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Abstract
In this thesis we study the expressive power of various logics with team semantics;
such as inclusion, exclusion, dependence and nondependence logics. Our main
focus is on the arity fragments of these logics – especially the unary and
binary fragments. By combining our results with previous work, we establish
an interesting hierarchy between different arity fragments. One of the main
findings in this thesis is that the k-ary fragment of inclusion-exclusion logic
naturally corresponds to (relational) k-ary existential second order logic, ESO[k].
Moreover, when only sentences are considered, it suffices to use k-ary exclusion
logic for capturing ESO[k].

We also introduce several new useful operators for the framework of team
semantics. The most important of these are so-called value preserving disjunc-
tion, inclusion/exclusion quantifiers and relevant disjunction. We claim that
these operators are natural and interesting in their own right, but they also
prove to be helpful as technical tools for the framework of team semantics.
By expressing these operators in the fragments of the logics that we study, we
can use them in many of our proofs.

For proving our theorems, we develop new proof techniques which we
believe to be useful for future work in this area. We also illustrate our results by
providing several concrete examples. These demonstrate how various natural
properties of models and teams can be defined with simple formulas in the
fragments of the logics that we study.

This thesis consists of journal articles and previously unpublished work by
the author. It is written in a form of a monograph in order to also serve as an
introductory text for logics with team semantics.

Keywords:

Inclusion logic, exclusion logic, dependence logic, team semantics, existential
second order logic, expressive power, arity hierarchy
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Chapter 1

Introduction

1.1 Background on team semantics

The origin of logics with team semantics lies in the notion of dependence and
imperfect information in logic. First approaches in this area were partially
ordered quantifiers by Henkin [44] and independence friendly logic (IF logic) by
Hintikka and Sandu [46]. The truth for IF logic was originally defined by using
semantic games of imperfect information ([47]), but an equivalent compositional
semantics was presented later by Hodges [48]. However, in the compositional
approach it is not sufficient to consider single assignments; instead we need to
use sets of assignments which are called teams.

The semantics of first order logic (FO) can alternatively be defined by using
semantic games between two players: the verifier (‘Eloise’) and the falsifier
(‘Abelard’). A sentence is said to be true if the verifier has a winning strategy
in the corresponding semantic game. IF logic extends FO with so-called IF
quantifiers, of the form (∃x/V ), which intuitively state that “there exists x,
independent of the values of the variables in V ”. The semantics for these
quantifiers is naturally defined by changing the (perfect information) game
of FO into an imperfect information game, where the verifier must choose a
witness for x without “seeing” the values of the variables in V .

By using similar team semantics1 as Hodges presented for IF logic in [48],
Väänänen [65] introduced so-called dependence logic. This logic extends FO
with new atomic formulas =(~t1, t2), called dependence atoms, where ~t1 is a
tuple of terms and t2 is a term. The truth condition for these atoms is defined
by stating that the value of t2 in a team X is functionally dependent on the
values of ~t1 in X. Dependence logic is closely related to IF logic, but the former
treats dependency statements on atomic level while the latter embeds them

1Hodges initially called this approach “trump semantics” – the term “team semantics” was
introduced later by Väänänen.
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INTRODUCTION

into the truth conditions of quantifiers. Consider for example the IF logic
sentence ∃w ∀x ∃ y(∃ z/{w, x})(x= z ∧ y 6=w) which defines the infinity of a
model. This sentence can be naturally translated into the following dependence
logic sentence: ∃w ∀x ∃ y ∃ z(=(y, z) ∧ x=z ∧ y 6=w).

From the perspective of semantic games, teams can naturally be seen as sets
of parallel positions in a semantic game. Alternatively teams can be interpreted
as information sets or as databases ([65]). After the introduction of dependence
atoms, various other new atoms have been presented for the framework of team
semantics. The semantics for most of these atoms are based on notions from
database dependency theory (see e.g. [1] for further reading). Since finite teams
have a direct correspondence to databases, it is natural to consider such atoms
in the context of team semantics.

Grädel and Väänänen [35] presented independence atoms ~t2⊥~t1~t3 which
state that the values of ~t2 and ~t3 are independent from each other with respect
to the values of ~t1 in a team X. That is, by fixing the value of ~t1, the value
of ~t2 does not give any information on the value of ~t3. Galliani introduced
inclusion atoms ~t1⊆~t2 and exclusion atoms ~t1 |~t2 in [22]. Inclusion atoms
simply state that the values of ~t1 are included in the values of ~t2 in X, and
exclusion atoms dually state that ~t1 and ~t2 get disjoint values in X. In [22]
Galliani also presented so-called nondependence atoms 6=(~t1, t2) which state
that the functional dependency condition =(~t1, t2) is “violated” in X for each
value of ~t1. That is, for every value of ~t1, there are at least two different values
for t2.2 See also [23] for other natural atoms presented by Galliani.

By extending FO with the atoms described above, we obtain corresponding
logics with different properties. For example, by adding exclusion atoms to
FO, we obtain exclusion logic – analogous terminology is used for the other
atoms and the related logics. These atoms and the corresponding logics have
been studied actively with an attempt to formalize the dependency phenomena
in different fields of science. There has been research in several areas such as
database dependency theory ([54, 38]), belief presentation ([21]) and quantum
mechanics ([49]).

There has also been work on various generalizations and variants for team
semantics. When simulating databases that have several identical rows, we need
to allow multisets of assignments, whence we obtain multiteams ([10, 49, 50]).
When simulating comparisons with several databases, we need to consider
tuples of teams, whence we obtain so-called polyteams ([39]). Moreover, when
considering teams as probability distributions, we naturally obtain probabilistic
team semantics ([20, 26, 10, 50, 11]).

Team semantics and the related logics have also been applied in the context
2In a very recent work [64], Väänänen calls these anonymity atoms. This makes sense

because, if 6=(~t1, t2) holds in a team X, then one cannot deduce the value of t2 in X by seeing
the values for ~t1 in X.
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1.2. PREVIOUS RESEARCH ON LOGICS WITH TEAM SEMANTICS

of modal logic (ML). By defining teams as sets of possible worlds and adding
dependence atoms to ML, we obtain modal dependence logic, introduced in
[66] (and studied further e.g. in [42]). Similarly, by adding inclusion atoms
to ML, we obtain modal inclusion logic (see e.g. [43] and [40]) and by adding
independence atoms, we obtain modal independence logic ([55]). For a different
kind of approach on dependency/independency in the modal context, see [27].

We briefly mention a few more interesting research directions and perspec-
tives on team semantics. In [33] Grädel has defined natural model checking
games for various logics with team semantics. In particular, model checking of
inclusion logic can be done by using safety games (see also [2] for more on this
topic). In [57], Kuusisto has defined team semantics for generalized quantifiers.
He uses so-called double team semantics which also has a natural game-theoretic
characterization. Counting in team semantics has been studied in [34], where
it is shown that inclusion logic with counting quantifiers captures fixed-point
logic with counting. Finally, the two variable fragments of dependence logic
and IF logic have been studied in [52], where it is proven that the former is
decidable while the latter is not.

1.2 Previous research on logics with team semantics

We present here some of the most important earlier results on the properties
of logics with team semantics and their expressive power. Then we review the
known results on the arity fragments of these logics.

1.2.1 Properties and expressive power

Different logics with team semantics have some natural characteristic proper-
ties, complementing each other. Exclusion and dependence logic are closed
downwards, i.e. if a team X satisfies a formula ϕ, then all subteams Y ⊆ X
satisfy ϕ. On the other hand, inclusion and nondependence logic are closed
under unions, i.e. if teams Y1 and Y2 both satisfy ϕ, then also Y1 ∪ Y2 satisfies
ϕ. Independence and inclusion-exclusion logic3 have neither of these properties.
But all of the logics listed here have the empty team property, i.e. all of their
formulas are true in the empty team X = ∅. The properties listed above follow
from the results in [21, 22, 65, 35].

When studying the expressive power of logics, we sometimes restrict our
attention to sentences only and use the terminology “on the level of sentences”
for indication. As we will see, for logics with team semantics, the hierarchy of
expressivity is often quite different on the level of sentences compared to the
level of all formulas.

3Inclusion-exclusion logic extends FO with both inclusion and exclusion atoms.
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Exclusion logic is equivalent to dependence logic ([22]) which captures
existential second order logic, ESO, on the level of sentences ([65]). Inclusion
logic is not comparable with dependence logic in general ([22]), but captures
positive greatest fixed point logic, GFP+, on the level of sentences, as shown
in [25]. Hence exclusion logic captures the complexity class NP (nondeterministic
polynomial time), and inclusion logic captures P (polynomial time) over finite
structures with linear order ([19, 67, 51]).4 Thus the equivalence of inclusion
and exclusion logics – for linearly ordered finite structures – amounts to the
famous open problem P ?=NP.

Galliani [21, 22] showed that inclusion logic is equivalent to nondependence
logic and that inclusion-exclusion logic is equivalent to independence logic.
Galliani also showed in [22] that with inclusion-exclusion logic it is possible to
define essentially those properties of teams which are definable in ESO.5 Thus
we can say that inclusion-exclusion logic (and independence logic) captures
ESO on the level of formulas.

1.2.2 Hierarchies of arity fragments

By the earlier results, we see that all the logics presented above have a rather
strong expressive power. Thus, instead of studying these logics in their full
strength, we are interested in the expressive power of their weaker fragments.
One of the most natural approaches is to restrict the arities of atoms. Typically,
the truth condition of a k-ary atom says something about the values of k-tuples
of variables (or terms). Thus k-ary atoms are naturally related to k-ary relations
in teams. In particular, unary atoms are very simple and natural since they
only “talk about” the sets of values for single variables/terms (in contrast to
tuples). By restricting to at most k-ary atoms, we obtain the k-ary fragment
of the corresponding logic.

We review here the known results on the arity fragments of logics with team
semantics. Durand and Kontinen [12] have shown that, on the level of sentences,
k-ary dependence logic (DEP[k]) captures the fragment of ESO in which at
most (k−1)-ary functions can be quantified. Galliani, Hannula and Kontinen
[24] have shown that the same result holds also for k-ary independence logic.
The arity hierarchy of ESO (over arbitrary vocabulary) is known to be strict,
as shown by Ajtai [4]. Hence dependence and independence logic have a strict
arity hierarchy over sentences.

Hannula [36] has shown that inclusion logic has a strict arity hierarchy
over graphs, but it is still open what is the exact fragment of ESO (or GFP+)
that corresponds to k-ary inclusion logic, INC[k]. Before our work, the arity

4A Fragment of dependence logic capturing P has been presented in [15]. See also [13] for
an alternative proof for inclusion logic being in P.

5See [56] for an earlier result on the properties of teams definable in dependence logic.
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1.3. MAIN CONTRIBUTIONS OF THE THESIS

fragments of exclusion logic or inclusion-exclusion logic have not been studied.
Indeed, these logics have received very little attention after Galliani introduced
them and proved them equivalent with dependence and independence logic,
respectively.

The results on the arity fragments of dependence and independence logic
do not tell much about the expressive power of k-ary exclusion logic (EXC[k])
or k-ary inclusion-exclusion logic (INEX[k]) since the known translations from
them to dependence and independence logic do not respect the arities of atoms.
Also, since these earlier results were proven on the level of sentences, we do
not know much about the effect of arity restrictions on the level of all formulas
(with respect to the expressive power of these logics). Likewise nondependence
logic has not been studied6 since it was presented and proven equivalent to
inclusion logic by Galliani. We claim that nondependence atoms can be seen
as natural duals for dependence atoms and that they deserve more attention.
In this thesis we will also study k-ary nondependence logic, NDEP[k].

Finally we mention that, in addition to arity fragments, there has also been
research on the expressive power of other kinds of fragments of these logics. For
example, some interesting hierarchy results have been established in [12] and
[37] by bounding the number of universal quantifiers.

1.3 Main contributions of the thesis

A large part of this monograph is based on journal articles [63] and [61] by
the author. However, we have extended the content of these articles and there
are also various additional examples and observations. This monograph also
contains several previously unpublished results on closely related topics.

The main contributions of this thesis are twofold. Firstly, we introduce new
useful operators and proof techniques for the framework of team semantics.
Secondly, we establish new hierarchies of expressivity between arity fragments
of various logics with team semantics – with the main focus on inclusion and
exclusion logics.

1.3.1 Introducing new operators and proof techniques

In this thesis we will introduce several new operators for the framework of team
semantics. The most important ones of these are: (1) inclusion and exclusion
quantifiers; (2) value preserving disjunction; and (3) relevant disjunction and
possibility operator.

Inclusion and exclusion quantifiers were initially presented by the author
in [62] as a different kind of approach to inclusion and exclusion dependencies.

6Only recently Väänänen has started to study these atoms in his ongoing work [64].
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They were generalized later in [63]. These quantifiers naturally reflect the
inclusion and exclusion dependencies embedded in the truth conditions of
existential and universal quantifiers. Hence the relationship of these quantifiers
and inclusion/exclusion atoms is similar to the relationship of IF quantifiers
and dependence atoms. Inclusion quantification is restricted quantification with
respect to a given set of values in a team. For example, the universal inclusion
quantifier (∀x⊆ y) intuitively states that “for all x that are included in the
values of y”. Dually, exclusion quantification is restricted to the complement of
a given set of values.

Value preserving disjunction was initially presented by the author as a
derived operator for proving the main result in [62] (and generalized later
in [63]). By using team semantics for the standard disjunction ϕ ∨ ψ, a team
X is “split” into subteams Y, Y ′ so that Y satisfies ϕ and Y ′ satisfies ψ. The
truth condition of value preserving disjunction additionally states that X must
be split in such a way that the values for given tuples ~t1, . . . ,~tn of terms are
preserved in the split. That is, every tuple ~ti has the same set of values in the
teams Y and Y ′ as it has in the team X.

Relevant disjunction ./∨ states the same as the standard disjunction with the
additional requirement that both disjuncts must be relevant for the truth of
the disjunction. That is, the team X must be split in a nontrivial way, so that
neither of the subteams Y, Y ′ can be empty. We will see that this connective is
closely related to possibility operator O, which simply states that “there is a
nonempty subteam”.

We will present several natural applications for these operators. First we
show how inclusion quantifiers and value preserving disjunctions can be used
for defining relativization on some set of values in a team. Then we show
how universal inclusion quantifiers can be used for unifying the values for
given variables, i.e. making them independent of all the other values. We also
demonstrate how inclusion quantification can be used for quantification of
assignments from a team. Moreover, we show how to apply relevant disjunctions
for sorting of assignments and unique characterization of finite teams.

We will show that all of these new operators can be defined in INEX and
thus used there as useful tools. Moreover, the arities of these operators naturally
correspond to the arities of inclusion/exclusion atoms needed for defining them.
All k-ary inclusion/exclusion quantifiers and value preserving disjunctions for k-
tuples can be defined in INEX[k]. Relevant disjunction and possibility operator
are definable in INEX[1] (but not in INC[1] or EXC[1] alone).

We will apply these new operators for proving some of our main results
(see the next subsection for more details). For some results, we also need to
develop new proof techniques which we believe to be useful in future work in the
research of team semantics. In particular, we present a new method for proving
undefinability results for INC[k] – and its extensions with any downwards closed

16



1.3. MAIN CONTRIBUTIONS OF THE THESIS

atoms or any so-called k-invariant atoms. This technique is based on giving
estimates on the number of assignments whose removal alters some of the k-ary
relations in teams. We also present a new variant of Ehrenfeucht-Fraïssé game
(EF game) with a new rule – corresponding to possibility operator O.

1.3.2 Discovering hierarchies of expressivity

We study the expressive power of the arity fragments of logics with team
semantics with the main focus on inclusion and exclusion logics – and their
combination. By combining our results with previous work, we establish an
interesting hierarchy between different arity fragments.

Recall that, without arity bounds, exclusion logic is equivalent to dependence
logic and inclusion logic is equivalent to nondependence logic. However, when we
consider the arity fragments of these logics, we will see that these relationships
become nontrivial. By inspecting the given translations, we see that the
expressive power of EXC[k] is between DEP[k] and DEP[k+1]. By improving
the given translations between inclusion and nondependence logics, we see that
similarly INC[k] is between NDEP[k] and NDEP[k+1]. We will show that in
both cases these inclusions are strict when k = 1.

Perhaps the main contribution in this thesis is how we show that INEX[k]
naturally corresponds to the (relational) k-ary fragment of ESO (ESO[k]),
where at most k-ary relations can be quantified. We first translate an INEX[k]-
formula to ESO[k] and thus show that all INEX[k]-definable properties of
teams are ESO[k]-definable. For the other direction, we show that any ESO[k]-
formula, that contains at most k-ary free relation variables, can be translated
into INEX[k]. This latter compositional translation is particularly simple and
straightforward. We simply replace the quantifications of k-ary relations P by
the quantifications of k-tuples ~w of (first order) variables. Then we replace the
positive atoms P~t with the corresponding inclusion atoms~t⊆ ~w and the negative
atoms ¬P~t with the exclusion atoms ~t | ~w. As the final crucial ingredient we
replace disjunctions with value preserving disjunctions for the tuples ~w.

Our translation from ESO[k] to INEX[k] demonstrates the dualistic rela-
tionship between inclusion and exclusion atoms, and shows how they form a
very natural pair. We will give several examples where we show how to apply
this translation for defining natural properties of models and teams.

From our translations it follows that INEX[k] captures ESO[k] on the level
of sentences. However, we can improve this result by showing that inclusion
atoms are not needed for formulating this translation. This is because, when
only sentences are considered, inclusion atoms can be “simulated” with exclusion
atoms by performing some tricks. It thus follows that EXC[k] is equivalent to
ESO[k] on the level of sentences. In particular, EXC[1] captures the existential
monadic second order logic EMSO. This special case deserves recognition as,
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by earlier results, we know that EMSO cannot be captured with any fragment
of dependence or independence logic.

Since inclusion logic is strictly weaker than ESO, it follows that we cannot
capture ESO[k] with INC[k]. However, when we use an alternative, so-called
strict semantics, then by [24] inclusion logic captures the whole ESO. We
will show that, under this semantics, exclusion atoms can be simulated with
inclusion atoms and that we can formulate a translation from ESO[k] to k-ary
inclusion logic. We leave open whether the converse claim also holds.

Next we show that NDEP[k+1] formulas can be translated into ESO[k].
It then follows that EXC[k] is strictly stronger that INC[k] and NDEP[k+1],
for any k ≥ 1, when only sentences are considered. Then, by considering word
models, we show that palindromes can be defined by using binary inclusion
atoms. Since EMSO corresponds to regular languages over word models, it thus
follows that NDEP[2] is strictly weaker than INC[2].

Our translation from ESO[k] to INEX[k] implies that all ESO[k]-definable
properties of at most k-ary relations (in teams) can be defined in INEX[k]. It
is natural to ask what happens when we consider the INEX[k]-definability of
relations with arity higher than k. By developing a new kind of proof technique
we show, for any k, that there are very simple INEX[k]-undefinable properties
of (k+1)-ary relations. The unary case is particularly interesting since we
can show for example that k-colorability (of a graph arising from a team) is
definable in INEX[1], while e.g. symmetry is not definable in INEX[1].

By using EF games, we will show that the expressive power of FO with
relevant disjunction has an interesting relationship to other logics with team
semantics. We will also discuss logics without the empty team property and
show how relevant disjunction can be used for “recovering the empty team
property” for such logics.

Structure of the thesis

In Chapter 2 we first define team semantics for FO and review some of its
properties. Then we extend FO with various new atomic formulas to obtain
stronger logics with team semantics. Finally we review some known results
on these logics and present their hierarchy of expressivity. Even though this
chapter mainly concentrates on preliminaries, it also contains some new results
and generalizations for some old ones.

In Chapter 3 we introduce several new operators for the framework of team
semantics. We begin by motivating them and presenting their truth conditions
in Section 3.1. There we also study the properties of these operators and the
corresponding logics. In Section 3.2 we show, by providing concrete translations,
that all of these new operators can be expressed in (fragments) of INEX. This
allows us to use them in various proofs in later sections. Finally in Section 3.3
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we present several applications which utilize these new operators and thus
demonstrate their usefulness for the framework of team semantics.

In Chapter 4 we study the arity fragments of various logics with team
semantics by comparing them with (relational) arity fragments of ESO. In
Section 4.2 we formulate translations between INEX[k] and ESO[k] on the
level of both sentences and formulas. We also give examples how to apply
these translations for defining various properties of models and teams. In
Section 4.3 we show that ESO[k] can be captured with EXC[k] on the level of
sentences. In Section 4.4 we use similar techniques to prove a lower bound for
the expressive power of k-ary inclusion logic with the alternative strict semantics.
In Section 4.5 we study the expressive power of k-ary nondependence logic by
making comparison with the fragments of ESO and inclusion logic. Finally, in
Section 4.6 we sum up the results of Chapter 4, and in Section 4.7 we present
some longer and more technical proofs for some claims in Chapter 4.

In Chapter 5 we concentrate on the expressive power on the level of all
formulas, by studying which properties of teams are definable and which are not.
In Section 5.1 we show that this question is particularly interesting for INEX[1]
and we show how to express various properties of teams in it. In Section 5.2 we
show for, any k, that there are very simple properties of (k+1)-ary relations
that are not definable in INEX[k]. In Section 5.3 we define EF-games for
some extension of FO and use them to prove undefinability results. Finally,
in Section 5.4, we briefly discuss logics without the empty team property.

We conclude the results of this thesis and discuss some open questions in
Chapter 6. After that there is a bibliography, an index and finally a list of
notations and truth conditions used in this thesis.

Prerequisites

The reader is assumed to be familiar with elementary mathematical logic;
especially the relational structures and the standard Tarski-semantics for FO
(as presented in e.g. [17]). Also some basic terminology from graph theory is
used in our examples (see e.g. [9] for further reading). However, no previous
knowledge on team semantics is required.
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Chapter 2

Preliminaries

In this chapter we begin in Section 2.1 by first defining the syntax and the
semantics for first order logic (FO). Instead of the usual Tarski semantics we
will present team semantics which turns out to be an essentially equivalent way
of defining the truth in the first order case. Then, in Section 2.2, we will present
several new atomic formulas that can be added to FO with team semantics.
We will also review some of the known results on the properties of the resulting
logics and their expressive power. Our main focus will be on the different arity
fragments and the relationship between them.

Most of this section is based on the preliminary sections in [63] and [61] with
additional discussion and examples. Subsections 2.2.3 and 2.2.4 also contain
some previously unpublished results and observations.

2.1 Team semantics for first order logic

2.1.1 Syntax for FO
Let {vi | i ∈ N} be a set of variables. We use the symbols in {x, y, z, . . . } for
denoting “meta variables” ranging over the set of variables. A vocabulary L is
a set of relation symbols R, function symbols f and constant symbols c. The set
of L-terms is defined in the standard way and it is denoted by TL.

If ~t = t1 . . . tk and ti ∈ TL for each i ≤ k, we write ~t ∈ TL and `(~t ) = k.
The set of variables occurring in a term t is denoted by Vr(t). For a tuple
~t = t1 . . . tk of L-terms we write Vr(~t ) := Vr(t1) ∪ · · · ∪Vr(tk).

Next we define the syntax for first order logic (FO):

Definition 2.1. The language FOL is the smallest set S satisfying the following
conditions.

• If t1, t2 ∈ TL, then t1 = t2 ∈ S and ¬t1 = t2 ∈ S.
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• If ~t ∈ TL is a k-tuple and R ∈ L is a k-ary relation symbol,
then R~t ∈ S and ¬R~t ∈ S.

• If ϕ,ψ ∈ S, then (ϕ ∧ ψ) ∈ S and (ϕ ∨ ψ) ∈ S.

• If ϕ ∈ S and x is a variable, then ∃xϕ ∈ S and ∀xϕ ∈ S.

FOL-formulas of the form t1 = t2, ¬t1 = t2, R~t and ¬R~t are called literals.
Note that we only allow formulas in the negation normal form.

Let ϕ be an FOL-formula. We denote the set of subformulas of ϕ by Sf(ϕ),
the set of variables occurring in ϕ by Vr(ϕ) and the set of free variables of ϕ
by Fr(ϕ). If we have Fr(ϕ) = {x1, . . . , xn}, we can emphasize this by writing
ϕ as ϕ(x1 . . . xn). When we say that ~x is a tuple of fresh variables, we mean
that all variables in ~x are distinct and do not occur within the variables of any
formulas or terms that we have mentioned in our assumptions.

2.1.2 Models and teams

An L-modelM is a pair (M, I), where the universeM is a nonempty set and the
interpretation I is a function defined in the vocabulary L. The interpretation
I maps constant symbols to elements in M , k-ary relation symbols to k-ary
relations in M and k-ary function symbols to functionsMk →M . For all k ∈ L
we write kM := I(k).

Let M = (M, I) be an L-model. An assignment s for M is a function
that is defined in some set of variables and ranges over M . The domain of s
is denoted by dom(s). A team X for M is any set of assignments for M with
a common domain, denoted by dom(X). Usually in the literature only teams
with finite domains have been considered, but in this thesis there is no need to
assume the domains of teams to be finite. If X is a team for the universe ofM,
we can also say that X is a team for the modelM. (The same terminology is
used for assignments s.) Note that we also allow the empty assignment s = ∅
and the empty team X = ∅. For the empty team we allow any of set variables
to be interpreted as its domain (this is practical for certain technical reasons).
The empty team is not to be confused with the team X = {∅} which has a
special role with FOL-sentences.

Let s be an assignment and a ∈ M . The assignment s[a/x] is defined on
dom(s) ∪ {x}, and it maps the variable x to a and all other variables as the
assignment s. Let X be a team, A ⊆M and F : X → P(M). We write

X[A/x] := {s[a/x] | s ∈ X, a ∈ A}
X[F/x] := {s[a/x] | s ∈ X, a ∈ F (s)}.

Next we generalize these notations for tuples of variables. Let s be an
assignment, ~x := x1 . . . xk a tuple of variables and ~a := (a1, . . . , ak) ∈ Mk.
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We write s[~a/~x ] := s[a1/x1, . . . , ak/xk]. For a team X, a set A ⊆ Mk and a
function F : X → P(Mk) we use the following notations

X[A/~x ] := {s[~a/~x ] | s ∈ X, ~a ∈ A}
X[F/~x ] := {s[~a/~x ] | s ∈ X, ~a ∈ F(s)}.

Let M be an L-model, s an assignment and t ∈ TL s.t. Vr(t) ⊆ dom(s).
The interpretation of t with respect to M and s, tM〈s〉, is denoted simply
by s(t). For a team X and t ∈ TL, such that Vr(t) ⊆ dom(X), we write
X(t) := {s(t) | s ∈ X}. Let ~t := t1 . . . tk be a tuple of L-terms and let X be a
team such that Vr(~t ) ⊆ dom(X). We write

s(~t ) := (s(t1), . . . , s(tk)) and X(~t ) := {s(~t ) | s ∈ X}.

Note that s(~t ) is a vector in M and X(~t ) is a k-ary relation in M .

Observation 2.2. Let M = (M, I) be a model and X a team for M. Now
we have:

If |M | = 1, then |X| = 1.

This simple observation will be used often in this thesis as single element
models need to be considered as special cases in many of our proofs.

Different natural (informal) interpretations for teams will be discussed later
in Subsection 2.1.5 after presenting team semantics for FO and reviewing its
properties.

2.1.3 Team semantics for FO
We use the notation P∗(A) for the power set of A excluding the empty set (that
is P∗(A) := P(A) \ {∅}). We then define team semantics for FO.

Definition 2.3. LetM be an L-model, ϕ ∈ FOL and X a team forM such
that Fr(ϕ) ⊆ dom(X). We define the truth of ϕ in M and X, denoted by
M�X ϕ, as follows.

• M�X t1 = t2 iff s(t1) = s(t2) for all s ∈ X.

• M�X ¬t1 = t2 iff s(t1) 6= s(t2) for all s ∈ X.

• M�X R~t iff s(~t ) ∈ RM for all s ∈ X (that is X(~t ) ⊆ RM).

• M�X ¬R~t iff s(~t ) /∈ RM for all s ∈ X (that is X(~t ) ⊆ RM).

• M�X ψ ∧ θ iff M�X ψ andM�X θ.

• M�X ψ ∨ θ iff there are Y, Y ′ ⊆ X s.t. Y ∪ Y ′ = X,M�Y ψ andM�Y ′ θ.
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• M�X ∃xψ iff there is F : X → P∗(M) such thatM�X[F/x] ψ.

• M�X ∀xψ iff M�X[M/x] ψ.

IfM�X ϕ does not hold, we writeM2X ϕ.

In the truth definition above we introduced so-called lax semantics for exis-
tential quantifier and disjunction. In this semantics, the existentially quantified
variable can be given several witnesses and the “witnessing teams” (Y, Y ′) for
the disjuncts are allowed to overlap. From the perspective of game-theoretic
semantics (c.f. Subsection 2.1.5) this can be interpreted as the verifying player
having a nondeterministic strategy when choosing a value for the quantified
variable or when choosing a disjunct (as discussed in [21]).

An alternative semantics, so-called strict semantics, is to allow only a single
witness for each assignment and force the intersection of the witnessing teams
for the disjuncts to be empty. The formal definition is given below.

Definition 2.4. We obtain strict semantics by modifying the semantic clauses
for disjunction and existential quantifier in Definition 2.3 as follows:

• M�X ψ ∨ θ iff there are Y, Y ′⊆X s.t. Y ∪ Y ′ = X,
Y ∩ Y ′ = ∅,M�Y ψ andM�Y ′ θ.

• M�X ∃xψ iff there is F : X →M s.t. M�X[F/x] ψ,
where X[F/x] is the team {s[F (s)/x] | s ∈ X}.

In first the order case the standard (lax) version and the alternative strict
version are equivalent ([22]), but this equivalence does not hold when we extend
FO with inclusion atoms (c.f. Subsection 2.2.3).

Remark 2.5. Note that the lax version of the semantics is not stronger than
the strict one since we can always turn a strict version of an operator into the
corresponding lax version by adding a “dummy” universal quantifier before it in
the formula. That is, if z is a fresh variable, then the formula ∃xϕ has the same
truth condition with lax semantics as the formula ∀ z ∃xϕ with strict semantics.
Likewise ϕ ∨ ψ with lax semantics is typically equivalent to ∀z(ϕ ∨ ψ) with
strict semantics. However, note that this latter equivalence does not hold in
models with only one element; but there ϕ ∨ ψ with lax semantics is equivalent
to (ϕ ∨ ψ) ∨ (ϕ ∧ ψ) with strict semantics (recall Obs. 2.2).

By their definitions, conjunction and disjunction are both associative, and
for FOL-formulas ϕi, i ∈ {1, . . . , n}, we have

M�X
∧
i≤n

ϕi iff M�X ϕi for each i ≤ n.

M�X
∨
i≤n

ϕi iff there are Y1, . . . , Yn ⊆ X such that Y1 ∪ · · · ∪ Yn = X

andM�Yi ϕi for each i ≤ n.
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For tuples ~t := t1 . . . tk and ~t′ := t′1 . . . t
′
k of L-terms we write

~t=~t′ :=
∧
i≤k

ti= t′i and ~t 6=~t′ :=
∨
i≤k
¬ti= t′i.

It is easy to see that the following equivalences hold.

M�X~t=~t′ iff s(~t ) = s(~t′) for all s ∈ X
M�X~t 6=~t′ iff s(~t ) 6= s(~t′) for all s ∈ X.

For ϕ ∈ FOL and ~x := x1 . . . xk, we write

∃ ~xϕ := ∃x1 . . . ∃xkϕ and ∀ ~xϕ := ∀x1 . . . ∀xkϕ.

By Definition 2.3, consecutive quantifications modify the team after the evalua-
tion of each quantifier. Nevertheless, as shown by the following easy proposition,
it is equivalent to quantify several elements in M one after another and to
quantify a single vector in M .

Proposition 2.6. For any k-tuple ~x and ϕ ∈ FOL we have

a) M�X ∃ ~xϕ iff there is F : X → P∗(Mk) such thatM�X[F/~x ] ϕ.

b) M�X ∀ ~xϕ iff M�X[Mk/~x ] ϕ.

Note that with lax semantics for existential quantifier, when we quantify a
k-tuple of variables, we can actually quantify a k-ary relation in M .

Finally we introduce some abbreviations that will be used later.

Definition 2.7. Let M = (M, I) be an L-model and let k ≥ 1. We write
γ=k, γ≤k and γ≥k for FO-sentences defining that |M | = k, |M | ≤ k or |M | ≥ k,
respectively. (For example, γ≥2, γ≤2 and γ=2 can be defined by the sentences
∃x1∃x2 (x1 6=x2), ∃x1∃x2∀y (y=x1 ∨ y=x2) and γ≥2 ∧ γ≤2, respectively.)

2.1.4 Properties of FO with team semantics

Here we review some of the properties of first-order logic with team semantics.
We begin with so-called flatness-property which states that a formula ϕ is
satisfied in a team X if and only if all singleton subteams {s} (s ∈ X) satisfy ϕ.

Proposition 2.8 ([65]). Let X be a team forM and let ϕ ∈ FOL. Then

M�X ϕ iff M�{s} ϕ for all s ∈ X.

We write �T
s and �T for truth with the standard Tarski semantics (see e.g.

[17] for formal definition). The following proposition shows how team semantics
of FO is related to Tarski semantics.
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Proposition 2.9 ([65]). Let s be an assignment for a modelM. Then for all
FOL-formulas we have

M�T
s ϕ iff M�{s} ϕ.

In particular, for all FOL-sentences, we have

M�Tϕ iff M�{∅} ϕ.

By Proposition 2.9 and by the flatness of FO, the following holds for all
FOL-formulas: M�X ϕ if and only if M�T

s ϕ for all s ∈ X. Because of this
equivalence, it is natural to say that team semantics for FO is a generalization
of Tarski semantics. Moreover, by Proposition 2.9, it is natural to writeM�ϕ
when we mean thatM�{∅} ϕ holds. Note thatM�∅ ϕ holds trivially for all
FOL-formulas ϕ by Definition 2.3. In general we say that any logic L with team
semantics1 has the empty team property ifM�∅ ϕ holds for all L-formulas ϕ.

We say that a logic L with team semantics is local if the truth of formulas
is determined only by the values of the free variables in a team:

M�X ϕ iff M�X�Fr(ϕ) ϕ,

where ϕ ∈ L, X � Fr(ϕ) := {s �Fr(ϕ) | s ∈ X} and s �Fr(ϕ) is the assignment
for which dom(s�Fr(ϕ)) = Fr(ϕ) and (s�Fr(ϕ))(x) = s(x) for each x ∈ Fr(ϕ).

FO is clearly local by Propositions 2.8 and 2.9. Note also that if a logic
L is local and has the empty team property, then the following holds for all
L-sentences:

M�ϕ iff M�X ϕ for all teams X.

We define two further important properties for any logic L with team
semantics. We will see later that these properties can be seen as dual conditions
to each other in the context of team semantics.

Definition 2.10. Let L be a logic with team semantics and let ϕ ∈ L.

• ϕ is closed downwards if the following implication holds (for all suitable
modelsM and teams Y,X forM):

IfM�X ϕ and Y ⊆ X, thenM�Y ϕ.

• ϕ is closed under unions if the following implication holds:

IfM�Xi ϕ for every i ∈ I, thenM�∪i∈IXi ϕ.

Moreover, we say that L is closed downwards (resp. under unions) if all ϕ ∈ L
are closed downwards (resp. under unions).

1L being a logic with teams semantics simply means that L is a set of formulas whose
truth is defined with respect to modelsM and teams X forM.
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The flatness property clearly implies both of the closure properties defined
above. Hence FO is closed both downwards and under unions. It is also
interesting to note that, when put together, closure downwards and closure
under unions imply flatness. (From the former property we get the implication
M�X ϕ ⇒ M�{s} ϕ for all s ∈ X; and from the latter property we get the
converse implication.)

Remark 2.11. The notions of closure properties can also be naturally extended
for logical operators (such as connectives or quantifiers). We say that an n-ary
operator O has the closure property P if the formula O(ϕ1, . . . , ϕn) has the
property P whenever the formulas ϕ1, . . . , ϕn have the property P.

Let L1, L2 be logics with team semantics. We say that formulas ϕ ∈ L1
and ψ ∈ L2 are logically equivalent, denoted by ϕ ≡ ψ, if for every admissible
modelM and team X forM, we have: M�X ϕ iffM�X ψ.

2.1.5 Informal interpretations for teams

Before moving on to extensions of FO with team semantics, we briefly discuss
the simple question “what are teams?”. From a formal perspective, teams
of course are simply sets of assignments with a common domain. However,
teams can be given several natural interpretations from different perspectives.
We believe that such interpretations are necessary for justifying the study of
the framework of team semantics and all the logics defined for it.

We begin with the interpretation which arises from the history for team
semantics (and which the author also finds the most natural). Consider game-
theoretic semantics for FO (as defined e.g. in [47]), where the truth of an
FO-sentence is evaluated in a semantic game (or formal argumentation) between
two players: the verifier (‘Eloise’) and the falsifier (‘Abelard’). The rules of
the game reflect the truth conditions of the logical operators in a natural way;
for example the rule for existential quantifier requires the verifier to choose a
witness from the model, and the rule for universal quantifier forces the falsifier to
choose an element that works as a counterexample. In game-theoretic semantics
the truth of a sentence is equated to the existence of a winning strategy for the
verifier in the corresponding semantic game.

As discussed in the introduction, the semantics of IF logic ([46]) can be
defined naturally by turning the semantic game of FO into an imperfect infor-
mation game. As shown by Hodges ([48]), IF logic can be given an alternative
compositional semantics, but it must be defined on teams instead of single
assignments. When this semantics is applied for first-order logic, we obtain ex-
actly our team semantics, as presented in Definition 2.3. From this perspective,
a team is formed from a set of assignments corresponding to a set of parallel
positions in a semantic game.
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For example, in the case of existential quantifier, the verifier needs to select
her response for all parallel positions. And in the case of universal quantifier, all
the possible different choices by the falsifier are taken as new parallel position
in the new team that is formed2. When FO with team semantics is extended
with new operators/atoms, we can set requirements for the moves made by
players (e.g. dependencies between different choices).

Another kind of perspective, which is also related to the first one, is to
see teams as a way to describe imperfect information as (epistemic) sets of
uncertainty. By this interpretation, an agent knows that one assignment in a
team X describes the correct state of affairs in the real world, but (s)he does
not know which one of them is the right one. In this approach new logical
operators can be seen as ways to alter the information and new atomic formulas
can be seen as statements about properties of the (current) epistemic set.

Finally, we consider teams as databases, which is probably the most often
adopted approach in the literature on team semantics. When interpreting
variables as columns and assignments as rows, there is a very straightforward
correspondence between (finite) teams and databases3. Because of this, many
of the new atoms introduced for team semantics correspond to some typical
database dependencies. We will study these atoms and the corresponding logics
in the next section.

2.2 Extensions of FO with team semantics

In this section we will present several new atomic formulas which can be added
to FO with team semantics. In particular, we define inclusion, exclusion,
dependence, independence and nondependence atoms. The truth conditions for
these atoms correspond to natural notions from database dependency theory
(see e.g. [1] for more on this topic). By extending FO with these atoms, we
obtain stronger logics with different properties.

In this section will review the known properties of these new atoms and the
corresponding logics. By restricting the arities of these atoms, we can define
the arity fragments of the corresponding logics. The expressive power of these
fragments – and their relationship to each other – are some of our main topics
in this thesis.

2Because of this, it can be said that team semantics turns two player semantic game into a
game that is essentially a solitaire for the verifier. (The verifier plays against all the possible
responses by the falsifier in parallel, and thus there is no need for the falsifier to actually play
the game.)

3Note that this correspondence is not bijective if we allow databases to have several
identical rows. This naturally leads to the generalization of teams as multiteams which have
been studied e.g. in [10].
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2.2.1 Inclusion and exclusion logics

Inclusion and exclusion logics are obtained by adding inclusion and exclusion
atoms, respectively, to FO with team semantics. By allowing the use of both of
these atoms we get inclusion-exclusion logic. We first present the syntax and
the semantics for inclusion logic (INC).

Definition 2.12. If ~t1,~t2 are k-tuples of L-terms, ~t1⊆~t2 is a k-ary inclusion
atom. We define Fr(~t1⊆~t2) = Vr(~t1) ∪ Vr(~t2). The language INCL is defined
by adding the following condition to the definition of FOL (Def. 2.1).

• If ~t1,~t2 are tuples of L-terms of the same length, then ~t1 ⊆~t2 ∈ S.

Note that we do not allow negations to appear in front of inclusion atoms.
Inclusion atoms ~t1⊆~t2 have the following truth condition which simply states
that the values of a tuple ~t1 in a team X are included in the values of a tuple
~t2 in X.

Definition 2.13. LetM be a model and X a team s.t. Vr(~t1~t2) ⊆ dom(X).
We define the truth of ~t1⊆~t2 in the modelM and the team X:

M�X~t1⊆~t2 iff for all s ∈ X there exists s′ ∈ X s.t. s(~t1) = s′(~t2).

This truth condition can be written equivalently as follows:

M�X~t1⊆~t2 iff X(~t1) ⊆ X(~t2).

We now obtain team semantics for inclusion logic by using the same seman-
tics for literals, connectives and quantifiers as we use in the team semantics of
FO (Definition 2.3). The semantic clauses for the FO-operators and literals
remain untouched also when we define other extensions for FO later on.

Example 2.14. With k-ary inclusion atoms we can easily express that a certain
k-tuple ~t of L-terms has at least n different values in a team X for a modelM.

|X(~t )| ≥ n iff M�X ∃~z1 . . . ∃~zn
(∧
i 6=j

~zi 6=~zj ∧
∧
i≤n

~zi⊆~t
)
.

The generalized quantifiers ∃≥n x, for n ≥ 1, state that there exist at least
n different witnesses for x. Consider an FOL-sentence of the form ∃xϕ(x).
By the equivalence above, it is easy to see that we have

M� ∃≥nxϕ iff M� ∃x ∃z1 . . . ∃zn
(∧
i 6=j

zi 6=zj ∧
∧
i≤n

zi⊆x ∧ ϕ
)
.

For more on generalized quantifiers in the context of team semantics, see [57]
and [18].
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Next we present the syntax and the semantics for exclusion logic (EXC).

Definition 2.15. If ~t1,~t2 are k-tuples of L-terms, ~t1 |~t2 is a k-ary exclusion
atom. We define Fr(~t1 |~t2) = Vr(~t1) ∪Vr(~t2). The language EXCL is defined by
adding the following condition to Definition 2.1.

• If ~t1,~t2 are tuples of L-terms of the same length, then ~t1 |~t2 ∈ S.

Exclusion atoms ~t1 |~t2 have the following truth condition which simply
states that tuples ~t1 and ~t2 have disjoint sets of values in a team X.

Definition 2.16. LetM be a model and X a team s.t. Vr(~t1~t2) ⊆ dom(X).
We define the truth of ~t1 |~t2 in the modelM and the team X:

M�X~t1 |~t2 iff for all s, s′ ∈ X : s(~t1) 6= s′(~t2).

This truth condition can be written equivalently as follows:

M�X~t1 |~t2 iff X(~t1) ∩X(~t2) = ∅ (iff X(~t1) ⊆ X(~t2)).

Note that the order of the terms in inclusion/exclusion atoms is relevant for
their truth condition as e.g. t1t2◦t′1t′2 6≡ t2t1◦t′1t′2, for ◦ ∈ {⊆, | }. However, if we
permute the terms in the same way on both sides of the inclusion/exclusion sign,
then the truth of the atom is not affected; for example t1t2 ◦ t′1t′2 ≡ t2t1 ◦ t′2t′1,
for ◦ ∈ {⊆, | }.

Inclusion-exclusion logic (INEX) is defined simply by combining inclusion
and exclusion logics.

Definition 2.17. Language INEXL is defined by adding both inclusion and
exclusion atoms to first order logic (as in Definitions 2.12 and 2.15).

In this thesis we are particularly interested in the relationship of arity of
atoms with respect to the expressive power. For this purpose we define k-ary
fragments of these logics.

Definition 2.18. If ϕ ∈ INEXL contains at most k-ary inclusion and exclusion
atoms, we say that ϕ is an INEXL[k]-formula. By allowing only the use of
these formulas, we obtain k-ary inclusion-exclusion logic, denoted by INEX[k].
Furthermore, k-ary inclusion logic (INC[k]) and k-ary exclusion logic (EXC[k])
are defined analogously.

Note that the exclusion atom ~t1 |~t2 is not the contradictory negation of the
inclusion atom ~t1⊆~t2, and that the former is symmetric while the latter is not
(that is, ~t1 |~t2 ≡ ~t2 |~t1 but ~t1⊆~t2 6≡ ~t2⊆~t1). The contradictory negations of
k-ary inclusion and exclusion atoms can be defined in INEX[k] for nonempty
teams, as shown by the following example.
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Example 2.19. Let M be a model, X a nonempty team, ~t1,~t2 k-tuples of
L-terms and ~x a k-tuple of variables. It is easy to see that we have

M2X~t1 |~t2 iff M�X ∃ ~x (~x ⊆~t1 ∧ ~x ⊆~t2)
M2X~t1⊆~t2 iff M�X ∃ ~x (~x ⊆~t1 ∧ ~x |~t2).

If we would use negated inclusion/exclusion atoms with the semantics of the
contradictory negation in INEX, we would lose the empty team property since
the contradictory negations of these atoms are false in the empty team. But
for nonempty teams, this extension would not give us more expressive power.

Observation 2.20. In team semantics contradictory negation is not equivalent
with the negation ¬ that is used with literals. This is because, if ϕ is of the form
~t1 =~t2 or R~t, the claimsM2X ϕ andM�X ¬ϕ are not necessarily equivalent
when |X| > 1 (it is possible that we haveM2X ϕ but alsoM2X ¬ϕ).

Since inclusion and exclusion atoms are atomic formulas as (non-negated)
literals, their negations should behave similarly as the negations of literals.
Therefore, when considering candidates for the semantics for the negated
inclusion or exclusion atoms, we argue that the semantics of contradictory
negation would not be a natural choice. We will discuss further the issue of
sensible semantics for negated inclusion/exclusion atoms in Subsection 4.2.3.

2.2.2 Dependence, independence and nondependence logics

In this section we will present so-called dependence, independence and nonde-
pendence atoms. The truth conditions of these atoms correspond to different
forms of (in)dependency in e.g. database theory. We first give definitions for
dependence atoms which were originally presented by Väänänen in [65].

Definition 2.21. If ~t1 is a (k−1)-tuple of L-terms and t2 ∈ TL, then =(~t1, t2)
is a k-ary dependence atom (unary atoms are simply denoted by =(t2))4. We
define Fr(=(~t1, t2)) = Vr(~t1)∪Vr(t2). The language DEPL is defined by adding
the following condition to the definition of FOL (Def. 2.1).

• =(~t1, t2) ∈ S for all dependence atoms =(~t1, t2).

By allowing only at most k-ary dependence atoms in the condition above, we
obtain the language DEPL[k] of k-ary dependence logic (DEP[k]).

The truth condition for a dependence atom =(~t1, t2) states that, in a team X,
the values of t2 are functionally dependent on the values of the tuple ~t1.

4Differently from [65], we use a comma to separate the tuple ~t1 for the term t2 in the atom
=(~t1, t2). This is because the role of the term t2 and the terms in ~t1 are very different in the
truth condition for =(~t1, t2) (see Definition 2.22).
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Definition 2.22. LetM be a model and X a team s.t. Vr(~t1 t2) ⊆ dom(X).
We define the truth of =(~t1, t2) in the modelM and the team X:

M�X =(~t1, t2) iff for all s, s′ ∈ X : if s(~t1) = s′(~t1), then s(t2) = s′(t2).

Example 2.23. If M�X =(~t1, t2) holds, intuitively the value of the term t2
can be “deduced” by only knowing the values for the terms in the tuple~t1. This
is demonstrated by the following game: Suppose that Player 1 first chooses
an assignment s ∈ X. Player 2 can see the team X, but does not see the
assignment s. Then Player 2 gets to ask the value s(~t1) and then (s)he needs
to guess the value of s(t2). Player 2 has a winning strategy in this game if and
only if we haveM�X =(~t1, t2).

It is easy to see that the order of the terms in ~t1 does not affect the truth
condition of =(~t1, t2). Moreover, ifM�X =(~t1, t2), thenM�X =(~t1′, t2) holds
for any tuple ~t1′ that contains ~t1 as a subtuple. In particular, the truth of =(t2)
implies the truth of all dependence atoms of the form =(~t1, t2).

Remark 2.24. A natural generalization for dependence atoms =(~t1, t2) is to
allow t2 to be a tuple ~t2. This results in generalized dependence atoms =(~t1,~t2)
with the following naturally generalized truth condition:

M�X =(~t1,~t2) iff for all s, s′ ∈ X : if s(~t1) = s′(~t1), then s(~t2) = s′(~t2).

However, by this generalization, we would not strengthen the expressive
power of dependence logic (or the expressive power of DEP[k] for any k ≥ 1),
because we clearly have:

M�X =(~t1, t1 . . . tk) iff M�X
∧
i≤k

=(~t1, ti).

Next we present independence atoms which were introduced by Väänänen
and Grädel in [35].

Definition 2.25. If ~t1,~t2,~t3 ∈ TL and k = |Vr(~t1) ∪ Vr(~t2) ∪ Vr(~t3)|, then
~t2⊥~t1~t3 is a k-ary independence atom.5

We define Fr(~t2⊥~t1~t3) = Vr(~t1) ∪Vr(~t2) ∪Vr(~t3). The language INDEPL is
defined by adding the following condition to Definition 2.1.

• ~t2⊥~t1~t3 ∈ S for all independence atoms ~t2⊥~t1~t3.

5Note that here the arity k is defined by the number of different terms occurring in the
independence atom ~t2⊥~t1

~t3. Alternatively one could define k = `(~t1) + `(~t2) + `(~t3), but the
definition given here matches with the standard notion of arity for these atoms (as e.g. in [24]).
See also Remark 3.61 for further justification for this definition.
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By allowing only at most k-ary independence atoms in the condition above, we
obtain the language INDEPL[k] of k-ary independence logic (INDEP[k]).

Note that the tuples~t1,~t2,~t3 in~t2⊥~t1~t3 do not need to be of the same length.
Independence atoms have the following truth condition.

Definition 2.26. LetM be a model and X a team s.t. Vr(~t1~t2~t3) ⊆ dom(X).
We define the truth of ~t2⊥~t1~t3 in the modelM and the team X:

M�X~t2⊥~t1~t3 iff for all s, s′ ∈ X : if s(~t1) = s′(~t1), then there is s′′ ∈ X
s.t. s′′(~t1~t2) = s(~t1~t2) and s′′(~t1~t3) = s′(~t1~t3).

Note that this truth condition does not just simply amount to the lack of
dependency – instead it states a very strong form of independency. Intuitively,
the values of~t2 are independent from the values of~t3 with respect to~t1 (denoted
by ~t2⊥~t1~t3) when the following holds: “by fixing the value of ~t1, the value of ~t2
cannot give any information on the value of ~t3”. This is because, given s and
s′ which agree on ~t1, there is s′′ which agrees on ~t1 with s and s′, and has the
same value for ~t2 as s and the same value for ~t3 as s′.

It is easy to see the order of terms in tuples ~t1,~t2,~t3 does not affect the
truth condition of ~t2⊥~t1~t3. Moreover, we have ~t2⊥~t1~t3 ≡ ~t3⊥~t1~t2. We also
allow the tuple in the index of ⊥ to be an empty tuple. These so called pure
independence atoms6 are simply denoted by ~t1⊥~t2 and they have the following
truth condition:

M�X~t1⊥~t2 iff for all s, s′ ∈ X there is s′′ ∈ X
s.t. s′′(~t1) = s(~t1) and s′′(~t2) = s′(~t2).

Example 2.27. For any modelM and any team X, we have

M�X~t1⊥~t2 iff X(~t1~t2) = X(~t1)×X(~t2).

Perhaps a bit surprisingly, k-ary dependence atoms are definable with k-ary
independence atoms ([35]):

M�X =(~t1, t2) iff M�X t2⊥~t1t2.

Finally we present so-called nondependence atoms. They were introduced by
Galliani in [21], but since then they have received only very little attention in
the literature. The only source known by the author is the very recent ongoing
work by Väänänen [64]. In this thesis we will try to demonstrate that these
atoms have an interesting dualistic relationship to dependence atoms and that
they also have many other interesting properties.

6In contrast to pure independence atoms, the independence atoms ~t2⊥~t1
~t3 are often called

conditional independence atoms.
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Definition 2.28. If ~t1 is a (k−1)-tuple of L-terms and t2 ∈ TL, then 6=(~t1, t2)
is a k-ary nondependence atom (unary atoms are simply denoted by 6=(t2)).
We define Fr( 6=(~t1, t2)) = Vr(~t1) ∪Vr(t2). The language NDEPL is defined by
adding the following condition to Definition 2.1.

• 6=(~t1, t2) ∈ S for all nondependence atoms 6=(~t1, t2).

By allowing only at most k-ary nondependence atoms in the condition above,
we obtain the language NDEPL[k] of k-ary dependence logic (NDEP[k]).

Definition 2.29. LetM be a model and X a team s.t. Vr(~t1 t2) ⊆ dom(X).
We define the truth of 6=(~t1, t2) in the modelM and the team X:

M�X 6=(~t1, t2) iff for every s ∈ X there is s′ ∈ X
s.t. s′(~t1) = s(~t1) but s′(t2) 6= s(t2).

The truth condition of nondependence atom 6=(~t1, t2) can be seen as a dual
condition for the semantics of the corresponding dependence atom =(~t1, t2).
However, 6=(~t1, t2) is not the contradictory negation of =(~t1, t2) since nonde-
pendence states a stronger condition by requiring that for every tuple of values
for ~t1, there are assignments which break the dependency condition by agreeing
on ~t1, but having different values for t2.

Example 2.30. Recall the game from Example 2.23. If Player 2 does not have a
winning strategy in this game, then the contradictory negation of =(~t1, t2) holds
(however, this does not imply that Player 1 would have a winning strategy).
But in this case Player 2 might still have a winning choice for some assignments
s which can be chosen by Player 2. However, if Player 2 cannot know the value
of t2 for sure, regardless of the choice of Player 1, then the nondependency
6=(~t1, t2) holds in X.

As with dependence atoms, the order of terms in ~t1 does not affect the
truth condition for 6=(~t1, t2). And, dually to the case of dependence atoms,
ifM�X 6=(~t1, t2) holds, thenM�X 6=(~t1′, t2) holds for any tuple ~t1′ that is a
subtuple of ~t1.

Remark 2.31. Recall Remark 2.24 on generalization for dependence atoms.
Nondependence atoms can be generalized analogously by replacing a term t2
with a tuple ~t2, whence we naturally obtain the following truth condition:

M�X 6=(~t1,~t2) iff for every s ∈ X there is s′ ∈ X
s.t. s′(~t1) = s(~t1) but s′(~t2) 6= s(~t2).

However, also here this generalization does not strengthen the expressive
power of NDEP[k], for any k ≥ 1, because we have:

M�X 6=(~t1, t1 . . . tk) iff M�X
∨
i≤k
6=(~t1, ti). (?)
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(Note that this is a dual condition for the one in Remark 2.24.)
Since the truth of the equivalence (?) is not completely obvious and (to our

best knowledge) it has not been presented before, we give here a proof for it.

Proof. Suppose first thatM�X
∨
i≤k 6=(~t1, ti). Thus there are Y1, . . . , Yk ⊆ X

such that Y1 ∪ · · · ∪ Yk = X andM�Yi 6=(~t1, ti) for each i ≤ k. For the sake of
showing thatM�X 6=(~t1, t1 . . . tk) holds, let s ∈ X. Now there is j ≤ k such
that s ∈ Yj . Since M�Yj 6=(~t1, tj), there is s′ ∈ Yj for which s′(~t1) = s(~t1),
but s′(tj) 6= s(tj). But now we also have s′ ∈ X and s′(t1 . . . tk) 6= s(t1 . . . tk).
Hence we conclude thatM�X 6=(~t1, t1 . . . tk).

Suppose then thatM�X 6=(~t1, t1 . . . tk) holds. We define a team Yi ⊆ X,
for each i ≤ k, as follows:

Yi := {s ∈ X | there is s′ ∈ X s.t. s′(~t1) = s(~t1), but s′(ti) 6= s(ti)}.

Clearly Y1 ∪ · · · ∪ Yk ⊆ X. For the sake of showing that X ⊆ Y1 ∪ · · · ∪ Yk,
let s ∈ X. SinceM�X 6=(~t1, t1 . . . tk), there is s′ ∈ X such that s′(~t1) = s(~t1),
but s′(t1 . . . tk) 6= s′(t1 . . . tk). But now it has to be that s′(tj) 6= s(tj) for (at
least) one index j ≤ k, and thus s ∈ Yj ⊆ Y1 ∪ · · · ∪ Yk. Hence we have shown
that Y1 ∪ · · · ∪ Yk = X.

Let j ≤ k. For the sake of showing thatM�Yj 6=(~t1, tj), let s ∈ Yj . By the
definition of Yj , there is s′ ∈ X for which s′(~t1) = s(~t1), but s′(tj) 6= s(tj). But
now, by the definition of Yj , we must also have s′ ∈ Yj . ThusM�Yj 6=(~t1, tj)
and moreoverM�X

∨
i≤k 6=(~t1, ti).

It is interesting to note that, by our earlier observations, the dependency
statement =(~t1,~t2) becomes stronger if we either remove terms from the tuple
on left or add more terms to the tuple on the right. Dually, the nondependency
statement 6=(~t1,~t2) becomes stronger if we either add terms on the left or remove
terms from the right.

Remark 2.32. Recall the game from Example 2.30. There the nondependency
6=(~t1, t2) held when Player 2 was not able to deduce the value of t2 by knowing
the values of the terms in ~t1. From this perspective it make sense to say that
when 6=(~t1, t2) holds, then t2 is anonymous with respect to ~t1 (this is especially
natural interpretation when considering values of term as values in a database).

However, the anonymity condition here is not very strong since by knowing
the value of ~t1, it is possible to deduce that the value of t2 is one of two
possibilities. We can naturally strengthen this condition by requiring that t2
must have at least ` (≥ 2) different values with respect to any value for ~t1. This
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leads to the `-anonymity atom 6=`(~t1, t2) with the following truth condition:

M�X 6=`(~t1, t2) iff for every s ∈ X there are s1, . . . , s`−1 ∈ X
s.t. si(~t1) = s(~t1) for each i ≤ `− 1,
but si(t2) 6= s(t2) for each i ≤ `− 1
and si(t2) 6= sj(t2) when i 6= j.

These atoms have been studied further by Väänänen in [64].

As special cases for dependency and nondependency, we have unary atoms,
=(t) and 6=(t). The truth conditions for these atoms can be written simply as:

• M�X =(t) iff X = ∅ or |X(t)| = 1.

• M�X 6=(t) iff X = ∅ or |X(t)| > 1.

By these truth conditions, we may also call =(t) constancy atom and 6=(t)
inconstancy atom (this terminology is taken from [21]). The corresponding logics,
DEP[1] and NDEP[1], may similarly be called constancy logic and inconstancy
logic, respectively. By (DEP + NDEP)[1] we denote the logic that is obtained
by extending FO with both constancy and inconstancy atoms.

2.2.3 Properties of the extensions of FO
In this subsection we will review certain properties of INC, EXC, INEX, DEP,
NDEP and INDEP. Recall that FO with team semantics is local and has the
empty team property. By flatness (Prop. 2.8), FO is closed both downwards and
under unions. It has been shown that all the extensions of FO, presented so far,
are also local, but some of them lose their locality if we apply the alternative
strict-semantics (in Def 2.4). By observing the truth definitions of all the new
atoms, we see that all these extensions of FO also satisfy the empty team
property. However, none of these extensions of FO has flatness property7, as
we will see that none of them is closed both downwards and under unions.

INC is closed under unions, but not downwards. On the other hand, EXC
is closed downwards but not under unions, and thus INEX is neither closed
downwards nor closed under unions. DEP is closed downwards but not under
unions and dually NDEP is closed under unions but not downwards. INDEP is
not closed downwards or under unions. The properties listed here follow from
the results of Galliani [21, 22] and Väänänen [65].

Example 2.33. Consider a modelM and the assignments s1 = {(x, 0), (y, 1)}
and s2 = {(x, 1), (y, 0)} forM. Now we have

7The loss of flatness is actually a desirable property since it makes team semantics nontrivial
(by not being just an obvious generalization of Tarski semantics).

36



2.2. EXTENSIONS OF FO WITH TEAM SEMANTICS

• M�{s1,s2} x⊆ y, butM2{s1} x⊆ y andM2{s2} x⊆ y.

• M�{s1} x | y andM�{s2} x | y, butM2{s1,s2} x | y.

This simple example demonstrates that INC is not closed downwards and that
EXC is not closed under unions.

In the following definition we present a new closure condition for formulas
with team semantics.

Definition 2.34. It is said that a formula ϕ ∈ L is closed upwards ([23]) if the
following implication holds.

IfM�Y ϕ, thenM�X ϕ for all teams X for which Y ⊆ X.

Note that if L has the empty team property and ϕ 6≡ >, then ϕ cannot be
closed upwards by this definition. We avoid this pathology by saying that ϕ
is essentially closed upwards if the implication above holds for all teams Y ;
excluding the empty team.

It is easy to see that unary nondependence atom 6=(t) is essentially closed
upwards since if |Y (t)| ≥ 2, then also |X(t)| > 2 for all X ⊇ Y . However,
binary nondependence atoms are not closed upwards even in this weaker sense.
A counterexample is given by the atom 6=(x, y) and by the following teams
Y := {{(x, 0), (y, 0)}, {(x, 0), (y, 1)}} and X := Y ∪ {{(x, 1), (y, 1)}}.

Note that literals are not closed upwards – even for nonempty teams – and
thus none of the extensions for FO can be closed upwards (for all formulas).
Because of this, closure upwards is not so natural condition as closure downwards
and under unions. We also argue that, in the context of team semantics, closure
under unions can be seen as a dual condition for closure downwards.8

Galliani has shown that Inclusion logic is local with our standard (lax)
semantics, but with strict semantics (Def. 2.4) the locality of INC is lost. This
is one of the reasons why the lax semantics is considered to be a more natural
choice to be used in team semantics and why we have adopted it as the “standard
semantics” in this thesis.9 We denote inclusion logic with strict semantics by
INCs and its k-ary fragment by INCs[k] for making the distinction.

8A natural dual property for closure under unions would also be closure under intersections;
defined in an obvious way. However, this property is implied by downwards closure and all
natural logics (presented so far) which are closed under intersections are also closed downwards.
We will not discuss this property any further in this thesis.

