Acta Universitatis Tamperensis 2078

MIKA MATTILA

On the Invertibilit”
igenvalue Prope&

_attice-theoretic Matrices

and join matrices studiec' |

via Mobius inversion

nd



MIKA MATTILA

On the Invertibility
and Eigenvalue Properties
of Some Lattice-theoretic Matrices

Meet and join matrices studied
via MObius inversion

ACADEMIC DISSERTATION
To be presented, with the permission of
the Board of the School of Information Sciences of the University of Tampere,
for public discussion in the Auditorium Pinni B 1100,
Kanslerinrinne 1, Tampere, on August 21st, 2015, at 12 o’clock

UNIVERSITY OF TAMPERE



MIKA MATTILA

On the Invertibility
and Eigenvalue Properties
of Some Lattice-theoretic Matrices

Meet and join matrices studied
via MObius inversion

Acta Universitatis Tamperensis 2078

Tampere University Press
Tampere 2015



il UNIVERSITY
il OF TAMPERE

ACADEMIC DISSERTATION
University of Tampere

School of Information Sciences
Finland

The originality of this thesis has been checked using the Turnitin OriginalityCheck service
in accordance with the quality management system of the University of Tampere.

Copyright ©2015 Tampere University Press and the author

Cover design by
Mikko Reinikka

Distributor:
verkkokauppa@juvenesprint.fi
https://verkkokauppa.juvenes.fi

Acta Universitatis Tamperensis 2078 Acta Electronica Universitatis Tamperensis 1572
ISBN 978-951-44-9867-1 (print) ISBN 978-951-44-9868-8 (pdf)

ISSN-L 1455-1616 ISSN 1456-954X

ISSN 1455-1616 http://tampub.uta.fi

Suomen Yliopistopaino Oy — Juvenes Print {//////
Tampere 2015



Abstract

The main purpose of this thesis is to investigate the various properties of meet-
and join-type matrices by using the Mobius inversion. We consider three
distinct ways to generalize the concept of meet and join matrices and show
that in each case the Mobius inversion can be used to study the determinant,
inverse and sometimes even the eigenvalues of these matrices. We also turn
our attention to the usual meet and join matrices and use this same method
to study their positive definiteness. In the same context we give bounds
for the eigenvalues of the usual meet and join matrices by making use of a
particular method which does not require the use of the Mobius inversion.

Finally we conduct a more thorough investigation on the invertibility of
join and LCM matrices via the Mébius inversion. We are going to see how
our lattice-theoretic methods show their usefulness even when considering
entirely number-theoretic LCM and power LCM matrices. We give a new
lattice-theoretic proof for the well-known fact that the so-called Bourque-Ligh
conjecture holds for GCD closed sets with less than 8 elements and does not
hold in general for larger GCD closed sets. For the last we develop our method
even further in order to study singular LCM and power LCM matrices. We
show that, contrary to general expectations, so-called odd primitive singular
numbers do exist. In addition, we are able to characterize all possible finite
semilattice structures which can be used to generate GCD closed sets such
that the power LCM matrix of this set is singular for some positive real
exponent. At the same time we end up disproving several open conjectures
presented by Hong.

KEYWORDS: meet matrix; meet semilattice; join matrix; join semilattice;
lattice; incidence function; semimultiplicative function; determinant; inverse
matrix; eigenvalue; positive definiteness; GCD matrix; LCM matrix; Smith’s
determinant; Bourque-Ligh conjecture
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Chapter 1

Introduction

1.1 Lattice-theoretic background

Before introducing meet and join matrices we need some basic concepts and
important terminology from lattice theory. Most of the terms are repeatedly
used throughout this thesis. For more information about concepts in lattice
theory, see e.g. Birkhoff [7] and Grétzer [9].

Let P be a nonempty set. A relation < on P is said to be a partial ordering
of P if the following three conditions hold:

(Reflexivity) z < x for all x € P,
(Antisymmetry) if z <y and y < = for some z,y € P, then x =y,
(Transitivity) if x <y and y < 2z for some z,y,2 € P, then x < 2.

The structure (P, <) is said to be locally finite if the interval

[[x,yﬂz{zeP|x5zsy}

is a finite set for all z,y € P. In this thesis we are only interested in locally
finite partially ordered sets.

A partially ordered set P is a meet semilattice if for all z,y € P there exists
x Ay =inf{x,y}, the greatest common lower bound of z and y. Similarly, P is
a join semilattice if for all x,y € P there exists x v y = sup{x, y}, the smallest
common upper bound of z and y. If (P, <) is both meet semilattice and join
semilattice, then (P, <) is a lattice. It can be shown that if P is a finite meet
semilattice with maximum element, then P is also a join semilattice.

If S is a subset of P and for all x,y € S we have either x <y or y < x,
then S is said to be a chain. If x Ay € S for all z,y € S, then the set S is
meet closed. And dually, if for all z,y € S we have x vy € S, then the set S is

1



INTRODUCTION

join closed. If y <x =y e S for all z €S, then the set S is lower closed. And
finally, the set S is upper closed if t <y =ye S forall zeS.

1.2 Meet and join matrices

Meet and join matrices are symmetric, real or complex square matrices. The
exact definitions are as follows:

Definition 1. Let (P, <) be a locally finite meet semilattice, f be a real or
complez-valued function on P and S = {x1,xs,...,2,} a finite subset of P
with distinct elements such that x; < x; = i < j. The meet matrix of the set
S (associated with the function f) is the n xn matriz with f(x; Ax;) as its
1j entry.

Definition 2. Let (P, <) be a locally finite join semilattice, f be a real or
complez-valued function on P and S = {x1,xs,...,2,} a finite subset of P
with distinct elements such that x; < x; = i < j. The join matrix of the set S
(associated with the function f) is the n xn matriz with f(z; v x;) as its ij
entry.

A proper way to describe these matrices could be to say that in meet
and join matrices the entries are determined partly by the function f, partly
by the subset S and the underlying semilattice structure (P, <). For further
information about meet and join matrices we refer to [17]. We are often
interested in the cases when the set S is meet, join, lower or upper closed.
Sometimes it is also useful to assume that (P, <) is a lattice and the function
f is semimultiplicative, which means that

f@)f(y) = f(zny)f(zvy)

for all x,y € P. The reason is that in many cases this assumption about
semimultiplicativity enables us to study join matrices via meet matrices and
vice versa.

The research on meet and join matrices can be seen to originate in 1876
by the work of H.J.S. Smith. After letting S = {x1,2s,...,2,} to be a finite
ordered set of distinct positive integers Smith [23] investigated the n x n
matrix with ged(z;,x;) as it ij entry and developed an interesting product
formula for its determinant. In fact, he was able to show that if the set
S is factor closed (that is, x € S whenever x|xz; for some z; € §), then the
determinant of the matrix (ged(z;,x;)) is equal to

d(x1)d(2)-P(2n),

2



1.2. MEET AND JOIN MATRICES

where ¢ is the Euler totient function. Smith also considered more general
GCD and LCM matrices associated with arithmetical functions. Also for the
purposes of this thesis it is convenient to give a broader definition for GCD
and LCM matrices:

Definition 3. Let S = {x1,2s,...,2,} be a finite subset Z+ with x1 < xs <
<z, and let f:Z+* - C be an arithmetical function. The GCD matrix of
the set S (associated with f) is the n x n matriz with f(ged(x;,z;)) as its ij
entry. The LCM matrix of the set S (associated with f) is the n x n matriz
with f(lem(x;, z;)) as its ij entry.

By letting f(m) =m for all m € Z* (i.e. f = N) we obtain the usual GCD
and LCM matrices in which the ij entries are ged(w;,z;)and lem(w;, z;),
respectively. Thus the original Smith’s matrix is in fact the GCD matrix of
the set S ={1,2,...,n}. Despite of the rather simple appearance the usual
GCD and LCM matrices have provided a fertile and nontrivial research field
for many researchers over the years, see e.g. the references in [10].

Yet another important special cases of meet and join matrices are the
so-called MIN and MAX matrices, which are obtained when the set S is a
chain.

Definition 4. Let S = {x1,29,...,2,} be a finite subset of P such that
X1 <Xy <--<x, and let f: P — C be a function. The MIN matrix of the set
S (associated with f) is the n xn matriz with f(min(z,;, x;)) as its ij entry.
The MAX matrix of the set S (associated with f) is the n x n matriz with
f(max(x;,z;)) as its ij entry.

In the special case when (P, <) = (Z*,<), S={1,2,...,n} and f =N the
MIN matrix of the set S is the matrix

111 -1
12 2 - 2
12 3 - 3,
1 23 - n

which has been studied for example by Bhatia [6]. This particular matrix
seems to have some relevance in statistics as well. As Bhatia states, this
matrix is, up to a positive scalar, the covariance matrix of a stochastic process
with increments which possess the same variance and are uncorrelated. This
same matrix and its inverse also appear in a recent book about matrices in
statistics, see [21, p. 252].
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Chapter 2

The Mobius 1nversion

2.1 Arithmetical functions

The roots of Mdbius inversion lie in the theory of arithmetical functions
(for general accounts on arithmetical functions, see [3, 20, 22]). One way to
approach this theme would be to consider the so-called sum functions. For a
given arithmetical function f:Z* — C it is always possible to define a new
arithmetical function F' such that

F(n)=d2f(d)

for all n € Z* (the function F' is called the sum function of f). It is easy to
see that in fact

E=f*¢

where * is the Dirichlet convolution and ( is the arithmetical function with
all values equal to 1 (the Dirichlet convolution f * g of arithmetical functions
f and g is defined as

(£ =) = X f(g (4)

d|n

for all n € Z*). But if F' is the sum function of f and only the values of the
function F' are known, can they be used to calculate the values of the function
f? The answer is positive. By using the number-theoretic Mobius function
and the Dirichlet convolution we may write

fn) = Y. Py (5) = (F = m)(n), (2.1)

d|n



THE MOBIUS INVERSION

since  is the inverse of ¢ with respect to the Dirichlet convolution and
f=FspeF=fs(

The equation (2.1) is called the classical Mébius inversion formula. Although
the underlying result is not very deep, the sigma-notation gives a quite
impressive look for it. Trivial or not, the classical Mobius inversion formula
is standard content in any textbook addressing arithmetical functions, see
e.g. |3, Theorem 2.9] and [20, Theorem 1.3].

The values of the number-theoretic Mobius function are easy to determine
by using its multiplicativity and the well-known fact that

1 ifn=0,
u(pt) =< -1 ifn=1,
0  otherwise

for all prime numbers p. Thus if m = p}" py*---p;*, where py, ..., p; are distinct
primes, then by the multiplicativity of the function p we have

p(m) = pu(pi ) p(py?)--pu(p*)-

2.2 Incidence functions

Let (P,<) be a partially ordered set. An incidence function on P is any
function f: P x P - C such that f(z,y) =0 for all x £ y. The incidence
functions have their own convolution operation, which is defined as

(f*g)(@,y)= >, flx,2)9(zy)

T=2=y

for all z,y € P (an empty sum is considered to be equal to zero). General
material on incidence functions can be found in [1, 20, 24].

Incidence functions are sometimes referred to as generalized arithmetical
functions (see [20]). The explanation is that the set of all arithmetical
functions may be embedded into the set of incidence functions of Z* x Z*
with the mapping fa — f;, where

fr(n,m) = { gA () itnlm,

otherwise.

In addition, it is easy to see that the Dirichlet convolution f4 * g4 of arith-
metical functions f4 and g4 maps to the convolution f; * g; of the incidence
functions f; and g;.



2.2. INCIDENCE FUNCTIONS

Besides the convolution, there are also other quite naturally defined
operations among the set of incidence functions. The usual sum and product
of two incidence functions f and ¢ are defined by

(f+9)(x,y) = f(x,y) +g9(x,y) and (fg)(z,y) = f(z,y)9(x,y)

for all x,y € P. The identity with respect to the usual product of incidence
functions is clearly the function ( for which

1 ifx<y,
C(w.y) = { 0 otherwise.
It is quite common to define the M&bius function pp of P as being the inverse
of ¢ with respect to the convolution. An alternative way would be to define
this function recursively by using the formula

1 ifrx=y,
pp(z,y)=4 ~ > oup(zy)=- ¥ pp(x,z) ifz<y,
T<z=y Tz<Yy
0 otherwise.

Computing the values of the Md&bius function pp is often somewhat different
as it was in the case of the number-theoretic Mébius function p. If we know
the prime factor decomposition of positive integer m, then it is completely
trivial to calculate the value p(m) of the number-theoretic Mébius function.
But if we are studying the more general case when P is a poset and we wish to
calculate the Mébius function value pp(z,y), then the most natural approach
is to analyze the structure of the interval [z,y] and to use recursion and the
above formula.

Also in the case of incidence functions it may be possible to define a sum
function for a given function f: P - C. Of course, this requires that all of
the necessary sums are finite (because of this we need to assume that our
poset (P, <) is locally finite). If the principal order ideal |x is finite for all
x € P, we may define the lower sum function F, of f by

Fr(z) = Z f(w)

y=x

for all x € P. Now if only the values of the lower sum function F, are known,
we may execute inversion from below and calculate the values of f by using
the Mobius inversion formula

f(@) =Y F(y)pr(y,x)

y=x
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for all x € P (see e.g. |1, Theorem 4.18 (i)] and [24, Proposition 3.7.1]).
However, there may also be a possibility to execute the inversion from above.
If the principal order filter 1z is finite for all x € P, we may define the upper

sum function Fy of f by
Fy(z) =) f(y)

Y=

for all x € P. In this case the values of f may be calculated by using the dual
form of the Mdbius inversion formula

f(@) =Y Fu(y)up(z,y)

yzx

for all z € P (see |1, Theorem 4.18 (ii)|] and |24, Proposition 3.7.2|).

As it was in the case of arithmetical functions, both of these inversion
formulas are direct consequences of the simple fact that the Mdbius function pp
is the inverse of the function ¢ with respect to the convolution *. Although one
may see them merely as a pair of two trivial observations, the true usefulness
of these inversions lie in their numerous applications. As we are going to
see, these two formulas play also a crucial role in our study of meet and join
matrices.



Chapter 3

Summaries of the original articles

3.1 Generalizations of meet and join matrices

Although meet and join matrices itself are generalizations of number-theoretic
GCD and LCM matrices, there are several ways to generalize these concepts
even further. Quite obviously the generalized meet and join matrices are
harder to study than the usual ones, since some of the methods that can be
used in the study of traditional meet and join matrices do not work with the
generalized matrices. However, the Mobius inversion remains effective at least
to some extent.

In this section we summarize the first three articles of this thesis and take
a closer look into three different generalizations of meet and join matrices one
at a time. What is in common with these three articles is that the M&bius
inversion plays a crucial role in every one of them.

3.1.1 Article I - Meet and join matrices on two sets

Meet and join matrices on two sets were introduced by Altinisik, Tuglu and
Haukkanen [2]. In this case we have only one function f: P - C but instead
of having one single set S we now have two sets X = {z1,...,2,} € P and
Y ={y1,...,Ym} € P such that x; <z; = i<jand y; <y; = i < j. Theij
element of the meet matrix of the sets X and Y with respect to f is f(x;Ay;),
and the join matrix of the sets X and Y with respect to f has f(z; vy;) as
its 77 element.

Altinisik et al. execute the Mobius inversion from below in order to obtain
a factorization theorem for meet matrices on two sets. They use this formula
and the Cauchy-Binet formula to calculate the determinant and inverse of a
meet matrix on two sets. They also study the join matrix on two sets in the
case when the function f is semimultiplicative.



SUMMARIES OF THE ORIGINAL ARTICLES

In the present article the determinant and invertibility of join matrix on
two sets are studied similarly, but in this case the Md&bius inversion needs to
be executed from above. This presents a problem, since usually we cannot
assume that every principal order filter of (P, <) is finite (for example, if
(P,<) = (Z*,|), then every principal order filter is infinite). The article
presents a method which enables the use of Mobius inversion without making
the assumption about the finiteness of the principal order filters.

3.1.2 Article II - Row-adjusted meet and join matrices

The motivation in defining row-adjusted meet matrices lies in Lindstréom’s
and Bege’s generalizations of GCD matrices. Bege [4] proposed a question
about the determinant of a generalized GCD matrix without knowing that
this problem was in fact solved decades earlier by Lindstrém [18]. The present
article gives a new proof for Lindstréom’s determinant formula, and also other
properties of these matrices are studied.

The main idea in row-adjusted meet matrices is that instead of having only

one function f: P - C we now have n different functions fi,..., f,: P - C.
In other words, everyone of the n rows has its own function f;. The row-
adjusted meet matrix of the set S with respect to the functions fi,..., f,, has

fi(z; A ;) as its iy element and it is denoted by (S)f, . f.. One could also
study the so-called column-adjusted meet matrix, but it would be only the
transpose of the corresponding row-adjusted matrix.

Again, by executing the Mobius inversion from below for each function f; it
is possible to obtain a factorization for the matrix (5)y, . s.. In the case when
the set S is meet closed it is then possible to estimate the rank of the matrix
(S)f1....7, as well as to study its determinant and inverse (unfortunately not
much can be said about these properties if the set .S is not meet closed, which
makes this assumption inevitable). The row-adjusted join matriz Sy, f.,
which has f;(z; v ;) as its ij element, is studied similarly by using Mobius
inversion from above.

3.1.3 Article III - Combined meet and join matrices
In [16] Korkee studies the n x n matrix M g’]’?’%‘s having
flina;)*fxiva;)’
f(wi) 7 f(2;)°

as its 77 element. In this case we have only one set S and one function f, but
all the four terms f(x; Ax;), f(x;vx;), f(z;) and f(z;) are involved in the

10



3.1. GENERALIZATIONS OF MEET AND JOIN MATRICES

17 element of the matrix instead of only one. Korkee derives a formula for
the determinant and inverse of this matrix as well as presents two ways to
factorize this matrix. One of the factorizations utilizes the usual meet matrix,
the other the usual join matrix.

In the present article we make use of the two factorization theorems by
Korkee. We continue by using the same methods as Hong and Loewy [14]
and Ilmonen, Haukkanen and Merikoski [15] as we derive bounds for the
eigenvalues of the matrix Mg’]’?’%a by using the Mobius inversion. However,
some assumptions need to be made about the function f as well as about
the parameters «, 8, and . Under certain circumstances when the matrix
Mg’fﬁ’%d is positive definite we are able to find a lower bound for the smallest
eigenvalue of this matrix. In two other special cases we are able to define a
region on the complex plane such that it contains all the eigenvalues of the
matrix Mg‘f’%é.

Our theorems concerning the bounds of the eigenvalues of the matrix
Mg’fﬁ’%d turn out to have interesting consequences as well. As one might
expect, the eigenvalue bounds for usual meet and join matrices presented in
[15] follow quite directly from the more general result. However, there exists
also another class of matrices for which our results may quite naturally be
applied. In [19] Mattila and Haukkanen derive bounds for the eigenvalues of
the matrix A%? with

(i,5)°[4,41
as its ij element. In the present article it is shown that these results too are
special cases of the respective theorems for the matrix Mg’f’%‘s.

In the end of the article a certain constant ¢, is studied. The constant
was originally defined by Hong and Loewy [14] and it was also considered
by Ilmonen et al., but not much is known about it. In the present paper
we are able to find a nontrivial lower bound for this constant. Such lower
bound is needed when applying some of the eigenvalue theorems in practice.
The article also shows how this lower bound can be improved if a certain
conjecture by Ilmonen et al. holds.

3.1.4 Some comparisons between different matrix classes

As we have seen, there are three natural ways to generalize the concept of meet
and join matrices. However, there are also numerous matrix classes which
are closely related to meet and join matrices. Figure 3.1 shows how these
different classes are related to each other. It also demonstrates how these
three generalizations are entirely independent from each other. More detailed
explanations for the different matrix classes can be found in Table 3.1.

11
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Generalizations have also an effect on the various properties of the present
matrix class. In Table 3.2 the basic properties of some of the most important
matrix classes are compared with each other. As we can see, each matrix
class differs from everyone else for more than one way.

Row—adJusted meet Combmed meet Row-adjusted join
matrlces on two sets and join matrices matrices on two sets

Meet matrlces
on two sets

Join matrices
on two sets

Row-adjusted
join matrices

N

Join
matrices

Row—adJ usted
meet matrlces

A 4

[ Reciprocal meet ]

Meet
matrices

and join matrices

¥

Reciprocal power GCD
and LCM matrices

MAX

matrices

MIN

matrices

y
GCD
matrices

4

LCM
matrices
Smith’s
matrix

Figure 3.1: The connections between the most important meet and join
related matrices.

A 4
Reciprocal GCD
and LCM matrices

3.2 Special cases of meet and join matrices

When studying more advanced matrix properties we may need to restrict
ourselves to a more concise matrix class. For example, positive definiteness
is a property which is defined only for Hermitean matrices and a complex
symmetric meet matrix is Hermitean only if the elements of the matrix are
entirely real. Also the question about the invertibility of meet and join

12
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Name Notation 1J entry
Row-adjusted meet
matrix on two sets (X, 5 fi(zi A y;)
Combined meet
and join matrix Mg’f’%é f(gﬁf/\(?))j;&;?)ﬁ
Row-adjusted join
matrix on two sets (X, Y4 fo fi(zi vy;)
Meet matrix on two sets (X,Y); f(ziny;)
Row-adjusted
meet matrix (S) 1ot fi(zi A xy)
Row-adjusted
join matrix [STh.. s fi(z;vay)
Join matrix on two sets [X,Y]s f(zivy;)
Meet matrix (S)y [z nxy)

Reciprocal meet
f(@ivy;) or f(minz;)
fzinz;) f(zivy;)

and join matrix -

Join matrix [S]¢ f(x; v a))
MIN matrix - f(min(z;, z;))

Reciprocal power

GCD and LCM matrix - AL

MAX matrix - f(max (2, 2;))
GCD matrix (S) ged(z;, ;)

Reciprocal GCD

and LCM matrix - iﬁgii g r :ﬁg;i;
LCM matrix [S] lem(z;, 25)

Smith’s matrix - ged(i, )

Table 3.1: Explanations of the matrix class names in Figure 3.1.

matrices makes more sense when considering more specific matrix classes.
In this section we summarize the last three articles of this thesis and study

positive definiteness, eigenvalues and invertibility of meet, join, reciprocal
GCD and LCM matrices.

