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Abstract

Boundary value problems (BVPs) are fundamental in electromagnetic
engineering. The aim of this thesis is to introduce mathematical structures
that can be exploited in a new way to formulate electromagnetic BVPs. The
tools employed come from differential geometry and the theory of manifolds.

The structures offer a way to model electromagnetism in a coordinate-free
manner, which is independent of the chosen metric. Differentiable manifolds
and differential forms are used as models for space and electromagnetic fields,
respectively. Together with the pullback, exterior derivative, and wedge prod-
uct, they can be employed to introduce a formulation of electromagnetism
that is invariant under diffeomorphisms.

Differential geometry enables us to formulate general electromagnetic
BVPs, including static, initial value, and Cauchy problems, in a unified set-
ting. Furthermore, under diffeomorphisms, equivalence of BVPs arises natu-
rally and provides a unified theoretical setting for many traditional, seemingly
different methods and approaches. Because of the diffeomorphism-invariance,
in formulations of electromagnetic BVPs the metric of space is needed only
to make the first connection between the model and the observations. The
thesis introduces also (3 + 1)-decompositions of Maxwell’s equations based
on coordinate- and metric-free observer fields. A major results of this thesis
is this unified aspect to BVPs and its applications to solution methods.

The structures used are also generic to all dimensions, which makes them
natural tools to formulate electromagnetic BVPs of any dimension. In par-
ticular, another main result of this thesis is a symmetry-based theory of
dimensional reduction of electromagnetic BVPs. It includes a dimensional
reduction theorem that gives sufficient conditions for a BVP to be solved as
a lower-dimensional BVP and also formulates the lower-dimensional BVP.
Because the theory is completely independent of coordinates, metric, and
dimension, differential geometric structures are virtually custom-made for it.

The thesis presents several applications and numerical examples, in which
the structures offer new insight and benefits. These applications and exam-
ples include mesh generation problems, speeding up parametric models that
include shape optimization and movement, open-boundary problems, invisi-
bility cloaking, and dimensional reduction of helicoidal geometries.
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Chapter 1

Introduction

Electromagnetic engineering problems often involve solutions of mathemat-
ical problems called boundary value problems (BVP). Formulating an elec-
tromagnetic BVP is about specifying the domain and a set of Maxwell’s
equations that govern the electromagnetic fields inside the domain of the
BVP. Moreover, for a unique solution to this system of equations, the consti-
tutive equations, boundary values of fields, and possibly some constraints on
cohomology classes must be specified. Various approaches and mathematical
formalisms can be used to formulate electromagnetic BVPs. However, these
different approaches and formalisms need not be equally good for formulating
BVPs in different dimensions or for conceptual understanding the underlying
physics and numerical solution methods.

The traditional approach to formulating electromagnetic BVPs is based
on classical vector analysis. With classical vector analysis, the domain of the
BVP is typically modeled with a single coordinate system, and the electric
and magnetic fields are modeled with vector fields, Maxwell’s equations are
written with curls and divergences, and the constitutive equations are given
using scalar or tensor fields. This conventional formalism has its merits, but
it is based on strict initial assumptions. First, one must choose a metric for
the domain at the beginning of the modeling process, after which most of the
mathematical structures used in the formalism are defined with respect to
this metric. Second, all structures of the formalism are built initially on three-
dimensional domains, making the formalism inherently three-dimensional1.

The above assumptions often make it challenging to apply the formal-
ism. Because of the metric, expressions of the fields, Maxwell’s equations,

1It is a particular property of a three-dimensional space that with a metric 2-vectors
can be identified with 1-vectors. Consequently, it is possible to introduce vector analysis
based solely on 1-vectors. This identification of 1- and 2-vectors is not possible in any
other dimensions.
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boundary values, and constitutive equations depend on a particular choice
of the metric. Particularly, the differential operators grad, curl, and div
are evaluated separately for each coordinate system. For instance, consider
how the curl and divergence operators are represented in Cartesian and in
cylindrical coordinate systems. The inherent three-dimensionality of vector
analysis also makes it often a challenge to apply this formalism to other di-
mensions, because no natural counterparts exist for all the structures in other
dimensions.

Vector analysis may give an illusion of an unnecessary dependency on
metric and dimension. Particularly, the concept of symmetry has many ap-
plications in electromagnetic modeling and is often used to reduce the size
of the BVP domain. If a BVP is symmetric, the domain consists of copies of
some subdomain. However, symmetry is often not employed to its full po-
tential but is instead understood in the restricted sense that the sizes of the
subdomains that constitute the domain should be the same. Yet symmetry
itself does not depend on such a metric. Furthermore, symmetry principles
are often used without properly identifying them as such. For instance, the
dimension of a BVP can often be reduced, if some component of the fields is
fixed to zero. In summary, assumptions that make a formalism too rigid a
construction can be limiting when one formulates and solves particular BVPs
numerically with computers.

This thesis aims to bring up to date the traditional approach to formu-
late electromagnetic BVPs by introducing an modern alternative approach
based on differential geometry. The needed mathematical structures are in-
troduced and the benefits gained in formulating BVPs are demonstrated in
several ways. The benefits follow from the flexibility that no assumptions are
made about the metric and dimension of the domain. This allows a clear sep-
aration of metric, orientation, and dimension, helping us to recognize those
aspects of electromagnetism that do not depend on them. Therefore, the dif-
ferential geometric approach provides more accurate and precise geometrical
and conceptual tools for modeling physics than the traditional approaches.
For instance, the very idea of the electric field E is about electromotive forces
along curves, and the electric flux D has to do with surfaces. Consequently,
they should be modeled with objects that naturally correspond to curves and
surfaces. Compare this to vector analysis, where E and D are both modeled
with vector fields, not suggestive of any preferred geometric object.

In the differential geometric approach, space and spacetime are modeled
with a mathematical structure called the differentiable manifold. With the
manifold, the metric can be treated as a separate structure, and the mul-
tivariable and multivalue calculus can be defined without the metric and
in a coordinate-free manner. Calculus employs so-called differential forms
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that model electromagnetic fields. The gradient, curl, and divergence are
superseded by the exterior derivative, which is enough to impose Maxwell’s
equations on this formalism. Thus we can formulate most aspects of electro-
magnetic BVPs on a differential topology level. Particularly, this formulation
is invariant under diffeomorphisms, which is an analog for general covariance
under general differentiable change of coordinates.

Diffeomorphism-invariance allows us to define the equivalence of BVPs
under diffeomorphism. The equivalence is a generalization of the traditional
change of the coordinates procedure. Furthermore, the equivalence gives a
unified theoretical explanation for many traditional, seemingly different meth-
ods. For instance, methods to solve open boundary problems and cloaking
or “invisibility” can be explained in a unified manner based on formulations
of equivalent BVPs. The equivalence suggest also new practical possibilities
such as how to speed up parametric modeling.

The tools of differential geometry are not restricted to certain prob-
lems, such as static and time-harmonic problems, initial value problems, and
Cauchy problems; rather they provide us with a unified setting of bound-
ary value problems: all the problems consists of (partial) differential equa-
tions defined on a domain with a boundary such that the fields governed
by the differential equations are pre-defined at the boundary. Consequently,
equivalence under diffeomorphism can be established at once for all types of
problems that accept the unified setting.

In the differential geometric setting of formulating BVPs, the metric is
the tool that together with distance measurements provides a connection
between model and observations: the manifold, its topology and charts, and
the constitutive equations are first constructed using the metric. However,
once the BVP is formulated, an equivalence of BVPs can be defined fully
without the metric. Furthermore, the constitutive equations are relations
between the fields and because the fields can be defined without metric, it
follows that the relations do not depend on the choice of the metric. However,
the representations of the relations with metric-dependent Hodge-operators
do, of course, depend on the choice of the metric.

A general way is also introduced to decompose spacetime to space and
time to derive (3 + 1)-decompositions of Maxwell’s equations. This is done
with the so-called observer structure, which can be characterized as a field of
local observers. The observer structure can be defined in a coordinate- and
metric-free manner.

All the structures introduced are generic to all dimensions, which makes
them convenient for formulating BVPs in any dimension. In particular, this
generality is exploited to derive a theory of dimensional reduction of electro-
magnetic BVPs. The theory provides sufficient conditions for solving a BVP
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as a lower-dimensional BVP and also formulates the lower-dimensional BVPs.
The theory relies on symmetry alone, which implies that some components of
solution fields are not assumed to vanish in some special coordinate system.
In fact, all theories explaining dimensional reduction are based on symmetry,
either implicitly or explicitly. Thus the symmetry of BVPs is here examined
independent of coordinates, metric, and dimension. Consequently, one can
recognize symmetries, such as helicoidal geometries, that are not obvious at
the first glance.

Finally, let us briefly outline the content of this thesis. Chapter 2 discusses
mathematical structures and the concept of symmetry, the key elements in
this thesis. Chapter 3 defines the main differential geometric structures used
in this thesis. After the preliminary chapters 2 and 3, discussion proceeds
to the main engineering content of the thesis: Chapter 4 shows how to for-
mulate general electromagnetic BVPs with the tools introduced in chapter
3 in a unified setting. Then the equivalence of BVPs under diffeomorphism
is derived, and the role of the metric in electromagnetic BVPs is discussed.
Furthermore, chapter 4 defines observer structures and derives general (3+1)-
decompositions of Maxwell’s equations. Chapter 5 presents the theory of di-
mensional reduction of electromagnetic BVPs, and chapters 6 and 7 present
applications and numerical examples thereof.
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Chapter 2

Mathematical structures and

symmetry

Mathematical structures are the focus of this thesis; therefore, before in-
troducing any structures, we should briefly explain what is meant by these
structures. Another focus is the concept of symmetry and its uses. We give
a precise meaning of the concept by defining it mathematically. Then we
discuss several applications of symmetry in mathematics and physics.

2.1 Mathematical structures

Mathematical structures are defined using sets and adding more mathemat-
ical objects somehow incorporated in the sets. That is, a mathematical
structure is a set with various mathematical objects such as relations and
operations, which define what one can do with the elements of the set. A
collection of associated mathematical objects is called the structure, and the
set is called the underlying set. Thus mathematical structure is a universal
term for constructions that unify particular mathematical set-constructions
with concrete sets.

As an example of a mathematical structure, we give the definition of an
important algebraic structure called the group:

Definition 2.1. A group (G, ∗) is a set G together with a binary operation
∗ : G×G→ G, denoted by ∗(a, b) = a∗b, that satisfies the following axioms:

(1) associativity: for all a, b, c ∈ G, the equation (a ∗ b) ∗ c = a ∗ (b ∗ c)
holds.

(2) identity element: there exists an element e ∈ G such that for all a ∈ G,
the equation e ∗ a = a ∗ e = a holds.
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(3) inverse element: for each a ∈ G, there exists an element b such that
a ∗ b = b ∗ a = e where e is an identity element.

An Abelian group is a group (G, ∗) that satisfies an additional axiom:

(4) commutativity: for all a, b ∈ G, the equation a ∗ b = b ∗ a holds.

Thus a group is a structure consisting of a set plus some binary operation
on the set such that the binary operation satisfies certain axioms. That
is, the mathematical object that is incorporated in the underlying set is a
special kind of binary operation. The addition of real numbers is an example
of a group, which is denoted by (R,+). Another example is the addition
of vectors in a three-dimensional vector space. Thus there is a multitude of
instances of groups, and the term group structure refers to what is common
to all possible groups: group structure is an abstract construction that unifies
or captures the essence of particular mathematical set-constructions such as
(R,+) and the addition of vectors.

Even though (R,+) is a group, the particular group structure it has or
the group it defines is not only about real numbers and their additions. That
is, (R,+) defines a particular group using sets as a language to define and
communicate the properties of the group. Similarly, the addition of vectors
in the dimension n defines a totally different group. Hence set-constructions
such as (R,+) are used to define a group, but the mere group itself is more
elementary and abstract in the sense that (R,+) has excess features that the
group it defines does not have, e.g., the order of real numbers.

To make the above point even clearer, let us look at the following example
of two apparently different groups. Let V be a one-dimensional subspace of a
three-dimensional vector space W . Then for each v ∈ V , there is a mapping
fv : W → W , called translation by v such that fv(w) = w + v holds for
all w ∈ W . The set of all such mappings fv defined on W forms a group
under the composition of mappings, because the composition of two transla-
tions is again a translation. Let us denote the set of all these translations by
T (W,V ). Now we can put the real numbers and the translations of T (W,V )
into bijective correspondence such that the group structures are preserved
under the correspondence: there is a mapping g : R → T (W,V ) such that
g(a+ b) = g(a) ◦ g(b) holds for all a, b ∈ R. Clearly, the groups (T (W,V ), ◦)
and (R,+) are in the group sense structurally fully identical, even though
they have different underlying sets and binary operations. These two exam-
ples of groups are said to be isomorphic, and the mapping g is called an group
isomorphism.

In general we use the term isomorphism for bijective structure-preserving
mappings. The term homomorphism is used for structure-preserving map-
pings that are not bijective, i.e., for mappings that preserve the structures
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of the domain and codomain but that do not allow complete identification
of the structures. If there are no general terms for the isomorphisms and
homomorphisms of a certain structure, such as homeomorphism for the iso-
morphisms of topological space-structure, we add a suitable adjective before
isomorphism and homomorphism, e.g., metrical isomorphism, to distinguish
between different isomorphisms. Thus the term isomorphism is used in this
thesis in the category theoretical sense [19].

Finally, let us comment briefly on the relations of physics and mathemat-
ics. First of all, any mathematical model used in physics is devoid of any
physical significance without some interpretation, which connects the model
to observations. In this sense, there are no “right” or “correct” mathemat-
ical structures to describe a physical phenomenon, because the structures
themselves do not give meaning to physics. For example, even if most of
people consider vector analysis formulation of electromagnetic theory more
natural or intuitive, it does not mean that a formulation based on differential
geometry is less correct a description of electromagnetism than the former.
Of course, not all mathematical structures describe physics equally well or
are even capable of allowing a useful interpretation. One goal of this thesis
is to provide mathematical structures different from those of classical vector
analysis for modeling electromagnetics and for showing that the structures
are useful for numerical modeling and understanding physics.

2.2 Symmetry

The concept of symmetry is very common in physics. Evidently, it is a
mathematical notion, and for this reason we first look at its mathematical
definition. Only afterwards do we discuss its uses in physics.

2.2.1 Mathematical definition of symmetry

Intuitively, for many, symmetry has a strong visual meanings, and it is re-
lated to balance, harmony, and self-similarity. However, in mathematics,
symmetry is a precisely defined concept, which is stripped of visual signif-
icance. Informally speaking, symmetry is about something remaining the
same under some transformations. For example, let us look at Figure 2.1,
which demonstrates “visual symmetry”: the image is said to be symmetric
because after 180-degree rotations and reflections with respect to diagonals,
the figure appears exactly the same. Thus “remaining the same” means here
that the image looks exactly the same, and the transformations are the above
rotations and reflections.
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Figure 2.1: A figure that looks symmetric.

Formally speaking, symmetry is described with a set of objects, an equiv-
alence relation on those objects, and a collection of bijective mappings from
the set of objects back to itself. The elements of the set are the objects to
be transformed (the points of the figure), the equivalence relation describes
the notion of “remaining the same” (the points have the same color), and the
mappings from the set back to itself are the transformations of the objects
(the rotations and the reflections of the figure). Accordingly, we say that the
set has a symmetry defined by a relation and a collection of mappings, if the
points are equivalent to their images under the mappings. Thus Figure 2.1
has symmetry, because its points can be mapped to points with the same
color.

Next, we give a proper definition of symmetry. First, we characterize the
transformations: the transformations of a set under which the points may
be equivalent to their images are called symmetry transformations. The re-
flexivity of an equivalence relation (a ∼ a) implies that the identity mapping
of the set is always a symmetry transformation. Furthermore, the symme-
try property of equivalence relations (if a ∼ b then b ∼ a) implies that the
inverse of a symmetry transformation is again a symmetry transformation.
Finally, the transitivity of equivalence relations (if a ∼ b and b ∼ c then
a ∼ c) implies that the composition of two symmetry transformations is also
a symmetry transformation. Thus all symmetry transformations are bijec-
tions, and they form a group under a composition of mappings. This group is
called the symmetry group of the set with respect to the equivalence relation.

Sometimes there may be multiple different equivalence relations and cor-
respondingly multiple symmetries; for example, a physical model may con-
tain both scalar fields and vector fields over some space. If we talk about
symmetries of scalar and vector fields, then symmetry transformations map
scalar and vectors fields to scalar and vector fields, respectively, over the same
space. An equivalence relation for fields could be such that a field and its
transformed field are pointwise the same. Now it is clear that equivalence re-
lations on scalar and vector fields cannot be the same relations. Furthermore,
the symmetry transformations for scalar and vector fields cannot be the same
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mappings either. Thus all equivalence relations may have their own symme-
try groups. However, even if the elements of these symmetry groups are
different and thus not directly comparable, the groups may be isomorphic.
Thus in case of multiple equivalence relations, it is convenient to separate
the group structure or the abstract group from particular symmetry groups.
That is, we consider only some isomorphic copy of the symmetry groups. For
example, a group of translations is isomorphic to (Rn,+), and if there are
translations of points and vectors, the symmetry groups of points and vectors
are conveniently and simultaneously described with (Rn,+). This leads to a
mathematical model of symmetry transformations called the group action:

Definition 2.2. Let (G, ·) be a group and M a set. A group action of G on
M is a mapping f : G×M →M , which satisfies the following axioms:

(1) f(g · h, p) = f(g, f(h, p)) for all g, h ∈ G and p ∈M .

(2) if e is the identity of G, then f(e, p) = p for all p ∈M .

When we say“G acts on M ,”we mean that there is a group action of G on
M . To emphasize that a group action is a model for symmetry transforma-
tions, we define mappings fg : M →M for all g ∈ G such that fg(p) = f(g, p)
for all p ∈ M . The mappings fg are symmetry transformations, and with this
notation the axioms of group actions are (1) fg·h = fg ◦ fh and (2) fe = idM ,
the identity mapping of M . These clearly show that all the mappings fg

form a group under a composition of mappings. With the concept of group
action, we can formalize the notion of symmetry as follows:

Definition 2.3. Let a group G act on a set M by action f and let ∼ be an
equivalence relation on M . Then we say that M is G-symmetric with respect
to ∼ if fg(p) ∼ p holds for all p ∈M , g ∈ G.

Finally, we give some definitions of group actions that will be useful later
in this thesis.

Definition 2.4. Let f : G×M →M be a group action of G on M and p a
point of M . Then the subset {fg(p) ∈M | g ∈ G} of M is called the orbit of
p, and it is denoted by Gp.

The orbit of p is thus the set of points where p is mapped by a group action
or by symmetry transformations. All the points of M belong to some orbit,
and two different orbits have no common points. Thus orbits are equivalence
classes of points of M , and each group action induces an equivalence relation
for points, the orbit relation. With the concept of orbit, the G-symmetry
with respect to ∼ means that all the points of an orbit are equivalent with
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respect to∼. Notice that the orbit relation and∼ are not the same in general:
it possible that points from different orbits are equivalent with respect to ∼.

The mapping g 	→ fg is a structure-preserving mapping from G to the
group of symmetry transformations: g · h 	→ fg ◦ fh holds for all g, h ∈ G by
the first axiom of the group action. This mapping, in general, need not be an
isomorphism: many elements of G may be mapped to the identity mapping of
M . However, we consider only the cases where the two groups are isomorphic.
Then we identify the mapping fg with g and use the shorthand notation gp
for fg(p). If the identification is possible, we call the action effective:

Definition 2.5. A group action f : G ×M → M effective if for any two
distinct elements g, h of G there is a point p of M such that fg(p) 
= fh(p).
The action is free if for any two distinct g, h ∈ G and all p ∈ M we have
fg(p) 
= fh(p). The action is transitive if for any two p, q ∈ M there exists a
g ∈ G such that fg(p) = q.

Intuitively, if an action is effective, every non-identity element of the
group “moves” at least one point of M , whereas a free action is such that all
the points are “moved.” Notice that a free action is also an effective action.
Transitivity of an action means that all the points of M belong to a single
orbit.

2.2.2 Instances of symmetry

Because it is about something remaining the same under some transforma-
tions, symmetry can be used to characterize invariances and redundancies.
Let us first study the case of invariance which is fundamental for physics.
For example, we require that the laws of physics be invariant under the dis-
placement of the observer. That is, for example the laws of electromagnetics
are the same everywhere on the Earth. Thus it does not matter where we do
experiments, because we should always deduce the same laws. This means
that the basic laws of electromagnetism should be written with mathematical
structures that take this invariance into account. Formally, this means that
the equations describing the laws (Maxwell’s equations) do not change under
some group action on the underlying space where the equations are written.
For example, if the space is modeled as Euclidean space E3, the equations
should be invariant (the same), at least, under the translations of the space.

In addition, the conservation laws of physics are closely related to sym-
metries. For example, if the action or the integral of the Lagrangian [13] of a
mechanical system is symmetric under continuous translations in space and
time, these symmetries account for the conservation laws of linear momentum
and energy within the system, respectively. In electromagnetism, assuming
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time as an independent parameter, the conservation of electric charge is re-
lated to symmetries under continuous translations in time. In mathematics,
Noether’s theorem [47] [48] is the basic result that connects differentiable
symmetries/invariances and conservation laws.

Invariance can also result in redundancies, which can be used to simplify
things mathematically. For example, to characterize the object in Figure 2.1,
one only needs to specify the positions of one red and one blue square, and
then the rest of the figure can be constructed with symmetry transforma-
tions. If the top two squares are specified, the symmetry transformation that
rotates the figure 180 degrees with respect to its center point will produce the
rest of the figure. This is exactly how symmetric electromagnetic BVPs are
solved: if a BVP domain (and all the fields defined in that domain) has some
invariance (symmetry), the BVP needs to be solved only in a small part of
the domain called symmetry cell, and the solution for the whole domain can
be constructed with symmetry transformations [6]. The smaller the symme-
try cell needed to construct a solution for whole domain, the more we save
in time and memory. Continuous symmetries, such as translations and rota-
tions, allow one to reduce the dimension of the problem. Now the symmetry
group is so large that only a lower-dimensional subdomain is needed to con-
struct a solution for the whole domain (for details of this topic, dimensional
reduction, see chapter 5).

All redundancies do not result of invariances such as the above where
objects have repetitions; rather they result from descriptions of physical the-
ory with structures that contain excess degrees of freedom. For example, in
classical electromagnetics, vector potentials are not unique even if their curls
are the same: two potentials A1 and A2 that differ only in a gradient field
∇f , or A2 = A1 + ∇f , define exactly the same magnetic flux. Thus, in
terms of definition 2.3, M is the set of all possible potentials Ai, the equiv-
alence relation ∼ for potentials is that they have the same curl or Ai ∼ Aj

if ∇ × Ai = ∇ × Aj, and the group G that acts on M is the group of all
transformations of potentials of type A 	→ A+∇f . This symmetry of phys-
ical theory with excess degrees of freedom in the mathematical description is
called gauge symmetry [58]. Another example of gauge symmetries are units
of measurements: the description of a physical system can be given equally
well in terms of meters as in inches. That is, it does not matter what units
are used, because the descriptions correspond to the same physical system.

One type of symmetry, required of a good physical theory, is covariance
[51]. The idea behind it is that exactly the same physical situation can be
described with multiple different coordinate systems. Because the choice of
coordinates is arbitrary, it is clear that all the possible coordinate systems
must be treated as equal from the physical point of view. In general, all
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physics is independent of the choice of coordinates, bases, representations,
and such. Thus it must be possible to write the laws of physics in a form
that does not separate the coordinate systems. Therefore, covariance is the
invariance of the form of laws under some change of coordinates. If the form
of laws is invariant under the general differentiable change of coordinates, we
talk about general covariance. Covariance is thus purely a formal property
of a theory and hence physically vacuous. Furthermore, generally covariant
objects and equations can be written in a coordinate-free manner; i.e., objects
and equations can be written without any reference to coordinates.

The possibility to write physical laws without any coordinates, in fact,
makes covariance, in the form defined above, quite meaningless. However, it
is possible to extend or generalize the idea: coordinate-free formulations of
laws are based on manifolds; i.e., coordinate systems are replaced by man-
ifolds. Then the general differentiable change of coordinates is replaced by
diffeomorphisms of manifolds. Consequently, generalized covariance can be
defined as an invariance of the form of laws under diffeomorphisms.
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Chapter 3

Basic differential geometric

structures

This chapter introduces the most important mathematical structures of this
thesis. These structures arise from a broad mathematical discipline called
differential geometry. As a modeling formalism for electromagnetism, differ-
ential geometry differs from vector analysis in significant ways, in particular
in that most of its structures necessary for electromagnetic modeling are in-
dependent of a metric. Furthermore, its tools are suited for all dimensions.
To emphasize the conceptual and structural character differential geometry
offers to electromagnetic modeling, we first define most of its structures with-
out coordinates and bases.

Before the definitions of the structures, let us look at the central structures
in a totality they form. This is depicted in Figure 3.1, which also shows
some of the essential relations between the structures. The figure shows the
hierarchy of the structures and also gives motivations for them. The totality
we pursue is the analysis on manifolds, which gives us the tools to express
Maxwell’s equations. In a purely mathematical setting, we could start with
a set and just give it some topology and thereby specify an instance of a
topological space. In general, we add structures to lower-level structures and
thus define instances of higher-level structures. Observe that the analysis on
manifolds can be defined without metric. The constitutive equations could
also just be given as an extra structure for manifold, however they are related
to metric structures of manifold (Riemannian manifold and Hodge). Finally,
with a Hodge-operator we can make a connection between the analysis on
manifolds (metric-independent) and the metric-dependent vector analysis.

Physical modeling requires that the topology (and the set) are connected
to observations. To make a connection between model and observations, we
use distance measurements and a mathematical structure called metric space.
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Induces

Riemannian manifold

Vector space

Group

Set

Oriented manifold Differential forms, Pullback, Wedge product,
Exterior derivative, Lie derivative, Contraction

Membership

Symmetry

Linearity

Metric space "Addition"

Orientation

Metric (Distance)
Binary operation

Scalar multiplication

Orientation

Differentiable structure

Hodge operator

Lie group Smooth symmetry
Differentiable manifold
Submanifolds
Manifold−with−boundary Tangent space

Differentiability

Geometry

Topology

Vector analysis Analysis on manifolds

Integration

Distances

Observations / measurements

Topological manifold
(Locally Euclidean topology)

Charts

Topological space
Neigborhoods
Connectedness
Continuity

Metric tensor

Representable

Standard parameterization

Figure 3.1: Central mathematical structures and their essential relations.
Bold texts in boxes are names for the structures and the smaller texts in
boxes indicate what motivates the structure or what the structure enables.
Texts between boxes with thin arrows are names of the extra structures that
the lower-level structures must be endowed to get the higher-level structures.
The bold arrows indicate connections between the model and observations.

Each metric space induces a canonical topology for the underlying set as in-
dicated with a bold arrow in Figure 3.1 between the structures. Furthermore,
we use manifolds as models for space, and the connection between a manifold
and observations is done with distance measurements and so-called standard
parameterization (Figure 3.1). Finally, the observation-induced metric is
such that it can be represented with a metric tensor (Figure 3.1) and thus
Riemannian manifolds model space and its geometry.

3.1 Topological space

Many concepts that relate to space, such as intuitive notions of the con-
nectedness of space, boundary, convergence, and continuity of mappings, are
independent of metric concepts such as distance. These are topological con-
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cepts and depend only on the way space is assembled: in a plain set only the
membership of the elements is defined, and it is possible to determine if two
elements are identical. However, when the elements are points of a space,
intuition calls for the notion of points lying close to each other. Thus there
are neighbors and neighborhoods of points, which describe how the space is
connected. Neighborhoods of points are described with so-called open sets,
which are intuitively sets that have no boundary, or that all the points in an
open set are interior points and thus neighbors.

The main subjects in topology are connectedness of sets and continuity
of mappings, and they are defined in terms of open sets. A topology for a
set M is defined by defining the open sets of M . The open sets constitute a
collection of subsets of M , satisfying certain axioms.

Definition 3.1. A topological space is a pair (M, T ), where M is a set and
T is a collection of subsets of M , called open sets, satisfying the following
axioms:

(1) the empty set and M belong to T

(2) the union of any collection of sets in T belongs to T

(3) the intersection of any finite collection of sets in T belongs to T .

The complement U c = M\U of an open set U is called closed set.

Many different topologies can be given for a set. For example, any set
M can be endowed with discrete topology, in which T is the collection of all
subsets of M . Another topology that can be given for any set M is the trivial
topology, where T contains only empty set and the set M itself.

Topology enables us rigorously to describe and define the neighborhoods
of points and the connectedness of space:

Definition 3.2. A subset V of a topological space (M, T ) is a neighborhood
of point p ∈ V if there is an open set U of T such that p ∈ U � V .

Definition 3.3. A topological space is connected if it cannot be divided into
two disjoint nonempty closed sets.

The topological space-structure makes it possible to define the continuity
of mappings between spaces. Continuous mappings are structure-preserving
mappings of a topology, and a topological isomorphism is called homeomor-
phism.
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Definition 3.4. A mapping f : (M, TM) → (N, TN) between topological
spaces is continuous if the inverse image [19] f−1(U) of every open set U of
TN is an open set of TM . If f is also bijective and its inverse is continuous,
then f is called homeomorphism. Topological spaces M and N are called
homeomorphic if there exists a homeomorphism f : M → N .

Let us next define the subspace topology for subsets of topological spaces.
The subspace topology makes a subset a topological space in its own right.

Definition 3.5. Let A ⊂M be a subset of a topological space (M, T ). The
subspace topology for A is the topology TA = {A ∩ U |U ∈ T }.

Remark 3.1.1. In the literature, the subspace topology is often called relative
topology [11] or induced topology [18].

Topology is defined by open sets. However, in many cases it is not neces-
sary to describe all the open sets but only a subcollection of them such that
the other open sets can be constructed from the subcollection. This leads to
the concept of basis of a topology.

Definition 3.6. Let (M, T ) be a topological space. A subset B of T is a
basis for the topological space (M, T ) if every open set of T can be written
as a union of elements of B. A topological space is second countable if it has
a countable basis.

Remark 3.1.2. A set M is countable if there exists an injective mapping from
M to the set of natural numbers N, which are often called counting numbers
[1]. Second countable spaces include most “well-behaved” spaces such as
Euclidean spaces.

Finally, we define some necessary topological concepts. First, compact-
ness, which makes topological spaces similar in some ways to finite sets:

Definition 3.7. Let (M, T ) be a topological space. An open cover of M is
a collection {Ui} of open sets of M such that M = ∪iUi. A subcover of an
open cover C of M is a subset of C that is still an open cover of M . M is
compact if each open cover of M has a finite subcover.

The points of topological space can be distinguished in the topological
sense with open sets: two points are indistinguishable if they both always
belong or do not belong to a given open set. In other words, points are
indistinguishable if they have exactly the same neighborhoods. For example,
in the trivial topology, all points are indistinguishable whereas in the discrete
topology all points are always distinguishable. Topology thus offers a way to
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distinguish or separate points, but as the trivial topology shows, not every
topology is useful for separation. The ability of a topology to distinguish
points should be such that the limits of sequences are unique, which leads to
Hausdorff separation [61]:

Definition 3.8. A topological space is a Hausdorff space if for every pair of
distinct points there exists a pair of disjoint neighborhoods.

3.2 Metric space

The intuitive notion of distance between points is a basic notion of how we
perceive the space around us. The corresponding mathematical structure is a
metric, which encodes basic qualities of the intuitive notion of distance. Dis-
tances have the structure of positive real numbers, or at least every property
of distances is also the property of positive real numbers. However, there is
no canonical way to relate distances and real numbers without specifying a
reference distance (a unit of length). A reference distance is usually specified
by some rigid object; consequently, the distance between points corresponds
to the number of objects needed to reach a point from another.

Definition 3.9. A metric space is a pair (M, dis), where M is a set and
dis : M ×M → R is a mapping called distance, which satisfies the following
axioms:

(1) non-negativity: dis(x, y) ≥ 0 for all x, y ∈M

(2) identity of indiscernibles: dis(x, y) = 0 if and only if x = y

(3) symmetry: dis(x, y) = dis(y, x) for all x, y ∈M

(4) triangle inequality: dis(x, y) ≤ dis(x, z) + dis(z, y) for all x, y, z ∈ M .

Example 3.2.1. A basic example of metric spaces is Rn with its standard
metric: let x = (x1, ..., xn) and y = (y1, ..., yn) be points of Rn; then the
distance between them is given by the formula

√
(y1 − x1)2 + ... + (yn − xn)2.

Next we define isometries, which are the structure-preserving mappings
of metric spaces.

Definition 3.10. A mapping f : (M, disM) → (N, disN) between metric
spaces is an isometry if it preserves distances, i.e., if disN(f(x), f(y)) =
disM(x, y) holds for all x, y ∈ M . If f is also bijective, then f is a metrical
isomorphism. Metric spaces M and N are isometric if there exists a metrical
isomorphism f : M → N .
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Every metric space is also a topological space in a canonical way:

Definition 3.11. Let (M, dis) be a metric space. An open ball of radius
r about p is a subset B(p, r) = {q ∈ M | dis(p, q) < r} of M . The metric
topology for (M, dis) is the topology where the set of all open balls is a basis
for the topology. In a metric topology, a subset U of M is open if every point
of U is contained in some open ball that is contained in U [30].

Remark 3.2.1. Because metric spaces are topological spaces in a canonical
way, every property that holds for all topological spaces also holds for metric
spaces but not vice versa. Furthermore, a space with a metric topology is
always a Hausdorff space [27].

In electromagnetic modeling, distance measurements are important in
building our models of space: the points of space we observe are considered
distinct only if a nonzero distance between them can be observed. This is
reflected in the identity of the indiscernibles axiom of the metric. Thus the
points in the set M of the model correspond to observed points. Of course, we
usually idealize this by assuming measurements of arbitrary small distances.
These measurements give the point set M , but they also equip M with a
metric space structure. Then the metric is used to define a topology on M .
Finally, the metric of M and the corresponding distance measurements are
major tools we use to construct manifolds, which are our preferred models
for space.

3.3 Vector space and its orientation

Vector spaces, also known as linear spaces, are very important in physics and
mathematics. In differential geometry, they and their structure-preserving
mappings, i.e., linear mappings, play a fundamental role. This thesis provides
only the basic definitions of this broad subject. The emphasis in this section
is more on an additional structure of vector spaces, i.e., orientation.

The orientation of a vector space is a choice between two classes of
bases. On the other hand, the intuitive interpretation of orientation in one-
dimensional spaces is a positive or right direction to move and is much used
in physics and particularly in electromagnetics.

Definition 3.12. Let the elements of a field [40] F be called scalars. A
vector space over F or F-vector space is a set V together with two binary
operations,

• vector addition: V × V → V , denoted by v + w for v, w ∈ V , and
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• scalar multiplication: F× V → V , denoted by αv for α ∈ F, v ∈ V ,

satisfying the following axioms for arbitrary elements v, w ∈ V and scalars
α, β ∈ F:

(1) Vector addition establishes a commutative group

(2) Scalar multiplication distributes over the vector and field addition:

(i) α(v + w) = αv + αw

(ii) (α+ β)v = αv + βv

(3) Scalar multiplication is compatible with field multiplication:
α(βv) = (αβ)v

(4) Scalar multiplication is invariant under the identity of field multiplica-
tion: 1v = v.

Definition 3.13. A mapping f : (V,+V ) → (W,+W ) between vector spaces
over F is linear if it preserves the vector space structure, i.e., if f(αv+V βw) =
αf(v) +W βf(w) holds for all v, w ∈ V and α, β ∈ F. If f is also bijective,
then f is a linear isomorphism. Vector spaces V and W are isomorphic if
there exists a linear isomorphism f : V → W .

The elements of a vector space are called vectors. Each vector space has
a basis or a set of vectors that allows us to write all the other vectors as a
linear combination of the basis vectors:

Definition 3.14. A subset W = {v1, ..., vn} of a vector space V is a basis if

(1) W is linearly independent, i.e., α1v1 + ...+ αnvn = 0 holds if and only
if α1 = ... = αn = 0,

(2) W spans V , i.e., for every w ∈ V there are scalars α1, ..., αn such that
w = α1v1 + ...+ αnvn holds.

Notice that a basis is just a set of vectors without any particular order
in them. However, often the order of basis vectors is also important, and
then we talk about an ordered basis or frame. The number of elements in all
possible bases of a given vector space is the same, and that number is called
the dimension of the vector space [42]. Particularly, finite-dimensional vector
spaces over F with the same dimension are always isomorphic [25]. Further-
more, each ordered basis defines a unique isomorphism of an n-dimensional
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real vector space to Rn. Thus once an ordered basis is selected, every vector
can be identified uniquely with an n-tuple of real numbers [25].

The ordered bases of a vector space can be divided into two equivalence
classes. Let V be a real vector space, and let B1 = (v1, ..., vn) and B2 =
(w1, ..., wn) be two ordered bases for V . Then each wi can be represented as
a linear combination of vectors (v1, ..., vn): wi = αi1v1 + ... + αinvn. Thus
there is a unique linear isomorphism A : V → V , defined by the matrix
Aij = αij that maps the basis B1 to the basis B2 (in the above sense). Bases
B1 and B2 are deemed equivalent if the determinant [25] of A is positive.
Because the determinant of an isomorphism cannot be zero [35], there are
precisely two equivalence classes of ordered bases, and these classes are called
orientations. With this equivalence relation, we can define orientation:

Definition 3.15. The two equivalence classes of ordered bases of a real
vector space are its orientations. An oriented vector space is a vector space
with one of its orientations.

In other words, orientation is a choice of a “privileged” or “positive” or
“direct” equivalence class of ordered bases for a vector space. A basis that
belongs to the positive class is called positively oriented, and similarly a basis
belonging to the negative class is called negatively oriented. The standard
orientation of R

n means that the standard basis of R
n is positively oriented,

and in the case of R3 this is considered the right-handed choice.

3.4 Euclidean space

The basic model of space in elementary physics and numerical modeling is
the Euclidean space. In general, Euclidean spaces can be of any positive
dimension and they are metric spaces where Euclidean geometry holds. For-
mally, the n-dimensional Euclidean space En is defined as an n-dimensional
affine space with a special metric [7]. Furthermore, En and Rn with its stan-
dard metric can be identified isometrically. However, this identification is
not canonical but involves an arbitrary choice of perpendicular “coordinate
axes” for En [5].

Definition 3.16. Let M be a set and V an n-dimensional vector space. M
is an n-dimensional affine space if there exists a free and transitive group
action of V on M .

Notice that because V is a group under the addition of vectors, it makes
sense to talk about a group action of a vector space. Now an affine space can
be geometrically interpreted as follows: the elements ofM are points of space,
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and if p ∈M and v ∈ V , then vp is a point where the point p is translated by
v. Thus each vector v induces a translation of the points of M , and because
the action is transitive, all points can be translated to all other points. This
means that all points belong to the same orbit; therefore, all points in an
affine space are equivalent: there is no special point such as the origin in Rn.
Thus there is a V -symmetry in the affine space, and the equivalence relation
is simply that two points are equivalent if there is a translation between them.
A space where all points are equivalent is called a homogeneous space, which
again emphasizes that there are no special or privileged points [7]. Finally,
notice that the addition of vectors of V corresponds to a composition of
translations, and that it does not make sense to add points of M .

To make an affine space M a Euclidean space, we need to define a metric
d that is compatible with the group action in the sense that each translation
is an isometry. That is, a compatible metric dis must satisfy dis(p, q) =
dis(vp, vq) for all p, q ∈M and v ∈ V . This can be done by defining an inner
product (see Definition 3.61 or [25][35]) for V , in which case the norm [66] of
v is the distance between points p and vp.

Definition 3.17. An n-dimensional Euclidean space En is an n-dimensional
affine space with a metric dis such that the translations are isometries.

Often, however, En just means Rn with its standard metric. This is rea-
sonable when coordinates are needed, but in a purely geometrical setting the
affine space model is preferable. Euclidean spaces are important and popu-
lar in modeling because they are intuitive and form the stage for standard
calculus [61], which is a basic tool of physics.

3.5 Manifolds

Manifolds are generalizations of Euclidean spaces in the sense that manifolds
can be globally complex though locally they look like an affine space. Man-
ifolds are also locally topologically like Euclidean spaces, but the metrical
properties of Euclidean spaces are ignored. This locally Euclidean property
makes it possible to cover manifolds locally with coordinates, thus making
arithmetic available. Furthermore, the standard calculus of Euclidean spaces
can be generalized to manifolds without a metric, i.e., metric properties can
be totally separated from differential calculus. Finally, manifolds are here
defined abstractly, meaning that they are not embedded in a possibly higher-
dimensional Euclidean space, as they are often defined in literature.

Manifolds will be our models for space because they offer the most generic
coordinate-free model for space. Particularly, in this thesis, electromagnetics
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is presented with a formulation that realizes generalized covariance. More-
over, dimensional reduction can be explained in a coordinate- and metric-free
manner. Finally, the metric aspects of electromagnetics can be separated
from topological and differential aspects.

3.5.1 Topological manifold and charts

Manifolds are defined such that there exists a local parameterization with
coordinates or tuples of real numbers. In other words, manifolds can be
locally covered with coordinate systems; thus the points of the manifold can
be parameterized or labeled with coordinates. This is why they are locally like
affine spaces and said to be locally Euclidean: every point of a manifold has
a neighborhood homeomorphic to a subset of Euclidean space, but globally
such a homeomorphism is not necessary. To ensure some nice properties,
manifolds are also required to be Hausdorff spaces with a second countable
topology.

Definition 3.18. Let (M, T ) be a topological space. M is locally Euclidean
of dimension n if every point has a neighborhood homeomorphic to an open
subset of the Euclidean space R

n. A homeomorphism φ from a connected
open set U ⊂ M to an open subset of Rn is called a chart. A chart φ : U ⊂
M → Rn is often denoted by a pair (U, φ).

Definition 3.19. A topological manifold M of dimension n is a topological
space that satisfies the following axioms:

(1) M is locally Euclidean of dimension n

(2) M is Hausdorff

(3) M is second countable.