9Lax semantics is very robust for maintaining locality. Indeed, by observing the locality
proof for INC by Galliani, we see that the same proof works for any extension FO with new
atoms – as long as the truth conditions for the atoms are local. This has also been observed
for all generalized atoms in [53].
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Lax and strict semantics are equivalent for any logic that is closed down-
wards.10 Thus we may freely adopt either lax or strict semantics for EXC and
DEP. However, for nondependence logic and independence logic these two
semantics differ and both NDEP and INDEP lose their locality under strict
semantics. See the following example for demonstration.11

Example 2.35. To see that NDEP loses locality under strict semantics, con-
sider X1 := {∅} and X2 := X1[{0, 1}/y], whence X2 � ∅ = X1. Now it is easy
to see that, with strict semantics for existential quantifier, the sentence ∃x 6=(x)
is not true in X1. But since ∃x 6=(x) is clearly true in X2 with lax semantics,
recalling Remark 2.5, it is easy to see that ∃x 6=(x) is true in X2 with strict
semantics.

And to see that INDEP loses locality under strict semantics, let

Y1 := {∅}[{0, 1}2/xy] ∪ {∅}[{1, 2}2/xy] and Y2 := Y1[{0, 1}/z].

Now Y2 � {x, y} = Y1. With strict semantics for disjunction, the formula
ϕ := x⊥y ∨ x⊥y is not true in X1 since there is no way to “split X1(xy) into
two disjoint Cartesian products” (recall Example 2.27). But since ϕ clearly
holds in Y1 with lax semantics, it is easy to see that ϕ holds in Y2 with strict
semantics (recall again Remark 2.5).

2.2.4 Known hierarchy for the extensions of FO
In this subsection we will review the main results on the expressive power
of different logics with team semantics. By inspecting the given translations
between these logics, we can see how different arity fragments are related to
each other. We will also strengthen and generalize certain earlier results.

We begin by introducing some notations.

Definition 2.36. Let L1 and L2 be logics with team semantics. We use the
following terminology and notations.

• If for every formula ϕ ∈ L1, there is a formula ψ ∈ L2 such that ϕ ≡ ψ, we
say that L2 is at least as expressive as L1 (on the level of formulas) and write
L1 ≤f L2.

• If L1 ≤f L2 and L2 ≤f L1, we say that L1 and L2 are equivalent (on the
level of formulas) and write L1 ≡f L2.

10Being true in strict semantics trivially implies being true in lax semantics. The other
direction follows from downward closure.

11Since there are translations from INC to both NDEP and INDEP ([21]), it follows that
neither NDEP nor INDEP can be local with strict semantics. However, to our best knowledge,
this has not been demonstrated by such simple formulas as in Example 2.35.
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• If L1 ≤f L2 and L1 6≡f L2, we say that L2 is more expressive than L1 (on
the level of formulas) and write L1 <f L2.

• If L1 6≤f L2 and L2 6≤f L1, we say that L1 and L2 are incomparable (on the
level of formulas).

• When considering only sentences (instead of all formulas) in L1 and L2, we
use the notations ≤s, ≡s and <s instead and say “on the level of sentences”
instead of “on the level of formulas”.

Observation 2.37. Since sentences are included in the set of all formulas, we
have the following implication for all logics L1 and L2 with team semantics:

If L1 ≤f L2, then L1 ≤s L2.

The other direction of the implication does not hold in general, but by contra-
position we have:

If L1 6≤s L2, then L1 6≤f L2.

We could replace ≤f and ≤s with ≡f and ≡s, respectively, in the implications
above. However, for <f and <s, neither of the implications holds in general.

We will see that the expressive power of logics with team semantics often
differ on the level of formulas and sentences. For example, when L1 <f L2 it
often happens that L2 collapses to L1 when only sentences are considered. Also
often L1 and L2 are incomparable on the level of formulas, but L1 ≤s L2.

For a different kind of example, many of the logics presented in this thesis are
equivalent to FO when only sentences are considered, but they can nevertheless
express much richer properties of teams than FO. On the other hand, we will
see that some logics are able to express very complex properties of models, but
are unable to express some very simple properties of teams.

Hierarchy of expressivity on the level of formulas

Galliani has shown that inclusion and exclusion logics correspond to dependence
and nondependence logics, respectively. Moreover, by combining EXC and INC,
we capture independence logic.

Theorem 2.38 ([22]). We have have the following equivalences:

EXC ≡f DEP
INC ≡f NDEP

INEX ≡f INDEP .
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However, the equivalences above are proven for these logics without any arity
bounds. As we will see, these relationships become nontrivial when restrictions
are set on the arities of atoms.

Let us first inspect Galliani’s translations more closely; we begin with
translations between EXC and DEP (in [22]). We first observe that by using
Galliani’s translation, we can express k-ary dependence atoms in EXC[k].

Proposition 2.39 ([22]). The following equivalence holds for all admissible
modelsM and teams X:

M�X =(~t1, t2) iff M�X ∀x (x= t2 ∨ ~t1x |~t1t2),

where x is a fresh variable.

We then review Galliani’s translation from exclusion logic to dependence
logic and observe that we can express k-ary exclusion atom in DEP[k+1].

Proposition 2.40 ([22]). The following equivalence holds for all admissible
modelsM and teams X:

M�X~t1 |~t2 iff M�X ∀ ~y ∃w1∃w2
(
=(w1) ∧=(~y, w2)

∧ ((w1 =w2 ∧ ~y 6=~t1) ∨ (w1 6=w2 ∧ ~y 6=~t1))
)
,

where ~y is a k-tuple of fresh variables and w1, w2 are fresh variables.

By Propositions 2.39 and 2.40, we see for any k ≥ 1 that the expressive
power of k-ary exclusion logic lies somewhere between k-ary and (k+1)-ary
dependence logics.

We then do the same analysis for the translations between INC and NDEP
([21]). We first observe that by using Galliani’s translation, we can express
k-ary nondependence atoms in INC[k].

Proposition 2.41 ([21]). The following equivalence holds for all admissible
modelsM and teams X:

M�X 6=(~t1, t2) iff M�X ∃x(x 6= t2 ∧ ~t1x⊆~t1t2),

where x is a fresh variable.

Remark 2.42. Recall Remark 2.32 on `-anonymity atoms. By slightly modi-
fying Galliani’s translation in Proposition 2.41, we can generalize it to show
that k-ary `-anonymity atoms can be expressed in INC[k] for any ` ≥ 2:

M�X 6=`(~t1, t2) iff M�X ∃x1 . . . x`−1(
∧
i 6=j

xi 6=xj ∧
∧

i≤`−1
xi 6= t2 ∧

∧
i≤`−1

~t1xi⊆~t1t2),

where x1, . . . , xl−1 are fresh variables. To our best knowledge, this fact has not
been observed before and thus we present a proof for the equivalence above.
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Proof. Suppose first that M�X 6=`(~t1, t2), i.e. for each s ∈ X, there are
s1, . . . , s`−1 s.t. s(~t1) = si(~t1) for each i ≤ ` − 1, but s(t2) 6= si(t2) for each
i ≤ ` − 1 and si(t2) 6= sj(t2) when i 6= j. Based on this, we can define the
following function:

F : X → P∗(M `−1) s.t. s 7→ {(s1(t2), . . . , s`−1(t2))} for all s ∈ X.

Let Y := X[F/x1 . . . x`−1]. Now clearlyM�Y
∧
i 6=j xi 6=xj ∧

∧
i≤`−1 xi 6= t2.

Let j ≤ ` − 1. For the sake of showing that M�Y ~t1xj ⊆~t1t2, let r ∈ Y .
Now there is s ∈ X such that r = s[s1(t2)/x1 . . . s`−1(t2)/x`−1]. We write
r′ := sj [a1 . . . a`−1/x1 . . . x`−1], where (a1, . . . , a`−1) ∈ F(sj). Now r′ ∈ Y and
moreover

r(~t1) = s(~t1) = sj(~t1) = r′(~t1) and r(xj) = sj(t2) = r′(t2).

Therefore r′(~t1t2) = r(~t1xj) as required. Hence M�Y
∧
i≤`−1~t1xi⊆~t1t2 and

thus it follows that the right side of the equivalence holds.

Suppose then that the right side of the equivalence holds. Thus there is
F : X → P∗(M `−1) s.t. M�Y

∧
i 6=j xi 6=xj ∧

∧
i≤`−1 xi 6= t2 ∧

∧
i≤`−1~t1xi⊆~t1t2,

where Y := X[F/x1 . . . x`−1].
For the sake of showing that M�X 6=`(~t1, t2), let s ∈ X. Moreover, let

(a1, . . . , a`−1) ∈ F(s) and let r := s[a1 . . . a`−1/x1 . . . x`−1]. For each j ≤ `− 1,
we now find the assignment sj as follows: Since M�X~t1xj ⊆~t1t2, there is
rj ∈ Y (corresponding to r) such that rj(~t1t2) = r(~t1xj). We now define sj to
be the assignment in X which becomes rj when extended with some values for
the variables x1, . . . , x`−1.

We still need to check that the assignments si (i ≤ ` − 1) satisfy the
required conditions on the values for ~t1 and t2. Let j ≤ ` − 1. Now we have
s(~t1) = r(~t1) = rj(~t1) = sj(~t1) as required. But sinceM�Y xj 6= t2, it has to
be that r(t2) 6= r(xj) and therefore s(t2) = r(t2) 6= r(xj) = rj(t2) = sj(t2).
Finally, we need to show that si(t2) 6= sj(t2), when i 6= j. Let i, j ≤ `− 1 such
that i 6= j. SinceM�Y xi 6=xj , we have r(xi) 6= r(xj). Therefore

si(t2) = ri(t2) = r(xi) 6= r(xj) = rj(t2) = sj(t2).

We thus conclude thatM�X 6=`(~t1, t2).

Finally, we point our attention to Galliani’s translation from inclusion logic
to nondependence logic. By using the translation given in [21], we can express
k-ary inclusion atoms in NDEP[k+3]. Observe here, that compared to the
corresponding translation between EXC and DEP (Prop. 2.40), there is now
a larger gap between arities. However, we can improve this translation by
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lowering the arity of nondendence atoms by 2 and thus express k-ary inclusion
atoms in NDEP[k+1].12

Proposition 2.43. Let ~t1,~t2 be k-tuples of L-terms. Now we have:

M�X~t1⊆~t2 iff M�X γ=1 ∨ ∀w1∀w2∃~y ∃z
((

(w1 =w2 ∧ ~y=~t1 ∧ y1 =z)
∨ (w1 6=w2 ∧ ~y=~t2)

)
∧ 6=(~y, z)

)
,

where w1, w2, z are fresh variables and ~y = y1 . . . yk is a k-tuple of fresh variables.
(Recall the sentence γ=1 from Definition 2.7.)

Proof. Suppose first that M�X~t1⊆~t2. If |M | = 1, then M�X γ=1, whence
the right side of the equivalence holds. Suppose then that |M | ≥ 2, whence
there are b1, b2 ∈M such that b1 6= b2. Let X1 := X[M/w1,M/w2] and let

F : X1 → P∗(Mk) s.t.
{
s 7→ {s(~t1)} if s(w1) = s(w2)
s 7→ {s(~t2)} else.

F : X1[F/~y ]→ P∗(M) s.t.
{
s 7→ {s(y1)} if s(w1) = s(w2)
s 7→ {b1, b2} else.

Let X2 := X1[F/~y, F/z], Z := {s ∈ X2 | s(w1) = s(w2)} and moreover
Z ′ := {s ∈ X2 | s(w1) 6= s(w2)}, whence clearly Z,Z ′ ⊆ X2 and Z ∪ Z ′ = X2.
By the definitions of F and F , it is easy to see thatM�Z w1 =w2∧~y=~t1∧y1 =z
andM�Z′ w1 6=w2 ∧ ~y=~t2.

For the sake of showing thatM�X2 6=(~y, z), let r ∈ X2. If r ∈ Z ′, then by
the definition of F it is easy to see that there is an assignment r′ ∈ Z ′ ⊆ X2 for
which r′(~y ) = r(~y ), but r′(z) 6= r(z). Suppose then that r ∈ Z. Now there is
an assignment s ∈ X and a ∈M such that r = s[a/w1, a/w2, s(~t1)/~y, s(t1)/z]
(here t1 is the first term in the tuple ~t1). SinceM�X~t1⊆~t2, there is s′ ∈ X
for which s′(~t2) = s(~t1). Let b ∈M such that b 6= a (recall that |M | ≥ 2) and
let r := s′[a/w1, b/w2, s

′(~t2)/~y, bi/z], where bi ∈ {b1, b2} so that bi 6= r(z). Now
r′ ∈ X2 and r′(~y ) = s′(~t2) = s(~t1) = r(~y ), but r′(z) 6= r(z). We thus conclude
that the right side of the equivalence holds.

Suppose then that right side of the equivalence holds. Thus there are
subteams Y, Y ′ ⊆ X for which it holds that Y ∪ Y ′ = X, M�Y γ=1 and
M�Y ′ ∀w1∀w2∃~y ∃z(((w1 =w2 ∧ ~y=~t1 ∧ y1 =z) ∨ (w1 6=w2 ∧ ~y=~t2)) ∧ 6=(~y, z)).
If Y 6= ∅, then |M | = 1, whenceM�X~t1⊆~t2 trivially holds (recall Obs. 2.2).
We may thus assume that Y 6= ∅, whence Y ′ = X.

12Our translation here here has been inspired by Galliani’s corresponding translation in [21].
Also note that the scope of [21] was not about arity fragments and thus there was no need for
trying to improve this translation.
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Let X1 := X[M/w1,M/w2]. Now there are functions F : X1 → P∗(Mk)
and F : X1[F/~y ]→ P∗(M) such that

M�X2

(
(w1 =w2 ∧ ~y=~t1 ∧ y1 =z) ∨ (w1 6=w2 ∧ ~y=~t2)

)
∧ 6=(~y, z),

where X2 := X1[F/~y, F/z]. Moreover, there are Z,Z ′ ⊆ X2 s.t. Z ∪ Z ′ = X2,
M�Z w1 =w2 ∧ ~y=~t1 ∧ y1 =z andM�Z′ w1 6=w2 ∧ ~y=~t2.

For the sake of showing that M�X~t1⊆~t2 holds, let s ∈ X. Let then
a ∈ M and r := s[a/w1, a/w2,~c/~y, d/z], where ~c ∈ F(s[a/w1, a/w2]) and
d ∈ F (s[a/w1, a/w2,~c/~y ]). Now r ∈ X2 and, since r(w1) = r(w2), it has to be
that r ∈ Z. Therefore r(~y ) = r(~t1) and r(y1) = r(z). BecauseM�X2 6=(~y, z),
there is r′ ∈ X2 such that r′(~y ) = r(~y ), but r′(z) 6= r(z). If we had r′ ∈ Z,
then we would have r′(z) = r′(y1). But since r′(~y ) = r(~y ), also r′(y1) = r(y1),
whence

r(z) = r(y1) = r′(y1) = r′(z) 6= r(z).

This is is a contradiction and thus it has to be that r′ ∈ Z ′.
Let s′ be the assignment in X which becomes r′ when it is extended with

values for the variables w1, w2, ~y and z. Since r′ ∈ Z ′, it has to be that
r′(~y) = r′(~t2) = s′(~t2). But because r′(~y ) = r(~y ) and r(~y ) = r(~t1) = s(~t1), it
now follows that s′(~t2) = s(~t1). We thus conclude thatM�X~t1⊆~t2 holds.

The following theorem sums up our observations on the arity fragments of
EXC, DEP, INC and NDEP.

Theorem 2.44. We have the following hierarchy between arity fragments, for
all k ≥ 1:

DEP[k] ≤f EXC[k] ≤f DEP[k+1]
NDEP[k] ≤f INC[k] ≤f NDEP[k+1].

Proof. The truth of the inequalities DEP[k] ≤f EXC[k], EXC[k] ≤f DEP[k+1]
and NDEP[k] ≤f INC[k] follows immediately from Galliani’s translations in [21].
The final inequality INC[k] ≤f NDEP[k+1] follows from Proposition 2.43.

By Theorem 2.44, in particular, constancy and inconstancy atoms, =(t) and
6=(t) can be used in INEX[k] for any k ≥ 1.

From the results listed so far, we obtain the lattice in Figure 2.1 on the
hierarchy of expressivity on the level of formulas for the extensions of FO. This
lattice is complete in the sense that if there is no (up going) path between two
nodes, then the two logics are incomparable with respect to expressive power
(on the level of all formulas). These incomparabilities follow from the closure
properties of these logics – listed in Subsection 2.2.3. Recall that for the logics
on the left hand side we have closure under unions, but no closure downwards.
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NDEP[k] DEP[k]

NDEP[k+1] DEP[k+1]
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INDEP ≡ INEX
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Figure 2.1: Expressive power of logics on the level of formulas.

Dually, on the right hand side there is closure downwards, but no closure under
unions.

In Figure 2.1 there are several edges which are labeled with ≤, and it is
thus natural to ask if they could be labeled with < or ≡. In this thesis we will
show that all of these inclusions are strict in the special case when k = 1; and
there are good reasons to believe they are strict for every k.

Hierarchy of expressivity on the level of sentences

Next we consider the expressive power of logics with team semantics on the level
of sentences. It has been shown that most of these logics capture existential
second order logic (ESO)13 – which is also captured by IF logic ([46]). However,
Galliani and Hella have shown that interestingly INC (and thus also NDEP)
captures positive greatest fixed point logic (GFP+).

Theorem 2.45 ([35, 22, 25, 65]). We have the following equivalences:

EXC ≡s INEX ≡s INDEP ≡s DEP ≡s ESO
INC ≡s NDEP ≡s GFP+.

Note here that the complexity class NP (nondeterministic polynomial time) is
captured by ESO ([19]) and the complexity class P (polynomial time) is captured

13ESO is a fragment of second order logic, where the second order variables may be quantified
only existentially – see Section 4.1 for more on ESO.
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by GFP+ over linearly ordered structures ([67, 51]). Thus, when considering
only linearly ordered finite structures, the question whether INC ≡s EXC
(or whether NDEP ≡s DEP) amounts to the famous open problem P ?=NP.
However, for arbitrary models, it is well known that GFP+ is less expressive
than ESO and thus in general we have

NDEP ≡s INC <s EXC ≡s DEP ≡s INDEP .

By the result of Theorem 2.45, we see that the expressive power for the
extensions of FO is very strong – often the whole ESO. But we will see that
things become more interesting, when we consider fragments of these logics
instead. See first the following result on constancy and inconstancy logics.

Theorem 2.46 ([22, 23]). We have the following equivalences:

DEP[1] ≡s NDEP[1] ≡s (DEP+NDEP)[1] ≡s FO .

Proof. The proof for the equivalence DEP[1] ≡s FO is given in [22]. Galliani
has shown in [23] that by extending FO with (first-order definable) upwards
closed atoms, the expressive power of the resulting logic stays within FO on
the level of sentences. By analyzing Galliani’s proof, we see that this claim
can also be proven for FO extended with unary nondependence atoms. It thus
follows that NDEP[1] ≡s FO. (For proving this claim, we could alternatively
use a variant of our translation – see Remark 4.37.)

From the equivalences DEP[1] ≡s FO and NDEP[1] ≡s FO it does not
immediately follow that (DEP+NDEP)[1] ≡s FO. However, we can first
eliminate all constancy atoms from a given (DEP+NDEP)[1]-sentence, by using
the same technique14 as in Galliani’s proof for DEP[1] in [22]. Then we obtain an
equivalent NDEP[1]-sentence that is equivalent to an FO-sentence by [23].

All the arity fragments of dependence and independence logics were charac-
terized later by the following result.

Theorem 2.47 ([12, 24]). We have the following equivalence for all k ≥ 1:

DEP[k] ≡s INDEP[k] ≡s ESOf [k−1].

ESOf [k] above denotes the functional k-ary ESO, where at most k-ary
functions can be existentially quantified (we omit the formal definition).

14This technique goes simply as follows: Let ϕ be an (DEP+NDEP)[1]-sentence such that
=(t) occurs in ϕ and let z be a fresh variable. Let then ϕ′ be the sentence that is obtained by
replacing one occurrence of =(t) with the literal z= t. Now ϕ is equivalent to the sentence
∃z ϕ′ (it is crucial here that ϕ was a sentence). By repeating this for all occurrences of all
constancy atoms in ϕ, we finally obtain an equivalent NDEP[1]-sentence.
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Remark 2.48. As demonstrated by Theorem 2.47, k-ary dependence (and
independence) atoms naturally correspond to (k−1)-ary functions. Because
of this, one could argue that k-ary dependence (and independence) atoms
should rather be called (k−1)-ary; as often done in the earlier literature.
However, we argue that our choice of arity for these atoms is more natural. See
Subsection 3.3.3 for our reasons for this claim.

By the result of Ajtai [4], the arity hierarchy of ESO is strict (for both
relational and functional arity fragments). Thus by Theorem 2.47 we have

DEP[k] <s DEP[k+1] for all k ≥ 1.

Example 2.49. From Theorem 2.47 it follows that all ESOf [1]-definable prop-
erties of models are definable in DEP[2]. In particular, infinity of a model can
be expressed as follows (this was first observed in [65]).

M� ∃w ∀x ∃ y ∃ z(=(y, z) ∧ x=z ∧ y 6=w) iff the universe ofM is infinite.

For the arity fragments of inclusion logic, we have the following result by
Hannula [36].

Theorem 2.50 ([36]). The arity fragments of inclusion logic form a proper
hierarchy over graphs. Hence in particular

INC[k] <s INC[k+1] for all k ≥ 1.

However, it is not known which exact fragment of ESO (or GFP+) corre-
sponds to INC[k] for a given k ≥ 1.

By the results presented here, we obtain the lattice in Figure 2.2 which
displays the known hierarchy of expressivity on the level of sentences for the
extensions of FO. Note additionally that when k ≥ 2, then DEP[k] >s FO.
Moreover, as observed e.g. in [25], we have INC[k] >s FO for all k ≥ 1. We
will see later in Section 4.3.1 that also EXC[k] >s FO for all k ≥ 1.

Galliani has shown that INEX (essentially) corresponds to ESO on the
level of formulas. This is because all ESO-definable properties of teams can be
defined in INEX (and thus also in INDEP). We will present this claim formally
in Section 4.1, where we define the correspondence between ESO and logics
with team semantics on the level of all formulas. (See also Remark 4.4 on a
related earlier result for dependence logic.)

Finally we mention that Galliani, Hannula and Kontinen [24] have shown
that INCs (inclusion logic with strict semantics) is equivalent to ESO. Thus,
on the level of sentences, INCs is equivalent to exclusion logic and thus it is
strictly stronger than (the standard) inclusion logic.
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Figure 2.2: Expressive power of logics on the level of sentences.

2.2.5 Other useful operators and atoms

In this subsection we will present some additional useful operators and atoms
that have been defined for the framework of team semantics. For most of them,
we will also show how to define them in some fragment of inclusion/exclusion
logic, whence we can use them as abbreviations in INEX. In the definitions
that follow, L normally denotes any logic with team semantics.

Intuitionistic disjunction

The semantics for intuitionistic disjunction15 t is obtained by lifting the Tarski
semantics of disjunction from single assignments to teams. That is, ϕ t ψ is
true in a team X if either ϕ or ψ is true in X.

Definition 2.51. Let M be a model, X a team for M and ϕ,ψ ∈ L. Intu-
itionistic disjunction t has the following truth condition:

M�X ϕ t ψ iff M�X ϕ orM�X ψ.

As shown by Galliani in [21], in any logic L which has the empty team
property, we can define intuitionistic disjunction by using constancy atoms =(t).
(Thus, in particular, we can use t as an abbreviation in EXC[1]).

15The idea of calling this disjunction “intuitionistic” was presented in [3]. This connective
has also been called classical disjunction for team semantics. However, we find this latter
term misleading since the “splitjunction” semantics of ∨ is the one that corresponds to the
standard (classical) disjunction of FO.
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Proposition 2.52 ([21]). Suppose that L has the empty team property. LetM
be a model, X a team forM and ϕ,ψ ∈ L. We have the following equivalence:

M�X ϕ t ψ iff M�X(γ=1 ∧ (ϕ ∨ ψ)) ∨ ∃ z1 ∃ z2
(

=(z1) ∧=(z2)
∧ ((z1 =z2 ∧ ϕ) ∨ (z1 6=z2 ∧ ψ))

)
,

where z1 and z2 are fresh variables.

The idea for the formula, defining t above, is that the quantification of
constants z1 and z2 requires that the splitting of a team X must be done in such
a way that either of the sides becomes empty, whence the other side must be the
whole initial team X. When a logic L has the empty team property, then the
requirement – that the splitting must be done in this way – becomes equivalent
with the truth condition of t. But note that if our logic L did not have the
empty team property, then we could not define intuitionistic disjunction by
using this kind of idea.

Remark 2.53. Consider the intuitionistic disjunction ϕ t ψ in a semantic
game for FO. There the verifier must choose the same disjunct in all parallel
positions that lead the choice for ϕ t ψ. So, intuitively the verifier cannot see
the values of any other variables when choosing a disjunct. Thus t is equivalent
to the slashed disjunction (∨/V ), where V contains all the variables quantified
earlier in the game. (Slashed disjunctions are closely related to IF quantifiers
and they have been studied in the context of IF logic – see e.g. [59]).

By its truth condition, intuitionistic disjunction is clearly associative, and
when ϕi ∈ L (i ∈ {1, . . . , n}) we have

M�X
⊔
i≤n

ϕi iff M�X ϕi for some i ≤ n,

where
⊔
i≤n ϕi is defined recursively:

⊔
i≤n ϕi :=

(⊔
i≤n−1 ϕi

)
t ϕn.

Constant quantifier

Next we define a natural generalization for quantifier ∃1 x that was introduced
in [56]. The semantics of ∃1 x lifts the Tarski semantics of the existential
quantifier ∃x from single assignments to teams.

M�X ∃1 xϕ iff there is a ∈M s.t. M�X[{a}/x] ϕ.

Note that the truth condition above states that ϕ holds when a constant
value is chosen for x. This quantifier can naturally be generalized for tuples
by defining ∃1x1 . . . xnϕ := ∃1x1 . . . ∃1xnϕ. In the next definition we generalize
this quantification further, for several tuples, so that different tuples must be
given different (constant) values.
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Definition 2.54. LetM be a model, X a team forM and ϕ,ψ ∈ L. Constant
quantifier C(~c1, . . . ,~cn), for tuples of variables ~c1, . . . ,~cn (not necessarily of the
same length) has the following truth condition:

M�X C(~c1, . . . ,~cn)ϕ iff there are distinct tuples ~a1, . . . ,~an

of elements in M s.t. M�X[{~a1}/~c1,...,{~an}/~cn] ϕ.

Note that ci in the definition above are variables – not constant symbols in
the vocabulary L. However, we have chosen to usually denote them by letter c
since, after the quantification, they can be treated essentially like new constant
symbols in the model.16 Constant quantification hence allows us the “create”
new constant symbols – even with the empty vocabulary. With a finite model
that has n elements, the constant quantifier C(c1, . . . , cn) gives a unique name
for each element. This kind of use for constant quantifier will be useful later in
the proof of Proposition 3.64.

Remark 2.55 (C.f. Remark 2.53). Consider the quantifier C(x) (i.e. ∃1x) in
a semantic game for FO. Now the verifier must give the same value for x in all
parallel positions where x is quantified. So, intuitively the verifier cannot see
the values of any other variables when quantifying x. Thus C(x) is equivalent
to IF quantifier (∃x/V ), where V contains all the variables quantified earlier in
the game. And by using dependence friendly quantifiers (see e.g. [45] and [65]),
C(x) simply corresponds to the quantifier (∃x/∅).

By the definition of constant quantifier, C(~c1 . . .~cn)ϕ ≡ C(~c1) . . .C(~cn)ϕ,
but C(~c1, . . . ,~cn)ϕ 6≡ C(~c1) . . .C(~cn)ϕ, since the truth condition of the latter
formula does not require that the interpretations for ~c1, . . . ,~cn are different.

The following proposition shows that the constant quantifier C(~c1, . . . ,~cn)
can be defined with constancy atoms =(t). (Recalling Remark 2.24, note that
the atoms =(t1 . . . tk) below may be substituted with

∧
i≤k =(ti).)

Proposition 2.56. LetM be an L-model, X a team forM, ϕ ∈ INEXL and
let ~c1, . . . ,~cn be tuples of variables. We have the following equivalence.

M�X C(~c1, . . . ,~cn)ϕ iff M�X ∃~c1 . . . ∃~cn
( n∧
i=1

=(~ci) ∧
∧
i 6=j

~ci 6=~cj ∧ ϕ
)
.

Proof. The claim follows easily from the definition of C(~c1, . . . ,~cn).

Note also that we can conversely define constancy atoms with constant
quantifier. This is because, when x is a fresh variable, we haveM�X =(t) if
and only ifM�X C(x)(x= t).

16In many of our later definitions, we need to use constant symbols with different values for
“encoding” information. If there are no such symbols in L (or if they are interpreted differently
inM), we can easily use the constant quantification for creating them.
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Generalized totality atoms

So called k-totality atoms T (~t ) for a k-tuple ~t ∈ TL were introduced in [23].
The truth condition of T (~t ) states that the values for ~t in a team X form the
full relation Mk. We generalize this atom for several k-tuples so that the truth
condition requires the union of the sets of values for these tuples to form the full
relation. Moreover, since we want this atom to have the empty team property,
we need to force it by defining the truth condition for the empty team as a
special case. We thus obtain the following semantics.

Definition 2.57. Let X be a team for an L-model M and let ~t1, . . . ,~tn be
k-tuples of L-terms. We define the truth condition of (generalized) k-totality
atom T (~t1, . . . ,~tn) as follows:

M�X T (~t1, . . . ,~tn) iff X = ∅ or
⋃
i≤n

X(~ti) = Mk.

Note that since k-totality atoms are not closed downwards, they cannot
be expressed in exclusion logic (or in dependence logic). But the following
proposition shows that, for any k ≥ 1, we can define generalized k-totality
atoms in INC[k].

Proposition 2.58. Let~t1, . . . ,~tn be k-tuples of L-terms. We have the following
equivalence for all admissible modelsM and teams X forM.

M�X T (~t1, . . . ,~tn) iff M�X ∀ ~x
(∨
i≤n

~x⊆~ti
)
,

where ~x is a k-tuple of fresh variables.

Proof. The equivalence in the special case X = ∅ follows from the empty team
property of INC. Thus we may assume that X 6= ∅.

Suppose first thatM�X T (~t1, . . . ,~tn), whence
⋃
i≤nX(~ti) = Mk. For each

i ≤ n, let
Yi := {s ∈ X[Mk/~x ] | s(~x) ∈ X(~ti)}.

Now clearlyM�Yi ~x⊆~ti for each i ≤ n. Since
⋃
i≤nX(~ti) = Mk, it follows that⋃

i≤n Yi = X[Mk/~x ]. ThereforeM�X ∀ ~x (
∨
i≤n ~x⊆~ti).

Suppose then thatM�X ∀ ~x (
∨
i≤n ~x⊆~ti), i.e. M�X[Mk/~x ]

∨
i≤n ~x⊆~ti. Thus

there are Y1, . . . , Yn ⊆ X such that
⋃
i≤n Yi = X[Mk/~x ] andM�Yi ~x⊆~ti for

each i ≤ n. We trivially have
⋃
i≤nX(~ti) ⊆Mk. For the sake of showing that

Mk ⊆
⋃
i≤nX(~ti), let ~a ∈Mk. Since X 6= ∅, we may select any s ∈ X and set

r := s[~a/~x ]. Now r ∈ Yj for some j ≤ n. SinceM�Yj ~x⊆~tj , there is r′ ∈ Yj
for which r′(~tj) = r(~x). Let s′ ∈ X be the assignment that becomes r′ when
extended with values for the variables in ~x. Now we have

~a = r(~x) = r′(~tj) = s′(~tj) ∈ X(~tj) ⊆
⋃
i≤n

X(~ti).
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Hence we conclude that Mk ⊆
⋃
i≤nX(~ti) and thusM�X T (~t1, . . . ,~tn).

We will show later, in Subsection 5.2, that (k+1)-totality atoms cannot be
defined in INC[k] for any k ≥ 1.

Nonemptiness atom

Finally, we define a simple atom NE (presented e.g. in [23]) which simply states
that a given team is nonempty.

Definition 2.59. LetM be a model and let X a team forM. We give the
following truth condition for non-emptiness atom NE:

M�X NE iff X 6= ∅.

Note that the set of free variables for NE is empty and thus NE can be seen
as a 0-ary atom. NE is the only atom so far which does not have the empty
team property. Therefore it cannot be defined with any of logics presented so
far. This atom and logics without the empty team property will be discussed
briefly in the end of the thesis in Section 5.4.

In the next chapter we will present several other new operators for the
framework of team semantics. We claim that they are natural and interesting
in their own right, but many of them will also prove to be useful for proving
our main results in Chapter 4.
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Chapter 3

New operators for logics with
team semantics

In this chapter we will introduce several new operators for the framework
of team semantics. We begin by defining their semantics and studying their
properties in Section 3.1. Then, in Section 3.2, we will show how all of these
operators can be defined in INEX and thus used there as abbreviations. We
will see later that these operators turn out to be very useful for proving some
of the main results for the fragments of INEX. Finally, in Section 3.3 we will
present various applications which demonstrate that these operators are useful
tools for the framework of team semantics.

The first of the new operators that we introduce are inclusion and exclusion
quantifiers which present a different kind of approach to inclusion and exclusion
dependencies. Then we define so-called value preserving disjunction whose
truth condition guarantees that the sets of values for given (tuples of) terms are
preserved when a team is split. Finally, we present so-called relevant disjunction
and possibility operator which both can be used for making statements about
properties of non-empty subteams.

All of these operators are defined generally for formulas of any logic L with
team semantics. However, we often assume L to be local and have the empty
team property – like the extensions of FO defined in the previous chapter.
Initially these new operators were discovered as useful tools that could be used
in INEX to simplify proofs and define properties more easily. However, we
argue that they are interesting in their own right and that their properties are
worth studying independently.

Sections 3.1 and Section 3.2 are based on [63] – excluding the previously
unpublished subsections on relevant disjunction. Subsection 3.3.1 is based
on [63], Subsection 3.3.2 is based on [61] and Subsections 3.3.3 and 3.3.4 are
previously unpublished work.

53



NEW OPERATORS FOR LOGICS WITH TEAM SEMANTICS

3.1 Semantics and properties

In this section we will define semantics for inclusion/exclusion quantifiers, value
preserving disjunction, relevant disjunction and possibility operator. Our main
objective for this section is to demonstrate that the new operators are natural for
the framework of team semantics. Moreover, we will also study the properties of
these operators and their relationship to logics defined in the previous chapter.

3.1.1 Inclusion and exclusion quantifiers

Here we will consider inclusion and exclusion dependencies from a new per-
spective. Instead of having atomic formulas that express them, we embed
these dependencies to the truth conditions of quantifiers. By this approach, we
are aiming to obtain a logic that has similar relationship with INEX, as how
Independence friendly logic (IF-logic) by Hintikka and Sandu ([46]) is related
to dependence logic. We will define inclusion and exclusion versions for both
existential and universal quantifiers. Before giving the actual definitions, we
first consider what kind of semantics would be intuitive for such operators.

In independence friendly logic we can use so-called “IF quantifiers”, of the
form (Qx/V ), where Q ∈ {∃,∀} and V is a set of variables. The truth condition
for these quantifiers states that the values for xmust be independent of the values
of the variables in V . It is essentially equivalent to define “dependence friendly”
quantifiers ([45],[65]) which state that the values for x are allowed to depend only
on the values of the variables in V . Dependence atoms state the same condition
about the values of variables in a team on atomic level. We take a reverse
approach here: instead of stating that inclusion or exclusion dependency holds
for certain variables in a team, we require that inclusion/exclusion dependency
holds for a certain variable when it is quantified. Syntactically this gives us
quantifiers of the forms (∃x⊆ y), (∀x⊆ y), (∃x | y) and (∀x | y).

Remark 3.1. Since inclusion dependency is not symmetric, one could also
consider semantics for quantifiers of the forms (∃x ⊇ y) and (∀x ⊇ y). For
the first one of these we see at least two non-equivalent natural semantical
approaches, but the meaning of the latter one seems to become trivial. This
question is not examined further in this thesis, but the reader is encouraged to
consider intuitive semantics for such quantifiers after reading this subsection.

Existential inclusion and exclusion quantifiers

We begin by defining semantics for existential inclusion and exclusion quantifiers
(∃x⊆ y) and (∃x | y). We take here a slightly more general approach by allowing
the variable y to be any L-term t. A natural reading for existential inclusion
quantifier (∃x⊆ t) is that “there exists an x within the values of t”. This kind
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of truth condition can be achieved simply by modifying the standard truth
condition of existential quantifier in such a way that the values given by the
choice function F are restricted to the values of t in a team X. We then obtain
the following truth condition:

M�X(∃x⊆ t)ϕ iff there is F : X → P∗(X(t)) s.t. M�X[F/x] ϕ.

Another natural interpretation for quantifier (∃x⊆ t) is that the values
given for x must be possible for the term t. From the perspective of semantic
games we may say that the verifier’s allowed moves are restricted on the set
X(t) instead of the whole universe of the model.1

Similarly we read existential exclusion quantifier (∃x | t) as “there exists an
x outside the values of t”. To achieve this, we simply restrict values given by
the choice function F to the complement, X(t) = M \X(t), of X(t):

M�X(∃x | t)ϕ iff there is F : X → P∗
(
X(t)

)
s.t. M�X[F/x] ϕ.

Dually to (∃x⊆ t), this kind of quantification must give such values for x
that are not possible for t. Or in a semantic game we can say that the values in
X(t) are “banned” from the verifier when (s)he chooses a value for x.

We generalize the truth definitions above in so that a tuple ~x of variables
can be quantified instead of a single variable x. Similarly we use tuple ~t of
L-terms, of length `(~x), instead of single term t and replace the set X(t) in the
truth definitions with the relation X(~t ). With this generalization, we obtain
the following semantics for existential inclusion and exclusion quantifiers.

Definition 3.2. Let ϕ ∈ L, let ~x be a tuple of variables and let ~t be a tuple of
L-terms such that `(~x) = `(~t ). We give the following truth conditions:

• M�X(∃ ~x⊆~t )ϕ iff there is F : X → P∗
(
X(~t )

)
s.t. M�X[F/~x ] ϕ.

• M�X(∃ ~x |~t )ϕ iff there is F : X → P∗
(
X(~t )

)
s.t. M�X[F/~x ] ϕ.

If `(~x) = k, we say that the quantifiers (∃ ~x⊆~t ) and (∃ ~x |~t ) are k-ary.
We also define

Fr((∃ ~x⊆~t )ϕ) := (Fr(ϕ) \Vr(~x)) ∪Vr(~t ) =: Fr((∃ ~x |~t )ϕ).
1Note that the setting here is quite different when compared to IF logic. In IF logic the

verifier is allowed to choose any values, but values for certain variables are “hidden” from
him/her when making the choice. Here the verifier may see the values of all variables, but
only certain values are admissible to be chosen. In the former case the domain of the strategy
function is restricted and in the latter case only its range is restricted.
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When defining these quantifiers, we did not want to put any restrictions
on the tuples ~x and ~t. Thus, in particular, we also allow the variables in ~x to
occur in ~t. Therefore the quantification of ~x may change the value of ~t in the
team. Consequently several identical consecutive existential inclusion/exclusion
quantifications can change the meaning of a formula. This is demonstrated by
the following example.

Example 3.3. Assume that c ∈ L is a constant symbol and f ∈ L is a unary
function symbol. We write

ϕ := ∃x (∃x⊆ fx)(x = c)
ψ := ∃x (∃x⊆ fx)(∃x⊆ fx)(x = c).

The sentences ϕ and ψ are not logically equivalent since we have

M�ϕ iffM� ∃x (fx = c), but
M�ψ iffM� ∃x (ffx = c).

In the following example we present a property that is not FO-definable,
but can be expressed with a sentence containing a single existential inclusion
quantifier. A similar example was presented originally for INC in [25].

Example 3.4. A directed finite graph G = (V,EG) contains a cycle if and only
if we have

G � ∃x (∃ y⊆x)Exy.

We explain briefly why this equivalence holds. Let A ⊆ V be the set that is
formed by the values given for x. The value chosen for y must be chosen within
A and there must be an edge in EG which connects the value of x to the value
of y. Therefore the set A must be closed under EG . Since A is finite, this is
possible if and only if there is (at least) one cycle in A.

Universal inclusion and exclusion quantifiers

Next we define the semantics for universal inclusion and exclusion quantifiers
(∀x⊆ y) and (∀x | y), by again allowing y to be any t ∈ TL. For universal
inclusion quantifier (∀x⊆ t) a natural reading is: “for all x within the values of t”.
This kind of restricted universal quantification is done simply by quantifying x
over the set X(t) instead of the whole universe M :

M�X(∀x⊆ t)ϕ iff M�X[A/x] ϕ, where A = X(t).

A natural dual reading for universal exclusion quantifier (∀x | t) is “for all x
outside the values of t”. This is achieved by quantifying x over the complement
of X(t). Then we obtain the following truth condition.
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M�X(∀x | t)ϕ iff M�X[A/x] ϕ, where A = X(t).

As with existential inclusion and exclusion quantifiers, we can consider the
semantics above from a game-theoretic perspective by restricting the allowed
moves of the players. This time, when choosing values for x, the falsifier may
only choose the values of t in the case of inclusion, and the values of t are
forbidden from her/him in the case of exclusion.

Like with existential inclusion and exclusion quantifiers, we generalize the
truth definitions above for tuples ~x and ~t of the same length. Then universal
quantification is done with respect to the relation X(~t ) and we obtain the
following semantics.

Definition 3.5. Let ϕ ∈ L, let ~x be a tuple of variables and let ~t be a tuple of
L-terms such that `(~x) = `(~t). We give the following truth conditions:

• M�X(∀ ~x ⊆~t )ϕ iff M�X[A/~x ] ϕ, where A = X(~t ).

• M�X(∀ ~x |~t )ϕ iff M�X[A/~x ] ϕ, where A = X(~t ).

If `(~x) = k, we say that the quantifiers (∀ ~x⊆~t ) and (∀ ~x |~t ) are k-ary.
Moreover, we define

Fr((∀ ~x⊆~t )ϕ) := (Fr(ϕ) \Vr(~x)) ∪Vr(~t ) =: Fr((∀ ~x |~t )ϕ).

As with existential inclusion and exclusion quantifiers, we allow the variables
in ~x to be in Vr(~t ). In particular, we allow universal quantifiers of the form
(∀ ~x ⊆ ~x). This strange looking quantifier turns out be a rather useful for an
application which is studied in Subsection 3.3.2.

Remark 3.6. A natural idea for the truth definition for universal inclusion
quantification (∀ ~x⊆ ~y )ϕ is to define it as “∀~x ∈ Mk: if ~x⊆ ~y, then ϕ”. This
intuition would give us the following way of defining this quantifier in exclusion
logic: (∀ ~x⊆ ~y )ϕ := ∀ ~x (~x | ~y ∨ ϕ). However, this simple idea does not work for
two reasons. Firstly, there might be too many values chosen for ~x on the right
side of the disjunction, which can be a problem if ϕ is not closed downwards.
Secondly, the exclusion atom is evaluated after splitting the team and thus
some of the original values for ~y might be lost. This general problem regarding
the “loss of information” when evaluating disjunctions will be discussed more
in Subsection 3.1.2, where we define value preserving disjunction.

In the end of Subsection 3.2.1, we will see that when ϕ ∈ EXCL, then the
formula (∀ ~x⊆ ~y )ϕ is indeed definable in EXC. However, the given translation
(in Proposition 3.32) is much more complicated than the one given above.
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Analyzing the properties of inclusion and exclusion quantifiers

The following observation shows that we can define inclusion and exclusion
atoms with existential inclusion and exclusion quantifiers (∃ ~x⊆~t ) and (∃ ~x |~t ).

Observation 3.7. Let ~t1,~t2 be k-tuples of L-terms and let ~x be a k-tuple of
fresh variables. Now it holds that:

M�X~t1⊆~t2 iff M�X(∃ ~x ⊆~t2)(~x=~t1)
M�X~t1 |~t2 iff M�X(∃ ~x |~t2)(~x=~t1).

We explain briefly why these equivalences hold. We first notice that for any
function F : X → P∗(Mk) the following holds:

M�X[F/~x ] ~x=~t1 iff F(s) = {s(~t1)} for each s ∈ X. (?)

It is easy to see that if F is a function which satisfies the both sides of (?), then
we have: ran(F) ⊆ P∗(X(~t2)) if and only ifM�X~t1⊆~t2. The first equivalence
follows from this. The truth of the second equivalence also follows because
ran(F) ⊆ P∗(X(~t2)) if and only ifM�X~t1 |~t2 – for any F which satisfies the
both sides of (?).

After Observation 3.7 it is natural to ask whether we can define inclusion
and exclusion atoms alternatively by using universal inclusion and exclusion
quantifiers (∀ ~x⊆~t ) and (∀ ~x |~t ). This can also be done, however, this time
inclusion atom is defined with universal exclusion quantifier and exclusion atom
is defined with universal inclusion quantifier. See the observation below.

Observation 3.8. Let ~t1,~t2 be k-tuples of L-terms and let ~x be a k-tuple of
fresh variables. Now the following equivalences hold:

M�X~t1⊆~t2 iff M�X(∀ ~x |~t2)(~x 6=~t1)
M�X~t1 |~t2 iff M�X(∀ ~x⊆~t2)(~x 6=~t1).

We prove the equivalences by using contrapositions. Suppose first that
M2X~t1⊆~t2, i.e. there is s ∈ X for which we have s(~t1) /∈ X(~t2). Let then
r := s[s(~t1)/~x ], whence we have r ∈ X[X(~t2)/~x ]. Now r(~x) = s(~t1) = r(~t1)
and therefore M2X(∀ ~x |~t2)(~x 6=~t1). For the other direction, suppose that
M2X(∀ ~x |~t2)(~x 6=~t1), i.e. there is r ∈ X[X(~t2)/~x ] such that r(~x) = r(~t1).
Now there is s ∈ X and ~a ∈ X(~t2) for which r = s[~a/~x ]. But then, since
s(~t1) = r(~t1) = r(~x) = ~a /∈ X(~t2), we haveM2X~t1⊆~t2.

For proving the second equivalence, suppose first thatM2X~t1 |~t2, whence
there is s ∈ X for which s(~t1) ∈ X(~t2). Let then r := s[s(~t1)/~x ], whence
r ∈ X[X(~t2)/~x ], r(~x) = r(~t1) and thusM2X(∀ ~x⊆~t2)(~x 6=~t1). For the other
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direction, suppose thatM2X(∀ ~x⊆~t2)(~x 6=~t1), whence there is r ∈ X[X(~t2)/~x ]
for which r(~x) = r(~t1). Now there is s ∈ X and ~a ∈ X(~t2) such that r = s[~a/~x ].
Since s(~t1) = r(~t1) = r(~x) = ~a ∈ X(~t2), we haveM2X~t1 |~t2.

Note that the arities match in the equivalences of Observations 3.7 and 3.8.
That is, we can define k-ary inclusion (resp. exclusion ) atom by using either
k-ary existential inclusion (resp. exclusion ) or k-ary universal exclusion (resp.
inclusion) quantifier.

When we combine the equivalences in Observation 3.8 with the corresponding
equivalences in Observation 3.7, we get the following logical equivalences:

(∃ ~x⊆~t2)(~x=~t1) ≡ (∀ ~x |~t2)(~x 6=~t1)
(∃ ~x |~t2)(~x=~t1) ≡ (∀ ~x⊆~t2)(~x 6=~t1).

Here we have an interesting duality between the inclusion and exclusion
quantifiers. This leads to the natural question whether existential inclusion
quantifier (∃ ~x⊆~t ) has the same expressive power as universal exclusion quan-
tifier (∀ ~x |~t ), and the whether the same holds for the quantifiers (∃ ~x |~t ) and
(∀ ~x⊆~t ). We get back to this question in Subsection 3.2.1 where we define
these quantifiers in INEX.

Finally, we make some observations on the closure properties of universal
inclusion and exclusion quantifiers (recall Remark 2.11 on defining closure
properties for operators). These observations will be needed in the end of
Subsection 3.2.1. We will see later that existential inclusion and exclusion
quantifiers have the same closure properties as INC and EXC, respectively.

Observation 3.9. Let M = (I,M) be an L-model s.t. M = {0, 1, 2}, and
let X1 = {s01} and X2 = {s10}, where s01 and s10 are assignments for which
s01(x) = 0 = s10(y) and s01(y) = 1 = s10(x).

(A) We first show that universal inclusion quantifier is not closed under unions.
For this, let ϕ := (∀ z⊆x)(y 6=z). We consider the following teams

Y1 := X1[X1(x)/z] = X1[{0}/z] = {s01[0/z]}
Y2 := X2[X2(x)/z] = X2[{1}/z] = {s10[1/z]}
Y3 := (X1∪X2)

[
(X1∪X2)(x)/z

]
= (X1∪X2)[{0, 1}/z]
= {s01[0/z], s01[1/z], s10[0/z], s10[1/z]}.

Now we haveM�Y1 y 6= z andM�Y2 y 6= z, butM2Y3 y 6= z. HenceM�X1 ϕ
andM�X2 ϕ, butM2X1∪X2 ϕ.

(B) Next, we show that universal exclusion quantifier is not closed under unions.
Let ψ := (∀ z |x)(y⊆ z). Recall here that, by Observation 3.8, y⊆ z can be
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expressed with universal exclusion quantifier: ψ ≡ (∀ z |x)(∀w | z)(w 6=y). Let

Z1 := X1
[
X1(x)/z

]
= X1

[
{0}/z

]
= X1[{1, 2}/z] = {s01[1/z], s01[2/z]}

Z2 := X2
[
X2(x)/z

]
= X2

[
{1}/z

]
= X2[{0, 2}/x] = {s10[0/z], s10[2/z]}

Z3 := (X1∪X2)
[
(X1∪X2)(x)/z

]
= (X1∪X2)

[
{0, 1}/z

]
= (X1∪X2)[{2}/z] = {s01[2/z], s10[2/z]}.

Since Z1(y) = {1} ⊆ {1, 2} = Z1(z) and Z2(y) = {0} ⊆ {0, 2} = Z2(z), we
have M�Z1 y⊆ z and M�Z2 y⊆ z. But since Z3(y) = {0, 1} 6⊆ {2} = Z3(z),
we haveM2Z3 y⊆ z. HenceM�X1 ψ andM�X2 ψ, butM2X1∪X2 ψ.

(C) Finally, we show that universal exclusion quantifier is not closed downwards
either. Let θ := (∀ z |x)(y 6=z) and let Z1, Z3 be as in the case (B) above. Now
M�Z3 y 6=z, butM2Z1 y 6=z. HenceM�X1∪X2 θ, butM2X1 θ; even though
X1 ⊆ X1∪X2.

3.1.2 Value preserving disjunction

When evaluating disjunctions, a team is split and usually “some information
is lost” about the values of terms in the original team. That is, when a team
X is split into subteams Y and Y ′, typically there are variables z for which
Y (z) 6= X(z) or Y ′(z) 6= X(z). Often this is desirable, since we want to shrink
or distribute the values of certain variables by giving conditions on the disjuncts.
However, sometimes we want that the values of certain terms (or tuples of
terms) are preserved on both sides after the evaluation of the disjunction. This
is important especially when we are using variables to “carry information” about
sets (or tuples of variables to carry information about relations). This idea will
be crucial later in the proof of Theorem 4.9, where we formulate a translation
from ESO to INEX.

For the reasons given above, we introduce a new connective called (term)
value preserving disjunction. Its truth condition is given below.

Definition 3.10. Let ϕ,ψ ∈ L and let ~t1, . . . ,~tn be tuples of L-terms – not
necessarily of the same length. We give the following truth condition:

M�X ϕ ∨
~t1,...,~tn

ψ iff there are Y, Y ′⊆X s.t. Y ∪ Y ′=X,M�Y ϕ,M�Y ′ ψ
and if Y, Y ′ 6= ∅, then Y (~ti)=X(~ti)=Y ′(~ti) for all i ≤ n.

Note that the truth condition above is the same as the semantics of the
normal disjunction ∨ with an additional condition that the values for the tuples
~t1, . . . ,~tn must be preserved on both sides after splitting the team (supposing
that the split is nontrivial, i.e. Y, Y ′ 6= ∅).
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By its truth condition, value preserving disjunction is clearly associative
and when ϕi ∈ L (i ∈ {1, . . . ,m}) we have

M�X
∨

~t1,...,~tn

{
ϕi | i ≤ m

}
iff there are Y1, . . . , Ym ⊆ X s.t. Y1 ∪ · · · ∪ Ym = X

and for each j ≤ m :M�Yj ϕj and if Yj 6= ∅,
then Yj(~ti) = X(~ti) for all i ≤ n.

where
∨

~t1,...,~tn

{ϕi | i ≤ m} :=
∨

~t1,...,~tn

{ϕi | i ≤ m−1} ∨
~t1,...,~tn

ϕm.

Observation 3.11. Value preserving disjunction is not closed downwards or
under unions. To see this, let M = ({0, 1}, I) and ϕ := (x = y) ∨

x
(x 6= y).

We write sab, where a, b ∈ {0, 1}, for an assignment for which sab(x) = a
and sab(y) = b. For demonstrating the failure of closure downwards, let
X := {s00, s01, s10, s11} and Y := {s00, s10}, whence Y ⊆ X andM�X ϕ, but
M2Y ϕ. Furthermore, for the failure of closure under unions, let Z1 := {s00}
and Z2 := {s10}, whenceM�Z1 ϕ andM�Z2 ϕ, butM2Z1∪Z2 ϕ.

Value preserving disjunction has several natural variants. The version we
defined requires that the values of given tuples of terms are preserved both on
the left and on the right side of the disjunction. We could weaken this condition
by requiring that these values have to be preserved only on the left, only on
the right or only on either of the sides without specifying which. Or we could
modify this condition by requiring different tuples of terms to be preserved on
the left and different tuples to be preserved on the right. We can denote these
latter conditions by placing some tuples on the left (resp. on the right ) side
of the disjunction to indicate that those tuples should be preserved on the left
(resp. on the right).

Currently we allow the splitting to be done in such a way that either of
the sides becomes empty, which is natural for our needs since we are mostly
interested in logics L that have the empty team property. But strictly speaking,
the values of the given terms are not necessarily preserved in this case, since
there are no values in the empty team. A variant for value preserving disjunction,
which requires values to be preserved also in this special case, is denoted by
adding the symbol ./ on top of the disjunction.

See the following example for demonstration of these alternative versions
and the corresponding notations.

Example 3.12. Let ϕ,ψ ∈ L and let ~t1, ~t2 be tuples of L-terms. We give the
following truth condition:

M�X ϕ~t1
./∨~t2 ψ iff there are Y, Y ′ ⊆ X s.t. Y ∪ Y ′ = X,M�Y ϕ,M�Y ′ ψ

and additionally Y (~t1) = X(~t1) and Y ′(~t2) = X(~t2).
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Note that by requiring that some values are always preserved on both sides of
the disjunction, it follows that neither of the sides can become empty; supposing
that the team was initially nonempty. If we only require this condition (ignoring
the values of any terms) we obtain a disjunction which simply states that
splitting of a nonempty team must be done so that neither of the sides becomes
empty. The resulting simple connective is studied in the next subsection.

3.1.3 Relevant disjunction and possibility operator

Supposing that a logic L with team semantics has the empty team property and
ϕ,ψ ∈ L, the truth condition for intuitionistic disjunction t (Definition 2.51)
can equivalently be formulated as follows:

M�X ϕ t ψ iff there are Y, Y ′ ⊆ X s.t. Y = ∅ or Y ′ = ∅,
Y ∪ Y ′ = X, M�Y ϕ andM�Y ′ ψ.

This formulation is like the truth condition for the standard disjunction,
with the additional assumption that either Y or Y ′ must be the empty team
(whence of course the other one must be the whole initial team X). From this
perspective, intuitionistic disjunction states that the team can be split in a
trivial way for satisfying the truth condition for the normal disjunction.

In this section we formulate another type of disjunction which can be seen
as a dual operator for intuitionistic disjunction. A dual condition for the
requirement Y = ∅ or Y ′ = ∅ is simply that Y, Y ′ 6= ∅. However, by adding this
requirement, we immediately lose the empty team property of the logic L. In
order to preserve the empty team property, we must treat the special case of
the empty team separately. We thus obtain the following truth condition for
the operator ./∨ which we call relevant disjunction2.

Definition 3.13. Let ϕ,ψ ∈ L. We give the following truth condition:

M�X ϕ
./∨ ψ iff X = ∅ or there are Y, Y ′ ⊆ X s.t. Y, Y ′ 6= ∅,

Y ∪ Y ′ = X, M�Y ϕ andM�Y ′ ψ.

We explain here our reasons for calling this variant of disjunction “relevant”.3
If the intuitionistic disjunction ϕ t ψ is true in a nonempty team X, then the
reason for the truth of ϕ∨ψ is simply because either: (1) ϕ is true in X, whence
ψ is an irrelevant clause for the truth of ϕ ∨ ψ; or (2) ψ is true in X, whence
the truth of ϕ is irrelevant. On the other hand, if ϕ ./∨ ψ is true in X, then it

2This operator was originally introduced by the author (in a seminar presentation) and it
has thereafter been studied by other authors in [43] and [69].

3Our idea for calling this disjunction relevant initially came from the study of relevance
logics (see e.g. [5]). In [43] and [69] it has simply been called as nonempty disjunction.
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can be argued that both of the disjuncts are relevant for the truth of ϕ ./∨ ψ, as
both ϕ and ψ must be satisfied in some nonempty subteam of X. See also the
following example for further discussion.

Example 3.14. The disjunction > ∨ ⊥ is true (in any team) while > ./∨ ⊥
is not true (in any nonempty team). Here the disjunct ⊥ is not relevant for
the truth of > ∨ ⊥. Note also that ϕ ./∨ ⊥ cannot be true in any X 6= ∅ for
any ϕ, but > ./∨ ϕ is true4 if ϕ is true in some nonempty subteam of X (c.f.
Proposition 3.21).

For a different kind of example, consider the following sentence:

θ := ∀x (x ≥ 0 ./∨ x < 0).

Let Z be the ordered model of integers and let N be the ordered model of
natural numbers. Now clearly Z � θ, but N 2 θ since there are no elements x
for which x < 0 is true. For other natural examples, see [69].

By its truth condition, relevant disjunction is clearly associative and when
ϕi ∈ L (i ∈ {1, . . . , n}) we have

M�X
./∨
i≤n

ϕi iff X = ∅ or there are Y1, . . . Yn ⊆ X s.t.
⋃
i≤n

Yi = X,

and for all i ≤ n : Yi 6= ∅ andM�Yi ψi.

where
./∨
i≤nϕi is defined recursively:

./∨
i≤nϕi :=

(./∨
i≤n−1 ϕi

) ./∨ ϕn.
Observation 3.15. When L has the empty team property and ϕ,ψ ∈ L, we
clearly have ϕ ∨ ψ ≡ ϕ t (ϕ ./∨ ψ) t ψ. However, supposing that the team is
initially nonempty, the empty team does not need to be used in the evaluation
of the formula ϕt (ϕ ./∨ ψ)tψ. See later Remark 5.38 for further discussion on
the empty team and the truth condition of this formula.

We can naturally weaken the truth condition for relevant disjunction by
requiring that only one of the sides must remain nonempty in the split. This
leads to the following definitions of so-called left and right sided variants of
relevant disjunction.

4However, from the perspective of relevance, it could be argued that > ./∨ ϕ should always
be false since ϕ here is not truly relevant for the truth of > ∨ ϕ asM�X> for any X. To fix
this issue, we could add the requirement Y, Y ′ 6= X to the definition of relevant disjunction.
(Note that this requirement would follow automatically if we would define relevant version
for disjunction with strict semantics; see Remark 3.25). We will not study this alternative
version any further in this thesis.
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Definition 3.16. Let ϕ,ψ ∈ L. We define

M�X ϕ
B∨ ψ iff X = ∅ or there are Y, Y ′ ⊆ X s.t. Y 6= ∅,

Y ∪ Y ′ = X, M�Y ϕ andM�Y ′ ψ.

M�X ϕ
C∨ ψ iff X = ∅ or there are Y, Y ′ ⊆ X s.t. Y ′ 6= ∅,

Y ∪ Y ′ = X, M�Y ϕ andM�Y ′ ψ.

Observation 3.17. By the truth condition of the relevant disjunction and its
one-sided variants, it is easy to show that the following equivalences hold:

ϕ
B∨ ψ ≡ ψ

C∨ ϕ.

ϕ
./∨ ψ ≡ (ϕ B∨ ψ) ∧ (ϕ C∨ ψ).

The only nontrivial case is the other direction of the second equivalence:
Supposing that the right side of the equivalence holds, there are some teams
Y1, Y

′
1 , Y2, Y

′
2 ⊆ X s.t. Y1, Y

′
2 6= ∅, M�Y1 ϕ, M�Y ′1 ψ, M�Y2 ϕ and M�Y ′2 ψ.

If Y ′1 6= ∅ or Y2 6= ∅, then left side of the equivalence clearly holds. Suppose then
that Y ′1 = ∅ = Y2. But now it has to be that Y1 = X = Y ′2 , whenceM�X ϕ∧ψ
and therefore the left side of the equivalence clearly holds.

We will see later that indeed B∨, C∨ and ./∨ can all be defined with each other
(when added to FO).

It will turn out that relevant disjunction and its variants are closely related
to an even simpler operator which we call possibility operator and denote by O.
It has the following truth condition.

Definition 3.18. Let ϕ ∈ L. We define

M�X Oϕ iff X = ∅ or there exists Y ⊆ X s.t. Y 6= ∅ andM�Y ϕ.

Intuitively, the truth condition of this operator can be read as follows: Oϕ
holds if and only “it is possible that ϕ holds”. This reading is especially natural
when teams are interpreted as sets of possible states of affairs. In [23], Galliani
has used the diamond symbol ♦ from modal logic to denote the corresponding
operator without the empty team property. In [69], O has been called might
modality.

Example 3.19. Let ϕ ∈ FOL be a positive literal. Now the following equiva-
lences hold for all L-modelsM and all nonempty teams X:

M�X Oϕ iff M2X ¬ϕ.
M�X O¬ϕ iff M2X ϕ.
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The following proposition shows how relevant disjunction and its one-sided
variants can be defined with possibility operator – in a very straightforward
and intuitive way. (These translations also show how our notations for these
operators work nicely together.)

Proposition 3.20. Let ϕ,ψ ∈ L. Now we have

ϕ
B∨ ψ ≡ Oϕ ∧ (ϕ ∨ ψ).

ϕ
C∨ ψ ≡ (ϕ ∨ ψ) ∧ Oψ.

ϕ
./∨ ψ ≡ Oϕ ∧ (ϕ ∨ ψ) ∧ Oψ.

Proof. The implications from left to right clearly hold since the truth conditions
of the relevant disjunction and its one-sided versions guarantee that ϕ ∨ ψ
holds and they also guarantee that the required formulas are satisfied in some
nonempty subteam.