3.2.1 Article IV - Meet and join matrices associated
with real valued functions

It is a well-known fact that GCD matrices are always positive definite whereas
almost every LCM matrix is indefinite (the only exceptions are 1x 1 matrices),

13
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Usual Row-adj. Meet Combined
Property meet meet matrix on meet and
matrix matrix two sets join matrix
First appear 1991 2012 2007 2005
in the literature (1969)
Minimal require- Meet Meet Meet
ment on (P,<) | semilattice | semilattice | semilattice Lattice
Number of
subsets S of P One One Two One
Number of
functions on P One n One One
Notation (S)f (S)f17~~~7fn (X,Y)f M;’fﬁ’%& ;
ij element | f(winay) | fi(winzy) | flainy) | Hopbacten)
Size nxn nxn nxXm nxn
Symmetricity Yes No No No
How it yields the Set f; = f for Set Set a=1 and
usual meet matrix - alli=1,...n X=Y=5 B=v=6=0
Dual Join Row-adj. | Join matrix Does not
concept matrix join matrix | on two sets exist

Table 3.2: Some comparisons between meet matrices and generalized meet
matrices.

see |5, 8]. In this fourth article we consider the positive definiteness of
meet and join matrices with respect to a real-valued function. It turns out
that in the case when the set S is meet closed, the positiveness of certain
numbers obtained via executing the Mobius inversion determines the positive
definiteness of the meet matrix (S)s. A similar statement is made about
the join matrix [S];. We also show that if the set S possesses a certain
treelike structure, the positive definiteness of the matrix (5) is equivalent to
a certain monotonicity property of the function f. Again, a similar theorem
is presented for join matrices.

In this article we also demonstrate how to find a lower bound for every
eigenvalue of meet and join matrices without using the Mobius inversion.
However, in these theorems the function f needs to be either order-preserving
in the meet closure of the set S or order-reversing in the join closure of the
set S.

14
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3.2.2 Article V - The Bourque-Ligh conjecture

In 1992 Bourque and Ligh [8] conjectured that the LCM matrix of a GCD
closed set is always invertible. In 1997 Haukkanen, Wang and Sillanpaéa [10]
proved this wrong by presenting a GCD closed set S whose LCM matrix [S]
is singular. This counterexample contained nine elements. Two years later
Hong [11] gave his own counterexample with only eight elements. By going
through a vast amount of different cases he also proved number-theoretically
that the Bourque-Ligh conjecture holds for GCD closed sets with at most
seven elements.

In this fifth article we study the invertibilty of join matrices associated
with semimultiplicative functions. Since the function N, where N(m) = m for
all m € Z*, is trivially semimultiplicative, we are able to extend our results for
the usual LCM matrices rather easily. At the same time we end up presenting
a lattice-theoretic proof for the known fact that the Bourque-Ligh conjecture
holds for all GCD closed sets with at most seven elements. The case when
there are at least eight elements in the set S is also briefly addressed.

The key idea in this article is that by using the semimultiplicativity of
the function f the matrix [S]; can be written as a product of three square
matrices. By doing so we are able to revert the invertibility of the matrix
[S]s to the invertibility of the reciprocal meet matrix (S);/¢. This matrix is
simplier to study, since the structure (S, <) is assumed to be a meet semilattice
and thus the matrix (S5);/; can be factorized even further by using the Mobius
function pg of the structure (S, <). The conditions for the invertibility of the
matrices [S]y and (S)q/f (associated with any semimultiplicative function f
with nonzero values) can then be found by examining all relevant semilattice
structures with at most seven elements. By showing that the function N
satisfies all these conditions it is then possible to get a new proof for the
Bourque-Ligh conjecture in the case when there are less than eight elements
in the set S.

3.2.3 Article VI - Singularity of LCM and power LCM
matrices

In this sixth publication we develop further the Md&bius function method
presented in the previous article, but in this case we focus on the number-
theoretic LCM and power LCM matrices. We begin by showing that if S
and S” are GCD closed sets with 8 elements such that the LCM matrices [S]
and [S’] are singular, then the semilattices (S,|) and (S’,]) are isomorphic
and have the same cubelike structure. We also give an example from a GCD
closed set S which consists of odd numbers and whose LCM matrix [S] is
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singular. At the same time we are able to show that so-called odd primitive
singular numbers do exist (contrary to a conjecture by Hong [13]).

In the second half of the article we turn our attention to power LCM
matrices in which the ¢j entry is [x;,z;]%, where « is allowed to be any
positive real number. It appears that some semilattice structures can be
used to generate GCD closed sets S such that the power LCM matrix of
the set S is singular for some o > 0. However, there are also semilattice
structures for which this is impossible. In the main result of this article we
give a simple characterization which can be used to check whether a given
semilattice structure can be used to generate a singular power LCM matrix or
not. Finally we take a look at a couple of conjectures which concern singular
power LCM matrices and were presented by Hong [12]. We are going to see
that in the light of our new results it is easy to find counterexamples for
them.
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Chapter 4

Personal Contributions

In the following the contribution of the present author (and also the contri-
bution of each of the other authors) is explained. The other authors Pentti
Haukkanen, Ismo Korkee and Jori Méantysalo are hereafter referred to as PH,
IK and JM, respectively.

L.

IT.

III.

IV.

VL

The ideas for the results in this article were given by PH. The present
author worked all the details and wrote the paper. PH commented the
manuscript.

PH gave the idea for the factorization theorem and for the determi-
nant formula. The present author wrote the paper and developed the
remaining results. PH commented the manuscript.

The author wrote this article on his own. PH gave some comments
regarding the manuscript.

PH gave the idea to use Hong’s method in order to estimate the eigen-
values of meet and join matrices. The present author constructed these
proofs. He also developed all the theorems concerning positive definite-
ness of meet and join matrices and took care of the writing of the paper.
PH commented the manuscript.

This article is based on an old manuscript by IK and PH. The manuscript
contained a couple of problematic issues that had prevented it from
being published earlier. The present author solved these problems and
revised the manuscript. PH and IK commented the manuscript. JM
assisted with the parts that required the use of the program Sage.

The present author developed the key results and wrote the paper. PH
assisted in the writing of the proofs of the main results. JM took care
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PERSONAL CONTRIBUTIONS

of all the mathematical programming in this paper and conducted some
testing with the program Sage (the existence of odd singular numbers
was verified in these tests). PH and JM commented the manuscript.
It should be noted that in this article the author names are listed in
alphabetical order due to journal policy (i.e. in this article the ordering
of the names does not reflect the contribution of each author as it is
the case with the other articles).

18



Bibliography

[1] M. Aigner, Combinatorial Theory, Springer, 1979.

[2] E. Altinisik, N. Tuglu, P. Haukkanen, Determinant and inverse of meet
and join matrices, Int. J. Math. Math. Sci. 2007 (2007) Article ID 37580.

[3] T. M. Apostol, Introduction to Analytic Number Theory, Springer, 1976.

[4] A. Bege, Generalized GCD matrices, Acta Univ. Sapientiae Math. 2
(2010) 160-167.

[5] S. Beslin, S. Ligh, Greatest common divisor matrices, Linear Algebra

Appl. 118 (1989) 69-76.

[6] R. Bhatia, Min matrices and mean matrices, Math. Intelligencer 33 No.
2 (2011) 22-28.

[7] G. Birkhoff, Lattice Theory, 3rd ed., Amer. Math. Soc., 1967.

[8] K. Bourque, S. Ligh, On GCD and LCM matrices, Linear Algebra Appl.
174 (1992) 65-74.

[9] G. Grétzer, Lattice Theory: First Concepts and Distributive Lattices,
W. H. Freeman, 1971.

[10] P. Haukkanen, J. Wang, J. Sillanpaé, On Smith’s determinant, Linear
Algebra Appl. 258 (1997) 251-269.

[11] S. Hong, On the Bourque-Ligh conjecture of least common multiple
matrices, J. Algebra 218 (1999) 216-228.

[12] S. Hong, Nonsingularity of matrices associated with classes of arith-
metical functions, J. Algebra 281 (2004) 1-14.

[13] S. Hong, Nonsingularity of least common multiple matrices on ged-closed
sets, J. Number Theory 113 (2005) 1-9.

19



[14] S. Hong, R. Loewy, Asymptotic behavior of eigenvalues of greatest
common divisor matrices, Glasg. Math. J. 46 (2004) 551-569.

[15] P. Ilmonen, P. Haukkanen, J. K. Merikoski, On eigenvalues of meet and
join matrices associated with incidence functions, Linear Algebra Appl.

429 (2008) 859-874.

[16] 1. Korkee, On a combination of meet and join matrices, JP J. Algebra
Number Theory Appl. 5 (2005) 75-88.

[17] 1. Korkee, P. Haukkanen, On meet and join matrices associated with
incidence functions, Linear Algebra Appl. 372 (2003) 127-153.

[18] B. Lindstrém, Determinants on semilattices, Proc. Am. Math. Soc. 20
(1969) 207208

[19] M. Mattila, P. Haukkanen, On the eigenvalues of certain number-
theoretic matriz, East-West J. Math 14 (2012) 121-130.

[20] P. J. McCarthy, Introduction to Arithmetical Functions, Springer, 1986.

[21] S. Puntanen, G. P. H. Styan, J. Isotalo, Matriz Tricks for Linear
Statistical Models —Our Personal Top Twenty, Springer, 2011.

[22] R. Sivaramakrishnan, Classical Theory of Arithmetic Functions, Marcel
Dekker, 1989.

[23] H. J. S. Smith, On the value of a certain arithmetical determinant, Proc.
London Math. Soc. 7 (1875-1876) 208-212.

[24] R. P. Stanley, Enumerative Combinatorics, Vol. 1, Wadsworth and
Brooks/Cole, 1986.

20



Publication 1

Determinant and inverse of join matrices on two
sets

M. Mattila and P. Haukkanen

This is the authors accepted manuscript of an article published as the version
of record in Linear Algebra and Its Applications 438, 2013.

Article available at:

http://dx.doi.org/10.1016/j.1aa.2011.12.014

21



22



Linear Algebra and its Applications 438 (2013) 3891-3904

Fod

ELSI

Contents lists available at SciVerse ScienceDirect

“VIER journal homepage: www.elsevier.com/locate/laa

Linear Algebra and its Applications Rppiications

Determinant and inverse of join matrices

on two sets

Mika Mattila, Pentti Haukkanen *

School of Information Sciences FI-33014 University of Tampere, Finland

ARTICLEINFO

ABSTRACT

Article history:

Received 1 June 2011

Accepted 6 December 2011
Available online 3 January 2012

Submitted by N. Shaked-Monderer

In honor of Abraham Berman, Moshe
Goldberg, and Raphael Loewy

AMS classification:
11C20
15B36
06B99

Keywords:

Join matrix

Meet matrix
Semimultiplicative function
LCM matrix

GCD matrix

MAX matrix

Let (P, <) be a lattice and f a complex-valued function on P. We
define meet and join matrices on two arbitrary subsets X and Y of P by
X, Y)r = (f(xiny))) and [X, Y]r = (f(x;\VVy;)) respectively. Here we
present expressions for the determinant and the inverse of [X, Y]y.
Our main goal is to cover the case when f is not semimultiplicative
since the formulas presented earlier for [X, Y]; cannot be applied
in this situation. In cases when f is semimultiplicative we obtain
several new and known formulas for the determinant and inverse of
(X, Y) and the usual meet and join matrices (S)y and [S]. We also
apply these formulas to LCM, MAX, GCD and MIN matrices, which
are special cases of join and meet matrices.

© 2011 Elsevier Inc. All rights reserved.

1. Introduction

LetS = {x1, X2, ..., Xp} be a set of distinct positive integers, and let f be an arithmetical function.
Let (S)f denote the n x n matrix having f ((x;, x;)), the image of the greatest common divisor of x; and
X;j, as its ij entry. Analogously, let [S]f denote the n x n matrix having f ([x;, x;]), the image of the least
common multiple of x; and x;, as its ij entry. That is, (S)f = (f((x;, x;))) and [S]; = (f([x;, x;])). The
matrices (S)y and [S]y are referred to as the GCD and LCM matrices on S associated with f, respectively.
The set S is said to be GCD-closed if (x;, x;) € S whenever x;,x; € S, and the set S is said to be
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factor-closed if it contains every divisor of x for any x € S. Clearly every factor-closed set is GCD-closed
but the converse does not hold.

In 1875 Smith [31] calculated det(S); when S is factor-closed and det[S]; in a more special case.
Since then a large number of results on GCD and LCM matrices have been presented in the literature.
See, for example [2,5-7,9-14,22]. Wilf [33] and Lindstrom [23] were the first to study the lattice-
theoretic generalizations of GCD matrices already in the end of 1960s. A more extensive research on
this topic was initiated three decades later by Haukkanen [8] when he generalized the concept of a
GCD matrix into a meet matrix and later Korkee and Haukkanen [18] did the same with the concepts
of LCM and join matrices. These generalizations happen as follows.

Let (P, <) be alocally finite lattice, let S = {x1, X2, ..., Xp} be a subset of P and let f be a complex-
valued function on P. The n x n matrix (S); = (f(x; A X;)) is called the meet matrix on S associated
with f and the n x n matrix [S]f = (f(x; V x;)) is called the join matrix on S associated with f. If
(P, <) = (Z*, |), then meet and join matrices become respectively ordinary GCD and LCM matrices.
However, some additional assumptions regarding the lattice (P, <) are still needed and we analyse
these in Section 2.

The properties of meet and join matrices have been studied by many authors (see, e.g., [3,8,10,15,
16,18,20,21,24,26,28,29]). Haukkanen [8] calculated the determinant of (S); on an arbitrary set S and
obtained the inverse of (S)r on a lower-closed set S and Korkee and Haukkanen [17] obtained the in-
verse of (S)f on a meet-closed set S. Korkee and Haukkanen [18] presented, among others, formulas for
the determinant and inverse of [S]; on meet-closed, join-closed, lower-closed and upper-closed sets S.

Most recently, Altinisik et al. [4] generalized the concepts of meet and join matrices and defined
meet and join matrices on two sets. Later these matrices were also treated in [19]. Next we present
the same definitions.

LetX = {x1,X2,...,xp}and Y = {y1, ¥2, ..., yn} be two subsets of P. We define the meet matrix
onXandY withrespecttofas (X, Y)r = (f(xiAy;)).Inparticular, whenS =X =Y = {x1,x2, ..., xa},
we have (S,S)y = (S). Analogously, we define the join matrix on X and Y with respect to f as
[X, Y]y = (f(x; V yj)). In particular, [S, Sl = [S]y.

In [4] the authors presented formulas for the determinant and the inverse of the matrix (X, Y);.
Applying these formulas they derived similar formulas for the matrix [X, Y] /s with respect to semi-
multiplicative functions f with f(x) # 0 for all x € P. The cases when f is not semimultiplicative or
f(x) = 0forsomex € P, however, were excluded from the examination. In this paper we give formulas
that can also be used in these circumstances. We go through the same examinations presented in [4]
but this time dually from the point of view of the matrix [X, Y]f. That is, we present expressions for
the determinant and the inverse of [X, Y]r on arbitrary sets X and Y. In the case when X =Y = S we
obtain a determinant formula for [S]; and a formula for the inverse of [S]; on arbitrary set S. We also
derive formulas for the special cases when S is join-closed and upper-closed up to VS. Similar kind
of determinant formulas for (S)f and [S]y have already been presented in [18], although they were
obtained and presented by a different approach. By setting (P, <) = (Z™, |) we obtain corollaries
for LCM matrices, and as another special case we also consider MAX and MIN matrices. In case when
(P, X) = (Z, <), where < is the natural ordering of the integers, the MAX and MIN matrices of the set
S are the matrices [S]f and (S)y respectively. MAX and MIN matrices have not been addressed before
in this context.

2. Preliminaries

In the preceding section we defined the concept of GCD-closed set. Similarly, the set S is said to
be LCM-closed if [x;, x;] € S whenever x;, x; € S. Since the lattice (Z*, ) does not have a greatest
element, we need to define the dual concept for factor-closed set in a more special manner.

Definition 2.1. LetIcmS = [x1, X2, ..., Xp], and let

n
Ms={yeZ" |y |lemS and x; | y for some x; € S} = U [x;, lem ST,
i=1
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where [[x;, lcm S]] is the interval
{y € Z" | x;|yandy|lcmS}.

We say that S is multiple-closed up to Icm S if
Ms =S,

that is, if y € S whenever x; | y | lcm S for some x; € S.

Again, if S is multiple-closed up to lcm S, then it is also LCM-closed, but an LCM-closed set is not
necessarily multiple-closed up to lcm S. Obviously the set Ms is multiple-closed up to Icm Ms = Icm S,
and the semilattice (Ms, |) also has the advantage of having the greatest element over the lattice
(Z, |). Next we need corresponding definitions for a more general case.

Let (P, <) be a lattice. The set S C P is said to be lower-closed (resp. upper-closed) if for every
X,y € Pwithx € Sandy < x (resp.x < y), we havey € S. The set S is said to be meet-closed (resp.
join-closed) if for every x, y € S, we havex Ay € S(resp.x Vy € S).

If every principal order filter of the lattice (P, <) is finite, the methods presented in the following
sections can be applied to the lattice (P, <) directly. If the lattice (P, <) does not satisfy this property
(which is the case when, for example, P = Z* and <= |), it is always possible to carry out the
following procedures in an appropriate subsemilattice of (P, <). The most straightforward method
is to generalize Definition 2.1 by simply translating it into terms of lattices so that the relation | is
replaced with the relation <.

Definition 2.2. Let VS = x; Vx5 V -+ -V x, and let
n
Ps={yeP|y=<VvSandx; <yforsomex; €S} = U[[xi, VS,
i=1
where [[x;, VVS]| is the interval
{yeP|x <yandy < VS}.
We say that S is upper-closed up to VS if
Ps =S,

thatis, ify € S whenever x; < y < VS for some x; € S.

Note that S C Ps and VVPs = VS for all finite sets S. Thus, (Ps, <) has the greatest element. If S is
upper-closed up to VS, then S is join-closed, but the converse does not hold. A further rather trivial
but important observation is that if x, y € Ps, then

mps(X,y) = up(x, ).

An alternative approach would be to restrict our consideration to ({S), <), the join-subsemilattice
of (P, <) generated by the set S. Usually this would also reduce the number of computations needed.
For example, the values of the Mdbius function of ({S), <) are often much easier to calculate than
the values of the Mdébius function of (Ps, <) (see [1, Section IV.1]). And if we consider S as a subset
of the meet-subsemilattice generated by itself, the set S is meet-closed iff it is lower-closed. Similarly,
the terms join-closed and upper-closed coincide in the join-subsemilattice ((S), <). This is another
benefit of restricting to ((S), <). This method is not, however, very convenient when considering the
lattice (Z*, |). The Mébius function of ((S), <), where S C Z*, has often very little in common with
the number-theoretic Mébius function, which would likely cause confusion. For this reason we give
our formulas in a form that fits both for the types of lattices defined in Definition 2.2 and for the lattice

((S), <.
Let (P, <) be a locally finite lattice, and let f be a complex-valued function on P. Let
X = {X1,%2,...,xs}and Y = {y1,y2, ..., yn} be two subsets of P. Let the elements of X and Y
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be arranged so that x; < x; = i < j.LetD = {dq,d; ..., dn} be any subset of P containing the

elements x; V y;,i,j = 1,2, ..., n. Let the elements of D be arranged so that d; < dj = i < j. Then
we define the function Wp s on D inductively as
Wp r(di) = f(de) — D Wps(dy) (2.1)
di<d,y

or equivalently

fld) = D Wpy(dy). (2.2)
dkfdv
Then
Ups(dy) = D f(dy)pp(dy, dy), (2.3)
dkfdv

where pp is the Mobius function of the poset (D, <) (see [32, 3.7.2 Proposition]).
If D is join-closed, then

Ups(d) = D, D fWupy(z, w), (2.4)
dkai VD z=<w=< VD
dt Az

k<t

where 1p, is the Mébius function of (Pp, <), and if D is upper-closed up to VD, then

\IJD,f(dk) = Z f(dv),LLPD(dk, dV)7 (25)

di<dy

where 1p, is the Mébius function of (Pp, <). Formula (2.5) follows trivially from Eq. (2.3) and the fact
that in case when D is upper-closed we have Pp = D and pp, (dy, dy) = wp(d, dy) forall di, dy € D.
We prove formula (2.4) by using methods similar to those in [8, Example 1].