Remark 3.5.1. The Hausdorff-property makes manifolds more like Euclidean
spaces that are Hausdorff spaces, but also it ensures that the limits of se-
quences are unique. Second countable manifolds are metrizable [62], or a
metric exists for the manifold such that its induced metric topology agrees
with the topology of the manifold.

Remark 3.5.2. When we in the next section define differentiable manifolds as
topological manifolds with an extra structure called differentiable structure,
the Hausdorff and second countable properties assure two useful features: a
differentiable manifold that is a Hausdorff space with a countable basis can
be embedded in a higher-dimensional Euclidean space [64], and it admits a
particular system of real-valued functions called partition of unity [12].
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Example 3.5.1. An example of a two-dimensional topological manifold is a
surface such as the sphere. A surface and one of its charts is given in Figure
3.2.

φ(U)

U

M

φ

R2

Figure 3.2: Topological manifold and a chart. The figure shows a topological
manifold M , which is a surface. U is an open set of M , and φ is a chart that
maps U to R2.

Because topological manifolds are topological spaces with extra topolog-
ical properties (axioms (1)-(3) in the definition), their structure-preserving
mappings are homeomorphisms. Moreover, a topological manifold is con-
nected or compact if the topology of the manifold makes it connected or
compact, respectively.

The topological manifold M we use to model space is in practice con-
structed with a chart (or charts). But this chart, in turn, is constructed with
the help of the standard metric of Rn and distance measurements with some
rigid body : the distance measurements give us the point set M and its metric
topology. Of course, M is also a metric space with a metric dis in the sense
of Definition 3.9. We then label the points we observe with coordinates or
tuples of real numbers such that all the distances measured with a rigid body
are the same when calculated with the standard metric of Rn. In other words,
the points of M are labeled with coordinates such that the distance dis(p, q)
between any two points p, q ∈M is the same as

√
(p1 − q2)2 + ... + (pn − qn)2

(the distance between their coordinates). More generally, the distances be-
tween points and the corresponding coordinates must be the same only up
to some scalar multiple. For example, we may use meters for measurements,
but in the chart the calculated distances correspond to inches. Consequently,

23



charts constructed with rigid body measurements are not necessarily isome-
tries though they preserve the shapes. Particularly, the images of every
sphere in M under these charts are spheres also in R

n, when measured with
the standard metric of Rn. We call these charts standard parameterizations.
An example of a standard parameterization is given in Figure 3.3.

Figure 3.3: Standard parameterization: the line drawing on top refers to a
real coaxial cable and represents also a topological manifold M . The rigid
body we used in distance measurements gave us a pair of dividers and enabled
us to specify spheres. Chart f is a standard parameterization, whereas chart
g is not, because all the images of spheres in M are not spheres in R

n in the
sense of the standard metric of Rn.

Definition 3.20. Let M be a topological manifold with a metric space struc-
ture given by distance disr : M ×M → R, which corresponds to distance
measurements with some rigid body, and let φ : U ⊂ M → Rn be a chart of
M . If there exists α > 0 such that disr(p, q) = α diss(φ(p), φ(q)) holds for
all p, q ∈ U , where diss is the standard metric of R

n, then φ is a standard
parameterization.
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3.5.2 Differentiable manifolds

Because the differentiability of mappings is defined in Euclidean spaces, and
because manifolds are locally Euclidean, it is possible to extend the con-
cept of differentiability to mappings between manifolds. At first glance, this
seems straightforward: select charts (U, φ) of an m-dimensional manifold M
and (V, ϕ) of an n-dimensional manifold N . The (local) representation of a
mapping f : M → N under charts φ and ϕ is a mapping ϕ ◦ f ◦ φ−1, which
maps φ(U) ⊂ Rm to ϕ(f(U)) ⊂ Rn. Then the mapping f is deemed differ-
entiable in U ⊂M if its representation in these charts is differentiable in the
classical sense. However, if we use another chart (V, ψ) of N , we can change
the charts with the transition map or change of chart mapping ψ ◦ϕ−1; then
the differentiability of f is defined by ψ ◦ ϕ−1 ◦ ϕ ◦ f ◦ φ−1 = ψ ◦ f ◦ φ−1.
Now this need not be differentiable anymore because transition maps in a
topological manifold are homeomorphisms, and thus guaranteed to be only
continuous. Thus the differentiability of a function depends on the chosen
charts. To make the definition of differentiability independent of the choice
of charts, we must restrict the set of admissible charts: all the charts in a
set of admissible charts are required to be compatible in the sense that their
transition maps are appropriately differentiable.

Definition 3.21. Two charts (U1, φ1) and (U2, φ2) of a topological mani-
fold M are Cr-compatible if the non-emptiness of U1 ∩ U2 implies that their
transition map φ2 ◦ φ

−1
1 is r times continuously differentiable.

Admissible or compatible charts constitute a differentiable structure and
a topological manifold together with such a structure is then a differentiable
manifold:

Definition 3.22. A Cr-differentiable structure for M is a family
D = {(Ui, φi)} of the charts of M such that

(1) ∪iUi is a cover of M

(2) for any i, j the charts (Ui, φi) and (Uj , φj) are Cr-compatible

(3) if (Ui, φi) is Cr-compatible with every other chart in D, then (Ui, φi) is
itself in D.

Remark 3.5.3. In the above definition, (1) assures that the whole M can be
covered with charts of D, (2) assures that all the charts in D are compatible,
and (3) means that D is a maximal collection of charts with respect to counts
(1) and (2).
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Definition 3.23. A differentiable manifold M of class Cr is a pair (M,D),
where M is a topological manifold and D is a Cr-differentiable structure for
M .

Example 3.5.2. A simple example of a differentiable manifold is Rn with its
standard differentiable structure defined as the maximal collection (in the
sense of Definition 3.22) containing the chart (Rn, i), where i is the identity
map of Rn. Another example is a finite-dimensional vector space V with
its natural differentiable structure: select a basis for V , in which case the
basis defines a linear isomorphism from V to Rn. This isomorphism is then
a chart that generates the differentiable structure, which is, furthermore,
independent of the choice of basis [62].

Example 3.5.3. Product manifolds [62]: Let (M,DM) and (N,DN) be dif-
ferentiable manifolds of dimension m and n, respectively. Then M × N is
an (m + n)-dimensional differentiable manifold if it is given a differentiable
structure that is the maximal collection containing

{(Ui × Vj , φi × ϕj : Ui × Vj → R
m × R

n) | (Ui, φi) ∈ DM , (Vj, ϕj) ∈ DN}.

Notice that it is possible to give many different Cr-differentiable struc-
tures on the same topological manifold; therefore, a differentiable structure
is truly an additional structure that must be specified [5] [62]. However, if
a topological manifold is coverable with a single chart, then given one such
chart will uniquely specify the differentiable structure (axiom (3) in the def-
inition). In cases where the manifold cannot be covered with one chart, e.g.,
the spheres of any dimension, the differentiable structure can be specified by
a finite covering of charts called atlas:

Definition 3.24. A Cr-atlas for M is a family A = {(Ui, φi)}i∈A of charts
of M such that

(1) ∪i∈AUi is a cover of M

(2) for any i, j ∈ A the charts (Ui, φi) and (Uj , φj) are Cr-compatible.

Remark 3.5.4. A differentiable structure is a maximal atlas.

Two atlases for a topological manifold can define the same differentiable
manifold, and when they do, they are called equivalent:

Definition 3.25. Cr-atlases A1 = {(Ui, φi)}i∈A and A2 = {(Uj , φj)}j∈B

for M are equivalent, denoted by A1 ∼ A2, if their union A1 ∪ A2 =
{(Ui, φi)}i∈A∪B is a Cr-atlas for M .
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Any Cr-atlas A for M uniquely specifies the Cr-differentiable structure D
for M and the equivalence class [A] of all Cr-atlases is naturally comparable
to the differentiable structure D: the atlases in the equivalence class [A]
contain exactly the same charts as the differentiable structure D. From this
point on, we do not explicitly mention the class of differentiability unless
needed; otherwise it is implicitly assumed to be sufficiently high.

Differentiable mappings between manifolds are the structure-preserving
mappings of the differentiable manifold structure, and they are defined next.
The isomorphisms are called diffeomorphisms:

Definition 3.26. Let f : M → N be a continuous mapping between dif-
ferentiable manifolds (M,DM) and (N,DN). The mapping f is differentiable
if its representation φ ◦ f ◦ ψ−1 for some charts ψ ∈ DM and φ ∈ DN is
differentiable in the classical sense. If f is also bijective such that its inverse
is also differentiable, then f is a diffeomorphism. Manifolds M and N are
diffeomorphic if there exists a diffeomorphism f : M → N .

Remark 3.5.5. The definition of differentiability of mappings is independent
of the choice of chart used to check the differentiability [34]. This is a direct
consequence of the definition of differentiable structure.

Next we describe a useful way to induce a differentiable manifold structure
for a topological space from a differentiable manifold via a homeomorphism.

Definition 3.27. Let f : N → M be a homeomorphism from a topological
space N to a differentiable manifold M . Furthermore, let A = {(Ui, φi)} be
an atlas of M . Then the pullback atlas f ∗A for N is defined by

f ∗A = {(f−1(Ui), φi ◦ f)}.

The pullback preserves the equivalence of atlases, i.e., if A1 ∼ A2 holds,
then f ∗A1 ∼ f ∗A2 also holds. Consequently, the differentiable structure can
be also pulled back. A pullback atlas gives a useful and equivalent way to
characterize diffeomorphisms and diffeomorphic manifolds:

Proposition 3.1. Let (M1,A1) and (M2,A2) be two differentiable manifolds.
If there exists a homeomorphism f : M1 →M2 such that A1 = f ∗A2, then f
is a diffeomorphism and the manifolds are diffeomorphic.

Finally, a remark about embedding a differentiable manifold in a higher-
dimensional Euclidean space. According to Whitney’s theorem, every n-
dimensional differentiable manifold can be smoothly embedded in the Eu-
clidean space R2n+1 [64]. Moreover, a historical and still often used way
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to define manifolds is to consider them special subsets of a (usually) higher-
dimensional Euclidean space [32]. However, this approach assumes that there
is some space around the manifold; yet if the manifold itself is the space, what
is then the space around that space? Thus as physical models of space, man-
ifolds assume their most suitable form when they are defined directly via
charts and not as part of some larger space. The direct definition that does
not rely on embeddings is called intrinsic definition.

3.5.3 Tangent space

The fields we are going to define on manifolds have some linearity properties.
For example, differential forms model electromagnetic fields and assign a
linear mapping to each point of a manifold. Linearity requires vector space
structures associated with manifolds, and thus far there have been none.
Fortunately, the differentiable structure gives a manifold so much smoothness
that a vector space can be defined at each point of the manifold that “linearly
approximates” the manifold around the points: the vectors can be thought
of as infinitesimal displacements of the points. This vector space is called
tangent space, and its elements are called tangent vectors. Furthermore,
tangent space is defined with the help of charts but in a manner independent
of the choice of chart.

The literature gives many equivalent definitions for tangent space and
tangent vectors [34][62][58]: the same mathematical structure is defined us-
ing different but isomorphic realizations. We use the “geometric definition”
[34] and define tangent vectors as equivalence classes of smooth curves on a
manifold. The equivalence of the curves intuitively means that at some point
they have the same direction and speed. In other words, under the geometric
definition, curves can be thought of as trajectories of objects moving on a
manifold, and if two curves are equivalent at some point, the objects have
the same velocity at that point (Figure 3.4). Notice that this definition is
intrinsic to manifolds.

Definition 3.28. Let M be a differentiable manifold. A curve on M is a
differentiable mapping c : R → M , and we say that c is a curve through
point p ∈M if c(0) = p holds.

Definition 3.29. Two curves c1 and c2 through point p ∈M are equivalent
if in some chart φ the representations φ ◦ ci : R → R

n of the curves have the
same derivative at p = ci(0), or if (φ ◦ c1)

′(0) = (φ ◦ c2)
′(0) holds.

The set of all equivalence classes of curves through p is denoted by Tp(M).
If dim(M) = n, then the set Tp(M) can be given the structure of an n-
dimensional vector space: let φ be a chart containing a neighborhood of p.
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M

Figure 3.4: Tangent vector. Two equivalent curves on a manifoldM that pass
through point p. The arrow at p represents the equivalence class, and it can
be thought of as the velocity vector at p of objects moving along trajectories
defined by the curves.

Then the map (dφ)p : Tp(M) → Rn defined by (dφ)p([c]) = (φ ◦ c)′(0) is
bijective, and we can thus transfer the vector space structure of Rn to Tp(M)
by requiring that (dφ)p be a linear isomorphism. This induced structure is
canonical in the sense that it is independent of the choice of chart.

Next we outline the proof that (dφ)p is bijective, and that the induced
vector space structure is independent of the choice of chart: (dφ)p is injective
by the definitions of equivalent curves, and surjectivity can be shown by
constructing a suitable curve (class) for each element of Rn. Independence
of choice of chart follows from (1) (φ ◦ c)′(0) = (φ ◦ ϕ−1 ◦ ϕ ◦ c)′(0) = (φ ◦
ϕ−1)′(ϕ(c(0))) · (ϕ ◦ c)′(0), where the last equality is due to the chain rule
[61], and (2) ϕ(c1(0)) = ϕ(c2(0)) holds for all curves c1 and c2 through p.

Definition 3.30. An equivalence class of Tp(M) is called a tangent vector
at p, and the vector space Tp(M) of all tangent vectors is called the tangent
space of p.

Remark 3.5.6. Tangent spaces of different points are not related in any ob-
vious way and it makes no sense to talk about addition of tangent vectors
from different tangent spaces. However, because the dimension of all tangent
spaces is the same as the manifold, all tangent spaces are isomorphic to each
other but, of course, not canonically. The set of all tangent vectors of a
manifold M is denoted by T (M).

Remark 3.5.7. Because the tangent spaces of all the points of the Euclidean
space Rn are canonically identified with the vector space Rn, all the tangent
spaces are canonically isomorphic.
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A vector field on a manifold is the first example of a field over a manifold
in which tangent spaces are needed. A vector field on M is a mapping from
M to T (M) such that each point p ∈ M is mapped to one of the tangent
vectors of Tp(M) [5][62].

A differentiable mapping f : M → N between manifolds maps the curves
of M to those of N . Thus for each such differentiable mapping, there is a
related mapping that maps the tangent vectors of M to those of N . This
mapping is called the pushforward of f (Figure 3.5).

f(p)

M

f

N
p

Figure 3.5: Pushforward. A differentiable mapping f maps a manifold M
to a manifold N ; thus f also maps curves on M to curves on N . Then the
pushforward of f at p ∈M maps equivalence classes of curves at p (tangent
vectors at p) to equivalence classes of curves at f(p) ∈ N .

Definition 3.31. Let f : M → N be a differentiable mapping between
manifolds. Then its pushforward is a mapping f∗ : T (M) → T (N) such that
at each point p ∈ M the mapping is the linear map f∗(p) : Tp(M) → Tf(p)(N)
such that f∗(p)([c]) = [f ◦ c] holds for all [c] ∈ Tp(M).

Because the pushforward generalizes the concept of differential [18] [61]
of mappings R

m → R
n, the mapping f∗ is also called the differential of f .

Furthermore, for a real valued mapping over a manifold f : M → R, we often
denote the differential (or push forward) of f by df . The pushforward of a
composition of mappings is a composition of pushforwards [5]: If f : M → N
and g : N → O, then (g ◦ f)∗ = g∗ ◦ f∗.

3.5.4 Oriented manifolds

Oriented manifolds are manifolds in which tangent spaces have a positive and
coherent orientation. Orientation is particularly important for the definitions
of integration over manifolds and for the so-called Hodge-operator.

Definition 3.32. Let M be an n-dimensional differentiable manifold. A
family {Op}p∈M of orientations of the tangent spaces is locally coherent if
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around every point of M there is an orientation-preserving chart, i.e., a chart
(U, φ) with the property that for every q ∈ U the pushforward φ∗(q) takes
the orientation Oq to the usual orientation of R

n.

Locally coherent orientations for a manifold together with the manifold
itself define the oriented manifold:

Definition 3.33. An orientation of a manifold is a locally coherent family
{Op}p∈M of orientations of tangent spaces. An oriented manifold is a pair
(M,O), where M is a manifold and O is an orientation of M .

Lastly, we define the mappings that preserve orientations:

Definition 3.34. A pushforward f∗(p) is orientation preserving if its deter-
minant is positive.

Remark 3.5.8. The determinant of a linear map is defined as the determinant
of the matrix that represents the linear map, and this is well defined because
the result is independent of the choice of representation matrix [25].

Definition 3.35. A diffeomorphism f : M → N between oriented mani-
folds is orientation-preserving (orientation-reversing) if for every p ∈ M the
pushforward f∗(p) is orientation-preserving (orientation-reversing).

3.5.5 Submanifolds

Subsets of manifolds, particularly lower-dimensional subsets, which are man-
ifolds themselves, are indispensable for describing the physics of electromag-
netics. For example, the electromotive force is something that can be mea-
sured, and it relates to paths or one-dimensional subsets of space whereas
the magnetic flux relates to surfaces or two-dimensional subsets. Moreover,
lower-dimensional subsets are central for dimensional reduction. Subsets of a
manifold that are also manifolds themselves are called submanifolds (see Fig-
ure 3.6). The literature contains many types and definitions of submanifolds,
but the following are the most useful for us:

Definition 3.36. Let f : N → M be a differentiable mapping between
manifolds N and M . If the rank of f∗(p) [42] equals dim(N) for each p ∈ N ,
then f is an immersion. If f is an injective immersion, then (N, f) is a
submanifold of M . If f is an immersion that is also a homeomorphism to
its image f(N) with the subspace topology, then f is an embedding and
(N, f) is embedded submanifold of M . If N is a subset of M and if f is the
inclusion map of N to M which is also an embedding, then (N, f) is a regular
submanifold of M .
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M

N

f

Figure 3.6: Example of a submanifold. A one-dimensional manifold N is
embedded to a two-dimensional manifold M with a mapping f . Thus (N, f)
is an embedded submanifold of M .

Remark 3.5.9. Technically, a submanifold need not be a subset of a bigger
manifold. However, the definitions of submanifolds contain two parts, a
manifold N and a mapping f of that manifold to a bigger manifold M . Then
N can be thought of as a parameter space for the subset f(N), which is also
a manifold. In the literature [5][62], also the term imbedding is used instead
of embedding.

Remark 3.5.10. In case of submanifolds, the differentiable and topological
structures for the image f(N) are induced from N via mapping f whereas
in case of embedded or regular submanifolds the image f(N) inherits its
structures from M . In general this means that for submanifolds the topology
of the image f(N) may be finer (i.e. it contains more open sets) than the
subspace topology. Thus embedded and regular submanifolds are special
cases of submanifolds.

3.5.6 Manifolds-with-boundary

In electromagnetics, engineering problems are often formulated as BVPs.
Manifolds are the domains of these BVPs, and, as the name suggests, an
essential part of BVPs are boundary values. However, because the manifolds
we have defined so far cannot have boundaries, we need an extended defini-
tion of manifolds that includes the concept of boundary. Such manifolds are
simply called manifolds-with-boundary. They are like n-dimensional man-
ifolds, i.e., locally Euclidean but at their boundary points like half-spaces
of the n-dimensional Euclidean space. Thus the only difference in defini-
tion with manifolds is that the differentiable structure contains charts of a
different kind.
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Let us first define the half-spaces Hn that are used in the definition: Hn =
{(x1, ..., xn) ∈ Rn|xn ≥ 0} is a subset of Rn, equipped with the subspace
topology.

Definition 3.37. An n-dimensional manifold-with-boundary is a topological
space M that is a Hausdorff space with a countable basis of open sets and
a differentiable structure D, defined in the following way: D = {Ui, φi}
is a family of charts, where Ui is a connected open set of M , and φi is a
homeomorphic mapping of Ui to an open subset of Hn such that

(1) ∪iUi is a cover of M

(2) the charts of D are compatible

(3) D is maximal with respect to properties (1) and (2).

Remark 3.5.11. Compatibility of charts is defined as in 3.21, but now the
change of chart mappings are mappings from subsets of Hn to Hn.

The boundary of Hn is the set ∂Hn = {x = (x1, ..., xn) ∈ R
n|xn = 0}.

With ∂Hn, we can define ∂M , the boundary of a manifold-with-boundary
M :

Definition 3.38. Let M be a manifold-with-boundary. A point p ∈ M is a
boundary point if it is mapped by a chart around p to a boundary point of
Hn. The boundary ∂M of M is the set of all boundary points of M .

Remark 3.5.12. A differentiable manifold given in Definition 3.23 is a special
case of manifold-with-boundary but without boundary points.

The boundary ∂M is an (n−1)-dimensional submanifold of an n-manifold-
with-boundaryM . Furthermore, all the concepts of manifolds, such as diffeo-
morphism and tangent space, generalize directly to manifolds-with-boundary
[5][34]. The following result is useful for later purposes:

Lemma 3.1. If f : M → N is a diffeomorphism between manifolds-with-
boundary, its restriction to the boundary ∂M is a diffeomorphism f |∂M :
∂M → ∂N . [34]

3.6 Lie groups

A Lie group is a group that is also a differentiable manifold such that the
two structures are compatible. Because compatibility makes group opera-
tions smooth mappings, Lie groups can be characterized as “smooth groups.”
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In this thesis, Lie groups are needed for dimensional reduction where the
symmetry groups are Lie groups: dimensional reduction is based on continu-
ous or smooth symmetries, and this is reflected in the manifold structure of
Lie groups.

Definition 3.39. A Lie group is a set G, which has both a group structure
and a differentiable manifold structure such that the structures are compat-
ible in the sense that the group operations

(g, h) ∈ G×G 	→ g ∗ h ∈ G

g ∈ G 	→ g−1 ∈ G

are smooth mappings.

The dimension of a Lie group is the dimension of the manifold; similarly,
a Lie group is connected or compact if the manifold is connected or compact,
respectively. Before any examples of Lie groups, we define the structure-
preserving mappings and isomorphism of Lie groups:

Definition 3.40. Let f : M → N be a mapping between Lie groups. f
is a Lie group homomorphism if f is a group homomorphism that is also a
smooth mapping between the manifolds. If f is also a diffeomorphism, then
f is a Lie group isomorphism.

There are only two connected one-dimensional Lie groups up to isomor-
phism, [45] and the basic representatives of these classes serve also as good
examples of Lie groups: (R,+, i), i.e., the set of real numbers, where the
group structure is the addition of the numbers, and where the manifold struc-
ture is given by a chart that is the identity mapping. Henceforth, this Lie
group is denoted simply by R, and it is isomorphic to the Lie group of all
translations of a vector space in one direction. The basic representative of
the other class is S1, which is the multiplicative group of all complex num-
bers with the absolute value 1. This Lie group is isomorphic to the Lie group
of all rotations around an axis. Notice that R is a non-compact Lie group
whereas S1 is compact. Geometrically, R corresponds to the line and S1 to
the circle.

A product of two Lie groups is again a Lie group if the differentiable
structure is chosen to be the product structure, and the group structure is
the direct product structure [62]. The only connected two-dimensional Lie
groups up to isomorphism are the products of the line and circle: R2 = R×R,
R× S1, and S1 × S1, which geometrically correspond to the plane, cylinder,
and torus, respectively [45].
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3.7 Foliations of manifolds

Sometimes it is convenient if a manifold can be decomposed into a disjoint
union of lower-dimensional submanifolds. For example, it is convenient to
decompose a four-dimensional spacetime manifold to 3-dimensional subman-
ifolds, which are spatial spaces at each time moment. Such decompositions
are called foliations of a manifold, and the submanifolds are called the leaves
of the foliation. The basic property of foliations is that there are special charts
such that the images of the leaves are coordinate isovalue (hyper)surfaces (see
Figure 3.7). This property gives the manifold a local product structure, or in
a sufficiently small neighborhood of every point, the manifold is diffeomorphic
to a product manifold.

x2

U

M φ

φ(U)

x1

Figure 3.7: Example of a foliation. A 1-dimensional foliation of a 2-manifold
M . The dotted lines on M represent the leaves of the foliation and their
images under the chart φ are the lines x2 = constant.

Definition 3.41. Let M be an n-dimensional manifold. A p-dimensional
foliation of M is a decomposition of M into a union of disjoint connected
subsets {Lα}α∈A, called the leaves of the foliation, with the following property:
every point of M has a chart (U, φ) such that the components of U ∩ Lα are
described in the chart by the equations xp+1 = constant,..., xn = constant.

Remark 3.7.1. Every leaf of {Lα} is a p-dimensional regular embedded sub-
manifold of M . Furthermore, the smoothness of a foliation depends on the
class of differentiability of the differentiable structure of the manifold [41].

Remark 3.7.2. If a Lie group G acts smoothly on a manifold M , and if its
action is free, the orbits of G define a smooth foliation of M ; i.e., the orbits
are the leaves of the foliations [41].
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3.8 Analysis on manifolds

Classical vector analysis is often applied multivariable and multivalue calcu-
lus in three-dimensional spaces. Furthermore, most structures are defined or
expressed with respect to the metric of the space. In this section, we present a
very general multivariable and multivalue—and totally metric-free—calculus
based on differentiable manifolds of any dimension. However, instead of vec-
tor fields, this calculus employs differential forms. In this thesis, differential
forms are used to model electric and magnetic fields.

The calculus enables many metric-free and dimension-independent oper-
ators and structures. For example, the differential operators grad, curl, and
div are replaced by a single differential operator for differential forms, called
the exterior derivative. It is defined for all dimensions and forms of all de-
grees. Moreover, the so-called pullback of differential forms generalizes the
“change of coordinates” for manifolds. A particularly convenient feature of
the pullback is its natural compatibility with many essential operators and
structures of this general calculus.

Differential forms are fields in a differentiable manifold, which assign to
each point an antisymmetric multilinear mapping of tangent vectors. There-
fore, the exposition begins with the tangent bundle, which is the set of all
tangent vectors with a canonical manifold structure. Finally, Bamberg’s and
Sternbeg’s book [2] is a good mathematical introduction to differential forms
and their analysis on Rn with applications in physics.

3.8.1 Tangent bundle

The set of all tangent vectors T (M) of a differentiable manifold (M,D) can
be represented as a disjoint union of tangent spaces indexed with the points
of M : T (M) = ∪p∈MTp(M). There is a natural projection π : T (M) → M ,
which maps tangent vectors to their points or π(v) = p for all v ∈ Tp(M).
Notice that the inverse image of p under π is Tp(M). Then with the help of
the pushforward and natural projection, the set T (M) can be given a natural
differentiable manifold structure induced by D: for each (U, φ) ∈ D, we define
a chart φ̃ : π−1(U) → R2n by φ̃(v) = (φ(π(v)), φ∗(v)) for all v ∈ π−1(U).
With these charts, T (M) can be shown to be a differentiable manifold with
twice the dimension of M [62].

Definition 3.42. The set T (M) together with the natural differentiable
structure induced by M is called the tangent bundle.

The points of a tangent bundle T (M) can be written as pairs (p, v), where
p ∈ M and v ∈ Tp(M). A section of T (M) is a mapping σ : M → T (M)
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such that π(σ(p)) = p for all p ∈ M ; i.e., the section selects exactly one
tangent vector from each tangent space of M [5]. In the literature, sections
are also called cross-sections [58] or lifts [62]. Notice that vector fields on M
are sections of T (M). Furthermore, because T (M) and M are differentiable
manifolds and sections are mappings between them, smooth vector fields can
be defined in a coordinate-free way:

Definition 3.43. Let M be a differentiable manifold. A smooth vector field
on M is a smooth section of the tangent bundle T (M).

3.8.2 Cotangent bundle

The tangent space Tp(M) of a point p is a vector space and has thus a dual
space [35][40], which in this context is called cotangent space. The elements
of the cotangent space of point p are real-valued linear mappings over Tp(M).

Definition 3.44. A covector at p is a linear mapping c : Tp(M) → R.

The set of all covectors at p is denoted by T ∗p (M), and it can be given
the structure of vector space. The addition and scalar multiplication are
defined elementwise: the sum c1 + c2 of covectors c1 and c2 is defined by
(c1 + c2)(v) = c1(v) + c2(v), and the scalar multiplication αc1 of c1 by α
is defined by (αc1)(v) = αc1(v). With this vector space structure, T ∗p (M)
is isomorphic to Tp(M) but not canonically. Thus T ∗p (M) has the same
dimension as M .

Definition 3.45. With the vector space structure defined above, T ∗p (M) is
called the cotangent space at p.

The set of all cotangent spaces over M is denoted by T ∗(M), and it can be
given a bundle structure in a similar fashion as we defined the tangent bundle.
The set T ∗(M) of a differentiable manifold (M,D) is a disjoint union of
cotangent spaces indexed with the points of M : T ∗(M) = ∪p∈MT

∗
pM . There

is a natural projection π∗ : T ∗(M) →M , which maps covectors to their points
or π∗(c) = p for all c ∈ T ∗p (M). Notice that the inverse image of p under π∗ is
T ∗p (M). Then with the help of the pushforward and natural projection, the
set T ∗(M) can be given a natural differentiable manifold structure induced
by D: let (e1, ..., en) denote the canonical basis [5] of the Euclidean space
Rn. Then for each (U, φ) ∈ D, we define a chart φ̃∗ : (π∗)−1(U) → R2n by
φ̃∗(c) = (φ(π∗(c)), c(φ−1

∗ (e1)), .., c(φ
−1
∗ (en)) for all c ∈ (π∗)−1(U). With these

charts, T ∗(M) can be shown to be a differentiable manifold with twice the
dimension of M [62].
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Definition 3.46. The set T ∗(M) together with the natural differentiable
structure induced by M is called the cotangent bundle.

Similarly as for the tangent bundle, the points of a cotangent bundle
T ∗(M) can be written as pairs (p, c), where p ∈ M and c ∈ T ∗p (M). Also
sections of T ∗(M) can be defined as in the case of the tangent bundle: a
mapping σ∗ : M → T ∗(M) such that π∗(σ∗(p)) = p holds for all p ∈ M is
a section; i.e., the section selects exactly one covector from each cotangent
space of M . Thus covector fields on M are sections of T ∗(M):

Definition 3.47. Let M be a differentiable manifold. A smooth covector
field or one-form on M is a smooth section of the cotangent bundle T ∗(M).

The set of all one-forms overM , or the set of all smooth sections of T ∗(M),
is denoted by Ω1(M). This set can be given the structure of a vector space
by pointwise definition: let ω1 and ω2 be one-forms over M and α ∈ R. The
sum ω1 + ω2 and the scalar multiplication αω1 are defined by the formulae
(ω1 + ω2)p(v) = (ω1)p(v) + (ω2)p(v) and (αω1)p(v) = α(ω1)p(v), which hold
for all p ∈M , v ∈ Tp(M).

3.8.3 Differential forms

A differential form over M is a field that assigns to each point p an anti-
symmetric multilinear mapping that maps tangent vectors of Tp(M) to real
numbers. The suitability of differential forms as models for electromagnetic
fields is well established (see, e.g., [13]). Here we give only the formal def-
inition and in such a way that first forms are defined at one point, or that
the definitions of the linear mappings that map tangent vectors to reals are
given, and the definition is then extended to the whole manifold.

Before the definition, some preliminary definitions and notations: if V is
a vector space, its k-fold Cartesian product by itself is denoted by V k, e.g.,
V 3 = V × V × V . An element v of V k is a family v = (vi|i ∈ I), where the
index set I is the set {1, 2, ..., k}. A permutation of I is any bijective mapping
σ : I → I, and σ(v) denotes the family (vσ(i)|i ∈ I). A transposition σ is a
special kind of permutation that only interchanges two elements; i.e., there
exist indices i, j such that σ(i) = j, σ(j) = i, and σ(n) = n for all other
indices n. Clearly all permutations are compositions of transpositions. A
permutation is even (odd) if it is the composition of an even (odd) number
of transpositions. Define sgn as the mapping that maps even permutations
to 1 and odd permutations to -1. Finally, if (v1, ..., vn) is an ordered basis
of V , then (vμ1 , ..., vμk

) is a k-tuple of the basis vectors (v1, ..., vn) such that
1 ≤ μ1 < μ2 < ... < μk ≤ n (for more on permutations, see [14][25]). With
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these preliminaries, we can define the properties of linear mappings that are
assigned to each point of a manifold:

Definition 3.48. Let V and W be vector spaces over R. A mapping f :
V k → W is k-linear if it is linear on each of the arguments separately. If
f(σ(v)) = f(v) holds for all v ∈ V k and for all permutations σ(v), then
f is symmetric. If f(σ(v)) = sgn(σ)f(v) holds for all v ∈ V k and for all
permutations σ(v), then f is antisymmetric.

The antisymmetry of k-linear mappings has the following important con-
sequence:

Proposition 3.2. Let f : V k → W be k-linear and antisymmetric. If
v1, ..., vk is a set of linearly dependent vectors of V , then f(v1, ..., vk) = 0.
[34]

The set of all antisymmetric k-linear mappings over V is an
(

n
k

)
-dimensional

vector space if V is n-dimensional [34];
(

n
k

)
is the binomial coefficient [61].

When a k-linear mapping is assigned to a point p of a manifold M , then the
role of V k is played by (Tp(M))k. Thus differential forms are defined as fields
of antisymmetric k-linear mappings over a manifold:

Definition 3.49. A differential k-form ω on a manifold M is a mapping
that assigns to each point p ∈ M an antisymmetric k-linear mapping ωp :
(Tp(M))k → R.

The smoothness of a differential k-form can be defined in a coordinate-
free way [5]: Given any X1, ..., Xk smooth vector fields on M , a differ-
ential k-form ω is smooth if ω(X1, ..., Xk), defined by ω(X1, ..., Xk)(p) =
ωp(X1(p), ..., Xk(p)), is a smooth function in M .

We often use a shorthand k-form for the differential k-form. Notice that
zero-forms correspond to real valued mappings on M . Furthermore, if k >
n = dim(M), all k-forms are zero. The set of all differential k-forms in M
is denoted by Ωk(M), and the set of all differential forms of any degree is
denoted by Ω(M). Ωk(M) is an infinite dimensional vector space for each k,
and the addition and scalar multiplications are given pointwise.

3.8.4 Pullback

The change of variables of differential forms is the pullback of a differential
form under a differentiable mapping between manifolds. The pullback is a
similar induced mapping for differential forms as the pushforward of tangent
vectors, but it goes in the opposite direction: if f : M → N is differentiable,
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then its pullback f ∗ is a mapping of the type Ωk(N) → Ωk(M). The pullback
is the change of variables because if we have a form ω in N , then its pullback
f ∗ω is a form defined in M . In other words, ω is a function of the points
of N and the tangent vectors of T (N), but its pullback f ∗ω is a function of
the points of M and the tangent vectors of T (M). The change of variables
is defined by f , which gives the relation between the points of M and N and
by the pushforward f∗, which gives the relation between the tangent vectors
of T (M) and T (N). Thus the pullback is a generalization of the change of
coordinates for differential forms on manifolds.

Definition 3.50. Let f : M → N be a differentiable mapping. The pullback
under f is a linear mapping f ∗ : Ωk(N) → Ωk(M) for each k ≥ 0 such that
for all ω ∈ Ωk(N) the pullback f ∗ω of ω at every p ∈ M is defined by the
formula (f ∗ω)p(v1, ..., vk) = ωf(p)(f∗v1, ..., f∗vk) where v1, ..., vk ∈ Tp(M).

Notice that the dimensions of M and N need not be the same, and that
the dimension of M may be higher or lower than the dimension of N . This
generalizes the change of coordinates that are always defined between spaces
of equal dimension. Furthermore, if f is a change of coordinate mapping, then
f ∗ defines the change of coordinates for ω [5]. Finally, notice that because
the pullback goes backwards, the pullback of a composition of mappings has
a reverse order [5]: if f : M → N and g : N → O, then (g ◦ f)∗ = f ∗ ◦ g∗ :
Ωk(O)→ Ωk(M).

With submanifolds, the pullback of the inclusion map offers a way to de-
fine restrictions of differential forms to submanifold: let N be a submanifold
and a subset of M , and let i denote the inclusion map of N to M . Then the
restriction ω|N of ω ∈ Ω(M) to N is defined by ω|N = i∗ω. Particularly, the
restriction ω|∂M to the boundary ∂M of a manifold-with-boundary M is an
important example of restriction [34], because the boundary values of a BVP
are defined with it. Often the restriction ω|N is denoted by tω and called the
trace of ω.

3.8.5 Wedge product

Differential geometry has an important operator for differential forms called
the wedge product. It is metric-independent and replaces in vector analy-
sis metric-dependent vector field operators’ cross-product, dot product, and
scalar triple product. The wedge product is defined for all forms in all di-
mensions. When the set Ω(M) of all differential forms in M is endowed with
the wedge product, it has an algebraic structure called graded algebra [40].
Particularly, Ω(M) together with the wedge product constitutes so-called ex-
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terior algebra [62] a.k.a. Grassmann algebra. The wedge product offers a
simple way to construct new (possibly higher degree) forms from old ones.

Definition 3.51. The wedge product is a bilinear mapping ∧ : Ω(M) ×
Ω(M) → Ω(M) satisfying the following properties:

(1) the ∧ is associative, i.e., (ω ∧ η) ∧ ξ = ω ∧ (η ∧ ξ).

(2) the ∧ is graded anticommutative, i.e., (ω ∧ η) = (−1)kl(η ∧ ω) for
ω ∈ Ωk(M) and η ∈ Ωl(M).

(3) the zero-form 1 : M → 1 satisfies 1 ∧ ω = ω for all ω ∈ Ω(M).

The following proposition states that the wedge product is uniquely de-
fined by above axioms [65]. Furthermore, the proposition shows how to
calculate pointwise the values of the wedge product of two differential forms
in terms of those forms. For this calculation, we need a special class of per-
mutations of indexes: let P (k, l) denote the set of all such permutations σ of
the index set {1, ..., k+ l} that have the following property: σ(1) < ... < σ(k)
and σ(k + 1) < ... < σ(k + l).

Proposition 3.3. The wedge product given in Definition 3.51 is uniquely
defined. Furthermore, if ω and η are a k-form and an l-form, respectively,
their wedge product ω ∧ η is a (k + l)-form that is defined pointwise by the
following formula [34]:

(ω ∧ η)p(v1, .., vk+l) =
∑

σ∈P (k,l)

sgn(σ)ωp(vσ(1), .., vσ(k))ηp(vσ(k+1), .., vσ(k+l))

Example 3.8.1. If ω and η are one-forms on M , then ω ∧ η is a two-form
defined by the formula

(ω ∧ η)p(v1, v2) = ωp(v1)ηp(v2)− ωp(v2)ηp(v1).

Remark 3.8.1. The wedge product of zero-forms ω and η is the pointwise
product: (ω ∧ η)p = ωp ηp.

The wedge product is natural in the sense that it is compatible with the
pullback:

Theorem 3.1. The wedge product is compatible with the pullback, i.e.,
f ∗(ω ∧ η) = f ∗ω ∧ f ∗η holds [34][62].
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3.8.6 Exterior derivative

The differential operators gradient, curl, and divergence of vector analysis
are defined for scalar and vector fields in a three-dimensional space and are
metric-dependent. Differential geometry has a metric-independent differen-
tial operator for differential forms, which generalizes the gradient, curl, and
divergence into a single operator. It is defined for manifold of any dimension
and differential forms of any degree, and the definition has the same form for
all these cases. This operator is the exterior derivative, and it has a crucial
role because with it we can write Maxwell’s equations.

Definition 3.52. The exterior derivative is a linear mapping d : Ωk(M) →
Ωk+1(M) for each k ≥ 0 satisfying the following axioms:

(1) Differential property: for f ∈ Ω0(M), df is the differential of f .

(2) Complex property: d ◦ d = 0,

(3) Product property: d(ω ∧ η) = dω ∧ η + (−1)k(ω ∧ dη) for ω ∈ Ωk(M).

Proposition 3.4. The exterior derivative is uniquely defined by three axioms
of definition 3.52 [5][17][62].

Remark 3.8.2. The exterior derivative is not defined for all forms but only
for those that are at least once differentiable.

Remark 3.8.3. Generalized Stokes’s theorem for integration of differential
forms (section 3.8.9) provides a connection between the boundary of a mani-
fold and the exterior derivative d. The complex property of d is then related
to the fact that the boundary of a boundary is empty [46], which corresponds
to the complex property of the boundary operator.

The exterior derivative is a natural operator for differential forms in the
sense that it is compatible with the pullback:

Theorem 3.2. The exterior derivative is compatible with the pullback, i.e.,
d ◦ f ∗ = f ∗ ◦ d holds [17][34][62].

Remark 3.8.4. The compatibility of d and the pullback means that differential
equations expressed with d, such as dω = η, are generally covariant. In
other words, differential equations are invariant under diffeomorphisms. For
electromagnetism, this implies that Maxwell’s equations are invariant under
diffeomorphisms. This is important for symmetry applications and enables
definition of the equivalence of electromagnetic BVPs under diffeomorphisms.
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The axioms of the exterior derivative shown in Definition 3.52 together
with its compatibility with the pullback define the complex [40] called de
Rham complex [34], i.e., the following sequence of linear maps having the
properties (1)-(3) of Definition 3.52:

0 −→ Ω0(M)
d
−→ Ω1(M)

d
−→ Ω2(M)

d
−→ ...

Furthermore, the exterior derivative is the only linear map on differential
forms that constitute the de Rham complex [34]. The naturality property of
d makes the pullback f ∗ of f : M −→ N a chain map [30] between the de
Rham complexes of N and M ; i.e., the following diagram commutates:

0 −→ Ω0(N)
d
−→ Ω1(N)

d
−→ Ω2(N) −→ ...

f ∗
⏐⏐� f ∗

⏐⏐� f ∗
⏐⏐�

0 −→ Ω0(M)
d
−→ Ω1(M)

d
−→ Ω2(M) −→ ...

Maxwell’s equations can be written with the exterior derivative without
the metric structure ofM . In vector analysis, Maxwell’s equations are written
with the gradient, curl, and divergence, which are the metric counterparts
of the exterior derivative. However, because the three depend on the metric
structure of M , they cannot yet be defined.

3.8.7 Contraction and extension

In dimensional reduction, we must move from a higher-dimensional manifold
to a lower-dimensional submanifold and vice versa. This decreasing and
increasing dimension often means that also the degree of a form must be
decreased and increased. The coordinate- and metric-free tools for forms
that meet these requirements are contraction and extension.

