

,	 ∈ ; , | | Distance (range) vector and its absolute value 
, 1/ Modulation frequency 

 Focal length 
, ∈  Fundamental matrix 
, /  Ratio between amplitude and noise std 

,  Image {height, width} in pixels 
, ∈  Homography matrix 

 Integration time (or exposure period) of a sensor 
, ∈  Camera matrix 

,  Point correspondence in the stereo pair of {left, right} image 

 Central moment of th order
∙  Regularization constant 

, ∈  Camera optical center 
∈  Projection matrix 

 Vector of color intensities 
, , … , …  ToF phase frame samples of mixed signal , by -tap 

,	 ∈ 3 Rotation matrix 
;	 √ Noise variance; standard deviation (std) 

;	 ; {Emitted; Reflected; Correlated (mixed)} harmonic signals 

 Correlation offset 
 [bpp] Bit-budget limit (threshold) 

,	 ∈  Translation vector 
; Moment in time; time delay 

,	 1/  Modulation period 
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Introduction 
Three-dimensional (3D) imaging provides information about the visual world around us 
through the stages of sensing, analyzing and visualizing objects in their full 3D span. Unlike 
conventional 2D imaging, 3D imaging brings with it what people refer to as depth, i.e. the third, 

 coordinate in the Cartesian 3D space , , . Depth is closely linked to range, i.e. the 
distances from the imaging sensors to the objects being captured. The roots of modern range 
sensing and depth estimation techniques can be traced back to ancient times, when scientific 
developments responding to the needs of navigation, architecture, geodesic planning and 
astronomy had to account for distances and 3D locations. These fundamental techniques are a 
powerful inspiration for recent advances in range sensors and multi-camera architectures, 
which in turn have triggered a digital avalanche of numerous 3D applications and products 
aimed at empowering their human users with creative tools for studying and manipulating the 
visual world. 

Despite the myriad of technologies, the methods for range sensing and depth estimation 
remain clustered around two major categories, as illustrated in Figure 1. The Hero of 
Alexandria (circa 70 A.D.) introduced a tracking device called a “Dioptra”. This device 
measured the angle  to the observation point. A person had to “travel” a certain distance from 
(baseline)  and track the change in the angle  to the observed object starting from an angle 
of 90 degrees. The depth component  was derived by applying triangulation, e.g. Z	
tan	  (c.f. Figure 1 (a)). Fast forward to modern interferometry techniques as shown in 
Figure 1(c): measuring the dimensions of micro objects such as bacteria or viruses is done based 
on the super-position response of two coherent modulated light signals. The change in the 
relative position of the light sources (keeping the same direction of observation) creates a super-
position response in relation to the structural dimensions of the observed object. More formally, 
for a known position of a light source, a super-position response can be obtained by changing 
the modulation angle  of one of the sources. This avoids the need for a physical shift – our 
ancient scientist does not have to ‘travel’ anymore – however, one has to actively send a signal, 
which is either: 

- Structured light, where the scene is illuminated by a scattered pattern of points and the 
recorded response is compared with a known reference for different ranges [1], [2]; or 

- Amplitude-modulated harmonic signal, where the response is quantified by the phase 
delay between emitted and reflected signals (aka Time-of-flight) [3, 4]; or 

- Phase-modulated pulses by scattered light of a laser beam, so-called LIDARs, where 
the response is again recorded by the measured changes between emitted and reflected 
beams [5]. 

To save power, one can opt for passive range sensing, a sensing principle, which can be 
traced back to the 15th century. The manuscript “Libro de la Cosmographia” compiled by P. 
Apianus in 1495 [6] contains a section “Regionum et loco”, where Md G. Frisius described a 
stereoscopic range estimation principle based on structural object correspondences for geodesic 
measurement applications (c.f. Figure 1.1 (b)). For the proposed system, two observation 
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locations are fixed by their baseline and a static (passive) scene response is recorded (e.g. by 
visual observation). From each observation position, a person needs to track or propagate 
similarities in the salient parts of the observed scene (e.g. distinctive corners and edges of a 
building) and then estimate their geographical locations by the disparity parallax and the 
observation direction, known today as triangulation of matched stereo-correspondences. Then, 
the entire structure of the scene is propagated by the known world point sources to create a 
dense 3D reconstruction (e.g. the actual dimensions in the plan of a house). The very same 
principle is the basis of all depth estimation methods utilizing stereo image pairs (c.f. Figure 
1.1(d)). Pixel disparity shifts d between corresponding points are calculated by fitting local 
neighborhoods (e.g. patches) and then the  coordinate is calculated by applying the very same 
triangulation principle utilized by Md G. Frisius [6]. 

When using passive depth sensing, one has to be precise with the parameters of the two 
cameras placed at different locations in order to perform the correct triangulation. Then, the 
resolved depth detail depends on the camera resolution and the stereo baseline. 

For contemporary active sensing technologies, the devices employing Time-of-flight (ToF) 
sensors are favored as they are capable of delivering range images at real-time rates. These 
devices deliver per-pixel distance information with high frame rates and thus are suitable for 
capturing dynamic scenes. In general, a conventional ToF camera acquires range (or distance) 
data using active illumination from a continuous harmonic, amplitude-modulated, signal. A 
beamer illuminates the whole scene with near-infrared (NIR) light and a CMOS sensor senses 
the light reflected back from the objects in the scene. Each pixel in the sensor array 
independently computes the correlation of the received reflected (and phase-shifted) light 

 
Figure 1.1: Depiction of early range sensing applications: a) active sensing solution by “Dioptra“ device 
utilized by Hero of Alexandria (circa 70 A.D.), b) 3-D reconstruction by passive range sensing solution 
scheme proposed by Md. G. Frisius in [6], copy by courtesy of Austrian National Library, c) 
measurement of virus dimensions by response of interferometric apparatus, d) depth estimation by 
localized correspondence in image pair of stereo-camera. 
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signal with the emitted reference signal. The calculated phase-delay output of the mixed signal 
is proportional to the range of the scene. However, current ToF devices have certain 
technological limitations such as lower spatial resolution than, e.g. full High-Definition (HD) 
color cameras, and they also have limited ability to capture color information. 

A solution for this is to combine two or more devices responsible for either color (i.e. 
(V)iew) or depth (Z) data. The two or more modalities have to be then aligned and combined 
into a common pixel grid in a processing stage called 3D sensor data fusion. The problems in 
3D fusion are related to efficient re-sampling (mostly up-sampling) of non-uniformly projected 
data, which in the case of a low-resolution depth sensor appears sparsely scattered within the 
wider area of the color sensor. The resampling process in this case requires a cross-modality 
regularization approach to enhance the quality of the resampled depth maps so that they follow 
the 3D structural congruency of the scene objects. The V+Z aligned data produces the desired 
3D representation which can serve a multitude of 3D-based imaging applications. 

1.1    Objectives and scope of the research in the thesis 

While 3D sensing principles have been clear and well established since ancient times, 3D 
imaging devices are far from ideal. The current quest is for smaller, i.e. mobile devices, which 
can be kept in the pocket and still deliver high-quality 3D images. Cheaper and faster depth-
sensing technologies, this is what the market demands. To achieve this, the pipeline of 
processing stages, as shown in Figure 1.2, has to be jointly and carefully optimized, as these 
stages are mutually inter-dependent. A minor flaw at one stage could get amplified through the 
pipeline and generate visual artifacts at the visual output display. 

Consider the passive sensing chain: the stereo pair has to be described in terms of camera 
model parameters including the homography which relates the two sensors. This process, 
referred to as calibration is usually done in factory conditions using dedicated image patterns. 
Ideally, the cameras are also rectified, i.e. they are aligned on a plane so that point 
correspondences appear on horizontal lines parallel to the line connecting the camera’s optical 
centers. Captured stereo images undergo standard processing operations such as color de-
mosaicking, white color balancing, denoising and compression. These stages might impair the 
correspondences and impede the stereo matching. Even if the cameras are factory-calibrated 
they might get mechanically misaligned later on causing deviations from the camera’s model 
parameters. As a result, the depth estimation will be erroneous. This is especially important for 
mobile stereo settings, which are very much prone to mechanical changes. However, an 
inexperienced user cannot be asked to perform a dedicated recalibration procedure, so a 
seamless and fully-automated calibration technique based on image features is required instead. 

Consider now the active sensing branch. Meeting the requirements for miniaturized and 
power-constrained devices would involve using low-power active signal sources which in turn 

Figure 1.2: Highlighted contributions in the sub-modules of 3D imaging stages. 
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would result in noisy images. The noises in the specific ToF sensing conditions need to be 
properly modeled in order to develop suitable denoising methods. 

The subsequent stages of 3D reconstruction require working with projective geometry tools 
which then generate various pixel grids which have to be aligned and the images have to be 
resampled. 3D reconstruction also requires a clear understanding of the relation between color 
and depth modalities, which originate from the same 3D scene. As depth is much smoother and 
less textured than color, it might be represented much more efficiently for the requirements of 
compression, storage and transmission. Again, this relates to resampling grids subject to the 
assumed reconstruction. When eventually reconstructed, in terms of colors and geometry, 3D 
scenes are used in applications requiring free-viewpoint (i.e. arbitrary) view synthesis, which 
involves dealing with scene occlusions and preparing content for a variety of 3D displays. 

This thesis aims at characterizing the sources of degradation, generally referred to as low-
sensing conditions, and offering suitable remedies in each of the stages of the 3D imaging chain. 
Both passive and active range sensing settings are considered. 

For the passive systems, the research has concentrated on the stereo-camera setup. The first 
research objective was to analyze the influence of the general image processing pipeline (IPP) 
and the effect of physical misalignments between the stereo sensors on the quality of dense 
depth map estimation. Based on that thorough analysis, a novel automatic method for stereo-
camera re-calibration and rectification to compensate for any encountered misalignments has 
been proposed. 

For the active systems, the research objective has focused on characterizing and modeling 
the noise occurring in ToF devices working in low-sensing conditions. A thorough analysis has 
revealed the strong influence of so-called fixed-pattern noise (FPN), which has been addressed 
by a new method for FPN removal. Furthermore, other sensor noises have been accurately 
modeled in order that they can be removed by a non-local denoising method working in a 
complex-valued domain. 

The stages of 3D reconstruction and depth compression have been investigated jointly by 
formulating a unified framework assuming an asymmetric V+Z setup and utilizing super-pixel 
segmentation of the aligned color channel. A near-lossless depth encoding, and color-adaptive 
depth reconstruction and fusion have been targeted. All of these contributions have dedicated 
software applications aimed at real-time use on low-end general-purpose processing units. 

1.2    Structure of the thesis with links to publications 

The thesis is a compilation of nine scientific publications addressing the research objectives. 
The thesis chapters are aimed at explaining and summarizing the research results in the 
publications. Chapter 2 gives the essential theory, definitions, and underlying methods which 
form the basis for the developed methods. Chapter 3 summarizes the work on stereo camera 
analysis and recalibration as published in [P.I–P.III]. More specifically, papers [P.I] and [P.II] 
present the proposed methodology for assessing and quantifying the potential depth-estimation 
degradation sources in a stereo-camera setup. Physical misalignments have been analyzed in 
[P.I] and the effects of IPP have been analyzed in [P.II]. Finally, [P.III] has proposed a novel 
un-supervised re-calibration rectification method for compensating misaligned stereo-setups in 
real time. 

Chapter 4 summarizes the work performed on effective ToF data denoising in low-sensing 
conditions, giving an overview of the contributions in papers [P.IV, P.V]. The work published 
in [P.IV] aimed at analyzing the role of FPN along with proposing an efficient filtering system 
for its removal, while article [P.V] covers the work on an analytical parametrization of LSE, 
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modeling the related noise and removing it by a novel method employing complex-valued 
variables. 

Chapter 5 summarizes the papers [P.VI–P.IX] aimed at 3D reconstruction, fusion, and 
efficient color-guided depth representation. A unified approach is traced through papers [P.VI] 
(near-lossless encoding), and [P.VII] (asymmetric V+Z sensor fusion) which is then fully 
developed in [P.VIII]. Finally, paper [P.IX] presents an end-to-end system from capture to 
visualization including practical implementations of the main methods developed in the other 
publications along with specific solutions aimed at occlusion handling and view rendering. 

Chapter 6 summarizes the contributions of the thesis and describes the related software 
applications and filed patents. 

The author of the thesis is the first author in publications [P.I–P.VIII] and has been the main 
contributor responsible for the development of the algorithms, the software implementations, 
the analysis of results, and the scientific writing. The author is the second listed author in 
publication [P.IX], and had a leading role in the realization of the denoising module (Section 
6) and the experimental evaluation (Section 7), while the first listed author MSc Aleksandra 
Chuchvara had a leading role in developing the RGB-Z system (Sections 2 and 3), the 
development of the 3D processing pipeline (Section 4), and the dis-occlusion detection 
algorithm (Section 5) 

.
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Preliminaries 
This chapter describes the background needed for properly addressing the research objectives. 
First, a brief description of the adopted camera model and the underlying projective geometry 
is presented. Then, the general principle of depth estimation using a stereo-camera setup is 
overviewed. The chapter continues with an overview of the ToF range sensing principle, which 
is then related with the generic noise contamination appearing in ToF sensors and the need for 
accurate noise modeling. In particular, fixed-pattern noise and the Gaussian noise components 
in the raw ToF data are presented. Having given an overview of the depth sensing and 
estimation principles, the chapter continues by discussing the View-plus-depth 3D data 
representation and related processing stages such as reprojection, resampling, 3D fusion, and 
cross-modality filtering. The chapter concludes with an overview of the evaluation metrics used 
for quantifying the performance of the developed methods. 

2.1    Camera model 

A digital camera is an opto-electronic device that maps light intensities of three-dimensional 
(3D) world scenery into a finite discrete space on a two-dimensional (2D) plane – i.e. an image 
which represents the response of an array of photo-electronic sensing elements (pixels). A 
typical hardware implementation of a camera device consists of a mounting package for an 
optical system serving as a low-pass filter and a sensor (c.f. Figure 2.1(e)). The sensing 
principle and the projection model jointly determine the imaging characteristics of a camera, is 
the former being related to the incident light gathering and its conversion into electrical signals, 
and the latter being related to the structural interpretation of the captured scene information. 

 Camera sensing principle 

The camera sensing principle describes the process of opto-electronic conversion of the sensed 
light signal into pixel intensities. Current camera technologies employ photo-sensor arrays 
based on either a complementary metal–oxide–semiconductor (CMOS) [7] or a charged-
coupled device (CCD) [8]. In both cases, each element in the sensor array produces a quantized 
digital value proportional to the received light intensity. A multi-step modular software referred 
to as the image processing pipeline (IPP) [9] is applied to bring the acquired digital data into a 
specific color data format, usually in a three-chromatic color space, e.g. RGB or YUV. The IPP 
modules perform operations such as the integration period ( ) for reading sensor element 
values, color-filter array interpolation (or de-mosaicking), white-balancing, analog gain, 
gamma correction, brightness, contrast, etc [9]. The IPP also includes modules that digitally 
correct any kind of imperfections introduced by the sensing system, e.g. signal denoising, 
optical distortion correction, color aberration, aperture shadow (“vignetting”), de-blurring, etc. 
Finally, the IPP is responsible for convenient data storage in the form of the applied standard 
compression algorithm (e.g. JPEG, JPEG-2000, H.264, etc.) [10]). 

 



2.1 Camera model 

8 

 Pinhole projection model 

The Pinhole camera model is the most widely used model for cameras [11]. It is not the only 
model, however, and there are more general ones which can be utilized when needed [12], [13]. 
For the pinhole model, a world point , , , ∈  is mapped to an image point 
,  and its location is the intersection on the image plane 	with a line (i.e. a ray) 

, ∈ , where it joins the world point  and the camera optical center , ∩ . The 
optical center , by this definition becomes the center of projection (c.f. Figure 2.1(a)). If the 
image is considered to be on a plane , one can apply similar triangles to locate the image 
coordinates  given the world coordinates , ,  (c.f. Figures 2.1(b,c)) 

, , 1 ,                                                      (2.1) 

where f is referred to hereafter as focal length. One more important aspect is the requirement 
to fix the origin of the image coordinate system. This is selected to be the principal point , 
which is the orthogonal projection of the optical center 	on the image plane  

⋅

| |
                                                   (2.2) 

where {⋅} is a vector dot-product operator, and  is the plane normal. Then, Eq. (2.1) can 
be rewritten into a more concise linear form, taking into account the coordinate offset specified 
by the principle point  

1
| /Z, 0

0 0 1
 ,                          (2.3) 

where  is an identity matrix, and the matrix K is referred to as camera calibration matrix [11], 
whose parameters are called camera internal orientation parameters (or simply intrinsics). The 
scale parameter  and the shearing parameter  account for the representation of non-squared 

 
Figure 2.1: Camera projection model: a) projection principle by pinhole model; its camera intrinsic
parameters described from b) -axis aspect view, c) Z-axis aspect view, d) camera extrinsic parameters,
e) camera mounting package. 
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pixels. As modern sensors predominantly have square sensing elements, these parameters are 
often omitted (as they are hereafter in this thesis). The explicit camera pose is related to a certain 
world reference (e.g. point ) via rotation and translation defined by a rotation matrix , ∈

3  and a translation vector , ∈ , respectively 

P , | , , 

        
1 0 0
0 cos sin
0 sin cos

,
cos 0 sin
0 1 0
sin 0 cos

, 
cos sin 0
sin cos 0
0 0 1

, 
(2.4)

where the translation vector equals  and , ,  are sub-rotation matrices for 
each axis denoted by pitch ( ), yaw ( ), and roll ( ) angles (c.f. Figure 2.1(d)). The parameters 
in  are called camera exterior parameters (or simply extrinsics). The spatial variable , 
1, . . ,  (c.f. blocks in Figure 2.1(c)) provides location at the finite fixed 2D pixel grid with the 

dimensions { , }. The projection back to 3D space is done inversely to (2.3) 

	 1 .                                                   (2.5) 

In the case of unknown depth information, , Eq. (2.5) behaves as point-to-ray  projection 
→ , which is commonly derived by considering e.g. 1 (points on a unitary sphere). The 

resampling mechanisms for the projected data from non-regular samples  to regular pixel grid 
 are further explained in Subsection 2.5.3. If the extrinsics and intrinsics of the capturing 

device are known, then the 3D data can be represented by one of three possible image 
modalities – the depth itself, , the stereo disparity, , ∈ , or a distance map , ∈ , 
which are possible outputs of different sensing devices and techniques. Any of these modalities 
can represent the 3D world data in Eq. (2.5), as they are inter-related (see also Eq. (2.9)) 

.                                             (2.6) 

Once its extrinsics and intrinsics are known, any world point can be projected on a virtual 
camera – , ,  with a subsequent resampling of the projected data onto the image regular 
grid (2.3). 

Different non-linear distortions caused by the camera optical system (modelled by, e.g. 
tangential and radial models [11]) have to be taken into account. To simplify matters, hereafter 
it is assumed that the camera has been calibrated and view-reformatted [14] for an adopted 
model of these distortions. 

2.2    Stereo-camera setup for depth estimation 

The most general passive depth-sensing approach, known as depth-from-stereo, considers two 
cameras with identical intrinsics denoted as the left ⋅  and right ⋅  cameras. These are 
shifted by a baseline translation vector , . The cameras synchronously capture a 
scene from two perspectives, thus forming a stereo image pair (c.f. Figures 1.1(d), 2.2(a)). A 
stereo-matching technique is applied in order to find the projections of the same scene point on 
two image planes and these are collected on a dense per-pixel correspondence map [15]. Then, 
if the relative pose of the cameras in the stereo setup is known (as described by the related 
extrinsics), the depth of a scene point is calculated from the pixel disparity  (aka stereo 
disparity). In order to simplify the stereo-matching techniques the cameras are aligned so that 
the lines connecting corresponding points are horizontal and parallel to the baseline. However, 
this is not always achievable in practice so the remaining physical misalignments are corrected 
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digitally in the stereo-camera calibration and rectification processing stages. The former 
estimates the misalignment model and the latter enforces the horizontal lines between 
corresponding points, thus simplifying the stereo-matching stage and reducing its 
computational complexity. 

 Camera misalignment in a mobile stereo setup 

The general stereo-camera setup is formed by two separate cameras, preferably identical and 
with similar capture settings. An illustration is shown in Figure 1.1(d). Even if they are intended 
to be perfectly aligned, it is common for the mounted cameras to be displaced from their 
intended positions, which results in an unaligned camera pair. There are several reasons for 
this. 

(1) the factory design of camera modules allows for some production tolerances (usually 
caused by attempts to make sensors smaller and cheaper) so it is difficult to have two 
cameras with exactly identical parameters. 

(2) Internal displacements might be caused by the stitching elements of the camera module 
(e.g. screws, weld, glue, etc.) when the module was fixed. 

(3) Displacements can be caused during prolonged usage in the form of mechanical strains 
on the device – bending, temperature variations, vibration, mechanical shock, etc. 

(4) Modern image sensors have a sensing element of about 4 	 [16]. Ensuring a precise 
row-to-row alignment on such a small scale is a challenging task [17]. 

According to the pinhole model (2.3), an imperfect stereo-setup has to consider 
misalignments in nine variables referred to as nine degrees of freedom (DoFs) [18], [19], [20]. 
There are six of these for the camera pose represented by  and  and three for degradations 
caused by the optical system, leading to changes in the focal length  and the principle point 

. 

 Stereo-camera calibration and rectification 

Camera calibration and rectification are required pre-processing steps in depth-from-stereo 
approaches. Stereo calibration refers to the way of finding the relative orientations of the 
cameras in a stereo-camera setup, while rectification refers to the way of finding projective 
transformation matrices (called rectifying homographies) – , ∈  for the two 
cameras [19], [20], [18], [21], which bring corresponding points into row-to-row alignment 
(see Figure 2.2(b, c)). In such aligned images, the search for stereo correspondences is only 
done horizontally e.g. from left-to-right.  

There are two main classes of stereo-camera calibration. Supervised calibration utilizes a 
reference pattern or an object with a known structure [14], [22], [12]. Unsupervised calibration 
utilizes image features taking into account the underlying epipolar geometry. Unsupervised 
stereo calibration aims at estimating the Fundamental matrix , which describes point-to-line 

Figure 2.2: Epipolar geometry model for stereo-camera topology: a) non-rectified, b) rectified setup, c) 
triangulation principle for depth estimation (view for -axis direction). 
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correspondences 

,		s. t. , 1 , 1 0,                              (2.7) 

where ∙  is a skew-symmetric matrix operator, , ,	 ∈ ∩  is any projected point pair 
of the same scene point , , . Eq. (2.7) also provides a geometric explanation – the 
Fundamental matrix  serves as a linear projection operator mapping ray ,  with reference 

to point , , , , , 	,1 into a line , , ,  of one of the image 
planes into the other (c.f. Figure 2.2(a)). The line correspondences  are called epipolar lines 
and have the property of mutually intersecting into the epipoles	 ,	 . In fact, following 
the pinhole projection model, the epipole is the projection point of the optical center of one 
camera into the image plane of the other one, where the mapping ray is 	itself. By utilizing 
epipolar geometry constraints as defined by (2.7), the definition of a rectified stereo-camera 
setup (denoted hereafter by ⊾ ) becomes a particular case, where the epipole intersects b into 
infinity (in other words it belongs to null-space) ⇒ ⊾, ⊾ ∈ ∅. Thus, the epipolar lines will 
appear in the image parallel to b and align with the pixel rows. Thus, the solution for rectifying 
homographies should bring the epipolar relations in the following linearized projective 
geometry 

,
⊾

,
⊾ 		 . .		 ⊾ ⊾, ⊾ ⊾ , ⊾

0 0 0
0 0 1
0 1 0

, ⊾ ∈ ∅.            (2.8) 

where ,
⊾

,
⊾

, . For the rectified stereo-setup (c.f. Figure 2.1(c)), the depth value  
of scene point X is obtained from matched points as follows 

		 	 → 	,                                            (2.9) 

where ‖ ‖ is the baseline length, and the disparity value is L R. 

 Stereo-matching methods for dense disparity estimation 

Eq. (2.9) shows the relation between depth Z and disparity . The latter has to be found by 
matching corresponding points usually in a search along rows (i.e. constrained 1D search) (c.f. 
Figure 2.2(b, c)). 

The majority of stereo-matching algorithms work on rectified images and perform block-
based matching [15]. A similarity (cost) measure is calculated for each horizontal shift of the 
reference block and the matching (true) disparity is found by minimizing the cost function. A 
number of techniques have been developed aimed at improving different aspects of this general 
approach. An extensive analysis of these along with performance evaluation methodology is 
given in [15], which ranks the current best performing algorithms. Solutions vary in terms of 
the utilized cost function [23], search optimization in gradient spaces [24], smoothness and 
variational priors [25], adaptive windowing [26], penalty constraint propagation and linear 
programming [27], [28], global confidence marginalization [28], [29], image driven post-
filtering regularization of cost maps [30], and many combinations of these. 

2.3    Time-of-flight sensing principle 

A typical ToF device, as illustrated in Figure 2.3(a), consists of a sensor and an active light 
source. The light emitter beams a continuously modulated harmonic light signal, typically with 
near-infrared (NIR) wavelength at time, . The sensor senses the reflected light signal at time 

 [3, 4, 31]. A cross-correlation operation exemplified in Figure 2.3(b) is applied between 
the emitted  and the reflected  continuous signals. Assuming an ideal system and 
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conditions, the result of the cross-correlation (denoted by the ⨂	symbol) is another continuous 
harmonic signal  with a given correlation (offset) parameter : 

             ⨂  

          with , cos , 

                       , cos  

(2.10)

for 2  and 1/ , where  denotes amplitude, 	 denotes phase delay (or angle offset), 
 denotes modulation offset (or modulation contrast),  denotes the signal’s angular frequency, 

and T is the corresponding period. In practice, the cross-correlation is implemented by 
integrating it over time, and the output of the correlator is given as a function of a new time 
variable  (c.f. Figure 2.3(c)). If the integration times are multiples of the modulation period, 
that is, 	 , ∈ , the output of the integral is a cosine function given as: 

cos                          (2.11) 

where  is the phase from which the range can be determined. By equidistantly 
sampling  in , ∈ 3 points , , , … , , ∆ 2 / , the amplitude 
∈ , the offset ∈ , and the phase delay (or angle offset) ∈ ∩ ,  of the  

can be unambiguously estimated in a least-squares manner as in [32] [33]: 

 

 
Figure 2.3: Time-of-flight sensing principle: a) device components, b) possible hardware realization, c) 
sample integration process of the mixed signal . 
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                                                 ∑ , 

                                             ∑ , 

                                                              ∑ ,  

(2.12)

where ∙  is a function operator defined as 

	 , ∈ .                                       (2.13) 

For the sake of simplicity, this thesis considers the case of a four-component vector 
, , , , i. e.		 4, which is the most common case used in practice and in hardware 

realizations of ToF devices (4-sample or 4-tap scheme) [33], [3], [34]. For this case, the 
amplitude  and phase  take a simpler form 

‖ ‖,        ,                                            (2.14) 

where , ∈  are the Cartesian components determining , and  

     /2	,      /2.                                (2.15) 
Conversely  

cos , sin .                                               (2.16) 

The range  is proportional to the phase delay given by the phase of mixed signal  and is 
calculated in the form: 

∝  ,                                                      (2.17) 

where  is the speed of light in dry air ( ~2.98 10 / ). Depth  is found from range 
 by Eq. (2.6). 

In a ToF device, the aforementioned procedure is calculated pixel-wise for spatial phase 
frames , in order to obtain the offset map , amplitude map , and phase delay 
map  (c.f. Figure 2.4). In practice, one is not able to directly measure the true values of . 
Instead, the observed (measured) values are contaminated by measurement errors of various 
kinds (c.f. Figures 2.4(e, f)). Correspondingly, the harmonic components  and  also 
appear noisy and differ from the ground true values  and . 

2.4    Noise influence in a ToF sensing mechanism 

Sensors used in ToF devices are specific constructions of CMOS or CCD photonic planes [35] 
[36] [16]. The sensed output may be influenced by many factors, as discussed in [34], [37]. The 
combination of influencing factors which degrade the sensed signal quality is cast as noise 
contaminating the true signal. We identify and model two dominant noise types that 
contaminate the data sensed by a ToF device. First is referred to as sensing noise and is 
considered as an additive component of the measured signal. The second appears as a 
component spatially correlated with the signal and is referred to as fixed-pattern noise. 

 Fixed-pattern noise 

Fixed-pattern noise (FPN) is present in every digital sensor [38], [39], [37]. The source of this 
noise can be explained by the structural non-uniformities of the sensing elements, that is, the 
varying capabilities of sensing elements to integrate different signal intensities. Such variations, 
while being randomly distributed among the pixels, have fixed (or correlated) behavior, hence 
the term FPN. Sensor elements are typically read column-wise or row-wise. Therefore, FPN 



2.4 Noise influence in a ToF sensing mechanism 

14 

typically appears as column- or row-wise stripes of slightly brighter and darker intensities 
across the acquired data. 

Figure 2.4 shows a typical case of the presence of FPN. The contamination is clearly visible 
in this raw data as well as in the amplitude , phase , and modulation contrast  
components calculated directly from the noisy measurements. Experimental observations have 
suggested that the noise is spatially correlated and also signal dependent. However, the noise 
in ToF sensors is significantly different from, for example, the noise in NIR imaging devices. 
This is the reason that it needs proper modeling so that it can be removed effectively. 

 Sensing noise 

Even if cleaned of FPN, the raw data  are contaminated by other noise components. The 
probability distribution of such noise has been modeled through the asymptotic Cramer-Rao 
Lower Bound (CRLB) for an unbiased estimator, which is usually considered by default to be 

 
Figure 2.4: Sensed data by noisy Time-of-flight device: a) scene, b) phase frame , c) amplitude 

, d) modulation offset , e) phase delay  in , and f) ground-truth map ; note the 
strong influence of FPN visible as vertical stripes. 
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an arithmetic mean [40]. Furthermore, it is generally accepted that the variances for each of the 
components for the case 4 are: 

,	 , .                                        (2.18) 

The sub-index defines the modality the variable belongs to. For an arbitrary , the generalized 
solution determined by the CRLB for each of the harmonic modalities is slightly different and 
can be determined as follows [32] [33]: 

     ,	 ,	 ,                                      (2.19) 

where 

 
√

, 2 .                                             (2.20) 

 Low-sensing environment 

A low-sensing environment (LSE) [P.IV] [41], [P.IX] is defined as an operating mode of a 
particular ToF device that delivers measurement errors considerably higher than the error range 
specified for the normal operating mode. In LSE, the signal is dominated by both sensing and 
FPN noise. There are two groups of factors creating such an environment. The first is related 
to the fact that reflectivity (amplitude)  (2.14) of the received light fades by inverse power-
law according to scene range  (2.17) [33] [42] 

∝ λ / ,                                                          (2.21) 

where  is some fixed-term coefficient. An empirical observation of a generic camera (e.g. 
PMDTech® CamCube 2.0 [43]) that reveals such relation is shown in Figure 2.5. There are 
scene-related factors such as materials of low-reflectivity, objects with dark textures, 
reflections from surfaces of low-incident angles, mosquito effect on dissipated light from object 
pinnacles with sharp facing edges, trapped light paths (c.f. Figure 2.6(b-d)), and distantly 
situated objects. Additionally, in low-reflectivity zones, noise with high variance may cause 
the phase wrapping effect (c.f. Figure 2.4(e, f), which manifests itself as impulse noise. 
Secondly, there are factors related with the system hardware, often due to attempts to reduce 
its size and power consumption with the aim of integrating it into portable devices. These 
include the miniaturization of beamers, decreasing the emitted power of the active illumination, 
or applying very short integration times  (e.g. ≪ 2	 ). Examples of captures of LSE 
through low-integration intervals , 50, 200 	  are shown in Figure 2.6(a). In normal 
operating mode, the influence of FPN is usually below the resolution error of the device and 

 
Figure 2.5: Observation plot of inverse power-law relation between Amplitude  and sensed distance. 

A
m

pl
it

ud
e,

[S
ys

te
m

 u
ni

ts
)

/ ,	 =3704

Observation data
]



2.5 3D sensor fusion and free-view synthesis 

16 

can be disregarded. In LSE, the noise influence becomes important, since its levels start to 
compete with the sensed charges – FPN usually appears dominant over a resulting sensed signal 
that holds true but noisy information. 

2.5    3D sensor fusion and free-view synthesis 

One of the ways of representing the 3D scene geometry is through aligned (or fused) multi-
modality data consisting of a depth map and color image of the same pixel grid and viewed 
from the desired perspective. This can be regarded as a synthesized (rendered) 3D view 

 
Figure 2.6: Exemplified case of Low-sensing Environment (LSE): a) Amplitude maps in LSE created by
reducing the integration times ={50, 200 	 , b) graphical illustration of reflections: (1) – low-material
reflectivity; (2) – trapped light; (3) – mosquito noise; (4) – low incident angle; (5) – multi-path, c) scene
with regions of corresponding artifact, d) zoomed regions and noisy outputs for 50	 ;	In some
regions, the artifacts appear combined. 
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composed of a virtual color camera and confocal depth sensor. Given the intrinsics of this 
virtual 3D camera, the pixels can be inversely mapped to the 3D world coordinate system (2.5), 
which is referred to as 3D scene reconstruction. Another different-perspective virtual view can 
be rendered from the reconstructed scene by employing the pinhole projective model (2.3). The 
multi-modal representation is usually referred to as View-plus-depth (V+Z) to conveniently 
denote the existence of the depth (Z) modality along the color image ((V)iew) in the 3D camera 
setup. It has been used in a number of applications such as 3D video coding, free-viewpoint 
rendering, and mixing real with synthetic scenes (augmented reality). It is an alternative to 
representing 3D scene with a stereo-pair. That is, the Z map is reminiscent of the disparity map 
which would be estimated from the stereo views. 

In 3D video coding, the representation is instrumental in decoupling the capture format from 
the display format and for serving various 3D displays based on multi-view display technology, 
e.g. polarized glass barrier [44], lenticular optics [45], light field displays [46, 47], etc. In free-
viewpoint rendering, it helps in providing near-continuous parallax, while in augmented (or 
mixed) reality it assists the correct insertion of synthetic objects within a real scene. 

 View-plus-depth format for 3D data representation 

The common format of View-plus-depth (V+Z) data is provided by a standard three-channel 
color (visible) image  and the corresponding depth values  associated in a separate data map 
of the same pixel resolution (c.f. Figure 2.7). The visible data  is indexed by the total number 
of 	  color pixels , , , 1, . . , , and has pixel coordinates related in a general sense 
to the camera projective system , , , ∈  [11]. The color pixel  is associated 
with a depth value . The color information is given in some color vector space (e.g. CIELAB 
color space ( , ,  [48]) and the depth Z can be interpreted differently according to the 
application use – e.g. in the case of active sensors utilization - by range data  (2.17, 2.6) [49], 
in passive sensors by disparity value ,	 ∈  (2.9) [15], and for encoding applications by 
quantized inverse depth  [50] 

,                                              (2.22) 

where ,  are the minimum and maximum sensed values of the depth in the scene, 
and  is the total number of quantization levels. Usually, the commonly adopted digital cast 
for  and  is an 8-bit integer, , 0, . . , 2 1 . When sensed by some active range 
sensor, depth maps are non-confocal to the color maps and can come with lower spatial 
resolution and floating-point digital cast, e.g. , 1, . . , ,	 ≪ , ∈ 0, 2 ∩ . In such 
cases, the output of the V+Z representation is calculated by projective alignment and depth 

 
Figure 2.7: View-plus-depth data pairs (low-right parts show depth modality in pseudo colors) for a)
Ballet, b) Art, and c) Baby datasets. 
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resampling, referred to as 3D fusion. A basic technique for 3D fusion is briefly explained in the 
next subsection. 

 3D fusion of asymmetric non-confocal View-plus-depth camera setups 

ToF devices are aimed specifically at sensing the range of the scene. While the amplitude 
component brings some information about the scene reflectivity, ToF devices are very limited 
in capturing visible colors [4]. When combined with RGB cameras, ToF devices appear as a 
kind of stereo setup, although they have different focal length and field of view compared with 
their color counterparts. This is what is referred to as a non-confocal setup. A processing stage, 
referred to as 3D data fusion, is needed in order to bring the two maps (color  and depth ) 
into a fused confocal and pixel-aligned perspective view. Examples of such data are given by 
the datasets described in [15], [50]. When fusing two types of data, due to the different 
perspectives of the two sensors, occlusions might appear in the fused view. In the 
abovementioned datasets, such areas have been compensated for, or marked. The biggest 
concern in the fusion process is that current ToF sensing hardware is of relatively low spatial 
resolution, when compared to color sensing hardware. For example, ToF sensing elements have 
a typical plate size of 150	 , while elements of color sensors have sizes below 4	  (e.g. 
~2	 ) [3]. The wider element size in ToF sensors is due to the attempt to effectively sense a 
reflected signal in the NIR range. Subsequently, such sensors, especially when aimed at mobile 
integration, come with low spatial resolution (e.g. 120 160 pixels [43] [35] [36]), compared 
to the ever-growing resolution of color sensors (e.g. 4032	 	3024 pixels). The projection and 
resampling of such data raises challenges related to the non-uniform resampling of sparsely 
located samples. 

The V+Z sensor fusion stage can be summarized into the following steps [51]: 1. Projection 
alignment,  2. Non-uniform data resampling of projected data (up-sampling in the case of 
lower resolution),  3. Cross-modality filtering,  4. Occlusion detection & compensation, 
 5a. Free-view 3D synthesis, or 5b. 3D display visualization. 

 3D fusion 

The world points  are generally projected onto irregular (non-uniform) grid positions (c.f. 
Figure 2.8(a)). The resampling operator should bring the projected data into a regular grid 
(usually to the grid of the color sensor). Due to the much sparser grid imposed by the projected 
data, non-uniform resampling [52], [53] is not that straightforward and cannot be implemented 
by standard interpolation [54, 55, 56]). Instead, some least squares approximation is needed. 
This is a mathematically more challenging problem [53, 57, 58]. Furthermore, reprojecting data 
from the low-resolution range sensor onto the high- resolution color image grid creates a rather 
sparse non-uniform grid, which does not meet the minimal sampling conditions [59]. 
Reprojected data introduces a different view parallax, so the resampling process should deal 
with dis-occluded areas manifested as gaps or holes. 

A direct non-uniform resampling introduces geometric deformations and visual artifacts 
(see the example of nearest neighbor (NN) resampling by Voronoi cells (c.f. Figure 2.8(b)). On 
the other hand, depth modality has the specifics of a piece-wise smooth function (c.f. Figure 
2.7), which offers some useful simplifications. The 3D world point cloud can be represented 
by a connected 3D mesh of local polygonal surfaces. Then the projection is applied for each 
enclosed surface area spanned by projected data on the color pixel grid. A surface fit facilitates 
finding the depth and intensity values for each regular location spanned by the projected area 
of the mesh vertices as shown in Figure 2.8(c). The pseudo-code of the algorithm implementing 
surface fit is given in Table 2.1. Such an approach can be used for 3D free-view synthesis, 
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where the difference is that the mesh should be resampled for both the  and  modalities. The 
pseudo-code in Table 2.1 has high computational complexity and cannot be applied in real-
time on a single general-purpose processor. On the other hand, it is memory localized and can 
be implemented on parallel computing platforms, e.g. in 3D shaders of graphical processor 
units (GPU) [60] [61]. 

Figure 2.8: 3D fusion: a) low-resolution ToF sensor (in pseudo colors) and color sensor with non-uniform 
(NU) projected ToF data; resampling by {up – graphical depiction, down – possible output}, b) Voronoi 
cells, c) polygon surface-fit technique. 
 

1. Represent data map Z by complete  enclosed sets of regular points 
, , 	 . .	 0,1 1,1 , or 1,0 1,1  

2. Create 3D mesh  of projected enclosed sets  into polygons ∆  situated in 
world space with vertices (2.5) , , ∆ , ∆ ∈  

3. Initialize render map buffer , ∈ , 	⟸ ∞, where  is associated with 
the same pixel grid as the color sensor one , ∈ , 1, . . ,  

4. FOR EACH polygon ∆ , DO 
4.1. PROJECT ∆  into irregular points  on the color sensor grid (2.3)  

∆
→
∆ , ∆ 	 , ,  

4.2. FIND surface-fit plane function  for associated depth values and color 

intensities, ,	 . . , , , ,  

4.3. FIND all 	regular points ,	 ∩ 	 , 1, . . ,  of the color sensor grid that are 

inside enclosed area (convex hull) Conv defined for ∆  
                                               	 . . ∈ Conv(∆ ) 
4.4. FOR EACH 	 , DO 

4.4.1. CALCULATE resampled depth values 	 	 	 	  
4.4.2. IF , UPDATE value  

Table 2.1: Pseudo-code of non-uniform resampling algorithm by surface-fit technique. 
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2.6    Super-pixel segmentation 

Super-pixel based segmentation plays an important role in the targeted 3D fusion of V+Z data 
as it can help to impose structural and color constraints on the depth maps. In other words, 
super-pixels are good candidates to guide the depth reconstruction in areas where depth is either 
not available or is ambiguous. Super-pixels are segments that have regular (isotropic) and 
compact representation with low-computational overheads. A typical super-pixel behaves as a 
raster pixel on a low-resolution near-regular grid. Perceptually, super-pixel areas are 
homogeneous in terms of color and texture. There are two main approaches for generating 
super-pixels that can be cited, namely: SLIC (Simple Linear Iterative Clustering) [62, 63], and 
SEEDS (Super-pixels Extracted via Energy-Driven Sampling) [64] Examples of super-pixel 
clustering are given in Figure 2.9. 

 An elegant feature of the super-pixel segmentation is that it takes the desired number of 
SPs as an input parameter. For this number, it is reproducible in terms of the same SP areas 
(clusters) and the indexing that follows the edge shape between color textures. For that reason, 
SP segmentation is instrumental for finding the shapes of objects in a scene, see the pear 
example in Figure 2.9(a, b). Here, we present the SLIC formalism in segmenting an image into 
homogeneous super-pixels. The SP clustering is initialized by defining  seed locations of 
color points ,		 1, . . , . These points are chosen to be equidistantly sampled in the 
image coordinates = ,  in order to roughly calculate the sampling shifts [62] 

, ⁄ ,                                               (2.23) 

 where  and  are the pixel dimensions of the sensor (c.f. blue dots in Figure 2.9(a)). Pixels 
 are clustered to the SP segments , where each segment  spans 	pixels, as follows. For 

 
Figure 2.9: Super-pixel (SP) segmentation: a) clustering scheme, b) possible output; SP segment 
boundaries visualized on c) color and d) depth map on Art dataset. 
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each image pixel , a neighborhood  (i.e. seeding support region) is associated. The 
neighborhood seeding support region spans a rectangular area of dimensions 2 ,  around 

. Тhe closest similarity of 	to seeding points  within  is found by applying e.g. a 
bilateral cost, which assigns  to segment : 

argmin ‖ ‖ ,                            (2.24) 

where ,  are weighting constants. The clustering is iterated by updating the seeding points 
 with the arithmetic mean for the pixels assigned to the associated cluster : 

      .	 ∑ ∈ .                                                  (2.25) 

2.7    Cross-modality regularization filtering 

Dense depth reconstruction can be regarded as an inverse problem where depth ambiguities are 
presented in areas of missing depth measurements or wrongly estimated disparities. A 
regularization process that exploits the relations between the associated color and depth 
components should be applied in order to reconstruct, smooth and enhance the resampled depth. 
A natural approach is to employ locally-adaptive filtering guided by the color image. This is 
based on the hypothesis that object structures in the spatial neighborhood of the color image do 
exist in the targeted depth. In other words, objects with the same local color are expected to be 
at the same depth and hence the color image and the depth map should enjoy a certain edge 
congruency. The case is especially important while dealing with degraded depth maps where 
the degradations are clustered around the borders of otherwise smooth depth segments. 
Examples include lossy depth compression or the presence of artifacts when the depth is 
obtained in low-sensing conditions. Back to the 3D fusion operation discussed in the previous 
section, where depth ambiguity is created by the asymmetric-resolution V+Z setup. 

Cross-modality regularization can also be cast as a denoising scheme tackling depth 
measurement or depth estimation errors. Regularization is employed in the form of finding 
similar patches in the color image and treating the corresponding depth patches in a 
collaborative manner. As is the case with denoising approaches applied to degraded depth, the 
filtering parameters have to be adapted to the anticipated noise levels. 

In this thesis, two schemes for cross-modality regularization filtering have been utilized. 
The first one is used for the task of depth reconstruction in the asymmetric V+Z setup [P.VI–
P.VIII]. A modification of the bilateral filter that adapts the filter weights according to an 
aggregated cost in a block neighborhood has been used. The second scheme is used for the task 
of denoising ToF sensed data [P.IV–P.V]. A complex-valued modification of the non-local 
means filter has been employed to reflect the specifics of such data. 

 Bilateral filter 

Weighted laterals are calculated per pixel  in the pixel neighborhood ψ : 
,	 ∈ ψ ,                            (2.26) 

where { , } are parametrized Gaussian smoothing kernels for the corresponding spatial 
proximity and intensity similarity [65] Then, a bilaterally-weighted average is applied to each 
depth pixel 

∑

∑
,                                                    (2.27) 

in order to form the reconstructed map . 
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 Non-local means filter 

The non-local means (NLM) filter is a popular tool for denoising and enhancement as it is 
known to provide a solution converging to the expected value related with the p.d.f. of the 
random process under consideration [66], [67]. Consider a general signal noise mixture model 

 ,                                               (2.28) 

, ∈  is the real or complex-valued noisy observation, z, ∈  is the information signal of 
interest and : Χ →  is i.i.d. additive white noise with Gaussian distribution (AWGN), ∼

, . The general idea is to find and stack similar patches together and utilize their 
closeness as weights in a filtering process based on weighted averaging. Patches are extracted 
from a similarity map , ∈ . Usually, it is the noisy image itself, ⟸ 	 , although it 
can also come from another modality. A patch around a pixel  is formed as 	 	 	
	 , ∈ Ω , where Ω  is a neighborhood of pixels (e.g. a square block). The distances between 
a reference patch  and patches , within a search window ψ ,  ∈ ψ  around the pixel , 
are determined as 

,
| |

	 ,                                   (2.29) 

where  is a parametrized Gaussian smoothing kernel [66]. The centered pixel of the reference 
patch is filtered as a weighted average of the pixels within the search window 

∑ , ̆	∈ψ ,                                         (2.30) 

where ,  is a regularization weight 

  ,
exp

,

2 2

∑ exp
,

2 2	∈Ω

 

and  is a parameter associated with the noise variance. 

2.8    Metrics for assessing the method’s performance 

 General image error metrics 

Error metrics are applied on error values , 1, . . ,  in any processing resulting in 
corrupted or restored image samples  compared to some ground-truth (GT) reference  
measures percentage of error values exceeding some threshold value  

      	 .                                        (2.31) 

Mean absolute error                                    ∑ | |                                     (2.32) 

Mean squared error                                     ∑ .                                      (2.33) 

Root-mean-squared error                          √                                              (2.34) 

Peak-signal-to-noise ratio                          20 log
‖ ‖

, 	                    (2.35) 

Sum of squared errors                                				 ∑                                           (2.36) 

Percentage of bad pixels                              
# 	

100,	 %                           (2.37) 

measures percentage of error values exceeding some threshold value . 
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 Stereo-camera calibration 

In this thesis, stereo-calibration metrics have been used for optimizing and quantifying the 
proposed solutions. 

Sampson distance error (E ) [11] 

Measures the sum of the orthogonal distances of projected epipolar lines from a point to the 
corresponding point in the matched pair ,  (2.7-2.8) 

E  
, , 		

, , , ,
 ,                (2.38) 

where ∙ ∗  is the ∗ 	 row entry in a matrix. 
Vertical disparity error (E ) [21], [20] 

    E Var ,			 , L 2 R 2 ,                            (2.39) 

where ∙  is variance and ∙  is mathematical expectation (mean) operator        

Projective distortion errors E , E  [21], [20] 

Measure the amount of introduced projective distortion in an image when transformed by 
homography 	in terms of skew-ness and scale changes. The error E  measures orthogonality 
(in degrees, °) and E  measures the proportional sizes of the transformed images 

E ° cos
| || |

,      E  ,                      (2.40) 

where 

                                                 /2, 0, 1 ,              /2, /2, 1 , 

                                      /2, /2, 1 ,       	 0, /2, 1  

are middle edge points in the stereo images. 

2.9    Summary 

This chapter summarized some basic concepts which form the background for the 
developments described in the next chapters. First, the pinhole camera model was briefly 
presented. This is important for finding the relative camera pose with respect to world 
coordinates, especially in stereo camera settings where at least two perspective views are 
needed in order to perform stereo matching and find disparity correspondences. We elaborated 
on the importance of the calibration and rectification procedures and the inevitable existence 
of mechanical misalignments, which might invalidate the factory-calibrated camera parameters 
and thus impede the accurate depth estimation. 

We presented the ToF sensing principle and summarized the formulas giving the 
components of the measured harmonic signal. The specifics of ToF sensors, such as wider 
sensor element areas and low spatial resolution were emphasized in order to explain the 
motivation for attempting to characterize the related sources of noise in such sensors. The two 
main noise types, namely the spatially-correlated, signal-dependent FPN and the additive noise 
with Gaussian distribution were presented. We specifically defined the so-called low-sensing 
mode, as it is the main topic of research in the thesis. 

As 3D imaging is about combining color with geometry information, we steered the reader 
toward the V+Z 3D representation. In many cases, this representation might become 
asymmetric, that is, the two sensed data maps come with different spatial resolutions and 
different fields of view. Therefore, suitable 3D fusion processing steps are needed in order to 
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align the two modalities and produce per-pixel edge-congruent 3D representation. We looked 
at some techniques which would allow finding the inter-dependencies between the color image 
and depth map. We specifically presented the super-pixel image segmentation concept and the 
concept of cross-modality regularization filtering for effective depth reconstruction.
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Stereo-camera analysis and calibration 
This chapter summarizes the scientific contributions related with passive depth sensing 
employing stereo cameras [P.I–P.III]. First, we present an experimental framework for 
characterizing the influence that physical misalignments of the sensors have on the quality of 
stereo-matching and subsequent depth estimation [P.I]. Then, we extend this framework in 
order to quantify the influence of the parameters of the imaging processing pipeline (IPP) on 
the same depth sensing setup [P.II]. The empirical findings are the motivation for developing a 
new technique for camera misalignment compensation through unsupervised re-calibration 
[P.III]. We present results which are either competitive with or superior to the state of the art 
[20], [19]. 