Proof of (2.4). Let D = {dy, do, ..., d} be join-closed. In order to prove that
lIJD,f(dk) = Z Z f(W)M/PD (Z, W)

dy=z zXw=VD

dr £z
k<t

we are going to show that Wp ¢ given in (2.4) satisfies (2.2), that is,

fdy = > D D fwup(z, w). (2.6)
dg=d, dv=z z<w=VD
dr £z

v<t

We write f(x) = >x<,<vp8(2) or g(x) = >y<,<vpf(@up,(x,2) for all x € Pp. We now have to
prove that

> os=2 > s@. (2.7)
dk=<z=<VD dk=<dy dvdflg VD
t £z

v<t

It is easy to see that the sums in (2.7) are non-repetitive, that is, each z is counted only once. Now,
consider the sum on the right side of (2.7). Let dy < dy, and d, < z < VD with z € Pp. Then
dr < z < VD. Thus every z occurring on the right side of (2.7) occurs on the left side of (2.7).
Conversely, consider the sum on the left side of (2.7). Suppose that d; < z < VD. Let i be the greatest
number such that d; < z. Thend; A zfori < t.Since S is join-closed, d V d; = d, for some r with
i < r.Since d;y < zand d; < z, we have d; < z. By maximality of i, we have r = i and d, = d;.
Therefore d, < d, means that d; < d;. Thus every z occurring on the left side of (2.7) occurs on the
right side of (2.7). This completes the proof of (2.7), that is, the proof of (2.4). [J
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Remark 2.1. If D is join-closed, then D = (D) and D is trivially upper-closed subset of (D) in ((D), <).
Thus in this case we could also replace the wp in (2.3) and the pp, in (2.5) by p(p).

If (P, <) = (Z*,|) and D is multiple-closed up to Icm D, then up(dy, dy) = w(d,/dy) (see [25,
Chapter 7]), where j is the number-theoretic Mobius function. In addition, for every a € Z* and
arithmetical function f we may define another arithmetical function f;, where

Ja(n) = f(an)

for every n € ZT. Now from (2.3) we get

d,
Up () = S fdp (d—k) = 3 fdwau)

di | dy al lchkD
lcmD
= 3 Gum@ = leam (S5-). 28)
al lCdeD

where x is the Dirichlet convolution of arithmetical functions.
Let E(X) = (e;j(X)) and E(Y) = (e;i(Y)) denote the n x m matrices defined by

[ 1 ifx < dj,
ej(X) = _ (2.9)
0 otherwise,
and
1 ify; < d;,
ei(Y) = [ 1ty = “ (2.10)
0 otherwise

respectively. Clearly E(X) and E(Y) also depend on D but for the sake of brevity D is omitted from the
notation. We also denote

Apy = diag(Wps(d1), Yps(da), ..., ¥pys(dm)). (2.11)

3. A structure theorem

In this section we give a factorization of the matrix [X, Y]r = (f(x; V y;)). Alarge number of similar
factorizations is presented in the literature, for example in [16] the matrix [S]y is factorized in case
when S is join-closed. The idea of this kind of factorization may be considered to originate from Pélya
and Szegd [27].

Theorem 3.1

[X. Y]r = EX)ApfE(Y)". (31)
Proof. By (2.2) the ij entry of [X, Y]y is
fxivyp= D Wps(d). (3.2)

XiVyj=dy
Now, since x;, y; < dy < x; V yj < dy, by applying (2.9), (2.10) and (2.11) to (3.2) we obtain
m
D Wps(dy) = D ew(X)Wps(dy)eju(Y) (3.3)
X;Vyj=<dy v=1

and thus we have proven Theorem 3.1. [J
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Remark 3.1. The sets X and Y could be allowed to have distinct cardinalities in Theorems 3.1 and 6.1.
However, in other results we must assume that these cardinalities coincide.

4. Determinant formulas

In this section we derive formulas for determinants of join matrices. In Theorem 4.1 we present an
expression for det[X, Y]f on arbitrary sets X and Y. TakingX =Y =S = {x1, x2, .. ., X,} in Theorem
4.1 we obtain a formula for the determinant of usual join matrices [S]; on arbitrary set S, and further
taking (P, <) = (Z™, |) we obtain a formula for the determinant of LCM matrices on arbitrary set S.
In Theorems 4.2 and 4.3 respectively, we calculate det[S]; when S is join-closed and upper-closed up
to VS. Formulas similar to Theorems 4.2 and 4.3 but by different approach and notations are given in
[18].

Theorem 4.1. Let card(X) = card(Y) = n and card(D) = m.

(i) If n > m, then det[X, Y] = 0.
(ii) If n < m, then

det[X, Y]f = > det E(X) (ky .ky.....ky) AELE(Y) (ky k... kn)
1<k <ky<--<kp<m
X Wp f(di,)Wp f(dk,) - - - Wp r(dk,)- (41)

Proof. By Theorem 3.1
det[X, Y]y = det (ECO) ApE(V)) . (4.2)

Thus by the Cauchy-Binet formula we obtain Theorem 4.1. [

Theorem 4.2. IfS is join-closed, then

det[Slf = [ Wssx) = [] 2. fous@.x) =[] D D fwup(z, w). (43)
v=1 v=1 Xy Xt v=1 xw=z2VS z<w=<VS§S
xt £z -

Proof. We take X = Y = S in Theorem 4.1. Since S is join-closed, we may further take (D) = D = S.
Then m = n and det E(S)(k, ky.....k,) = detE(S)(,2,...ny) = 1 and so we obtain the first equality in
(4.3). The second equality follows from Remark 2.1 and from Eq. (2.3), the third from (2.4). O

Remark 4.1. Theorem 4.2 can also be proved by taking X =Y = Sand D = S in Theorem 3.1.

Example 4.1. Let (P, X) = (Z, <), where < is the natural ordering of the set of integers, and let
S ={x1,x2,...,xp} C Z,wherex; < Xy < --- < xp. Thus in this case x; V x; = max{x;, x;} for all
xi,xj € S.Lett € Cand f : Z — C be such function that f (k) = k + t for all k € Z. Since the lattice
(Z,, <) is a chain, the set S is trivially both meet and join-closed. Now it follows from Theorem 4.2 that
the determinant of the MAX matrix [S]y is

det[STy = [ D fxoms(xv, xo)

v=1 Xy Xt
= (f(x1) = fx))(F(x2) —f(x3)) - - - (fF Kn—1) — F(xn))f (xn)
= (x1 —x2) (X2 —x3) - - (Xp—1 — X)) (Xp + D). (4.4)

This result can easily be verified by using elementary methods. Since in this case the matrix [S]y is of
the form
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(X1 txo+txs b xq+t]
Xp+t X+t X3+t - X+t
X3+t xs+txg+¢t--- xp+t

| Xn X+ E X+ Xy

itis possible to obtain the same result for det[S]; by using Gauss elimination process (first by subtract-
ing the second row from the first, the third from the second etc.).

Theorem 4.3. IfS is upper-closed up to S, then

det[Sly = [] Wsrx) = [[ D Flw)mxy, x). (4.6)

v=1 v=1 Xy =Xy
Proof. The first equality in (4.6) follows from (4.3). The second equality follows from (2.5). O
Example 4.2. Let (P, <), S and f be as in Example 4.1 and let x; = x; + (i — 1) for every x; € S. Now

the set S is clearly upper-closed up to x, = x1 + (n — 1) and from Theorem 4.3 we get the determinant
of the MAX matrix [S]f as

det[Slr = [ D fl (v, x)=((x1) — f(x2))(f(x2) — F(x3)) - - - (F Kn—1) — F(xn))f (Xn)

v=1 Xy <Xt
= (=D""xa +0). (4.7)
Note that this result can also be recovered easily by using the result in Example 4.1, since xj_1 —x; = —1
foralli=2,...,n

Corollary 4.1. Let (P, <) = (Z™, ), let S be an LCM~closed set of distinct positive integers, and let f be
an arithmetical function. Then the determinant of the LCM matrix [S]r is

S) . (4.8)

Corollary 4.2. Let (P, <) = (Z™, ), let S be a set of distinct positive integers which is multiple-closed
up to lcm S, and let f be an arithmetical function. Then

n |
detfsly =[] 3 [(*(fzu)](cr;

v=1 xy |z|lem$S
xtfz
v<t

n Ilcm S
det[s]y = H[u(fxvm(cm ) (4.9)
v=1 v

X

5. Inverse formulas

In this section we derive formulas for inverses of join matrices. In Theorem 5.1 we present an
expression for the inverse of [X, Y] on arbitrary sets X and Y, and in Theorem 5.2 we present an
expression for the inverse of [S]; on arbitrary set S. Taking (P, <) = (Z*, ) we obtain a formula for
the inverse of LCM matrices on arbitrary set S. Such formulas for the inverse of join or LCM matrices
on an arbitrary set have not previously been presented in the literature. In Theorem 5.3 we calculate
the inverse of [S]s on join-closed set S and in Theorem 5.4 we cover the case in which S is upper-closed
up to VS.
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Theorem 5.1. Let X; = X \ {xj} and Y; = Y \ {y;} fori = 1,2,...,n. If[X, Y]y is invertible, then the
inverse of [X, Y]y is the n x n matrix B = (b;j), where

(_l)H-j
i = Jetix V1o > det E(X)) (k1. ks.....kn—1) A€ ECYi) (ky ks kn_1)
Et[ ’ ]f 1<k <ky < <kp—1<m
X Wp r(dg, )Wpf(dk,) - - - Wp,r(dk,_,)- (5.1)

Proof. It is well known that
O(j,'

b — , 5.2
U det[X, YIf (52)

where a;j; is the cofactor of the ji-entry of [X, Y]y. It is easy to see that o = (—1)iH det[X;, Yilr. By
Theorem 4.1 we see that

det[X;, Yilf = > det E(X)) (kg ky.....kn—1) AELECYi) (ky ks . k1)
1<k <ky<---<kp_1<m
X Wp f(dk, )Wp f(dk,) - - - Wp r(di,_,)- (5.3)

Combining the above equations we obtain Theorem 5.1. [

Theorem 5.2. LetS; = S\ {x;} fori = 1,2, ..., n.If[S]y is invertible, then the inverse of [S]y is then x n
matrix B = (bjj), where

B (_-l)H-j

> det E(Sj) (ky .ky.....kn—1) A€LE(Si) (ky ka.....kn1)

i =
det[S]f 1<k <ky <---<kn—1<m

XWp f(di,)Wp,f(dk,) - -+ Wp,f(dk,_,)- (5.4)
Proof. Taking X = Y = S in Theorem 5.1 we obtain Theorem 5.2. [

Theorem 5.3. Suppose that S is join-closed. If [S]y is invertible, then the inverse of [S]f is the n X n matrix
B = (bjj), where

n (_1)l+]
bj = D,

=1 Ys.r (xk

det E(S}) det E(S). (5.5)

where E(Sf) isthe (n—1) x (n— 1) submatrix of E(S) obtained by deleting the ith row and the kth column
of E(S), or

s (X, Xi) s (X, Xj)
bj= 2. : :

(5.6)
Xk SXi AX;j lIjs,f (Xk)

where s is the Mobius function of the poset (S, <).

Proof. Since S is join-closed, we may take D = S. Then E(S) is a square matrix with detE(S) = 1.
Further, E(S) is the matrix associated with the zeta function of the finite poset (S, <). Thus the inverse
of E(S) is the matrix associated with the Mobius function of (S, <), that s, if U = (uj) is the inverse
of E(S), then ujj = ps(xi, Xj), see [1, p. 139]. On the other hand, u; = B;j/ det E(S) = Bj;, where Bj; is

the cofactor of the ij-entry of E(S). Here B;; = (—1)™ det E(S],:). Thus

(=)™ det E(S]) = ps(xi, x;). (5.7)

Now we apply Theorem 5.2 with D = S. Then m = n, and using formulas (4.3) and (5.7) we obtain
Theorem 5.3. O
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Remark 5.1. Eq. (5.6) can also be proved by taking X = Y = Sand D = S in Theorem 3.1 and then
applying the formula

[l = (E®)") A FES)

Example 5.1. Let (P, <), f and S be as in Example 4.1. Let us denote x;, 1 = —t.Ift = —Xp41 # —Xn,
then the matrix [S]y is invertible and the inverse of [S]y is the n x n tridiagonal matrix B = (b;;), where
0 if|i —j| > 1,
1 e .
o]
Xi—1—X; Xi—Xit+1 =Isn
lx%le if|i —j| = 1.

Theorem 5.4. Suppose that S is upper-closed up to VS. If [S]f is invertible, then the inverse of [S]y is the
n X nmatrix B = (bj;) with

= 3 (X, Xi) (X, X5)

(5.8)
Xk XX AX;j \Ijs,f (Xk)

where j is the Mobius function of (P, <).

Proof. Since S is upper-closed up to VS, we have us = p on S, (apply [1, Proposition 4.6]). Thus
Theorem 5.4 follows from Theorem 5.3. [J

Example 5.2. Let (P, <), f and S be as in Example 4.2. If t # —xj, then the matrix [S]f is invertible
and the inverse of [S]y is the n x n tridiagonal matrix B = (b;;), where

0 if[i —j| > 1,
-1 ifi=j=1,
bj=1-2 ifl<i=j<n,
—14 g ifi=j=n,
1 if [i —j| = 1.

Corollary 5.1. Let S be a set of distinct positive integers which is multiple-closed up to lcm S, and let f be
an arithmetical function. If the LCM matrix [S]y is invertible, then its inverse is the n x n matrix B = (by),
where

(i /xp) (X /X1

b _ (5.9)
! xk|(xi’xj) [é‘*(ka:u“)] (IC)T(TIIS)

Here w is the number-theoretic Mdbius function.

6. Formulas for meet matrices

Let f be a complex-valued function on P. We say that f is a semimultiplicative function if

Ff) =fxAyfxVy) (6.1)

forallx,y € P (see [18]).

The notion of a semimultiplicative function arises from the theory of arithmetical functions. Namely,
an arithmetical function f is said to be semimultiplicative if f(r)f (s) = f((r, s))f([r, s]) forallr,s €
7T . For semimultiplicative arithmetical functions reference is made to the book by Sivaramakrishnan
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[30], see also [9]. Note that a semimultiplicative arithmetical function f with f(1) # 0is referred to as
a quasimultiplicative arithmetical function. Quasimultiplicative arithmetical functions with f(1) = 1
are the usual multiplicative arithmetical functions.

In this section we show that meet matrices (X, Y)r with respect to semimultiplicative functions f
possess properties similar to those given for join matrices [X, Y]y with respect to arbitrary functions f
in Sections 3, 4 and 5. Since there already are several formulas for the determinant and the inverse of
the matrix (X, Y)y (see [4,19]), the motivation in deriving new formulas probably needs clarification.
The formulas of this section are especially useful when considering the matrix (S)y, where the set S is
either join-closed or upper-closed up to VS. That is, because in this case the formulas of this section
result in shorter and simplier calculations. Throughout this section f is a semimultiplicative function on
P such that f(x) # 0 forallx € P.

Theorem 6.1

X, Y)r = Axs[X, YTir Ay (6.2)
or

(X, Y)r = AxfEX)ApafE(Y) Ay, (6.3)
where

Axp = diag(f(x1), f(x2), ..., f(xn)) (6.4)
and

Ay =diag(f(y1), f(y2), - ... f(yn)). (6.5)
Proof. By (6.1) the ij-entry of (X, Y)y is

A ) = 0 Fe ). (66)

We thus obtain (6.2), and applying Theorem 3.1 we obtain (6.3). O

From (6.2) we obtain

det(X, Y)f = (Hf(xv)f(yv)) det[X, Yl /r (6.7)
v=1
and
X. V)= AyfIX, Y1y f Ak} (6.8)

Now, using (6.7), (6.8) and the formulas of Sections 4 and 5 we obtain formulas for meet matrices.

We first present formulas for the determinant of meet matrices. In Theorem 6.2 we give a formula
for det(X, Y)r on arbitrary sets X and Y. This is an alternative expression that given in [4]. In Theorems
6.3 and 6.4 respectively, we calculate det(S)r when S is join-closed and upper-closed up to VS.

Theorem 6.2

(i) If n > m, then det(X, Y)f = 0.
(i) Ifn < m, then

det(X, Y)f=(Hf(Xv)fO/v))( > det E(X) (k. k.....kn) AELE(Y) (ky ks, ... kn)
v=1

1<k <ky<--<kp<m

X Wp 1/7(di, )Wp,1/f(d,) - - - \110,1/f(dk,,))~ (6.9)
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Theorem 6.3. IfS is join-closed, then

det(S)r = [ f(x)*Ws,1/5(x) = [ f00)* X2 MS;?;)
v=1 v=1 Xy =Xy u
_ . 2 u(z, w)
_vl;[]f(xv) Xv%:vszﬁ%vs R (6.10)

v<t

Example 6.1. Let (P, X) = (Z, <), t € C a complex number such that t # —x; for all x; € S and
f(x;)) = x; + tforallx; € S.Since (Z, <) is a chain, the function f is trivially semimultiplicative. Now
from Theorem 6.3 we get

n—1

det(s :n )2 s (Xy, Xu) Vz( 1 )
ety = I1re0" 2, =i = N 7 ~ oy

= 2f yp1) — fxy)
= e e
=fx)(f(x2) = f(x1))(F(x3) — f(x2)) - - - (F(xn) — f(xn—1))
= (x1 + ) (x2 — x1)(x3 —x2) -+ (Xn — Xp—1)-
It should be noted that under these assumptions the matrix (S)y is of the form

_X1+tX]+tX1+t-~' X1+t—
X1+txp+txp+¢t - x4+t

X1+txy+tx3s+t- - x3+¢t |, (6.11)

| x1+txa+tx3+t - xp+t |

and as in Example 4.1, also in this case the determinant can easily be calculated by using Gauss elimi-
nation process.

Theorem 6.4. IfS is upper-closed up to VS, then

det()y = [] S0 W1 5(0) = [[fx)? 3 02 (6.12)

v=1 v=1 Xy =Xy f( U)

Example 6.2. Let (P, X)) = (Z, <),S = {x1, x1+1,x1+2,...,x1+n—1},t € Cacomplex number
such that t = —x; forallx; € Sand f(x;) = x; 4 t for all x; € S. Now it follows from Theorem 6.4 that

det(s) —Hf( Ry M) n]‘ff( )( l) Fx)
a V Xy <Xy f( U) v=1 v f( v) f(Xv+1) "

_ - 2f(xv+1) —f(xv)
- @]f ) )f o

= fx)(F(2) — F@xD)F(x3) = F(X2)) -+ (F(n) — f(xn1))
=+ 0D
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Corollary 6.1. Let S be an LCM-closed set of distinct positive integers, and let f be a quasimultiplicative
arithmetical function such that f(r) # 0 forallr € Z™. Then

L 1
detS)y = [[fx)?> 3 [é*(;‘)}(cms). (613)

v=1 xy|z|lemS 4
xttz
v<t

Corollary 6.2. Let S be a set of distinct positive integers which is multiple-closed up to lcm S, and let f be
a quasimultiplicative arithmetical function such that f(r) # 0 for allr € Z™. Then

. 2l (* lcmS
der(s)y = [1 ) [; (f)}( 5 ) (614)

We next derive formulas for inverses of meet matrices. In Theorem 6.5 we give an expression for
the inverse of (X, Y)r on arbitrary sets X and Y, and in Theorem 6.6 we give an expression for the
inverse of (S)f on arbitrary set S. Taking (P, <X) = (Z™, |) we could obtain a formula for the inverse
of GCD matrices on arbitrary set S. In Theorems 6.7 and 6.8, respectively, we calculate the inverse of
(S)f in cases when S is join-closed and upper-closed up to VS. Formulas similar to Theorems 6.7 and
6.8, although with stronger assumptions, have been presented earlier in [18].

Theorem 6.5. LetX; = X \ {x;}and Y; = Y \ {y;} fori = 1,2, ..., nIf[X, Y]y is invertible, then the
inverse of (X, Y)y is the n x n matrix B = (bjj) with

(—1)i+j ( n )
by = o
T FOg)f (vi) det (X, Y)y [Tf@&)f o)

v=1

X( > det E(X)) (ky k. ....kn—1) A€ ECYD) (ky ko...... kn1)

1<k <k2<---<kn_1 <m

X Wp 15 (dr, )Wp,1/f (diy) - - - l1’0,1/f(dkn1))- (6.15)

Theorem 6.6. LetS; = S\ {x;} fori = 1,2,...,n. If (S); is invertible, then the inverse of (S) is the
n x nmatrix B = (bj;) with

i — i (ﬁf(x )2)
YT F(i)f (%)) det(S)y !

v=1

X( > det E(Si) (k1 ks,....kn—1) €L E(S)) (k1 k2, o kn1)

1<k <ky < <kp—1<m

X Wp 1/7(di, )Wp,1/7(di,) - - - ‘I/D,1/f(dl<n1))- (6.16)
Theorem 6.7. Suppose that S is join-closed. If (S)f is invertible, then the inverse of (S)y is the n X n matrix
B = (bj) with
b 1 s (Xk Xi) s (X, X))
TR w Sy s

Here i is the Mdbius function of the poset (S, <).

(6.17)
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Example 6.3. By Theorem 6.7, the inverse of the MIN matrix (S)y in Example 6.1 is the n X n tridiagonal
matrix B = (b;j) with

0 if|i —j| > 1,
lexljf—ig ifi=j=1,
(= 1) ifi=j=m,
T if]i —jl = 1.

Theorem 6.8. Suppose that S is upper-closed up to VS. If (S)f is invertible, then the inverse of (S)y is the
n x nmatrix B = (bjj), where

1 (X, Xi) (1 (X, X;)

b..
TR Sy s ()

(6.18)
Here ju is the Mdbius function of (P, <).