We prove the implication from right to left for the last equivalence – the
others can be proven similarly. Suppose that M�X Oϕ ∧ (ϕ ∨ ψ) ∧ Oψ. We
may suppose that X 6= ∅ since otherwise the ϕ ./∨ ψ holds trivially in X. Now,
since M�X ϕ ∨ ψ, there are Y, Y ′ ⊆ X such that Y ∪ Y ′ = X, M�Y ϕ and
M�Y ′ ψ. If Y, Y ′ 6= ∅, thenM�X ϕ

./∨ ψ. Suppose then that Y = ∅, whence
Y ′ = X. BecauseM�X Oϕ, there is ∅ 6= Z ⊆ X for whichM�Z ϕ. But now
Z ∪ Y ′ = Z ∪X = X, and thusM�X ϕ

./∨ ψ. If Y ′ = ∅, then we can similarly
use the factM�X Oψ to deduce thatM�X ϕ

./∨ ψ.

The equivalences in Proposition 3.20 naturally correspond to the intuitive
readings of these operators. For example ϕ C∨ ψ ≡ (ϕ ∨ ψ) ∧ Oψ means that
ϕ
C∨ ψ holds iff ϕ or ψ is true and, moreover, it is possible that ψ is true.
The following proposition shows that conversely possibility operator can be

defined with relevant disjunction and its one-sided variants.

Proposition 3.21. Let ϕ ∈ L. Now we have

Oϕ ≡ ϕ
B∨ >.

Oϕ ≡ > C∨ ϕ.

Oϕ ≡ ϕ
./∨ > (≡ > ./∨ ϕ).

Proof. The implications from right to left follow immediately from the truth
condition of the formula on the right. We prove the implication from left to
right for the first equivalence – the other can be proven similarly. Suppose
thatM�X Oϕ, i.e. M�Y for some ∅ 6= Y ⊆ X. Now we can define Y ′ := X,
whence trivially Y ∪ Y ′ = X andM�Y ′ >. ThusM�X ϕ

B∨ >.

By Propositions 3.20 and 3.21 we obtain the following corollary.
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Corollary 3.22. The operators O, B∨, C∨ and ./∨ all have the same expressive
power (when added to FO with team semantics).

We use the notation FO(O) for the extension of FO with the operator O.
By the corollary above, this logic is equivalent to the extensions of FO with
B∨, C∨ or ./∨ (or any combination of these four operators).

Observation 3.23. FO(O) is not closed downwards. To see this, consider
M=({0, 1}, I), X={{(x, 0), (y, 0)}, {(x, 0), (y, 1)}} and Y ={{(x, 0), (y, 0)}}.
Now we have Y ⊆ X andM�X O(x 6=y), butM2Y O(x 6=y). We will see later
(in Prop. 3.35) that O can be expressed with nondependence atoms and thus it
follows that FO(O) is closed under unions.

Recall Definition 2.34 on formulas that are (essentially) closed upwards.
By extending this definition for operators (recall Rem. 2.11), we can say that
O is essentially closed upwards. This is because, for any ϕ ∈ L and Y 6= ∅, the
truth ofM�Y Oϕ clearly implies thatM�X Oϕ for any X ⊇ Y .

Remark 3.24. Relevant disjunction ./∨ and possibility operator O have been
studied by Hella and Stumpf in [43] in the context of modal inclusion logic.
They show that, in the modal case, all inclusion atoms can be expressed with ./∨
(or alternatively with O). See Remark 5.21 for more discussion on this result.

Remark 3.25. All the new operators, presented in this section, have been
defined by making natural modifications to the semantics of the operators in
FO (quantifiers and disjunctions) with the standard lax-semantics. However, if
we used the alternative strict-semantics instead, it would be more natural to
rather use the following “strict variants” for the truth conditions of the new
operators.

• M�X(∃ ~x ⊆~t )ϕ iff there is F : X → X(~t ) s.t. M�X[F/~x ] ϕ.

• M�X(∃ ~x |~t )ϕ iff there is F : X → X(~t ) s.t. M�X[F/~x ] ϕ.

• M�X ϕ ∨
~t1,...,~tn

ψ iff there are Y, Y ′⊆X s.t. Y ∪ Y ′=X, Y ∩ Y ′=∅,

M�Y ϕ,M�Y ′ ψ and if Y, Y ′ 6= ∅, then Y (~ti)=X(~ti)=Y ′(~ti) for all i ≤ n.

• M�X ϕ
./∨ ψ iff X 6= ∅ or there are Y, Y ′ ⊆ X s.t. Y, Y ′ 6= ∅,

Y ∪ Y ′ = X, Y ∩ Y ′=∅,M�Y ϕ andM�Y ′ ψ.

Note that there is no need to change the semantics of the universal inclusion
and exclusion quantifiers since the truth condition of universal quantifier does
not change with strict semantics. We will not study the strict variants for the
new operators any further in this thesis.
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3.2 Defining the new operators in INEX

In this section we will show that all the new operators from the previous
section can be expressed by using inclusion and exclusion atoms. Thus we
can use all of these operators freely as abbreviations in INEX. Moreover, our
translations respect the arity fragments of INEX in a natural way, as k-ary
inclusion/exclusion quantifiers and value preserving disjunction for k-tuples
can be expressed in INEX[k]. Relevant disjunction and possibility operator are
definable in INEX[1].

3.2.1 Defining inclusion and exclusion quantifiers

In this subsection we will define inclusion exclusion quantifiers in INEX. We
first introduce so-called storing operator that is needed in the definitions later.
The idea for it is simply that we copy the values of a given tuple ~t of terms into
a given tuple ~u of variables. In this way it is possible to refer to the old values
of ~t, even if they change later in (re)quantifications.

Definition 3.26. Let ϕ ∈ INEXL, let ~t be a k-tuple of L-terms and let ~u be a
k-tuple of variables. The ~t to ~u storing operator, [~t . ~u ], is defined as follows:

[~t . ~u ]ϕ := ∃ ~u (~u=~t ∧ ϕ).

For this operator to work as desired, we need to set the requirement that
the variables in the tuple ~u do not occur in the tuple ~t. However, naturally
we must allow the variables in the tuple ~u to occur as free variables in the
formula ϕ. The following lemma for storing operator is easy to prove.

Lemma 3.27. Let ϕ ∈ INEXL, let ~t ∈ TL be a k-tuple and let ~u be a k-tuple
of variables that are not in Vr(~t ). Let X ′ := {s[s(~t )/~u ] | s ∈ X}. Now we have
X(~t ) = X ′(~u ) and the following holds: M�X [~t . ~u ]ϕ iff M�X′ ϕ.

Defining existential inclusion/exclusion quantifiers in INEX

We are now ready to start defining inclusion and exclusion quantifiers in INEX.
We begin with existential inclusion/exclusion quantifiers.

Proposition 3.28. Let ϕ ∈ INEXL, let ~t ∈ TL be a k-tuple and let ~x, ~u be
k-tuples of variables such that the variables in ~u are not in Vr(~t ). Now we have

a) M�X(∃ ~x ⊆~t )ϕ iff M�X [~t . ~u ]∃ ~x (~x ⊆ ~u ∧ ϕ).

b) M�X(∃ ~x |~t )ϕ iff M�X [~t . ~u ] ∃ ~x (~x | ~u ∧ ϕ).
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Before proving this proposition, we make some observations on these trans-
lations. Note above that the arities of quantifiers match the arities of atoms.
Since only one type of atom is needed for each quantifier, k-ary (∃ ~x⊆~t ) can
be defined in INC[k] and k-ary (∃ ~x |~t ) can be defined in EXC[k].

In the proof of the next proposition, and from now on, we write

ran(F) := {F(s) | s ∈ X}

for any function F that is defined over some team X.

Proof. (Proposition 3.28) By the locality of INEX we may assume that the
variables in ~u are not in dom(X). We write X ′ := {s[s(~t )/~u ] | s ∈ X}.

a) Suppose first that M�X [~t . ~u ]∃ ~x (~x ⊆ ~u ∧ ϕ). By Lemma 3.27 we
have M�X′ ∃ ~x (~x⊆ ~u ∧ ϕ). Thus there exists F ′ : X ′ → P∗(Mk) such that
M�X′[F ′/~x ] ~x ⊆ ~u ∧ ϕ. Let F : X → P∗(M) such that s 7→ F ′(s[s(~t )/~u ]) for
all s ∈ X. SinceM�X′[F ′/~x ] ϕ, by locality it is easy to see thatM�X[F/~x ] ϕ.

We still need to show that ran(F) ⊆ P(X(~t )). Since by Lemma 3.27 we
have X ′(~u ) = X(~t ), this amounts to showing that ran(F ′) ⊆ P(X ′(~u )): Let
F ′(s) ∈ ran(F ′) for some s ∈ X ′ and let ~a ∈ F ′(s). Let r := s[~a/~x ] whence
r ∈ X ′[F ′/~x ]. Since M�X′[F ′/~x ] ~x ⊆ ~u, there exists r′ ∈ X ′[F ′/~x ] such that
r′(~u) = r(~x). Furthermore, r′ = s′[~b/~x ] for some s′ ∈ X ′ and ~b ∈ F ′(s′). Now

~a = s[~a/~x ](~x) = r(~x) = r′(~u) = s′(~u) ∈ X ′(~u ).

Thus ran(F ′) ⊆ P(X ′(~u )), i.e. ran(F) ⊆ P(X(~t )). HenceM�X (∃ ~x⊆~t )ϕ.
Suppose then that M�X (∃ ~x⊆~t )ϕ, i.e. there exists F : X → P∗(X(~t ))

such that M�X[F/~x ] ϕ. Let X ′ = {s[s(~t )/u] | s ∈ X} and F ′ : X ′ → P∗(M)
such that s 7→ F( s�dom(X)).

In order to show thatM�X′[F ′/~x ] ~x⊆ ~u, let r ∈ X ′[F ′/~x ]. Now there are
s ∈ X ′ and ~a ∈ F ′(s) such that r = s[~a/~x ]. Since ran(F) ⊆ P(X(~t )), by
Lemma 3.27 also ran(F ′) ⊆ P(X ′(~u )). In particular, ~a ∈ X ′(~u), and thus there
exists s′ ∈ X ′ s.t. s′(~u) = ~a. Let ~b ∈ F ′(s′) and r′ := s′[~b/~x ]. Now we have

r(~x) = s[~a/~x ](~x) = ~a = s′(~u) = r′(~u).

ThusM�X′[F ′/~x ] ~x⊆ ~u.
SinceM�X[F/~x ] ϕ, by localityM�X′[F ′/~x ] ϕ. HenceM�X′ ∃ ~x (~x ⊆ ~u∧ϕ)

and thus by Lemma 3.27 we haveM�X [~t . ~u ] ∃ ~x (~x⊆~u ∧ ϕ).

b) Suppose that we haveM�X [~t . ~u ]∃ ~x (~x | ~u ∧ ϕ). As in a), there exists
F ′ : X ′ → P∗(Mk) s.t. M�X′[F ′/~x ] ~x | ~u ∧ ϕ. We can define the function F
as in a), whence M�X[F/~x ] ϕ. Showing that ran(F) ⊆ P(X(~t )) amounts to
showing that ran(F ′) ⊆ P(X ′(~u )): For the sake of contradiction, suppose that
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there are s ∈ X ′ and a tuple ~a ∈ F ′(s) s.t. ~a ∈ X ′(~u ). Thus there exists
s′ ∈ X ′ s.t. s′(~u) = ~a. Let r := s[~a/~x ] and r′ := s′[~b/~x ], where ~b ∈ F(s′). Now
r, r′ ∈ X ′[F/~x ] and

r(~x) = s[~a/~x ](~x) = ~a = s′(~u) = r′(~u).

This is a contradiction sinceM�X′[F ′/~x] ~x |~u. Hence ran(F ′) ⊆ P(X ′(~u )) and
thus ran(F) ⊆ P(X(~t )). MoreoverM�X (∃ ~x |~t )ϕ.

Suppose then that M�X (∃ ~x |~t )ϕ, i.e. there exists F : X → P∗(X(~t ))
s.t. M�X[F/~x ] ϕ. We can define F ′ as in a), whence M�X′[F ′/~x ] ϕ and
ran(F ′) ⊆ P(X ′(~u )). In order to show thatM�X′[F ′/~x ] ~x | ~u, we suppose for
the sake of contradiction that there exist r, r′ ∈ X ′[F ′/~x ] such that r(~x) = r′(~u).
Now there exist s, s′ ∈ X ′, ~a ∈ F ′(s) and ~b ∈ F ′(s′) such that r = s[~a/~x ] and
r′ = s′[~b/~x ]. Now ~a ∈ F ′(s) ∈ ran(F ′), but also

~a = s[~a/~x ](~x) = r(~x) = r′(~u) = s′(~u) ∈ X ′(~u).

This is a contradiction since ran(F ′) ⊆ P(X ′(~u )). HenceM�X′[F ′/~x ] ~x | ~u and
thus by Lemma 3.27 we haveM�X [~t . ~u ]∃ ~x (~x | ~u ∧ ϕ).

Remark 3.29. Note that we need to use storing operator when defining the
quantifiers in Proposition 3.28 since we also allow the variables in ~x to occur
in the tuple ~t – and thus the values of ~t in a team might change after the
quantification of ~x. If we dropped the storing operator from the definitions,
then the choice function F would be required to choose values within (⊆) or
outside ( | ) the set X[F/~x ](~t ) instead of the set X(~t ). In the resulting truth
condition, the values in the team after the quantification would restrict the range
of the choice function that is used for the quantification. The quantification
defined in this way would be very unnatural.

Recall that, in Observation 3.7, we showed that inclusion atoms can be
defined with quantifiers (∃ ~x⊆~t ) of the same arity and exclusion atoms can be
defined with quantifiers (∃ ~x |~t ) of the same arity. Hence, by Proposition 3.28,
if we extend FO with k-ary quantifiers (∃ ~x⊆~t ) or (∃ ~x |~t ), we obtain logics
equivalent to INC[k] or EXC[k], respectively. We call these logics (k-ary)
inclusion and exclusion friendly logics due their similarity with IF logic. By
using both of these quantifiers, we obtain (k-ary) inclusion-exclusion friendly
logic that is equivalent to INEX[k].

Defining universal inclusion/exclusion quantifiers in INEX

Next we define universal inclusion and exclusion quantifiers in INEX. The
translations here turn out to be much more complicated than the ones for
existential inclusion/exclusion quantifiers.
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Proposition 3.30. Let ϕ ∈ INEXL, let ~t ∈ TL a be k-tuple, let ~x be a k-tuple
of variables and let ~u, ~y, ~z be k-tuples of fresh variables. Now we have

a) M�X(∀ ~x ⊆~t )ϕ

iff M�X [~t . ~u ]
(
∀ ~x (~x⊆ ~u ∧ ϕ)
t ∀ ~x (∃ ~y⊆ ~u)(∃~z | ~u)

(
(~x=~y ∧ ϕ) ∨ ~x=~z

))
.

b) M�X(∀ ~x |~t )ϕ

iff M�X [~t . ~u ]
(
∀ ~x (~x ⊆ ~u)
t ∀ ~x (∃ ~y⊆ ~u)(∃~z | ~u)

(
~x=~y ∨ (~x=~z ∧ ϕ)

))
.

Also here the arities of quantifiers match with the arities of atoms that are
used for defining them. But since we need both inclusion and exclusion atoms
for both of these translations, neither of these quantifiers can be defined in
this way in just INC or EXC. It is thus natural to ask whether we could give
these definitions in a way that only one type of atoms would be used for each
definition – we will get back to this question after proving Proposition 3.30.

The idea for proving the equivalences in Proposition 3.30 is that the trivial
case, when X(~t ) = Mk, is dealt on left side of the intuitionistic disjunction. If
X(~t ) 6= Mk, we first universally quantify ~x and then split the resulting team
into subteams Y, Y ′ so that Y = X[X(~t )/~x ] and Y ′ = X[X(~t )/~x ]. Then we
just say that the formula ϕ holds on the desired side.

We first prove the following claim which shows how we can force the team
X[Mk/~x ] to be split into the subteams X[X(~t )/~x ] and X[X(~t )/~x ].

Lemma 3.31. Let ψ, θ ∈ INEXL, let ~t ∈ TL be a k-tuple, let ~x be a k-tuple of
variables, and let ~y, ~z be k-tuples of fresh variables. We additionally assume
here that X(~t ) 6= Mk and that the variables in the tuple ~x are not in Vr(~t ). Let

ξ := ∀ ~x (∃ ~y ⊆~t )(∃~z |~t )
(
(~x=~y ∧ ψ) ∨ (~x=~z ∧ θ)

)
.

Then we have: M�X ξ iff M�X[X(~t )/~x ] ψ andM�
X[X(~t )/~x ] θ.

Proof. By locality we may assume for this proof that dom(X) = Fr(ξ).

Suppose first that M�X ξ. Thus there exist F1 : X1 → P∗(X1(~t )) and
F2 : X2 → P∗(X2(~t )) such that M�X3(~x = ~y ∧ ψ) ∨ (~x = ~z ∧ θ), where
X1 := X[Mk/~x ], X2 := X1[F1/~y ] and X3 := X2[F2/~z ]. Furthermore, there
exist Y, Y ′ ⊆ X3 such that Y ∪ Y ′ = X3,M�Y ~x=~y ∧ ψ andM�Y ′ ~x=~z ∧ θ.
SinceM�Y ψ,M�Y ′ θ and by the assumption ~y, ~z /∈ dom(X1), by locality it
suffices to show that

X[X(~t )/~x ] = Y �dom(X1) and X[X(~t )/~x ] = Y ′ �dom(X1).
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For the sake of proving that X[X(~t )/~x ] ⊆ Y � dom(X1), let s ∈ X[X(~t )/~x ].
Let r := s[~a/~y,~b/~z ], where ~a ∈F1(s) and ~b ∈ F2(s[~a/~y ]), whence r ∈ X3. If we
had r ∈ Y ′, then we would have r(~x) = r(~z) = ~b ∈ X2(~t ). This is impossible
since r(~x) = s(~x) ∈ X(~t ) = X2(~t ). Hence it has to be that r ∈ Y and thus
s ∈ Y �dom(X1). Therefore X[X(~t )/~x ] ⊆ Y �dom(X1).

Let then s ∈ Y �dom(X1). Now there is r ∈ Y such that r = s[~a/~y,~b/~z ]
for some tuples ~a ∈ F1(s) and ~b ∈ F2(s[~a/~y ]). Now r(~x) = r(~y) = ~a ∈ X1(~t )
since r ∈ Y . Therefore s(~x) ∈ X1(~t ) = X(~t ) and thus s ∈ X[X(~t )/~x ]. Hence
we have shown that X[X(~t )/~x ] = Y � dom(X1). We can show by a similar
reasoning that also X[X(~t )/~x ] = Y ′ �dom(X1).

Suppose then that M�X[X(~t )/~x ] ψ and M�
X[X(~t )/~x ] θ. We may assume

that X is nonempty, because otherwise the claim would hold trivially. Since
now X(~t ) 6= ∅ and by the assumptions X(~t ) 6= Mk, there are tuples ~a∗ ∈ X(~t )
and ~b∗ ∈ X(~t ). Let X1 := X[Mk/~x ] and

F1 : X1 → P∗(Mk) s.t.
{
s 7→ {s(~x)} if s(~x) ∈ X1(~t )
s 7→ {~a∗} else

X2 := X1[F1/~y ]

F2 : X2 → P∗(Mk) s.t.
{
s 7→ {s(~x)} if s(~x) ∈ X2(~t )
s 7→ {~b∗} else

X3 := X2[F2/~z ].

Clearly ran(F1) ⊆ P∗(X1(~t )) and ran(F2) ⊆ P∗(X2(~t )). We define the
teams Y := {s ∈ X3 | s(~x) ∈ X3(~t )} and Y ′ := {s ∈ X3 | s(~x) ∈ X3(~t )}. Now
clearly Y ∪ Y ′ = X3, and by the definitions of F1 and F2 we haveM�Y ~x=~y
andM�Y ′ ~x=~z.

Next we will show that X[X(~t )/~x ] = Y �dom(X1). Let s ∈ X[X(~t )/~x ] and
let r := s[s(~x)/~y, ~b∗/~z ], whence r ∈ X3. Since r(~x) = s(~x) ∈ X(~t ) = X3(~t ), we
have r ∈ Y , and thus s ∈ Y �dom(X1). Let then s ∈ Y �dom(X1), whence there
is r ∈ Y s.t. r = s[~a/~y,~b/~z ] for some ~a ∈ F1(s) and ~b ∈ F2(s[~a/~y ]). Because
r ∈ Y , we must now have r(~x) ∈ X3(~t ) = X(~t ). Therefore also s(~x) ∈ X(~t ) and
thus s ∈ X[X(~t )/~x ]. Hence we have shown that X[X(~t )/~x ] = Y �dom(X1).

We can show by a similar reasoning that also X[X(~t )/~x ] = Y ′ �dom(X1),
and thus by localityM�Y ψ andM�Y ′ θ. HenceM�X3(~x=~y∧ψ)∨(~x=~z∧θ),
and moreoverM�X ξ.

We are now ready prove the equivalences of Proposition 3.30. We have
already done most of the work by proving Lemma 3.31. We only need to
consider the use of storing operator and the special case when X(~t ) = Mk.

71



NEW OPERATORS FOR LOGICS WITH TEAM SEMANTICS

When using storing operator, we may drop the additional assumption that
Vr(~x) ∩ Vr(~t ) = ∅. In the special case, when X(~t ) = Mk, the universal
inclusion quantifier (∀ ~x⊆~t ) becomes the normal universal quantifier ∀ ~x and
the universal exclusion quantifier (∀ ~x |~t ) becomes trivially true.

Proof. (Proposition 3.30) In this proof we write X ′ := {s[s(~t )/~u ] | s ∈ X}.

a) Suppose first that the right side of the equivalence holds. By Lemma
3.27 and the truth condition of t, we haveM�X′ ∀ ~x (~x⊆ ~u ∧ ϕ) or

M�X′ ∀ ~x (∃ ~y⊆ ~u)(∃~z | ~u)
(
(~x=~y ∧ ϕ) ∨ ~x=~z)

)
. (?)

Suppose first that M�X′ ∀ ~x (~x⊆ ~u ∧ ϕ). Since M�X′[Mk/~x] ~x⊆ ~u ∧ ϕ, we
clearly have X ′(~u) = Mk and M�X′[Mk/~x ] ϕ. By Lemma 3.27, X(~t ) = Mk,
and by locality M�X[Mk/~x ] ϕ. Since now X[X(~t )/~x ] = X[Mk/~x ], we have
M�X[X(~t )/~x ] ϕ, i.e. M�X(∀ ~x ⊆~t )ϕ.

Suppose then that (?) holds. Note that since ~z can be quantified within the
complement of ~u, it cannot be the case that X ′(~u) = Mk. By choosing ψ := ϕ
and θ := (~x=~x) we can apply Lemma 3.31 to obtainM�X′[X′(~u )/~x ] ϕ. Since
X(~t ) = X ′(~u), by localityM�X[X(~t )/~x ] ϕ, i.e. M�X(∀ ~x ⊆~t )ϕ.

Suppose then that M�X(∀ ~x⊆~t )ϕ, i.e. M�X[X(~t )/~x ] ϕ. If X(~t ) = Mk,
then it is easy to see thatM�X′ ∀ ~x (~x ⊆ ~u ∧ ϕ) and thus the right side of the
equivalence holds. Suppose then that X(~t ) 6= Mk. By Lemma 3.27, we have
M�X′[X′(~u )/~x] ϕ and thus by applying Lemma 3.31 for ψ := ϕ and θ := (~x=~x),
we obtain (?). Hence the right side of the equivalence holds.

b) Suppose first that the right side of the equivalence holds. Now we have
M�X′ ∀ ~x (~x⊆ ~u) or

M�X′ ∀ ~x (∃ ~y⊆~t)(∃~z |~t)
(
~x=~y ∨ (~x=~z ∧ ϕ))

)
. (??)

Suppose first that M�X′ ∀ ~x (~x⊆ ~u). Therefore we have X ′(~u) = Mk, and
since X(~t ) = X ′(~u), we obtain X(~t ) = ∅. Now X[X(~t )/~x ] = ∅ and thus
trivially M�

X[X(~t )/~x ] ϕ, i.e. M�X(∀ ~x |~t )ϕ. Suppose then that (??) holds.
By choosing ψ := (~x=~x) and θ := ϕ we obtainM�

X′[X′(~u )/~x ] ϕ by Lemma 3.31.
Therefore we haveM�

X[X(~t )/~x ] ϕ, i.e. M�X(∀ ~x |~t )ϕ.

Suppose then that M�X(∀ ~x |~t )ϕ, i.e. M�
X[X(~t )/~x ] ϕ. If X(~t ) = Mk,

then clearlyM�X′ ∀ ~x (~x⊆ ~u) and thus the right side of the equivalence holds.
Suppose then that X(~t ) 6= Mk. Because we haveM�

X′[X′(~u )/~x ] ϕ, by applying
Lemma 3.31 for ψ := (~x=~x) and θ := ϕ, we obtain (??). Hence the right side
of the equivalence holds.
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Defining universal inclusion quantifier for exclusion logic

Recall Observation 3.9 on closure properties of universal inclusion and exclusion
quantifiers. Since universal exclusion quantifier is not closed downwards, it
cannot be defined in EXC. And since neither universal inclusion nor exclusion
quantifier is closed under unions, neither of them can be defined in INC.
Therefore, it follows that we need both inclusion and exclusion atoms for
defining (∀~x |~t ). However, there is still a possibility that (∀~x⊆~t ) could be
defined by using only exclusion atoms. It turns out that this can indeed be
done in EXC, but the given definition below would not work properly for INEX
(or any other logic that is not closed downwards).

Proposition 3.32 (C.f. Proposition 3.30). Let ϕ ∈ EXCL, let ~t ∈ TL be a
k-tuple, let ~x be a k-tuple of variables and let ~u, ~y be k-tuples of fresh variables.
Then the following equivalence holds:

M�X(∀ ~x⊆~t )ϕ iff M�X ∀ ~xϕ t [~t . ~u ] ∀ ~x (∃ ~y |~u)(~y=~x ∨ ϕ).

Note that the arity of the inclusion quantifier above matches with the arity
of the exclusion quantifier that is used for defining it. Since k-ary existential
exclusion quantifier is definable in EXC[k] and intuitionistic disjunction is
definable in EXC[1], it follows that k-ary universal inclusion quantifier (∀ ~x⊆~t )
can be used in EXC[k] for any k ≥ 1.

Proof. (Proposition 3.32) By locality we may assume for this proof that the
variables in ~y are not in dom(X). We write V ∗ := dom(X) ∪Vr(~u~x).

Suppose that the right side of the equivalence holds, i.e. M�X ∀ ~xϕ or

M�X [~t . ~u ]∀ ~x (∃ ~y | ~u)(~y=~x ∨ ϕ). (?)

Suppose first that M�X ∀ ~xϕ, i.e. M�X[Mk/~x ] ϕ. Since X(~t ) ⊆ Mk, also
X[X(~t )/~x ] ⊆ X[Mk/~x ]. Since exclusion logic is closed downwards, we have
M�X[X(~t )/~x ] ϕ and thusM�X(∀ ~x⊆~t )ϕ.

Suppose then that (?) holds. Now M�X′ ∀ ~x (∃ ~y | ~u)(~y = ~x ∨ ϕ), where
X ′ = {s[s(~t )/~u ] | s ∈ X}. Hence we have M�X1(∃ ~y | ~u)(~y= ~x ∨ ϕ), where
X1 = X ′[Mk/~x ]. Thus there exists a function F : X1 → P∗(X1(~u)) such that
M�X2 ~y=~x ∨ ϕ, where X2 = X1[F/~y ]. Now there are Y, Y ′ ⊆ X2 such that
Y ∪ Y ′ = X2,M�Y ~y = ~x andM�Y ′ ϕ.

For the sake of showing that X ′[X ′(~u)/~x ] ⊆ Y ′ � V ∗, let r ∈ X ′[X ′(~u)/~x ].
Now there is s ∈ X ′ and ~a ∈ X ′(~u ) such that r = s[~a/~x ]. Let ~b ∈ F(r)
and q := r[~b/~y ], whence q ∈ X2. Since F only chooses values in X1(~u) and
~a ∈ X ′(~u) = X1(~u), we must have q(~y) = ~b 6= ~a. Thus

q(~x) = r(~x) = s[~a/~x ](~x) = ~a 6= q(~y).
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BecauseM�Y ~y = ~x, we must have q /∈ Y and therefore q ∈ Y ′. Furthermore,
r = q � V ∗ ∈ Y ′ � V ∗, and thus X ′[X ′(~u)/~x ] ⊆ Y ′ � V ∗.

BecauseM�Y ′ ϕ, by locality we haveM�Y ′�V ∗ ϕ. Since exclusion logic is
closed downwards, we haveM�X′[X′(~u)/~x ] ϕ. But because X ′(~u) = X(~t ), it is
now easy to see by locality thatM�X[X(~t )/~x ] ϕ. HenceM�X(∀ ~x⊆~t )ϕ.

Suppose then thatM�X(∀ ~x⊆~t )ϕ, i.e. M�X[X(~t )/~x ] ϕ. If X(~t ) = Mk, we
haveM�X[Mk/~x ] ϕ, i.e. M�X ∀ ~xϕ, whence the right side of the equivalence
holds. Hence we may assume that X(~t ) 6= Mk, whence there exists ~c /∈ X(~t ).
Let X ′ := {s[s(~t )/~u ] | s ∈ X} and X1 = X ′[Mk/~x ]. Since X ′(~u) = X(~t ), we
have ~c /∈ X ′(~u ). Let

F : X1 → P∗(Mk) s.t.
{
s 7→ {s(~x)} if s(~x) /∈ X ′(~u)
s 7→ {~c } else.

Let X2 := X1[F/~y ]. Since X ′(~u) = X1(~u), we see that ran(F) ⊆ P∗(X1(~u)).
Let Y := {s ∈ X2 | s(~x) /∈ X ′(~u)} and Y ′ := {s ∈ X2 | s(~x) ∈ X ′(~u)}. Now
clearly Y ∪ Y ′ = X2 and by the definition of F we haveM�Y ~y=~x.

For the sake of showing that Y ′ � V ∗ ⊆ X ′[X ′(~u)/~x ], let r∗ ∈ Y ′ � V ∗. Now
there exists r ∈ Y ′ such that r∗ = r � V ∗. By the definition of Y ′, we have
r(~x) ∈ X ′(~u). Since r ∈ X2 = X1[F/~y ], there exist s ∈ X1 and ~b ∈ F(s) such
that r = s[~b/~y ]. Because s ∈ X1 = X ′[Mk/~x ] and s(~x) = r(~x) ∈ X ′(~u), we
have s ∈ X ′[X ′(~u)/~x ]. But now it must also be that r∗ = s, and thus we have
shown that Y ′ � V ∗ ⊆ X ′[X ′(~u)/~x ].

Since X ′(~u) = X(~t ) and M�X[X(~t )/~x ] ϕ, it easy to see by locality that
M�X′[X′(~u)/~x ] ϕ. Because EXC is closed downwards, we haveM�Y ′�V ∗ ϕ and
thus by localityM�Y ′ ϕ. ThereforeM�X2 ~y=~x ∨ ϕ and moreover (?) holds.
Hence the right side of the equivalence holds.

In the proof above we had to use the assumption of downwards closure, and
thus this proof is not valid for INEXL-formulas ϕ. Furthermore, the claim of
Proposition 3.32 is not necessarily true when ϕ ∈ INEXL since, for example, if
ϕ := ∀x (x⊆ y) and X(z) 6= M , thenM2X(∀ y⊆ z)ϕ. But (∀ y⊆ z)ϕ becomes
true inX if we define universal inclusion quantifier as in Proposition 3.32. Hence,
even though k-ary (∀ ~x⊆~t ) is definable in both INEX[k] and EXC[k], we must
keep in mind that these definitions are given differently.

By the observation above, we see that definability of these quantifiers, as
well as many other operators for team semantics, is “case sensitive”. By this we
mean that if a certain operator O is definable in a logic L and L′ is an extension
of L, then the operator O may have to be defined differently in L′. (It is also
possible that O is undefinable in L′.) Note that atoms in team semantics are
more regular in this sense, as if a certain atom A is definable in a logic L, then
A can be defined in all of the extensions of L identically as it is defined in L.
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Since we were able to define universal inclusion quantifier (∀ ~x⊆~t ) in EXC,
it would have been natural to predict that universal exclusion quantifier (∀ ~x |~t )
is dually definable in INC. However, this is impossible since this operator is not
closed under unions as shown in Observation 3.9. Here we have an interesting
piece of asymmetry between the inclusion and exclusion dependencies.

Recall that, by Proposition 3.28 and Observation 3.7, k-ary existential inclu-
sion and exclusion quantifiers are definable with k-ary inclusion and exclusion
atoms, respectively – and vice versa. However, perhaps a bit surprisingly, with
universal inclusion and exclusion quantifiers, this relationship becomes more
complicated. One interesting question, that is still open, is the exact expressive
power of universal exclusion quantifier. For now, we only know that k-ary
(∀ ~x |~t ) is (strictly) stronger than k-ary inclusion atom. However, it is possible
that this difference would disappear on the level of sentences – that is, FO
extended with k-ary (∀ ~x |~t ) would become equivalent with INC[k] when we
only consider sentences. We leave this question open for further research.

Inclusion and exclusion quantifiers have various natural applications which
we will present in Section 3.3. Since INEX can express these quantifiers, it
gains access to all of these applications – of which some are useful for proving
our main results in Chapter 4.

3.2.2 Defining value preserving disjunction

In this subsection we show how value preserving disjunction can be defined in
INEX. Value preserving disjunction can be defined by using constant quantifi-
cation, intuitionistic disjunctions and inclusion atoms of the same arity as the
lengths of the tuples whose values we want to preserve. Thus, the values of
single terms can be preserved in INEX[1] and the values of k-tuples of terms
can be preserved in INEX[k].

Proposition 3.33. Let ~t1, . . . ,~tn be k-tuples of L-terms, let ϕ,ψ ∈ INEXL

and let cl, cr, y be fresh variables. Now we have

M�X ϕ ∨
~t1,...,~tn

ψ

iff M�X(ϕ t ψ) t C(cl, cr)∃ y
(
((y=cl ∧ ϕ) ∨ (y=cr ∧ ψ))

∧
∧
i≤n

(θi ∧ θ′i)
)
,

where θi := ∃~z1 ∃~z2
(
((y=cl ∧ ~z1 =~ti ∧ ~z2 =~c1 )
∨ (y=cr ∧ ~z1 =~c1 ∧ ~z2 =~ti)) ∧~ti ⊆ ~z1 ∧~ti ⊆ ~z2

)
θ′i := ∃~z1 ∃~z2

(
((y=cl ∧ ~z1 =~ti ∧ ~z2 =~c2 )
∨ (y=cr ∧ ~z1 =~c2 ∧ ~z2 =~ti)) ∧~ti ⊆ ~z1 ∧~ti ⊆ ~z2

)
,

and ~z1, ~z2,~c1,~c2 are k-tuples of variables such that the tuples ~z1, ~z2 consist of
fresh variables, and ~c1,~c2 are defined as ~c1 := cl . . . cl and ~c2 := cr . . . cr.
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Before presenting a proof for this proposition, we explain its idea here briefly:
We first check if the splitting can be done so that one of the sides is the empty
team. Otherwise we fix two constants cl, cr which correspond to the left hand
and the right hand sides of the disjunction. Then we attach a “label” y to each
assignment in the team. This label can be either cl, cr or both depending on
if the assignment in question will be placed on the left, on the right or both.
Since these labels are attached before doing the actual splitting, we can check
beforehand that the information will be preserved.

The truth of formula θi guarantees that values of term ti will be preserved on
both sides for all values, expect possibly for the value of ~c1 which is a constant.
The formula θ′i does the same, but it cannot make sure that the value for the
constant ~c2 is preserved. But the truth of both θi and θ′i guarantees that the
values for ~ti are indeed preserved on both sides.

Proof. (Proposition 3.33) In this proof we use the abbreviation

ϕ Y ψ := ϕ ∨
~t1,...,~tn

ψ.

If X was the empty team, then the claim would hold trivially, and thus we
may assume thatX 6= ∅. By locality we may also assume that cl, cr, y /∈ dom(X).
Furthermore, without loss of generality, we may assume that ~t1, . . . ,~tn are all
k-tuples.5

Suppose first that the right side of the equivalence holds. Now we have
eitherM�X ϕ t ψ or

M�X C(cl, cr) ∃ y
(
((y=cl ∧ ϕ) ∨ (y=cr ∧ ψ)) ∧

∧
i≤n

(θi ∧ θ′i)
))
. (?)

Suppose first that we haveM�X ϕ t ψ, i.e. M�X ϕ orM�X ψ. IfM�X ϕ,
then we can choose Y := X and Y ′ := ∅, when M�X ϕ Y ψ holds trivially.
Analogously ifM�X ψ, we can choose Y := ∅ and Y ′ := X.

Suppose then that (?) holds. Now there are a, b ∈M such that a 6= b and

M�X1 ∃ y
(
((y=cl ∧ ϕ) ∨ (y=cr ∧ ψ)) ∧

∧
i≤n

(θi ∧ θ′i)
)
,

where X1 := X[{a}/cl, {b}/cr]. Hence there is F : X1 → P∗(M) such that

M�X2((y=cl ∧ ϕ) ∨ (y=cr ∧ ψ)) ∧
∧
i≤n

(θi ∧ θ′i),

where X2 := X1[F/y].
5If some of these tuples would be shorter, we could make it a k-tuple by repeating some of

the terms in the tuple. It is easy to see that this would not effect the truth condition of value
preserving disjunction.
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Now there are Z1, Z
′
1 ⊆ X2, such that Z1 ∪ Z ′1 = X2,M�Z1 y=cl ∧ ϕ and

M�Z′1 y=cr ∧ ψ. Since X2(cl) = {a}, X2(cr) = {b} and a 6= b, it is easy to see
that the following holds for each s ∈ X2:

s ∈ Z1 iff s(y) = a and s ∈ Z ′1 iff s(y) = b.

Let Y := Z1 � dom(X) and Y ′ := Z ′1 � dom(X). SinceM�Z1 ϕ andM�Z′1 ψ,
we haveM�Y ϕ andM�Y ′ ψ by locality. Because Z1 ∪Z ′1 = X2, we must also
have Y ∪ Y ′ = X (recall that we assumed that cl, cr, y /∈ dom(X)).

We still need to show that the values of ~ti (i ≤ n) are preserved when
X is split into Y and Y ′. For the sake of showing this, let i ≤ n, whence
M�X2 θi ∧ θ′i. In particularM�X2 θi and thus there are F1 : X2 → P∗(Mk)
and F2 : X2[F1/~z1]→ P∗(Mk) such that

M�X3

(
(y=cl ∧ ~z1 =~ti ∧ ~z2 =~c1)
∨ (y=cr ∧ ~z1 =~c1 ∧ ~z2 =~ti)

)
∧~ti ⊆ ~z1 ∧~ti ⊆ ~z2,

where X3 = X2[F1/~z1,F2/~z2]. Now there are Z2, Z
′
2 ⊆ X3 s.t. Z2∪Z ′2 = X3

and {
M�Z2 y=cl ∧ ~z1 =~ti ∧ ~z2 =~c1

M�Z′2 y=cr ∧ ~z1 =~c1 ∧ ~z2 =~ti.

Let ~a := (a, . . . , a) and ~b := (b, . . . , b). For the sake of showing that
X(~ti) ⊆ Y (~ti) ∪ {~a}, let ~c ∈ X(~ti). Now there is s ∈ X such that s(~ti) = ~c,
whence there is r ∈ X3 such that r(~ti) = s(~ti). Since M�X3

~ti ⊆ ~z1, there
exists r′ ∈ X3 such that r′(~z1) = r(~ti). Now ~c = s(~ti) = r(~ti) = r′(~z1).

Suppose first that r′ ∈ Z2. Then r′(~z1) = r′(~ti) and r′(y) = r′(cl) = a.
Now there is s′ ∈ Y s.t. s′(~ti) = r′(~ti). Then ~c = r′(~z1) = r′(~ti) = s′(~ti) ∈ Y (~ti).
If r′ /∈ Z2, then r′ ∈ Z ′2, whence we have ~c = r′(~z1) = r′(~c1) = r′(cl . . . cl) = ~a.
Hence in either case ~c ∈ Y (~ti) ∪ {~a} and thus X(~ti) ⊆ Y (~ti) ∪ {~a}.

By using the fact thatM�X2 θ
′
i, we can analogously deduce the inclusion

X(~ti) ⊆ Y (~ti) ∪ {~b }. Since ~a 6= ~b, it thus has to be that X(~ti) ⊆ Y (~ti). Clearly
Y (~ti) ⊆ X(~ti), and therefore we have Y (~ti) = X(~ti). By using a symmetric
argumentation we can also show that Y ′(~ti) = X(~ti). Hence we conclude that
M�X ϕ Y ψ.

Suppose then that M�X ϕ Y ψ. Thus there exist Y, Y ′ ⊆ X such that
Y ∪ Y ′ = X, M�Y ϕ and M�Y ′ ψ. Moreover, if Y, Y ′ 6= ∅, then we have
Y (~ti) =Y ′(~ti) =X(~ti) for all i ≤ n. If Y = ∅, then Y ′=X and thus M�X ψ.
ThereforeM�X ϕ t ψ and thus the right side of the equivalence holds. The
case Y ′ = ∅ is clear by a symmetric reasoning. Hence we may assume that
Y, Y ′ 6= ∅, whence Y (~ti) = Y ′(~ti) = X(~ti) for each i ≤ n.

We first examine the special case when |M | = 1. Because X 6= ∅, the team
X has to be a singleton {s} for some s (Obs. 2.2). Since Y, Y ′ 6= ∅, we thus
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have Y = X and Y ′ = X. Therefore M�X ϕ t ψ and thus right side of the
equivalence holds. Hence we may assume that |M | ≥ 2, whence there are
a, b ∈M such that a 6= b.

Let X1 := X[{a}/cl, {b}/cr] and let

F : X1 → P∗(M) s.t.


s 7→ {a} if s � dom(X) ∈ Y \ Y ′

s 7→ {b} if s � dom(X) ∈ Y ′ \ Y
s 7→ {a, b} if s � dom(X) ∈ Y ∩ Y ′.

We define the following teams X2 := X1[F/y], Z1 := {s ∈ X3 | s(y) = a} and
Z ′1 := {s ∈ X3 | s(y) = b}. Now it clearly holds that Z1∪Z ′1 = X2,M�Z1 y=cl
andM�Z′1 y= cr. By locality and the definition of F , we haveM�Z1 ϕ and
M�Z′1 ψ. ThereforeM�X2(y=cl ∧ ϕ) ∨ (y=cr ∧ ψ).

Let i ≤ n. We define ~a := (a, . . . , a) and
F1 : X2 → P∗(Mk) s.t.

{
s 7→ {s(~ti)} if s(y) = a

s 7→ {~a} if s(y) = b

F2 : X2[F1/~z1]→ P∗(Mk) s.t.
{
s 7→ {~a} if s(y) = a

s 7→ {s(~ti)} if s(y) = b.

Let then X3 := X2[F1/~z1,F2/~z2], and let Z2 := {s ∈ X3 | s(y) = a} and
Z ′2 := {s ∈ X3 | s(y) = b}. Now Z2 ∪ Z ′2 = X3 and by the definitions of F1 and
F2 we have

M�Z2 y=cl ∧ ~z1 =~ti ∧ ~z2 =~c1 and M�Z′2 y=cr ∧ ~z1 =~c1 ∧ ~z2 =~ti.

For the sake of showing thatM�X3
~ti⊆~z1, let r ∈ X3. Now there is s ∈ X,

s.t. r(~ti) = s(~ti). Since s(~ti) ∈ X(~ti) = Y (~ti), there is s′ ∈ Y , such that
s′(~ti) = s(~ti). Let r′ := s′[a/cl, b/cr, a/y, s′(~ti)/~z1,~a/~z2]. Now r′ ∈ X3 and
r(~ti) = s(~ti) = s′(~ti) = r′(~z1). HenceM�X3

~ti⊆~z1. Analogously we can show
thatM�X3

~ti⊆~z2 and thusM�X2 θi. By a similar argumentationM�X2 θ
′
i

and thusM�X2

∧
i≤n(θi ∧ θ′i). Hence we have (?) and thus the right side of the

equivalence holds.

Recall the discussion in Subsection 3.1.2, on the natural variants for value
preserving disjunction. All of these variants we described can be defined in
INEX; we just need to do some simple modifications on the formula that defines
value preserving disjunction in INEX (in Prop. 3.33). See the following example
for a definition for the variant that was presented in Example 3.12.

Example 3.34 (C.f. Example 3.12). Let ~t1 and ~t2 be k-tuples of L-terms, let
ϕ,ψ ∈ INEXL and let cl, cr, y be fresh variables. Now we haveM�X ϕ~t1

./∨~t2 ψ
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if and only if

M�X C(cl, cr)∃ y
(
((y=cl ∧ ϕ) ∨ (y=cr ∧ ψ)) ∧ θ ∧ θ′

)
, where

θ := ∃~z1 ∃~z2
(
((y=cl ∧ ~z1 =~t1 ∧ ~z2 =~c1)

∨ (y=cr ∧ ~z1 =~c1 ∧ ~z2 =~t2)) ∧~t1⊆~z1 ∧~t2⊆~z2
)

θ′ := ∃~z1 ∃~z2
(
((y=cl ∧ ~z1 =~t1 ∧ ~z2 =~c2)
∨ (y=cr ∧ ~z1 =~c2 ∧ ~z2 =~t2)) ∧~t1⊆~z1 ∧~t2⊆~z2

)
,

and y is a fresh variable, ~z1, ~z2 are k-tuples of fresh variables and ~c1 and ~c2 are
k-tuples such that ~c1 = cl . . . cl and ~c2 = cr . . . cr.

The equivalence is proven similarly as the one Proposition 3.33.

Note in the example above that the requirement that neither of the sides
can become empty – supposing that the team was initially nonempty – was
simply obtained by dropping the disjunct (ϕ t ψ) from the definition given in
Proposition 3.33. And the requirement that some terms are only required to
be preserved on the left (resp. on the right) was obtained by modifying the
inclusion atoms in the formulas θi and θ′i. All the other variants described in
Subsection 3.1.2 can be obtained by doing similar modifications.

Since value preserving disjunction for k-tuples can be used in INEX[k] it
can be used there as a very useful tool. Indeed, it will be one of the key
ingredients in our translation from k-ary existential second order logic to
INEX[k] (Theorem 4.9). Also the variant which we defined in Example 3.34
will be useful for giving the idea for our translation in Section 4.4.

3.2.3 Defining relevant disjunction

In this subsection we show how relevant disjunction ./∨ can be defined in different
extensions of FO. Recall that ./∨, its variants B∨, C∨ and possibility operator O are
all definable with each other (Cor. 3.22), and thus it suffices to define any one of
them. We will see that ./∨ can either be expressed in NDEP[2] or alternatively in
(DEP + NDEP)[1] (recall that these two logics are incomparable to each other
with respect to expressive power). We first show how to express the operator C∨
by using a 2-ary nondependence atom.

Proposition 3.35. Let ϕ,ψ ∈ L and let w1, w2 be fresh variables. Now

M�X ϕ
C∨ ψ iff M�X(γ=1 ∧ ψ)∨ ∀w1 ∃w2(

((w1 =w2 ∧ ϕ) ∨ ψ) ∧ 6=(w1, w2)
)
.

Proof. By locality we may assume that w1, w2 /∈ dom(X). Moreover, by the
empty team property we may assume that X 6= ∅.
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Suppose first that M�X ϕ
C∨ ψ, i.e. there are Y, Y ′ ⊆ X s.t. Y ′ 6= ∅,

Y ∪ Y ′ = X,M�Y ϕ andM�Y ′ ψ. Suppose first that |M | = 1. Now it must
be that |X| = 1 (Obs 2.2) and thus Y ′ = X. HenceM�X γ=1 ∧ ψ and thus
the right side of the equivalence holds.

Suppose then that |M | ≥ 2, whence there are a, b ∈M s.t. a 6= b. Let

F : X[M/w1]→ P∗(M) s.t.
{
s 7→ {s(w1)} if s�dom(X) ∈ Y,
s 7→ {a, b} if s�dom(X) ∈ Y ′.

Let then W := X[M/w1, F/w2], Z := {s ∈ W | s � dom(X) ∈ Y } and
Z ′ := {s ∈ W | s � dom(X) ∈ Y ′}. Now Z,Z ′ ⊆ W and Z ∪ Z ′ = W since
Y ∪ Y ′ = X. Furthermore, Z � dom(X) = Y and Z ′ � dom(X) = Y ′, whence
by localityM�Z ϕ andM�Z′ ψ. Moreover, by the definition of F , we have
M�Z w1 =w2 and thusM�W (w1 =w2 ∧ ϕ) ∨ ψ.

For the sake of showing that M�W 6=(w1, w2), let r ∈ W . Since Y ′ 6= ∅,
there is s ∈ Y ′. Let r′ := s[r(w1)/w1, a/w2] and r′′ := s[r(w1)/w1, b/w2]. Now
by the definition of F , we have r′, r′′ ∈W . If r(w2) 6= a, then r′(w1) = r(w1),
but r′(w2) = a 6= r(w2). And if we have r(w2) = a, then r′′(w1) = r(w1), but
r′′(w2) = b 6= a = r(w2). HenceM�W 6=(w1, w2), and thus we conclude that
the right side of the equivalence holds.

Suppose then that the right side of the equivalence holds. Hence there
are X1, X2 ⊆ X such that we have X1 ∪ X2 = X, M�X1 γ=1 ∧ ψ and
M�X2 ∀w1 ∃w2(((w1 =w2 ∧ ϕ) ∨ ψ) ∧ 6=(w1, w2)). Suppose first that X1 6= ∅.
Then |M | = 1 and thus |X| = 1, whence it has to be that X1 = X. Hence
M�X ψ and thus triviallyM�X ϕ

C∨ ψ.
Suppose then that X1 = ∅. Now X2 = X and thus there exists a function

F : X[M/w1] → P∗(M) s.t. M�W ((w1 = w2 ∧ ϕ) ∨ ψ) ∧ 6=(w1, w2), where
W := X[M/w1, F/w2]. Hence there are Z,Z ′ ⊆ W for which Z ∪ Z ′ = W ,
M�Z w1 =w2 ∧ ϕ andM�Z′ ψ. Let Y := Z �dom(X) and Y ′ := Z ′ �dom(X).
Since Z∪Z ′ = W , we have Y ∪Y ′ = X. Moreover, by locality, we haveM�Y ϕ
andM�Y ′ ψ.

We still need to show that Y ′ 6= ∅. For the sake of contradiction, suppose
that Y ′ = ∅. Now Z ′ = ∅ and thus Z = W . Let r ∈ W (note that W 6= ∅
since we have assumed that X 6= ∅). SinceM�W 6=(w1, w2), there is r′ ∈ W
for which r′(w1) = r(w1), but r′(w2) 6= r(w2). Since Z = W , we must have
r, r′ ∈ Z, and sinceM�Z w1 = w2, we have r(w1) = r(w2) and r′(w1) = r′(w2).
But now

r(w1) = r(w2) 6= r′(w2) = r′(w1) = r(w1).

This is a contradiction and thus we must have Y ′ 6= ∅. Hence we conclude that
M�X ϕ

C∨ ψ.
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Next we show how C∨ can be expressed by using constancy atoms and
inconstancy atoms. (Recall that constant quantifier can be defined with a
constancy atom.) The proof is done similarly as the proof of Proposition 3.35.

Proposition 3.36. Let ϕ,ψ ∈ L and let c, y be fresh variables. Now we have

M�X ϕ
C∨ ψ iff M�X(γ=1 ∧ ψ) ∨C(c)∃ y

(
((y=c ∧ ϕ) ∨ ψ) ∧ 6=(y)

)
.

Proof. By locality we may assume that c, y /∈ dom(X) and by the empty team
property we may assume that X 6= ∅.

Suppose first that M�X ϕ
C∨ ψ, i.e. there are Y, Y ′ ⊆ X s.t. Y ′ 6= ∅,

Y ∪ Y ′ = X, M�Y ϕ and M�Y ′ ψ. The case when |M | = 1 is treated as in
the proof of Proposition 3.35. Assume then that |M | ≥ 2, whence there are
a, b ∈M s.t. a 6= b. Let

F : X[{a}/c]→ P∗(M) s.t.
{
s 7→ {a} if s�dom(X) ∈ Y,
s 7→ {a, b} if s�dom(X) ∈ Y ′.

Let then W := X[M/c, F/y ], Z := {s ∈ W | s � dom(X) ∈ Y } and
Z ′ := {s ∈W | s�dom(X) ∈ Y ′}. Now, by similar reasoning as in the proof of
in the proof of Prop. 3.35, we haveM�W (y=c ∧ ϕ) ∨ ψ.

We still need to show thatM�X 6=(y). Let r ∈ Y ′ (6= ∅), r′ := r[a/c, a/y]
and r′′ := r[a/c, b/y]. Now by the definition of F , we have r′, r′′ ∈ W . Since
r′(y) = a 6= b = r′′(y), we have shown thatM�X 6=(y).

Suppose then that the right side of the equivalence holds. The case, when
γ=1 ∧ ψ holds in some nonempty subteam of X, is treated as in the proof of
Prop. 3.35. We may thus assume M�X C(c) ∃ y (((y = c ∧ ϕ) ∨ ψ) ∧ 6=(y)),
whence there is an element a ∈M and a function F : X[{a}/c ]→ P∗(M) such
thatM�W ((y=c∧ϕ)∨ψ)∧ 6=(y), where W := X[{a}/c, F/y ]. Thus there are
Z,Z ′ ⊆W s.t. Z∪Z ′ = W ,M�Z y=c∧ϕ andM�Z′ ψ. Let Y := Z �dom(X)
and Y ′ := Z ′ �dom(X). Since Z ∪ Z ′ = W , we have Y ∪ Y ′ = X. Moreover, by
locality, we haveM�Y ϕ andM�Y ′ ψ.

We still need to show that Y ′ 6= ∅. Since M�W 6=(y) and W 6= ∅ (as we
assumed X 6= ∅), we have |W (y)| ≥ 2. Thus there are r, r′ ∈ W such that
r(y) 6= r′(y). If r(y) 6= a = r(c), then r /∈ Z, whence it must be that r ∈ Z ′
and thus r � dom(X) ∈ Y ′. And if r(y) = a, then r′(y) 6= r(y) = a = r′(c),
whence it must be that r′ � dom(X) ∈ Y ′. Hence we conclude that in both
cases Y ′ 6= ∅.

From Proposition 3.36 it follows that

FO(O) ≤f (DEP + NDEP)[1] ≤f INEX[1].
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Therefore we can use ./∨ (and B∨, C∨, O) in INEX[k] for any k ≥ 1. From
Proposition 3.35 it follows that

FO(O) ≤f NDEP[2] ≤f INC[2]

and so we can also use these operators in INC[k] for any k ≥ 2. However, we
will see later, in Subsection 5.3.3, that FO(O) is incomparable with INC[1] and
EXC[k] (for any k) on the level of all formulas.

Recall that (DEP + NDEP)[1] ≡s FO by Theorem 2.46. Hence by Proposi-
tion 3.36 we also obtain the following corollary:

Corollary 3.37. FO(O) ≡s FO.

Example 3.38. By our results, we know that ./∨ is definable in INEX[1], but
we present this translation here in a more straightforward way by using constant
quantification and unary inclusion atoms (c.f. the definition of value preserving
disjunction in Proposition 3.33).

M�X ϕ
./∨ ψ iff M�X(γ=1 ∧ (ϕ ∧ ψ)) ∨C(cl, cr) ∃ y

(
cl⊆ y ∧ cr ⊆ y

∧
(
(y = cl ∧ ϕ) ∨ (y = cr ∧ ψ)

))
.

By doing some simple modifications to the formula defining ϕ ./∨ ψ above,
we can make it equivalent to ϕ B∨ ψ or ϕ C∨ ψ.

Relevant disjunction and possibility operator will be used for defining various
properties of teams in Section 5.1. In Section 5.3 we wil study the expressive
power of FO(O) by using Ehrenfeucht-Fraïssé games. Relevant disjunction will
also be used in Section 5.4 for “restoring the empty team property” for logics
that lack it.

3.3 Applications and examples

In this section we will present several useful applications for the new operators
defined in this chapter. Relativization uses unary inclusion quantifiers and
value preserving disjunction for single variables for restricting the universe of
a model to the set of values of some variable. Unification uses special types
of universal inclusion quantifiers in order to make some tuples of variables
independent of all other variables. Quantification of assignments is a very
natural application of inclusion quantifier prefixes and sorting of assignments
allows to uniquely characterize finite teams with relevant disjunctions. Since
all of our new operators can be expressed in (some arity fragment of) INEX,
all of these applications can be used in (fragments of) INEX.
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3.3.1 Relativization

Here we introduce a natural application which uses unary inclusion quantifiers
and value preserving disjunctions for single variables. Suppose that ϕ is a
sentence and y /∈ Vr(ϕ) is a variable in the domain of a team X. If we replace
all quantifiers ∃x,∀x in ϕ with the corresponding inclusion quantifiers (∃x⊆ y),
(∀x⊆ y), the evaluation of the resulting formula is identical to evaluation of ϕ,
except that the quantifiers in ϕ may only choose values within the values of y.
If we further replace disjunctions in ϕ with the ones that preserve the values
of y, then the quantifications may only choose values within the set X(y) (which
is the initial set of values for y in X). Since the resulting formula only “sees”
the part of the model that is restricted to the set X(y), we call this method
relativization over the values of y.

Definition 3.39. Let ϕ be an INEXL-formula and let y /∈ Vr(ϕ) be a variable.
The relativization of ϕ on y, denoted by ϕ�y, is defined recursively:

ψ �y = ψ if ψ is a literal or inclusion/exclusion atom
(ψ ∧ θ)�y = ψ �y ∧ θ �y
(ψ ∨ θ)�y = ψ �y Y θ �y, where Y := ∨

y

(∃xψ)�y = (∃x⊆y)(ψ �y)
(∀xψ)�y = (∀x⊆y)(ψ �y).

Note that if ϕ is a sentence, we have Fr(ϕ�y) = {y}.
Any formula ϕ (of any logic with team semantics) could be relativized on

any variable y as above, but here we only examine a special case when it is
applied to INEXL-sentences.

Let X be a team and y ∈ dom(X) \ Vr(ϕ). If ϕ defines some property of
the universe of a model, then the formula ϕ�y defines the same property of the
set values for y in the team X. This is proven in Proposition 3.40 below. This
proposition could be proven also for many other logics L with team semantics.
If the following assumptions hold for L, the proof can be done identically as it
is done here: L is an extension of FO with new atomic formulas, it is local, has
the empty team property, and inclusion quantifiers (for single variables) and
value preserving disjunction (for single terms) can be expressed in L. Note that
in order to express these operators, it suffices that we can use unary inclusion
and exclusion atoms in L.

IfM = (I,M) is an L-model and A ⊆M , the notationM � A denotes the
submodel ofM with the universe A (if such a model exists – see below). That
is, the universe ofM � A is the set A and the symbols in L are interpreted as
follows: RM�A = RM � An for n-ary relation symbols R ∈ L, fM�A = fM � An
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for n-ary function symbols f ∈ L and cM�A = cM for constant symbols c ∈ L.
Note that if L contains function or constant symbols, thenM � A can be an
L-model only if fM � An : An → A for each n-ary f ∈ L and cM ∈ A for each
c ∈ L. But if L is relational, thenM � A is an L-model for any A ⊆M .

Proposition 3.40. Let ϕ be an INEXL-sentence and y be a variable such that
y /∈ Vr(ϕ). Now

M�X ϕ�y iff M � X(y)�ϕ
for all L-modelsM and teams X such thatM � X(y) is an L-model.

Proof. We first show that

IfM�X µ�y, then M � X(y)�X µ, (R1)

for all µ ∈ Sf(ϕ) and teams X for which the following condition holds:

X(z) ⊆ X(y) for all z ∈ dom(X). (?)

Note that if the condition (?) would not hold, then X would not be a team for
the modelM � X(y). We prove the claim (R1) by induction on µ:

• If µ is a literal or inclusion/exclusion atom, then the claim holds trivially
since µ�y = µ and X(z) ⊆ X(y) for all z ∈ Vr(µ).

• The case µ = ψ ∧ θ is straightforward to prove.

• Let µ = ψ ∨ θ. Suppose first thatM�X(ψ ∨ θ) � y, i.e. M�X ψ � y Y θ � y.
Thus there exist Y1, Y2 ⊆ X s.t. Y1 ∪ Y2 = X, M�Y1 ψ � y andM�Y2 θ � y,
and if Y1, Y2 6= ∅, then Y1(y) = Y2(y) = X(y). If Y1 = ∅, then the condition
(?) holds trivially for Y1. Also if Y2 = ∅, then (?) holds for Y1 as Y1 = X.
Suppose then that Y1, Y2 6= ∅, whence Y1(y) = X(y). Since Y1 ⊆ X, we have
Y1(z) ⊆ X(z) ⊆ X(y) = Y1(y) for all z ∈ dom(X) = dom(Y1). Thus (?)
holds for Y1 in all cases. By an analogous argumentation (?) holds for Y2.
Suppose first that Y2 = ∅. Now Y1 = X and thus M�X ψ � y. By the
inductive hypothesis M � X(y)�X ψ and thus M � X(y)�X ψ ∨ θ. The
case when Y1 = ∅ is analogous. Suppose then that Y1, Y2 6= ∅, whence
Y1(y) =Y2(y) =X(y). By the inductive hypothesisM � Y1(y)�Y1 ψ. Since
Y1(y) = X(y), we haveM � X(y)�Y1 ψ. By a similar argumentation we have
M � X(y)�Y2 θ and thusM � X(y)�X ψ ∨ θ.

• Let µ = ∃xψ. Suppose that M�X(∃xψ) � y, i.e. M�X(∃x ⊆ y)(ψ � y).
Thus there is F : X → P∗(X(y)) such thatM�X′ ψ �y, where X ′ = X[F/x].
Since X(z) ⊆ X(y) = X ′(y) for all z ∈ dom(X) and X ′(x) ⊆ X(y) = X ′(y),
the condition (?) holds for the team X ′. Thus, by the inductive hypothesis,
M � X ′(y)�X′ ψ. Since X ′(y) = X(y), we have M � X(y)�X[F/x] ψ and
furthermoreM � X(y)�X ∃xψ.
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• Let µ = ∀xψ. Suppose thatM�X(∀xψ)�y, i.e. M�X(∀x⊆y)(ψ �y). Thus
we haveM�X′ ψ � y, where X ′ = X[X(y)/x]. Since X(z) ⊆ X(y) = X ′(y)
for all z ∈ dom(X) and X ′(x) = X(y) = X ′(y), the condition (?) holds for X ′.
Thus, by the inductive hypothesis, M � X ′(y)�X′ ψ. Since X ′(y) = X(y),
we haveM � X(y)�X[X(y)/x] ψ and furthermoreM � X(y)�X ∀xψ.