3.1    Quantification of the sensing environment 

Depth estimation methods based on matching correspondences in stereo-camera setups have 
been extensively studied over recent decades, and methodologies for their comparisons and 
ranking have been proposed. Notably, one of the most popular benchmarking methodologies is 
based on the Middlebury data sets [15]. However, the methods have been ranked only by their 
quality performance on well-composed scenes assuming ideal imaging conditions with perfect 
camera alignment and in the absence of any capture artifacts. This gives a kind of biased 
direction for optimizing depth estimation techniques. One can observe a paradox: while many 
techniques have shown good results for various test scenes, their performance easily 
deteriorates in real-world imaging conditions, as is illustrated in Figure 3.1. A state-of-the-art 
method employing semi-global matching [25] has been applied on two scenes: a real scene 
captured by a Dell Venue 8 7000 tablet having a stereo camera [68] and the Tsukuba test dataset 
[15]. For the latter, the method produces excellent depth, while for the former, the output depth 
map is full of artifacts (note that the tablet cameras are arranged vertically, therefore the stereo 
is captured in portrait mode and the pair appear to be vertically aligned). Obviously, real scenes 
and practical stereo setups pose difficulties not always encountered in test datasets. 

Common problems in (low-end) stereo systems are related with possible mechanical shifts 
of the sensors, imperfections of the optical system and the influence of particular IPP modules. 
This has motivated us to perform a systematic study on evaluating the influence of these factors 
[P.I–P.II]. We aimed at making a fair comparison of depth estimation algorithms in real-case 
situations. Recently published methods and tools for stereo-camera analysis confirm the 
importance of our research objective [69, 70, 20, 71]. Our proposed methodology includes 
modeling the scenery, camera geometry, image sensing environment and eventually test 
execution, as described in the following subsections. 

 Scenery 

For rendering of the 3D scenes, the proposed framework used ray-tracing as implemented 
in the open-source platforms PovRay [72] and Blender [73]. A set of photorealistic synthetic 
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3D scenes of non-transparent textures and textured background at infinity have been created, 
called Gogh, Skull and Birthday, (see Figure 3.2(a-c)). Also, some scenes similar to the 
Middlebury datasets [15] have been reproduced aiming at similar geometry and textures. An 
example of Sawtooth cover is given in Figure 3.2(d)). The scene model can be of ambient 
illumination or it can include shadows, material reflections, flickering, photon-shot noise and 
other effects. Additionally, a directional motion blur can be introduced for particular objects in 
the scene. The object complexity and textures have been designed in such a way as to reproduce 
the performance of state-of-the-art stereo algorithms as measured on test datasets from well-
aligned cameras. 

 Camera geometry 

The models allow the camera poses, intrinsics, and baselines to be varied. In this way, the 
scripts generate differently misaligned stereo pairs [P.II]. The following individually-varied 
parameters have been considered: focal length, principle points, angles of rotation or translation 
shifts. For each stereo-view, a ground truth (GT) disparity and occlusion map are generated. 
Then, the relative geometric relations between all the generated stereo pairs are estimated. 
These estimations are used for evaluating the methods for unsupervised stereo calibration and 
rectification. 

 
Figure 3.1: Exemplified performance discrepancy of Semi-global match stereo correspondence 
algorithm for a) real case stereo-setup Dell Venue 8 7000 series (note that the stereo-setup has portrait 
capturing orientation), b) Tsukuba dataset. 
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 Image sensing environment 

The imaging chain has been modeled in its entirety from raw data capture to the storage of the 
compressed images. A parametrized model of the raw signal formation models variations at 
pixel locations at the stage of sensing. Starting with the Bayer pattern [74], pedestal charges 
can be added for each pixel. The optical system is modeled by optical lens distortions of a radial 
and tangential type [10]. Blur modeling, a defocusing effect and an aperture shadow effect 
(vignetting) have been also added [75]. In addition, models of photon-shot and impulse noise 
[76] have been employed to account for these types of degradations. Compression in mobile 
imaging has been also reproduced by selecting the JPEG and JPEG-2000 standards [10, 77]). 
Settings such as brightness, contrast and saturation have been enabled. 

The system simulated a customized generic IPP, where an arbitrary selection of processing 
stages can be designed to quantify their isolated or combined influence on the depth estimation 
quality. The IPP model has the following standard stages (c.f. Figure 3.3): 
Input    1. Bayer raw data sensing    2. Impulse noise reduction    3. Sensor noise reduction  
  4.  Sensor linearization    5.  Green channel balance    6.  Auto-white Balancing (AWB)  
  7.  Color filter array (CFA) interpolation    8. Color space conversion & color calibration  
  9. Aperture shadow removal    10. Gamma correction    11. Lens distortion correction  
  12. Sharpening    13. Manual settings (brightness, contrast, saturation, etc.)    14. Re-
sampling & compression    15. Image output. 

 Test scenarios and results 

A selection of stereo-matching methods are evaluated for non-rectified and rectified stereo 
pairs and the results are compared in terms of BAD, RMSE, PSNR, and MAE against GT. In  
particular, PSNR is measured for images projected from right to left using the estimated 
disparity. 

The system allows test scenarios that cover various aspects, such as: 1. Stereo topology and 
a misalignment model, 2. Optical system, 3. Sensor device, 4. IPP 5. Camera rectification. Each 
of these aspects can be quantified for its role and influence in the depth estimation process and 
for various stereo-matching algorithms either individually or in combination. The full results 

Figure 3.2: Created synthetic datasets for photorealistic scene representation (left - color modality, right
– range data in meters): a) Gogh, b) Skull, c) Birthday; d) reproduced scene of Sawtooth dataset (left:
original, right: reproduced). 
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are published in [P.I, P.II]. It has been demonstrated that misalignments are the most important 
factor degrading the quality of estimated depth, while some IPP modules play a significant role 
in generating depth artifacts. An interesting outcome from the results is that sophisticated (and 
thus more computationally complex) methods which are usually highly-ranked in benchmark 
tests do not necessarily provide better performance in low-sensing conditions. Another counter-
intuitive finding was that an optimal IPP for visualization seems not to be optimal for stereo-
matching purposes. 

The most important outcome of the stereo-camera analysis was that the available re-
calibration techniques [78, 18, 79, 21, 80] have not been providing satisfactory results. This 
motivated us to develop a specific re-calibration technique that properly addresses the problem 
of sensor misalignments, as presented in the next section. 

3.2    Proposed unsupervised re-calibration and rectification technique 

Our goal is to develop a re-calibration technique for roughly-aligned but slightly-perturbed 
stereo setups. We aimed to avoid an explicit estimation of the Fundamental Matrix for the sake 
of lower computational cost while still maintaining good robustness on a par with state-of-the-
art solutions. 

In our approach, we constrain the set of DoFs which are available, hence the notion of 
roughly-aligned cameras. Starting with this assumption, candidate DoFs are varied in order to 
compensate for possible misalignments. A linear search is performed over a set of error metrics 
measuring the rectification quality for a set of matched feature correspondences and the best 
compensation is selected. The stages of the proposed technique are shown in Figure 3.4. 

In the assumed pinhole camera model and projective geometry, non-linear distortions of the 
optical lens have been estimated and compensated in advance. If distortion parameters are not 
available, they can be estimated [81]. The cameras in the stereo setup are assumed to have 
similar parameters. This is expressed as follows: 

~ → ~ ,	 , , , 1,1}             (3.1) 

where ,  are the pixel dimensions of the sensor and matrix A defines possible skew-ness or 
aspect/zoom distortions [79]: 

 
Figure 3.3: Considered parametrized structure for the Image processing pipeline model. 
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                      0 1 0
0 0 1

, , , 1.                            (3.2) 

The imperfection model given by the matrix  confines the distortions to being affine ones. 
Projective distortions are rather unlikely. Moreover, the cropped image after a rectification 
warp can appear considerably smaller, and is thus more useful. The extrinsics of the setup are 
defined by a baseline vector  and rotation matrix  (2.4). The rotation matrix has been 
linearized to first-order Taylor expansion [20, 70]: 

, ,
1

1 	
	 1

.                                   (3.3) 

The process of misalignment compensation [80] for stereo-rectification is done by calculating 
the camera homography matrices ,

⊾  and is summarized in Table 3.1 

0.       Input: , , , b, and  

1. 
      Define projection matrices ,

⊾  (2.4) 
⊾ , , ⊾ ,  

2.  
      Calculate and normalize camera optical centers – ,  

= - ⊾ , = - ⊾ ; , , / ‖ ‖, ‖ ‖  

3. 
      Define compensation matrix ⊾ , , , 

              where , 
‖ ‖

, 
‖ ‖

, 

4. 
Estimate projective matrices of rectified stereo setup ,

⊾  
⊾ ⊾, ⊾ , ⊾ ⊾, ⊾  

5. 
Find the rectification homographies ,

⊾  

                                             ⊾ ⊾ , ⊾ ⊾   

6. 
Warp and resample pairs 

⊾
, , ,

⊾ , ,  

Table 3.1: Stages of proposed misalignment compensation process. 

 
Figure 3.4: Block diagram of proposed re-calibration technique.
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 Feature point estimation, matching and filtering of outliers 

Given a stereo pair, sparse correspondences are searched for in some feature space. A library 
of local features has been used including Scale-invariant Feature Transform (SIFT) [82], 
Features from Accelerated Segment Test (FAST) [83] and Binary Robust Independent 
Elementary Features (BRIEF) [84]. Features are extracted and then matched resulting in a set 
of  correspondences , 	in the image coordinates, a vector of descriptor values , both 
indexed element-wise , , ,		 1, . . , . The outliers are filtered in a series of stages: 

1 Boundary Filter – Excludes feature points that are close to image edges. Removes possible 
outliers due to there being no mutual image data among the stereo pairs or the possible strong 
effect of optical distortions. 

 2 Local Region Filter – Discards points that are situated very close to each other in the two 
images. 

3 Mirror Filter – Discards the differences between matched feature pairs, when search is 
done in the Left-to-Right and Right-to-Left directions.  

4 One-to-Many Filter – Removes matches that have the same or a very similar descriptor 
match. 

5 Intersection filter – Removes intersecting pairs of matched points if connected with lines.  
6 Global  filter – Applies a global least-squares approach for the estimation of  [11] and 

discards those pairs that are situated relatively far from epipolar lines. This is equivalent to 
applying a high threshold in the Sampson metric (2.38)). 

8 Descriptor threshold filter – selects best matched pairs according to the matching cost of 
descriptor similarity. 
An illustration of the filtering procedure for the scenes Arch [21] and Bicycles is given in Figure 
3.5. 

 Optimization approach 

As a basis for our minimization function, we adopt the global optimization search method 
performing constrained gradient-descent minimization with regularization [11]. The Sampson 
error metric E  (2.38) applied to the fundamental matrix of rectified pair ⊾ (2.8) is used as a 
cost function to be minimized. If it exceeds some defined quality threshold  (e.g. ≪ 0.1), 
then a collection of other metrics, including E , E ,	E , are included, with the constraint E

 in place. Our implementation has been tested for the deviations of the following parameters: 
{ , , , ‖ ‖, , ,	 }. However, more deviating parameters can be included, if needed (e.g. 
adding an optical distortion model [18]). Each deviating parameter is limited to a certain search 
range, as would be expected in practical cases. For example, the cameras are expected to be 
roughly (visually) rectified with distinct left and right positions. The cameras should be aligned 
more in the horizontal direction than in any other direction, which results in baseline vector  
parametrization as | , | ≪ 1, 1 along with the angles of rotation for the non-inverted 
cameras | , , | 4. It has already been noted for (2.3) that projective distortions  (3.2) 
are very unlikely to appear in reality. Thus, the matrix  has only been used in the post-
rectification stage and its elements  have been parametrized for a very narrow range , 

1 , s.t. | | ≪ 0.1. 

The optimized search consists of several steps, shown in Figure 3.6. First, one initializes a 
set of DoFs for expected levels. The next step scans the set and consecutively selects a single 
DoF and saves the result of the one that gives the best rectification for the sparse set of matched 
features. If the result is worse than that of the initial (e.g. non-rectified) setup, then the 
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optimization search is canceled. Otherwise, the best-performing DoF is added to the search 
subset with its levels, and the optimization process is repeated in order to find the best-
performing combination of DoF values in the current subset with an additionally chosen DoF 
from the main set. The process is repeated until all subset combinations have been checked or 
the rectification metric E  exceeds some quality threshold . Then, if the rectification quality 
exceeds that level, optionally, the very same post-rectification procedure involving other 
metrics is applied. Finally, for the obtained rectification homographies , , the stereo pair is 
transformed, resampled and optionally warped 

⊾
, , ,

⊾ , , ,                                      (3.4) 

 
Figure 3.5: Feature matching (left: without, right: with outlier filter) of datasets: a) Arch, b) Bicycles; lines 
in {green: high, red: low} matching confidence. 

Figure 3.6: Block diagram of the optimization search procedure. 
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where ,  is an interpolation operator (e.g. cubic spline [54, 55]). 

In many practical cases, the found rectification can produce a very deformed image shape 
exceeding the span of the original image, or it may introduce wide areas of no data (note the 
empty areas in Figures 3.7, 3.8). The role of the last procedure is to bring that to a less deformed 
result, slightly compromising the rectification quality. A good candidate metric for achieving 
this calculates the percentage of no image areas for the resampled rectified pair data ⊾

,
 

E %
∑ 	 ⊾

,

100	 % , . . ⊾
,

∅.                     (3.5) 

 Experiments and results 

 Our method has been assessed in the work of Zilly [20], which we reproduce in Table 3.2. The 
techniques have been tested on datasets provided by Mallon and Whelan in [21]. The 
performance of our solution (Proposed) has been compared with other state-of-the-art 
rectification methods, namely Mallon [21], Zilly [70], Loop [85], and Hartley [18] for a set of 
rectification error metrics. For the sake of consistency, the proposed outlier filtering procedure 
(c.f. Subsection 2.3.1) has been omitted. 

As seen in Table 3.2, our method is highly competitive with the state of the art, being either 
best or second best. In all cases, the achieved sub-pixel precision for E  is high with a very 
small number of projective distortions (E 0.1°). This demonstrates high and balanced 

 
Figure 3.7: Rectified output (shown in anaglyph blend mode) for: a) Yard, b) Roof benchmark datasets; 
for methods of left – Mallon, right – Proposed; parallel lines used for guiding reference. 
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performance. The performance would be further improved if the outlier pre-filtering step is 
triggered or projective distortions are excluded. The latter constraint, will force the numbers 
for EО and E  to be always perfect, but will slightly decrease the values of E . On the other 
hand, if the range of  is increased, then E  gets very close to being the best possible for 
the cost price of visible projective distortions (E 1°). 

Two visual outputs of the rectified datasets Yard and Roof are shown in Figure 3.7. The 
result is visually compared to the rectification results of Mallon [21]. For the most difficult set, 
Roof, where very few inliers are given and the depth contrast of the scene is very high, the 
proposed technique provides very good rectification output as confirmed by the error metric 
values in Table 3.2. For the relatively simple scene, Yard, the methods provide similar results 
both visually and in metrics. However, there is one interesting aspect that needs attention. The 
condition for left-to-right depth parallax (see Sub-section 2.2.2) is not conceived by the solution 
of Mallon (c.f. Figure 3.7). In practice, such rectified sets provide good rectification quality, 
but will obviously fail in any stereo-estimation application that exploits such an assumption 
(see Sub-section 2.2.3). 

Additional rectification results for rather tricky real cases are depicted in Figure 3.8. The 
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Table 3.2: Cited source (by courtesy of F. Zilly [20]) of benchmark evaluation metrics for the proposed 
and state-of-art rectification techniques; stereo pairs are shown in blended mode. 
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scene, Office, shows a stereo pair of low-quality including compression and noise artifacts [86]. 
The scene, ThinkPad, shows rectification for non-roughly rectified input, where the two views 
in the pair are taken with substantially rotated view parallax. The scene, Research Group, 

 
Figure 3.8: Visual performance of the proposed rectification technique (blended mode, (left)non-, (right) 
rectified) for datasets: a) Office, b) ThinkPad, c) Research Group; d) visual output (right) of disparity 
map by Semi-global match algorithm for the rectified result (left) for same dataset as in Figure 3.1(a). 
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shows rectified output for a stereo image taken by a Fuji FinePix Real 3D camera [87]. This 
example demonstrates that the available commercial products lack tools for recalibration and 
rectification. 

Furthermore, the proposed technique has been tested for its effect on the depth estimation 
quality for a real-case stereo pair as in Figure 3.1(a). The obtained depth map (right side) shows 
considerable improvement (c.f. Figures 3.1(a), 3.7(d)), where the quality resembles what is 
expected for this method (c.f. depth map quality in Figures 3.1(b), 3.7(d)). 

3.3    Summary 

In this chapter, we presented our contributions to the area of passive depth-from-stereo 
estimation. We have designed and run an extensive number of tests in order to quantify the 
influence of various camera parameters and processing units on the quality of subsequent depth 
estimation done using state-of-the-art methods. We have demonstrated that depth estimation in 
low sensing conditions is much more challenging than when applied to standardized datasets. 
We have especially emphasized the role of mechanical misalignment of the stereo sensors, 
which can substantially decrease the depth estimation performance due to misused calibration 
parameters and subsequent sub-optimal rectification. Motivated by this challenge, we 
developed a new re-calibration and rectification method, which is specifically suitable for 
roughly-calibrated cameras. This means that in a rigid stereo setup, some camera parameters 
are more prone to the effects of misalignments and the corresponding degrees of freedom are 
more likely to deviate from the factory-calibrated values. In contrast, there are degrees of 
freedom which are much less likely to vary and these can be constrained for the sake of a faster 
and more robust re-calibration procedure. We have formulated such an optimization procedure 
based mainly on minimization of the Sampson error metric. However, we have also included a 
set of other error metrics which are triggered in cases when Sampson distance is unable to 
maintain the desired rectification quality. Using this cascaded approach, we are able to set the 
best compromise between rectification quality and the least-deformed rectified pairs. Our 
method is rated among the best as independently assessed in another doctoral thesis ( [20]).
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Noise modeling and denoising of Time-of-
flight data sensed in low-sensing conditions 
This chapter describes our contributions to the areas of active depth sensing employing ToF 
range sensors [P.VI–P.V], [41, 88]. Based on a thorough analysis of the ToF sensing principle, 
we have theoretically modeled behavior of the sensors in low-sensing conditions, when the 
signal is strongly dominated by two noise components, namely spatially-correlated FPN and 
Gaussian noise added to the raw (measured) data. 

Based on the devised model of FPN, we have proposed a linear filtering approach for its 
effective removal. We have demonstrated that the additive Gaussian component substantially 
changes its distribution in the amplitude and phase components of the computed harmonic 
signal. This gave us the idea of forming a new random variable in a complex-valued domain 
which can behave much more favorably in terms of stabilized noise variation. A related 
denoising method working in the complex-valued domain can therefore be devised with the 
aim of bringing the data sensed in the LSE to the quality achievable in the normal sensing 
mode. 

4.1    Fixed-pattern noise modeling, estimation and removal 

 FPN modelling 

The ToF measurements have been described in Chapter 2. To distinguish FPN-contaminated 
from non-contaminated phase frames, we denote the former by . The FPN is modeled as 
a signal-dependent noise for each phase frame 

, ,                         (4.1) 
with  and  being the FPN gain and offset components (also referred to as pedestal 
map), respectively; 	 1,2,3,4 are the observed (measured) signals,  are the 
corresponding true signals (possibly mixed with some other sensing noise), and ∙  is some 
function setting the dependence between the information signal and the multiplicative noise 
component, namely the gain component . Note that in our model, the same gain component 
is used for all phase frames ( 0, 1, 2, 3), but each phase frame k has a different offset . 
This is what differentiates the FPN present in ToF sensors from, e.g. NIR imaging devices or 
thermal cameras, where only one offset per sensor element is used – here the 4-tap ToF sensing 
principle implies different offsets, because different circuits might be involved in capturing 
different phase frames [3]. 

 Removing the offset component 

We present an empirical approach for removing the offset components , . As seen in the 
model, these components are generally considered as fixed masks. For estimating the offset, 
the optical system is occluded (if possible, the camera beamers should also be switched off to 
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avoid thermal noise). With this setting, observation data is gathered for a large number of 
frames , e.g. 400. We denote those observations  for 1,… ,  and 
0, 1, 2, 3 . Since we are effectively sensing “nothing”, in an ideal case each pixel would record 

only random noise. As the FPN offset is also present (c.f. Figure 4.1(a)), the idea is to 
determine, for each pixel, such parameters  that when those are extracted for the 
corresponding measured phase frame, , for each pixel the calculated 
amplitude  and phase  (2.14) would have a close-to-zero mean and minimum variances: 

→ 0, → 0, → 0, →  (See Subsection 4.2). To avoid phase bias, a mean is applied 

first per pixel and then per sample  over all 	observations and then  is calculated by 
(2.14). After estimating the offset values , they are stored in a table and can be subtracted 
in real time. They should be periodically recalculated to compensate for drifted changes due to 
the aging of the sensor. A compensation of the pedestal is shown in Figure 4.1(b). 

 Removing the gain component 

The gain component  as modeled in (4.1) is considered signal-dependent and spatially-
correlated. Visually, it appears in the form of stripes [34, 37] (c.f. Figure 4.1(b)). Such a stripe-
texture pattern can be analyzed in the frequency domain. For such an analysis, the scene should 
be properly set. In our experiments, the scene has been set from smooth and high reflectivity 
material establishing a continuous change in distance  that covers a major portion of the 
device’s operating range. Such a scene provides varying values for the phase maps  and 
at the same time there are no edges between the scene objects situated at different distances 

 
Figure 4.1: Fixed-pattern noise removal stages: a) contaminated (unprocessed) input x , b) pedestal 
map  removed ( ), c) filtered gain component , d) final output after adaptive thresholding .
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[P.III]. This prevents high-frequency components not related to FPN appearing in the frequency 
domain representation. 

Consider a captured phase frame map . The offset components  are removed 
first . The Fourier transform for one (any) of the resulting phase frames is then 
calculated. The Fourier domain representation for the unprocessed raw input  of a ToF 
device (PMDTech® CamCube 2.0 [43]) is shown in Figure 4.2(a, b). As seen in Figure 4.2(c), 
two frequency components related to the FPN gain component can be easily identified, namely 
(for the device under consideration), , 2/3 , 0  and , , 0 .  

A finite number of dominant frequency components can be easily removed by a properly 
designed linear-phase finite impulse response (FIR) filter. Moreover, since the undesired 
components are along the vertical axis ( ), an 1D filter can be applied on the signal horizontally 
(row by row) . The primary aim of such a filter is to remove the undesired 
components. At the same time, it should preserve the signal as well as possible, that is, its 
passband ripple should be as small as possible and it should not introduce ringing artifacts. In 
real scenes, additional artifact suppression is handled by adaptive thresholding, where the final 
output is based on the per-pixel weighted average of filtered and input data [P.III]. 

A method for designing FIR filters that satisfies the aforementioned requirements is 
discussed in detail in [P.III] Additionally, a synthetic test scene Birdcage (c.f. Figure 4.3(a)) 
has been developed to carry out an empirical simulation of FPN according to the noise model 
for designing and evaluating candidate filter kernels. Figure 4.3 shows the simulated noisy 
input with FPN (b) and the filtered output (c) (rectangular blocks show a zoomed region). We 
assume that after filtering, we obtain  which is the value of the measured phase frame 
possibly contaminated with AWGN noise (c.f. Figure 4.1(d)). This is confirmed by the Fourier 
domain representation in Figure 4.2 of the filtered (d) and adaptive thresholded (e) phase frame. 
As seen, the undesired frequency components for the FPN pattern are effectively removed 
without any noticeable modifications in the rest of the spectrum. In the rest of this chapter, it is 
assumed that FPN has been taken care of and that the measurement data in the phase frames 

 are subject to AWGN only. 
 
 
 
 

 
Figure 4.2: Frequency-response analysis of ToF data for PMDTech® CamCube 2.0 device: a) 
unprocessed input , b) same for en-facé projection, c) for masked pedestal , d) filtered for 
gain component , d) adaptive thresholding applied. 
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4.2     Noise model of Time-of-flight sensor operating in LSE 

 Bivariate distribution model of ToF signal components 

Our objective is to derive analytical expressions for the probability properties of the harmonic 
components , 	of the ToF sensed signal when the device operates in LSE. Consider the 
Cartesian variables { , } (2.15) and their polar counterparts { , 	as illustrated in Figure 
4.4(a), where ,  are associated with the (complex-valued) vector 

exp .                                                  (4.2) 

The variables  and  are assumed to be independent and identically distributed (i.i.d.) with 
bivariate Gaussian distribution 

, ∈ , /2 .                             (4.3) 

While the process of photon counting in the sensor for reading the values  is best modeled 
as a Poissonian process [76, 89], there are also other factors influencing this reading which 
eventually result in well-motivated Gaussian modeling [42, 90]. The bivariate probability 
density function (p.d.f.) , , , is given as 

, , , where                                      (4.4) 

                       
√

exp , 	 	 	 , .                                     (4.5) 

 
Figure 4.3: Synthetic Birdcage scene for empirical evaluation of designed filter kernel for suppression
of gain component : a) GT amplitude  (left) and phase  (right), b) simulated FPN in 
noisy phase map	 , c) filtered and denoised phase; rectangles show a zoomed region. 
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The axes (independent variables) corresponding to the Cartesian components ,  are 
denoted by ,  and the axes corresponding to ,  are denoted by , . We aim at 
obtaining the bivariate p.d.f. , ,  and the univariate 	 	and . The true scene 
is characterized by the (noiseless) reflectance amplitude  and the true phase , while the 
noise is characterized by its variance . The p.d.f. , ,  is derived in [P.IV] as  

, , exp cos cos exp sin sin .   (4.6) 

Figure 4.4(b, c) illustrates Eq. (4.6). The equation suggests that the p.d.f. is sensitive to phase 
wrap effects. If the true phase is close to , certain noise levels will cause wrapping; see the 
blue vector in Figure4.4 (b) and also Figure 4.4(d). 

 Probability distribution of the phase component 

The p.d.f. of the phase component, derived in (4.6), is parameterized by  (2.20), as 

follows 

                 exp
√

cos  

       		 1 erf
√
cos exp sin , 

(4.7)

where erf
√

exp  is the Gaussian error function. The parameter  is informative 

for the sensing conditions as it gives the ratio between the (reflectance) amplitude and the noise 
level. For ≫ 1 the p.d.f. has the form 

 
Figure 4.4: Bivariate normal offset distribution of vector : a) relations between random variables, b) 
example positions of running variables for bivariate p.d.f. , , 	for the normal case (red, left) and 
case of possible phase wrapping (blue, right), c) non-wrapped case of , , : 10; 	
20; 	 /4, d) wrapped case: 10; 	 14; 5 /6.
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√

cos exp sin . 

This indicates that only for high values of , the p.d.f. becomes close to a Gaussian normal 
distribution. If the general moment of order  for (4.7) is defined as 

.                                                    (4.8) 

then the second central moment ( 2) which would characterize the variance of (4.7), while 
considering 0 is given by 

4 ∑ 1  ,                                                   (4.9) 

where Λ
/

! / , 1; , Γ  denotes gamma function Γ

exp , and , ; 	  denotes hyper-geometric function for confluent 
geometric expansion case [91] 

. , ; 	 1
1
1 2!

1 2
1 2 3!

…				. 

The formula in (4.9) behaves as follows: for → 0, → ; for 1, √2 	 ; 

and for high values of , 1 . Only the last case shows asymptotical convergence to the 

variance model (2.19), which is characterizing the normal operating mode. 

For the amplitudes of very low values ( ~0), one needs to analyze the non-central moments 
, for 0 (4.8), due to the probability of phase-wrap effects. The first-order moment,  

corresponds to the expected value E 	and the second-order moment, 
	corresponds to the variance Var , 0. Analytical solutions for non-

central moment for the formula in (4.8) are difficult, therefore the integrals are solved 

 
Figure 4.5: Phase probability plots in LSE: a) p.d.f. 	for varying / 	 4, 4, ∈
0.2,40 ); Statistics for b) variance , c) expected value ; d) noisy amplitude ( ) and  e) phase 

map of chess board scene, dark squares: ~5, bright squares: ~25, d) denoised phase output  by 
calculating pixel-wise temporal arithmetic mean. 
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numerically by approximating the integration with the trapezoidal method. A family of variance 
plots for | |  and ∈ 0, 22  are given in Figure 4.5(a) and the corresponding family of 
expected value plots is given in Figure 4.5(b). One can see that the variance and expected value 
of  depend on the true phase, and their shapes differ considerably from the typically assumed 
asymptotic model (shown by black solid lines). 

 Probability distribution of the amplitude component 

The p.d.f. of the amplitude is given by the expression  

exp I ,                           (4.10) 

where  denotes the modified Bessel function of zero order [P.IV]. A family of plots of  
is shown in Figure 4.6(a). The expected value and variance of  are [91] 

              E L , 

                                   Var 2 , 
(4.11)

where L exp /2 1 I . The formulas (4.11) suggest, that one 

gets close to the asymptotic solution only in the case of relatively high values of  leading to 
e.g. , (2.19) 

1 , 1 .                       (4.12) 

The Eq. (4.12) also shows also that the variance of the amplitude is not constant but signal-
dependent as a function of the scene reflectance, and the expected value is biased in relation 
with the standard deviation (std) value . Illustrative examples for the standard deviation (std) 
	and the expected value  as functions of  for a typical 	are given in Figure 4.6(b, c). 

The figure reveals that the amplitude in the LSE varies with a smaller noise std in comparison 
to the raw data components, which are considered varying with constant std  (the red dashed 
line in the figure). On the one hand, this is good: it says that it is better to use a denoised 
amplitude for guidance, and not the noisy one as is used in most of the current methods. On the 
other hand, Figure 4.6(c) suggests that the denoised amplitude will remain biased anyway, so 
its use is not universal and should be applied with care. 

 Device characterization and parametrization of a low-sensing environment 

From the above derivations, one can conclude that the commonly adopted models for the 
amplitude and phase components are adequate only when the ToF device senses signals with 

Figure 4.6: Amplitude probability plots in LSE for varying / 4, 4, ∈ 0.2,40 ): a) 
p.d.f. , b) std , , and c) expected value , . 
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relatively high amplitudes with respect to the sensing error. This allows us to characterize LSE 
as the case when the measurement error in the phase component starts to significantly deviate 
from the adopted noise models (2.19). This can be quantified by a threshold value of , 

. In the provided case study [P.IV], it is set as 25 in accordance with the operational 
characteristics of the device. 

In normal operating mode, a direct denoising of the phase component  is doable. When  
grows, the p.d.f. gets a narrowing Gaussian shape (c.f. Figure 4.6(a)). A phase-wrap situation 
as in Figure 4.4(b, d) (for blue vector) is unlikely – there is always a distance between the 
camera and the scene and the near-to-camera objects are usually well illuminated [42], [92]. 
For the same reason, the expected value is likely unbiased, that is, E . Thus, a 
direct denoising of  will yield the highest signal-to-noise ratio (SNR) compared to e.g. 
denoising the raw measurements . 

The plots of expected values for the phase component (c.f. Figure 4.6(c)) show high bias 
for small amplitude values in the sensed scene. This bias cannot be compensated in any direct 
denoising approach. Even an ideal denoising method applied on the phase modality, for 
example averaging of numerous temporal phase realizations, would produce a biased output – 
the range estimate would be smaller than it really is. This effect is illustrated in Figure 4.5(d, e, 
f) for the frame averaging of a chess-board scene. The black squares of a chess board are in 
LSE ( ~5), while the white squares are in normal sensing mode ( 25). The denoised map 
is obtained by averaging 600 temporally captured realizations of the same static scene. On both 
phase maps, the black squares appear extruded towards the camera. The above effect has been 
observed in some studies and referred to as intensity-related distance error [93, 31, 94, 95, 96]. 
Our analysis clearly explains it as related to the noise properties in specific sensing conditions. 
It also demonstrates that typical approaches for direct denoising of spatial maps  are 
systematically wrong if the device works in LSE. 

 Probability distribution properties of a vector with random phase and fixed 
amplitude 

Denote  as the denoised version of , which holds the properties of its expected value, 
. This component is combined with the noisy phase  having p.d.f.  to a new complex 

random variable 	 exp , illustrated in Figure 4.7(a). The derivation of the probability 
distribution properties of this variable is obtained by considering directional (or circular) 
statistics [97]. The complex vector of moments for the circular distribution of a unitary random 
vector exp  is defined as 

,                                      (4.13) 

where Π is an interval of length 2 . The vector of first moment (mean or raw vector) ∈  is 
denoted as 

               E exp  

               E exp , (4.14)

where ∙ ̅  is a complex conjugate operator. The variance of the complex vector  can be easily 
derived utilizing the following operator properties 

Var Var exp 1 | | .                            (4.15) 

Because of the symmetry of , wrapping it on a circle and calculating the integral in (4.13) 
eliminates the risk of getting a wrong expected value caused by phase wrapping. That is, the 
result for  cannot be influenced by any phase-wrap effect and the direction of  will estimate 
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the true phase arg . The resultant amplitude of  is always equal or smaller than one, 
| | 1. Finally, for the complex vector ′, the variance has the corresponding scaled form 

′ 1 | | 	 .                              (4.16) 

The variance behavior is given by the std plot in Figure 4.7(b). The std is near constant for most 
of the amplitude range and sharply fades to zero for 1. This suggests no signal dependency 
of the noise variance for a wide range of input amplitudes. Figure 4.7(c, d) exemplifies the 
biased nature of the calculated scaled raw vector amplitude, | | for different noise levels, in 
linear and log-scale. 

4.3    Denoising of Time-of-flight data sensed in LSE 

We propose a denoising method which utilizes the analysis of the derived noise models. The 
method works in stages as follows: A complex-valued map 	 exp  is 
denoised by a patch-based non-local means (NLM) denoising technique. This requires 
searching for similar patches to be grouped together. The search is performed on the complex-
valued map combining the denoised amplitude and the noisy phase ⟸

exp	 . Then, the denoised phase estimates are obtained by arg	 . 
The whole process can be iterated if needed. The solution utilizes the denoised version of the 
amplitude  to form the complex image 	 exp . Though a direct 
denoising of 	would result in a biased output, its specific probability distribution suggests 
that we can safely utilize any biased result. With reference to (4.10) and Figure 4.6(c), the bias 
trend is strictly monotonic. The output values are unique for the ground true amplitudes. 
Furthermore, for the LSE case, the variance  fades to zero and makes   

 
Figure 4.7: Probability plot for signal  and fixed amplitude , 	 exp : a) signal formation 
in complex plane; b) std  for varying reflectivity, c) scaled raw vector | | for varying scene 
reflectivity, d) same as (c) in logarithmic scale (plots given for several values of ). 
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even more useful. The amplitude map 	is denoised by NLM in two iteration steps. In the 

first iteration, the input is directly used as a similarity search map ⟸ . In the 

 
Figure 4.8: Denoising performance of the proposed method for several test scenes [P.V]: a) Dark, b) 
Leaves; From top to bottom: scene, ground-truth data (averaged 600 frames for 2 , noisy phase 
frame ( 50	 ), denoised output. 
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second iteration, the similarity search map is updated as ⟸ , . The 

update is done by regularization referred to as “twicing” [98].  

The denoising process is denoted by , , where  is the denoised 
version of  using the similarity map ⟸ ′ . The filtered amplitude and phase maps 
are obtained from the denoised vector at the current iteration i, as  and 

arg . The new 	is a refined, less biased amplitude and is thus good for 

updating the similarity search map ⟸ ,  by implementing a 
“twicing” regularization [98]. The computational complexity of the proposed method is 
discussed in [P.IV] and speed- and memory-optimized implementations are developed in [99], 
[100], and [101]. 

 Experimental results 

The proposed denoising method has been thoroughly tested and compared with the state of the 
art methods. It demonstrates very competitive performance (best or second best) which is also 
consistent for all the tested LSE cases (see the tables with comparative results and experimental 
figures in [P.IV]). Qualitatively, the denoised phases (and corresponding depth maps) show 
fine preservation of the scene structures and contain only a very small amount of artifacts. The 
superiority starts to fade toward longer integration times (i.e. getting closer to normal mode), 
where the method performs similarly to modern state-of-art methods (e.g. BM3D [102], Lenzen 
et. al [93]). This is to be attributed to the way the similarity of patches is being exercised. While 
the pre-filtered vector ′  always reflects the same noise influence according to its stabilized 
variance, it has no better influence for the normal sensing environment. On the other hand, the 
results suggest that when the ToF device enters normal operating mode, other denoising 
methods start to perform reasonably well since the noise influence is rapidly decreasing. A few 
of the figures from [P.IV] for the test scenes Dark, Umbrella, Leaves, Workbench are replicated 
in Figures 4.8, 4.9. 

4.4    Summary 

In this chapter, we presented our research aimed at modeling the processes in a ToF device 
working in low-sensing conditions. We elaborated on two noise types being characteristic of 
such conditions. First, we modeled and analyzed the case of FPN, which becomes dominant 
when the sensed signal is weak due to the reduced power of the illuminating light source or 
because the scenes have low reflectivity. We demonstrated the signal dependency of this type 
of noise and its periodic patterned appearance. Consequently, we developed a linear filtering 
method for its removal. Second, we modeled the remaining noise as a random component with 
Gaussian distribution, added to the phase frames. We derived the analytical expressions of the 
amplitude and phase distributions and analyzed their behavior in low-sensing conditions. We 
demonstrated that state of the art methods optimized to work in normal operating mode will 
fail in an LSE due to the noise properties in such conditions. The phenomena referred to 
previously as intensity-related distance errors have also been explained through the newly 
derived noise models. The phase-wrap effects, which are common artifacts in LSE, have been 
neglected and eventually omitted from the previously-done noise analyses. We have 
demonstrated that these artifacts are successfully taken care of by the newly-developed non-
local denoising method working in a complex domain. The latter makes use of a purposely-
formed complex variable with naturally stabilized variance. 
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Figure 4.9: Denoising performance of the proposed method for several test scenes [P.V]: a) Umbrella, b) 
Workbench; From top to bottom: scene, ground-truth data (averaged 600 frames for 2	 , noisy 
phase frame ( 50 ), denoised output. 
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3D resampling and the synthesis of View-plus-
depth data 
In this chapter, we focus on the 3D representation denoted as V+Z. In this representation, two 
modalities are aligned, namely the color image and the associated depth map, in the form of a 
grey-level image. The latter is obtained by some depth sensing or estimation method and 
usually gets the same resolution as the color image. V+Z is instrumental in tasks such as free 
viewpoint rendering and 3D display content creation where one can use the presented geometry 
and reproject the given color texture on an arbitrary pinhole camera location. 

Two groups of problems are emphasized for V+Z data. The first problem is related to 
effective compression of the depth modality. It arises from the fact that the depth map is a 
piecewise-smooth function with delineated boundaries of objects at different depths. Therefore, 
the symmetric V+Z representation might not be the optimal representation for compression and 
one might opt for reducing the depth resolution first in order to reflect the existence of wide 
smooth depth regions. Such depth decimation should be done in accordance with the associated 
color modality and in connection with the adopted depth reconstruction method to bring the 
(decompressed) depth back to the color image grid. 

The second problem is related to the necessity of fusing the color and depth modalities coming 
from two synchronously working devices, e.g. an RGB camera and a ToF sensor. Such multi-
modal settings are generally non-confocal and with different FoV for the two sensors. 
Therefore, the starting V+Z representation is asymmetric and requires 3D fusion in order to get 
the two modalities well-aligned. We present solutions for the two groups of problems in a 
unified framework for depth resampling and reconstruction. 

5.1    General framework for V+Z resampling and fusion  

We propose a general depth resampling scheme (DRS) to be used as a building block in various 
applications. The aim is to find an optimal representation of the depth map, for either 
compression or depth reconstruction. The scheme effectively utilizes a super-pixel (SP) 
segmentation of the associated color image. The block diagram of our proposed scheme is given 
in Figure 5.1. It takes the color image  as input, a set of initial seeding points , and a depth 
map , which might or might be not be with the same resolution as the color image. The color 
image is segmented by an SP clustering operator	Ξ, 

Ξ , .                                                        (5.1) 

A masking operator 	 fills each segment 	with constant depth values	 ̅ , thus generating a 
depth map with the same resolution as the color image  

̅ 	 , .                                                       (5.2) 
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The values 	 ̅ 	are selected or calculated depending on the application. A cross-modality 
adaptive reconstruction filter  reconstructs an estimate of the depth map 

	 ̅ , , .                                                         (5.3) 

 
Figure 5.1: Depth resampling system (DRS). 

 
Figure 5.2: Proposed modification of super-pixel segmentation: a) segmentation principle, b) its possible
output; example of edge congruency applied on color map of V+Z data pair (Art dataset) for number of 
segments  c) 64, b) 256; segmentation boundary visualized for (up) color and (bottom) depth maps.

Ξ

̅

DRS
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Furthermore, a depth down-sampling operator  turns either ̅ or  into low-resolution depth 
map  

, , ,                                                        (5.4) 

The scheme is general and can be integrated in other techniques requiring depth resampling 
and refinement. We have developed two such techniques, one related to near-lossless depth 
encoding and one related to asymmetric V+Z data fusion. To this end, we first propose a 
modification of the SP segmentation which would better serve the targeted applications. 

 Multi-layer congruent super-pixel clustering  

A novel SP clustering operator	Ξ (5.1) consisting of multi-refinement levels is proposed in 
[P.VIII]. It is based on the SLIC method [62], which was briefly overviewed in Section 2.6. 
Specifically, the operator seeks a segmentation that has contour consistency among different 
refinement levels in the sense that a refinement level  with smaller number of segments has 
segment boundaries of SPs that are in union to those of a refinement level  with a higher 
number of segments (c.f. Figure 5.2(a, b)). 

The proposed modification of the SP clustering brings a few benefits. First, the hierarchical 
similarity of the entire segment is enforced, instead of just a pixel-to-pixel similarity. This 
might lead to considerably better modeling of texture transitions (c.f. Figure 5.2(c, d)). Second, 
using the mass center locations for seeding points, it prevents the occurrence of misaligned 
clustering occurring on the finer mosaic scales in the consecutive iterations. The last and most 
important benefit is that such hierarchical clustering provides congruency of the SP boundaries, 
which is of high importance for simplifying the encoding approach and improving the speed 
and quality performance of the originally proposed compression methods [P.IV, P. VII]. 

 Depth reconstruction 

The operator  (5.3) is expected to exploit the relation between color and depth through a cross-
modality guided reconstruction filter [65], [66]. The neighborhood ψ  from Eqs. (2.26, 2.27) is 
selected to be proportional to the super-pixel size of the current refinement level ′ (c.f. Figure 
5.3(a)) 

    ⋕ ψ ∝ 2 .                                                          (5.5) 

An example of the filter performance is illustrated in Figure 5.3(b-d). 

5.2    Depth map encoding application  

The first application utilizing DRS is the encoding of the depth map in the V+Z representation, 
where the color and depth modalities are already aligned and have the same spatial resolution. 
Figure 5.4 illustrates the proposed technique. The decimated depth map  being the output of 
DRS undergoes arithmetic encoding exemplified by the operator . It outputs an encoded 
binary sequence . The reconstructed depth map  is compared against the original one by 
means of SSE (2.36) on the super-pixel level, and regions of high reconstruction error are split 
into finer and embedded super-pixels.  Their centroids are returned to the DRS module which 
updates the outputs for a next-iteration reconstructed depth map  and its decimated version . 
The latter map, along with the localization information for the partitioned SP segments, is 
stored in a predictive sequence unified with . The refinement process is applied iteratively 
subject to an encoding bit-budget  compared with the bit length of the sequence , i.e. 

. 
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 Encoding schemes 

We encode three components: A) The uniformly-decimated depth map 	produced at iteration 
 is encoded in predictive sequence ; B) the depth values corresponding to the partitioned 

SPs are encoded in predictive sequence ; and C) the partitioned SP structure is encoded in 
the binary sequence . Further details of the encoding approaches are given in [P.IV] and 
[P.VIII]. 

A) The decimated depth map  at stage  has an isotropic structure with dimensions 
,  and values , corresponding to each segment . The segmentation structure comes 

 
Figure 5.3: Proposed reconstruction filter applied on Art dataset: a) an adapting principle, b) super-pixel 
masking operator output  for 64 segments and several refinement updates, c) filtered output	 , and d) 
zoomed regions (labeled by white rectangles “1” and “2”). 

 
Figure 5.4: Block diagram of depth map encoding utilizing DRS. 

DRS
	

⇐ ∪

SSE
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from the color modality and can be reproduced, thus it does not need to be encoded. The map 
itself is encoded in a predictive sequence	  similarly to the JPEG-LS standard [P.VI]. One 
should consider that each depth element value  is predicted by the values of the neighboring 
elements , ,  coordinated in a relative-position order (c.f. Figure 5.5(a) in the left part). 
The value of the corresponding element  is defined as  

		
‖ ‖ , . . ‖ ‖
‖ ‖ , . . ‖ ‖
, . . ‖ ‖ ‖ ‖ 	

  ,                                 (5.6) 

where , . 

B) Consider  partitioned SPs with corresponding depth values  , 1, . . , ). These 
are predicted in a tree structure  by the difference with their parent sub-pixel  (c.f Figure 
5.5(b) in the left part) 

 = .                                                  (5.7) 

Finally, the entire sequence  is encoded by an adaptive multi-alphabet range coder [P.VI], 
[103]. 

C) The partitioning structure is encoded in a binary sequence , formed by two sub-
sequences { , , which encode the partitioning of the isotropic map  and the 
partitioning tree structure  respectively, as shown in Figure 5.5 (on the right). The 
partitioned SPs are indexed by 1 (split) and the non-refined SPs are indexed by 0 (no split). 

 encodes the partitioned SPs for the initial stage  and the shape and indexing follow those 
of the isotropic map . The binary map is scanned column-wise to initialize the first index 
tree level in . The next level is for the partitioned SPs belonging to the consecutive 
refinement stages 1 (c.f. Figure 5.5(b) on the right). These are encoded in a 
concatenated sequence in . The sequence  is encoded separately from the rest of the tree 
by a Context-Adaptive Binary Range Coder (CABRC) [104] [P.VI]. For the context modelling, 
it is assumed that “split/no-split” of the current SP depends on “split/no-split” of its neighbors. 
Using this assumption, the value of a binary element , is assigned to four possible binary 
sub-contexts indexed by the sum of the neighboring pixels. 

 
Figure 5.5: Proposed strategies for depth encoding of: a) isotropic map , b) for partitioned SPs of 
refinement update level, ′ 1; left: prediction strategy; right: binary tree encoding strategy for the
partitioning structure. 
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 Encoding edge outliers 

The efficiency of the proposed depth map encoding application relies on an ideal consistency 
between the color and depth modalities. However, in a real case of V+Z capture, depth maps  
can come with various artifacts caused by stereo-correspondence errors, low-resolution non-
confocal depth sensors and with projection misalignment and resampling ambiguities 
introduced by measurement errors [105], [P.VII]. Examples of regions with such artifacts are 

 
Figure 5.6: Edge outlier encoding scheme: a) graphically depicted yield-flow messaging protocol for a) 
input, b) possible output; example of an edge outlier encounter for a frame from Ballet dataset: a) depth 
and color fusion with added transparency, b) zoomed regions, absolute residual error for encoded depth
for the same bitrate of ~0.016 bpp: c) non-applied (36 dB) and d) edge outlier encoding applied (38.92 
dB). 
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given for a frame of the Ballet dataset in Figure 5.6(c, d). While the artifacts of the above-
mentioned types only affect a relatively small number of pixels, the encoding residual error 
will be concentrated precisely around them (c.f. Figure 5.6(e)). We denote such problematic 
areas as edge-consistency outliers (ECO). The SPs which contain ECO will exhibit high SSE 
values (14), so then the refinement partitioning will concentrate on those SPs attempting better 
quality which might continue until the last refinement stage is reached and the pixels are 
encoded individually. It appears that a refinement scheme applied in such a manner will be 
inefficient and could fail to produce an optimal encoding output for the given bit-budget . To 
tackle this problem, we propose an optional ECO binary encoding scheme referred to as the 
yield-flow protocol (YF) [P.VIII]. The proposed protocol provides messaging through a 
binarized sequence (c.f. Figure 5.6(a, b)) to locate a pixel on the SP boundary which has to be 
“yielded” to the SP sharing the same boundary. In the messaging protocol, we utilize the 
indexing through boundary segments situated between the boundary nodes and then following 
the boundary line encoding with yield indication flags {“YES” - 1, “NO” - 0}. The performance 
of the proposed edge outlier encoding is exemplified in Figure 5.6(f), where it is shown that for 
the same bit-budget, most of ECOs are suppressed for a PSNR gain of almost 3 dB. 

 Experimental results 

Extensive performance analysis of the proposed encoding scheme is given in [P.VI, P.VIII]. 
Here, we present some of the results for the following datasets: Art, Baby, and Breakdancer 
(c.f. Figure 5.7). The results are given in PSNR versus the bitrate, calculated as bits-per-pixel 
(bpp). The output results are compared against the works denoted as: Platelet [106], Milani 
[107], P80 [108], GSOs+CCLV, GSOm+CERV [16], H.264 [109], JPEG2000 [77]. Since 
GSOs+CCLV and GSOm+CERV perform optimally for different bitrate zones, a single plot is 
given for them that holds the better metric value. The results are given in the plots of Figure 
5.7 along with the decoded images. One can observe that the proposed method is very 
competitive and performs better for the low bitrate zones (e.g. 0.05), where the quality of 
the decompressed output is already above 45	dB. This is considered near-lossless for most 
rendering applications utilizing depth maps [110]. 

5.3    3D fusion for asymmetric View-plus-depth camera setup 

 Proposed scheme 

The generic DRS can be utilized for 3D fusion of asymmetric V+Z data (c.f. Figures 5.1, 5.8). 
In this case, the input V+Z data is not-aligned and is generated from two non-confocal sensors, 
where the dedicated sensor for depth modality is of lower resolution, e.g. of , ≪  samples 

,  1, . . , . There should be an additional pre-processing operator step  that re-projects 
the depth data (denoted by ∙  onto the image grid of the color sensor (c.f. Figure 5.7) 

, 	 ,                                                      (5.8) 

where  are re-projected samples and  is a set of camera parameters related to some multi-
view geometry model [11, 12]. For this application, there are strictly  seeding points  for 
SP cluster , coinciding with the projected locations	  of . The same association is done 
for the output samples , although these seeding points result from the optionally-selected input 
for the down-sampling operator  (5.4) for the regularized data  (c.f. dashed connection in 
Figure 5.1). The projected locations  appear non-uniformly distributed for the imaging grid 
of the color map. Thus, the color intensities for  are re-sampled by a standard interpolator  
(e.g. by bi-cubic splines [55]) 
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, .                                                      (5.9) 

The size for the seeding support regions  in the SP clustering operator Ξ (5.1) are determined 
by the ratio between the pixel sizes of the two sensors , / , . In the case of empty 
regions, the support  is doubled until all the pixels are processed. The difference operator 
(negation symbol “⊖“ in Figure 5.8) denotes an iterative procedure of the Richardson type 
[111], [105], [P.VII] 

                  , 0 
                                             , , (5.10)

 
Figure 5.7: Results of proposed depth encoding application for V+Z data compared with state of the art 
methods in terms of PSNR along with decoded depth maps a) Art ( 0.009 , b) Baby ( 0.0045

), c) Breakdancer( 0.0014 ); compared methods: Platelet, Milani, P80, GSOs+CCLV, 
GSOm+CERV, H.264, and JPEG2000. 
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where  is a regularization factor. For each iteration , the error residual  is used as feeback 
to DRS, and further, the reconstructed result from  is accumulated for the initial reconstruction 
. Usually, a few iterations  are sufficient to converge to an optimal output . 