Example 6.4. By Theorem 6.8, the inverse of the MIN matrix (S)y in Example 6.2 is the n x n tridiagonal
matrix B = (bjj), where

0 if[i —j| > 1,

XiH1Ht s s

1x1+t ifi=j=1,
bj =12 ifl<i=j<n,

1 ifi=j=n,

—1 if|i —j| = 1.

Corollary 6.3. Let S be a set of distinct positive integers which is multiple-closed up to lcm S, and let f be
a quasimultiplicative arithmetical function such that f(r) # 0 for all r € 7. If the GCD matrix (S)y is
invertible, then its inverse is the n x n matrix B = (bjj), where

1 p(xi /i) o (X /X))
e .

Here ju is the number-theoretic Mdbius function.
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Let (P, <) be a lattice, S a finite subset of P and fi, f>, ..., f, complex-valued
functions on P. We define row-adjusted meet and join matrices on S by

Sy, =filxinxp)) and [S], = (fixi vV x;)). In this article, we
determine the structure of the matrix (S), . in general case and in the

case when the set S is meet closed we give bounds for rank(S), . and
present expressions for det(S); . and (S)]I’lm s,- The same is carried out

n

dually for row-adjusted join matrix of a join-closed set S.

Keywords: meet matrix; join matrix; GCD matrix; LCM matrix;
Smith determinant

AMS Subject Classifications: 11C20; 15B36; 06B99

1. Introduction

In 1876 Smith [18] presented a formula for the determinant of the n x n matrix
having (i,)), the greatest common divisor of i and j as its ij element. During the
twentieth century many other results concerning matrices with similar structure were
published, see for example [8,13,21]. In 1989 Beslin and Ligh [5] introduced the
concept of a GCD matrix on a set S, where S={x|,x»...,x,} CZ" with
X] <Xy <---<Xx, and the GCD matrix (S) has (x;, x;), the greatest common divisor
of x; and Xx; as its ij entry. Since then numerous publications have appeared in order
to universalize the concept of GCD matrix. For example, Haukkanen [6] and Luque
[14] consider the determinants of multidimensional generalizations of GCD matrices
and Hong et al. [9] study power GCD matrices for a unique factorization domain.

Poset theoretic generalizations of GCD matrices were first introduced by
Lindstrom [12] and Wilf [20]. In these generalizations (P, <) is a meet semilattice, f'is
a function P— C, S={x1,X2,...,x,} CP, x;Xx;=i<j and (S)/is an n x n matrix
with f(x; A X)) as its ij element (here x; A x; denotes the meet of x; and x;). These
matrices are referred to as meet matrices. The papers by Lindstrom [12] and Wilf [20]
arose from needs for combinatorics and became possible since Rota [17] had
previously developed his famous theory on Mobius functions. Rajarama Bhat [16]
and Haukkanen [7] were the first to investigate meet matrices systematically,
presenting many important properties of ordinary GCD matrices in terms of meet
matrices. In [11], Korkee and Haukkanen define and study the join matrix [S], of the
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1212 M. Mattila and P. Haukkanen

set S with respect to f, where f(x;V x;) is the ij element of the matrix [S]. Here x;V x;
is the join of x; and x;.

During the past 10 years the concept of meet matrix has been generalized even
further in many different ways. Korkee [10] studies the properties of a matrix
Mg:ff’y"s, which yields both the matrix (S), and [S], as its special case. A totally
different approach is taken by Altinisik et al. in [2] when they define meet and join
matrices on two subsets X and Y of P. In an upcoming paper Mattila and
Haukkanen [15] give a more detailed treatment for join matrices on two sets. The
methods we use in this article are similar to those occurring in papers [2,15].

A further idea of generalization is presented by Bege [3] as he studies yet another
GCD related matrix (F(i, (i,j))), where F(m,n) is an arithmetical function of two
variables. More recently Bege has also posted a paper [4] about similarly generalized
LCM matrices. However, for present purposes it is convenient to use a slightly
different notation. For every i € Z* we define an arithmetical function f; of one
variable by

fi(m) = F(i,m) forallmeZ". (1.1)
With this notation Bege’s matrix takes the form

A D) AL2) - fll@m)

L2, 1) £(2,2) - A2.m)
: : : : (1.2)

S, D) fu((,2)) -+ ful(n,m))

In order to distinguish between this and the numerous other generalizations of
GCD matrices, this matrix is referred to as the row-adjusted GCD matrix of the set
{1,2,...,n}. This notation also enables us to define row-adjusted meet and join
matrices.

Definition 1.1 Let (P, <) be a lattice, S = {xy, x5, ..., x,,} be a finite subset of P with
x;Xx;=i<jand f,/5,...,f, be complex-valued functions on P. The row-adjusted
meet matrix of the set S is the n x n matrix (S), ., which has (fi(x; A x))) as its ij
clement. Similarly, the row-adjusted join matrix [S], . has (f(x;Vvx)) as its
ij element.

More explicitly,

filkxi Axy) filxip Ax) - filxr AXy)

LxaAnx) f(xaAx2) - falxa AXy)
Sy = : : . : (1.3)
JuCin AX1) fu(xu AX2) e fu(Xn A Xy)
and

Sixi vx) filxirvVxa) oo filxr Vox,)

Ll vy folxaVvixy) - falxa Vox,)

(S, = | : . | : (1.4)

yeen

fn(xn \% xl) .f;1(xn \% X2) to .f;1(xn \% xn)

40



Linear and Multilinear Algebra 1213

yeen

the literature by Lindstrom [12] and Luque [14]. When the notation is the same as
defined in (1.1), these results can be easily applied to Bege’s matrix.

Unlike the ordinary meet and join matrices, the matrices (S);, . and [S]; . are
usually not symmetric. There are also many other key properties of meet and join
matrices that do not hold for row-adjusted meet and join matrices. Hence, neither
the traditional methods of meet and join matrices works in the study of these row-
adjusted matrices.

Remark 1.1 In the case when fi=f,=---=f,=/, we have (S); , =(S), and
[STy...., = [S]y-

Remark 1.2 Taking the transpose of a row-adjusted meet or join matrix results in a
column-adjusted meet or join matrix. Therefore the results concerning row-adjusted
meet and join matrices can be easily translated for column-adjusted meet and join
matrices using this connection.

At the end of his paper Bege [3] presents an open problem regarding the structure
and the determinant of the matrix (F(i, (i,/))). It appears that the question about the
determinant could be solved using Lindstrom’s result in [12]. In this article, we
present a more systematic investigation of the structure of (S); . and [S]; , in
general case. Then by using this knowledge we are able to find a different proof for
Lindstrom’s determinant formula and also prove some other results concerning the
rank and inverse of these matrices.

2. Preliminaries
Let (P, <) be a lattice, S={xy, x»,...,x,} a finite subset of P and

4f1s.f25-~~34ﬂ1:P_> C

complex-valued functions on P (or functions from P to any field /). We also assume
that the elements of S are distinct and arranged so that

Xinj:>i§j.

The set S is said to be meet closed if x A 'y € S for all x,y € S. In other words, the
structure (S, <) is a meet semilattice. The concept of join-closed set is defined dually.

Let D={d,,d,,...,d,} be another subset of P containing all the elements x; A x;,
i,j=1,2,...,n, and having its elements arranged so that

di<d=i<j
Now for every i=1,2,...,n we define the function ¥p » on D inductively as
W (di) = fild) = ) Vo), o
dy=dy
or equivalently
Silde) = dz: W (dy). (2.2)
\=dy
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1214 M. Mattila and P. Haukkanen

Thus we have

W) = ) fild)up(dy, di), 2.3)

dy=dy

where wp is the Mobius function of the poset (D, <), see [1, Section IV.1] and
[19, 3.7.1 Proposition].
Let Ep be the n x m matrix defined as

1 ifdy < x;,

(eD)g; = { (2.4)

0 otherwise.

The matrix Ep may be referred to as the incidence matrix of the set D with respect to
the set S and the partial ordering <.
Finally, we need another n x m matrix Y = (v;), where

vjj = (ep);¥p.s(d)). (2.5)

In other words, if E is the n x m matrix having Wp(d;) as its ij element, then
Y =Epo E, the Hadamard product of the matrices £, and E.

3. A structure theorem

In this section we give a factorization of the matrix (S);, ., which then enables us to

.....

Unlike the theorems in Sections 4-6, Theorem 3.1 can be applied also in case when
the set .S is not meet closed.

TueorReM 3.1 Let S and D be as in Section 2. We have
(.., = YEp = (Ep o B)E], 3.1)
where EY means the transpose of the matrix Ep.

Proof By (2.2), (2.4) and (2.5) the ij element of (S), . is

m
filxinx) =Y Wpd) =Y (en)xWnslen)y (3.2)
dy=XiAX; k=1
which is the ij element of the matrix YE?. u

Remark 3.1 Theorem 3.1 is the core of this article since theorems in Sections 4-6
essentially follow from this factorization.

Remark 3.2 1t is possible to define row-adjusted meet and join matrices (X, Y),

seee/n

........

these matrices, but the methods used in the proofs of the other theorems do not work
in this general case.

Remark 3.3 In the case when the set S is meet closed Theorem 3.1 also provides an
effective way to calculate all the necessary values Wg 1 (x;) as follows. In this case we
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may take D =S in which case both Egand Y are square matrices of size n x n. Since
Eg is also invertible, from Equation (3.1) we obtain

T =(S); 4 (ED (3.3)

yeen

which gives the values of W (x;). Here the matrix EY is the matrix associated with
the zeta function ¢g of the set S'[1, p. 139], and thus the matrix (Eg)_1 is the matrix of
the Mobius function of the set S and has ugs(x;, x;) as its ij element.

The following example gives a solution for the first part of Bege’s problem.

Example 3.1 The row-adjusted GCD matrix of the set S={1,2,...,n} is the
product of the matrices Y = (v;) and EY, where

(e)”_{l if j|i, (3.4)
5710 otherwise '
and

oy = €9 W5, = €9, D fon (1) = ey 33

klj

where * is the Dirichlet convolution and w is the number-theoretic Mobius function.
It should be noted that here the notation F(i, k) = f{(k) is not only convenient but also
enables the use of the Dirichlet convolution.

4. Rank estimations

In this section we derive bounds for rank(S), . in the case when the set S is meet
closed. The rank of meet and join matrices or even GCD and LCM matrices has not
been studied earlier in the literature.

TueorREM 4.1 Let S be a meet-closed set and let k be the number of indices i with
W (x;) = 0. Then the following properties hold.

(1) rank(S);, = 0iff filxi A x))=0 for all i,j=1,...,n.

(2) If k=0, then rank(S)fl,mJ’»I = .
3) If k>0, then

n—k<rank(S), , <n—1. @.1)

yeen

Proof

(1) Follows trivially.
(2) By Theorem 3.1 we have

rank(S);, . = rank (YES). (4.2)
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1216 M. Mattila and P. Haukkanen

Since in this case the matrices Y and Eg are both triangular square matrices
with full rank, the claim follows immediately.

(3) Since multiplying with the invertible matrix E%L does not change the rank,
we have

rank(S), . =rank Y. (4.3)

7777777

To obtain the latter inequality we only need to note that since at least one of
the diagonal elements of Y equals zero, the rows of YT cannot be linearly
independent and thereby Y cannot have a full rank. On the other hand, the
n —k rows with nonzero diagonal elements constitute a linearly independent
set, from which we obtain the first inequality. |

In the case when the set S is meet closed and f; =---=/f,=/ (i.e. in the case of
ordinary meet matrix) the question of the rank becomes trivial. Namely, the matrix
(S)s can be written as

(S),= Es A EL, 4.4)

where A =diag(Ws (x1), Vs /(X2), ..., WUs,(x,)), see [2, Theorem 3.1]. Now by the
same argument as in the proof of Theorem 4.1 we have

rank(S), = rank A = n — k. (4.5)

The following two examples show that the bounds in Theorem 4.1 are the best
possible under these assumptions. They also show that a large value of k may
indicate a large decline of the rank of the row-adjusted meet matrix, but not
necessarily.

Example 4.1 Let x;=x; A x; for all i,j=1,...,n, which implies that x; is the
smallest element of S and the set S\{x;} is an antichain. Now the set S is clearly meet
closed, and for every i=2,...,n we have

Wi, (xi) = filxi) — filox). (4.6)
If i>1 and we set fi{x;)=f{(x;), then the ith column of Y becomes the zero

yeun

by one. Therefore if the first diagonal element of Y is not zero, then
I'ank(S)/I’J” =n-— k

Example 4.2 Let (P,<)=N'5 and S= P as shown in Figure 1. Let
S2(x2) = f3001) = f3(x3) = fa(x3) = fa(xa) = f5(xa) = [5(xs5) = 1 4.7)
and fi(x;) =0 otherwise. Simple calculations show that Wg;(x;) =1 # 0,

Ws s (x1) = Wsp(x3) = Wep(xa) = Wss(xs) = 0, (4.8)
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X5

Xy
X2

Z3

X1

Figure 1. The lattice A5 and the choices of the elements of the set S.

and thereby k =4. But, on the other hand, we have

0

(S)fl,m,f,'l = 4.9)

S o = O O
S O = = O
S = = O O
—_ e e = O

0
1
1
1

.....

5. Determinant formula

In this section we present a determinant formula for the matrix (S), , when
the set S is meet closed. This theorem is almost the same as that presented by
Lindstrom [12]. It is possible to use the Cauchy-Binet equality to obtain a
determinant formula for (S); . in general case. Since it is similar to the case of

usual meet matrix, we do not present it here.

TueoreMm 5.1 [12, Theorem] If the set S is meet closed, then

n

det(S), = [Wsntx) =[] D_ S ms(xs. x)- (5.1)
i=1

i=1 xj=Xx;

Proof Since the set S is meet closed, we have D =S. Then the matrix Eg is a lower
triangular square matrix having every main diagonal element equal to 1. The matrix
T is a lower triangular square matrix with Wgz(x1), Wsp(x2), ..., Wss(x,) as
diagonal elements. Thus det Eg=1 and by Theorem 3.1 we have

det(S);, .y, = det T = [ | sy (0. (5.2)

i=1

The second equality follows from (2.3). [ |
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1218 M. Mattila and P. Haukkanen

Remark 5.1 The original theorem by Lindstrom [12] is slightly more general since it
does not require the assumption X =X X= i <j. As he states, the rows and columns of

serey

makes the matrix (S)s;...., to fulfil this condition.
The following example gives a solution to the second part of Bege’s problem.

Example 5.1 For the row-adjusted GCD matrix on the set S={1,2,...,n}
we have

det({1.2, ..y, = stm) 1] Srow() =Tldsmo. 3
i=1

i=1 jli

6. Inverse formula

In this section we study the inverse of the matrix (S), . when the set S is meet
closed. A formula for (S), s, In general case could be obtained with the aid of meet
matrices on two sets and the Cauchy—Binet equation. We do not, however, present

the details here.

THEOREM 6.1 If the set S is meet closed, then the matrix (S), . is invertible iff
Uss(xi) # 0 for all i=1,...,n. Furthermore, in this case the inverse of (S); . is the
n x n matrix B=(by) with

n
by = Z ws(Xi, X )0k, (6.1)
k=j
where the numbers 0j;, 6,1 ;, ..., 0,; are defined recursively as
1
if k =/,
Ws7,(x;)
O = = (6.2)
——— ) e Vssu(x)0, if k>
Wi s (Xk) qu: % !

Proof The first part follows directly from Theorem 5.1. To prove the second part
we use Theorem 3.1 and we obtain

;! =EH v (6.3)

yeun

In order to obtaln the ij element of the matrlx (S)f ., we only have to ascertain the
ith row of (ET) and the jth column of Y7'. As stated in Remark 3. 3, the matrix
(ET) is the matrix associated with the Mobius function of the set S. Therefore
its ith row is

0 ... 0 ps(xix;) ps(xis Xip1) - ps(xi, Xn) |- (6.4)
———
=1
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Now let ® = (;)) denote the inverse of Y. By multiplying the jth row of T with the
jth column of ®, we obtain

W ()0 = 1. (6.5)
Further, the multiplication of the kth row of Y and the jth column of ® results in

k
> e Vs (x)0, = 0. (6.6)

u=j

Thus we obtain (6.2), and (6.1) follows when we multiply the matrices ©
and (EH)". [

7. Formulae for row-adjusted join matrices

In this section, the results presented in previous sections are translated for row-
adjusted join matrices. The proofs of these dual theorems are omitted for the sake of
brevity. Similar methods as in [15] could be used to derive formulae for the matrix
[S]y;...s, in case when the set S is not join-closed. Row-adjusted join matrices (or even
row-adjusted LCM matrices) have not previously been studied in the literature.
As stated in Remark 1.2, the study of column-adjusted join matrices can be easily
reverted to the study of row-adjusted join matrices via taking the transpose.

Let S={x|,x2,...,x,} and D' ={d|,d;,....d,,} be a subset of P containing all
the elements x;V x;, i,j=1,2,...,n, and having its elements arranged so that

d <d =i<]

For every i=1, 2,...,n we define the function \Il}),,ﬁ on D’ inductively as

W si(di) = Jild)) = dzj W s(d), (7.1)

/ <d,
or equivalently
fd) =Y Wy y(d,). (7.2)
d,=<d,

Thus we have

Wiy () = dZd fld)mp (dy d), (7.3)

k—="v

where ppy is the Mobius function of the poset (D', <), see [19, 3.7.2 Proposition].
Let £}, be the n x m’ matrix defined as

( , 1 if R a_’/-’, (7 4)
0= 10 otherwise. '
Finally, let Y = (v;:[) be the n x m’ matrix, where

U:‘j = (e/D/)ij‘I’/Dgf,(d_/{)- (7.5)
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1220 M. Mattila and P. Haukkanen

TueoreEM 7.1 Let S and D' be as above. Then

(ST, = Y(E) )E

(7.6)

Remark 7.1 Theorem 7.1 has special importance like Theorem 3.1, since all of the

proofs of Theorems 7.2, 7.3 and 7.4 make use of it.

THEOREM 7.2 Let S be a join-closed set and let k be the number of indices i with

\I—”S’fi(x,-) = 0. Then the following properties hold.

(1) rank[Sl,,__, =0 iff fi(x; v x) =0 for all ij=1,....n
(2) If k=0, then rank[S], , =n.
(3) If k>0, then

n—k <rank[S], . <n-1.

secey

ThaeEOREM 7.3 If the set S is join closed, then

det[Sly...., = ]_[‘I‘Sf,(x:)—l_[Zf(X,)Ms(x,,X,).

i=1 xi=xx;

(7.7)

(7.8)

TueoreM 7.4 If the set S is join closed, then the matrix[S], . is invertible iff
W (x) #0 for all i=1,...,n. Furthermore, in this case the inverse of [Sly, . is the

n x n matrix B = (b};) wzlh

J
by =" is(xes X)),
k=1

where the numbers 0,0, .,...,0); are defined recursively as
1 . .
—_ ifk =},
T30 e
O =

-7 ( )Z el Vs, ()0, if > k.
Sifi u=k+1
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by Hong and Sun in 2004 [9]. Both concepts are natural generalizations of GCD and
LCM matrices presented by Smith as early as in 1875 [20]. The definitions are as follows:
Assume that (P, <) is a locally finite lattice, f is a real or complex-valued function on P
and S = {x1,x2,...,T,} is a finite set of distinct elements of P such that

x; X T = 7 < j (1.1)

The n x n matrix having f(x; Ax;) as its ij element is the meet matriz of the set S with
respect to f and is denoted by (S)s. Similarly, the n x n matrix having f(z; V ;) as
its ij element is the join matriz of the set S with respect to f and is denoted by [S];.
When (P, <) = (Z+,]|), where | stands for the usual divisor relation of positive integers,
the matrices (S); and [S]; are referred to as the GCD and LCM matrices of the set S
with respect to f. Another simple but important special case of meet and join matrices
are MIN and MAX matrices, which are obtained when (P, <) is a chain. The MIN
matrix of size n X n with min(z, j) as its ij element has been studied by Bhatia [4], for
example, and this matrix can easily be seen as a meet matrix by setting (P, %) = (Z4, <),
S={1,2,...,n} and f(m) =m for all m € Z.

There are several possible ways to further generalize the concept of meet and/or join
matrices. One way to do this is to consider two sets instead of one set S (see [2,17]);
another is to replace the function f with n functions f1,..., f,, (see [15]). Korkee [14]
defines yet another distinct generalization: a combined meet and join matrix M g f"y’ )
What is special in this generalization is that it yields both meet and join matrices as its
special cases, whereas the other generalizations yield only one of the two.

Although the structure, the determinant and the inverse of the matrix M g? 79 were
studied by Korkee [14], there are currently no results concerning the eigenvalues of the
general form of this matrix. Our main goal with this paper is to improve this situation.
The task, however, is not very easy. Already in the case of more specific GCD and LCM
matrices accessing the asymptotic behavior of the eigenvalues of these matrices requires
some rather complicated methods, see e.g. [5,6,8]. In order to study the eigenvalues of a
much more general matrix M g? 9 we need to use at least as complicated methods at
a more abstract level.

When studying a generalization of a matrix class, it is sometimes possible to extend
some methods and results to consider the larger class (at least by making suitable as-
sumptions). When Hong and Loewy obtained a lower bound for the smallest eigenvalue
of certain GCD matrices (see [7, Theorem 4.2]), soon afterwards Ilmonen et al. [11] gen-
eralized this result to meet and join matrices. In this article, we show that, under certain
circumstances, this method can be extended for the much more general matrix M gﬁ? i
The same goes for another method developed by Ilmonen et al., see [11, Theorem 4.1
and Theorem 6.1]. This is done in Sections 3 and 4.