We then show that if A ⊆M such thatM � A is an L-model, then the following
holds:

If M � A �X µ, then M�X[A/y] µ�y, (R2)

for all µ ∈ Sf(ϕ) and teams X for which dom(X) = Fr(µ). We prove this claim
by induction on µ:

• Suppose that µ is a literal or inclusion/exclusion atom. Since X is a team
for the modelM �A, we must have X(z) ⊆ A for all z ∈ dom(X) = Vr(µ).
We also have µ�y = µ and y /∈ Fr(µ), and thus the claim holds by locality.

• The case µ = ψ ∧ θ is straightforward to prove.

• Let µ = ψ ∨ θ. Suppose thatM � A�X ψ ∨ θ, i.e. there are Y1, Y2 ⊆ X such
that Y1 ∪ Y2 = X, M � A�Y1 ψ andM � A�Y2 θ. Hence, by the inductive
hypothesis and locality, M�Y ′1 ψ � y and M�Y ′2 θ � y, where Y

′
1 = Y1[A/y]

and Y ′2 = Y2[A/y]. Now clearly Y ′1 ∪ Y ′2 = X[A/y] and if Y ′1 , Y ′2 6= ∅, then

Y ′1(y) = Y ′2(y) = A = (X[A/y])(y).

Thus we haveM�X[A/y] ψ �y Y θ �y, i.e. M�X[A/y](ψ ∨ θ)�y.

• Let µ = ∃xψ. Suppose that M � A�X ∃xψ, i.e. there is F : X → P∗(A)
such that M � A�X′ ψ, where X ′ = X[F/x]. Thus, by the inductive
hypothesis and locality,M�X′[A/y] ψ �y. Let

F ′ : X[A/y]→ P∗(A), s 7→ F (s� Fr(µ)) and let X ′′ := (X[A/y])[F ′/x].

Note that F ′ is well-defined since dom(X) = Fr(µ) by the assumption. By
the definition of F ′, we also have X ′′ = X ′[A/y] and thus M�X′′ ψ � y.
Moreover, ran(F ′) = ran(F ) ⊆ P∗(A) = P∗((X[A/y])(y)), and therefore
M�X[A/y](∃x⊆y)(ψ �y), i.e. M�X[A/y](∃xψ)�y.

• Let µ = ∀xψ. SupposeM�A�X ∀xψ, i.e. M�A�X′ ψ, whereX ′ = X[A/x].
By the inductive hypothesis and locality, we have M�X′[A/y] ψ � y. Let
X ′′ = (X[A/y])[A/x]. Now X ′′ = X ′[A/y] and thus M � A�X′′ ψ � y.
Because (X[A/y])(y) = A, it also holds that M�X[A/y](∀x⊆ y)(ψ � y), i.e.
M�X[A/y](∀xψ)�y.
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We are now ready to prove the claim of this proposition:

M�X ϕ�y iff M � X(y)�ϕ.

Suppose first that M�X ϕ � y. By locality we have M�X′ ϕ � y, where
X ′ = X � Fr(ϕ � y). Since ϕ is a sentence, dom(X ′) = Fr(ϕ � y) = {y}, and
thus the condition (?) holds trivially for the team X ′. Hence by (R1) we have
M � X ′(y)�X′ ϕ. Since X ′(y) = X(y), we haveM � X(y)�X′ ϕ and thus by
localityM � X(y)�ϕ.

Suppose then that M � X(y)�ϕ. By (R2), we have M�{∅}[X(y)/y] ϕ � y.
Since X � {y} = {∅}[X(y)/y], we have M�X�{y} ϕ � y. Since Fr(ϕ � y) = {y},
by localityM�X ϕ�y.

The relativization method gives us a simple way to express properties of
certain sets of values in a team with INEX[k] for any k ≥ 1. We can apply the
same technique for many other logics with team semantics if we extend them
with unary inclusion and exclusion atoms. For example, there is a dependence
logic sentence ϕ which expresses that a model has even cardinality (see [65]).
Now the formula ϕ � y expresses that the variable y has an even number of
different values in a team. We will give more examples on applying this method
in Subsection 4.2.4.

3.3.2 Unification

In this subsection we assume L to be any logic with team semantics such that
L is local and has the empty team property. Here present an application called
unification which uses a quite peculiar type of universal inclusion quantifiers.
This method allows us to make values of some tuple ~x in a team X independent
of all the other variables in X. We can also use this method to define new
useful operators like unified existential quantifier and unifying disjunction.

When defining universal inclusion quantifier (∀ ~x⊆~t ) (Def. 3.5), we allowed
the variables in the tuple ~x to occur in Vr(~t ). Hence, in particular, we accept
quantifiers of the form (∀ ~x⊆ ~x). Quantifiers like this may seem trivial, but they
turn out to be rather useful operators. Let us analyze their truth condition:

M�X(∀ ~x⊆ ~x)ϕ iff M�X′ ϕ, where X ′ = X[X(~x)/~x ].

Note that the team X ′ is not necessarily the same team as X, although we
have dom(X ′) = dom(X) and even X ′(~x) = X(~x). See the following example.

Example 3.41. Let X={s1, s2} where s1(v1)=a, s2(v1) = b and a 6= b. Now

X[X(v1)/v1] = X[{a, b}/v1] = {s1[a/v1], s1[b/v1], s2[a/v1], s2[b/v1]}
= {s1, s2, s1[b/v1], s2[a/v1].
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Thus, supposing that there is at least one variable x ∈ dom(X) for which x 6= v1
and s1(x) 6= s2(x), we have X[X(v1)/v1] 6= X.

We say that the quantifier (∀ ~x⊆ ~x) unifies the values of the tuple ~x in
a team. After executing this operation for a team X, then each assignment
s ∈ X � (dom(X) \Vr(~x)) “carries” the information on the whole relation X(~x).
This also makes the values of the tuple ~x independent of all the other variables
in dom(X). When Vr(~x)∩Vr(~v) = ∅, we can formulate this latter statement in
independence logic as follows (c.f. Example 2.27):

M�X(∀ ~x⊆ ~x) ~x⊥~v holds in any team X for which Vr(~v~x) ⊆ dom(X).

To simplify our notation we introduce the following operator.

Definition 3.42. Let ~x1, . . . , ~xn be tuples of variables and ϕ ∈ INEXL. The
unifier of the values of ~x1, . . . , ~xn, denoted by U(~x1, . . . , ~xn), is defined as:

U(~x1, . . . , ~xn)ϕ := (∀ ~x1⊆ ~x1) . . . (∀ ~xn⊆ ~xn)ϕ.

Note that tuples ~x1, . . . , ~xn above do not necessarily need to be of the same
length. Neither they have to be disjoint (that is, the same variable may occur
in more than one tuple). Also note that if the longest of the tuples ~xi is a
k-tuple, then this operator can be defined in EXC[k] (and in INEX[k]).

Observation 3.43. We have U(~x1, . . . , ~xn)ϕ ≡ U(~x1) . . .U(~xn)ϕ by the defi-
nition of the unifier. But one should note that usually

U(~x1. . . ~xn)ϕ 6≡ U(~x1, . . . , ~xn)ϕ.

To see this, consider X s.t. v1, v2 ∈ dom(X) and let X1 := X[X(v1v2)/v1v2]
and X2 := X[X(v1)/v1, X(v2)/v2]. Now we have X1(v1v2) = X(v1v2) but
X2(v1v2) = X(v1)×X(v2). It is easy to see that X1 and X2 are identical only
if X(v1v2) = X(v1)×X(v2).

We also note that the ordering of variables within the tuples does not effect
the truth condition of the unifier. Hence for example U(x1x2)ϕ ≡ U(x2x1)ϕ
for any formula ϕ. Also clearly the repetitions of variables within the tuples do
not matter, and thus for example U(x1x1)ϕ ≡ U(x1)ϕ for any ϕ.

The truth condition for the unifier is given by the following proposition.

Proposition 3.44. Let ~x1, . . . , ~xn be tuples of variables and ϕ ∈ L. Then

M�X U(~x1, . . . , ~xn)ϕ iff M�X[X(~x1)/~x1,...,X(~xn)/~xn] ϕ.
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When looking at Definition 3.42, it seems that if the tuples ~x1, . . . , ~xn are
not disjoint, then their ordering affects the truth condition of U(~x1, . . . , ~xn).
However, we can show that it is actually irrelevant in which order we unify the
tuples. We first prove the following proposition which shows what happens
when we unify two tuples which have some shared variables. The result shows
that we obtain then the same result as when unifying separately the part that
is overlapping and the disjoint parts.

Proposition 3.45. Let x1, . . . , xk be distinct variables and 1 < m ≤ n < k.
The following equivalence holds for any ϕ ∈ L:

M�X U(x1 . . . xn) U(xm . . . xk)ϕ
iffM�X U(x1 . . . xm−1) U(xm . . . xn) U(xn+1 . . . xk)ϕ.

Proof. We define the following teams:

X1 := X[X(x1 . . . xn)/x1 . . . xn]
X2 := X1[X1(xm . . . xk)/xm . . . xk]
X3 := X[X(x1 . . . xm−1)/x1 . . . xm−1, X(xm . . . xn)/xm . . . xn,

X(xn+1 . . . xk)/xn+1 . . . xk].

By the semantics of universal inclusion quantifier, it suffices to show that
X2 = X3. For the sake of showing that X3 ⊆ X2, let s ∈ X3. Now there
is r ∈ X and a1 . . . am−1 ∈ X(x1 . . . xm−1), am . . . an ∈ X(xm . . . xn) and
an+1 . . . ak ∈ X(xn+1 . . . xk) such that

s = r[a1 . . . am−1/x1 . . . xm−1, am . . . an/xm . . . xn, an+1 . . . ak/xn+1 . . . xk].

Moreover, there are r1, r2, r3 ∈ X such that r1(x1, . . . xm−1) = a1 . . . am−1,
r2(xm, . . . xn) = am . . . an and r3(xn+1, . . . xk) = an+1 . . . ak.

Let now r′ := r[r1(x1 . . . xn)/x1 . . . xn] and r′′ := r3[r2(x1 . . . xn)/x1 . . . xn],
whence r′, r′′ ∈ X1. It is quite easy to see that s = r′[r′′(xm . . . xk)/xm . . . xk]
and therefore s ∈ X2.

For the sake of showing that X2 ⊆ X3, let s ∈ X2. Now there is r1 ∈ X1
and am . . . ak ∈ X1(xm . . . xk) such that s = r1[am . . . ak/xm . . . xk]. Moreover,
there is r2 ∈ X and a′1 . . . a

′
n ∈ X(x1 . . . xn) s.t. r1 = r2[a′1 . . . a′n/x1 . . . xn].

Since am . . . ak ∈ X1(xm . . . xk), there is r′1 ∈ X1 s.t. r′1(xm . . . xk) = am . . . ak.
Furthermore, there is r′2 ∈ X and a tuple a′′1 . . . a′′n ∈ X(x1 . . . xn) such that
r′1 = r′2[a′′1 . . . a′′n/x1 . . . xn]. Let a′′′i := r′2(xi) for each i s.t. n < i ≤ k. Now

s = r2[a′1 . . . a′m−1/x1 . . . xm−1, a
′′
m . . . a

′′
n/xm . . . xn, a

′′′
n+1 . . . a

′′′
k /xn+1 . . . xk].

Because we have a′1 . . . a′m−1 ∈ X(x1 . . . xm−1), a′′m . . . a′′n ∈ X(xm . . . xn) and
a′′′n+1 . . . a

′′′
k ∈ X(xn+1 . . . xk), it holds that s ∈ X3.

88



3.3. APPLICATIONS AND EXAMPLES

Consider then some arbitrary tuples ~x1 and ~x2 of variables. Recalling
Observation 3.43, we can first rearrange these tuples in such a way that they
match the assumptions of Proposition 3.45 and then unify the overlapping and
disjoint parts separately. When unifying several tuples that are not disjoint,
we can then show by a straightforward induction that one always obtains the
same result by separately unifying some disjoint tuples. It then follows that the
ordering of tuples ~x1, . . . , ~xn in U(~x1, . . . , ~xn) indeed does not affect its truth
condition. For example we have

U(v1v2, v2v3)ϕ ≡ U(v1, v2, v3)ϕ ≡ U(v3v2, v2v1)ϕ ≡ U(v2v3, v1v2)ϕ.

In the proofs of this thesis we only use the unifier for disjoint tuples and in
this case the result of Proposition 3.45 is not needed. However, we believe that
this is an interesting property which could be useful when using unifier in some
other context.

Unifier can be used in combination with other logical operators to form new
useful tools for the framework of team semantics. We introduce here two such
operators.

Definition 3.46. Let ~x be a k-tuple of variables and let ϕ ∈ L. Unified
existential quantifier ∃U is defined as follows:

∃U ~xϕ := ∃ ~x U(~x)ϕ.

Proposition 3.47. Let ~x be a k-tuple and ϕ ∈ L. Now we have

M�X ∃U ~xϕ iff there exists a nonempty set A ⊆Mk s.t. M�X[A/~x ] ϕ.

Proof. Since we have assumed that L has the empty team property, we may
assume here that X 6= ∅.

Suppose first that we have M�X ∃U ~xϕ, i.e. M�X ∃ ~xU(~x)ϕ. Therefore
there is F : X → P∗(Mk) s.t. M�X′ U(~x)ϕ, where X ′ = X[F/~x ]. Then
M�X′[X′(~x)/~x ] ϕ. Since X[X ′(~x)/~x ] = X ′[X ′(~x)/~x ] and X ′(~x) 6= ∅, we can
choose A := X ′(~x).

Suppose then that there exists nonempty A ⊆ Mk s.t. M�X[A/~x ] ϕ. We
define the function

F : X → P∗(Mk), s 7→ A for all s ∈ X.

Let X ′ := X[F/~x ], whence X ′(~x)=A. Now

X ′[X ′(~x)/~x ] = X ′[A/~x ] = X[A/~x ].

HenceM�X′[X′(~x)/~x ] ϕ, and thusM�X′ U(~x)ϕ. Moreover,M�X ∃ ~xU(~x)ϕ,
i.e. M�X ∃U ~xϕ.
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If we use this quantifier in EXC (or in any other downwards closed logic),
the following equivalence holds:

M�X ∃U ~xϕ iff M�X C(~x)ϕ.

Example 3.48 (C.f. Example 4.12). An undirected graph G = (V,EG) is
disconnected if and only if we have

G � ∃x1 ∃Ux2
(
T (x1, x2) ∧ ¬Ex1x2

)
.

We explain briefly why this equivalence holds. Let X be the resulting
team after the quantification of x1 and x2. Now T (x1, x2) holds in X if and
only if X(x1) ∪ X(x2) = V . Since the values of x2 in X are unified, for
every pair (a, b) ∈ X(x1)×X(x2) there exists an assignment s ∈ X for which
s(x1x2) = (a, b). Hence, there is an edge between the sets X(x1) and X(x2)
if and only if M2X ¬Ex1x2. By these observations, it easy to see that the
equivalence holds. Also note that this equivalence would not hold if we replaced
unified existential quantifier ∃Ux2 with the corresponding normal existential
quantifier ∃x2.

The operator that we define next will play a very important role in our
translation from ESO[k] to EXC[k] in Subsection 4.3.2.

Definition 3.49. Let ϕ,ψ ∈ L and let ~x1, . . . , ~xn be k-tuples of variables.
Unifying disjunction for tuples ~x1, . . . , ~xn is defined as:

ϕ ∨U
~x1,...,~xn

ψ := (γ=1 ∧ (ϕ ∨ ψ)) t C(cl, cr)∃yU(~x1, . . . , ~xn)
((y=cl ∧ ϕ) ∨ (y = cr ∧ ψ)),

where cl, cr are fresh variables.

Proposition 3.50. Let ϕ,ψ ∈ L and let ~x1, . . . , ~xn be k-tuples of variables.
Now we have

M�X ϕ ∨U
~x1,...,~xn

ψ iff there are Y, Y ′ ⊆ X s.t. Y ∪ Y ′ = X,

M�Y [X(~x1)/~x1,...,X(~xn)/~xn] ϕ and M�Y ′[X(~x1)/~x1,...,X(~xn)/~xn] ψ.

As in the definition of value preserving disjunction in INEX (Prop. 3.33),
the intuitive idea for this proof is that before splitting the team, we must
“announce” beforehand for each assignment if it will be placed on the left hand
side or on the right hand side (or on both). This announcement is done again
by giving y the value of the constant cl or cr (or both). Because the unification
is done after this announcement, but before the actual splitting of the team,
all the values will be unified correctly on both sides.
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Proof. Because L is local, we may assume that cl, cr, y /∈ dom(X).

Suppose first thatM�X ϕ ∨U
~x1,...,~xn

ψ, i.e. M�X γ=1 ∧ (ϕ ∨ ψ)) or

M�X C(cl, cr) ∃ yU(~x1, . . . , ~xn)
(
(y=cl ∧ ψ) ∨ (y=cr ∧ θ)

)
. (?)

IfM has only a single element, then it is easy to see that values of ~x1, . . . , ~xn
are trivially unified in all teams forM. Hence the truth ofM�X γ=1 ∧ (ϕ∨ψ)
implies that the right side of the equivalence of this claim holds.

Suppose then that (?) holds, whence there are a, b ∈ M such that a 6= b
and F : X[{a}/cl, {b}/cr]→ P∗(M) and such that

M�X1 U(~x1, . . . , ~xn)
(
(y=cl ∧ ϕ) ∨ (y 6=cr ∧ ψ)

)
,

where X1 = X[{a}/cl, {b}/cr, F/y]. Thus M�X2(y = cl ∧ ϕ) ∨ (y = cr ∧ ψ),
where X2 = X1[X1(~x1)/~x1, . . . , X1(~xn)/~xn ]. Hence there are Z,Z ′ ⊆ X2 s.t.
Z ∪ Z ′ = X2,M�Z y=cl ∧ ϕ andM�Z′ y=cr ∧ ψ. Let{

Y := {s ∈ X | s[a/cl, b/cr, a/y] ∈ X1}
Y ′ := {s ∈ X | s[a/cl, b/cr, b/y] ∈ X1}.

It is easy to see that Y ∪ Y ′ = X. Also note that since X(~xi) = X1(~xi) for
each i ≤ n, it holds that X2 = X1[X(~x1)/~x1, . . . , X(~xn)/xn ]. We will show
that Y [X(~x1)/~x1, . . . , X(~xn)/~xn] = Z � dom(X).

Let r ∈ Y [X(~x1)/~x1, . . . , X(~xn)/~xn]. Now there is s ∈ Y and there are
tuples ~a1 ∈ X(~x1), . . . ,~an ∈ X(~xn) such that r = s[~a1/~x1, . . . ,~an/~xn ]. We
define q := s[a/cl, b/cl, a/y], whence q ∈ X1 since s ∈ Y . Moreover, let
q′ := q[~a1/~x1, . . . ,~an/~xn ], whence q′ ∈ X2. Since q′(y) = a 6= b = q′(cr) and
M�Z′ y= cr we have q′ /∈ Z ′, whence it must be that q′ ∈ Z. Now we have
r = q′ � dom(X) ∈ Z � dom(X).

Let then r∗ ∈ Z � dom(X). Now there is r ∈ Z s.t. r∗ = r � dom(X).
Because M�Z y = cl it must be that r(y) = a. Since r ∈ Z ⊆ X2 there is
q ∈ X1 and ~a1 ∈ X(~x1), . . . ,~an ∈ X(~xn) such that r = q[~a1/~x1, . . . ,~an/~xn ].
Let then s := q � dom(X). Since q = s[a/cl, b/cr, a/y] ∈ X1, by the definition
of Y we have s ∈ Y . Moreover, let s′ := s[~a1/~x1, . . . ,~an/~xn ], whence we have
s′ ∈ Y [X(~x1)/~x1, . . . , X(~xn)/~xn]. But now it must also be that s′ = r∗.

We have shown that Y [X(~x1)/~x1, . . . , X(~xn)/~xn] = Z � dom(X). Since
M�Z ϕ, by localityM�Z�dom(X) ϕ and thusM�Y [X(~x1)/~x1,...,X(~xn)/~xn] ϕ. More-
over, Y ′[X(~x1)/~x1, . . . , X(~xn)/~xn] = Z ′ � dom(X) holds by a symmetric rea-
soning and thusM�Y ′[X(~x1)/~x1,...,X(~xn)/~xn] ψ.

Suppose then that there are subteams Y, Y ′ ⊆ X such that Y ∪ Y ′ = X,
M�Y [X(~x1)/~x1,...,X(~xn)/~xn] ϕ andM�Y ′[X(~x1)/~x1,...,X(~xn)/~xn] ψ. If |M | = 1, then
it is easy to see thatM�X γ=1 ∧ (ϕ ∨ ψ) and thusM�X ϕ ∨U

~x1,...,~xn
ψ.
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Suppose then that |M | ≥ 2, whence there are a, b ∈M s.t. a 6= b. Let

F : X[{a}/cl, {b}/cr]→ P∗(M),


s 7→ {a} if s�dom(X) ∈ Y \ Y ′

s 7→ {b} if s�dom(X) ∈ Y ′ \ Y
s 7→ {a, b} if s�dom(X) ∈ Y ∩ Y ′.

Let then X1 := X[{a}/cl, {b}/cr, F/y], X2 := X1[X(~x1)/~x1, . . . , X(~xn)/xn ],
Z := {s ∈ X2 | s(y) = s(cl)} and Z ′ := {s ∈ X2 | s(y) = s(cr)}. Clearly
now Z ∪ Z ′ = X2, M�Z y = cl and M�Z′ y = cr. We will then show that
Y [X(~x1)/~x1, . . . , X(~xn)/~xn] = Z � dom(X).

Let r ∈ Y [X(~x1)/~x1, . . . , X(~xn)/~xn]. Now there is s ∈ Y and there are
tuples ~a1 ∈ X(~x1), . . . ,~an ∈ X(~xn) such that r = s[~a1/~x1, . . . ,~an/~xn ]. Let
then q := s[a/cl, b/cr, a/y], whence by the definition of F it holds that q ∈ X1.
Let q := q[~a1/~x1, . . . ,~an/~xn ], whence q′ ∈ X2. Since q′(y) = q′(cl), by the
definition of Z, we have q′ ∈ Z. But now r = q′ � dom(X) ∈ Z � dom(X).

Let then r∗ ∈ Z � dom(X). Now there is r ∈ Z s.t. r∗ = r � dom(X). By
the definition of Z we must have r(y) = a. Since r ∈ Z ⊆ X2, there is q ∈ X1
and tuples ~a1 ∈ X(~x1), . . . ,~an ∈ X(~xn) such that r = q[~a1/~x1, . . . ,~an/~xn ]. Let
s := q � dom(X). Since q(y) = r(y) = a by the definition of F we must have
s ∈ Y . Let s′ := s[~a1/~x1, . . . ,~an/~xn ], whence s′ ∈ Y [X(~x1)/~x1, . . . , X(~xn)/~xn].
But now we also have s′ = r∗.

We have shown that Y [X(~x1)/~x1, . . . , X(~xn)/~xn] = Z � dom(X). Hence by
the initial assumption we have M�Z�dom(X) ϕ and thus by locality M�Z ϕ.
Y ′[X(~x1)/~x1, . . . , X(~xn)/~xn] = Z ′ � dom(X) holds by a symmetric reasoning
and consequentlyM�Z′ ψ.

Therefore it holds that M�Z y= cl ∧ ϕ and M�Z′ y= cr ∧ ψ. Hence we
we haveM�X C(cl, cr)∃ yU(~x1, . . . , ~xn)((y=cl ∧ ψ) ∨ (y=cr ∧ θ)), and thus
M�X ϕ ∨U

~x1,...,~xn
ψ.

3.3.3 Quantification of assignments

Here we will show how inclusion quantification can (essentially) be used for
quantifying assignments from a given team. In this subsection we will mostly
consider relational vocabularies L, for which all L-terms are simply variables.
This is mainly in order to simplify our definitions but also to avoid some
unwanted pathologies (see Remark 3.56).

Here we will show that for a team X with dom(X) = {w1, . . . , wm} the
(meta-level) statements “there exists s ∈ X: . . . ” can be replaced with exis-
tential inclusion quantification (∃~x⊆ ~w), where ~w = w1 . . . wm. Likewise the
statements “for all s ∈ X: . . . ” can be replaced with universal inclusion quan-
tification (∀~x⊆ ~w). This is simply because an assignment s ∈ X is essentially
the same as the corresponding tuple ~a ∈ X(~w). Hence inclusion quantification
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allows us to quantify assignments in a team X. We begin with the following
introductory example which will later be extended for a more general case.

Example 3.51. Let M be a model and let X 6= ∅ be a team for M. Let
dom(X) = {w1, . . . , wm} and ~w := w1 . . . wm. Let x1, . . . , xm be fresh variables
and let ~x := x1 . . . xm. Let then ϕ ∈ FOL so that Fr(ϕ) ⊆ {x1, . . . , xm}.
Consider then the following statement:

There is s ∈ X :M |={∅[s(~w)/~x ]} ϕ(~x).

Since quantification of an assignment in X essentially corresponds to the
quantification of a tuple in the relation X(~w), the statement above can be
written in the following equivalent form:

There is ~a ∈ X(~w) :M |={∅[~a/~x ]} ϕ(~x).

Recalling the truth condition of existential inclusion quantifier and flatness of ϕ,
we notice that the clause above is equivalent to the following statement.

M�X(∃~x⊆ ~w)ϕ(~x).

By a similar reasoning, we can show that

For all s ∈ X :M |={∅[s(~w)/~x ]} ϕ iff M�X(∀~x⊆ ~w)ϕ(~x).

We next present a definition of atoms whose truth condition is based on the
quantification of assignments and the truth of an FO formula for the values of
those assignments. We will later show that all such atoms can easily be defined
with inclusion quantifiers by using the idea described above.

Definition 3.52. Let ~w and ~x1, . . . , ~xn be m-tuples of variables. For simplicity
we suppose that ~x1 . . . ~xn consists of distinct variables. (See later Remark 3.61
on repetitions of variables.)

We say that an atom A(~w) is FO-definable by quantification of assignments
(Qs FO-definable) if there is ϕ ∈ FOL and quantifiers Q1, . . . , Qn ∈ {∀, ∃} such
that Fr(ϕ) ⊆ Vr(~x1 . . . ~xn) and we have the following truth condition for A for
every X 6= ∅ with Vr(~w) ⊆ dom(X).

M�X A(~w) iff Q1s1 ∈ X . . .Qnsn ∈ X :M�{s∗} ϕ,
where s∗ := ∅[s1(~w)/~x1, . . . , sn(~w)/~xn].

In the special case when X = ∅, we simply define thatM�X A is true.
Moreover, we say that A is k-ary if for every i ≤ n: at most k of the

variables in ~xi are free in ϕ (that is, |Vr(~xi) ∩ Fr(ϕ)| ≤ k for each i ≤ n).
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Note that the definition of Qs FO-definable atoms implies that their truth
condition is local and that they have the empty team property.

Remark 3.53. The notion of Qs FO-definable atoms is very closely related to
ΣR
n,k(~w)- and ΠR

n,k(~w)-atoms presented by Fan Yang in [68]. Here Σ, Π and
indices n,k define the type of the quantifier tuple Q1, . . . , Qn (in particular,
the alternations of quantifiers); and R denotes an (m · n)-ary relation which
(s1(~w), . . . , sn(~w)) must satisfy. When R is the truth relation for an FOL-
formula ϕ, then the definition in [68] matches with ours.

As we will show later in Example 3.55, all atomic formulas defined in this
thesis (except for NE) are Qs FO-definable. This demonstrates that the class
of Qs FO-definable atoms is rather general and natural. We also claim that the
notion of arity defined for these atoms is chosen canonically. We will explain
our reasons for this claim below.

For the same reasons as in Example 3.51, the quantification of assignments
can be replaced by quantification of tuples; that is

M�X A iff Q1s ∈ X . . .Qnsn ∈ X :M�{∅[s1(~w)/~x1,...,sn(~w)/~xn]} ϕ

iff Q1~a1 ∈ X(~w) . . . Qn~an ∈ X(~w) :M�{∅[~a1/~x1,...,~an/~xn]} ϕ.

For each i ≤ n, let ~zi be the subtuple of ~xi which contains exactly those variables
which occur in Fr(ϕ). Moreover, let ~yi be the subtuple of ~w which contains the
variables corresponding to variables in ~zi (i.e. wj ∈ ~yi iff xj ∈ ~zi, for all j ≤ m).
Similarly, let ~bi be the subtuple of ~ai which contains the elements corresponding
to the variables in ~zi (and in ~yi). Now by locality and the equivalence above,
the following holds.

M�X A iff Q1~b1 ∈ X(~y1) . . . Qn~bn ∈ X(~yn) :M�{∅[~b1/~z1,...,~bn/~zn]} ϕ. (?)

Supposing now that A is k-ary, the relations X(~yi) (i ≤ m) above are at
most k-ary. Thus, in order to check the truth of A, we only need to quantify
tuples from at most k-ary relations. From this perspective, it makes sense to
say that k-ary atoms are “k-dimensional”, by only “seeing” k-ary relations in
teams.

Remark 3.54. In Definition 3.52 we allowed ϕ to be any FOL-formula. How-
ever, for defining natural atoms, it typically suffices that ϕ is a quantifier-free
formula in which none of the symbols in L occurs (see Example 3.55).

In the following example we show that inclusion, exclusion, dependence,
nondependence and independence atoms are all Qs FO-definable. Moreover,
their arities – by earlier definitions – match the notion of arity for Qs FO-
definable atoms.

94



3.3. APPLICATIONS AND EXAMPLES

Example 3.55. As shown below, k-ary inclusion and exclusion atoms are both
Qs FO-definable k-ary atoms. Here we assume relational vocabulary, whence
tuples of terms are simply tuples of variables.

• M�X ~x⊆ ~y iff ∀s1 ∈ X : ∃s2 ∈ X :M�{∅[s1(~x)/~x1, s2(~y)/~y2]} ~x1 =~y2.

• M�X ~x | ~y iff ∀s1 ∈ X : ∀s2 ∈ X :M�{∅[s1(~x)/~x1, s2(~y)/~y2]} ~x1 6=~y2.

Note that the truth conditions above are essentially the same as our original
semantic clauses for these atoms (in Definitions 2.13 and 2.16).

Likewise k-ary dependence, nondependence and independence atoms are
Qs FO-definable k-ary atoms:

• M�X =(~x, y) iff ∀s1 ∈ X : ∀s2 ∈ X :M�{s∗} ~x1 6=~x2 ∨ y1 =y2,

where s∗ := ∅[s1(~xy)/~x1y1, s2(~xy)/~x2y2].

• M�X 6=(~x, y) iff ∀s1 ∈ X : ∃s2 ∈ X :M�{s∗} ~x1 =~x2 ∧ y1 6=y2,

where s∗ := ∅[s1(~xy)/~x1y1, s2(~xy)/~x2y2].

• M�X ~y⊥~x ~z iff ∀s1 ∈ X : ∀s2 ∈ X : ∃s3 ∈ X :

M�{s∗} ~x1 6=~x2 ∨ (~x3~y3 =~x1~y1 ∧ ~x3~z3 =~x2~z2),

where s∗ := ∅[s1(~x~y)/~x1~y1, s2(~x~z)/~x2~z2, s3(~x~y~z)/~x3~y3~z3].

Remark 3.56. We could generalize the notion of Qs FO-definable atoms also
for vocabularies that are not relational. The truth conditions of the atoms
in Example 3.55 could be defined then analogously when allowing arbitrary
terms in atoms. For example, inclusion atoms for tuples of terms would be
Qs FO-definable atoms with the following truth condition.

• M�X~t1⊆~t2 iff ∀s1 ∈ X : ∃s2 ∈ X :M�{∅[s1(~t1)/~x1, s2(~t2)/~y2]} ~x1 =~y2.

However, this generalization would raise some complications on the notion
of arity. This is because the arity of ~t1⊆~t2 as a Qs FO-definable atom should
naturally be defined as max(|Vr(~t1)|, |Vr(~t2)|). Then for example the unary
inclusion atom fv1v2⊆ fv3v4 would be 2-ary as a Qs FO-definable atom.

In the following lemma we show that the quantifications of tuples in the
equivalence (?) can be replaced with the corresponding inclusion quantifications.

Lemma 3.57. Let ~y1, . . . , ~yn, ~x1, . . . , ~xn be tuples of variables s.t. `(~yi) = `(~xi)
for all i ≤ n. Let Q1, . . . , Qn ∈ {∃,∀} and let ϕ ∈ FOL such that we have
Fr(ϕ) = Vr(~x1 . . . ~xn). Then the following equivalence holds:

Q1~a1 ∈ X(~y1) . . . Qn~an ∈ X(~yn) :M�{∅[~a1/~x1,...,~an/~xn]} ϕ

iff M�X(Q1~x1⊆ ~y1) . . . (Qn~xn⊆ ~yn)ϕ.
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Proof. We give a detailed sketch of proof.
Suppose first that Q1~a1 ∈ X(~y1) . . . Qn~an ∈ X(~yn) :M�{∅[~a1/~x1,...,~an/~xn]} ϕ.

We define a choice function Fj corresponding to each j ≤ n for which Qi = ∃.
Suppose that the choice function Fi has already been defined for all i < j for
which Qi = ∃. Let

Xj−1 := X[O1/~x1, . . . , Oj−1/~xj−1], where
{
Oi = Fi if Qi = ∃
Oi = X(~yi) if Qi = ∀.

Now Fj : Xj−1 → P∗(M `(~xj)) is defined by mapping each s ∈ Xj−1 to the
singleton {~aj}, where the tuple ~aj is chosen by the quantification ∃~aj for the
tuple (s(~x1)/~a1, . . . , s(~xj−1)/~aj−1). Now ran(F) ⊆ P(X(~yj)) = P(Xj−1(~yj)).

Let then s ∈ Xn, where Xn is defined as Xj−1 above. Since the values
of s for the tuples ~x1, . . . , ~xn were chosen by using the quantifications Qi~ai
(i ≤ n), we haveM�{∅[s(~x1)/~x1,...,s(~xn)/~xn]} ϕ. Hence we haveM�{s} ϕ and thus
by flatnessM�Xn ϕ. ThereforeM�X(Q1~x1⊆ ~y1) . . . (Qn~xn⊆ ~yn)ϕ.

Suppose then thatM�X(Q1~x1⊆ ~y1) . . . (Qn~xn⊆ ~yn)ϕ. We will define the
choices for all quantifications Qj~aj where Qj = ∃. Let Fj : Xj−1 → P∗(X(~yj))
be the choice function given by the truth condition of (∃~xj ⊆ ~yj) (where Xj−1
is defined as in the other direction of the proof). Let ~bj−1 := (~a1, . . . ,~aj−1)
be any tuple that can be selected by the quantifications Q1~a1, . . . , Qj−1~aj−1.
Now, if there is s ∈ Xj−1 for which s(~x1 . . . ~xj−1) = ~bj−1, we assign any tuple
~ai ∈ Fj(s) ⊆ Xj−1(~yj) = X(~yj) for ~bj−1. Supposing that all quantifications
Qi~ai = ∃~ai, i < j have been defined in this way, such assignment s ∈ Xj−1
exists for each ~bj−1.

Let ~bn := (~a1, . . . ,~an) be a tuple that can be selected by the quantifica-
tions Q1~a1, . . . , Qn~an. Now there is s ∈ Xn for which s(~x1 . . . ~xj−1) = ~bn.
The assumptionM�X(Q1~x1⊆ ~y1) . . . (Qn~xn⊆ ~yn)ϕ implies thatM�Xn ϕ and
thus by flatness we have M�{s} ϕ. Hence M�{∅[s(~x1)/~x1,...,s(~xn)/~xn]} ϕ, i.e.
M�{∅[~a1/~x1,...,~an/~xn]} ϕ. This concludes the proof.

By using Lemma 3.57 and the equivalence of (?), the truth condition of
every Qs FO-definable atom A can be written in the following form.

M�X A iff M�X(Q1~x1⊆ ~y1) . . . (Qn~xn⊆ ~yn)ϕ.

Note that in order to define a k-ary atom A we need to use (at most) k-ary
inclusion quantifiers. Thus we obtain the following corollary.

Corollary 3.58. All Qs FO-definable k-ary atoms are definable in INEX[k].
Moreover, we have

FOQs FO[k] ≡f INEX[k],

where FOQs FO[k] is the extension of FO with all Qs FO-definable k-ary atoms.
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By the result above, one could argue that all natural “k-dimensional” prop-
erties can be expressed by using k-ary inclusion and exclusion atoms.

Remark 3.59. Recall Remark 3.53 on related work [68] by Fan Yang. One of
the results in [68] states that all Qs FO-definable atoms are “negatable”. This
result is proven by expressing all Qs FO-definable atoms with independence and
inclusion atoms – which are known to be negatable. Since also exclusion atoms
are known to be negatable, the same result follows from Corollary 3.58. The
replacement of the quantifications of assignments simply with the corresponding
inclusion quantifiers is also much more straightforward method than the one
used in [68]. (However, for our proof, we first need to show that inclusion
quantifiers are definable in INEX).

In the following example we demonstrate how various atoms can be defined
with inclusion quantifiers of the corresponding arity.

Example 3.60 (C.f Example 3.55). For k-ary inclusion atom, we have the
following equivalences. (For the last equivalence we need Lemma 3.57.)

• M�X ~x⊆ ~y
iff ∀s1 ∈ X : ∃s2 ∈ X :M�{∅[s1(~x)/~x1, s2(~y)/~y2]} ~x1 =~y2.
iff ∀~a1 ∈ X(~x) : ∃~a2 ∈ X(~y) :M�{∅[~a1/~x1,~a2/~y2]} ~x1 =~y2.
iff M�X(∀~x1⊆ ~x)(∃~y2⊆ ~y)(~x1 =~y2).

By a similar reasoning, we can express the other atoms in Example 3.55
with inclusion quantifiers of the corresponding arity.

• M�X ~x | ~y iff M�X(∀~x1⊆ ~x)(∀~y2⊆ ~y)(~x1 6=~y2).

• M�X =(~x, y) iff M�X(∀~x1y1⊆ ~xy)(∀~x2y2⊆ ~xy)(~x1 6=~x2 ∨ y1 =y2).

• M�X 6=(~x, y) iff M�X(∀~x1y1⊆ ~xy)(∃~x2y2⊆ ~xy)(~x1 =~x2 ∧ y1 6=y2).

• M�X ~y⊥~x ~z iff M�X(∀~x1~y1⊆ ~x~y)(∀~x2~z2⊆ ~x~z)(∃~x3~y3~z3⊆ ~x~y~z)(
~x1 6=~x2 ∨ (~x3~y3 =~x1~y1 ∧ ~x3~z3 =~x2~z2)

)
.

Remark 3.61. In Definition 3.52 we assumed for technical convenience that
variables occurring in ~x1 . . . ~xn were all distinct. It is easy to see that we
would not gain any more expressive power for Qs FO-definable (k-ary) atoms
by allowing repetitions in these variable tuples. However, the given definition
could be extended to also cover the case with repetitions. Consider for example
the independence atom y⊥x y which is 2-ary by Definition 2.25 when x 6= y.
It is also naturally 2-ary as a Qs FO-definable atom, as for checking its truth it
suffices to quantify tuples from the relation X(xy). Moreover, we have

• M�X y⊥x y iff M�X(∀x1y1⊆xy)(∀x2y2⊆xy)(∃x3y3⊆xy)(
x1 6=x2 ∨ (x3y3 =x1y1 ∧ x3y3 =x2y2)

)
.
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On the general notion of k-ary atoms

For the last topic of this subsection, we consider possible generalizations for
k-ary Qs FO-definable atoms and discuss the “general notion of k-arity”. We
first note that Definition 3.52 could be easily strengthened by allowing ϕ ∈ FOL

to be a formula of some stronger logic (the case when ϕ ∈ ESO would be a
particularly natural choice in the context of team semantics). This naturally
leads to the question what is the most general meaningful notion of k-arity
for atoms with team semantics. We present an invariance condition which we
argue that all k-ary atoms should satisfy.

Definition 3.62. Let X,Y be teams for a modelM such that X, Y have a
shared domain D. We say that X and Y are k-equivalent if the following holds
for all {y1, . . . , yk} ⊆ D:

X(y1 . . . yk) = Y (y1 . . . yk).

Moreover, we say that an atom A is k-invariant if we have

M�X A iff M�Y A,

for all modelsM and k-equivalent teams X and Y forM.

Remark 3.63. By the definition above, k-invariant atoms do not see the
difference between teams whose k-ary relations are identical. Note that this
notion of k-invariance is very liberal since it allows e.g. (1) atoms which are
not local, (2) atoms whose semantics depends on interpretations for symbols
in a vocabulary L, and (3) atoms which are not invariant under isomorphisms.
We argue that a natural notion of k-ary atoms should also satisfy these three
conditions, but we leave the further discussion on this topic for a future work.

We will get back to k-invariant atoms in Section 5.2, where we prove that
some very simple properties of (k+1)-ary relations in teams cannot be defined
in FO by extending it with any k-invariant atoms.

3.3.4 Sorting of assignments

As the last application for the operators defined in this chapter, we show
how to use relevant disjunctions for “sorting of assignments” and for uniquely
characterizing finite teams. We first explain the intuitive idea behind this
method and then present a formal construction.

By using several relevant disjunctions ./∨ for formulas ϕi (i ≤ n), we can
“sort” the assignments in a team X 6= ∅, so that the “requirement” ϕi must be
satisfied by some nonempty subteam of X. If these requirements characterize
single assignments, then we can sort a nonempty team into desired singleton
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subteams, whence this method allows us to uniquely characterize any finite
teams. As consequence, we can characterize any permutation invariant property
of teams for finite models with a fixed number of elements. See below for more
formal explanation of these claims.

Let ϕi ∈ L for all i ≤ n. We study nonempty teams X with a fixed
domain D. Consider the following statement

M�X
./∨
i≤n

ϕi. (?)

The truth of (?) guarantees that for each i ≤ n, there is a nonempty subteam
which satisfies ϕi.

Suppose now that L = FO, whence the truth of (?) and flatness implies
that: for each i ≤ n there is at least one s ∈ X for whichM�{s} ϕi. Assume
then that each formula ϕi characterizes6 a unique assignment si forM with
domain D. That is, for all s for M with dom(s) = D: M�{s} ϕi iff s = si.
Now the truth of (?) guarantees that X = {si | i ≤ n}. Hence, with relevant
disjunctions and formulas ϕi, we can uniquely characterize the team which
consists of the assignments si that are defined by ϕi (i ≤ n).

We then show how this method allows us to define all “permutation invariant”
properties of teams for finite models of fixed cardinality. Consider teams X
for models M with exactly n elements such that dom(X) = {y1, . . . , yk}.
When fixing the ordering of the variables in dom(X), the team X essentially
corresponds to the k-ary relation X(y1 . . . yk). Thus different properties of X
naturally correspond to different classes of k-ary relations. (See Sections 4.1
and 5.1 for further discussion on properties of teams and their definability in
various logics.)

Moreover, it is natural to only consider such classes R of k-ary relations that
are invariant under isomorphisms. Therefore it suffices to fix some universe of
n elements, say An := {c1, . . . , cn}, and only consider sets R of k-ary relations
on An. It is also natural to assume that all such properties R should be
invariant under the permutations of An.7 That is, if R ∈ R and ρ : An → An is
a bijection, then {(ρ(ci1), . . . , ρ(cik)) | (ci1 , . . . , cik) ∈ R} ∈ R.

Let R ⊆ P(Akn). For an n-element setM , we define the isomorphism closure

6This is obtained e.g. by using constant symbols in formulas ϕi and by assuming that each
element inM is named by some constant symbol ci. We can do the same with the empty
vocabulary by naming the elements with constant quantification (see Proposition 3.64).

7Note that for models with the empty vocabulary, the permutation invariance follows
immediately from the invariance under automorphisms. We also argue that, even for models
with a nonempty vocabulary, it is natural to assume that properties of teams should be
invariant with respect to the interpretations for symbols in L (c.f Remark 3.63).
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of R with respect to M , denoted by
∼
R(M), as follows.

∼
R(M) :=

⋃
g∈GM ,R∈R

{{(g(ci1), . . . , g(cik)) | (ci1 , . . . , cik) ∈ R}},

where G(M) := {g | g is a bijection An →M}.
Then we define the isomorphism closure of R, denoted by

∼
R, by taking the

union of all
∼
R (M), for all n-element sets M . (Note that

∼
R is thus a proper

class of k-ary relations.)
Now it is natural to say that a nonempty team X forM = (M, I), with

|M | = n, has the property R if X(y1, . . . , yk) ∈
∼
R. Note that we have

X(y1, . . . , yk) ∈
∼
R if and only if there is a bijection g : M → An such that

{(g(s(y1)), . . . , g(s(yk))) | s ∈ X} ∈ R.

We can equivalently say that X has the property R if and only if all the
elements in M can be named by constant symbols ci (i ≤ n) so that there is
R ∈ R for which the following holds for all (ci1 , . . . , cik) ∈ Akn.

(cM′i1 , . . . , cM
′

ik
) ∈ X(y1 . . . yk) iff (ci1 , . . . , cik) ∈ R,

where M′ is the model that is obtained by naming the elements in M with
c1, . . . , cn.

Moreover, (cM′i1 , . . . , cM
′

ik
) ∈ X(y1 . . . yk) if and only if we have s ∈ X for

the (unique) assignment s for which M�{s}
∧
j≤k yj = cij . Hence, by using

the idea of sorting the assignments, the equivalence above holds for all tuples
(ci1 , . . . , cik) ∈ Akn if and only if we have

M′ �X
./∨{∧

j≤k
yj =cij | (ci1 , . . . , cik) ∈ R

}
.

Furthermore, the statement above holds for some R ∈ R if and only if we have

M′ �X
⊔
R∈R

./∨{∧
j≤k

yj =cij | (ci1 , . . . , cik) ∈ R
}
.

By using the ideas described above, we can formulate the following proposi-
tion which shows that for all finite modelsM, with a fixed number of n elements,
we can define any permutation invariant property R of teams – supposing that
∅ ∈ R. Moreover, this definition can be given in a very straightforward way; it
suffices that we can use constant quantification, intuitionistic disjunctions and
relevant disjunctions. (Recall that all of these operators are definable by using
constancy and inconstancy atoms – which are definable in INEX[1].)
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Proposition 3.64. Let R ⊆ P(Akn), where n, k ∈ N and An := {c1, . . . , cn}
such that ∅ ∈ R and R is invariant under the permutations of An.

LetM = (M, I) be a model with |M | = n and let X be a team forM such
that dom(X) = {y1, . . . , yk}. Then we have the following equivalence:

X(y1 . . . yk) ∈
∼
R

iff M�X C(c1, . . . , cn)
⊔
R∈R

( ./∨{∧
j≤k

yj =cij | (ci1 , . . . , cik) ∈ R
})
.

Proof. The additional assumption ∅ ∈ R is needed for handling the special case
when X = ∅ (due to the empty team property). By using constant quantification
C(c1, . . . , cn) we can name all the elements inM as constant values for variables
for ci, whence ci can be treated like constant symbols naming the elements
in M . Hence the claim of this proposition holds by the reasoning presented
above. (Also note that since R permutation invariant, it does not matter how
the elements in M are named).

We can generalize the proposition above for all models whose cardinality is
at most n. This is done simply by treating all different cardinalities below n as
separate exclusive disjuncts – characterized by the sentences γk (k ≤ n).

Example 3.65. For a modelsM = (M, I) with two elements and teams X 6= ∅
with dom(X) = {y1, y2} we have the following equivalence:

X(y1y2) is an equivalence relation (or the empty relation)

iff M�X C(c1, c2)
((

(y1 =c1 ∧ y2 =c1) ./∨ (y1 =c2 ∧ y2 =c2)
)

t
(
(y1 =c1 ∧ y2 =c1) ./∨ (y1 =c2 ∧ y2 =c2)

./∨ (y1 =c1 ∧ y2 =c2) ./∨ (y1 =c2 ∧ y2 =c1)
))
.

In two element models, there are only two different equivalence relations: the
identity relation of M and the full relation M2. The truth of the formula above
states that X(y1y2) is one of those relations (or the empty relation).

Remark 3.66. Results, similar to Proposition 3.64, have been proven for
variants of modal dependence logic and properties of teams in modal context
(where teams typically are sets of possible worlds). For the results we list below,
we present the following restrictions: (1) properties containing the empty team;
and (2) k-bisimulation invariant properties for some k. In [42] it is shown
that all downwards closed properties of teams, satisfying (1) and (2), can be
expressed in (extended) modal dependence logic. Dually, in [43] it is shown
that all properties, satisfying (1) and (2), that are closed under unions can
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be expressed in modal inclusion logic.8 Finally, in [55] it is shown that all
properties of teams, satisfying (2), can be expressed when modal logic (with
team semantics) is extended with contradictory negation9.

The definability of properties of teams will be discussed more in the next
chapters. In Section 4.1 we form a link between properties of teams definable in
logics with team semantics and the relations definable in (fragments of) ESO.
In the later sections we will use this link to analyze the expressive power of
logics with team semantics and relate them to the fragments of ESO.

8Actually this proof is formulated by using possibility operators O. As mentioned in
Remark 3.24, O can express all inclusion atoms in the modal case.

9For contradictory negation ∼ we have: M�X ∼ϕ iffM2X ϕ.
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Chapter 4

Logics with team semantics
and fragments of ESO

In this chapter we will compare arity fragments of ESO and arity fragments
of logics with team semantics. Our main focus will be on the relational arity
fragments of ESO, in particular, existential monadic second order logic EMSO.
It is important to note that some of our translations can be used generally for
all formulas, while others can only be applied to sentences. We will see that
the hierarchies, with respect to expressive power, will behave quite differently
on the level of formulas and on the level of sentences.

Sections 4.1 and 4.2 are based on [63] and Sections 4.3 and 4.4 are based
on [61]. Section 4.5 is previously unpublished work.

4.1 ESO-definable properties of teams

In this section we first briefly review the definition of the relational arity
fragments of existential second order logic, ESO. Then we discuss the corre-
spondence between ESO and logics with team semantics – in particular, on the
level of formulas.

For the language ESOL we also need a set of (second order) relation variables
which are symbols not in the vocabulary L. These relation variables can appear
in atomic formulas similarly as relation symbols in L and they can also be
existentially quantified. We require all of these second order quantifiers to
appear in front of the ESOL-formula, before its first order part.

Definition 4.1. In the language ESOL[k] we only allow existential quantifica-
tion of at most k-ary relation variables, but free relation variables in a formula
may have any arity. ESOL[1] may also be denoted by EMSOL.
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By Definition 4.1, ESOL[0]-formulas are second order quantifier free, but
they may contain free (second order) relation variables. If an ESOL-formula
Φ contains the free relation variables R1, . . . , Rn, we can emphasize this by
writing Φ as Φ(R1 . . . Rn).

In this thesis we will not consider ESO-formulas with free first order vari-
ables1 and thus their first order part can be seen as an FO-sentence (for models
with interpretations for the free second order variables). After evaluating all
the second order quantifications, the truth of an ESO-formula Φ depends only
on the first order part of Φ. We may then apply team semantics for the first
order part of Φ in any suitable model. Moreover, the flatness and locality
properties may also be applied when evaluating the first order parts of second
order formulas.

Let L be any logic with team semantics and let ϕ(~y ), where `(~y) = k, be
an L-formula. The truth of ϕ depends on a model M = (M, I) and a team
X for M. If L is local2, it suffices to consider the team X � Vr(~y) that is
determined by the k-ary relation X(~y ) ⊆ Mk (note that the ordering of the
variables in ~y here needs to be fixed). Therefore it is natural to compare ϕ with
an ESO-formula Φ(R), with k-ary R, and check whether the relations in M
that satisfy Φ correspond to the relations X(~y ), where X satisfies ϕ. We thus
say that ϕ and Φ are equivalent if we have

M�X ϕ iff M[X(~y )/R]�Φ.

An L-formula ϕ(~y) defines a class of models and teams that satisfy it. If an
ESO-formula Φ(R) is equivalent with ϕ, it defines exactly the same models and
teams by defining the relations that correspond to those teams.

Remark 4.2. Because ESO[0]-formulas are essentially first order sentences,
ESO[0]-definable properties of teams have usually been called FO-definable in
the literature. However, we have decided to avoid this terminology because it
is somewhat ambiguous. By FO-definable properties of teams, one could also
mean such properties of teams which are definable by an FO-formula.

For example, the irreflexivity of X(y1y2) ⊆ M2 can be defined by the
FOL-formula y1 6=y2. But, by downwards closure of FO, it is easy to see that
reflexivity of X(y1y2) is not definable by any FOL-formula. But reflexivity
of X(y1y2) is easily defined by ESOL[0]-formula ∀x1∀x2Rx1x2 (when the free
relation variable R is interpreted as the relation X(y1y2)).

Note that when a property of a relation in a team is ESO[0]-definable,
then the corresponding property of a relation in a model is definable by an

1To compare ESO-formula with free first order variables with INEX-formulas in a natural
way, we would have to define team semantics also for ESO. But there are several possible
ways to interpret second order quantifications in such semantics for ESO, and this topic is out
of the scope of this thesis.

2If L would not be local, then we would have to fix here some finite domain for X.
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FOL-formula. By interpreting relations in a team with free relation variables R,
then an ESOL[0]-formula Φ(R) is given a “direct access” to the whole team,
FOL-formulas can only check conditions for single assignments (by their flatness
property).

The definitions above could naturally be extended also for logics stronger
than ESO; e.g. the full second order logic or even higher order logics. However,
since the logics we study in this thesis cannot express anything beyond ESO, it
suffices that we make comparison with (the fragments of) ESO.

As already mentioned in Subsection 2.2.4, Galliani has shown that (essen-
tially) all ESO-definable properties of teams can be defined in INEX – and thus
also in INDEP. We can now present this result formally.

Theorem 4.3 ([22]). For any INEXL-formula ϕ(~y), where `(~y) = k, there is
an ESOL-formula Φ(R), where R is k-ary, such that the following holds:

M�X ϕ iff M[X(~y )/R]�Φ.

for all admissible modelsM and teams X forM
Conversely, for any ESOL-formula Φ(R), where R is k-ary, there is an

INEXL-formula ϕ(~y), where `(~y) = k, such that we have

M�X ϕ iff M[X(~y )/R]�Φ.

for all admissible modelsM and nonempty teams X forM.

Note that, in the other direction of Theorem 4.3, the equivalence holds only
for nonempty teams. This restriction in unavoidable due to the empty team
property of INEX. Hence, when defining properties of teams with INEX, we
can only define such properties that allow the team to be empty.

It is often simply said that INEX and ESO are equivalent on the level of
formulas. However, as seen by the formulation of the theorem above, this
equivalence is not so straightforward and it is based on several background
assumptions. In particular, we need to link teams to relations and vice versa.
(Recall also the discussion in Remark 4.2 above).

Remark 4.4. Before the discovery of the result of Theorem 4.3, a similar result
was proven for dependence logic by Kontinen and Väänänen in [56]. This result
is formulated as Theorem 4.3, with the difference that ESOL-formulas Φ(R),
corresponding to the DEPL-formulas ϕ, may only have negative occurrences
of R. Consequently, dependence logic can define exactly those ESO-definable
properties of teams which are closed downwards. The same result holds for
exclusion logic due to its equivalence with dependence logic.
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4.2 The expressive power of INEX[k]
In this section we will analyze the expressive power of INEX[k]. We first present
translations from INC[k] and EXC[k] to ESO[k] and then combine them to
form a translation from INEX[k] to ESO[k]. For the other direction we show
that any ESO[k]-formula, with at most k-ary free relation variables, can be
expressed in INEX[k]. Note that all of the translations in this section can be
applied for all formulas – not only sentences.

4.2.1 Translation from INEX[k] to ESO[k]
Translation from EXC[k] to ESO[k]

In the next theorem we formulate a translation from EXC[k] to ESO[k]. The
idea of the proof is that we quantify a separate relation variable P for each
occurrence of an exclusion atom ~t1 | ~t2. The values quantified for P are the
limit for the values that ~t1 can get and ~t2 cannot get when ~t1 |~t2 is evaluated.

Theorem 4.5. Let ϕ(~y ) ∈ EXCL[k]. Now there exists an ESOL[k]-formula
Φ(R) for which the following equivalence holds

M�X ϕ iff M[X(~y )/R]�Φ.

for all admissible L-modelsM and all teams X forM.

Proof. Without loss of generality we may assume that each exclusion atom in
ϕ is k-ary. We index these atoms by (~t1 |~t2)1, . . . , (~t1 |~t2)n. This is done so that
each occurrence of an exclusion atom has a unique index. Let P1, . . . , Pn be
k-ary relation variables. We define the formula ψ′ recursively for all ψ ∈ Sf(ϕ):

ψ′ = ψ if ψ is a literal
((~t1 |~t2)i)′ = Pi~t1 ∧ ¬Pi~t2 for each i ≤ n

(ψ ∧ θ)′ = ψ′∧ θ′

(ψ ∨ θ)′ = ψ′∨ θ′

(∃xψ)′ = ∃xψ′

(∀xψ)′ = ∀xψ′.

We can now define the formula Φ in the following way3:

Φ := ∃P1 . . . ∃Pn ∀ ~y
(
¬R~y ∨ (R~y ∧ ϕ′)

)
.

Clearly Φ is an ESOL[k]-formula and R is the only free relation variable in Φ.
We first need to prove the following claim.

3If ϕ is an EXCL-sentence, we can define simply Φ := ∃P1 . . .∃Pnϕ
′.
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Claim 1. Let µ ∈ Sf(ϕ). Now the following holds for all suitable teams X:

M�X µ iff there exist A1, . . . , An ⊆Mk such thatM′ �X µ′,

whereM′ :=M[ ~A/~P ] (=M[A1/P1, . . . , An/Pn]).

We prove this claim by structural induction on µ:

• If µ is a literal we can set Ai := ∅ for each i ≤ n. Now the claim holds
trivially since µ′ = µ and Pi does not occur in µ for any i ≤ n.

• Let ϕ = (~t1 |~t2)j for some j ≤ n. Suppose first thatM�X~t1 |~t2. Let

M′ :=M[ ~A/~P ], where Ai :=
{
X(~t1) if i = j

∅ else.
(where i ≤ n)

Because X(~t1) = Aj = PM
′

j , we clearly haveM′ �X Pj~t1.
For the sake of contradiction, suppose that there exists s ∈ X for which
s(~t2) ∈ PM

′
j . Since PM′j = X(~t1), there exists s′ ∈ X s.t s′(~t1) = s(~t2).

But this is a contradiction since by the assumptionM�X ~t1 |~t2. Therefore
M′ �X ¬Pj~t2 and thusM′ �X Pj~t1 ∧ ¬Pj~t2, i.e. M′ �X((~t1 |~t2)j)′.

Suppose then that there are A1, . . . , An ⊆ Mk such that M′ �X((~t1 |~t2)j)′.
HenceM′ �X Pj~t1 andM′ �X ¬Pj~t2. For the sake of contradiction, suppose
that there are s, s′ ∈ X s.t. s(~t1) = s′(~t2). Because M′ �X Pj~t1, we have
s(~t1) ∈ PM′j . But since M′ �X ¬Pj~t2, we must have s(~t1) = s′(~t2) /∈ PM′j .
This is a contradiction, and thusM�X~t1 |~t2.

• Let µ = ψ ∨ θ (The case µ = ψ ∧ θ can be proven similarly). Suppose first
that M�X ψ ∨ θ. Thus there are Y, Y ′ ⊆ X s.t. Y ∪ Y ′ = X, M�Y ψ
andM�Y ′ θ. By the inductive hypothesis there are B1, . . . , Bn ⊆ Mk and
B′1, . . . , B

′
n ⊆Mk s.t. M[ ~B/~P ]�Y ψ′ andM[ ~B′/~P ]�Y ′ θ′. Let

M′ :=M[ ~A/~P ], where Ai :=
{
Bi if Pi occurs in ψ′

B′i if Pi does not occur in ψ′.

Since none of Pi can occur in both ψ′ and θ′, we haveM′ �Y ψ′ andM′ �Y ′ θ′.
HenceM′ �X ψ′ ∨ θ′, i.e. M′ �X(ψ ∨ θ)′.

Suppose then that there are A1, . . . , An ⊆ Mk s.t. M′ �X(ψ ∨ θ)′. Thus
M′ �X ψ′ ∨ θ′, i.e. there are Y, Y ′ ⊆ X s.t. Y ∪ Y ′ = X, M′ �Y ψ′ and
M′ �Y ′ θ′. By the inductive hypothesisM�Y ψ andM�Y ′ θ, i.e. M�X ψ∨θ.

• The cases µ = ∃xψ and µ = ∀xψ are straightforward to prove.
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Let thenM′ =M[ ~A/~P ] for some A1, . . . , An ⊆Mk. Since Fr(ϕ′) = Vr(~y),
by locality it is easy to see that the following holds for all suitable teams X:

M′ �X ϕ′ iff M′[X(~y )/R]� ∀ ~y
(
¬R~y ∨ (R~y ∧ ϕ′)

)
.

By combining this with the result of Claim 1, we obtain the following equivalence:

M�X ϕ iff there are A1, . . . , An ⊆Mk

s.t. M[ ~A/~P ,X(~y )/R]�∀ ~y
(
¬R~y ∨ (R~y ∧ ϕ′)

)
.

Equivalently: M�X ϕ iff M[X(~y )/R]�Φ.

Translation from INC[k] to ESO[k]

In the next theorem we present a translation from INC[k] to ESO[k]. Similarly
to the translation in Theorem 4.5, the idea is that we quantify a separate
predicate symbol P for each inclusion atom~t1⊆~t2, and the values of~t1 must be
included in the values chosen for P . However, we must also show that each value
of P is a value that tuple ~t2 gets in the team when ~t1⊆~t2 is evaluated. For this
we need special formulas ϕ′i, with Vr(~u) ⊆ Fr(ϕ), that “find” the assignment
that gets same values for ~u and ~t2 – for any value of ~u that is in the values
chosen for P .

Theorem 4.6. Let ϕ(~y ), where ~y = y1 . . . ym, be an INCL[k]-formula. Then
there exists an ESOL[k]-formula Φ(R) for which the following equivalence holds

M�X ϕ iff M[X(~y )/R]�Φ.

for all admissible L-modelsM and all teams X forM.

Proof. Without loss of generality we may assume that each inclusion atom in ϕ
is k-ary. We index these atoms by (~t1⊆~t2)1, . . . , (~t1⊆~t2)n. Let ~u be a k-tuple
of fresh variables and P1, . . . , Pn be k-ary relation variables.