 Experimental results 

The proposed 3D fusion has been evaluated using the dataset developed in [49]. This dataset 
contains scenes captured by an asymmetric non-confocal V+Z device, where the depth sensor 
generates noisy images with low spatial resolution. The experimental results are given in 
[P.VIII]. The overall performance suggests that the proposed method provides a balanced 
output quantified by low values of the corresponding MAE (2.32) and RMSE (2.34). An 
illustration of the reconstructed depth for the Books dataset is given in Figure 5.9. 

5.4    End-to-end 3D imaging system based on asymmetric V+Z setup in 
low-sensing conditions 

In the previous sections, we have motivated the use of V+Z data representation and presented 
the developed methods for depth down and up-sampling reconstruction, and 3D fusion. In order 
to implement them in real-time working applications, these methods have to be further 
optimized. Specifically, the whole processing chain has to be taken into account and the 
individual modules have to be co-designed so that the system meets the requirements for real-
time use with a practical use of computing power and memory resources. 

In our work [P.IX], we have developed an end-to-end 3D imaging system combining a 
conventional high-resolution RGB camera with a low-resolution Time-of-flight sensor 
operating in low-sensing conditions. The system includes modules for range data de-noising, 
projection alignment and data re-projection, non-uniform to uniform up-sampling, and 
dis/occlusion detection and in-painting. In addition, it aims at composing high-resolution 3D 
video output for driving auto-stereoscopic 3D displays in real-time. The system is shown in 
Figure 5.10. The processing is distributed between the sensing device, a CPU and a GPU. To 
reduce the power consumption, the ToF sensor is set to work with a short integration time.  This 
has the additional benefit of increasing the capture speed and decreasing the amount of motion 
artifacts. However, reduced integration time sets the device precisely in a low-sensing regime, 
which calls for implementing our dedicated ToF denoising module targeting real time. The 
implementation is based on an iterative complex-valued NLM filter, where the patch similarity  

 
Figure 5.8: Block diagram of proposed 3D fusion employing DRS. 

 Denoising schemes, PSNR [dB]
 Input -  [ , LSE pixels [%] Noisy Spatial + spatio-temporal + smart averaging 

50, 97.. 23.45 35.18 39.08 42.59 
100, 73.. 30.58 41.41 43.29 47.09 
200, 45.. 37.16 46.23 47.75 49.62 

Table 5.1: Metric performance for the proposed system denoising schemes. 
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sensor
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Figure 5.9: Visual results of proposed 3D fusion for Books dataset: a) scene (visible modality), b) Ground-
truth depth, c) noisy input from the ToF sensor, d) resampled output; (up) data map, (down) zoomed 
region. 
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is sought in a spatio-temporal domain, i.e. combining several consecutive frames. Flickering 
and motion artifacts have been corrected by applying smart-averaging for a threshold selected 
according to the expected noise variance. Furthermore, the computational burden has been 
addressed by approximating NLM using summed-area tables (SATs) and low-complexity 
fixed-point arithmetic [99]. The system, first reported in [P.IX], has been constantly updated 
and improved, for example by parallelizing and vectorizing some processes. The latest version 
has been presented as a technical demo at CVPR’18 [101]. 

Table 5.1 shows the denoising results obtained in [P.IX] for the modified NLM filtering. 
Specifically, it quantifies the performance for different integration times and when employing 
spatio-temporal collaborative filtering and smart averaging. Illustrations of the denoised depth 
maps and reconstructed 3D scenes are given in Figure 5.11. One can see that the system 
performs very consistently even for extreme noise. If the latter were left unprocessed, there 
would be no meaningful 3D reconstruction. 

 
 
 
 

Figure 5.10: Processing modules of the proposed realization of 3D imaging system. 
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5.5    Summary 

In this chapter, we presented our take on the 3D representation, referred to as V+Z, where a 
color image is augmented with a per-pixel depth map encoded as a gray-scale image. The 
representation is video-like, that is, both the color and depth frames can synchronously evolve 
in time. We specifically developed two operators which play important roles when dealing with 
such 3D data. First, we presented a modified super-pixel segmentation working on the color 
image. Its aim is to provide embedded segmentation layers (from fine to coarse segments) 
which are instrumental in establishing the relationship between the color and depth modes. 
Second, we presented a cross-modality regularization filter, being a modification of the bilateral 
filter. Its role is to facilitate an effective depth map un-sampling and reconstruction, using the 
color image as a guiding mode. 

Based on these two modules, we defined a depth resampling scheme, which facilitates the 
effective down- and up-sampling, aligning the depth edges to the color edges. We presented 
two general applications, namely depth encoding and depth reconstruction from an asymmetric 
V+Z setup. Finally, we presented a practical implementation of an end-to-end system from 
sensing to display, which holistically optimizes all the processing blocks with special emphasis 
on the denoising module, which implemented a few modifications, aimed at high efficiency 
and real-time performance 
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Figure 5.11: Exemplified performance of proposed HD 3D imaging system realization in presence of LSE
and low-resolution depth sensor; sensed depth input by PicoFlexx PMDTech® (120 160); 
100	 ; a) input depth stream, b) masked for FPN [P.IV] and denoised by complex domain NLM filter 
[P.V] (spatial), c) spatio-temporal (3 frames), d) smart-averaging applied; exemplified on facial feature 
e) noisy input and f) denoised output; fusion output for HD virtual-view synthesis: g) original input, h) 
processed output (green areas: occlusion, black areas: dis-occlusion detection). 
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Conclusions 

6.1    Summary of the thesis 

This thesis has focused on the emerging topic of 3D imaging, where data for both the texture 
and geometry of real visual scenes has to be sensed, processed and visualized in a realistic and 
interactive way. We specifically dealt with the sensing conditions, which we characterize as 
low sensing. In such conditions, degradations in the imaging sensors are usually harsh and of 
various types. We have proposed solutions for both passive and active depth sensing, as well 
as for processing and computationally-efficient rendering. 

In the case of passive depth sensing, we specifically focused on characterizing the influence 
of the image processing chain and the effect of mechanical misalignments on the quality of 
depth estimation. Following the results of experimental profiling of these factors, we developed 
unsupervised re-calibration and rectification for roughly-calibrated cameras which works 
directly on camera images and seamlessly for the general user. The experiments rank it among 
the best methods for the given task. 

For the case of active depth sensing involving ToF devices, we thoroughly modeled the 
noises characteristic of LSE. First, we modeled the spatial-correlated and signal dependent 
noise, cast as FPN, and proposed a method for its removal, being a combination of linear notch 
filtering and adaptive suppression of the remaining ringing. Second, we modeled the 
propagation of the WGN components from the raw data to the components of the computed 
harmonic signal as being informative for the scene reflectance and depth. We analyzed the 
obtained noise distributions and validated them through experiments with real ToF sensors. 
Based on the derived models, we developed a novel denoising method, which works in 
complex-valued domain and takes care of the effects which are characteristic of LSE, in 
contrast to state of the art methods, which largely neglect them. 

Going from sensing to representation, we specifically focused on the 3D representation 
V+Z. We proposed methods for effective depth compression and depth reconstruction, both 
essentially based on an asymmetric color + depth setup, where the relationship between the two 
modalities is formalized through super-pixel segmentation of the color modality and a guided 
cross-modality regularizer applied on the depth modality. 

We have combined the developed methods in an end-to-end system offering real-time for 
delivering sensed 3D visual scenes to multi-view displays. We specifically optimized the 
denoising stage, proposing an improved and faster similarity search and smart weighting. 

6.2    Other contributions 

The developed methods and models have been developed in parallel with developing the 
corresponding software packages and applications, which allow the results to be replicated and 
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new tests to be performed. A list of the most important packages is given below along with 
examples of the user interfaces in Figure 6.1. 

Stereo analyzer – allows varying camera intrinsics and extrinsics for arbitrary stereo-camera 
topology and evaluating a set of stereo correspondence methods. 

IPP analyzer – simulates mobile IPP and outputs stereo images for subsequent evaluation of 
the influence of IPP depth-from-stereo estimation. 

Re-calibrator – performs an unsupervised stereo calibration and synthesizes a rectified output. 
The implementation served also to prepare the corresponding patent application [112]. 

ToF noise profiler – profiles ToF sensors for the presence of various noise components in 
different operational modes. 

ToF denoiser – suppresses noises in ToF data sensed in LSE as discussed in [P.III–P.IV]. 
Includes FPN suppression and NLM filtering with a spatio-temporal similarity search in a 
complex-valued domain. The software package has been used and further modified and 
optimized for real-time performance in [99, 101, 113]. A related patent has been granted [114] 

3D fusion – implements an end-to-end 3D imaging system. Includes modules for multi-sensor 
capture, multi-view projection, alignment, resampling, regularization filtering, free-viewpoint 
rendering, and rendering for multi-view displays. The software is programmed in OpenGL 
shaders and provides real-time performance. It has been used also in related publications [105], 
[113], [115], [116], [117]. A related patent application has been filed [118]. 

Depth encoder – encodes the depth modality in View-plus-depth data representation. A related 
patent has been granted [119]. 

Tetris camera - interfaces multiple sensors and multiple cameras in various topologies, 
generally characterized as ‘Tetris’. Includes synchronous triggering for all connected devices 
and online self-calibration routines for vertical and horizontal alignment. 
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Figure 6.1: Examples of graphical user interfaces of developed 3D imaging applications: a) Stereo
analyzer, b) IPP analyzer, c) Re-calibrator, d) ToF denoiser, e) 3D fusion, f) Tetris camera. 
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ABSTRACT 

Dense depth map is a format being particularly interesting for mobile 3D capture as it provides scalable 3D representation 
independent from the screen size. Depth maps can be obtained by stereo vision techniques utilizing two cameras with known 
parameters (depth estimation from stereo). However, in real-world scenario cameras might move from their designated 
positions due to vibrations, heat deformations and other factors. In this work, we investigate the effect of camera 
misalignment on the quality of depth estimation. To allow for extensive experiments, we have created a test framework, 
which renders misaligned stereo-pair and attempts to estimate depth from that pair. In this framework, the form and amount 
of misalignment can be fully controlled. We investigate how mechanical changes affect selected stereo-matching algorithms. 
We also assess how different geometric corrections, such as shift compensation or rectification affect the estimation quality. 
Finally, we show how estimated camera pose change relates with stereo-matching, which can be used for “rectification 
quality” measure. 
 
Keywords: stereoscopic imaging, depth estimation, camera misalignment, stereo calibration 

1. INTRODUCTION 

Stereoscopic imaging is gaining popularity. Big movie studios have started production of 3D content, and major companies 
making consumer electronics announced production of 3D TV sets. First compact stereoscopic cameras are available1. 
Consumer tools for capture and visualisation of 3D content are expected to come to the market soon. 

Two types of image formats are predominantly used for storing photographic 3D content2.  One is multiview image, where 
different observations of a 3D scene are captured and stored together. The other is image-plus-depth, where 2D version of the 
image is stored, and each pixel is augmented with information about its distance to the camera. Each format has its 
advantages – multiview images are easier to capture without specialized depth sensor, while image-plus-depth content 
enables synthesis of virtual views through depth-image-based rendering techniques and hence can be more flexibly adapted 
for different displays. The process of converting multiview content to image-plus-depth one is known as depth estimation. 
While depth estimation is theoretically possible for arbitrary displaced views, most depth estimation algorithms require 
image rectification that  is  warping  the  images  in  a  way  so  that  the  corresponding  features  appear  at  the  same  vertical  
coordinate in each image.  

In this work, we assume two cameras in a typical binocular setting suitable for mobile use. We study the relation between 
camera misalignment and the quality of depth estimation and aim to find the boundaries of “acceptable” mechanical 
deviation, which still allows depth estimation of sufficient quality. To this end, we compare the performance of different 
depth estimation algorithms as affected by camera misalignment, and the possibility to compensate misalignment using 
image processing. 

2. DEPTH MAP ESTIMATION 

2.1 Overview 

Typically, a depth map of a 3D scene is stored as additional gray-scale layer to the given 2D image, as illustrated in Figure 1, 
where the brightness value of each pixel represents the depth of the corresponding color pixel of the 2D image. Depth 
estimation algorithm works by searching for correspondences in stereo or multiple images. First a disparity map is created, 
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which indicates relative differences of features (objects) in different scene observations. By knowing the distance between 
the cameras (the baseline), the resolution and the optical parameters of the camera, the disparity map is converted to a depth 
map. 

 
Fig. 1 - Example of a depth map 

As a representation, depth map is close to the concept of z-buffer in computer graphics. In order to keep track of occlusions 
between objects, 3D rendering programs use a map (the z-buffer) which keeps information about the distance of each 
rendered pixel from the camera. Z-buffer describes so called ray-cast depth, which is the distance of each pixel to the camera 
pinhole. The real, measured depth of a scene is called ground-truth depth map. For a rendered scene, where the optical 
parameters of the camera and camera baseline are known, one can convert the z-buffer data to ground-truth depth or to 
ground-truth disparity map3. 

 

 
  a) b) c) d) e) 

Fig. 2 - Surface fitting procedure: a) scene setup, b) scene observation, c) corresponding features, d) segmentation, e) surface 
fitting 

For ground-truth acquisition we employ the methodology given in4.The objects are manually segmented and for each one an 
affine motion transformation from manually selected corresponding object corners is estimated. The stereo disparities are 
obtained by applying the estimated transform function on pixels of each segment. In our test scene, objects are placed on a 
grid as shown in Figure 2. The example of the output can be shown in Figure 3. 

 

      
Fig. 3 - Depth map, estimated with surface fitting 

2.2 Depth estimation algorithms 

While there is a big variety of depth estimation approaches, we have selected four of them as representative of different 
groups and with different quality and execution time.  

The block matching stereo correspondence algorithms applied to rectified images use horizontally scanning window a d 
calculate cost function over the pixels inside the window, searching for the lowest cost. Various versions of this algorithm 
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exist, utilizing different cost functions, adaptive scanning window size, post-filtering and warping. In our work, we use the 
algorithms proposed by K. Konolige5, which is popular in real-time applications. It uses constant window size and Sum of 
Squared Differences of intensities as a cost function. In our implementation, we have selected a window size of 22x22 pixels, 
as the size which yields best results for our test scene. A diagram of the method is given found in Figure 4a. 

The Birchfield algorithm6 is a single-pass line-by-line algorithm which uses Dynamic Programming (DP) optimization. It 
works by matching the intensity of each pixel while shifting scanlines between images. The costs of every matched scanline 
are stored in a sequence which is used to define the likelihood of each matching to be the correct one. The cost is calculated 
as a sum of three terms: a penalty when pixel is unmatched, a reward for each match and difference between pixel intensities. 
All matched sequences define a cost map of shifted disparities and pixel positions. The solution for true correspondence is 
given as the cheapest cost route connecting opposite edges which is evaluated by DP.  
The method provides good handling of textureless areas in the scene but is very sensitive to camera misalignments. The 
length of matched sequence should be selected according to the expected maximum disparity. A diagram of the method is 
given in Figure 4b.  

Graph-based stereo correspondence search is based on global energy minimization via graph min-cut or max-flow graph 
algorithms. The algorithms assume that depth of nearby pixels with same intensities should change smoothly, and depth 
along object boundaries should change more sharply. Stereo images are segmented and labeled by energy graph functions 
based on intensity difference and smoothness in both images and finding the true stereo correspondences is cast as a graph 
energy minimization problem as shown in Figure 4c. The result could be enhanced in terms of more details with iterative 
course-to-fine procedure. In our tests, we implemented the algorithm, described in7. The method utilizes energy graph 
functions of binary variables and energy minimization problem is solved by max-flow graph algorithm. Our implementation 
uses two refinement iterations as optimal trade-off between computational intensity and quality in our test settings. This 
algorithm produces the best results in our tests, but is order of magnitude slower that the others. 
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Fig. 4 – Block matching algorithms: a)Konolige block matching, b) DP stereo-correspondence search c) Graph-based stereo 
correspondence search, d) Belief propagation-based stereo-correspondence search 

Algorithms based on belief propagation algorithm  (BP)  share  similar  principles  as  graph  based  ones,  have  comparable  
performance ranks4, but work much faster. In every turn, measured matching data is compared for a number of connected 
pixel regions. The information is collected for several iteration steps and pixel regions of different scales. Solution of stereo 
correspondence is given as the choice of minimal energy cost based on received messages. For our tests we have chosen an 
algorithm developed by Felzenszwalb8 which has demonstrated substantial improvement in memory utilization and requires 
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less iterations for same energy minimization by utilizing a novel BP concept called “loopy belief propagation”. The 
technique speeds up the standard algorithms of BP by orders of magnitude, which is essential of practical point of view in 
our test scenarios. We have tuned our parameters as number of iterations of 5 and level of scales of 5 by observing 
performance figures given by the authors.  Although slightly worse than results obtained by graph based algorithm, current 
realization shows comparable performance at much lower execution cost. A diagram of the method is given in Figure 4d. 

To evaluate the performance of stereo algorithms and quality of computed correspondences we refer to evaluation 
methodology used in popular stereo algorithm benchmarks4.  There are two general approaches to this, one is to compute 
error statistics with respect to known ground truth data and another one is to evaluate “forward and inverse prediction error” 
of some unseen scene obtained by warping the stereo image pairs by estimated disparity maps. In the current version of our 
software,  we  follow   the  evaluation  based  on  the  first  one,  employing  two  quality  measures  of  error  between  computed  
disparity map(dc) and the ground truth map (dT) for every pixel - Root- Mean-Squared(RMS) error and percentage of bad 
matching pixels (BAD)  

2
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21
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�

�

�

�
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�

�
�	 
 dtdc

N
RMS ,  
 �	 dtdc

N
BAD 1

 ,where N is total number of pixels.  (1) 

3. STEREO IMAGING AND CAMERA CALIBRATION 

3.1 Overview 

In this section, we briefly review basic terms and notations of stereo vision so to relate them to our experimental setting. The 
stereo-imaging chain used in our experiments, involves the following steps, as shown in Figure 5: 1. Camera calibration – 
define camera model, estimate camera parameters and correct lens distortions, 2. Stereo calibration – computing the 
geometrical relationship between camera pair, 3. Stereo rectification – adjust the image outputs to be row-aligned, 5.  Stereo 
correspondence – find corresponding pixels in both images and create map of coordinate differences: i.e. disparity map, 6. 
Disparity-to-depth re-projection - turn the disparity map based on geometric relationship between cameras into map of 
distances: i.e. depth map. 
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Fig. 5 – Stereo imaging and camera calibration. 

Various parameters affect the quality of stereo imaging and thus the quality of the resulting depth map. Such parameters 
include aliasing, noise, lens blur and fluctuations in camera gain. Most stereo imaging algorithms employ pre-processing 
stages designed to handle noise and optical distortions, yet they assume perfectly rectified stereo pairs. The research done in 
Middlebury3 as well as our own experience have suggested that typical camera misalignment affects depth estimation 
algorithms much more than typical camera noise or blur. 

3.2 Pinhole camera model 

A camera model relates objects in physical space and pixels in image plane of the camera. A pinhole model, as depicted in 
Figure 6a has been widely employed, see e.g.10. It relates the optical center O (pinhole) of the camera and the principal point 
C on the image plane through the optical axis, where the distance f  between O and C gives the focal length. A real-world 
point W(x, y, z) is mapped to the image plane as I (x’, y’,1). by perspective projection involving the camera calibration 
matrix K[3x3]: 
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The parameters of K are known as camera intrinsics, where fx and fy are focal lengths in pixels for horizontal and vertical 
direction, Cx, Cy – coordinates of C, � – the skew factor of coordinates in image plane. 
The estmation of camera intrinsics (camera calibration) is by solving the system (2) for known reference 3D points11. At that 
stage, lens distortions are estimated as well.  
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Fig. 6 - a) Pinhole camera model, b) Stereo correspondence as described by the fundamental matrix F. 

3.3 Stereo camera calibration 

By stereo calibration we refer to the process of computing the geometrical relations between two cameras in physical space. 
The mapping (2) is extended by projection transformation matrix P[4x4]: 

]|[, tRKP   PWI 		                  (3) 

where R, and t,  known as camera extrinsics, represent the rotation matrix and translation vector respectively which define 
world rigid transformation of camera image plane to one of the cameras (reference). Estimation of camera extrinsics usually 
goes by employing epipolar geometry formalized by the fundamental matrix – F. It relates a point in one image with the 
corresponding line in the other image as intersection with the image plane and the epipolar one, as illustrated in Figure 6b.  

3.4 Robust estimation of camera pose 

The quality of stereo calibration depends on how accurately F is estimated3. Our implementation is presented in Figure 7a. In 
each image, feature points specified by the Harris edge corner detector15 are obtained as in 12. Pixel correspondences are 
labeled by correlating pixel regions around detected points. A constellation of several corresponding points is randomly 
formed so to estimate F by the 7-point algorithm and estimations are repeated to select best F being consistent to all putative 
points. Points never consistent with estimated F are considered ouliers and discarded.  Then F is re-estimated from all 
correspondence inliers using Levenberg-Marquardt non-linear minimization algorithm. Stable consistency is achieved 
through iterations. For our setup considering calibrated cameras, F is constrained to hold only geometrical relationships, thus 
turned to the essential matrix E. Further, geometric relationships of R and t are obtained by decomposition procedure of E. 
To estimate angles of rotations on (x, y, z) axes of rotations – Pitch, Yaw, Roll, we decompose R and select true angle 
relations (c.f. Figure 7b).  
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Fig. 7 - a) Robust estimation of fundamental matrix, b) Decomposition of R 
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3.5 Rectification 

Stereo rectification refers to the procedure of warping images of a stereo pair in such a manner that the resulting image 
planes have perfectly aligned corresponding image rows. Rectification helps in providing computationally tractable search 
for correspondences. The quality of rectification depends on how accurate the geometric relations between cameras are 
estimated and on the employed re-sampling procedure. Magnitude of camera misalignments in terms of shifts always brings 
some projective distortions. The stereo camera setup should be aligned as accurate as possible to avoid such distortions. For 
our test setting we have assumed two rectification scenarios. Firstly, we have followed the implementation in16 where 
rectification is done as projective transformation compensation by simulating camera rotation by R. Secondly, simple 
horizontal and vertical shift motion compensation defined by coordinate differences of projected image center is considered. 

4. EXPERIMENTAL SETUP 

4.1 Framework description 

Our 3D scene contains non-transparent objects with photorealistic textures and textured background at infinity. The object 
complexity is comparable to that used in benchmarks4. For rendering of the 3D scenes our framework uses the Povray ray-
tracing program13. The scene is uniformly illuminated and shadows are excluded. The complexity of textures is chosen in 
such a way so that the selected depth estimation algorithms give results comparable with benchmarks, while assuming 
perfectly-aligned cameras. We render image outputs of simulated static left camera and misaligned right one with known 
intrinsics for different baselines.  For every image we create a ground truth disparity and occlusion map. Then we estimate 
geometric relations between all generated stereo pairs. Estimations are used for stereo-rectification of projective and motion 
compensation. Non-rectified and rectified stereo pairs are evaluated against different stereo correspondence methods and 
results are compared against ground truth data for non-occluded scene parts. Block diagram of the experimental framework is 
given in Figure 8. 
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Fig. 8 – Block diagram of the experimental framework 

4.2 Camera misalignment 

The design of stereoscopic camera to be included in a mobile device is limited by size and price factors. A likely setting 
assumes two separated camera units, similar to the ones currently used in mobile phones. Even if intended to be perfectly 
parallel, it is likely that these modules are displaced from their original position, resulting in an unaligned camera pair. The 
displacement of each camera has six degrees of freedom. Three of them are shifts of the camera, while keeping the direction, 
along x, y and z axes, as shown in Figure 9a. The other three are tilts of the camera direction, while keeping the position of its 
pinhole – tilt along the x axis, also known as yaw; tilt along y axis,  known  as  pitch, and tilt along the axes of camera 
direction, known as roll (see Figure 9b). 
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Fig. 9 - Degrees of freedom in camera displacement: a) shift b) tilt. c) Typical PCB-mounted camera module 

A typical PCB camera mount is illustrated in Figure 9c .There are two groups of reasons for camera displacements. One 
group is caused by camera mounting, where all six types can occur. The other group of displacements is caused by 
mechanical  strains  on  the  device  –  such  as  heat  or  mechanical  shock.  In  the  second  case  it  is  the  PCB  or  the  PCB-to-
component mounting that change their position, which most often results in yaw or pitch. However, the axis of yaw or roll 
tilt is not the camera pinhole, but the mounting hook on the bottom of the camera unit. This will result in slight shift along x 
and y shift which we take into account in our simulation. The displacement of the camera along the z axis caused by tilt is 
negligible. 

4.3 Offset correction 

In the framework, we have investigated three separate cases of displacement handling – “no correction”, “shift 
compensation" and “angle compensation”. The “no correction” case assumes that the depth estimation algorithm is unaware 
of possible camera displacement – it takes the camera input as it is, and attempts to estimate depth as if the cameras were 
rectified. The output in this case will show the robustness of different depth estimation algorithms to camera displacement if 
no displacement compensation measurements are taken. The “shift compensation” case is slightly more sophisticated – it 
estimates the camera pose, but instead of rectification performs merely cropping of both images so both image centers 
remain on parallel lines, similar to the approach used for software motion compensation in video cameras. This type of 
displacement handling simulates a setting in which both camera modules employ larger image sensors, and only a region of 
each senor is used using hardware region-of-interest addressing. Of course, using “shift compensation” approach is not 
possible for displacements along z-axis or roll camera tilt. Finally, the “angle compensation” approach estimates the angles 
between the cameras, and attempts the best possible rectification by re-sampling of all pixels in both images. The “full 
rectification” is the most computationally intensive approach, which is supposed to give the best possible results. 

5. EXPERIMENTS 

5.1 3D scene 

A synthetic 3D scene used in the experiments as described in Section 4 is shown in Figure 10. 

    
Fig. 10 - 3D scene, used in our experiments: a) observation of the scene, b) disparity map and c) occlusion map 
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For the scene, he have prepared “ground truth” depth map, “ground truth” disparity map and occlusion map, using the 
methods described above. We have tested the performance of each selected algorithm on the scene and obtained results 
comparable with the reposted precision of each algorithm.  

5.2 Blur and noise related stereo-matching performance 

We have tested the performance of all algorithms versus different amounts of blur and noise. We have selected three levels 
of blur – “small blur”, “medium blur” and “large blur”, which we simulated with Gaussian blur on windows of 3x3, 6x6 and 
9x9 respectively. We have selected three levels of noise – “low noise”, “medium noise” and “large noise” which we 
simulated with Gaussian noise with variance of 5, 10 and 20 respectively. The results for baseline of 6cm are shown in 
Figure 11. 
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Fig. 11 – Blur and noise related stereo-matching performance 

5.3 Camera angle estimation performance 

A number if test cases were generated, where the camera is tilted at a pre-defined angle. The angle estimation portion of our 
algorithm is run numerous times, and the estimated angle is compared with the pre-defined one. For 75% of the cases the 
estimated angle is in the range of +/- 0.05 degrees around the pre-defined one, as can be seen in Figure 12. 
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Fig. 12 - Angle estimation performance: the result of angle estimation for 500 tests and pre-defined angle of 2 degrees. 
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5.4 Camera displacement versus depth estimation performance 

5.4.1 Simulation parameters 
Two groups of experiments are carried out. The first group investigates the depth estimation performance as affected by 
camera rotation, and the second group investigates the performance as affected by camera shift. The rest of the experiment 
parameters are the same for both groups, and are as described below. 

All simulations were performed for two camera baselines – 3.65cm, and 6cm. The 3.65cm baseline represents the “mobile 
capture” case, and is calculated to be the optimal for typical mobile camera resolution, and typical mobile autostereoscopic 
display. The camera is assumed to have PAL resolution and 6mm focal length, while the display is assumed to be 4”, with 
VGA resolution, and observed at 50cm distance. For choosing optimal camera baseline, we refer to the methodology given 
in14. The 6cm baseline is chosen to represent the “HD” case, where the content is targeted for home 3DTV setup. 

In all experiments, the four types of depth estimation algorithms described in section 2 were compared. 

5.4.2 Rotation 
The “rotation” group of experiments consists of following sub-groups: 

� Linear change of camera yaw, in the range of -3 to 3 degrees, with step of 0.5 degree, in the range of -1 to 1 degrees 
with step of 0.1 and -0.1 to 0.1 degrees with step of 0.01 degree. Total of 49 experiments. 

� Linear change of camera pitch, using the same ranges as in camera yaw. Total of 49 experiments. 

� Linear change of camera roll, using the same ranges as in camera yaw. Total of 49 experiments. 

� Combination of yaw and pitch changes with random values, while roll is fixed to zero. 200 experiments. 

� Combination of yaw and roll changes with random values, while pitch is fixed to zero. 200 experiments. 

� Combination of roll and pitch changes with random values, while yaw is fixed to zero. 200 experiments. 

The results for baseline of 6cm are shown in Figure 13a. As expected, yaw rotation has the most severe effect on line-by-line 
stereo correspondence search. For uncompensated stereo-pairs, yaw misalignments of 0.25 degrees in any direction result in 
over 60% of pixels incorrectly estimated. The effect of uncompensated pitch and roll rotations is less pronounced, but still 
quite severe, causing all algorithms to fail for misalignment of more than one degree. 

Shift compensation allows for slightly wider range of yaw and pitch misalignments to produce acceptable quality. A 
combination of shift compensation and Graph Cuts algorithm yields sufficient quality for yaw or pitch misalignments of +/- 
2 degrees. Because of projective distortions, camera rotation cannot be fully compensated by shifting the images. Shift 
compensation of a horizontal rotation produces residual vertical misalignments, and vice versa. Since stereoscopic matching 
is done along image rows, pitch misalignment is less improved by shifting the image. Naturally, roll rotation cannot be 
compensated by image shifts, and the quality of the estimated depth is not improved at all. Precise estimation of the camera 
rotation and rectification is the most computationally intensive operation, as it requires interpolation of each pixel in both 
images in a stereo-pair. However, this approach allows for optimal and almost constant quality regardless of rotation, for the 
whole range of expected camera misalignments.The same set of experiments is repeated for camera baseline of 3.65cm, and 
is presented in Figure 13b. By comparing Figures 13a and 13b one can see, that the effect of changing the camera baseline is 
marginal.  

In order to investigate the effect of combined camera rotation, three sets of experiments were performed. In each set one 
rotation angle is fixed to zero, while the other two vary. Since calculating the quality of depth estimation over a dense grid of 
two parameters is a demanding task, each experiment is done for 200 randomly selected pairs of angles. The results are 
presented in Figure 14. For uncompensated stereo-pairs the quality decreases fast for misalignments in any direction, and is 
most sensitive to yaw. For rotational misalignments larger than 0.5 degrees in any direction, misalignment compensation is a 
necessity, regardless of the depth estimation algorithm. 
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 a) b) 

Fig. 13 – Depth estimation quality versus camera tilt misalignments: a) for baseline of 6cm, b) for baseline of 3.65cm 
 

5.4.3 Translation 
The “Translation” group of experiments consists of the following sub-groups: 

� Linear change of camera x-offset, in the range of -2mm to 2 mm, with step of 0.1mm. Total of 41 experiments 

� Linear change of camera y-offset, in the range of -2mm to 2 mm, with step of 0.1mm. Total of 41 experiments 

� Linear change of camera z-offset, in the range of -2mm to 2 mm, with step of 0.1mm. Total of 41 experiments 

� All three combined with random values. Total of 200 experiments 

The results for baseline of 6cm are shown in Figure 15. While +/- 2mm might be considered production tolerance, once 
mounted on a PCB, a camera module is unlikely to experience lateral shifts such large. Since the attachment point of a 
camera module is different from its pinhole, rotational misalignments cause certain translational offset as well. The post-
production shift of the camera pinhole is at least an order of magnitude less than the production tolerance. 

Our test scene has 15% occluded pixels, and 25% of BAD pixels can be considered a good value4. In translational offsets of 
+/- 1mm the quality of the estimated depth map is in this range, and does not decrease fast for larger translations. Again, 
translation in vertical direction affects the estimated depth quality the most. 
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Fig. 14 – Depth estimation quality versus camera tilt misalignments, for combinations of two tilt parameters, and baseline of 

6cm. Higher bars correspond to better results. 
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Fig. 15 – Depth estimation quality versus camera translation misalignments, for baseline of 6 cm 
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6. CONCLUSION 

In this work, we investigated how camera misalignment changes the ability of algorithms to find stereo correspondences, and 
thus, affects the quality of estimated depth map. The results show that without any compensation all algorithms fail for 
misalignments greater than 0.5 degree in horizontal and one degree in any other direction. With proper compensation, the 
depth map quality is sufficiently high for the whole range of expected mechanical misalignments. Using fast and crude 
motion-compensation alike approach yields worse results, but might be beneficial for computationally-constrained device – 
for example combination of fast depth estimation (Konolige BM) and fast misalignment compensation (crop) performs better 
than a sophisticated depth estimation (graph cuts) with no misalignment compensation at all. 

Our experiments show that given two typical baselines, 3.65cm and 6cm, the difference in misalignment vs. depth map 
quality performance, is negligible. For non-compensated depth estimation, the yaw of camera has highest impact, and pitch 
and roll have comparable, slightly lower effect on depth estimation algorithms. Still, for all tilt movements depth estimation 
algorithms fail for very small misalignments. The effect of camera shifts in the expected production tolerance of +/-2mm is 
very small. 
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Abstract— The paper aims at characterizing the role of camera
capture process in depth quality estimation by stereo-matching
methods. An evaluation software application has been developed
which integrates a modular image processing pipeline (IPP) into
the  depth  estimation  process.  The  application  allows  for
simulating the presence of camera-specific processing artifacts
and their influence on the captured stereo imagery in typical
imaging scenarios. Furthermore, it allows for benchmarking
and optimizing both the depth estimation module and camera
capture settings for a jointly-optimal performance.

I. INTRODUCTION

Nowadays, consumers have expressed growing interest in
stereo imaging and first camcorders, compact cameras and
mobile de-vices equipped with stereo snappers have emerged
to the market. A typical stereo imaging system consists of two
aligned sensors, which capture synchronously a scene from
two perspectives into a stereo image pair. The captured data
might undergo a rectification post-process for ensuring
horizontal parallax only images. Another possible task is to
perform stereo matching for subsequent depth estimation. The
output depth data can be utilized for rendering new virtual
views for multi-view displays or for providing geometrical
information about the scene in applications, such as machine
vision, games, and augmented reality. In all cases, the quality
of depth estimation plays a significant role.

Depth estimation methods based on stereo matching have
been extensively studied during last decades and
methodologies for their comparisons and ranking have been
proposed [1]. However, recent state of the art depth estimation
algorithms are ranked only by their quality performance on
test scene content assuming ideal imaging conditions with
perfect (mechanical) camera alignment and presence of no
capture artifacts. Subsequently, many of the benchmarked
methods showing good performance on well-composed test
scenes dramatically fail if tested on real-world captured scenes
(i.e. capture data degraded by an IPP). The problem is
illustrated in Fig.  1. A dynamic programming approach has
been applied for depth estimation to two stereo images. Very
good depth estimation result has been obtained for the
“Tsukuba” stereo image, while the estimated depth of the real
scene contains artifacts.

a)                                                 b)
Figure 1. Real-time depth estimation of benchmark and real captured scene:

a) “Tsukuba” test set, b) real-case   camera capture
This discrepancy imposes the problem of evaluating the

importance of camera settings and IPP parameters for the
quality of estimated depth. IPP parameters include auto-white
balance (AWB), analog gain, contrast, gamma correction,
compression, etc. They are influenced also by sensor noise,
optical imperfections of the lenses system, mechanical shifts,
de-calibration of stereo camera parameters and inaccuracies in
the subsequent camera rectification. Variations in the above-
mentioned parameters and settings lead to visually similar
stereo pairs with very different estimated depth maps. The
motivation of the present work is to propose a systematic way
of evaluating the influence of these factors for fairer
comparison of depth estimation algorithms aimed at real scene
capture.

Application tools for analyzing stereo scenes are already
available [2]. In our previous work, we have analyzed the
influence of camera misalignments on the quality of depth
estimation [3]. As a further step, the present work at
developing an evaluation framework for analyzing the effects
of camera IPP settings on the quality of stereo matching and
depth estimation methods.

In our proposed test framework a real-world stereo
imagery is simulated. This includes the availability of ground
truth scene geometry combined with modeling and simulating
of customized IPP and corresponding processing noise of a
real device. The influence of each stage of image capture and
processing on the depth estimation quality is quantified by
large set of experiments.

The paper is organized as follows: Section II provides
technical details on the implementation of the assumed IPP,
while Section III describes the test framework. Section IV
presents some experimental results and Section V concludes
the work.
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Figure 2. Camera capture model of implemented test framework

II. CAMERA CAPTURE MODEL

We consider a stereo-camera capture model, which covers
the process of scene imaging including a “general-case IPP”.
We aim at modeling a broad set of effects due to Stereo
Topology Setup, Optical System, Sensor Device, IPP, Post-
Processing Software, manual device controls, and studying
their influence on different stereo matching methods as
illustrated in Fig. 2.
A. Image Processing Pipeline Model
We have adopted a standard IPP model for 2D capture [4]
and implemented the following processing stages (Fig. 3):
1 Bayern Raw Data Creation  2 Impulse Noise Reduction  3 Sensor
Noise Reduction  4 Sensor Linearization  5 Green Balancing  6 Auto-
White Balancing (AWB)  7 Color Filter Array(CFA) Interpolation 8
Color Space Conversion & Color Calibration  9 Vignetting Removal  10
Gamma Correction  11 Lens Distortion Correction 12 Sharpening  13
Manual Settings(brightness, sharpening, contrast, saturation, etc.)  14 Re-
sampling & Compression  15 Image Output

B. Software Realization
The software is organized as follows: a GUI unit starts the
application and provides default initialization of camera
model parameters such as stereo system topology, camera
intrinsics, capturing artifacts, IPP configuration and camera
manual controls. The user configures desired evaluation
scenario and executes the process of modeling. Rendered 3D
scenes are provided by a POV-Ray script. The control unit
models the sensor by synthesizing the Bayern pattern and
adding sensor-specific noise and the resulted raw data is
stored. Depth estimation algorithms are developed using the
OpenCV library [5].

III. TEST PREPARATIONS

For each test scenario, the same scene has been considered,
while varying capture settings, levels of noise influence and
misalignments. The test scene was designed with the aim to
resemble the size, object composition and texture complexity
of some widely used test scenes (e.g. Sawtooth, Venus,
Poster, and etc.) [1]. The resemblance was judged by
matching the performance of selected depth-from-stereo
methods. We have considered the same disparity ranges by
proper choice of stereo-baseline and photorealistic content.
The rendering settings and misalignment modeling are the
same as the ones described in [3].

Figure 3. Processing stages of implemented test IPP model

Figure 4. Software framework modules

A. Image Processing Pipeline Model
For each scene we have created a ground truth depth (GT) in
terms of map of stereo disparities and occlusions. Then, we
have estimated the geometric relations between all generated
stereo pairs. Estimations are used for stereo-rectification and
projective and motion compensation. Non-rectified and
rectified stereo pairs are evaluated against different stereo
correspondence methods and results are compared against GT
for non-occluded scene parts (Fig. 5).

  a)                                               b)
Figure 5. Rendered data examples: a) Original and reproduced Sawtooth

scene, b) original and “IPP-processed” output scene

B.  Stereo Matching Methods
We have selected four stereo matching methods as state-of-
the-art representatives of different groups and with different
quality and execution time: Block-Matching (BM) [6],
Dynamic Programming (DP) [7], Graph-Cuts (GC) [8], and
Belief Propagation (BP) [9].  We  have  tuned  the  realizations
of those methods for our test scenes until optimal quality of
depth map was obtained.
C. Evaluation metrics
We use two measures to assess the error between computed
disparity map and ground truth map - Root-Mean-Squared
(RMS) error and percentage of Bad Matching Pixels (BAD).
We also employ a simple left-to-right consistency metric,
where Peak Signal-to-noise Ratio (PSNR)  is  measured  on
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similarities of projected right image to the left one. The used
quality measures are given in Table I:

TABLE I.
Method BAD[%] RMS PSNR[dB]

BM 7.326 12.1 26.52
DP 4.079 6.796 34.64
BP 0.771 3.97 39.51
GC 0.249 1.908 40.88

D. Test Scenarios and Noise Influence Model
In tests, we consider noise artifacts that are similar or smaller
to acquisition settings of a high quality capturing prototype.
The noise is added by the following procedure: render stereo
content, introduce lens distortions and optical blur, “Raw
Bayer”-ing data, adding sensor noise, IPP process
parameters, manual settings compression and output.

The stereo content is rendered upon misaligned stereo
camera topology of different baselines for ranges that are
expected in camera shifts of rectified real stereo camera
device [3].We include optical lens distortions of radial and
tangential type which were estimated of those in real mobile
lens system by toolbox available in [10]. An optical blur and
sensor shade (”vignetting”) effect are also considered. We
simulate the Bayern Raw Data creation by combining pixels
of color channels in RGBG order from the scene input image
and adding value of pedestal charge to all sensor pixels. We
have tested the consistency of this approach by comparing
output of empty IPP process for such sensor, which showed
the same image content as our scene input.  A sensor model
of photon-shot noise and impulse noise influence was
referenced in [11] and we have adopted the empirically
estimated levels there for different analog gains. Finally, we
compress the data with standard compression algorithm by
applying same or smaller compression levels of those used in
manual settings of some camera devices (e.g. in Nokia N95).

IV. EXPERIMENTS

We have developed a set of experiments which provide
insight about how the quality of current stereo matching
algorithms for depth estimation is influenced by a single or
combination of different camera capture settings. Our
experiments produced a significant amount of experimental
data. To keep things consistent, in this paper we concentrate
only on results characterizing all IPP module combinations in
the following three test scenarios:

No Noise, No Mechanical Misalignments (Test 1)
Noise, Misalignments (Test 2)
Noise, No Mechanical Misalignments (Test 3)

The experiments have been aimed at showing the
possible expected influence of IPP on depth estimation
quality. We provide figures about the quality of depth
estimation assessed through the evaluation metrics presented
in Sub-section III.C.
A. Experiments of IPP configuration influence
For this group of experiments we test all possible “switch
on/off” combinations of modules from a standard IPP module
chain by keeping processing position of switched modules. A
binary notation of 9-bit number  is  used  to  represent  the

switch mode of each of modules when particular IPP
combination is tested. In this case, for 9 IPP modules we
perform 512 tests which cover all possible combinations. The
experiment index of those tests gives information of the
tested IPP chain mode. Table III shows an example of tested
combination, where the following notation is used: Imp –
Impulse Noise Correction, DN – Denoising [12], Lin –
Linearization, Vg - Vignetting, NR – de-Bayering and Noise
Reduction, AWB – Auto-White Balancing, sRGB – Color
Calibration, G – Gamma Correction, Sh – Sharpening.
B. Results
The results show observable deviation of the output depth
quality for the selected algorithms, which in some cases
provide better estimation background, than depth from
original non-IPP processed GT input (Fig. 6-7). The resulted
minimal and maximal values are given for the tests in Table
II. The chosen metrics coincide in behavior for different IPP
combination, but show different drop of quality for the
chosen selection of stereo-matching methods. For example,
we received some surprising results of BP, which shows an
unexpected drop of performance for a number of IPP module
combinations. Other methods provide small deviations in
BAD and RMS errors and about 12dB deviation in PSNR
results.  There  is  also  another  surprising  result  that PSNR
results for GC and BP sometimes exceeds those obtained in
noise free non-misaligned environment. We attribute such
behavior to the effect of optical blur, i.e. that optically blurred
content (to some small extent) could improve the quality of
depth estimation.

TABLE II.
BM DM BP GC

Te
st

1

Min - BAD[%]
Min - RMS[Less is Better]

Max - PSNR[dB]
Max - BAD[%]

Max - RMS[Less is Better]
Min - PSNR[dB]

4.25
9.15

27.53
8.78

12.86
16.26

2.5702
4.7

33.92
5.96
7.78

22.34

0.6645
3.80

38.36
26.47
18.41
22.47

0.11
1.14

39.15
0.88
3.27

22.55

Te
st

2

Min - BAD[%]
Min - RMS[Less is Better]

Max - PSNR[dB]
Max - BAD[%]

Max - RMS[Less is Better]
Min - PSNR[dB]

20.92
14.50
28.81
45.57
16.94
19.98

4.03
5.66

35.14
8.99
8.19

23.78

1.73
4.84

38.93
45.13

25.7
24.22

0.46
2.34

23.88
6.63
8.73

23.88

Te
st

3

Min - BAD[%]
Min – RMS [Less is Better]

Max - PSNR[dB]
Max - BAD[%]

Max – RMS[Less is Better]
Min - PSNR[dB]

7.86
12.69
29.01
11.05
15.12
19.85

3.17
5.37

34.51
9.004

8.83
25.44

1.04
4.27

41.30
32.43
19.98
26.28

0.38
2.16

42.15
1.58
3.38

26.12

It is easily observed that standard configuration of IPP
chain that is optimal for 2D capture is not optimal for depth
estimation. Moreover, for the three tested scenarios, we found
different configurations of best performance for our
collection of stereo matching methods. Other observable fact
is that, the best combination does not coincide for different
evaluation metrics, which is important for certain depth
applications. We have selected those configurations for which
each evaluation metric provides best result, then we applied
winner-takes-all ranking, and selected those configuration
which had higher ranking. The resulted optimal configuration
for noisy real-world scenario for Test 2 is given in Table III:
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TABLE III.

Test Index 309, (9-bit) Binary Representation – 100110100
Imp DN Lin Vg NR AWB sRGB G Sh
ON OFF OFF ON ON OFF ON OFF OFF

Our results are instructive about that any depth camera
system should adapt its IPP chain for particular depth
estimation approach. On the other side, the depth estimation
task should take into account the IPP influence of particular
camera setting and to be optimized for parameters and even
change the search approach for expected noise levels and
misalignments in different capture conditions. Comparing the
results obtained from Tests 2-3 (Fig.  6-7,  Table  III), we
observe  a  significant  drop  of  quality  in  some  of  depth
estimation methods (BM, BP). This shows that even when the
stereo system is almost ideally calibrated for misalignments,
the IPP influence should be taken into account and
configured properly.

V. CONCLUSIONS

In this work, we have proposed a framework helping to
investigate objectively the effect of real-world scene capture
on depth estimation quality. Our framework is useful for
evaluating the behavior of particular stereo matching
technique in given (or assumed) noisy conditions. The benefit
of such evaluation is that it gives additional information to
current “scene content-oriented” benchmarks about how both,
an imaging process and depth approach could be adapted or
optimized for better and more robust performance in real-case
capturing environment. We have supported the importance of
such additional evaluation by a demonstration of few results
obtained by the proposed test framework. Even for that small
excerpt of obtained data, significant changes of quality are
clearly observed compared to results of non-camera
processed benchmark scenes.
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Figure 6. BAD Results for: a) BM, b) DP, c) BP, d) GC
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Figure 7. PSNR Results for a) BM, b) DP, c) BP, d) GC
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ABSTRACT 

 

In this paper, we propose a practical approach for robust 

rectification of stereo camera setups without use of 

calibration pattern. Our solution simplifies the process to a 

non-general case of rectification to avoid explicit use of 

Fundamental Matrix estimation. The solution shows better 

or comparable robustness than some of recent solutions, but 

for much lower computational cost and code complexity.  

Index Terms— Rectification, Camera calibration, 

stereo setup, Fundamental matrix, feature matching 

 

1. INTRODUCTION 

Camera calibration and rectification are required pre-

processing steps in stereo-camera capturing applications. 

Such applications included depth-from-stereo matching, 3D 

scene reconstruction, and virtual view synthesis. Stereo 

calibration refers to the way of finding relative orientations 

of cameras in a stereo-camera setup, while rectification 

refers to the way of finding projective transformations called 

also homographies – HL, HR for both cameras which 

transform captured stereo images of the scene to “row-to-

row” image alignment (Fig. 1). Such row data alignment will 

simplify the subsequent search for stereo-matching 

correspondences among a captured stereo pair of images, 

which is then done in horizontal direction only.  

Methods for fast and robust camera calibration and 

rectification have been an active area of research for some 

time. Most of the solutions are concentrated mainly on 

estimation of epipolar relations of camera setup described by 

so-called “Fundamental Matrix” – F[3x3]. The matrix can be 

estimated unambiguously for a certain number of correctly 

found corresponding features among stereo pairs (e.g. 8-

point algorithm [1]). Having F well-estimated, one can 

obtain all parameters needed to rectify a stereo pair. The 

quality and unambiguity of the matrix estimation strongly 

depend on the location precision of the used 

correspondences, their number, and the amount of outliers. 

A general robust solution for estimation of F requires some 

of the following steps: feature normalization, extensive 

search of outlier-free set of correspondences by Random 

Consensus Search-type approaches (e.g. RanSAC, 

MapSAC), non-linear optimization search (e.g. Levenberg- 

Marquardt iteration method), Singular Value Decomposi-

tion Analysis (SVD), etc.  

     The theory of general rectification approaches based on 

 
Fig. 1. Stereo-camera setup(left-to-right):  

a) non-rectified, b) rectified 

F is described in details in [2]. Same source, analyses 

various aspects how to improve robustness of estimation 

(e.g. normalized 7-point algorithm). Currently, many other 

methods provide enhancing approaches to solve the problem 

of robustness of rectification [3-10]. Authors in [6], enforce 

the orthogonality of HL,R, others propose a stratified 

decomposition of F to rigid projective transformation [5, 7]. 

Authors in [9] provide further enhancement by constraining 

the element relations of F to be estimated with even less 

number of correspondences. An example of a direct non-

linear optimization search of HL,R is given in [8].  

We propose a practical approach that works for 

calibrating roughly-aligned cameras in a stereo setup by 

avoiding the explicit use of F for estimating HL,R. In our 

solution, the rectification is applied as compensation post-

process of camera misalignments that we assume to vary for 

some known degrees of freedom (or misalignment) – DoF. 