In Section 5 we turn our attention to the special constants c, originally defined by
Hong and Loewy. Currently, no lower bounds are known for this constant for general n,
which means that some of the results in [7] and in [11] cannot be applied in practice

o4



M. Mattila / Linear Algebra and its Applications 466 (2015) 1-20 3

at all. It turns out that we were able to contribute something to this topic as well, in
this article.

2. Preliminaries

Throughout this paper, (P, <X) is a locally finite lattice, f is either a real or a complex-
valued function on P and S = {x1,x9,...,2,} is a finite set of distinct elements of P
such that

In Proposition 2.3 and in Theorem 3.1 we also assume that P has 0 as its smallest
element, and in Proposition 2.4 and in Theorem 3.2 P is supposed to have the largest
element 1. These assumptions may, however, sound more restricting than they in fact are.
If P does not have the smallest or the largest element, we may always restrict ourselves
to the finite interval

NS 8| ={zeP|\s=2=Vs}

see e.g. [17, Section 2|. Furthermore, the set S is said to be meet closed if x; Nx; € S for

all z;,z; € S, or in other words, if the structure (S, <) is a meet semilattice. Similarly

the set S is join closed if x; V x; € S for all z;,z; € S (i.e. (S, =) is a join semilattice).
Next let us recall the definition of a combined meet and join matrix by Korkee [14]:

Definition 2.1. (See [14], p. 76.) Let M§}7° = [m;;] € C™*" with

f(l‘z A l'j)af(l'i Vv (L’j)ﬁ
flaa) fz;) 7

mi; =

where «, 3, 7, § are real numbers such that the matrix M g? 79 exists.
In order for the matrix M ‘Sl’?’%a to exist whenever possible, we need to make the
agreement that 0° = 1, but even this does not entirely solve the problem. The following

remark provides detailed criteria for the existence of the matrix M g? il

Remark 2.1. The matrix M g? 9 exists if and only if the following conditions are sat-
isfied:

1. If f(xz) =0 for some x € S, then v =0 =0,

2. If f(z; ANxj) =0 for some x;,x; € S, then a > 0,
3. If f(x; V ;) =0 for some z;,x; € S, then 5 > 0.
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By setting « =1 and 8 =~y = § = 0 we obtain M1 ,0,0,0 = (). On the other hand,
if f=1and o« =v =6 =0, then Mo’l’0 O =19y Thus the name combined meet and
join matriz is well justified.

?/3577 given by

Next we present the two factorization theorems for the matrix M
Korkee [14]. The former makes use of the meet matrix (5) ¢, whereas the latter uses the
join matrix [S];. Here A o B denotes the Hadamard product of the matrices A and B

and f¢ is simply the usual power of the function f with f*(z) = [f(x)]* for all x € P.

Proposition 2.1. (See [1//, Theorem 3.1 (meet-oriented structure theorem).) Let o, j3,

,/375

7, 6 be real numbers such that the matriz M exists. Then

a,B,7,0 — —
MG P = FO((8) s 0 G)FP7°,

where F' = diag(f(z1), f(22), ..., f(zn)) and

fﬁ(:ti/\mj)fﬂ(mi\/xj)

TEIERTEIEN otherwise.

1 ifv; 2 xy; orxy X xy,
(G)ij =
Proposition 2.2. (See [1/], Theorem 3.2 (join-oriented structure theorem).) Let o, 3, 7, &
be such real numbers that the matrix Mg:?’ws exists. Then
MP = F([S]jp-0 0 G)F*°,

where F = diag(f(21), f(@2), . ., f(wn)) and

fu(?;?i’g;:gil)vx” otherwise.
i J

1 ifx; S xj orxy 2 xy,
(G)w =

After applying the previous two propositions, we also need to be able to factorize the
usual meet and join matrices. The following four propositions help us with this. In order
to shorten our notations, we introduce two so called restricted incidence functions as
well as a convolution operation for incidence functions. The function f; is defined on
{0 x P}, f,on P x {1} and

fd(ovz) = f(Z) = fu(zv i)

for all z € P. The convolution of incidence functions f and g is the incidence function
f * g for which

(fxg)(zy) = D flx,2)9(zv)

=23y

for all x,y € P. Another thing that we need is the Mobius function pp of the poset P.
The function pp is usually defined as being the inverse of certain incidence function ¢
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with respect to the convolution (see [19, p. 296] and [1, p. 141]), but it may be more
convenient to calculate its values recursively by using the formula

1 if x =y,
H“P(xﬂy) = _Z:E<zjy MP(Zay) = _ijz<y NP(»"UaZ) lf.fL' < y7
0 otherwise,

see e.g. [1, Proposition 4.6]. This enables us to write briefly by using the convolution * as

Y fEup(zw) = (faxpp)(w) and Y f2)pp(w,z) = (up * fu)(w).

0<z=<w w=z=<1

Before going into the factorization theorems we need to deploy two concepts from lattice
theory. First, let us assume that 0 is the smallest element of the lattice (P, <). The order
ideal generated by the set S is the set

{we P |0<w=x; for some z; € S} = U[[O,mi]]
=1

and it is denoted by |.S. Similarly, if we assume that 1 is the largest element of the lattice
(P, =), we may define the order filter generated by the set S as being the set

n
{weP|z; <w=1 for some z; € S} = U[[a:,»,i]],
i=1

for which we use the notation 1.5.

Proposition 2.3. (See [12], Lemma 3.2) Let |.S = {w1,w2,...,wn} and A = (a;;) be the
n X m matric with

m:{¢Mwmwaw>ﬁwﬁw,
ij

0 otherwise.

Then (S); = AAT.

Proposition 2.4. (See [13], Lemma 4.2.) Let 1S = {wi,wa,...,wy} and A = (a;;) be
the n x m matriz with

%_{¢mmewi>#m<w,

0 otherwise.

Then [S]; = AA”.
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Proposition 2.5. (See [3], Theorem 12.) Let S be a meet closed set and let E and D =
diag(dy,ds,...,d,) be the n X n matrices with

eij = .
0 otherwise
and

di= 3 (farne),2).

z2=x;
zﬁxj for j<i

Then (S); = EDE".

Proposition 2.6. (See [11], Proposition 2.5.) Let S be a join closed set and let E and
D = diag(dy,da,...,d,) be the n x n matrices with

{ 1 Zf Q?j j i,
C;; =
! 0 otherwise

and

di= Y ()= 0),

x; Xz
T ﬁz for i<y

Then [S]; = E' DE.

Before we can use these factorizations to estimate the eigenvalues of the matrix
M g? 9 we also need the following lemma.

Lemma 2.1. Let A = [a;5], B = [b;j], C = [¢;j], D = [d;;] € C"*", where C and D are
diagonal matrices. Then

C(AoB)D =Bo(CAD).

Proof. Since

n

(C(AoB)D),, = cu((AoB)D Zcm

k=1

VN

> (Ao B) kl%)

=1

3

= (Zaklbkldl3> =3 cinambp - d

=0
when [#j
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n
=Y Cik, -arbigdy; = cuaigbidy
k=1

when i#£k

= bij ((ciiaij)dj;) = bi ((Z Cz‘k%‘) djj) = b;; ((CA)i;dj;)
k=1

= byj (Zn:(CA)ikdkj> = bij((CA)D)ij =(Bo (CAD))W

k=1

the claim follows. 0O

In the following two sections we need to assume that our function f is semimultiplica-
tive, which means that

f@)f(y) = flzAny)f(xVy)

for all z,y € P. We also adopt one constant ¢,, from Hong and Loewy [7] and another C,,
from Ilmonen et al. [11]. Let K (n) denote the set of all nxn lower triangular 0, 1 matrices
with each main diagonal element equal to 1. Now for every positive integer n we define

cn =min{\ | X € K(n) and X is the smallest eigenvalue of X X 1
and
C,, = max{\ ’ X € K(n) and A is the largest eigenvalue of XXT}.

Finally, we introduce some old and new notations concerning matrix analysis. We
denote that J is the n x n matrix with all its elements equal to 1 (i.e. J is the identity
element under the Hadamard product of complex n x n matrices). If A and B are real
matrices, the notation A < B is used for the componentwise inequality (that is, a;; < b;;
for all 4,5 = 1,...,n). In this paper, |A| does not stand for the determinant of A, but
for the n x n matrix, with |a;;| as its ij element. The Frobenius and spectral norms of
a given matrix A are denoted by || Al||r and ||| A]||s respectively. As usual, the spectral
radius p(A) of a matrix A is defined to be the maximum of the absolute values of
the eigenvalues of A. For the purposes of this paper, it is convenient to deploy similar
notation for the smallest absolute value of the eigenvalues of the matrix A. We denote

K(A) =min{|A| | X is an eigenvalue of A}.

For example, if A is invertible and Hermitean, then

p(A_l) = |”A_1H|s = k(A)
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3. Lower bound for the smallest eigenvalue of a positive definite combined meet and
join matrix

Under suitable circumstances the matrix M g? "% hecomes positive definite and it is
thus possible to find a real lower bound for its smallest eigenvalue by making use of the
structure theorems presented earlier.

Theorem 3.1. Let «, 3, v, & be real numbers such that v = & and the matriz Mg?77
exists. Let f : P — R\ {0} be a semimultiplicative function and [.S = {wy,wa, ..., Wy}
If ( 5‘7[3 s« 1p)(0,w;) > 0 for all w; € .S, then

R(M??mv) > ¢, - min (f;_ﬁ * NP)(Oafi) - min [fQ(mi)]B_’y'

) 1<i<n 1<i<n

Proof. Let A = (a;;) be the n x m matrix with

0y — { VUi s up)0wy) ifw, <,

0 otherwise,

and F = diag(f(z1),..., f(z,)). By Proposition 2.3 we have (S5)a-s = AAT. We may
assume that w; = x; for all i € {1,2,...,n}, since rearranging the order of the elements
of the set .S corresponds to permuting some of the rows and respective columns of (.S)y,
which does not affect the eigenvalues.

The matrix A can now be divided into blocks

A:[B|C]7

where B is an n x n matrix and C' is of size n x (m —n). Since f is a semimultiplicative
function, every element of the matrix G defined in Proposition 2.1 is equal to 1. By
applying this proposition we obtain
Mg:?rm — Fﬁ—'y((s)f(kﬁ ° G)Fﬁ—’v — Fﬁ—’Y((S>f076 o J)FB—'Y
=F7(S)ja-sFP™7 = FF7 (AAT)FP
BT

— (Bl ClB Ol P = (1810} 87| ) P

— F(BB" +CcC")F’~ = F*'BBTF’ + F*-7CC"F’

— (F°B)(F°B)" + (F°C)(F'C)". (3.1)
Here the matrix (FP~7C)(F~7C)7 is clearly positive semidefinite, and thus [10, Corol-
lary 4.3.12] implies that

R(M§777) = w((F°B)(F*B)).
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Let us then consider the n x n matrix B = (b;;) with

b = { U e 0,) i a; < a,

0 otherwise.

Let E be the matrix defined in Proposition 2.5 and D = diag(d,...,d,), where

d; = \/( P wp) (0, 2).

The matrix B can now be written as

In addition,
det(FP~"B) = det(F"~7) det(E) det(D)

ﬁ %5711—[\/ *,up (0,2;) #0,

=1

which means that the matrix F”~7B is invertible. Therefore the greatest eigenvalue of
the matrix

(7 B) (7 B)) T = (0 B) ) ()

is equal to
p([(F*B)(FPB)'] ) = ||[(F"B)(F*B) "] |
Thus
k((F°'B)(F*"B)") = L
BB ) = = mE )
1

~ IEB)FETB) s

The assumption about the positiveness implies that

I A N e P I s Tven

1 1
1<?<Xn a—p A L . A o -
- (fd * N’P)(Ov $l) mlnlgzgn(fd * MP)(O, J,‘l)

S
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Similarly,

— —1
=) g =

. 1 1
dlag([ﬂxn]w—w " P )

1 1
T @ T mingeienlf (@) 2N

S

Applying the submultiplicativity of the spectral norm yields

I[E*B) (F*B) ]|
= |7 EDDTET (F*)") |

= |(F*ED*ETF*)
= I(F7=) 7 (') 7 (D?) BT (F)

(
(
(
<IE ) s MED s - @) 7 s - N2 s - HET)
(
(
(

S

= I(0*) "5 (|||(E‘) s - ME=H L) - M E =) 7

=10l - BT "B | -l ()

=10l - M (EET) s [l (F*e)

lls

lls-

Since clearly E € K (n), we must have k(EE") > ¢,. Thus

1Bl = (BB ) =~ < o
and further
1 .
ICEET) s — "
Now combining all these results yields
1

K(M2599) > w((F*~B) ("B
(M) 2 (77 B) (PP B)) = s gy

1
> -
(D)~ s - IEET) = lls - IICE>E) =2
B 1 1 1
IEE) s IDH) s IE)1Is

>cCp 1I£ii£n(f§76 * /Lp)(ﬁ,xi) . 1ISnii£n [f(afi)]Q(B_'y). -
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Example 3.1. If 3 = 0, we do not need to assume the semimultiplicativity of f in Theo-
rem 3.1. Also, in this situation, (P, <) does not necessarily have to be a join semilattice,
and neither is the assumption about the largest element 1 necessary. If 5§ = 0, we have
G = J trivially. And further, if v = 0, we can also allow f to have zero values and we
simply have FP~7 = F° = I. Thus Theorem 4.1 in [11] is a corollary of Theorem 3.1
concerning the matrix M}g’f}’o’o = (9)y.

Example 3.2. (See [16], Theorem 3.1.) Let (P,=<,0) = (Z.,|,1). Consider the n x n
matrix A%? with

(4, 7)°[3, 417

as its ¢j element. Suppose that o > . Clearly v =6 = 0, S = {1,...,n} = S and
f = N, where N(m) = m for all m € Z,.. The function N is obviously semimultiplicative
with nonzero values. In addition, since the set {1,...,n} is factor closed, we have

A

pup(0,w;) = p(w; /1) for all 1 < w; < n,

where p denotes the number-theoretic Mébius function (see [19, Chapter 7]). Thus

( g—,@ * ,LLP)(O,’U),L') = (Na_ﬁ 1) (wi) = Jap(w;) = w?—ﬁ H <1 - pa1B> >0,

P\wi

where J,_p denotes the generalized Jordan totient function and * is the Dirichlet
convolution. Furthermore, minlgign[ﬂ(xi)]ﬂ_’y is equal to either 1 or n?%. Thus by
Theorem 3.1 we have
@B\ > ¢ . mi ) - mi 28
/-@(An )_cn 121;1”Ja,ﬁ(2) mln{l,n }>O.
The difference between this result and Theorem 3.1 of [16] is that in [16] the constant ¢,
is replaced with a larger constant t¢,,, which is obtained by calculating the smallest

eigenvalue of the matrix EET, where E is the incidence matrix of the set {1,...,n}
with respect to the divisor relation (which is not the matrix that yields the constant ¢;,).

Since we assume that (P, <) is not only a semilattice but a lattice, it is also possible
to approach the eigenvalues of the matrix M 2577 via the join matrix [S];. In this
case we just make use of Propositions 2.2 and 2.4 and then proceed as in the proof of
Theorem 3.1.

Theorem 3.2. Let o, 3, v, 0 be real numbers such that v = 6 and the matriz M‘g?ﬂw
exists. Let f : P — R\ {0} be a semimultiplicative function and 1S = {w1,wa, ..., Wy }.

If (pp * f2=) (w;, 1) > 0 for all w; € 1S, then

R(MEFT) 2 o min (e £17°) (@i 1) - min [£2()] "7
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Proof. The proof is similar to the proof of Theorem 3.1. O

Example 3.3. Theorem 5.1 in [11] follows directly from Theorem 3.2. In this case a = 0,
and therefore f does not need to be semimultiplicative, nor does (P, <) need to be a meet
semilattice with 0 as the smallest element. If also v = 0, then trivially F*~7 = I and
the image of f does not have to be restricted to nonzero values.

Theorems 3.1 and 3.2 provide two different approaches to the smallest eigenvalue of
M g? 77 1t should be noted that the bounds obtained by using these theorems may differ
greatly (provided that both theorems are applicable). For example, if the set ]S is much
larger than the set 1S, then the elements in the difference matrix (F*~YC)(F*~7C)T in
the proof of Theorem 3.1 are likely to be large, which also indicates much poorer lower
bound. If the set 15 is large compared to |S, then the bound in Theorem 3.1 is likely
to be much better.

4. Eigenvalue bound for the combined meet and join matrix of a meet or join closed set

So far we have been studying the matrix M 3? 70 only under the circumstances that
it is positive definite. Even if this is not the case, it may still be possible to define regions
in the complex plain that contain the eigenvalues. It is then easy to apply these results,
for example to a reciprocal matrix with

flzi Nzj) or flzi V)
[z Vay) flzi ANxj)

as its ij element. Next we consider the cases when the set S is closed under either
operation A or V. The next theorem is in fact a generalization of Theorem 4.1 in [11].

Theorem 4.1. Let S be a meet closed set, f be a function P — C and o, 3, 7, 6 be real
numbers such that v = § and the matriz Mg}/fvv exists. If

zi Aaj) fla V)|’

foralli,j € {1,2,...,n}, then all the eigenvalues of the matriz M3?77 lie in the region

U {Z eC ’ |Z — f(gjk>04+ﬁ*2’¥| < Cn . max |f(mz)|2(ﬂ_’)’) . max |dz| . |f(xk)|Cz—}—B—2'y}7
k=1

1<i<n 1<i<n

where

di: Z ( jfﬁ*up)(ﬁ,z).

z=x;
z:,fzj for j<i
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Proof. It follows from condition (4.1) that the matrix G = [g¢;;] defined in Proposition 2.1
satisfies

| f@i A v ag) |
9l = | T e fay | S

which implies that |G| < J. Let E now be the matrix defined in Proposition 2.5, D =
diag(dy,ds,...,d,) and

A =|D|3 = diag(\/|di], V/]dal, - - -, V/|dn] ),

where

d; = Z (fc‘lkﬁ «1up) (0, 2).

23w,
zﬁmj for j<i

According to Proposition 2.5, we have (S) fa—s = EDE?" . By using the above notations,
Proposition 2.1 and Lemma 2.1 we obtain

M3 = [FF((8) s 0 Q)PP | = |[(F7(8) o n FP ) o G
— ‘Fﬁ_v(S)fastﬁ_” 0|G| < |(Fﬂ_’y(S)fa—BFB_’Y)| oJ
= [F77(8) ja-s FP77| = [FP7|[(8) g || F77|
= |F|°~"|EDE"||F|°~" < |F|°""E|D|E"|F|’™
— |[F|°"EAATE"|F|* = (|[F|’ 7 EA)(|F|°"EA)".
By Theorem 8.1.18 in [10] we now have
p(IF1P77|(S)pas [|FI°77) < p(IF1P 7 EAATET|F|P7).
In addition,
p([FIP"EAATET |F|’7) = |||[F|* " EAATE" |[F|"||
< IIEP= NNl [l AA™ 1B [P L
= [IFPE= N[ EE | D15

2(8—7)
< ) . . . )
S 1??§n|f($’)| Chn 11;1?51 |d1‘ (4 2)
Since (Mg?y'y)“ = f(x;)*T#=27 and

(IF1P](S) pams [|[FIP7), = | flan)| 0727,
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by using (4.2) and by setting A = Mg and B = |F|?=7|(S) ja-s||F|*~ in [10,
Theorem 8.2.9] it now follows that all the eigenvalues of the matrix M g? 7 belong to

the above-mentioned region. 0O

Example 4.1. Theorem 4.1 in [11] is a consequence of Theorem 4.1. We only need to
choose =1 and =~ = § = 0. Condition (4.1) is now trivially satisfied.

f(zive;)
f(zinz;)

Example 4.2. Let S be meet closed. Let us consider the reciprocal matrix with
as its ij element. Thus in this case « = —1, § =1 and v = § = 0. Now if

f(l‘, A\ :c])f(xl Vv l'j)
Fef@) |

foralli,5 € {1,2,...,n}, then according to Theorem 4.1 all the eigenvalues of the matrix

M;lf’l’o’o belong to the region

n
U {z eC ‘ |z — 1] < C), - max |f(9[;z)|2 - max |d;| — 1},
Pt} 1<i<n 1<i<n

where

z2=x;
zﬁxj for j<i

Since every set in this union is a disc around 1, the one with the largest radius also

contains all the eigenvalues of the matrix M Elf’l’o’o.

Example 4.3. (See [16], Theorem 3.5.) Let A%’B be the matrix defined in Example 3.2.
By applying Theorem 4.1 to this matrix, it is easy to see that all the eigenvalues of the
matrix A% belong to the region

U {z eC ‘ ’z - k‘”ﬁ‘ <C,- max{l,nzﬁ} - max ’Ja,g(i)| — ko‘ﬂa}.
k=1

1<i<n

Proceeding now as in the proof of Theorem 3.5 in [16] it is possible to show that this
union is in fact the real interval [2min{1,n**#} - H,,, H,], where H,, = C,,-max{1,n%"}-
maxi<;<n |Ja—g(?)|. Also in this case it would be possible to replace the constant C,, with
a bit better (i.e. smaller) constant, which can be obtained by using the exact incidence
matrix of the set {1,2,...,n}.