Definition 3.53. Let X be a vector field on a manifold M . Then X defines
a linear mapping iX : Ωk(M) → Ωk−1(M) for each k ≥ 1, called contraction,
which maps a k-form ω to a (k− 1)-form iXω. iX is defined pointwise by the
formula

(iXω)p(v1, .., vk−1) = ωp(Xp, v1, .., vk−1),

which must hold for all p ∈M and v1, .., vk−1 ∈ Tp(M).

Definition 3.54. Let α be a one-form on a manifold M . Then α defines
a linear mapping Iα : Ωk(M) → Ωk+1(M) for each k ≥ 0, called extension,
which maps a k-form ω to a (k + 1)-form Iαω defined by Iαω = α ∧ ω.
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Remark 3.8.5. The contraction of differential forms is often called the inte-
rior product, and extension is sometimes called the exterior product. The
contraction of differential forms is related to tensor contraction.

Proposition 3.5. The contraction iX : Ω(M) → Ω(M) has the following
properties, which are easily proven [5][62]:

(1) The mapping X 	→ iXω is a linear map for fixed ω

(2) Product property: iX(ω∧η) = iXω∧η+(−1)k(ω∧ iXη) for ω ∈ Ωk(M)

(3) Antisymmetry: iX(iYω) = −iY (iXω)

(4) If Y = fX for a scalar field f , then iX ◦ iY = 0.

Remark 3.8.6. The linearity of iX and X 	→ iXω is, in fact, so-called C∞(M)-
linearity: iX(ω + fη) = iXω + f(iXη), where f ∈ C∞(M) is a smooth scalar
field over M . In pointwise terms, this reduces to normal linearity.

Finally a lemma, with several uses later on, about the relationship be-
tween contraction and pullback:

Lemma 3.2. Let f : M → N be a diffeomorphism and let X be a vector
field on M . Then f ∗ ◦ if∗X = iX ◦ f

∗.

Proof: Let ω be a (k + 1)-form on N ; then

(f ∗if∗Xω)p(v1, ..., vk) = (if∗Xω)p(f∗v1, ..., f∗vk)

= ωp(f∗X, f∗v1, ..., f∗vk)

= (f ∗ω)p(X, v1, ..., vk)

= (iXf
∗ω)p(v1, ..., vk)

holds for all p ∈M and for all v1, ..., vk ∈ Tp(M). �

3.8.8 Lie derivative

The Lie derivative of a differential form is a generalization of the standard
directional derivative of functions Rm → R to forms: the direction is specified
by a smooth vector field over a manifold in contrast to the standard case in
which it is specified by a vector or equivalently by a constant vector field
over R

m. The Lie derivative of a k-form is again a k-form, and in the case
of zero-forms over Rm, the Lie derivative with respect to a constant vector
field reduces to the standard directional derivative. The Lie derivative plays
a central role in dimensional reduction, and we use it also to represent the
time or temporal derivatives of fields.
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Before any formal definitions, we give a geometric characterization of the
Lie derivative. Think about a flow of incompressible fluid on some manifold.
Its velocity vectors at each point of the manifold form a smooth vector field.
As time passes, the fluid particles move along trajectories, and the velocity
vectors are tangent to these trajectories. Thus a vector field X induces a
curve c for each point p such that the vector Xp is the velocity vector of c
at p. These curves are called integral curves, and they fill the manifold. The
totality of integral curves induces a 1-parameter group of transformations φt

of the manifold: for each t the mapping φt maps the fluid particles at time 0
to the points where they are at time t. Now the fluid flow moves a differential
form ω at φ0(p) = p to some other point φt(p) along the trajectory, and we
can pullback ω at φt(p) to the point p, where ω and φ∗tω can be compared
by subtracting ω from φ∗tω. This difference is divided by t, and the limit as
t approaches to zero is the value of the Lie derivative of ω with respect to X
at point p.

Definition 3.55. Let X be a smooth vector field on a manifold M , and let
c : I →M be a smooth curve on M , where I ⊂ R is an open interval. Then
c is an integral curve of X if the image of the canonical basis vector e of R

under the pushforward of c for each t is the vector Xc(t), or c∗(t)(e) = Xc(t)

holds for all t ∈ I.

If X is a smooth vector field on M , then for each p ∈M , there exists an
integral curve c for X such that I = (−ε, ε) for some ε > 0 and c(0) = p [62].
Next, the fluid flows (trajectories) are modeled as group actions of the Lie
group R:

Definition 3.56. Let ϕ : R ×M → M be a group action of R on M . ϕ
is a 1-parameter group of transformations of M if ϕt : M → M , where
ϕt(p) = ϕ(t, p) is a diffeomorphism for each t ∈ R. Let Iε = (−ε, ε) ⊂ R and
U be an open subset of M . A local 1-parameter group of transformations of
M is a mapping ϕ : Iε × U →M such that

1) ϕt is a diffeomorphism of U onto the open set ϕt(U) of M for each
t ∈ Iε

2) if t, s, t+ s ∈ Iε and if p, ϕs(p) ∈ U , then ϕt+s(p) = ϕt(ϕs(p)).

Remark 3.8.7. A local 1-parameter group of transformations is also known as
flow [5]. Each 1-parameter group of transformations is a local 1-parameter
group of transformations for which Iε = R and U = M . Furthermore, the set
of all transformations ϕt for a local 1-parameter group of transformations is
not really a group despite its name. However, it behaves like a group near
the identity mapping (or near 0 ∈ R) [37].
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Each 1-parameter group of transformations ϕ induces a vector field X
for M : for each p ∈ M , Xp is a vector tangent to the curve c(t) = ϕ(t, p)
which is an integral curve of X. Similarly, each local 1-parameter group
of transformations induces a smooth vector field for U , and the following
proposition also states that the converse is true.

Proposition 3.6. Let X be a smooth vector field on a manifold M . For
each point p of M , there exists a neighborhood U of p, a positive number ε,
and a local 1-parameter group of transformations ϕt : U →M , t ∈ Iε, which
induces the given X [37].

Now we have all the tools to define the Lie derivative:

Definition 3.57. Let X be a vector field on M and ϕt a local 1-parameter
group of transformations induced by X. The Lie derivative of a k-form ω
with respect to X is a k-form denoted by LXω, which is defined pointwise
for each p ∈ M by the formula

(LXω)(p) = lim
t→0

(ϕ∗tω)(p)− ω(p)

t
.

The next theorem shows that the Lie derivative can be expressed using
the exterior derivative and contraction:

Theorem 3.3. (Cartan’s magic formula) LX = d ◦ iX + iX ◦ d [62].

3.8.9 Integration on manifolds and Stokes’s theorem

With charts, the standard Lebesgue integration theory [1][18] of mappings
Rn → R can be generalized to integration of differential forms over manifolds:
we represent a form as a real valued mapping defined over the codomain of a
chart that covers part of the manifold and then apply standard integration.
Consequently, the change of variables formula [61] for standard integration
implies that the integral of the form is independent of the choice of chart.
Notice that the integration of differential forms over manifold, as defined here,
is independent of the metric of the manifold. The definition of integration
we present is from [34].

Definition 3.58. A subset A of an n-manifold is called measurable (set of
measure zero) if it has this property relative to charts, i.e., if for some covering
of A by charts (U, φ) on M , each φ(U ∪A) is Lebesgue-measurable (a set of
measure zero) in Rn. If A is contained in a chart domain, then A is small.
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Definition 3.59. Let M be an oriented n-manifold and ω ∈ Ωn(M). ω is
integrable if for some decomposition (Ai)i∈N of M into countably many small
measurable subsets and some sequence (Ui, φi)i∈N of orientation-preserving
charts (see Definition 3.32) with Ai ⊂ Ui, the following holds: for every i ∈ N,
the component function

ai = ω((φ−1
i )∗(e1), ..., (φ

−1
i )∗(en)) ◦ (φi)

−1 : φi(Ui) → R

of ω relative to (Ui, φi) is Lebesgue-measurable on φi(Ai), and

∞∑
i=1

∫
φi(Ai)

|ai(x)|dx <∞.

Lemma 3.3. Let M be an oriented n-manifold and ω an integrable n-form.
Let (Ui, φi)i∈N and ai be as in Definition 3.59. Then the value

∞∑
i=1

∫
φi(Ai)

ai(x)dx

is independent of the decomposition and charts [34].

Definition 3.60. Let M be an oriented n-manifold and ω an integrable n-
form. Let (Ui, φi)i∈N and ai be as in definition 3.59. The integral of ω over
M , denoted by the

∫
M
ω, is the value

∞∑
i=1

∫
φi(Ai)

ai(x)dx.

Remark 3.8.8. The integral of k-forms is defined only over k-dimensional
manifolds. Thus, e.g., one-forms and two-forms cannot be integrated over the
same manifold, and if one- and two-forms are defined over a three-manifold,
then their integral can be defined only over one- and two-dimensional sub-
manifolds, respectively.

Next we provide two important theorems about the integration of differ-
ential forms on manifolds. The first is an analog for the change of variables
formula for integration on manifolds. The second is the Generalized Stokes’s
theorem for differential forms, which generalizes and unifies Stokes’s and di-
vergence theorems of vector analysis and the fundamental theorem of calculus.
It relates integration, the exterior derivative, and the boundary operator to
each other. For more on integration and the theorems, see [34].
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Theorem 3.4. Let f : N →M be an orientation-preserving diffeomorphism
between n-manifolds and ω an n-form on M . Then the following holds:∫

M

ω =

∫
N

f ∗ω.

Theorem 3.5. (Generalized Stokes’s theorem) Let M be an oriented n-
dimensional manifold-with-boundary and ω ∈ Ωn−1(M). Furthermore, let tω
denote the restriction of ω to the boundary ∂M . Then the following holds:∫

∂M

tω =

∫
M

dω.

3.9 Metric structure for manifolds

A plain differentiable manifold contains no concepts of distance or angle.
These geometric notions must be given with an additional structure called
the metric tensor, which is a generalization of the dot product of vector anal-
ysis. A manifold together with a metric tensor is called a semi-Riemannian
manifold.

Because the metric tensor is a separate structure on manifolds, it allows a
clear separation between those elements of electromagnetic theory that rest
on topology and differentiability from those that are related to a metric. So
far, all the structures defined on manifolds are independent of the metric ten-
sor. Particularly, all the items on electromagnetic BVPs, such as fields and
Maxwell’s equations, except for constitutive equations, can be defined with-
out reference to a metric. The relationship between metric and constitutive
equations is studied in chapter 4. The metric-independence of most struc-
tures necessary in electromagnetic modeling with differential geometry is in
contrast to vector analysis, where the metric is from the beginning embedded
in most structures.

The metric tensor enables us to define the so-called Hodge-operator, which
is often used to express the constitutive equations [8] [56]. Furthermore, a
metric provides a connection between differential forms and the vector fields
of vector analysis: with a metric we can represent one-forms and (n−1)-forms
in an n-manifold as vector fields.

3.9.1 Riemannian and semi-Riemannian manifolds

Riemannian manifolds are differentiable manifolds with an additional struc-
ture called the metric tensor. A metric tensor is a field over a manifold
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that assigns an inner product to each tangent space. The inner product, in
turn, is a generalization of the dot product. Thus because the inner product
gives a norm for tangent vectors, each tangent space is like the n-dimensional
Euclidean space with Euclidean geometry. Because tangent vectors can be
interpreted as infinitesimal or virtual displacements of a point, in the same
manner the geometry of a tangent space can interpreted as a virtual geometry.
Virtual Euclidean geometry can be partly extended to the whole manifold:
we can define geometric concepts for the manifold, but the resulting geometry
is not necessarily Euclidean. Semi-Riemannian manifolds are generalizations
of the Riemannian manifolds in the sense that more general objects than in-
ner products are allowed. A special class of the semi-Riemannian manifolds
is the Lorentz manifolds which are used in the general relativity.

Definition 3.61. Let V be a real vector space. A bilinear form on V is a
mapping Φ : V × V → R that is linear in each variable. Φ is symmetric if
Φ(v, w) = Φ(w, v) holds for all v, w ∈ V . Φ is nondegenerate if there are
no nonzero v ∈ V such that Φ(v, w) = 0 holds for all w ∈ V . Φ is positive
definite (negative definite) if Φ(v, v) ≥ 0 (Φ(v, v) ≤ 0) holds for all v ∈ V ,
and Φ(v, v) = 0 holds if and only if v = 0. An inner product is a symmetric
positive definite bilinear form.

If Φ is a symmetric definite (positive or negative) bilinear form on V , then
for any subspace W of V the restriction Φ|W×W on W is also a symmetric
definite bilinear form on W [49]. With the help of the restriction we can
define an index of a symmetric bilinear form, which then can be used to
define the metric tensor:

Definition 3.62. The index of a symmetric bilinear form Φ on V is the
largest integer that is the dimension of a subspace W ⊂ V on which Φ|W×W

is negative definite.

Remark 3.9.1. If the index of Φ is zero then Φ is an inner product.

Definition 3.63. A metric tensor is a smooth choice of a nondegenerate
symmetric bilinear form on each tangent space of a manifold such that the
index of the forms are the same over the manifold.

The smoothness of the metric tensor can be defined as follows [5]: let X
and Y be smooth vector fields on M and m be a metric tensor on M . m is
smooth if m(X, Y ) is a smooth mapping on M .

Definition 3.64. A semi-Riemannian manifold is a pair (M,m), where M
is a differentiable manifold, and m is a metric tensor on M . If the index of
m is 0 or 1, then (M,m) is a Riemannian manifold or a Lorentz manifold,
respectively.
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Example 3.9.1. The standard dot product · of the vector space Rn is an inner
product over Rn. Thus (Rn, ·) is a Riemannian manifold.

It makes sense to speak about the pullback of a metric tensor, and the
formula in Definition 3.50 is, in fact, the definition of the pullback of a metric
tensor [5]. Thus if f : M → N is a mapping of a differentiable manifold M
to a semi-Riemannian manifold (N, n), then f ∗n is a metric tensor for M ,
and (M, f ∗n) is a semi-Riemannian manifold. Particularly, the standard Rie-
mannian structure of a chart (Rn) can always be pulled back to the manifold,
making it thus a Riemannian manifold. However, the induced metric tensor
in that case is chart-dependent. Furthermore, the contraction of a metric
tensor with respect to a vector field is defined as for differential forms.

It is clear from the definition of the Riemannian manifold that Rieman-
nian manifolds are not structurally metric spaces in the sense of Definition
3.9. However, the metric tensor induces canonically a metric space structure
for manifolds: the length or the norm ||v|| of a tangent vector v ∈ Tp(M)
is defined by ||v|| =

√
mp(v, v). Furthermore, a metric tensor enables com-

parison of the lengths of tangent vectors of different points. Then with the
help of the norm of tangent vectors, we can define the lengths of smooth
curves, and the distance between a pair of points is defined as the length of
the shortest curve joining the points, i.e., the geodesic. Consequently, every
connected Riemannian manifold is also a metric space:

Definition 3.65. Let c : [a, b] ⊂ R → M be a smooth curve on a Riemannian
manifold (M,m) such that c is a diffeomorphism from [a, b] to its range. Then
its length L(c) is defined by

L(c) =

∫ b

a

||c∗(t)(e)|| dt,

where e is the canonical basis vector of R.

Remark 3.9.2. The definition of the length of curves is independent of pa-
rameterization and depends only on the metric tensor and the range of c
[5].

Theorem 3.6. Let M be a connected Riemannian manifold, and let the
function dis : M ×M → R be defined by the formula

dis(p, q) = inf {L(c) | c is a smooth curve joining p and q}.

Then (M, dis) is a metric space [5].

Remark 3.9.3. The metric topology of (M, dis) agrees with the manifold
topology of M with any dis that can be defined on M [5].
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Remark 3.9.4. The metric tensor chosen for the manifold may be such that its
induced point-to-point metric is the same that was induced by the distance
measurements, but it need not be the same.

As a corollary, we have a characterization of isometries, which are the
structure-preserving mappings of Riemannian manifolds in terms of metric
tensors:

Corollary 3.1. Let f : M → N be a differentiable mapping between Rie-
mannian manifolds (M,m) and (N, n). If f ∗n = m, then f is an isometry.

Remark 3.9.5. The structure-preserving mappings of semi-Riemannian man-
ifolds, which are also called isometries, can be defined as in the above corol-
lary: Let f : M → N be a differentiable mapping between semi-Riemannian
manifolds (M,m) and (N, n). If f ∗n = m, then f is an isometry.

Not only distance but also the concept of orthogonality derives from the
metric tensor: tangent vectors u, v ∈ Tp(M) are orthogonal if mp(u, v) = 0
holds. This is similar to the traditional dot product ·, where vectors u and
v are said to be orthogonal if u · v = 0 holds. Useful concepts related to
orthogonality are orthonormal basis and basis field:

Definition 3.66. A basis {∂1, ..., ∂n} of a tangent space is orthonormal if
m(∂i, ∂j) = δij holds, and a basis field is orthonormal if its orthonormal in
every point. The symbol δij is the Kronecker delta, defined as follows: δij = 1
if i = j, otherwise δij = 0.

3.9.2 Representation of differential forms as proxy vec-

tor fields

In a semi-Riemannian manifold, we can canonically represent differential
forms as vector fields and thus give a connection between differential form
analysis and vector analysis: vector fields on an n-manifold are mappings
that assign to each point of the manifold an element of n-dimensional vector
space (the tangent space of the point). On the other hand, one-forms and
(n − 1)-forms on the same manifold are mappings that assign to each point
of the manifold an element from a vector space whose dimension is n. Thus
these vector spaces are isomorphic, and therefore it is possible to use isomor-
phisms to represent one-forms and (n− 1)-forms with vector fields. Vectors
representing forms are called proxy-vectors. Isomorphisms are not canonical,
but if a metric tensor is defined, it provides a canonical isomorphism from a
tangent space to the corresponding covector and (n− 1)-covector spaces.
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A vector space V is isomorphic to its dual V ∗ but has no canonical iso-
morphism. However, if an inner product Φ is defined on V , then it is possible
to define a canonical isomorphism between V and V ∗: by the Riesz repre-
sentation theorem [66], for each v ∈ V , there corresponds a unique element
fv of V ∗ such that equation fv(w) = Φ(v, w) holds for all w ∈ V . On the
other hand, all elements of V ∗ can be defined this way. Thus the vector v
together with Φ represents the functional fv. However, if Φ is changed, the
vector representing the functional is changed.

This procedure can be generalized to semi-Riemannian manifolds: let
(M,m) be an n-dimensional semi-Riemannian manifold. Then a unique
proxy vector field Vm exists for each one-form ω such that ωp(v) = mp(Vm(p), v)
holds for all points p ∈ M and all tangent vectors v ∈ Tp(M) [16]. In this
case, we say that the vector field Vm represents the one-form ω. Again the
representation of one-forms with vector fields is not unique but depends on
the chosen metric tensor. The isomorphism from one-forms to vector fields
defined by the metric tensor is called sharp, and it is denoted by � [34]. The
inverse of � is called flat, and it is denoted by � [34].

The representation of (n−1)-forms with vector fields requires also a metric
tensor, but now the role of the metric tensor remains hidden:

Definition 3.67. Let (X1, ..., Xn) be a positively oriented orthonormal basis
field. An n-form vol is a volume form if vol(X1, ..., Xn) = 1 holds everywhere.

Remark 3.9.6. The volume form is unique for each metric tensor and thus
does not depend on any particular positively oriented orthonormal basis used
in its definition [34]. In the literature [5], also the term volume element is
used instead of volume form.

With the volume form vol we can now represent an (n − 1)-form ω
with the unique proxy vector field Vm that satisfies volp(Vm(p), v2, ..., vn) =
ωp(v2, ..., vn) for all points p ∈M and all tangent vectors v2, ..., vn ∈ Tp(M).

With the contraction, we can define proxy vectors alternatively as follows:
let m and vol be the metric tensor and the volume form of a semi-Riemannian
manifold, respectively. Let ω and η be a one-form and an (n − 1)-form,
respectively. Then their proxy vectors U and V are those that satisfy the
following equations:

{
ω = iUm
η = iV vol.
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3.9.3 Hodge-operator

When electromagnetic theory is formulated with classical vector analysis,
the constitutive equations are relations between vector fields: in the case of
linear materials, permittivity, permeability, and conductivity are modeled as
scalar or tensor fields that map a vector field to a vector field. That is, the
materials are modeled as linear isomorphisms that map vector fields to vector
fields. On the other hand, because the forms representing magnetic field
(one-form) and magnetic flux density (two-form) are of a different degree,
permeability cannot be a scalar field. However, in an n-manifold M the
vector spaces Ωk(M) and Ωn−k(M) are isomorphic because the vector space
of all antisymmetric k-linear mappings over Tp(M) has the same dimension
as the vector space of all antisymmetric (n−k)-linear mappings over Tp(M).
The isomorphism between Ωk(M) and Ωn−k(M) is not canonical, but on a
semi-Riemannian manifold we can define a canonical isomorphism with the
so-called Hodge-operator (also known as the star-operator).

Definition 3.68. Let M be an oriented semi-Riemannian n-manifold. The
Hodge-operator is the unique linear isomorphism  : Ωk(M) → Ωn−k(M) for
0 ≤ k ≤ n such that

(ω ∧ α) = i�α( ω)

holds for any k-form ω and a one-form α and

 1 = vol

holds for the zero-form 1 [13].

Proposition 3.7. The Hodge operator has the following properties [34] [62]:

(1)  = (−1)k(n−k)+sidΩk(M), where s is the index of metric tensor

(2) definiteness: ω ∧  ω is a nonzero n-form that maps bases from the
positive class to positive numbers for all ω 
= 0

(3) symmetry: ω ∧  η = η ∧  ω.

Remark 3.9.7. For each metric tensor, there is a corresponding Hodge-operator,
and the converse is also true: given a linear isomorphism from one-forms to
(n− 1)-forms with the properties of definiteness and symmetry, it induces a
metric tensor [8].
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Remark 3.9.8. The properties of definiteness and symmetry of the Hodge
operator make it possible to define an inner product 〈·, ·〉 for Ωk(M) as follows
[62]:

〈ω, η〉 =

∫
M

ω ∧  η.

The Hodge-operator helps establish a relation between the exterior deriva-
tive and the differential operators gradient, curl, and divergence: let f be a
scalar field and F a vector field. Then the formula for the gradient with any
metric tensor is grad f = �(df); i.e., grad f is a vector field that satisfies
df(V ) = m(grad f, V ) for all vector fields V and for the given metric tensor
m. Again if the metric tensor is changed, the vector field grad f is changed.
The formula for the curl is curl F = �[ (d(�F ))], where the vector field F is
first flattened or mapped to the one-form �F by the isomorphism �. Then the
exterior derivative of �F is taken after, which the resulting two-form d(�F ) is
mapped to the one-form  (d(�F )) using the Hodge operator. Finally, using
the sharp operator �, the one-form  (d(�F )) is mapped to the vector field
�( (d(�F ))). The formula for the divergence is div F = (d((�F ))). Again
the vector field F is first flattened to the one-form �F and then mapped to
the two-form (�F ) by the Hodge. The two-form is mapped to the three-form
d((�F )) using the exterior derivative, and finally the Hodge maps this to the
scalar field (zero-form) (d((�F ))).

3.10 Calculations in coordinates

In the above, we defined most of the structures without reference to coor-
dinates or bases. This approach emphasized the conceptual characteristics
of the structures and the fact that nature is independent of our choices of
coordinates and bases. However, when we solve problems numerically with
computers, we must, in the end, represent these structures with real numbers.
This representation we achieve by choosing coordinates and bases. In this
section, we give coordinate and basis representations of some of the structures
defined above.

Charts are a convenient way to induce bases for the tangent spaces of a
manifold from a chart: in the Euclidean space Rn, the tangent space Ta(R

n)
of a point a ∈ Rn is identified with the vector space Rn in an obvious way.
Obvious identification implies that all the tangent spaces of R

n are canoni-
cally isomorphic to each other. Because the vector space Rn has a canonical
(or natural or standard) basis, (e1, .., en), there is a natural basis field for
the tangent spaces of the Euclidean space Rn. Now because the codomain
V = φ(U) of every chart φ is a manifold itself and a subset of the Euclidean
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space Rn, a natural basis field exists for the tangent spaces of V . Then the
pushforward of φ−1 induces a basis field called the coordinate frame in the
tangent spaces of the manifold.

Definition 3.69. Let φ be chart of M , and let (e1, .., en) be the standard
ordered basis of Rn. Then the coordinate frame of φ is the ordered basis field
of the tangent spaces of M given by ((φ−1)∗e1, .., (φ

−1)∗en).

Let dim(M) = m and dim(N) = n, and let f : M → N be a differen-
tiable mapping. The pushforward f∗(p) at p is a linear map f∗(p) : Tp(M) →
Tf(p)(N), and if we choose bases for Tp(M) and Tf(p)(N), then we can rep-
resent f∗(p) as a matrix that maps from Rm to Rn. If f is represented with
charts as φ−1 ◦ f ◦ ϕ, then the pushforward f∗(p) is given by the Jacobian
matrix [5] of the representation map φ−1 ◦ f ◦ ϕ. In other words, the Ja-
cobian matrix of the representation map is the matrix of f∗(p) given in the
coordinate frames ((φ−1)∗e1, .., (φ

−1)∗em) and ((ϕ−1)∗e1, .., (ϕ
−1)∗en).

Next we define bases for Ω1(M) and for each T ∗pM using the bases of
Tp(M).

Definition 3.70. Let (X1, .., Xn) be a frame field of T (M). Then its coframe
is the frame field (dx1, ..., dxn) of Ω1(M) defined by

dxi(Xj) =

{
1 if i = j
0 if i 
= j.

If the frame (X1, .., Xn) is a coordinate frame, then (dx1, ..., dxn) is called
the coordinate coframe [5]. The notation (dx1, ..., dxn) for the coordinate
coframe comes from the fact that a chart of an n-manifold M can be repre-
sented as an n-tuple of coordinate mappings xi : M → R such that xi gives
the ith coordinate of the points under the chart. Then dxi is the differential
of xi.

Because a k-form is multilinear mapping at each point p, it is completely
determined at p if its values are known for some basis vectors of (Tp(M))k.
These values are then the components of the multilinear mapping with re-
spect to the basis. To expand the components to the whole manifold, we
need basis fields, and coordinate frames offer a convenient way to do this:

Definition 3.71. Let ω ∈ Ωk(M) hold and let (X1, ..., Xn) be a coordinate
frame field of T (M). Furthermore, let τ : {1, ..., k} → {1, ..., n} be a mapping
such that τ(1) < τ(2) < ... < τ(k). In the following, we use the shorthand
notation τi for τ(i). The component functions of ω with respect to the frame
(X1, ..., Xn) are the functions ωτ1...τk

: M → R defined by

ωτ1...τk
(p) = ωp(Xτ1 , ..., Xτk

).
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The wedge product provides a convenient way to express higher-degree
forms as products of one-forms. The standard ordered basis of one-forms in-
duced by a chart is its coordinate coframe (dx1, ..., dxn). A basis of two-forms
is given by the set {dx1∧dx2, ..., dx1∧dxn, dx2∧dx3, ..., dx2∧dxn, ..., dxn−1∧
dxn}, consisting of all possible wedge products of the coframe, excluding
the reversed products; i.e., either dxi ∧ dxj or dxj ∧ dxi is included but not
both. Particularly, the standard ordered basis of two-forms in a 3-manifold is
(dx2∧dx3, dx3∧dx1, dx1∧dx2). Similarly, we can define bases for k-forms as
the set of all possible wedge products of k elements of the coframe, excluding
the permuted products. In fact, the component functions of differential forms
defined above are exactly the components of the form given in these bases
[34]: let ωτ1...τk

(p) be the component functions of ω ∈ Ωk(M) with respect to
a coordinate frame (X1, ..., Xn), and if (dx1, ..., dxn) is the coframe, then ω
can be expressed as

ω =
∑

τ1<...<τk

ωτ1...τk
dxτ1 ∧ ... ∧ dxτk

.

There is an explicit formula for the exterior derivative of a k-form based
on the coordinate coframe and the component functions:

Proposition 3.8. If a k-form ω is given in a coordinate coframe as∑
τ1<...<τk

ωτ1...τk
dxτ1 ∧ ... ∧ dxτk

, then its exterior derivative dω is given by
the formula

dω =
∑

τ1<...<τk

dωτ1...τk
∧ dxτ1 ∧ ... ∧ dxτk

, (3.1)

where dωτ1...τk
denotes the differential of the component function ωτ1...τk

[34][62].

We can explicitly calculate the Hodge of a k-form in terms of the form it-
self if we use any orthonormal frame fields, including orthonormal coordinate
frames:

Proposition 3.9. If ω is a k-form on a Riemannian manifold M , then its
image  ω under  is an (n− k)-form such that

( ω)(Xk+1, ..., Xn) = ω(X1, ..., Xk)

holds for any orthonormal positively oriented frame field (X1, ..., Xn).
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Chapter 4

Electromagnetic boundary

value problems

Electromagnetic BVPs can be formulated with the well established differ-
ential geometry approach [13], instead of the traditional vector analysis ap-
proach. In this chapter, we show how to formulate electromagnetic BVPs
with the tools of differential geometry. The main tools are manifolds-with-
boundary, differential forms, the pullback of forms, the wedge product, the
exterior derivative, the Lie derivative, and the contraction of forms. This
approach and particularly its possibilities for numerical modeling are not
well-known to engineers and architects of modeling software.

The domain of an electromagnetic BVP is a model of space, space and
time, or even spacetime [57] [63]. Maxwell’s equations are normally presented
in the form in which space and time are separated so that time is treated as
an independent parameter. In this so-called (3 + 1)-decomposition of equa-
tions, electromagnetic fields are split into electric and magnetic components.
The decomposition is not absolute, but depends on the observer that splits
spacetime into space and time.

To demonstrate the generality and flexibility of differential geometric
structures, we show in the first three sections below how to derive a very
general (3 + 1)-decomposition of Maxwell’s equations and constitutive equa-
tions. This derivation is based on an additional structure on a manifold,
called the observer structure, which is closely related to one-dimensional fo-
liations of the spacetime manifold but is even more general. Observer is
defined by a pair consisting of a vector field and a one-form over spacetime.
Notice that the general (3 + 1)-decomposition is local and fully coordinate-
and metric-free. Furthermore, the usual splitting of spacetime such that time
can be treated as an independent parameter is a special case of this general
procedure. In addition to (3+1)-decompositions, the observer structure con-
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stitutes an important tool in the theory of dimensional reduction introduced
in chapter 5.

The generality and flexibility of differential geometric structures also al-
lows us to formulate many types of problems, such as static BVPs, initial
value problems, and Cauchy problems, in a single setting, simply called
BVPs. For example, initial value problems are plain standard BVPs when
the initial values are interpreted as a special type boundary values. In fact, in
terms of differential geometry, it would be more accurate to say that the ini-
tial values are merely boundary values for which we have given a special name
and separate treatment. In the fourth section in this chapter, we formulate
a general electromagnetic BVP based on the general (3 + 1)-decomposition
of Maxwell’s equations using differential geometry.

The formulation of a general electromagnetic BVP in differential geometry
is invariant under diffeomorphisms of the BVP domain; i.e., the formulation
is generally covariant. Using general covariance, we can naturally derive
the equivalence of BVPs under diffeomorphisms in the fifth section. From
the physical point of view, equivalent BVPs can be thought to correspond
to the same physical situation. Furthermore, if a BVP is formulated with
a coordinate system, the change of coordinates procedure for BVPs is an
instance of the equivalence of BVPs. Particularly noteworthy is the fact that
the equivalence of BVPs does not depend on a metric.

The equivalence of BVPs under diffeomorphisms provides insight into
efficient solutions of BVPs and particular problems: in chapter 6, we show
how several apparently unrelated traditional methods or approaches used to
solve problems are, in fact, simply instances of a general method based on
the equivalence of BVPs. For example, solutions of open-boundary problems
with compact domains and the invisibility cloaking are both instances of a
procedure based on equivalent BVPs. Thus the equivalence of BVPs provides
unified theoretical explanations for many traditional solution methods and
suggests new ones: in chapters 6 and 7, we show how the equivalence can
be used to speed up parametric modeling. The equivalence of BVPs under
diffeomorphisms and the unified aspects it lends to the solution methods of
BVPs is a major result of this thesis.

The diffeomorphism-invariance of the differential equations and boundary
values is trivial because they are canonically defined for all manifolds-with-
boundary. On the other hand, the diffeomorphism-invariance of the constitu-
tive equations is not trivial: the constitutive equations must first be defined
using a metric because there is no canonical way to define them in manifolds.
However, diffeomorphism-invariance can be defined without a metric such
that it depends only on diffeomorphism. Thus if equivalent BVPs are for-
mulated with charts, the material parameters that describe the constitutive
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equations depend on the charts.
Finally, we study the exact role of the metric in electromagnetic BVPs.

We show, as an another major result of this thesis, that the metric of the
manifold and the constitutive equations are closely connected, but that in
the end, the role of the metric in formulations of electromagnetic BVPs is
restricted to the initial identification of the BVP.

4.1 Geometric decompositions of fields and

the exterior derivative

The general method to split spacetime into space and time is based on the
choice of observer defined geometrically by a pair (T, τ), where T is a smooth
nonvanishing vector field, and τ is a smooth nonzero one-form such that
τ(T ) = 1 holds everywhere. The pair (T, τ) defines an additional structure
on manifolds called the observer structure, characterizable as a field of local
observers. Observer structures endow a manifold with a local product struc-
ture: an n-manifold can be locally expressed as the product of a 1-manifold
and an (n− 1)-manifold.

A holonomic observer (T, τ) is such that τ is exact, i.e., there exists a
zero-form λ such that τ = dMλ holds. Holonomic observers correspond to
(3 + 1)-foliations of a spacetime M and with them we get the usual form
of Maxwell’s equations. If τ is not exact or (T, τ) does not correspond to
any (3 + 1)-foliation, the observer is nonholonomic. The pair (T, τ) also
defines two complementary projections for fields and the exterior derivative
and decomposes them into complementary components, which correspond to
the local splitting of the manifold. These decompositions are called geometric
decompositions.

4.1.1 Foliations of manifolds and observer structures

Maxwell’s equations are defined in a four-dimensional spacetime manifold
M , whose points are “events.” Usually, a spacetime M is split into a global
product M = M3×R, where M3 is a 3-manifold modeling space and R mod-
els time. When M is a global product, time is treated as an independent
parameter. We don’t assume M to be a global product of two manifolds;
instead, we use observer structures to split the spacetime M locally into a
product of space and time: an observer (T, τ) divides M into nonintersecting
three-dimensional submanifolds such that each submanifold represents spa-
tial space at some moment of time; i.e., the pair defines a one-dimensional
foliation of M .
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To define a holonomic (T, τ) exactly, we first need a zero-form that de-
fines a one-dimensional foliation of M or decomposes M into nonintersecting
three-dimensional submanifolds. Let us assume that a smooth zero-form λ
exists whose level sets form a one-parameter family of three-dimensional hy-
persurfaces λ = constant. In other words, the level sets are nonintersecting
three-dimensional submanifolds, and M is the disjoint union of these sub-
manifolds. Then the submanifold λt = {p ∈ M | λ(p) = t} is a leaf of the
foliation and can be thought of as a simple model for spatial space at time
t. Figure 4.1 gives an example of a foliation of spacetime.

λ1

λ3

λ0

λ2

λ4

Figure 4.1: Example of a foliation. A (2+1)-foliation of a 3-dimensional
space, where the two-dimensional surfaces λt are the leaves of the foliation.
In the case of a (3+1)-foliation of spacetime, the leaves are three-dimensional.

The smooth one-form τ on M is now defined as the exterior derivative of
λ or τ = dMλ. Observe that dMτ = 0 holds, and that the kernel1 of τ and
the tangent space of the leaves coincide at every point. Then we define T
as a smooth vector field on M transversal to the leaves such that τ(T ) = 1
holds everywhere. Equivalently, T is such that the Lie derivative of λ with
respect to T is one everywhere: because iT (dMλ) = iTτ = τ(T ) = 1 holds, it
follows that LTλ = iTdMλ = 1. In summary, T defines the direction of time
at each event and τ defines spatial space at every time instant, which in turn
are defined by the foliation {λt}.

If the observer is nonholonomic, then dMτ 
= 0 holds, and τ is thus not a
closed one-form. We consider nonholonomic observers only with remarks.

1τ is a covector at each point of the manifold, and the kernel of a covector at a point
is the subspace of the tangent space of the point mapped to zero by the covector.
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The pair (T, τ) decomposes tangent vectors into spatial and time com-
ponents: τ decomposes M into nonintersecting submanifolds; thus together
with T it also decomposes the tangent spaces of M into a direct sum [25][40]:
Tp(M) = span(Tp) ⊕ ker(τp) holds for all points, where span(Tp) = {αTp ∈
Tp(M) |α ∈ R} and ker(τp) = {v ∈ Tp(M) | τ(v) = 0}. Consequently, there
is a decomposition of all tangent vectors into two components: the component
along the submanifolds, which is the spatial component, and the component
parallel to T , which is the time component.

The decomposition of tangent spaces also shows that the foliation gives
M locally a product structure: if we take a piece small enough from the
manifold, it is diffeomorphic to a subset of the product manifold R3 × R.
Notice also that the global decomposition M = M3 × R of a spacetime M
corresponds to the situation where M is diffeomorphic to M3 × R, and then
M is identified with M3 × R. Furthermore, notice that because no metric is
involved here, T cannot be assumed to be orthogonal to the submanifolds.

All the above that was introduced to split spacetime locally into space
and time parts can be generalized to other manifolds with a dimension equal
to or greater than two. This generalization is important because dimensional
reduction, introduced in chapter 5, is based on it. The generalization is as
follows:

Definition 4.1. Let M be a differentiable manifold of dimension equal to
or greater than two. An observer structure for M is a pair (T, τ), where T
and τ are a smooth nonzero vector field on M and a smooth one-form on M ,
respectively, such that τ(T ) = 1 holds everywhere. Furthermore, if τ = dMλ
holds for some zero-form λ, then (T, τ) is a holonomic observer, otherwise
(T, τ) is a nonholonomic observer

Open Question 1. What is the exact relationship between traditional ob-
server models, such as one assumed by Newtonian mechanics, and the ob-
server structure presented here? Notice that the observer structures defined
above are more general than is used in the general relativity [44], where ob-
servers are based on metric tensors with index 1 (Lorentz manifolds). Metric
tensor based observers allow the definition of causality structures [49]. What
other applications than spacetime splitting to space and time and decompo-
sitions of differential equations the observer structure might offer?

4.1.2 Geometric decomposition of fields

An observer (T, τ) induces two complementary projections on fields that de-
fine the geometric decomposition of the fields: locally a field is decomposed
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into a component parallel to the vector field T (along the integral curves
of T ) and into a complementary component along submanifolds defined by
τ . These projections play an essential role also in dimensional reduction;
therefore, in this section (T, τ) need not relate to time and space, and τ need
not be closed, i.e., dMτ 
= 0 may hold in general. The basic ideas in this
and the next sections follow closely [15], where τ is given as the metric dual
of T or where τ = �T holds, whereas we avoid involving the metric. Our
terminology and notation also differ from those in [15]. Similar ideas about
field decompositions are also presented in [26] and [39].

The geometric decomposition of a k-form ω contains two components
specific to ω, one a k-form and the other a (k − 1)-form, and these are
called the geometric components of ω. Geometric components are spatial
forms (generally called horizontal forms), which means that they map tangent
vectors parallel to T to zero. The geometric components of electromagnetic
fields are E, D, H , and B, which are all spatial forms. The spatial forms
constitute their own exterior algebra under the wedge product.

Complementary projections are defined with extension and contraction.

Proposition 4.1. Let (T, τ) be an observer for a manifoldM and 1 ≤ k ≤ n.
Then PT = Iτ iT : Ωk(M) → Ωk(M) and Pτ = iTIτ : Ωk(M) → Ωk(M) are
projections for each k. Furthermore, the projections are complementary; or
if I denotes the identity mapping of the forms and 0 denotes the zero-valued
form, then Pτ + PT = I and PτPT = PTPτ = 0 hold.

Proof: PT = τ ∧ iT is a projection if it is idempotent or if applying it twice
yields the same result as applying it once. Let ω be a k-form, and let PT be
twice applied to it (notice that iTτ = 1 and iT (iTω) = 0 hold):

PTPTω = τ ∧ iT (τ ∧ iTω)

= τ ∧ (iTτ ∧ iTω − τ ∧ iT (iTω)) = τ ∧ iTω = PTω.

The fact that Pτ is a projection follows from the fact that PT is a projection:

Pτω = iTIτω = iT (τ ∧ ω)

= iTτ ∧ ω − τ ∧ iTω = ω − τ ∧ iTω = (I − PT )ω.

Thus Pτ = I − PT and then PτPτ = (I − PT )(I − PT ) = I − PT − PT + P 2
T

=
I − PT − PT + PT = I − PT = Pτ . Clearly, Pτ + PT = I now holds, and it is
trivial to show that PτPT = PTPτ = 0. �

These two projections decompose the forms into complementary parts,
and the decomposition is a geometric decomposition:
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Definition 4.2. The geometric decomposition of ω ∈ Ωk(M), when 1 ≤ k ≤
n, with respect to the observer (T, τ) is

ω = Pτω + PTω.

Remark 4.1.1. The geometric decomposition of ω in terms of contraction and
wedge product is ω = (ω − τ ∧ iTω) + τ ∧ iTω.

Remark 4.1.2. The observer (T, τ) need not be holonomic in the definition
of geometric decomposition of fields. In fact, this property is not needed
at all for geometric decompositions of fields. The τ being exact or not is
important only when we decompose the exterior derivative which is used to
express Maxwell’s equations in spacetime.

Henceforth we adopt the notation ωτ = Pτω = ω − τ ∧ iTω, whereby
the geometric decomposition is ω = ωτ + τ ∧ iTω. Because τ is given, the
information specifying ω is given by the components ωτ and iTω, which we
call the geometric components of ω . The definition of ωτ does not make
sense for zero-forms because the contraction is not defined. However, the
definition that is in line with the original definition makes use of the part
that does make sense: we set ωτ = ω for the zero-forms. For n-forms on an
n-dimensional manifold, the situation is reversed: because ω = τ ∧ iTω holds
for all n-forms ω, then ωτ = 0 holds for all n-forms.