We apply a standard linear optimization search procedure 

for finding the levels of these misalignments that minimize a 

cost function for a collection of rectification quality metrics. 

This effectively results in a very robust solution compared to 

others for a very low-complexity implementation cost.  

2. ALGORITHM FRAMEWORK 

Our solution works for a case of rectification scenario where 

a given stereo-setup is made of horizontally mounted 

cameras of similar models and capturing settings. Another 

possible case of stereo setup is the one consisting of 

consecutive capturing of same camera device, which is 

roughly translated by hand from left-to-right direction 

between shots. 

      In our approach we assume that a stereo pair of images is 

captured by an “arbitrary chosen stereo setup” of left(.L) and 

right camera(.R) that is misaligned to some known expected 

extent and levels. The possible misalignments and levels are 

defined by set of DoF. Then, the setup is rectified by 

compensation post-process of misalignments and the quality 

of result is measured. Such feedback is used for a repeated 

linear optimization search function that selects the best 

“arbitrary setup” in terms of rectification quality. The quality 



is measured by a collection of rectification cost metrics 

evaluated on a set of matched feature correspondences. 

Finally, we calculate HL,R for the compensation of best found 

misaligned stereo setup and rectify image pairs. The 

process-flow stages of general application framework are 

shown in Fig. 2. 

2.1. Model of Misaligned Stereo Setup 

In our application, we describe camera devices by so called 

“pinhole model” as defined in [2].  A “pinhole” camera is 

described by its intrinsic parameters:  optical center – c, 

focal length – f(x,y), Field-of-view angle (FoV) – v(x,y), 

principle point – p(x,y), sensor size(width, height) in pixels – 

s(x,y) . A visual depiction of those parameters is given in 

Fig.3. The parameters are calculated and embedded into 

Camera Matrix – K[3x3] as follows:  
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In our implementation we assume cameras with similar 

capturing parameters, which for example can be cameras of 

same factory model. The similarity between both camera 

models according to – KL,R  case can be written as follows:  

    (2)1),,,      (  KK   , ppssff RLRLRLRL  
The relative position and pose of cameras in a 

misaligned stereo setup are defined by Baseline Vector – B, 

Rotation Matrix – R and Projection Distortion Matrix – A 

(Fig. 4) with a reference to left camera. The first one 

represents the “horizontal”, “vertical” and 

“forward/backward” displacement of camera optical centers 

– cL, cR  in terms of world coordinate axes – X, Y, Z  and 

second one describes pose shifts by axial rotation angles – φ, 

θ, ψ. The matrix A defines possible “skew-ness” or 

“aspect/zoom” distortions in camera sensors, due to some 

mechanical damage or factory defect. Such imperfections 

will introduce projective distortions for the captured data, 

but high influence is rather rare for current technology. We 

confine our projective distortion model to parameters of an 

affine transformation – d1, d2, d3. The matrix notations of B, 

R [9], and A are defined as: 
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An example of misaligned camera setup by B, R, and A is 

depicted in Fig. 4. 

2.2. Camera Rectification 

We modify an approach given in [7] to calculate HL,R 

according to given misaligned model. In our case, we extend 

it to include misalignments of projective distortions defined 

by A. The algorithm is explained briefly as follows: 

0. Define R, B, and A (Eq. 3) 

1. Define Projection Matrices – PL,R[3x4]: 

 

 
Fig.2. Application framework 

 
Fig. 3. Pinhole camera intrinsics 

 
Fig.4. Misaligned stereo setup 
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where I, 0 are respectively Identity and Null Matrix
 

2. Calculate camera optical centers – cL,R: 

)5())(())(( 11          RPKIPK T

RRRLLL , cc              

3. Define Rotation Matrix that rectifies stereo pairs – R’: 

   (6) .,' 321213121

TTT

*3LR www,www,ww,ccw  R  R  

4. Estimate projective matrices PL,R’ of rectified setup:  

          )7(,'        R ,RKP    R RKP RRRLLL c'''c','             

6. Find rectification homographies – HL,R: 

            )8(,
11

                 APPH   PPH


 RRRLLL ''  

2.3. Feature Point Estimation & Matching 

We estimate feature correspondences by approach based on 

“Scale Invariant Feature Transform” (SIFT) [10]. The 

output of feature estimation process is a set of image points 

– mL,R in image coordinates and correspondences are 

indexed element-wisely. We have implemented a pre-filtered 

stage for detection and masking of corresponding outliers 

that provides masking quality good enough for robust 

performance of optimization search step (Fig. 5). 

The filtering steps are described  briefly as follows: 

1. Boundary filter – excludes feature points that are close to 

image edges. Removes possible outliers, due to no-mutual 

image data among stereo pairs 

2. Local region filter – discards points that are situated very 

close to each other in both of image pairs 

3. Mirror filter – discards the differences between matched 

feature pairs when search left-to-right and right-to-left 

4. One-to-many filter – removes matches that have same 

indices in matched pairs or similar matching descriptors 

5. Distance match filter – removes matched pairs that are 

situated on big distances relative to image size  



6. Intersection filter – removes intersecting pairs of matched 

points connected with lines  

7. Global F filter – applies a global least-squares approach 

for estimation of F [2] and discards those pairs that are 

situated relatively very far from epipolar lines 

8. Threshold filter – selects best matched pairs for according 

to matching cost of descriptor similarity 

2.4. Rectification Metrics 

We utilize a collection of metrics for measuring quality of 

rectification as optimization criteria in rectification search 

stage. For every proposed “arbitrary setup”, we calculate 

HL,R and rectify feature sets – mL,R as follows: 

    )9(,                mHm   mHm RRRLLL ''   

Our collection includes several metrics used in benchmark 

tests proposed in [6] and will be briefly described: 

Sampson Distance Error (ES) [2] –  
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Vertical disparity error (ER) – measures amount of vertical 

shifts of rectified pairs in terms of estimated feature matches: 
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Projective Distortions – measure the amount of introduced 

projective distortions in image structure of rectified pairs in 

terms of skew-ness and scale changes. Two metrics are 

utilized – EO, EA that measure respectively orthogonality and 

proportional sizes of the transformed images. The metrics 

are measured for the rectified version of middle edge points 

– a, b, c, d for each of image pairs: 
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2.5. Optimization Approach 

As an example of minimization function we consider any of 

those global optimization search methods based on 

“constrained gradient-descent minimization with 

regularization” [11]. For the minimization criterion is used 

ES. If it exceeds some defined quality threshold, then a 

collection of other metrics (e.g. EO, EA, ER) are post-

optimized, but for the constraint of ES. Our implementation 

was tested successfully for the following misalignments – φ, 

ψ, θ, Y, Z, d1-3 and could be further extended to more others 

if needed (e.g. optical distortions). Each of the misalignment 

set is limited to certain search range that is expected or 

practical for post-rectification use. 

For example, cameras are expected to be roughly (visually) 

rectified where angles of misalignment (φ, ψ, θ)<<45⁰ and 

cameras to be aligned more in horizontal direction than in 

 
Fig.5. Result of matching filter process for “Arch” pair(left-to-

right): a) non-filtered, b) filtered 

 
Fig.6. Optimization search process flow diagram 

vertical(or forward/backward) one (Y,Z<<X). Another 

possible limitation could be applied on projective distortions 

levels, which in practical cases are unlikely to change more 

than a very narrow range. For those limitation examples, our 

search optimization cost function – C is defined as follows: 
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The optimization search framework consists of several steps 

which are envisioned in Fig. 6. First one initializes a set of 

DoF for expected levels. Next step scans the set and 

consecutively selects a single DoF from the set and saves 

result of the one that gives the best rectification among. If 

result is worse than the one of initial (non-rectified) setup, 

then the optimization search is canceled. Otherwise, the best 

performed DoF is added to the search subset and 

optimization process is repeated for scanning of best 

performing combination of DoF values in the current subset 

with additionally chosen DoF from the main set. The process 

is repeated until all subset combinations are checked or C 

exceeds some quality threshold. 

2.6. Computation Analysis 

The code realization shows convergence for the optimization 

search function for <2000 iter., and an example for Ground 

Truth (GT) data is plotted in Fig. 7. The calculations of cost 

function (Eq. 13) for HL,R (Eq. 4-8) include few matrix 

operations for a very small element sizes – 3x3, 3x4, which 

totals in ~120 multiplications (O).  The whole optimization 

procedure totals in O120)2000(~  . The RanSAC 

approaches [1, 4, 5, 6, 9, 10] require approximately the 

following minimum multiplication costs: 1. Solution for F 

by SVD for square matrix(nxn) [13]: 
3 3 3

4 3 2
2

3 3 3

n n n
n n
   

      
   

,                )14(  



if n=8  ~9000O, if n=7~2800O, n=61512O; 2. 

Transform feature sets and estimate outliers by distance to 

epipolar lines: ~54O; 3. Point normalization: ~256O. 

The calculations of RanSAC sample iterations for different 

proportions of outliers is given as [2]: 

   log(1 )

log(1 (1 ) )s
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N T




 

 
, where         )15(   

ε – proportion of outliers, p – confidence probability for no 

selected outliers, s – sample size, and T – RanSAC 

consensus set, calculated by:   MT  1 . We have pre-

calculated according to Eq. 15 several cases of outliers 

percentage for a typical case of benchmark feature point set 

(M=40 samples)[6] and calculations are given in Table 1. 

For the ideal case of small percentage of outliers, the whole 

RanSAC search procedure totals at minimum of 

O395)1822(~   or O359)2000~  . Compared the latter 

to our computation cost, we make a claim that our approach 

performs faster for simpler code implementation, but 

without using specific software (e.g. SVD). 

                             Table 1 
Iterations(N) for M = 40 samples 

Method 
Sample 

Set 

Proportion of Outliers – ε[%] 

5 10 20 30 

8-point F 8 484 883 2473 9256 

7-point F 7 438 764 1878 6108 

6-point F 6 395 656 1452 4000 

3. EXPERIMENTS AND RESULTS 

We have experimented with dataset provided by Mallon and 

Whelan in [6]. We compare our results to those of other 

rectification methods, which had been tested against same 

dataset [3, 5, 6, 9] for same rectification metrics (Table 2). 

For the sake of consistency, we apply our calibration 

application on provided feature matching points without any 

additional outlier pre-filtering. The results of [2, 3, 9] were 

directly transferred from [9], but those in [6] were computed 

by our metric code realization. The numbers in Table 2 show 

that we obtain performance comparable to methods in [6, 9] 

(Mallon, Zilly) and provide far better one than those of [3, 2] 

(Loop, Hartley). For the estimated quality, we could claim 

that our results are always close or even in most cases better 

than those against which we compare  (e.g. ER(MEAN) is 

always better than others). In all cases, we achieve sub-pixel 

precision for ER for a very small amount of projective 

distortions (EO=±0.1⁰). Thus, we could infer that our results 

show very good and balanced performance. The visual 

results are shown in Fig. 8. 

      Performance could be even more improved, if outlier 

pre-filtering step is triggered or projective distortions are 

excluded. The last one will force results of EO and EA to be 

always perfect, but will slightly decrease those of ER. On the 

other hand, if the range of d1-3 is increased, then ER is very 

close to best possible, but visible projective distortions will 

be easily observed (EO>±1⁰).  
 

 
Fig. 7. Convergence of optimization search for GT data (left-to-

right): a)  Estimated Values for DoF, lines - GT values, ( ) – ψ,  

( ) – φ , ( ) – θ, ( ) – Y, ( ) – Z, b) Samspson error (ES) 

 

 
Fig. 8. Rectification results(from top-left, clockwisely) for test 

pairs: a) Arch, b) Yard, c) Slates, d) Roof 

                                                                                  Table 2 

Te
st

 Method 
EO   EA  ER 

L R L R STD Mean 

Best 90[°] 90[°] 1 1 0 0 

A
rc

h
 

Proposed 
Mallon 

Zilly 
Loop 

Hartley 

89.71 
91.22 
89.96 
95.40 
100.8 

89.92 
90.27 
90.00 
98.94 
93.05 

0.99 
1.02 
0.99 
1.09 
1.20 

1.00 
1.00 
1.00 
1.16 
1.05 

0.23 
0.29 
0.14 
13.1 
39.2 

0.23 
0.28 
0.36 
20.6 
13.9 

        

D
ri

ve
 

Proposed 
Mallon 

Zilly 
Loop 

Hartley 

89.92 
90.45 
89.98 
98.73 
107.6 

90.03 
90.13 
90.00 
101.4 
90.87 

1.00 
1.01 
0.99 
1.15 
1.34 

1.00 
1.00 
1.00 
1.20 
1.02 

0.37 
0.56 
0.01 
10.4 
3.57 

0.71 
0.74 
0.93 
3.24 
3.54 

        

Ya
rd

 

Proposed 
Mallon 

Zilly 
Loop 

Hartley 

90.01 
89.92 
90.05 
133.6 
102.0 

89.89 
90.27 
90.00 
134.3 
91.91 

1.00 
1.00 
1.00 
2.14 
1.23 

1.00 
1.00 
1.00 
2.40 
1.03 

0.31 
0.60 
0.12 
8.91 
48.2 

0.28 
0.45 
0.44 
13.2 
11.5 
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e
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Proposed 
Mallon 

Zilly 
Loop 

Hartley 

90.43 
89.12 
90.00 
37.29 
89.96 

90.58 
89.14 
90.00 
37.15 
88.54 

1.01 
0.99 
1.00 
0.26 
1.00 

1.02 
0.99 
1.00 
0.28 
0.97 

0.13 
0.65 
0.23 
1.14 
2.27 

0.15 
0.50 
0.20 
3.84 
5.18 

        

R
o

o
f 

Proposed 
Mallon 

Zilly 
Loop 

Hartley 

89.98 
88.35 
90.00 
69.28 
122.7 

90.09 
88.23 
90.00 
87.70 
80.89 

1.00 
1.11 
1.00 
0.66 
1.52 

1.00 
0.97 
1.00 
1.04 
0.85 

0.44 
2.28 
0.06 
0.84 
11.9 

0.10 
2.70 
1.15 
11.0 
18.2 

   Bold Numbers – Best Metric Results                   
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Abstract—In this article, we discuss the modeling and removal 

of fixed pattern noise (FPN) in photonic mixture devices 

employing the Time-of-flight principle for range measurements 

and scene depth estimation. We present a case which arises from 

low-sensing (LS) conditions caused by either external factors 

related with scene reflectivity or internal factors related with the 

power and operation mode of the sensor or both. In such case the 

FPN becomes especially dominating and invalidates previously 

adopted noise models, which have been used for removal of other 

noise contaminations in ToF measurements. To tackle LS cases 

we propose a noise model specifically addressing the presence of 

FPN and develop relevant FPN removal procedure. We 

demonstrate, by experiments with synthetic and real-world data, 

that the proper modeling and removing of FPN is substantial for 

the subsequent Gaussian denoising and yields accurate depth 

maps comparable with the ones obtainable in normal operating 

mode. 

 
Index Terms— Time-of-Flight (ToF), Photonic Mixer Device, 

Fixed-pattern noise (FPN), low-sensing environment, denoising 

I. INTRODUCTION 

Various automotive, entertainment, and gaming 

applications deal with 3D visual scenes. For these, it is 

important to measure or estimate distances between an 

observer at sensor position and scene objects. Relevant 

technologies are termed as range or depth sensing and include 

approaches based on structured light, LiDAR, depth from 

stereo, and Time-of-flight (ToF) active sensing. The latter 

approach has become especially attractive as it delivers the 

scene geometry information simultaneously in a form of 2D 

(range, depth) map, which can be interpreted as a 2D gray-

scale image [1], [2], [3]. In a ToF device, range data is 

measured by the elapsed time during which a light signal 

travels from the device to the scene (object) and back to the 

device. Contemporary ToF devices have achieved substantial 

progress in operating outdoors beyond a kilometer range [4], 

and delivering higher range resolution [5]. However, they still 

have a rather low spatial resolution (e.g. 204 by 204 pixels) 

and relatively high power consumption [6], [7]. For keeping 

the measurement uncertainty low, ToF devices require a 

strong reflection signal [8], [9], [10]. This is problematic for 

low-reflectivity surfaces as well as when such devices need to 
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be integrated in mobile devices where power-consumption of 

electronic elements is vital for the feasible integration. In both 

cases, denoising of captured range data has to be applied [11], 

[12], [13]. For experimental purpose, such problematic 

sensing environment can be easily simulated by intentionally 

reducing the power of the system – in this paper also referred 

to as low-sensing (LS) environment [12], [14], [15], [16]. 

In this paper, we provide noise analysis for a ToF device 

operating in LS environment. We discuss the role of various 

noises present in the signal and suggest proper order of 

denoising and develop and compare appropriate denoising 

methods. We put special emphasize on removing the so-called 

fixed-pattern noise (FPN) [8], [9], [17], [18], [19]. FPN is a 

well-known phenomenon in sensors for infrared light [17], 

[18]. Here we develop the FPN modeling and removal taking 

into account the ToF sensor properties. We also develop 

further our linear filtering approach presented in [20] for 

utilizing the periodic pattern of FPN [8], [19] for its removal. 

After removing FPN, we employ several modern denoising 

algorithms [21], [22], [23] for removing the random noise. 

The correctness of the presented noise analysis and model and 

the overall denoising procedure are demonstrated by means of 

several experiments on synthetic and real data. For 

experiments, we use devices based on the Photonic Mixer 

Device (PMD) sensor technology [6], [9], [24], [25] – this 

being one of the most popular practical implementation of ToF 

sensing hardware. 

The outline of the paper is as follows: In Section II we give 

a brief overview of the ToF sensing principle and define what 

we call LS environment. Section III introduces a noise model 

of a ToF system with a special emphasizes on the FPN. It is 

followed by description of filter design for FPN removal in 

Section IV. Finally, in Section V, the overall denoising 

procedure is demonstrated by means of examples and some 

concluding remarks are given in Section VI. 

A. Notations 

In the paper, P and Q are used to denote the observed 

(measured) value and true value of data, respectively. In 

vector form they are denoted in bold, that is, 𝑸 =
[𝑄0 𝑄1 𝑄2 𝑄3]. The data is organized in spatial phase frames, 

which are 2D functions of spatial coordinates (pixels) 𝑄(𝑥, 𝑦). 

Subscripts k and l in 𝑄𝑘,𝑙  refer to the number of phase frames 

within an observation period, and observation number, 

respectively. If not mentioned otherwise, it is assumed that 

𝑘 = 0,1,2,3. Accents hat (e. g. �̂�) and tilde (e. g. �̃�) are used 

for denoting the estimated true value and true value with 

added Gaussian noise, respectively. Values 𝐴𝑸, 𝜑𝑸, and 𝐶𝑸 

refer to the amplitude, phase, and offset of the sinusoidal 

Fixed-pattern noise modeling and removal in 
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function used for estimating the depth, respectively, with sub 

index determining the phase frame used for their evaluation. 

To avoid doubt, we reserve the term ‘removal’ for tackling the 

FPN, while we use the term ‘denoising’ for tackling the 

additive Gaussian noise.  

II. BASIC PRINCIPLES OF TIME OF FLIGHT OPERATION 

For the purpose of FPN analysis and modeling, in this section 

we give a brief overview of the ToF sensing principle [8], [9], 

[10] and its performance in LS environment [12], [14], [15], 

[16]. 

A. Time-of-flight sensing principle 

A typical ToF device (c.f. Fig. 1) consists of an opto-

electronic system that beams a continuously modulated 

harmonic light signal (typically in the near-infrared 

wavelength range) in moment 𝑡, and senses back the delayed 

light reflection from the objects in the scene at time 𝑡 + 𝑡𝑑. A 

cross-correlation operation is applied for continuous signals of 

emitted 𝑠(𝑡) and reflected 𝑟(𝑡 + 𝑡𝑑) signals. Assuming ideal 

system and conditions, the result of cross correlation is an 

continuous intensity output signal 𝑞 for a given correlation 

(offset) parameter 𝜏: 

𝑞(𝑡 + 𝜏) = 𝑟(𝑡 + 𝑡𝑑)⨂𝑠(𝑡 + 𝜏) (1) 

with 

𝑠(𝑡, 𝜔) = 𝐶𝑠 + 𝐴𝑠 cos(𝜔𝑡 + 𝜑𝑠) 

𝑟(𝑡 + 𝑡𝑑, 𝜔) = 𝐶𝑅 + 𝐴𝑅 cos(𝜔(𝑡 + 𝑡𝑑) + 𝜑𝑅) 
(2) 

for 𝜔 = 2𝜋𝑓 and 𝑓 = 1/𝑇, where 𝐴 denotes amplitude, 𝜑  
denotes phase delay, 𝐶 denotes modulation offset (or 

modulation contrast), 𝜔 denotes modulation frequency, and T 

is the modulation period. 

 
Fig. 1. A typical Time-of-flight (ToF) device and its components. 

In practice, the cross-correlation in (1) is implemented by 

integrating the output of the correlator for a given value of 𝜏 

over several signal periods depending on the integration time. 

For integration times that are a multiplier of the modulation 

period, that is 𝐼𝑇 = 𝑡1 − 𝑡0 = 𝐾 𝑇, 𝐾 ∈ ℕ this output is a 

cosine function: 

𝑄(𝜏) = ∫ 𝑞(𝑡 + 𝜏)𝑑𝑡
𝑡1

𝑡0

= 𝐶𝑄 + 𝐴𝑄 cos(𝜏 + 𝜑𝑄) (3) 

where 𝜑𝑄 = 𝜔𝑡𝑑 is the phase from which the range can be 

determined. By sampling 𝑄(𝜏) in four points 𝑸 =
[𝑄0, 𝑄1, 𝑄2, 𝑄3], corresponding to 𝜏 = 0, 𝜋/2, 𝜋, 3𝜋/2, the 

amplitude 𝐴𝑸, the offset 𝐶𝑸, and most importantly the phase 

𝜑𝑸 of the 𝑄(𝜏) can be estimated as [9], [26] 

𝐴𝑸 =
√(𝑄0 − 𝑄2)2 + (𝑄3 − 𝑄1)2

2
 

𝐶𝑸 = (𝑄0 + 𝑄1 + 𝑄2 + 𝑄3)/4 

𝜑𝑸 = tan−1 (
𝑄0 − 𝑄2

𝑄3 − 𝑄1

) . 

(4) 

Finally, the measured distance D is proportional to the 

estimated phase 𝜑𝑄 and can be evaluated as 

𝐷𝑸 = 𝑘1

𝜑𝑸𝑐𝐿

4𝜋𝑓
+ 𝑘2, (5) 

where 𝑐𝐿 is speed of light in dry air (𝑐𝐿~2.98×108[m/sec]). 
Parameters k1 and k2 are sensor-dependent constants that 

should be determined by calibration for a particular sensor 

(e.g. compensating for imperfections of the signal generator 

and phase offset / delays due to signal propagation through the 

device). Without loss of generality we can assume that k1=1 

and k2=0. It is obvious that due to the phase-wrap, the distance 

can be measured only inside a range interval  𝜑𝑄 ∈ [0,2𝜋] →

𝐷 ∈ [0, 𝐷𝑀𝐴𝑋], e.g. for 𝑓 = 20 × 106[𝐻𝑧], 𝐷𝑀𝐴𝑋 =  𝑐𝐿/2𝑓 =
7.5 [𝑚] [9]. The data samples 𝑸 obained from the ToF sensor 

are expressed in ToF system units (12 bit integer values). 

Consequently, following (4), the amplitude 𝐴𝑸 and offset 𝐶𝑸 

are also in ToF system units. The phase 𝜑𝑸, estimated from 

phase frames 𝑸 by using (4), is given in radians. Eq. (5) 

converts the phase to the estimated distance 𝐷𝑸 expressed in 

meters. If not mentioned otherwise, these units are 

assumed/used in the rest of this paper. 

The above procedure is calculated pixel-wise for spatial 

phase frames 𝑄𝑘(𝑥, 𝑦), in order to obtain the offset map 

𝐶𝑸(𝑥, 𝑦), amplitude map 𝐴𝑸(𝑥, 𝑦), and phase delay map 

𝜑𝑸(𝑥, 𝑦). In practice, one is not able to directly measure the 

true values 𝑸. Instead, the observed (measured) values 𝑷 are 

mixtures of 𝑸 values and measurement errors of various kinds. 

The amplitude and phase parameters are then calculated from 

the potentially noisy measurements 𝑷. As an example, sensed 

data captured in normal operating mode is shown in Fig. 2 

(image of the used scene is given in Fig. 3b). 
signal 
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Fig. 2. Sensed data maps by a ToF device in normal operating mode. a) Phase 

frame 𝑃0(𝑥, 𝑦). b) Phase frame 𝑃1(𝑥, 𝑦). c) Amplitudes 𝐴𝑷(𝑥, 𝑦). d) Phase 

delays 𝜑𝑷(𝑥, 𝑦). 

 
Fig. 3. Experimental scenes. a) Scene with smooth depth for FPN analysis. b) 

Scene with varying reflectance and depths for denoising experiments. 

 

B. Low sensing environment and operating mode 

We define low-sensing (LS) environment [12], [15] as an 

operating mode of a particular ToF device that works in 

suboptimal conditions and therefore generates higher 

measurement errors than the ones defined for normal 

operating mode. There are a number of external (e.g. materials 

of low-reflectivity, low-incident angles of reflected light, 

strong ambient light, multi-reflectivity path) and internal (low-

powered beamers, short integration times, high sensor 

resolution) factors that can cause LS operating mode. External 

factors cannot be influenced by a user or system designer, but 

internal ones can be intentionally introduced in the design, e.g. 

reducing the power of the light beamers for power efficiency 

reasons when using ToF device on / with mobile devices. 

For a typical ToF device, we consider an LS environment, 

when the measurement error 𝐸𝐷 exceeds the maximum error 

𝛦𝑇𝑜𝐹  observed in normal conditions: 

𝐸𝐷 = |𝐷𝑷 − 𝐷| > 𝛦𝑇𝑜𝐹  (6) 

with 𝐷𝑷 and 𝐷 being the measured (observed) and real 

distance, respectively. For example, in the case of the ToF 

device under consideration, CamCube 2.0 by PMDTec™, the 

maximum error for the normal operational mode is given as 

𝛦𝑇𝑜𝐹 = 0.05[𝑚] [27]. It has been observed that for cases 

when the observed amplitude becomes 𝐴𝑷 < 300 [ToF system 

units] then the error becomes larger then 𝛦𝑇𝑜𝐹 . Consequently, 

this value of 𝐴𝑷 is considered as an upper limit defining the 

LS operating mode for this particular device. 

An example for a device operating in LS environment is 

given in Fig. 4. Here, the varying integration time is the factor 

causing an LS environment. As seen in the figure, the lower 

the integration time is, the lower the computed amplitude is. 

As a consequence more noise is present in the phase map. 

Although the noise is quite extreme, as it will be shown later, 

it can be effectively filtered by specific denoising techniques 

thus making it feasible for the ToF device to operate robustly 

in LS conditions. In next subsection we will discuss the noise 

in ToF devices in more detail as basis for developing suitable 

denoising approaches. 

III. NOISE MODEL FOR TIME OF FLIGHT DEVICES OPERATING 

IN LOW-SENSING ENVIRONMENT  

The sensing mechanism in ToF devices is based mainly on 

Complimentary Metal-oxide Semiconductors (CMOS) or 

Charge-coupled Device (CCD) sensors [28]. There are many 

internal causes, due to the sensor or associated electronic 

circuits, that influence the output of the sensors as discussed in 

[8], [24]. All those manifest themselves as noise added to the 

true signal. Among various sources of noise, for practical 

reasons we identify and model two dominant noise types that 

contaminate the data sensed by a ToF device. Those can be 

modeled as additive Gaussian noise and fixed-pattern noise. 

They are discussed in the following sections. 

 

 
Fig. 4. Time-of-flight device in low sensing environment for integration times 

𝐼𝑇 = 50𝜇𝑠 (left column) and 𝐼𝑇 = 200𝜇𝑠 (right column). Upper row: Phase 

delay maps 𝜑𝑷(𝑥, 𝑦); middle row: Amplitude maps 𝐴𝑷(𝑥, 𝑦); lower row: 
Histogram plots of amplitude maps. 

A. Additive Gaussian noise 

First type of noise present in a ToF system is introduced by 

the photonic nature of emitted and reflected light and its 

dissipation in the medium and is related to the light conditions 

of the emitted and sensed signals. This noise is common in all 

imaging sensors (e.g. thermal cameras [17]) and is typically 

considered as a random process with Gaussian distribution. 
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Specifically for the case of LS environment, it dominates over 

the photonic-shot noise, as discussed in [8]. Thus, it is a 

satisfactory assumption for denoising of ToF data. 

Mathematically, the influence of this noise can be expressed 

as 

�̃�𝑘(𝑥, 𝑦) = 𝑄𝑘(𝑥, 𝑦) + 𝜂(𝑥, 𝑦) (7) 

where 𝑄𝑘(𝑥, 𝑦) is the value of the true signal (phase frames), 

𝜂(𝑥, 𝑦) is Gaussian noise with zero mean and variance 𝜎2, and 

�̃�𝑘(𝑥, 𝑦) is the true signal contaminated with Gaussian noise. 

Due to the assumption of Gaussian noise model, it is 

expected that in an ideal ToF device, the noise variance of 

each pixel is close to constant, that is, 

𝑉𝑎𝑟(�̃�0(𝑥, 𝑦)) ≅ ⋯ ≅ 𝑉𝑎𝑟 (�̃�3
(𝑥, 𝑦)) ≅  �̃��̃�𝑘

2 ≅ 𝜎2. (8) 

This assumption has been verified by empirical estimation of 

covariance matrices from multiple observations of phase 

frames [9]. 

Furthermore, assuming that �̃��̃�𝑘

2  is the variance of each 

phase frame, it turns out that the amplitude variance 𝜎�̃�
2 and 

phase variance 𝜎�̃�
2 of the estimated correlation signal relate as 

[9]: 

�̃�𝐴
2 = �̃��̃�𝑘

2 /2 

�̃��̃�
2 = �̃��̃�𝑘

2 /(2�̃��̃�
2 ) . 

(9) 

The second relation is especially important as it shows that 

amplitude can be utilized as a confidence measure of expected 

measurement uncertainty of phase and consequently range. As 

such, it provides a confidence map, which can drive ToF 

denoising techniques. The fact that measurements and 

calculated parameters exhibit close-enough Gaussian behavior 

enables one to utilize any modern denoising algorithm for its 

removal. Examples are demonstrated and discussed in Section 

V. 

B. Fixed-pattern noise 

Second type of noise is related more to the hardware 

implementation of the overall ToF device, including the 

sensor, signal generator, LED, correlator, amplifiers, etc. This 

noise is present in every digital sensor and is referred to as 

fixed pattern noise (FPN) [17], [18], [24]. The source of this 

noise can be explained by the structural non-uniformities of 

sensing elements, that is, capabilities of sensing elements to 

integrate different signal intensities. Such variations have 

fixed behavior, but are randomly distributed among the pixels. 

Therefore, this effect has been named FPN. Furthermore the 

sensor elements are read column-wise or row-wise. Therefore, 

FPN typically appears as “column-” or “row-wise” stripes of 

slightly brighter and darker intensity across the acquired data. 

The FPN is clearly visible both for raw data provided by 

the measured phase frames 𝑷(𝑥, 𝑦) as well as amplitude 

𝐴𝑷(𝑥, 𝑦) and phase 𝜑𝑷(𝑥, 𝑦) evaluated from those 

measurements (c. f. Fig. 4 a,b and Fig. 6a). Furthermore, FPN 

appears visually stronger in LS environment and is negligible 

in normal operating mode (c. f. Fig. 2). In normal operating 

mode, the influence of FPN appears usually below the 

resolution of the device and can be excluded from 

consideration. In LS environment, the noise influence 

becomes important, since its levels start to be comparable to 

the sensed charges – FPN usually appears dominant over 

resulted sensed signal that holds true, but noisy information. 

FPN is modeled as a signal-dependent noise for each phase 

frame  

𝑃𝑘(𝑥, 𝑦) = 𝛼(𝑥, 𝑦)�̃�𝑘(𝑥, 𝑦) + 𝛽𝑘(𝑥, 𝑦) 

𝛼(𝑥, 𝑦) = 𝑓𝑥,𝑦(�̃�𝑘(𝑥, 𝑦)), 
(10) 

with 𝛼(𝑥, 𝑦) and 𝛽𝑘(𝑥, 𝑦) being the FPN gain and offset 

component, respectively, 𝑃𝑘(𝑥, 𝑦) the observed (measured) 

signal and �̃�𝑘 the true signal plus Gaussian noise mixture. The 

offset component is also sometimes referred to as the 

“pedestal maps”. 

Two points regarding the FPN model have to be 

emphasized. First, the gain component 𝛼(𝑥, 𝑦) is signal 

dependent. As it will be seen later, it takes values close to one 

for normal operational mode and gets values significantly 

deviating from one in LS mode. Second, the same gain 

component is used for all phase frames (𝑘 = 0,1,2,3), however 

each phase frame k has a different offset 𝛽𝑘(𝑥, 𝑦). This is 

significantly different from, for example, thermal camera 

imaging where only one offset per sensor element is used – 

here it was necessary to have different offsets due to the fact 

that different hardware might be involved for capturing 

different phase frames. 

Removing the FPN is a necessity for enhancing the 

operating performance of a ToF device in LS environment. 

While FPN could be effectively tackled by various hardware 

solutions [24], those are expensive and difficult to implement 

– especially for high-frequency sampling devices such as ToF. 

As an alternative, FPN can be corrected digitally as post-

capturing operation thereby improving the signal-to-noise 

ratio of the sensed signal [8]. 

The FPN is cast as ‘fixed’, since the offset 𝛽𝑘(𝑥, 𝑦) is 

spatially fixed to sensed intensities and always appears as 

initial parasitic value of the sensor element added to the phase 

frame even when no data is sensed. The gain component map 

𝛼(𝑥, 𝑦) also remains fixed in terms that it always amplifies the 

captured intensity of certain magnitude for a certain pixel in 

the same functional manner. However, although termed as 

‘fixed’, the effect of FPN is unique for each sensor device, and 

tends to change during exploitation time due to sensor wearing 

out. This means that certain easy-to-implement FPN 

estimation and filtering mechanism should be developed that 

adapts to possible changes in the nature of FPN over time. 

In this paper we propose a two-stage technique for 

removing the FPN. First stage is responsible for removing the 

offset 𝛽𝑘(𝑥, 𝑦), and second one tackles the gain component 

𝛼(𝑥, 𝑦). They are discussed in the following two sections. 

C. Removing the FPN offset component 

The offset components 𝛽𝑘(𝑥, 𝑦) are generally considered as 

fixed masks. For estimating the offset, we occlude the optical 

system (if possible then the camera beamers should be also 

switched off in order to avoid thermal noise) and gather 

observation data for a large number of frames (e. g. 𝐿 = 400). 
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We denote those observations 𝑃𝑘,𝑙(𝑥, 𝑦) for 𝑙 = 0,1, … 𝐿 − 1 

and 𝑘 = 0,1,2,3. Since we are effectively sensing ‘nothing’, in 

an ideal case each pixel would record only random noise. 

Since this is not the case due to the FPN offset, the idea is to 

determine, for each pixel, such parameters 𝛽𝑘(𝑥, 𝑦) that when 

those are extracted for corresponding measured phase frame, 

�̂�𝑘,𝑙(𝑥, 𝑦) = 𝑃𝑘,𝑙(𝑥, 𝑦) − 𝛽𝑘
𝑙 (𝑥, 𝑦), for each pixel the estimated 

amplitude and phase would have close-to-zero mean and 

minimum variance for amplitude (�̂�𝐴 → 0, �̂�𝐴
2 → 0) and at the 

same time minimum mean and maximum variance for phase 

(�̂��̂� → 0, �̂��̂�
2 → 𝜋) with mean and variance calculated per pixel 

over all observations. Those means and variances before and 

after optimization are shown in Fig. 5. 

After estimating the offset values 𝛽𝑘(𝑥, 𝑦), they are stored 

in a table and can be subtracted in real time. They should be 

periodically recalculated to compensate for changes due to 

aging of the sensor (device). However, it is expected that those 

changes are not significant over time as long as the sensor 

does not malfunction and small changes can be mitigated by 

the denoising step in the proposed method. Therefore, 

although the offset changes with time, there is no need to 

measure the offset too often. This has been experimentally 

observed on the sensor under consideration. The offset has 

been measured twice in the beginning and the end of a 

yearlong period. While the two measurement differed, the 

difference was in the form of random pattern (white noise) and 

was compensated by the applied denoising. 

D. Removing the FPN gain component  

For estimating and removing the FPN gain 𝛼(𝑥, 𝑦), we exploit 

the fact that visual stripes that are the result of the FPN gain 

can be considered as a texture [8], [24]. Such texture pattern 

can be isolated by utilizing frequency-domain analysis. When 

identifying the texture pattern and in order to minimize the 

influence of the scene content, we considered a smooth natural 

scene from a high reflectivity material and a continuous 

change in distance 𝐷 (e.g. 1𝑚 ≤ 𝐷 ≤ 5𝑚 ). Such scene 

provides varying values of phase maps 𝑃𝑘(𝑥, 𝑦) and at the 

same time is free of edges between scene objects situated at 

different distances. This avoids the appearance of high-

frequency components in the frequency domain representation 

that are not related to FPN. The special scene used for this 

analysis is shown in Fig. 3a. This scene is used only for 

determining the FPN dominant frequency. Experiments 

quantifying the performance of the FPN removal filters are 

done on real-life scenes, which typically exhibit edges in the 

corresponding depth maps (c.f. Fig. 3b). 

For a captured phase frame map 𝑃𝑘,𝑙(𝑥, 𝑦) we remove the 

offset components 𝛽𝑘(𝑥, 𝑦), to get 𝑃𝑘,𝑙(𝑥, 𝑦) − 𝛽𝑘(𝑥, 𝑦), and 

calculate the Fourier transform of the resulting phase frame. 

The phase frame is shown in Fig. 6a and the Fourier domain 

representation in Fig. 7a. As seen in Fig. 7a, for the sensor 

under consideration, two frequency components related to the 

FPN gain component can be easily identified, namely, 

(𝜔𝑋, 𝜔𝑌) = (2/3𝜋, 0) and (𝜔𝑋, 𝜔𝑌) = (𝜋, 0). For other 

sensors, these frequencies might be different [8]. However, 

they can be determined by the same frequency domain 

analysis as described above. 

A finite number of dominant frequency components can be 

easily removed by a properly designed linear-phase FIR filter. 

The filter design procedure takes the estimated dominant 

frequencies as input parameters. In the case under 

consideration, the undesired components are along the x-axis 

and one can use 1D filters that are applied horizontally (row 

by row) on the signal 𝑃𝑘,𝑙(𝑥, 𝑦) − 𝛽𝑘(𝑥, 𝑦). A good filter must 

satisfy the following requirements. First, is should remove the 

undesired components. Second, it should preserve the signal 

(spectra of the signal) as well as possible, that is, the passband 

ripple should be as small as possible. Third, it should not 

introduce ringing artifacts – in real scenes this will be taken 

care by adaptive filtering. For now it is important to point out 

that for our test scene this is not an issue since the scene does 

not have edges, while ringing is related to processing edges. 

A method for designing FIR filters satisfying 

aforementioned requirements is discussed in Section IV. Here, 

we applied one of the designed filters (𝑁 = 20 and 𝜌 = 0.14) 

on our test data (row by row). We assume that after filtering, 

we obtain �̃�𝑘,𝑙(𝑥, 𝑦) which is the true value of the measured 

phase frame contaminated with Gaussian noise (c.f. Fig. 6d). 

This is confirmed by the Fourier domain representation of the 

filtered phase frame that is shown in Fig. 7b. As seen, the 

undesired frequency components responsible for FPN pattern 

are effectively removed without any noticeable modifications 

in the rest of the spectra. 

 

 
Fig. 5. Removing FPN offset 𝛽𝑘(𝑥, 𝑦) for an occluded ToF system – input 

data (lower-left parts) and masked data (upper right part): a) �̂�𝐴, b) �̃�𝐴
2, c) �̂��̂�, 

and d) �̂��̂�
2. 
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Fig. 6. Example of FPN removal. a) Measured phase frame 𝑃0(𝑥, 𝑦). b) FPN 

offset 𝛽0(𝑥, 𝑦). c) 𝑃0(𝑥, 𝑦) − 𝛽0(𝑥, 𝑦). d) Filtered output �̃�0(𝑥, 𝑦). 

 

 
Fig. 7. Filtering of FPN amplitude gain component 𝛼Q(𝑥,𝑦)

𝑈 : a) Input frequency 

response 𝐻𝑄. b) Filtered output for FIR filter of order 20 with 𝜌 =0.28. 

Assuming that filtering successfully removed the gain 

component of FPN, we can use the filtered values of the phase 

map �̃�𝑘,𝑙(𝑥, 𝑦) to identify the behavior of the gain component. 

According to (10), the estimated FPN gain component is: 

�̂�𝑘,𝑙(𝑥, 𝑦) = (𝑃𝑘,𝑙(𝑥, 𝑦) − 𝛽𝑘(𝑥, 𝑦))/�̃�𝑘,𝑙(𝑥, 𝑦) (11) 

In order to cope with the Gaussian noise still present in 

�̃�𝑘,𝑙(𝑥, 𝑦), we take multiple observations of 𝑃𝑘,𝑙(𝑥, 𝑦) for 

several integration times in the range 50𝜇𝑠 ≤ 𝐼𝑇 ≤ 2000𝜇𝑠 

and estimate corresponding �̂�𝑘,𝑙(𝑥, 𝑦) values. We plot all 

obtained �̂�𝑘,𝑙(𝑥, 𝑦) against �̃�𝑘,𝑙(𝑥, 𝑦) for several pixels (x,y) 

and fit curves for the selected pixels as illustrated in Fig. 8(a). 

As seen from the figure, the gain values converge to one for 

higher-magnitude measurements and deviate considerably of 

that value for lower values of Q. 

We can extend the comparison and investigate the relation 

between the FPN gain 𝛼𝐴(𝑥, 𝑦) and amplitude 𝐴�̃�(𝑥, 𝑦). 

Applying similar procedure as explained above for �̂�𝑘,𝑙(𝑥, 𝑦), 

we can show a different FPN gain behavior at different 

sensing conditions quantified by different amplitudes. This is 

illustrated for several pixels in Fig. 8(b). As seen in the figure, 

the estimated gain deviates from one for low amplitudes. This 

can be interpreted as a high nonlinearity between the observed 

amplitude and the true one for the case we do not remove the 

FPN gain for LS environment 𝐴�̃�(𝑥, 𝑦) < 300. 

We aim at modeling the FPN gain component for the 

sensor under consideration as texture with two dominant 

frequencies. As seen in Fig 7a, the pattern is very well 

localized in frequency domain with two clear peaks and, 

correspondingly, has strong sinusoidal pattern in spatial 

domain. Given that the relation between 𝛼(𝑥, 𝑦) and �̃�𝑘,𝑙(𝑥, 𝑦) 

is tabulated by the curves �̂�𝑘,𝑙(𝑥, 𝑦) in Fig. 8(a), the model is 

rewritten as contribution of two sinusoidal components 

(patterns) in horizontal direction 

𝑓𝑥,𝑦(�̃�(𝑥, 𝑦)) =  1 + 𝛾(�̃�(𝑥, 𝑦)) (sin(𝜔1𝑥) + sin(𝜔2𝑥)) (12) 

with 𝛾(�̃�(𝑥, 𝑦)) = �̂�(𝑥, 𝑦) − 1 and �̂�(𝑥, 𝑦) being an 

approximation of one of the steepest curves �̂�𝑘,𝑙(𝑥, 𝑦) in Fig. 8 

(we use the steepest curve to simulate the worst-case 

scenario). Following this model, during the exploitation time 

of the sensor, two things can change. The frequency can drift 

and/or the alpha factors can vary. Since all alpha curves are 

similar, changing alpha factors causes change in the 

amplification only and not in the shape of the curve. In both 

cases this would result in deviating the dominant frequencies 

causing FPN from their estimated values. As long as the 

deviations are reasonably small (large changes are expected to 

occur only in the case the sensor is malfunctioning), they will 

not influence the performance for FPN gain removal with the 

designed filters since the filters have relatively wide stopbands 

and therefore will still properly remove FPN. This makes the 

proposed FPN removal method robust to aging of the sensor. 
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Fig. 8. Behavior of the FPN gain component 𝛼(𝑥, 𝑦) for several pixels with 

respect to: (a) Phase frame �̃�𝑘,𝑙(𝑥, 𝑦). (b) Amplitude �̂��̃�𝑙
(𝑥, 𝑦). 

E. Effect of FPN removal on ToF noise model 

Based on our ToF noise model, the FPN noise removal yields 

a signal, whose noise component should exhibit mostly 

Gaussian distribution in which case the phase variance �̃��̃�
2 can 

be directly linked to variance of phase frames �̃��̃�𝑘

2  and the 

amplitude estimate can be used as a measure for that variance 

(c.f. (9)). Furthermore, it is expected that the phase variance 

(and in turn the error of the estimated range) will reduce, that 

is, the LS mode should perform closer to the normal 

operational mode. We illustrate this in Fig. 9 that shows the 

relation between amplitude 𝐴 and phase variance 𝜎𝜑
2 before 

and after FPN removal. The data related to measurements 

𝑃𝑘,𝑙(𝑥, 𝑦) is shown in green and data after FPN removal 

(filtering) �̃�𝑘,𝑙(𝑥, 𝑦) in blue. For easier comparison, we fitted 

curves according to Eq.(9) over observed data (please note 

that the x-axis is in log-scale). As expected, after removing the 

FPN, the phase delay variance becomes considerably smaller. 

Extremely small amplitudes and corresponding high phase 

variances are gone, the remaining variances are tolerable even 

for low amplitudes 𝐴𝑄 < 20 [ToF system units]. For high-

enough amplitudes 𝐴𝑄 > 100 the two curves coincide. This 

suggests that in normal operating mode the FPN is not an 

issue, however, it should be specifically tackled in LS mode in 

order to minimize the expected phase measurement 

uncertainty. 

 

 
Fig. 9. Experimental observation of phase delay variance relation to signal 

amplitudes 𝐴𝑄 for FPN filtered data  

 

IV. DESIGN OF FILTERS FOR FPN REMOVAL  

As shown in the previous section, for removing the FPN gain, 

we need custom-made notch-type filters. In this section we 

discuss methods for efficient design of such filters. Their cut-

off frequencies are sensor dependent and have to be estimated 

before the actual design procedure takes place. However, the 

same general filter design principle described here can, be 

applied for other sensors since the frequencies relates to FPN 

are input parameters to the filter design algorithm. 

A. Filter specifications 

Based on the discussion in Section III.D, a 1D filter for 

removing the FPN gain for the sensor under consideration 

should remove (or sufficiently suppress) two dominant 

frequencies, namely, 𝜔1 = 2/3𝜋 and 𝜔2 = 𝜋 (c.f. Fig. 7a), 

and at the same time preserve all other information in the 

signal. Ideal frequency domain representation of a filter 

satisfying these requirements is given in Fig. 10a and can be 

expressed as:  

|𝐷(𝑒𝑗𝜔)| = {
1     for      𝜔 ∈ 𝑋1

0     for      𝜔 ∈ 𝑋2
 (13) 

With regions 𝑋1 and 𝑋2 being defined as 

𝑋1 = [0, 𝜔𝑝1]  ∪  [𝜔𝑝2, 𝜔𝑝3]

𝑋2 = [2/3 𝜋;    𝜋].                     
 (14) 

In the design, the filter transition bands (around 2/3 𝜋 and 𝜋) 

should be kept as short as possible, but at the same time they 

have to be wide enough in order to be able to design filters 

with small passband ripples and reasonable orders. A method 

for designing linear-phase FIR filters that can achieve a good 

approximation of the desired response is given in the next 

section. 
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Fig. 10. Filter requirements. (a) Frequency domain specifications. (b) Desired 
position of fixed zeros. 

B. Filter design approach 

Based on the requirements listed in the previous section, 

the design problem can be specified as: Determine the 

unknown filter coefficients ℎ[𝑛] of a filter of order N with 

transfer function 𝐻(𝑧) = ∑ ℎ[𝑛]𝑧−𝑛𝑁
𝑛=0  to 

minimize    𝛿  (15) 

such that 

1 − 𝛿 ≤ |𝐻(𝑒𝑗𝜔)| ≤ 1 + 𝛿  for  𝜔 ∈ 𝑋1 

        |𝐻(𝑒𝑗𝜔)| = 0  for  𝜔 ∈ 𝑋2. 
(16) 

To simplify the design, the desired filter transfer function 

𝐻(𝑧) can be split into fixed and variable part as: 

𝐻(𝑧) = 𝐹(𝑧)𝐺(𝑧) = 𝐹(𝑧) ∑ 𝑔[𝑛]𝑧−𝑛𝑁𝐺
𝑛=0   (17) 

with  

𝐹(𝑧) = 1 + 2𝑧−1 + 2𝑧−2 + 𝑧−3, 𝑁𝐺 = 𝑁 − 3. (18) 

The fixed part represented through transfer function 𝐹(𝑧) 

corresponds to the fixed zeros (c.f. Fig. 10b) and 𝑔[𝑛] for 𝑛 =
0,1, … 𝑁𝐺 are the unknown filter coefficients. Those filter 

coefficients can be calculated by utilizing the Remez multiple 

exchange algorithm [29]. The procedure for applying the 

Remez algorithm on the above design problem is discussed in 

detail in [20], [30], [31]. After obtaining coefficients 𝑔[𝑛] for 

𝑛 = 0,1, … 𝑁𝐺, the filter values ℎ[𝑛] for 𝑛 = 0,1, … , 𝑁 can be 

easily obtained by convolving 𝐺(𝑧) with 𝐹(𝑧) as given by 

(17). 

C. Designed filters 

We used the design method proposed in the previous section 

and designed a family of filters having various orders and 

passband edges. We limited our self to filters of orders less 

than 60 (since we are processing finite length signals, longer 

filters are not to useful) and selected all passband edges at 

equal distances from fixed zeros in the filter frequency 

response, that is,  

𝜔𝑝1 = (
2

3
) 𝜋 − 𝜌𝜋; 𝜔𝑝2 = (

2

3
) 𝜋 + 𝜌𝜋; 𝜔𝑝3 = 𝜋 − 𝜌𝜋 (19) 

with 0.01 < 𝜌 < 1/6. Larger 𝜌 values do not make practical 

sense, since for 𝜌 > 1/6 → 𝜔𝑝2 > 𝜔𝑝3. 

The obtained passband behavior (ripples) for filters of 

various orders and transition bandwidths are shown in Fig. 

11(a,b) and the impulse response and the frequency response 

of one of the designed filter are shown in Fig. 11(c,d). Those 

filters will be considered as good candidates for FPN removal. 