The next theorem is a result similar to Theorem 4.1, but it is for a join closed set S

and is based on Propositions 2.2 and 2.6. The proof is omitted, as it is very similar to
the proof of Theorem 4.1.
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Theorem 4.2. Let S be a join closed set, f be a function P — C and «, 5, 7, § be real
numbers such that v = § and the matrix Mg’?"m exists. If

flwi Nay) fas Vo) |

faof@) | =° (43)

for alli,j € {1,2,...,n}, then all the eigenvalues of the matrix Mgiy?”“’ belong to the
TEGLON

U {Z €C ‘ |2 = k)77 < Gy - max |f(33i)|2(a_7) - max |d;| — |f(xk)}a+ﬁ_27},

1<i<n 1<i<n
k=1

where

di = Z (MP*ffia)(Zvi)‘

x; <z
x; ﬁz for i<y

Example 4.4. Theorem 6.1 in [11] is a consequence of Theorem 4.2 and is obtained by
setting § =1 and o =y = § = 0. The condition (4.3) holds trivially.

f(zinz;)
f(zivVa;)

Example 4.5. Let S be join closed. Consider the reciprocal matrix with as its ij

element. Now o« =1, = —1and y =6 = 0. If also

‘f(l“i ANxj) [z V ;) <1
f() f(25) B

for all 4,5 € {1,2,...,n}, then all the eigenvalues of the matrix M;;l’o’o belong to the
region

" 2

1l < . ) . |

Uz el 00 maxlfel’ s 1l =1},

k=1
where

d; = Z (p = £,%)(2,1).

;2
x; ﬁz for i<y

Just like in Example 4.2, also in this case we are able to define a disc around 1 that

contains all the eigenvalues of M }q?l,o,o'

Remark 4.1. If the function f is semimultiplicative, then

Flas Nay) fla; V) )|

f(xi) f(z;)

=1

@ _ ‘f(l‘z A arj)f(arl Vv x;
f(xi) f(z;)
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for all 4,7 € {1,2,...,n}. Thus a semimultiplicative function automatically satisfies
conditions (4.1) and (4.3).

We conclude this section by considering some classical examples.

Example 4.6. Wintner [21] and subsequently also Lindqvist and Seip [18] studied the

ged (i, j) |

lem(i, j)
as its ij element (o € R). Here we have S = {1,2,...,n} and (P, <) may be taken to
be (Z4,]). The set S is clearly meet closed. Further we have f = —«, v = 6 = 0 and

n X n matrix with

f = N, which is trivially semimultiplicative. Thus condition (4.1) is satisfied and, by

Theorem 4.1, all the eigenvalues of the matrix Mg’f 0,0 belong to the region

U{ze@‘|zfl|§0n' max i~ 2% - max |di|71}7

1<i<n 1<i<n
k=1 - -

where

d; = Z (N2 ) (=),

z|t
217 for j<i
1 is the number-theoretic Mobius function and * is the Dirichlet convolution. Since the

only number z that satisfies z |7 and z{j when j < ¢ is the number i itself, d; simplifies
into

di = (N** % p) (i) = Jaa (i),

where Ja, is the generalized Jordan totient function. If a > 0, we even have Jo, (i) > 0
forall i =1,...,n. As it was with the reciprocal matrices, also in this case this region is
in fact a 1-centered disc. But since M g:;a,0,0 is real and symmetric, all the eigenvalues
are real. Therefore the disc may be constricted into a real interval with 1 as its midpoint.

Thus the eigenvalues of M g:;a,0,0 all belong to the interval

—1l < . i—2a ) — }
{z eR ‘ |z =1 < Cp Jmax i 121?§><HJQQ(Z) 1

In the special case when o = % we have

N**sp=Nx*p=g,

where ¢ is the Euler totient function. In this case the elements of D become
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Since for all i > 2 we have ¢(i) < i—1, it follows that max;<;<, ¢(¢) < n—1. In addition,

maxi<i<p % L' =1, and this maximum is obtained when i = 1. Thus the eigenvalues of

1 _ 1
the matrix Mg', * 00 belong to the interval
{zeR||]z-1<C,-(n-1)=1}=[2-C,-(n—1),Cp - (n —1)].
5. Estimating the constant c,,

The constant ¢, was originally defined by Hong and Loewy [7], but they did not give
any approximations for it. Ilmonen et al. [11, Section 7] easily found a relatively good
upper bound

T,=+v(2n—-1)+2n—3) -4+ (2n—5)-94---+3-(n—1)2 +n2 (5.1)

for their other constant C,,, but they did not manage to prove anything about the
constant c¢,. Instead they ended up presenting the following conjecture.

Conjecture 5.1. Let Y = [(Y),;], where

0 ifj>1,
1 ifj=i,
(Yo)i = L L
0 ifi>j andi—+j is even,
1 ifi>jandi+j is odd.
Then ¢, = k(Yo Y).
Calculations have shown that this conjecture is true for n = 2,3,...,7, but generally

this problem is still open and appears to be quite hard to solve. However, the next
theorem shows that it is possible to obtain a lower bound for ¢,. Unfortunately this
lower bound is far from accurate and thus for the most part is only of some theoretical
interest.

n—1

Theorem 5.1. The constant ¢, is bounded below by (m) p

Proof. Let X € K(n) be the triangular 0, 1 matrix with ¢, = #(XoXg ) and My =
XoXp. Let

g(\) = det(Mo — M) = (=1)"A" 4+ an 1 A" L+ -+ a;A + ag € Z[)]
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be the characteristic polynomial of the matrix M. Now
9(0) = ap = det(My) = det(XOXOT)
= det(X ) det(X§) =1"-1" =1,

since all the diagonal elements of X are equal to 1. Since Mg is clearly positive definite,
let A1, Aa,..., A € Ry be the eigenvalues of M, where

Thus g(A) may be written as

1:(10: )\1 )\2 )\n <Cn(Cn)n_1 SCnTTTLL_l,

—~ ~—
=cn <Cn <Cp

where T), is the upper bound for C,, found in [11] and presented in (5.1). By dividing
this last inequality by (7;,)"~! > 0 we obtain (
observing that

%)"*1 < ¢,. The claim now follows by

(n4 4 2n3 + 2n? 4 n)

| =

TnZ\/%n(n—i—l)(nQ-l-n—i—l) :\/

(this can easily be proven by induction, but we omit this for the sake of brevity). O

If Conjecture 5.1 holds, then we are able to slightly improve the lower bound presented
in Theorem 5.1. We only need to calculate

r1 0 0 0 07

1 1 0 0 0| rq 01 0 1 T

0 1 1 0 0 1 0 1

1 0 1 0 0] 1o 1 1 0 1
Yo¥o=|o 1 o Do Do

101 00000 1

1 0{L0O 0 0 0 O 0 1]

L 1 1]
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1 1 0 1 0 1 0 1
1 2 1 1 1 1 1 1
0 1 2 1 1 1 1 1
11 1 3 1 2 1 2
=/0o 1 1 1 3 1 2 1 = Ny,
1 1 1 2 1 4 1 3
0 1 1 1 2 1 4 1
1 1 1 2 1 3 1 )
where the last row and column vectors are equal to
n n
1 1 1 2 1 -——2 1 —==1 1 =+1
{ 11213 2 2 3" ]
when n is even, and equal to
— 1
01112138 ...l 2l ont
2 2 2

when n is odd. Clearly
p(YoY§) = p(No) < [INollr.

where || No||| 7 is the Frobenius norm of the matrix Ng. It is now a cumbersome although
an elementary task to show that

\/ﬁ (n* + 56n2 + 48n) if n is even,

INolllF =
\/%(n‘l +50n2 + 48n — 51) if n is odd.

Then by replacing C,, with p(INo) and T,, with ||| M]||# in the proof of Theorem 5.1 we
are able to prove the following result:

Theorem 5.2. If Conjecture 5.1 holds, then (%)%’1 is a lower bound for c,
48 )T

when n is even, and (m is a lower bound for c, when n is odd.

The following Table 1 shows the behavior of ¢, and its lower bounds for 1 <n < 7.
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Table 1
Some values of the constant ¢, and its lower bounds.
n Lower bound Lower bound Approximate
by Theorem 5.1 by Theorem 5.2 value for ¢,
1 1 1 1
2 0.377964 0.377964 0.381966
3 0.0384615 0.0769231 0.198062
4 0.00170747 0.00674936 0.0870031
5 4.16233-107° 5.40833 - 10~* 0.0370683
6 6.36185 - 10~ 2.05280 - 10~° 0.0148276
7 6.64148 - 107° 8.16298 - 107 0.00581700
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ARTICLE INFO ABSTRACT

Article history: In this paper we study the positive definiteness of meet and join matrices using a novel
Received 19 September 2012 approach. When the set S, is meet closed, we give a necessary and sufficient condition
Received in revised form 20 February 2014 for the positive definiteness of the matrix (f(S,)). From this condition we obtain some

Accepted 21 February 2014 sufficient conditions for positive definiteness as corollaries. We also use graph theory and

show that by making some graph theoretic assumptions on the set S, we are able to reduce
the assumptions on the function f while still preserving the positive definiteness of the

ﬁgg%ﬁrix matrix (f(S,)). Dual theorems of these results for join matrices are also presented. As
Join matrix examples we consider the so-called power GCD and reciprocal power LCM matrices as
GCD matrix well as MIN and MAX matrices. Finally we give bounds for the eigenvalues of meet and
LCM matrix join matrices in cases when the function f possesses certain monotonic behaviour.

Smith determinant © 2014 Elsevier B.V. All rights reserved.

1. Introduction

The research of GCD and LCM matrices was initiated by H.].S. Smith [41] in 1875 when he studied the determinant of the
n x n matrix in which the ij element is the greatest common divisor (i, j) of i and j. He also considered the n x n matrix with
the least common multiple [i, j] of i and j as its ij element. During the next century the determinants of GCD-type matrices
were a topic of interest for many number theorists and linear algebraists (see the references in [20]; the two articles [35,43]
by Lindstrém and Wilf are especially relevant). In 1989 Beslin and Ligh [14] initiated a new wave of more intense research
of GCD matrices, which soon led to poset-theoretic generalizations of GCD matrices. Rajarama Bhat [40] gave the definition
of meet matrix, and Haukkanen [16] was the first to study these matrices systematically. Join matrices were defined later
by Korkee and Haukkanen [33]. Since that, meet and join type matrices on posets have been studied in many papers, see
e.g.[28,36,37].

Over the years many authors have considered the positive definiteness of GCD, LCM, meet and join matrices. In 1989
Beslin and Ligh [9] showed that the GCD matrix (S) of the set S = {x, ..., X,}, in which the ij element is (x;, x;), is positive
definite. Four years later Bourque and Ligh [13] proved that if f is an arithmetical function such that

d|x; forsomex; €S = (f xu)(d) >0,

then the matrix (f(S)) with f((x;, x;)) as its ij element is positive definite. In [14] Bourque and Ligh reported results
concerning the positive definiteness of matrices associated with generalized Ramanujan’s sums and in [15] they gave
conditions under which the matrix (f[S]) := (f[x;, X;]) is positive definite. The LCM matrix [S] := ([x;, X;]) was also studied
and it turned out that it is never positive definite (unlessn = 1), see [12, p. 68] (in some cases the matrix [S] is even singular,

* Corresponding author.
E-mail addresses: mika.mattila@uta.fi (M. Mattila), pentti.haukkanen@uta.fi (P. Haukkanen).

http://dx.doi.org/10.1016/j.disc.2014.02.018
0012-365X/© 2014 Elsevier B.V. All rights reserved.
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see [23] by Hong and [20] by Haukkanen et al.). In 2001 Korkee and Haukkanen [32] extended results by Hong [22] and gave
a sufficient condition for positive definiteness of meet matrices, and in [33] they presented a similar condition for join
matrices. A couple of years later Altinisik et al. [4] obtained a necessary and sufficient condition for positive definiteness of
a matrix closely related to meet matrices. At the same time Ovall [39] went back to GCD and LCM matrices and showed that
GCD and certain reciprocal matrices are positive definite, whereas some reciprocal matrices and nontrivial LCM matrices
are indefinite. In 2006 Bhatia [ 10] showed once again that the usual GCD matrix is infinitely divisible and therefore positive
semidefinite. Later Bhatia [11] also studied certain MIN matrices and presented six proofs for their positive definiteness (it
should be noted that MIN matrices can easily be seen as special cases of meet matrices).

There are also some results for the eigenvalues of GCD-type matrices to be found in the literature. Wintner [44] published
results concerning the largest eigenvalue of the n x n matrix having

((i,j) )“
[i,j]
as its ij entry and subsequently Lindqvist and Seip [34] investigated the asymptotic behaviour of the smallest and largest
eigenvalue of the same matrix. More recently Hilberdink [21] and also Berkes and Weber [8] addressed this same topic from
an analytical perspective. The first paper concerning the eigenvalues of GCD matrices was by Balatoni [7] as he considered
the eigenvalues of the classical Smith’s GCD matrix.

One way to obtain information about the eigenvalues of GCD-type matrices is to study the norms of these matrices. The O

estimates of the norms have been studied in many papers, see [2,5,17-19]. Hong and Loewy [26,27] studied the asymptotic
behaviour of the eigenvalues of the matrix (f (S;)) and Hong [24] gives lower bound for its eigenvalues in a case when

d|x; forsomex;eS= (f*xu)d) >0

as well as continues the research on the asymptotic behaviour of the eigenvalues. Altinisik [3] provides information about
the eigenvalues of GCD matrices, a paper by Hong and Lee [25] addresses the eigenvalues of reciprocal power LCM matrices
and there is also one paper about the eigenvalues of meet and join matrices by [lmonen et al. [30].

In this paper we provide new information about the positive definiteness and the eigenvalues of meet and join matrices.
The notations and most of the concepts are defined in Section 2. Section 3 contains some new characterizations and key
examples of positive definite meet and join matrices. In Section 4 we make use of graph theory and study the positive
definiteness of meet and join matrices from this new graph theoretic perspective. In Section 5 we provide upper bounds for
all the eigenvalues of meet and join matrices in which the function f evinces certain monotonic behaviour.

2. Preliminaries

Throughout this paper (P, <) is an infinite but locally finite lattice, f : P — R is a real-valued function on P and (x,)52 ,
is an infinite sequence of distinct elements of P such that

X XX =i<]. (2.1)

Foreveryn € Z,,letS, = {1, X2, ..., x,}. The set S, is said to be meet closed if x; A x; € S, for all x;, x; € Sy, in other
words, the structure (S,, <) is a meet semilattice. The concept of join closed set is defined dually.

Let (f (Sn)) = (f(xi A X)) and (f[Sn]) = (f (x; V X)) denote the n x n matrices having f (x; A x;) and f (x; V x;) as their (i, j)-
entries, respectively. The matrices (f(S,)) and (f[S,]) are referred to as the meet and join matrices of the set S,, with respect
to f, respectively. When (P, <) = (Z4, |) we have (f(S5;)) = (f(xi AX;)) = (f(xi, X)) and (f[Sp]) = (F(xi VX)) = (f[x;, x;]).

Let D, = {d;, d,, ..., dm,} be any finite subset of P containing all the elements x; A x;, where x;, X; € S, and having its
elements arranged so that

di<xdi=i<j.
Next we define the function ¥p, r on D, inductively as
W, (di) = f(di) — Y ¥, (dy), (22)
dy<dy

or equivalently
fd) =" Wp,p(dy). (2.3)
dy=dy

Thus we have

W, (de) = Y f(dy)pp, (dy, di), (2.4)

dy=dy

where up, is the Mobius function of the poset (D,, <), see [1, Section IV.1] and [42, Proposition 3.7.1].
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Let Ep, denote the n x m, matrix defined as

1 lfdj =< Xi,

(ep,)ij = {0 otherwise. 7

The matrix Ep, may be referred to as the incidence matrix of the set D, with respect to the set S, and the partial ordering <.
The set D,, the function ¥p, ; and the matrix Ep, are needed when considering the matrix (f (S;)). Next we define the
dual concepts which we use in the study of the matrix (f[S;]).
Let B, = {b1, by, ..., b;,} be any finite subset of P containing all the elements x; Vv x; with x;, x; € S, and having its
elements arranged so that

bi < b= i<j.

We define the function @, ; on B, inductively as

@y, p(b) =f(b) — Y Py, 1(by), (2.6)
by <by
or equivalently
fb) =" P, f(by). 2.7)
b =by

Thus we have

Bp, (b)) = Y f(by) s, (b, by), (2.8)

bg=by
where g, is the Mébius function of the poset (B,, <).
Let Eg, denote the n x I, matrix defined as

1 ifbh = x,

(es,)ij = {0 otherwise. (2.9)

We refer to the matrix Eg, as the incidence matrix of the set B, with respect to the set S, and the partial ordering >.

Remark 2.1. If we are only interested in the positive definiteness and eigenvalues of meet and join matrices, then the
condition (2.1) s, in fact, not necessary but can still be made without restricting generality. If S, does not satisfy the condition
(2.1) and S}, is a set obtained from S, by rearranging its elements so that (2.1) holds, then there exists a permutation matrix
P such that

(F(S)) = P(f(Sp)P" = P(f(Sp))P™".

Thus the matrices (f(S;)) and (f (S;)) are similar and therefore have the same eigenvalues, positive definiteness properties,
etc.

It is well known (see, for example [6,38]) that adopting the above notations the matrices (f(S,)) and (f[S,]) can be
factored as

(f(Sn)) = Ep, Ap,sEf, and  (f[S]) = Ep, Ap, sEy . (2.10)
where

AD,,‘f = diag(‘I’Dn,f(dl), lI/D,,‘f(dz% ceey lI/Dn,f(dmn))

and

Ag, ; = diag(®p, s(b1), Pp, (b2), ..., Pp,s(by,)).

By using the first factorization in a case when the set S, is meet closed, it is easy to show (see [6, Theorem 4.2]) that

det(f(Sn)) = Ws,, s (x1) s, £ (X2) - - - Ws, ¢ (Xn). (2.11)
Similarly, when the set S, is join closed we have
det(f[Sp]) = Ps, s (x1)Ps, 5 (X2) - - - P, 5 (Xn) (2.12)

(see [38, Theorem 4.2]). In the next section these determinant formulas appear also to be useful when considering the
positive definiteness of meet and join matrices.
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3. On the positive definiteness of meet and join matrices

We begin our study by considering the positive definiteness of the matrix (f(S,)) in the case when the set S, is meet
closed. Under these circumstances we are able to give necessary and sufficient conditions for positive definiteness of the
matrix (f (S;)). Theorem 3.1 is also closely related to Theorem 5.1 in [4].

Theorem 3.1. If the set S, is meet closed, then the matrix (f (S;)) is positive definite if and only if ¥s, f(x;) > 0 foralli = 1,
2,...,n

Proof. Since removing a maximal element does not affect the meet closeness of the set S;, it follows that all the sets
Sns Sn_1, - - -, S2, S1 are meet closed. In addition, the determinants of the matrices (f(S;)), wherei = 1, 2, ..., n, are the
leading principal minors of the matrix (f (S;)). By (2.11) we have

det(f(51)) = ¥s, s (x1)
det(f(S2)) = Ws, s (X1)¥s, f (x2)

det(f (Sp—1)) = Ws, s (X)) Ws, f (X2) - - - ¥s,, s (Xn—1)
det(f(5p)) = Ws, s (x1)¥s, 5 (X2) - - - Ws, r (Xn—1) ¥s,, s (Xn).

Now (f(S,)) is positive definite if and only if det(f(S;)) > Oforalli = 1,2,...,n (see [29, Theorem 7.2.5]), and the
determinants above are all positive if and only if ¥s, (x;) > Oforalli=1,2,...,n. O

Next we present a dual theorem for join matrices.

Theorem 3.2. If the set S, is join closed, then the matrix (f[S,]) is positive definite if and only if ®s,¢(x;) > 0 for all
i=1,2,...,n
Proof. Let us denote
54 = {Xa}, Sé = {Xp—1, Xn},. - ., 5,/1,1 ={x2, ..., Xp—1, Xn}.
Since the determinants of the matrices
(FIS1D, FIS3Ds- - - (FIS,—1 D) and (f[Sa])

constitute a nested sequence of n principal minors of (f[S;]), the matrix (f[S,]) is positive definite if and only if all of these
matrices have positive determinants (again, see [29, Theorem 7.2.5]). Since all these sets are join closed, the determinants
can be calculated by using (2.12). The rest of the proof is similar to the proof of Theorem 3.1. O

Example 3.1. Let S, be a chain. Thus x; < x, < -+ < X,_1 < Xy. Clearly, the set S, is both meet and join closed (the
matrices (f (S;)) and (f[S,]) may be referred to as the MIN and MAX matrices of the chain S, respectively). In this case we
have ¥s, r(x1) = f(x1) and

s, r(xi) = Zf(xk)ﬂsn k> %) = f(xi) — f(xi—1)

X =Xj
foralli = 2, ..., n.Now it follows from Theorem 3.1 that the matrix (f (S,)) is positive definite if and only if f (x;) > 0 and
f) > f(x;_y) foralli =2, ..., n. Inother words, we must have

0 <flx1) <f(x2) <. <flxn—1) <f(xn).

If we set (P, <) = (Z*, <), f(k) = kforallk € Zand S, = {1, 2, ..., n}, we obtain the MIN matrix studied recently by
Bhatia [11]. Among other things, he presents six distinct proofs for the positive definiteness of this matrix. The one in this
example is yet another different proof.

Similarly, by using Theorem 3.2 it is possible to show that the matrix (f[S,]) is positive definite if and only if

0 <fxn) <flxn—1) < - <f(x2) <f(x1).
Next we focus on the case when the set S, is neither meet nor join closed. It turns out that by using Theorems 3.1
and 3.2 it is possible to say something about the positive definiteness of the matrices (f(S;)) and (f[S,]) also under these

circumstances. Corollary 3.1 may be seen as a generalization of Theorem 1 (i) in [14].