We define the formula ψ′ recursively for all ψ ∈ Sf(ϕ):

(ψ)′ = ψ if ψ is a literal
((~t1⊆~t2)i)′ = Pi~t1 for each i ≤ n

(ψ ∧ θ)′ = ψ′∧ θ′

(ψ ∨ θ)′ = ψ′∨ θ′

(∃xψ)′ = ∃xψ′

(∀xψ)′ = ∀xψ′.
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The formulas ψ′i, for all i ≤ n, are defined recursively for all ψ ∈ Sf(ϕ):

(ψ)′i = ψ if ψ is a literal
((~t1⊆~t2)j)′i = Pj~t1 if j 6= i

((~t1⊆~t2)i)′i = (~u=~t2) ∧ Pi~t1
(ψ ∧ θ)′i = ψ′i ∧ θ′i

(ψ ∨ θ)′i =


ψ′i if (~t1⊆~t2)i occurs in ψ
θ′i if (~t1⊆~t2)i occurs in θ
ψ′i ∨ θ′i else

(∃xψ)′i = ∃xψ′i
(∀xψ)′i = ∃xψ′i ∧ ∀xψ′.

Note that the cases of disjunction above are exclusive, since for each i ≤ n the
inclusion atom (~t1⊆~t2)i can occur in at most one of the disjuncts.

We can then define the formula Φ in the following way4:

Φ := ∃P1 . . . ∃Pn
(
∀ ~y
(
¬R~y ∨ (R~y ∧ ϕ′)

)
∧
∧
i≤n
∀ ~u

(
¬Pi~u ∨ ∃ ~y (R~y ∧ ϕ′i)

))
.

Clearly Φ is an ESOL[k]-formula and R is the only free relation variable in Φ.
To complete the proof, we need to prove the following claim which demonstrates
the relevance of the formulas ϕ′i.

Claim 2. The following holds for all µ ∈ Sf(ϕ) and all suitable teams X:

M�X µ iff there exist A1, . . . , An ⊆Mk s.t. M[ ~A/~P ]�X µ′,
and for any i ≤ n and tuple of elements ~a ∈ Ai
there exists s ∈ X s.t. M[ ~A/~P ]�{s[~a/~u ]} µ

′
i.

Since the proof for this claim is very long and technical, we present it in
the end of this chapter in Section 4.7. Note that since µ′ and µ′i do not contain
the relation variable R, we can replace the model M[ ~A/~P ] with the model
M[ ~A/~P ,X(~y )/R] in Claim 2.

In Claim 2, the existence of s ∈X for each tuple ~a ∈ Ai such that s[~a/~u ]
satisfies ϕ′i, guarantees that the values in Ai are included in the values ~t2 in the
team when the inclusion atom (~t1⊆~t2)i is evaluated. With this result we can
prove the claim of this theorem. That is, we can prove the following equivalence:

M�X ϕ iff M[X(~y )/R]�Φ.
4If ϕ is an INCL-sentence, we can define Φ := ∃P1 . . .∃Pn

(
ϕ′ ∧

∧
i≤n
∀ ~u (¬Pi~u ∨ ϕ′i)

)
.
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By locality we may assume that dom(X) = Fr(ϕ) = Vr(~y). Suppose first
thatM�X ϕ. Now by Claim 2 there are A1, . . . , An ⊆Mk s.t. M′ �X ϕ′, and
for all i ≤ n and ~a ∈ Ai there exists s ∈ X such that M′ �{s[~a/~u ]} ϕ

′
i, where

M′ :=M[ ~A/~P ,X(~y )/R]. Let j ≤ n and let

Y := {r ∈ {∅}[Mk/~u ] | r(~u) /∈ Aj} and Y ′ := {r ∈ {∅}[Mk/~u ] | r(~u) ∈ Aj}.

Now Y ∪ Y ′ = {∅}[Mk/~u ] and because Aj = PM
′

j , clearly M′ �Y ¬Pj~u. By
the definition of Y ′, we have r(~u) ∈ Aj for each r ∈ Y ′. Hence, by applying
the result of Claim 2 for the values r(~u) (in the role of ~a), the following holds:
for each r ∈ Y ′ there exists sr ∈ X s.t. M′ �{sr[r(~u)/~u ]} ϕ

′
j .

Let F : Y ′ → P∗(Mm) s.t. r 7→ {sr(~y)}. Now r[sr(~y)/~y ] = sr[r(~u)/~u ] for
each r ∈ Y ′ and thus M′ �{r[sr(~y)/~y ]} ϕ

′
j for each r ∈ Y ′. Hence by flatness

we have M′ �Y ′[F/~y ] ϕ
′
j . Because sr(~y) ∈ X(~y ) = RM

′ for each r ∈ Y ′, by
flatness we also have M′ �Y ′[F/~y ]R~y and thus M′ �Y ′ ∃ ~y (R~y ∧ ϕ′j). Hence
M′ �{∅}[Mk/~u ] ¬Pj~u ∨ ∃ ~y (R~y ∧ ϕ′j); thusM′ �

∧
i≤n ∀ ~u (¬Pi~u ∨ ∃ ~y (R~y ∧ ϕ′i)).

BecauseM′ �X ϕ′ and X(~y ) = RM
′ , we clearly haveM′ �∀ ~y (¬R~y ∨(R~y∧ϕ′)).

We thus conclude thatM[X(~y )/R]�Φ.
Suppose then thatM[X(~y )/R]�Φ. Thus there exist A1, . . . , An ⊆Mk such

that the first order part of Φ holds inM′ =M[ ~A/~P ,X(~y )/R]. In particular,
M′ � ∀ ~y (¬R~y ∨ (R~y ∧ ϕ′)) and thusM′ �X ϕ′.

For the sake of proving the right side of the equivalence of Claim 2, let
j ≤ n and ~a ∈ Aj . Now M′ � ∀ ~u (¬Pj~u ∨ ∃ ~y (R~y ∧ ϕ′j)), and thus there
are Y, Y ′ ⊆ {∅}[Mk/~u ] such that Y ∪ Y ′ = {∅}[Mk/~u ], M′ �Y ¬Pj~u and
M′ �Y ′ ∃ ~y (R~y ∧ ϕ′j). Hence there is a function F : Y ′ → P∗(Mm) such that
M′ �Y ′[F/~y ]R~y ∧ ϕ′j .

Let r := ∅[~a/~u ], whence r ∈ {∅}[Mk/~u ]. Since r(~u) = ~a ∈ Aj = PM
′

j and
M′ �Y ¬Pj~u, we have r /∈ Y and thus r ∈ Y ′. Let ~b ∈ F(r) and let s := r[~b/~y ].
SinceM′ �Y ′[F/~y ]R~y, we have s(~y) ∈ RM′= X(~y ). Hence there exists s′ ∈ X
such that s′(~y) = s(~y). Since M′ �{s} ϕ′j , by locality also M′ �{s′[s(~u)/~u ]} ϕ

′
j .

Because s(~u) = r(~u) = ~a, by Claim 2 we haveM�X ϕ.

Forming a translation from INEX[k] to ESO[k]

The next theorem shows that there is also a translation from INEX[k] to ESO[k].
This translation can be formulated by first eliminating exclusion atoms as in
Theorem 4.5 and then inclusion atoms as in Theorem 4.6.
Theorem 4.7. Let ϕ(~y ) ∈ INEXL[k]. Now there is an ESOL[k]-formula Φ(R)
for which the following equivalence holds

M�X ϕ iff M[X(~y )/R]�Φ.

for all admissible L-modelsM and all teams X forM.
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Proof. Without loss of generality we may assume that each exclusion and
inclusion atom in the formula ϕ is k-ary. We index the exclusion atoms by
(~t1 |~t2)1, . . . , (~t1 |~t2)n. Let P1, . . . Pn be k-ary relation variables.

We define the formula ψ′ recursively for every ψ ∈ Sf(ϕ):

ψ′ = ψ if ψ is a literal
((~t1 |~t2)i)′ = Pi~t1 ∧ ¬Pi~t2 for each i ≤ n

(~t1⊆~t2)′ =~t1⊆~t2
(ψ ∧ θ)′ = ψ′∧ θ′

(ψ ∨ θ)′ = ψ′∨ θ′

(∃xψ)′ = ∃xψ′

(∀xψ)′ = ∀xψ′.

We can prove the equivalence of Claim 1 for any µ ∈ Sf(ϕ) by structural
induction on µ: Since inclusion atoms are left as they are, their step in the
induction is trivial. Other steps can be proven identically as in the proof of
Claim 1 within the proof of Theorem 4.5. Thus we have

M�X ϕ iff there exist A1, . . . , An ⊆Mk s.t. M[ ~A/~P ]�X ϕ′.

Since ϕ′ contains only inclusion atoms and Fr(ϕ) = Fr(ϕ′) = Vr(~y), we can
apply Theorem 4.6 for ϕ′ to get an ESOL-formula Ψ(R) for which we have

M�X ϕ′ iff M[X(~y)/R]�Ψ.

We can now define Φ := ∃P1 . . . ∃Pn Ψ, whence Φ is an ESOL-formula with the
free relation variable R. Then we have

M�X ϕ iff there exist A1, . . . An ⊆Mk s.t. M[ ~A/~P ]�X ϕ′

iff there exist A1, . . . An ⊆Mk s.t. M[ ~A/~P ,X(~y)/R]�Ψ
iff M[X(~y)/R]�Φ.

The result of Theorem 4.7 can be formulated equivalently as follows:

All INEX[k]-definable properties of teams are ESO[k]-definable.

Recall Qs FO-definable k-ary atoms from Definition 3.52. Since all Qs FO-
definable k-ary atoms are definable in INEX[k] (by Cor. 3.58), it follows that,
with Qs FO-definable k-ary atoms, one cannot define any properties (of models
or teams) beyond ESO[k].
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4.2.2 Translation from ESO[k] to INEX[k]
When translating from ESO to INEX, our technique is to simulate second order
quantification by replacing the quantifications of k-ary relation variables P
simply with the quantifications of k-tuples of first order variables ~w. The idea
is then to choose such values for ~w that, in the resulting team X, the relation
X(~w) is the same as the relation that is quantified for the value of P . However,
we cannot simulate the quantification of the empty set in this way, since the
first order variables must be given at least one value. But this problem can
be avoided, since any ESO-formula Φ can be written in an equivalent form Φ′
which is satisfied if and only if it is satisfied with nonempty interpretations for
the quantified relation variables. This is shown in the following easy lemma.

Lemma 4.8. Let Φ := ∃P1 . . . ∃Pn γ be an ESOL[k]-formula, where γ is the
first order part of Φ. Then there exists δ ∈ ESOL[0] with the same free relation
variables as γ such that the following holds:

M�Φ iff there are nonempty A1, . . . , An ⊆Mk s.t. M[ ~A/~P ]� δ.

Proof. We prove the claim by induction on n: If n = 0, then Φ = γ and we can
trivially choose δ := γ. Suppose that the claim holds for n − 1, i.e. there is
ξ ∈ ESOL[0], with the same free relation variables as γ, such that

M� ∃P1 . . . ∃Pn−1γ iff there are nonempty A1, . . . , An−1 ⊆Mk

s.t. M[A1/P1, . . . , An−1/Pn−1]� ξ,

for all modelsM that have some interpretation for all the free relation variables
in the formula γ (including Pn). We define the formula ξ′ recursively as follows:

ψ′ = ψ if ψ is a literal and does not contain Pn
(Pn~t )′ = ⊥, (¬Pn~t )′ = >

(ψ ∧ θ)′ = ψ′∧ θ′, (ψ ∨ θ)′ = ψ′ ∨ θ′,
(∃xψ)′ = ∃xψ′, (∀xψ)′ = ∀xψ′.

Now clearly the formula ξ′ is satisfied in a modelM if and only if ξ is satisfied
in the modelM[ ∅/Pn]. We can thus define δ := ξ ∨ ξ′, whence it is easy to see
that the claim holds by the inductive hypothesis.

We are now ready to formulate our translation from ESO[k] to INEX[k]. For
this translation we must require the given teams to be nonempty and assume
that the free relation variables in a given ESOL[k]-formula Φ are at most k-ary.
However, in contrast to Theorem 4.7, here we allow Φ to have any number of
free relation variables instead of just one.
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Suppose that Φ(R1 . . . Rm) defines some properties p1, . . . ,pm for relations
R1, . . . , Rm, respectively. Then it is natural to say that ϕ(~y1 . . . ~ym) ∈ INEXL is
equivalent to Φ if the relations X(~y1), . . . , X(~ym) have the properties p1, . . . ,pm
in all teams X in which ϕ true.

Theorem 4.9. Let Φ(R1 . . . Rm) ∈ ESOL[k], where the free relation variables
Ri are at most k-ary. Let ~y1, . . . , ~ym be k-tuples of fresh variables. Then there
exists an INEXL[k]-formula ϕ(~y1 . . . ~ym), such that

M�X ϕ iff M[X(~y1)/R1, . . . , X(~ym)/Rm]�Φ,

for all suitable L-modelsM and nonempty teams X.

Proof. Since Φ ∈ ESOL[k], it is of the form Φ=∃P1 . . . ∃Pn γ, where P1, . . . , Pn
are relation variables and γ is the first order part of Φ. Without loss of generality,
we may assume that P1, . . . , Pn, R1, . . . , Rm are all distinct and k-ary. Let δ be
the formula given by Lemma 4.8 for the formula γ. Now we have

M�Φ iff there exist nonempty A1, . . . , An ⊆Mk s.t. M[ ~A/~P ]� δ, (4)

for all models M that have some interpretations for the relation variables
R1, . . . , Rm. Let ~w1, . . . , ~wn be k-tuples of fresh variables.

The formula ψ′ is defined recursively for each ψ ∈ Sf(δ):

ψ′ = ψ if ψ is a literal and neither Pi nor Rj
occurs in ψ for any i or j.

(Pi~t )′ =~t ⊆ ~wi, (¬Pi~t )′ =~t | ~wi for all i ≤ n
(Ri~t )′ =~t ⊆ ~yi, (¬Ri~t )′ =~t | ~yi for all i ≤ m

(ψ ∧ θ)′ = ψ′∧ θ′

(ψ ∨ θ)′ = ψ′Y θ′, where Y := ∨
~w1,..., ~wn,~y1,...,~ym

(Recall Def. 3.10)

(∃xψ)′ = ∃xψ′, (∀xψ)′ = ∀xψ′.

Now we can define the formula ϕ simply as:

ϕ := ∃ ~w1 . . . ∃ ~wnδ′.

Clearly ϕ is an INEXL[k]-formula and Fr(ϕ) = Vr(~y1 . . . ~ym). Before proving
the claim of this theorem need to prove the following two claims.

Claim 3. Let µ ∈ Sf(δ) and let X be a team such that the variables ~w1, . . . , ~wn,
~y1, . . . , ~ym are in dom(X). Let

M′ :=M[X(~w1)/P1, . . . , X(~wn)/Pn, X(~y1)/R1, . . . , X(~ym)/Rm].

Now we have: IfM�X µ′, thenM′ �X µ.
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We prove this claim by structural induction on µ:
• If µ is a literal such that neither Pi nor Rj occurs in µ for any i ≤ n or j ≤ m,
the claim holds trivially since µ′ = µ.

• Let µ = Pj~t for some j ≤ n (the case µ = Rj~t for j ≤ m is analogous).
Suppose that M�X(Pj~t )′, i.e. M�X~t ⊆ ~wj , and let s ∈ X. Because
M�X~t ⊆ ~wj , there exists s′ ∈ X such that s′(~wj) = s(~t ). Now we have
s(~t ) ∈ X(~wj) = PM

′
j , and thusM′ �X Pj~t.

• Let µ = ¬Pj~t for some j ≤ n (the case µ = ¬Rj~t for j ≤ m is analogous).
Suppose that M�X(¬Pj~t )′, i.e. M�X~t | ~wj and let s ∈ X. Because
M�X~t | ~wj , we have s(~t ) 6= s′(~wj) for each s′ ∈ X. Hence we have
s(~t ) /∈ X(~wj) = PM

′
j , and thusM′ �X ¬Pj~t.

• The case µ = ψ ∧ θ is straightforward to prove.

• Let µ = ψ ∨ θ. Suppose thatM�X(ψ ∨ θ)′, i.e. M�X ψ′ Y θ′. Thus there
are Y1, Y2 ⊆ X s.t. Y1 ∪ Y2 = X,M�Y1 ψ

′ andM�Y2 θ
′, and if Y1, Y2 6= ∅,

then the tuples ~wi and ~yj have the same set of values in Y1 and Y2 as they
have in X (for each i ≤ n and j ≤ m).
If Y1 = ∅, then Y2 = X and thus M�X θ′. By the inductive hypothesis
M′ �X θ and thus M′ �X ψ ∨ θ. Analogously if Y2 = ∅, then M′ �X ψ ∨ θ.
Suppose then that Y1, Y2 6= ∅. Now by the inductive hypothesis we have{

M[Y1(~wi)i≤n/~P , Y1(~yj)j≤m/~R ]�Y1 ψ

M[Y2(~wi)i≤n/~P , Y2(~yj)j≤m/~R ]�Y2 θ.

Because ~wi and ~yj have the same sets of values in Y1 and Y2 as in X (for any
i ≤ n and j ≤ m), we haveM′ �Y1 ψ andM′ �Y2 θ. ThereforeM′ �X ψ ∨ θ.

• The cases µ = ∃xψ and µ = ∀xψ are straightforward to prove.

Claim 4. Let µ ∈ Sf(δ) and assume that A1, . . . , An, B1, . . . , Bm ⊆ Mk are
nonempty sets. Let X 6= ∅ be a team such that Vr(~y1 . . . ~ym) ⊆ dom(X) and for
each i ≤ m and r ∈ X �Fr(µ) the following assumption holds:

Xr(~yi) = Bi, where Xr := {s ∈ X | s � Fr(µ) = r}. (?)

This condition can be written equivalently as: For each r ∈X �Fr(µ), i ≤ m
and ~b∈Bi there is s ∈ X such that s�(Fr(µ)∪Vr(~yi)) = r[~b/~yi]. That is, each
assignment in X �Fr(ϕ) can be extended to X with all of the values in Bi.
Now the following implication holds:

IfM′ �X�Fr(µ) µ, thenM�X′ µ′,

whereM′ :=M[ ~A/~P , ~B/~R ] and X ′ := X[A1/~w1, . . . , An/~wn].
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We prove this claim by structural induction on µ:

• If µ is a literal such that neither Pi nor Rj occurs in µ, then the claim holds
by locality since µ′ = µ.

• Let µ = Pj~t for some j ≤ n. Suppose that M′ �X�Fr(µ) Pj~t. Let s ∈ X ′

and let r ∈ X � Fr(µ) be an assignment for which r = s � Fr(µ). Since
M′ �X�Fr(µ) Pj~t, we have r(~t ) ∈ PM′j =Aj =X ′(~wj). Thus there exists s′ ∈ X ′
s.t. s′(~wj) = r(~t ). Now s(~t ) = r(~t ) = s′(~wj). ThereforeM�X′~t ⊆ ~wj , i.e.
M�X′(Pj~t )′.

• Let µ = ¬Pj~t for some j ≤ n. Suppose thatM′ �X�Fr(µ) ¬Pj~t. Let s, s′ ∈ X ′
and let r ∈ X � Fr(µ) be an assignment s.t. r = s � Fr(µ). Because
M′ �X�Fr(µ) ¬Pj~t, we have r(~t ) /∈ PM

′
j = Aj = X ′(~wj). Hence it has to

be that r(~t ) 6= s′(~wj), and thus s(~t ) = r(~t ) 6= s′(~wj). ThereforeM�X′~t | ~wj ,
i.e. M�X′(¬Pj~t )′.

• Let µ = Rj~t or µ = ¬Rj~t for some j ≤ m. Note that since the condition
(?) holds for X (with respect to Fr(µ)), we have X(~yj) = Bj . Therefore
RM

′
j =Bj =X(~yj)=X ′(~yj), and thus the cases µ = Rj~t and µ = ¬Rj~t can be

proved analogously to the two previous cases.

• The case µ = ψ ∧ θ is straightforward to prove.

• Let µ = ψ ∨ θ. SupposeM′ �X�Fr(µ) ψ ∨ θ, i.e. there are Y ∗1 , Y ∗2 ⊆ X �Fr(µ)
such that Y ∗1 ∪ Y ∗2 = X �Fr(µ),M′ �Y ∗1 ψ andM′ �Y ∗2 θ. Let

Y1 := {s ∈ X | s � Fr(µ) ∈ Y ∗1 } and Y2 := {s ∈ X | s � Fr(µ) ∈ Y ∗2 }.

Now Y1 �Fr(µ) = Y ∗1 , Y2 �Fr(µ) = Y ∗2 and Y1 ∪ Y2 = X. Let then

Y ′1 := Y1[A1/~w1, . . . , An/~wn] and Y ′2 := Y2[A1/~w1, . . . , An/~wn].

Now X ′=Y ′1 ∪ Y ′2 . If Y ′1 =∅, then Y ′2 =X ′ and thus clearlyM�X′ ψ′ Y θ′, i.e
M�X′(ψ∨θ)′. Analogously if Y ′2 =∅, thenM�X′(ψ∨θ)′. Suppose then that
Y ′1 , Y

′
2 6= ∅. Since the condition (?) holds for X with respect to Fr(µ), by the

definition of Y1 it is easy to see that (?) holds also for Y1 with respect to Fr(µ).
Since Fr(ψ) ⊆ Fr(µ), (?) holds for Y1 also with respect to Fr(ψ). Analogously
(?) holds for Y2 with respect to Fr(θ). Therefore, by the inductive hypothesis,
M�Y ′1 ψ

′ andM�Y ′2 θ
′. We also have Y ′1(~wi)=Y ′2(~wi)=Ai=X ′(wi) for each

i ≤ n. Furthermore, by the condition (?), Y ′1(~yi) =Y ′2(~yi) =Bi =X ′(yi) for
each i ≤ m. ThereforeM�X′ ψ′ Y θ′, i.eM�X′(ψ ∨ θ)′.

• Let µ = ∃xψ (the case µ = ∀xψ can be proven similarly). Suppose that
M′ �X�Fr(µ) ∃xψ. Hence there exists F : X �Fr(µ) → P∗(M) such that we
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haveM′ �(X�Fr(µ))[F/x] ψ. Let

G : X → P∗(M), s 7→ F (s�Fr(µ))
G′ : X ′ → P∗(M), s 7→ F (s�Fr(µ)).

Now X[G/x] � Fr(ψ) = (X � Fr(µ))[F/x] and therefore M′ �X[G/x]�Fr(ψ) ψ.
Since (?) holds for X with respect to Fr(µ), by the definition of G (?) holds
for X[G/x] with respect to Fr(ψ). Let X ′′ := (X[G/x])[A1/~w1, . . . , An/~wn],
whence by the inductive hypothesis M�X′′ ψ′. By the definition of G′,
we have X ′′ = X ′[G′/x], and thus M�X′[G′/x] ψ

′. Hence M�X′ ∃xψ′, i.e.
M�X′(∃xψ)′.

We are now ready prove the claim of this theorem:

M�X ϕ iff M[X(~y1)/R1, . . . , X(~ym)/Rm]�Φ.

Suppose first thatM�X ϕ, i.e. M�X ∃ ~w1 . . . ∃ ~wnδ′. Thus there exist

F1 : X → P∗(Mk)
F2 : X[F1/~w1]→ P∗(Mk)...
Fn : X[F1/~w1, . . . ,Fn−1/~wn−1]→ P∗(Mk)

s.t. M�X′ δ′, where X ′ := X[F1/~w1, . . . ,Fn/~wn].

Let M′ := M[X ′(~w1)/P1, . . . , X
′(~wn)/Pn, X ′(~y1)/R1, . . . , X

′(~ym)/Rm]. Now
by Claim 3, we have M′ �X′ δ. Because X ′ �Fr(δ) = {∅}, by locality M′ � δ.
Since X ′(~yi)=X(~yi) for each i≤m, we haveM[X(~y1)/R1, . . . , X(~ym)/Rm]�Φ.

Suppose then thatM[X(~y1)/R1, . . . , X(~ym)/Rm]�Φ. Thus, by the equa-
tion (4), there are nonempty sets A1, . . . , An ⊆Mk such that

M′ � δ, whereM′ :=M[A1/P1, . . . , An/Pn, X(~y1)/R1, . . . , X(~ym)/Rm].

Since, by the assumptions, X 6= ∅ and Vr(~y1 . . . ~ym) ⊆ dom(X), we have
X(~yi) 6= ∅ for each i ≤ m. We define the function Fi for each i ≤ n by

Fi : X[F1/~w1, . . . ,Fi−1/~wi−1]→ P∗(Mk), s 7→ Ai.

Let X ′ := X[F1/~w1, . . . ,Fn/~wn], whence X ′ = X[A1/~w1, . . . , An/~wn]. Since
X � Fr(δ) = {∅}, the condition (?) in Claim 4 holds for the team X with respect
to Fr(δ). We also haveM′ �X�Fr(δ) δ and thus by Claim 4 we obtainM�X′ δ′.
HenceM�X ∃ ~w1 . . . ∃ ~wnδ′, i.e. M�X ϕ.
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By Theorem 4.9, for each ESOL[k]-formula Φ(R), for which R is at most
k-ary, there exists an INEXL[k]-formula ϕ(~y ) such that for all X 6= ∅:

M�X ϕ iff M[X(~y )/R]�Φ.

Without the requirement of nonempty teams and the arity restriction on R,
this would be the converse of Theorem 4.7. But, as discussed in Section 4.1,
the restriction to nonempty teams is unavoidable due the empty team property
of INEX. The arity restriction is also necessary since it can be shown, for any
k ≥ 1, that there are ESO[k]-definable properties of (k+1)-ary relations X(~y )
that cannot be defined in INEX[k]. A proof for this claim will be presented
later in Section 5.2.

Since Theorem 4.7 and Theorem 4.9 can also be proven for INEXL[k]- and
ESOL[k]-sentences, we obtain the following corollary.

Corollary 4.10. INEX[k] ≡s ESO[k] for all k ≥ 1.

Since all Qs FO-definable k-ary atoms are definable in INEX[k] (Cor. 3.58),
we obtain the following corollary on the expressive power of all Qs FO-definable
atoms which are (at most) k-ary.

Corollary 4.11. Let k ≥ 1 and let LQs FO[k] be the extension of FO with all
Qs FO-definable k-ary atoms. Then we have

LQs FO[k] ≡s ESO[k].

As a direct corollary of the results of this subsection, we also obtain a strict
arity hierarchy for INEX, since the arity hierarchy for ESO (with arbitrary
vocabulary) is strict, as shown by Ajtai [4]. By Theorem 2.47, k-ary indepen-
dence logic captures the fragment ESOf [k−1] of ESO, where at most (k−1)-ary
functions can be quantified. This fragment differs from ESO[k] at least when
k is one or two – and presumably for any k. Hence it appears that INEX[k]
does not correspond to `-ary independence logic for any k and `, even though
without arity bounds these two logics are equivalent.

4.2.3 On the duality of inclusion and exclusion atoms

In this subsection we discuss the relationship of inclusion and exclusion atoms a
bit more. We will also consider natural candidates for the semantics of negated
inclusion and exclusion atoms.

In our translation in Theorem 4.9 we used inclusion and exclusion atoms in a
dualistic way by replacing atomic formulas P~t with inclusion atoms and negated
atomic formulas ¬P~t with exclusion atoms. This correspondence becomes more
obvious when we formulate the truth conditions for P~t and ¬P~t as follows:

M�X P~t iff X(~t ) ⊆ PM and M�X ¬P~t iff X(~t ) ⊆ PM.
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The truth conditions for inclusion and exclusion atoms can be written in forms
that are very similar to the equivalences above:

M�X~t1⊆~t2 iff X(~t1) ⊆ X(~t2) and M�X~t1 |~t2 iff X(~t1) ⊆ X(~t2).

As we argued earlier (Observation 2.20), the semantics of the contradictory
negation (M�X ¬ϕ iffM2X ϕ) is not a very natural choice of semantics for
the negated atoms in the context of team semantics. Instead, it would be more
natural to have such a semantics that is similar to the semantics of literals.
From this viewpoint, a natural candidate for a semantics of a negated inclusion
atom would be the following:

M�X ¬(~t1⊆~t2) iff X(~t1) ⊆ X(~t2). (¬ ⊆)

By this choice of semantics, we would have ¬(~t1⊆~t2) ≡~t1 |~t2. Therefore, if
we allow the use of negated atoms in INC[k] with our semantics, the resulting
logic is equivalent with INEX[k]. Note that since the exclusion relation is
symmetric, our choice of semantics leads to the following equivalence:

¬(~t1⊆~t2) ≡ ~t1 |~t2 ≡ ~t2 |~t1 ≡ ¬(~t2⊆~t1).

Hence, by this definition, ¬(~t1⊆~t2) ≡ ¬(~t2⊆~t1) even though ~t1⊆~t2 6≡~t2⊆~t1.
This kind of property of a negated atom might be a bit exotic, but not unthink-
able, since our negation is not the contradictory negation.

Let us then consider semantics for the negated exclusion atom ¬(~t1 |~t2).
Semantics of the inclusion atom ~t1⊆~t2 is not a possible choice here, since by
the symmetry of the exclusion relation, we must have ¬(~t1 |~t2) ≡ ¬(~t2 |~t1).
The truth conditionM�X~t1 |~t2 iff X(~t1) ∩X(~t2) = ∅, naturally gives us the
following candidate for a semantics.5

M�X ¬(~t1 |~t2) iff X(~t1) = X(~t2) (¬ | )

Now we have ¬(~t1 |~t2) ≡ ¬(~t2 |~t1), as required, and ¬(~t1 |~t2) ≡~t1⊆~t2 ∧~t2⊆~t1.
This choice of semantics is actually equivalent with the semantics of equiex-
tension atom ~t1 ./~t2 that was introduced by Galliani in [22]. When added to
FO, this atom has been shown equivalent with the inclusion atom ~t1⊆~t2 of the
same arity ([22]). Hence if we allow the use of negated atoms in EXC[k] with
our semantics, the resulting logic turns out be equivalent with INEX[k].

With our choices for semantics of negated inclusion and exclusion atoms,
(¬ ⊆) and (¬ | ), we have ¬(~t1⊆~t2) ≡~t1 |~t2 and ¬(~t1 |~t2) ≡~t1 ./~t2. Now the
exclusion atom is equivalent with the negated inclusion atom, but not vice versa.

5Another possible candidate would beM�X ¬(~t1 |~t2) iff X(~t1) ⊆ X(~t2) or X(~t1) ⊇ X(~t2),
whence ¬(~t1 |~t2) ≡~t1⊆~t2 t~t2⊆~t1. We will not consider this candidate here further.
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However, the negated exclusion atom is equally expressive as the inclusion
atom of the corresponding arity. Hence even though inclusion and exclusion
atoms are not exactly negations of each other, they nevertheless have a dualistic
relationship. We could extend FO with either of these atoms and allow the use
of its negation to obtain a logic equivalent to INEX.

Dependence logic and other related logics have been criticized for not having
(natural) semantics for all negated atoms.6 Unless we can define semantics for
each negated atom, the resulting logic cannot be closed under negation. We can
of course go around this problem by forcing all formulas to be in negation normal
form (as done in this thesis). But one can argue that this is just avoidance of
the issue, as negation should be allowed to be used freely in all natural logics.

In order to solve the issues related to the use of negation with team semantics,
Kuusisto [57] has introduced an alternative framework called double team
semantics. In this approach there are always two teams – a “verifying team”
and a “falsifying team”. This allows to use negations freely, whence it just swaps
the roles of these two teams. In [57] Kuusisto has also presented a natural
game-theoretic variant for this semantics, where negation essentially swaps the
verification and falsification. (For other approaches to team semantics with free
use of negation see, e.g. [65] and [59].)

4.2.4 Examples of some INEX-definable properties

In this section we present several examples of properties of models and teams
that are definable in inclusion-exclusion logic. Within these examples we also
apply several of the new operators that we introduced in Chapter 3. Although
all of the properties presented here are known to be expressible in INEX by
the result of Theorem 4.9, we believe that these examples are valuable for
demonstrating the nature of inclusion-exclusion logic and team semantics in
general.

By Corollary 4.10 we know that, in particular, all EMSO-definable properties
of models can be expressed by using only unary inclusion and exclusion atoms.
In the next example we show how two classical EMSO-definable properties of
graphs can be defined in INEX[1].

Example 4.12 (C.f. Example 3.48). Let G = (V,E) be an undirected graph.
The following equivalences hold.

(a) G is disconnected if and only if

G � ∃x1 ∃x2
(
x1 |x2 ∧ T (x1, x2) ∧ (∀ y1⊆x1)(∀ y2⊆x2)¬Ey1y2

)
.

6Originally, in [65], negations were allowed to appear in front of dependence atoms. They
had trivial semantics such that: ¬(=(~t, t)) ≡ ⊥. This was technically convenient because then
both the empty team property and downwards closure were preserved for DEP.
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(b) G is k-colorable if and only if

G � γ≤k ∨ ∃x1 . . . ∃xk
(∧
i 6=j

xi |xj ∧ T (x1, . . . , xn)

∧
∧
i≤k

(∀ y1⊆xi)(∀ y2⊆xi)¬Ey1y2
)

We explain briefly why these equivalences hold: In (a) we first quantify two
nonempty sets for the values of x1 and x2. We use the exclusion atom x1 |x2
to guarantee that these sets are disjoint. The 1-totality atom T (x1, x2) checks
that the union of these sets covers the set V of all vertices (recall that this
atom is definable in INEX[1]). Finally we use universal inclusion quantifiers to
confirm that for any pair of elements chosen within these sets, there is no edge
between them.

In (b) we first check if |V | ≤ k, in which case the graph would be trivially
k-colorable. If that is not the case, we can quantify k nonempty disjoint sets
which represent the coloring of the graph. Confirming that these sets are disjoint
and cover all the vertices can be done similarly as in (a). Finally we confirm
that the coloring is correct by choosing any pair of vertices within an unicolored
set and checking that there is no edge between them.

The properties in Example 4.12 could also be expressed in EMSO and then
we could directly use our translation in Theorem 4.9 to express these properties
in INEX[1]. This method would give us sentences that are only slightly longer
than the ones we have given above. However, the sentences above are not only
shorter but also demonstrate the usefulness of universal inclusion quantifier.

Even though the arity fragments of INEX correspond to the arity fragments
of ESO on the level of sentences, one should remember that these two logics
have a different nature. Despite having the same expressive power, they provide
us with alternative tools. Hence the study of inclusion-exclusion logic might
even have potential for giving new insight on the arity fragments of ESO.

In the next example we demonstrate how we can use our translation in
Theorem 4.9 to apply techniques of ESO directly to inclusion-exclusion logic. In
ESO[k+1] we can quantify a k-ary function by quantifying a (k+1)-ary relation
and giving requirements that it is a function. We can do this analogously in
inclusion-exclusion logic; see the following example.
Example 4.13. Let ϕ be an INEXL∪{F}-sentence where F is a (k+1)-ary
relation symbol. Let ~x be a (k+1)-tuple of fresh variables. The formula ∃F ϕ,
where F is quantified as a k-ary function, is equivalent to the INEXL-sentence:

ξ := ∃ ~x
(
ψ1(~x) ∧ ψ2(~x) ∧ ϕ′

)
, whereψ1(~x) := ∀ ~y ∃ z (~yz ⊆ ~x)

ψ2(~x) := ∀ ~y ∀ z1 ∀ z2
(
(~yz1 | ~x ∨

~x
~yz2 | ~x) ∨

~x
z1 =z2

)
,
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and ϕ′ is the formula obtained from ϕ by replacing all subformulas of the form
F~t with inclusion atoms ~t ⊆ ~x, formulas ¬F~t with exclusion atoms ~t | ~x and all
disjunctions with the disjunctions that preserve the values of the tuple ~x.

Note that ψ1 and ψ2 above are derived by changing the corresponding
ESOL∪{F}-sentences ∀ ~y ∃ z F~yz and ∀ ~y ∀ z1 ∀ z2 ((F~yz1 ∧ F~yz2)→ z1 =z2) to
negation normal form and then directly using our translation (Theorem 4.9)
from ESO to INEX.

If we also want the quantified function to be injective or surjective, we can
add either of the following formulas inside the brackets of the formula ξ above.

ψinj(~x) := ∀ ~y1 ∀ ~y2 ∀ z ((~y1z | ~x ∨
~x
~y2z | ~x) ∨

~x
~y1 =~y2)

ψsurj(~x) := ∀ z ∃ ~y (~yz⊆ ~x).

In a similar way we can express the requirement of any ESO-definable condition
for the function that is quantified in the team as the values of the tuple ~x.

By using the method of the previous example, we can define infinity of a
model in INEX[2] by simply saying that values for x1 and x2 can be chosen in
such a way that the relation X(x1x2), in the resulting team X, is a function
that is injective but not surjective. See the following example.

Example 4.14. Let δinf ∈ INEXL[2] such that

δinf := ∃x1x2
(
ψ1(x1x2) ∧ ψ2(x1x2) ∧ ψinj(x1x2) ∧ ∃ z ∀ y (yz |x1x2)

)
,

where the formulas ψ1, ψ2 and ψinj are as in the previous example. Now a
modelM is infinite if and only ifM� δinf. Note that this property cannot be
expressed by using only unary atoms since it is not EMSO-definable.

The expressive power of INEX[2] is rather strong also on the level of formulas
since, by Theorem 4.9, all ESO[2]-definable properties of 2-ary relations in teams
are definable in INEX[2]. In particular, we can say in INEX[2] that a certain
variable y gets infinitely many values within a team. This can be done simply by
relativizing (recall Subsection 3.3.1) the sentence δinf, of the previous example,
on the variable y. See the following example.

Example 4.15. Let δinf be as above and let X be a nonempty team such that
the variables in δinf are not in dom(X). Now for every y ∈ dom(X) we have

M�X δinf �y iff X(y) is infinite.

If the team X has a finite domain, we can now say that X consists of infinitely
many assignments. That is, if dom(X) = {y1, . . . , yn}, then we have

M�X
⊔
i≤n

(δinf �yi) iff X is infinite.

(Recall that the intuitionistic disjunction above can be used in INEX[2].)
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Because of locality property, there cannot be any single INEXL-formula that
defines the infinity of a team with an arbitrary domain. For the same reason
we cannot define this property in INEX for teams with infinite domain (even if
it is fixed). To see this, consider a team X for which dom(X) = {xi | i ∈ N}
and {s(x0x1x2 . . . ) | s ∈ X} = {0, 1}N. Now X is infinite but X �V is finite for
every finite V ⊆ dom(X). However, if ϕ ∈ INEXL so that Fr(ϕ) ⊆ dom(X),
then by locality ϕ is true in X if and only if it is true in X � Fr(ϕ). Note that
these restrictions hold for any logics with locality property – such as dependence
and independence logics. Therefore if our logic is local, we can only define
infinity of teams that have a fixed finite domain.

Since infinity of a team is not a downwards closed property, it cannot be
expressed in dependence logic.7 By the results of Galliani [22] we know that this
property is expressible in independence logic. However, to our best knowledge,
nobody has presented an explicit formula that would define this property in
independence logic (or any other logic with team semantics). If we expressed
this property in independence logic by directly using the translations given by
Galliani [22], the resulting formula would be very complicated.

In Example 4.15 we defined infinity of a team with a rather simple formula
that was constructed in an intuitive way by using methods introduced in this
thesis. This was just one particular example, but we hope that this demonstrates
how the results of this thesis can be useful for deriving concrete formulas defining
desired properties of models or teams.

4.3 The expressive power of EXC[k]

In this section we will analyze the expressive power of k-ary exclusion logic.
We first observe that the expressive power of unary exclusion logic lies properly
in between DEP[1] and DEP[2]. Then we show more generally that, when only
sentences are considered, EXC[k] captures ESO[k] and thus becomes equivalent
with INEX[k].

As mentioned in Subsection 2.2.3, the standard (lax) semantics (in Def. 2.3)
and the alternative strict semantics (in Def 2.4) are equivalent for exclusion
logic. Therefore we may freely use either of these two semantics. In order to
simplify some of the proofs in this section, we apply the strict semantics for
existential quantifiers and lax-semantics for disjunctions.8

7As shown in Example 2.49, infinity of a model can be easily be defined in DEP.
8This combination is in some sense the simplest choice. It was used when dependence logic

was originally defined ([65]). The lax- and strict-separation was noticed only after introducing
logics that were not closed downwards.
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4.3.1 On the expressive power of EXC[1]

In this subsection we begin the study of the arity fragments of exclusion logic
by first making some observations about the unary fragment EXC[1]. We first
present the following example which shows that unary exclusion atoms can be
used to define properties of models that are not definable in FO.

Example 4.16 (C.f. Example 4.12). Let G = (V,E) be an undirected graph.
Now we have

(a) G is disconnected if and only if

G � ∀ z ∃x1 ∃x2
(
(x1 =z ∨ x2 =z) ∧ x1 |x2

∧ (∀ y1⊆x1)(∀ y2⊆x2)¬Ey1y2
)
.

(b) G is k-colorable if and only if

G � γ≤k t ∀ z ∃x1 . . . ∃xk
( ∨
i≤k
xi=z ∧

∧
i 6=j

xi |xj

∧
∧
i≤k

(∀ y1⊆xi)(∀ y2⊆xi)¬Ey1y2
)
.

(Recall that unary inclusion quantifiers (∀x⊆ y) are definable in EXC[1]).
We explain briefly why these equivalences hold. In (a), since z is universally

quantified, the truth of x1 = z ∨ x2 = z guarantees that X(x1) ∪ X(x2) = V .
Moreover, the truth of x1 |x2 guarantees that X(x1)∩X(x2) = ∅. We can then
use universal inclusion quantifiers to check that there is no edge between X(x1)
and X(x2).

In (b), if G � γ≤k holds, then the graph is trivially k-colorable. As in (a),
the truth of

∨
i≤k xi=z guarantees that we have

⋃
i≤kX(xi) = V and the truth

of the exclusion atoms guarantees that the sets X(xi) are disjoint. We can then
check that the k-coloring formed by the sets X(xi) is correct by using universal
inclusion quantifiers.

Recall Example 4.12, where we defined these same properties in INEX[1].
This time we could not use generalized totality atoms but we were able to
force values of the variables xi to cover all the vertices by alternatively using
universal quantification of z. A similar trick will also be used later in the proof
of Theorem 4.21.

By the previous example we obtain the following corollary on the expressive
power of unary exclusion logic.

Corollary 4.17. DEP[1] <s EXC[1] <s DEP[2].
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Proof. By Theorem 2.44, we have DEP[1] ≤f EXC[1] ≤f DEP[2]. By Example
4.16, there are EXC[1]-definable properties of graphs that cannot be expressed
in FO and thus EXC[1] 6≡s FO. But, by Theorem 2.46, we have DEP[1] ≡s FO
and therefore DEP[1] <s EXC[1]. It is well known that infinity of a model is
not definable in EMSO and thus, by Example 2.49, we have DEP[2] 6≤s EMSO.
By Theorem 4.5, we have EXC[1] ≤s EMSO and thus EXC[1] <s DEP[2].

By Corollary 4.17, we can update Figures 2.1 and 4.1, for the case k = 1,
as follows:

DEP[1]

EXC[1]

DEP[2]

<
<

By Example 4.16 we see that quite complex EMSO-definable properties can
be defined in EXC[1]. This naturally leads to a question whether the whole
EMSO could be captured with EXC[1]. Since INEX[1] ≡s EMSO (by Cor 4.10),
this would imply that EXC[1] ≡s INEX[1]. We will see in the next subsection
that this indeed is the case. Moreover, the following more general result can be
proven for all k ≥ 1:

EXC[k] ≡s ESO[k] ≡s INEX[k].

However, it is important to remember that these equivalences hold only for
the level of sentences and in general EXC[k] <f INEX[k] for all k ≥ 1. Moreover,
in order to translate an ESO[k]-sentence into an EXC[k]-sentence, we need
to perform various “tricks” and the resulting translation is more complicated
and less intuitive than our straightforward translation from ESO[k] to INEX[k]
(in the proof of Theorem 4.9).

4.3.2 Capturing ESO[k] with EXC[k] on the level of sentences

In this subsection we formulate a translation from ESO[k] to EXC[k] on the
level of sentences. The key idea for the translation is that in certain cases
inclusion atoms can be “simulated” with exclusion atoms. This is demonstrated
in the following observation.

Observation 4.18. SupposeM = (M, I) is an L-model, X is a team forM
and ~x, ~w, ~wc are k-tuples variables s.t. X(~wc) = X(~w) (= Mk\X(~w)). Then

M�X ~x ⊆ ~w iff M�X ~x | ~wc.
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This equivalence holds simply because, for any tuple ~x, we have X(~x) ⊆ X(~w)
if and only if X(~x) ∩X(~w) = ∅, i.e. X(~x) ∩X(~wc) = ∅.

In our translation from ESO[k] to INEX[k] (in the proof of Theorem 4.9) the
quantified k-ary relation symbols Pi of an ESOL-formula were simply replaced
with k-tuples ~wi of quantified first order variables. Then the formulas of the
form Pi~t were replaced with the inclusion atoms ~t ⊆ ~wi and the formulas of the
form ¬Pi~t with the exclusion atoms ~t | ~wi.

In order to eliminate inclusion atoms from this translation we also need to
quantify a tuple ~wci of variables for each Pi and set the requirement that ~wci must
be given complementary values with respect to ~wi (c.f. Observation 4.18). This
requirement is possible to set in exclusion logic if we are restricted to sentences
only. Then we simply replace inclusion atoms ~t⊆ ~wi with the corresponding
exclusion atoms ~t | ~wci in the translation.

We also need to consider the quantification of the empty set and the
full relation Mk as special cases. This is because tuples ~wi and also their
“complements” ~wci must always be given a nonempty set of values. For this we
use special “label variables” w◦i and w•i for each relation symbol Pi. We first
quantify some constant value for a variable u. Then we can give the value of u
for w◦i to “announce” the quantification of the empty set; or analogously we
can give it for w•i to announce the quantification of the full relation.

Remark 4.19. When formulating our translation from ESO[k] to INEX[k]
(in Theorem 4.9), we used Lemma 4.8 for handling the quantification of the
empty set. Alternatively we could have used label variables w◦i similarly as
done here. However, since the translation of Theorem 4.9 can also be used
for formulas, in this alternative approach we should have also used constancy
atoms =(t) for stating that w◦i (and u) are must be given constant values in
the team (see the proof of Theorem 4.21).

In order to give values for the label variables w◦i and w•i in a nontrivial way,
there must be at least two elements in the model. For handling the special case
of single element models, we will use the following easy lemma.

Lemma 4.20. Let ϕ be an ESOL-sentence. Now there is an FOL-sentence χ,
such that: M�ϕ iffM�χ, for all L-modelsM = (M, I) for which |M | = 1.

Proof. (C.f. the proof of Lemma 4.8). Let δ be the first order part of Φ and let
P be a k-ary relation variable that is quantified in Φ. For models with only a
single element, the only values that can be quantified for P are ∅ and Mk. In
the former case literals of the form P~t become equivalent with ⊥ and literals of
the form ¬P~t become equivalent with >. And in the latter case we dually have
P~t ≡ > and ¬P~t ≡ ⊥.
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It is thus easy to see that δ is equivalent to the following formula:

δ[⊥/P~t,>/¬P~t ] ∨ δ[>/P~t,⊥/¬P~t ].

We can repeat this for every second order variable that is quantified Φ to obtain
an FOL-sentence χ for which χ ≡ δ. Since χ does not contain any second order
variables, we have Φ ≡ χ.

The only remaining problem is that in the translation from ESO[k] to
INEX[k] we also needed value preserving disjunction to avoid the “loss of infor-
mation” on the values of variables ~wi when evaluating disjunctions. However,
as shown in Observation 3.11, value preserving disjunction is not closed down-
wards and therefore it cannot be used here. But this time we can use unifying
disjunction9 (Def 3.49) instead to avoid the loss of information on the values
of both the tuples ~wi and the tuples ~wci . (Note that unifying disjunction for
k-tuples can be defined in EXC[k] since k-ary inclusion quantifier is definable
in EXC[k].) We are now ready to formulate our translation from ESO[k] to
EXC[k] on the level of sentences.

Theorem 4.21. For every ESOL[k]-sentence Φ there is an EXCL[k]-sentence
ϕ such that we have

M�ϕ iff M�Φ.

Proof. Since Φ is an ESOL[k]-sentence, there is an ESOL[0]-sentence δ and rela-
tion variables P1, . . . , Pn so that Φ = ∃P1 . . . ∃Pnδ. Without loss of generality,
we may assume that P1, . . . , Pn are all k-ary. Let ~w1, . . . , ~wn and ~wc1, . . . , ~w

c
n be

k-tuples of variables and w◦1, . . . , w◦n, w•1, . . . , w•n and u be variables such that
all of these variables are distinct and do not occur in the sentence δ.

The formula ψ′ is defined recursively for all ψ ∈ Sf(δ):

ψ′ = ψ if ψ is a literal and Pi does not occur in ψ for any i ≤ n
(Pi~t )′ = (~t | ~wci ∨ w•i =u) ∧ w◦i 6=u for all i ≤ n

(¬Pi~t )′ = (~t | ~wi ∨ w◦i =u) ∧ w•i 6=u for all i ≤ n
(ψ ∧ θ)′ = ψ′∧ θ′

(ψ ∨ θ)′ = ψ′ YU θ′, where YU := ∨U
~w1,..., ~wn, ~wc

1,..., ~wc
n

(∃xψ)′ = ∃xψ′

(∀xψ)′ = ∀xψ′.
9It is worth noting that value preserving disjunction could be replaced with unifying

disjunction also in our translation from ESO[k] to INEX[k]. However, we have decided use
value preserving disjunction there since it makes the translation (and the proof) more natural.
Value preserving disjunction was also discovered earlier.
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Let χ be a FOL-sentence determined by the Lemma 4.20 for the sentence Φ
and let ~z be a k-tuple of fresh variables. Now we can define the sentence ϕ in
the following way:

ϕ := (γ=1 ∧ χ) t ∃u∃w◦1 . . . ∃w◦n ∃w•1 . . . ∃w•n
∀~z ∃ ~w1 . . . ∃ ~wn ∃ ~wc1 . . . ∃ ~wcn

(∧
i≤n

(~z= ~wi ∨ ~z= ~wci ) ∧ δ′
)
.

Clearly ϕ is an EXCL[k]-sentence.

Remark 4.22. Since we are using the tuples ~wi and ~wci to simulate a quantified
relation and its complement, respectively, it would be natural to add the
requirement

∧
i≤n ~wi | ~wci to the sentence ϕ above. However, we will see that

this is not necessary, since it suffices that ~wi and ~wci are quantified in such a
way that X(~wi) ∪ X(~wci ) = Mk in the resulting team X. This condition is
achieved by first universally quantifying a tuple ~z and adding a disjunction
~z = ~wi ∨ ~z = ~wci for each i ≤ n (compare with a similar idea in the sentences of
Example 4.16).

We write V ∗ := Vr(uw◦1 . . . w◦nw•1 . . . w•n ~w1 . . . ~wn ~w
c
1 . . . ~w

c
n).

Before proving the claim of this theorem, we prove the following two claims.

Claim 5. LetM be an L-model with at least two elements. Let µ ∈ Sf(δ) and
let X a team for which V ∗⊆dom(X) and the following assumptions hold:{

X(~wi) ∪X(~wci ) = Mk for each i ≤ n.
The values of w◦i , w•i (i ≤ n) and u are constants in X.

LetM′ :=M[ ~A/~P ] (=M[A1/P1, . . . , An/Pn]), where

Ai =


∅ if X(w◦i ) = X(u) and X(w•i ) 6= X(u)
Mk if X(w•i ) = X(u) and X(w◦i ) 6= X(u)
X(~wi) else.

Now the following implication holds:

IfM�X µ′, thenM′ �X µ.

We prove this claim by structural induction on µ:

• If µ is a literal and Pi does not occur in µ for any i ≤ n, then the claim holds
trivially since µ′ = µ.
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• Let µ = Pj~t for some j ≤ n. Suppose that we have M�X(Pj~t )′, i.e.
M�X(~t | ~wcj ∨ w•j =u) ∧ w◦j 6=u. Because the values of u, w◦j are constants
in X and M�X w◦j 6= u, we have X(w◦j ) 6= X(u). If X(w•j ) = X(u), then
Aj = Mk and thus triviallyM′ �X Pj~t. Suppose then that X(w•j ) 6= X(u),
whence Aj = X(~wj). Because the values of u, w•j are constants in X and
M�X~t | ~wcj ∨w•j =u, it must hold thatM�X~t | ~wcj . Now X(~t ) ∩X(~wcj) = ∅
and X(~wj) ∪X(~wcj) = Mk. Hence X(~t ) ⊆ X(~wcj) ⊆ X(~wj) = Aj and thus
M′ �X Pj~t.

• Let µ = ¬Pj~t for some j ≤ n. Suppose that we have M�X(¬Pj~t )′, i.e.
M�X(~t | ~wj ∨ w◦j =u) ∧ w•j 6=u. Because the values of u, w•j are constants
andM�X w•j 6=u, we have X(w•j ) 6= X(u). If X(w◦j ) = X(u), then Aj = ∅
and thus triviallyM′ �X ¬Pj~t. Suppose then that X(w◦i ) 6= X(u), whence
Aj = X(~wj). Because the values of u, w◦j are constants in X and we have
M�X~t | ~wj ∨w◦j =u, it must be thatM�X~t | ~wj . Now X(~t ) ⊆ X(~wj) = Aj
and thusM′ �X ¬Pj~t.

• The case µ = ψ ∧ θ is straightforward to prove.

• Let µ = ψ∨θ. Suppose thatM�X(ψ∨θ)′, i.e. M�X ψ′YUθ′. By Proposition
3.50 there are Y1, Y2 ⊆ X s.t. Y1 ∪ Y2 = X,M�Y ∗1 ψ

′ andM�Y ∗2 θ
′, where{

Y ∗1 := Y1[X(~w1)/~w1, . . . , X(~wn)/~wn, X(~wc1)/~wc1, . . . , X(~wcn)/~wcn]
Y ∗2 := Y2[X(~w1)/~w1, . . . , X(~wn)/~wn, X(~wc1)/~wc1, . . . , X(~wcn)/~wcn].

Now the sets of values for ~wi and ~wci are the same in Y ∗1 and Y ∗2 as in X.
Because the values of u and w◦i , w•i are constants in X they have (the same)
constant values in Y ∗1 and Y ∗2 . Hence, by the inductive hypothesis, we have
M′ �Y ∗1 ψ andM′ �Y ∗2 θ. Since none of the variables in V ∗ occurs in ψ ∨ θ,
by localityM′ �Y1 ψ andM′ �Y2 θ. ThereforeM′ �X ψ ∨ θ.

• The cases µ = ∃xψ and µ = ∀xψ are straightforward to prove. (Note here
that, since x /∈ V ∗, the assumptions of Claim 5 hold in the resulting team
also after the quantification of x.)

Claim 6. Let M be an L-model with at least two elements. Let µ ∈ Sf(δ)
and X be a team such that dom(X) = Fr(µ). Assume that A1, . . . , An ⊆ Mk,
M′ :=M[ ~A/~P ] and a, b ∈M s.t. a 6= b. Let

X ′ := X
[
{a}/u,B◦1/w◦1, . . . , B◦n/w◦n, B•1/w•1, . . . , B•n/w•n,

B1/~w1, . . . , Bn/~wn, B
c
1/~w

c
1, . . . , B

c
n/~w

c
n

]
,

where


B◦i = {a}, B•i = {b} and Bi = Bc

i = Mk if Ai = ∅
B◦i = {b}, B•i = {a} and Bi = Bc

i = Mk if Ai = Mk

B◦i = {b}, B•i = {b}, Bi = Ai and Bc
i = Ai else.
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Now the following implication holds:

IfM′ �X µ, thenM�X′ µ′.

We prove this claim by structural induction on µ. First, note that if X = ∅,
then also X ′ = ∅ and thus the claim holds by the empty team property. Hence
we may assume that X 6= ∅.

• If µ is a literal and Pi does not occur in µ for any i ≤ n, then the claim holds
by locality since µ′ = µ.

• Let µ = Pj~t for some j ≤ n. Suppose M′ �X Pj~t, i.e. X(~t ) ⊆ PM
′

j = Aj .
Since X 6= ∅, also X(~t ) 6= ∅ and thus Aj 6= ∅. Hence X ′(w◦j ) = {b}, and thus
M�X′ w◦i 6=u since X ′(u) = {a} . If Aj = Mk, then X ′(w•i ) = {a} and thus
M�X′ w•j = u, whence M�X′(~t | ~wcj ∨ w•j = u) ∧ w◦j 6= u, i.e. M�X′(Pj~t )′.
Suppose then that Aj 6= Mk. Now we have X ′(~wcj) = Aj , i.e. X ′(wcj) = Aj ,
and thus X ′(~t ) =X(~t ) ⊆ Aj =X ′(~wcj). Hence M�X′~t | ~wcj and therefore
M�X′(~t | ~wcj ∨ w•j =u) ∧ w◦j 6=u, i.e. M�X′(Pj~t )′.

• Let µ = ¬Pj~t for some j ≤ n. SupposeM′ �X ¬Pj~t, i.e. X(~t ) ⊆ PM′j = Aj .
Since X 6= ∅, we have X(~t ) 6= ∅ and thus Aj 6= ∅, i.e. Aj 6= Mk. Hence
X ′(w•j ) = {b}, and thus M�X′ w•i 6=u since X ′(u) = {a}. If Aj = ∅, then
X ′(w◦i ) = {a} and thusM�X′ w◦j =u, whenceM�X′(~t | ~wj∨w◦j =u)∧w•j 6=u,
i.e. M�X′(¬Pj~t )′. Suppose then that we have Aj 6= ∅. Then X ′(~wj) = Aj
and thus it holds that X ′(~t )=X(~t ) ⊆ Aj =X ′(~wj). HenceM�X′~t | ~wj and
moreoverM�X′(~t | ~wj ∨ w◦j =u) ∧ w•j 6=u, i.e. M�X′(¬Pj~t )′.

• The case µ = ψ ∧ θ is straightforward to prove.

• Let µ = ψ ∨ θ. Suppose that M′ �X ψ ∨ θ, i.e. there exist Y1, Y2 ⊆ X s.t.
Y1 ∪ Y2 = X,M′ �Y1 ψ andM′ �Y2 θ. Let Y ′1 , Y ′2 be the teams obtained by
extending the teams Y1, Y2 as X ′ is obtained by extending X. Then, by the
inductive hypothesis, we haveM�Y ′1 ψ

′ andM�Y ′2 θ
′. Now we have{

Y ′1 = Y ′1 [X ′(~w1)/~w1, . . . , X
′(~wn)/~wn, X ′(~wc1)/~wc1, . . . , X ′(~wcn)/~wcn]

Y ′2 = Y ′2 [X ′(~w1)/~w1, . . . , X
′(~wn)/~wn, X ′(~wc1)/~wc1, . . . , X ′(~wcn)/~wcn].

Moreover Y ′1 , Y ′2 ⊆ X ′ and Y ′1 ∪ Y ′2 = X ′. Thus, by Proposition 3.50,
M�X′ ψ′ YU θ′, i.e. M�X′(ψ ∨ θ)′.

• Let µ = ∃xψ (the case µ = ∀xψ is proven similarly). Suppose that
M′ �X ∃xψ, i.e. there is F : X → M s.t. M′ �X[F/x] ψ. Let F ′ : X ′ → M
such that s 7→ F (s � Fr(µ)) for each s ∈ X ′. Note that F ′ is well-defined
since dom(X) = Fr(µ) by the assumption.
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Let (X[F/x])′ be the team that is obtained by extending the team X[F/x]
analogously as X ′ is obtained by extending X. Now by the inductive hypoth-
esis we have M�(X[F/x])′ ψ

′. By the definition of F ′ it is easy to see that
(X[F/x])′ = X ′[F ′/x] and thusM�X′[F ′/x] ψ

′. Hence we haveM�X′ ∃xψ′,
i.e. M�X′(∃xψ)′.

We are now ready to prove the claim of this theorem:

M�ϕ iff M�Φ.

Suppose first thatM�ϕ, i.e. M� γ=1 ∧ χ or

M� ∃u∃w◦1 . . . ∃w◦n ∃w•1 . . . ∃w•n
∀~z ∃ ~w1 . . . ∃ ~wn ∃ ~wc1 . . . ∃ ~wcn

(∧
i≤n

(~z = ~wi ∨ ~z = ~wci ) ∧ δ′
)
. (?)

IfM� γ=1 ∧ χ, the claim holds by Lemma 4.20. Suppose then (?), whence by
the (strict) semantics of existential quantifier there are a, b1 . . . bn, b′1, . . . , b′n∈M
such that

M�X1 ∀~z ∃ ~w1 . . . ∃ ~wn ∃ ~wc1 . . . ∃ ~wcn
(∧
i≤n

(~z = ~wi ∨ ~z = ~wci ) ∧ δ′
)
,

where X1 := {∅[a/u, b1/w◦1, . . . , bn/w◦n, b′1/w•1, . . . , b′n/w•n]}. Note that since X1
consists only of a single assignment, the values of u, w◦i and w•i (i ≤ n) are
trivially constants in the team X1. Let X2 := X1[Mk/~z ]. Now there exist
functions Fi : X2[F1/~w1, . . . ,Fi−1/~wi−1]→Mk such that

M�X3 ∃ ~wc1 . . . ∃ ~wcn
(∧
i≤n

(~z = ~wi ∨ ~z = ~wci ) ∧ δ′
)
,

where X3 := X2[F1/~w1, . . . ,Fn/~wn].
Furthermore there exist functions F ′i : X3[F ′1/~wc1, . . . ,F ′i−1/~w

c
i−1] → Mk

s.t. M�X4

∧
i≤n(~z = ~wi ∨ ~z = ~wci ) ∧ δ′, where X4 := X3[F ′1/~wc1, . . . ,F ′n/~wcn].

Since X4(~z) = Mk and M�X4

∧
i≤n(~z = ~wi ∨ ~z = ~wci ), it is easy to see that

X4(~wi) ∪X4(~wci ) = Mk for each i ≤ n. Now all the assumptions of Claim 5
hold for the team X4. LetM′ :=M[ ~A/~P ], where

Ai =


∅ if X4(w◦i ) = X4(u) and X4(w•i ) 6= X4(u)
Mk if X4(w•i ) = X4(u) and X4(w◦i ) 6= X4(u)
X4(~wi) else.