Several comments regarding the designed filters: First, as 

expected, filters of higher order and wider transition band 

have smaller passband ripple and vice versa. Second, for, for 

the same performance, filters with even-order must be of 

higher order than the ones with odd-order. This is due to the 

fact that an even order filter will have, due to its properties 

[30], two zeros at 𝜔 = 𝜋 instead of one, thereby making the 

passband optimization more challenging. Third, filters of odd 

order introduce a half sample delay that has to be taken care of 

during filtering, e.g. adjusting filtered data with original one 

for the purpose of comparison. 

Since it is not clear which of those filters will give the best 

results for FPN removal, in the next section we will test all of 

them on synthetic and measured data in order to see which one 

performs best. 

 
Fig. 11. Performance of designed filters. (a) Odd filter orders. (b) Even filter 

orders, c) & d) Impulse response and magnitude response of filter with 𝑁 =
41 and  𝜌 = 0.1. 

V. EXPERIMENTS 

We performed two sets of experiments. In the first set we used 

synthetic data for evaluating the performance of designed 

filters for FPN removal in order to select the best filter(s). The 

performance of the overall FPN removal approach for 

estimating the depth map in LS mode is then illustrated on real 

data in the second set of experiments. 

A. Testing performance of FIR filters for FPN removal on 

synthetic data 

We apply the proposed filtering approach by reproducing the 

FPN influence in a simulated LS environment, where the 

focus is on the gain component 𝛼Q(𝑥,𝑦)
𝑈  removal. We create a 

synthetic scene (c.f. Fig. 12), which is rich of objects of fine 

details, edges, and contours in different orientation and thus 

influencing the whole frequency response spectrum. We 

choose a distance sensing range of typical PMD device (e.g. 

PMDTec™ CamCube 2.0) 𝐷 ∈ [0, 7.5]𝑚. We denote the 

depth map of such scene as 𝐷𝐺𝑇(𝑥, 𝑦). We simulate the 

influence of the sensor for 𝐴𝑸 ∈ [7, 300] units, by applying 

the observed noise model as given in Section II (c.f. Fig. 9), 

which corresponds to the LS case. Thus, we provide a 

challenging testing scenario for the proposed FPN suppression 

approach. We apply a periodic FPN pattern that follows our 

observation on the same device, with modulation frequencies 

𝜔𝐹𝑃𝑁 = [1, 2/3] × 𝜋 and intensity corresponding to the sensed 
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values of phase frames 𝑄𝑘 as discussed in Section III.We 

ensure that the added FPN is at least 25% of the signal value 

for very low-sensed signals and less than 5% for signals of 

highest values of the sensing range. Since the FPN is more 

dominant for signals of low intensity, we propose also an 

adaptation technique of the filtering process. We adapt in a 

manner that filtered output �̂��̂� and original data input 𝐷𝑷  are 

fused in a certain normalized fraction (𝛿𝐴, 1– 𝛿𝐴) according to 

the sensed signal amplitudes �̂��̂�: 

�̂�𝑎𝑑𝑎𝑝𝑡(𝑥, 𝑦) = 𝛿𝐴�̂��̂�(𝑥, 𝑦) + (1 − 𝛿𝐴 )𝐷𝑝(𝑥, 𝑦).  (20) 

The adaptation helps in preserving data edges by minimizing 

the effect of filter-caused ringing. The adaptation parameter 𝛿𝐴 

is select such that 𝛿𝐴  =  1 for very low amplitudes (𝐴 <
 70), while for the range of amplitudes [70, 350],  𝛿𝐴  decreases 

linearly between 1 and 0.2. In Fig. 14, we plot the results for 

proposed filters along with the effect of FPN removal on the 

subsequent Gaussian noise suppression applied using the Non-

local Means (NLM) [21]. In Fig. 13 we plot visual output of 

filtered content. Table I shows the performance for some FPN 

removal filters quantified in terms of mean absolute error 

(MAE), mean square error (MSE) and peak signal-to-noise 

ratio (PSNR) between the ground true signal and the NLM-

denoised signal. The MAE, MSE and PSNR are calculated by 

using following expressions: 

𝑀𝐴𝐸 =
1

𝑋𝑌
∑ ∑|�̂�(𝑥, 𝑦) − 𝐷𝐺𝑇(𝑥, 𝑦)|

𝑌−1

𝑦=0

𝑋−1

𝑥=0

 

𝑀𝑆𝐸 =
1

𝑋𝑌
∑ ∑ (�̂�(𝑥, 𝑦) − 𝐷𝐺𝑇(𝑥, 𝑦))

2
𝑌−1

𝑦=0

𝑋−1

𝑥=0

 

𝑃𝑆𝑁𝑅 = 20 log10 (
𝐷𝑀𝐴𝑋

√𝑀𝑆𝐸
) 

(21) 

with 𝑌 and 𝑋 being the number of rows and columns, 

respectively and 𝐷𝑀𝐴𝑋 = 7.5[m]. The above three measures 

are used to quantify the difference between the processed 

depth map and the ground true one over the whole image. The 

results demonstrate that for a range of filters, the FPN is 

effectively suppressed and a 6-10 𝑑𝐵 improvement is 

observed for the denoising performance for the filtered data 

content. Similar improvements can be noticed in terms of 

MAE and MSE. 

 

 

 
Fig. 12. Synthetic scene for low-sensing ToF sensing environment: (a) GT 

amplitude map, (b) GT range map, (c) noise contamination (d) FPN influence 

on measured depth; (zoomed region in yellow-bordered squares) 

 
Fig. 13. FPN suppression using filter {20, 0.28} for the synthetic scene 

experiment: (a) filtered and (b) adaptively filtered output, and their 
corresponding subsequently denoised versions (c), (d). 

TABLE I 

DENOISING RESULTS FOR SYNTHETIC DATA 

Metrics – MAE[m], MSE[m], PSNR[db] 

 With added noise [dB] With FPN [dB] 

Input data .40, .35, 27.9 .54, .70, 24.9 

NLM, no filter .13, .05, 35.4 .23, .12, 31.6 

                                 FPN Filtering                FPN filtering & denoising 
{order,  F AF F AF 

{20,  0.28} .45, .44, 27.0 .42, .38, 27.8 .16, .06, 34.6 .17, .07, 34.8 

{28,  0.26} .46, .47, 26.8 .43, .41, 27.4 .17, .08, 34.4 .17, .08, 34.7 

{40,  0.18} .47, .49, 26.6 .44, .42, 27.2 .17, .08, 34.2 .18, .08, 34.5  

{17,  0.28} .47, .48, 26.7 .44, .42, 27.3 .18, .09, 33.7 .18, .08, 34.3 
{31,  0.28} .48, .50, 26.5 .45, .43, 27.1 .19, .10, 33.4 .18, .08, 34.0 

{53,  0.24} .50, .53, 26.2 .46, .45, 27.0 .19, .11, 33.1 .18, .09, 33.9 

* F and AF denote denoising results for filtered and adaptively filtereddepth 

map estimation, respectively. 
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Fig. 14. Performance (PSNR) of NLM denoising method after suppression of 

FPN with filters of odd order (first row) and even order (second row) with 

(second column) and without adaptation (first column). 

 

B. Denoising performance of FPN removal filters for real-

case data 

We apply the designed filters for FPN removal for a real-

case experimental setup. We use a scene (c.f. Fig. 3b), 

composed of planar objects at different depths with respect to 

the sensing device. The objects are made of materials with 

different reflectivity and in different colors and textures. The 

position of sensed objects remains unchanged, while the 

sensing conditions are changed by varying the sensor 

operational parameters (c.f. Fig. 4). The default sensor 

parameters (e.g. integration time 𝐼𝑇 = 2000[𝜇𝑠] or higher) 

have been used to produce data in normal sensing conditions. 

In such conditions, the measured data yields high-enough 

amplitudes, which suggest that the uncertainty in phase 

estimate is lower than (or equal to) the one specified for the 

device. We have prepared a reference depth map, which, for 

consistency with the previous case, is denoted as Ground 

Truth (GT) depth map 𝐷𝐺𝑇(𝑥, 𝑦). It is of size 204 x 204 pixels 

and obtained by averaging 100 consecutive frames, captured 

in normal sensing conditions. The GT depth map estimated in 

such way is shown in Fig. 15(a). The corresponding 

uncertainty map, expressed through the standard deviation 

𝜎𝐺𝑇(𝑥, 𝑦) evaluated pixel-wise over the 100 observed frames, 

is shown in Fig. 15(b). As seen in the figure, 95% of 𝜎𝐺𝑇(𝑥, 𝑦) 

are below 2.11 cm. This value is in line with the expected 

performance of this particular sensor (c.f. Fig. 6 in [27]) 

confirming that our measurement setup is correct. It should be 

pointed out that this depth map is just a reference and it might 

differ from the ‘true’ depth map. However, it is the best 

estimate that can be achieved by this device while working in 

normal operational mode. Our goal is to quantify the 

performance of the proposed FPN removal method for the LS 

mode, against normal mode, therefore it is justifiable to use 

the latter for creating the GT depth map. 

 

 
Fig. 15. Estimated data for real scene: (a) Ground truth depth map 𝐷𝐺𝑇(𝑥, 𝑦) 
and (b) corresponding uncertainty map expressed through standard deviation 

𝜎𝐺𝑇(𝑥, 𝑦). 

 

The LS mode is enforced by decreasing the integration 

intervals to be in the range of [50 ÷ 200] [𝜇𝑠] (c.f. Fig. 4). 

Table II lists the percentage of pixels, where the sensed signals 

are with amplitudes Â𝑸 < 300 ToF units, i.e. below the low-

sensing threshold (denoted by LOW in Table II). As seen from 

the table, as well as Fig. 4(a), the scene has been assembled in 

such a way that for the 50 [𝜇𝑠] integration time, all pixels 

have amplitude smaller than 300 ToF units with most of them 

having amplitude smaller than 200 ToF units. In this way we 

can test the performance of the algorithm in an extreme LS 

environment.  

A number of techniques for suppression of additive 

Gaussian noise relevant to ToF data have been applied on non-

filtered and filtered data. The following techniques have been 

applied: NLM [12], [21], Block matching over 3D (BM3D) 

[22], cross-bilateral filtering [32] with depth hypothesis 

regularizer (HypBL) [33], and Local polynomial 

approximation with intersection of confidence intervals rule 

(LPA-ICI) [23], [34]. The denoising performance is quantified 

in terms of MAE, MSE, and PSNR calculated according to 

𝐷𝑀𝐴𝑋 = 7.5[𝑚] following (21).  The experimental results 

demonstrate that the denoising of ToF data measured in LS 

environment benefits from the proposed filtering for 

preliminary FPN removal. As seen in Table II, for an extreme 

measurement case (𝐼𝑇 = 50𝜇𝑠), the denoising performance is 

5-7 dB better, in terms of PSNR, with respect to the case when 

FPN is not handled. Similar performance can be observed in 

the table also in the terms of MSE and MAE. It is important to 

emphasize that we utilize those three metrics since we are 

interested in the overall depth map and not in individual 

pixels. An interesting observation shows that the periodicity of 

FPN contributes to an artifact produced especially by non-

local denoising techniques (NLM, BM3D). In these cases, the 

FPN is even amplified after the denoising (c.f. Fig. 17a). Fig. 

17(c)-(d) illustrate the performance of denoising algorithms 

for a different integration time (𝐼𝑇 = 200𝜇𝑠) while FPN is 

present or removed. Obviously, the role of FPN is less 

prominent when the integration time is increased, that in turn, 

results with less pixels having amplitude in the LS range. This 

is illustrated in Fig. 16. The same three metrics are evaluated 

for different integration times. The figures show two things. 

First they demonstrate the effectiveness of the proposed FPN 

denoising approach – the estimated depth map benefits 

considerably from the proposed approach for most of the cases 

shown – exception are long integration times (𝐼𝑇 > 1000𝜇𝑠) 

for which the amplitudes are high and as such the influence of 
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FPN is negligible (effectively FPN is not an important factor). 

Second, it illustrates a compromise between the integration 

time (that is how much power we are ready to spend) and the 

achieved quality of the depth map – longer time means better 

depth map. This enables a user to make a proper choice based 

on the requirements of the application at hand. 

 
Fig. 16. Performance of proposed approach for different integration times: (a) 

PSNR, (b) MAE, and (c) MSE. 

 
Fig. 17. Estimated depth map for a noisy input for 𝐼𝑇 = 50𝜇𝑠 (upper row) and 

𝐼𝑇 = 200𝜇𝑠 (lower row) using BM3D. Denoising with no preliminary FPN 
removal (left column) and (b) denoising with preliminary FPN removal (right 

column). 

 

TABLE II 

DENOISING RESULTS FOR REAL-CASE DATA 

Metrics – MAE[m], MSE[m], PSNR[db] 

Integration time IT                            50μs                                     200μs 

LOW                                      100%                                        81% 
 

Method NF AF NF AF 

No denoising .41, .49, 20.5 .38, .44, 21.1 .12, .05, 30.3 .09, .02, 33.5 
NLM[21] .25, .22, 24.1 .16, .08, 28.3 .07, .01, 35.8 .04, .00, 40.2 

HypBL [33] .24, .10, 27.1 .16, .05, 30.0 .07, .01, 35.7 .05, .00, 38.6 

LPA-ICI [23] .20, .12, 26.5 .16, .06, 29.2 .07, .01, 36.6 .05, .00, 39.9 
BM3D [22] .25, .19, 24.5 .16, .07, 28.9 .07, .02, 35.1 .04, .00, 40.6 

* NF and AF denote denoising results for not filtered and FPN adaptively 

filtered depth map estimation, respectively. 
 

In order to quantify further the quality of the estimated depth 

map, we repeated the measurement, for a selected integration 

time, 100 times thereby obtaining 100 observations of the 

depth maps captured under identical conditions. On those 

observations, we applied the proposed FPN removal approach 

obtaining 100 depth map estimates, �̂�𝑘 for 𝑘 = 1,2, … 100. 

For each depth map estimate, we calculated the difference 

between the map and the GT depth map. Finally we computed 

pixel-wise average and standard deviation of those differences 

as 

𝜇(𝑥, 𝑦) =
1

𝑁
∑ �̂�𝑘(𝑥, 𝑦) − 𝐷𝐺𝑇(𝑥, 𝑦)

𝑁

𝑘=1

 

𝜎(𝑥, 𝑦) = √
1

𝑁
∑(�̂�𝑘(𝑥, 𝑦) − 𝐷𝐺𝑇(𝑥, 𝑦) − 𝜇𝑘(𝑥, 𝑦))

2
𝑁

𝑘=1

 

(22) 

with N 100. In this way, the map 𝜇(𝑥, 𝑦) represents the 

accuracy of the depth map estimation in the LS mode in 

comparison to the normal operational mode of the device and 

the map 𝜎(𝑥, 𝑦) represents the uncertainty of the estimated 

depth map. 𝜇(𝑥, 𝑦) and 𝜎(𝑥, 𝑦) maps for 𝐼𝑇 = 50𝜇𝑠 and 𝐼𝑇 =
200𝜇𝑠 are shown in Fig. 18. In order to emphasize regions 

with high accuracy and uncertainty deviation from the GT, we 

limited the colorbars in the figures to encompass 95% of the 

values. The figure shows that the high deviations, as expected, 

are mostly on the edges of the object and some background 

regions but overall the accuracy and uncertainty of the depth 

maps are reasonable. We repeated the experiment for various 

integration times and compared the estimated deviations from 

GT and uncertainty with and without proposed FPN removal 

(c.f. Fig. 19). We can see that the accuracy increases (with or 

without FPN removal) as the integration time increases. 

Nevertheless, it is always beneficial to use the proposed 

approach since it always gives better results than unprocessed 

data. 

Fig. 18. Estimates of depth map accuracy 𝜇 (left column) and uncertainty 𝜎 

(right column) for integration times 𝐼𝑇 = 50𝜇𝑠 (upper row) and 𝐼𝑇 = 200𝜇𝑠 

(lower row). 
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Fig. 19. Performance of the proposed approach for different integration times 

– c.f. Eq. (22): (a) accuracy expressed through 𝜇 and (b) uncertainty expressed 

through 𝜎. 

Finally, we analyzed the repeatability of the proposed method 

for estimating the depth map. Since, as already mentioned, we 

are interested in the quality of the depth map, we use the MAE 

as the evaluation criteria. We calculate MAE for each of the 

100 observations of the scene (for 𝐼𝑇 = 50𝜇𝑠). The results are 

shown in Fig. 20. As seen in the figure, there are very small 

variations between independent estimation of the depth map – 

standard deviation of the observation being 𝜎 = 0.0066 with 

𝜇 = 0.0648. 

 
Fig. 20. Variation of MAE for the real scene (𝐼𝑇 = 50𝜇𝑠) for 100 successive 
observations. 

 

VI. CONCLUSIONS 

We have addressed the operation of ToF sensors in what we 

call LS mode. In such mode, the phase measurement 

uncertainty exceeds the limits specified for the particular 

device. Factors causing erroneous measurements can be 

external (scene of low-reflectivity, low-incident light-reflected 

angles or multi-reflectivity paths) as well as internal (weak 

emitted signal, short integration times) and they impose the 

mandatory use of denoising techniques at a post-processing 

stage. For proper use of such techniques, one needs an 

adequate noise model. We have proposed a noise model 

composed of two components: an additive Gaussian noise 

component and a signal-dependent component cast as FPN. 

The latter is subsequently modeled as signal-dependent gain 

component and additive (offset) component. FPN becomes 

especially visible in the LS mode and has to be handled before 

any additive Gaussian noise removal takes place. Based on the 

proposed FPN model, we developed a corresponding two-

stage noise removal procedure involving 1) estimation and 

compensation of the offset component and 2) estimation and 

filtering of periodic pattern (gain) component. 

Purposely-designed linear notch filters tackle the latter. We 

have validated our noise model by empirical measurements 

showing dependence between the gain component and the 

correlation signal amplitude, where the latter is considered a 

measure of varying sensing conditions. The empirical relation 

illustrates the importance of tackling FPN first as well as the 

adequacy of our noise model and the corresponding filtering 

method. Furthermore, we demonstrated the influence of the 

FPN and its removal on the widely-adopted relation between 

the phase variance and amplitude. While this dependence is 

highly violated in the LS case and in the strong presence of 

FPN, it gets close to the model when FPN is removed. This 

observation is further strengthened by experiments involving 

techniques for denoising signals contaminated by additive 

Gaussian noise applied either on non-filtered or filtered 

signals. The denoising results are much better while FPN has 

been removed before denoising. 
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Abstract— In this work, we deal with the problem of denoising 

3D scene range measurements acquired by Time-of-flight (ToF) 

range sensors and composed in the form of 2D image-like depth 

maps. We address the specific case of ToF low-sensing 

environment (LSE). Such environment is set by low-light sensing 

conditions, low-power hardware requirements, and low-

reflectivity scenes. We demonstrate that data captured by a device 

in such mode can be effectively post-processed in order to reach 

the same measurement accuracy as if the device was working in 

normal operating mode. In order to achieve this, we first present 

an elaborated analysis of noise properties of ToF data sensed in 

LSE and verify the derived noise models by empirical 

measurements. Then, we develop a related novel non-local 

denoising approach working in complex domain and demonstrate 

its superiority against the state of the art for data acquired by an 

off-the-shelf ToF device.   
 

Index Terms—3D, Time-of-Flight (ToF), range sensing, low-

sensing environment, noise model, denoising, phase-wrap 

 

EDICS: ELI-STE, TEC-RST, SMR-SMD 

I. INTRODUCTION 

CTIVE range sensing devices quantify the geometry of 3D 

visual scenes by measuring the scene response to an 

emitted (active) signal. Devices can be distinguished by their 

operational principles and include structured light 3D scanners 

[1], lidars [2], and Time-of-Flight (ToF) sensors [3].  

In ToF devices, the range data is measured by the elapsed 

time when a light signal illuminates a scene and “travels back” 

to the sensor. The range accuracy of a typical ToF device highly 

depends on the intensity of the received reflected light signal 

and the integration time which impacts the strength of the 

measured signal – stronger signal implies better accuracy [4], 

[5], [6]. On the contrary, when the received reflected signal is 

weak, an error is introduced in the range measurement that 

manifest itself as noise [7], [8]. Therefore, a typical ToF device 

uses a high illumination power of the beaming modules and/or 

long integration (sensing) times. Proper illumination ensures 

strong reflected signal and longer integration ensures high 
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Signal-to-noise (SNR) and eventually high measurement 

accuracy [7]. Such working conditions are considered as a 

normal operating mode of the device and, typically, the 

obtained range measurement data is useful even without post-

processing. 

Strong illumination sources require a lot of power whereas 

long integration times require static or slowly changing scenes. 

In practice, there are notable cases where one or both of those 

requirements cannot be met, for example, when a ToF sensor 

needs to be integrated in a portable device. In such cases, the 

received reflected signal is weak and noisy, thus imposing the 

need of post-processing of captured data [9], [10], [11]. In line 

with our previous works [12], [13], in this paper we consider 

precisely such capture conditions which we characterize as 

“low-sensing environment” (LSE). Whether a device is 

working in LSE is determined by the reflected signal intensity 

which can be used as a confidence measure for the expected 

range measurement errors [8]. The importance of ToF data 

acquired in various sensing conditions motivates the intensive 

research in this area.  

In a ToF device, the distance information is acquired in pixel 

maps, which can be regarded as images. First, there are raw 

measurement images, taken along time to estimate a harmonic 

signal with its amplitude 𝐴, phase delay 𝜑 and modulation 

contrast 𝐶, all being spatial pixel maps. Among these 

parameters, the phase delay is the sought outcome, as it is 

proportional to the range. Regarding the above modalities as 

images, principles of image-driven denoising techniques are 

applied to tackle the noise effects caused by LSE. 

Modern denoising techniques employ locally-adaptive 

regularization procedures such as bilateral filtering and local 

polynomial approximations [14], [15], non-local and 

collaborative filtering [16], [17], or total variation 

regularization [18]. They exhibit edge-preserving properties, 

enable guided anisotropic filtering utilizing one or combination 

of modalities, and have mechanisms for flexible parameter 

adaptation according to spatially-varying noise parameters. 

Such modern denoising methods have been subsequently 

modified and applied for denoising of ToF data [19], [20], [21], 

[22], [23], [24]. A detailed overview of ToF-related denoising 
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approaches has been presented by Lenzen et al. in [25]. The 

overview adopts a noise model previously derived in [8], [26]. 

It implies that the measured signal amplitude characterizes the 

reliability of phase measurements and the noise variance of the 

latter is inversely proportional to the squared amplitude. The 

model also suggests that the measurement noise for the phase 

exponentially decreases when the amplitude increases. In line 

with this model and the assumption that the phase maps are 

piece-wise smooth, an overwhelming majority of denoising 

solutions have been developed to work directly on the noisy 

phase modality [25]. The overview [25] refers to cases where 

straightforward implementations of non-local means denoising 

[17] or joint bilateral filtering [14] have produced good results.  

A number of denoising approaches have utilized the 

amplitude as a predictor of the expected noise presence and a 

guiding mode for locally-adapting the denoising being either a 

bilateral or non-local filtering variant [23], [27], [21], [12], [28], 

[29]. Computationally cheaper approaches, utilizing wavelet 

transform combined with amplitude-adaptive thresholding [30] 

or linear Gaussian smoothing [31] have been developed as well.  

Other group of methods have utilized an additional color 

modality captured by another camera, to assist the refinement 

of the ToF captured depth map [29], [32], [33]. An edge 

preserving method has been proposed in [33]. It employs a 

weighted least square smoothing guided by the gradient in the 

aligned color modality. A multi-view fusion approach along 

with trilateral filtering scheme has been proposed in [28]. A 

ToF sensing approach employing multi-frequency active signal 

has been combined with wavelet processing targeting 

simultaneous denoising and phase-unwrapping [34].  

A denoising approach aimed at linear filtering vector-valued 

ToF data has been first suggested in [31]. Processing of 

complex-valued data has been elaborated by studying related 

spatial bilateral and non-local denoising techniques in [12], [9], 

[13]. In [25], the possibility of utilizing bilateral filtering on a 

vector-valued (complex) data has been briefly mentioned. Also 

there, the idea of using total variation regularization [18], as 

initially presented in [24], has been extended for denoising the 

Cartesian components of a complex-valued vector.  

The above-mentioned methods perform well in general, that 

is, when the measured amplitudes are sufficiently high. 

However, they all experience problems when denoising data 

captured in LSE. This indicates that there are issues with the 

used noise model.  

To address the case of ToF sensors working in LSE, in this 

article, we make a few contributions. First, we derive analytical 

representations of the random variables involved in the sensing 

process in a form which shows their dependence on the scene 

characteristics and noise levels. This allows us to develop a 

detailed analysis and provide proofs about the sub-optimality of 

commonly adopted denoising methods while working in LSE. 

More specifically, we address and explain phenomena 

previously cast as “intensity-related distance error” [35]. We 

demonstrate that they are not related with any hardware 

implementations, but depend entirely on the noise properties of 

the ToF measurements. Second, we evaluate the influence of 

the phase-wrap effect that is a common artifact in LSE sensing. 

Although dominant, it is typically neglected and eventually 

omitted from the analysis [8], [25]. We show that a non-local 

denoising approach applied in a complex vector-valued domain 

[12] is resilient to the wrap-effect. Third, we develop a new 

denoising method based on a complex-valued vector image 

representation of the sensed signal and make use of its naturally 

stabilized noise variance. 

The outline of the paper is as follows: In Section II, the basic 

ToF sensing principles are summarized. The noise analysis is 

presented in Section III followed by the proposed denoising 

algorithm in Section IV. Experimental results and comparisons 

with state of the art methods are given in Section V, while 

conclusions are summarized in Section 0.  

II. TIME-OF-FLIGHT SENSING PRINCIPLE 

We present the ToF sensing principle in brief and refer to the 

numerous excellent sources for further details [8] [7] [3] [36]. 

The active part is an opto-electronic system emits a 

continuously modulated harmonic signal with modulation 

frequency 𝜔 = 2𝜋𝑓 related with the modulation period as 𝑓 =

1/𝑇 and corresponding to a near-infrared wavelength. The 

sensor acquires the light reflected from the scene. In ideal 

conditions, the reflected signal is a replica of the emitted signal, 

delayed by (an unknown) time 𝑡𝑑. A cross-correlation module 

compares the similarity between the emitted signal and the 

reflected signals in order to find the time delay (time of flight) 

𝑡𝑑 . The cross-correlation is performed as integration over a 

period (integration time), which in practice is selected as a 

multiplier of the modulation period 𝐼𝑇 = 𝑡1 − 𝑡0 = 𝐾 𝑇 [8]. The 

output is another harmonic signal being function of the 

correlation lag 𝜏 and with the same frequency 

                 𝑄(𝜏) = 𝐶𝑄 + 𝐴𝑄 cos(𝜏𝜔 − 𝜑𝑄), (1) 

where 𝜑𝑄 = 𝜔𝑡𝑑 is the sought phase delay from which the range 

can be calculated. By equidistantly sampling 𝑄(𝜏) in 𝑁, 𝑁 ∈

ℤ+ ≥ 3 points 𝑸 = [𝑄0, 𝑄1, 𝑄2, … 𝑄𝑁−1], Δ𝜏 = 2𝜋/𝑁, the 

amplitude 𝐴𝑄 ∈ ℝ+, the offset 𝐶𝑄 ∈ ℝ, and the phase delay 𝜑𝑄 ∈

ℝ ∈ [−𝜋, 𝜋] of 𝑄(𝜏) can be unambiguously estimated in a least-

squared manner as [37] 

𝐴𝑄 =
2

𝑁
|∑ 𝑄𝑛exp (−𝑗

2𝜋

𝑁
𝑛)𝑁−1

𝑛=0 |, 

𝜑𝑄 = arg {
1

𝑁
∑ 𝑄𝑛exp (𝑗

2𝜋

𝑁
𝑛)𝑁−1

𝑛=0 }, 

𝐶𝑄 =
1

𝑁
∑ 𝑄𝑛
𝑁−1
𝑛=0 , 

(2) 

where 𝑎𝑟𝑔{∙} is defined as 

arg{𝝇} =  tan−1 (
Re[𝝇]

Im[𝝇]
) , 𝝇 ∈ ℂ. (3) 

The range 𝐷 is proportional to the phase delay given by the 

phase of mixed signal 𝜑𝑄 and is calculated in the form  

𝐷 ∝
𝜑𝑄

2

𝑐𝐿

𝜔
=

𝜑𝑄 𝑐𝐿

4𝜋𝑓
, (4) 

where 𝑐𝐿 is the speed of light in dry air (𝑐𝐿~2.98 × 108[𝑚/𝑠]). 

The 𝑎𝑟𝑔{∙} function causes a phase-wrap and related ambiguity 

in determining 𝐷 from 𝜑 – one can only determine 𝜑𝑄 ∈ [−𝜋, 𝜋] 

that corresponds to 𝐷 ∈ [0,𝐷𝑀𝐴𝑋]. 

In a ToF device equipped with a CMOS or CCD sensor, the 

components of the harmonic signal (1) are calculated pixel-wise 

for spatial phase frames 𝑄𝑛(𝑥), yielding two-dimensional maps 
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𝐶(𝑥), 𝐴(𝑥), and 𝜑(𝑥), 𝑥 ∈ Χ, where Χ ⊂ ℤ2 is the image domain. 

The observed (measured) values 𝑸 are always contaminated by 

measurement errors. Correspondingly, the harmonic 

components 𝐴(𝑥) and 𝜑(𝑥) also appear noisy and differ from 

the ground true values 𝒜(𝑥) and 𝜙(𝑥) that would result from an 

ideally (noiseless) sensed scene. An example of the sensed 

components of a test scene is shown in Fig. 1. The phase 

intensity is given in radians, and the intensities of the other 

components are given in system units, which are consistent 

along the paper.   

We are interested in the functional model describing how 

the noise in the measurement vector 𝑸 affects the estimated 

components of the harmonic signal 𝑄(𝜏). In the literature, such 

functional relation has been developed assuming the asymptotic 

Cramer-Rao Lower Bound (CRLB) for an unbiased estimator, 

which is usually considered to be an arithmetic mean [25]. It 

has been commonly adopted that the variances for each of the 

harmonic parameters for the case 𝑁 = 4 are related as follows 

[8], [26] 

𝜎𝐴
2 =

𝜎𝑄
2

2
, 𝜎𝜑

2 =
𝜎𝑄
2

2𝒜2 , 𝜎𝐶
2 =

𝜎𝑄
2

4
, (5) 

assuming all four components of the vector 𝑸 are i.i.d. and have 

Gaussian distribution with the same variance 𝜎𝑄
2. Similar model 

can be generalized for arbitrary 𝑁 > 4. The model described by 

(5) has been used for denoising ToF data, specifically 

recognizing the inversely proportional relationship between the 

phase variance and the scene amplitude and thus using the latter 

as a measure of the error presence [31], [30], [21]. While the 

model appears valid for certain ToF devices operating in normal 

mode, there are cases when the sensing conditions and the 

device operational settings invalidate it. In the next section, we 

summarize such conditions as LSE and present a more general 

noise model for the ToF operation including the cases of LSE. 

III. NOISE ANALYSIS OF TOF DATA IN LOW-SENSING 

ENVIRONMENT 

A. Low-sensing environment (LSE) 

We define low-sensing environment (LSE) [10], [12], [11] as 

an operating mode of a particular ToF device that delivers 

measurement errors considerably higher than the error range 

specified for the normal operating mode. Two groups of factors 

creating such environment. First, there are scene-related factors 

such as materials of low-reflectivity, objects with dark textures, 

and reflections from surfaces of low-incident angles, mosquito 

effect on dissipated light from object pinnacles with sharp 

facing edges, trapped light paths, and distantly situated objects. 

The latter is related to the fact that reflectivity of the received 

light fades exponentially according to scene range 𝐴 ∝ 1/𝐷2 [8], 

[31]. Additionally, in low-reflectivity zones, noise with high 

variance may cause phase wrapping, which manifests itself as 

impulse noise. Second, there are factors related with the system 

hardware in attempts to reduce its size and power consumption 

with the aim to integrate it into portable devices. These include 

miniaturization of beamers, decreasing the emitted power of 

active illumination, or applying very short integration times 

(e.g. 𝐼𝑇 ≪ 2𝑚𝑠).  

An example of measurements acquired by a ToF device in 

LSE is given in Fig. 2. It shows a rather strong noise, which 

however can be effectively suppressed by novel techniques 

employing adequate noise modeling. 

B. Fixed pattern noise removal from raw-sensed data 

Equation (5) has been derived assuming that the raw data in 

the vector 𝑸 have been contaminated by additive Gaussian 

noise. In our previous work, we motivated the importance of 

modeling and removal of spatially-correlated noise cast as 

fixed-pattern noise (FPN) [10]. More specifically, we have 

demonstrated that such noise strongly influences the raw data 

and becomes especially dominant in LSE. Therefore, we have 

proposed specific technique for its removal as a first step in 

getting noise-free amplitude and phase estimates in (2). From 

here on we assume that the FPN has been taken care of and that 

the measurement data in the vector 𝑸 is Gaussian.  

C. Notations and initial model assumptions 

The random variables 𝐴, 𝜑 denote the amplitude and phase of 

the signal 𝑄(𝜏) which are calculated from raw measurements (2) 

in order to estimate the true scene characteristics 𝒜(𝑥) and 

𝜙(𝑥). For the sake of simplicity, we consider the case of four-

component vector of raw measurements 𝑸 = [𝑄0, 𝑄1, 𝑄2, 𝑄3], 

which is also the most used case in practice. These form two 

other random variables 

𝛼 =
1

2
(𝑄0 − 𝑄2), 𝛽 =

1

2
(𝑄1 − 𝑄3), 

 
Fig. 1. Sensed data by a ToF device in normal operating mode: a) phase delay 

𝜑(𝑥) in 𝑅𝑎𝑑𝑠, b) phase frame 𝑄0(𝑥), c) amplitude 𝐴(𝑥), d) modulation offset 

𝐶(𝑥), all in system units. 

 
Fig. 2. Phase map 𝜑(𝑥) of ToF device: a) sensed in LSE, b) denoised. 
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which are the Cartesian components determining 𝐴, 𝜑 in (2). 

Conversely, 

           𝛼 = 𝐴 cos𝜑, 𝛽 = 𝐴 sin𝜑, {𝛼, 𝛽} ∈ ℝ (6) 

The relation between two sets of variables is illustrated in Fig. 

3(a), where 𝐴, 𝜑 are associated in the complex vector 𝒁(𝑥) =

𝐴(𝑥)exp {𝑗 𝜑(𝑥)}. The variables 𝛼 and 𝛽 are assumed 

independent and identically distributed (i.i.d.) with bivariate 

Gaussian distribution 

{𝛼, 𝛽} ∈ 𝒩(𝜇𝛼 ≠ 𝜇𝛽 , 𝜎𝛼
2 = 𝜎𝛽

2 = 𝜎2 = 𝜎𝑄
2/2)1. 

The bivariate probability density function (p.d.f.) 𝓅{𝛼,𝛽}(𝑢, 𝑣), 

is given as  

𝓅{𝛼,𝛽}(𝑢, 𝑣) = 𝑔𝛼(𝑢)𝑔𝛽(𝑣), where (7) 

𝑔(𝜍) =
1

𝜎√2𝜋
exp {−

(𝜍−𝜇)2

2𝜎2
} , 𝜍 𝜖 𝒩(𝜇, 𝜎2). (8) 

We adopt notations of p.d.f., which set the random variables in 

subscripts and use other notations for the variables within the 

expressions. While this might look more complicated, it allows 

us to change and substitute variables while still showing which 

density function we are dealing with. Thus, the axes 

(independent variables) corresponding to the Cartesian 

components (𝛼, 𝛽) are denoted by (𝑢, 𝑣) and the axes 

corresponding to (𝐴, 𝜑) are denoted by (𝜌, 𝜃). 

We are interested in obtaining analytical expressions of the 

bivariate p.d.f. 𝓅{𝐴,𝜑}(𝜌, 𝜃) and the univariate  𝓅𝜑(𝜃) and 

𝓅𝐴(𝜌) parameterized by the scene characteristics 𝒜 and 𝜙 and 

the noisy conditions 𝜎2. In many cases, it is useful to use the 

factor 𝛾 =
𝒜

𝜎
, in order to express the relation between the true 

reflectivity of the scene versus the noise level in the Cartesian 

components. For the sake of better readability, derivations are 

given in an Appendix, while the analyses and figures are 

presented further in the section. 

D. Bivariate probability distribution model of amplitude and 

phase  

The p.d.f. 𝓅{𝐴,𝜑}(𝜌, 𝜃) is given by (A3) 

𝓅{𝒜,𝜙}(𝜌, 𝜃) =
𝜌

2𝜋𝜎2 exp {−
1

2𝜎2
(𝜌cos𝜃 −𝒜cos𝜙)2} × 

× exp {−
1

2𝜎2
(𝜌sin𝜃 −𝒜sin𝜙)2}. 

(9) 

For graphical illustration, we refer to Fig. 3(b). Equation (9) 

suggests that the p.d.f. is sensitive to phase wrap effects. If the 

true phase is close to 𝜋, certain noise levels cause wrapping, see 

the blue vectors2 in Fig. 3(b)(in the right part) and Fig. 3(d). 

E. Probability distribution model of the phase component 

 The p.d.f. of the phase component, derived in (A5), is 

parameterized by 𝛾 =
𝒜

𝜎
, as follows 

𝓅𝜑(𝜃) =
1

2𝜋
exp (−

𝛾2

2
) +

𝛾

√2𝜋
cos(𝜃 − 𝜙) × 

×
1

2
{1 + erf [

𝛾

√2
cos(𝜃 − 𝜙)]} exp {−

𝛾2

2
sin2(𝜃 − 𝜙)}, 

(10) 

where erf[𝜍] =
2

√𝜋
∫ exp(−𝜏2)𝑑𝜏
𝜍

0
 is Gaussian error function. For 

𝛾 ≲ 1, the p.d.f. can be approximated as: 

 
1 While the process of photon counting in the sensor for reading the values 

𝑄n is best modeled as a Poissonian process, there are also other factors 

influencing this reading which eventually result in well-motivated Gaussian 

 𝓅𝜑(𝜃) ≈
1

2𝜋
+

𝛾

2√2𝜋
cos(𝜃 − 𝜙), which is a modulated cosine 

signal with an offset of  1/2𝜋. For 𝛾 ≫ 1 the p.d.f. has the form  

𝓅𝜑(𝜃) ≈
𝛾

√2𝜋
cos(𝜃 − 𝜙)exp {−

𝛾2

2
sin2(𝜃 − 𝜙)}. 

This indicates that only for high values of  𝛾, the p.d.f. becomes 

close to a Gaussian normal distribution. A family of plots of 

𝓅𝜑(𝜃) for different values of 𝛾 is shown in Fig. 4(a). 

For the normal operating mode, the variance analysis can be 

carried out using the second central moment (A7). For   𝛾 → 0, 

𝓂2 →
𝜋2

3
; for 𝛾 < 1, 𝓂2 ≈

𝜋2

3
− √2𝜋 𝛾; and for high values of 𝛾, 

𝓂2 ≈
1

𝛾2
. Only the last case shows asymptotical convergence to 

the model given in (5). Means, that model is adequate only 

when the ToF device senses signals with relatively high 

amplitudes with respect to sensing error. This observation 

allows us to characterize LSE as the case when the 

measurement error in the phase component starts to 

significantly deviate from the adopted noise models (5). This 

can be quantified by a threshold value of  𝛾: 𝛾LSE < 𝛾𝑡ℎ. In our 

case study, we set 𝛾𝑡ℎ = 25 in relation with the operational 

characteristics of the device (see Section V for more details). 

In normal operating mode, a direct denoising of the phase 

component 𝜑 is doable. When 𝛾 grows, the p.d.f. gets a 

narrowing Gaussian shape (c.f. Fig. 4(a)). A phase-wrap 

situation as in Fig. 3(d) is unlikely – there is always a distance 

between the camera and the scene and the near-to-camera 

objects are usually well illuminated [8], [31]. For the same 

reason the expected value is likely unbiased, that is, E[𝜑] =

𝜇𝜑 ≈ 𝜙. Thus, a direct denoising of 𝜑 will yield the highest 

signal-to-noise ratio (SNR) compared to e.g. denoising the raw 

measurements 𝑸. 

For the LSE operating mode, one needs to analyze the non-

central moments 𝓂𝑘   given by (A6), for 𝜙 ≠ 0, due to the 

modeling [8], [32]. In Section 5, we experimentally demonstrate that this 

modeling is adequate enough. 
2 Color versions of the figures in this paper are available online. 

 

Fig. 3. Bivariate normal offset distribution of vector 𝒁: a) relations between 

random variables, b) example positions of running variables for bivariate p.d.f. 

𝓅{𝐴,𝜑}(𝜌, 𝜃) for the normal case (red, left) and case of possible phase wrapping 

(blue, right), c) non-wrapped case of 𝓅{𝐴,𝜑}(𝜌, 𝜃): 𝜎 = 10;  𝒜 = 20;  𝜙 ≈

−𝜋/4, d) Wrapped case: 𝜎 = 10;  𝒜 = 14;  𝜙 ≈ −5𝜋/6. 
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probability of phase-wrap effects. The first-order moment, 𝓂1 

corresponds to the expected value E[𝜑] = 𝜇𝜑 = 𝓂1 and the 

second-order moment, 𝓂2 corresponds to the variance  

Var[𝜑] = 𝜎𝜑
2 = 𝓂2, 𝜙 ≠ 0. 

Analytical solutions of (A6) are difficult and we solve the 

integrals numerically by approximating the integration with the 

trapezoidal method. A family of variance plots for |𝜙| ≤ 𝜋 and 

LSE 𝛾 ∈ [0, 22] is given in Fig. 5(a) and the corresponding 

family of expected value plots is given in Fig. 5(b). One can see 

that the variance and expected value of 𝜑 depend on the true 

phase and their shapes considerably differ from the typically 

assumed asymptotic model (given by black solid lines). The 

plots of expected values show high bias for small amplitudes in 

the sensed scene. This bias cannot be compensated in any direct 

denoising approach. Even an ideal denoising method applied on 

the phase modality, for example averaging of numerous 

temporal phase realizations, would produce a biased output – 

the range estimate would be smaller than it really is. 

The effect is illustrated in Fig. 5(c) and Fig. 5(d). The black 

squares of a chess board are in LSE (𝛾~5), and the white squares 

are in normal sensing (𝛾~25). The denoised map is obtained by 

averaging of 600 temporally captured realizations of the same 

static scene. On both phase maps, the black squares appear 

extruded. 

The above effect has been observed in some works and 

referred to as “intensity-related distance error” [25], [38]. Our 

analysis clearly explains it as related to the noise properties. It 

also demonstrates that typical approaches for direct denoising 

of spatial maps 𝜑(𝑥) are systematically wrong, if the device 

works in LSE. In Section IV we propose a new, indirect, 

denoising approach for such cases based on the above analysis. 

F. Probability distribution model of the amplitude component  

The p.d.f. of the amplitude is given by the expression (A8) 

𝓅𝐴(𝜌) =
𝜌

𝜎2 exp {−
1

2𝜎2
(𝜌2 +𝒜2)} I0 (

𝒜𝜌

𝜎2 ), (11) 

where 𝐼0 denotes the modified Bessel function of zero order 

(A10). A family of plots of 𝓅𝐴(𝜌) is shown in Fig. 4(b). The 

expected value and variance of 𝓅𝐴(𝜌) are [39] 

𝜇𝐴 = E[𝐴] = 𝜎√
𝜋

2
L(−

𝛾2

2
) 

Var[𝐴] = 𝜎𝐴
2 = 2𝜎2 +𝒜2 −

𝜋𝜎2

2
𝐿2 (−

𝛾2

2
), 

(12) 

where L(𝜁) = exp(𝜁/2) [(1 − 𝜁)I0 (−
𝜁

2
) − 𝜁𝐼1 (−

𝜁

2
)]. The 

formulas (12) suggest, that only in the case of relatively high 

values of 𝒜 leading to e.g. 𝛾 > 𝛾𝑡ℎ, one gets close to the 

asymptotic solution (5) 

𝜇𝐴 ≈ 𝒜 (1 +
1

2𝛾2
) ≈ 𝒜, 𝜎𝐴

2 ≈ 𝜎2 (1 −
1

2𝛾2
) ≈ 𝜎2 =

𝜎𝑄
2

2
. (13) 

Equation (12) shows also that the variance of the amplitude is 

not constant but signal-dependent, as function of the scene 

reflectance and the expected value is biased in relation with the 

std value 𝜎. Illustrative examples for the standard deviation 

(std) 𝜎𝐴 and the expected value 𝜇𝐴 as functions of 𝒜 for a typical 

𝜎 are given in Fig. 6. The figure reveals that the amplitude in 

the LSE varies with a smaller noise std in comparison to the raw 

data components, which are considered varying with constant 

std 𝜎 (the red dashed line in the figure). On one hand this is 

good: it says that it is better the use a denoised amplitude for 

guidance, and not the noisy one, as in most of the current 

methods. On the other hand, Fig. 6(b) suggests that in any case 

the denoised amplitude will remain biased, so its use is not 

universal and should be applied with care.  

G. Probability distribution properties of a vector with random 

phase and fixed amplitude 

Let us consider that 𝐴𝐷 is the denoised value 𝐴 and holds the 

properties of its expected value (c.f. Fig. 6(b)), 𝐴𝐷 ≈ 𝜇𝐴. In 

order to motivate its proper use for further processing, we 

combine it with the noisy phase 𝜑 having p.d.f. 𝓅𝜑(𝜃) to a new 

complex random variable 𝒁′ = 𝐴𝐷exp(𝑗𝜑), illustrated in Fig. 

7(a). We derive the probability distribution properties of this 

variable by considering directional (or circular) statistics [40]. 

 
Fig. 5. Statistics of noisy phase 𝜑 in LSE for 𝜎 = 10, 𝛾 =

𝒜

𝜎
∈ [0, 22], 

𝜙𝜖[0, 𝜋]: a) Variance 𝜎𝜑
2, b) Expected value 𝜇𝜑, c) Noisy phase 𝜑(𝑥) (left 

upper) and amplitude 𝐴(𝑥) (right lower), black squares’ 𝛾~5, white squares’ 

𝛾~25, d) 𝜑𝐷(𝑥) denoised by calculating pixel-wise temporal arithmetic mean. 
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Fig. 6. Statistics of the amplitude for 𝜎 = 10: a) std 𝜎𝐴(𝒜, 𝜎) and b) expected 

value 𝜇𝐴(𝒜, 𝜎). 
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The complex vector of moments for the circular distribution of 

a unitary random vector 𝑼 = exp(𝑗𝜑) is defined as 

𝓂𝑛 = ∫ 𝓅𝜑(𝜃)𝑒𝑥𝑝(−𝑗𝜃𝑛)Π
𝑑𝜃,  (14) 

where Π is an interval of length 2𝜋. The vector of first moment 

(mean or raw vector) 𝑅 ∈ ℂ is denoted as 

E[exp(𝑗𝜑)] = 𝓂1 = 𝑅 

E[exp(−𝑗𝜑)] = �̅�, 
(15) 

where {∙}̅  is a complex conjugate operator. The variance of the 

complex vector 𝑼 can be easily calculated utilizing the 

following operator properties 

Var[𝑼] = 𝜎𝑈
2 = Var[exp(𝑗𝜑)] = 

= E[{𝑒𝑥𝑝(𝑗𝜑) − 𝑅}{𝑒𝑥𝑝(𝑗𝜑) − 𝑅}̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅] = 

= E[1 − 𝑅exp(−𝑗𝜑) + 𝑅�̅� − �̅�{exp(𝑗𝜑)}] = 

= 1 − 𝑅�̅� + 𝑅�̅� − 𝑅�̅� = 1 − |𝑅|2. 

(16) 

Because of the symmetry of 𝓅𝜑(𝜃), wrapping it on a circle 

and calculating the integral (14) eliminates the risk of getting 

wrong expected value caused by phase wrapping. That is, the 

result for 𝑅 cannot be influenced by any phase-wrap effect and 

the direction of 𝑅 will estimate the true phase �̂� = arg{𝑅}. The 

resulted amplitude of 𝑅 is always equal or smaller than one, 

|𝑅| ≤1. Finally, for the complex vector 𝒁 , the variance has the 

corresponding scaled form 

𝑉𝑎𝑟[𝒁 ] = 𝜎𝒁′
2 = 𝐴𝐷

2𝑉𝑎𝑟[𝑼] = 𝐴𝐷
2 (1 − |𝑅|2 ). (17) 

The variance behavior is given by the std plot in Fig. 7(b). 

The std is near constant for the most of the amplitude range and 

sharply fades to zero for 𝛾 < 1. This suggests no signal 

dependency of the noise variance for a wide range of input 

amplitudes. Fig. 7(c),(d) exemplifies the biased nature of the 

calculated scaled raw vector amplitude, 𝐴𝐷|𝑅| for different 

noise levels, in linear and log-scale. 

IV. DENOISING TECHNIQUE SPECIFIC TO LOW-SENSING 

ENVIRONMENT OF TOF DATA 

In this section, we propose an approach for denoising ToF 

data acquired in LSE, utilizing the noise analysis carried out in 

Section III. The proposed approach is illustrated by the flow 

diagram in Fig. 8. The preliminary step is to remove the FPN as 

discussed in [10]. Then the signal modalities 𝐴, 𝜑, 𝐶 from the 

FPN-free raw input vector 𝑸 are computed. In the second step, 

a denoised amplitude map 𝐴𝐷(𝑥) is obtained.  

Then, in the main step, a complex-valued map 𝒁(𝑥) =

 𝐴(𝑥)exp{−𝑗𝜑(𝑥)} is denoised by patch-based non-local 

denoising. This step requires search for similar patches to be 

grouped together. The search is performed on the complex-

valued map combining the denoised amplitude and noisy phase 

𝑆𝑀(𝑥) ⟸ 𝑍′(𝑥) = 𝐴𝐷(𝑥)exp {−𝑗𝜑(𝑥)}. Then, the map estimates 

of phase are obtained 𝜑𝐷(𝑥) = arg {𝒁𝐷(𝑥)}. The main step can be 

iterated optionally. Each of these steps is motivated and 

discussed in more detail in the following sections. 

A. Non-local means denoising 

We adopt non-local means (NLM) as our main denoising tool 

since it is known for providing a solution converging to the 

expected value related with the p.d.f. of the random process 

[17], [41]. Consider a general signal noise mixture model 

             𝑧(𝑥) = y(𝑥) + 𝜂(𝑥), 𝑥 ∈ Χ ⊂ ℤ2, (18) 

where 𝑧: Χ → ℂ is the real or complex-valued noisy observation, 

𝑦: Χ → ℂ is the information signal of interest and 𝜂: Χ → ℂ is i.i.d. 

white noise with Gaussian distribution, 𝜂 ∼ 𝒩(𝜇, 𝜎𝜂
2).  