Remark 4.1.3. In the dimensional reduction of BVPs, geometric components
are the fields governed by lower-dimensional BVPs.

Because Tp(M) = span(Tp) ⊕ ker(τp) holds for all points, every tangent
vector v ∈ Tp(M) decomposes as v = v‖ + v⊥, where v‖ ∈ ker(τp) is the
component tangent to the hypersurface through p defined by τ , and v⊥ ∈
span(Tp) is the component parallel to T . We call v‖ and v⊥ the horizontal
and the vertical component of v, respectively. The tangent vectors belonging
to ker(τ) are called horizontal vectors. In the case of time and space splitting,
horizontal vectors are called spatial vectors. A submanifold of M whose
tangent vectors are all horizontal vectors in T (M) is a horizontal submanifold.
Next we define the horizontal or spatial forms that have closely connected to
horizontal vectors and horizontal submanifolds:

Definition 4.3. A k-form ω is horizontal if Pτω = ω holds. If ω = ωτ + τ ∧
iTω, then ωτ is the horizontal component of ω.

The following proposition characterizes horizontal (or spatial) forms.

Proposition 4.2. ω is horizontal if and only if iTω = 0 holds.

63



Proof: If ω is horizontal, then

iTω = iT (ω − τ ∧ iTω) = iTω − iT (τ ∧ iTω)

= iTω − iTτ ∧ iTω + τ ∧ iT (iTω) = iTω − iTω = 0.

On the other hand, if iTω = 0 holds, then τ ∧ iTω = 0, and thus ω = ωτ

holds. �

Remark 4.1.4. The geometric components ωτ and iTω of ω are both hori-
zontal forms. This is crucial for time and space splitting, because geometric
components are then spatial forms, as is expected: the fields E, D, H , and B
are all spatial forms. The fact that geometric components are horizontal is
also crucial for dimensional reduction, because they are the fields to be solved
in the lower-dimensional BVP, which is defined on a horizontal submanifold.

If the dimension of M is n, then the horizontal component of a form is
exactly the component of the form that restricts to the (n− 1)-dimensional
horizontal submanifolds defined by τ : let i : N → M be the inclusion map
of a horizontal submanifold N to M . Then clearly the pushforward of i
maps the tangent vectors of N to the horizontal vectors of M . Then the
pullback of i is a restriction of forms to N , and because i∗ω(v1, ..., vk) =
ω(i∗v1, ..., i∗vk), where i∗v1, ..., i∗vk are always horizontal vectors, it follows
that the horizontal component is the component that restricts to N without
loss of nontrivial information. Observe that these horizontal submanifolds
are regular embedded submanifolds, which in spacetime splitting correspond
to space at some moment of time and which is why horizontal forms are
called spatial forms.

It is easy to show that the projection Pτ is compatible with the exterior
algebra structure of Ω(M):

Lemma 4.1. The projection Pτ satisfies equations

Pτ(ω + aη) = Pτω + aPτη ω, η ∈ Ωk(M), a ∈ R

Pτ(ω ∧ η) = Pτω ∧ Pτη ω, η ∈ Ω(M).

Let us denote the set of all horizontal forms on M by Ωh(M) and the set
of all horizontal k-forms by Ωk

h(M). Then Lemma 4.1 shows that Ωk
h(M) is

a vector subspace of Ωk(M) for each k: the sum of two horizontal k-forms
is a horizontal k-form, and the scalar multiple of a horizontal k-form is a
horizontal k-form. Furthermore, Lemma 4.1 shows that the wedge product
of horizontal forms is again a horizontal form. Thus Ωh(M) has its own
exterior algebra structure under the wedge product.
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4.1.3 Geometric decomposition of the exterior deriva-

tive

When we apply the projections PT = Iτ iT and Pτ = iTIτ to the exterior
derivative, we produce the geometric decomposition of the exterior deriva-
tive. Particularly, with Pτ we can produce the horizontal or spatial exterior
derivative, which takes the role of the curl and divergence in the four familiar
Maxwell’s equations. The horizontal exterior derivative operates nontrivially
only to the horizontal components of differential forms, and the horizontal
exterior derivative of a form is again a horizontal form. Generally speaking,
in an n-manifold, the horizontal exterior derivative reduces to the exterior
derivative of the (n− 1)-manifold, or the horizontal exterior derivative is the
exterior derivative of horizontal forms.

Definition 4.4. Let dM be the exterior derivative of an n-manifoldM , where
(T, τ) defines an observer structure for M . Then the horizontal exterior
derivative of dM with respect to the observer (T, τ) is the operator dτ on M
defined by

dτ = PτdM ,

and the geometric decomposition of the exterior derivative dM is defined by

dM = PτdM + PTdM .

Remark 4.1.5. In terms of contraction, wedge product, and dM the horizon-
tal exterior derivative is given by dτ = dM − τ ∧ iTdM and the geometric
decomposition of the exterior derivative is given by dM = dτ + τ ∧ iTdM .

Proposition 4.3. The horizontal exterior derivative of a k-form is a hori-
zontal (k + 1)-form or if ω ∈ Ωk(M), then dτω ∈ Ωk+1

h (M).

Proof: dτω clearly is a (k+ 1)-form. To show that it is a horizontal form, we
use the characterization of Proposition 4.2 or show that iTdτω = 0 holds:

iTdτω = iT (dMω − τ ∧ iTdMω) = iTdMω − iTdMω + τ ∧ iT iTdMω = 0. �

If (T, τ) defines a splitting of spacetime to space and time, then the hori-
zontal exterior derivative is called the spatial exterior derivative. The spatial
exterior derivative reduces to the exterior derivative of a 3-manifold: let
i : N →M be the inclusion map of a horizontal 3-submanifold N (defined by
τ) to M . Then i∗dMω = i∗dτω + i∗(τ ∧ iTdMω) = i∗dτω holds since i∗τ = 0.
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It is easy to show that the horizontal exterior derivative dτ satisfies the
product rule for horizontal forms, i.e., the following equation

dτ(ω ∧ η) = dτω ∧ η + (−1)kω ∧ dτη

holds for all ω ∈ Ωk
h(M) and η ∈ Ωh(M). In case of holonomic observers,

the complex property dτdτ = 0 holds for the horizontal exterior derivative
dτ . Then also Stokes’s theorem holds for dτ and horizontal submanifolds: let
ω ∈ Ωk

h(M) and let N be a horizontal (k+1)-submanifold of M . Now, by
definition, the restriction of dMω to N is the same as the restriction of dτω.
Thus we have ∫

N

dτω =

∫
N

dMω.

Then because Stokes’s theorem holds for dM , we have Stokes’s theorem also
for the horizontal forms and the horizontal exterior derivative:∫

N

dτω =

∫
∂N

ω.

4.2 Maxwell’s equations

With geometric decompositions of fields and the exterior derivative, we can
derive a (3 + 1)-decomposition of Maxwell’s equations with separate spatial
and time derivatives. However, to derive a (3 + 1)-decomposition, we must
first introduce Maxwell’s equations in a spacetime with no separation of space
and time. Hence there is no separation between electric and magnetic fields
either, and we must talk about electromagnetic fields. When an observer
(T, τ) is introduced, the fields and the exterior derivative get decomposed
along with Maxwell’s equations in spacetime. Because the decomposition is
local, and because time is not an independent parameter, time derivatives
are expressed as Lie derivatives with respect to T .

4.2.1 Maxwell’s equations in spacetime

In this section, we introduce Maxwell’s equations in spacetime. Our goal
is not to study this model or justify it, but to show how to derive (3 + 1)-
decompositions from it. Thus the model is assumed valid, and the reader may
consult [26]. The model can be built from the classical form of Maxwell’s
equations or based on certain axioms stating, e.g., the conservation of the
charge and magnetic flux as in [26].
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Let M be a four-dimensional spacetime manifold, i.e., a differentiable
manifold, whose points are “events.” Let F be the electromagnetic field two-
form, G the excitation two-form, and J the source three-form in M . These
fields are governed by Maxwell’s equations

dMF = 0 (4.1)

dMG = J ,

where dM denotes the exterior derivative of M . The first equation contains
Faraday’s law and Gauss’s law for the magnetic field. The second equation
contains Ampère’s law and Gauss’s law for the electric field. To peel these
laws out, we must decompose the spacetime into a product of space and time.

4.2.2 (3 + 1)-decomposition of Maxwell’s equations

Let (T, τ) be an observer defining a local splitting of spacetime into space
and time. Now the geometric decompositions of the fields F , G, and J are

F = Fτ + τ ∧ iTF

G = Gτ + τ ∧ iTG

J = Jτ + τ ∧ iTJ .

The decomposition of fields F , G, and J into magnetic and electric parts
depends on the choice of observer, i.e., the choice of the pair (T, τ). Therefore,
we rename the geometric components Fτ , iTF , Gτ , iTG, Jτ , and iTJ as
follows:

Fτ = −B (4.2)

iTF = E

Gτ = D

iTG = H

Jτ = ρ

iTJ = −J.

Then the geometric decompositions are

F = −B + τ ∧E

G = D + τ ∧H

J = ρ− τ ∧ J.

The derivation of the (3 + 1)-decomposition of Maxwell’s equation in
(4.1) is based on geometric decompositions of the fields (Definition 4.2) and
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the exterior derivative (Definition 4.4) in the equations of (4.1) under an
observer (T, τ). Let us first derive Faraday’s law and magnetic Gauss’s law
from equation dMF = 0:

dMF = (PτdM + PTdM)(PτF + PTF)

= PτdMPτF + PτdMPTF + PTdMPτF + PTdMPTF . (4.3)

Now if (T, τ) is holonomic, then the next lemma shows how to simplify the
above decomposition of dMF .

Lemma 4.2. Let M be a manifold with a holonomic observer structure
(T, τ), and let ω = ωτ + τ ∧ iTω hold. Then the following equations are
satisfied:

PτdMPTω = 0

PTdMPτω = IτLTωτ

PTdMPTω = −IτdτiTω.

Proof: The first and third equation need the assumption of holonomy, i.e.,
dMτ = 0 must hold:

PτdMPTω = iTIτdM(τ ∧ iTω)

= iTIτ(dMτ ∧ iTω − τ ∧ dMiTω)

= −iTIτ(τ ∧ dMiTω)

= −iT (τ ∧ τ ∧ dMiTω)

= 0

PTdMPTω = Iτ iTdMIτ iTω

= Iτ iT (dMτ ∧ iTω − τ ∧ dMiTω)

= −Iτ iT (τ ∧ dMiTω)

= −Iτ(dM iTω − τ ∧ iTdMiTω)

= −Iτdτ iTω.

The second equation follows from Cartan’s formula and Proposition 4.2:

PTdMPτω = Iτ iTdMωτ = IτLTωτ . �

Next we apply the results of the above lemma to equation (4.3) and use
definitions 4.3 and 4.4:

PτdMPτF + PτdMPTF + PTdMPτF + PTdMPTF = 0

dτFτ + Iτ(LTFτ − dτiTF) = 0. (4.4)
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In (4.4) the three-form dτFτ and the two-form LTFτ−dτiTF are spatial forms.
Furthermore, the three-forms dτFτ and Iτ(LTFτ−dτ iTF) are complementary
which can be seen by applying the complementary projections Pτ and PT to
equation (4.4):

Pτ(dτFτ) + Pτ(Iτ(LTFτ − dτ iTF)) = dτFτ

PT (dτFτ) + PT (Iτ(LTFτ − dτ iTF)) = Iτ(LTFτ − dτ iTF).

Thus both dτFτ and Iτ(LTFτ − dτiTF) must be zero so that equation (4.4)
holds. Besides, because LTFτ − dτ iTF is a spatial form and τ is nonzero,
the three-form τ ∧ (LTFτ − dτ iTF) is zero only if LTFτ − dτ iTF = 0 holds.
Hence the following equations hold in M :

dτFτ = 0

LTFτ − dτ iTF = 0.

If M is a global product or M = M3 × R, and if time is an independent
parameter, then with the renamings in equation (4.2) and notation ∂

∂t
for LT ,

we recover the familiar form of the laws:

dτB = 0

dτE = −
∂B

∂t
.

Next we derive Ampère’s law and electric Gauss’s law from equation dG =
J . For this, we use the geometric decompositions of the fields G and J and
the exterior derivative dM :

dMG = J

(PτdM + PTdM)(PτG + PTG) = PτJ + PTJ

PτdMPτG + PτdMPTG + PTdMPτG + PTdMPTG = Jτ + Iτ iTJ .

If we assume holonomic observer and use Lemma 4.2, the last equation above
simplifies to the following equation:

dτGτ + Iτ(LTGτ − dτ iTG) = Jτ + Iτ iTJ .

The above equation implies the following two equations:

dτGτ = Jτ

LTGτ − dτ iTG = iTJ .
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Again if time is an independent parameter, then using the renamings and
notation ∂

∂t
for LT , we recover the familiar form of the laws:

dτD = ρ

dτH = J +
∂D

∂t
.

Remark 4.2.1. If τ was not exact, in which case we deal with a nonholonomic
observer, the above derivations would yield the following equations:

dτFτ = −dττ ∧ iTF

dτ iTF = LTFτ + LTτ ∧ iTF

dτGτ = Jτ − dττ ∧ iTG

dτ iTG = iTJ + LTGτ + LTτ ∧ iTG.

Thus the essential difference between holonomic and nonholonomic systems
is that in the latter the states of the system depend on the paths taken to
achieve them (e.g. dτFτ depends on dττ and dτ iTF depends on LTτ). That
is, a conservative potential function for electric and magnetic fields is possible
only in holonomic systems.

In summary, the (3+1)-decomposition of Maxwell’s equations correspond-
ing to a holonomic observer (T, τ) is

dτE = −LTB

dτD = ρ

dτH = J + LTD

dτB = 0.

4.3 Decomposition of constitutive equations

In this section we briefly show how to use the observer-induced projections
to derive (3 + 1)-decomposition of constitutive equations. We first introduce
a linear constitutive relation between fields F and G in spacetime M . The
relation is written with a linear operator χ that maps the two-form F to
the two-form G. Then we show how an observer decomposes the operator χ
and thereby gives constitutive relations between the geometric components
of F and G. Furthermore, the Ohm’s law that connects J to E and B is
introduced.
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4.3.1 Constitutive equations in spacetime

We only present a suitable relation between fields F and G and show how to
derive (3 + 1)-decompositions from it. Thus the model is assumed valid, and
the reader may consult [26] [56].

Let M be a four-dimensional spacetime manifold, i.e., a differentiable
manifold, whose points are “events.” Let F be the electromagnetic field two-
form and G the excitation two-form inM . These fields satisfy the constitutive
equation

G = χF , (4.5)

where χ : Ω2(M) → Ω2(M) is a linear operator that satisfies the following
two axioms:

(1) symmetry: ω ∧ χη = χω ∧ η holds for all ω, η ∈ Ω2(M),

(2) closure: χ ◦ χ = −I, where I is the identity mapping of Ω2(M).

Observe that these properties (linearity, symmetry, closure) are independent
of any metric of spacetime. However, given χ with these properties will
induce a metric tensor with index one (Lorentz metric) to spacetime M [56].

4.3.2 (3 + 1)-decomposition of constitutive equation

Let (T, τ) be an observer defining a local splitting of spacetime M into space
and time. The decomposition of the operator χ is based on the geometric
decompositions of the fields F and G in (4.5) and on the linearity of χ:

G = χF

PτG + PTG = χPτF + χPTF . (4.6)

Now if we apply Pτ to equation (4.6), we get an equation for PτG:

PτPτG + PτPTG = (PτχPτ)(F) + (PτχPT )(F)

PτG = (PτχPτ)(PτF) + (PτχPT )(PTF). (4.7)

By applying PT to equation (4.6) we get an equation for PTG:

PTPτG + PTPTG = (PTχPτ)(F) + (PTχPT )(F)

PTG = (PTχPτ)(PτF) + (PTχPT )(PTF). (4.8)
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Because of the complementarity of the projections Pτ and PT , equations (4.7)
and (4.8) show that the constitutive equation G = χF can be written as the
following formal matrix equation:[

PτG
PTG

]
=

[
PτχPτ PτχPT

PTχPτ PTχPT

] [
PτF
PTF

]
.

Thus χ has the following block decomposition:

χ =

[
PτχPτ PτχPT

PTχPτ PTχPT

]
. (4.9)

Let us next look at the decompositions of χ and the constitutive equa-
tion G = χF in terms of the geometric components Gτ , iTG, Fτ , and iTF .
Particularly, we want separate constitutive equations for Gτ and iTG in terms
of Fτ and iTF . By applying the projection Pτ to equation (4.6), we get the
following equations for Gτ :

PτPτG + PτPTG = PτχPτF + PτχPTF

PτG = PτχPτPτF + PτχIτ iTF

Gτ = (PτχPτ)(Fτ) + (PτχIτ)(iTF). (4.10)

Observe that equation (4.10) is equivalent to equation (4.7). Next, we apply
the contraction iT to equation (4.6) to get the equation for iTG:

iTPτG + iTPTG = iTχPτF + iTχPTF

iTPTG = iTχPτPτF + iTχIτ iTF

iTG = (iTχPτ)(Fτ) + (iTχIτ)(iTF). (4.11)

Notice that if we apply Iτ to equation (4.11), then it is equivalent to equation
(4.8). Thus equations (4.10) and (4.11) define a decomposition of χ which is
equivalent to the decomposition in (4.9).

We see that operators χτ

τ
= −PτχPτ , χ

τ

T
= PτχIτ , χ

T

τ
= −iTχPτ , and

χT

T
= iTχIτ map horizontal forms to horizontal forms. Precisely we have:

χτ

τ
: Ω2

h(M) → Ω2
h(M)

χτ

T
: Ω1

h(M) → Ω2
h(M)

χT

τ
: Ω2

h(M) → Ω1
h(M)

χT

T
: Ω1

h(M) → Ω1
h(M).

In terms of the renamings in (4.2), the equations (4.10) and (4.11) are as
follows:

D = χτ

τ
B + χτ

T
E (4.12)

H = χT

τ
B + χT

T
E.
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Comparing the above equations to the well-known constitutive equations
D = εE and H = νB which hold e.g. in some static cases, we obtain the
following relations:

ε = χτ

T
(4.13)

ν = χT

τ
.

The operators χτ

τ
and χT

T
describe the so-called magneto-electric media.

Observe that ε and ν as well as χτ

τ
and χT

T
are observer-dependent. In

some cases, but not always, it is possible to choose an observer such that

D = εE

H = νB

holds everywhere in M .
If conductors are present, then Ohm’s law connects the current J to E

and B:

J = σEE + σBB, (4.14)

where σE and σB are linear mappings σE : Ω1
h(M) → Ω2

h(M) and σB :
Ω2

h(M) → Ω2
h(M). Because J , B and E are observer dependent, σE and

σB are also observer dependent. If the observer is attached to the conduc-
tors, then a simpler form of Ohm’s law holds:

J = σEE.

4.4 Electromagnetic BVPs with differential

geometry

An electromagnetic BVP is a mathematical model for some physical situa-
tion and its electromagnetic fields. A BVP itself consists of a domain with a
boundary, differential equations governing the fields over the domain, bound-
ary values of the fields, source fields, and constitutive equations. Further-
more, some global data of the topology of the domain must be specified to
fix the homology/cohomology classes and to ensure uniqueness of the solu-
tion. When a BVP corresponds to an electromagnetic problem, the domain
is a model of space or more generally of space and time or even spacetime.
The differential equations are Maxwell’s equations, which govern the electric
and magnetic fields over the domain. The constitutive equations model the
material effects on the fields.
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Our aim is to formulate general electromagnetic BVPs using the mathe-
matical structures of differential geometry. These general BVPs can include
the full system of Maxwell’s equations and, therefore, wave-propagation prob-
lems. Thus we include the initial value problems and the Cauchy problems
(extended initial value problems that have the initial value and the time
derivative of the field given at the initial time). Included are also the mixed
problems or the initial-boundary value problems and the Cauchy-boundary
value problems. We call these problems by the generic name boundary value
problem because they all consist of differential equations over a manifold-
with-boundary such that the fields are pre-defined at the boundary. Observe
that the domain may not be fully bounded by the boundary but it can be
partly “open” (e.g., no final time). This term is also arguable because wave-
propagation problems can be formulated simply by giving boundary values
for the fields: only field values at boundaries, including the initial boundary
and thus initial values, must be specified.

In the following, we assume that M is a four-dimensional manifold-with-
boundary modeling spacetime. A holonomic observer (T, τ) induces a decom-
position of the fields F , G, and J into electric and magnetic parts, which are
governed by Maxwell’s equations on M :

dτE = −LTB

dτH = J + LTD

dτD = ρ

dτB = 0.

If the problem is static or time-harmonic, then M is three-dimensional mani-
fold modeling space: a static or time-harmonic BVP has invariance/symmetry
with respect to time, and this makes it possible to reduce the dimension of the
domain. Of course the differential equations are simplified by this reduction
of the dimension (more on this in chapter 5).

The boundary values for the fields E, D, H , and B are usually given only
on a part of the boundary ∂M ; e.g., the boundary values of magnetic fields
are given such that the “tangential” component of H is given for a part of the
boundary, and the “normal” component of B is given for the complementary
part of the boundary. Thus we assume that the boundary ∂M is a union of
two disjoint parts ∂1M and ∂2M . Then let i1∂ : ∂1M → M be the inclusion
map of the part ∂1M of the boundary ∂M to M . Similarly, i2∂ is the inclusion
map of the part ∂2M . Then their pullbacks, denoted by t1 and t2 and called
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trace, enable us to define boundary values for the fields E, D, H , and B:

t1E = e

t1H = h

t2D = d

t2B = b.

Of course, boundary separation need not coincide for magnetic and electric
fields. Furthermore, with wave-propagation problems, a need may arise to
give more boundary conditions at the initial boundary: if ∂1M is the initial
boundary, we may need to specify also D and B at ∂1M to give sufficient
boundary conditions to specify a unique solution. However, since these wider
generalities do not add anything essential to the topic, we continue with the
above.

In linear materials, the constitutive equations are expressed with lin-
ear isomorphisms ε, μ, and σ which are observer-dependent mappings from
Ω1

h(M) to Ω2
h(M):

D = εE

B = μH

J = σE.

Furthermore, to assure uniqueness of the solution of BVPs, operator ε (also μ
and σ) must together with the wedge product define a positive energy density
as E ∧D = E ∧ εE. This requires that ε be definite in the sense that E ∧ εE
is a nonzero horizontal 3-form that maps direct triplets of horizontal tangent
vectors to positive numbers for all E 
= 0. Hodge operators are definite
linear isomorphisms, which map one-forms to two-forms in three-dimensional
Riemannian manifolds (see Definition 3.68 and Proposition 3.7) and that is
why they are often used to describe the constitutive relations. Observe that
there may not be any holonomic observer such that the constitutive equations
have the above simple form, but in general we must consider more general
equations (4.13) and (4.14). Finally, in general, operators ε, μ, and σ need
not be linear (nonlinear materials), in which case they are definite bijective
mappings that map one-forms to two-forms.

Specification of differential equations, boundary values, and constitutive
equations, even if not contradictory, does not generally guarantee a unique
solution to a problem. For instance, consider the domain of a resistor model
(Figure 4.2). Inside the domain, the current stationary equations dE = 0
and dJ = 0 hold as does the constitutive equation J = σE. The trace of E
is set to zero at the resistor terminals, and the trace of J is set to zero at the
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t1E = 0S

c

t2J = 0

t1E = 0

Figure 4.2: Boundary values and relative cohomology classes of a resistor
model. To fix the relative cohomology class, we must fix either the value of
the integral of E over the curve c or the value of the integral of J over the
surface S.

resistor casing. However, this problem is not yet well-posed, because it has
multiple solutions. To ensure a unique solution, we must fix either the value
of the integral of E over some curve c that connects the terminals or the
value of the integral of J over some surface S, through which all the current
passes. Thus we must specify either the potential difference between the
terminals or the total current through the resistor. Formally, this specifies
the cohomology class [38] of E or J , and these topological conditions are
not local. Furthermore, by de Rham’s theorem [24] the cohomology classes
can always be specified by fixing proper integrals of the fields. Observe
that using a potential often fix the cohomology classes automatically: if we
formulate the resistor problem using the scalar potential, we must set the
values of the potential at the terminals and therefore we automatically fix
the cohomology classes. Because the topology of the domain in the resistor
is trivial (no holes), only relative cohomology classes are defined. However,
in general with nontrivial topologies also absolute cohomology classes must
be considered. In summary, the well-posedness of a BVP requires that we
consider cohomology, a topic not discussed in detail in this thesis.

Observe that differential forms and their exterior derivative and bound-
ary values as well as cohomology classes are defined without any Riemannian
structure. Thus Maxwell’s equations and boundary values are independent
of a metric. Though the constitutive equations are often modeled as lin-
ear isomorphisms—this does not yet call for a metric—yet to identify the
relations for the first time, we need a metric. The exact relation of the con-
stitutive equations to a metric and role of the metric in BVPs are discussed
in the rest of the chapter.
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4.5 Equivalent formulations of a BVP

We now show that the above formulation of a general electromagnetic BVP
with differential geometry is invariant under diffeomorphisms of the domain.
This naturally defines an equivalence of BVPs under diffeomorphisms. This
equivalence with its many applications is a generalization of the change of
coordinates procedure: the role of the coordinate systems is played by mani-
folds and the change of coordinates mappings is replaced by diffeomorphisms
between manifolds. Furthermore, the equivalence is defined completely with-
out a metric.

In many applications it is advantageous to formulate BVPs for comput-
ers differently from the standard parameterization approach. These appli-
cations are all described with the same general theoretical setting: a BVP
is formulated in some Riemannian manifold that corresponds to rigid body-
measurements, but to gain in numerical solutions, an equivalent problem is
posed on another diffeomorphic manifold. Thus the equivalence of BVPs
gives a unified explanation for traditional methods of solving BVPs such as
change of coordinates, solving open boundary problems with compact do-
mains, and invisibility cloaking. Furthermore, the equivalence of BVPs can
generate brand new methods. In chapter 6 and 7, we explain the possibility
of accelerating parametric modeling.

Assume that M is a four-dimensional manifold-with-boundary, and (T, τ)
is a holonomic observer providing a decomposition of M into space and time.
We denote the restriction to the boundary by tM . Then we assume that the
following BVP is formulated on M :

dτE = −LTB (4.15)

dτH = J + LTD

dτD = ρ

dτB = 0

t1
M
E = e

t1
M
H = h

t2
M
D = d

t2
M
B = b

D = εME

B = μMH

J = σME.

Next we aim to formulate an equivalent BVP on another manifold N
which is diffeomorphic to M via mapping F : N →M . Observe that M and
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N may be semi-Riemannian manifolds, but that the diffeomorphism F need
not be an isometry; i.e., if M and N are semi-Riemannian manifolds, they
need not be isomorphic semi-Riemannian manifolds. In fact, this is often
exactly what is sought.

The observer (T, τ) and map F induce a pullback observer, a pair (Γ, γ),
for N , which decomposes N into space and time:

Definition 4.5. Let F : N →M be a diffeomorphism and (T, τ) an observer
in M . The pullback observer on N under F is the observer (Γ, γ) such that
Γ = (F−1)∗T and γ = F ∗τ .

Observe that γ(Γ) = (F ∗τ)(Γ) = τ(F∗Γ) = τ(T ) = 1 holds as it should.
The following proposition shows that the holonomy/nonholonomy of the ob-
server is preserved under the pullback F ∗:

Proposition 4.4. If (T, τ) is a holonomic observer in M , then the pullback
observer (Γ, γ) on N is also holonomic.

Proof: If τ is exact, or τ = dMλ holds for some zero-form λ, then by the
naturality of the exterior derivative, γ = F ∗τ = F ∗dMλ = dNF

∗λ holds for
the zero-form λ. Thus γ is also exact. �

Now we have the observers (T, τ) and (Γ, γ) for M and N , respectively.
The decomposition of the fields induced by an observer and its pullback
observer are compatible with the pullback F ∗:

F ∗(ωτ) = (F ∗ω)γ

F ∗(iTω) = iΓF
∗ω

F ∗(τ ∧ iTω) = γ ∧ iΓF
∗ω.

Because the corresponding or equivalent fields on N are the pulled-back fields
or F ∗E, F ∗H , F ∗D, F ∗B, F ∗J , and F ∗ρ, the compatibility of the decompo-
sitions and the pullback simplifies things, as we will see.

The essence of formulating an equivalent problem to another manifold is
the compatibility of the pullback and the operators dτ , LT , tM , εM , μM , and
σM . Compatibility is described as an appropriate commutation rule of the
pullback F ∗ with the other operators.

4.5.1 Equivalent differential equations

To derive the equivalent differential equations, we need the following com-
mutation rules for dτ and LT :

Theorem 4.1. F ∗ ◦ dτ = dγ ◦ F
∗
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Proof: Use the naturality of the exterior derivative dM (see Theorem 3.2) and
Lemma 3.2:

F ∗dτ = F ∗(dM − τ ∧ iTdM)

= F ∗dM − F ∗(τ ∧ iTdM)

= dNF
∗ − F ∗τ ∧ F ∗(iF∗ΓdM)

= dNF
∗ − γ ∧ iΓF

∗dM

= dNF
∗ − γ ∧ iΓdNF

∗

= dγF
∗

�

Theorem 4.2. F ∗ ◦ LT = LΓ ◦ F
∗

Proof: Use the naturality of dM and Lemma 3.2:

F ∗LT = F ∗(dMiT + iTdM)

= F ∗dMiT + F ∗iF∗ΓdM

= dNF
∗iF∗Γ + iΓF

∗dM

= dNiΓF
∗ + iΓdNF

∗

= LΓF
∗

�

Differential equations are derived for the pulled-back fields from the orig-
inal equations such that both sides of the equations are pulled back to N
with F ∗:

F ∗(dτE) = −F ∗(LTB)

F ∗(dτH) = F ∗J + F ∗(LTD)

F ∗(dτD) = F ∗ρ

F ∗(dτB) = 0.

Using the above two theorems, we then get differential equations for the
pulled-back fields on N :

dγ(F
∗E) = −LΓF

∗B

dγ(F
∗H) = F ∗J + LΓF

∗D

dγ(F
∗D) = F ∗ρ

dγ(F
∗B) = 0.

Observe that the pulled-back fields satisfy the same differential equations as
the originals.
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Remark 4.5.1. If the chosen observer is nonholonomic, in which case addi-
tional terms appear in the differential equations, as shown in remark 4.2.1,
then the additional terms could be treated exactly as shown here. Particu-
larly, the terms involving the wedge product are simple because the pullback
is naturally compatible with the wedge product.

Remark 4.5.2. If the observer in N were not a pullback observer, the equa-
tions for the pulled-back fields would be different because the geometric de-
compositions of the pulled-back fields and the exterior derivative dN would
not be compatible with the pullback.

4.5.2 Equivalent boundary values

Equivalent boundary values for pulled-back fields are easy to derive. Because
the mapping F is diffeomorphic, by Lemma 3.1 the restriction of F to the
boundary ∂N is a diffeomorphism F∂ : ∂N → ∂M . Consequently, we have
the following commutation rule:

Theorem 4.3. Let F : N → M be a diffeomorphism and F∂ : ∂N → ∂M
the restriction of F to boundaries ∂N and ∂M . Furthermore, let tN and
tM denote the restrictions of the fields to boundaries ∂N and ∂M . Then
F ∗

∂
◦ tM = tN ◦ F

∗ holds.

Proof: Let iM and iN be the inclusion mappings of the boundaries ∂M and
∂N to M and N , respectively. Thus tM = i ∗

M
and tN = i ∗

N
hold. Then the

mapping F∂ satisfies, by definition, the following equation

iM ◦ F∂ = F ◦ iN .

Then using the rule (g ◦ f)∗ = f ∗ ◦ g∗, we get the desired result:

(iM ◦ F∂)
∗ = (F ◦ iN)∗

F ∗
∂
◦ i ∗

M
= i ∗

N
◦ F ∗

F ∗
∂
◦ tM = tN ◦ F

∗
�

Now if we apply the pullback F ∗
∂

to the boundary conditions we get

F ∗
∂
t1

M
E = F ∗

∂
e

F ∗
∂
t1

M
H = F ∗

∂
h

F ∗
∂
t2

M
D = F ∗

∂
d

F ∗
∂
t2

M
B = F ∗

∂
b.
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Then applying the above proposition to the above equations yields boundary
conditions for the pulled-back field:

t1
N
F ∗E = F ∗

∂
e

t1
N
F ∗H = F ∗

∂
h

t2
N
F ∗D = F ∗

∂
d

t2
N
F ∗B = F ∗

∂
b.

4.5.3 Equivalent constitutive equations

Now we derive a suitable commutation rule for the pullback with operators
εM , μM , and σM : we need a new operator μN such that

F ∗B = μNF
∗H

holds. The operator μN can be given in terms of the pullback and the original
operator μM as follows:

μNF
∗H = F ∗B = F ∗(μMH).

We require that this equation holds for all one-formsH . Thus μN must satisfy
the following equation:

μN ◦ F
∗ = F ∗ ◦ μM . (4.16)

This is the commutation for the operator μ.
The operator μN differs from the operators dγ, LΓ, and tN in a crucial

way: its commutation rule is its definition, i.e., the operators dγ, LΓ, and tN
are defined without dτ , LT , and tM , and their commutation rules with the
pullback hold as theorems. But μN cannot be defined without μM , and the
commutation rule with the pullback holds by definition. From (4.16), we can
produce the equations for εN , μN , and σN :

εN = F ∗2 ◦ εM ◦ (F ∗1 )−1 (4.17)

μN = F ∗2 ◦ μM ◦ (F ∗1 )−1

σN = F ∗2 ◦ σM ◦ (F ∗1 )−1,

where F ∗1 and F ∗2 denote the pullbacks of one-forms and two-forms, respec-
tively. In general, if M and N are n-manifolds and υM maps k-forms to
(n − k)-forms, then the equivalent operator υN is defined by the following
equation:

υN = F ∗n−k ◦ υM ◦ (F ∗k )−1. (4.18)
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Remark 4.5.3. If the constitutive equations are more general, e.g. D depends
linearly onE andB as in (4.13), then the equivalent operators are also defined
by equation (4.18).

Finally, let us show that if μM is definite, then so is μN :

F ∗H ∧ μNF
∗H = F ∗H ∧ F ∗μM(F ∗)−1F ∗H

= F ∗H ∧ F ∗μMH

= F ∗(H ∧ μMH).

Clearly, F ∗(H ∧ μMH) is nonzero for nonzero H , and if F induces an ori-
entation for N from M , then F is orientation-preserving and F ∗(H ∧ μMH)
maps direct triplets of tangent vectors to positive numbers.

4.5.4 Equivalent BVP

In summary, the BVP onM described in (4.15) can be equivalently expressed
as the following BVP on N :

dγF
∗E = −LΓF

∗B (4.19)

dγF
∗H = F ∗J + LΓF

∗D

dγF
∗D = F ∗ρ

dγF
∗B = 0

t1
N
F ∗E = F ∗

∂
e

t1
N
F ∗H = F ∗

∂
h

t2
N
F ∗D = F ∗

∂
d

t2
N
F ∗B = F ∗

∂
b

F ∗D = εNF
∗E

F ∗B = μNF
∗H

F ∗J = σNF
∗E.

Remark 4.5.4. If N = M , in which case F is a diffeomorphism from M to
itself, then we can talk about invariance of physical laws. The differential
equations and the equations determining the boundary condition in (4.19)
hold for all diffeomorphism F : M → M . Thus these equations (Maxwell’s
equations) are invariant under the full diffeomorphism group. On the other
hand, the maximal symmetry group under which the constitutive equations
are invariant is the Poincarè group, which is the group of all isometries of the
Minkowski spacetime [44]. Minkowski spacetime is an example of a Lorentz
manifold (see Definition 3.64). Observe that we have defined the equivalence

82



of the constitutive equations under the full diffeomorphism group, but this
is only possible by defining a suitable corresponding relation case by case.

The equivalence of BVPs is defined without the assumption that a unique
solution exists. However, for the equivalence to be useful, it must preserve
the existence of a unique solution, or if a BVP on M has a unique solution,
an equivalent BVP on N has also a unique solution: Assume that the generic
BVP on M defined in (4.15) has a unique solution. Using the pullback, we
have shown (the commutation rules with the pullback) that the pulled-back
fields form a solution to the equivalent BVP on N . A solution thus exists
for the BVP on N . Conversely, for each solution on N , we can construct a
solution on M using the pullback. But because the BVP on M has a unique
solution, all the solutions on N must be mapped to the unique solution
on M . Furthermore, because the pullback of a diffeomorphism is a linear
isomorphism, only one solution on N can be mapped to the unique solution
on M . Thus the equivalent BVP on N has a unique solution. In addition, if
the generic BVP has multiple solutions or no solutions at all, then the same
holds also for the equivalent BVPs.

We have presented the equivalence of BVPs under diffeomorphism but
without formal rigor; i.e., formally, we should define the set of all BVPs and
then define an equivalence relation for the set of all BVPs. Because the
equivalence we have derived is clearly reflexive, symmetric, and transitive, it
is, in fact, an equivalence relation. However, full formalization of equivalent
BVPs is not pursued in this thesis, though we recognized that such formal-
ization would be highly valuable in understanding BVPs and in designing
solver software systems. However, the author does realize that BVPs can be
formulated in myriad of ways.

Open Question 2. How to define rigorously the set of all BVPs to make
the equivalence of BVPs rigorous?

4.6 Equivalent BVPs: Material parameters

and chart

In the previous section, we derived the equivalence of BVPs under diffeomor-
phisms. Because the codomains of charts of a given manifold are also man-
ifolds, the above description of equivalent BVPs holds also for the ranges of
the charts. Furthermore, if the range of the charts are considered coordinate
systems, the above procedure expresses the change of coordinates-procedure:
F is the change of coordinates mapping from a coordinate system N ⊂ Rn

to a coordinate system M ⊂ Rn. The pulled-back fields (F ∗H , etc.) are the
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fields expressed in the new coordinate systemN . Similarly, if μM is the matrix
(given in standard bases of forms in Rn) containing the material parameter
values for M , then μN is the matrix containing the material parameter values
for the new coordinate system N .

As already explained, the spatial exterior derivative, the Lie derivative,
and the trace are canonically defined for each manifold and thus for each
chart (i.e., ranges of charts). Therefore, for new chart, we need to define only
material parameter values. In practice, material parameters and constitutive
equations are related to spatial forms. Hence we now assume that M is a
two- or three-dimensional spatial manifold, i.e., the problem is static, time-
harmonic, or time is separated independent parameter.

First, M is endowed with a metric structure given by distance measure-
ments with a rigid body. Let f and g be two charts of M such that f is
a standard parameterization, where distances are given in some length-unit-
system (e.g., meters or inches) so that we know the values of the material
parameters in f . Let (dx1, dx2, dx3) be the coframe of the standard frame field
in f(M) ⊂ R3. Then (dx1, dx2, dx3) is the standard ordered basis of the one-
forms in f(M). The corresponding standard ordered basis for two-forms is
(dx2∧dx3, dx3∧dx1, dx1∧dx2). The one-formH and the two-form B are then
given in the standard bases of the chart f as Hf = H1dx1 +H2dx2 +H3dx3

and Bf = B1dx2∧dx3 +B2dx3∧dx1 +B3dx1∧dx2. If the constitutive equa-
tion Bf = μfHf holds, it can be written in a component form using matrix
formalism as follows:⎡

⎣ B1

B2

B3

⎤
⎦ =

⎡
⎣ μ11 μ12 μ13

μ21 μ22 μ23

μ31 μ32 μ33

⎤
⎦
⎡
⎣ H1

H2

H3

⎤
⎦ . (4.20)

Because the matrix of μf is given in the standard bases of the standard pa-
rameterization f corresponding to some length-unit-system, the matrix is
known from the literature such as handbooks, books of tables, and specifica-
tion sheets of manufacturers.

Let F = f ◦ g−1 be the change of chart mapping from g to f given in
coordinates by ⎡

⎣ y1

y2

y3

⎤
⎦ 	→

⎡
⎣ F1(y1, y2, y3)
F2(y1, y2, y3)
F3(y1, y2, y3)

⎤
⎦ =

⎡
⎣ x1

x2

x3

⎤
⎦ .

The pulled-back fields Bg = F ∗Bf and Hg = F ∗Hf satisfy the constitutive
equation Bg = μgHg, and our task now is to solve the matrix of μg in terms
of the matrix of μf . For this, we need the pullback of F as shown in equation
(4.17).
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Let (dy1, dy2, dy3) and (dy2 ∧ dy3, dy3 ∧ dy1, dy1 ∧ dy2) be the standard
ordered bases of one- and two-forms in g corresponding to the standard frame
field of g. Now the matrix of F ∗1 is given by

F ∗1 =

⎡
⎢⎣

∂x1

∂y1

∂x2

∂y1

∂x3

∂y1
∂x1

∂y2

∂x2

∂y2

∂x3

∂y2
∂x1

∂y3

∂x2

∂y3

∂x3

∂y3

⎤
⎥⎦ = JT

F
,

where JT
F is the transpose of the Jacobian matrix of F [5]. The matrix of F ∗2

is

F ∗2 =

⎡
⎢⎢⎢⎢⎢⎣

∂x2

∂y2

∂x3

∂y3
− ∂x2

∂y3

∂x3

∂y2

∂x3

∂y2

∂x1

∂y3
− ∂x3

∂y3

∂x1

∂y2

∂x1

∂y2

∂x2

∂y3
− ∂x1

∂y3

∂x2

∂y2

∂x2

∂y3

∂x3

∂y1
− ∂x2

∂y1

∂x3

∂y3

∂x3

∂y3

∂x1

∂y1
− ∂x3

∂y1

∂x1

∂y3

∂x1

∂y3

∂x2

∂y1
− ∂x1

∂y1

∂x2

∂y3

∂x2

∂y1

∂x3

∂y2
− ∂x2

∂y2

∂x3

∂y1

∂x3

∂y1

∂x1

∂y2
− ∂x3

∂y2

∂x1

∂y1

∂x1

∂y1

∂x2

∂y2
− ∂x1

∂y2

∂x2

∂y1

⎤
⎥⎥⎥⎥⎥⎦ .