SinceM�X4 δ
′, by Claim 5 we haveM′ �X4 δ. Moreover, by localityM′ � δ,

and thereforeM�Φ.
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Suppose then that M�Φ. If |M | = 1, then by Lemma 4.20 we have
M� γ=1 ∧ χ and thus M�ϕ. Hence we may assume that |M | ≥ 2, whence
there exist a, b ∈M s.t. a 6= b. SinceM�Φ, there exist A1, . . . , An ⊆Mk s.t.
M[ ~A/~P ]� δ. Let

X ′ := {∅}
[
{a}/u,B◦1/w◦1, . . . , B◦n/w◦n, B•1/w•1, . . . , B•n/w•n,

B1/~w1, . . . , Bn/~wn, B
c
1/~w

c
1, . . . , B

c
n/~w

c
n

]
,

where B◦i , B•i , Bi, Bc
i (i ≤ n) are defined as in the assumptions of Claim 6. Since

M[ ~A/~P ]� δ, by Claim 6 we haveM�X′ δ′. Let

F : {∅} →M2n+1, ∅ 7→ ab1 . . . bnb
′
1 . . . b

′
n,

where
{
bi = a if Ai = ∅
bi = b else

and
{
b′i = a if Ai = Mk

b′i = b else.

Let X1 := {∅}[F/uw◦1 . . . w◦nw•1 . . . w•n] and let X2 := X1[Mk/~z ]. We fix some
~bi ∈ Ai for each i ≤ n for which Ai 6= ∅ and define the functions

Fi : X2[F1/~w1, . . . ,Fi−1/~wi−1]→Mk,

{
s 7→ s(~z) if s(~z) ∈ Ai or Ai = ∅
s 7→ ~bi else.

Let X3 := X2[F1/~w1, . . . ,Fn/~wn]. We fix some ~b′i ∈ Ai for each i ≤ n for which
Ai 6= Mk and define

F ′i : X3[F ′1/~wc1, . . . ,F ′i−1/~w
c
i−1]→Mk,

{
s 7→ s(~z) if s(~z) ∈ Ai or Ai = Mk

s 7→ ~b′i else.

Let X4 := X3[F ′1/~wc1, . . . ,F ′n/~wcn]. By the definitions of the functions Fi,F ′i it
is quite easy to see thatM�X4

∧
i≤n(~z = ~wi∨~z = ~wci ). By the definitions of the

choice functions for the variables in V ∗, we observe that X4 � V ∗ ⊆ X ′ (note
here that the variables in ~z are not in dom(X ′)). SinceM�X′ δ′, by locality and
downwards closure we haveM�X4 δ

′. ThusM�X4

∧
i≤n(~z= ~wi ∨ ~z= ~wci ) ∧ δ′

and furthermoreM�ϕ.

Recall that, by Theorem 4.5, we have EXC[k] ≤s ESO[k] for all k ≥ 1.
Hence, by Theorem 4.21, we obtain the following corollary.

Corollary 4.23. EXC[k] ≡s ESO[k] for all k ≥ 1.

In particular, we can capture EMSO, by using unary exclusion atoms.
This is particularly interesting since EMSO cannot be captured with any arity
fragment of dependence nor independence logic (as a consequence of the results
in [12, 24]). Hence we think that unary exclusion logic deserves extra recognition
by capturing this very important fragment of ESO.

Recall Qs FO-definable atoms from Subsection 3.3.3. By Corollaries 4.23
and 4.11, we obtain the following consequence.
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Corollary 4.24. Let k ≥ 1 and let LQs FO[k] be the extension of FO with all
Qs FO-definable k-ary atoms. Then we have

LQs FO[k] ≡s EXC[k].

As discussed earlier, Qs FO-definable k-ary atoms form a very natural and
general class of k-ary atoms. By the result above, one could therefore even
argue that k-ary exclusion atoms are the only natural k-ary atoms which are
ever needed for the level of sentences.

Remark 4.25. Recall Remark 4.4 on the expressive power of DEP and EXC
on the level of formulas (proven in [56]). It is natural to ask if the result of
Corollary 4.23 could be generalized for the level of formulas. By the result
in [56] and our results for INEX[k], it would be natural to conjecture that all
ESO[k]-definable downwards closed properties of k-ary relations can be defined
in EXC[k]. We leave this question here open.

4.3.3 Relationship between INC[k] and EXC[k]

Since INEX[k] captures ESO[k] on the level of sentences, by Corollary 4.23,
it follows that INEX[k] ≡s EXC[k]. Hence, on the level of sentences, k-ary
inclusion atoms do not increase the expressive power of EXC[k].

From the results of Dawar [8] it follows, in particular, that 3-colorability
of a graph cannot be expressed in greatest fixed logic. Since INC is equivalent
to positive greatest fixed point logic ([25]), this property is not expressible
in INC. However, since it can be expressed in EXC[1] (as demonstrated in
Example 4.16), INC[k] is strictly weaker than EXC[k], on the level of sentences,
for all k ≥ 1.

Corollary 4.26. INC[k] <s EXC[k] for all k ≥ 1.

This result is somewhat surprising since, as discussed in Subsection 4.2.3,
inclusion and exclusion atoms can be seen as duals of each other. As a matter of
fact, exclusion atoms can also be simulated with inclusion atoms in an analogous
way as we simulated inclusion atoms with exclusion atoms. See below.

Observation 4.27 (C.f. Observation 4.18). Suppose that X is a team for a
modelM and ~x, ~w, ~wc are k-tuples variables such that X(~wc) = X(~w). Now
we have the following equivalence:

M�X ~x | ~w iffM�X ~x⊆ ~wc.

This is simply because, for any tuple ~x, we have X(~x) ∩X(~w) = ∅ if and only
if X(~x) ⊆ X(~w) = X(~wc).
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By this observation, it would be natural to expect that ESOL[k]-sentences
could be expressed with INC[k]-sentences similarly as we did with EXC[k]-
sentences. But this is impossible as we deduced above. The problem is that
in INC there is no way to “force” the tuples ~w and ~wc to be quantified in
such a way that their values would be complements of each other. However,
there is a possibility this could be done in inclusion logic with the alternative
(strict) semantics, since Galliani, Hannula and Kontinen [24] have shown that
the resulting logic (INCs) is equivalent to ESO. We will study this question in
the next section.

4.4 On the expressive power of INCs[k]

Inclusion logic with the alternative (nonequivalent) strict semantics has been
studied in [24] and [37]. In this section we will study the expressive power of
the k-ary fragment, INCs[k], of inclusion logic with strict semantics. By using
similar tricks as in the previous section, we can formulate a translation from
ESO[k] to INCs[k] and thus obtain a lower bound for the expressive power of
INCs[k].

In this section we will exclusively use the alternative strict-semantics – both
for evaluating existential quantifiers and for evaluating disjunctions.

4.4.1 Properties of inclusion logic with strict semantics

As we have noted before, when using strict semantics with inclusion logic,
we lose the locality property. Hence the resulting logic is a bit strange by
having some counterintuitive properties.10 We have to be extra careful when
formulating our proofs for INCs since locality is one of the most common
properties used when formulating proofs for team semantics.

Moreover, not only locality of INC is lost with the alternative strict semantics.
With inclusion logic we very often use its property of being closed under unions.
But also this property is lost with strict semantics as shown in the following
example.11

Example 4.28. The first case below shows that, with strict semantics for
disjunction, the closure under unions is lost for INC. The second case shows
the same for strict semantics for existential quantifier. For the both cases, let
M = (M, I) be an L-model for which M = {0, 1, 2}.

10Note that IF-logic is not local either. This is manifested by some exotic properties, such
as signaling, which do not appear in logics that are local.

11The corresponding observation has been done independently in [40] for propositional
inclusion logic.
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1. Let ϕ := x⊆ y ∨ y⊆x and let X1 = {s0, s1} and X2 = {s0, s2}, where{
s0(x) = 0
s0(y) = 0

{
s1(x) = 0
s1(y) = 1

{
s2(x) = 2
s2(y) = 0.

NowM�X1 ϕ holds since we can do a trivial splitting of X1 by leaving the
right side empty. SimilarlyM�X2 ϕ holds since we can leave the left side
empty when splitting X2. However, M2X1∪X2 ϕ since there is no way to
split the team X1 ∪X2 = {s0, s1, s2} into two disjoint subteams such that
the other would satisfy x⊆ y and the other would satisfy y⊆x. (Note that
with lax semantics X1 ∪X2 can be split here into {s0, s1} and {s0, s2}.)

2. Let ϕ := ∃ z (z 6= x∧ z 6= y ∧ x⊆ z) and let X1 = {s0, s1} and X2 = {s0, s2},
where {

s0(x) = 0
s0(y) = 0

{
s1(x) = 1
s1(y) = 2

{
s2(x) = 2
s2(y) = 1.

NowM�X1 ϕ holds since we can map s0 to 1 and s1 to 0. SimilarlyM�X2 ϕ
holds since we can map s0 to 2 and s2 to 0. However, M2X1∪X2 ϕ since
|(X1 ∪X2)(x)| = 3, but both s1 and s2 must be mapped to 0. (Note that
with lax semantics s0 can here be mapped to both 1 and 2.)

4.4.2 Simulating exclusion in INCs

In order to formulate a translation from ESO[k] to INCs[k], we need to be able
say in INCs that the exclusion ~x1 | ~x2 holds for k-tuples ~x1 and ~x2. In certain
cases this is possible; even without access to the complementary values of ~x1
and ~x2 in the team. For this purpose, consider the variant ϕ~t1

./∨~t2 ψ of value
preserving disjunction from Example 3.12. When ϕ := ~x1⊆~z and ψ := ~x2⊆~z,
the truth of ϕ ~x1

./∨~x2 ψ (by strict semantics) will guarantee in certain teams that
the exclusion ~x1 | ~x2 holds. Sufficient condition here is that all the values of all
variables in X are dependent on the values of ~z. When this holds and X is split
into disjoint subteams Y and Y ′, it is then guaranteed that Y (~z) ∩ Y ′(~z) = ∅.
Supposing thatM�X ~x1⊆~z ~x1

./∨~x2 ~x2⊆~z, we then have X(~x1) = Y (~x1) ⊆ Y (~z)
and X(~x1) = Y ′(~x1) ⊆ Y ′(~z), whence it follows that X(~x1) ∩X(~x2) = ∅.

In Definition 4.29 below, the defined operator exccl,cr,~z(~x1, ~x2) is derived
quite directly from the definition of disjunction ~x1⊆~z ~x1

./∨~x2 ~x2⊆~z in INEX
(see Example 3.34). The only essential difference is that because constant
quantification cannot be used in INC, we will simply assume that the values of
the “label variables” cl and cr are constants in the team. (As we will see later,
this is easily done for sentences simply by existentially quantifying cl and cr by
using strict semantics.)
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Definition 4.29. Let cl and cr be variables and let ~z, ~x1, ~x2 be k-tuples of
variables. We write

exccl,cr,~z(~x1, ~x2) := ∃ y
(
((y=cl ∧ ~x1⊆~z) ∨ (y=cr ∧ ~x2⊆~z)) ∧ θ ∧ θ′

)
,

where θ = ∃~z1 ∃~z2
(
((y=cl ∧ ~z1 =~x1 ∧ ~z2 =~c1)
∨ (y=cr ∧ ~z1 =~c1 ∧ ~z2 =~x2)) ∧ ~x1⊆~z1 ∧ ~x2⊆~z2

)
θ′ = ∃~z1 ∃~z2

(
((y=cl ∧ ~z1 =~x1 ∧ ~z2 =~c2)
∨ (y=cr ∧ ~z1 =~c2 ∧ ~z2 =~x2)) ∧ ~x1⊆~z1 ∧ ~x2⊆~z2

)
,

and y is a fresh variable, ~z1, ~z2 are k-tuples of fresh variables and ~c1, ~c2 are
k-tuples such that ~c1 = cl . . . cl and ~c2 = cr . . . cr.

The following lemma gives sufficient conditions for the truth of ~x1 | ~x2. This
result is needed when proving Theorem 4.32 in the next section.

Lemma 4.30. Let M be a model and let X be a team, where cl and cr have
different constant values a and b, respectively. Suppose that the k-tuples ~z, ~x1,
~x2 are all in dom(X) and that the variable y in the definition of exccl,cr,~z(~x1, ~x2)
is not in dom(X). Moreover, assume that the following conditions hold for X:

1. M�X =(~z, v) for all v ∈ dom(X).

2. M�X exccl,cr,~z(~x1, ~x2).

Now it holds that X(~x1) ∩X(~x2) = ∅.

Proof. We write ~a := a . . . a and ~b := b . . . b. Since M�X exccl,cr,~z(~x1, ~x2),
there is F : X → M s.t. M�X′((y= cl ∧ ~x1⊆~z) ∨ (y= cr ∧ ~x2⊆~z)) ∧ θ ∧ θ′,
where X ′ = X[F/y]. Thus M�X′ θ, M�X′ θ′ and there are Y, Y ′ ⊆ X ′ s.t.
Y ∪Y ′ = X ′, Y ∩Y ′ = ∅,M�Y y=cl ∧ ~x1⊆~z andM�Y ′ y=cr ∧ ~x2⊆~z. Since
X ′(cl) = {a} and X ′(cr) = {b}, it is easy to see that the following conditions
hold for any assignment s ∈ X ′:

s ∈ Y iff s(y) = a and s ∈ Y ′ iff s(y) = b.

We first show that Y (~z)∩ Y ′(~z) = ∅. Suppose, for the sake of contradiction,
that Y (~z)∩Y ′(~z) 6= ∅, whence there is s ∈ Y and s′ ∈ Y ′ s.t. s(~z) = s′(~z). Now
s(y) = a and s′(y) = b. SinceM�X =(~z, v) for all v ∈ dom(X), by the strict
semantics of existential quantifier we must also haveM�X′ =(~z, y). However,
this is impossible since s(~z) = s′(~z) and s(y) 6= s′(y). Hence Y (~z) ∩ Y ′(~z) = ∅.

Since M�X′ θ, there are F1 : X ′ → Mk and F2 : X ′[F1/~z1] → Mk s.t.
M�Z((y=cl ∧ ~z1 =~x1 ∧ ~z2 =~c1)∨ (y=cr ∧ ~z1 =~c1 ∧ ~z2 =~x2))∧ ~x1⊆~z1 ∧ ~x2⊆~z2,
where Z := X[F1/~z1,F2/~z2]. HenceM�Z ~x1⊆~z1,M�Z ~x2⊆~z2 and there are
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W1,W2 ⊆ Z s.t. W1 ∪W2 = Z, W1 ∩W2 = ∅,M�W1 y=cl ∧ ~z1 =~x1 ∧ ~z2 =~c1
and M�W2 y = cr ∧ ~z1 = ~c1 ∧ ~z2 = ~x2. Moreover, since M�X′ θ′, there are
F ′1 : X ′ → Mk and F ′2 : X ′[F ′1/~z1] → Mk s.t. M�Z′ ~x1⊆~z1, M�Z′ ~x2⊆~z2,
where Z ′ := X[F ′1/~z1,F ′2/~z2]. Furthermore, there are subteams W ′1,W ′2 ⊆ Z ′

such that W ′1 ∪W ′2 = Z ′, W ′1 ∩W ′2 = ∅, M�W ′1 y= cl ∧ ~z1 = ~x1 ∧ ~z2 =~c2 and
M�W ′2 y=cr ∧ ~z1 =~c2 ∧ ~z2 =~x2.

Suppose, for the sake of contradiction, that there is ~e ∈ X(~x1) ∩ X(~x2).
Hence there are s1, s2 ∈ X s.t. s1(~x1) = ~e = s2(~x2). Let r1 := s1[F (s1)/y] and
r2 := s2[F (s2)/y]. Now we must have r1(y), r2(y) ∈ {a, b}.

Suppose first that r1(y) = a and r2(y) = b, whence r1 ∈ Y and r2 ∈ Y ′.
SinceM�Y ~x1⊆~z, we must have ~e = r1(~x1) ∈ Y (~z). And sinceM�Y ′ ~x2⊆~z,
we must have ~e = r2(~x2) ∈ Y ′(~z). But this is impossible, since we deduced
above that Y (~z)∩ Y ′(~z) = ∅. The case when r1(y) = b and r2(y) = a leads to a
contradiction by a symmetric reasoning.

Suppose then that r1(y) = a = r2(y), whence r1, r2 ∈ Y . As above, we must
have ~e ∈ Y (~z). Let r′2 ∈ Z be the assignment that is obtained by extending
r2 with F1 and F2. Since M�Z ~x2⊆~z2, there is r′3 ∈ Z s.t. r′3(~z2) = r′2(~x2).
Suppose first that r′3 ∈ W2, whence r′3(y) = r′3(cr) and r′3(~z2) = r′3(~x2). Let
r3 ∈ X ′ be the assignment that becomes r′3 when extended with F1 and F2.
Since r′3(y) = r′3(cr), also r3(y) = r3(cr) and thus r3 ∈ Y ′. Now we have
r3(~x2) = r′3(~x2) = r′3(~z2) = r′2(~x2) = r2(~x2) = s2(~x2) = ~e and thus ~e ∈ Y ′(~x2).
But sinceM�Y ′ ~x2⊆~z, we also have ~e ∈ Y ′(~z). But this is impossible since
~e ∈ Y (~z) and we have shown that Y (~z) ∩ Y ′(~z) = ∅. Thus r′3 cannot be in W2.

Suppose then that r′3 ∈ W1, whence r′3(~z2) = r′3(~c1) and thus r′2(~x2) = ~a.
Let r′′2 ∈ Z ′ be the assignment that is obtained by extending r2 with the
functions F ′1 and F ′2. SinceM�Z′ ~x2⊆~z2, there is r′′3 ∈ Z s.t. r′′3(~z2) = r′′2(~x2).
If r′′3 ∈ W ′2, then we obtain a contradiction with a similar reasoning as for r′3
above. Hence we must have r′′3 ∈W ′1. But then r′′3(~z2) = r′3(~c2) = ~b. But this a
contradiction since r′′3(~z2) = r′′2(~x2) = r2(~x2) = r′2(~x2) = ~a 6= ~b.

The case when r1(y) = b = r2(y) leads to a contradiction with a symmetric
reasoning to the previous case. Since all the possible cases lead to a contradiction,
we must have X(~x1) ∩X(~x2) = ∅.

For the proof of Theorem 4.32, we also need certain conditions sufficient
for the truth of exccl,cr,~z(~x1, ~x2) in a team. The assumptions in the following
lemma are very specific as this lemma is formulated particularly for the proof
of Theorem 4.32. (The operator exccl,cr,~z(~x1, ~x2) is not very interesting in its
own right – it is just a tool for our translation from ESO[k] to INCs[k].)

Lemma 4.31. Let M be a model and let X be a team where cl and cr have
different constant values a and b, respectively. We assume that the following
conditions hold for the team X.
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1. X(~x1) ∩X(~x2) = ∅.

2. For each s ∈ X either s(~z ) = s(~x1) or s(~z ) = s(~x2).

3. For each ~a1 ∈ X(~x1), there is s ∈ X for which s(~x1) = ~a1 = s(~z ).

4. For each ~a2 ∈ X(~x2), there is s ∈ X for which s(~x2) = ~a2 = s(~z ).

Now it holds thatM�X exccl,cr,~z(~x1, ~x2).

Proof. We first note that by the assumptions 1 and 2, it is impossible that
s(~x1) = s(~z) = s(~x2) for any s ∈ X. Hence, by the assumption 2, we can define
the following function:

F : X →M,

{
s 7→ a if s(~z ) = s(~x1)
s 7→ b if s(~z ) = s(~x2).

Let X ′ := X[F/y], Y := {s ∈ X | s(y) = a} and Y := {s ∈ X | s(y) = b}. Now
clearly Y, Y ′ ⊆ X ′, Y ∪ Y ′ = X ′ and Y ∩ Y ′ = ∅. By the definition of F , it is
easy to see thatM�Y y=cl ∧ ~x1⊆~z andM�Y ′ y=cr ∧ ~x2⊆~z. Let ~a be the
k-tuple ~a := a . . . a and let

F1 : X ′ →Mk,

{
s 7→ s(~x1) if s(y) = a

s 7→ ~a if s(y) = b

F2 : X ′[F1/~z1]→Mk,

{
s 7→ ~a if s(y) = a

s 7→ s(~x2) if s(y) = b.

We define the teams Z := X[F1/~z1,F2/~z2], W1 := {s ∈ Z | s(y) = a}
and W2 := {s ∈ Z | s(y) = b}. Now clearly W1 ∪W2 = Z, W1 ∩W2 = ∅,
M�W1 y=cl∧~z1 =~x1∧~z2 =~c1 andM�W2 y=cr∧~z1 =~c1∧~z2 =~x2. For the sake
of showing that M�Z ~x1⊆~z1, let r ∈ Z. Let s ∈ X be the assignment that
becomes r, when it is extended with F , F1 and F2. By the assumption 3, there
is s′ ∈ X such that s′(~z) = s(~x1) = s′(~x1). Let r′ := s′[a/y, s′(~x1)/~z1,~a/~z2],
whence r′ ∈W1 and r′(~z1) = s′(~x1) = s(~x1) = r(~x1). By using the assumption 4,
we can analogously show thatM�Z ~x2⊆~z2 and thereforeM�X′ θ. Moreover,
we can show by a similar reasoning thatM�X′ θ′, which concludes the proof.

4.4.3 Translating sentences of ESO[k] into INCs[k]
We can formulate a translation from ESO[k] to INCs[k] by using very simi-
lar ideas as in our translation form ESO[k] to EXC[k]. Recall first that we
can simulate exclusion atoms with inclusion atoms if we have access to the
complementary values in the team. Let X be a team and ~x, ~wi, ~wci tuples s.t.
X(~wci ) = X(~wi). Now we have: M�X ~x | ~wi iffM�X ~x⊆ ~wci .
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As in the translation in the proof of Theorem 4.21, we use label variables
w◦i and w•i for simulating the quantification of the empty relation and the full
relation Mk. Furthermore, we need again Lemma 4.20 for handling the special
case of single element models. One surprising feature of this translation is that
we can translate disjunctions directly by (ψ ∨ θ)′ = ψ′ ∨ θ′; this time there is no
need for value preserving disjunction, or for any other tricks, as we may allow
some of the values of tuples ~wi, ~wci to be lost when evaluating disjunctions.

The structure of the following proof has many similarities with the proof of
Theorem 4.21 and we will omit the parts that can be done here analogously.
However, there are also many parts that look similar but which are proven by
using different assumptions and thus need to be presented with all the details.

Theorem 4.32. Let Φ be an ESOL[k]-sentence. Now there exists an INCL[k]-
sentence ϕ such that

M�ϕ iff M�Φ.

Proof. Since Φ is an ESOL[k]-sentence, there is an ESOL[0]-sentence δ and
relation variables P1, . . . , Pn so that Φ = ∃P1 . . . ∃Pnδ. We may assume
again that P1, . . . , Pn are all k-ary. Let w◦1, . . . , w◦n, w•1, . . . , w•n, ~w1, . . . , ~wn
and ~wc1, . . . , ~w

c
n be as in the proof of Theorem 4.21. Let u and u′ be fresh

variables. The formula ψ′ is defined recursively for all ψ ∈ Sf(δ):

ψ′ = ψ, if ψ is a literal and Pi does not occur in ψ for any i ≤ n
(Pi~t )′ = (~t⊆ ~wi ∨ w•i =u) ∧ w◦i 6=u for all i ≤ n

(¬Pi~t )′ = (~t⊆ ~wci ∨ w◦i =u) ∧ w•i 6=u for all i ≤ n
(ψ ∧ θ)′ = ψ′ ∧ θ′

(ψ ∨ θ)′ = ψ′ ∨ θ′

(∃xψ)′ = ∃xψ′

(∀xψ)′ = ∀xψ′.

Let χ be a FOL-sentence determined by Lemma 4.20 for the sentence Φ and let
~z be a k-tuple of fresh variables. We can now define ϕ as follows:

ϕ := (γ=1 ∧ χ) ∨ ∃u∃u′
(
u 6= u′ ∧ ∃w◦1 . . . ∃w◦n ∃w•1 . . . ∃w•n

∀~z ∃ ~w1 . . . ∃ ~wn ∃ ~wc1 . . . ∃ ~wcn
( n∧
i=1

excu,u′,~z(~wi, ~wci ) ∧ δ′
))
.

Clearly now ϕ is an INCL[k]-sentence.

Remark 4.33 (C.f. Remark 4.22). Since we are using the tuples ~wi and ~wci
to simulate a quantified relation and its complement, it would be natural to
additionally require that the union of these values must form the full relationMk.
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This could be achieved by adding the clause
∧
i≤n ∀~v (~v⊆wi ∨ ~v⊆ ~wci ) to the

sentence ϕ above. However, we will see that this is not necessary, since it
suffices that ~wi and ~wci are quantified in such a way that X(~wi)∩X(~wci ) = ∅ in
the resulting team X.

Before proving the claim of this theorem, we prove the following two claims.
The first claim is quite similar to Claim 5. But here instead of assuming that
X(~wi) ∪X(~wci ) = Mk we dually assume that X(~wi) ∩X(~wci ) = ∅. Also, when
defining the sets Ai, we cannot simply define Ai = X(~wi) as before. Instead,
we must prove that any set B for which X(~wi) ⊆ B ⊆ X(~wci ) could be chosen
as Ai (this requirement makes sense since X(~wi) ∩X(~wci ) = ∅ for each i ≤ n).
This strengthening of the claim is crucial for proving the case of disjunction.
We write V ∗ := Vr(uu′w◦1 . . . w◦nw•1 . . . w•n ~w1 . . . ~wn ~w

c
1 . . . ~w

c
n).

Claim 7. LetM be an L-model with at least two elements. Let µ ∈ Sf(δ) and
let X a team for which V ∗⊆dom(X) and the following assumptions hold:{

X(~wi) ∩X(~wci ) = ∅ for each i ≤ n.
The values of w◦i , w•i (i ≤ n), u and u′ are constants in X.

We consider functions HX : {1, . . . , n} → P(Mk) s.t. for each i ≤ n we have

X(~wi) ⊆ HX(i) ⊆ X(~wci ).

LetMHX
:=M[ ~A/~P ], where

Ai =


∅ if X(w◦i ) = X(u) and X(w•i ) 6= X(u)
Mk if X(w•i ) = X(u) and X(w◦i ) 6= X(u)
HX(i) else.

Now the following implication holds for every function HX :

IfM�X µ′, thenMHX
�X µ.

We prove this claim by structural induction on µ:

• If µ is a literal and Pi does not occur in µ for any i ≤ n, then the claim holds
trivially since µ′ = µ.

• Let µ = Pj~t for some j ≤ n. Suppose that we have M�X(Pj~t )′, i.e.
M�X(~t⊆ ~wj ∨ w•j =u) ∧ w◦j 6=u. Because the values of u, w◦j are constants
in X and M�X w◦j 6= u, we have X(w◦j ) 6= X(u). If X(w•j ) = X(u), then
Aj = Mk and thus triviallyMHX

�X Pj~t. Suppose then that X(w•j ) 6= X(u),
whence Aj = HX(j). Because the values of u, w•j are constants in X

and M�X~t⊆ ~wj ∨ w•j = u, it must hold that M�X~t⊆ ~wj . Now we have
X(~t ) ⊆ X(~wj) ⊆ HX(j) = Aj and thereforeMHX

�X Pj~t.
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• Let µ = ¬Pj~t for some j ≤ n. Suppose that we have M�X(¬Pj~t )′, i.e.
M�X(~t⊆ ~wcj ∨ w◦j = u) ∧ w•j 6= u. Since the values of u, w•j are constants
and M�X w•j 6= u, it follows that X(w•j ) 6= X(u). If X(w◦j ) = X(u), then
Aj = ∅ and thus triviallyMHX

�X ¬Pj~t. Suppose then that X(w◦i ) 6= X(u),
whence Aj = HX(j). Because the values of u, w◦j are constants in X and
M�X~t⊆ ~wcj ∨ w◦j = u, we have M�X~t⊆ ~wcj . Because HX(j) ⊆ X(wcj), it
also holds that X(~wcj) ⊆ HX(j). Therefore X(~t ) ⊆ X(~wcj) ⊆ HX(j) = Aj
and thusMHX

�X ¬Pj~t.

• Let µ = ψ ∨ θ. Suppose thatM�X(ψ ∨ θ)′, i.e. M�X ψ′ ∨ θ′. Hence there
are Y, Y ′ ⊆ X s.t. Y ∪ Y ′ = X, Y ∩ Y ′ = ∅, M�Y ψ′ andM�Y ′ θ′. Since
X(~wi) ∩X(~wci ) = ∅ for each i ≤ n, we must also have Y (~wi) ∩ Y (~wci ) = ∅
and Y ′(~wi)∩ Y ′(~wci ) = ∅ for each i ≤ n. Moreover, since the values of w◦i , w•i
(i ≤ n) and u are constants in X, they must have (the same) constant values
in Y and Y ′. By the inductive hypothesis,MHY

�Y ψ andMHY ′ �Y θ, for
every function HY and HY ′ . We then consider an arbitrary function HX .
Since Y (~wi) ⊆ X(~wi) andX(~wci ) ⊆ Y (~wci ) for each i ≤ n, we haveMHX

�Y ψ.
By a symmetric argumentationMHX

�Y ′ θ. ThereforeMHX
�X ψ ∨ θ.

• The cases µ = ψ ∧ θ, µ = ∃xψ and µ = ∀xψ are straightforward to prove.

The next claim is very similar to Claim 6. However, since we cannot use locality
nor downward closure properties with INCs, we must prove this claim more
generally for an extended team Z which: (1) matches with X when restricted
dom(X); and (2) has the same values as X ′ for certain tuples in V ∗.

Claim 8. Let M be an L-model with at least two elements. Let µ ∈ Sf(δ)
and X be a team such that dom(X) = Fr(µ). Assume that A1, . . . , An ⊆ Mk,
M′ :=M[ ~A/~P ] and a, b ∈M s.t. a 6= b. We write ~a := a . . . a. Let now

X ′ := X
[
{a}/u, {b}/u′, B◦1/w◦1, . . . , B◦n/w◦n, B•1/w•1, . . . , B•n/w•n,

B1/~w1, . . . , Bn/~wn, B
c
1/~w

c
1, . . . , B

c
n/~w

c
n

]
,

where


B◦i = {a}, B•i = {b}, Bi = {~a} and Bc

i = Mk \ {~a} if Ai = ∅
B◦i = {b}, B•i = {a}, Bi = {~a} and Bc

i = Mk \ {~a} if Ai = Mk

B◦i = {b}, B•i = {b}, Bi = Ai and Bc
i = Ai else.

Now the following implication holds:

IfM′ �X µ, thenM�Z µ′,

for any team Z for which Z � dom(X) = X and Z(~v) = X ′(~v) for all ~v ∈ ~V ∗,
where

~V ∗ := {u, u′} ∪
⋃
i≤n
{w◦i , w•i , ~wi, ~wci}.
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We prove this claim by structural induction on µ. If X = ∅, then also Z = ∅
and thus the claim holds trivially. Hence we may assume that X 6= ∅.

• If µ is a literal and Pi does not occur in µ for any i ≤ n, then the claim holds
by locality (since literals are first order, we may use locality here).

• Let µ = Pj~t for some j ≤ n. Suppose M′ �X Pj~t, i.e. X(~t ) ⊆ PM
′

j = Aj .
Since X 6= ∅, also X(~t ) 6= ∅ and thus Aj 6= ∅. Hence we must have
Z(w◦j ) = X ′(w◦j ) = {b}. Since Z(u) = X ′(u) = {a}, we have M�Z w◦j 6=u.
If Aj = Mk, then Z(w•j ) = X ′(w•j ) = {a} and thus M�Z w•j = u. Then
M�Z(~t ⊆ ~wj ∨ w•j = u) ∧ w◦j 6= u, i.e. M�Z(Pj~t )′. Suppose then that
Aj 6= Mk. Now Z(~wj) = X ′(~wj) = Aj and thus Z(~t )=X(~t ) ⊆ Aj =Z(~wj).
Hence M�Z~t ⊆ ~wj and therefore M�Z(~t ⊆ ~wj ∨ w•j = u) ∧ w◦j 6= u, i.e.
M�Z(Pj~t )′.

• Let µ = ¬Pj~t for some j ≤ n. SupposeM′ �X ¬Pj~t, i.e. X(~t ) ⊆ PM′j = Aj .
Since X 6= ∅, we have X(~t ) 6= ∅ and thus Aj 6= ∅, i.e. Aj 6= Mk. Hence
Z(w•j ) = X ′(w•j ) = {b}. Since Z(u) = X ′(u) = {a}, we have M�Z w•i 6=u.
If Aj = ∅, then Z(wj) = X ′(w◦j ) = {a} and thus M�X′ w◦j = u, whence
M�X′(~t⊆ ~wcj∨w◦j =u)∧w•j 6=u, i.e. M�Z(¬Pj~t )′. Suppose then that Aj 6= ∅.
Now Z(~wcj) = X ′(~wcj) = Aj and thus Z(~t ) =X(~t ) ⊆ Aj = Z(~wcj). Hence
M�X′~t⊆~wcj and thusM�X′(~t⊆ ~wcj ∨ w◦j =u) ∧ w•j 6=u, i.e. M�X′(¬Pj~t )′.

• The case µ = ψ ∧ θ is straightforward to prove.

• Let µ = ψ ∨ θ. Suppose that M′ �X ψ ∨ θ, i.e. there are Y1, Y2 ⊆ X s.t.
Y1 ∪ Y2 = X, Y1 ∩ Y2 = ∅,M′ �Y1 ψ andM′ �Y2 θ. Let Y ′1 , Y ′2 be the teams
obtained by extending the teams Y1, Y2 as X ′ is obtained by extending X.
We define the following teams W1,W2 ⊆ Z:{

W1 := {s ∈ Z | s � dom(X) ∈ Y1}
W2 := {s ∈ Z | s � dom(X) ∈ Y2}.

Now W1 � dom(Y1) = W1 � dom(X) = Y1 and W1(~v) = Y ′1(~v) for all ~v ∈ ~V ∗.
Thus, by the inductive hypothesis,M�W1 ψ

′. By a similar reasoning we have
M�W2 θ

′. It is also easy to see that W1 ∪W2 = Z and W1 ∩W2 = ∅, whence
M�Z ψ′ ∨ θ′, i.e. M�Z(ψ ∨ θ)′.

• Let µ = ∃xψ (the case µ = ∀xψ is proven similarly). SupposeM′ �X ∃xψ,
i.e. there is F : X →M s.t. M′ �W ψ, where W := X[F/x]. Let

G : Z →M, s 7→ F (s�Fr(µ)).
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Note that G is well-defined since dom(X) = Fr(µ) and Z � dom(X) = X.
Let W ′ be a team that is obtained by extending the team W analogously
as X ′ is obtained by extending X. Now by the definition of G we observe
that Z[G/x] � dom(W ) = W . Moreover, (Z[G/x])(~v) = W ′(~v) for all ~v ∈ ~V ∗.
Hence, by the inductive hypothesis,M�Z[G/x] ψ

′. ThereforeM�Z ∃xψ′, i.e.
M�Z(∃xψ)′.

We are now ready to prove the claim of this theorem:

M�ϕ iff M�Φ.

Suppose first that M�ϕ. Since the standard disjunction ∨ is equivalent
with intuitionistic disjunction t for the singleton team {∅}, we have either
M� γ=1 ∧ χ or

M� ∃u∃u′
(
u 6= u′ ∧ ∃w◦1 . . . ∃w◦n ∃w•1 . . . ∃w•n

∀~z ∃ ~w1 . . . ∃ ~wn ∃ ~wc1 . . . ∃ ~wcn
( n∧
i=1

excu,u′,~z(~wi, ~wci ) ∧ δ′
))
. (?)

IfM� γ=1 ∧ χ, the claim holds by Lemma 4.20. Suppose then that (?) holds,
whence by a similar reasoning as in the proof of Theorem 4.21, there exists a
team X4 such that the following conditions hold12:

• The values of u, u′, w◦i , w•i (i ≤ n) are constants in X4 and X4(u) 6=X4(u′).

• M�X4

∧n
i=1 excu,u′,~z(~wi, ~wci ) ∧ δ′.

We first note that since the variables in ~z were universally quantified and all the
other variables in dom(X4) were existentially quantified (with strict semantics),
it holds thatM�X4 =(~z, v) for all v ∈ dom(X).

Let j ≤ n. Now the assumptions of Lemma 4.30 hold when X = X4,
cl = u, cr = u′, ~x1 = ~wj and ~x2 = ~wcj . Hence by Lemma 4.30 we have
X4(~wj)∩X4(~wcj) = ∅. Now all the assumptions of Claim 7 hold for the team X4.
LetM′ :=M[ ~A/~P ], where

Ai =


∅ if X4(w◦i ) = X4(u) and X4(w•i ) 6= X4(u)
Mk if X4(w•i ) = X4(u) and X4(w◦i ) 6= X4(u)
X4(~wi) else.

12The team X4 here matches the team X4 in corresponding part of the proof of Theorem 4.21
with the addition that the variable u′ is quantified here as a constant that is different from
the value of u.
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Since M�X4 δ
′, by Claim 7 we have M′ �X4 δ. (Note here that any Ai for

which X(~wi) ⊆ Ai ⊆ X(~wci ), could have been chosen in the last case above).
By locality13 M′ � δ, and thereforeM�Φ.

Suppose then thatM�Φ. If |M | = 1, thenM� γ=1 ∧ χ by Lemma 4.20
and thusM�ϕ. Hence we may assume |M | ≥ 2, whence there are a, b ∈ M
s.t. a 6= b. SinceM�Φ, there are A1, . . . , An ⊆Mk s.t. M[ ~A/~P ]� δ. Let

X ′ := {∅}
[
{a}/u, {b}/u′, B◦1/w◦1, . . . , B◦n/w◦n, B•1/w•1, . . . , B•n/w•n,

B1/~w1, . . . , Bn/~wn, B
c
1/~w

c
1, . . . , B

c
n/~w

c
n

]
,

where B◦i , B•i , Bi, Bc
i (i ≤ n) are defined as in the assumptions of Claim 8. Let

F : {∅} →M2n+2 be the function that gives the value a for u, the value b for
u′ and values for variables w•i , w◦i (i ≤ n) exactly as the corresponding function
F in the proof of Theorem 4.21. Let then X1 := {∅}[F/uu′w◦1 . . . w◦nw•1 . . . w•n]
and X2 := X1[Mk/~z ]. We write ~a := a . . . a and fix some ~bi ∈ Ai for each i ≤ n
for which Ai 6= ∅. We define then the following functions

Fi : X2[F1/~w1, . . . ,Fi−1/~wi−1]→Mk,
s 7→ ~a if Ai = ∅ or Ai = Mk

s 7→ s(~z) if s(~z) ∈ Ai and Ai 6= Mk

s 7→ ~bi if s(~z) ∈ Ai and Ai 6= ∅.

Let X3 := X2[F1/~w1, . . . ,Fn/~wn]. We write ~b := b . . . b and fix some ~b′i ∈ Ai
for each i ≤ n for which Ai 6= Mk. Let

F ′i : X3[F ′1/~wc1, . . . ,F ′i−1/~w
c
i−1]→Mk,
s 7→ s(~z) if Ai ∈ {∅,Mk} and s(~z) 6= ~a

s 7→ ~b if Ai ∈ {∅,Mk} and s(~z) = ~a

s 7→ s(~z) if s(~z) ∈ Ai and Ai 6= ∅
s 7→ ~b′i if s(~z) ∈ Ai and Ai 6= Mk.

Let X4 := X3[F ′1/~wc1, . . . ,F ′n/~wcn].
Let j ≤ n. By observing the definitions of F ′j and F ′j , we can see that

all the assumptions of Lemma 4.31 hold when X = X4, cl = u, cr = u′,
~x1 = ~wj and ~x2 = ~wcj . Hence by Lemma 4.31 we haveM�X4 excu,u′,~z(~wj , ~wcj).
Moreover, it is easy to see that X4(~v) = X ′(~v) for every ~v ∈ ~V ∗ (recall
the assumptions of Claim 8). Since M[ ~A/~P ]� δ and X4 � dom({∅}) = {∅},
by Claim 8 we have M�X4 δ

′. (Note that we cannot use locality property
nor downwards closure here as in the proof of Theorem 4.21.) Therefore
M�X4

∧
i≤n excu,u′,~z(~wi, ~wci ) ∧ δ′ and moreoverM�ϕ.

13Note here that locality property may be used since δ is the first order part of Φ.
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Hence we have proven the following lower bound for the expressive power
of k-ary inclusion logic with strict semantics – on the level of sentences.

ESO[k] ≤s INCs[k] for all k ≥ 1.

Thus, by Theorem 4.21, k-ary inclusion logic with strict semantics is at least
as expressive as k-ary exclusion logic on the level of sentences. Recall that by
Corollary 4.26, with the standard (lax) semantics, INC[k] is strictly weaker
than EXC[k] on the level of sentences. Consequently INCs[k] is strictly more
expressive than INC[k] for any k ≥ 1.

Since inclusion logic with strict semantics is equivalent with ESO by [24], it
would be natural to predict that INCs[k] ≡ ESO[k] for any k ≥ 1. However, for
now we only have a lower bound for the expressive power of INCs[k]. To our
understanding, a translation from INCs[k] to ESO[k] cannot be achieved by
modifying the translation from INC[k] to ESO[k] (in the proof of Theorem 4.6)
in any straightforward way. Therefore we leave this question as an open problem
for further research.

4.5 On the expressive power of NDEP[k]
In this section we show that the expressive power of (k+1)-ary nondependence
logic is bounded from above by ESO[k] (similarly to INC[k]). Then we make
comparison between NDEP[2] and INC[2] by using word models and show that
NDEP[2] <s INC[2].

4.5.1 Translation from NDEP[k+1] to ESO[k]

In this subsection we formulate a translation from NDEP[k+1] to ESO[k] by
using very similar ideas as in our translation from INC[k] to ESO[k] (in the
proof of Theorem 4.6).

Remark 4.34. Since INC[k] ≤f NDEP[k+ 1], the claim of Theorem 4.35
below is a strengthening of the claim of Theorem 4.6 and thus we could have
omitted the proof for the latter claim. However, we decided to also present a
proof for our translation from INC[k] to ESO[k] since it is simpler than the
translation from NDEP[k+1] to ESO[k] and the former makes the latter easier
to understand.14 Moreover, by using our translation from INC[k] to ESO[k],
we obtain a simpler and more illustrating translation from INEX[k] to ESO[k]
(in the proof of Theorem 4.7).

14The translation from INC[k] to ESO[k] was also discovered much earlier and it helped us
to come up with our translation from NDEP[k+1] to ESO[k]. For this latter proof, we will
omit the parts that can be done very similarly to the former proof.
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We first briefly explain the idea of the translation that follows. Similarly
to our translation from INC[k] to ESO[k], a unique predicate symbol P is
quantified for each nondependence atom 6=(~t1, t2), and all the (possible) values
for ~t1 must be included in the values chosen for P . Here we must show that for
each value of P , there are (at least) two different values for t2 in the team when
6=(~t1, t2) is evaluated. This time the special formulas ϕ′i, with Vr(~uw) ⊆ Fr(ϕ),
are used “finding” the two assignments that get same values for ~u, but have a
different value for w – for any value of ~u that is within the values chosen for P .

Theorem 4.35. For each NDEPL[k+1]-formula ϕ(~y ) there exists an ESOL[k]-
formula Φ(R) for which the following equivalence holds:

M�X ϕ iff M[X(~y )/R]�Φ.

for all admissible L-modelsM and all teams X forM.

Proof. Let ϕ(~y) ∈ NDEPL[k]. Without loss of generality we may assume
that each nondependence atom in ϕ is (k+1)-ary. We index these atoms by
6=(~t, t)1, . . . , 6=(~t, t)n (we omit the indices from ~t and t for simplicity). Let
P1, . . . , Pn be k-ary relation variables.

The formula ψ′ is defined recursively for each ψ ∈ Sf(ϕ):

ψ′ = ψ if ψ is a literal
( 6=(~t, t)i)′ = Pi~t for each i ≤ n

(ψ ∧ θ)′ = ψ′ ∧ θ′

(ψ ∨ θ)′ = ψ′ ∨ θ′

(∃xψ)′ = ∃xψ′

(∀xψ)′ = ∀xψ′.

Let ~u be a k-tuple of fresh variables and w be a fresh variable. The formulas
ψ′i are defined recursively for each ψ ∈ Sf(ϕ) and i ≤ n:

ψ′i = ψ if ψ is a literal
( 6=(~t, t)i)′i = (~u=~t ) ∧ (w= t) ∧ Pi~t
( 6=(~t, t)j)′i = Pj~t if j 6= i

(ψ ∧ θ)′i = ψ′i ∧ θ′i

(ψ ∨ θ)′i =


ψ′i if 6=(~t, t)i occurs in ψ
θ′i if 6=(~t, t)i occurs in θ
ψ′i ∨ θ′i else

(∃xψ)′i = ∃xψ′i
(∀xψ)′i = ∃xψ′i ∧ ∀xψ′.
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The conjunct Pi~t is actually unnecessary in the case ( 6=(~t, t)i)′i above but it has
been added to simplify the argumentation in the proofs that follow.

Let w′ be a fresh variable. We then define the formula Φ as follows15:

Φ := ∃P1 . . . ∃Pn
(
∀ ~y (¬R~y ∨ (R~y ∧ ϕ′)

)
∧
∧
i≤n
∀ ~u

(
¬Pi~u ∨ ∃w ∃w′

(
w 6=w′ ∧ ∃ y(R~y∧ϕ′i) ∧ ∃ y(R~y∧ϕ′i[w′/w])

)))
.

(The notation ϕ′i[w′/w] above denotes the formula where the variable w is
substituted with the variable w′.)

Clearly Φ is an ESOL[k]-formula. To complete the proof, we need to prove
the following claim on the formulas ϕ′i (c.f the formulation of Claim 2).

Claim 9. The following holds for all µ ∈ Sf(ϕ) and all suitable teams X:

M�X µ iff there exist A1, . . . , An ⊆Mk s.t. M�XM[ ~A/~P ]�X µ′

and for each i ≤ n and ~a ∈ Ai there are b, b′ ∈M and s, s′ ∈ X
s.t. b 6= b′,M[ ~A/~P ]�{s[~a/~u, b/w]} µ

′
i andM[ ~A/~P ]�{s′[~a/~u, b′/w]} µ

′
i.

Since the proof for this claim is rather long and technical we present it in
Section 4.7 after the proof of the related result of Claim 2. Many of the parts
for these two claims can be proven similarly. Note that since µ′ and µ′i do not
contain the relation variable R, we can replace the modelM[ ~A/~P ] with the
modelM[ ~A/~P ,X(~y )/R] in Claim 9.

Intuitively, in Claim 9, the existence of s, s′ and b, b′ for each ~a ∈ Ai
guarantees that the “nondependency condition” is satisfied, when the atom
6=(~t, t)i is evaluated (c.f. condition of Claim 2 with respect to inclusion atoms).
With this result we can prove the claim of this theorem; that is

M�X ϕ iff M[X(~y )/R]�Φ.

By locality we may assume that dom(X) = Fr(ϕ) = Vr(~y). Suppose first
that M�X ϕ. By Claim 9, there are A1, . . . , An ⊆ Mk such that we have
M′ �X ϕ′, and for each i ≤ n and ~a ∈ Ai there are b, b′ ∈ M and s, s′ ∈ X
and such that b 6= b′,M′ �{s[~a/~u, b/w]} ϕ

′
i andM′ �{s′[~a/~u, b′/w′]} ϕ′i[w′/w], where

M′ :=M[ ~A/~P ,X(~y )/R]. Let j ≤ n and

Y := {r ∈ {∅}[Mk/~u ] | r(~u) /∈ Aj} and Y ′ := {r ∈ {∅}[Mk/~u ] | r(~u) ∈ Aj}.

Now Y ∪ Y ′ = {∅}[Mk/~u ], and because Aj = PM
′

j , clearly M′ �Y ¬Pj~u. By
the definition of Y ′, we have r(~u) ∈ Aj for each r ∈ Y ′. Hence, by applying

15Note that if ϕ is an NDEPL-sentence, we can define the sentence Φ simply as follows:
Φ := ∃P1 . . .∃Pn

(
ϕ′ ∧

∧
i≤n
∀ ~u (¬Pi~u ∨ ∃w ∃w′(w 6=w′ ∧ ϕ′i ∧ ϕi[w′/w]))

)
.
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the result of Claim 9 for the values r(~u), the following holds: for each r ∈ Y ′
there are br, b′r ∈ M and sr, s

′
r ∈ X s.t. br 6= b′r, M′ �{sr[r(~u)/~u, br/w]} ϕ

′
i and

M′ �{s′r[r(~u)/~u, b′r/w′]} ϕ
′
j [w′/w].

Let F : Y ′ → P∗(M) s.t. r 7→ {br} and let F ′ : Y ′[F/w] → P∗(M) s.t.
r 7→ {b′r}. Let Z := Y ′[F/w, F ′/w′], whence by the definitions of F and F ′,
clearly M�Z w 6= w′. Let F : Z → P∗(Mm) s.t. r[br/w, b′r/w′] 7→ {sr(~y)}
for each r ∈ Y ′. Now r[sr(~y)/~y, br/w] = sr[r(~u)/~u, br/w] for each r ∈ Y ′ and
thusM′ �{r[sr(~y)/~y, br/w]} ϕ

′
i for each r ∈ Y ′. Hence by flatness and locality we

haveM′ �Z[F/~y ] ϕ
′
i. Because sr(~y) ∈ X(~y ) = RM

′ for each r ∈ Y ′, by flatness
M′ �Z[F/~y ]R~y, and thusM′ �Z ∃ ~y (R~y ∧ϕ′i). By using the assignments s′r and
the elements b′r, we can analogously deduce thatM′ �Z ∃ ~y (R~y ∧ ϕ′j [w′/w]).

HenceM′ �Y ′ ∃w ∃w′(w 6=w′∧∃ ~y (R~y∧ϕ′i)∧∃ ~y (R~y∧ϕ′j [w′/w])) and thus
M′ �

∧
i≤n ∀~u(¬Pi~u ∨ ∃w ∃w′(w 6= w′ ∧ ∃ ~y (R~y ∧ ϕ′i) ∧ ∃ ~y (R~y ∧ ϕ′j [w′/w]))).

BecauseM′ �X ϕ′ and X(~y ) = RM
′ , we haveM′ � ∀ ~y (¬R~y ∨ (R~y∧ϕ′)). Thus

we conclude thatM[X(~y )/R]�Φ.

Suppose then thatM[X(~y )/R]�Φ. Thus there are A1, . . . , An ⊆Mk such
that the first order part of Φ holds inM′ =M[ ~A/~P ,X(~y )/R]. In particular,
M′ � ∀ ~y (¬R~y ∨ (R~y ∧ ϕ′)) and thusM′ �X ϕ′.

For proving the right side of Claim 9, let j ≤ n and ~a ∈ Aj . Now
M′ � ∀~u(¬Pj~u ∨ ∃w ∃w′(w 6= w′ ∧ ∃ ~y (R~y ∧ ϕ′i) ∧ ∃ ~y (R~y ∧ ϕ′j [w′/w]))) and
thus there are Y, Y ′ ⊆ {∅}[Mk/~u ] such that Y ∪Y ′ = {∅}[Mk/~u ],M′ �Y ¬Pj~u
andM′ �Y ′ ∃w ∃w′(w 6=w′ ∧ ∃ ~y (R~y ∧ ϕ′i) ∧ ∃ ~y (R~y ∧ ϕ′j [w′/w])). Hence there
are F : Y ′ → P∗(M) and F ′ : Y ′[F/w] → P∗(M) such that M�Z w 6= w′,
M�Z ∃ ~y (R~y ∧ ϕ′i) andM�Z ∃ ~y (R~y ∧ ϕ′j [w′/w]), where Z := Y ′[F/w, F ′/w′].

Let r := ∅[~a/~u ], whence r ∈ {∅}[Mk/~u ]. Since r(~u) = ~a ∈ Aj = PM
′

j and
M′ �Y ¬Pj~u, we have r /∈ Y and thus r ∈ Y ′. Let b ∈ F (r) and b′ ∈ F ′(r[b/w]).
Since M�Z w 6= w′, it has to be that b 6= b′. Because M�Z ∃ ~y (R~y ∧ ϕ′i),
there is F : Y ′ → P∗(Mm) s.t. M′ �Z[F/~y ]R~y ∧ ϕ′i. Let ~c ∈ F(r) and let
r′ := r[b/w, b′/w′,~c/~y ]. BecauseM�Z[F/~y ]R~y, we have r′(~y) ∈ RM′= X(~y ).
Hence there is s ∈ X such that s(~y) = r′(~y). By flatness M′ �{r′} ϕ′i, and
thus by locality M′ �{s[r′(~u)/~u, b/w]} ϕ

′
i. Because r′(~u) = r(~u) = ~a, we have

M′ �{s[~a/~u, b/w]} ϕ
′
i. By using the fact that M�Z ∃ ~y (R~y ∧ ϕ′j [w′/w]), we can

similarly show thatM′ �{s[~a/~u, b′/w′]} ϕ′j [w′/w]. HenceM�X ϕ by Claim 9.

On the level of sentences we obtain the following upper bound for the
expressive power of k-ary nondependence logic.

Corollary 4.36. NDEP[k+1] ≤s ESO[k] for all k ≥ 1.

In particular, we have NDEP[2] ≤s EMSO. So weak expressive power for
NDEP[2] is somewhat surprising since dependence and nondependence atoms
can be seen as duals for each other, but we know that DEP[2] >s EMSO.
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Remark 4.37. The proof of Theorem 4.35 could be easily adjusted to also
prove the case when k = 0. That is, to show that for each ϕ(~y ) ∈ NDEPL[1],
there is an equivalent ESOL[0]-formula Φ(R). This proof is obtained by first
modifying the following cases in the definitions of ψ′ and ψ′i:

(6=(t)i)′ = >, (6=(t)i)′i = (w= t) and (6=(t)i)′j = > when j 6= i.

Then we can define Φ as follows:

Φ := ∀ ~y
((
¬R~y ∨ (R~y ∧ ϕ′)

)
∧
∧
i≤n
∃w ∃w′

(
w 6=w′ ∧ ∃ y(R~y∧ϕ′i) ∧ ∃ y(R~y∧ϕ′i[w′/w])

))
.

And if ϕ is a sentence, then we can define Φ simply as:

Φ:= ϕ′ ∧
∧
i≤n
∃w ∃w′(w 6=w′ ∧ ϕ′i ∧ ϕ′i[w′/w]).

This gives gives an alternative proof for the result NDEP[1] ≡s FO (presented
as a part of Theorem 2.46).

Note also that NDEP[k+1] ≤s ESO[k] ≡s EXC[k] for all k ≥ 1. Moreover,
the property of 3-colorability can be defined in EXC[k] for all k – but this
property cannot be defined in NDEP[k] ≤s GFP+ (for any k) as it is not
definable in GFP+ by [8]. Therefore we obtain the following corollary.
Corollary 4.38. NDEP[k+1] <s EXC[k] for all k ≥ 1.

Since EXC[k] ≤s DEP[k+1], for all k ≥ 1, we also have the following
inequality which is related to the one in Corollary 4.26.

NDEP[k] <s DEP[k] for all k ≥ 2.

Recall also that in when k = 1, we have NDEP[k] ≡s DEP[k] (by Thm. 2.46).
Remark 4.39. Recall anonymity atoms from Remark 2.32. The result of
Theorem 4.35 can be extended for `-anonymity atoms, for any ` ≥ 2, in a
straightforward way. Instead of (k+1)-ary nondependence atoms, assume that
ϕ(~y) contains (k+1)-ary `-anonymity atoms 6=`(~t, t)1, . . . , 6=`(~t, t)n. Then we
can show that there is an ESO[k] formula Φ such that M�X ϕ holds if and
only if we haveM[X(~y )/R]�Φ. We sketch the proof below.

We first define the formula ϕ′ and the formulas ϕ′i exactly as in the proof
of Theorem 4.35. (We just use the formulas 6=`(~t, t)i in place of 6=(~t, t)i). Then
we define Φ simply as follows:

Φ := ∃P1 . . . ∃Pn
(
∀ ~y
(
¬R~y ∨ (R~y ∧ ϕ′)

)
∧
∧
i≤n
∀ ~u

(
¬Pi~u ∨ ∃w1 . . . w`

(∧
j 6=k

wj 6=wk ∧
∧
j≤`
∃ y(R~y∧ϕ′i[wj/w])

)))
,
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where w1, . . . w` are fresh variables. Then we can prove the following claim in a
very similar way as Claim 9.

M�X ϕ iff there exist A1, . . . , An ⊆Mk s.t. M�XM[ ~A/~P ]�X ϕ′

and for each i ≤ n and ~a ∈ Ai there are b1, . . . , b` ∈M
and s1, . . . , s` ∈ X such that bj 6= bk when j 6= k

andM[ ~A/~P ]�{sk[~a/~u, bj/w]} ϕ
′
i for all j ≤ `.

By using the claim above, we can then prove the equivalence M�X ϕ
iff M[X(~y )/R]�Φ by using a very similar argumentation as in the proof of
Theorem 4.35.

4.5.2 Separating NDEP[2] and INC[2] over word models

In the following example we show that binary inclusion atoms can be used to
define non-regular languages over word models (see e.g. [16] or [58] for more on
these concepts.). From this it will follow that INC[2] is not included in EMSO
on the level of sentences.

Example 4.40. LetM = (M, I) be a word model, with the following vocabu-
lary: L = {S, Pa, Pb, c0, cf}, where S is a binary relation symbol (corresponding
to the successorship of symbols) and Pa, Pb are unary predicate symbols (corre-
sponding to the symbols a and b). SinceM is a word model, we have

1. SM is a successor relation16 on M .

2. PMa ∪ PMb = M and PMa ∩ PMb = ∅.

Moreover we assume that cM0 and cMf correspond to the first and last
elements, respectively, in the successor relation SM. These constant symbols
are used just for technical convenience, as the first and the last elements of a
successor relation are definable in FO.

Consider then the following sentence:

ξ := ∀x1∃x2∃y1∃y2
(
(x1 =c0 → y1 =cf )
∧ ((x1 =cf ) ∨ (Sx1x2 ∧ Sy2y1))
∧ x2y2⊆x1y1 ∧ (Pax1 ↔ Pay1)

)
.

The abbreviations → and ↔ above are defined in the usual way. (Note that
they may be used freely for literals even though inclusion logic is not closed
under negation in general).

16An alternative way to define word models is to use a linear order instead of a successor
relation. But since the successor relation – corresponding to a given linear order – can be
defined in FO, Example 4.40 could be formulated analogously with a linear order.
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We then prove the following claim:

M� ξ iff the word presented byM is a palindrome.

Proof. We enumerate the elements in M by a0, . . . , an in an ascending order
with respect to the successor relation SM. Now cM0 = a0 and cMf = an.

Suppose first that that the word presented byM is a palindrome. Let

F : {∅}[M/x1]→ P∗(M3),
{
s 7→ {(ai+1, an−i, an−i−1)} if s(x1) = ai 6= an

s 7→ {(an, an, an)} if s(x1) = an.

Let X := {∅}[M/x1,F/x2y1y2].
By the definition of F , it is easy to see that we haveM�X(x1 =c0 → y1 =cf )

andM�X(x1 =cf ) ∨ (Sx1x2 ∧ Sy2y1). Moreover, since the word presented by
M is a palindrome, for all 0 ≤ i ≤ n: ai ∈ PMa iff an−i ∈ PMa , and therefore
M�X Pax1 ↔ Pay1.

We still need to show that M�X x2y2⊆x1y1. Let s ∈ X and suppose
that s(x1) = ai (where 0 ≤ i ≤ n). If i = n, then by the definition of F , we
have s(x1y1) = (an, an) = s(x2y2). And if i < n, then by the definition of F
there is s′ ∈ X for which s′(x1y1) = (ai+1, an−(i+1)) = (ai+1, an−i−1) = s(x2y2).
Therefore we conclude thatM� ξ.

Suppose then that M� ξ. Now there is F : {∅}[M/x1] → P∗(M3) such
that the quantifier free part of ξ is true in X := {∅}[M/x1,F/x2y1y2]. Since
X(x1) = M , there is an assignment s0 ∈ X for which s0(x1) = a0. Because
M�X x1 = c0 → y1 = cf and s(x1) = cM0 , we must have s0(y1) = cMf = an.
SinceM�X Pax1 ↔ Pay1, we have either a0, an ∈ PMa or a0, an ∈ PMb .

Since M�X(x1 = cf ) ∨ (Sx1x2 ∧ Sy2y1) and s0(x1) 6= cMf we must have
s0(x2) = a1 and s0(y2) = an−1. BecauseM�X x2y2⊆x1y1, there is an assign-
ment s1 ∈ X for which we have s1(x1y1) = s0(x2y2) = (a1, an−1). Again by
M�X Pax1 ↔ Pay1, we deduce that both a1 and an−1 must be either in PMa
or in PMb . By repeating this reasoning, we can show for that, for each i ≤ n,
both ai and an−i, must be either in PMa or in PMa . Hence we conclude that
the word presented byM is a palindrome.

As it is well known (see e.g. [16]), the language

{w ∈ {a, b}∗ | w is a palindrome}

is not regular. Since EMSO captures regular languages over word models ([7]),
we obtain the following corollary by Example 4.40.

Corollary 4.41. INC[2] 6≤s EMSO.
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Since we have NDEP[2] ≤s EMSO by Theorem 4.35, we also obtain the
following corollary.

Corollary 4.42. NDEP[2] <s INC[2].

However, we do not know whether we have INC[1] <s NDEP[2] or whether
INC[k] <s NDEP[k+1] <s INC[k+1] for all k ≥ 2. Note that, with the current
results, it is also possible that INC[k] ≡s NDEP[k+1] for all k ≥ 1. (However,
we will see later in Section 5.3 that this cannot hold on the level of formulas
since we have INC[1] <f NDEP[2].)

When considering word models, there are many further interesting questions
related to logics with team semantics. We list here two such questions which
are about the expressive power of the arity fragments of INC and which emerge
naturally from the results of this subsection.

• Does INC[1] capture all regular languages over word models?
(We know that EXC[1] = EMSO captures regular languages over word models,
but in general INC <s EXC.)

• Can all context free languages be defined in INC[2]?
(The language of all palindromes belongs to context free languages.)

We will study these questions in a future work.

4.6 Updated hierarchy for the extensions of FO
In this section we update the known expressive hierarchy for the extensions of
FO, on the level of sentences, with the results of this chapter and make some
further observations. Then we give some remarks on the relationship of ESO
and various logics with team semantics (along with their fragments).

Recall the lattice in Figure 2.2, from Subsection 2.2.4, on the expressive
power of logics on the level of sentences. By summing up all the results of this
chapter, we obtain the updated lattice that is presented in Figure 4.1. Maybe
the most important new result is the characterization of the relational arity
fragments of ESO with the corresponding fragments of EXC[k] (or INEX[k]).
We list here certain interesting points and some open questions on this lattice.

• Since DEP[1] <s EXC[1] <s DEP[2], it would seem natural that we also had
DEP[k] <s EXC[k] <s DEP[k+1] for all k ≥ 2. But this amounts to the
open problem whether ESOf [k] <s ESO[k+1] <s ESOf [k+1] for all k ≥ 2.