The general idea is to find and stack similar patches together 

and utilize their closeness as weights in a filtering process based 

on weighted averaging. Patches are extracted from a similarity 

map 𝑆: Χ → ℂ. Usually, it is the noisy image itself, 𝑆(𝑥) ⟸ 𝑧(𝑥), 

however it can come also from another modality. A patch 

around a pixel 𝑥 is formed as 𝒑𝑥(𝜐) = 𝑆(𝑥 + 𝜐), 𝜐 ∈ Ψ, where Ψ 

is a neighborhood (e.g. a square block). Distances between a 

reference patch 𝒑𝑥 and patches 𝒑𝜈 , 𝜈 ∈ Ω𝑥 ⊂ Χ within a search 

window Ω𝑥 around the pixel 𝑥, are determined as  

𝑑(𝑥, 𝜈 ) =
1

|Ψ|
‖𝒑𝑥√𝒌 − 𝒑𝜈√𝒌‖

2
, (19) 

where k is a window with non-negative coefficients (e.g. 

Gaussian). The centered pixel of the reference patch is filtered 

as a weighted average of the pixels within the search window 

�̂�(𝑥) = ∑ 𝜛(𝑥, 𝜈)𝑧(𝜈)𝜈∈Ω𝑥
, where 

𝜛(𝑥, 𝜈) = exp {−
𝑑(𝑥, 𝜈)

2ℎ2
} /∑ exp{−

𝑑(𝑥, 𝜈)

2ℎ2
}

𝜈∈Ω𝑥

 
(20) 

and ℎ is a parameter associated with noise variance. 

The proper way to filter ToF data in LSE is to apply the NLM 

denoising on the map 𝒁(𝑥) = 𝐴(𝑥) exp{𝑗𝜑(𝑥)}, since the 

complex-valued pixels exhibit Gaussian distribution. At the 

same time the similarity search for extracting and comparing 

 
Fig. 8. Flow diagram of proposed denoising scheme. 
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patches is to be performed on the map 𝒁′(𝑥) =

𝐴𝐷(𝑥) exp{𝑗𝜑(𝑥)}, where 𝐴𝐷(𝑥) is a denoised version of 𝐴(𝑥). 

The noise variance of the pixels of 𝒁′ is expected to behave as 

in Fig. 7(b), being constant for wide range of amplitudes and 

fading for small amplitudes. Thus, the complex map 𝒁 (𝑥) is 

expected to provide the best SNR in the LSE case and is best 

suited for similarity search in complex domain. Not only will it 

distinguish textures but will also handle phase-wrap situations 

since it is not affected by phase wrapping artifacts. The stability 

of the noise variance allows also to fix the NLM filtering 

parameter ℎ for all amplitudes and depth ranges of a particular 

ToF device. 

B. Pre-filtering of amplitude modality map 

We need the denoised version of the amplitude 𝐴𝐷(𝑥) to form 

the complex image 𝒁′(𝑥) =  𝐴𝐷exp{𝑗𝜑(𝑥)}. Though a direct 

denoising of 𝐴(𝑥) would result in a biased output, its specific 

probability distribution suggests that we can safely utilize that 

biased result. With reference to (12) and Fig. 6(b)), the bias 

trend in the expected value is significant only for very low 

sensed amplitudes (𝛾 ≲ 1) and is strictly monotonic. The output 

values are unique for the ground true amplitudes. Furthermore, 

for the same LSE case, the variance 𝜎𝐴 fades to zero and makes 

𝐴𝐷(𝑥) even more useful.  

The amplitude map 𝐴(𝑥)  is denoised by NLM in two 

iteration steps. In the first iteration, the input is directly used as 

a similarity search map 𝑆𝑀
(1)
(𝑥) ⟸ 𝐴(𝑥). In the second iteration, 

the similarity search map is updated as 𝑆𝑀
(2)(𝑥) ⟸

𝑓 {𝐴𝐷
(1)(𝑥), 𝐴(𝑥)}. The update is done by regularization referred 

to as “twicing” [42]. An example of the denoised output 𝐴𝐷(𝑥) 
is shown in Fig. 9, where it can be seen, also visually, that the 

iteratively denoised amplitudes are very close in contrast and 

details to the GT amplitude 𝒜(𝑥).  

C. Denoising of complex-valued image  

We denote the process by 𝒁𝐷(𝑥) = 𝑁𝐿𝑀[𝒁(𝑥), 𝑆𝑀(𝑥) ], where 

𝒁𝐷 is the denoised version of 𝒁 using the similarity map 

𝑆𝑀(𝑥) ⟸ 𝒁 (𝑥). The filtered maps for amplitude and phase are 

obtained from the denoised vector at the current iteration n, as 

𝐴𝐷
(𝑛)

(𝑥) = |𝒁𝐷
(𝑛)

(𝑥)| and 𝜑𝐷
(𝑛)

(𝑥) = arg {𝒁𝐷
(𝑛)

(𝑥)}. The new 𝐴𝐷
(𝑛)

 is 

a refined, less biased amplitude thus good for updating the 

similarity search map 𝑆𝑀
(𝑛+1)

(𝑥) ⟸ 𝑓{𝒁𝐷
(𝑛)(𝑥), 𝒁𝐷

(𝑛−1)(𝑥)} by 

implementing a “twicing” regularization [42].  

V. EXPERIMENTS AND RESULTS 

Our experiments illustrate two main aspects concerning the 

noise in a real ToF device. First, we demonstrate that the 

derived probability models for ToF data are correct and 

adequately represent the processes in a ToF device. Second, we 

quantify the performance of the proposed denoising method by 

comparing it to the state-of-the-art methods. The experiments 

are performed on a number of scenes that exhibit all LSE 

specific sensing artifacts. 

A. Probability distribution of a real ToF camera 

For the purposes of our experiments we select a popular 

device – Photonic Mixer Device (PMD) CamCube 2.0 by 

PMDTecTM [6]. For acquiring empirical observations, we 

follow the observation methodology in [43]. Specifically, we 

have recorded a number of image sets, 1200 observations each. 

An “observation” includes a full period of 𝑄(𝜏) containing four 

phase frames 𝑄0(𝑥), 𝑄1(𝑥), 𝑄2(𝑥), 𝑄3(𝑥). The measured scene is 

static frontally-facing wall colored in non-glossy solid paint.  

Each set is sensed by applying a particular integration time 𝐼𝑇 ∈

[50, 1400 ] 𝜇𝑠 taken with Δ𝐼𝑇=5𝜇𝑠 incremental step (i.e. 2 1 

integration times forming 2 1 sets of observations). Pixel-wise 

temporally averaged 𝑄𝑛’s are used to calculate the “ground 

true” 𝒜. By varying the integration time, we get a wide set of 

amplitudes also representing LSE. For each set, a sliding block 

of  ×   pixels was used to empirically estimate the parameters 

described further in the subsection. 

 
Fig. 10. Observation data for PMD CamCube 2.0 device and proposed 

theoretical model: a) std 𝜎𝑄 and 𝜎𝛼, b) zoomed region for 𝒜 < 210 ( 𝛾 < 𝛾𝑡ℎ) 

with sqrt covariance √𝜁 plot, c) std  𝜎𝐴 (along with 𝜎𝛼 plot),  d) expected value 

of amplitude 𝜇𝐴. 
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Polynomial fit,  𝜎𝛼 − (𝑑𝑎𝑠ℎ)

Model plot,        𝜎𝐴 − (𝑠   𝑑)

Amplitude 𝐴𝑄

Amplitude 𝐴𝑄, (LSE region) Amplitude 𝐴𝑄

Amplitude 𝐴𝑄, (LSE region)

𝑐𝑣 

 
Fig. 9. Example of LSE amplitude map denoising: a) noisy input 𝐴(𝑥), b) 

filtered output 𝐴𝐷
(1)
(𝑥), c) filtered output 𝐴𝐷

(2)
(𝑥), after “twicing” 

regularization, d) GT 𝒜(𝑥). 

 

(c) (d)

(a) (b)
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Correlation between raw data. First, we check whether there 

is some correlation between 𝑄𝑛’s by calculating the covariance 

matrix between them [26]. The variance 𝜎𝑄
2 is calculated as an 

average of the diagonal elements and sampling covariance 𝜁 is 

calculated as an average of the non-diagonal elements in the 

resulted covariance matrix. The result suggests that for LSE the 

covariance 𝜁 between 𝑄𝑛’s is between [40,200] times smaller 

than the data variance itself (c.f. Fig. 10(b)), which supports the 

assumption of near independent data samples 𝑄𝑛 [8].    

Standard deviation of raw data. The PMD device employs a 

photo-sensor of complementary metal–oxide–semiconductor 

(CMOS) technology, which implies that captured data exhibits 

properties of Poissonian-Gaussian mixtures. After acquiring 

raw data, we remove the FPN pedestal and then calculate and 

plot the std value 𝜎𝑄 against GT amplitude 𝒜, as shown in Fig. 

10(a),(b). One can observe a dependence which is typical for 

Poissonian noise influence [43] and which can be modelled by 

a polynomial of low degree, in our case by a linear function 

𝜎𝑄 = 𝑓(𝒜) = 𝜆1 + 𝜆2𝒜. (21) 

Standard deviation of Cartesian components. For our 

experimental analysis, we are mainly interested in the 

probability properties of vector components 𝛼, 𝛽 (6) 

𝜎𝛼 ≈ 𝜎𝛽 = √Var[𝛼] =
𝜎𝑄

√2
, where 

Var[𝛼] =  Var[(𝑄0 −𝑄2)/2] =
1

4
(Var[𝑄0] + Var[𝑄2]) =

1

2
(𝜎𝑄

2). 

This is illustrated by the empirical observations in Fig. 10(a),(b) 

where the blue dots represents stds calculated from noisy 𝛼, 𝛽 

and the black dashed lines represent the linear fit based on the 

linear noise model 𝜎𝑄 (21).   

Mean and standard deviation of measured amplitude. The 

raw measurements 𝑄(𝒜) are used to calculate amplitudes 𝐴, 

their expected values 𝜇𝐴 and deviations 𝜎𝐴. These are drawn in 

Fig. 10(c),(d) along with the models derived in Section III.F.  

We use the polynomial fit for 𝜎𝑄 in  (21)  to find 𝜎 = 𝜎𝛼 = 𝜎𝛽 

needed for the models (12). The fitted curves based on that 

model follow very nicely the empirical values, thus confirming 

the models of  𝜇𝐴 and 𝜎𝐴derived in (12). 

Depth measurement error. Usually, a maximum error in 

measuring depth 𝛦𝑇𝑜𝐹 is specified in technical manuals 

assuming normal operating mode. Correspondingly, an LSE 

existence is assumed when the measurement error 𝐸𝐷, exceeds 

the pre-specified one 

𝐸𝐷 = |𝐷 − 𝐷𝐺𝑇| > 𝛦𝑇𝑜𝐹  (22) 

For the device at hand, Ε𝑇𝑜𝐹 = 0.05 𝑚 (or 0.042 𝑅𝑎𝑑𝑠) [10]. This 

corresponds to 𝒜(𝑥) ≤ 210 units. The std of raw data for such 

amplitudes is 𝜎𝑄 ≈ 12, as seen in Fig. 10(b). This evidence 

complies very well with our earlier assumption of LSE 

quantified by 𝛾𝑡ℎ, as discussed in Section III.E. 

Mean and standard deviation of measured phase. For the 

case of probability properties of the phase, we have plotted a 

dense observation data for its variance and expected values 

covering range 𝜙 ∈ [0, 𝜋] and 𝒜 ∈ [0.4, 210]. We specifically 

plot the variance instead of std, in order to be able to compare 

the curves with the models in Fig. 5. The experimental plots are 

given in Fig. 11, where both 3D and “en-face” plots are shown. 

Comparing with Fig. 5, one can see that the theoretical model 

predicts very precisely the observation data with minor 

exceptions for expected values in very low amplitudes and very 

near wrap boundaries 𝜙 ≈ 𝜋. Final experiments for the same 

observation data are related to the probability model of the 

complex vector with true amplitude 𝒁′ = 𝒜exp (𝑗𝜑). The 

corresponding plot is shown in Fig. 12(a) and suggests that the 

provided model is  entirely representative of and demonstrates 

the predicted variance stabilization effect from the theoretical 

analysis (see subsection III.G and Fig. 7(b) therein). We also 

include plot data for the calculated phase values �̂� = arg {𝜇𝒁′}. It 

is expected that those should follow the GT value 𝜙. The 

observation plot in Fig. 12(b) suggests that this is true except 

for very small amplitudes 𝐴 < 8, where the estimated phase 

value starts to deviate up to ~0.045 𝑅𝑎𝑑𝑠. Nevertheless, this is 

comparable to the stated operating error for the device (22). 

Furthermore, we show in Fig. 13(a),(b) a comparison between 

temporal averaged frames of a chess-board for phase maps 

represented by �̂�(𝑥) and 𝜇𝜑(𝑥). It is easily distinguishable, that 

the estimation accuracy is greatly improved (c.f. Fig. 5(d) for 

same input data and scale). 

 
Fig. 11. Experimental plots for observation data for: a) variance 𝜎𝜑

2, b) and its 

“en-face” projection, c) expected value 𝜇𝜑, and d) its “en-face” projection. 
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Fig. 12. Experimental plots of observation data for pre-filtered vector 𝒁 : a) std 

𝜎𝒁′, b) angle error for phase calculated from 𝒁 , 𝜙 − �̂�, �̂� = arg {𝜇𝒁′}. 
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Fig. 13. Resulted maps for a pixel-wise temporal arithmetic mean of a chess-

board scene (600 frames) for phase c) 𝜇𝜑(𝑥) and d) phase calculated from 

 𝒁 , �̂�(𝑥) = arg {𝜇𝒁′(𝑥)}. 
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B. Experimental setup 

The experimental setup includes six scenes, entitled “Seal”, 

“Dark”, “Umbrella”, “Leaves”, “Lobby”, and “Workbench”. 

They have been designed to  represent various sensing 

conditions. For all datasets, the LSE is obtained by reducing the 

integration time from its normal operating mode 𝐼𝑇 = 2 𝑚𝑠 to 

values 𝐼𝑇 ∈ {1000, 800, 400, 200, 100, 50} 𝜇𝑠 creating a growing 

number of raw data pixels below the considered LSE threshold 

𝛾𝑡ℎ. An example is given in Fig. 14, where the histograms of 

amplitudes show that for e.g. 𝐼𝑇 = 50 𝜇𝑠 all amplitudes are 

below the threshold.  

We illustrate various scene-related artifacts for the “Seal” 

scene in Fig. 15 and use the corresponding region numbers to 

discuss the same artifacts appearing in the other scenes. The 

“Dark” scene is to exemplify low reflectivity (c.f. Fig. 17) and 

region (1) in Fig. 15). It includes objects made by light-absorb 

ing materials, and walls and fine structural elements, coated by 

black non-reflective paint. The “Umbrella” scene has been 

designed to generate artifacts of trapped and multi-path light 

(Fig. 18, Fig. 19, region (5) in Fig. 15). While the latter is not 

fully related with LSE, it generates strong bias in the estimated 

parameters. We have used background of glossy material, semi-

transparent object (an umbrella), a hair wig and a night-vision 

camouflage jacket with light dissipation stickers. In the 

“Leaves” scene, we have combined objects of many fine details 

and pinnacles emitting mosquito noise (Fig. 20, region (3) in 

Fig. 15). The “Lobby” scene represents a typical case of indoor 

capture. The LSE is caused by localized clusters of phase-

wrapped pixels since some background is close to the range 

limit where the measured signal is with near-zero amplitudes. 

Otherwise, the scene is fairly easy to denoise (Fig. 21). The 

scene “Workbench” consists of objects at close distance. 

Sensing artifacts are caused by surfaces of low-incident angles 

(Fig. 22, region (4) in Fig. 15). 

C. Comparison with other approaches 

In order to provide a comparison with other denoising 

schemes, state-of-art methods have been implemented focusing 

on those specifically designed to handle ToF data. In all cases 

the denoising has been applied on respective modalities of ToF 

data after removing the FPN [10]. 

First, we consider the classical approaches of spatial bilateral 

filtering (BF) of Tomasi et al. [14], non-local means (NLM) of 

Buades et al. [17] and BM3D of Dabov et al. [16] directly 

applied on noisy phase maps. The reason to include those is to 

quantify the improvements brought by other adaptive denoising 

and enhancements methods based on the above classical 

approaches and tailored for ToF data. Second, we consider 

approaches aimed at denoising ToF phase maps (that is, 𝜑(𝑥) is 

calculated from noisy raw data and then denoised). This group 

of methods includes: a modification of BF known as joint 

bilateral filtering in Kopf et al. [23]; a multi-lateral filtering 

adapting to amplitude, phase and object orientations as 

proposed in Chan et al. [27]; a modified NLM method 

introduced in Huhle et al. [21], where an adaptation to measured 

amplitude and multi-modality search technique along with 

preliminary impulse noise filtering have been proposed; a 

locally-adaptive technique using sensed amplitudes and 

Gaussian convolution kernels in Frank et al. [31]; and an 

approach applying total-variation regularization in Lenzen et al. 

[24]. The third group includes methods applied to other signal 

modalities: another total-variation technique, similar to [24], 

but applied to the vector components {𝛼(𝑥), 𝛽(𝑥)} [25]; NLM 

and BM3D denoising applied on the same modalities. 

Implementations of some of the methods are publicly 

available. These include the method of Frank et al. [31], and 

BM3D [16]. The other methods were implemented by us. The 

computational complexity is determined by the underlying 

filtering mechanism. In this respect, the methods can be 

grouped as methods using (1) simple (Gaussian) convolution ( 

[31]); (2) bilateral filtering ( [14], [23], [27]); (3) NLM ( [17], 

[21]); (4) total variation ( [25], [24])); and (5) three dimensional 

transform (BM3D, [16]). Except last two categories, the rest of 

methods perform in real-time on a modern PC, where the fastest 

one is the method of Frank et al. [31].  

Our proposed method falls in the category of NLM-based 

methods, using patch similarity searching, grouping and 

averaging. The complexity of the classical NLM algorithm has 

been analysed in [41]. It has been shown that it is scalable 

depending on the patch size and search range. As we run two 

 
Fig. 15. Examples of scene-related artifacts: a) graphical illustration of 

reflections: (1) – low-material reflectivity; (2) – trapped light; (3) – mosquito 

noise; (4) – low incident angle; (5) – multi-path, b) scene with regions of 

corresponding artifact, c) zoomed regions and noisy outputs for 𝐼𝑇 = 50𝜇𝑠. In 

some regions, the artifacts appear combined.  
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Fig. 14. Amplitude maps in LSE created by reducing the integration time with 

corresponding intensity histograms: a) 𝐼𝑇 = 50𝜇𝑠, b) 𝐼𝑇 =  200𝜇𝑠. 
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iterations for the denoised amplitude and two iterations for the 

complex-valued image, we have about   real-valued NLM 

iterations. In our case, the block size is  ×    pixels and the 

search range is 4 pixels. Furthermore, the ToF images are of 

small size. Our CPU-optimized code on a PC (3.8 GHz, Intel® 

Core™ i7-7700K) achieves 29 𝑚𝑠 per frame. For the case of 

power constrained computing platforms, we have proposed 

another approximate NLM implementation, employing 

summed area tables [13]. The method can be further memory 

optimized as proposed in [44]. 

The performance results are listed in Table I. The noise 

influence is labeled by the integration time 𝐼𝑇  along with the 

pixel percentage of wrapped phase pixels - 𝜂𝜑[%] and 

percentage of LSE pixels 𝛾𝑡ℎ[%]. The denoising performance is 

measured by RMSE (Root-mean-square Error) metric as 

suggested in [35] 

𝑅𝑀𝑆𝐸 = √ 
1

𝐼
∑(𝜑𝐷( ) − 𝜑𝐺𝑇( ))

𝑖

2

 (23) 

where 𝜑𝐺𝑇 ≈ 𝜙 is the ground truth modality calculated by 

temporal averaging of 600 raw phase frames captured for 

integration period 𝐼𝑇 = 2𝑚𝑠. Additionally, we provide ideally 

denoised reference, which has been obtained by a temporal 

averaging of raw input data 𝑸 for 600 frames (c.f. Fig. 17(b) - 

Fig. 23(b)). Another reference is obtained by a temporal 

averaging of noisy phase maps, denoted as 𝜇𝜑(𝑥). All state-of-

the-art methods have been tuned separately for the datasets of 

each case, thus getting the maximum of their performance. On 

the other hand, for all tested LSE cases, we have applied our 

proposed methods with a fixed parameter ℎ =  . 8. For the 

reason of page limitation, we show figures for some cases. All 

results and corresponding figures are provided as 

supplementary material. 

As seen from the experimental results, classical methods 

applied directly to noisy phase maps exhibit inferior 

performance especially for difficult scenes such as “Dark” and 

“Umbrella”. ToF tailored methods, e.g. Chan et al. [27], Huhle 

et al. [21] perform better. These also approach the best possible 

result while processing directly the phase maps, as quantified 

by 𝜇𝜑(𝑥). Neither of methods in the second group can cope with 

noise in LSE and they are performing reasonably good only for 

normal operating mode (e.g. “Workbench”, “Seal” for 𝐼𝑇 ≥

800 𝜇𝑠). 

The methods in the third group demonstrate much better and 

consistent performance for almost all of the LSE cases. This is 

to be attributed to the fact that these methods are dealing with 

Gaussian variables. However, visualization results in Fig. 17(e) 

- Fig. 23(e) still suggests some presence of artifacts: there are 

depth values which create an impression of good edge 

preservation, especially in the edges of textures of contrast 

amplitudes, which are however completely wrong. Interestingly 

enough, the authors of [25] downplayed the opportunity to 

apply total-variation regularization on the vector components 𝛼 

and 𝛽 and favored its application to the phase modality instead, 

while our experiments show the opposite. 

Our proposed approach working in complex domain shows 

competitive quantitative results (best or second best) being 

consistent for all tested LSE cases. Qualitatively, visual results 

in Fig. 17(f) - Fig. 23(f) show much less remaining artifacts and 

finer preservation of scene structures. The superiority starts to 

vanish toward longer integration times (i.e. closer to normal 

mode), where the method performs similarly to the methods in 

group III. This is to be attributed to the way how similarity of 

patches is being exercised. While the pre-filtered vector 𝒁 (𝑥) 

reflects always the same noise influence according to its 

stabilized variance, it has no better influence for the normal 

sensing environment. On the other hand, when the data is 

sensed in normal operating mode (e.g. for 𝐼𝑇 ≥ 800 𝜇𝑠), the 

other methods start to perform reasonably well since the noise 

influence is rapidly decreasing.  

Trapped-light and multi-path artefacts are known to create 

systematic bias in denoised ToF images. Such effects are less 

likely in LSE, as they are caused in the presence of strong light 

and highly-reflective surfaces. We illustrate similar cases in 

hair wig, jacket stickers and umbrella corners in Fig. 18(f) and 

Fig. 19(f). While our method cannot fully tackle such artifacts, 

they appear better localized than for the other approaches and 

can be filtered further by dedicated algorithms. 

Another advantage of our proposed denoising method, is that 

it handles phase wrapping cases and as such can be used as a 

phase-unwrapper. In Fig. 16, we show an improved noisy map 

𝜑 (𝑥) for the tested case 𝐼𝑇 = 50𝜇𝑠, where wrapped phase pixels 

have been corrected. We mark positions of pixels which were 

corrupted by phase-wrap noise and according to GT data, all of 

them have been reconstructed correctly without outliers. 

VI. CONCLUSIONS 

In this article, we have investigated the case when ToF range 

sensors work in low-sensing environment. This case is 

important given the current trend in reducing the size and power 

of ToF devices in an attempt to integrate them in portable multi-

functional devices and to improve their performance in low-

light conditions. We have thoroughly analyzed the noise models 

of the vector components of the measured complex-valued 

signal. We have verified the models by analyzing empirical data 

acquired by a typical ToF device. We have demonstrated that 

the p.d.f. of the phase modality diverges dramatically from a 

Gaussian distribution, especially in LSE region and therefore 

the direct denoising of this modality utilizing techniques 

established for Gaussian data, 

 

 
 

 
Fig. 16. Phase-unwrap effect of the proposed denoising scheme: a) phase-

unwrapped noise input 𝜑(𝑥) captured for 𝐼𝑇 = 50𝜇𝑠, b) wrapped phase pixels 

before denoising. 
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TABLE I 
METRIC RESULTS (IN RMSE) FOR DENOISING APPLICATIONS IN LSE 

 “DARK” DATASET 

                                              IT [μs], 

                                ηφ [%], γth [%] 

100, 

29, 100 

200, 

23, 100 

400, 

15, 100 

800, 

11, 98 

1000, 

6, 97 

                                    Noise Input   2.543 2.371 1.923 1.663 1.306 

 Temporal averaging  𝑎𝑟𝑔{𝜇𝒁(𝑥)}   0.305 0.294 0.156 0.108 0.08 

            Temporal averaging 𝜇𝜑(𝑥)      0.568 0.542 0.412 0.336 0.165 

*          Method    

I 

  Tomasi [14] 1.622 1.463 1.092 0.861 0.542 

  Buades [17] 1.574 1.364 0.939 0.705 0.408 

  Dabov et al. [16] 1.485 1.315 0.963 0.716 0.368 

II 

  Kopf et al. [23] 1.521 1.356 0.993 0.757 0.454 

  Chan et al. [27] 1.548 1.386 1.045 0.835 0.547 

  Huhle et al. [21] 1.381 1.203 0.855 0.627 0.349 

  Frank et al. [8] 1.227 1.045 0.660 0.460 0.234 

  Lenzen [24] 2.037 1.902 1.421 1.205 0.551 

III 

  Lenzen [25] 0.387 0.333 0.227 0.226 0.882 

 Modified,  𝑁𝐿𝑀𝛼,𝛽   0.421 0.332 0.279 0.279 0.281 

 Modified, 𝐵𝑀 𝐷𝛼,𝛽   0.343 0.272 0.164 0.132 0.108 

IV   Proposed,  𝑁𝐿𝑀𝒁′   0.301 0.242 0.158 0.115 0.112 

“UMBRELLA” DATASET 

                                              IT [μs], 

                                ηφ [%], γth [%] 

50, 

10, 100 

100, 

5, 92 

200, 

3, 79 

400, 

2, 70 

800, 

1, 48 

                                    Noise Input   1.490 1.106 0.885 0.698 0.436 

 Temporal averaging  𝑎𝑟𝑔{𝜇𝒁(𝑥)}   0.326 0.121 0.115 0.079 0.03 

            Temporal averaging 𝜇𝜑(𝑥)      0.492 0.308 0.234 0.181 0.05 

*          Method    

I 

  Tomasi [14] 0.792 0.571 0.434 0.322 0.206 

  Buades [17] 1.339 0.769 0.633 0.475 0.326 

  Dabov et al. [16] 0.770 0.595 0.601 0.453 0.307 

II 

  Kopf et al. [23] 0.692 0.506 0.387 0.306 0.220 

  Chan et al. [27] 0.769 0.601 0.498 0.409 0.301 

  Huhle et al. [21] 0.681 0.484 0.352 0.261 0.187 

  Frank et al. [8] 0.598 0.386 0.272 0.179 0.132 

  Lenzen [24] 1.195 0.856 0.701 0.533 0.354 

III 

  Lenzen [25] 0.828 0.366 0.272 0.217 0.223 

  Modified,  𝑁𝐿𝑀𝛼,𝛽   0.688 0.233 0.255 0.268 0.254 

  Modified, 𝐵𝑀 𝐷𝛼,𝛽    0.758 0.204 0.163 0.154 0.106 

IV   Modified,  𝑁𝐿𝑀𝒁′   0.39 0.158 0.143 0.131 0.118 

“LEAVES” DATASET 

                                              IT [μs], 

                                ηφ [%], γth [%] 

50, 

12, 100 

100, 

4, 99 

200, 

1, 93 

400, 

0, 77 

800, 

0, 32 

                                    Noise Input   1.896 1.03 0.533 0.354 0.243 

 Temporal averaging  𝑎𝑟𝑔{𝜇𝒁(𝑥)}   0.248 0.158 0.081 0.043 0.024 

            Temporal averaging 𝜇𝜑(𝑥)      0.462 0.231 0.119 0.051 0.023 

*          Method    

I 

  Tomasi [14] 0.940 0.461 0.266 0.173 0.117 

  Buades [17] 0.936 0.425 0.267 0.203 0.180 

  Dabov et al. [16] 0.882 0.435 0.261 0.164 0.136 

II 

  Kopf et al. [23] 0.813 0.408 0.257 0.167 0.103 

  Chan et al. [27] 0.828 0.430 0.266 0.183 0.124 

  Huhle et al. [21] 0.692 0.353 0.239 0.159 0.109 

  Frank et al. [8] 0.726 0.415 0.284 0.179 0.120 

  Lenzen et al. [24] 1.551 0.814 0.412 0.262 0.165 

III 

  Lenzen et al. [25] 0.771 0.242 0.145 0.077 0.055 

  Modified,  𝑁𝐿𝑀𝛼,𝛽   0.715 0.288 0.170 0.117 0.106 

  Modified, 𝐵𝑀 𝐷𝛼,𝛽    0.792 0.235 0.141 0.103 0.100 

IV   Proposed,  𝑁𝐿𝑀𝒁′   0.558 0.230 0.155 0.121 0.121 

 

 

 

 

 

 

 
“LOBBY” DATASET 

                                              IT [μs], 

                                ηφ [%], γth [%] 

50, 

6, 100 

100, 

5, 100 

200, 

3, 95 

400, 

2, 79 

800, 

1, 69 

                                    Noise Input   1.412 1.236 0.992 0.575 0.237 

 Temporal averaging  𝑎𝑟𝑔{𝜇𝒁(𝑥)}   0.631 0.533 0.223 0.088 0.053 

            Temporal averaging 𝜇𝜑(𝑥)      0.868 0.665 0.256 0.101 0.028 

*          Method    

I 

  Tomasi [14] 0.945 0.822 0.583 0.247 0.085 

  Buades [17] 0.939 0.834 0.635 0.221 0.099 

  Dabov et al. [16] 0.900 0.804 0.571 0.202 0.067 

II 

  Kopf et al. [23] 0.896 0.778 0.539 0.210 0.077 

  Chan et al. [27] 0.899 0.784 0.553 0.229 0.091 

  Huhle et al. [21] 0.897 0.766 0.491 0.171 0.075 

  Frank et al. [8] 0.880 0.750 0.468 0.191 0.099 

  Lenzen [24] 1.205 1.049 0.823 0.438 0.149 

III 

  Lenzen [25] 0.944 0.817 0.237 0.104 0.061 

  Modified,  𝑁𝐿𝑀𝛼,𝛽   0.943 0.856 0.201 0.1037 0.067 

  Modified, 𝐵𝑀 𝐷𝛼,𝛽    0.989 0.919 0.2181 0.098 0.060 

IV   Proposed,  𝑁𝐿𝑀𝒁′   0.824 0.691 0.199 0.100 0.067 

 “WORKBENCH” DATASET 

                                              IT [μs], 

                                ηφ [%], γth [%] 

50, 

7, 100 

100, 

1, 96 

200, 

0, 54 

400, 

0, 8 

800, 

0, 1 

                                    Noise Input   1.524 0.536 0.248 0.219 0.12 

 Temporal averaging  𝑎𝑟𝑔{𝜇𝒁(𝑥)}   0.039 0.034 0.021 0.013 0.01 

            Temporal averaging 𝜇𝜑(𝑥)      0.058 0.047 0.029 0.014  

*          Method    

I 

  Tomasi [14] 0.734 0.209 0.108 0.055 0.037 

  Buades [17] 0.794 0.165 0.128 0.053 0.047 

  Dabov et al. [16] 1.400 0.463 0.209 0.104 0.001 

II 

  Kopf et al. [23] 0.629 0.161 0.107 0.075 0.051 

  Chan et al. [27] 0.669 0.227 0.188 0.097 0.061 

  Huhle et al. [21] 0.482 0.144 0.119 0.074 0.062 

  Frank et al. [8] 0.594 0.156 0.058 0.029 0.019 

  Lenzen [24] 1.292 0.433 0.201 0.099 0.057 

III 

  Lenzen [25] 0.079 0.069 0.074 0.067 0.044 

  Modified,  𝑁𝐿𝑀𝛼,𝛽   0.078 0.046 0.045 0.041 0.040 

  Modified, 𝐵𝑀 𝐷𝛼,𝛽    0.188 0.036 0.031 0.029 0.018 

IV   Proposed,  𝑁𝐿𝑀𝒁′   0.057 0.036 0.034 0.024 0.020 

“SEAL” DATASET 

                                              IT [μs], 

                                ηφ [%], γth [%] 

50, 

6, 100 

100, 

3, 79 

200, 

1, 47 

400, 

0.5, 20 

800, 

2, 0 

                                    Noise Input   1.174 0.917 0.612 0.375 0.264 

 Temporal averaging  𝑎𝑟𝑔{𝜇𝒁(𝑥)}   0.045 0.037 0.024 0.015 0.009 

            Temporal averaging 𝜇𝜑(𝑥)      0.297 0.186 0.082 0.052 0.025 

*          Method    

I 

  Tomasi [14] 0.861 0.632 0.377 0.221 0.146 

  Buades [17] 0.540 0.388 0.311 0.211 0.147 

  Dabov et al. [16] 0.632 0.420 0.302 0.192 0.129 

II 

  Kopf et al. [23] 0.372 0.270 0.171 0.105 0.060 

  Chan et al. [27] 0.420 0.304 0.186 0.106 0.062 

  Huhle et al. [21] 0.313 0.195 0.137 0.063 0.034 

  Frank et al. [8] 0.399 0.238 0.168 0.103 0.068 

  Lenzen [24] 0.763 0.556 0.333 0.194 0.131 

III 

  Lenzen [25] 0.177 0.108 0.054 0.036 0.013 

  Modified,  𝑁𝐿𝑀𝛼,𝛽   0.127 0.080 0.071 0.022 0.017 

  Modified, 𝐵𝑀 𝐷𝛼,𝛽    0.129 0.083 0.031 0.022 0.012 

IV   Proposed,  𝑁𝐿𝑀𝒁′   0.053 0.047 0.030 0.022 0.015 

*Method categories, I – direct, II – adapted, III – on vector components, IV – complex-

valued  
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has to be discouraged. Furthermore, we have demonstrated that 

the amplitude, which is considerably low in LSE, exhibits a 

biased expected value and as such cannot be directly used as a 

confidence measure in adaptive approaches aimed at direct 

denoising of the phase. In contrary, we have proposed to form 

another complex variable, namely by combining a preliminary 

denoised amplitude and noisy phase, and have shown that it 

enjoys an elegantly stabilized variance over a wide range of 

amplitudes. Thus, it is especially suitable to serve as a search 

map for finding similar patches for non-local processing.  Our 

proposed complex-domain denoising approach has shown 

superior results when compared with the state of the art. It is 

also quite suitable for implementation on power-constrained 

devices. 

APPENDIX A 

BIVARIATE DISTRIBUTION ANALYSIS 

Consider the setting from Section III.C. We follow the 

bivariate distribution analysis made in [39] in order to express 

the p.d.f. 𝓅{𝐴,𝜑}(𝜌, 𝜃) of the random 𝐴 and 𝜑, given that the 

vector components 𝛼 and 𝛽 are i.i.d. with p.d.f. 𝓅{𝛼,𝛽}(𝑢, 𝑣) (9), 

(10). We present a sketch of the derivations here while the 

detailed derivations can be found in [39]. We also interpret the 

results in terms of true scene reflectivity quantified by 𝒜; the 

true scene depth quantified by the true phase delay 𝜙 and the 

noise influence quantified by the noise variance 𝜎2 of the 

measured components 𝛼 and 𝛽.  

Starting with the relation between Cartesian and polar 

coordinates  

𝑢 = 𝜌 cos𝜃, 𝑣 = 𝜌sin𝜃, (A1) 

the p.d.f. 𝓅{𝐴,𝜑}(𝜌, 𝜃) is obtained as [39]  

𝓅{𝐴,𝜑}(𝜌, 𝜃) = 𝐽 [
𝜕(𝑢, 𝑣)

𝜕(𝜌, 𝜃)
]𝓅{𝛼,𝛽}(𝑢, 𝑣) = 

= 𝐽 [
𝜕(𝑢, 𝑣)

𝜕(𝜌, 𝜃)
]𝓅{𝛼,𝛽}(𝜌cos𝜃, 𝜌sin𝜃) = 

= 𝜌𝑔𝛼(𝜌cos 𝜃)𝑔𝛽(𝜌sin𝜃), 

(A2) 

where 𝐽 denotes the Jacobian determinant 

𝐽 [
𝜕(𝑢,𝑣)

𝜕(𝜌,𝜃)
] =

𝜕(𝜌cos𝜃,𝜌sin𝜃)

𝜕(𝜌,𝜃)
= |

cos𝜃 −𝜌sin𝜃
sin𝜃 𝜌cos𝜃

| = 𝜌. 

After expanding (A2) by (8), and expressing 𝜇𝛼 and 𝜇𝛽 in 

therms of the true scene parameters 𝒜 and 𝜙, the p.d.f. 

𝓅{𝐴,𝜑}(𝜌, 𝜃) becomes 

𝓅{𝒜,𝜙}(𝜌, 𝜃) =
𝜌

2𝜋𝜎2 exp {−
1

2𝜎2
(𝜌cos𝜃 −𝒜cos𝜙)2} ×

× exp {−
1

2𝜎2
(𝜌sin𝜃 −𝒜sin𝜙)2}. 

(A3) 

The p.d.f. of the phase component 𝜑 is determined from (A3) 

by integration over 𝜌 

𝓅𝜑(𝜃) =
1

2𝜋𝜎2 exp(−
𝒜2

2𝜎2) × 

×∫ 𝜌exp {−
1

2𝜎2 (𝜌
2 − 2𝒜𝜌cos(𝜃 − 𝜙))} 𝑑𝜌

∞

0

. 

(A4) 

The solution of the integral is obtained by integration with a 

variable substitution [39] 

𝓅𝜑(𝜃) =
1

2𝜋
exp (−

𝒜2

2𝜎2) +
𝒜

𝜎√2𝜋
cos(𝜃 − 𝜙)

1

2
× (A5) 

× {1 + erf [
𝒜

𝜎√2
cos(𝜃 − 𝜙)]} exp {−

𝒜2

2𝜎2 sin
2(𝜃 − 𝜙)} 

where erf[𝜍] =
2

√𝜋
∫ exp(−𝜏2)𝑑𝜏
𝜍

0
 is Gaussian error function. The 

distribution corresponding to (A5) is referred to as Offset 

Normal distribution [8]. 

The general moment of order 𝑘 for (A5) is 

𝓂𝑘 = ∫ (𝜃 − 𝜙)𝑘𝓅𝜑(𝜃)
𝜙+𝜋

𝜙−𝜋

𝑑𝜃. (A6) 

The second central moment (𝑘 = 2) which would characterize 

the variance of (A5) while considering 𝜙 = 0 is given by 

𝓂2 =
𝜋2

 
+ 4𝜋∑(−1)𝑛

Λ𝑛[𝛾]

𝑛2

∞

𝑛=1

, (A7) 

where Λ𝑛[𝛾] =
Γ[1+𝑛/2]𝛾𝑛

𝜋𝑛!2𝑛/2
𝐹11 [

𝑛

2
, 𝑛 + 1;−

𝛾2

2
], Γ[𝜁] denotes 

gamma function Γ[𝜁] = ∫ 𝜄𝜁−1 exp(−𝜄) 𝑑𝜄
∞

0
, and 𝐹11 [𝜁, 𝜄; 𝜅 ] 

denotes hyper-geometric function for confluent geometric 

expansion case [39] 

𝐹11 .
[𝜁, 𝜄; 𝜅 ] = 1 +

𝜁

𝜄
𝜅 +

𝜁(𝜁 + 1)

𝜄(𝜄 + 1)

𝜅2

2!
+
𝜁(𝜁 + 1)(𝜁 + 2)

𝜄(𝜄 + 1)(𝜄 + 2)

𝜅3

 !
…  . 

The p.d.f. of the amplitude 𝓅𝐴(𝜌) follows the scaled case of the 

Rician Distribution (also referred to as the Generalized Raileigh 

Distribution) [45]. This can be obtained, by integrating (A3) 

over 𝜃 

𝓅𝐴(𝜌) =
𝜌

2𝜋𝜎2
exp {−

1

2𝜎2
[𝜌2 +𝒜2]} × 

×∫ exp {𝒜
𝜌

𝜎2
cos (𝜃 − 𝜙)}

𝜋

−𝜋

𝑑𝜃. 

(A8) 

The integral can be expressed in terms of Bessel function [39] 

𝓅𝐴(𝜌) =
𝜌

𝜎2 exp {−
1

2𝜎2
(𝜌2 +𝒜2)} I0 (

𝒜𝜌

𝜎2 ), (A9) 

where 𝐼0 denotes the modified Bessel function of zero order 

I0(𝜁) = ∑
(𝜁/2)𝜁+2𝑚

𝑚!Γ(𝑚 + 1)
.

∞

𝑚=0

 (A10) 

Employing moments, the mathematical expectation and the 

variance are derived as [39]: 

𝜇𝐴 = E[𝐴] = 𝜎√
𝜋

2
L(−

𝛾2

2
) 

Var[𝐴] = 𝜎𝐴
2 = 2𝜎2 +𝒜2 −

𝜋𝜎2

2
𝐿2 (−

𝛾2

2
), 

(A11) 

where  𝐿(𝜁) = exp(𝜁/2) [(1 − 𝜁)I0 (−
𝜁

2
) − 𝜁𝐼1 (−

𝜁

2
)]. 
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Fig. 17. Denoised results for a) “Dark” dataset: a) scene, b) GT, c) noisy input 

𝐼𝑇 = 400𝜇𝑠, d) Dabov et al. [16], e) Lenzen et al. [25], f) proposed 𝑁𝐿𝑀𝒁′. 

 
Fig. 18. Denoised results for “Umbrella” dataset: a) scene, b) GT, c) noisy input 

𝐼𝑇 = 200𝜇𝑠, d) Frank et al. [31], e) modified 𝐵𝑀 𝐷𝛼,𝛽, f) proposed 𝑁𝐿𝑀𝒁′; 

potential zones of multi-path artifacts are pointed in blocks. 

  
Fig. 19. Denoised results for “Umbrella” dataset: a) noisy input 𝐼𝑇 = 400𝜇𝑠, b) 

Huhle [21], c) Chan et al. [27], d) Frank et al. [31], e) modified 𝐵𝑀 𝐷𝛼,𝛽, f) 

proposed 𝑁𝐿𝑀𝒁′; potential zones of multi-path artifacts are pointed in blocks. 

 
Fig. 20. Denoised results for “Leaves” dataset: a) scene, b) GT, c) noisy input 

𝐼𝑇 = 50𝜇𝑠, d) Lenzen et al. [24], e) modified 𝐵𝑀 𝐷𝛼,𝛽, f) proposed 𝑁𝐿𝑀𝒁′. 

(a) (b)

(c) (d)

(e) (f)

(a) (b)

(c) (d)

(e) (f)

(a) (b)

(c) (d)

(e) (f)

(a) (b)

(c) (d)

(e) (f)
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Fig. 21. Denoised results for “Lobby” dataset: a) scene, b) GT, c) noisy input 

𝐼𝑇 = 50𝜇𝑠, d) Kopf et al. [23], e) Chan et al. [27], f) proposed 𝑁𝐿𝑀𝒁′. 

 
Fig. 22. Denoised results for “Workbench” dataset: a) scene, b) GT, c) noisy 

input 𝐼𝑇 = 50𝜇𝑠, d) Lenzen et al. [24], e) 𝐵𝑀 𝐷𝛼,𝛽, f) proposed 𝑁𝐿𝑀𝒁′. 

 
Fig. 23. Denoised results for “Seal” dataset for noisy input 𝐼𝑇  =  50: a) scene, 

b) Frank et al. [8], c) Huhle et al. [21], d) Lenzen et al. [25], e) 𝑁𝐿𝑀𝛼,𝛽, f) 

proposed 𝑁𝐿𝑀𝒁′; The corresponding images for input and the GT depth are 

shown in Fig. 14(a) and Fig. 1(a), respectively. 
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Abstract: “View-plus-depth” is a popular 3D image representation format, in 

which the color 2D image is augmented with a gray-scale image representing the 

scene depth map aligned with the color pixels. In this paper, we propose a novel 

depth map compression method aimed at finding an optimal spatial depth scale 

and down-sampling (sparsifying) the depth image over it. The down-sampled 

depth image is then compressed by a combination of a new arithmetic and a 

predictive coder. Our approach is motivated by the current achievements in 

multi-sensor 3D scene sensing where low-resolution depth map captured by 

time-of-flight sensors is successfully up-sampled and aligned with high-

resolution RGB images. In our approach, color image segmentation in terms of 

super-pixels is used for finding the optimal depth scale and 

corresponding down-sampling. In contrast to other segmentation methods, it 

results in an isotropic and balanced low-resolution depth image, which is easily 

compressible. A bilateral regularizer is used for reconstructing the original-size 

depth map out of the low-resolution one and for splitting and predictive coding 

of segments with high reconstruction error. The scheme compares favorably 

with other methods for depth map compression. 

1. Introduction 

Depth map is an image-like representation of the geometry of a 3D visual scene observed 

from a particular viewpoint. It usually augments an aligned color 2D image, as seen from 

the same perspective, and represents the distance between each color pixel and its 

corresponding scene point in 3D space. The combined 2D color image and depth map are 

referred to as „view plus depth‟ (V+D) or „RGB-Z‟ representation format [1, 2]. The 

depth map is stored as a greyscale image having the same size as the color image, so each 

pixel of the 2D color image has a corresponding depth value on the map (c.f. Figure 1c, 

d). Such 3D scene representation is typically used to render perspective views on 3D 

displays (e.g. auto-stereoscopic 3D displays), or for 3D view generation by Depth-Image-

Based Rendering (DIBR) methods [3]. It offers flexibility in decoupling scene capture by 

various capture setups from scene visualization on various displays and has been 

considered as part of the new 3D video compression (3DVC) standards [1]. It is also 

instrumental in computational photography for generating post-capture effects such as 

refocusing, vertigo or synthetic aperture.  

Depth map data is created by techniques such as „structure-from-stereo‟ or sensed by 

dedicated range (depth) sensors employing e.g. Time-of-Flight (ToF) sensing principles 

[4]. In both approaches, initial depth estimates come degraded (noisy) and with lower 

spatial resolution with respect to the resolution of the color camera. In passive „structure-

from-stereo‟ approaches degradations are caused by occluded, or textureless, or repetitive 

texture areas and/or disparity quantization [5]. In active ToF approaches, degradations are 



cased by the non-confocal positioning of the RGB and ToF sensors and the presence of 

noise caused by ambient light, low illumination or short integration time of the sensor [6]. 

The range measurements depend heavily on the intensity of the reflected light, and 

therefore the sensor elements are made bigger (e.g. ~150μm) than those for the color 

sensing (e.g. ~2μm) [7]. As a result, the sensed depth map comes in very low-resolution 

(e.g. 120x160 pixels) [8]. Furthermore, its non-confocal position with respect to the color 

camera requires projective alignment bringing the depth map grid at irregular positions 

with respect to the color pixel grid. A great deal of research has been devoted to 

upsampling and refining estimated and sensed depth maps. Use has been made of the 

depth map nature as a piece-wise smooth function where smooth objects at different 

depths are delineated by sharp edges coinciding with edges of the same objects in the 

color image and related bi-lateral or multi-lateral joint filtering schemes have been 

proposed [9, 10]. Figure 1 illustrates a 3D scene sensed by a low-resolution depth sensor 

in noisy conditions, where the depth data has been denoised, upsampled and aligned with 

the color data, in order to be used for virtual view synthesis.  

 
Figure 1: Sensed 3D scene. From left to right: Pseudo-colored depth map zoomed-in to 

emphasize noise; Sensed depth map in native low resolution; Color image of the same 

scene; Upsampled, aligned and refined depth map; Virtual view synthesized by DIBR 

In general, depth compression methods have been dealing with depth maps, which had 

been refined and aligned with the color images before compression. Several approaches 

have considered the piece-wise structure of the maps and suggested related 

decompositions in order to capture the edges along with large areas of constant or slowly 

varying depth. In [11], the authors have modeled depth blocks as piecewise-linear 

functions (platelets) and performed quad-tree decomposition in a wavelet packet fashion. 

The approach has been generalized in [12] for the case of anisotropic partitioning. A 

fractal-like splitting mechanism has been proposed leading to an anisotropic three 

structure better adapted to depth edges. Each block in the decomposition is approximated 

by a plane described by the block corner pixels, which are then predictively encoded. 

Pyramidal decomposition for depth compression has been proposed in [13, 14]. The 

authors have employed two pyramid structures, one for arc breakpoints and another for 

sub-band samples. Other works have considered block partitioning and wedgelet edge 

modeling of non-rectangular intra-block segments [1]. The same wedgelet modeling 

approach has been combined with inter-component prediction, where blocks from the 

color image have been used to predict edge directions in the depth image [2]. A number 

of works have concentrated on detecting and encoding segments of the depth map, 

independently or in connection with the accompanying color image. A lossless 

compression method dealing with quantized disparity maps has been proposed in [15]. 

Depth contours are detected and efficiently encoded by a predictive encoder. The method 

has been applied also for lossy compression, where segments are obtained by iterative 

splitting into vertical and horizontal segments of constant value utilizing a greedy pursuit 

HD Format



approach [16]. The inter-relation between color and depth contours has been exploited in 

[17], where the authors use color segmentation to predict shapes of different depth 

surfaces. Each depth segment is then approximated by a parameterized plane and 

subsequently encoded by an H.264/AVC codec. The representation requires storing 

auxiliary information about the segmentation. Another idea of storing segmentation 

contours as image areas has been studied in [18] along with an in-painting based 

predictive coding. Still, the approach requires storing pixel positions of segment border 

pixels.  

In this contribution, we propose a novel approach to depth map compression in the joint 

V+D representation. Our approach is motived by the fact that depth is a piece-wise 

function with low variations with respect to the resolution imposed by the aligned color 

image. Correspondingly, the inherent scale of the depth image is different and lower. This 

assumption is supported by the results of depth sensing where low-resolution depth maps 

have been successively upsampled and aligned with the accompanying color modality. 