Equivalently, if JF is the Jacobian matrix of F , then the matrix of F ∗2 is given
by the formula

F ∗2 = |JF |J
−1
F
, (4.21)

where |JF | is the determinant of JF . Thus the matrix μg is given by the
following equation:

μg = |JF |J
−1
F
μfJ

−T
F

(4.22)

Instead of the mapping F = f ◦ g−1, we may want to give the mapping G =
F−1 = g ◦ f−1, which gives the coordinates of g in terms of the coordinates
of f . Because F and G are diffeomorphisms, the Jacobian matrix JG of G is
the inverse of JF or JG = J−1

F
. Then the matrix μg is given by the formula

μg =
1

|JG|
JGμfJ

T
G
. (4.23)

We can derive the matrix μg also for proxy vectors: if Φf is the standard
metric tensor of f and volf the corresponding volume forms, the proxies Hf

and Bf of Hf and Bf are defined by the following equations (see section
3.9.2):

iHf
Φf = Hf

iBf
volf = Bf .
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As expressed by the coordinates of f , the proxies Hf and Bf satisfy the
constitutive equation Bf = μfHf , where μf is a linear isomorphism. If Hf

and Bf are represented as component vectors in the standard frame field of
f , then the matrix of μf is known from the literature and is the same as in
equation (4.20).

To derive an equation for the matrix μg, we need to know how to express
the proxies Hg and Bg in terms of the proxies Hf and Bf : the proxies Bf

and Bg satisfy the following equation:

Bg = iBgvolg = F ∗Bf = F ∗(iBf
volf) = iF−1

∗ Bf
F ∗volf

Because F ∗volf = |JF |volg holds [5], we get

iF−1
∗ Bf

F ∗volf = iF−1
∗ Bf

|JF |volg = i|JF |F−1
∗ Bf

volg.

Thus we must have

Bg = |JF |F
−1
∗ Bf .

Because the pushforward F∗ is given in coordinate frames by the Jacobian
matrix JF , the component vectors satisfy

Bg = |JF |J
−1
F

Bf .

which is the same equation as for two-forms in the 3d case given in equation
4.21. This is not surprising because the standard metric tensor of a chart
is such that the coordinate frame is orthonormal, and it follows that the
components of B in any coordinate frame are the same as those of B in the
corresponding dual frame. Similarly, the components of H in any coordinate
frame are the same as those of H in the corresponding dual frame. Conse-
quently, the same equation holds also for the component vectors of H as for
those of H :

Hg = JT
F
Hf .

We can now derive the matrix μg in the constitutive equation Bg = μgHg

of the component vectors:

Bg = μgHg

|JF |J
−1
F

Bf = μgJ
T
F
Hf

|JF |J
−1
F
μfHf = μgJ

T
F
Hf .

This holds for all Hf if and only if

μg = |JF |J
−1
F
μfJ

−T
F
. (4.24)
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holds. Because of the orthonormality of the coordinate frames, the result is,
of course, the same as for the forms in equation (4.22).

Derivation of (4.24) with proxy vectors and physical arguments for quasi-
static cases is presented in [54]: the pullback of one-forms can be thought
of as an invariance of virtual work under change of charts. The constitutive
equations are related to total system energy (etot =

∫
M
H ∧μH), which must

be invariant under change of charts.
In a 2d case, change of chart formulae are different for forms and their

proxy vectors: let (dx1, dx2) and (dy1, dy2) be the standard basis of one-forms
for f and g, respectively. Notice that B must be a one-form so as to have a
Hodge-like isomorphism B = μH . Then the equivalent operator μg is given
by the equation

μg = F ∗1 ◦ μf ◦ (F ∗1 )−1.

Thus the matrix of μg is given by the formula

μg = JT
F
μfJ

−T
F
.

As shown in [54], the matrix of μg for proxy vectors in 2d quasi-static cases
is given by the formula

μg =
1

|JG|
JGμfJ

T
G

= |JF |J
−1
F
μfJ

−T
F
. (4.25)

Let us next study why the change of chart formulae differ so much for
forms and proxy vectors in 2d. In terms of forms, both B and H are one-
forms and have thus the same transformation rules. However, the proxy H

of H is defined with respect to the metric tensor whereas the proxy B of B
is defined with respect to the unit area form. If the metric tensor is denoted
by Φ2 and the corresponding volume form by A, the proxies are defined as
follows:

B = iBA

H = iHΦ2.

Thus because proxies are defined differently for H and B, their proxies trans-
form differently under change of chart.

4.7 Metric and electromagnetic BVPs

In the above, equivalence of BVPs was defined without a metric of the mani-
fold. Furthermore, only the constitutive equations have any connection to the
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metric structure of the manifold. Thus the role of the metric in electromag-
netic BVPs is not so restrictive and omnipresent as it appears in formulations
based on vector analysis. This section shows that a metric is necessary only
for the initial identification of a BVP, after which it can be disregarded. Par-
ticularly, we show that although initial identification of the operators ε, μ,
and σ is done with a specific metric, the operators do not depend on any
particular Riemannian structure used in the manifold, but that only their
representations with Hodge-operators depend on the Riemannian structure.
However, if diffeomorphic manifolds correspond to physically distinct situa-
tions, a distinction between the manifolds must be made. This distinction
can be made only with a physical reference that exists outside the model: the
manifolds are recognize as different by the modeler using external metric, i.e.,
distance measurements with some rigid body.

4.7.1 Formulation of BVPs in practice

The formulation of a BVP on a manifold M , as in section 4.4, is abstract
in the sense that it is devoid of numbers. However, in practice, numbers
are needed to represent the objects of the BVP and to apply arithmetic
in calculations. To get these numbers, metric and geometry are used to
produce a standard parameterization f (see Definition 3.20). The metric and
geometry of f are features of space that we observe with our sight and rigid
body measurements (and time measurement with clocks). Thus the metric
and geometry are part of a systematic process of producing a model of reality.

By identifying the observed reality with a chart f , we produce a manifold
M : f defines the points ofM by labeling them with coordinates and also fully
defines a differentiable manifold structure for M . Furthermore, the standard
metric tensor of the chart f can be pulled back to M thereby to induce a
Riemannian structure on M .

In addition, the operators ε, μ, and σ, which characterize materials, are
described with numbers specific to f : The differential forms on the range of f
are represented in the standard bases of Rn. Thus the linear isomorphisms ε,
μ, and σ are represented as matrices with respect to standard bases. Observe
that the numbers found in the literature for the operators ε, μ, and σ, are
always represented in standard bases and are specific to a class of standard
parameterizations that are defined by the same unit of length. To get ε, μ,
and σ on M , we use coordinate coframes, and in these bases the operators
have the same matrices as in f .

Maxwell’s equations can be defined directly on M without a metric. The
boundary values are first specified with the chart f , after which they can be
pulled back to M with f .
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4.7.2 Constitutive equations and metric

In the constitutive equations, the operators ε, μ, and σ are definite linear
operators, and as such, independent of a metric. However, their construction
or identification in practice requires a metric: the vector space of covectors
on a point of a 3-manifold M is isomorphic to the vector space of two-
covectors at the same point. This pointwise isomorphism can be extended to
the whole manifold such that the vector spaces of one-forms and two-forms
on M are isomorphic. Similarly, the vector space of horizontal one-forms
Ω1

h(M4) on a 4-manifold M4 is isomorphic to that of horizontal two-forms
Ω2

h(M4). However, no unique isomorphism exists between them. On the
other hand, if a metric tensor m is defined on M , we can define a Hodge-
operator m that yields a unique definite isomorphism, such that it can be
also used to define energy. With the Hodge-operator m, we can represent
the linear isomorphism ε as a composite of the linear isomorphisms εm :
Ω2(M) → Ω2(M) and m : Ω1(M) → Ω2(M). The operator εm is needed
because the metric m is defined globally and usually in a manner independent
of the materials occupying the space. Thus the operator εm characterizes the
materials. A similar representation holds for μ and σ, and we have the
following decompositions:

ε = εm ◦ m (4.26)

μ = μm ◦ m

σ = σm ◦ m.

Notice that both operators εm and m depend on the metric m whereas
ε does not: if we change the metric m of M to m′; i.e., if we formulate an
equivalent problem for M using the identity mapping of M and change the
metric, then clearly the fields, Maxwell’s equations, boundary values, and
constitutive relations do not change. That is, the same operator ε describes
a constitutive relation for both metrics m and m′. However, the decompo-
sition of the operator ε is changed by changing the metric. Thus for each
definite linear isomorphism ε, there exists an equivalence class of pairs of lin-
ear operators {εm, m}, where each pair corresponds to some metric tensor:
the pairs {εi, i} and {εj, j} are equivalent if εi ◦ i = εj ◦ j holds.

The above discussion based on the equivalence of BVPs may give an im-
pression that the operator ε is completely independent of the metric. How-
ever, this is not true, on the contrary: if BVP domains have physically mea-
surable metrical differences, but are topologically the same, the differences
between the domains are shown in the operator ε. Thus diffeomorphic do-
mains can be physically different, i.e., the domains are recognized as different
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with an external metric (distance measurements with some rigid body). Fur-
thermore, the initial identification of ε is always done with a standard param-
eterization, which is based on some external metric. However, even though ε
recognizes metrical differences, the equivalence relation defined above shows
that ε does not depend on any particular external metric used to identify it.

Even though the operators ε, μ, σ do not depend on any particular metric
of M , given the operator ε (or μ or σ), we can canonically choose a metric
for M . The choice of metric is based on the decomposition shown in (4.26):
consider a decomposition where εm is the identity mapping of Ω2(M). We
then have ε = m with a metric m, whose induced Hodge-operator m is
exactly ε [8]. This metric is called the ε-metric. Obviously, it is different
for distinct operators ε, and in general does not correspond to any rigid
body-metric used in the formulation of a BVP. Furthermore, the ε-metric is
generally defined only locally because the operator ε need not be smooth over
the whole M (material interfaces).

The above discussion shows that the constitutive equations do not depend
on the metric chosen to represent/identify them. However, because they
imply a metric, they contain the structure of metric. Thus the constitutive
equations are not completely independent of the metric in the same way as
Maxwell’s equations, but they are independent of the instance of the metric.
The decompositions in (4.26) and the above discussion suggests the following
useful definition:

Definition 4.6. Let M be an n-dimensional oriented manifold. A definite
linear isomorphism υ : Ωk(M) → Ωn−k(M) is Hodge-like operator, if there
exists a metric tensor m of M and a linear isomorphism υm : Ωn−k(M) →
Ωn−k(M) such that υ = υm ◦ m holds, where m is the Hodge-operator
induced by m.

A Hodge-like operator υ is a kind of generalization of Hodge-operator
: both υ and  are definite linear isomorphisms from Ωk(M) to Ωn−k(M),
but υ need not be globally identifiable with any Hodge-operator m in the
sense that υ = m holds globally, but they are only identifiable up to a linear
isomorphism υm : Ωn−k(M) → Ωn−k(M) in the sense that υ = υm ◦ m holds.

Finally, if the operators ε, μ, σ are not linear, but acceptable in the
energy sense for describing the constitutive equations, still the above kind of
decomposition (ε = εmm) holds for any metric m. A difference is that the
mappings εm, μm, and σm are not linear anymore.
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4.7.3 Role of metric

The role of metric and geometry in formulating electromagnetic BVPs is
to provide tools that help the initial identification of the BVP. Particularly,
metric and distance measurements constitute the systematic tools we use to
create a connection between model and observations. But for other than
providing the connection, geometry is irrelevant in the formulations of elec-
tromagnetic BVPs. Furthermore, because the same physics can be described
with different metrics, it follows that physics that is described with the consti-
tutive equations is in the relations itself, not in any particular decompositions
based on our choice of metrics.
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Chapter 5

Dimensional reduction of

electromagnetic boundary value

problems

In this chapter, we develop a symmetry-based theory of the dimensional
reduction of electromagnetic BVPs. The theory explains when a BVP can
be solved as a lower-dimensional BVP, and how the latter can be formulated.
The theory encompasses static and time-harmonic problems as well as 1D-
and 2D-problems.

Dimensional reduction is an area where classical vector analysis is not
a natural tool: vector analysis is built primarily on three dimensions, and
some of the structures have no natural counterparts in other dimensions.
This is in striking contrast to the tools of differential geometry, which are
inherently independent of dimension and virtually custom-made for the needs
of dimensional reduction.

The theory of the dimensional reduction of electromagnetic BVPs pre-
sented here uses the conceptual tools of differential geometry. The theory
builds exclusively on symmetry and is completely coordinate- and metric-free.
For example, the theory assumes only appropriate invariances and makes no
assumptions of some field components being zero in some special coordinate
system. The theory includes a dimensional reduction theorem, which provides
a sufficient condition as to when a BVP can be solved as a lower-dimensional
BVP. The observer structure discussed in chapter 4 is an essential tool in the
theory, and it is used to formulate lower-dimensional BVPs.

Dimensional reduction is based on symmetries that characterize partic-
ular invariances of objects of which a BVP consists: invariances of differ-
ential equations, fields governed by the equations, source fields, boundary
values, constitutive equations, and cohomology conditions under a differen-
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tiable group action of some Lie group G. The terms group invariant or
G-invariant are used for fields, boundary values, or whatever object whose
invariance is to be considered. The G-invariance of these objects requires the
existence of a suitable group action on the BVP domain, and it is the task
of the modeler to recognize and make use of this group action.

Symmetry transformations are diffeomorphic mappings from the domain
to itself. For example, the transformations can be translations or rotations of
the domain. Notice that the differential equations, including Maxwell’s equa-
tions, expressed with the exterior derivative are diffeomorphism-invariant and
thus automatically invariant under all the group actions we study. The sym-
metry transformations of the domain induce group actions for the fields by
the pullback and pushforward of the transformations. G-invariance of the
constitutive equations means that operators ε, μ, and σ commute with the
pullbacks of the domain’s symmetry transformations. Symmetry transfor-
mations need not be isometries, which reflects the fact that symmetry and
dimensional reduction are independent of the metric. Self-similar antennas
such as log-periodic antennas serve as an example of non-isometric symme-
tries.

Time-harmonic fields, an example of invariant fields, also show that invari-
ance is more flexible than strict constancy: fields at different time instants are
equal only up to some complex-valued mapping (in the time-harmonic case,
equality is up to the mapping ejαt). The real- or complex-valued mapping
is denoted by h, and we talk about (G, h)-invariant fields. The theory of di-
mensional reduction constructed here is based on general (G, h)-invariances.

A BVP is said to be (G, h)-invariant if the source fields, boundary values,
constitutive equations, and cohomology conditions of the fields are (G, h)-
invariant. A major result of the theory is that if a (G, h)-invariant BVP
has a unique solution, then the solution is also (G, h)-invariant. Thus an
invariance under a group action results in redundancies that can be used to
reduce the size of the domain of a (G, h)-invariant BVP: because the solution
fields are (G, h)-invariant, the fields can be reconstructed over the domain
manifold from knowledge of fields over a suitable subdomain. Furthermore,
the“larger”the groupG, the“smaller”the subdomain is needed to reconstruct
fields over the whole domain. The basic requirement of dimensional reduction
is that the group G be large enough to make the dimension of the subdomain
smaller than the domain of the original BVP. This requires that G be a one-
or higher-dimensional Lie group.

The theory will show that there is a canonical submanifold to serve as
the domain of the lower-dimensional BVP : symmetry transformations of the
domain manifold M divide M into equivalence classes called orbits. If an
invariant field is known at some point of an orbit, then by its invariance,
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the field is known at all other points of the orbit. On the other hand, the
domain of the lower-dimensional BVP must be a manifold. Hence a regular
submanifold ofM that contains exactly one point from each orbit is a suitable
domain for the lower-dimensional BVP. The canonical choice for a suitable
submanifold is the orbit space or the set of all orbits with a manifold structure
diffeomorphic to all those regular submanifolds. Furthermore, there is no
canonical metric for the orbit space, which agrees with the fact that the
(G, h)-invariance of a BVP is independent of a metric.

The formulation of lower-dimensional BVPs is based on the observer
structure. We must choose a G-invariant pair (T, τ) such that T is tan-
gent to the orbits, and τ defines a regular submanifold containing one point
from each orbit. Then the observer decomposes the fields, and the geometric
components ωτ and iTω of form ω are the fields to be solved in the lower-
dimensional BVP. Differential equations, boundary values, and constitutive
equations for the geometric components in the orbit space are then induced
from the higher-dimensional BVP. The lower-dimensional BVP depends on
the choice of observer though the possibility for dimensional reduction, of
course, does not depend on the choice of observer.

Finally, even though dimensional reduction is based on symmetry, the
structures and concepts needed to explain reductions under continuous sym-
metries are, in some parts, quite different from those under discrete symme-
tries [6] such as mirror symmetry. Particularly, major differences appears
between continuous and discrete symmetries in the case of differential and
constitutive equations. Thus as a whole, reductions under discrete symme-
tries cannot be generalized straightforwardly to reductions under continuous
symmetries, nor are all discrete symmetry results simply special cases result-
ing from continuous symmetries.

5.1 Group action on a BVP domain

The theory of dimensional reduction is based on a few basic axioms, which
restrict possible symmetry groups and their group actions on the BVP do-
main. This section lays down two such axioms and gives a few examples of
group actions. The BVP domain is a manifold-with-boundary M .

Axiom 5.1. The symmetry group G is a Lie group that is a product of
connected one-dimensional Lie groups.

For example, G could be R, S1, R × S1, or R3 = R × R × R. This
axiom is not so restrictive as it may appear at the first glance, because the
unconnectedness of the Lie groups would probably not add any practical cases
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to the theory, and certainly would make the theory much more technical.
Furthermore, all connected two-dimensional Lie groups are products of one-
dimensional Lie groups (see section 3.6). Notice that it is not necessary
to assume a connectedness of G, or that G is a product of connected one-
dimensional groups for the next axiom to make sense.

Axiom 5.2. There exists an effective, differentiable group action
F : G×M →M of a Lie group G on M such that for each g ∈ G the
mapping Fg : M → M , defined as Fg(p) = F (g, p), is a diffeomorphism.

Mappings Fg are symmetry transformations of M . Because the action is
effective (see Definition 2.5), the mapping g 	→ Fg is a group isomorphism
from G to the group of symmetry transformations. The isomorphism allows
identification of the two groups, and the notation g is used for the transfor-
mation Fg. Henceforth, the phrase “group G acts on manifold M” is used to
refer to a group action that satisfies axioms 5.1 and 5.2.

Because Axiom 5.2 is somewhat abstract, we now give some concrete
examples of group actions that satisfy the assumption.

Example 5.1.1. Domain, which is an infinitely long straight rectangular waveg-
uide (Figure 5.1), has translational symmetry, and its symmetry transfor-
mations are translations in the direction of the waveguide. Its orbits are
one-dimensional submanifolds, lines parallel to the waveguide. In this exam-
ple, the group G is (R,+), and the domain M can be regarded as a subset
of R

3 such that the waveguide is oriented along the z-direction. If we de-
note the points of M as triplets (x, y, z), the group action F and symmetry
transformations Fg are as follows:

F : (g, (x, y, z)) 	→ (x, y, z + g)

Fg : (x, y, z) 	→ (x, y, z + g).

In this example, the action F is free (Definition 2.5).

Figure 5.1: Waveguide with translational symmetry.

Before further examples, let us specifically comment on group actions on
manifolds. A BVP is not, of course, symmetric with respect to all possible
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group actions that can be defined on its domain: if the manifold is R3, as
it often is in electromagnetic modeling, clearly there is a multitude of group
actions then satisfy Axiom 5.2. However, the space is not empty but contains
materials and sources that must be symmetric for the BVP to be symmetric.
The symmetry of fields and constitutive equations is described in terms of
group actions on manifolds, as defined in the next two sections. Thus a
group action on a BVP domain is a mathematical tool used to describe the
symmetry of the BVP, and it is the task of the modeler to recognize a suitable
action under which the BVP is symmetric.

Example 5.1.2. A second example is rotational symmetry in a plane (Figure
5.2). The Lie group is now S1, and the symmetry transformations are rota-
tions around point p. The action is now effective but not free because the
point p is the fixed point of the symmetry transformations: the rotations do
not “move” the point p but map it to itself. Thus all the orbits are circles
centered at p, excluding the orbit Gp, which contains only the point p. The
point p is referred to as a singular point, and the orbit Gp is referred to as a
singular orbit.

q

gq

p

Figure 5.2: Rotational symmetry in a plane. Symmetry transformations are
rotations of the points of the plane about point p. Point q and all the other
points of the plane except p are rotated 90 degrees counterclockwise by a
symmetry transformation g. The circles represent orbits.

Definition 5.1. Let group G act on manifold M . A point p of M is singular
under the action if p is a fixed point for a symmetry transformation that is
not the identity mapping of M . An orbit of G is singular under the action
if there exist higher-dimensional orbits.
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Remark 5.1.1. We will later construct an additional axiom about singular
orbits but only when we are forced to do so.

The singular orbit in the second example derives from an effective but non-
free action of a compact Lie group S1. However, if the point p is removed
from M , the action is free and there are no singular orbits.

Example 5.1.3. A third example of group actions that satisfy Axiom 5.2
is cylindrical symmetry, which also exemplifies group action with singular
orbits. Now G = R × S1 and the symmetry transformations of M = R3

are compositions of translations and rotations such that the translations are
parallel to the axis of rotation. The orbits are two-dimensional submanifolds,
which are cylindrical surfaces except for the axis of rotation, which is a one-
dimensional singular orbit. Notice that the points of the rotational axis are
not fixed points of translations, but that only the rotations fix the points.
Therefore, the definition of a singular point requires only that a symmetry
transformation exist that is not the identity mapping.

5.2 Group-invariant fields

This section defines (G, h)-invariant vector fields and differential forms to
express the symmetry of BVPs. The group action of G on M induces group
action for vector fields via the pushforward of the symmetry transformations
of M . For differential forms, the pullbacks of the transformations of M
induce a mapping for differential forms, which in general resembles group
action, and in the case of Abelian groups is a group action. In the following,
F refers to either R or C. The motivation for complex-valued mappings h
comes from time-harmonic fields, where time-harmonic invariance is simpler
and more convenient to define using complex-valued fields. Notice that if h
is complex-valued, the differential forms are also complex valued.

Definition 5.2. Let group G act on manifold M and let h : G→ F be a Lie
group homomorphism. Then a vector field X on M is (G, h)-invariant if

g∗X = h(g)X

holds for all g ∈ G. In pointwise terms: (g∗X)(p) = h(g)X(p) holds for
all p ∈ M , g ∈ G, or equivalently (by the definition of the pushforward),
g∗(p)(Xp) = h(g)Xgp holds for all p ∈M , g ∈ G.
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Definition 5.3. Let group G act on manifold M and let h : G→ F be a Lie
group homomorphism. Then a differential form ω ∈ Ω(M) is (G, h)-invariant
if

g∗ω = h(g)ω

holds for all g ∈ G. In pointwise terms for a k-form: (g∗ω)p(v1, .., vk) =
h(g)ωp(v1, .., vk) holds for all p ∈M , v1, .., vk ∈ Tp(M), g ∈ G, or equivalently
(by the definition of the pullback), ωgp(g∗v1, .., g∗vk) = h(g)ωp(v1, .., vk) holds
for all p ∈M , v1, .., vk ∈ Tp(M), g ∈ G.

A very important special case of (G, h)-invariance is (G, 1)-invariance,
where 1 : G → F is a mapping with a constant value 1, i.e., every g ∈ G
is mapped to the multiplicative identity of F. In this case, we use the term
G-invariance. Figure 5.3 gives an example of G- and (G, h)-invariant vector
fields under translational and rotational symmetry transformations.

Example 5.2.1. An important example of (G, h)-invariance are the familiar
time-harmonic fields: let M = N × R, where N is a 3-manifold, and the
symmetry transformations g are translations in time. A zero-form ω is time-
harmonic if the point-wise relation ω(p, t+ g) = ejαgω(p, t) holds for all p ∈
N , t, g ∈ R, and for some fixed α ∈ R. In general, a k-form ω is time-
harmonic if there exists α ∈ R such that the relation g∗ω = ejαgω holds for
all g ∈ R.

Remark 5.2.1. It is possible to generalize the concept of (G, h)-invariance of
k-forms (and vector fields) to include more general mappings h than just F-
valued mappings. For example, all that is required of mappings h is that they
be Lie group homomorphisms from G to a Lie group consisting of mappings
from Ωk(M) to itself. Notice that these general mappings h would not be
scalars as are F-valued mappings. However, because the benefits to electro-
magnetic modeling of this generalization are not clear, it is not pursued here
in detail.

Open Question 3. What benefits can we achieve and what new cases can
we include in the theory of dimensional reduction, if we allow more general
Lie group homomorphisms h than just F-valued mappings?

The symmetry transformations ofM induce group actions also for bound-
ary values: the boundary values a of a k-form ω are restrictions of ω to
the boundary ∂M , i.e., tω = a holds. Because each transformation g is
a diffeomorphism, its restriction to the boundary ∂M is a diffeomorphism
g∂ : ∂M → ∂M (see Lemma 3.1). Thus the (G, h)-invariance of boundary
values is defined as follows:

99



X

X

g∗X

X

h(g)g∗X

gp

g∗X

p

p
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h(g)g∗X
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X
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p

Figure 5.3: Examples of G- and (G, h)-invariant vector fields. Top: A G-
invariant vector field under translational and rotational symmetry transfor-
mations. The vector at point gp is the pushforward of the vector X at point
p under the symmetry transformation g. Bottom: A (G, h)-invariant vector
field under the same symmetry transformations.

Definition 5.4. Let group G act on manifold M , and let h : G→ R be a Lie
group homomorphism. Then boundary values a ∈ Ωk(∂M) for some k-form
on M are (G, h)-invariant if

g ∗
∂
a = h(g)a

holds for all g ∈ G.

Boundary values of a (G, h)-invariant form are also (G, h)-invariant:

Proposition 5.1. Let ω be a (G, h)-invariant differential form on M . Then
its restriction to the boundary ∂M is also (G, h)-invariant.

Proof: The claim follows from the commutation rule t ◦ g∗ = g ∗
∂
◦ t, which

was proven in Theorem 4.3. �
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The definition of (G, h)-invariance of fields is global, but to use it in dif-
ferential equations, we need to express it locally. Here Axiom 5.1 is required
because the (G, h)-invariance of the fields can be expressed locally in an
equivalent way with the Lie derivative if the group G is a connected one-
dimensional Lie group: the symmetry transformations of a connected one-
dimensional Lie group constitute a one-parameter group of transformations.
That is, the symmetry transformations can be parameterized with real num-
bers in a smooth manner such that the parameterization respects the group
structures: if F : G×M →M is a group action, then Fa+b = Fa◦Fb holds for
all a, b ∈ R. Smooth parameterization with real numbers makes it possible
to define the Lie derivative of (G, h)-invariant forms and the derivatives of
the F-valued mapping h. Furthermore, the Axiom 5.1 that the Lie group G
is a product of connected one-dimensional Lie groups makes it possible to
study the group action as separate actions of connected one-dimensional Lie
groups, one at a time.

Let us next see how the group action F : G×M →M can be represented
as a one-parameter group of transformations. If G is not compact, it is
isomorphic to R, i.e., there is a Lie group isomorphism β : R → G such that
β(a+ b) = β(a) · β(b) holds for all a, b ∈ R. Let iM be the identity mapping
of M , and let us denote by β × iM : R×M → G×M the mapping defined
by (a, p) 	→ (β(a), iM(p)) for all a ∈ R, p ∈M . With the mapping β × iM we
can represent the action F as a 1-parameter group of transformations ϕβ as
follows (the subindex β indicates that the representation depends on β):

ϕβ = F ◦ (β × iM).

If the mappings (ϕβ)t : M → M and Fg : M →M are defined by (ϕβ)t(p) =
ϕβ(t, p) and Fg(p) = F (g, p), then it is easy to show that (ϕβ)t = Fβ(t)

holds for all t ∈ R. If the group G is compact, it is isomorphic to S1 via
mapping s : S1 → G. Furthermore, the exponential function gives a Lie
group homomorphism from R to S1: a ∈ R 	→ eia ∈ S1. The mapping
β(a) = s(eia) is now a Lie group homomorphism from R to G, which can be
used to represent the action F as a 1-parameter group of transformations ϕβ.
The parameterization β of G also represents the mapping h : G → F as a
mapping hβ : R → F by composition of the mappings, i.e., hβ = h ◦ β holds.

Each 1-parameter group of transformations ϕβ induces a smooth nonzero
vector field Xβ that is everywhere tangent to the orbits of F : if we define
φp : R →M by φp(t) = ϕβ(t, p), then φp is a smooth curve through the point
p of M . Thus the induced vector field Xβ maps point p to the tangent vector
[φp] (equivalence class of curves containing the curve φp). Furthermore, the
induced vector field Xβ is G-invariant:
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Proposition 5.2. If ϕβ is a 1-parameter group of transformations of M
induced by the action F : G ×M → M and the Lie group homomorphism
β : R → G, then the induced vector field is G-invariant.

Because the induced vector field Xβ is everywhere tangent to the orbits, it
can be used to define the directional derivative in the direction of the orbits.
The Lie derivative (see Definition 3.57) of the field with respect to Xβ gives
the directional derivative, and the invariance of the field fixes the value of
this derivative, as is shown in the next theorem:

Theorem 5.1. Let a one-dimensional connected Lie group G act on a man-
ifold M such that Axiom 5.2 is satisfied. Let β : R → G be a Lie group
homomorphism and Xβ the induced vector field. Furthermore, let a field ω
be (G, h)-invariant. Then LXβ

ω = h′β(0)ω holds.

Proof: To show the claim, substitute (ϕβ)t = Fβ(t) in the definition of the
Lie derivative and use the (G, h)-invariance condition:

(LXβ
ω) = lim

t→0

((ϕβ) ∗t ω)− ω

t
= lim

t→0

(F ∗
β(t)ω)− ω

t
= lim

t→0

h(β(t))ω − ω

t

= lim
t→0

(h(β(t))− 1)ω

t
= lim

t→0

h(β(t))− h(β(0))

t
ω

= lim
t→0

hβ(t)− hβ(0)

t
ω = h′β(0)ω. �

Corollary 5.1. If a field ω is G-invariant, then LXβ
ω = 0 holds.

Remark 5.2.2. In the case of G-invariance, the vector field Xβ need not be
induced by any Lie group homomorphism β, but LXω = 0 holds, in fact, for
all smooth nonzero vector fields X that are everywhere tangent to the orbits.

Example 5.2.2. The field ω has a time-harmonic invariance if there exists
α ∈ R such that g∗ω = ejαgω holds for all g ∈ R. Because the Lie group
homomorphism β : R → R = G can be chosen to be a trivial mapping a 	→ a,
it follows that hβ(g) = ejαg and h′β(0) = jα hold. Thus if Xβ is the induced
vector field (a smooth nonzero vector field everywhere in the direction of
time), then LXβ

ω = jαω holds.

The equivalent Lie derivative expression for (G, h)-invariance is important
because it can be used directly to simplify the differential equations after
an observer structure has decomposed them. To simplify the notation, the
modeler is assumed implicitly to choose the Lie group homomorphism β :
R → G and denote h′β(0)ω simply by h′(0)ω, where 0 is the identity element
of G. In addition, the induced vector field Xβ is simply denoted by X.

Finally, two useful propositions about (G, h)-invariance.
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Proposition 5.3. If ω is a (G, h)-invariant k-form, and X is a G-invariant
vector field, then iXω is a (G, h)-invariant (k − 1)-form.

Proof:

(g∗(iXω))p(V1, .., Vk−1) = (iXω)gp(g∗V1, .., g∗Vk−1) = ωgp(X, g∗V1, .., g∗Vk−1)

= ωgp(g∗X, g∗V1, .., g∗Vk−1) = hωp(X, V1, .., Vk−1) = h(iXω)p(V1, .., Vk−1).

Because this holds for all p ∈ M , V1, .., Vk ∈ Tp(M) and for all g ∈ G, the
claim follows. �

Proposition 5.4. If ω is a (G, h)-invariant form, and α is a G-invariant
form, then their wedge product α ∧ ω is also a (G, h)-invariant form.

Proof: The claim follows from the fact that the pullback commutes with the
wedge product:

g∗(α ∧ ω) = g∗α ∧ g∗ω = α ∧ hω = h(α ∧ ω). �

These propositions will be used to establish the (G, h)-invariance of the
geometric components of field ω when ω itself is (G, h)-invariant.

5.3 Group-invariant constitutive equations

It is intuitively clear that dimensional reduction requires that the material
properties be invariant in some sense. Thus we must define the group invari-
ance of the constitutive equations, which is the topic of this section. The
group invariance of the constitutive equations requires a proper invariance
for Hodge-like operators (see Definition 4.6), that describe the constitutive
equations.

The material properties are modeled with Hodge-like operators ε, μ, and
σ. If D = εE holds and if both E andD are to be G-invariant, we have a clear
requirement for the Hodge-like operator ε: it should preserve this invariance.
In other words, Hodge-like operators should map a G-invariant E to a G-
invariant D: let υ be a Hodge-like operator. Now if ω is G-invariant, or if
g∗ω = ω holds for all g ∈ G, then υ g∗ω = υ ω holds. On the other hand,
if υ ω is G-invariant, then g∗υ ω = υ ω holds. These equations imply that υ
maps G-invariant fields to G-invariant fields if the following equation holds:

g∗υ ω = υ g∗ω ∀g ∈ G.

That is, υ maps G-invariant fields to G-invariant fields if it commutes with
the pullbacks of the symmetry transformations.
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Definition 5.5. Let group G act on manifold M . A Hodge-like operator υ
is G-invariant if it commutes with the pullbacks of the symmetry transfor-
mations or υ ◦ g∗ = g∗ ◦ υ holds for all g ∈ G.

A Hodge-like operator υ is (G, h)-invariant if it maps (G, h)-invariant
fields to (G, h)-invariant fields. This requires that the following additional
equation hold.

hυp ωp = υp hωp ∀p ∈M. (5.1)

Because the Hodge-like operator υ is linear, the above equation always holds.
Thus aG-invariant Hodge-like operator is automatically also (G, h)-invariant:

Proposition 5.5. If a Hodge-like operator is G-invariant, it is also (G, h)-
invariant.

Remark 5.3.1. (G, h)-invariance of Hodge-like operators include so-called
anisotropic materials. Thus anisotropy is not a problem for dimensional
reduction, but nonlinear materials are problematic (see the next remark and
the next section).

Remark 5.3.2. If mappings h are more general than F-valued Lie group homo-
morphisms, the requirement in (5.1) may not be trivially true but it would,
in fact, be an additional requirement for the (G, h)-invariance of Hodge-like
operators. If the Hodge-like operators are not linear (nonlinear materials), it
seems that only G-invariance is possible: the only Lie group homomorphisms
h that satisfy the requirement in (5.1) seems to be the mapping 1 : G → F,
which maps all the elements of G to the multiplicative identity of F.

5.4 Unique solution of an invariant BVP is

invariant

It is usually assumed that if the sources, boundary values, and constitutive
equations are all symmetric “in the same way,” the solution fields are also
symmetric “in the same way.” This section provides a theorem that assures
the solution fields to be (G, h)-invariant if a BVP has a unique solution and
has (G, h)-invariant sources, boundary values, constitutive equations, and
cohomology conditions.

The proof of the (G, h)-invariance of the solution field is based on assumed
existence of a unique solution, which requires that we consider cohomology
conditions. In practice, the cohomology conditions are given by integrals of
solution fields over suitable submanifolds (de Rham’s theorem) [24]. Because
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for the field argument integration is linear, the cohomology condition is a
linear operator H for the fields. By the linearity of H we get a simple (G, h)-
invariance condition for the cohomology condition: H(g∗ω) = H(h(g)ω) =
h(g)H(ω). Hence the following definition:

Definition 5.6. The cohomology condition of a field ω ∈ Ω(M) is (G, h)-
invariant if H(g∗ω) = h(g)H(ω) holds.

In practice, the (G, h)-invariance of a cohomology condition H(ω) means
that if the condition is given by integrating ω over a submanifold c, then this
integral multiplied by h(g) is the same as integrating ω over the submanifold
gc. This follows from the (G, h)-invariance of ω and Theorem 3.4:

h(g)

∫
c

ω =

∫
c

g∗ω =

∫
gc

ω.

Definition 5.7. A BVP is (G, h)-invariant if its sources, boundary values,
constitutive equations, and cohomology conditions are (G, h)-invariant.

Theorem 5.2. If a (G, h)-invariant electromagnetic BVP has a unique so-
lution, then the solution is (G, h)-invariant.

Proof: Let us study the following generic BVP formulated on an n-dimensional
manifold-with-boundary M :

dC = Q (5.2)

dK = L

t1C = c

t2K = b

K = υ C

H(C) = e

H(K) = f.

In the above BVP, C is a k-form and K is an (n − k)-form. Forms Q and
L describe the sources. The boundary ∂M has two complementary parts,
and the restrictions of the fields to these parts are denoted by t1 and t2.
The constitutive equation is given by a Hodge-like operator υ. H is a linear
operator that gives cohomology conditions for the fields C and K, making
the solution unique. (In [29] it is shown how to discretize generic BVPs of
the above type and their abstract error analysis is also presented.)

In the case of the generic BVP, the existence of a unique solution is
equivalent to the following: let us choose RC = C1 − C2 and RK = K1 −K2,
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where C1 and C2 are fields satisfying the same equations as C, and K1 and
K2 are fields satisfying the same equations as K. Then RK and RC satisfy
the following equations:

dRC = 0 (5.3)

dRK = 0

t1RC = 0

t2RK = 0

RK = υ RC

H(RK) = 0

H(RC) = 0.

By the existence of a unique solution, these equations imply that RK = 0
and RC = 0 hold. Thus C1 = C2 and K1 = K2 hold, which is exactly the
uniqueness of C and K.

Now the procedure to show that the solution is (G, h)-invariant is the same
as in the above case of uniqueness. That is, we must show that the difference
fields g∗C − h(g)C and g∗K − h(g)K satisfy the same BVP as described in
(5.3) (Remember that C is (G, h)-invariant if g∗C − h(g)C = 0 holds for
all g ∈ G). Now the sources, boundary values, constitutive equations, and
cohomology conditions are assumed to be (G, h)-invariant or that equations

g∗Q = h(g)Q

g∗L = h(g)L

g∗
∂
c = h(g)c

g∗
∂
b = h(g)b

g∗υ = υ g∗

H(g∗C) = h(g)H(C)

H(g∗K) = h(g)H(K)

hold for all g ∈ G. Then the difference field g∗C−h(g)C satisfies the following
differential equation:

d(g∗C − h(g)C) = d(g∗C)− d(h(g)C)

= g∗(dC)− h(g)(dC) = g∗Q− h(g)Q = 0.

Similar calculation shows that d(g∗K − h(g)K) = 0 holds. Moreover, the
difference field g∗C − h(g)C satisfies the following boundary values:

t1(g∗C − h(g)C) = t1(g∗C)− t1(h(g)C)

= g∗
∂
(t1C)− h(g)(t1C) = g∗

∂
c− h(g)c = 0.
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In addition, t2(g∗K−h(g)K) = 0 holds. The difference fields satisfy also the
constitutive equation

g∗K − h(g)K = g∗υC − h(g)υC = υ(g∗C − h(g)C).

Finally, the cohomology conditions of the difference fields are zero:

H(g∗K − h(g)K) = H(g∗K)−H(h(g)K) = H(g∗K)− h(g)H(K) = 0

Thus because the difference fields satisfy the BVP in (5.3), the solution fields
C and K are (G, h)-invariant. �

Remark 5.4.1. The proof of the above theorem uses the linearity of υ. Thus
the above theorem is shown to be valid only for BVPs with linear materi-
als. To include even a strict class of nonlinear operators υ would make the
proof much more complicated. Furthermore, only G-invariance is defined for
nonlinear operators, see Remark 5.3.2.

Open Question 4. Practical engineering problems includeG-invariant BVPs
with nonlinear materials. How to prove the above theorem for those cases?
Moreover, how to expand the theory of dimensional reduction to include
nonlinear materials?

5.5 Orbit space

Dimensional reduction means that a BVP on M can be solved as a lower-
dimensional BVP on a lower-dimensional manifold N . N is a submanifold
of M , and infinitely many valid submanifolds can be used as domains for
the lower-dimensional BVP. Fortunately, a canonical choice exists for a valid
submanifold: the orbit space or the set of all orbits of M with a suitable
manifold structure. Existence of the orbit space is included in the sufficient
conditions for dimensional reduction.

What are then the valid submanifolds of M under the action of a group
G? The group invariance of the fields implies that if the values of a field
are known at one point of each orbit, then the fields are completely known
on the whole M . That is, if the value of a field is known at point p, the
value at point q of the same orbit can be constructed by the pullback of the
symmetry transformation that maps q to p (see definitions 3.50 and 5.3).
Thus a valid submanifold is compatible with the orbits in the sense that
it is canonically bijective to the set of all orbits M/G. In other words, a
regular submanifold of M is compatible with the orbits if it contains exactly
one point from each orbit. On the other hand, invariance does not imply
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that any regular compatible submanifold is the canonical one; therefore all
of them must be equally good choices. Hence all the regular compatible
submanifolds must be canonically diffeomorphic to each other: if N1 and N2

are valid submanifolds, the diffeomorphism maps each point p of N1 to point
q of N2, which is in the same orbit as p. This implies that all the compatible
regular submanifolds are canonically bijective to M/G; therefore, M/G can
be given a unique manifold structure, making it the canonical choice for valid
submanifolds.

5.5.1 Manifold structure

We begin constructing the orbit space by defining a topology for a set of all
orbits M/G. Let π : M → M/G be the canonical projection, i.e., π maps
every point of M to its orbit. With the help of the canonical projection, M/G
inherits a natural topological structure that is compatible with the orbits: a
subset U of M/G, which is a set of orbits, is open if and only if the points
in the orbits of U constitute an open set in M . This topology is the finest
topology that makes the mapping π continuous, i.e., the topology contains all
the possible subsets of M/G such that the continuity of π is not lost. With
this topology M/G is called the orbit space:

Definition 5.8. The set of orbits M/G with a topology is an orbit space if
the topology is the finest topology that makes the mapping π continuous.