• Dually to the previous point, one could naturally assume that we had
NDEP[k] <s INC[k] <s NDEP[k+1] for all k ≥ 1. However, so far we
only know that NDEP[1] <s INC[1] and NDEP[2] <s INC[2].
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Figure 4.1: Expressive power of logics on the level of sentences (revised).

• By earlier work it was known that INC <s EXC ≡s INEX. By our results
we see that similar correspondence holds for all levels in the arity hierarchy;
that is INC[k] <s EXC[k] ≡s INEX[k] for all k ≥ 1.

• Since EXC[k] ≡s INEX[k], the k-ary inclusion atoms do not increase the
expressive power of EXC[k]. By our results it is also natural to conjecture
that similarly k-ary nondependence atoms do not increase the expressive
power of DEP[k]. Note that this result is not immediate even though we know
that NDEP[k]≤sDEP[k] for all k (and NDEP[k]<sDEP[k] when k ≥ 2).

We give here some final remarks on the correspondence between ESO and
various logics with team semantics. On the level of sentences the whole ESO
can be captured with several logics in this framework, such as dependence logic,
independence logic, exclusion logic or inclusion logic with strict semantics. But
what are the differences between these characterizations of ESO and which one
of them can be considered the most natural or practical?

Usually we do not need the whole ESO and some of its simpler fragments
suffice. By restricting the arities of atoms in either DEP or INDEP, we can
naturally capture all the functional fragments of ESO – of which ESOf [1]
is particularly simple and natural. However, supposing that the functional
fragments of ESO differ from the relational ones, then the arity fragments of
DEP or INDEP cannot capture any of the relational fragments of ESO – of
which ESO[1] and ESO[2] are particularly natural. These and all the other
relational fragments can be captured with the fragments of INEX and EXC.
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By examining the actual translations that have been presented, we believe
that the compositional translation from ESO[k] to INEX[k], presented in this
thesis, is currently the most simple and straightforward17. By the results of
this thesis, we know that inclusion atoms are not needed in order to formulate
this translation and k-ary exclusion atoms suffice. However, in order to get rid
of k-ary inclusion atoms from this translation, we had to do several “tricks”
which made the resulting translation more complicated and less intuitive.

The considerations here so far have only been on the level of sentences. In
order to capture ESO on the level of formulas, we need either independence
logic or inclusion-exclusion logic. From the known translations, the one between
ESO and INEX, presented in this thesis, respects the arity fragments in a
natural way. It should also be noted that inclusion atoms are crucial for this
translation and we cannot simulate them with exclusion atoms (as we were able
to do on the level of sentences).

Remark 4.43. From the result of Ajtai [4] it follows that both relational and
functional arity fragments of ESO form a proper expressive hierarchy. Thus
it follows that, exclusion, dependence and independence logics all have proper
arity hierarchy on the level of sentences. However, for the proof of Ajtai, it
is crucial that there is no bound of arity for the symbols in the vocabulary.
For models with a fixed finite vocabulary, it is an open question whether arity
fragments of ESO form a proper hierarchy or not.

Moreover, the result of Ajtai is proven for all models – including the finite
and the infinite ones. On the other hand, it is well known that there is no
hierarchy when restricting to infinite models, as the whole ESO then collapses
to ESOf [1].

4.7 Some technical proofs

In this final section of this chapter we present complete proofs for Claims 2 and
9 that were omitted earlier in order to make the text more readable.

Proof for Claim 2

Here we present a proof for Claim 2 that was used in the translation from
INC[k] to ESO[k]. We first need to present and prove two further claims. The
first one of them is about the trivial cases when the inclusion atom (~t1⊆~t2)i
does not occur in a formula µ ∈ Sf(ϕ).

17The current translations from ESO to dependence and independence logics ([12, 24]) are
not compositional in the sense that they work only for ESO-sentences in a special normal
form. The same can be said about Galliani’s original translation from from ESO to INEX
([22]) on the level of formulas.
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Claim I. Let µ ∈ Sf(ϕ) and assume that i ≤ n is an index such that (~t1 ⊆~t2)i
does not occur in µ. Then the following equivalences hold:

M�X µ′ iff M�X µ′i iff M�{s[~a/~u ]} µ
′
i for all ~a ∈Mk and s ∈ X.

Proof. The first equivalence can be proved by a simple induction on µ. Since
(~t1⊆~t2)i does not occur in µ, the definitions of µ′ and µ′i differ only when
µ = ∀xψ. But then µ′ = ∀xψ′ and µ′i = ∃xψ′i ∧ ∀xψ′ are equivalent, by
assuming that ψ′ ≡ ψ′i by the inductive hypothesis. For the second equivalence,
we note that since (~t1⊆~t2)i does not occur in µ, none of the variables in ~u
occurs in µ′i. Hence the second equivalence holds by locality and flatness.

The second claim that we need shows that we can always extend a team
that satisfies a formula µ′ with any teams that satisfy µ′i for some i ≤ n.

Claim II. Let µ ∈ Sf(ϕ), let i ≤ n and let X1, X2 be teams for which it holds
that dom(X2) = dom(X1)∪Vr(~u). Then the following implication holds:

IfM�X1 µ
′ andM�X2 µ

′
i, thenM�X1∪X∗2 µ

′,

where X∗2 := X2 � dom(X1).

Proof. We prove this claim by structural induction on µ:

• Let µ be a literal and suppose thatM�X1 µ
′ andM�X2 µ

′
i. Now by locality

M�X∗2 µ
′
i and furthermore by flatnessM�X1∪X∗2 µ

′.

• Let µ = (~t1⊆~t2)j for some j ≤ n. Suppose that M�X1((~t1⊆~t2)j)′ and
M�X2((~t1⊆~t2)j)′i. By the first assumption, M�X1 Pj~t1. If j 6= i, then
M�X2 Pj~t1, and if j = i, then M�X2 ~u =~t2 ∧ Pj~t1. Thus in either case
we have M�X2 Pj~t1. Since none of the variables in ~u occurs in Vr(~t1), by
locality M�X∗2 Pj~t1. Because M�X1 Pj~t1 and M�X∗2 Pj~t1, by flatness we
haveM�X1∪X∗2 Pj

~t1. That is,M�X1∪X∗2 ((~t1⊆~t2)j)′.

• The case µ = ψ ∧ θ is straightforward to prove.

• Let µ = ψ ∨ θ. Suppose that M�X1(ψ ∨ θ)′ and M�X2(ψ ∨ θ)′i. By the
first assumption,M�X1 ψ

′ ∨ θ′, i.e. there are Y1, Y
′

1 ⊆ X1 s.t. Y1 ∪ Y ′1 = X1,
M�Y1 ψ

′ andM�Y ′1 θ
′.

Suppose first that (~t1 ⊆~t2)i occurs in ψ. Because then (ψ ∨ θ)′i = ψ′i, we
have M�X2 ψ

′
i, and thus by the inductive hypothesis M�Y1∪X∗2 ψ

′. Now
(Y1 ∪X∗2 ) ∪ Y ′1 = (Y1 ∪ Y ′1) ∪X∗2 = X1 ∪X∗2 . Hence M�X1∪X∗2 ψ

′ ∨ θ′, i.e.
M�X1∪X∗2 (ψ ∨ θ)′. The case when (~t1⊆~t2)i occurs in θ is analogous.
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Suppose then that (~t1 ⊆ ~t2)i does not occur in ψ ∨ θ. ThenM�X2 ψ
′
i ∨ θ′i,

i.e. there exist Y2, Y
′

2 ⊆ X2 s.t. Y2 ∪ Y ′2 = X2, M�Y2 ψ
′
i andM�Y ′2 θ

′
i. By

the inductive hypothesis,M�Y1∪Y ∗2 ψ
′ andM�Y ′1∪Y ′∗2

θ′. Now

(Y1 ∪ Y ∗2 ) ∪ (Y ′1 ∪ Y ′∗2 ) = (Y1 ∪ Y ′1) ∪ (Y ∗2 ∪ Y ′∗2 )
= (Y1 ∪ Y ′1) ∪ (Y2 ∪ Y ′2)∗ = X1 ∪X∗2 .

HenceM�X1∪X∗2 ψ
′ ∨ θ′, i.e. M�X1∪X∗2 (ψ ∨ θ)′.

• Let µ = ∃xψ. Suppose that M�X1(∃xψ)′ and M�X2(∃xψ)′i. Hence
M�X1 ∃xψ′ and M�X2 ∃xψ′i. Thus there are F1 : X1 → P∗(M) and
F2 : X2 → P∗(M) s.t. M�X1[F1/x] ψ

′ andM�X2[F2/x] ψ
′
i. By the inductive

hypothesisM�X1[F1/x]∪(X2[F2/x])∗ ψ
′. Let

F ∗2 : X∗2 → P∗(M), s 7→
{
b ∈ F2(s[~a/~u ]) | s[~a/~u ] ∈ X2, ~a ∈Mk}

F : X1 ∪X∗2 → P∗(M),


s 7→ F1(s) if s ∈ X1 \X∗2
s 7→ F ∗2 (s) if s ∈ X∗2 \X1

s 7→ F1(s) ∪ F ∗2 (s) if s ∈ X1 ∩X∗2 .

By the definitions of F ∗2 and F , we have

X1[F1/x] ∪ (X2[F2/x])∗ = X1[F1/x] ∪X∗2 [F ∗2 /x] = (X1 ∪X∗2 )[F/x].

HenceM�X1∪X∗2 ∃xψ
′, i.e. M�X1∪X∗2 (∃xψ)′.

• Let µ = ∀xψ. Suppose that M�X1(∀xψ)′ and M�X2(∀xψ)′i. Thus
M�X1 ∀xψ′ and M�X2 ∃xψ′i ∧ ∀xψ′. Since M�X2 ∀xψ′, by locality
M�X∗2 ∀xψ

′. Thus by flatnessM�X1∪X∗2 ∀xψ
′, i.e. M�X1∪X∗2 (∀xψ)′.

Now we are finally ready to prove Claim 2:

M�X µ iff there are A1, . . . , An ⊆Mk s.t. M′ �X µ′,
and for any i ≤ n and ~a ∈ Ai there is s ∈ X s.t. M′ �{s[~a/~u ]} µ

′
i,

whereM′ :=M[ ~A/~P ].

Proof. We first examine the special case when X = ∅: For the other direction
of the equivalence, suppose thatM�X µ. Let Ai := ∅ for each i ≤ n and let
M′ :=M[ ~A/~P ]. Because X = ∅, we haveM′ �X µ′, and since Ai = ∅ for each
i ≤ n, the rest of the right side of the equivalence holds trivially. The other
direction is clear sinceM�∅ µ holds always. We may thus assume that X 6= ∅.
We prove the claim by structural induction on µ.
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• If µ is a literal, the claim holds trivially (we can choose Ai := ∅ for each
i ≤ n when proving the other direction of the equivalence).

• Let µ = (~t1⊆~t2)j for some j ≤ n. Suppose first thatM�X~t1⊆~t2. Let

M′ :=M[ ~A/~P ], where Ai :=
{
X(~t1) if i = j

∅ else.

Since X(~t1) = Aj = PM
′

j , we haveM′ �X Pj~t1, i.e. M′ �X(~t1⊆~t2)′.
Let i ≤ n. If i 6= j, then Ai = ∅ and thus trivially for all ~a ∈ Ai there
is s ∈ X s.t. M′ �{s[~a/~u ]}((~t1⊆~t2)j)′i. Suppose then that i = j and let
~a ∈ Aj . Because ~a ∈ X(~t1) and X 6= ∅, there is s ∈ X s.t. s(~t1) = ~a.
SinceM�X~t1⊆~t2, there is s′ ∈ X s.t. s′(~t2) = s(~t1). Now s′(~t2) = ~a, and
thus s′[~a/~u ](~u) = s′[~a/~u ](~t2), i.e. M′ �{s′[~a/~u ]} ~u=~t2. SinceM′ �X Pj~t1, by
locality and flatness M′ �{s′[~a/~u ]} Pj~t1. Thus M′ �{s′[~a/~u ]} ~u=~t2 ∧ Pj~t1, i.e.
M′ �{s′[~a/~u ]}((~t1⊆~t2)j)′i.

Suppose then that there exist A1, . . . , An ⊆Mk s.t. M′ �X(~t1⊆~t2)′, and for
each i ≤ n and ~a ∈ Ai there exists s ∈ X s.t. M′ �{s[~a/~u ]}((~t1⊆~t2)j)′i.
For the sake of showing that M�X~t1⊆~t2, let s ∈ X. Since M′ �X Pj~t1,
we have s(~t1) ∈ PM′j = Aj . Thus there is s′ ∈ X for which it holds that
M′ �{s′[s(~t1)/~u ]} ~u=~t2 ∧ Pj~t1. In particular,M′ �{s′[s(~t1)/~u ]} ~u =~t2, and thus
we have s(~t1) = s′[s(~t1)/~u ](~u) = s′[s(~t1)/~u ](~t2) = s′(~t2).

• Let µ = ψ ∧ θ. Suppose first thatM�X ψ ∧ θ. HenceM�X ψ andM�X θ.
By the inductive hypothesis there are B1, . . . , Bn ⊆Mk s.t. M[ ~B/~P ]�X ψ′
and there are B′1, . . . , B′n ⊆Mk s.t. M[ ~B′/~P ]�X θ′. Moreover, for all i ≤ n
and tuples ~a ∈ Bi and ~a′ ∈ B′i there are s, s′ ∈ X s.t. M[ ~B/~P ]�{s[~a/~u ]} ψ

′
i

andM[ ~B′/~P ]�{s′[~a′/~u ]} θ
′
i. Let

M′ :=M[ ~A/~P ], where Ai :=


Bi if Pi occurs in ψ′

B′i if Pi occurs in θ′

∅ if Pi does not occur in ψ′ or θ′.

Note that each Ai above is uniquely defined since none of Pi can occur in
both ψ′ and θ′. For the same reason we clearly haveM′ �X ψ′ andM′ �X θ′.
HenceM′ �X ψ′ ∧ θ′, i.e. M′ �X(ψ ∧ θ)′.
Let i ≤ n and let ~a ∈ Ai. Suppose first that Pi occurs in ψ′. Now ~a ∈ Bi,
and thus there is s ∈ X s.t. M[ ~B/~P ]�{s[~a/~u ]} ψ

′
i. Relation variables not

occurring in ψ′ do not occur in ψ′i either, and thusM′ �{s[~a/~u ]} ψ
′
i. Because

(~t1⊆~t2)i does not occur in θ andM′ �X θ′, by Claim I we haveM′ �{s[~a/~u ]} θ
′
i.
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ThusM′ �{s[~a/~u ]} ψ
′
i ∧ θ′i, i.e. M′ �{s[~a/~u ]}(ψ ∧ θ)′i. The case when Pi occurs

in θ′ is analogous. Moreover, the case when Pi does not occur in ψ′ nor θ′ is
trivial since then Ai = ∅.

Suppose then that there are A1, . . . , An ⊆ Mk s.t. M′ �X(ψ ∧ θ)′, and for
every i ≤ n and ~a ∈ Ai there exists s ∈ X s.t. M′ �{s[~a/~u ]}(ψ ∧ θ)′i. Now we
haveM′ �X ψ′ ∧ θ′, i.e. M′ �X ψ′ andM′ �X θ′. Because (ψ ∧ θ)′i = ψ′i ∧ θ′i,
for every i ≤ n and ~a ∈ Ai there exists s ∈ X such thatM′ �{s[~a/~u ]} ψ

′
i. Since

also M′ �X ψ′, by the inductive hypothesis M�X ψ. We can analogously
deduce thatM�X θ, and thusM�X ψ ∧ θ.

• Let µ = ψ ∨ θ. Suppose first that M�X ψ ∨ θ. Thus there are Y, Y ′ ⊆ X
s.t. Y ∪ Y ′ = X,M�Y ψ andM�Y ′ θ. By the inductive hypothesis there
are B1, . . . , Bn, B

′
1, . . . , B

′
n ⊆ Mk s.t. M[ ~B/~P ]�Y ψ′ and M[ ~B′/~P ]�Y ′ θ′.

Moreover, for every i ≤ n, ~a ∈ Bi and ~a′ ∈ B′i there exist s ∈ Y and s′ ∈ Y ′
s.t. M[ ~B/~P ]�{s[~a/~u ]} ψ

′
i andM[ ~B′/~P ]�{s′[~a′/~u ]} θ

′
i. Let

M′ :=M[ ~A/~P ], where Ai :=


Bi if Pi occurs in ψ′

B′i if Pi occurs in θ′

∅ if Pi does not occur in ψ′ or θ′.

Because none of Pi can occur in both ψ′ and θ′, each Ai is uniquely defined and
we haveM′ �Y ψ′ andM′ �Y ′ θ′. ThereforeM′ �X ψ′∨θ′, i.e. M′ �X(ψ∨θ)′.
Let i ≤ n and ~a ∈ Ai. Suppose first that Pi occurs in ψ′. Now Ai = Bi,
and thus, by the inductive hypothesis, there is s ∈ Y (⊆ X) such that
M[ ~B/~P ]�{s[~a/~u ]} ψ

′
i. Relation variables not occurring in ψ′ do not occur in

ψ′i either, and thusM′ �{s[~a/~u ]} ψ
′
i, i.e. M′ �{s[~a/~u ]}(ψ ∨ θ)′i. The case when

Pi occurs in θ′ is proven analogously and the case when Pi does not occur in
ψ′ nor θ′ is trivial since then Ai = ∅.

Suppose then that there are A1, . . . , An ⊆ Mk s.t. M′ �X(ψ ∨ θ)′, and for
all i ≤ n and ~a ∈ Ai there is si,~a ∈ X s.t. M′ �{si,~a[~a/~u ]}(ψ ∨ θ)′i. Since
M′ �X ψ′ ∨ θ′, there are Y, Y ′ ⊆ X s.t. Y ∪ Y ′ = X,M′ �Y ψ′ andM′ �Y ′ θ′.
We define the teams Yi and Y ′i , for every i ≤ n, and the teams Z,Z ′ ⊆ X:

Yi := {si,~a[~a/~u ] | ~a ∈ Ai} if (~t1⊆~t2)i occurs in ψ, and else Yi := ∅.
Y ′i := {si,~a[~a/~u ] | ~a ∈ Ai} if (~t1⊆~t2)i occurs in θ, and else Y ′i := ∅.
Z := Y ∪ (

⋃
i≤n

Yi � dom(X)), Z ′ := Y ′ ∪ (
⋃
i≤n

Y ′i � dom(X)).

We then show that for every i ≤ n it holds that M′ �Yi ψ
′
i. Let i ≤ n.

If (~t1⊆~t2)i does not occur in ψ, then Yi = ∅ whence trivially M′ �Yi ψ
′
i.

Suppose then that (~t1⊆~t2)i occurs in ψ. Now (ψ ∨ θ)′i = ψ′i and thus
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M′ �{r} ψ′i for every r ∈ Yi. By flatness we thus have M′ �Yi ψ
′
i. Since

M′ �Y ψ′ andM′ �Yi ψ
′
i for every i ≤ n, we can apply Claim II for each i ≤ n

to obtainM′ �Z ψ′. By a symmetric argumentationM′ �Z′ θ′.

We then show thatM�Z ψ. We may assume that Z 6= ∅, since else trivially
M�Z ψ. Let i ≤ n and let ~a ∈ Ai. Suppose first that (~t1⊆~t2)i occurs in ψ.
Now (ψ ∨ θ)′i = ψ′i and thus there is si,~a ∈ X s.t. M′ �{si,~a[~a/~u ]} ψ

′
i. By the

definition of Yi we must have si,~a[~a/~u ] ∈ Yi and moreover si,~a ∈ Z. Suppose
then that (~t1⊆~t2)i does not occur in ψ. Then we can choose any assignment
s ∈ Z ( 6= ∅), whence by Claim I we have M′ �{s[~a/~u ]} ψ

′
i. Hence, by the

inductive hypothesis, M�Z ψ. We can analogously deduce that M�Z′ θ.
Since Z ∪ Z ′ = X, we haveM�X ψ ∨ θ.

• Let µ = ∃xψ. Suppose first thatM�X ∃xψ, i.e. there is F : X → P∗(M)
s.t. M�X[F/x] ψ. By the inductive hypothesis there are A1, . . . , An ⊆Mk s.t.
M′ �X[F/x] ψ

′, whereM′ :=M[ ~A/~P ]. Moreover, for all i≤n and ~a∈Ai there
is r ∈ X[F/x] s.t. M′ �{r[~a/~u ]} ψ

′
i. SinceM′ �X[F/x] ψ

′, we haveM′ �X ∃xψ′,
i.e. M′ �X(∃xψ)′.

Let i ≤ n and let ~a ∈ Ai. Now there is r ∈ X[F/x] s.t. M′ �{r[~a/~u ]} ψ
′
i.

Since r ∈ X[F/x], there is s ∈ X and b ∈ F (s) s.t. r = s[b/x]. Let
F ′ : {s[~a/~u ]} → P∗(M) s.t. s[~a/~u ] 7→ {b}. Since {s[~a/~u ]}[F ′/x] = {r[~a/~u ]},
we haveM′ �{s[~a/~u ]} ∃xψ′i, i.e. M′ �{s[~a/~u ]}(∃xψ)′i.

Suppose then that there are A1, . . . , An ⊆ Mk s.t. M′ �X(∃xψ)′, and for
every i ≤ n and ~a ∈ Ai there is si,~a ∈ X s.t. M′ �{si,~a[~a/~u ]}(∃xψ)′i. Now
there is F : X → P∗(M) s.t. M�X[F/x] ψ

′. Furthermore, for each i ≤ n and
~a ∈ Ai there is Fi,~a : {si,~a[~a/~u ]} → P∗(M) s.t. M′ �{si,~a[~a/~u ]}[Fi,~a/x] ψ

′
i. For

each i ≤ n let
X ′i :=

⋃
~a∈Ai

{si,~a[~a/~u ]}[Fi,~a/x].

By flatnessM′ �X′i ψ
′
i for each i ≤ n. Let F ′ : X → P∗(M) s.t.

s 7→ F (s) ∪ {b ∈ Fi,~a(si,~a[~a/~u ]) | i ≤ n, ~a ∈ Ai s.t. s = si,~a}.

By the definitions of F ′ and X ′i (i ≤ n) we have

X[F/x] ∪
(⋃
i≤n

X ′i � dom(X[F/x])
)

= X[F ′/x].

Thus by applying Claim II for each i ≤ n, we obtainM′ �X[F ′/x] ψ
′. Moreover,

now for each i ≤ n and ~a ∈ Ai there is r ∈ X[F ′/x] s.t. M′ �{r[~a/~u ]} ψ
′
i.

Thus, by the inductive hypothesis, we haveM�X[F ′/x] ψ, i.e. M�X ∃xψ.
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• Let µ = ∀xψ. Suppose first thatM�X ∀xψ, i.e. M�X[M/x] ψ. By the in-
ductive hypothesis there are A1, . . . , An ⊆Mk s.t. M′ �X[M/x] ψ

′. Moreover,
for each i ≤ n and ~a ∈ Ai there exists r ∈ X[M/x] s.t. M′ �{r[~a/~u ]} ψ

′
i. Now

M′ �X ∀xψ′, i.e. M′ �X(∀xψ)′.
Let i ≤ n and let ~a ∈ Ai. Now there is r ∈ X[M/x] s.t. M′ �{r[~a/~u ]} ψ

′
i.

Since r ∈ X[M/x], there is s ∈ X and b ∈ M s.t. r = s[b/x]. Let
F : {s[~a/~u ]} → P∗(M) s.t. s[~a/~u ] 7→ {b}. Now {s[~a/~u ]}[F/x] = {r[~a/~u ]},
and therefore M′ �{s[~a/~u ]} ∃xψ′i. Since M′ �X ∀xψ′, by flatness and lo-
cality we have M′ �{s[~a/~u ]} ∀xψ′. Hence M′ �{s[~a/~u ]} ∃xψ′i ∧ ∀xψ′, i.e.
M′ �{s[~a/~u ]}(∀xψ)′i.

Suppose then that there are A1, . . . , An ⊆Mk s.t. M′ �X(∀xψ)′, and that
for each i ≤ n and ~a ∈ Ai there is s ∈ X s.t. M′ �{s[~a/~u ]}(∀xψ)′i. Now we
haveM′ �X ∀xψ′, i.e. M′ �X[M/x] ψ

′.
Let i ≤ n and let ~a ∈ Ai. Now there exists s ∈ X such that we have
M′ �{s[~a/~u ]}∃xψ′i ∧ ∀xψ′ and thus there is F : {s[~a/~u ]} → P∗(M) s.t.
M′ �{s[~a/~u ]}[F/x] ψ

′
i. Let b ∈ F (s[~a/~u]) and let r := s[b/x], whence we have

r ∈ X[M/x] and r[~a/~u] ∈ {s[~a/~u ]}[F/x]. Now by flatness M′ �{r[~a/~u]} ψ
′
i.

Therefore, by the inductive hypothesis,M�X[M/x] ψ, i.e. M�X ∀xψ.

Proof for Claim 9

Here we present a proof for Claim 9 that was used in the translation from
NDEP[k+1] to ESO[k]. Many parts in the proof can be done similarly as the
corresponding parts in the proof of Claim 2. We first need to present two more
claims. Their formulation appears almost identical to Claims I and II. Note
however that, in the current proof, the formulas µ′i are defined in a bit different
way and thus the truth of these claims is not immediate.
Claim Ib (C.f. Claim I). Let µ ∈ Sf(ϕ) and assume that i ≤ n is an index
such that the atom 6=(~t, t)i does not occur in µ. Then we have

M�X µ′ iff M�X µ′i
iff M�{s[~a/~u, b/w]} µ

′
i for all ~a ∈Mk, b ∈M and s ∈ X.

Proof. The equivalences here hold by exactly the same reasoning as in the proof
of Claim I.

Claim IIb (C.f. Claim II). Let µ ∈ Sf(ϕ), let i ≤ n and let X1, X2 be teams
for which it holds that dom(X2) = dom(X1) ∪ Vr(~uw). Then the following
implication holds:

IfM�X1 µ
′ andM�X2 µ

′
i, thenM�X1∪X∗2 µ

′,

where X∗2 := X2 � dom(X1).
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Proof. We prove this claim by structural induction on µ. We only need to treat
the case when µ is 6=(~t, t)j as all the other cases can be proven exactly as in
the proof of Claim II.

• Let µ be 6=(~t, t)j for some j ≤ n. Suppose that M�X1(6=(~t, t)j)′ and
M�X2(6=(~t, t)j)′i. By the first assumption we have M�X1 Pj~t. If j 6= i,
then M�X2 Pj~t, and if j = i, then M�X2(~u=~t ) ∧ (w= t) ∧ Pj~t. Thus in
either case we haveM�X2 Pj~t. Since none of the variables in ~uw occurs in the
tuple ~t, by locality we haveM�X∗2 Pj~t. BecauseM�X1 Pj~t andM�X∗2 Pj~t,
by flatnessM�X1∪X∗2 Pj

~t. That is,M�X1∪X∗2 ( 6=(~t, t)j)′.

We are now ready to prove Claim 9. That is, for any µ ∈ Sf(ϕ) we have

M�X µ iff there are A1, . . . , An ⊆Mk s.t. M′ �X µ′,
and for any i ≤ n and ~a ∈ Ai there are s, s′ ∈ X and b, b′ ∈M
s.t. b 6= b′,M′ �{s[~a/~u, b/w]} µ

′
i andM′ �{s′[~a/~u, b′/w]} µ

′
i,

whereM′ :=M[ ~A/~P ].

Proof. The special case when X = ∅ holds by the same reasoning as in the
proof of Claim 2, and thus we may assume that X 6= ∅. We prove the claim by
structural induction on µ:

• If µ is a literal, the claim holds trivially.

• Let µ be 6=(~t, t)j for some j ≤ n. Suppose first thatM�X 6=(~t, t). Let

M′ :=M[ ~A/~P ], where Ai :=
{
X(~t ) if i = j

∅ else.

Since X(~t ) = Aj = PM
′

j , we haveM′ �X Pj~t, i.e. M′ �X(6=(~t, t)j)′.
Let i ≤ n. The case i 6= j is trivial since then Ai = ∅. Suppose then
that i = j and let ~a ∈ Aj . Because ~a ∈ Aj = X(~t ) and X 6= ∅, there
is s ∈ X s.t. s(~t ) = ~a. Since M�X 6=(~t, t), there is s′ ∈ X such that
s′(~t ) = s(~t ), but s′(t) 6= s(t). Let b := s(t) and b′ := s′(t), whence b 6= b′

and we have M′ �{s[~a/~u, b/w], s′[~a/~u, b′/w]}(~u = ~t ) ∧ (w = t) ∧ Pj~t. That is,
M′ �{s[~a/~u, b/w]}(6=(~t, t)j)′i andM′ �{s′[~a/~u, b′/w]}( 6=(~t, t)j)′i.

Suppose then that there are A1, . . . , An ⊆Mk s.t. M′ �X(6=(~t, t)j)′, and for
each i ≤ n and ~a ∈ Ai there are b, b′ ∈ M and s, s′ ∈ X such that b 6= b′,
M′ �{s[~a/~u, b/w]}(6=(~t, t)j)′i andM′ �{s′[~a/~u, b′/w]}( 6=(~t, t)j)′i.
For the sake of showing thatM�X 6=(~t, t), let r ∈ X. Let ~a := r(~t ). Since
M′ �X Pj~t, we have ~a ∈ PM′j = Aj . Thus are b, b′ ∈ M and s, s′ ∈ X s.t.
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b 6= b′ andM′ �{s[~a/~u, b/w], s′[~a/~u, b′/w]}(~u=~t ) ∧ (w= t) ∧ Pj~t. Now, if r(t) 6= b,
then r(~t ) = ~a = s(~t ), but r(t) 6= b = s(t). Moreover, if r(t) = b, then
r(~t ) = ~a = s′(~t ), but r(t) = b 6= b′ = s′(t). HenceM�X 6=(~t, t).

• Let µ = ψ ∧ θ. Suppose first thatM�X ψ ∧ θ, i.e. M�X ψ andM�X θ. By
the inductive hypothesis there are B1, . . . , Bn ⊆Mk and B′1, . . . , B′n ⊆Mk

s.t. M[ ~B/~P ]�X ψ′ andM[ ~B′/~P ]�X θ′. Moreover, for all i ≤ n and ~a ∈ Bi
there are b1, b2 ∈ M and s1, s2 ∈ X s.t. b1 6= b2, M[ ~B/~P ]�{s1[~a/~u, b1/w]} ψ

′
i

and M[ ~B/~P ]�{s2[~a/~u, b2/w]} ψ
′
i. Likewise for all i ≤ n and ~a′ ∈ Bi there

are b′1, b′2 ∈ M and s′1, s
′
2 ∈ X s.t. b′1 6= b′2, M[ ~B′/~P ]�{s′1[~a/~u, b′1/w]} θ

′
i and

M[ ~B′/~P ]�{s′2[~a/~u, b′2/w]} θ
′
i. Let

M′ :=M[ ~A/~P ], where Ai :=


Bi if Pi occurs in ψ′

B′i if Pi occurs in θ′

∅ if Pi does not occur in ψ′ or θ′.

Now clearly M′ �X ψ′ and M′ �X θ′, i.e. M′ �X(ψ ∧ θ)′. By using the
inductive hypothesis and Claim Ib, we can then show that for all i ≤ n and
~a ∈ Ai, there are b, b′ ∈M and s, s′ ∈ X s.t. b 6= b′,M′ �{s[~a/~u, b/w]}(ψ ∧ θ)′i
and M′ �{s′[~a/~u, b′/w]}(ψ ∧ θ)′i (c.f. the corresponding stage in the proof of
Claim 2).
The other direction of the equivalence is proven similarly as the corresponding
statement in the proof of Claim 2.

• Let µ = ψ ∨ θ. Suppose first that M�X ψ ∨ θ. Thus there are Y, Y ′ ⊆ X
such that Y ∪ Y ′ = X,M�Y ψ andM�Y ′ θ. By the inductive hypothesis
there are B1, . . . , Bn ⊆ Mk and B′1, . . . , B

′
n ⊆ Mk s.t. M[ ~B/~P ]�Y ψ′ and

M[ ~B′/~P ]�Y ′ θ′. Moreover, for all i ≤ n and ~a ∈ Bi there are b1, b2 ∈ M
and s1, s2 ∈ Y such that we have b1 6= b2, M[ ~B/~P ]�{s1[~a/~u, b1/w]} ψ

′
i and

M[ ~B/~P ]�{s2[~a/~u, b2/w]} ψ
′
i. Likewise for all i ≤ n and ~a′ ∈ Bi there are

b′1, b
′
2 ∈ M and s′1, s

′
2 ∈ Y ′ s.t. b′1 6= b′2, M[ ~B′/~P ]�{s′1[~a/~u, b′1/w]} θ

′
i and

M[ ~B′/~P ]�{s′2[~a/~u, b′2/w]} θ
′
i. Let

M′ :=M[ ~A/~P ], where Ai :=


Bi if Pi occurs in ψ′

B′i if Pi occurs in θ′

∅ if Pi does not occur in ψ′ or θ′.

NowM′ �Y ψ′ andM′ �Y ′ θ′ and thusM′ �X(ψ ∨ θ)′. It is also easy to show
that for all i ≤ n and ~a ∈ Ai, there are b, b′ ∈ M and b, b′ ∈ M s.t. b 6= b′,
M′ �{s[~a/~u, b/w]}(ψ ∧ θ)′i andM′ �{s′[~a/~u, b′/w]}(ψ ∧ θ)′i (c.f. the corresponding
stage in the proof of Claim 2).
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Suppose then that there are A1, . . . , An ⊆Mk such thatM′ �X(ψ ∨ θ)′ and
moreover for all i ≤ n and ~a ∈ Ai there are bi,~a, b′i,~a ∈ M and si,~a, s′i,~a ∈ X
s.t. bi,~a 6= b′i,~a,M′ �{si,~a[~a/~u, bi,~a/w]}(ψ ∨ θ)′i andM′ �{s′i,~a

[~a/~u, b′
i,~a
/w]}(ψ ∨ θ)′i.

Since M′ �X ψ′ ∨ θ′, there are Y, Y ′ ⊆ X s.t. Y ∪ Y ′ = X, M′ �Y ψ′ and
M′ �Y ′ θ′. We define the teams Yi and Y ′i , for every i ≤ n, and the teams
Z,Z ′ ⊆ X as follows:

Yi := {si,~a[~a/~u, bi,~a/w], s′i,~a[~a/~u, b′i,~a/w] | ~a ∈ Ai} if 6=(~t, t)i occurs in ψ,
and else Yi := ∅.

Y ′i := {si,~a[~a/~u, bi,~a/w], s′i,~a[~a/~u, b′i,~a/w] | ~a ∈ Ai} if 6=(~t, t)i occurs in θ,
and else Y ′i := ∅.

Z := Y ∪ (
⋃
i≤n

Yi � dom(X)), Z ′ := Y ′ ∪ (
⋃
i≤n

Y ′i � dom(X)).

We can now apply Claim IIb for each i ≤ n to show that M�Z ψ′ and
M�Z′ θ′. Moreover, by using the inductive hypothesis and Claim Ib, we
can easily show that M�Z ψ and M�Z′ θ, whence M�X ψ ∨ θ (c.f. the
corresponding stage in the proof of Claim 2).

• Let µ = ∃xψ. Suppose first thatM�X ∃xψ, i.e. there is F : X → P∗(M)
s.t. M�X[F/x] ψ. By the inductive hypothesis there are A1, . . . , An ⊆ Mk

s.t. M′ �X[F/x] ψ
′, whereM′ :=M[ ~A/~P ]. Moreover, for all i≤n and ~a∈Ai

there are b, b′ ∈ M and r, r′ ∈ X[F/x] s.t. b 6= b′, M′ �{r[~a/~u, b/w]} ψ
′
i and

M′ �{r′[~a/~u, b′/w]} ψ
′
i. SinceM′ �X[F/x] ψ

′, we haveM′ �X(∃xψ)′.
Let i ≤ n and let ~a ∈ Ai. Now there are b, b′ ∈ M and r, r′ ∈ X[F/x] s.t.
b 6= b′,M′ �{r[~a/~u, b/w]} ψ

′
i andM′ �{r′[~a/~u, b′/w]} ψ

′
i. Since r ∈ X[F/x], there

is s ∈ X and c ∈ F (s) s.t. r = s[c/x]. Let F ′ : {s[~a/~u, b/w]} → P∗(M)
s.t. s[~a/~u, b/w] 7→ {c}. Since {s[~a/~u, b/w]}[F ′/x] = {r[~a/~u, b/w]}, we have
M′ �{s[~a/~u, b/w]}(∃xψ)′i. By using r′ we can analogously show that there is
s′ ∈ X for whichM′ �{s′[~a/~u, b′/w]}(∃xψ)′i.

Suppose then that there are A1, . . . , An ⊆ Mk s.t. M′ �X(∃xψ)′, and for
all i ≤ n and ~a ∈ Ai there are bi,~a, b′i,~a ∈ M and si,~a, s′i,~a ∈ X s.t. bi,~a 6= b′i,~a,
M′ �{si,~a[~a/~u, b/w]}(∃xψ)′i and M′ �{s′i,~a

[~a/~u, b′/w]}(∃xψ)′i. Now there exists
F : X → P∗(M) s.t. M�X[F/x] ψ

′. Moreover, for each i ≤ n and ~a ∈ Ai
there is Fi,~a : {si,~a[~a/~u, bi,~a/w]} → P∗(M) s.t. M′ �{si,~a[~a/~u, bi,~a/w]}[Fi,~a/x] ψ

′
i

and F ′i,~a : {s′i,~a[~a/~u, b′i,~a/w]} → P∗(M) s.t. M′ �{s′
i,~a

[~a/~u, b′
i,~a
/w]}[F ′

i,~a
/x] ψ

′
i. For

each i ≤ n let

X ′i :=
⋃
~a∈Ai

{si,~a[~a/~u, bi,~a/w]}[Fi,~a/x] ∪
⋃
~a∈Ai

{s′i,~a[~a/~u, b′i,~a/w]}[F ′i,~a/x].
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By flatnessM′ �X′i ψ
′
i for each i ≤ n. Let F ′ : X → P∗(M) s.t.

s 7→ F (s) ∪ {c ∈ Fi,~a(si,~a[~a/~u, bi,~a/w]) | i ≤ n, ~a ∈ Ai s.t. s = si,~a}
∪ {c ∈ F ′i,~a(s′i,~a[~a/~u, b′i,~a/w]) | i ≤ n, ~a ∈ Ai s.t. s = s′i,~a}.

By the definitions of F ′ and X ′i (i ≤ n) we have

X[F/x] ∪
(⋃
i≤n

X ′i � dom(X[F/x])
)

= X[F ′/x].

Thus, by applying Claim IIb for each i ≤ n, we obtain M′ �X[F ′/x] ψ
′.

Moreover, for each i ≤ n and ~a ∈ Ai there are b, b′ ∈M and r, r′ ∈ X[F ′/x]
s.t. b 6= b′,M′ �{r[~a/~u, b/w]} ψ

′
i andM′ �{r[~a/~u, b′/w]} ψ

′
i. Thus, by the inductive

hypothesis,M�X[F ′/x] ψ, i.e. M�X ∃xψ.

• Let µ = ∀xψ. Suppose first that M�X ∀xψ, i.e. M�X[M/x] ψ. By the
inductive hypothesis there are A1, . . . , An ⊆ Mk s.t. M′ �X[M/x] ψ

′. More-
over, for each i ≤ n and ~a ∈ Ai there are b, b′ ∈ M and r, r′ ∈ X[M/x] s.t.
b 6= b′, M′ �{r[~a/~u, b/w]} ψ

′
i and M′ �{r′[~a/~u, b′/w]} ψ

′
i. Now M′ �X ∀xψ′, i.e.

M′ �X(∀xψ)′.
Let i ≤ n and let ~a ∈ Ai. Now there are b, b′ ∈ M and r, r′ ∈ X[M/x] s.t.
b 6= b′,M′ �{r[~a/~u, b/w]} ψ

′
i andM′ �{r′[~a/~u, b′/w]} ψ

′
i. Since r ∈ X[M/x], there

is s ∈ X and c ∈ F (s) s.t. r = s[c/x]. Let F ′ : {s[~a/~u, b/w]} → P∗(M)
s.t. s[~a/~u, b/w] 7→ {c}. Since {s[~a/~u, b/w]}[F ′/x] = {r[~a/~u, b/w]}, we
have M′ �{s[~a/~u, b/w]} ∃xψ′i. Since M′ �X ∀xψ′, by flatness and locality
we have M′ �{s[~a/~u, b/w]} ∀xψ′. Hence M′ �{s[~a/~u, b/w]} ∃xψ′i ∧ ∀xψ′, i.e.
M′ �{s[~a/~u, b/w]}(∀xψ)′i. By using r′, we can analogously show that there is
s′ ∈ X for whichM′ �{s′[~a/~u, b′/w]}(∀xψ)′i.

The other direction of the equivalence is proven similarly as the corresponding
statement in the proof of Claim 2.
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Chapter 5

Definable and undefinable
properties of teams

In this chapter we will concentrate on the expressive power on the level of
formulas by studying what kind of properties of teams are definable with a
given logic. As we will see, the set of definable properties of teams is often
quite different compared to the set of definable properties of models.

Some of the results in Section 5.3 are based on [62]. The rest of this chapter
is previously unpublished work which has been presented in various seminars
and workshops.

5.1 INEX[1]-definable binary relations

We first make a couple of notes on the definability of relations in teams with a
given logic L with team semantics (c.f. Section 4.1).

• By saying that a class R (i.e. property) of k-ary relations in teams is definable
in L, we mean that by fixing a tuple y1 . . . yk of distinct variables, in the
given order, there is a formula ϕ(y1 . . . yk) ∈ L such that

M�X ϕ iff X(y1 . . . yk) ∈ R.

• If L has the empty team property, then we cannot define classes of relations
that do not contain the empty relation. Because most of the logics we study
here have the empty team property, for simplicity we assume by default
that ∅ ∈ R for all classes R that we define. For example, if we say that
“the relation X(y1y2) is reflexive”, we actually mean that “X(y1y2) is either
reflexive or the empty relation”.
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DEFINABLE AND UNDEFINABLE PROPERTIES OF TEAMS

• It is important to note the difference between defining relations in a model and
relations in a team (c.f Remark 4.2). Consider e.g. the property of seriality
which is FO-definable as a property of a relation in a model. However, since
this property is not closed downwards, it is not definable in any downwards
closed logic L as a property of a relation in a team.

Recall that, by Theorem 4.9, all ESO[k]-definable properties of k-ary rela-
tions in teams can be defined in INEX[k]. Let us inspect the cases special when
k = 1 and when k = 2.

1. EMSO-definable properties of unary relations can be defined in INEX[1].

2. ESO[2]-definable properties of binary relations can be defined in INEX[2].

We first note that, by these results, the expressive power of INEX[2] is
rather strong. Indeed, it is hard to think of natural properties of relations which
cannot be “simulated” with the properties of binary relations or which are not
definable in ESO[2]. Hence we argue that the study of the expressive power of
INEX[k], on the level of formulas, is not so interesting when k ≥ 2.

Let us then focus on the case of INEX[1]. It is well-known that, for unary
relations, EMSO-definable properties simply amount to FO-definable properties.
Hence we see that the result of Theorem 4.9 only says that INEX[1] can express
all ESO[0]-definable properties of unary relations in teams. Therefore, our main
focus in this and in the following section is to study which properties of binary,
or higher arity, relations in teams can be defined in INEX[1].

By Theorem 4.7, we know that all properties of relations in teams that are
definable in INEX[1] must be EMSO-definable. We will see there indeed are
some quite complex properties of binary relations in teams that can be defined
in INEX[1]. However, we will also see that there are some very simple binary
relations in teams that are undefinable in INEX[1].

5.1.1 ESO[0]-definable binary relations

In this subsection, we consider some natural ESO[0]-definable1 properties of
binary relations in teams. For INEX[1], some of these properties turn out be
definable while others will be proven undefinable later (in Section 5.2 ).

Let X be a team for which y1, y2 ∈ dom(X). The table in Figure 5.1
contains some simple properties of the binary relation X(y1y2) ⊆M2. These
properties can be defined in INEX[2] with a simple formula that is obtained
by applying our translation from ESO[2] to INEX[2] (in the proof of Thm 4.9).

1As discussed in Remark 4.2, ESO[0]-definable properties have usually been called FO-
definable in the earlier literature. The corresponding properties for models are indeed definable
with FO-sentences, but typically ESO[0]-definable properties of teams cannot be defined with
any FO-formula.
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5.1. INEX[1]-DEFINABLE BINARY RELATIONS

Property of the INEXL[2]-formula INEXL[1]-formula
relation X(y1y2) defining the property defining the property

Irreflexivity ∀x (xx | y1y2) y1 6=y2 (∈ FOL)

Non-irreflexivity ∃x (xx⊆ y1y2) O(y1 =y2)

Reflexivity ∀x (xx⊆ y1y2) O(y1 =y2 ∧ T (y1))

Non-reflexivity ∃x (xx | y1y2) C(x)(x 6=y1 ∨ x 6=y2) (∈ EXCL[1])

Seriality ∀x1 ∃x2 (x1x2⊆ y1y2) T (y1) (∈ INCL[1])

Non-seriality ∃x1 ∀x2 (x1x2 | y1y2) C(x)(x 6=y1) (∈ EXCL[1])

Symmetry ∀x1 ∀x2 (x1x2 | y1y2 Undefinable in INEX[1]
∨
y1y2

x2x1⊆ y1y2)

Non-symmetry ∃x1 ∃x2 (x1x2⊆ y1y2 C(x1, x2)
(
(x1 =y1 ∧ x2 =y2)

∧x2x1 | y1y2) B∨ (x1 6=y2 ∨ x2 6=y1)
)

2-totality ∀x1 ∀x2 (x1x2⊆ y1y2) Undefinable in INEX[1]

Non-2-totality ∃x1 ∃x2 (x1x2 | y1y2) C(x1) C(x2)(x1 6=y1 ∨ x2 6=y2)
(∈ EXCL[1])

Figure 5.1: Definability/undefinability in INEX[1] and INEX[2] for certain
natural ESO[0]-definable binary relations in teams.
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DEFINABLE AND UNDEFINABLE PROPERTIES OF TEAMS

Here the translation is simply applied to the canonical (second-order quantifier
free) formula that defines this property for a binary second order variable R.
For example, reflexivity is canonically defined by the formula ∀xRxx which is
translated into ∀x (xx⊆ y1y2).

Some of the properties in Figure 5.1 can also be defined in INEX[1], but it
is often nontrivial to find a formula that defines them. Formulas defining the
properties often become shorter when we apply INEX[1] definable operators
like constant quantification and possibility operator. We sketch proofs for some
of the nontrivial cases below. (In all of the cases we assume that X 6= ∅).

• Reflexivity: X(y1y2) ⊆M2 is reflexive iff there is Y ⊆ X for which Y (y1y2)
is the identity relation of M . It is easy to see that Y (y1y2) is the identity
relation of M iffM�Y y1 =y2 ∧ T (y1). Thus X(y1y2) ⊆ M2 is reflexive iff
M�X O(y1 =y2 ∧ T (y1)).

• Non-reflexivity: X(y1y2) is not reflexive iff there is a ∈ M s.t. for all
s ∈ X: s(y1) 6= a or s(y2) 6= a. It is easy to see that this is true iff
M�X C(x)(x 6=y1 ∨ x 6=y2).

• Non-symmetry: X(y1y2) is not symmetric iff there are a, b ∈ M s.t. a 6= b
and the following conditions hold:{

there is s ∈ X for which s(y1) = a and s(y2) = b

for all r ∈ X : r(y1) 6= b or r(y2) 6= a.

This is true iffM�X C(x1, x2)((x1 =y1 ∧ x2 =y2) B∨ (x1 6=y2 ∨ x2 6=y1)).

• Non-2-totality: X(y1y2) is not the full relation M2 iff there are a, b ∈M s.t.
for all s ∈ X: s(y1) 6= a or s(y2) 6= b. It is easy to see that this is true iff
M�X C(x1) C(x2)(x1 6=y1 ∨ x2 6=y2).

5.1.2 EMSO-definable binary relations

In the previous subsection we saw that many natural ESO[0]-definable properties
of binary relations can be defined in INEX[1]. Here we show that there are
also some INEX[1]-definable properties of teams which are beyond ESO[0]-
definability. See the following example.

Example 5.1. Let Let M = (M, I) be a model and X be a team for M
such that dom(X) = {y1, y2}. We define the undirected graph GX = (M,EX),
where the relation EX ⊆ M2 is the symmetric closure of X(y1y2) (that is,
EX := {(a, b) | (a, b) ∈ X(y1y2) or (b, a) ∈ X(y1y2)}.) Now it holds that
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(1) GX is disconnected iff

M�X γ≥2 ∧ ∃x1 ∃x2
(
x1 |x2

∧
(
(y1⊆x1 ∧ y2⊆x1) ∨ (y1⊆x2 ∧ y2⊆x2)

))
.

(2) GX is k-colorable iff

M�X γ≤k ∨ ∃x1 . . . ∃xk
( ∧
i 6=j

xi |xj ∧ T (x1, . . . , xk)

∧
∨

x1,...,xk

{
y1⊆xi ∧ y2 |xi | i ≤ k

})
.

We explain briefly why these equivalences hold. Supposing that |M | ≥ 2, the
graph GX is disconnected if and only if there are nonempty disjoint A,B ⊆M
such that for each assignment s ∈ X we have either s(y1), s(y2) ∈ A or
s(y1), s(y2) ∈ B. Moreover, A and B satisfy these conditions with respect
to X(y1y2) if and only if the quantifier free part of the formula in (1) is true in
a team Y that is obtained by extending X in such a way that Y (x1) = A and
Y (x2) = B. It thus follows that the equivalence in (1) holds.

For the equivalence in (2), we first note that GX is trivially k-colorable if
|M | ≤ k. When |M | > k, the graph GX is k-colorable if and only if we can split
M into nonempty disjoint subsets A1, . . . , Ak (covering M) such that for each
s ∈ X we have s(y1) ∈ Ai and s(y2) ∈ Aj for some i 6= j. The sets A1, . . . , Ak
satisfy these conditions if and only if the quantifier free part of the formula in
(2) is true in a team Y that is obtained by extending X in such a way that
Y (xi) = Ai for each i ≤ k. It thus follows that the equivalence in (2) holds.

In the example above we were “forcing symmetry” by considering an undi-
rected graph obtained from the symmetric closure of X(y1y2). We cannot simply
express that (M,X(y1y2)) forms an undirected graph since the symmetry of
X(y1y2) is not definable in INEX[1]. This is proven in the next section.

5.2 INEX[k]-undefinable (k+1)-ary relations
In this section we show that the result of Theorem 4.9 cannot be improved by
relaxing the restriction to k-ary relations (for INEX[k]). It suffices to show that,
for any k ≥ 1, there are ESO[k]-definable properties, of (k+1)-ary relations in
teams, which are undefinable in INEX[k]. We will prove an even stronger result
by showing that the following ESO[0]-definable property of X(y1, . . . , yk+1), of
a team X forM = (M, I), cannot be defined in INEX[k].

X(y1 . . . yk+1) = Mk+1 or X = ∅.
(
(k+1)-totality

)
.
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DEFINABLE AND UNDEFINABLE PROPERTIES OF TEAMS

Moreover, our results will imply that this property cannot be defined even if we
extend INEX[k] with any downwards closed atoms and any k-invariant atoms
(recall Definition 3.62).

In order to prove the claim above, we develop a new kind of proof method
which is based on analyzing the cardinality of sets of assignments whose removal
alters some k-ary relations in teams. We give several definitions and lemmas in
the following subsections and finally in Subsection 5.2.4 we present Theorem 5.17
for proving various undefinability results for INEX[k] and its extensions. This
theorem can also be used for showing that symmetry and linear order of binary
relations in teams cannot be defined in INEX[1].

We believe that the methods developed in this section can be applied for
proving other results for logics with team semantics. Indeed, they have already
been used for modal inclusion logic (see Remark 5.21).

In this section L denotes any extension of FO with any atomic formulas.
Moreover, we assume that L is local (recall that with lax semantics it suffices
that the truth conditions of all atoms are local). In the following definition we
present some notations that are used in this section.

Definition 5.2. We say that a formula ψ is atomic if it is either a literal or
an atomic formula. We use the following notations for ϕ ∈ L:

Atom(ϕ) := {ψ ∈ Sf(ϕ) | ψ is atomic}
Oper#(ϕ) := the total number of operators ∧, ∨, ∃x and ∀x in ϕ.

5.2.1 Satisfying evaluations

In this section we define functions called evaluations which assign teams to nodes
in a syntax tree of a formula. These teams are assigned in the way corresponding
to the truth conditions of the operators in FO (with team semantics). Satisfying
evaluations intuitively correspond to “correct semantic reasoning” for showing
that ϕ is true in a given team X. Analogous concepts have been defined earlier
in the context of boolean dependence logic in [14].2

Definition 5.3. Let A be a set. We write EA for the class of functions, called
evaluations, so that for each E ∈ EA we have:

E : Sf(ϕ)→ {X | X is a team for A} for some ϕ ∈ L.

and the following conditions hold for the subformulas of ϕ:

• E(ψ ∧ θ) = E(ψ) = E(θ).
2Corresponding definitions here were developed independently by the author. We have

adopted here some terminology and notations from [14] for uniformity.
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• E(ψ ∨ θ) = E(ψ) ∪ E(θ).

• E(∃xψ)[F/x] = E(ψ) for some F : E(ψ)→ P∗(A).

• E(∀xψ)[A/x] = E(ψ).

For each E ∈ EA we define the set of atomic teams for E, denoted by
E(Atom) as follows.

E(Atom) := {E(ψ) | ψ ∈ dom(E) is atomic}.

Note that for each evaluation E, there is a unique formula ϕ and a unique
team X such that dom(E) = Sf(ϕ) and E(ϕ) = X. We then say that E is an
evaluation for ϕ in X.

Consider a modelM with universe M . If X is a team forM and E ∈ EM
is an evaluation for ϕ in X, then E naturally corresponds to “an attempt of
proof” for the claimM�X ϕ. This attempt is successful if each subformula of
ϕ is assigned to a team which satisfies it. This naturally leads to the following
definition.

Definition 5.4. LetM = (M, I) be an L-model. We call E ∈ EM a satisfying
evaluation inM it the following holds:

M�G(ψ) ψ for each ψ ∈ dom(E).

If E ∈ EM is an evaluation for ϕ in X and E is a satisfying evaluation inM,
we say that E is a satisfying evaluation for ϕ in (M, X). We write

Sat(M, X, ϕ) := {E ∈ EM | E is a satisfying evaluation for ϕ in (M, X)}.

Remark 5.5. For E to be a satisfying evaluation in M, it suffices that
M�G(ψ) ψ for each ψ ∈ E(Atom). This is easy to see by the definition of
evaluations.

As one would expect, a formula is true if and only if there is at least one
satisfying evaluation for it. This is stated in the following lemma.

Lemma 5.6. LetM be a L-model, X be a team and ϕ ∈ INEXL. Then

M�X ϕ iff Sat(M, X, ϕ) 6= ∅.

Proof. If Sat(M, X, ϕ) 6= ∅, there is E ∈ EM for which E(ϕ) = X and
M�E(ϕ) ϕ. ThereforeM�X ϕ.

Suppose then that M�X ϕ. We define an evaluation E on Sf(ϕ). Let
G(ϕ) = X, whence M�G(ϕ) ϕ. We then define E (co-inductively) for all
ψ ∈ Sf(ϕ) \ {ϕ}, so that the condition M�E(ψ) ψ is maintained for each
ψ ∈ Sf(ϕ).
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• Suppose that G(ψ ∧ θ) = Y is defined so thatM�Y ψ ∧ θ, i.e. M�Y ψ and
M�Y θ. We define G(ψ) = G(θ) = Y , whenceM�G(ψ) ψ andM�G(θ) θ.

• Suppose that G(ψ ∨ θ) = Y is defined so thatM�Y ψ ∨ θ. Thus there are
Y ′, Y ′′ ⊆ Y such that Y ′ ∪ Y ′′ = Y ,M�Y ′ ψ andM�Y ′′ θ. We now define
G(ψ) = Y ′ and G(θ) = Y ′′, whenceM�G(ψ) ψ andM�G(θ) θ.

• Suppose that G(∃xψ) = Y is defined so that M�Y ∃xψ, i.e. there is
F : Y → P∗(M) such thatM�Y [F/x] ψ. Let now G(ψ) = Y [F/x], whence
M�G(ψ) ψ.

• Suppose that G(∀xψ) = Y is defined so thatM�Y ∀xψ, i.e. M�Y [M/x] ψ.
We now define G(ψ) = Y [M/x], whenceM�G(ψ) ψ.

Now clearly E ∈ Sat(M, X, ϕ) and thus Sat(M, X, ϕ) 6= ∅.

5.2.2 Removal of extension sets

In this subsection we define the extension set Ys≺ for an assignment s ∈ X in a
given team Y . Then we show how the removal of s from X is related to the
removal of Ys≺ from Y (Lemma 5.10). This will be one of the key elements for
proving our undefinability results later.

Definition 5.7. Let s be an assignment and let Y be a team for which
dom(s) ⊆ dom(Y ). The extension set of s in Y , denoted by Ys≺, is defined as
follows:

Ys≺ := {r ∈ Y | r �dom(s) = s}.

The next example shows how the extension sets in a team “evolve” when
we modify the team in different ways related to the truth conditions of the
operators in FO. This example also makes it easier to follow the proof for
Lemma 5.10 which we present later.

Example 5.8. Let X be a team for a modelM = (M, I) and let s ∈ X.

• We first observe that Xs≺ = {s}.

• Let Y ′ ∪ Y ′′ = Y . Then we have

Y ′s≺ = {r ∈ Y ′ | r ∈ Ys≺} and Y ′′s≺ = {r ∈ Y ′′ | r ∈ Ys≺}.

• Let F : Y → P∗(M) and x /∈ dom(X). Then

Y [F/x]s≺ = {r[a/x] ∈ Y [F/x] | r ∈ Ys≺, a ∈ F (r)}.
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• Let x /∈ dom(X). Then

Y [M/s]s≺ = {r[a/x] ∈ Y [M/x] | r ∈ Ys≺, a ∈M}.

Lemma 5.9. Let X and Y be teams for which dom(X) ⊆ dom(Y ) and let
s1, s2 ∈ X. Then it holds that:

If s1 6= s2, then Ys1≺ ∩ Ys2≺ = ∅.

Proof. If there is r ∈ Ys1≺ ∩ Ys2≺, then s1 = r �dom(X) = s2.

Let Y and Z be teams for which dom(Z) ⊆ dom(Y ). We use the following
abbreviation for the team that is obtained from Y by removing the extension
set of s in Y for all s ∈ Z.

Y \≺ Z := Y \
⋃
s∈Z

Ys≺.

Suppose thatM�X ϕ, for ϕ ∈ L, and let E be a satisfying evaluation for ϕ
in (M, X). If ϕ contains atoms that are not closed downwards, then we do not
generally haveM�X\X′ ϕ for all X ′ ⊆ X, but for some X ′ this might be the
case. In the following lemma we show that, in order to prove thatM�X\X′ ϕ
holds, it suffices that we check that all the atomic formulas ψ, which are not
closed downwards, remain true when the extension sets for all s ∈ X ′ are
removed from E(ψ).

Lemma 5.10. LetM be a model and X a team forM. Let ϕ ∈ L such that
none of the variables x ∈ dom(X) is quantified in ϕ. Let E ∈ Sat(M, X, ϕ)
and let X ′ be a subteam of X. Suppose that the following holds:

M�E(ψ)\≺X′ ψ for every ψ ∈ Atom(ϕ) which is not closed downwards.

Then we haveM�X\X′ ϕ.

Proof. Since E(ϕ) = X and Xs≺ = {s} for each s ∈ X ′, we have

E(ϕ) \≺ X ′ = X \
⋃
s∈X′
{s} = X \X ′.

Thus, in order to show that M�X\X′ ϕ holds, it suffices that we prove the
following claim by structural induction on ϕ:

M�E(µ)\≺X′ µ for all µ ∈ Sf(ϕ).

• If µ is a an atom which is not closed downwards, then the claim follows from
the assumptions. Suppose then that µ is a literal or downwards closed atom.
Since E ∈ Sat(M, X, ϕ), we haveM�E(µ) µ. Thus by downwards closure we
haveM�E(µ)\≺X′ µ.
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• Let µ = ψ ∧ θ. Now E(ψ ∧ θ) = E(ψ) = E(θ) and thus by the inductive
hypothesisM�E(ψ∧θ)\≺X′ ψ andM�E(ψ∧θ)\≺X′ θ, i.e. M�E(ψ∧θ)\≺X′(ψ ∧ θ).

• Let µ = ψ ∨ θ. Let E(ψ ∨ θ) = Y , whence E(ψ) = Y ′ and E(θ) = Y ′′ for
some Y ′, Y ′′ ⊆ Y for which Y ′ ∪ Y ′′ = Y . By the inductive hypothesis we
haveM�Y ′\≺X′ ψ andM�Y ′′\≺X′ θ. Now for all s ∈ X ′ we have

Ys≺ = Y ′s≺ ∪ Y ′′s≺, Y ′s≺ = Ys≺ ∩ Y ′ and Y ′′s≺ = Ys≺ ∩ Y ′′.

Therefore

(Y ′) \≺ X ′ ∪ (Y ′′) \≺ X ′ = (Y ′ \
⋃
s∈X′

Y ′s≺) ∪ (Y ′′ \
⋃
s∈X′

Y ′′s≺)

= (Y ′ \
⋃
s∈X′

Ys≺) ∪ (Y ′′ \
⋃
s∈X′

Ys≺)

= (Y ′ ∪ Y ′′) \
⋃
s∈X′

Ys≺

= Y \
⋃
s∈X′

Ys≺ = Y \≺ X ′ = E(ψ ∨ θ) \≺ X ′.

HenceM�E(ψ∨θ)\≺X′(ψ ∨ θ).

• Let µ = ∃xψ. Let E(∃xψ) = Y , whence E(ψ) = Y [F/x] for some function
F : Y → P∗(M). By the inductive hypothesis, M�Y [F/x]\≺X′ ψ. By our
assumptions x /∈ dom(X) and therefore

Y [F/x]s≺ = Ys≺[(F � Ys≺)/x] for all s ∈ X ′.

We can define F ′ := F � (Y \≺ X ′). Now we have

(Y \≺ X ′)[F ′/x] = (Y \
⋃
s∈X′

Ys≺)[F ′/x] = Y [F/x] \
⋃
s∈X′

Ys≺[(F � Ys≺)/x]

= Y [F/x] \
⋃
s∈X′

Y [F/x]s≺ = Y [F/x] \≺ X ′ = E(∃xψ) \≺ X ′.

HenceM�E(∃xψ)\≺X′ ∃xψ.