Corollary 3.1. Let D, be any finite meet closed subset of P containing all the elements of S,. If ¥p, ;(d;) > 0 foralld; € D,
then the matrix (f (Sp)) is positive definite.
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Proof. By Theorem 3.1 the matrix (f(D,)) is positive definite. Thus the matrix (f (S,)) is also positive definite since it is a
principal submatrix of the matrix (f(D,)). O

Example 3.2. Let (P, <) = (Z",|),a¢ € Rand f(n) = n® for alln € Z*. Under these assumptions the meet and join
matrices become the so-called power GCD and LCM matrices, which have been studied extensively by Hong et al. [25,26]. It
is well known that the matrix (f (S,)) is positive definite if « > 0 (see [13, Example 1] and [14, Example 3]). Here we give
another proof for this by using the previous corollary.

Let

D,=|S,={dez" ‘ d | x; for some x; € S,}.
Let *« denote the Dirichlet convolution and y« denote the number-theoretic Mobius function. Now for every d; € D, we have
dy 1
Yo, p(d) = Y dip (d—> = (f * () =Ju(d) = di [ | (1 - E) ,
dyldg v pldk

where J,, is a generalization of the Jordan totient function. If @ > 0, then clearly J,(dy) > O for all d; € D, and therefore by
Corollary 3.1 the matrix (f (S,)) is positive definite.

Next we present a similar corollary that concerns the matrix (f[S,]). The proof is essentially the same as the proof of
Corollary 3.1.

Corollary 3.2. Let B, be any finite join closed subset of P containing all the elements of Sy. If ®g, s(b;) > O for all b; € By, then
the matrix (f[S,]) is positive definite.

Example 3.3. Let (P, <) = (", |) asin Example 32, € R" and f(n) = & foralln € Z*. Hong and Lee [25, Theorem 2.1]
have shown that the matrix (f[S,]) is positive definite. Here we present a different proof for this fact by using Corollary 3.2.

Leta > 0, let {lcm S, denote the set of divisors of lcm S, and let 1S, stand for the set {k € Z* |x; | k for somei =
1,...,n}. Now let

B, =4SN llcmS, = {d e Z*+ ‘x,» | d for some x; € S, and d | lcm S, }.

Then for every by € B, we have

1 (b,
@p, f(b) = — U (*)
bk\bﬂ;msn by bk

(o) 2, (52) ()
= M —
lems, b by JlcmSy by b

_ 1 \¢ (IemS,) /b \©
- (lcmsn) I;” ( a ) wa@
T

1 \* i lcmS, 0
= > U.
lemS, / "\ by

Thus by Corollary 3.2 the matrix (f[S,]) is positive definite.

As seen in the above examples, there are two obvious ways to choose the sets D, and B,,. The first is to take D, (resp. B,)
to be the meet (resp. join) subsemilattice of P generated by the set S,,. The other is to take D, =S, and B, =15, in the case
when the sets |S, and 1S, are finite, and otherwise take D, =]S;N 1(AS,) and B, =15,N | (VS,) (here VS, = x; V- - VX,
and AS, = X1 A - - - A Xp). Benefits of both choices are explained in [38].

Although Corollaries 3.1 and 3.2 can be used in many cases, their conditions are not necessary for the positive definiteness
of the matrices (f(S,)) and (f[S,]) and thus they are not always applicable. The following example illustrates this.

Example 34. Let (P, <) = (Z*, ), S; = {6, 10, 15} and

fy=o0
f2)=-1
f@ =3
fG)=-2
f6) =5
f(10) =2
f(15) = 3.

79



14 M. Mattila, P. Haukkanen / Discrete Mathematics 326 (2014) 9-19

ds =6 dg = 10 dr =15

(l2:2

dy =1
Fig. 1. The lattice (D3, <) and the choices of the elements of Ds.

Then we have

5 -1 3
(f(53))=|:—31 2 —2:|,

-2 3
and this matrix can easily be shown to be positive definite. However, if we choose the elements of D5 as in Fig. 1, direct
calculations show that ¥p, ;(d;) = —1 < 0 and ¥p, f(d4) = —2 < 0. Thus the meet matrix (f(S3)) is positive definite

although some of the values of ¥p, ; are negative.

4. Trees, A-sets and positive definiteness

Next we turn our attention to the special case where the Hasse diagram of the set meetcl(S,) is a tree (when it is
considered as an undirected graph). Here meetcl(S,) (resp. joincl(S,)) denotes the meet subsemilattice (resp. the join
subsemilattice) of P generated by the set S,. Like in Example 3.1, also in this case a certain monotonicity property of f
guarantees the positive definiteness of (f (S,)) (resp. (f[S,])). First we present the definitions of these properties.

Definition 4.1. The set S;; C P is said to be a A-tree set if the Hasse diagram of meetcl(S,) is a tree. Analogously, S, is a
V-tree set if the Hasse diagram of joincl(S) is a tree.

There are also a couple of other characterizations for A-tree sets and V-tree sets. We present these only for A-tree sets,
since the characterizations for V-tree sets are dual to these.

Lemma 4.1. The following statements are equivalent:

1. S, is a A-tree set.
2. Every element in meetcl(S,,) covers at most one element of meetcl(S,).
3. For every x € meetcl(S,) the set

(Ix) N meetcl(S,;) = {y € meetcl(S,) | y < x}

is a chain.
4, Forallx,y, z € meetcl(S,) we have

x=<zandy <z) = (x <yory <x).
Proof. The proof is simple and straightforward. O
Next we define the monotonicity property for f that we mentioned earlier.

Definition 4.2. The function f : P — R is strictly order-preserving if

xX<y=fx <f@y). (4.1)
Analogously, f is strictly order-reversing if
x<y=fy <f®. (4.2)

The function f is said to be order-preserving (resp. order-reversing) if equality is allowed on the right side of (4.1) (resp. (4.2)).

Remark 4.1. After adopting the terminology in Definition 4.2 we are able to revisit Example 3.1 and express its results in
the following form: if the set S,, is a chain, then
1. (f(Sy)) is positive definite
& f is strictly order-preserving in S, with positive values,
2. (f[Sn]) is positive definite
& f is strictly order-reversing in S, with positive values.

80



M. Mattila, P. Haukkanen / Discrete Mathematics 326 (2014) 9-19 15

The following theorem presents a condition for positive definiteness of (f (S,)) (resp. (f[S;])) in the case when the values
of f are positive and f is order-preserving (resp. order-reversing).
Theorem 4.1. Let f(x) > 0 for all x € P. Then the following statements hold:

1. If S, is a A-tree set and f is strictly order-preserving, then (f (S,)) is positive definite.
2. If Sy is a \-tree set and f is strictly order-reversing, then (f[S,]) is positive definite.

Proof. We prove only the first part since the proof of the second part is dual to it. Let D, = meetcl(S,). We apply Corollary 3.1
and show that ¥y, ((dy) > 0 forall dy € D,.If k = 1, then dy = min D, and we have ¥p, ((dx) = f(dx) > 0 by assumption.
Now let k > 1. By Lemma 4.1 d, covers exactly one element d,, in meetcl(S,) and by the order-preserving property we have
f(dy) < f(dg). Formula (2.3) yields

fdy) =" W, s(d) and f(d) = ) ¥p,(dy),

dy=dy dy=dg

and by subtracting we obtain

0 <f(d)—f(dw) =Y W, r(d)— Y Wb, s(dy)=Wp,s(d),
dy=dy dy=dy

which completes the proof. O

As seen in Remark 4.1, sometimes it is not only sufficient but also necessary for the positive definiteness of the matrix
(f (Sp)) that the function f is strictly order-preserving. The next theorem is an example of this. A similar statement can be
made regarding join matrices.

Theorem 4.2. If S, is meet closed A-tree set and the matrix (f(S,)) is positive definite, then the function f is strictly order-
preserving in S, and f (x;) > O for all x; € S,,.

Proof. In this case the set S, is clearly both meet closed and A-tree set. We begin the proof by showing that if x; covers x;,
then f (x;) < f(x;). By Theorem 3.1 ¥, ¢(x;) > 0, and from Eq. (2.3) we obtain
FO) =) W) and f(x) =) W, (xe).
X =X; Xje =X

Subtracting the second from the first yields

FO) =) =) We,p() = Y Ws, ;) = Ws, 1 (%)) > 0,

X 2Xj X =Xi

from which we obtain f (x;) < f(x;). Then suppose that x; < x; but x; does not cover x; for some x;, x; € S,. Since (P, <) and
in particular (S;, <) is locally finite, there is only a finite number of elements of S, in the interval [x;, x;]. In fact, by item 3 in
Lemma 4.1, the elements of the set S, N [x;, x;] are always comparable, and therefore the elements of this set form a chain

Xi < Xy < XKy <000 <X, <Xj
in which the previous element is always covered by the next. This implies that
F@x) < fxe) <fy) < - < fx) < f&x),

and thus we have proven the order-preservation of f in S, in general. The second claim now follows easily. We may assume
that x; = minS, = AS,. By Theorem 3.1 f(x;) = Ws, (x;) > 0. Further, since x; < x; forallx; € S, and f is strictly
order-preserving, f (x;) > Oforallx; € S,. O

In [31] Korkee studies the meet and join matrices of an A-set, which he defines as follows.

Definition 4.3. The set S, is an A-set if the set A = {x; A X; | i # j} is a chain.

Korkee derives formulas for the structure, determinant and inverse of the matrix (f(S,)) in a case when S,, in an A-set.
He also does the same for the matrix (f[S;]) in a case when the dual of S, is an A-set. He does not, however, consider the
positive definiteness of these matrices.

It turns out that Theorem 4.1 can be applied directly to show the positive definiteness of the matrix (f (S;)) when the set
S, is an A-set and the positive definiteness of the matrix (f[S,]) when the dual of the set S,, is an A-set. This follows from the
next theorem.

Theorem 4.3. Every A-set S, is also a A-tree set and every dual of an A-set is a \V-tree set.
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u €S, vES,

xgsn

y z €S,

Fig. 2. Illustration of the proof of Theorem 4.3.

L1y L0
T Ty Tg
‘V
1/
I T T3 Ty

Fig. 3. The Hasse diagram on the left is an example of a set Sg that is a A-tree set but not an A-set. The semilattice on the right is an example of a nontrivial
finite A-set Sq;.

Proof. Again we prove only the first part of the claim, since the second part follows from it trivially. Assume that S,, is an
A-set. First we need to show that meetcl(S,) = S, U A, where A is the set defined above. In order to do this, we only need to
check that S, U A is meet closed. Let x, y € S, U A. We may assume that x € S, and y € A, since the other cases are trivial.
Now y = u A v for some u, v € S, and we obtain

XAY=EXAX)AUAV)=XAUAXADV) EA,
—— S——
€A €A

since A is a chain. Thus the first part of the proof is complete.

Next we prove that every element x € meetcl(S,) covers at most one element of meetcl(S,). We now suppose for a
contradiction that x covers both y and z for some x, y, z € meetcl(S,). Since y and z are incomparable, we must have y ¢ A
or z ¢ A(since A is a chain). We may assume that z ¢ A, from which it follows that z € S,. Now we must have x ¢ S, since
otherwise we would have x A z = z € A. Thus x € A and there exist elements u, v € S, such that x = u A v. Now, as we can
see from Fig. 2, we have v A z = z € A, which is a contradiction. The claim now follows from Lemma 4.1. O

It is easy to see that the converse of Theorem 4.3 is not true. Fig. 3 exemplifies this. It also illustrates the structure of a
typical A-set. The Hasse diagram of an A-set is always a tree whether the set S is finite or not.

5. Eigenvalue estimations

In this section we present bounds for the eigenvalues of certain meet and join matrices. In order to do this, we first need
to present the following two lemmas. We here assume that f is strictly order-preserving or order-reversing and also that f
is either increasing or decreasing in the set S, with respect to the indices i of the elements x;, i.e.i < j = f(x) < f(x) or
i <j= f(x)) = f(x).It should be noted thatif f : P — R is either order-preserving or order-reversing, then it is always
possible to rearrange the elements of the set S, so that f becomes increasing or decreasing with respect to the indices. And
as stated in Remark 2.1, this does not affect the eigenvalues. For example, if f is order-preserving, we may list the images of
the elements of the set S, in ascending order as

F&) <f(x,) < < fx,),
and then define x; = x;, foralli = 1, 2, ..., n. This even satisfies (2.1), since by order-preserving property we have

X <x=fx) <fx)=i<].
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Therefore if the function f is order-preserving, assuming i < j = f(x;) < f(x;) causes no additional restrictions in the study
of eigenvalues of meet matrices.
Lemma 5.2 and Theorem 5.2 are generalizations of Hong's and Lee’s results (see [25, Theorem 2.3]).

Lemma 5.1. Let f : P — R be a function with nonnegative values, and let W, denote the k-dimensional subspace of the complex

vector space C" consisting of vectors that have zero entries in the coordinates at k + 1,k + 2,...,n (ie. W, = span{e,
ey, ....el)).Lety = [yi,...,yal" be any vectorin Wy (that is, yi.1 = - - - = yn = 0). If f is order-preserving in meetcl(S,),
then we have

Y Sy < ky*yf (xe), (5.1)

where y* is the complex conjugate transpose of y.
Proof. We apply induction on k. In the case when k = 1 it is rather trivial that

Y Sy =ynf &) =yyf (x0),
where y; denotes the complex conjugate of y;. Our induction hypothesis is that the claim holds for all k with 1 < k < n,
and next we show that the claim also holds for k 4 1. Let C; denote the ith column of the matrix (f(S,)), and lety € Wy 1.
First we observe that

Y Sy =y Cyi+ -+ ¥ Gy + ¥ Cer1Vir-

Now let z € W such that z; = y; for all i # k + 1 and z,; = 0. Thus the quadratic form z*(f (S,))z is contained in the
previous expression and it can be written as

Y)Y = ¥ Cr1Vir1 + Yirtf Kipr AxDY1 + -+ + Vi K A )y + 2 (F(Sp))z. (5.2)

Next we start to analyse these terms individually. First of all, the order preserving property of f yields that 0 < f (xy41AXj) <
fXpy1) forallj = 1, ..., k. By also applying the triangle inequality and the simple fact that |ab| < %(lal2 + |b}?) for all
a, b € C we obtain
|J’*Ck+1J/k+1‘ = Vi1l V1f Kiepr AX1) + -+ Vif Rierr A xi) + Vi tf Re1) |
< Wil (V11 Riepr AxD) A+ -+ Vel f Rierr A %) + Vi | f K1)
< Wil Ayl + -+ il + i1 D f Kie 1)

1k
<|Yk+l >+ N Z (Iyie1l* + |J’i|2))f(xk+1)

i=1

A

IA

FXet1) .
= == () e +37) (53)
Very similarly
Virif K1 A XY+ - F VS e A XYl < f Get) Wil Ayal + -+ 1y
Fi1) & 2 2
<=7 2 e + Iil?)
i=1
FXkr1) N
= == (k= ) e +57). (5.4)

Finally, our induction hypothesis and the increase of f in the set S,, with respect to the indices i yields
Z°(f(Sn))z < kz*zf (i) < kz*zf (Xpq1)- (5.5)
Now, by combining (5.3)-(5.5) we obtain

f(Xeq1) f k1)
fl) P

y*(FS)y| < (k+ 1) lyes1l* +¥%y) (k= 1) lyks1l” +¥*°y) + kz*2f (X1.1)
= [ 1) | Y'Y + Kl I + k2*z | = (k4 Df ir)y*y.
S —;
=ky*y

This completes the proof. O
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Lemma5.2. Let f : P — R be a function with nonnegative values, and let Vj denote the k-dimensional subspace of the

complex vector space C" consisting of vectors that have zero entries in the coordinates at 1,2, ..., n—k(i.e. Vy = span{e,_i;1,
€1 k42, ..., €n)).Lety = [y1,...,ya]" be any vectorin Vi (thatis, y; = - - - = ya_x = 0). If f is order-reversing in joincl(S,),
then

Y (FISaDy < ky*yf (n—kr1)- (5.6)

Proof. The proof is very similar to the proof of Lemma 5.1 and is essentially the same as Hong’s and Lee’s proof in
[25, Theorem 2.3]. O

By applying the Courant-Fischer theorem together with Lemmas 5.1 and 5.2 we are now able to give bounds for the
eigenvalues of the matrices (f (S;)) and (f[S;]).

Theorem 5.1. Let 1", A{", ..., A0, where 2V < A{" < ... < A\", denote the eigenvalues of the matrix (f (S,)). Under the
assumptions of Lemma 5.1 we have

e < kf () (5.7)
forallk =1, ..., n Moreover, f(x,) < A",

Proof. Let 1 < k < n. By applying Lemma 5.1 and the Courant-Fischer theorem [29, Theorem 4.2.11] we obtain

0Ly Lwi.wy... Wy Y*Y

Y Sy Y (f(Sn)y
kf () > max ——— = max —_—
O0Lyew,  y*y 0£yleiii...en  Y*y
*(f(S
> min ( max M) )

The rest of the claim follows from the Rayleigh-Ritz theorem [29, Theorem 4.2.2] by setting y = e, since

*(f (S ex(f(Sy))e,
A = max? Sy - % (f (Sn))en —f). O
y#0 yy eﬁen
Theorem 5.2. Let ):5”), ):;”), o A where ):5") < )A\;") < ... <™ denote the eigenvalues of the matrix (f[S,]). Under the
assumptions of Lemma 5.2 we have
A< K nie1) (5.38)
Kk = n—k+1 .

forallk =1,...,n. Inaddition, f(x;) < A,

Proof. The proof is similar to the proof of Theorem 5.1. O

Example 5.1. Leta € R, S, = {x1,...,%,} C Z" and f : Z* — R be the function such that f(n) = n* foralln € Z™.
As earlier, let (f(S,)) be the power GCD matrix of the set S, with (x;, x;) as its ij element. In addition, let (f ((S,)**)) denote
the power GCUD matrix having ((x;, x;)**)“, the power of the greatest common unitary divisor of x; and x; as its ij element
(d divides x; unitarily if d | x; and (d, x;/d) = 1). Both these matrices fulfil the assumptions of Lemma 5.1, and therefore
by Theorem 5.1 kf (x,) = kx} is an upper bound for the kth largest eigenvalue of both (f(S;)) and (f((S,)**)). Moreover,
f(xn) = x, is a lower bound for the largest eigenvalue of both (f(S,)) and (f ((S,)**)).

Example 5.2 ([25, Theorem 2.3]). Letov € R, S, = {X1,...,%,} C ZT andf : ZT — R be the function such that f(n) = n%
foralln € Z*. In this case the matrix (f[S,]) having ﬁ as its ij element is referred to as the reciprocal power LCM matrix
%)

of the set S,,. Let k,ﬁ") denote the kth largest eigenvalue of the matrix (f[S,]). Thus by Theorem 5.2 we have

)»;(Cn) < kf (xXn—k41) =

o
n—k+1

In addition, f(x;) = & < A%,

x
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Abstract The Bourque-Ligh conjecture states that if S = {z1,z9,...,2,}
is a ged-closed set of positive integers with distinct elements, then the LCM
matrix [S] = [lem(z;, x;)] is invertible. It is well known that this conjecture
holds for n < 7 but does not generally hold for n > 8. In this paper we
provide a lattice-theoretic explanation for this solution of the Bourque-Ligh
conjecture. In fact, let (P, <) = (P, A, V) be a lattice, let S = {x1,xa,..., 2.}
be a subset of P and let f : P — C be a function. We study under which
conditions the join matrix [S]; = [f(z; V ;)] on S with respect to f is
invertible on a meet closed set S (i.e., z;,z; € S = z; Az; € 5).

Key words and phrases: Meet matrix, Join matrix, Semimultiplicativity,
GCD matrix, LCM matrix AMS Subject Classification: 11C20, 15A36

1 Introduction

Let (P,<) = (P,A,V) be a lattice, let S = {x1,2a,...,2,} be a subset of
P and let f : P — C be a function. The meet matrix (5); and the join
matrix [S]y on S with respect to f are defined by ((S)f)i; = f(z; A z;)
and ([S]f)i; = f(x; V ;). Rajarama Bhat [23] and Haukkanen [6] introduced
meet matrices and Korkee and Haukkanen [17] defined join matrices. Explicit
formulae for the determinant and the inverse of meet and join matrices are
presented in [6, 16, 17, 23] (see also [2, 14]). Most of these formulae are
presented on meet closed sets S (i.e., z;, z; € S = x;Az; € S) and join-closed
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sets S (i.e., x;,x; € S = x;Va; € S). More recently Korkee and Haukkanen
[18] presented a method for calculating det(S)y, (S)J?l, det[S]; and [S];' on
all sets S and functions f. It is well known that (Zy,|) = (Z4,ged,lem)
is a lattice, where | is the usual divisibility relation and ged and lem stand
for the greatest common divisor and the least common multiple of integers.
Thus meet and join matrices are generalizations of GCD matrices ((S)f)i; =
f(ged(x;, z;)) and LCM matrices ([S]y);; = f(lem(z;,x;)), where f is an
arithmetical function. If f = N, where N(m) = m for all positive integers
m, then we denote (S); = (5) and [S]; = [S]. The study of GCD and LCM
matrices is considered to have begun in 1876, when Smith [27] presented
his famous determinant formulae. The GCUD and LCUM matrices, which
are unitary analogues of GCD and LCM matrices, are also special cases of
meet and join matrices, see [7, 8, 15]. For general accounts of meet and join
matrices and their number-theoretic special cases, see [9, 17, 25].