Therefore, we develop our method on the concept of optimal depth map spatial scale, 

which can be inferred from the joint presence of color texture plus depth. To this end, we 

are after an isotropic depth downsampling related with that scale which leads to a depth 

image-like representation of low resolution. We employ isotropic color image 

segmentation in terms of super-pixels to find the corresponding downsampled depth 

version. We employ a bilateral filtering as a regularized depth reconstruction technique, 

which has proven its superiority in depth sensing applications. While the so-obtained 

downsampled depth map is easy to compress, the compression quality can still be 

improved by a subsequent partitioning of problematic segments followed by a predictive 

and specific arithmetic coding. We demonstrate that the method has a competitive 

performance especially for low bit-rates, making it especially applicable for applications 

where one wants to embed the compressed depth data into the color image. The scheme is 

very flexible as it can accommodate any established method for image and data 

compression.  

2. Image segmentation in super-pixels 

Super-pixel based segmentation plays a central role in our approach [19]. Super-pixels 

are segments that have regular (isotropic) and compact representation with low-

computational overhead. A typical super-pixel behaves as a raster pixel on a low-

resolution near-regular grid. Perceptually, super-pixel areas are homogeneous in terms of 

color and texture. Two main approaches for generating super-pixels can be cited, namely: 

SLIC (Simple Linear Iterative Clustering) [19, 20], and SEEDS (Super-pixels Extracted 

via Energy-Driven Sampling) [21, 22]. Examples of super-pixel segmentation are given 

in Figure 2. 

An elegant feature of the super-pixel segmentation is that it takes the desired number of 

super-pixels as an input parameter and that for this number it is reproducible in terms of 

super-pixel areas and indexing [20]. It also allows for iterative refinements. Super-pixels 

follow the edge shape between color textures [23]. This is instrumental for finding also 

edge shapes between objects in the 3D scene, as illustrated in Figure 2. An image 

partitioned in super-pixels has a clear isotropic form in terms of rows and columns. 

Therefore, such an image can be stored and indexed efficiently as an isotropic map 



mimicking a 2D image. To ensure reproducing the same super-pixels, the segmentation is 

applied on the already compressed color image in the encoder in a closed-loop.  

In our approach we use the super-pixel segmentation in order to find an optimal depth 

downsampling. One can create a number of successive super-pixel splinting patterns and 

use them for depth map downsampling, that is, replacing the depth values within each 

segment by a constant. The optimal scale and down-sampling is selected subject to the 

given bit budget and targeted quality. The obtained depth image resembles a sensed low-

resolution depth map and the original-resolution depth can be reconstructed by a 

regularized filtering, involving the color modality, using the super-pixels as adaptive 

support. Note, that the main benefit of super-pixels in contrast to other segmentation 

approaches is that the partitioning information (e.g. contours, edges, coordinates, 

indexing) is not required since the segmentation is fully reproducible.  

 

Figure 2: Super-pixel segmentation. From left to right: initial V+D; color and depth 

segmented by SEEDS; and by SLIC 

3. Depth map representation  

In this section we describe the conversion of the initial depth map into an isotropic map 

and refinement partitioning, both driven by an optimal super-pixel segmentation of the 

color image.  

3.1. Finding an optimal down-sampled depth map and building an 
isotropic map 

Consider a color image in YUV or RGB color space y(n) = [y
Y
(n), y

U
(n), y

V
(n)] or y(n) = 

[y 
R
(n),y

G 
(n),y

B 
(n)] and the associated per-pixel depth z(n), where n = [n1, n2] is a spatial 

variable,    ,   being the image domain. Consider several successive color image 

segmentation stages            resulting in increasing (refined) number of super-

pixels                 . Denote the area of a super-pixel at stage l and indexed 

by              , by   
  ⋃   

     
     . Under the assumption for a piece-wise 

constant depth within each super-pixel segment, the depth values within the segment are 

replaced by a constant value  ( )             
  , which minimizes the mean squared 

error (MSE) between the original depth and the depth reconstructed by a cross-bilateral 

filter: 
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For each segmentation stage           , the parameters of the filter     and the 

filter size   are also optimized to give a minimum MSE [9]. Figure 3 shows the effect of 

the cross-bilateral filtering on the quality of the reconstructed depth. The first column 

represents the scene in V+D format while the second column presents four zoomed-in 

patches. The effect of super-pixel driven down-sampling is illustrated by the images in 

column 3, while the depth reconstructed by the bilateral filter is shown in the right most 

column.  

 
Figure 3: The effect of depth-downsampling and cross-bilateral filtering on the 

reconstructed depth quality. From left to right: V+D; zoomed-in patches in the original 

depth; result after down-sampling; result after cross-bilateral reconstruction.  

Given a target bit-budget and a targeted quality, an optimal super-pixel segmentation 

     can be selected. The corresponding down-sampled depth is then converted to an 

isotropic map in the form of a regular image  ( ), where each pixel takes the value of a 

rectangular tile, approximately covering one super-pixel of constant depth. In other 

words, the irregular super-pixel areas get replaced by equally sized rectangular tiles. In 

practice, this works like finding the optimal size of the individual tile, which would have 

the best aspect ratio determined by the irregular super-pixels and covering relatively the 

same area. Figure 4 illustrates the procedure. In the figure, the first column represents the 

V+D format where the color image is segmented in super-pixels and a candidate regular 

grid is super-imposed. The two remaining depth images at the bottom row represent 

down-sampled depth for different super-pixel segmentations. The corresponding upper-

row images show the obtained regular (isotropic) maps. The upsampling from the low-

resolution isotropic map back to the original size of the depth map is straightforward.  

3.2. Refinement partitioning 

Partitioning can further refine the depth downsampling structure fixed by the optimal 

super-pixel segmentation. Super-pixels that cause high MSE in the reconstructed depth 

are processed. The refinement makes use of the super-pixel segmentation stages      

           . Segmentation elements at these stages maintain the isotropy while the 

covered area of related super-pixels in two consecutive stages do not coincide in general. 



For that reason, we implement a refinement, which also updates the neighboring 

segments of the segment being refined. 

 

Figure 4: Conversion from down-sampled depth to isotropic (regular) map for different 

super-pixel segmentation: a) 128, b) 512, and c) 2048 elements  

Consider a segment i at stage      covering an area  
 

    
 and causing highest MSE, 

hence to be refined. A set of indices of neighboring segments is denoted by    and their 

areas are denoted by   
    

     . The subsequent super-pixel segmentation      

  leads to finding super-pixels fully overlapping the area  
 

    
 and partially overlapping 

(some of) areas   
         . The latter areas are shrunk by excluding the overlapping 

areas and then the associated depth values are updated by re-running the bilateral 

optimization in Eq. (1). The procedure is illustrated by Figure 5. Note that the update 

does not take place if the neighboring sub-pixels have been already refined. The 

procedure continues with the segment causing the next highest MSE. The refinements 

can also go deeper into further states                  etc. creating a tree structure 

to be predictively encoded.   

 
Figure 5: Proposed refinement by super-pixel inter-stage partitioning. From left to right: 

super-pixel C at level L to be split and neighboring super-pixels A and B; super-pixels of 

upper level L+1 partially overlapping A and B; updated super-pixels A and B. 

The final data structure contains the following components: isotropic map (a 2D gray-

scale image)  ( ) corresponding to the segmentation stage Lopt; a tree B, containing the 

subsequent stages and list of refined segments per stage; and corresponding refinement 

values in a sequence P.  



4. Encoding depth map and related structure  

4.1. Predictive encoding specific to super-pixel partitioning 

The isotropic map  ( )    predictevely encoded similarly to JPEG-LS standard [24]. 

With reference to Figure 6a, consider the pixel element X
0
 to be predicted by neighboring 

elements A
0
, B

0
 and C

0
. The predictor Pr

0
 is defined as:  
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Figure 6: Proposed prediction for super pixels encoding  

a) isotropic map for initial isotropic level, and b) for remaining levels 

Refinement super-pixels, e.g.   
    

    
    

  as in Figure 6b are predicted by their parents 

and the prediction differences are stored in the sequence P and subsequently encoded by 

an adaptive multi-alphabet range coder [25]. For achieving higher efficiency, a uniform 

scalar quantization of prediction errors prior to their arithmetic encoding is applied.  

4.2. Encoding of partitioning index tree 

Figure 7 shows the structure of the tree, which contains the indexes of refined super-

pixels. First, the isotropic map is indexed for the refined and non-refined elements, where 

indexes of non-refined elements are encoded by zero and indexes of refined elements are 

encoded by 1. This forms a binary map, which is scanned column-wise to form the first 

tree level. Next level is for elements of segmentation stage       . At this stage, 

elements being further refined are encoded by 1 and those, which are not – by zero. The 

subsequent level performs the same for stage        and so on. Note that we do not 

need to store information about the number of children of refined super-pixels, as this is 

automatically found when the super-pixel segmentation for a particular stage is run.  

The binary isotropic map is encoded separately from the rest of the tree. We apply an 

own realization of Context-Adaptive Binary Range Coder (CABRC) [26].  For context 

modeling we assume that “split/no split” of current super-pixel depends on “split/no 

split” of its neighbors. Using this assumption, to compress partition map for current 

super-pixel X
0
, we use four binary contexts:  

































,3,,:

,2,,

1,,

0,,:

000

000

000

000

splitareCBAneighborsall

splitareCBAinneighbortwo

splitisCBAinneighborone

splitnotareCBAneighborsall

If

     

      

      

     

. 



 
Figure 7:  Forming binary partitioning indexing tree 

The remaining tree levels are compressed using one binary context.  

5. Experiments and results 

We present experiments for two V+D images: Breakdancer (View 0, Frame 0) and Ballet 

(View 4, Frame 0) [27]. We compare the PSNR between the original and decompressed 

depth vs the bitrate measured in bits per pixel (bpp). For our method, we present results 

without and with bilateral regularization and without and with predictive refinement. We 

compare our results with these in Milani et al. [17], P80[13, 14], GSOs+CCLV[16], 

H.264/AVC Intra, and JPEG 2000 standard. The results are summarized in Figure 9. Our 

method is quite competitive, especially for moderate (0.05÷0.2 bpp) and very low (< 0.05 

bpp) bitrates. Even for the basic implementation and with no refinement, it reaches PSNR 

above 40 dB. At such quality, the reconstructed depth maps are considered very good for 

virtual view rendering. The refinement steps contribute further improvement, which in 

some cases might go above 50 dB, which is near-lossless.  

 
Figure 8: Effect of different steps. From left to right: V+D; up/down: super-pixel map for 

128 super-pixel map and its bilateral reconstruction; same for 256 super-pixels; super-

pixel map predictively refined to achieve 0.03 bpp and its bilateral reconstruction.  

6. Conclusions  

We have presented a depth compression method based on depth down-sampling driven 

by super-pixel color segmentation. Among other state-of-the-art methods, our method 

excels with its simplicity and elegant encoding paradigm based on the assumption that 

depth scale is lower than the color image one. The method offers scalability, e.g. 

refinement steps can be omitted in some less-demanding or real-time applications. 



Varying the starting number of super-pixel elements easily controls the performance. The 

optimization procedure facilitates finding such super-pixel segmentation, which agrees 

with the depth boundaries.  The superior results for very low and moderate bitrates 

position the method as a candidate in applications targeting embedding the encoded depth 

as auxiliary data into the image coded stream. The depth down-sampling mechanism is 

simplified to great extent and can further benefit from powerful depth restoration 

methods originally developed in the context of active or passive depth sensing. The 

method has also a side effect of aligning color and depth edges which is beneficial for 

virtual view synthesis. 

 

 
Figure 9: PSNR between original and decoded depth map vs bpp. Breakdancer (View 0, 

Frame 0(up)) and Ballet (View 4, Frame 0 (bottom)); Encoding modes (from left to 

right): isotropic map only with regularization; predictive refinement and quantization.  
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ABSTRACT 
 
In this work we promote the asymmetric view + depth 
representation as an efficient representation of 3D visual 
scenes. Recently, it has been proposed in the context of 
aligned view and depth images and specifically for depth 
compression. The representation employs two techniques 
for image analysis and filtering. A super-pixel 
segmentation of the color image is used to sparsify the 
depth map in spatial domain and a regularizing spatially 
adaptive filter is used to reconstruct it back to the input 
resolution. The relationship between the color and depth 
images established through these two procedures leads to 
substantial reduction of the required depth data. In this 
work we modify the approach for representing 3D scenes, 
captured by RGB-Z capture setup formed by non-confocal 
RGB and range sensors with different spatial resolutions. 
We specifically quantify its performance for the case of 
low-resolution range sensor working in low-sensing mode 
that generates images impaired by rather extreme noise. 
We demonstrate its superiority against other upsampling 
methods in how it copes with the noise and reconstructs a 
depth map with good quality out of very low-resolution 
input range image.  
 

1. INTRODUCTION 
 
‘View plus depth’ is a 3D scene representation, which 
combines the photographic quality of color images with 
information about the scene geometry encoded by distance 
(depth) maps [1]. It is used in a number of applications 
such as 3D video coding, free viewpoint rendering, and 
mixing real with synthetic scenes (augmented reality), to 
name a few. In 3D video coding, the representation is 
instrumental for decoupling the capture format from the 
display format and for serving various stereoscopic and 
multiview displays. In free-viewpoint view rendering, it 
helps in providing near-continuous parallax, while in 
augmented reality it assists the correct insertion of 
synthetic objects within the real scene or vice versa.  

The depth modality is provided by either passive 
sensing techniques, employing depth from stereo 
estimation [2], or by active sensing, allocating dedicated 
range (distance) measurement devices. The latter utilize 
techniques such as structure light [3] or time-of-flight 
near-infrared continuous wave beamers and sensors [4]. In 

most cases the targeted output format is V+D, where the 
depth is aligned to the color image and the two modalities 
have the same spatial resolution [1]. In the format, the two 
modalities are essentially different. While the color 
modality represents the color texture variations of the 
objects, the depth modality is a piecewise smooth function 
which represents the gradual change of distances between 
the camera and scene objects. However, it also has edges 
well aligned with the edges in the color image as objects 
being at different depths create those. The piecewise-
smooth behavior of the depth has been taken into account 
when designing depth compression methods such as 
methods based on platelets [5], anisotropic threes [6], 
constant-value segments [1], or contour encoding [7]. The 
correlation between the depth and color images has been 
exploited by related prediction structures [8], e.g. edges 
from the color image estimate the edges in the depth 
image, or by designing dictionaries for joint intensity-
depth sparsification [9].   

Recently, we have proposed an asymmetric V+D 
representation, which substantially reduces the amount of 
data needed to represent the depth modality [10]. The 
depth is decimated based on an optimal super-pixel 
segmentation of the color image to a regular structure, 
which resembles a low-resolution depth image. The 
optimization of the super-pixel map is done with respect 
to a bilateral depth reconstruction filter, which 
reconstructs the decimated depth map back to its original 
resolution. We demonstrated the feasibility of the 
approach for compressing aligned V+D images with the 
same resolution [10]. In this work, we study the 
performance of that model for the case when a ToF sensor 
provides the depth map. The difference with the previous 
setting is that the sensed data appears noisy and on a 
different image plane. We modify the method accordingly 
and perform experiments to quantify how much the 
measurement noise invalidates the representation model 
and whether the model can cope with certain amount of 
noise. The paper is organized as follows. The proposed 
asymmetric V+D representation is presented in Section 2. 
Section 3 discusses the peculiarities of RGB+ToF sensing 
setup and the modifications to the representation it 
induces. Experimental results and related discussion are 
presented in Section 4,  followed by conclusions in 
Section 5.  
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Fig 1. Flow chart of proposed depth sparsification scheme 

2. ASSYMETRIC V+D REPRESENTATION 
 

2.1. Overview of approach 
 

Consider a view plus depth 3D scene representation where 
the color view modality is represented by a color image in 
e.g. RGB color space and 
the associated depth modality is represented by a gray 
scale image , where  is a spatial variable, 

being the image domain. We aim at finding a 
sparse representation of the depth, related with the aligned 
color image. The sparsification is sought in spatial 
domain. The goal is to output a low-resolution regular 
(isotropic) depth image , which structure is driven by 
corresponding color image segmentation in terms of 
super-pixels. The flowchart of the system, implementing 
our approach is given in Fig. 1. At each iteration , the 
color image is segmented by a super-pixel segmenting 
operator . A masking operator replaces depth 
values at each segment by a constant thus creating a 
piecewise-constant depth image A reconstruction 
filter  uses the latter to reconstruct an estimate of the 
original depth. The difference  controls the 
optimization of the filter parameters, the choice of 
constant depth values in super-pixel segments, and the 
next segmentation iteration. Upon reaching a 
sparsification criterion (or a bit budget limit), the optimal 
segmentation is selected and the irregularly segmented 
depth is turned to a regular low-resolution depth image 

by the corresponding operator The main blocks 

of the scheme are described in more details in the 
following subsections.  

2.2. Color image segmentation in terms of super-pixels 
 

By super-pixels we denote isotropic image segments 
having compact representation. They represent 
homogenous areas in terms of color and texture and 
behave as raster pixels on a low-resolution near-regular 
grid. Super-pixels can be generated by various 
segmentation approaches. We refer to two such 
approaches, namely: Simple Linear Iterative Clustering 
(SLIC) [11], and Super-pixels Extracted via Energy-
Driven Sampling (SEEDS) [12]. Examples of super-pixel 
segmentation are given in Figure 2. The structure of the 
super-pixel image segmentation is determined by the input 

(desired) number of segments. Given that number, the 
structure is fully reproducible in terms of segment areas 
and indexing [13].  

With reference to Fig. 1, consider several successive 
color image segmentation stages  
resulting in increasing (refined) number of super-pixels 

. At stage l, the segmenting operator  
outputs  super-pixels indexed by , 
where the corresponding segments are denoted by 

.  
In our approach, super-pixels are the blocks, which 

relate the color image with the associated depth map. As 
super-pixels are delineated along edge shapes between 
color textures and objects [13], it is expected that the same 
edge shapes between objects be presented in the depth 
map.  
 

2.3. Piecewise-constant depth modeling and 
reconstruction 
 

Under the assumption for a piecewise-constant depth 
within each super-pixel segment, the depth values within 
the segment are replaced by a constant value 

 . The constant values are selected in such a way 
as to minimize the mean squared error (MSE) between the 
original depth and the depth reconstructed by the filter  
The latter should impose locally-adaptive regularization in 
order to reflect the spatial relation between the color and 
depth images. Advanced filters, both local and non-local 
can be adapted for this purpose [14, 15, 16]. In our 
experiments, we use the cross-bilateral filter [17] in the 
following setting 

  where 

 
    (1) 

For each segmentation stage, the parameters of the filter 
 and the filter size  are also optimized to give 

a minimum MSE [18].  
 

2.4. Regular low-resolution depth image 
 

Upon reaching a desired quality of the reconstructed depth 
or a targeted bit-budget, an optimal number of super-
pixels at segmentation stage  is selected. The 

corresponding piecewise-constant segmented depth is 
converted to a regular image . Each pixel of this image 
corresponds to a rectangular tile, approximately covering 
one super-pixel of constant depth and takes its value. The 
size of the rectangular tile is selected to have the best 
aspect ratio determined by the respective irregular super-
pixel and to cover relatively the same area. 

The above proposed asymmetric view + depth 3D 
representation has the following advantages: 
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 The sparsified depth map is a regular image, which 
is easy to interpret and compress. It resembles the output 
of sensed depth maps;  

 In the representation, there is no need to use 
learned dictionaries of depth representation atoms or other 
sparsifying transforms – everything comes from the two 
computing modules: the super-pixel segmentation and the 
spatially-adaptive reconstruction filter;  

 This combination establishes the structural 
relationship between the view and the depth. The original-
resolution depth can be reconstructed by a regularized 
filtering, involving the color modality.  

 The main benefit of super-pixels in contrast to 
other segmentation approaches is that the partitioning 
information (e.g. contours, edges, coordinates, indexing) 
is not required since the segmentation is fully 
reproducible. 

An example is given in Fig. 2. A color frame from the 
Breakdancers dataset is segmented in varying number of 
super-pixels, the corresponding depth maps are 
downsampled and converted into regular maps and then 
reconstructed. Resulting PSNRs are given on top of the 
reconstructed depth images. 

3. 3D SCENE SENSED BY RGB + TOF CAMERAS 
 

3.1. Principle of operation of ToF range sensor  
 

In active 3D scene sensing, an RGB sensor provides the 
color modality, while an active range sensor provides the 
depth modality. It this work we specifically consider the 
depth as provided by a Time-of-flight (ToF) sensor. A 
typical ToF device consists of a beamer, an electronic 
light modulator and a sensor chip. An array of light-
emitting diodes (LED) operating in near-infrared 
wavelengths (e.g. 850 nm) forms the beamer. It radiates a 
continuously-modulated harmonic signal which 
illuminates the scene. Sensor elements (pixels) sense the 
light reflected from object surfaces by collecting charges 
during a selected integration time  (e.g. 2 ms). For each 
pixel, the range data is estimated in relation to the phase-
delay between the emitted and sensed (reflected) signals 
[4]. The phase-delay estimate is obtained as a discrete 
cross-correlation of successive measurements taken at 
equal intervals during the same modulation period. Mixed 
signal components: amplitude and phase  are 
estimated from the raw measurements [4]. The sensed 
distance is proportional to the phase, while the variance 
of distance measurements is proportional to the square 
inverse of the amplitude and the amplitude is inversely 
proportional to a monomial of distance [19]: 

 .             (2) 

The value of  is calculated after precise calibration of the 
sensor. The sensed distance signal is prone to 
measurement errors, caused by low- or multi-reflectance 

surfaces or ambient light. Furthermore, the ToF sensor 
might be set to work in so-called low-sensing mode, in an 
attempt to reduce the power consumption and the sensor’s 
physical dimensions. Specific denoising methods have 
been developed to cope with this type of noise [20,21,22]. 

 
Fig. 2.  Depth sparsification by color image segmentation in 
super-pixels (by columns from top): color image, the same 
segmented in super-pixels, the depth image with superimposed 
super-pixel regions; Downsampled depth maps for varying 
number of super-pixels; Corresponding isotropic maps; 
Regularized reconstructed output and corresponding PSNRs.  
 

3.2. Sensed asymmetric view + depth 
 

The asymmetric V+D representation discussed in Section 
2 assumed that the color and depth images are aligned i.e. 
they ‘see’ the scene from the same viewpoint. In the case 
of active 3D scene sensing, however, the RGB and depth 
sensors are non-confocal. They sense the scene from two 
slightly different perspectives and with different field of 
view. There is a projection relation mapping the 
coordinates of the ToF sensor on the RGB sensor plane. 

The spatial resolution of the sensors is also different. 
While the conventional color (RGB) cameras are with 
high resolution, the ToF sensors are with rather low 
resolution. Their sensor elements have larger surface 
compared to RGB elements (e.g. 150 μm vs. 8 μm) in 
order to cope with the sensitivity in the near-infrared light 
wavelength region. The geometric relations between the 
sensors can be formalized as follows: Consider the range 
map pixel The homogeneous world 
coordinates of the point are given by 

 

Resolution 14x19   Resolution 20x26   Resolution 28x37   

PSNR – 28.45dB 

512 super-pixels 1024 super-pixels 

PSNR – 30.74dB PSNR – 32.53 
Isotropic maps 

Regularized outputs 

256 super-pixels 

0 255 
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(3) 

 

where  is the focal length of the range sensor. The 
point is then reprojected on the RGB sensor plane 
 

                          
          , (4)

 

where  is the projection matrix relating the optical 
centers of the two sensors (camera extrinsics) and is the 
matrix with the intrinsic parameters of the RGB sensor. 
Note that a precise joint calibration between the two 
sensors is needed in order to identify the projection matrix 

. Discussing such calibration falls outside the scope of 
this paper.  

The projected depth appears 
at non-uniform coordinate positions with respect to the 
coordinate grid of the given RGB image

. Our proposal is to convert this non-
uniform depth map into a regular depth map structurally 
related with the color image through super-pixel 
segmentation. An optimal color image segmentation 

 is found in such a way so that 
each segment contains at least one point from the 
projected depth, i.e. , where  is the number of 
projected depth samples. The projected depth is 
replaced by one sample per segment 

Subsequently, the non-uniform 

depth is converted to a depth image being piecewise-
constant over the super-pixel regions then to a regular 
low-resolution depth image con-focal with color one: 

.  
 

4. EXPERIMENTAL RESULTS AND DISCUSSION  
 
We characterize the performance of the so-proposed 
asymmetric V+D representation by experiments on a 
synthetic photorealistic scene with known ground true 
depth. A non-confocal capture system is simulated. The 
color and ToF cameras have the same field of view of 50° 
and are positioned at 6 cm baseline. The spatial resolution 
of the RGB camera is set to 1024x768 pixels and the 
depth range is set to 0÷7.5m. The size of the range sensor 
pixel and the corresponding resolution vary as given in 
Table 1. The scene is shown in Fig. 3. The results are 
compared in terms of PSNR between reconstructed and 
ground true depth at the resolution of the color camera. 
Occluded pixels have been excluded from the evaluations. 

In the first experiment we quantify the performance 
of the super-pixel segmentation found with respect to the 
sensed reprojected depth in noise-free conditions. The  

Table 1. Varying range sensor resolutions, pixel sizes, and scale 
factors wrt color image resolution  

Resolution 640x480 320x240 160x120 80x60 40x30 
Pixel size [μm] 50 100 200 400 800 
Scale factor 2.56 10.24 ~96 ~163 ~655 

 

 
Fig 3. Rendered output of low-resolution range sensor for spatial 
resolutions of: a) 640x480, b) 160x120, c) 80x60, d) 40x30 
pixels; simulated ToF noise added to the 40x30 sensor output for 
γd: g) 0.75 m, h) 2 m, i) 2.5 m, and  j) 3 m. 
segmentation determines the nearest-neighbor 
interpolation from non-uniform depth to piecewise-
constant depth to be used in the depth map regularized 
reconstruction. We apply an iterative reconstruction of 
Richardson type:  

   (5) 

In the equation,  denotes a piecewise-linear interpolator, 
which interpolates depth values at the non-uniform grid 
points given the depth at the uniform grid ; is some 
upsampling operator, which upsamples the depth from the 
grid points  to the grid points ; is a regularized 
reconstruction filter, e.g. a bilateral filter, and  is a 
relaxation parameter. Two alternatives to the super-pixel 
based upsamping are considered. utilizes Voronoi 
cells , fitted around each non-uniform coordinate  
[23], i.e. .  fits a surface mesh 
over the sensed depth point cloud (the world coordinates 
of the sensed depth), then projects the mesh vertices over 
the RGB sensor plane and fills all regular points under the 
projected triangles with the corresponding surface values. 
This is an approach built-in in GPU hardware. Fig. 4 
illustrates the sensing topology with relative sizes of ToF 
and color pixels and their relative positions and tiling after 
reprojection. The first experiment considers either an 
upsampling only or a recursive reconstruction (two 
iterations tested) for different input spatial resolutions of 
the sensed depth.  
The results are shown in Fig. 6a. As seen from the figure, 
the combination of super-pixel segmentation and bilateral 
reconstruction demonstrates a superior performance over 
the whole range of tested resolutions.  It is also faster than 
the Voronoi cells fitting.  

In the second experiment, we test the performance of 
the upsampling methods in the presence of noise. We 
model the noise according to the ToF principle of 
operation (Section 3.1) for varying noise levels           

= [0.25, 0.5, 0.75, 1, 2, 2.5, 3] m: 

8m 

a b 

c d 

g h 

i j 
0.5m 
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Fig 4. Non-uniform upsampling for projected data in asymmetric 
non-confocal RGB+ToF setup. Top row: relative size of ToF 
sensors, same projected on the RGB sensor plane, surface fitting 
through triangulation of depth pixels; Bottom row: Voronoi cell 
fitting around depth pixels, super-pixel segmentation and relative 
positions of depth samples (in red). 

      (6) 

where The noisy range map is denoised by 
applying the method proposed in [21]. Both the noisy and 
denoised range maps are projected on the color image 
plane to get noisy and denoised projected depth maps on 
non-uniform grid. The sole upsampling and the 
combination of upsampling and reconstruction are applied 
to both the noisy and denoised range maps. The results for 
the three upsampling methods are shown in Figure 6 b, c, 
d. As seen in the figures, the surface fit upsampling 
method is inferior. It is more prone to distortions as the 
noise affects the position of the mesh vertices and the 
surface triangles might vary substantially. This is more 
difficult to correct with the bilateral filter. The depth 
edges appear smeared as a result of the wide and non-
spatially adaptive surface triangles. Low to moderate 
noise levels do not require preliminary denoising. The 
regularized reconstruction is good enough to cope with 
such amount of noise. While the super-pixel and Voronoi 
cell based upsampling show comparable results, the 
former is faster than the latter. While the Voronoi cells are 
determined by the topological position of the depth pixels 
only, the spatially-adaptive nature of the super-pixels 
allows reducing the number of depth pixels in the sparse 
depth representation. In our experiments, the number of 
super-pixel segments was set effectively twice lower than 
the number of sensed (and projected) depth pixels. This 
offers even more compact depth representation. For all 
methods, the regularized reconstruction of denoised depth 
(green curves) shows better consistency, i.e. the curves are 
like a sheaf.  Visual appearance of the three depth 
reconstruction methods is exemplified in Figure 5.  

5. CONCLUSIONS 
 

In this work, we modified a recently proposed asymmetric 
view + depth 3D scene representation to work for RGB-Z 
data sensed by a combination of color and ToF sensors. In 

 
Fig 5. Input depth map and regularized outputs a) Depth sensed 
by sensor of 40x30 pixels, pixel size of 800 μm and γd = 3 m; 
Regularized reconstruction by b) Surface-fit; c) Voronoi cells; d) 
Super-pixels.  
essence, we propose keeping the depth in low-resolution 

on a plane aligned with the color image. In our concept, 
the correlation between the two modalities is made 
explicit through a combination of super-pixel color image 
segmentation and regularized depth reconstruction by a 
spatially adaptive filter. This leads to spatially sparsified 
and regular depth image, which can be further compressed 
by a suitable image compression technique [10]. The 
proposed scheme seems quite suitable for asymmetric 
scene sensing since the pixel size of the range sensor is 
bigger than the size of the color sensor and 
correspondingly, the resolution of the range image is 
already smaller than the resolution of the color one. 
However, several important implications should be taken 
into account: 1) The color and range cameras should be 
well calibrated in order to find the correct projections of 
the depth pixels’ coordinates on the color image plane; 2) 
Since the depth is a mapping function, it should come to 
the scheme reasonably-well denoised – a high amount of 
noise invalidates the scheme while low to moderate noise 
levels are tackled well by the regularized reconstruction; 
3) Super-pixel based upsampling works well and is faster 
than the nearest neighbor upsampling based on Voronoi 
cells, which reflects only the spatial positions of the 
measured depth samples. 4) Surface fit, while considered 
attractive bacause it is available on GPU hardware, is 
more prone to noise. A preliminary denoising in the point 
cloud might be considered as a remedy [21].  
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(dotted, blue)            - noisy regularized 
(dot-dashed, green)  - denoised regularized 
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Abstract— We present a general framework which can handle 
different processing stages of the 3D scene representation referred 
to as view + depth (V+Z). The main component of the framework 
is the relation between the depth map and the super-pixel 
segmentation of the colour image. We propose a hierarchical 
super-pixel segmentation which keeps the same boundaries 
between hierarchical segmentation layers. Such segmentation 
allows for a corresponding depth segmentation, decimation and 
reconstruction with varying quality and is instrumental in tasks 
such as depth compression and 3D data fusion. For the latter we 
utilize a cross-modality reconstruction filter which is adaptive to 
the size of the refining super-pixel segments. We propose a novel 
depth encoding scheme, which includes specific arithmetic 
encoder and handles misalignment outliers. We demonstrate that 
our scheme is especially applicable for low bit-rate depth encoding 
and for fusing colour and depth data, where the latter is noisy and 
with lower spatial resolution.  
 

Index Terms— 3D, depth, fusion, compression, super-
pixel, Time-of-Flight, ToF, View-plus-depth, V+Z, V+D 
 

I. INTRODUCTION 

epresentation and processing of real-world three-
dimensional (3D) visual scenes has been of increasing 

interest recently in the light of new forms of immersive 
visualization achieved by the advancement of 3D display 
technology. The geometrical information about scenery can be 
sensed into an intensity image-like representation referred to as 
“depth map”. Each pixel of a depth map represents the distance 
to a particular point in 3D space as seen from a particular view 
perspective. Depth maps are combined with confocal captures 
of 2D color images to form a 3D representation, referred to as 
“View-plus-depth”(V+Z) [1, 2], where both images have the 
same size and are pixel-to-pixel aligned to augment each color 
pixel with its position in space. V+Z can be used for various 
applications, such as virtual view synthesis by Depth-Image 
Based Rendering (DIBR) [3], computational photography 
effects of refocusing, vertigo or synthetic aperture [4], and 
mixed reality [5] The format has been standardized in 3D video 
compression standards (3DVC) [1]. Figure 1 illustrates the 
color and depth modalities in blended transparent combination 
(i.e. the actual color is shown on the upper left corner and depth 
is shown pseudo-color coded in the lower right corner). As seen 
in the figure, the depth modality is a piece-wise smooth 
function, where edges are formed by objects situated in 
different distances. The blended transparency reveals that there 
is a certain alignment congruency between edges of both 
modalities (i.e. scene objects are at a certain depth).  

Depth maps of real scenes are captured and estimated by, 
generally, two groups of techniques, referred to as passive or 
active sensing. The “structure-from-stereo” estimates depth by 
matching similar (corresponding) pixels between two or more 
images captured from different perspectives. Dedicated (i.e. 
active) range sensors employ Time-of-Flight (ToF) principles 
to directly capture depth [6, 7]. In all cases, depth estimation or 
measurement usually come degraded by various artifacts. For 
example, in passive sensing, degradation is caused by 
ambiguity in textureless areas or repetitive patterns. 
Furthermore, depth resolution is degraded by the non-linear 
conversion (quantification) of matched disparities [8]. In ToF 
approaches, depth data is limited by the low sensor resolution, 
e.g.  [9]. It is constrained by the requirement of the 
photo-elements to work in high-sensitivity conditions, which is 
ensured by increasing the sensing element area. ToF sensing 
elements typically have plate size of , compared to the 
size of modern color sensors which is about  [7]. 
Otherwise, ToF sensors provide better depth resolution quality, 
however they are usually non-confocally located with respect 
to the companion color sensors. A 3D data fusion is required to 
mix the modalities into a confocal representation. Such 
processing stage includes projection alignment, non-uniform 
data resampling, denoising, and depth enhancement filtering 
[10, 11]. Figure 2 illustrates the fusion process for a non-
confocal asymmetric V+Z setup. 

In this work, we focus on the problem of optimally 
representing the V+Z data. Our inspiration is based on the fact 
that the depth is a piecewise smooth function aligned to scene 
object edges, which open possibilities for its sparse 
representation. We consider two cases. First, we consider an 
already aligned V+Z representation where depth and color 
maps are with the same resolution and we target the smallest 
decimated depth map representation which would ensure a 
faithful full-resolution depth reconstruction. Such approach is 
instrumental for depth compression and streaming in the form 

A General Framework for Depth Compression 
and Multi-sensor Fusion in Asymmetric View-

plus-Depth 3D Representation 
M. Georgiev, Member and A. Gotchev, Member, IEEE 

R 

 
Fig. 1. View-plus-Depth edge congruency examples (low-right parts show 
depth modality in pseudo colors) for a) “Ballet”, b) “Art” data sets.  
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of auxiliary data. Second, we consider a case, where the depth 
comes as low-resolution, noise-degraded map and the task is to 
restore it to its full resolution. Such case is instrumental in non-
confocal ToF/color data fusion systems.  

A. Depth and View-plus-depth compression 

Depth compression schemes can be roughly separated into two 
categories regarding whether the depth maps are compressed 
independently from or jointly with the aligned color images 
[12-23]. Methods for direct depth map compression include 
decomposition techniques for effective prediction of the 
underlying piecewise-smooth function [12, 13, 14, 15] or 
techniques for representing and compressing depth contours 
[16, 17, 18]. The inter-relation between the V and Z modalities 
has been explored in a number of works utilizing different 
cross-segmentation approaches [18, 19, 20]. Other works have 
considered block partitioning and “wedgelet” edge modeling of 
non-rectangular intra-block segments [2], sometime combined 
with inter-component prediction [1]. Some of the tools in 
image/video compression standards such as “JPEG/JPEG2000” 
[21, 22] or “H.264/HEVC/AVC” [23] are also effectively 
applicable for depth compression. 

B. 3D fusion of asymmetric View-plus-depth data 

3D data fusion problem has been considered in different 
research settings aiming at alighting the edges of the two 
modalities while enforcing piecewise smoothness of the depth. 
A layered Markov Random Field (MRF) model in [24] with the 
purpose to correlate a continuous smooth surface to the given 
samples of depth data. The MRF formalization have been 
further advanced in [25, 26] and [27]. In [28], the problem has 
been cast as in a dissipated heat anisotropic diffusion network, 
where the heat sources are the available data samples. 
Simultaneous surface fit and denoising have been considered in 
a number of works, employing either joint-geodesic distance 
[29], or moving least squares [30], or multi-point regression 
[31]. Cross-modality filters such as bilateral [32] and non-local 
[33, 34] have been implemented as to utilize the high-resolution 
color map as a guiding modality is the depth reconstruction 
process. Solutions based on bilateral filtering have been 
proposed in [35, 36, 37, 38], and solutions based on non-local 
filtering have been proposed in [39] and [40]. Other forms of 
edge-preserving guided filtering have been proposed as well 
[41]. A method based on total generalized variation (TGV) for 
optimization of anisotropic diffusion tensor structure has been 
proposed in [42]. The article provides also a benchmark data set 
for 3D fusion resampling quality evaluation for real-case data 
of asymmetric V+Z capturing setup, where depth maps are 
obtained by noisy ToF sensor. 

C. Relation with previous work 

Previously, we have proposed techniques for depth resampling 
and 3D fusion for the case of an asymmetric non-confocal V+Z 
camera setup, where the depth is sensed in low-sensing 
conditions [43, 44], as well as techniques for near-lossless depth 
encoding [45, 46]. In the present work, we present a general 
framework, which addresses both cases.  

We further extend the technical stages of super-pixel (SP) 
segmentation, resampling, regularization, encoding, and 3D 
fusion. More specifically, we modify the segmentation 

clustering stage proposed in [45, 44] to ensure border 
congruency at hierarchical refinement levels and seed the SP 
clusters for non-uniform data samples to serve the case of 
projected data. Furthermore, we address the problem of 
possible misalignment between V and Z modalities caused by 
sensing artifacts. Such misalignment produces edge outliers 
that concentrate high amount of errors in the global cost metrics 
and thus mislead the error optimization in the coding process. 
To this end, we propose an efficient encoding scheme of such 
outliers in so-called “yield-flow” protocol. A modification of 
the adaptive regularized reconstruction is proposed as well.  

The article is organized as follows: Section II provides some 
preliminaries and notation conventions. Section III describes 
the proposed general framework along with description of basic 
super-pixel clustering, Section IV is dedicated to proposed 
Multi-layer congruent super-pixel clustering mechanism, 
Section V describes application realizations for depth encoding 
and 3D fusion of asymmetric V+Z sensor data, Section VI 
provides experimental results, and the manuscript is finalized 
in Section VII for some conclusive remarks. 

II. PRELIMINARIES  

A. View-plus-depth data format 

Consider a color image is some three-component color space, 
for example CIELAB [47]. Each pixel with index  is a three-
component vector , . When needed, 
the pixel is given with its coordinates related to the camera 
projective system ,  [48]. The associated 
depth value is denoted by . When sensed by active sensors, 
the depth map relates with the range data , which represents 
distances from pixels to scene points [42]. When estimated  
from stereo, the depth values relate with disparity values  
showing the shifts between corresponding pixels . In many 
encoding applications, depth is quantized as “inverse depth”, 
[7] 

,                (1) 

where  are the minimum and the maximum sensed 
values of the depth in the scene, and  is the number of 
quantization levels. Usually, disparity and depth are represented 

 
Fig. 2. Example of 3D sensing by a) non-confocal asymmetric camera setup, 
where b) HD color sensor, c) sensed depth map zoomed to emphasize noise, 
d) de-noised, aligned, and fused output for virtual DIBR view synthesis.

Color
camera

ToF
device

a)

b)

c)

d)
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as 8-bit integers, . When sensed by some 
active range sensor, depth maps are non-confocal to the color 
maps and can come with lower spatial resolution and floating-
point higher range, e.g. , , , . In 
such case, the output of the V+Z representation is calculated by 
projective alignment and depth resampling, referred to as 3D 
fusion.  

B. Super-pixel clustering 

Super-pixel (SP) based segmentation plays an essential role in 
the proposed framework. Super-pixels are segments that have 
near-isotropic and compact representation with low-
computational overhead. A typical super-pixel behaves as a 
raster pixel on a low-resolution near-regular grid. Perceptually, 
SP areas are homogeneous in terms of color and texture. Two 
main approaches for generating super-pixels can be cited, 
namely: SLIC (Simple Linear Iterative Clustering) [49, 50] and 
SEEDS (Super-pixels Extracted via Energy-Driven Sampling) 
[51]. Hereafter we adopt the SLIC approach.  

An elegant feature of the super-pixel segmentation is that it 
takes the desired number of SPs as an input parameter and that 
for this number it is reproducible in terms of same SP areas 
(clusters) and indexing that follow the edge shape between 
color textures. For that reason, SP segmentation is instrumental 
for finding objects shapes in a scene, see the pear example in 
Figure 3 (b). The SP clustering is initialized by defining  seed 
locations of color points , . Those points are 
chosen to be equidistantly sampled in image coordinates  = 

 for roughly calculated sampling shifts [50] 
,                            (2) 

where  and  are the pixel dimensions of the sensor (c.f. blue 
dots1 in Figure 3 (a)). Pixels  are clustered to SP segments , 
where each segment  span pixels, as follows. For each 
image pixel , a neighborhood  (i.e. seeding support region) 
is associated. The neighborhood seeding support region spans a 
rectangular area of dimensions  around . Closest 
similarity of to seeding points  within  is found by 
applying e.g. a bilateral cost, which assigns  to segment : 

 
1 Color versions of the figures in this paper are available online. 

,           (3) 

where  are weighting constants.The clustering is 
iterated by updating the seeding points  with the arithmetic 
mean for the pixels assigned to the associated cluster : 

      . .                              (4) 

A polishing step that enforces connectivity of points of each 
segment is applied at the end [50]. 

III. PROPOSED GENERAL FRAMEWORK FOR V+Z RESAMPLING 

AND FUSION 

A. Depth resampling scheme 

We propose a general depth resampling scheme (DRS) to be 
used as a building block in various applications. The aim is to 
find an optimal representation of the depth map, for either 
compression or depth reconstruction. The block diagram of the 
proposed scheme is given in Figure 4. It takes as input the color 
image , a set of initial seeding points , and a depth map , 
which might be or might be not with the same resolution as the 
color image. The color image is segmented by a SP clustering 
operator ,  

.                                     (5) 
A masking operator  fills each segment with constant  
depth values , thus generating a depth map with the same 
resolution as the color image    

.                                   (6) 
The values are selected or calculated depending on the 
application. A cross-modality adaptive reconstruction filter  
reconstructs an estimate of the depth map  

,                                 (7) 
Furthermore, a depth down-sampling operator  turns either  
or  into low-resolution depth map   

,                              (8) 
 The scheme is general and can be integrated in other techniques 
requiring depth resampling and refinement.  We develop two 
such techniques, one related with near-lossless depth encoding 
and one related with asymmetric V+Z data fusion. However, we 
first propose a modification of the SP segmentation which 
would better serve the targeted applications.  

B. Multi-layer congruent super-pixel clustering  

In order to facilitate the operations in the DRS, we propose a 
novel multi-layer SP clustering to serve as the operator  (5). 
It is based on the SLIC method [50] and aims at finding a 
segmentation that has contour congruency among different 
refinement levels in a sense that a refinement level with smaller 

 
Fig. 4. Proposed depth resampling scheme (DRS). 

DRS

 
Fig. 3. Super-pixel clustering: a) SLIC method, b) its possible output, c) 
proposed modification, and d) its possible output. 

(c) (d)

(a) (b)
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number of segments has segment boundaries of SPs that are in 
union to those of a refinement level with higher number of 
segments (c.f. Figure 5 (a, b)).  

In the proposed solution, the clustering for some desired 
number  of SPs is done by several refinement stages , 
starting from an initial very fine mosaic . Assume the 
initial number of segments  and the corresponding seeds 

are selected in a way that only a few points  define each 
cluster (e.g. ). For each iterative step , the 
number of SPs is chosen to be smaller (e.g. decreased by two in 
each iteration)   

.                          (9) 
The clustering process for  combines segments of SP 
cluster  obtained in previous iteration . Denote 

the actual seeding points at iteration   by . In the general 
case, these are at non-uniform locations 

In order to find the new seeders for iteration , one 
first sets a coarser uniform grid with steps

(see the blue points in Figure 3 (c)). Seeders  
being closest to this grid are considered as attractors, as they 
are meant to attract other super-pixel centroids to form the new 
segments  (see the red points in Figure 3 (c)). This is done 

by calculating the bilateral distances (3) between each and 

within the neighborhood  (see the blue dashed 
rectangle in Figure 3 (c)), and appending super-pixels from 
iteration  to corresponding attractor super-pixels. This 
operation gives the new segment support . The new seeding 
points  are then updated both for their positions and values. 
The seeding point location ,  and its 
intensity value is calculated as the arithmetic mean of segment 
points 

, = ,           (10) 

Essentially, the operation is repeating the basic SLIC but 
working at each layer with super-pixels instead of pixels and 
maintaining non-uniform seeding positions to better describe 

the properties of the embedded super-pixels. It is important to 
mention that the resulted clustered segments  combine pixels 

from sub-segments (c.f. Figure 3 (d)), thus ensuring border 
congruency. The iterations end upon reaching a desired number 
of super-pixel segments . 
The proposed modification of the SP clustering brings a few 
benefits. First, it leads to a considerably better modeling of 
texture transitions (c.f. Figure 5). Second, using the mass center 
locations for seeding points, prevents the occurrence of a 
misaligned clustering done on finer mosaic scales for the 
consecutive iterations. The congruency of SP boundaries is of 
vital  importance for simplifying the encoding approach and 
improving the speed and quality performance of the originally  
proposed compression methods [44, 45]. 

C. Depth reconstruction  

The operator  (7) is expected to exploit the relation between 
color and depth through a cross-modality guided reconstruction 
filter [33] [32]. In practice, we adopt the cross-bilateral filter as 
modified in [37]. Two weight laterals are applied per pixel  
in pixel neighborhood (e.g. square block) :  

, ,         (11) 

Where { , } are parametrized Gaussian smoothing kernels 
[32] for the spatial proximity and intensity similarity 
correspondingly. Then the a bilateral weighted average is 
applied to each depth pixel 

,                    (12) 

to form the reconstructed map  (7). The neighborhood  (c.f. 
Figure 6 (a)) is selected to be proportional to the segment size 
of the current refinement level  

 
Fig. 5. Example of edge congruency of proposed super-pixel partitioning 
scheme applied on color map of V+Z data set “Art” for number of segments 

,  (left, right); boundaries visualized on a) color and b) depth. 

(a)

(b)

N = 64 N = 256

 
Fig. 6. Proposed reconstruction filter applied on “Art” data set: a) an adapting
principle, b) super-pixel masking operator output  for 64 segments and 
several refinement updates, c) filtered output , and d) zoomed regions 
(labeled by white rectangles “1” and “2”). 

 
Fig. 7. Block diagram of depth map encoding employing DRS. 

(a)
 

(b)

(c)(d)
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   .                           (13) 

The spatial proximity kernel  has to be related to the size of 
the neighborhood . An example of the filter performance is 
demonstrated by visual outputs given in Figure 6 (b-d). 

IV. APPLICATION CASES 

A. Depth map encoding application 

First application is encoding of depth map in the V+Z 
representation, where the color and depth modalities are already 
aligned. With reference to Figure 4, this means that the input 
pixel and depth maps are with the same spatial resolution.  

Figure 7 illustrates the proposed technique. The decimated 
depth map  being output of DRS undergoes arithmetic 
encoding exemplified by the operator . It outputs an encoded 
binary sequence . The reconstructed depth map  is compared 
against the original one by means of Sum of Squared Errors 
(SSE) on super-pixel level, and regions of high reconstruction 
error are split into finer and embedded super-pixels.  Their 
centroids are returned to the DRS module which updates the 
outputs for next-iteration reconstructed depth map  and its 
decimated version . The latter one along with the localization 
information for partitioned SP segments is stored in a predictive 
sequence unified with . The refinement process is applied 
iteratively subject to an encoding bit-budget  compared with 
the bit length of the sequence , i.e. . 
1) Depth refinement by super-pixel partitioning 
SSE is calculated for each super-pixel  

, ,                    (14) 

SPs with highest errors are marked for further refinement by 
going to the finer scale  being kept after the multi-

layer clustering. The seeding points  and the associated   
segments are fed back to DRS.   
2) Encoding schemes 
We encode three components: (A) The uniformly-decimated 
depth map produced at iteration  is encoded in predictive 
sequence ; (B) the depth values corresponding to partitioned 
SPs are encoded in predictive sequence ; and (C) the 
partitioned SP structure is encoded in the a binary sequence . 

(A) The decimated depth map  at stage  has an isotropic 
structure with dimensions  and values , 
corresponding to each segment , as illustrated in Figure 8. 
The segmentation structure comes from the color modality and 
can be reproduced, thus it does not need to be encoded. The map 
itself is encoded in a predictive sequence  similarly to  

“JPEG-LS” standard [21] and described in detail in our 
previous work [45]. 

(B) Consider  partitioned SPs with corresponding depth 

values  , ). These are predicted in a tree 
structure   by the difference with their parent sub-pixel  

 = .                                (15) 

The entire sequence  is subsequently encoded by an 
adaptive multi-alphabet range coder [52, 45]. 

(C) The partitioning is encoded in a binary sequence , formed 
by two sub-sequences { , which encode the 
partitioning of the isotropic map  and the partitioning tree 
structure  respectively, as shown in Figure 9. Partitioned 
SPs are indexed by  (split) and non-refined SPs are indexed by 

 (no split).  encodes the partitioned SPs for the initial stage 
 and the shape and indexing follows those of the isotropic map 

. The binary map is scanned column-wise to initialize the 
first index tree level in . Next level is for partitioned SPs 
belonging to consecutive refinement stages . Those 
are encoded in a concatenated sequence in . Note that it does 
not need to store information about the number of children of 
refined SPs, as this is automatically found when the SP 
clustering for a refinement level is run. For the last refinement 
level , there is an exception: SPs which are marked for 
partitioning are not indexed further, since the segment is 
entirely encoded by from the original depth values. The 
sequence  is encoded separately from the rest of the tree by 
a “Context-Adaptive Binary Range Coder” (CABRC) [53].  For 
the context modeling, it is assumed that “split/no-split” of 
current SP depends on “split/no-split” of its neighbors. Using 
this assumption, the value of a binary element , is assigned 
to four possible binary sub-contexts indexed by the sum of 
neighboring pixels. 