• Let µ = ∀xψ. Let E(∀xψ) = Y . Now we have E(ψ) = Y [M/x]. By our
assumptions x /∈ dom(X) and therefore

Y [M/x]s≺ = Ys≺[M/x] for all s ∈ X ′.

Thus we have

(Y \≺ X ′)[M/x] = (Y \
⋃
s∈X′

Ys≺)[M/x] = Y [M/x] \
⋃
s∈X′

Ys≺[M/x]

= Y [M/x] \
⋃
s∈X′

Y [M/x]s≺ = Y [M/x] \≺ X ′ = E(∀xψ) \≺ X ′.

HenceM�E(∀xψ)\≺X′ ∀xψ.
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5.2.3 Estimates for the cardinality k-separating sets

In the previous subsection we showed that, under certain conditions, some
assignments can be removed from a team X without violating the truth of
a formula ϕ. In this section we will analyze when such assignments exist by
giving estimates on the cardinality of so-called k-separating sets. We begin by
defining so-called k-separators which are sets of assignments whose removal
alters the values of some k-ary relations in a given team.

Definition 5.11. Let Y,Z be teams forM. We say that Z is a k-separator
of Y , if the following holds:

there is ~y ∈ (dom(Y ))k s.t. (Y \ Z)(~y ) ⊂ Y (~y ).

(Note that we use ⊂ to denote proper subset relation.)

Observation 5.12. Recall Definition 3.62 on k-equivalence and k-invariant
atoms. It is easy to see that if Z ⊆ Y is not a k-separator of Y , then Y is
k-equivalent to (Y \ Z). Therefore, for any k-invariant atom A, the truth of
M�Y A implies the truth of M�Y \Z A, when Z is not a k-separator of Y .
(Recall that, in particular, k-ary inclusion atoms are k-invariant.)

Next, for given teams X,Y , we define the k-separating set of X for Y .
This set consists of all those assignments s ∈ X whose extension set in Y is a
k-separator of Y .

Definition 5.13. Let X, Y be teams for which dom(X) ⊆ dom(Y ). We define
the k-separating set of X for Y , denoted by SepkX(Y ), as follows:

SepkX(Y ) := {s ∈ X | Ys≺ is a k-separator of Y }.

Moreover, for any evaluation E ∈ EA, we use the following abbreviation

SepkX(E) :=
⋃

Y ∈E(Atom)
SepkX(Y ).

In the results later we want to show that, under certain assumptions for
a given evaluation E, we have SepkX(E) 6= X. That is, there are assignments
s ∈ X whose extension sets are not k-separators in any Y ∈ E(Atom). For
proving this, we need the next lemma which gives an estimate for the number
of assignments in SepkX(Y ) – with respect to some evaluation E.

Lemma 5.14. Let ϕ ∈ L, let X be a team and let E ∈ EA be an evaluation for
ϕ in X. Now for each Y ∈ E(Atom) we have

|SepkX(Y )| ≤ (Oper#(ϕ) + |dom(X)|)k · |A|k.
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Proof. Let Y ∈ E(Atom). All variables in dom(Y ) are either in dom(X) or
quantified in ϕ. Hence |dom(Y )| ≤ Oper#(ϕ) + |dom(X)| and thus

|(dom(Y ))k| = |dom(Y )|k ≤ (Oper#(ϕ) + |dom(X)|)k.

For every s ∈ SepkX(Y ) there is (at least one) tuple ~y ∈ (dom(Y ))k such that

(Y \ Ys≺)(~y) ⊂ Y (~y). (?)

Since |(dom(Y ))k| ≤ (Oper#(ϕ) + |dom(X)|)k, in order prove the claim of this
lemma, it suffices to show that for each ~y ∈ (dom(Y ))k, there exist at most
|A|k different assignments s for which the condition (?) holds.

Let ~y ∈ (dom(Y ))k. The condition (?) holds, with respect to ~y and some
s ∈ X if and only if there exists some k-tuple ~a ∈Mk such that

~a ∈ Y (~y) but ~a /∈ (Y \ Ys≺)(~y). (??)

Since |Ak| = |A|k, it thus suffices to show that for each ~a ∈ Ak there exists at
most one s ∈ X such that the condition (??) holds for the pair (~a, s).

Let ~a ∈ Ak and s1, s2 ∈ X such that (??) holds for both (~a, s1) and (~a, s2).
Now ~a ∈ Ys1≺(~y) and thus there is r ∈ Ys1≺ for which r(~y) = ~a. Since r ∈ Y ,
but r(~y) = ~a /∈ (Y \ Ys2≺)(~y), we must have r ∈ Ys2≺. Hence r ∈ Ys1≺ ∩ Ys2≺
and thus by (the contraposition of) Lemma 5.9 it has to be that s1 = s2.

For formulating the next lemma, let L[k] be any logic with team semantics
such that L[k] satisfies the following properties:

• L[k] is an extension of FO with new atomic formulas so that L[k] is local.

• All atomic formulas in L[k] belong to one of the following two classes:

1. downwards closed atoms (without any further restrictions).
2. k-invariant atoms (recall Definition 3.62).

Note that, in particular, INEX[k] satisfies these properties.
Observe that when we fix k ≥ 1, ϕ ∈ L[k] and a size of the domain

for X, then we can choose large enough set A so that |A| is larger than
(Oper#(ϕ) + |dom(X)|)k. Then, by Lemma 5.14, we have |SepkX(Y )| < Ak+1

for each Y ∈ E(Atom), where E ∈ EA is an evaluation for ϕ in X. By using this
observation with the result of Lemma 5.10, we can show that, for sufficiently
large models M and teams X with |dom(X)| = k + 1, the following holds:
ifM�X ϕ and X is “of the size |M |k+1” (i.e. |M |k+1 divided by some constant),
then there is s ∈ X such thatM�X\{s} ϕ. This claim is presented more formally
and generally in the next lemma.
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Lemma 5.15. Let m, k, c ≥ 1 and let M = (M, I) be an L-model for which
M = {1, . . . , c · p3k}, where p = max(m+ 1, k, 3). Let X,X∗ be teams for M
such that X∗ ⊆ X, |dom(X)| = k + 1 and

|X∗| ≥ |M |
k+1

c
.

Then for every ϕ ∈ L[k], s.t. Oper#(ϕ) ≤ m, the following implication holds:

IfM�X ϕ, then there exists s ∈ X∗ s.t. M�X\{s} ϕ.

Proof. Let ϕ ∈ L[k] such that Oper#(ϕ) ≤ m. Without loss of generality, we
may assume that none of x ∈ dom(X) is quantified in ϕ.3 Suppose thatM�X ϕ,
whence by Lemma 5.6, there is E ∈ Sat(M, X, ϕ). Since Oper#(ϕ) ≤ m and
|dom(X)| = k + 1, by Lemma 5.14 we have

|SepkX(Y )| ≤ (m+ (k + 1))k · |M |k for each Y ∈ E(Atom).

Let Ymax ∈ E(Atom) be a team with the largest k-separating set of X
(|SepkX(Ymax)| ≥ |SepkX(Y )| for all Y ∈ E(Atom)). Now we have

|SepkX(E)| ≤ |E(Atom)| · |SepkX(Ymax)| ≤ |Atom(ϕ)| · |SepkX(Ymax)|.

The set Atom(ϕ) has one more element than the number of the connectives
∧ and ∨ in ϕ. Since Oper#(ϕ) ≤ m, we thus have |Atom(ϕ)| ≤ m+ 1. Hence

|SepkX(E)| ≤ |Atom(ϕ)| · |SepkX(Ymax)| ≤ (m+ 1)((m+ 1) + k)k|M |k.

Suppose first that p = m+ 1. Now m+ 1 ≥ k, 3 and thus

(m+ 1)((m+ 1) + k)k ≤ (m+ 1)(2(m+ 1))k = 2k(m+ 1)k+1

< (m+ 1)k(m+ 1)k+1 ≤ (m+ 1)3k = p3k.

Suppose then that p = k. Now k ≥ m+ 1, 3 and thus

(m+ 1)((m+ 1) + k)k ≤ k (2k)k = 2kkk+1 < kkkk+1 < k3k = p3k.

Finally suppose that p = 3. Now 3 ≥ m+ 1, k and thus

(m+ 1)((m+ 1) + k)k ≤ 3 (2 · 3)k < 33k = p3k.

3If some of the variables in dom(X) were quantified in ϕ, we could instead consider a
formula ϕ′ where all of these quantifications (and the variables in their scopes) are replaced
with quantifications of fresh variables. It is easy to see that thenM�X ϕ iffM�X ϕ′, and
thus we may prove the claim of Lemma 5.15 for ϕ′ instead.
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In all cases (m+ 1)((m+ 1) + k)k < p3k. Hence we have

|SepkX(E)| ≤ (m+ 1)((m+ 1) + k)k|M |k

< p3k|M |k = (c · p3k)|M |k

c
= |M | · |M |k

c
= |M |k+1

c
≤ |X∗|.

Since |SepkX(E)| < |X∗| there is (at least one) s ∈ X∗ for which s /∈ SepkX(E).
We select and fix one such s. Every ψ ∈ Atom(ϕ) which is not closed downwards,
is a k-invariant atom. Hence, in order to prove that M�X\{s} ϕ, by using
Lemma 5.10, it suffices that we prove the following:

M�E(ψ)\(E(ψ)s≺) ψ for every k-invariant atom ψ ∈ Atom(ϕ).

Let ψ ∈ Atom(ϕ) be a k-invariant atom. Because E ∈ Sat(M, X, ϕ), we
haveM�E(ψ) ψ. Since s /∈ SepkX(E), in particular s /∈ SepkX(E(ψ)) and thus
E(ψ)s≺ is not a k-separator of E(ψ). Hence, recalling Observation 5.12, we
haveM�E(ψ)\(E(ψ)s≺) ψ.

Remark 5.16. There are several ways for improving the estimates in Lemmas
5.14 and 5.15 – by e.g. separately considering the quantifier depth of ϕ and the
number of connectives in ϕ instead of Oper#(ϕ). However, the optimization of
these estimates is not necessary for proving our results in the next subsection.

5.2.4 Undefinability results for extensions of INEX[k]
By using Lemma 5.15, we can prove the following theorem which can be used
for proving undefinability results for various logics containing k-invariant atoms
and downwards closed atoms. Thus, in particular, it can be used for proving
undefinability results for INEX[k].

Theorem 5.17. Let P be a property of k-ary relations. Assume that there is a
constant c such that for any finite modelM = (M, I), with at least c elements,
there are teams X and X∗ forM such that the following conditions hold:

1. X∗ ⊆ X

2. dom(X) = {y1, . . . , yk+1}.

3. X(y1 . . . yk+1) has the property P.

4. (X \ {s})(y1 . . . yk+1) does not have the property P for any s ∈ X∗.

5. |X∗| ≥ |M |
k+1

c .

Now the property P cannot be defined in any logic L[k] which is local and extends
FO with any k-invariant atoms and any downwards closed atoms.
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Proof. For the sake of contradiction, suppose that P can be defined in L[k].
Thus there is ϕ ∈ L[k] which defines P. Let Oper#(ϕ) = m. Let M be a
model, for which M = {1, . . . , c · p3k} where p = max(m, k, 3), and let X,X∗
be teams forM so that they satisfy the properties given in the assumptions.
Since X(y1 . . . yk+1) has the property P, we have M�X ϕ. By Lemma 5.15
there is s ∈ X∗, such that M�X\{s} ϕ. This is a contradiction, because
(X \ {s})(y1 . . . , yk+1) does not have the property P.

The assumptions of Theorem 5.17 may look quite technical, but the core
idea is rather simple: those properties of teams that are very sensitive to removal
of assignments cannot be defined in L[k]. By “sensitive” we mean that for any
team X with the given property P, there are several assignments (namely those
in X∗ ⊆ X) such that the removal of any single one of them makes X to lose
the property P. By “several” we mean that the number of such assignments
(namely |X∗|) is at least |Mk+1|/c, for some constant c.

By using Theorem 5.17, we can prove that several simple properties of teams
are undefinable in INEX[k]. The first of our undefinability results shows that,
for any k ≥ 1, there are INEX[k]-undefinable properties of (k+1)-ary relations.

Corollary 5.18. For any k ≥ 1, (k+1)-totality of X(y1 . . . yk+1) is undefinable
in INEX[k].

Proof. Let c = 1 and let M be any finite model. Let X be the team for M
for which dom(X) = {y1, . . . , yk+1} and X(y1 . . . yk+1) = Mk+1. Let X∗ = X;
now X(y1 . . . yk+1) satisfies (k+1)-totality, but (X \ {s})(y1 . . . yk+1) does not
satisfy (k+1)-totality for any s ∈ X∗. Moreover, we have

|X∗| = |X| = |M |k+1 = |M |
k+1

c
.

Thus the claim follows from Theorem 5.17.

Note that the corollary above holds even if we extend INEX[k] with any
k-invariant atoms and any downwards closed atoms. Thus, in particular, for
any k ≥ 1, the (k+1)-totality atoms T (t1 . . . tk+1) cannot be defined by adding
any k-invariant atoms to FO.

The proof for the corollary above uses Theorem 5.17 in the most trivial form
since there were |M |k+1 assignments in X∗ such that removal of any of them
sufficed for violating the given property. In the proofs of the next corollaries
we will apply Theorem 5.17 for smaller teams X∗.

Corollary 5.19. Symmetry of X(y1y2) cannot be defined in INEX[1].
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Proof. Let c = 2 and letM be any finite model with at least 2 elements. Let
X be the team forM s.t. dom(X) = {y1, y2} and X(y1y2) = M2. We define

X∗ := {s ∈ X | s(x1) 6= s(x2)}.

Now X(y1y2) is clearly symmetric by being a total binary relation. However,
(X \ {s})(y1y2) is not symmetric for any s ∈ X∗ (removal of a single edge from
any 2-cycle immediately violates the symmetry). We also have

|X∗| = |M |2 − |M | ≥ |M |
2

2 = |M |2

c
.

Thus the claim follows from Theorem 5.17.

Corollary 5.20. X(y1y2) being a linear order cannot be defined in INEX[1].

Proof. Let c = 2 and letM be any finite model with at least 2 elements. Let X
be any team forM such that dom(X) = {y1, y2} and X(y1y2) is a linear order
(of M). Let X∗ = X; now (X \ {s})(y1y2) is not a linear order for any s ∈ X∗
(removal of any edge from linear order violates the comparability property).
We also have

|X∗| = |X| = |M |2 − |M |
2 + |M | > |M |

2

2 = |M |2

c
.

Thus the claim follows from Theorem 5.17.

Note again that the results of the two corollaries above hold also when we
extend INEX[1] with any downwards closed atoms or any 1-invariant atoms.

Remark 5.21. As mentioned in Remark 3.24, in modal logic with team
semantics, all inclusion atoms can be expressed with O (or with ./∨). However,
in [43] it is shown that in order to express a k-ary inclusion atom with O, we
need a formula whose size is exponential with respect to k. This proof uses
very similar methods as we use in this section.4

As shown in [42], a dual result holds for modal dependence logic: any
dependence atom can be expressed with intuitionistic disjunctions t, but in
order to express a k-ary dependence atom with t, we need a formula of size
exponential to k. However, this claim is proven by using very different kinds of
methods than the ones used here and in [43].

4When this method was initially presented by the author (via private communication),
Hella and Stumpf realized that a very similar technique could be used in [43]. Thus we have
good reasons to believe that our proof techniques can be applied also in future research for
this framework – especially for logics that are not closed downwards.
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Note that for using Theorem 5.17 to prove these undefinability results, it
was essential to use finite models. It is thus natural to ask whether these
undefinability results would hold if one only considered infinite models. In the
infinite case we would need a different proof method and thus we leave this
question open for further research.

5.3 EF games for INC[k] and FO(O)
Ehrenfeucht-Fraïssé games (EF games) are tools for proving undefinability
results for various logics by using game-theoretic argumentation. They have
proven to be useful especially in finite model theory (see e.g. [16] or [58] for
further reading). In this section we define EF games for k-ary inclusion logic
and the extension of FO with possibility operator O. By using these games
we prove some undefinability results and establish an interesting hierarchy for
the expressive power of the logics INC[1], NDEP[2] and FO(O) on the level of
formulas. In this section we only consider relational vocabularies.

5.3.1 Defining EF games for extensions of FO
Ehrenfeucht-Fraïssé games (EF games) for dependence logic were originally
introduced in [65]. The canonical variants of these games for inclusion logic
were presented in [25]. Here we define EF games for INC[k] by modifying
the definition in [25] in an obvious way. We also define EF games for FO(O)
by introducing a new rule for possibility operator. We adopt most of the
terminology and notation from [25] in the definitions below.

We first briefly explain intuitive idea about EF games for logics with team
semantics. This intuition applies to the EF games that we will define below
(Def. 5.22 and 5.23) and also to various other EF games for logics with team
semantics (c.f. Remark 5.27). In a game Gn(M, X,M′, Y ), a player called
Spoiler claims that there is a formula ϕ (of some logic L) that can distinguish
(M, X) from (M′, Y ), by ϕ being true for the former pair and false for the
latter.5 The other player, called Duplicator opposes this claim.

In every round of the game Spoiler chooses a move, that corresponds to the
semantics of an operator in L, and applies it to modify her/his team for M
(which is initially X). Then Duplicator tries to “imitate” this move for her/his
team forM′ (which is initially Y ). These moves produce new teams for the
next position for both players. The game ends after n rounds and Spoiler wins
if and only if some literal/atom in L is true in her/his team forM, but false in
Duplicator’s team forM′.

5Note here that we check the truth of the implication M�X ϕ⇒M′ �Y ϕ instead of the
corresponding equivalence (like in the standard EF game for FO). This is because logics with
team semantics are not (typically) closed under negation.
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We begin by first defining EF games for k-ary inclusion logic.

Definition 5.22. LetM = (M, I) andM′ = (M ′, I ′) be L-models. Let X be
a team forM and let Y be a team forM′ such that dom(X) = dom(Y ). For
n ∈ N, the game G⊆[k]

n (M, X,M′, Y ) is defined in the following way:

1. The game has two players: Spoiler and Duplicator.

2. Positions of the game are of the form pi = (Xi, Yi), where i ≤ n and Xi, Yi
are teams forM andM′, respectively.

3. The initial position of the game is p0 = (X0, Y0) = (X,Y ).

4. Suppose that the current position of the game is pi−1 = (Xi−1, Yi−1).
Now Spoiler can choose one of the following three moves:

(a) Splitting: First Spoiler chooses any teams X ′, X ′′ ⊆ Xi−1 for which
X ′ ∪X ′′ = Xi−1. Then Duplicator chooses teams Y ′, Y ′′ ⊆ Yi−1 such
that Y ′ ∪ Y ′′ = Yi−1. Finally Spoiler chooses whether the next position
pi is (X ′, Y ′) or (X ′′, Y ′′).

(b) Supplementing: First Spoiler chooses any variable x and any function
F : Xi−1 → P∗(M). Then Duplicator chooses F ′ : Yi−1 → P∗(M ′).
The next position pi is (Xi−1[F/x], Yi−1[F ′/x]).

(c) Duplication: Spoiler chooses any variable x and the next position pi
is (Xi−1[M/x], Yi−1[M ′/x]).

5. Ending position pn = (Xn, Yn) is a winning position for Spoiler if there is
ϕ ∈ INCL[k] such that ϕ a literal or (at most k-ary) inclusion atom and

M�Xn ϕ, butM′ 2Yn ϕ.

Otherwise pn is a winning position for Duplicator.

We say that a player P ∈ {Spoiler,Duplicator} has a winning strategy in the
game G⊆[k]

n (M, X,M′, Y ) if P can guarantee that the game ends in her/his
winning position. That is, regardless of the moves made by the other player,
when P follows her/his winning strategy, the game will always end at a winning
position for P.

It is easy to show that EF games G⊆[k]
n (M, X,M′, Y ) are determined, i.e.

for any game either of the players has a winning strategy. Moreover, if Spoiler
has a winning strategy, then we can use this strategy to find an INC[k]-formula
for whichM�X ϕ, butM′ 2Y ϕ.

In the next definition we modify the rules of EF games for INC[k] slightly
in order to make them EF games for FO(O).
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Definition 5.23. The game GOn(M, X,M′, Y ) is defined in the same way as
the game G⊆[k]

n (M, X,M′, Y ) (in Definition 5.22) with the following changes
in points 4. and 5.

4. In addition to Splitting, Supplementing and Duplication, Spoiler can also
choose the following move:

(d) Shrinking: First Spoiler chooses a team X ′ ⊆ Xi−1 for which we
have: if Xi−1 6= ∅, then also X ′ 6= ∅. Then Duplicator chooses a team
Y ′ ⊆ Yi−1 for which: if Yi−1 6= ∅, then also Y ′ 6= ∅. The next position
pi is (X ′, Y ′).

5. Ending position pn = (Xn, Yn) is a winning position for Spoiler if and only
if there is ϕ ∈ FO, such that ϕ is a literal and

M�Xn ϕ, butM′ 2Yn ϕ.

Next we define a notion of rank that is related to the size of formulas ϕ and
the number rounds n in EF games.

Definition 5.24. Let ϕ be a formula of INCL[k] or FOL(O). We define the
rank of ϕ, denoted by Rank(ϕ), recursively as follows.

Rank(ϕ) = 0 if ϕ is a literal or an atomic formula
Rank(ψ ∧ θ) = max(Rank(ψ),Rank(θ))
Rank(ψ ∨ θ) = max(Rank(ψ),Rank(θ)) + 1
Rank(∃xψ) = Rank(ψ) + 1
Rank(∀xψ) = Rank(ψ) + 1

Rank(Oψ) = Rank(ψ) + 1.

Next we formulate a theorem which shows how the existence of a winning
strategy for Duplicator is related to the truth of formulas with respect to
parametersM, X,M′ and Y of the game.

Theorem 5.25 (C.f. the corresponding theorem in [65] and [25]). LetM,M′,
X and Y be as in Definition 5.22. Then Duplicator has a winning strategy in
the game G⊆[k]

n (M, X,M′, Y ) if and only if the following implication holds for
all formulas ϕ ∈ INCL[k] for which Rank(ϕ) ≤ n:

IfM�X ϕ, thenM′ �Y ϕ.

Similarly Duplicator has a winning strategy in the game GOn(M, X,M′, Y ) if
and only if the following implication holds for all formulas ϕ ∈ FOL(O) for
which Rank(ϕ) ≤ n:

IfM�X ϕ, thenM′ �Y ϕ.
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Proof. The claim for G⊆[k]
n (M, X,M′, Y ) is proven analogously to the corre-

sponding result for EF games for dependence logic in [65]. For the other claim, it
suffices that we inspect the new shrinking-move. However, as this rule obviously
corresponds to the semantics of the possibility operator O, it is clear the proof
in [65] can be modified to prove this claim for the game GOn(M, X,M′, Y ).

The result of Theorem 5.25 will be the key for using EF-games for proving
undefinability results in the next subsection. We end this subsection with two
further remarks on EF games.

Remark 5.26. We defined the EF games of this section according to earlier
literature, but they could be modified in various ways in order to make them
more “game like”. Instead of giving the “time limit” n of the game as a
parameter of the game, it would be natural that Spoiler should announce n ∈ N
in the beginning of the game. Since Spoiler intuitively claims that there is a
formula ϕ, for whichM�X ϕ butM2Y ϕ, Spoiler should announce the rank
of ϕ in advance. (This approach is conceptually related to finitely bounded
semantic games in [32], [29] and [41].)

It would also be more natural that Spoiler could decide to end the game at
any position pi = (Xi, Yi) for which there exists an atom ϕ for whichM�Xi ϕ
butM2Yi ϕ. (In the current formulation spoiler has to wait until pn by making
some “dummy moves” even if Spoiler has actually already won.) Moreover,
it should be the responsibility of Spoiler to declare the atom ϕ in the ending
position. It is easy to see that these modifications would not affect any of the
results related to these EF games.

Remark 5.27. The EF game presented for dependence logic in [65] can easily
be modified for several other logics L with team semantics. If L is just an
extension of FO with some new atomic formulas, then it suffices to extend the
winning condition for Spoiler so that Spoiler wins if and only if

M�Xn ϕ, butM2Yn ϕ

for some ϕ that is either a literal or some of the new atomic formulas in L.
If L extends FO also with new operators, then a new rule for the game has

to be introduced for each new operator. Usually these rules are straightforward
to define based on the semantics of a given operator. For example, the following
rule naturally corresponds to universal inclusion quantifier: Spoiler chooses a
tuple ~y of variables in dom(Xi−1) and a tuple ~x of (any) variables, and then
the next position pi is

(Xi−1[Xi−1(~y )/~x ], Yi−1[Yi−1(~y )/~x ]).

(Recall here that since we only consider relational vocabularies in this section,
all tuples of terms are simply tuples of variables.)

184



5.3. EF GAMES FOR INC[k] AND FO(O)

5.3.2 Using EF games for separating logics

In this subsection we use EF games for INC[1] and FO(O) for proving some
undefinability results. First we show that inconstancy atoms 6=(t) cannot be
defined in FO(O). Then we show that neither possibility operator O nor 2-ary
nondependence atoms 6=(t1, t2) can be defined in INC[1]. We begin with a
preliminary definition.

Definition 5.28. LetM = (M, I) be a model for which M = {0, 1}. Now for
any team X forM and any assignment s ∈ X, the complementary assignment
s̄ is the assignment with the following property:

For any z ∈ dom(X) : s̄(z) = 0 iff s(z) = 1.

Note that since M has only two elements, the assignment s̄ is unique for any
s ∈ X and, for each z ∈ dom(X), we also have s̄(z) = 1 iff s(z) = 0. For the
same reason we clearly have ¯̄s = s for any s ∈ X.

It is also important to note that, for any s ∈ X, the complementary
assignment s̄ has the same “identity type” as s. By this we mean that, for any
z1, z2 ∈ dom(X), we have s(z1) = s(z2) iff s̄(z1) = s̄(z2). This property will be
essential for using assignments s̄ in the strategy of Duplicator in the examples
that follow (Ex. 5.29 and 5.31).

Example 5.29. Let L be the empty vocabulary and M = (M, I) be the
L-model for which M = {0, 1}. Let X = {s1, s2} and Y = {s1}, where{

s1 = {(v0, 0)}
s2 = {(v0, 1)}.

We will show that Duplicator has a winning strategy in GOn(M, X,M, Y ), for
all n ∈ N.

Proof. We define the strategy so that Duplicator tries to maintain the following
condition6 in each position pi = (Xi, Yi), i ≤ n:

For each s ∈ Xi : s ∈ Yi or s̄ ∈ Yi
and for each s ∈ Yi : s ∈ Xi or s̄ ∈ Xi. (?)

The condition (?) clearly holds for i = 0 since {(v0, 1)} is the complementary
assignment of {(v0, 0)}. We then make the inductive hypothesis that the
condition (?) holds for the position pi−1 = (Xi−1, Yi−1) and show that it can
be maintained to the next position pi.

6Intuitively, by trying to maintain this condition, Duplicator is trying to maintain the same
identity types in both teams. By doing this, it will be guaranteed that both teams satisfy the
same literals of the form z1 =z2 and z1 6=z2.
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1. Suppose that Spoiler chooses teams X ′, X ′′ such that X ′ ∪X ′′ = Xi−1. We
now define the following teams:{

Y ′ := {s ∈ Yi−1 | s ∈ X ′ or s̄ ∈ X ′}
Y ′′ := {s ∈ Yi−1 | s ∈ X ′′ or s̄ ∈ X ′′}.

Since X ′∪X ′′ = Xi−1 and the condition (?) holds for (Xi−1, Yi−1), we clearly
have Y ′ ∪ Y ′′ = Yi−1.
We then show that the condition (?) holds for the position (X ′, Y ′). By the
definition of Y ′ it immediately follows that for each s ∈ Y ′ we have s ∈ X ′
or s̄ ∈ X ′. Let then s ∈ X ′. Since s ∈ Xi−1, we have s ∈ Yi−1 or s̄ ∈ Yi−1.
In the former case s ∈ Y ′ by the definition of Y ′. And in the latter case
s̄ ∈ Y ′ by the definition of Y ′ (recall that ¯̄s = s). Hence we conclude that
the condition (?) holds for (X ′, Y ′).
By a symmetric reasoning we can show that (?) holds also for (X ′′, Y ′′).
Thus (?) holds for the position pi ∈ {(X ′, Y ′), (X ′′, Y ′′)}, chosen by Spoiler.

2. Suppose then that Spoiler chooses some variable x and F : Xi−1 → P∗(M).
We write Xi := Xi−1[F/x]. We define the function F ′ : Yi−1 → P∗(M) s.t.

s 7→ {0} if s[0/x] ∈ Xi or s̄[1/x] ∈ Xi, and s[1/x], s̄[0/x] /∈ Xi

s 7→ {1} if s[1/x] ∈ Xi or s̄[0/x] ∈ Xi, and s[0/x], s̄[1/x] /∈ Xi

s 7→ {0, 1} else.

Let now Yi := Yi−1[F ′/x]. We need to show that (?) holds for the position
(Xi, Yi). First, let r ∈ Xi. Let s ∈ Xi−1 be an assignment for which
r = s[a/x], where a ∈ F (s). Now s ∈ Yi−1 or s̄ ∈ Yi−1. In the former case
s[a/x] = r ∈ Yi by the definition of F ′. And in the latter case s̄[ā/x] = r̄ ∈ Yi,
where ā ∈ {0, 1} \ {a}, by the definition of F ′.
Let then r ∈ Yi. Let s ∈ Yi−1 be an assignment for which r = s[a/x],
where a ∈ F ′(s). If F ′(s) = {0}, then by the definition of F ′ we have
r = s[0/x] ∈ Xi or r̄ = s̄[1/x] ∈ Xi. Symmetrically, if F ′(s) = {1} we have
r = s[1/x] ∈ Xi or r̄ = s̄[0/x] ∈ Xi. Finally, suppose that F ′(s) = {0, 1}.
Since s ∈ Yi−1, by (?) we have s ∈ Xi−1 or s̄ ∈ Xi−1. Thus we must have
s′[b/x] ∈ Xi for (at least one) s′ ∈ {s, s̄} and b ∈ F (s′). By excluding the
clauses for F ′(s) = {0} and F ′(s) = {1}, we observe that (at least) one of
the following must hold:

(a) s′[0/x] ∈ Xi and s′[1/x] ∈ Xi for s′ ∈ {s, s̄}.
(b) s[b/x] ∈ Xi and s̄[b/x] ∈ Xi for b ∈ {0, 1}.
(c) s̄[b/x] ∈ Xi and s̄[b/x] ∈ Xi for b ∈ {0, 1}.
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In all of these cases we have r ∈ Xi and r̄ ∈ Xi. We thus conclude that (?)
holds for the next position pi = (Xi, Yi).

3. Suppose then that Spoiler chooses some variable x. It is now easy to see
that (?) holds for the position (Xi−1[{0, 1}/x], Yi−1[{0, 1}/x]) = pi.

4. Finally, suppose that Spoiler chooses some X ′ ⊆ Xi−1 s.t. if Xi−1 6= ∅, then
also X ′ 6= ∅. Let then

Y ′ := {s ∈ Yi−1 | s ∈ X ′ or s̄ ∈ X ′}.

If X ′ 6= ∅, then from the inductive hypothesis for Xi−1 and Yi−1 if follows
that also Y ′ 6= ∅. And if X ′ = ∅, then Xi−1 = ∅, whence from the inductive
hypothesis it follows that Yi−1 = ∅ (and it is thus allowed that Y ′ = ∅). We
can then show that (?) holds for the next position pi = (X ′, Y ′) by similar
argumentation as for the supplementing move.

It follows that (?) holds for any ending position pn = (Xn, Yn). We show
that pn is a winning position for Duplicator, by proving the contraposition:

M2Yn ϕ impliesM2Xn ϕ, for all literals ϕ ∈ FO .

Since L = ∅, each literal ϕ ∈ FO must be of the form z1 = z2 or z1 6= z2,
for some z1, z2 ∈ dom(Xn). Suppose first thatM2Yn z1 =z2, whence there is
s ∈ Yn for which s(z1) 6= s(z2). By the condition (?), we have s ∈ Xn or s̄ ∈ Xn.
Since s(z1) 6= s(z2) and s̄(z1) 6= s̄(z2), we must thus haveM2Xn z1 =z2. By a
dual reasoning we can show thatM2Yn z1 6=z2 impliesM2Xn z1 6=z2 and thus
pn is a winning position for Duplicator.

We have shown that Duplicator can maintain condition (?) in each position
of the game and that this leads to a winning position for Duplicator. Hence
Duplicator has a winning strategy in GOn(M, X,M, Y ).

By using Example 5.29 we can now prove the following undefinability result.

Theorem 5.30. Inconstancy atoms 6=(t) cannot be defined in FO(O).

Proof. For the sake of contradiction, we suppose that inconstancy atoms 6=(t)
can be defined in FO(O). Thus, in particular, there is a formula ϕ ∈ FO(O)
which is logically equivalent to the formula 6=(v0). Let L, M, X and Y be
as in Example 5.29. Now clearly M�X 6=(v0), but M2Y 6=(v0). Hence also
M�X ϕ, but M2Y ϕ. Let n ∈ N, so that Rank(ϕ) = n. By Example 5.29,
Duplicator has a winning strategy in the game GOn(M, X,M, Y ). Therefore by
Theorem 5.25 we haveM�Y ϕ, which is a contradiction.

In the following example we present an EF game for unary inclusion logic.
This game will be used for proving two undefinability results for INC[1].
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Example 5.31. Let L be the empty vocabulary and M = (M, I) be the
L-model for which M = {0, 1}. Let X = {s1, s2} and Y = {s1, s3}, where

s1 = {(v0, 0), (v1, 0)}
s2 = {(v0, 0), (v1, 1)}
s3 = {(v0, 1), (v1, 1)}.

We will show that Duplicator has a winning strategy in G⊆[1]
n (M, X,M, Y ),

for all n ∈ N.

Proof. We define the strategy so that Duplicator tries to maintain the following
condition7 in each position pi = (Xi, Yi), i ≤ n:

For all s ∈ Yi \Xi : s̄ ∈ Xi ∩ Yi,
and for all s ∈ Yi ∩Xi : s̄ ∈ Yi \Xi. (?)

The condition (?) clearly holds for i = 0 since Y0 \X0 = {s3} and s3 = s1.
We then make the inductive hypothesis that the condition (?) holds for the
position pi−1 = (Xi−1, Yi−1) and show that it can be maintained to the next
position pi.

1. Suppose that Spoiler chooses teams X ′, X ′′ such that X ′ ∪X ′′ = Xi−1. We
now define the following teams:{

Y ′ := (X ′ ∩ Yi−1) ∪ {s ∈ Yi−1 \Xi−1 | s ∈ X ′ ∩ Yi−1}
Y ′′ := (X ′′ ∩ Yi−1) ∪ {s ∈ Yi−1 \Xi−1 | s ∈ X ′′ ∩ Yi−1}

Since (?) holds for (Xi−1, Yi−1), it is now easy to see that Y ′ ∪ Y ′′ = Yi−1
and that (?) holds for both (X ′, Y ′) and (X ′′, Y ′′). Therefore (?) must also
hold for the position pi, chosen by Spoiler.

2. Suppose then that Spoiler chooses some variable x and F : Xi−1 → P∗(M).
We now define the function:

F ′ : Yi−1 → P∗(M),


s 7→ F (s) if s ∈ Xi−1

s 7→ {0} if s ∈ Yi−1 \Xi−1 and F (s) = {1}
s 7→ {1} if s ∈ Yi−1 \Xi−1 and F (s) = {0}
s 7→ {0, 1} if s ∈ Yi−1 \Xi−1 and F (s) = {0, 1}.

Since (?) holds for (Xi−1, Yi−1), by the definition of F ′ it is easy to see that
(?) also holds for the position (Xi−1[F/x], Yi−1[F ′/x]) = pi.
7An intuitive idea about trying to maintain this condition is that Duplicator tries to

accompany all the assignments, in her/his team, with the corresponding complementary
assignments that can be found in Spoiler’s team.
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3. Lastly, suppose that Spoiler chooses some variable x. Since (?) holds for
(Xi−1, Yi−1), clearly (?) also holds for (Xi−1[{0, 1}/x], Yi−1[{0, 1}/x]) = pi.

It follows that (?) holds for any ending position pn = (Xn, Yn). Let then
ϕ ∈ INCL[1] be a literal or a unary inclusion atom for whichM�Xn ϕ.

Suppose first that ϕ is a literal. Since L = ∅, ϕ must be of the form z1 =z2
or z1 6= z2 for some z1, z2 ∈ dom(Xn). Because M�Xn ϕ and ϕ ∈ FOL, by
flatness it suffices to show thatM�{s} ϕ for each s ∈ Yn \Xn. Let s ∈ Yn \Xn,
whence by (?) we have s̄ ∈ Xn ∩ Yn. Since s̄ ∈ Xn and M�Xn ϕ, we have
M�{s̄} ϕ. Since we have s(z1) = s(z2) if and only if s̄(z1) = s̄(z2), we must
thus also haveM�{s} ϕ.

Suppose then that ϕ is a unary inclusion atom z1⊆ z2 for some variables
z1, z2 ∈ dom(Xn). If Yn ⊆ Xn, then from the condition (?) it follows that
Yn = ∅, whence triviallyM�Yn ϕ. Suppose then that Yn 6⊆ Xn, whence there
is s ∈ Yn \Xn. Then by (?) we have s̄ ∈ Xn ∩ Yn. Since {s(z2), s̄(z2)} = {0, 1},
it holds that Yn(z2) = M . Therefore triviallyM�Yn ϕ.

Hence we conclude that Duplicator has a winning strategy in the game
G
⊆[1]
n (M, X,M, Y ).

With Example 5.31 and Theorem 5.25 we can now prove the following
undefinability result.

Theorem 5.32. Neither binary nondependence atoms 6=(t1, t2) nor possibility
operator O can be defined in INC[1].

Proof. Let L, M, X and Y be as in Example 5.31. First, we observe that
M�X 6=(v0, v1), butM2Y 6=(v0, v1). Likewise we haveM�X O(v0 6=v1), but
M2Y O(v0 6=v1). But by using Example 5.31 and Theorem 5.25, we can show
that for any ϕ ∈ INCL[1], the truth of M�X ϕ implies the truth of M�Y ϕ
(c.f. the proof of Theorem 5.30). Hence it follows that 6=(v0, v1) and O(v0 6=v1)
are not definable in INC[1].

Recall that, by Proposition 2.43, we have INC[1] ≤f NDEP[2]. Theorem 5.32
implies that this inequality is strict.

Corollary 5.33. INC[1] <f NDEP[2].

By using Corollary 5.33, we can conclude that the expressive power of
INC[1] is properly in between NDEP[1] and NDEP[2]. Note that the strict
inequality NDEP[1] <f INC[1] follows from the facts that NDEP[1] ≡s FO
(by Theorem 2.46) and that FO <s INC[1] (by e.g. [25]). Hence we obtain the
following strict hierarchy (on the level of all formulas).

189



DEFINABLE AND UNDEFINABLE PROPERTIES OF TEAMS

NDEP[1]

INC[1]

NDEP[2]

INC[2]

<
<

<

We leave it open whether this hierarchy can be generalized for all arity
fragments. That is, do we have

NDEP[k] <f INC[k] <f NDEP[k+1] for all k ≥ 1?

It could further be asked whether these equalities hold on the level of sentences.
Recall that currently we do not even know whether INC[1] <s NDEP[2].

5.3.3 On the expressive power of FO(O)
In this subsection we will sum up the earlier results to see how the expressive
power of possibility operator O relates to the other logics studied in this thesis.
Recall that, by Corollary 3.37, on the level of sentences O does not extend the
expressive power of FO. However, we will see that, on the level of formulas,
the expressive power of O turns out to be quite interesting in comparison with
other weaker logics in this framework.

We first note that since FO ≡s FO(O) and FO <s INC[1] ≤s NDEP[2], we
have INC[1] 6≤f FO(O) and NDEP[2] 6≤f FO(O). Since FO(O) ≤f NDEP[2]
(by Prop. 3.35) and FO(O) 6≤f INC[1] (by Thm. 5.32), it follows that

(i) FO(O) <f NDEP[2].

(ii) FO(O) and INC[1] are incomparable on the level of formulas.

Since NDEP[1] <f INC[1], from (ii) it follows that FO(O) 6≤f NDEP[1].
Because NDEP[1] 6≤f FO(O) (by Theorem 5.30), the following holds.

(iii) FO(O) and NDEP[1] are incomparable on the level of formulas.

By Proposition 3.36, we have FO(O) ≤f (DEP+NDEP)[1]. From Proposi-
tion 3.35 it follows that FO(O) is closed under unions. Since dependence atoms
are not closed under unions, it follows that (DEP+NDEP)[1] 6≤f FO(O) and
DEP[k] 6≤f FO(O) for all k. As demonstrated in Observation 3.23, FO(O) is
not closed downwards, and thus FO(O) 6≤f DEP[k] for all k ≥ 1. Hence
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Figure 5.2: Expressive power of FO(O) on the level of formulas.

(iv) FO(O) <f (DEP+NDEP)[1].

(v) FO(O) and DEP[k] are incomparable on the level of formulas for all k.

By the observations above, we obtain the lattice in Figure 5.2 on the
expressive power of FO(O) on the level of formulas. The logics which are
within FO, on the level of sentences, are marked there in grey.

5.4 Section of void

In the spirit of [60], we will dedicate the last section of this thesis for a brief
discussion on emptiness8 – in the form of the empty team. In this thesis so far,
we have only been interested in logics which have the empty team property.
When defining new operators and atoms we have, maybe somewhat unelegantly,
been forcing the empty team property for technical convenience. Therefore we
have mostly been able to ignore the empty team and only treat it as a trivial
case hardly worth mentioning.

But it would be intellectually dishonest to ignore the empty team merely
for technical convenience. Here we will address this issue by first considering
natural (informal) interpretations for the empty team. Then we will consider
logics without the empty team property and make comparison to logics that
have the empty team property.

In this very final section, before the concluding remarks, we will take a
slightly less formal approach from a more philosophical perspective.

8The book of five rings [60] is written by legendary Japanese swordsman Miyamoto Musashi.
It consists of the books of earth, water, fire, wind and finally the book of void which is a very
short chapter with some deep philosophical considerations. Our thoughts in this final section
will not reach such depths.
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5.4.1 Nature of the empty team

In this subsection, we consider the “nature” and significance of the empty team
under various (informal) interpretations. We first observe that we can define
the emptiness of a team with a contradictory sentence ⊥:

M�X ⊥ iff X = ∅.

Thus the empty team is the only team in which contradictions are true. From
this perspective one could argue that the empty team could be rejected for the
same reasons why we deny possible worlds with contradictions. Similarly, it
could be ignored for the same reasons why we do not usually accept models
whose universe is empty.

Recall then Section 2.1.5 where we discussed various informal interpretations
for teams. Let us next discuss the nature of the empty team under these
interpretations. By interpreting teams as sets of parallel positions in a semantic
game, the empty team is associated with formulas for those positions which
are not reached by any play of the game. For example, if the verifier follows a
strategy which always chooses the left disjunct from ϕ∨ψ, then ψ is associated
with the empty team. If the empty team would be linked to the initial position
of the game, then this would intuitively mean that no game is played at all.

By interpreting teams as epistemic sets of uncertainty, the empty team does
not make much sense. This is because (at least) the “real” state of affairs should
always be included in the set of all possibilities. Moreover, by interpreting
teams as databases, the empty team would mean not having a database at all;
note that this is different from having the empty database which is naturally
associated with the nonempty team {∅}.

Most of these interpretations for the empty team do not seem relevant or
interesting, and thus one could argue that the empty team may safely be ignored
by only considering logics with the empty team property. However, even if the
empty team itself would not be an interesting object, it is still possible that
logics without the empty team property could have some interesting features.

5.4.2 Logics without the empty team property

As observed above, the emptiness of a team is definable in FO. However, the
nonemptiness of a team cannot be defined in any logic that has the empty team
property. The most simple way to define this property is to use the nonemptiness
atom NE (Def. 2.59), but one can also define various other atoms which are
not true in the empty team. One can also define various logical operators O
which “violate the empty team property” by having M2∅O(ϕ1, . . . , ϕn) for
some formulas ϕ1, . . . , ϕn (as e.g. the operator ♦ in [23]).
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We observe that for any atom A, which is true in the empty team, there
is a corresponding atom A′ which is not true in the empty team, but for all
modelsM and all nonempty teams X forM we have

M�X A iff M�X A′.

Now A′ can be defined with the atom A and the nonemptiness atom NE simply
as follows:

A′ ≡ NE∧A.

By this observation, one could argue that NE is the only atom without the
empty team property that is ever needed, as all other atoms without the empty
team property can be defined with NE and an atom with the empty team
property. (However, see the following remark for a possible counterargument.)

Remark 5.34. Above we have assumed that all atoms must always be either
true or false in the empty team. However, the truth condition in team semantics
is defined on both teams and models. It is thus allowed that M�∅A but
M′ 2∅A for some atom A and modelsM 6∼=M′. However, we argue that such
atoms are quite strange and that natural atoms for team semantics should only
“see” the information that is encoded in the team.

On the other hand, A can be defined with A′ and intuitionistic disjunction
as follows:

A ≡ ⊥ tA′.

Hence one could alternatively argue that we need only atoms that are false in
the empty team – supposing that we can use intuitionistic disjunction.

Remark 5.35. When considering operators O that violate the empty team
property, things get more complicated. But under certain natural assumptions
one can argue that each operator O′ which violates the empty team property can
be defined with the atom NE and a corresponding operator O which “respects”
the empty team property. We will not go into details on this topic, but we point
out that typically new operators can be defined with some new atoms (and vice
versa) – along with the operators from FO. Note that all the new operators,
defined in this thesis, are definable with some atoms. We also argue that for
every natural operator O, there should exist some atom which can define O.
Hence, under this assumption, the definability of operators violating the empty
team property reduces to the definability of atoms that do not have the empty
team property.

By the observations in this subsection, we argue that (under certain natural
assumptions) one only needs to consider the very simple atom NE to see what
can be expressed with logics without the empty team property.
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5.4.3 Restoring the empty team property

From Galliani’s results in [23] it follows that nonemptiness atom NE does not
extend the expressive power of FO on the level of sentences. However, on the
level of formulas, NE can define much more than just the nonemptiness of a
team. For example, the operator ♦ (in [23]) can be defined with NE as follows
(c.f. Proposition 3.21).

♦ϕ ≡ > ∨ (ϕ ∧NE).

By also using intuitionistic disjunction, we can define our possibility operator
O as follows:

Oϕ ≡ ⊥ t (> ∨ (ϕ ∧NE)).

Moreover, relevant disjunction ./∨ can simply be defined as

ϕ
./∨ ψ ≡ ⊥ t

(
(NE∧ϕ) ∨ (ψ ∧NE)

)
.

If we add NE to some stronger logics with team semantics, it can increase
their expressive power even more. It is also thinkable that NE could increase
the expressive power of some extension of FO also on the level of sentences.
However, in the next proposition we show that (essentially) everything that
can be expressed with NE can be expressed with relevant disjunction ./∨.

Proposition 5.36. Let L be an extension of FO with NE and atomic formulas
which all have the empty team property. For any ϕ ∈ L, we define the formula
ϕ′ recursively as follows:

ϕ′ = > if ϕ = NE
ϕ′ = ϕ if ϕ is any other atomic formula or a literal

(ψ ∨ θ)′ =


ψ′

./∨ θ′ if NE ∈ Sf(ψ) ∩ Sf(θ)
ψ′
B∨ θ′ if NE ∈ Sf(ψ) \ Sf(θ)

ψ′
C∨ θ′ if NE ∈ Sf(θ) \ Sf(ψ)

ψ′ ∨ θ′ if NE /∈ Sf(ψ) ∪ Sf(θ)
(ψ ∧ θ)′ = ψ′∧ θ′, (∃xψ)′ = ∃xψ′, (∀xψ)′ = ∀xψ′.

Then for every modelM and any team X 6= ∅, we have

M�X ϕ iff M�X ϕ′.

Proof. We sketch idea of the proof. The formula NE becomes false in the empty
team and thus, when evaluating ϕ, we must keep the team nonempty for all
ψ ∈ Sf(ϕ) which contain NE as a subformula (note here that if a team is once
“emptied” in the evaluation, it cannot be made nonempty again by any of the
operators in FO).
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Supposing that the team X is initially nonempty, disjunction is the only
operator in FO which can make the team empty when ϕ is evaluated. The
relevant disjunctions, and its left/right sided variants, are used in ϕ′ for guaran-
teeing the team does not become empty for those disjuncts which contain NE as
a subformula. By these observations it is easy to see that the claim holds.

Proposition 5.36 shows that the atom NE can be eliminated from a formula ϕ,
by using relevant disjunctions, to obtain a formula ϕ′ which is “essentially”
equivalent to ϕ. The only difference between ϕ and ϕ′ is that the former is not
true in the empty team (if it contains at least one atom NE), while the latter
is true in the empty team. Supposing that we interpret all sentences in the
nonempty team {∅} (in the standard way), we obtain the following corollary.

Corollary 5.37. If L is an extension of FO with new atomic formulas which
have the empty team property, then

L(NE) ≤s L(O),

where L(NE) and L(O) are the logics obtained by extending L with NE and O,
respectively.

In particular, if O is definable in L, then the addition of NE to L does not
extend the expressive power of L on the level of sentences. (Recall that for
defining O it suffices that we can use e.g. constancy and inconstancy atoms
in L.)

Summing up the observations from this section, we explain why the empty
team property can be “restored” by using relevant disjunction (and its one-
sided variants). Suppose that L is a logic which does not have the empty team
property. As argued in Subsection 5.4.2, under certain natural assumptions,
there exists a corresponding logic L′, which has the empty team property,
such that we have L ≡ L′(NE). Now the logic L′(O) has the empty team
property. And by Proposition 5.36, we have L′(NE) ≤f L′(O) if only nonempty
teams are considered. As argued in Subsection 5.4.1, the case when a team
is initially empty is not very interesting. Moreover, by Corollary 5.37, we
have L(NE) ≤s L(O) and thus no expressive power over sentences is gained by
adding NE if we can use relevant disjunctions in L.

Remark 5.38. For the very final topic, we briefly discuss an alternative version
of team semantics where the empty team is not allowed at all. When defining
team semantics of FO, we need to allow the empty team when defining the truth
condition of disjunction. However, disjunction could be given the following
alternative semantics for teams X 6= ∅:

M�X ϕ ∨ ψ iff M�X ϕ orM�X ψ or there are Y, Y ′ ⊆ X
s.t. Y, Y ′ 6= ∅, Y ∪ Y ′ = X,M�Y ϕ andM�Y ψ.
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Note that with this alternative semantics, the disjunction ϕ∨ψ is equivalent
to the formula ϕ t (ϕ ./∨ ψ) t ψ (c.f. Observation 3.15). It is easy to see that,
for all nonempty teams, this semantics is equivalent to the standard semantics
of disjunction for all logics which have the empty team property. Thus, in
particular, we obtain essentially equivalent team semantics for FO by this
modification.

By this approach, the truth condition for disjunction becomes more compli-
cated, but we gain other benefits - both technical and conceptual. Firstly, by
rejecting the empty team, many of the definitions and claims become simpler
since the empty team does not have to be considered as a special “pathological”
case. Secondly, we can ignore all the unnatural aspects of the empty team.
In particular, we then haveM2X ⊥ for all modelsM and all teams X.
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Chapter 6

Concluding remarks

In this thesis we have studied various logics with team semantics and our main
topic of interest has been the expressive power of different arity fragments.
Our results show that these arity fragments form an interesting hierarchy of
expressivity (see Figure 2.1 in Subsection 2.2.4). It is also intriguing to observe
how this hierarchy turns into a different kind of shape when we restrict our
attention to sentences (see Figure 4.1 in Subsection 4.6).

In particular, we have studied the expressive power of inclusion and exclusion
atoms of different arities. We showed that INEX has a strict arity hierarchy and,
when restricted to INEX[k], there is a very natural connection to ESO[k] on the
level of both sentences and formulas. We have also demonstrated that inclusion
and exclusion atoms form a natural pair by a having a dualistic relationship.
Based on the result of Corollary 3.58, we also argue that all natural k-ary atoms
can be defined in INEX[k].

When applying our translation from ESO to INEX, atomic formulas with
k-ary relations translate naturally into k-ary inclusion atoms and analogously
negated atomic formulas with k-ary relations translate into k-ary exclusion
atoms. This simple correspondence is somewhat surprising considering how
different these two logics seem by first glance. It is also interesting how in team
semantics we can use quantified k-tuples of variables for simulating quantified
k-ary relation variables. That is, we can “embed” second order quantification
within the standard first order quantification.

In addition to the results on expressive power, we have also introduced
several new operators for the framework of team semantics. These operators
have proven to be useful as technical tools, but we have also demonstrated how
they are natural and interesting in their own right.

Our work has answered some open questions, but it has also opened several
new problems for further research. We list below some of the open problems
which we find the most interesting.
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1. We know that the following inequalities hold for each k ≥ 1:{
DEP[k] ≤f EXC[k] ≤f DEP[k+1]
NDEP[k] ≤f INC[k] ≤f NDEP[k+1].

It is thus natural to ask whether these inequalities are strict for each k ≥ 1.
If this was the case, we could further ask if the inequalities remain strict on
the level of sentences. Our results give the following partial solution:{

DEP[1] <s EXC[1] <s DEP[2]
NDEP[1] <s INC[1] <f NDEP[2] <s INC[2].

Moreover, by our (and earlier) results, the truth of the inequality chain
DEP[k] <s EXC[k] <s DEP[k+1], for all k ≥ 2, amounts to the open
problem whether ESOf [k−1] <s ESO[k] <s ESOf [k] for all k ≥ 2. The
corresponding problem for the relationship of inclusion and nondependence
logic seems also very hard to solve for all k ≥ 1. This problem could be
approached e.g. by trying to characterize the expressive power of INC[k]
and NDEP[k] with some fragments of fixed point logic.

2. We showed that k-ary existential inclusion and exclusion quantifiers are
equivalent to k-ary inclusion and exclusion atoms, respectively (when added
to FO). Similarly, we also showed that k-ary universal inclusion quantifier is
definable with k-ary exclusion atoms and vice versa. However, we left open
the exact expressive power of universal exclusion quantifier which was shown
to be neither closed downwards nor closed under unions. This operator is at
least as expressive as the inclusion atoms of the corresponding arity, but it
could potentially be much more expressive.

3. We showed that ESO[k]-sentences can be translated into k-ary inclusion
logic with the alternative strict semantics (INCs[k]). However, we left the
converse claim open and thus it is natural to ask whether INCs[k] captures
ESO[k], on the level of sentences, or is it even more expressive. We do not
see a way to form a translation from INCs[k] to ESO[k] simply by modifying
our translation from INC[k] to ESO[k].

4. When considering the expressive power over word models, our results show
that INC[1] can only express regular languages and that INC[2] can express
some non-regular but context free languages. It is thus natural to ask whether
INC[1] can express all regular languages1 and whether INC[2] can express
1Recall that our results imply that EXC[1] (≡s EMSO) can express all regular languages,

but INC[1] <s EXC[1]. However, since EMSO ≡s MSO over word models, it is also conceivable
that INC[1] ≡s EMSO ≡s EXC[1] over word models.
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all context free languages. We believe that the answers to both of these
questions are positive and we aim to settle them in a future work.

5. In this thesis we have considered value preserving disjunctions, and their
variants, as useful derived operators for the framework of team semantics.
However, we have studied their properties and expressive power only little.
(We just observed that, when value preserving disjunction is added to FO, we
lose both closure downwards and closure under unions.) One could also add
these operators to other logics, e.g. dependence logic, and study how this
affects the expressive power. We believe that value preserving disjunction
does not extend the expressive power of FO on the level of sentences, but
we expect that it could be used to define some natural properties of teams.

6. Our results imply that the expressive power of INEX[2] is very strong on the
level of both sentences and formulas. But the expressive power of INEX[1]
on the level of formulas has some very interesting properties. On one
hand, INEX[1] is very expressive, by being able define some quite complex
properties of binary relations in a team, such as 3-colorability. But on
the other hand, INEX[1] is unable to define some very simple properties,
like symmetry of a binary relation in a team. It would be interesting
to characterize the exact expressive power of INEX[1], on the level of all
formulas, by developing our methods further.

As happened with our work, research for answering open problems often
gives rise to many new interesting questions. Moreover, formulations of new
proofs (or just proof attempts) often helps in conceptual development in forms
of new useful definitions or logical operators. It will be interesting to see if the
questions raised above can be answered – but it will be even more interesting
to see what kind of new research directions will be taken as a byproduct.

The study of the framework of team semantics has been branching into
various areas related logic and computer science, but also interdisciplinarily to
e.g. linguistics, social choice theory and even quantum physics. The future will
show which of these approaches will prove to be the most fruitful and natural,
and which ones of them will survive the test of time. But at least the author
believes that attempts like this can potentially be beneficial for mankind; this is
because we claim that logical formalizations are indispensable for mathematics,
but they can also be useful for understanding other sciences and life in general.
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Notations

List of abbreviations
LetM = (M, I) be a model, X a team forM, ~t = t1 . . . tk a tuple of terms,
A ⊆M and F : X → P(Mk). We use the following notations:

• ⊆ and ⊂ denote the subset and proper subset relation, respectively.

• A := M \A.

• P(A) := {B | B ⊆ A} and P∗(A) := P(A) \ {∅}.

• ran(F) := {F(s) | s ∈ X}.

• `(~t ) = k (the number terms in ~t, including possible repetitions).

• X(~t ) := {s(~t ) | s ∈ X}.

• X[A/~x ] := {s[~a/~x ] | s ∈ X, ~a ∈ A}.

• X[F/~x ] := {s[~a/~x ] | s ∈ X, ~a ∈ F(s)}.

• > := ∀x (x=x) and ⊥ := ∃x(x 6=x).

• The notations γ=k, γ≤k and γ≥k (for k ∈ Z+) denote FO-sentences defining
that |M | = k, |M | ≤ k or |M | ≥ k, respectively.

When we write i ≤ n, for n ∈ Z+, we normally mean that i ∈ {1, . . . , n}
(unless specified differently). When Oi (for i ≤ n) is either some suitable
function Fi or a set Ai, we use the following abbreviation:

X[O1/~x1, O2/~x2, . . . , On/~xn] := (. . . ((X[O1/~x1])[O2/~x2]) . . . )[On/~xn].
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List of truth conditions

Team semantics for FO

• M�X t1 = t2 iff s(t1) = s(t2) for all s ∈ X.

• M�X ¬t1 = t2 iff s(t1) 6= s(t2) for all s ∈ X.

• M�X R~t iff s(~t ) ∈ RM for all s ∈ X.

• M�X ¬R~t iff s(~t ) /∈ RM for all s ∈ X.

• M�X ψ ∧ θ iff M�X ψ andM�X θ.

• M�X ψ ∨ θ iff there are Y, Y ′ ⊆ X s.t. Y ∪ Y ′ = X,M�Y ψ andM�Y ′ θ.

• M�X ∃xψ iff there is F : X → P∗(M) such thatM�X[F/x] ψ.

• M�X ∀xψ iff M�X[M/x] ψ.

Team semantics for atoms

• M�X~t1⊆~t2 iff for all s ∈ X there is s′ ∈ X s.t. s(~t1) = s′(~t2).

(Equivalently: M�X~t1⊆~t2 iff X(~t1) ⊆ X(~t2)).

• M�X~t1 |~t2 iff for all s, s′ ∈ X we have s(~t1) 6= s′(~t2).

(Equivalently: M�X~t1 |~t2 iff X(~t1) ∩X(~t2) = ∅).

• M�X =(~t1, t2) iff for all s, s′ ∈ X: if s(~t1) = s′(~t1), then s(t2) = s′(t2).

• M�X 6=(~t, t) iff for all s ∈ X, there is s′ ∈ X
s.t. s(~t1) = s′(~t1), but s(t2) 6= s′(t2).

• M�X~t2⊥~t1~t3 iff for all s, s′ ∈ X we have: if s(~t1) = s′(~t1),
then there is s′′ ∈ X s.t. s′′(~t1~t2) = s(~t1~t2) and s′′(~t1~t3) = s′(~t1~t3).

• M�X T (~t1, . . . ,~tn) iff X = ∅ or
⋃
i≤nX(~ti) = Mk.

• M�X NE iff X 6= ∅.
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Team semantics for operators

• M�X ϕ t ψ iffM�X ϕ orM�X ϕ.

• M�X C(~c1, . . . ,~cn)ϕ iff there are distinct tuples of elements ~a1, . . . ,~an in M
s.t. M�X[{~a1}/~c1,...,{~an}/~cn] ϕ.

• M�X Oϕ iff X = ∅ or there is Y ⊆ X s.t. Y 6= ∅ andM�Y ϕ.

• M�X ϕ
./∨ ψ iff X 6= ∅ or there are Y, Y ′ ⊆ X s.t. Y, Y ′ 6= ∅,

Y ∪ Y ′ = X,M�Y ϕ andM�Y ′ ψ.

• M�X ϕ
B∨ ψ iff X 6= ∅ or there are Y, Y ′ ⊆ X s.t. Y 6= ∅,

Y ∪ Y ′ = X,M�Y ϕ andM�Y ′ ψ.

• M�X ϕ
C∨ ψ iff X 6= ∅ or there are Y, Y ′ ⊆ X s.t. Y ′ 6= ∅,

Y ∪ Y ′ = X,M�Y ϕ andM�Y ′ ψ.

• M�X ϕ ∨
~t1,...,~tn

ψ iff there are Y, Y ′⊆X s.t. Y ∪ Y ′=X,M�Y ϕ,M�Y ′ ψ

and if Y, Y ′ 6= ∅, then Y (~ti)=X(~ti)=Y ′(~ti) for all i ≤ n.

• M�X(∃ ~x ⊆~t )ϕ iff there is F : X → P∗(X(~t )) s.t. M�X[F/~x ] ϕ.

• M�X(∃ ~x |~t )ϕ iff there is F : X → P∗
(
X(~t )

)
s.t. M�X[F/~x ] ϕ.

• M�X(∀ ~x ⊆~t )ϕ iffM�X[X(~t )/~x ] ϕ.

• M�X(∀ ~x |~t )ϕ iffM�
X[X(~t )/~x ] ϕ.

• M�X U(~x1, . . . , ~xn)ϕ iffM�X[X(~x1)/~x1,...,X(~xn)/~xn] ϕ.

• M�X ∃U ~xϕ iff there is ∅ 6= A ⊆Mk s.t. M�X[A/~x ] ϕ.

• M�X ϕ ∨U
~x1,...,~xn

ψ iff there are Y, Y ′ ⊆ X s.t. Y ∪ Y ′ = X,
M�Y [X(~x1)/~x1,...,X(~xn)/~xn] ϕ andM�Y ′[X(~x1)/~x1,...,X(~xn)/~xn] ψ.
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