The finest topology that makes the mapping π continuous is often called
the quotient topology. Notice that the orbit space, in the above topologi-
cal sense, always exists. However, it may not be a Hausdorff space, and a
manifold structure may thus not exist for [3]. We must assume here that the
orbit space is a Hausdorff space. Consequently, only those symmetries that
produce an orbit space that is a Hausdorff space are included in our theory
of dimensional reduction. The lack of the Hausdorff property is a problem
only for noncompact symmetry groups because for differentiable actions of
compact Lie groups, the orbit space is always a Hausdorff space [9].

The manifold structure for the orbit space comes from the compatible
regular submanifolds of M . The compatibility of regular submanifolds is
formally defined using cross-sections:

Definition 5.9. A cross-section is a continuous mapping κ : M/G→M such
that π ◦ κ = idM/G, i.e., π(κ(p)) = p holds for all p ∈M/G.

By definition, a cross-section maps each orbit to one of its points, but in
a continuous manner. Each cross-section κ is a homeomorphism to its range
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S = κ(M/G) with the subspace topology because the cross-section is bijective
to S, continuous, and its inverse (the restricted projection π|S) is continuous.
The homeomorphism property makes the image S topologically equivalent
to the orbit space. Furthermore, the images of all cross-sections are canoni-
cally homeomorphic: the canonical homeomorphism between κ1(M/G) and
κ2(M/G) is given by κ2 ◦ κ

−1
1 .

The orbit space can be given a compatible manifold structure if a cross-
section exists whose range is a regular submanifold of M . Observe that the
orbit space can have a boundary (even if M does not); therefore, the range
of the cross-sections must be regular submanifolds-with-boundary (of course,
the boundary may be empty). A submanifold-with-boundary A of M is a
manifold-with-boundary A together with a suitable differentiable mapping
A → M (see Definition 3.36). To give the orbit space a compatible mani-
fold structure, we must assume here that such a cross-section exists. Next
we define compatible regular submanifolds-with-boundary and call them G-
reduced domains.

Definition 5.10. A regular submanifold-with-boundary A of M is a G-
reduced domain if a cross-section κ exists such that κ(M/G) = A.

Remark 5.5.1. If the action of G on M is free, then not only do the orbits
form a foliation of M , but also any G-reduced domain can be used to produce
a foliation: let A be a G-reduced domain. If the set {gp ∈ M | p ∈ A} is
denoted by Ag, then {Ag}g∈G is a foliation of M . If the action is effective
but not free, then there are singular points that belong to more than one
G-reduced domain and no foliation is possible.

We can now induce a differentiable manifold structure for the orbit space
by requiring that a cross-section κ defining a G-reduced domain A be a
diffeomorphism. That is, the manifold structure for the orbit space induced
from A is a pullback structure defined by κ. Because invariance does not
give a canonical choice of a G-reduced domain, all of them must be equally
good choices. Formally, this means that all the G-reduced domains must
be canonically diffeomorphic: the canonical homeomorphisms κj ◦ κ

−1
i are

diffeomorphisms. Then the pullback manifold structure for the orbit space
is independent of the choice of G-reduced domain:

Theorem 5.3. If a G-reduced domain exists and all the G-reduced domains
are canonically diffeomorphic, the orbit space can be given a unique pullback
manifold structure, i.e., the pullback structure is independent of the choice
of G-reduced domain.
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Proof: Let the orbit space M/G have a pullback structure induced by κ1 that
defines a G-reduced domain A1: if U1 = {(Ui, φi)} is an atlas of A1, then the
corresponding pullback atlas for M/G is κ∗1U1 = {(κ−1

1 (Ui), φi ◦ κ1)}. Let
(A2, κ2) be another G-reduced domain. Because it is canonically diffeomor-
phic to A1, it has the following atlas:

U2 = (κ1 ◦ κ
−1
2 )∗U1 = {((κ2 ◦ κ

−1
1 )(Ui), φi ◦ (κ1 ◦ κ

−1
2 ))}.

The corresponding pullback atlas for the orbit space is

κ∗2U2 = {(κ−1
2 ((κ2 ◦ κ

−1
1 )(Ui)), (φi ◦ (κ1 ◦ κ

−1
2 )) ◦ κ2)}

= {(κ−1
2 (κ2(κ

−1
1 (Ui))), (φi ◦ (κ1 ◦ κ

−1
2 ◦ κ2)}

= {(κ−1
1 (Ui), φi ◦ κ1)} = κ∗1U1.

Thus because the pullback atlases are the same for arbitrary G-reduced do-
mains A1 and A2, the pullback manifold structure for the orbit space is
independent of the choice of G-reduced domain. �

The orbit space with its canonical pullback manifold structure is the
canonical choice for the domain of lower-dimensional BVPs: because the
elements of the orbit space are themselves orbits, it treats all points of each
orbit equally, which is in contrast to G-reduced domains, which single out one
point from each orbit. That is, compatibility with orbits is trivial for the orbit
space. Henceforth, orbit space means the set M/G with a canonical pullback
manifold structure. Observe that only those symmetries that produce an
orbit space with a canonical pullback manifold structure are included in our
theory of dimensional reduction. Thus the existence of a canonical pullback
manifold structure for the orbit space is included in the sufficient conditions
for dimensional reduction.

The following proposition states that the canonical projection π is a dif-
ferentiable mapping, in which case its pushforward is defined.

Proposition 5.6. The canonical projection π : M →M/G is a differentiable
mapping.

Proof: Let M be an n-dimensional manifold and M/G a k-dimensional man-
ifold. Select a G-reduced domain A and let p ∈ A. There exists a cubic-
centered coordinate system (V, φ) of M which contains p and a neighborhood
U ⊂ A of p such that the coordinates for the points of U under the chart
(V, φ) are of form [x1, .., xk, 0, .., 0] [62, page 28]. The corresponding pullback
coordinates forM/G are now [x1, .., xk]. Then the canonical projection can be
represented in these coordinates as the mapping [x1, .., xk, .., xn] 	→ [x1, .., xk],
which is clearly a differentiable mapping. �
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Lastly, notice that the orbit space, and thus the G-reduced domains, can
be manifolds-with-boundary even if M is not. For example, if M = R3 and
the actions are rotations about the z-axis, then the positive xz-plane (x ≥ 0)
is a G-reduced domain, and the z-axis is its boundary. The boundary consists
of orbits with a lower dimension than most of the orbits, making them thus
singular orbits. Singular orbits are significant in defining the boundary values
of lower-dimensional BVPs.

5.5.2 Metric structure

A metric structure can be induced for the orbit space M/G from M : select
any G-reduced domain and endow it with the subspace metric. Then require
the corresponding cross-section to be an isometry. Alternatively, the cross-
section can be used to pull back the metric tensor of M to M/G. However,
this metric for the orbit space depends on the choice of G-reduced domain.
For example, consider a translational symmetry (Figure 5.4). A cross-section
plane that is everywhere orthogonal to the orbits is a G-reduced domain as is
any cross-section plane that is askew with respect to the orbits. Then clearly
the distance between any two points on the orthogonal plane is different
as the distance between the corresponding points on the askew plane (the

A2

M/G

κ1

κ2

A1

Figure 5.4: Different metrics for the orbit space M/G. Vertical lines rep-
resent orbits. A1 and A2 are G-reduced domains and κ1 and κ2 are the
corresponding cross-sections.
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corresponding points are those in the same orbits). Thus there is no canonical
choice of metric for the orbit space.

The symmetry of BVPs has been defined without metrics, i.e., the in-
variance of fields, boundary values, constitutive equations, and cohomology
conditions are defined without any reference to metrics. Of course in some
cases the symmetry transformations may be isometries for a suitable choice
of metric, but this does not play any role in the definitions of the invari-
ance. Thus symmetry of BVPs is independent of metrics and this is in line
with the fact that the orbit space does not have a canonical metric. For
lower-dimensional BVPs, this means that everything can be defined without
a reference to a metric. Even the constitutive equations, the only part of
BVPs with some connection to a metric, are directly induced from the origi-
nal constitutive equation without a metric. Therefore, dimensional reduction
can be explained without any metric in the orbit space.

5.6 Lower-dimensional BVPs for

one-dimensional symmetry groups

In this section, we derive in detail the lower-dimensional BVPs for a sym-
metry group G, which is a connected one-dimensional Lie group. That is,
we study cases where the dimension of a BVP is reduced by one. Such
cases comprise static and time-harmonic problems that are results of di-
mensional reduction under time invariance. In addition, classical static 2d-
problems with translational and rotational symmetry are instances of lower-
dimensional BVPs for one-dimensional symmetry groups.

A major difference from the usual application of dimensional reduction is
that we do not assume any components to be zero in some coordinate system,
but rather work directly in the domain manifold and assume only invariance
of the BVP. That is, this section starts from a generic BVP being (G, h)-
invariant under an action of G such that the action satisfies Axiom 5.2. In
addition, we assume that the BVP has a unique solution, in which case The-
orem 5.2 guarantees that the solution is (G, h)-invariant. Furthermore, we
assume that the orbit space exists. Then we formulate the lower-dimensional,
or reduced BVP for short, on the canonical lower-dimensional domain, which
is the orbit space.

The domain of the generic BVP is a manifold-with-boundary M of di-
mension n. The generic BVP on M consists of two differential equations,
expressed with the exterior derivative dM , one homogeneous and the other
inhomogeneous. The source field is a (k + 1)-form Q, and the two unknown
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fields are a k-form C and an (n− k)-form K. The constitutive equation be-
tween K and C is given by a Hodge-like operator υ, and the boundary values
for C and K are given by a k-form c and an (n−k)-form b, respectively. The
BVP is then:

dMC = Q (5.4)

dMK = 0

t1
M
C = c

t2
M
K = b

K = υMC.

We begin with geometric decompositions of the fields and the exterior
derivative, which are based on a choice of a G-invariant observer structure
(T, τ). The observer must be compatible with the invariance in the following
sense: τ corresponds to some G-reduced domain A such that τ(v) = 0 holds
for all v tangent to A, and T is everywhere tangent to the orbits. The
geometric components Cτ , Kτ , iTC, and iTK are the fields to be solved for
the reduced BVP. Notice that in the orbit space, the reduced BVP depends on
the choice of observer though the solution of the original higher-dimensional
BVP, of course, does not. Furthermore, notice that the geometric components
are horizontal fields and can thus be naturally pulled back to the (n − 1)-
dimensional orbit space N . When the geometric components are solved,
the geometric decomposition and the invariance of the fields show how to
construct the solution for the original BVP in (5.4): C = Cτ + τ ∧ iTC holds
in the points of the G-reduced domain A, where Cτ and iTC are the solutions
of the reduced BVP and where τ is given. Then the (G, h)-invariance of C
expands the solution to the whole M .

Then we derive “reduced differential equations” for the reduced BVP in
the orbit space M/G which we denote here for simplicity by N . The deriva-
tion is based on (3 + 1)-decompositions of Maxwell’s equations shown in
chapter 4. The chosen observer (T, τ) induces ((n− 1) + 1)-decompositions
of the differential equations in (5.4). Then the invariance of the fields C
and K simplifies the equations, eliminating from them the derivatives in the
direction of T .

“Reduced boundary values” are derived first for free actions, which have
no singular orbits. Then the case of effective but not free action is examined.
At the boundary of the orbit space we have points that are not part of the
boundary of M . These points are singular orbits, and we now propound an
additional axiom that such orbits always reside at the boundary of the orbit
space.
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The choice of a G-reduced domain (that defines the observer) is arbitrary;
in particular, no orthogonality is assumed for the orbits. This forces us to
consider a very general type of constitutive equations for the reduced BVPs:
we must assume that Kτ and iTK are both dependent on Cτ and iTC, and
we show how this assumption decomposes the original operator υM into four
“reduced operators,” which are not all Hodge-like operators. These derived
constitutive equations couple three of the reduced differential equations, but
in some cases the equations are simple enough to have two uncoupled reduced
BVPs.

5.6.1 Geometric decomposition of fields and the exte-

rior derivative

Geometric decomposition of fields is based on a similar observer structure
as that introduced in chapter 4. However, the pair (T, τ) that defines the
projections is constructed with help of G-invariance: if the BVP is (G, h)-
invariant, the vector field T is induced by the action and by some Lie group
homomorphism β : R → G chosen by the modeler (see section 5.2). The
induced vector field T is smooth, nonzero, G-invariant, and everywhere tan-
gent to the orbits. If the BVP is G-invariant, then T can be any nonzero,
smooth, G-invariant vector field that is everywhere tangent to the orbits. In
the case of free group action, T is everywhere nonzero, but if the action is
effective but not free, there are singular orbits that contain only one point.
At singular points, T is zero and at every other point of M nonzero. Because
these singular orbits are assumed to be at the boundary of the orbit space,
they do affect only the boundary values.

To define the one-form τ , we choose any G-reduced domain A. Then τ is
a smooth G-invariant one-form on M such that τ(v) = 0 holds for all v in the
tangent bundle of A, and τ(T ) = 1 holds everywhere except at the singular
points where τ is left undefined. Notice that τ is defined completely on A
(except at singular points), and G-invariance then extends the definition to
the whole M (excluding the singular points). In the case of free action, the
one-form τ could also be defined as follows: select a G-reduced domain A, in
which case {Ag}g∈G is a foliation of M (see Remark 5.5.1). Then τ is such
that it returns zero for every vector tangent to some leaves of the foliation,
and τ(T ) = 1 holds everywhere. Furthermore, because τ is G-invariant, its
Lie derivative with respect to T is zero, or LTτ = 0 holds.

In singular orbits, T is zero, in which case iTω = 0 holds and we set
ωτ = ω. Then the geometric decompositions, which always hold at the
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interior points of M , of the fields K, C, and Q are

K = Kτ + τ ∧ iTK

C = Cτ + τ ∧ iTC

Q = Qτ + τ ∧ iTQ.

The exterior derivative dM has the following decomposition:

dM = dτ + τ ∧ iTdM .

Let κ : N = M/G → M be the cross-section that defines the G-reduced
domain A and let us denote its pullback by f or f = κ∗ : Ω(M) → Ω(N). It
is then easy to show that the following equations hold:

fτ = 0 (5.5)

fω = fωτ

f ◦ dτ = dN ◦ f.

The (3+1)-decomposition of differential equations given in section 4.2.2
was based on the property dMτ = 0. To use the results of section 4.2.2,
we must show that dMτ = 0 holds also for the G-invariant τ defined in this
section. For the proof, we need some preliminaries: let {X1, ..., Xn−1, T} be a
smooth G-invariant basis field for the tangent spaces of M such that at each
point p ∈ A ⊂M , {X1, ..., Xn−1} is a basis of TpA, and T is a basis of TpGp
(tangent space of the orbit). Then at each p ∈ A, there is a decomposition of
the tangent space Tp(M) = TpA

⊕
TpGp. We call this basis field on M the

geometric basis. The dual basis {dx1, ..., dxn−1, τ} for one-forms is defined as
usual:

dxi(Xj) = δij , dxi(T ) = 0, τ(Xi) = 0, τ(T ) = 1.

The corresponding basis for two-forms and higher-degree forms are then de-
fined as wedge products of the elements of the dual basis; e.g., in a three-
dimensional M for two-forms, we have {dx1 ∧ dx2, dx1 ∧ τ, dx2 ∧ τ}. These
bases for differential forms are also called geometric bases. Now we prove the
proposition.

Proposition 5.7. If (T, τ) is a G-invariant pair such that T is in the direction
of the orbits, then dMτ = 0 holds.

Proof: The G-invariance of τ is equivalent to LTτ = 0, in which case we have
LTτ = dM(iTτ) + iT (dMτ) = dM1 + iT (dMτ) = iT (dMτ) = 0. This means that
in the geometric basis the two-form dMτ has no terms containing τ . On the
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other hand, fτ = 0 holds by (5.5); therefore, fdMτ = 0 holds also because
the pullback and the exterior derivative commute. Then on the points of A,
each term of dMτ in the geometric basis must contain τ or dMτ = 0 holds.
Consequently, the two requirements (iT (dMτ) = 0 and fdMτ = 0) can hold in
A at the same time only when dMτ = 0 holds in A. To show that dMτ = 0 in
M , it is enough to show that dMτ is G-invariant: g∗(dMτ) = dM(g∗τ) = dMτ
holds for all g ∈ G. Thus dMτ is G-invariant, and dMτ = 0 then holds in M .
�

Finally, it is clear that for numerical solution a chart (coordinate system)
is needed, and that not all charts are equally convenient for that. Presumably,
under a convenient chart the orbits are pure translations (or lines) parallel to
one of the coordinate axes, and G-reduced domain A is “orthogonal” to that
axis, in the sense that it is a level set of the coordinate defining the direction
of the orbits. For example, in a rotationally symmetric case, where the G-
reduced domain A is chosen to be a plane everywhere orthogonal to the orbits,
it is convenient to choose cylindrical (r, φ, z)-coordinates, because under those
charts orbits are lines parallel to the φ-direction (the angle coordinate) and
the G-reduced domain A is a level set of φ-coordinate. Under this kind of
charts, the vector field T can be chosen to be the coordinate basis vector
in the direction of the orbits, and the one-form τ is the corresponding dual
basis one-form.

5.6.2 Differential equations for reduced BVPs

The differential equations that hold in M are the original equations for fields
K and C:

dMK = 0

dMC = Q.

These equations are decomposed by (T, τ) as follows (see section 4.2.2):

dτ(iTK) = LTKτ (5.6)

dτCτ = Qτ

dτ(iTC) = iTQ+ LTCτ

dτKτ = 0.

The (G, h)-invariance of K and C fixes Lie derivatives for fields Kτ and
Cτ : if the generic BVP in (5.4) has a unique solution, the fields K and C are
also (G, h)-invariant by Theorem 5.2. Then the next proposition shows that
the horizontal components are also (G, h)-invariant:
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Proposition 5.8. If ω = ωτ + τ ∧ iTω is (G, h)-invariant, and if (T, τ) is
G-invariant, then the horizontal component ωτ is (G, h)-invariant.

Proof: Proposition 5.3 shows that iTω is (G, h)-invariant, and then Propo-
sition 5.4 shows that τ ∧ iTω is (G, h)-invariant. Now because ω is (G, h)-
invariant, it follows that ωτ must also be (G, h)-invariant. �

Now because Kτ and Cτ are (G, h)-invariant, by Theorem 5.1 they satisfy
the following Lie derivative equations:

LTKτ = h′(0)Kτ

LTCτ = h′(0)Cτ .

Remember that h′(0)Kτ is shorthand for h′(β(0))β ′(0)Kτ , where β : R → G
is a user-defined Lie group homomorphism (see section 5.2). If we cannot
assume the existence of unique solution, we must directly assume (G, h)-
invariance of fields K and C to derive the above Lie derivative equations for
Kτ and Cτ .

With the Lie derivative equations, the decomposed equations in (5.6) are
simplified to the following:

dτ(iTK) = h′(0)Kτ

dτCτ = Qτ

dτ(iTC) = iTQ+ h′(0)Cτ

dτKτ = 0.

Notice that there are no more derivatives in the direction of the orbits. Thus
these equations can be pulled back to the orbit space N with f without loss
of information:

f(dτ(iTK)) = f(h′(0)Kτ)

f(dτCτ) = fQτ

f(dτ(iTC)) = f(iTQ) + f(h′(0)Cτ)

f(dτKτ) = 0.

Because fdτ = dNf holds, we get the reduced differential equations in the
orbit space:

dN(f(iTK)) = f(h′(0)Kτ)

dN(fCτ) = fQτ

dN(f(iTC)) = f(iTQ) + f(h′(0)Cτ)

dN(fKτ) = 0.
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In the case of G-invariance, h′(0) = 0 holds, and we have the simpler equa-
tions

dN(f(iTK)) = 0 (5.7)

dN(fCτ) = fQτ

dN(f(iTC)) = f(iTQ)

dN(fKτ) = 0.

Notice that because the orbit space N is an (n−1)-dimensional manifold,
and if C or K is an (n− 1)-form, then the differential equation above for Cτ

or Kτ is trivial. In other words, the exterior derivative of an (n − 1)-form
on an (n− 1)-dimensional manifold is always zero; therefore, any field Cτ or
Kτ satisfies the equation (in the case of C, the equation is also homogeneous
because fQτ is an n-form on an (n − 1)-manifold and thereby zero). Thus
these trivial equations do not bind the solution in any way. However, we will
see in the section 5.6.4 that these fields are bound to fields in the nontrivial
equations by the constitutive equations.

Example 5.6.1. In the case of magnetostatics, M is a 3-manifold and K
corresponds to two-form B (magnetic flux density), C corresponds to one-
form H (magnetic field), and Q corresponds to two-form J (current density).
If the BVP is G-invariant, the reduced differential equations in the two-
dimensional orbit space N are

dN(f(iTB)) = 0

dN(fHτ) = fJτ

dN(f(iTH)) = f(iTJ)

dN(fBτ) = 0.

Notice that the last equation is trivial. Furthermore, the above equations
assume only G-invariance from current J but not that it has any special
direction. Usually only the other geometric component of J is assumed to
be nonzero, and this makes the other equation for H homogeneous and often
very easy to solve. For example, if we have a translational symmetry, and if
J lies in the direction of translations, i.e., J = Jτ holds, then we have the
following non-trivial equations to solve:

dN(f(iTB)) = 0

dN(fHτ) = fJτ

dN(f(iTH)) = 0.

If the boundary values for f(iTH) are homogeneous, the last equation has a
trivial solution f(iTH) = 0, which, in fact, is often assumed for dimensional
reduction.
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5.6.3 Boundary values for reduced BVPs

The boundary values for reduced BVPs are derived for two separate cases.
First, the case of free action is covered and then the case of effective but not
free action. If the action is effective but not free, there are singular orbits
which require separate treatment.

Free action

When group action is free, all orbits are one-dimensional. Then the boundary
∂A of the G-reduced domain A is a regular submanifold of ∂M . Thus the
boundary ∂N of the orbit space is an embedded submanifold of ∂M (see
Figure 5.5).

∂N

i

A

∂M

M

κ

N

Figure 5.5: Embedding the boundary of the orbit space. M is a 3-manifold,
an infinitely long tube with a circular cross-section. A is a G-reduced domain,
and the image of the orbit space N under a cross-section κ. i is the inclusion
map of ∂N to N . Then κ ◦ i is the embedding of ∂N to ∂M .

Our task now is to derive boundary values for fields Kτ , iTK, Cτ , and
iTC in the orbit space N from the original boundary values

t1
M
C = c

t2
M
K = b.

In the above equation, t1
M

and t2
M

denote the pullbacks of the inclusion maps
of the complementary parts of the boundary ∂M . Let i∂N and i∂M be the
inclusion maps of the boundaries ∂N and ∂M to N and M , respectively,
and κ be the cross-section that maps N to A. Then the mapping κ∂N is the
induced mapping that maps ∂N to ∂M such that the following commutation
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i∂M ◦κ∂N = κ◦ i∂N holds (see Figure 5.5). Now the fields on ∂M can be pulled
back to the boundary ∂N by the pullback of κ∂N , which is denoted by f∂N .
If the pullbacks of i∂N , i∂M , and κ are denoted by tN , tM , and f , respectively,
then the following commutation rule holds:

f∂N ◦ tM = tN ◦ f.

The vector field T is well-defined over M , and thus also over the sub-
set ∂M . Because T (p) ∈ Tp(∂M) holds by the canonical identification of
the tangent vectors of Tp(∂M) and Tp(M) and because we do not want to
use unnecessary indices, the restriction of T to the boundary ∂M is not de-
noted separately but it is understood from the context. Thus the following
commutation holds:

iT ◦ tM = tM ◦ iT .

(T at the left-hand side of the above equation is now the restriction of T to
the boundary ∂M .)

Now we can express the boundary values in the orbit space: we use the
notation t1

N
, t2

N
, f 1

∂N
, and f 2

∂N
for the restrictions and pullbacks defined on the

complementary parts of the boundaries ∂N and ∂M . To obtain boundary
values for fCτ and fKτ , let us first pull back the original boundary values
in (5.4) with f∂N and then use the geometric decompositions and the above
commutation rules (notice also that fτ = 0 holds):

f 1
∂N
t1

M
C = t1

N
fCτ + t1

N
f(τ ∧ iTC) = t1

N
(fCτ) = f 1

∂N
c

f 2
∂N
t2

M
K = t2

N
fKτ + t2

N
f(τ ∧ iTK) = t2

N
(fKτ) = f 2

∂N
b.

To obtain boundary values for fiTC and fiTK, let us first contract the origi-
nal boundary values with respect to T and then pull back the equations with
f∂N :

f 1
∂N
iT t

1
M
C = f 1

∂N
t1

M
iTC = t1

N
f(iTC) = f 1

∂N
(iT c)

f 2
∂N
iT t

2
M
K = f 2

∂N
t2

M
iTK = t2

N
f(iTK) = f 2

∂N
(iT b).

In summary, the boundary values for the reduced BVPs are

t2
N
fKτ = f 2

∂N
b

t1
N
fCτ = f 1

∂N
c

t2
N
f(iTK) = f 2

∂N
(iT b)

t1
N
f(iTC) = f 1

∂N
(iT c).
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The boundary ∂N of the orbit space is (n − 2)-dimensional (M is n-
dimensional); therefore, all differential forms of degree (n−1) or n are always
zero at the boundary. Thus non-homogeneous boundary conditions on ∂M
may induce homogeneous conditions on ∂N . This may sound contradictory,
but it is not: the non-homogeneous information of the fields is given by the
contracted forms, e.g., iT b. These homogeneous equations are trivial in the
same sense as some of the above differential equations above. Furthermore,
the trivial boundary conditions correspond to fields, which also have trivial
differential equations. The way to solve these fields is by substitution for the
constitutive equations.

Effective but not free action

When action is effective but not free, there (may) exist singular orbits that
contain only one point. For example, in the case of rotational symmetry,
where the axis of rotation is part of the domain, the points at the rotational
axis are singular orbits whereas the other orbits are circles (see Figure 5.6).
To deal with singular orbits, we state the following additional axiom about
them:

κ

N

M

Figure 5.6: Singular orbits. M is a three-dimensional domain that has a
rotational symmetry. The thick circle represents a conductor, and the broken
line shows the axis of rotation. The points of the axis form singular orbits,
which are part of the boundary of the two-dimensional orbit space N . κ is a
cross-section that embeds N to M .

Axiom 5.3. Singular orbits always reside at the boundary of the orbit space.

Notice that singular points are not necessarily boundary points of M as
the rotational symmetry shows. The axiom restricts the effects of singular
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orbits to boundary values and is also justified by practical considerations: we
are not aware of any practical example where singular orbits are not at the
boundary of the orbit space, but we cannot prove that this is always the case
for group actions that satisfy Axiom 5.2. However, there is a proposition
that provides practical sufficient conditions for singular orbits to reside at
the boundary of the orbit space:

Proposition 5.9. Let G be a compact group acting effectively on a con-
nected n-dimensional manifold-with-boundary M . If there is an (n − 2)-
dimensional orbit and none of the dimension (n− 1), then G is a Lie group,
and the orbit space N of M is a 2-manifold-with-boundary. Furthermore,
every point of N corresponding to an orbit of dimension less than (n−2) lies
on the boundary curve of N . [10]

As a corollary, we obtain a result that is specific to our situation when
the Lie group is one-dimensional:

Corollary 5.2. Let G be a compact one-dimensional Lie group acting ef-
fectively on a connected 3-manifold-with-boundary M . If there is a one-
dimensional orbit, then the orbit space N is a 2-manifold-with-boundary.
Furthermore, every singular orbit lies on the boundary of N .

Open Question 5. Are there group actions that satisfy axioms 5.1 and
5.2 and produce orbit spaces that are manifolds-with-boundary, but where a
singular orbit is not at the boundary of the orbit space?

Because of Axiom 5.3, we may assume that the boundary ∂N is a union
∂N = ∂NM ∪ ∂NS , where ∂NS is the set of all singular orbits whose points
are not included in ∂M , and ∂NM is the part of ∂N that can be embedded
in ∂M . The boundary values for ∂NM are given exactly as in the case of free
action; i.e., we need to consider them only at ∂NS.

At singular points, we had set ωτ = ω and iTω = 0 because the vector
field T is always the zero vector at singular points. Thus the contracted
components iTC and iTK are fixed to zero by the symmetry whereas the
horizontal components Cτ and Kτ are not fixed.

To see why symmetry should not fix the fields completely at singular
orbits, let us look at an example: the BVP domain is the one shown in
Figure 5.6, which has a static current in a circular conductor. We now have
a magnetostatic problem. Clearly, the fields H and B are not zero at the
points of the rotational axis but nonzero and aligned along the direction of
the axis.

Let us now formalize the above result. Let tNS
denote the pullbacks of

κ∂NS
= κ ◦ i∂NS

, where i∂NS
: ∂NS → N is the inclusion map of ∂NS to N .
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Then the boundary values at ∂NS for the contracted components are trivial:

tNS
f(iTC) = 0

tNS
f(iTK) = 0.

This is enough to ensure a unique solution, because the uniqueness of the
horizontal components is ensured by the constitutive equations.

Finally, observe that singular sources that are in singular points, are not
included in the above theory, because in that case the equations tNS

iTC = 0
and tNS

iTK = 0 may not hold. For example, if there is a charge density ρ
along the rotational axis of Figure 5.6, but no charges elsewhere, then tNS

iTD
cannot be zero.

Open Question 6. How to include singular sources in the theory of dimen-
sional reduction using differential forms?

5.6.4 Constitutive equations for reduced BVPs

There are four fields, the geometric components f(iTK), fKτ , fCτ , and
f(iTC), and four differential equations for them. This suggests that there
should be two constitutive equations that link geometric components as is
the case in Maxwell’s equations. However, the constitutive equations can
be more complicated than standard ones: even in the case of G-invariance,
there may be couplings between three geometric components by a single
constitutive equation. This follows from the arbitrary choice of G-reduced
domain.

The original constitutive equation is

K = υMC,

where υM : Ωk(M) → Ωn−k(M) is a Hodge-like operator. As pointed out
earlier, there is no canonical metric for the orbit space, nor is the invariance
dependent on the metric of M . This is why we do not consider metric aspects
with constitutive equations and treat υM only as a linear operator.

The constitutive equation can be written in terms of geometric decompo-
sitions:

Kτ + τ ∧ iTK = υM(Cτ) + υM(τ ∧ iTC). (5.8)

From this, we want to induce constitutive equations for fKτ and f(iTK) in
the orbit space N . That is, we want an equation in which fKτ is equal to
some expression that depends only on fCτ and f(iTC) but not on f(iTK),
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and then similarly for f(iTK). The equation for fKτ follows easily if we
notice that fτ = 0. Thus if we pull back the above expression to the orbit
space, we have the equation for fKτ :

fKτ = fυM(Cτ) + fυM(τ ∧ iTC). (5.9)

The equation for f(iTK) follows if we notice that iTKτ = 0. Thus if we first
contract (5.8) with respect to T and then pullback the contracted expression
to the orbit space, we have the equation for f(iTK):

f(iTK) = fiTυM(Cτ) + fiTυM(τ ∧ iTC). (5.10)

Equations (5.9) and (5.10) are still in terms of the original n-space operator
υM , and we want to rewrite them in terms of (n − 1)-space operators that
directly link fKτ to fCτ and f(iTC) in the following way:

fKτ = υτ

τ
(fCτ) + υτ

T
(f(iTC)). (5.11)

Similarly for f(iTK)

f(iTK) = υT

τ
(fCτ) + υT

T
(f(iTC)). (5.12)

We must determine the four linear operators

υτ

τ
: Ωk(N) → Ωn−k(N) (5.13)

υτ

T
: Ωk−1(N) → Ωn−k(N)

υT

τ
: Ωk(N) → Ωn−k−1(N)

υT

T
: Ωk−1(N) → Ωn−k−1(N)

in terms of υM . Notice that because N is (n − 1)-dimensional, only υτ

T
and

υT

τ
are Hodge-like operators in the sense that they map between spaces of

equal dimensions. Furthermore, because at each point, υM maps k-forms
on an n-dimensional space M to (n − k)-forms on M , it is a mapping from(

n
k

)
-dimensional space to

(
n

n−k

)
-dimensional space. Thus it requires

(
n
k

)
·
(

n
k

)
parameters to describe υM at each point. On the other hand, the number of
parameters required to pointwise describe the reduced operators υτ

τ
, υτ

T
, υT

τ
,

and υT

T
are

(
n−1

k

)
·
(

n−1
n−k

)
,
(

n−1
k−1

)
·
(

n−1
n−k

)
,
(

n−1
k

)
·
(

n−1
n−1−k

)
, and

(
n−1
k−1

)
·
(

n−1
n−1−k

)
,

respectively. With calculations, we can show that these add up to
(

n
k

)
·
(

n
k

)
parameters. This suggests that υM can be“decomposed”to reduced operators
to form “blocks” of υM .

Let us first define υτ

τ
: Ωk(N) → Ωn−k(N) by the following equation:

υτ

τ
(fCτ) = fυM(Cτ) (5.14)
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In the above equation, f on the left-hand side is the pullback of (n−k)-forms
from M to N whereas f on the right is the pullback of k-forms from M to N .
In the following, the pullback of (n− k)-forms is denoted by fn−k; similarly,
the pullback of k-forms is denoted by fk. Now equation (5.14) can be written
as

(fn−k ◦ υM)Cτ = (υτ

τ
◦ fk)Cτ , (5.15)

where we want to emphasize that both sides of the equation have a compo-
sition of linear operators that operate on Cτ . Because we want the above
equation to hold for any field Cτ , we have

fn−k ◦ υM = υτ

τ
◦ fk. (5.16)

The rank of the pullback fk at each point equals to the dimension of N
and thus it has a right-inverse denoted by rk (right-inverse means that the
equation fk ◦ rk = idN holds). Then we can express υτ

τ
in terms of υM and

the pullbacks:

υτ

τ
= fn−k ◦ υM ◦ rk. (5.17)

The next case is υτ

T
: Ωk−1(N) → Ωn−k(N). By definition, it satisfies the

following equation:

υτ

T
(f(iTC)) = fυM(τ ∧ iTC). (5.18)

Our goal is again to write this to emphasize the linear operators operating
on iTC. Using the extension operator Iτ , equation (5.18) can be written as

(fn−k ◦ υM ◦ Iτ )iTC = (υτ

T
◦ fk−1)iTC. (5.19)

Because we want equation (5.19) to hold for any field iTC, we have

fn−k ◦ υM ◦ Iτ = υτ

T
◦ fk−1. (5.20)

The pullback fk−1 has a well-defined right-inverse denoted by rk−1. We can
now express υτ

T
in terms of υM , Iτ and the pullbacks:

υτ

T
= fn−k ◦ υM ◦ Iτ ◦ rk−1. (5.21)

The other two operators υT

τ
: Ωk(N) → Ωn−k−1(N) and υT

T
: Ωk−1(N) →

Ωn−k−1(N) are derived in a similar fashion:

υT

τ
= fn−k−1 ◦ iT ◦ υM ◦ rk (5.22)

υT

T
= fn−k−1 ◦ iT ◦ υM ◦ Iτ ◦ rk−1.
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Remark 5.6.1. The reduced constitutive equations could have been derived
by using the projections as in section 4.3.1. The projections Pτ and PT

decompose υM into four reduced operators in Ω(M). Then applications of
the pullbacks fn−k, fn−k−1, rk−1, and rk to these reduced operators yield the
operators υτ

τ
, υτ

T
, υT

τ
, and υT

T
.

Let us next look at these equations in terms of matrices. Reduced con-
stitutive equations can be represented as a single equation in formal matrix
notation as follows:[

f(iTK)
fKτ

]
=

[
υT

τ
υT

T

υτ

τ
υτ

T

] [
fCτ

f(iTC)

]
.

On the other hand, assume that C and K are one- and two-forms, respec-
tively, on a 3-manifold M . Let {X, Y, Z} be a geometric basis field such that
{X, Y } is the basis field of a chosen G-reduced domain A, and Z is in the
direction of orbits. Then the dual basis {dx, dy, dz} is the geometric basis for
one-forms, and C = Cxdx+ Cydy + Czdz holds for some zero-forms Cx, Cy,
and Cz. Let {dy ∧ dz, dz ∧ dx, dx∧ dy} be the geometric basis for two-forms,
in which case K = Kxdy ∧ dz +Kydz ∧ dx+Kzdx ∧ dy holds. Applying the
pullback f to the geometric bases, we get the corresponding bases for the
orbit space N (in these bases the components are the same in M and N).
The pair (Z, dz) defines now the projections, and the geometric components
in terms of the geometric bases are

Cτ = Cxdx+ Cydy

iZC = Cz

Kτ = Kzdx ∧ dy

iZK = Kydx−Kxdy.

In the geometric bases, the operator υM is given by the following matrix:

υM =

⎡
⎣ υxx υxy υxz

υyx υyy υyz

υzx υzy υzz

⎤
⎦ .

It is now easy to deduce the matrices of linear operators υτ

τ
, υτ

Z
, υZ

τ
, and υZ

Z

in the geometric bases:
υτ

τ
=

[
υzx υzy

]
υτ

Z
=

[
υzz

]
υZ

τ
=

[
υxx υxy

υyx υyy

]
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υZ

Z
=

[
υxz

υyz

]
.

Thus the matrices of linear operators υτ

τ
, υτ

Z
, υZ

τ
, and υZ

Z
are blocks of the

matrix υM.

5.6.5 Summary

We have studied the following type of generic BVP that is posed on an n-
dimensional manifold-with-boundary M :

dMC = Q

dMK = 0

t1
M
C = c

t2
M
K = b

K = υMC.

where Q is a (k + 1)-form describing the sources, C is a k-form, K is an
(n− k)-form, and υ is a Hodge-like operator.

The BVP is (G, h)-invariant under the effective action of a connected one-
dimensional Lie group G. The orbit space is a connected (n−1)-dimensional
manifold-with-boundary N . The invariance induces a decomposition of the
fields when we choose some G-reduced domain A. Then there is a pair (T, τ),
where T is a nonzero smooth G-invariant vector field, which is everywhere
tangent to the orbits except at the singular points where T is zero, and τ is
a smooth G-invariant one-form such that τ(v) = 0 holds for all v ∈ T (A),
and τ(T ) = 1 holds everywhere except at the singular points where τ is
not defined. The pair (T, τ) defines two complementary projections, which
decompose the fields C, K, and Q as follows:

K = Kτ + τ ∧ iTK

C = Cτ + τ ∧ iTC

Q = Qτ + τ ∧ iTQ.

These are the geometric decompositions of the fields induced by the symmetry
and the choice of the pair (T, τ). The components Cτ and iTC are called the
geometric components of C, and they are the fields to be solved from the
reduced BVPs on the orbit space. To get the geometric components in the
orbit space, we use the pullback f of the cross-section that defines the G-
reduced domain A. The pullback f∂N , which maps the boundary values of ∂M
to ∂N , is used to define the boundary values for the geometric components
in the orbit space.
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The (G, h)-invariance of the BVP implies the following lower-dimensional
BVP on the orbit space:

dN(f(iTK)) = f(h′(0)Kτ)

dN(fCτ) = fQτ

dN(f(iTC)) = f(iTQ) + f(h′(0)Cτ)

dN(fKτ) = 0

t2
N
fKτ = f 2

∂N
b

t1
N
fCτ = f 1

∂N
c

t2
N
f(iTK) = f 2

∂N
(iT b)

t1
N
f(iTC) = f 1

∂N
(iT c)

fKτ = υτ

τ
(fCτ) + υτ

T
(f(iTC))

f(iTK) = υT

τ
(fCτ) + υT

T
(f(iTC)).

If there are singular orbits at the boundary of the orbit space, then ∂N =
∂NM ∪∂NS holds, and there are two additional boundary conditions imposed
at ∂NS:

tNS
f(iTC) = 0

tNS
f(iTK) = 0.

The linear operators

υτ

τ
: Ωk(N) → Ωn−k(N)

υτ

T
: Ωk−1(N) → Ωn−k(N)

υT

τ
: Ωk(N) → Ωn−k−1(N)

υT

T
: Ωk−1(N) → Ωn−k−1(N)

in the constitutive equations are expressed as follows:

υτ

τ
= fn−k ◦ υM ◦ rk

υτ

T
= fn−k ◦ υM ◦ Iτ ◦ rk−1

υT

τ
= fn−k−1 ◦ iT ◦ υM ◦ rk

υT

T
= fn−k−1 ◦ iT ◦ υM ◦ Iτ ◦ rk−1,

where rk is the right-inverse of the pullback fk of the k-forms.

If the BVP is G-invariant and if operators υτ

τ
and υT

T
are zero, the lower-
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dimensional BVP breaks up into two separate lower-dimensional BVPs:

dN(f(iTK)) = 0

dN(fCτ) = fQτ

t1
N
fCτ = f 1

∂N
c

t2
N
f(iTK) = f 2

∂N
(iT b)

f(iTK) = υT

τ
(fCτ)

dN(f(iTC)) = f(iTQ)

dN(fKτ) = 0

t1
N
f(iTC) = f 1

∂N
(iT c)

t2
N
fKτ = f 2

∂N
b

fKτ = υτ

T
(f(iTC))

Furthermore, the other BVP is often quite simple or even trivial (see Example
5.6.1). In fact, because the other problem is often so trivial, its result is just
assumed: with suitable coordinate system, the trivial problem effectively says
that some component of the solution field is zero.

Open Question 7. Because choice of a G-reduced domain is arbitrary, re-
duced constitutive equations, in general, connect three of geometric compo-
nents. Now, with a suitable choice of a G-reduced domain, is it always pos-
sible to separate the lower-dimensional BVP of a G-invariant BVP into two
separate lower-dimensional BVPs? If the separation with a suitable choice is
possible, then how to determine suitable choices?

5.7 Static and time-harmonic electromagnet-

ics

As basic examples of dimensional reduction, we derive here the static and
time-harmonic equations, which are consequences of static and time-harmonic
invariances. In other words, the static equations are the reduced differential
equations of full 4d Maxwell’s equations when the fields are invariant with
respect to time. Similarly, the time-harmonic equations are reduced differen-
tial equations in case of time-harmonic invariance. Furthermore, the reduced
constitutive equations are derived.
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5.7.1 Orbit space and geometric decompositions

Let M be a four-dimensional spacetime manifold, and let R act on M such
that all the orbits are one-dimensional and in the direction of time. Par-
ticularly, let us choose a holonomic observer (T, τ) such that T and τ are
both R-invariant, τ defines a foliation of M such that each leaf of the foli-
ation contains all the the “spatial points” at some given “time instant.” Let
an R-reduced domain A be one of the leaves of the foliations. With these
assumptions, the orbit space N is a 3-manifold.