3) Encoding edge outliers by “yield-flow” protocol 
The efficiency of the proposed depth encoding approach relies 
on the ideal consistency between color and depth modalities. 
However, in real case of V+Z capture, depth maps can come 
with various artifacts caused by stereo-correspondence errors, 
low-resolution non-confocal depth sensors along with 
projection misalignment and resampling ambiguities 
introduced by measurement errors [43, 44]. Examples of 
regions with such artifacts are given for a frame of “Ballet” data 
set in Figure 10 (a, b). While artifacts of the above-mentioned 
types are affecting a relatively small number of pixels, the 
encoding residual error will be concentrated precisely around 

 
Fig. 8. Isotropic map generation for different number of super-pixels,  
a) , b)  elements. 

(a) (b)

 
Fig. 9. Binary tree structure for encoding super-pixel refinement partitioning. 
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them (c.f. Figure 10 (c)). We denote such problematic areas as 
edge-consistency outliers (ECO). The SPs which contain ECO, 
will indicate high SSE values (14), then the refinement 
partitioning will concentrate on those SPs attempting better 
quality which might go until the last refinement stage is reached 
and pixels are encoded individually. Apparently, the refinement 
scheme applied in such manner will be inefficient and could fail 
producing an optimal encoding output for the given bit-budget 

. To tackle the problem, we propose an optional ECO binary 
encoding scheme called “yield-flow” protocol (YF). It indicates 
an encounter of possible ECO, if the partitioned SP children 
have at least two members with the same depth value as of the 
parent SP. In such case, the encoding system activates YF 
process that consists of sequence of {“YES” - 1, “NO” - 0} flags 
(c.f. Figure 11). The first bit of YF tells the encoder whether the 
SP is to be encoded for ECO. If YES, then the YF follows the 
internal pixel boundary of the SP counter clock-wisely (c.f. 
Figure 11 (a, b)) starting from lowest-left boundary node of 
neighboring SPs. The positive bit value indicates whether the 
boundary segment has to be processed. The positive bits in YF 
will indicate a “yield” procedure: The depth value of processed 
pixel -  is replaced with the value of neighboring pixels in the 
horizontal and vertical nearest direction that belongs to other SP 
clusters of the same refinement stage. In case of many choices, 

the decision is done for the neighboring pixel that forms the 
smallest angle  between the neighborhood direction and the 
direction to SP centroid . In our realization, the yield process 
meets the following requirements. First, the SP should belong 
to a refinement stage higher than a certain threshold > , (e.g. 

). Second, pixels considered for the yield process are 
those that have no error comparing to GT for the new assigned 
depth value. Since the yield-processed pixels belong to GT, 
then those are excluded from the SP clusters of all higher 
refinement stages and should be skipped also by the 
regularization filtering step. The performance of the proposed 
edge outlier encoding is exemplified in Figure 10 (d), where it 
is shown that most of ECO are suppressed for a siginificant 
quality metric gain (c.f. Figure 10 (a-c)).  

B. Fusion for asymmetric V+Z camera setup 

The general DRS can be applied for 3D fusion of asymmetric 
V+Z data, provided some pre-processing is performed before 
feeding the DRS module as shown in Figure 12.  In the above 
mentioned setting, the two modalities are not-aligned as they 
come from two non-confocal sensors and the dedicated depth 
sensor is usually of lower resolution. The depth pixels , 

 should undergo  a re-projection step  to 
locate them onto the image grid of the color sensor  

,                              (16) 
where  are re-projected samples and  is a set of camera 
parameters related to some multi-view geometry model [48, 
54]. At the initial SP clustering stage, there are strictly  
seeding points  coinciding with the projected locations  of 

. The same association is done for the output samples . The 
projected locations   appear non-uniformly located with 
respect to the color map grip. Therefore,  are found by a 
standard interpolation  (e.g. by bi-cubic splines [55])  

  .                              (17) 
The size of the seeding support region  for the SP clustering 
operator   (5) is fixed by the scale difference between the 
dimensions of the two sensors: . 
Furthermore, a Richardson-Lucy iterative scheme [56] is 
applied iteratively 

                        ,  

          , 
(18) 

where  is a regularization constant. For each iteration , the 
error residual  is used as a feedback input to DRS, and 
further, the reconstructed result from  is accumulated for 
initial reconstruction  Usually, very few iterations  (e.g. 

) are enough to converge to optimal output of . 

V. EXPERIMENTAL RESULTS 

We present experiments demonstrating the utilization of the 

 
Fig. 10.  Example of an edge outlier encounter for a frame from “Ballet” data
set: a) depth and color fusion with added transparency, b) zoomed regions, 
absolute residual error for encoded depth for the same bitrate of 
bpp: c) non-applied (  ) and d) edge outlier encoding applied (

). 

 
Fig. 11. Proposed edge outlier coding approach and resulting coding
sequence: a) input segment, b) modified output. 
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Fig. 12. Block diagram of proposed 3D fusion employing DRS.
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proposed framework in two cases: depth encoding and fusion 
of asymmetric V+Z data. To quantify the performance, we use 
the standard mean absolute error (MAE), root mean squared 
error (RMSE) and the related Peak-Signal-to-Noise Ratio 
(PSNR) in [ ] between the processed and ground true depth 
maps. For datasets, where geometry is represented by disparity 
maps, we use also the percentage of bad pixels (BAD) which 
shows the percentage of disparities which differ from the 
ground true disparity map by more than one pixel [8]. The 
following datasets are used in the experiments: Microsoft’s 
“Breakdancer” and “Ballet” [57]; Middlebury’s “Aloe”, “Art”, 
“Baby”, “Dolls”, “Teddy”, “Cones”, and “Bowling” [8]; and 
ToF data. The latter contain scenes captured by asymmetric 
non-confocal V+Z stereo-camera setup, where the depth sensor 
is a noisy Time-of-Flight (ToF) camera with pixels 
spatial resolution, while the color camera is of resolution 

 pixels.  

A. Depth compression for View-plus-depth data 

The quality metrics are calculated versus the encoding 
(compression) rate in bits-per-pixel ( ) measured on the 
encoded isotropic map . The first experiment characterizes 
the gain obtained by applying the reconstruction filter  (7). 
The results are shown in Figure 13 (a). The quality is varied by 
varying the SP segmentation point on the plot indicates the 
PSNR between either  or reconstructed (regularized)  and the 
non-compressed depth. By increasing the number of SP 
elements K, one gets higher quality for the price of high bit rate.  
No further optimization is applied. Still, the proposed technique 
reaches PSNR of about   for  bpp with additional 
improvement of at least   when the reconstruction filter is 
applied. 

For optimized encoding, we employ the classical “Rate-
distortion Optimization Scheme” [58]. The only varying 
parameter in the system is the choice of the refinement stage  
for the initial segmentation, which in all experiments was fixed 
to  elements, . For the depth encoding 
scheme that utilizes also predictive refinement and the proposed 
YF encoding, the output results are compared against the works 
denoted as: “Platelet” [12], ”Milani” [18], “P80” [15], 
“GSOs+CCLV”, “GSOm+CERV”[16], “H.264” [23], 
“JPEG2000” [22]. Since “GSOs+CCLV” and “GSOm+CERV” 
perform optimally for different bitrate zones, for those, a single 
plot is given that holds the better metric value. The results are 
given in the plots of Figure 13 (b-f) for different test data. The 
proposed method is clearly highly competitive and performs 
best for very low bitrate regions (e.g. ), where the 
quality of the decompressed output is above . This is 
considered near- lossless for most of the rendering applications 
utilizing depth maps [59]. A depiction of decoded and 
reconstructed depth map for “Art” data set for bit budget 

is shown in Figure 13 (h). When YF is applied for 
test sets with problematic zones (e.g. “Ballet”), the results are 
highly competitive for the entire range. In another test, we 
calculate the BAD metric as plotted in Figure 13 (g). The curves 
show that for a wide range of tested stereo-matching datasets of 
Middlebury [8], the proposed technique robustly fades the BAD 
percentage to about  for bitrates below  
[60]. Such performance is in par with the performance of the 

highest-ranked stereo-matching estimation algorithms [8]. The 
performance of our method is slightly inferior for datasets of 
low-depth contrast and low-resolution (e.g. “Bowling” (c.f. 
Figure 13 (f)).  

B. 3D resampling and fusion of asymmetric View-plus-depth 
data 

For this experiment we use the dataset from [42] which are 
commonly adopted benchmarking datasets. The datasets 
provide projected irregular data samples  ready to be applied 
for 3D fusion and resampling. The GT depth maps have been 
captured by another high-end high-definition depth sensor. The 
scenes are referred to as “Shark”, “Books” (c.f. Figure 14(a, b)), 
and “Devil”. 

Along with basic methods of “Voronoi (NN)”, “Bilinear” , 
and “Bicubic” resampling, the proposed fusion technique has 
been compared to the performance of а number of state-of-art 
3D fusion methods “BF” [36], “AD” [28], “GF” [41], “Hyp” 
[37], “Yang” [38], “JGF” [30], “IMLS” [30], “CLMF” [31], 
“TGV” [42] and “Yang” [38]. The code scripts for all the 
referenced methods have been obtained online and run for the 
tuned or default settings, when the authors of the particular 
approach provide code scripts for the evaluation of same 
benchmarking test. The calculated MAE and RMSE are given 
in Table I; visual outputs of some of the methods and scenes are 
given in Figure 14; and the absolute difference maps with 
respect to GT data are depicted in Figure 15. The visual outputs 
for zoomed region (shown with black edge in Figure 14 (a, c)) 
of a miniature elephant sculpture is provided in Figure 16). The 
proposed framework has been tested for three cases: “Proposed 
(SP)” with no iterative refinement applied, and when iterative 
refinement has been applied for  = 3 iterations (“Proposed 3 
iter.”). The results can be analyzed as follows: the proposed 
framework in its basic form provides a balanced output in terms 
of error metrics, when compared to similarly performing 
methods e.g. “Hyp”, “TGV” and “GF”, where “TGV” has the 
most competitive results. However, “TGV” is slow and took 

TABLE I 
METRIC RESULTS FOR V+Z FUSION RESAMPLING TECHNIQUES 

Data set name “Book” ”Shark“ “Devils” 

Metrics MAE RMSE MAE RMSE MAE RMSE

Voronoi(NN) 21.21 4.05 24.745 5.01 15.15 3.18 
Bilinear 20.56 4.93 28.21 5.02 16.49 3.22 
Bicubic  27.77 17.60 31.68 19.48 26.25 18.03 
BF [36] 21.05 6.19 24.76 7.79 15.30 5.27 

AD [28] 26.10 15.30 30.20 17.08 24.55 16.14 

GF [41] 17.02 5.32 19.87 6.51 12.38 3.85 

Hyp [37] 18.41 3.46 23.06 4.47 14.83 3.25 

Yang [38] 24.87 13.28 29.85 15.86 23.50 14.72 

JGF [29] 25.67 15.06 28.93 16.54 23.86 15.75 

IMLS [30] 26.14 15.47 35.38 17.53 24.45 15.95 

CLMF [31] 25.67 15.06 28.93 16.54 23.86 15.75 

TGV [42] 19.70 3.86 23.92 4.15 14.31 3.24 

Proposed (SP) 19.84 4.69 22.85 4.56 14.84 3.12 

Proposed (1 iter.) 17.94 4.22 21.13 5.33 12.77 3.20 

Proposed (3 iter.) 16.16 4.21 19.33 4.48 11.60 2.81 

* - Bold text indicates best performing result in each data set 
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about 10 minutes on our computing platform, while our 
proposed technique offers real-time performance. Basic 
interpolation methods involving no cross-modality filtering e.g. 
“Voronoi (NN)” and “Bilinear” perform surprisingly well in 
some cases (c.f. Table I), which can be explained by the 
imperfectly aligned data modalities for GT data. Cross-
modality filtering methods aim at finding edge congruency 
between V and Z modalities, and any initial misalignment leads 
to high error (c.f. Figure 15 (a-d)), which is not manifested in 
the direct resampling methods. However, visual appearance of 
the latter is not good in overall (c.f. Figure 15 (e, f)).  

VI. CONCLUSIONS 

The presented work improved and streamlined our previous 
depth compression method [45] to a more general aspect of 
treating View-plus-depth data.  Specifically, we relate the depth 
representation with the underlined color modality in terms of 
super-pixels. To this end, we have proposed a novel hierarchical 
super-pixel segmentation which keeps the boundary 
congruency of successive layers. In this way, the segmentation 
structure is very suitable for depth modelling in terms of 
constant depth segments, and its subsequent down-sampling for 
effective encoding or for its color-adaptive reconstruction. 
More specifically, the SPs allow for embedding also the down-
sampled depth isotropic maps and thus achieving better 
performance of the encoding scheme. The reconstruction filter, 
which leads to smoothed and well-aligned depth maps, has been 
made adaptive to the size of the refining SPs. We have added a 
boundary correction in terms of the proposed edge outlier 
encoding protocol.  Apart from effectively avoiding code 
redundancies related to misaligned V+Z data, such boundary 
correction provides a suitable alignment of the two modalities, 
which is important for rendering virtual views.  

The proposed encoding technique is highly competitive in 
the very low bit rate region. The general framework is also 
suitable for fusing non-confocal sensor data with asymmetric 
spatial resolution. It is easily tunable for other image processing 
tasks such as segmentation and multi-sensor data sparsification.  
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A speed-optimized RGB-Z capture system with improved denoising 
capabilities

Aleksandra Chuchvara, Mihail Georgiev, Atanas Gotchev
Department of Signal Processing, Tampere University of Technology, P. O. Box 553, FI-33101,

Tampere, Finland

ABSTRACT  

We have developed an end-to-end system for 3D scene sensing which combines a conventional high-resolution RGB 
camera with a low-resolution Time-of-Flight (ToF) range sensor. The system comprises modules for range data de-
noising, data re-projection and non-uniform to uniform up-sampling and aims at composing high-resolution 3D video 
output for driving auto-stereoscopic 3D displays in real-time. In our approach, the ToF sensor is set to work with short 
integration time with the aim to increase the capture speed and decrease the amount of motion artifacts. However, 
reduced integration time leads to noisy range images. We specifically address the noise reduction problem by performing 
a modification of the non-local means filtering in spatio-temporal domain. Time-consecutive range images are utilized 
not only for efficient de-noising but also for accurate non-uniform to uniform up-sampling on the high-resolution RGB 
grid. Use is made of the reflectance signal of the ToF sensor for providing a confidence-type of feedback to the de-
nosing module where a new adaptive averaging is proposed to effectively handle motion artifacts. As of the non-uniform 
to uniform resampling of range data is concerned, we have developed two alternative solutions; one relying entirely on 
the GPU power and another being applicable to any general platform. The latter method employs an intermediate virtual 
range camera recentering after with the resamploing process degrades to a 2D interpolation performed within the low-
resolution grid. We demonstrate a real-time performance of the system working in low-power regime.

Keywords: Time-of-Flight, ToF, data fusion, video plus depth, non-local means, GPU.

1. INTRODUCTION 
3D video is a type of visual media, which delivers to the viewer a 3D depth perception of the observed scenery. The 
interest in 3D video production has notably increased recently along with the advances in 3D display technologies. This 
includes novel depth sensing camera hardware, combined with 3D analysis and image processing algorithms. Research 
in this area spans the whole media processing chain from capture to display [1]. 3D video technology can be applied in 
wide variety of applications, including 3D cinema, home 3DTV production and 3D video services for mobile devices. 
However, nowadays a fully automated 3D video content generation is still a challenging task. The problem is that to
achieve high quality output, and multiple (free) viewpoints of the captured scene, the scene geometry and object’s
texture have to be accurately captured, estimated and reconstructed. Also, essential problems are caused by ambiguities 
and occlusions as well as noise and other inaccuracies in signal acquisition and calibration parameters, thus reliable 
estimation cannot always be guaranteed. 
Accurate depth sensing is the most important part concerning 3D video output generation. There are many approaches to 
obtain scene depth information. In case of dynamic scenes acquisition, Time-of-Flight (ToF) sensors are favored as they 
are capable to deliver range images at real-time rates [2]. For depth data acquisition ToF camera based on the Photonic 
Mixer Device (PMD) principle is used [2, 3]. These cameras deliver per pixel distance information with high frame rates 
and thus are suitable for dynamic scene capturing. While there are variations of the technology, a conventional ToF 
camera acquires range (or distance) data by using active sensing illumination. A beamer illuminates the whole scene with 
near-infrared light and a CMOS sensor senses the light reflected back by scene objects. Every pixel in the sensor array 
independently computes the correlation of the received reflected light with the phase-shifted reference signal. The 
calculated phase-delay output of the mixed signal is proportional to the sensed range. However, current ToF devices 
have certain technology limitations such as low spatial resolution compared to e.g. full High-Definition (HD) resolution, 
and limited ability to capture color information [4]. A solution in this case is to combine two or more separate devices 
responsible for color (RGB) and range (Z) data.
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Setups described in [5, 6, 7] utilize configuration with a single color view and a single range device. Approaches
described in [6,7] suggest up-sampling the low resolution depth maps by means of adaptive bilateral filtering preventing 
edge blurring in geometry data while smoothing it over homogeneous regions. However, such approaches require the 
input depth and color data of the scene to be pixel aligned and not influenced by range uncertainties of projected 
position. A scene reconstruction method that iteratively adds every unique scene portion of scene data utilizing both 
geometric and color properties of the already acquired parts of the scene is proposed in [7]. Another data fusion process
has been proposed in5. In this approach, the data fusion is implemented by mapping the ToF data as 3D point clouds and 
projecting them onto the color camera sensor plane, resulting in pixel-to-pixel projection alignment of color and depth 
maps. Subsequently, the color image is back-projected as a texture onto ToF sensor plane.
When several multiple color cameras are available at the capturing setup, ToF data can be combined with disparity
correspondence map (disparity map) estimated by stereo-matching algorithms. Error characteristics of depth estimate 
provided by ToF sensor and stereo matching are complementary. ToF can estimate depth in situations where stereo 
matching does not work, e.g. texture-less or repetitive scene regions. On the other hand, ToF camera can face a number 
of sensor-specific challenges such as limited spatial resolution, distant objects, low reflectivity or high reflectivity areas 
which may produce weak or over-saturated signal. In [8], depth probability distribution function from each source is 
measured and then combined in a single improved depth map. An interesting solution of combining stereo and ToF data 
is described in [9]. The algorithm can utilize more than two images for stereo matching and produces a dense depth map 
for one of the available color views by calculating per-pixel cost function. In [10], ToF range measurements are first 
converted to stereo disparities so that they can be linked to the image pairs in order to initialize a stereo matching
algorithm resulting in high-quality disparity maps.
The present contribution focuses on real-time 3D video rendering by combining a high-resolution color image, denoted 
as RGB data with a low-resolution range data, denoted as Z data and acquired by an aligned camera setup of one or
several color cameras and a single ToF range sensor. The motivation is to create an end-to-end system that enables 
synchronous multi-sensor scene capture, range data de-noising, projection-alignment data fusion, and rendering on the 
fly of resulted 3D video content on a multi-view auto-stereoscopic 3D display. The main goal is to output an accurate 
HD dense depth map from captured range data that corresponds to the high-resolution color image. This involves view 
projection of the range data converted into depth map and consequent re-sampling to the color camera sensor grid (or 
more specifically, up-sampling to the resolution of the HD color camera grid). The paper proposes a fast algorithm for
dense depth map generation that utilizes computer graphics rendering tools. While our realization fully relies on parallel 
Graphics Processing Units (GPU) resources, we propose solutions that enable high-speed implementation also on a 
general CPU system. This includes ideas for fast data re-sampling, optical system correction, and occlusion detection.
Special attention is paid to the problem of noise reduction in ToF range data, which is important for reliable projection 
alignment and data fusion, especially, when data is captured in poor sensing conditions. This is a typical case, when the 
sensor is more restricted, for example to fit requirements of low-power consumption and low-computational complexity
on portable devices. A modification of the non-local means filtering in spatio-temporal domain is applied to address this 
problem. The possibility of combining multiple depth images acquired with lower integration time to achieve better de-
noising output is demonstrated.
The paper is organized as follows. Section 2 presents a brief overview of the 3D graphics pipeline and OpenGL 
rendering mechanism. Section 3 describes the generalized system architecture and application process flow. Section 4
presents in detail the implementation of data fusion approach and the proposed re-sampling solution. The GPU based 
approach to camera view rendering and occlusion detection is presented in Section 5 and the rest of section explains a 
workaround approach for avoiding data remapping for optical distortion correction. Section 6 is dedicated to a proposed 
de-noising solution of ToF data. Section 7 presents some experimental results and demonstrates the algorithm 
performance, while Section 8 concludes the paper. 

2. 3D RENDERING PIPELINE AND OPENGL VERTEX TRANSFORMATIONS
2.1 Rendering pipeline

3D Rendering is the process of producing a digital image based on three-dimensional scene description. A rendering 
algorithm takes as input a stream of primitives (e.g. triangles, lines, points, etc.) that define the geometry of a scene. The 
primitives are processed in a series of steps, where each step forwards the results to the next one. The sequence of steps 
required to implement the rendering algorithm is called 3D pipeline or graphics pipeline [11]. Some components of 
modern graphics pipeline are fixed and implemented using dedicated logic, while others are programmable and can be 
provided to a graphical processor in a form of special shader programs. Standard pipeline is controlled through graphics 
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Figure 1. Left: a simplified representation of the graphics pipeline (programmable stages are highlighted). Right: OpenGL 
coordinate transformations.

APIs, such as OpenGL and Direct3D, which modify the rendering state and supply input to the pipeline. Programming 
shaders is possible with high level shading languages, such as OpenGL Shading Language (GLSL), which is based on 
the syntax of the ANSI C programming language. Figure 1 shows a simplified representation of a modern 3D pipeline.
Rendering begins with the supply of surface primitives to the GPU. A primitive is defined by its vertices and described 
by 3D location, surface normal vectors, texturing, color information, and material properties. A vertex shader operates on 
individual vertices, one at a time. This block can only manipulate the vertex properties. Primitive assembly is responsible 
for assembling the transformed vertices back into primitives. Geometry shader takes as input a whole primitive and has 
access to all defining elements. The output of a geometry shader can be zero or more primitives, i.e. some primitives can 
be filtered out or new primitives can be generated. The non-programmable rasterization and interpolation block defines 
a set of pixel-size fragments that are part of a primitive. The value of each vertex attribute (color, etc.) is interpolated for 
each fragment. Fragment shader computes the final color value of each fragment. It can access the fragment position, 
and all the interpolated data computed in the rasterization process (only current fragment and its associated data). It 
changes the fragment depth value and use textures to produce special effects. Raster operations block includes depth test 
to determine if the fragment is hidden by already rendered fragments followed by blending of the fragment color with the 
color of the already rendered pixel.

2.2 OpenGL vertex transformations

Just like the graphics pipeline, transforming a vertex is done step-by-step. Each transformation transforms a vertex 
coordinates into a new coordinate system, moving to the next step (Figure 1). The model matrix – Mmodel transforms a 
position in model coordinates to the world position. The view matrix transforms world coordinates into eye coordinates, 
i.e. it represents a camera from where a model is observed. The projection matrix – Mproj transforms eye coordinates into 
clip coordinates. It determines how the vertex is projected on the screen and the viewing volume of the scene (frustum). 
The resulting coordinates are called clip coordinates because the value of wclip is used to decide whether vertex – v(x, y,
z) is “clipped”. The vertex transformation is generalized as the product of the model, view and projection matrices.

vMMMv modelviewproj
' (1)

Next, clip coordinates are transformed into a normalized device coordinate (NDC) by perspective division, which is 
obtained by dividing the clip coordinates with wclip:

clipNDC wzyxvzyxv /,,,, (2)

After, the NDC are scaled in order to fit into the rendering screen. Finally, the window coordinates are passed to the 
rasterization process to become a fragment.

Figure 2. Camera setup: a) Prosilica GE 1900C, b) PMDTec CamCube 2.0, c) camera mounting setup, d) scene setup.
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Model                                    Dimenco 42 inches
Type                                      auto-stereoscopic
Resolution[pixels] 1920x540 pixels
Content format 2D+Z
Image type true color (24 bit)
Depth quantization 0÷255(8 bit)
Number of views 28

Model                                    CamCube 2.0                      Prosilica GE 1900C  
Type                                 time-of-flight                       color
Resolution[pixels] 204x204                              1920x1080
Measurement range[m] 0.3-7.0                                 -
Frame rate[fps] 28                                        30
Fielf-of-view optics[°]         ~39                                      ~55°
Data interface USB 2.0                              Gigabit Ethernet

3. SYSTEM ARCHITECTURE
3.1 Camera setup, system calibration and visualization hardware 

We design a multi-sensor camera setup, by mounting standard color (2D) cameras aligned with a ToF range sensor. 
Cameras of model – Prosilica GE 1900C are used to obtain color data modality (Figure 2.a), while a single ToF camera –
PMDTec CamCube 2.0 is used to sense scene range data (Figure 1.b). The whole acquisition setup and test scene are 
shown in Figure 2.c, d.
The camera setup was calibrated with help of “Matlab Calibration Toolbox” [12]. The calibration process returns a list of 
camera intrinsic and extrinsic parameters. The intrinsic parameters for each camera include: focal length – (fx, fy),
principal point coordinates – (px, py), and image distortion coefficients stored in vector d5x1 and defined by the intrinsic 
camera matrix – K3x3 as follows: 
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33 xx

yy

x pf

pf

K (3)

The extrinsic parameters are: rotation matrix - R3x3 and translation vector – T3x1. The two parameters are combined for 
comfortable use into a single matrix – P as follows:

131
44

x
x 0

TR
P , (4)

where 01x3 is a zero vector. All the parameters have to be determined only once in a calibration stage (offline mode), after 
which the cameras are considered firmly fixed.
For the 3D video output a Dimenco 3D auto-stereoscopic display is used [13]. Table 1 summarized the characteristics of 
the cameras and the display. 

Table 1. Camera setup specifications: a ) for cameras, b) for 3D display.

Figure 3. Capturing, streaming, triggering and data processing (time consuming parts of processing chain are highlighted).

3.2 Data capture and streaming

For the scene capture by a multi-camera setup, it is important to obtain image data from all the cameras synchronously.
Software triggering mode was used for both cameras to synchronize data acquisition. А software command triggers the 
capture of an image, which is then transferred to the PC memory. To minimize the time lag between two trigger events, a 
separate thread is created to trigger each camera whenever the system is ready to update memory. So only when all 
cameras are ready, they get a capturing signal at the same time and no delay is observed between two images.  
In order to decouple the updating and processing part, data streaming between cameras and the application are organized 
in producer-consumer-like manner using a fixed amount of reusable frames, where a frame is a couple of corresponding 
color and depth images (Figure 3.left part). Whenever an unused frame is available, a separate producer-thread updates 
the frame content and marks the frame as ready-to-use. A consumer-thread retrieves a ready frame and uploads the data 
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to the GPU memory, where the data is processed and rendered. After uploading, the frame is marked as unused and can 
be used by the producer module.

3.3 Data processing chain

The implementation steps of a full-processing chain from image acquisition to visualization on a 3D display is 
generalized into a unified framework and depicted in Figure 3. Capturing module provides a synchronized data 
acquisition from multiple sensors as explained in the previous subsection. Next module performs de-noising of range
data utilizing a modified algorithm specific to ToF data. In the following stage, the distortion effect of ToF optical 
system is corrected by lens re-mapping algorithm, while the one of color camera is corrected during the texture 
coordinates assignment stage. The data fusion module is responsible for operations that project, convert, and align data 
into a dense depth map corresponding to the color camera viewing position and sensor resolution. An approximation 
module corrects resampling artifacts by utilizing some properties of the color modality. Finally, the color and 
corresponding depth maps are combined in various formats to be displayed on different kinds of 3D displays. As an
additional step, fused data can be rendered as 3D textured surface mesh for viewing from an arbitrary viewpoint and 
further post-processing for other applications. The general framework shows that most of the modules are implemented 
on GPU, and we highlighted the ones, which influence the computational complexity most. The reason of GPU 
utilization is real-time, which is difficult to achieve if the same modules are implemented on other processors. The main 
focus of this contribution is to provide solutions for the stages of de-noising, optical distortion re-mapping and data 
fusion that can decrease the computational complexity.

4. DEPTH MAP CREATION
The content format used for the given 3D display is referred to as “2D-plus-Depth” or shortly “2D + Z” format [13]. The 
depth map is stored as a greyscale image side-by-side to the color image, so every pixel of the 2D content has a 
corresponding depth value for the same pixel position on each map (Figure 4). Such data format is typically used to 
render perspective views on auto-stereoscopic 3D displays, such as the display used in our experiments [14].
Having acquired 2D color image together with range data provided by the ToF camera, a 2D+Z frame is created by 
converting range to depth and assigning corresponding depth values to every pixel of the color image. This task imposes 
a major problem: The two cameras are not collinear, that is the positions of optical centers and view directions are 
different. Consequently,  the two data maps of the observed scene are not mutually aligned. A projective-alignment
correspondence between the depth and color data has to be applied, i.e. for every pixel of the depth sensor one has to find 
the corresponding location at each position of the color image. Generally, to obtain such depth-to-color correspondence 
depth-warping algorithm can be applied [15]. It consists of the following steps. First, represent range data into global 
world coordinates, in such a way that each ToF pixel – d(u, v) becomes a 3D point (all representing world data point-
clouds) in terms of a homogeneous coordinate – (x, y, z, w)T:

1,,

, 222

wfzvyfzux

vufvudfz

TOFTOF

TOFPMD , (5)

where, fTOF is the focal length of the ToF sensor. The second step is to project every 3D point on the image plane of the 
color camera: 

T
RGBPMDRGBRGB wzyxwyx ,,,,, RTK , (6)

where RTPMD→RGB is the relative transformation between optical centers of the two cameras determined by the extrinsic 
parameters and KRGB specifies intrinsic parameters of the color camera. Finally, the RGB image coordinates for a global 
point – (x, y, z, w)T are given by the normalized coordinates:

wzyx RGB /,, . (7)

The data of the ToF camera is usually of very low-resolution (e.g. 200x200). When projected to the Full HD grid of the 
color camera (1920x1080), the corresponding points appear sparsely scattered between the pixel positions of the color 
image. Filling the unknown depth values on the regular (high-resolution) grid position is performed by non-uniform 
resampling techniques. Non-uniform to uniform mapping is a challenging task and still an open-research problem [16].
High-quality techniques impose also high-computational cost [15]. Depth data has the specifics of piece-wise smooth 
function (c.f. Figure 4.a), which offers some simplifications making use of triangulated non-uniform bi-linear re-
sampling supported by the GPU. The approach is summarized in Table 2.
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Table 2. Non-uniform resampling algorithm by bilinear triangulation

1. Represent ToF range data as triangulated surface mesh – M
2. Create empty memory buffer – ZB = ∞ of HD grid size (e.g. 1920x1080)
3. For each triangle –Tr in M, DO: render vertices in positions – (A, B, C) with values – (x, y, z) into HD grid

3.1. Estimate all N regular positions – p(x,y)N inside the triangle area of rendered vertices – (A, B, C)
3.1.a. For given three points, DO: Find a plane function – F(x, y)P = z’
3.1.b. For each position – n(n ϵ N),  DO: Apply F(x,y)P for p(x, y)n z’n

3.1.c. IF Z{p(x, y)n }>z’n , update position p(x, y)n in ZB

Figure 4. 2D-plus-Depth(2D+Z) frame format: a) color and corresponding depth map, b) auto-stereoscopic display output

The method is notably local and requires small amount of memory (values of three vertices for each resampling 
position). The locality enables non-clashing memory handling in the process parallelization, a simple mechanism of data 
ordering (as in step 3.1.b), and hardware implementation on GPU. Such non-uniform resampling is considered a standard 
by means of computer graphics rendering and OpenGL/GPU utilization. Implementation-wise, the following steps are 
performed. First, the depth data from the ToF measurements are represented as a triangulated 3D surface mesh: triangles 
are formed in-between neighboring on the depth image grid vertices and every pixel of the depth image is converted into 
3D vertex by Eq. 5. To get the surface modeled exactly as it is seen by ToF camera, the intrinsic parameters of the 
camera are used to obtain a proper projection matrix [17]. To do so, projective transformation – Mproj is realized in two 
steps:

perspNDCproj MMM , (8)

where Mpersp matrix converts a frustum-shaped space into a cubic shape, and MNDC converts the cubic space to 
normalized device coordinates. The intrinsic camera matrix specifies the camera perspective projection transformation 
and can be incorporated into Mpersp as follows: 
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where fx, fy is the focal length, (px, py) are the principal point coordinates, and near(n) and far(f) correspond to back and 
front clipping planes and may be set equal to camera measurement range, e.g. 0.3 and 7.0. The matrix MNDC is of the
form:
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where the choice of top(t), bottom(b), left(l), and right(r) clipping planes correspond to the dimensions of the original 
image and the coordinate conventions used during calibration (in our case – [0, 204, 0, 204] correspondingly). Second, to 
obtain the scene surface as seen from the color camera location, a view transformation is applied. The view matrix is 
formed by extrinsic parameters packed in the matrix P (Eq. 4) obtained during the calibration process. The rendering 
result is a surface containing no gaps representing the scene observed from the position of the color camera. Rendering 
can be done to an off-screen frame buffer. Only the depth component is needed and it can be rendered directly to a 
texture. After the depth map corresponding to the color camera location is obtained any uniform interpolation technique 
can be used to up-sample it to the high-resolution format. Applying the rendering approach, the final 2D+Z frame can be 
created in two rendering passes. The pseudo-code is provided in Table 3. 
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Table 3. 2D+Z frame rendering pseudo-code.

First pass: create new view depth map
1. Prepare the scene surface mesh data (3D vertices and connectivity).
2. Compute proper view and projection matrices for the camera.
3. Render data with parameters and position of the color camera. 
4. Render the scene to the off-screen frame buffer and save Z-buffer as a texture.

Second pass: rendering 2D+Z frame
5. Prepare vertices data for two side-by-side quads.
6. Transform vertices of quads so that they span the whole viewport. 
7. In fragment, use color and depth textures, apply color texture and depth to the corresponding quads

Figure 5. Resampling approach for the projection data alignment: a) general approach, b) proposed, c) real-case application.

The general re-sampling approach described above and illustrated in Figure 5.a is a computationally demanding 
operation and strongly dependents on the GPU for real-time execution. We propose an alternative approach for fast non-
uniform resampling making use of some of the properties of the ToF data. More specifically, we consider the case when 
the two cameras are aligned horizontally  (or vertically). Taking into account the high difference between the ToF and 
RGB sensors, we render the missing data in two steps as depicted in Figure 5.b.

In the first step, we render a virtual ToF camera on the position of the optical center of HD color camera using the 
original intrinsics and pose of the ToF camera. Rendering of such virtual camera manages to keep a bilinear non-uniform 
resampling in low-resolution grid instead of HD one. Because the cameras used in our setup are aligned, they provide 
relatively small depth parallax between optical centers according to the sensing operating range of the device (c.f. Figure 
5.c) and no significant scaling effect is expected in the rendering process. This provides same or similar sampling density 
between initial and rendered data, which speeds the resampling process (step 3.1.a), because of few-pixel wide triangle 
areas. In the second step, we utilize the new camera relation property that is if cameras share same optical center, the 
rendering between views (for arbitrary f, R and resolution scale) can be performed by a 2D back-projective transform by 
interpolating regular samples without distorting the 3D properties of the sensed scene data. In such resampling, each of 
HD grid pixel position is back-projected on the low-resolution grid, where the respective depth value is obtained by 
interpolation of surrounded pixels. Such interpolation can be performed very fast on various platforms (e.g. as in [19]). 
An experiment in Subsection 7.1 demonstrates, that the proposed two-step rendering approach followed by a proper 2D
back-projective re-sampling algorithm provides similar or better quality compared to the general non-uniform 
resampling scheme.

Figure 6.  Omitting artificial triangles in depth surface: a) principle, b) no triangles are discarded, c) triangles are discarded.
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Figure 7. Occlusion detection results: a) occlusion detection scheme, b) no occlusion detection, erroneous color mapping,  c) 
occlusions are detected, no texture assignment at occluded areas.

5. ARBTIRARY VIEW RENDERING AND OCCLUSION DETECTION AND OPTICAL 
DISTORTION HANDLING

Triangulation of the depth map and depth-image warping procedure explained in the previous section enable efficient 
rendering of any arbitrary view of the scene. The (x, y, z) coordinates of each point in the image are computed from the 
depth image grid coordinates and depth values, using the intrinsics of the camera. Every vertex of the surface is then 
assigned a texture coordinate (also known as a UV-coordinate) applying Eq. 5 and Eq. 6. The depth-map surface is 
rendered using the color values of the color image as texture. Whenever a new view of the scene has to be rendered, the 
coordinate system transformation of the new view is used as a view-matrix transformation – P (Eq. 4) to place the scene 
surface where needed in the world coordinate system. 
Due to different viewing directions and position of the cameras, occlusion artifacts appear on the rendered depth map.
There are different sources of such artifacts. First, occlusion artifacts occur at depth map in the areas non-visible from
ToF camera position. The triangulated re-sampling explained above treats the entire depth map as a surface without 
discontinuities, connecting data on the background with boundaries of front-situated objects. Triangles spanning 
background and foreground points appear large and visually unrealistic, blocking visible information of the back-situated 
objects and background. Thus, it is important to determine whether triangles represent actual object surfaces or not. As 
observed in Figure 6, the artificial triangles have the property that the triangle normal is almost perpendicular to the 
vector from the initial ToF camera viewpoint to the triangle. That is, the dot product of the vectors is close to zero (c.f. 
Figure 6.a). Problematic triangles can be discarded inside a geometry shader with the following inequality using a 
threshold to control the amount of discarded triangles:

pnt , (11)

where t is a triangle index, nt is the normal of t, p is the direction from camera position to the center of the triangle, is 
the vector dot product operation, and τ is a threshold parameter. Another type of occlusions artifacts appear in the areas 
of the depth map surface, which become occluded when seen from the color camera view. For these surface regions the 
mapping procedure assigns erroneous color information as it warps to the same region of the texture map as the 
occluding parts. A simple approach to detect erroneous color assignments is to adopt a shadow-mapping technique,
which is used to create shadows in 3D computer graphics [20]. The basic shadow map algorithm consists of two passes
(Figure 7.a). In the first pass, the scene viewed from the point of the light source is rendered to the off-screen frame 
buffer. The frame buffer contains a depth buffer, which after rendering stores minimal per-pixel depth that is the z-
distance of the rendered scene and can be saved as a texture. In the second pass, the scene is rendered again from the 
viewpoint of the light source, but for every fragment its z-coordinate is compared to the value of the z-buffer entry with 
the same (x, y)-coordinates: if current z-value is bigger than the one stored in z-buffer, i.e. there is something in between 
the current fragment and the light source, the fragment is considered to be in shadow. In our case the color camera plays 
the role of the light source and for a fragment ‘to be in shadow’ means ‘to be occluded’, i.e. not seen from the color 
camera. During the color assignment, if a fragment is hidden the color assignment is skipped. Otherwise, the color 
assignment is performed using texture mapping. Results are illustrated in Figure 7.b and 7.c. The steps for an arbitrary 
view rendering with occlusion detection are summarized in Table 4.
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Table 4. Arbitrary view rendering with occlusion detection pseudo-code.

First pass: Determine the visibility of the whole scene from the color camera position
1. Prepare the scene surface mesh data (3D vertices and connectivity);
2. Compute proper view and projection matrices for the camera;
3. Move the camera to the color camera position;
4. Render the scene to the off-screen frame buffer and save Z-buffer as a texture.

Second pass: rendering the surface and occlusion detection
5. Again, for every vertex DO: calculate its coordinates in color camera coordinate system as in previous pass;
6. IF color assignment, DO: compare the depth value of the calculated coordinate with the depth texture;
7. IF depth of transformed point, bigger than the value in depth texture, omit the texture assignment.
8. For every triangle, DO: calculate surface normal.
9. IF z-component of the normal less than a threshold – discard the triangle.

Due to distortions of optical system, additional data transformations have to be performed in order to achieve more exact 
projection alignment. Optical distortions are modeled as of radial and tangential effect [18]:

dxprdrdrdpd
6

5
4

2
2

11 , (12)

where r2=px
2+py

2 and dx define the tangential distortion which is omitted in our case. The same function is used for 
remapping process. Usually, both color and depth images are undistorted before any rendering takes place, but this is an 
undesirable time-consuming operation, especially for a high-resolution color image, as it leads to remapping and 
interpolating for each pixel in the image grid. However, optical distortions can be corrected without remapping before 
the projection alignment is applied and described as summarized in Table 5.
Table 5. Optical system correction steps.

1. Apply un-distortion transformation of ToF camera to 3D point clouds before projection step - just apply 
transform in world space. 

2. Distort again 3D point clouds with distort transformation of color camera, where data should be projected
3. Apply projection alignment

Figure 8. Effect of noisy influence of low-sensing environment on fusion process stages: a) range data, b) fused data, c) 
effect on occlusion detection.

6. DE-NOISING OF TOF RANGE DATA
A typical ToF device consists of a beamer, an electronic light modulator and a sensor chip. The beamer is made of an 
array of light-emitting diodes (LED) operating in near-infrared wavelengths (e.g. 850 nm). It radiates a point-source light 
of a continuously-modulated harmonic signal which illuminates the scene. The reflected light from object surfaces is 
sensed back by pixels of the sensor chip, which collects pixel charges for some period IT referred to as integration time.
For each pixel, the range data is estimated in relation to phase-delay of mixed signal between sensed signal and the one 
of the light modulator [21]. The estimation of phase delay φ and amplitude A is performed as a discrete cross-correlation 
of several successively captured samples taken between equal intervals during same modulation periods of fixed 
frequency. The sensed distance D is proportional to the phase delay φ, while the error in distance measurements 
measured through the variance 2

D
is proportional to the square inverse of the amplitude A:

,
4 Lc

f
D           

2
2 1

A
D

.                                                       (13)

In the above equation, f denotes the frequency of the emitted signal and cL denotes the speed of light through dry air 
(~298.109 km/h). The exact value of D is calculated after precise calibration of the sensor.
ToF devices exhibit generic drawbacks related with their principles of operation. A specific case of interest is the so-
called low-sensing mode, in which the sensor is more restricted, by e.g. requirements for miniaturization leading to 
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limited beamer size, decreased number of LED elements, embedding into portable low-power devices, requirements for 
low power consumption, etc. This results in extremely low sensing measurements of A (e.g. < 250 units), and according 
to Eq. 13 will lead to high values of measurement error (noise variance) 2

D
. For such a mode the noise presence 

becomes a dominant problem which should be addressed by dedicated de-noising methods. The case is illustrated in 
Figure 8. One can observe that noisy influence of low-sensing mode in fusion process has completely degraded output 
and is useless in practice. This illustrates the importance of proper care of the range noise on a system level before 
applying the necessary steps for multi-modal data fusion.
A de-noising procedure can be applied to the pre-computed phase-delay map φM as a post-measurement operation. There 
are some specifics of the noise arising from ToF low-sensing measurements. While the influence of noise in distance 
maps is very high and resembles a moving grainy fog, the distance data is of low-texture content and is usually 
considered as piece-wise smooth function (c.f. Figure 8.a). This makes the de-noising step well tractable in the light of 
modern non-local de-noising paradigm [22, 23].

Figure 9. Demonstration of wave-like de-noising artifacts: a) noisy video stream(IT=50μs), b) and c) are two consecutively 
captured de-noised outputs, d) and their XOR difference.

6.1 Proposed de-noising approach 

The technique for suppressing system noise of ToF range data has been developed and presented in our previous 
works[15,21,24]. The technique utilizes a non-local means (NLM) de-noising approach [22], modified for the case to 
work in a complex-valued domain [21]. In addition to removing system noise caused by low-sensing operational mode, 
the proposed method was proved efficient for suppressing artifacts presented also in normal operating mode [21]. The 
proposed approach is summarized as follows: First, a non-local means filtering is employed on a complex signal formed 
from the measured amplitude and phase C AM e

j M . The patch similarity search for complex-valued image patches 

effectively adapts to the prior knowledge of noise provided by the amplitude. It simplifies the block search leading to 
better weighting for complex-valued signals with reduced computational complexity. The non-local de-noising in 
complex domain implies simultaneous filtering of all signal components in a single step thus it additionally improves the 
noise confidence parameter AM, which can be further used in subsequent iterative de-noising schemes. Second, we 
propose also a preliminary filtering step of individual signal components that provides additional enhancement effect by 
suppressing fixed-pattern noise, impulse noise and system artifacts for better de-noised output.

Figure 10. Process diagram of proposed smart averaging technique (a), and b) selected threshold distribution of α .

We propose a modification of our approach [24], aimed at real-time implementation with low-complexity fixed-point 
arithmetic while bringing further improvements to the performance. The approach is based on similarity search and 
filtering in spatio-temporal complex-valued signal domain. It makes use of highly over-complete data structure utilizing 
subsequent time frames where measurements are taken with shorter integration times. The experiments have shown that 
such search is less computationally and power expensive. A simplified filter modification specifically addresses a 
computationally efficient collection of spatio-temporal patches and meets the requirements for real-time implementation
[24]. Further modification deals with flickering introduced by motion artifacts. An example is given in Figure 13.c and 
the approach is depicted in Figure 10 and explained by the following steps: 
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1. Capture video stream of ToF data maps – AM, φM.
2. For each frame output, create video stream buffer of N consecutive frames.
2.1. For each frame in buffer, de-noise amplitude and phase-delay maps  – (φM, AM)[1÷N] (φD ,AD) [1÷N].
3. Compare de-noised maps – (AM) [1÷N]. Select pixel positions with variance < α.
3.1. Create update mask - UM. Update selected positions with averages of noisy data in (φM, AM)[1÷N], update 

other positions with (φM, AM)[1]. AU, φU.
4. De-noise AU, φU Aout, φout.

The threshold α in step 3 is adaptively selected following the dependence of the variance of the amplitude signal A. This 
dependence between the intensity value and its variance exhibits a Rayleigh distribution and has been experimentally fit 
[24] (c.f. Figure 10.b). For amplitude values in consecutive frames with low variance, the corresponding complex values 
are averaged to undergo a second denoising iteration (steps 3 and 4). For the sake of real-time execution, the proposed 
modified averaging is applied only to data marked as extremely noisy (i.e. for amplitude A < 100 units) [21, 24]. For
other sensed values, the advantage of that adaptive thresholding is considered costly. Visual results of the proposed 
modified adaptive averaging are given in Subsection 7.2.

Figure 11. Experimental setup: a) camera topology test configuration, b) rendered scene, c) visual results on scene details for 10x 
asymmetric scale and 0.25m setup misalignment of our and general resampling approach.

7. EXPERIMENTAL RESULTS

7.1 Re-sampling

We demonstrate our resampling technique by an experiment performed on a photorealistic scene synthetically rendered 
by Blender software [26]. A rendering script can be configured for different camera arrangements, asymmetric camera 
parameters in terms of f, R, T, and varying sensor spatial resolutions. We have designed a scene of high depth contrast 
varying within 0÷6 m, which resembles a typical range of the available ToF device and contains objects of different 
reflection surfaces, materials and facing directions, and illumination noise (Figure 11.b). Using the script, extreme case 
has been simulated. A horizontally aligned camera setup has been misaligned in forward/backward direction within the 
range 0 ÷ 0.5 m for an arbitrary chosen relative pose in terms of R and baseline, and for different resolution scale 
discrepancy to the HD sensor both for width and height two to ten times. We compared the rendered results of the 
proposed approach to the general one by measuring the difference to ground-truth data in terms of Peak signal-to-noise 
ratio (PSNR). Ground true was created by asymmetric camera arrangement of HD cameras with the same tested baseline,
relative pose and misalignment. Both re-sampling approaches were programmed on Matlab. For 2D image interpolation, 
B-spline interpolation has been implemented [27]. The results plotted in Figure 12, show that for each tested case, our 
approach achieves comparable or better quality. Visual results on some scene details are given in Figure 11.c. The results 
demonstrate that the proposed approach for projection-alignment resampling has good performance for much faster 
speed (about  25 times faster as measured by the time of code execution). 

Figure 12. Performance comparison between proposed and general re-sampling approach of asymmetric camera setup for 
forward/backward misalignment case: a) plots of PSNR metric and  b) corresponding  differences in performance.
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7.2 De-noising

We demonstrate the proposed adaptive averaging approach for denoising of a video stream captured by very short 
integration time (IT = 50μs) causing extreme levels of noise (c.f. Figure 13). The size of the video stream buffer utilized 
for spatio-temporal de-noising is 3 frames. This specifies a capture time far below the real-time constraint 
(150μs<<40ms). We demonstrate results of range data de-noising and subsequent data fusion. The results are compared 
in terms of PSNR where the ground true is formed by the scene depth by the ToF device in normal operating mode IT =
2ms. Table 6 shows some of the results. Another demonstration shows a real-case video application, where object of fast 
local motion (a moving person) has been captured. The output of the applied de-noising technique shows robust 
performance against motion artifacts (c.f. Figure 13.c, d). 

Table 6. De-noising performance of proposed techniques in terms of PSNR
Input Noisy Spatial de-noising Spatio-temporal de-noising (3 frames) Adaptive averaging (3 frames)

IT=  50 μs, 97 % of low-sensed pixels 23.42 35.18 39.08 42.59

IT=100 μs, 73 % of low-sensed pixels 30.58 41.41 43.29 47.09

IT=200 μs, 45 % of low-sensed pixels 37.16 46.23 47.75 49.62

                            a)                                                             b)                                                          c)                                              d)
Figure 13. ToF range data de-noising (IT=50μs): a) range data de-noising results, b) fusion results(view from azimuth perspective), c) 
real-case video application  of low-sensing environment noisy input, d) 3 consecutively de-noised frames and their XOR difference.

8. CONCLUSIONS
We have described a real-time performing end-to-end system for 3D video capture in the form of view plus depth. It 
synchronously combines the data of HD color camera with low-resolution ToF data, where the two cameras might be in 
non-collinear setup. We have specifically addressed the speed improvements required in the most computationally
demanding steps including data remapping for optical correction, resampling and projection alignment, depth data de-
noising and occlusion handling. The final system is of low complexity, and can handle data in low-sensed environment.
The denoising module of the system employs a novel idea for handling flickering artifacts in range data by adaptive 
averaging. This solution is both fast and effective. While we utilize the power of GPU for the general non-uniform to 
uniform resampling, an alternative non-GPU implementation of the resampling stage has been developed as well. The 
approach essentially avoids operations at the HD grid by introducing an intermediate rendering of range virtual camera 
recentered at the RGB camera center. Thus, the subsequent up-sampling can be performed by interpolation at the low-
resolution regular grid.
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