Next we apply this observer to full 4d Maxwell’s equations given in section
4.2.1. Thus the fields are F , G, and J , or the electromagnetic field two-form,
the excitation two-form, and the source three-form, respectively, and they are
governed by Maxwell’s equations:

dMF = 0 (5.23)

dMG = J .

Furthermore, F and G are connected by the constitutive equation:

G = χF , (5.24)

where χ is a linear isomorphism from Ω2(M) to Ω2(M) satisfying the axioms
of symmetry and closure, see section 4.3.1.

The geometric decomposition of the fields are exactly the same as those
in section 4.2.2: F = Fτ + τ ∧ iTF , G = Gτ + τ ∧ iTG, and J = Jτ + τ ∧ iTJ .
Then we rename the geometric components as follows:

B = −Fτ (5.25)

E = iTF

D = Gτ

H = iTG

ρ = Jτ

J = −iTJ .

Consequently, the geometric decompositions are F = −B + τ ∧ E, G =
D + τ ∧H , and J = ρ− τ ∧ J .
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5.7.2 Static and time-harmonic differential equations

As shown in section 4.2.2, the observer (T, τ) decomposes the equations in
(5.23) as follows:

dτFτ = 0 (5.26)

LTFτ − dτ iTF = 0

dτGτ = Jτ

LTGτ − dτ iTG = iTJ

Notice that these equations contain spatial and time derivatives, but no in-
variance assumptions have yet been made about the fields. Static invariance
of the fields F , G, and J implies that their Lie derivatives with respect to
T are zero: LTF = LTG = 0 and LTJ = 0. Then applying the geometric
decompositions to these equations yields (see section 5.6.2)

LTFτ = LTGτ = LT iTJ = 0

LT iTF = LT iTG = 0

LTJτ = 0.

Next we substitute these equations for those in (5.26) and obtain the reduced
equations for M :

dτFτ = 0

dτ iTF = 0

dτGτ = Jτ

dτ iTG = −iTJ .

Using renaming gives us the usual static equations, but notice that the do-
main yet remains a 4-dimensional M :

dτB = 0

dτE = 0

dτD = ρ

dτH = J.

To transfer these equations to the 3-dimensional orbit space N , we need to
pull them back using the cross-section that defines the R-reduced domain A.
Let us denote this pullback by f . Then because the pullback and spatial
exterior derivative commute, we have the following differential equations in
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N :

dN(fB) = 0

dN(fE) = 0

dN(fD) = fρ

dN(fH) = fJ.

Notice that these equations are particular instances of the generic equations
shown in (5.7).

The time-harmonic case is similar to the static case, but now we have
(R, h)-invariance for fields F , G, and J , where h : R → C such that h(t) =
ejωt holds for all t ∈ R, and where ω is the frequency. Now h′(0) = jω holds.
Substituting this and the renamings for the equations in (5.26), we get the
familiar time-harmonic Maxwell’s equations in N :

dN(fE) = −jω(fB)

dN(fD) = fρ

dN(fH) = fJ + jω(fD)

dN(fB) = 0.

5.7.3 Constitutive equations

In section 5.6.4 it was shown that the reduced constitutive equations in the
orbit space are

fGτ = χτ

τ
(fFτ) + χτ

T
(f(iTF))

f(iTG) = χT

τ
(fFτ) + χT

T
(f(iTF)).

The linear operators

χτ

τ
: Ω2(N) → Ω2(N)

χτ

T
: Ω1(N) → Ω2(N)

χT

τ
: Ω2(N) → Ω1(N)

χT

T
: Ω1(N) → Ω1(N)

in the constitutive equations are expressed as follows:

χτ

τ
= fn−k ◦ χM ◦ rk

χτ

T
= fn−k ◦ χM ◦ Iτ ◦ rk−1

χT

τ
= fn−k−1 ◦ iT ◦ χM ◦ rk

χT

T
= fn−k−1 ◦ iT ◦ χM ◦ Iτ ◦ rk−1,

132



where rk is the right-inverse of the pullback fk of the k-forms. In terms of
renamings, the reduced constitutive equations are

fD = −χτ

τ
(fB) + χτ

T
(fE)

fH = −χT

τ
(fB) + χT

T
(fE).

We recognized in section 4.3.1 that χτ

T
equals to ε (permittivity) and −χT

τ

equals to ν (inverse permeability). If a suitable holonomic observer exists
such that χτ

τ
and χT

T
are zero, the reduced constitutive equations are the

following familiar equations:

fD = ε(fE)

fH = ν(fB).

5.8 Lower-dimensional BVPs for

multi-dimensional symmetry groups

In this section, we derive lower-dimensional BVPs for a symmetry group G,
which is the product G1 × ...×Gk of connected one-dimensional Lie groups.
Remember that all two-dimensional connected Lie groups are products of one-
dimensional connected Lie groups (see section 3.6). For simplicity, we study
only the cases where G is the product of two groups, or where G = G1 ×G2

holds. These cases include, e.g., static one-dimensional problems such as
those with a cylindrical symmetry. In addition, all two-dimensional elec-
tromagnetic BVPs are results of dimensional reduction by two-dimensional
symmetry groups.

Because G is a product of one-dimensional Lie groups, we can use the
results in section 5.6: both groups G1 and G2 have their own group actions
on M , which makes it possible to construct observer structures for both of
the actions. We can then produce geometric decompositions of the fields
such that we first apply one observers and then the other to the geometric
components of the first observer.

Similarly, we derive the reduced differential equations: the action of G1

on M produces its own orbit space M/G1, observer structures, and geometric
decompositions, and thus its own reduced BVPs on M/G1. The group action
of G2 on M induces a group action of G2 on M/G1. This group action on
M/G1 produces the orbit space (M/G1)/G2, which is canonically diffeomor-
phic to the orbit space M/G. Thus the action of G2 on M/G1 canonically
produces reduced BVPs on M/G. If the group G has more factors, we con-
tinue applying the group action of each factor to the recently reduced BVPs
until all factors have been applied.
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Boundary values and constitutive equations for the geometric components
on the orbit space M/G can be derived directly in a fashion similar to the
done with one-dimensional symmetry groups.

We study again the same generic BVP shown in (5.4); i.e., the domain
M is an n-dimensional manifold-with-boundary, and the following equations
hold in M :

dMC = Q (5.27)

dMK = 0

t1
M
C = c

t2
M
K = b

K = υMC,

where the source field is a (k + 1)-form Q, and the other two fields are a
k-form C and an (n− k)-form K. The constitutive equation between K and
C is given by a Hodge-like operator υM . Our task is to derive a reduced BVP
for the (n− 2)-dimensional orbit space N .

5.8.1 Group action and geometric decompositions

We assume that G = G1 ×G2 holds, and that G acts as described in Axiom
5.2. Furthermore, we assume that the orbit space N = M/G exists. Thus we
have a group action F : G1 × G2 ×M → M , which in this case means that
F (a1◦b1, a2◦b2, p) = F (a1, a2, F (b1, b2, p)) holds for all a1, b1 ∈ G1 and a2, b2 ∈
G2. Both groups G1 and G2 also have their own separate group actions
Fi : Gi×M → M , defined by F1(g, p) = F (g, e2, p) and F2(g, p) = F (e1, g, p),
where e1 and e2 are the identity elements of G1 and G2, respectively. Both
actions F1 and F2 must satisfy Axiom 5.2.

The group action F1 produces the orbit space N1 = M/G1. Then the
group action F2 on M induces a group action F 1

2 : G2 × N1 → N1 of G2 on
N1 such that F 1

2 (g,G1p) = G1F2(g, p) holds, where G1p and G1F2(g, p) are
the orbits of p and F2(g, p), respectively, under the action F1. We denote by
G2(G1p) the orbit of G1p ∈ N1 under the action F 1

2 . Then the orbits of F
and F 1

2 are canonically identified (bijectively) by the mapping G2(G1p) 	→
Gp. With this mapping, the reduced BVP on N1

2 = (M/G1)/G2 can be
canonically defined in the orbit space N .

Next, we define the observers related to actions F1, F2, and F 1
2 . First, we

choose a G-reduced domain A, which is an (n− 2)-dimensional submanifold-
with-boundary. Then actions F2 and F1 induce G1- and G2-reduced domains
A1 and A2, respectively, such that A1 = F2(G2, A) and A2 = F1(G1, A) hold
(see Figure 5.7). Notice that A1 and A2 are (n − 1)-dimensional manifolds.
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A

A1

A

A2

Figure 5.7: Action of a two-dimensional Lie group. The thick line denotes a
G-reduced domain A, the vertical lines are orbits of G2, and the horizontal
lines are orbits of G1. A1 = F2(G2, A) is a G1-reduced domain, and A2 =
F1(G1, A) is a G2-reduced domain.

Let T and Z be smooth G-invariant vector fields on M everywhere along
the orbits of action F1 and F2, respectively. Notice that Tp ∈ T (A2) and
Zq ∈ T (A1) hold for p ∈ A2 and q ∈ A1; i.e., T and Z are tangent to A2 and
A1, respectively. Then we define smooth G-invariant one-forms τ and ζ on
M such that τ(T ) = ζ(Z) = 1, τ(Z) = ζ(T ) = 0, and τ(V ) = ζ(V ) = 0 hold
for all V ∈ TA. Thus (T, τ) is an observer on M related to the action F1, and
(Z, ζ) is an observer on M related to the action F2. Finally, corresponding
to the induced action F 1

2 , we define an observer on the orbit space N1: let
π1 : M → N1 be the canonical projection of F1 and κ1 a cross-section such
that κ1(N1) = A1. Then (Z1, ζ1) = (π1∗Z, κ

∗
1ζ) is an observer for the induced

action F 1
2 .

Now with these observer structures we define the geometric decompo-
sitions of the fields. First, we apply (T, τ) to C to produce the following
decomposition:

C = Cτ + τ ∧ iTC

Then we apply the pair (Z, ζ) to the geometric components yielded by (T, τ):

C = Cτ + τ ∧ iTC

= (Cτ)ζ + ζ ∧ iZCτ + τ ∧ ((iTC)ζ + ζ ∧ (iZiTC))

= (Cτ)ζ + ζ ∧ iZCτ + τ ∧ (iTC)ζ + τ ∧ ζ ∧ (iZiTC).

The geometric components of C are (Cτ)ζ, iZCτ , (iTC)ζ, and iZiTC. These
and the geometric components of K are the fields to be solved in the orbit
space N . To simplify the notation, we use the following notation for the
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geometric components:

Cτζ = (Cτ)ζ

CτZ = iZCτ

CTζ = (iTC)ζ

CTZ = iZiTC

Consequently, the geometric decompositions of the fields are

C = Cτζ + ζ ∧ CτZ + τ ∧ CTζ + τ ∧ ζ ∧ CTZ

K = Kτζ + ζ ∧KτZ + τ ∧KTζ + τ ∧ ζ ∧KTZ

Q = Qτζ + ζ ∧QτZ + τ ∧QTζ + τ ∧ ζ ∧QTZ .

Usually, some geometric components become trivial. For example, in a
three-dimensional manifold M , the geometric decompositions for zero-, one-,
two-, and three-forms, respectively, are

φ = φτζ

E = Eτζ + EτZ ζ + ETζ τ

D = ζ ∧DτZ + τ ∧DTζ +DTZ τ ∧ ζ

ρ = τ ∧ ζ ∧ ρTZ .

5.8.2 Reduced differential equations

The reduced differential equations of the reduced BVPs in the orbit space
N are derived in two steps. First, (T, τ) induces a reduced BVP on N1, and
then this reduced BVP is further reduced by (Z1, ζ1). We now have a reduced
BVP on N1

2 , which can be canonically identified with N . Notice that this
recursive derivation enables exploitation of the results in section 5.6.2.

First reduction

(G, h)-invariance of the fields means that (g1, g2)
∗ω = g∗ω = h(g)ω =

h((g1, g2))ω holds for all g1 ∈ G1, g2 ∈ G2. If we define h1(g) = h(g, e2) and
h2(g) = h(e1, g), then h((g1, g2)) = h1(g1)h2(g2) holds. Moreover, (G, h)-
invariance of the fields implies that they are also (G1, h1)- and (G2, h2)-
invariant. (G1, h1)-invariance of fields is equivalent to the following Lie
derivative equations (see section 5.6.2):

LTCτ = h′1(0)Cτ

LTKτ = h′1(0)Kτ .
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From section 5.6.2, we know that (T, τ) and the invariance of the fields
(the above Lie derivative equations) yield the following equations in the orbit
space N1:

dN1
(f1(iTK)) = h′1(0)f1Kτ (5.28)

dN1
(f1Cτ) = f1Qτ

dN1
(f1(iTC)) = f1(iTQ) + h′1(0)f1Cτ

dN1
(f1Kτ) = 0,

where f1 is the pullback of the cross-section κ1 defining the G1-reduced do-
main A1.

Second reduction

The starting point of the second reduction is the reduced BVP in (5.28). To
simplify the notation, we use the following renamings:

Λ = f1(iTK) (5.29)

Ψ = f1Kτ

Σ = f1(iTC)

Γ = f1Cτ

Δ = f1(iTQ)

Θ = f1Qτ .

Then the BVP in (5.28) reads as

dN1
Λ = h′1(0)Ψ (5.30)

dN1
Γ = Θ

dN1
Σ = Δ + h′1(0)Γ

dN1
Ψ = 0.

The F2-induced observer (Z1, ζ1) on the orbit space N1 decomposes the
fields Λ, Ψ, Σ, Γ, Δ, and Θ. (Z1, ζ1) also decomposes the equations in (5.30)
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as follows:

dζ1
Λζ1

= h′1(0)Ψζ1

dζ1
(iZ1

Λ) = h′1(0)iZ1
Ψ + LZ1

Λζ1

dζ1
Γζ1

= Θζ1

dζ1
(iZ1

Γ) = iZ1
Θ + LZ1

Γζ1

dζ1
Σζ1

= Δζ1
+ h′1(0)Γζ1

dζ1
(iZ1

Σ) = iZ1
Δ + h′1(0)iZ1

Γ + LZ1
Σζ1

dζ1
Ψζ1

= 0

dζ1
(iZ1

Ψ) = LZ1
Ψζ1

.

Now the (G2, h2)-invariance of the horizontal components Λζ1
, Ψζ1

, Σζ1
,

and Γζ1
is equivalent to the following Lie derivative equations:

LZ1
Λζ1

= h′2(0)Λζ1

LZ1
Σζ1

= h′2(0)Σζ1

LZ1
Ψζ1

= h′2(0)Ψζ1

LZ1
Γζ1

= h′2(0)Γζ1
.

Let f2 be the pullback of a cross-section from the orbit space N1
2 to some

G2-reduced domain R of N1 corresponding to ζ1 (by the definition, ζ1(v) = 0
holds for all v ∈ T (R)). To obtain the final reduced differential equations on
N1

2 , we substitute the Lie derivative equations and use the pullback f2:

dN1
2
f2Λζ1

= h′1(0)f2Ψζ1

dN1
2
f2(iZ1

Λ) = h′1(0)f2(iZ1
Ψ) + h′2(0)f2Λζ1

dN1
2
f2Γζ1

= f2Θζ1

dN1
2
f2(iZ1

Γ) = f2(iZ1
Θ) + h′2(0)f2Γζ1

dN1
2
f2Σζ1

= f2Δζ1
+ h′1(0)f2Γζ1

dN1
2
f2(iZ1

Σ) = f2(iZ1
Δ) + h′1(0)f2(iZ1

Γ) + h′2(0)f2Σζ1

dN1
2
f2Ψζ1

= 0

dN1
2
f2(iZ1

Ψ) = h′2(0)f2Ψζ1
.

Next, we express the above equations in terms of the original fields (cancel
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the renamings in (5.29)):

dN1
2
f2(f1iTK)ζ1

= h′1(0)f2(f1Kτ)ζ1
(5.31)

dN1
2
f2iZ1

(f1iTK) = h′1(0)f2iZ1
(f1Kτ) + h′2(0)f2(f1iTK)ζ1

dN1
2
f2(f1Cτ)ζ1

= f2(f1Qτ)ζ1

dN1
2
f2iZ1

(f1Cτ) = f2iZ1
(f1Qτ) + h′2(0)f2(f1Cτ)ζ1

dN1
2
f2(f1iTC)ζ1

= f2(f1iTQ)ζ1
+ h′1(0)f2(f1Cτ)ζ1

dN1
2
f2iZ1

(f1iTC) = f2iZ1
(f1iTQ) + h′1(0)f2iZ1

(f1Cτ)

+h′2(0)f2(f1iTC)ζ1

dN1
2
f2(f1Kτ)ζ1

= 0

dN1
2
f2iZ1

(f1Kτ) = h′2(0)f2(f1Kτ)ζ1
.

Finally, to express the above equations in terms of the original fields in
the orbit space N , we use the canonical identification Gp 	→ G2(G1p) of
N1

2 and N . Let f : Ω(M) → Ω(N) be the pullback from M to the orbit
space N defined by the G-reduced domain A. On the other hand, because
f1 : Ω(M) → Ω(N1) is the pullback from M to the orbit space N1 defined
by the G1-reduced domain A1, and because f2 : Ω(N1) → Ω(N1

2 ) is the
pullback from N1 to the orbit space N1

2 defined by A1 and A2, it follows
that f2 ◦ f1 : Ω(M) → Ω(N1

2 ) is the pullback from M to the orbit space N1
2

defined by A. Then the canonical identification of N1
2 and N can be used to

canonically identify fω and (f2 ◦ f1)ω. Let us use an example to identify the
fields; the field f2iZ1

(f1Kτ) is identified with the field f(iZKτ) = fKτZ. To
see this, let us first apply the pullback f to the definition of iZKτ :

f(iZKτ) = f(iZ(K − τ ∧ iTK)) = f(iZK + τ ∧ iZiTK)) = f(iZK)

Then we perform similar calculations with f2iZ1
(f1Kτ). For this, notice that

Z1 = (π1)∗Z and f1 = κ∗1 hold, plus we also need Lemma 3.2:

f2iZ1
(f1Kτ) = f2iZ1

(f1K − f1(τ ∧ iTK)) = f2iZ1
f1K

= f2i(π1)∗Zκ
∗
1K = f2κ

∗
1i(κ1)∗(π1)∗ZK = f2f1iZ|A1

K

= f2f1iZK = (f2 ◦ f1)(iZK).

Thus using the canonical identification of f and (f2 ◦ f1), we see that fKτZ

and f2iZ1
(f1Kτ) have now been identified. With similar calculations we can

show the other identifications:

f2(f1iTK)ζ1
←→ f(iTK)ζ = fKTζ

f2iZ1
(f1iTK) ←→ f(iZiTK) = fKTZ

f2(f1Kτ)ζ1
←→ f(Kτ)ζ = fKτζ.
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Applying the identifications to the equations in (5.31), we deduce the
reduced differential equations in N :

dN(fKTζ) = h′1(0)fKτζ (5.32)

dN(fKTZ) = h′1(0)fKτZ + h′2(0)fKTζ

dN(fCτζ) = fQτζ

dN(fCτZ) = fQτZ + h′2(0)fCτζ

dN(fCTζ) = fQTζ + h′1(0)fCτζ

dN(fCTZ) = fQTZ + h′1(0)fCτZ + h′2(0)fCTζ

dN(fKτζ) = 0

dN(fKτZ) = h′2(0)fKτζ.

As the above shows, we have in general lots of complicated equations. How-
ever, often some of them are trivial in the sense that all possible fields satisfy
them (the exterior derivative of (n − 2)-form in a (n − 2)-manifold is zero).
Furthermore, in low dimensions some geometric components are not even
defined, whereupon the corresponding differential equations are not defined
either. If M is four-dimensional and C and K are two-forms, then they have
all the geometric components, and Q has three of the components because
Qτζ is zero. In that case, all the above equations are defined, and assum-
ing (G, (h1, h2))-invariance, only two of them are homogeneous and two are
trivial. Thus the full generality of the above equations cannot even be used
in electromagnetics. The following example shows how in common cases the
equations are considerably simplified:

Example 5.8.1. Let a magnetostatic BVP on a three-manifold correspond to
a situation where we have an infinitely long straight circular conductor with
a constant current. Then the problem has a (R× S1)-invariance (cylindrical
symmetry). Assume that Z defines the translations, in which case the current
J is in the direction of Z. Then T defines the rotations. Now the fields H ,
B, and J have only some of the geometric components:

H = Hτζ +HτZζ +HTζτ

B = ζ ∧ BτZ + τ ∧BTζ +BTZτ ∧ ζ

J = τ ∧ JTζ.

The only equations of (5.32) defined and not trivial (i.e., not satisfied by
all fields) are the following three simple differential equations (not partial
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differential equations because the orbit space is one-dimensional):

dN(fBTZ) = 0

dN(fHτZ) = fJTζ

dN(fHTζ) = 0.

Let us next introduce the cylindrical coordinates (r, ϕ, z) such that the
conductor is in the z-direction. If r̄, ϕ̄, and z̄ are the coordinate basis vectors,
and if dr, dϕ and dz constitute the corresponding dual basis, then (ϕ̄, dϕ)
and (z̄, dz) are observers compatible with the coordinate system. Now the
geometric decompositions and the representations of the fields in the standard
coordinate bases are:

H = Hdϕ dz +Hdϕ z̄dz +Hϕ̄ dzdϕ

= Hrdr +Hϕdϕ+Hzdz

B = dz ∧ Bdϕ z̄ + dϕ ∧ Bϕ̄ dz +Bz̄ ϕ̄dϕ ∧ dz

= Brdϕ ∧ dz +Bϕdz ∧ dr +Bzdr ∧ dϕ

J = dϕ ∧ Jϕ̄ dz

= Jzdr ∧ dϕ.

The differential equations in the orbit space are now:

dBr

dr
= 0

dHϕ

dr
= Jz

dHz

dr
= 0.

5.8.3 Reduced boundary values

For the geometric components, boundary values are derived as in the case of
one-dimensional symmetry groups. In fact, the same equations

f∂N ◦ tM = tN ◦ f

iT ◦ tM = tM ◦ iT

iZ ◦ tM = tM ◦ iZ

hold for symmetry groups of any dimension greater than or equal to one.
Thus let us apply them to the original boundary values. First, we apply the
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pullback f∂N to obtain an equation for Cτζ:

f∂NtMC = f∂Nc

tNf(Cτζ + ζ ∧ CτZ + τ ∧ CTζ + τ ∧ ζ ∧ CTZ) = f∂Nc

tNfCτζ = f∂Nc.

We get the equation for CτZ when we first apply the contraction iZ and then
the pullback f∂N :

f∂NiZtMC = f∂N(iZc)

f∂NtM iZ(Cτζ + ζ ∧ CτZ + τ ∧ CTζ + τ ∧ ζ ∧ CTZ) = f∂N(iZc)

tNf(CτZ − τ ∧ CTZ) = f∂N(iZc)

tNfCτZ = f∂N(iZc).

If we first apply iT and then f∂N to the original boundary value equation, we
obtain the equation for CTζ:

f∂NiT tMC = f∂N(iT c)

f∂NtM iT (Cτζ + ζ ∧ CτZ + τ ∧ CTζ + τ ∧ ζ ∧ CTZ) = f∂N(iT c)

tNf(CTζ + ζ ∧ CTZ) = f∂N(iT c)

tNfCTζ = f∂N(iT c).

Finally, to obtain the equation for CTZ , we apply f∂NiZiT to the original
equation:

f∂NiZiT tMC = f∂N(iZiT c)

f∂NtM iZiT (Cτζ + ζ ∧ CτZ + τ ∧ CTζ + τ ∧ ζ ∧ CTZ) = f∂N(iZiTc)

tNfiZ(CTζ + ζ ∧ CTZ) = f∂N(iZiT c)

tNfCTZ = f∂N(iZiT c).

In similar steps, we can derive the equations for the geometric components
of K. In summary, the reduced boundary values are

t1
N
fCτζ = f 1

∂N
c

t1
N
fCτZ = f 1

∂N
(iZc)

t1
N
fCTζ = f 1

∂N
(iTc)

t1
N
fCTZ = f 1

∂N
(iZiT c)

t2
N
fKτζ = f 2

∂N
b

t2
N
fKτZ = f 2

∂N
(iZb)

t2
N
fKTζ = f 2

∂N
(iT b)

t2
N
fKTZ = f 2

∂N
(iZiT b).
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If there are singular orbits such that, e.g., Z is zero on those orbits, then
the right-hand terms in above equations containing contractions with respect
to Z are zero. Furthermore, since in low dimensions the fields do not have all
the geometric components, some of the above equations are not even defined.

5.8.4 Reduced constitutive equations

Reduced constitutive equations are derived like in the case of one-dimensional
symmetry groups: first the original constitutive equation K = υMC is rep-
resented in terms of geometric components. Then we solve the equations
for each geometric component of K, after which these equations work as
definitions for new operators to be directly defined in the orbit space N .

In terms of geometric components, the constitutive equation K = υMC is

Kτζ + ζ ∧KτZ + τ ∧KTζ + τ ∧ ζ ∧KTZ

= υM(Cτζ) + υM(ζ ∧ CτZ) + υM(τ ∧ CTζ) + υM(τ ∧ ζ ∧ CTZ).

Because fτ = fζ = 0, then simply applying the pullback f to the above
equation yields an equation for Kτζ:

fKτζ = fυM(Cτζ) + fυM(ζ ∧ CτZ)

+fυM(τ ∧ CTζ) + fυM(τ ∧ ζ ∧ CTZ).

The desired equation for KτZ is derived by first contracting K = υMC with
respect to Z and then pulling back the result:

fKτZ = fiZυM(Cτζ) + fiZυM(ζ ∧ CτZ)

+fiZυM(τ ∧ CTζ) + fiZυM(τ ∧ ζ ∧ CTZ).

Similarly, we can derive equations for KTζ and KTZ:

fKTζ = fiTυM(Cτζ) + fiTυM(ζ ∧ CτZ)

+fiTυM(τ ∧ CTζ) + fiTυM(τ ∧ ζ ∧ CTZ)

fKTZ = fiZiTυM(Cτζ) + fiZiTυM(ζ ∧ CτZ)

+fiZiTυM(τ ∧ CTζ) + fiZiTυM(τ ∧ ζ ∧ CTZ).

These equations are in terms of the original operator υ, but we want to
write them in terms of “reduced operators” that are defined in N and that
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operate directly on fields fCτζ, fCτZ, fCTζ, and fCTZ:

fKτζ = υτζ

τζ
(fCτζ) + υτζ

τZ
(fCτZ)

+υτζ

Tζ
(fCTζ) + υτζ

TZ
(fCTZ)

fKτZ = υτZ

τζ
(fCτζ) + υτZ

τZ
(fCτZ)

+υτZ

Tζ
(fCTζ) + υτZ

TZ
(fCTZ)

fKTζ = υTζ

τζ
(fCτζ) + υTζ

τZ
(fCτZ)

+υTζ

Tζ
(fCTζ) + υTζ

TZ
(fCTZ)

fKTZ = υTZ

τζ
(fCτζ) + υTZ

τZ
(fCτZ)

+υTZ

Tζ
(fCTζ) + υTZ

TZ
(fCTZ).

Thus we have to define the following 16 reduced operators:

υτζ

τζ
: Ωk(N) → Ωn−k(N)

υτζ

τZ
: Ωk−1(N) → Ωn−k(N)

υτζ

Tζ
: Ωk−1(N) → Ωn−k(N)

υτζ

TZ
: Ωk−2(N) → Ωn−k(N)

υτZ

τζ
: Ωk(N) → Ωn−k−1(N)

υτZ

τZ
: Ωk−1(N) → Ωn−k−1(N)

υτZ

Tζ
: Ωk−1(N) → Ωn−k−1(N)

υτZ

TZ
: Ωk−2(N) → Ωn−k−1(N)

υTζ

τζ
: Ωk(N) → Ωn−k−1(N)

υTζ

τZ
: Ωk−1(N) → Ωn−k−1(N)

υTζ

Tζ
: Ωk−1(N) → Ωn−k−1(N)

υTζ

TZ
: Ωk−2(N) → Ωn−k−1(N)

υTZ

τζ
: Ωk(N) → Ωn−k−2(N)

υTZ

τZ
: Ωk−1(N) → Ωn−k−2(N)

υTZ

Tζ
: Ωk−1(N) → Ωn−k−2(N)

υTZ

TZ
: Ωk−2(N) → Ωn−k−2(N).
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Using similar arguments as in section 5.6.4, we can derive the following ex-
pressions for the reduced operators (r denotes the right-inverse of f , and the
subindexes in f and r denote the degree of forms they operate on):

υτζ

τζ
= fn−k ◦ υM ◦ rk

υτζ

τZ
= fn−k ◦ υM ◦ Iζ ◦ rk−1

υτζ

Tζ
= fn−k ◦ υM ◦ Iτ ◦ rk−1

υτζ

TZ
= fn−k ◦ υM ◦ Iτ ◦ Iζ ◦ rk−2

υτZ

τζ
= fn−k−1 ◦ iZ ◦ υM ◦ rk

υτZ

τZ
= fn−k−1 ◦ iZ ◦ υM ◦ Iζ ◦ rk−1

υτZ

Tζ
= fn−k−1 ◦ iZ ◦ υM ◦ Iτ ◦ rk−1

υτZ

TZ
= fn−k−1 ◦ iZ ◦ υM ◦ Iτ ◦ Iζ ◦ rk−2

υTζ

τζ
= fn−k−1 ◦ iT ◦ υM ◦ rk

υTζ

τZ
= fn−k−1 ◦ iT ◦ υM ◦ Iζ ◦ rk−1

υTζ

Tζ
= fn−k−1 ◦ iT ◦ υM ◦ Iτ ◦ rk−1

υTζ

TZ
= fn−k−1 ◦ iT ◦ υM ◦ Iτ ◦ Iζ ◦ rk−2

υTZ

τζ
= fn−k−2 ◦ iZ ◦ iT ◦ υM ◦ rk

υTZ

τZ
= fn−k−2 ◦ iZ ◦ iT ◦ υM ◦ Iζ ◦ rk−1

υTZ

Tζ
= fn−k−2 ◦ iZ ◦ iT ◦ υM ◦ Iτ ◦ rk−1

υTZ

TZ
= fn−k−2 ◦ iZ ◦ iT ◦ υM ◦ Iτ ◦ Iζ ◦ rk−2.

In formal matrix notation, we can write the reduced constitutive equations
into the following single equation:⎡

⎢⎢⎣
fKτζ

fKτZ

fKTζ

fKTZ

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
υτζ

τζ
υτζ

τZ
υτζ

Tζ
υτζ

TZ

υτZ

τζ
υτZ

τZ
υτZ

Tζ
υτZ

TZ

υTζ

τζ
υTζ

τZ
υTζ

Tζ
υTζ

TZ

υTZ

τζ
υTZ

τZ
υTZ

Tζ
υTZ

TZ

⎤
⎥⎥⎦
⎡
⎢⎢⎣
fCτζ

fCτZ

fCTζ

fCTZ

⎤
⎥⎥⎦ .

On the other hand, let C and K be two-forms in a four-dimensional manifold.
Let X and Y be vector fields tangent to the leaves of foliation {Ag}g∈G and
Z and T tangent to the orbits of F2 and F1, respectively. Then (X, Y, Z, T )
is a basis field for the tangent spaces of M . Its dual basis (dx, dy, ζ, τ) is a
geometric basis for one-forms. Let (dx∧dy, ζ∧dx, ζ∧dy, τ ∧dx, τ ∧dy, τ ∧ζ)
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be the corresponding geometric basis for two-forms. In the geometric basis,
C and K have the following expressions:

C = Cxydx ∧ dy + Czxζ ∧ dx+ Czyζ ∧ dy + Ctxτ ∧ dx

+Ctyτ ∧ dy + Ctzτ ∧ ζ

K = Kxydx ∧ dy +Kzxζ ∧ dx+Kzyζ ∧ dy +Ktxτ ∧ dx

+Ktyτ ∧ dy +Ktzτ ∧ ζ.

The geometric components of C and K in terms of the geometric basis are

Cτζ = Cxydx ∧ dy

CτZ = Czxdx+ Czydy

CTζ = Ctxdx+ Ctydy

CTZ = Ctz

Kτζ = Kxydx ∧ dy

KτZ = Kzxdx+Kzydy

KTζ = Ktxdx+Ktydy

KTZ = Ktz.

In the geometric bases, the constitutive equation K = υMC can be written
as follows: ⎡

⎢⎢⎢⎢⎢⎢⎣

Kxy

Kzx

Kzy

Ktx

Kty

Ktz

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

υxy

xy
υxy

zx
υxy

zy
υxy

tx
υxy

ty
υxy

tz

υzx

xy
υzx

zx
υzx

zy
υzx

tx
υzx

ty
υzx

tz

υzy

xy
υzy

zx
υzy

zy
υzy

tx
υzy

ty
υzy

tz

υtx

xy
υtx

zx
υtx

zy
υtx

tx
υtx

ty
υtx

tz

υty

xy
υty

zx
υty

zy
υty

tx
υty

ty
υty

tz

υtz

xy
υtz

zx
υtz

zy
υtz

tx
υtz

ty
υtz

tz

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

Cxy

Czx

Czy

Ctx

Cty

Ctz

⎤
⎥⎥⎥⎥⎥⎥⎦
.

We see now from the above expressions that the matrices of the reduced
operators are blocks of the matrix of the original operator υM :

υτζ

τζ
=

[
υxy

xy

]
υτζ

τZ
=

[
υxy

zx
υxy

zy

]
υτζ

Tζ
=

[
υxy

tx
υxy

ty

]
υτζ

TZ
=

[
υxy

tz

]

υτZ

τζ
=

[
υzx

xy

υzy

xy

]
υτZ

τZ
=

[
υzx

zx
υzx

zy

υzy

zx
υzy

zy

]
υτZ

Tζ
=

[
υzx

tx
υzx

ty

υzy

tx
υzy

ty

]
υτZ

TZ
=

[
υzx

tz

υzy

tz

]

υTζ

τζ
=

[
υtx

xy

υty

xy

]
υTζ

τZ
=

[
υtx

zx
υtx

zy

υty

zx
υty

zy

]
υTζ

Tζ
=

[
υtx

tx
υtx

ty

υty

tx
υty

ty

]
υTζ

TZ
=

[
υtx

tz

υty

tz

]

υTZ

τζ
=

[
υtz

xy

]
υTZ

τZ
=

[
υtz

zx
υtz

zy

]
υTZ

Tζ
=

[
υtz

tx
υtz

ty

]
υTZ

TZ
=

[
υtz

tz

]
.
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Again, as the above equations show, we have in general lots of com-
plicated equations. However, often a G-reduced domain and a coordinate
system (bases) can be selected such that the original matrix of υM contains
many zeros, in which case most of the reduced operators are zero. Further-
more, in low dimensions some geometric components are not even defined, in
which case the corresponding constitutive equations are not defined either.
The following examples show how in common cases the reduced constitutive
equations are considerably simplified:

Example 5.8.2. Assume a static problem with one-dimensional translational
symmetry and let the materials be isotropic. Then we actually have four 2d-
problems resulting from a 4d-problem: The time-invariance (static problem)
yields separate electrostatic and magnetostatic problems. Then the transla-
tional symmetry reduces these further to two separate 2d-problems as can be
seen in section 5.6.4. Thus only four nonzero reduced operators can exists,
and their matrices are diagonal.

Example 5.8.3. Let us study Example 5.8.1 again. Now because M a is
three-dimensional manifold, the geometric components HTZ and Bτζ are not
defined. Thus operators μτζ

τζ
, μτζ

τZ
, μτζ

Tζ
, μτζ

TZ
, μτZ

TZ
, μTζ

TZ
, and μTZ

TZ
are not defined

either. Furthermore, the remaining nine operators are described with a single
parameter each.

5.9 Dimensional reduction theorem of elec-

tromagnetic BVPs

In conclusion of this chapter and the theory of dimensional reduction of elec-
tromagnetic BVPs, we state a dimensional reduction theorem that provides
sufficient conditions for dimensional reduction.

Dimensional reduction theorem. Let a linear electromagnetic BVP, that
has a unique solution, be formulated on an n-dimensional manifold-with-
boundary M , and let G be a k-dimensional Lie group (k < n) that is a
product of connected one-dimensional Lie groups, and let h : G → F be a
Lie group homomorphism. If G acts effectively and differentiably on M such
that

(1) the symmetry transformations of M are diffeomorphisms, and

(2) the sources, boundary values, and cohomology conditions of the fields
are (G, h)-invariant, and the constitutive equations areG-invariant, and
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(3) there exists a G-reduced domain, and all the G-reduced domains are
canonically diffeomorphic, and

(4) all the singular orbits reside at the boundary of the orbit space, and

(5) there exists a G-invariant observer structure for each product factor of
G,

then the BVP can be solved as an (n − k)-dimensional BVP on the orbit
space. Furthermore, the solution of the (n − k)-dimensional BVP on the
orbit space is unique.

This theorem is proved in the subsections of this chapter: It follows from
assumptions (1) and (2) that the electromagnetic fields governed by the BVP
are also (G, h)-invariant (see Theorem 5.2). From assumption (3) it follows
that the orbit space exists and has a uniquely defined differentiable manifold
structure (see Theorem 5.3). Then with a G-invariant observer structure,
which exists by assumption (5), and with assumption (4) we can define con-
structively the reduced BVP on the orbit space from the original BVP (see
sections 5.6 and 5.8). If the unique solution of the original BVP is pulled
back to the orbit space, it gives a solution to the reduced BVP. On the
other hand, every solution of the reduced BVP induces also a solution to the
original BVP by (G, h)-invariance. However, because the original BVP has
a unique solution, the induced solutions must be the same and hence the
same also in the reduced BVP. Consequently, the reduced BVP has a unique
solution.
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Chapter 6

Applications

The tools of differential geometry can simply and effectively describe the
theory of electromagnetism. Besides, they are not only fancy formalism de-
scribing a physical theory but also offer insight into improving the numerical
modeling of practical engineering problems. In particular, they offer so-
lutions to mesh generation problems, speed up parametric modeling, and
describe simply how to solve open-boundary problems and exploit symme-
tries. Furthermore, blow-up problems related to axisymmetric problems can
be avoided, and fashionable invisibility cloaking can be described in simple
terms.

All the solutions presented here to the above problems and tasks are
based on using previously defined differential geometric tools. Particularly,
excluding dimensional reduction, the solution to various problems is always
the same: formulate an equivalent BVP on a diffeomorphic manifold to over-
come the obstacles. In other words, the equivalence of BVPs under diffeo-
morphisms provides a unified approach to these problems. However, though
this approach certainly makes things possible, using it effectively requires
thinking beyond traditions and sometimes beyond strong intuition.

6.1 Mesh generation problems

Often a numerical solution to electromagnetic BVPs requires a mesh for the
domain. To generate a mesh, the domain is covered with a chart to enable
use of arithmetics. However, computers do not use real numbers but rather
finite-precision floating point numbers [36]. This is not always a problem, but
floating points have a feature that can cause trouble: the distance between
consecutive floating points increases as the absolute value of the numbers
increases. Particularly problematic is the use of standard parameterizations,
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which involve small details far apart from each other. For example, consider
the power line shown in Figure 6.1. Because of the situational symmetry,
only one half of the line between the supports is modeled. The length of the
lines is in the order of hundreds of meters, and everywhere in the domain
the smallest dimensions are in the order of centimeters. In such cases, mesh
generation can easily fail or may even be impossible with some particular
mesh generators because of the poor accuracy of the floating points. The
problem is a serious one because these failures prevent us obtaining any
solution for BVPs.

Y

Z X

Figure 6.1: Standard parameterization of a power line.

The unified approach to formulating equivalent BVPs can be used to
overcome these problems: one solution is to try to use another chart in
which detailed parts are closer to each other; i.e., an equivalent BVP is
formulated with some nonstandard parameterization as explained in chapter
4. For example, it is much easier to generate a mesh using the chart shown
in Figure 6.2 than the one in Figure 6.1.

Using nonstandard parameterizations may have the disadvantage of a
poor mesh, yet it does provide some sort of solution. The mesh may be of poor
quality because mesh generation software programs assume only standard
parameterizations (for more details on mesh quality criteria and nonstandard
parameterizations, see [52] [54]).

If the problems cannot be solved reasonably using a single nonstandard
parameterization, it is possible to use the full potential of manifolds and
to cover the domain with multiple charts to help maintain sufficient floating
point accuracy all over the domain (example in Figure 6.3). In the figure, the
domain is presented with a standard parameterization and consists of three
regions. The figure also shows how the domain can be covered with three
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Y

Z X

Figure 6.2: Nonstandard parameterization of a power line.

Figure 6.3: Multiple charts. Top, standard parameterization with three rect-
angular regions; bottom, three charts, each covering one rectangular region.

charts, each covering one of the regions, with the charts overlapping only
at the regions’ boundaries. Observe that the three charts can overlap only
at their boundaries because the manifold can be covered with a single chart
(standard parameterization). Moreover, to maintain sufficient floating point
accuracy, the origins are moved and the dimensions changed (the three charts
are not standard parameterizations). At the moment, most mesh generators
do not allow use of multiple charts to cover the domain (for details on mesh
generation with multiple charts, see [52] [54]).
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6.2 Open-boundary problems

In many electromagnetic BVPs, the problem domain corresponds to the
whole or a half space, in which case we have no boundaries, or the do-
main is only partly bounded by a boundary. These problems are often called
open-boundary problems (the domain is still a manifold-with-boundary but
possibly with an empty boundary). The fields tend to zero as the distance
from the source increases. For a unique solution to these problems, we must
give a zero “boundary value” at infinity, the so-called asymptotic condition,
which is comparable to boundary values and enforces the fields to vanish as
the distance from the source increases without a limit.

Because the fields tend rapidly to zero as the distance from the source
increases, the most frequent method to solve these BVPs is to truncate the
domain far enough and force the fields to zero at this artificial boundary. In
many cases, this is adequate, but then the effects on solution accuracy are
hard to estimate. Furthermore, the solution time may be unnecessarily long
because a large number of element covers the uninteresting empty space.

Over the years, many other techniques have been proposed. For example,
in the so-called “ballooning method” [59] the true distance of the boundary
is pushed far away with a thin layer of special elements. Another method
couples FEM with analytical solutions, as shown in [60]. In the boundary
element method (BEM), only magnetizable regions need to be solved with
FEM, after which fields in the rest of the space are solved from boundary
integrals [67]. Infinite elements, which employ special decaying basis func-
tions, can also be used, as in [4]. Finally, the transformation method, a.k.a.,
the shell transformation method, presented in [28] and [33], places the “in-
finity boundary” at a finite distance with the help of a suitable change of
coordinates.

The last two methods proposed above, the infinite elements and the trans-
formation method, are, in fact, based on the same idea of formulating equiv-
alent problems: the user selects a chart where the “infinity boundary” is at a
finite distance and formulates the problem with this chart. That is, as shown
in Figure 6.4, the interesting part of the domain is bounded by an artifi-
cial surface, and the uninteresting empty space outside the surface is scaled
down to a finite size in the sense of the standard metric of Rn. Consequently,
the domain is bounded, and there is a new boundary corresponding to the
“infinity boundary.” At the new boundary, the fields are set to zero, and
the problem is solved like a normal BVP. In the transformation method, the
effects of these changes are modeled in the material parameters, which are
changed outside the interesting area according to the change of chart: the
problem is first formulated in standard parameterization such as f in Figure
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gf

Figure 6.4: Open-boundary problem. The domain is a half space, and the
interesting part of the domain contains a device above the ground. The
interesting part of the domain is the rectangle shown in the charts f and g by
the dotted gray line. The chart f is a standard parameterization; therefore,
the domain is not bounded in the sense of the standard metric of Rn. On the
other hand, the chart g is such that the space outside the smaller rectangle
is between the rectangles and thus the domain is bounded.

6.4, and then an equivalent BVP is formulated on a chart such as g in Figure
6.4. In the case of infinite elements, the problem is solved using charts such
as g, but now the effects of the changes are modeled with special basis func-
tions defined outside the interesting part of the domain. The basis functions
are such that the result is the same as by using standard basis functions with
changed material parameters.

It is important to note that the new boundary corresponding to the“infin-
ity boundary” is not part of the manifold but is a result of a compactification,
where the original noncompact manifold M is embedded in a compact mani-
fold N , which differs from M only in those points that correspond to the new
boundary. In other words, we have added new points to M to make it com-
pact. This renders the material parameters singular at the new boundary:
let the interesting part of the domain be a rectangle R whose width of and
height are 2w and 2h, respectively. Then let us make the following change of
chart [

x1

y1

]
	→

[
a− 1

x1+ 1
a−w

−w

b− 1
y1+

1
a−h

−h

]
=

[
x2

y2

]

from a standard parameterization f to a non-standard parameterization g.
It maps the points of the upper left quadrant of R2 outside a rectangle R
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R

g ◦ f−1

R

x1 x2

h h
b

aww

y2y1

Figure 6.5: Change of charts. Left, a standard parameterization f , in which
the codomain is the whole R2. Right, a nonstandard parameterization g,
where the codomain is the region inside the outer rectangle of side lengths 2a
and 2b. In both charts the interesting part of the domain corresponds to the
rectangle R of side lengths 2w and 2h. The region outside R in f is mapped
to the region between the rectangles in g.

centered at the origin to the points between R and a bigger rectangle of
side length 2a and 2b (see Figure 6.5). Let the material parameters in f be
described with a diagonal matrix εf = ε I, where ε is a real number and I the
identity matrix. Then the above change of charts implies that the material
parameters in g are given by the matrix

εg = ε

[
(a−x2)2

(b−y2)2
0

0 (b−y2)2

(a−x2)2

]
.

Notice, that the codomain of the chart g has points with coordinates
x2 = a and y2 = b. These points are added points making up the new
boundary. Observe that at these points the matrix εg is singular. However,
this need not be a problem at all. For instance, in FEM, the integration
over the elements is usually done with the Gaussian quadrature [36], which
uses only a few inside points, where the matrix εg is never singular. Thus
it seems that in practice such compactification works well. However, for a
mathematically sound explanation, we need other arguments than those used
in the example.

Open Question 8. A compact and noncompact manifold cannot be dif-
feomorphic because they are not homeomorphic. However, with numerical
solution methods, equivalent BVPs can evidently be formulated on nonhome-
omorphic manifolds (see the above discussion). Now is it possible rigorously
to relax the homeomorphism requirement to define the equivalence of BVPs?
Specifically, is it possible to use some kind of compactification and yet main-
tain equivalence? In other words, is it possible by compactification to change
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asymptotic conditions on a noncompact manifold to boundary values on a
compact manifold?

6.3 Speeding up parametric models

Some BVPs involve object deformations. The shape of an object may change
because some force is applied to it, or when the shape is optimized for some
engineering goals. For example, magnetostriction changes the shape of ferro-
magnetic materials when subjected to a magnetic field. An example of shape
optimization is the shape of the adjusting shims of an MRI magnet to obtain
as homogeneous a field as possible. In addition, some engineering problems
involve objects that move with respect to other objects in the problem do-
main (see Figure 6.6). Often these problems can be parameterized with a
few parameters; i.e., a change in shape or movement can be described as
changes in the values of some geometric parameters of the domain. Thus
these problems can be solved by solving multiple BVPs, each corresponding
to some parameter value.

Figure 6.6: Modeling movement. Two BVP domains modeling a movement
of a smaller material block with respect to a larger block. Notice that the
domains are composed of two material blocks in the air, and as long as the
blocks are not in contact, the domains are topologically the same.

Parameterizations have the advantage that multiple BVPs can be formu-
lated in one go and the process can be automated. This saves some time and
frees the modeler from formulating all problems separately. However, if one
works only with standard parameterizations, there is little to do to speed up
the process further.

In a large class of these parametric models, the unified approach to formu-
lating equivalent problems can be used to accelerate the process. We can do
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it when we realize that often the differences between problem domains corre-
sponding to different parameter values are purely metrical : For example, an
object is a little longer or the distance of a moving object from other objects
has changed. Thus the domains are topologically the same or homeomorphic
to each other (see Figure 6.6). Moreover, because they are diffeomorphic,
BVPs can be formulated in the same differentiable manifold, as explained in
chapter 4. Because the same manifold is the domain, we can use the same
chart for each BVP and the same mesh for numerical solutions of all BVPs.

Metrical differences between BVPs means that they have different Rie-
mannian structures and thus different standard parameterizations. When
the same chart is used for all BVPs, metrical differences are taken into ac-
count in the constitutive equations. Thus descriptions of BVPs on the chart
differ only in material parameters, which can now be parameterized. That is,
material parameters are parameterized, and changes in them translate into
changes in geometry.

The possibility to use a single mesh can accelerate the solution process in
many ways: obviously, time is saved in bypassing multiple mesh generations.
Furthermore, only a part of the system matrix needs to be re-assembled
because the effects of changes in parameter values are usually limited. In
addition, in case of iterative solvers, the same preconditioner and initial guess
may be used effectively for multiple parameter values.

In addition to saving time, the possibility of using a single mesh lends
reliability to the solution process: for some parameter values, standard pa-
rameterization may be troublesome in generating a mesh. Such mesh gen-
eration problems can then stall an automated solution process, and in some
optimization cases the whole process must be started from the beginning.
Furthermore, because the same mesh is used for all parameter values (or
at least for multiple parameter values), results can be compared easily and
straightforwardly unlike in situations with different meshes for each parame-
ter value. For more details and examples on accelerating parametric models,
see [55].

6.4 Invisibility cloaking

The engineering problem with invisibility cloaking is to design and manu-
facture a material that makes anything inside the cloak invisible [50]. That
is, when we use an invisibility cloak, we can see through an object that
is cloaked, and it is impossible to observe the object with electromagnetic
waves coming from any direction. The cloaking material is designed based
on the unified approach of formulating equivalent BVPs: equivalent BVPs
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correspond to the same physical situation, and we are aiming at a physical sit-
uation in which the waves travel without reflections and other disturbances,
though the space is not empty but contains a macroscopic region, the cloaked
region. We seek to formulate an equivalent BVP on a diffeomorphic space
where we know the material parameters and that the waves travel without
disturbances. Such a space is empty space with one point removed (see Fig-
ure 6.7). We can then formulate the equivalent BVP, including equivalent
material parameters, on the space with the cloaked region. The equivalent
material parameters are then the material parameters of the desired cloaking
material.

Cloaked object is here

Cf

q ε0 μ0

r

q

ε0 μ0

Cg

ε0 μ0

Figure 6.7: Invisibility cloaking. Left, a space with a hole of radius r. The
hole is the cloaked region, and the gray region Cg represents the cloaking ma-
terial. Right, a space with one point (the black dot) removed. The cloaking
material region Cg corresponds to Cf , which is the gray circle of the radius
q except the center point.

The following is a more detailed description. The goal is a BVP whose
domain in standard parameterization has a macroscopic hole in it such that
the inside of the hole is the space cloaked. The material parameters of the
immediate surroundings of the hole (the cloaking material) are not known.
Thus a standard parameterization g of the BVP domain can be chosen to
be R

3 \B(0, r). Furthermore, the cloaking material occupies the space Cg =
B(0, q)\B(0, r), where q > r. Hence the cloaking material forms a layer with
a thickness of q − r around the ball of radius r. The material parameters
for the region R3 \B(0, q) are empty space parameters, and at this point the
material parameters of the region Cg are unknown (situation shown in Figure
6.7).

The equivalent BVP is formulated on a nonstandard parameterization
f , where the BVP domain corresponds to R3 \ {0}, i.e., to a space with
the origin removed (see Figure 6.7). The regions R3 \ B(0, q) of g and f
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correspond to each other via the identity mapping. But the region Cg of g
corresponds now to the region Cf = B(0, q)\{0} of f via the diffeomorphism

G : Cf → Cg defined by x 	→ ( |x|
q

(q − r) + r) x
|x|

(for details on this mapping

and cloaking analysis, see [23]). This mapping blows out the “point hole” to
a hole of radius r in a radial fashion. Furthermore, the mapping G must be
continuously extendable to the exterior boundary of Cf , which is not included
in Cf , such that G is the identity mapping at the exterior boundary (observe
that the exterior boundaries of Cf and Cg are the same subsets of R3).

The inverse F = G−1 is now the mapping from the codomain of g to the
codomain of f , where the BVP is fully defined. Then the pullback of F can
be used to describe the equivalent material parameters in Cg: if the material
parameters in Cf are given by μf = μ0 and εf = ε0, the equivalent material
parameters in Cg are (see section 4.5)

μg = F ∗μf(F
∗)−1

εg = F ∗εf (F
∗)−1.

If JG is the Jacobian matrix of mapping G, then the matrix containing the
equivalent material parameters is given by the following equation (see section
4.6):

μg =
μ0

|JG|
JGJ

T
G
.

Notice that the cloaking theory is not primarily about waves but equiv-
alent BVPs. Particularly, cloaking does not depend on frequency because
frequency has no role in the diffeomorphism that defines the equivalence.
Thus cloaking is possible, in theory, with all frequencies, including the static
case where observing is not based on waves. Of course, in practice materials
cannot be manufactured that have the same properties for all frequencies.

Cloaking shows that it is impossible, in general, to uniquely find out the
interior of some object solely with boundary measurements. Because the
material parameters εg and μg are anisotropic, cloaking is an example of a
non-uniqueness result in the anisotropic version of the impedance tomography
problem [22].

The following discussion introduces the next open question. To keep
things simple, we often use only piecewise diffeomorphisms F : N → M to
define the equivalence of BVPs on N and M . In other words, F is a home-
omorphism, but its differentiability breaks down on some lower-dimensional
subsets of N . For example, in the above, if the mapping G is extended
from Cf = B(0, q) \ {0} to R3 \ {0} such that it is the identity mapping in
R3\B(0, q), then it is not differentiable at the points of the exterior boundary
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of Cf (although it is differentiable in the direction of the exterior boundary).
However, it is continuous everywhere and thus a homeomorphism. Observe
that in this example there exists suitable mappings that are differentiable
everywhere though their representations with elementary functions may be
quite complex.

Open Question 9. With numerical solution methods, based on finite ap-
proximations, piecewise diffeomorphisms seems to work well in formulating
equivalent BVPs. Now is it possible rigorously to relax the diffeomorphisms
requirement to define the equivalence of BVPs? And if so, what are the exact
conditions that still allow equivalence? (Some sort of boundary conditions
may possibly relax the diffeomorphisms requirement.)

6.5 Axisymmetric problems

Axisymmetric problems or rotational symmetric problems are naturally for-
mulated in a cylindrical coordinate system. The change of chart from stan-
dard parameterization, which is a Cartesian xyz-coordinate system, to cylin-
drical rφz-coordinates yields the r−1-term that appears somewhere in the
solution process. This blows up the numerical solution near r = 0 [28] [43].
The unified approach to formulating equivalent problems solves this problem:
make another change of charts where r 	→ r2 and formulate the problem with
this new chart. Using this chart for solution is often called the rA-method
[43].

6.6 Dimensional reduction

Finally, we discuss the benefits of dimensional reduction in numerical mod-
eling and the benefits of using differential geometry to formulate lower-
dimensional BVPs. The benefits of dimensional reduction in numerical meth-
ods are well-known and significant. First of all, in terms of complexity analy-
sis, the complexity order of the problem can be reduced. In terms of solution
time, such reduction can be significant. A second benefit is the reliability
of obtaining a solution: it is much harder to generate a mesh for 3d than
2d domains. Furthermore, meshes can be generated much faster for lower-
dimensional domains.

These benefits make it worth applying dimensional reduction whenever
possible. However, classical vector analysis may be an obstruction in apply-
ing dimensional reduction. The main problem is how to formulate lower-
dimensional BVPs with vector analysis because vector analysis is inherently
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three-dimensional, and some of its features have no natural counterparts in
other dimensions. Moreover, dimensional reduction is independent of a met-
ric, which further complicates the use of metric-based vector analysis. The
inherent three-dimensionality and the omnipresence of the metric makes it
cumbersome to apply dimensional reduction; e.g., is it obvious in general
cases which are the proxy vectors for geometric components and what are
constitutive equations? In the worst case, use of vector analysis can block
the recognition of a possibility of dimensional reduction. Particularly, non-
isometric symmetries are hard to recognize in the first place, let alone their
applications with metric-based vector analysis. Indeed, cases that are hard to
perceive as suitable for dimensional reduction, such as helicoidal geometries,
are challenging to formulate by vector analysis. An example of this can be
seen in [53], where an error escaped the author of this thesis and the three
much more experienced co-authors.

In contrast to vector analysis, the tools of differential geometry are well-
suited for dimensional reduction. All the main tools of differential geometry
needed in dimensional reduction such as differential forms, exterior derivative,
contraction, and Lie derivative, are naturally defined for every dimension.
Furthermore, these tools are independent of coordinates and metric as is the
symmetry on which dimensional reduction is based. These features give clear
insight into the subject and turn the application of dimensional reduction into
a mechanical procedure.
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Chapter 7

Examples

7.1 Parametric models: shape optimization

Our first example is about shape optimization with a single mesh. The goal
is to use a C-magnet with adjusting shims to generate as homogeneous a field
as possible. Figure 7.1 shows the situation, and the task there is to optimize
the shape of the adjusting shims to maximize homogeneity.

We must solve multiple magnetostatic BVPs with only slight changes
in the geometry of the domains. In other words, if the BVPs are initially
formulated using some rigid-body metric, then the BVPs have slightly differ-
ent Riemannian structures and standard parameterizations. Because all the
domains are diffeomorphic, we can formulate BVPs equivalently to a single
differentiable manifold and use only one chart and mesh throughout the cal-
culations. Because the same chart and mesh is used for all BVPs, the only
difference between them is in the constitutive equations.

The shapes of the shims are described with a few geometric parameters in
the chart chosen for the optimization problem; therefore, the problem can be
parameterized with these geometric parameters. Because in the chosen chart
the BVPs differ only in their constitutive equations, the representation of the
operator μ (B = μH) as a matrix in the chart is parameterized by geometric
parameters. The parameters are optimized with a genetic algorithm, which
generates shapes based on an objective function. This example was published
also in [55], but with fewer details.

For simplicity, the above problem is solved as a 2d-problem, but of course,
the idea can be applied similarly to other dimensions as well. The material
parameters, and thus the operators μ, are known in the standard parameteri-
zations corresponding to the different shapes of the shims. Then we formulate
equivalent BVPs on the chart chosen for mesh generation and calculations.
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Figure 7.1: C-magnet. The gray area is occupied by a material with high
permeability, and the black boxes are the current coils that generate the
magnetic field. The small dark gray boxes represent the adjusting shims,
made of the same high permeability material. The goal is to optimize the
shape of the shims to make the field as homogeneous as possible in the middle
of the air gap.

Because changes in the shape of the shims affect only the shims and their
surroundings, we want to restrict the extent of the changes to the vicinity of
the shims: Figure 7.2 shows how the domain is divided into regions, where
the operator μ changes and thereby takes into account the changes in the
shape of the shims. Because the outer boundaries of the triangles are fixed,
the outside part remains the same for all parameter values. This example
has three parameters to optimize the shape of the shims: their height and
the width of the inner and outer shims.

Figures 7.3 and 7.4 show interesting parts of the generic standard pa-
rameterization and the corresponding part of the chart used in all calcu-
lations. The parameters we seek to optimize are the height of the shims
H0 = f0− b = h−g0, the width of the inner shims I0 = c0−a, and the width
of the outer shims O0 = e − d0. The corresponding parameters in the chart
used for calculations are H = f − b = h − g, I = c − a, and O = e − d. In
addition, let L1 = e− a be the width of the air gap, L2 = h− b the height of
the air gap, and L3 = b− i the height of regions 10-14. Finally, we also define
the following parameters: T1 = d−c

d0−c0
, T2 = g−f

g0−f0
, T3 = j−c−T1(j−c0)

L3
. With

these geometric parameters, the change of charts mappings from the generic
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Figure 7.2: Division of the domain into regions. The four dark gray squares
represent the shims. The small regions (the triangles and quadrilaterals)
account for changes in the geometry.
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Figure 7.3: Coordinates of the corners of the regions. The dark gray areas
represent the shims. Top, a generic standard parameterization; bottom, the
chart used for calculations.
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Figure 7.4: Coordinates of the apices of the regions. The dark gray areas
represent the shims, and regions 10-14 are part of the C-magnet restricting
the effects of changes on their outer boundary. Top, a generic standard
parameterization; bottom, the chart used for calculations.

standard parameterization to the chart used for calculations in regions 1-14
are

G1 :

[
x
y

]
	→

[
a+ c−a

c0−a
(x− a)

b+ f−b
f0−b

(y − b)

]
=

[
a + I

I0
(x− a)

b+ H
H0

(y − b)

]

G2 :

[
x
y

]
	→

[
c+ d−c

d0−c0
(x− c0)

b+ f−b
f0−b

(y − b)

]
=

[
c+ T1(x− c0)
b+ H

H0
(y − b)

]

G3 :

[
x
y

]
	→

[
d+ e−d

e−d0
(x− d0)

b+ f−b
f0−b

(y − b)

]
=

[
d+ O

O0
(x− d0)

b+ H
H0

(y − b)

]

G4 :

[
x
y

]
	→

[
d+ e−d

e−d0
(x− d0)

f + g−f
g0−f0

(y − f0)

]
=

[
d+ O

O0
(x− d0)

f + T2(y − f0)

]

G5 :

[
x
y

]
	→

[
c+ d−c

d0−c0
(x− c0)

f + g−f
g0−f0

(y − f0)

]
=

[
c+ T1(x− c0)
f + T2(y − f0)

]
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G6 :

[
x
y

]
	→

[
a+ c−a

c0−a
(x− a)

f + g−f
g0−f0

(y − f0)

]
=

[
a + I

I0
(x− a)

f + T2(y − f0)

]

G7 :

[
x
y

]
	→

[
a + c−a

c0−a
(x− a)

g + h−g
h−g0

(y − g0)

]
=

[
a + I

I0
(x− a)

g + H
H0

(y − g0)

]

G8 :

[
x
y

]
	→

[
c+ d−c

d0−c0
(x− c0)

g + h−g
h−g0

(y − g0)

]
=

[
c+ T1(x− c0)
g + H

H0
(y − g0)

]

G9 :

[
x
y

]
	→

[
d+ e−d

e−d0
(x− d0)

g + h−g
h−g0

(y − g0)

]
=

[
d+ O

O0
(x− d0)

g + H
H0

(y − g0)

]

G10 :

[
x
y

]
	→

[
a+ c−a

c0−a
(x− a)

y

]
=

[
a+ I

I0
(x− a)

y

]

G11 :

[
x
y

]
	→

[
x+ y−i

b−i
(c− c0)

y

]
=

[
x+ I−I0

L3
(y − i)

y

]

G13 :

[
x
y

]
	→

[
x+ y−i

b−i
(d− d0)

y

]
=

[
x+ O0−O

L3
(y − i)

y

]

G14 :

[
x
y

]
	→

[
e+ d−e

d0−e
(x− e)

y

]
=

[
e+ O

O0
(x− e)

y

]

x0(y) =
y − i

b− i
(j − c0) + c0 x1(y) =

y − i

b− i
(j − c) + c

G12 :

[
x
y

]
	→

[
x1 + d−c

d0−c0
(x− x0)

y

]
=

[
x1 + T1(x− x0)

y

]
.

The regions in Figure 7.2 that are similar to regions 10-14 have mappings
similar to mappings G10−G14. If the solver software is based on proxy vectors
instead of forms, equation (4.25) gives the equivalent operators μ for each
region. We only need the Jacobian matrices of the above change of chart
mappings. Let μs be the permeability of the regions 10-14 in the standard
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parameterization, then the matrices of the equivalent operators μ for the
proxy vectors in the regions 1-14 are

μ1 = μ7 = μs

[ IH0

I0H
0

0 I0H
IH0

]

μ2 = μ8 = μ0

[
T1

H0

H
0

0 T−1
1

H
H0

]

μ3 = μ9 = μs

[ OH0

O0H
0

0 HO0

H0O

]

μ4 = μ0

[
T−1

2
O
O0

0

0 T2
O0

O

]

μ5 = μ0

[ T1

T2
0

0 T2

T1

]

μ6 = μ0

[
T−1

2
I
I0

0

0 T2
I0
I

]

μ10 = μs

[
I
I0

0

0 I0
I

]

μ11 = μs

[
1 + ( I−I0

L3
)2 I−I0

L3
I−I0
L3

1

]

μ12 =
μs

T1

[
T 2

1 + T 2
3 T3

T3 1

]

μ13 = μs

[
1 + (O0−O

L3
)2 O0−O

L3
O0−O

L3
1

]

μ14 = μs

[
O
O0

0

0 O0

O

]
.
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We measure the homogeneity of the field in the following way: select
a region A of the domain where proxy vector B of the field B is to be
homogeneous and create a homogeneous vector field b0 of desired direction
such that

∫
A
b0 · b0dv = 1, where · is the standard inner product of the

chart. Our goal is a field B such that B = αb0 holds pointwise. For any
field B, consider the identity B = αb0 + (B − αb0). Now to maximize
the homogeneity of B, the norm of the deviation

∫
A
(B − αb0)

2dv must be
minimized. This happens when α =

∫
A
B · b0dv, in which case the norm of

the deviation is
∫

A
|B|2dv − α2. A genetic algorithm [31] varies the shape of

the shims (the three parameters) to optimize this norm.

In our example, the width of the air gap in the C-magnet is 6 cm and its
thickness 3 cm. The region A is a square in the middle of the gap with sides
of length 1 cm. The region A and the calculated optimum result is shown in
Figure 7.5. The optimum shapes calculated by the genetic algorithm are 7.9
mm for the width of the right side shims, 5.6 mm for the left side, and 0.8
mm for the shim height. The BVPs were solved with GetDP [20] and Gmsh
[21], and the genetic algorithm ran in MATLAB.

Figure 7.5: Standard parameterization of the C-magnet with optimized
shims. Thinner lines stands for flux lines. The square in the middle of
the air gap is the region A, where the field should be as homogeneous as
possible.
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7.2 Dimensional reduction: helicoidal geome-

tries

Our second example is a concrete one of nontrivial dimensional reduction. We
have a magnetostatic BVP, which depicts a magnetic field due to helicoidally
twisted current wires (Figure 7.6).

Figure 7.6: Twisted wires. Also shown is a G-reduced domain, which is a
plane orthogonal to the direction of translations.

The domain is the whole space, but for simplicity the domain used in
calculations is truncated far away from the wires, and fields are set to zero
at this artificial boundary. In this manifold-with-boundary M , the following
equations hold:

dMH = J

dMB = 0

B = μH.

The standard way to formulate this problem is to use a standard param-
eterization f with Cartesian xyz-coordinates, in which case the operator μ
is known. The symmetry transformations of the helicoidal action on M are
such that the images of the orbits under f are helix curves; i.e., orbits result
from combined translations and rotations. Thus the symmetry group G is R,
and the action G×M →M is free. The boundary values, source J , operator
μ, and cohomology conditions are all G-invariant under the helicoidal action.
Thus the BVP has also a G-invariant solution under the action. Figure 7.6
shows also a G-reduced domain, which is a cross-plane and can be used to
formulate a two-dimensional BVP in the orbit space.
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Let A be some G-reduced domain corresponding to smooth G-invariant
one-form τ on M and T some smooth nonzero G-invariant vector field on M
everywhere along the orbits. Then the lower-dimensional BVP to be solved
in the orbit space N = M/G is as follows (see section 5.6.5):

dHτ = Jτ

d(iTB) = 0

d(iTH) = 0

dBτ = 0

iTB = μT

τ
(Hτ) + μT

T
(iTH)

Bτ = μτ

τ
(Hτ) + μτ

T
(iTH).

Because currents are assumed to be in the direction of the orbits, J has only
one geometric component. Observe that the equation dBτ = 0 is trivial, i.e.,
all two-forms satisfy it.

To solve the above BVP numerically requires that we cover the orbit
space with a chart. This is done most conveniently by covering M with
some chart, and then by selecting a G-reduced domain described in the chart
as a coordinate level set, in which case this level set induces a chart for
the orbit space. Figure 7.7 shows a chart f , where the translations are in
the z-direction, which is also the axis of rotation (f is called a Euclidean
chart because the geometry in f corresponds to rigid-body measurements).
Now any plane parallel to the xy-plane (which is a coordinate level set for
z-coordinate) is a G-reduced domain and could be used to formulate the
reduced problem. Therefore, let us select the xy-plane and denote it by A.
However, the standard basis of this chart is not a geometric basis in the sense
that Z (the standard basis vector in the z-direction) is not generally in the
direction of the orbits. To obtain a geometric basis, we use the chart g with
helicoidal coordinates to straighten out the twisting (see Figure 7.7). The
uvw-coordinates of g are then given with respect to the xyz-coordinates of
f as follows: ⎧⎨

⎩
u = x cos(αz)− y sin(αz)
v = x sin(αz) + y cos(αz)
w = z,

(7.1)

where α is the twist pitch describing the extent of twisting. Notice that
now W (the standard basis vector in the w-direction) is in the direction
of the orbits. Now A corresponds to the uv-plane; i.e., A is a particular
submanifold of M , but in the two charts its image is the xy-plane and the
uv-plane. Furthermore, under the chart g, the orbits (lines parallel to the
w-axis) are straight in the w-direction, and the symmetry transformations
are pure translations.
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Figure 7.7: Two different charts of the same manifold M . On the left is the
Euclidean chart.

Let W be the induced basis vector of the uvw-coordinates in the w-
direction and let dw be a one-form satisfying dw(W ) = 1 and dw(U) =
dw(V ) = 0; i.e. dw is the coordinate differential of the w-coordinate. Then
(W, dw) is an observer compatible with the uvw-coordinates and the problem
to be solved in the uv-plane, which is a chart for the orbit space, is the
following:

dHdw = Jdw

d(iWB) = 0

d(iWH) = 0

dBdw = 0

iWB = μW

dw
(Hdw) + μW

W
(iWH)

Bdw = μdw

dw
(Hdw) + μdw

W
(iWH).

In the standard basis of the chart f , the matrix of μ is simply μ0I, where
μ0 is the permeability of empty space, and I is the identity matrix. By
equation (4.25), the matrix of μ in the chart g is

μg =
1

|Jc|
JcμfJ

T
c = μ0

⎡
⎣ 1 + α2v2 −α2uv −αv
−α2uv 1 + α2u2 αu
−αv αu 1

⎤
⎦ , (7.2)

where Jc is the Jacobian matrix of the change of coordinates in (7.1) when
z = w = 0. The matrices of the operators μW

dw
, μW

W
, μdw

dw
, and μdw

W
in the
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standard basis of the uv-plane are the blocks of the matrix of μg in (7.2) (see
section 5.6.4).

The equation dBdw = 0 is trivial, i.e., all two-forms satisfy it. On the
other hand, the equation d(iWH) = 0 says that the partial derivatives of the
real function iWH with respect to u- and v-coordinates are everywhere zero.
Together with zero boundary conditions this means that iWH = 0. This now
simplifies the constitutive equations, and we have the following problem:

dHdw = Jdw

d(iWB) = 0

iWB = μW

dw
(Hdw)

Bdw = μdw

dw
(Hdw).

Observe that the last equation is only for evaluation.
In the standard basis of the uv-plane, Hdw and iWB are represented with

the following component vectors:

Hdw =

[
Hu

Hv

]
iWB =

[
Bu

Bv

]
.

Then the matrix of μW

dw
is given as the upper left block of the matrix μg given

in (7.2):

μW

dw
= μ0

[
1 + α2v2 −α2uv
−α2uv 1 + α2u2

]
.

The solution of the problem gives us components Hdw and iWB. Now Bdw

can be found from the other constitutive equation simply by evaluation:

Bdw = μdw

dw
Hdw,

where the component vector of Bdw and the matrix of μdw

dw
are

Bdw =
[
Bw

]
μdw

dw
= μ0

[
−αv αu

]
.

Thus we have H = Hdw and B = Bdw + dw ∧ iWB. Notice that H has
no component along the orbits, and that in vector notation the following
equations hold:

Hg =

⎡
⎣ Hu

Hv

0

⎤
⎦ Bg =

⎡
⎣ Bu

Bv

Bw

⎤
⎦ .

To represent these in the chart f , we apply the pullbacks (see section 4.6):

Hf = JT
c Hg =

⎡
⎣ 1 0 0

0 1 0
−αv αu 1

⎤
⎦
⎡
⎣ Hu

Hv

0

⎤
⎦ =

⎡
⎣ Hu

Hv

−αvHu + αuHv

⎤
⎦ =

⎡
⎣ Hx

Hy

Hz

⎤
⎦
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Bf = |Jc|J
−1
c Bg =

⎡
⎣ 1 0 αv

0 1 −αu
0 0 1

⎤
⎦
⎡
⎣ Bu

Bv

Bw

⎤
⎦ =

⎡
⎣ Bu + αvBw

Bv − αuBw

Bw

⎤
⎦ =

⎡
⎣ Bx

By

Bz

⎤
⎦ .

Thus, as expected, the Euclidean chart f has three nonzero components.
These equations also show that Bf = μHf holds for the component vectors
Bf and Hf , where μ is a scalar. The solution field B with three-phase current
excitation in the Euclidean chart f is shown in figures 7.8 and 7.9.

Y

Z X

Figure 7.8: Magnetic field B in the xy-plane represented as a proxy vector
field.
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Y

Z

X

Figure 7.9: Magnetic field B in the yz-plane represented as a proxy vector
field.
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Chapter 8

Conclusion

This study focused on mathematical structures of differential geometry and
investigated their exploitation in the formulation of electromagnetic BVPs.
Particularly the usefulness of the structures over the traditional approach
based on classical vector analysis was demonstrated with variety of applica-
tions.

Differential geometry allows coordinate-free formulation of electromag-
netic BVPs, an approach also independent of the choice of metric. Fur-
thermore, the structures are generic to all dimensions. Thus these structures
allow clear separation of coordinates, metric, and dimension from the aspects
of electromagnetic BVPs that do not depend on them. This is in contrast to
the structures offered by classical vector analysis: the metric is embedded
in most of them, and they are built initially in three-dimensional domains.
Thus they must also be adapted to other dimensions.

Mathematical structures of differential geometry provide a unified set-
ting to formulate general electromagnetic BVPs, including static and wave-
propagation problems (section 4.4). This implies that common aspects of
general BVPs can be analyzed in one setting without always having to ana-
lyze, as usual, different types of problems separately.

The structures enable formulation of an electromagnetic BVP that is in-
variant under diffeomorphisms. The formulation is thus generally covariant,
which makes it a generalization of covariance under general change of coor-
dinates. Particularly, diffeomorphism-invariance defines naturally an equiva-
lence of BVPs under diffeomorphisms (section 4.5). In numerical modeling,
this can be exploited in multiple ways: first, the change of coordinates pro-
cedure is simple and mechanical. Second, many traditional and apparently
diverse methods and approaches can be explained in a unified manner using
the equivalence of BVPs (chapter 6). These include, e.g., open boundary
problems and invisibility cloaking. Furthermore, the equivalence of BVPs
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proposes a new approach to solve parametric models that include shape op-
timizations and movement: if the domains corresponding to different param-
eter values are diffeomorphic, it is possible to formulate all problems with
the same chart and thus use the same mesh for all problems.

Because in vector analysis most structures are laid down over a metric,
every coordinate system must be treated separately, which makes, e.g., ap-
plication of general change of coordinates quite challenging. In addition,
traditional methods and approaches look apparently different. On the other
hand, as a major result of this investigation, we have shown that in formu-
lations of electromagnetic BVPs, a metric of the space is needed only in the
initial identification of BVPs: together with distance measurements the met-
ric is a tool to establish a connection between model and observations (section
4.7). Furthermore, it does not matter what metric is used in initial identi-
fication. Particularly, we have shown that the constitutive relations do not
depend on the chosen metric; only their representations with Hodge-operators
do (section 4.7).

The observer structure for spacetime was introduced to decompose space-
time into space and time (section 4.1). The observer structure is coordinate-
and metric-free and can be characterized as a field of local observers. It
allows a (3 + 1)-decomposition of Maxwell’s equations and constitutive equa-
tions (sections 4.2 and 4.3). Furthermore, the observer structure was also
needed in the theory of dimensional reduction.

Because the tools of differential geometry are generic to all dimensions,
they are natural tools to formulate electromagnetic BVPs of any dimension:
2d modeling is commonplace in electromagnetics and the tools help bypass
some of the oddities of vector analysis. The key to solve problems in lower di-
mensions is symmetry, though it is seldom discussed in classical treatment of
the subject. That is why the concept of symmetry was given a special treat-
ment in this thesis. Particularly, we have shown that the symmetry of BVPs
is independent of coordinates, metric, and dimension (chapter 5). Another
major result of the thesis is the symmetry-based theory of dimensional reduc-
tion of electromagnetic BVPs, also fully independent of coordinates, metric,
and dimension (chapter 5). The theory provides sufficient conditions for a
BVP to be solved as a lower-dimensional BVP, and the conditions are stated
in the form of a dimensional reduction theorem in section 5.9. Furthermore,
the theory shows how to formulate lower-dimensional BVPs (sections 5.6 and
5.8).

The generality of the proposed symmetry-based theory of dimensional
reduction (not restricted by coordinates, metrics, or dimension) enables us to
find out and apply new symmetries that are not widely known. As an example
of a symmetry that allows dimensional reduction but is not widely known, we
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gave helicoidal geometries: a complete numerical example of infinitely long
helicoidally twisted current wires as a 2d-problem (section 7.2).

Yet significant open questions remain. Especially:

Open Question 1. (page 61) To what extent can the modern mathemat-
ical approach of observer structures be exploited in practical electro-
magnetic design? In other words, are there any other practical appli-
cations of observer structures than spacetime splitting and dimensional
reduction?

Open Question 2. (page 83) How could a set of all BVPs and the equiv-
alence of BVPs be rigorously defined? The answer would specifically
help in designing software systems to solve BVPs from a very wide class
of problems.

Open Question 3. (page 99) What benefits can be achieved if the
definition of (G, h)-invariance is extended to more general mappings h
than just a real- or complex-valued h? This answer could admit totally
new kind of symmetries to be used in solutions of BVPs.

Open Question 4. (page 107) How could the theory of dimensional
reduction be constructed to include nonlinear constitutive equations?
Particularly, how to prove in nonlinear cases that solution fields are G-
invariant if the sources, boundary values, constitutive equations, and
cohomology conditions are G-invariant? The answer would allow di-
mensional reduction to be applied to many practical cases.

Open Question 5. (page 122) Are singular orbits always at the bound-
ary of the orbit space? This is now an axiom of the theory, but can it
be shown to be a theorem?

Open Question 6. (page 123) How could the theory of dimensional
reduction be extended to include singular sources? The answer would
add some classical examples to the theory.

Open Question 7. (page 129) InG-invariant cases, the lower-dimensional
BVP can decompose into two separate lower-dimensional BVPs. Is it
always possible to achieve separation with a suitable choice of observer
structure, and how can we determine choices that enable separation?
The answer would help simplify the solution process for some BVPs.

Open Question 8. (page 154) Is it possible rigorously to relax the home-
omorphism requirement to define the equivalence of BVPs? Particu-
larly, is it possible to change by compactification asymptotic conditions
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on a noncompact manifold to boundary values on a compact manifold?
The answer would help establish a rigorous procedure to deal with some
noncompact BVPs.

Open Question 9. (page 159) Is it possible rigorously to relax the diffeo-
morphism requirement to define the equivalence of BVPs? Specifically,
when exactly is it possible to use piecewise diffeomorphism to define
the equivalence? The answer would facilitate the application of the
equivalence of BVPs in numerical solution methods.

The thesis demonstrated in multiple ways that the mathematical machin-
ery introduced is a suitable and more flexible alternative to the traditional
approach. However, only brief mention was made of the technical details of
exploiting the machinery in the existing solver software systems. Particu-
larly, no reference was made to the software science aspects of constructing
a solver software system based on the introduced mathematical structures.
However, this would be an extensive topic itself meriting separate study.
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Appendix A

Bibliography classification

This appendix classifies some of the titles in the Bibliography to cate-
gories covering important subjects of the thesis.

Mathematics books of central subjects are:

• General topology: [9] [11] [19] [27] [30].

• Manifolds: [5] [12] [34] [62].

• Differential forms and analysis on manifolds: [2] [5] [14] [34] [62].

• General algebra and linear algebra: [19] [25] [32] [35] [40] [42].

• Real analysis: [1] [18] [61].

• Differential geometry: [5] [37].

• Lie groups: [5] [48] [62].

• Symmetry and group actions: [5] [12] [48].

Applied mathematics books and articles by subject are:

• Mathematical physics and differential geometry: [13] [17] [26] [46] [58].

• Observer structures: [15] [26] [39] [56].

• Symmetry and group actions: [6] [7] [13] [53].

Books and articles about electromagnetism are:

• Electromagnetic theory: [13] [26] [51].

• Computational electromagnetism: [6] [7] [24] [28] [29] [33] [38].
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Finally some recommendations. Very good introduction to manifolds and
differential geometry is Boothby’s book [5]. Burke’s book [13] is excellent
book about applied differential geometry in physics including electromag-
netism. Also Frankel’s book [17] is a good exposition of applications of dif-
ferential geometry in physics. Basic mathematical structures of mathematical
physics from category theoretical viewpoint with understandable and moti-
vating fashion are presented by Geroch in his book [19]. Olver’s book [48]
is an extensive introduction to symmetry methods in differential equations.
However, his approach to dimensional reduction is not based on differential
forms and the exterior derivative as in chapter 5 of this thesis.
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BVP, 105
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constitutive equations, 104
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Affine space, 20
Asymptotic condition, 152
Atlas, 26
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orthonormal, 51
topology, 16
vector space, 19

Bilinear form, 49
Boundary of manifold, 33

Cartan’s formula, 46
Chart, 22

compatible, 25
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Coframe, 55
Cohomology class, 76
Continuous mapping, 16
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Coordinate frame, 55
Cotangent bundle, 38
Cotangent space, 37
Covariance, 12
Covector, 37
Cross-section, 108

Diffeomorphism, 27

orientation-preserving, 31
Differentiable mapping, 27
Differentiable structure, 25
Differential, 30
Differential form, 39
Dimensional reduction theorem, 148

Embedding, 32
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Extension, 44
Exterior derivative, 42

Foliation, 35
leaves of foliation, 35

G-invariance, see (G,h)-invariance
G-reduced domain, 109
Generalized covariance, 12
Generalized Stokes’s theorem, 48
Geometric components, 63
Geometric decomposition

differential forms, 63
exterior derivative, 65

Group, 6
Group action, 9

effective, 10
free, 10
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Group isomorphism, 6

Hausdorff space, 17
Hodge-like operator, 90
Hodge-operator, 53
Homeomorphism, 16
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Horizontal
component, 63
differential form, 63
exterior derivative, 65
submanifold, 63
vector, 63

Index
Symmetric bilinear form, 49

Inner product, 49
Integral curve, 45
Isometry, 18, 51
Isomorphism, 6

Lie derivative, 46
Lie group, 34
Lie group homomorphism, 34
Lie group isomorphism, 34
Linear isomorphism, 19
Linear mapping, 19

Manifold
differentiable, 26
Lorentz, 50
oriented, 31
Riemannian, 50
semi-Riemannian, 50
topological, 22
with-boundary, 33

Metric space, 17
Metric tensor, 49
Metric topology, 18
Metrical isomorphism, 18

Neighborhood, 15

Observer structure, 61
holonomic, 61
nonholonomic, 61

One-form, 38
One-parameter group of transforma-

tions, 45

Orbit, 9
Orbit space, 108
Orientation, 20
Oriented

manifold, 31
vector space, 20

Proxy vector, 51
Pullback

atlas, 27
differential form, 40
metric tensor, 50
observer, 78

Pushforward, 30

Singular orbit, 98
Singular point, 98
Spatial, see Horizontal
Standard parameterization, 24
Structure-preserving mapping, 6
Submanifold, 32

embedded, 32
regular, 32

Subspace topology, 16

Tangent bundle, 36
Tangent space, 29
Tangent vector, 29
Time-harmonic invariance, 102
Topological space, 15

compact, 16
connected, 15

Trace, 40
Transition map, 25

Vector field, 30
smooth, 37

Vector space, 19
Volume form, 52

Wedge product, 41
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