Bourque and Ligh [5] conjectured that the LCM matrix [S] on any ged-
closed set is invertible. Haukkanen, Wang and Sillanpaa [9] were the first
to show that the conjecture does not hold (giving a counterexample with
n =9). Hong [11] solved the conjecture completely in the sense that it holds
for n < 7 and does not hold generally for n > 8. Subsequently he also
presented some conjectures on his own [12, 13, 19].

In this paper we study a lattice-theoretic generalization of the Bourque-
Ligh conjecture, i.e., under which conditions the join matrix [S]; is invertible
on a meet closed set .S. We use the concept of covering to develop an inductive
method for inserting an element to S so that the invertibility of the join
matrix on the extended set is preserved. We apply this method to explain
in terms of lattice theory why n = 7 is the greatest integer for which the
original Bourque-Ligh conjecture holds.

2 Preliminaries

Let (P,<) be a locally finite poset and let g be an incidence function of
P, that is, g is a complex-valued function on P x P such that g(z,y) = 0
whenever z £ y. If h is also an incidence function of P, the sum g + h is
defined by (g+h)(z,y) = g(z,y) +h(x,y) and the convolution g h is defined
by (g h)(z,y) = Xy<.<y 9(x, 2)h(2,y). The set of all incidence functions of
P under addition and convolution forms a ring with unity, where the unity
0 is defined by d(z,y) = 1 if z = y, and d(x,y) = 0 otherwise. The zeta
incidence function ¢ is defined by ((z,y) = 1 if x < y, and ((z,y) = 0
otherwise. The Mobius function p of P is the inverse of ¢ (with respect to
the convolution).
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In this paper let (P, <) = (P,A,V) always be a lattice such that the
principal order ideal Jx = {y € P | y < x} is finite for each x € P. Then P
has the least element, which we denote by 0. The order ideal generated by S
is|S={zeP|3zxeS:z<u},see [4]. Let f always be a complex-valued
function on P and let S be a finite subset of P, where S = {x1,%a,...,2,}
with ; < z; = @ < j. We say that S is an a-set if z; A z; = a for all i # j.
We say that S is lower-closed if (z; € S,y € P,y < ;) = y € S. We say that
S is meet closed if z;,z; € S = x; Ax; € S. It is clear that a lower-closed
set is always meet closed but the converse does not hold.

Definition 2.1. We say that f is a semimultiplicative function on P if

f@)fly) = fzAy)f(zVy) (2.1)
forall x,y € P.

The concept of a semimultiplicative function on P is a generalization of
the concept of a semimultiplicative arithmetical function, see [24, p. 49] or

[26, p. 237]. Let f(z) # 0 for all w € P. Then the function ; on P is defined

by (%) (x) =1/f(x). If g is an incidence function of P, the incidence function
% of P is defined similarly. One can easily show that f is semimultiplicative
if and only if % is semimultiplicative. We associate each f(z) with incidence
function value f(0,z). For example, by (f * u)(z) we mean the convolution

(F*m)0.2)= X FO.w)p(w, ).

0<w<z

3 An inductive method

In this section we provide an inductive method for constructing meet closed

sets S on which join matrices [S]; are nonsingular under certain conditions

on f. The inductive method arises from the idea to construct meet closed

sets element by element from the bottom up, see Definition 3.1.
Throughout the rest of this paper (P,<) = (P,A,V) is a lattice, S =

{x1,29,...,2,} is a meet closed subset of P such that x; < x; = i < j holds

and f is a semimultiplicative function on P such that f(x) # 0 for all z € P.
Now, by using the semimultiplicativity of f, we may write

[Sly = ASﬁf(S)%AS)f, (3.1)
where Ag ; = diag(f(x1), f(z2),..., f(z,)) (see [3, Theorem 6.1], [20, Theo-
rem 6.1] and [17, Lemmas 5.1 and 5.2]). Since f(z;) # 0 foralli =1,2,...,n,

3
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the matrix Agy is clearly invertible. Therefore [S]; is invertible if and only
if (S)% is invertible.

Let S; = {x1,29,..., 25} fori=1,2,....,n. ThenS; C S C---C S, =9
is a finite sequence of meet closed sets on (P, <) and lower-closed sets on
(S,<). The values of the corresponding Mobius function ug can be easily
evaluated by using the recursion

ws(xi, @) =1, (3.2)
ps(zi ) =— > pslwnae) =— >, ps(a ), i < j,

$ijwk<wj a:,i<zkaj

see [1, p. 141] or [28, p. 116]. Note that pug = ug, on (S;, <) and the convo-
lutions on (.5;, <) and (5, <) are equal if the arguments belong to S;. Thus
for each 7 > 2 we have

det(Si)% = ﬁ (% *g MS) (zr) = (% *g MS) (xi)]ilj (% *g Ms) €7y

k=1

= (L ps) (i) det(S;1)

(see [3, Theorem 4.2] and [6, Corollary 2]).
From (3.1) and (3.3) we see that if [S;]; is invertible, then also (SZ-)%,

(&'—1)% and [S;_1]s are invertible. Conversely, let [S;_1]; be invertible. We

(3.3)

1
f

below consider which elements of P, denoted as x;, could be added to S;_;
so that also [S;]; is invertible.

Definition 3.1. Let Sy = 0 and i > 1. Consider the sets S;_1 and S; =
SZ',1 U {-Lz}

(M,,, ;) Let m; be the greatest integer such that x;,, Tiy, ..., %;,, € Si—1 are

covered by x; in S;.

If (M, ) holds, then we say that S; is constructed from S;_; by the method
(Myy,, 2). Further, if
(Cone) (5 *s ps) (i) #0,

then we say that S; is constructed from S;_y by the method (M,,, ;) under the
condition (Cp,, ;).

Remark 3.1. We always must have m; = 0 and my = ms = 1. For example,
the condition (Co1) only states the triviality %(azl) # 0 whereas (Cy2) means

that %(xQ) — %(:131) # 0.
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Theorem 3.1. Let i > 2 and S; be constructed from S;—1 by (M, ;) under
(Cinyi)- Then [Si]y is invertible if and only if [S;_1]y is invertible.

Proof. Theorem 3.1 is a direct consequence of (3.1), (3.3) and Definition
3.1. O

The method (M ;) in Definition 3.1 allows us to add an element z; above
x;, if x; covers x;, in S;. The method (Ms;) allows us to join together two
incomparable elements x;,,x;, with x; if z; covers both z;, and z;,. The
method (Mj;) concerns three incomparable elements x;,, x;,, z;, and so on.
The condition (C,,, ;) can be written as

1 i—1 L
Tz # - kgl (@) ps (@, 7). (3.4)

For m; = 1,2 using the recursive properties of ug, see (3.2), we easily
obtain

(Cri)  flai) # f2),
(Coi) iy 7 7o) + (@) — $(@n Aws,).
By semimultiplicativity, (Cy;) can be written without any meets as

f(@igr) # flai) (i) /1f (i) + fx) = f@, Va,)] (3.5)

whenever the denominator is nonzero. Each meet closed set S can be con-
structed inductively by a finite sequence (M, 1), (M, 2), -+ s (M, n) (often
there are multiple different ways to construct a given set S but the sequence
(mq1, ma, ..., m,) is in fact unique up to ordering). Thus we have the follow-
ing theorem.

Theorem 3.2. Let S be constructed inductively by a method sequence

(k1m1,1)7 (k{m2,2>7 R (an,n>-

Then [S]y is invertible if and only if the condition sequence

(le,l)v (Cm272)> ) (Cmn,n)
holds.
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4 Classification of functions on the basis of
the used methods

Let F denote the class of all semimultiplicative functions f on P such that
f(z) # 0 for all z € P. We divide F into subclasses on the basis of the num-
bers m; = 1,2,... in the method sequences (M, 1), (Min,2), .-, (Mp,n)-
We introduce two kinds of subclasses F, and Gy, ,. The classes Fj, are smaller
than the classes Gj,, and are introduced to get the presentation shorter. Let
Sk, denote the class of all meet closed subsets S of P possessing the struc-
ture as described in Figure 1. The white points in Figure 1 stand for the
last added elements z,,. Note that although z; would be the supremum of z;
and z; in (S, <), it does not necessarily represent the element z; V z; € P.
In the notation Sy, the number k& comes from the last used method (M)
in constructing the set S € Sy, (that is, the last added element z, covers
k but no more incomparable elements z;,, Z4,, . .., z;, in S), and the letter n
just indicates the number of elements in S € Sy,,. For the pair k =4,n =7
we should distinguish two distinct classes 8487) and Sf;. We are now in a
position to define the function classes Gy, .

Definition 4.1. For each Sj, in Figure 1 let
G = {f € F | VS € S+ (5 *s ps)(an) # O}
In addition,
G ={f e F|VS €SP+ (3 xsps)(wr) #0}, j=1,2

The condition (% * tg)(zn) # 0 means that the last condition (C,,, ,) in
the condition sequence in Theorem 3.2 holds.

For each class Sk, 3 S we have marked in Figure 1 the value of pg(z;, )
next to each element ;. The value of pg(x;, x,) can be easily seen by (3.2).

Definition 4.2. For each k =1,2,... let F denote the set of functions [ €
F satisfying the condition sequence (Cpy 1), (Cimg2)y- -y (Cnyn) for all meet
closed subsets S of P such that S can be constructed by (M, 1), Mg 2), - - -
(M., ), where my,myo,...,m, < k.

It is easy to see that F O F; O Fy O F3 2 --- and more precisely

Fi=Gia={f|Vy,z€ Pry<z= f(y) # f(»)}, (4.1)
fnglﬂgu:}—lﬂ{f|Vantichainsy1,y2EP.,V,ZEP:

nViyp <z = p(2) # )+ ) — jn Al (42)
F3=F2NG35MNG36MNG37MNGss.

6
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When adding the last element z,, to the set S,,_; the invertibility of [S,],
depends only on the invertibility of [S,_1]f and on the values f(x;) of x; such
that p1s(z;, x,) # 0. Thus when considering whether the condition (C,,, ;) is
satisfied or not we can omit all elements x; with ps(z;, z,) = 0. It will turn
out that when n < 7 we can omit most of the cases and restrict ourselves to
the structures presented in Figure 1.

Remark 4.1. All the structures of S mentioned here need not appear in a
fized lattice (P, <), and thus the structure of (P, <) also has a bearing on the
possibility of the invertibility.

5 Chains, r;-sets and a related class

In this section we consider invertibility of [S]; on certain sets S which we use
frequently in the lattice-theoretic generalization of the Bourque-Ligh conjec-
ture in Section 6.

Theorem 5.1. If S is a chain, then [S]y is invertible if and only if f(xy) #
flapa) for k =2,3,...,n. If S is an xy-set, then [S]; is invertible if and
O’Illy fo('zlk) 7£ f(xl> fOT'k,' = 2737"'777

Proof. Chains and z;-sets are constructed using the methods (M;;) only.
By Theorem 3.2, we obtain Theorem 5.1 taking the appropriate conditions
(Cpa)- O

Remark 5.1. [t is easy to see that if the set S is meet closed and can be
constructed by using only the methods (Mi;), then f € Fi is a sufficient
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condition for the invertibility of (S)% and (S); and, provided that f is semi-
multiplicative with nonzero values, also for the invertibility of [S]y and [S]1.

In this case the Hasse diagram of the set S considered as an undirected graph
is a tree, and the positive definiteness of the matriz (S)y has an interesting
connection to the properties of the function f, see [21, Theorems 4.1 and

4.2].

Corollary 5.1. Let (P, <) = (Z4,]). If S is a (divisor) chain or an x;-set,
then [S] is invertible.

Proof. The arithmetical function N fulfills the conditions in Theorem 5.1. [

Note that the conditions of Theorem 5.1 also imply the invertibility of
the associated meet matrix (S);, see [6, Corollary 2]. The requirement of
semimultiplicativity of f in the first part of Theorem 5.1 is irrelevant, since
any f is semimultiplicative on chains.

One important class of meet closed sets (termed as S,_2 ., see Figure 1)
is constructed by adding an upper bound to an z;-set.

Theorem 5.2. Let n > 3. Let S € S,_0p, i€, Sp_1 s an xi-set and
VeV, <x,. Then [S]y is invertible if and only if f(xy) # f(x1) for
k=23,...,.n—1 and

1 | n—3

Rt )5

f(zn) kz::g flaw))  f(x1)
Proof. Since S can be constructed from an xj-set S,—1 by (Mp_2,), then
the conditions are those mentioned in Theorem 5.1 for S,_; together with

condition (C,,_2,,). Using (3.4) and the values pg(zg, x,) of S,—a,, in Figure
1 we obtain

1 2 1 T 1 n—3
f(l“n) f(xnfl) f(@) f(x1).

O

Corollary 5.2. Let (P, <) = (Zy,|) and let n > 3. If S,_y is an x-set and
lem(S,—1) | zp, i€, S € Sp_on, then [S] is invertible.

Proof. It suffices to prove that N € G, _5,. The case n = 3 follows from
Corollary 5.1, so we may assume that n > 4. Now z; = ged(z;, z;) for all
2<i<j<n-—1. Thus fori=2,3,...,n—1 we have x; = a;x1, where a;’s
are distinct and a; > 2 for each i. Thus we have

1 — =l 1 1 =l
— 40 3—Z=+((n—3)—z>>0,

Tn €
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since

n—1 nll —92
zf<zf oS-
k=2 @
Thus N € G,_o,. O

Remark 5.2. Let (P, <) = (Z4,]). Since N € Fy, we see that if S is any gcd-
closed set constructed by (M ;) and (Msy;) repeatedly, then the LCM matriz

[S] is invertible, see Corollaries 5.1 and 5.2 In particular, by Corollary 5.2
we also have N € Goy, N € G35, N € Gy and N € Gs 7.

6 The Bourque-Ligh conjecture

Bourque and Ligh [5] conjectured that the LCM matrix [S] is invertible on
any ged-closed set S. It is known that this conjecture holds for n < 7 and
does not generally hold for n > 8. A number-theoretic proof of this solution
has been given in [11]. We here provide a lattice-theoretic proof. We go
through all meet closed sets S (up to isomorphism) with n = 1,2,...,7
elements, and applying the conditions (C,,, ;) we study the invertibility of
the join matrix [S]; on S in any lattice. When we take (P, <) = (Z4,])
and f = N we obtain the solution of the Bourque-Ligh conjecture given in
[11]. In principle this is a simple method, since at least for small n the sets
S are easy to classify on the basis of their incomparable elements and the
conditions (C,,, ;) are easy to evaluate applying (3.4), the Hasse diagram of S
and the recursive properties of pg. It would be easy to derive necessary and
sufficient conditions for the invertibility of the join matrix [S]; on S in any
lattice, but for the sake of brevity in we present only sufficient conditions.

6.1 Casesn=1,2,3,4,5

We begin by constructing recursively all possible meet closed sets with at
most 5 elements, see Figure 2. If all meet semilattices with n elements are
known, then a simple but laborous way to obtain all possible meet semi-
lattices with n 4+ 1 elements is first to determine all possible ways to add a
maximal element to them and then to eliminate repetitions. The semilattices
are then classified based on the largest m; in the methods (M,,, ;) used to
construct each semilattice. Most of them are constructed by using (M; ;)
only, but for some of them also (My;) or even (Ms;) is needed.

In each class the white point stands for the last added element. For each
class we have also marked the value of ug(x;,x,) next to each element x;.
The calculation of pg(x;, x,) bases on (3.2).
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(r) 51 (s) 53 (t) Bk (uw) 5, (v) bu (w) bx (x) 50
Figure 2.

Theorem 6.1. Let S be a set with at most 5 elements.

(i) If S € 1a, then [S]; is always invertible (under the condition f(x) # 0
forallz € P).

(11) ]fS € 2A73A73B74A74B74C74D75A75]37"'751 and f € Fl; then [S}f is
invertible.

(iii) If S € 4g, by, 5k, 51, dum, On and f € F, then [S]y is invertible.
(iv) If S € 5o = S35 and f € F1 NGy, then [S]y is invertible.

Proof. (i) The one element case is trivial. (ii) If S belongs to one of the
classes mentioned in part (ii), then S can be constructed by (M; ;) only and
thus f € F; is a sufficient condition for the invertibility of [S];, see Definition
4.2. (iii) If S belongs to the classes mentioned in (iii), then both (M;;) and
(M) are needed and therefore f € F; is sufficient for the invertibility. (iv) If
S € 50, then the conditions for the invertibility of [S]; follow from Theorem
5.2. O

Corollary 6.1. If S is a meet closed set with at most 5 elements and f €
F2N Gss, then [S]y is invertible. In particular, if S is a gcd-closed set with
at most 5 elements, then [S] is invertible.

10
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Proof. The first part is a direct consequence of Theorem 6.1. For the second
part we just have to recall that N € 7, N G35 by Remark 5.2. O

6.2 Casen==56

For n > 6 we change our procedure slightly, since there are 53 classes of
meet closed sets for n = 6 and 222 for n = 7 (see e.g. [10], the number of
meet semilattices with n elements equals the number of lattices with n + 1
elements, since adding a maximum element to a meet semilattice results a
lattice). Here we construct only the meet closed sets with 6 elements, where
at least one of my,...,m, is greater than or equal to 3. (If my,...,m, <2,
then the Bourque-Ligh conjecture holds by Remark 5.2.) We obtain exactly
7 different classes 64, 6p,...,6g presented in Figure 3. In each class there
can be no more than one element x; with m; > 3 and there exists exactly one
class with m; = 4. Keeping this in mind the use of mathematical programs
is not necessarily needed in order to find all 7 classes, but it would be easy
to do so by making suitable adjustments to the code given in Remark 6.1.
The value of p(z;, z6) is again marked next to each element x;, and the white
points stand for the last added element wg.

6o ()6g (c)6c  (d)6p  (e)
Figure 3.

Theorem 6.2. Let S be a meet closed set with 6 elements.

(i) If S € 64,6p,...,6c and f € Fa, then [S]; is invertible.

ii) If S € 6p = S5 and f € Fi1 N Gsg, then [S]; is invertible.

)
(i) If S € 64,68, ...,65 and f € F1 NGs5, then [S]; is invertible.
(iii)
(iv) If S € 6 = Su6 and f € F1 N Gyg, then [S] is invertible.

Proof. (i) If S & 64,6, ...,6q, then only (M;;) and (Ms;) have been used,
and thus the condition f € F, assures that [S]; is invertible, see Definition
4.2. (ii) If S € 64,68, 6¢,6p, 6F, then S can be constructed by (M;;) and
(M;,), and thus the assumption f € F; together with f € Gs5 assures the

11
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fulfillment of conditions (C; ;) and (Cs ;) and therefore the invertibility of [S];.
For S € 64,6g,6¢ the condition (Cs3) is clearly implied by f belonging to
G35, and also for S € 6p, 6g the condition (Cs ) is implied by the assumption
[ € G35 due to the zeros of pg(z;, x¢) in 6p, 65 of Figure 3. (iii) In the case
when S € 6p the semilattice S,_; can be constructed by (M;;) and S can
be constructed by (Msg) from S,_;. In this case the assumption f € F;
quarantees that the conditions (Cj;) hold, whereas f € Gs¢ implies that
(Cs6) holds. Thus [S]; is invertible. (iv) If S € 6¢, then the conditions for
the invertibility of [S]; come from those in Theorem 5.2. O

Corollary 6.2. If S is a meet closed set with 6 elements and f € FoNGz5N
Gs6 N Gug, then [S]y is invertible. In particular, if S is a ged-closed set with
6 elements, then [S] is invertible.

Proof. The first part of this corollary is obvious, since Fo C F;. We only
need to prove the second part. We already know that N € F, N G35 N Gag
(Remark 5.2 and Corollary 5.2), so it suffices to prove that N € Gs6. Let
S e 6,

x1 = ged(mg, x3) = ged (w3, x4) = ged(z3, z5),

xe = ged(zg, x5) and lem(xs, x4, 25) | 2. Thus xo = axy, x5 = bxy, ¥4 =
acxy, rs = adxry, where a,b,c,d > 2 and

ged(a, b) = ged(b, ¢) = ged(b, d) = ged(e, d) = 1.

Therefore at least one of the numbers ¢ and d must be greater than or equal
to 3, from which it follows that ¢d —c¢—d > 0. Clearly we also have b—1 > 0
and z1,7¢ > 0 and thus we obtain

——————— +—+—= (6.1)

Tg Ts T4 XT3 Ty X1
1 n —be — bd — acd + bed + abed

Tg abedxy
_ iJracd(b—l)—i—b(cd—d—c) ~o
26 abedxy
This implies that N € Gs. O

6.3 Casen=7

As in the case n = 6, we consider only the meet closed sets with 7 elements,

where at least one of myq,...,m, is greater than or equal to 3. There are
exactly 47 such semilattices, which we divide into ten categories 74, 75, ..., 71
12
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based on their structure, see Figures 4-8. As before, we have marked the
value of pg(x;, x7) next to each element z;, and the last added elements 7
are denoted by white points.

Remark 6.1. In the case n = 6 it is well possible to find all meet semilattices
in Figure 3 without any computer calculations. As one might expect, in the
case n =7 the task of finding all meet semilattices with at least one m; > 3
without any help from a computer becomes quite overwhelming. With Sage
5.10 this can easily be done by using the command

P7=[p for p in Posets(7) if p.is_meet_semilattice() and
max ([len(p.lower_covers(q)) for q in p.list()]) >= 3].

With the command
for p in P7: show(p.plot())

it is then possible to obtain the list of Hasse diagrams of the meet semilattices
m question.

Theorem 6.3. Let S be a meet closed set with 7 elements.

(i) If S does not belong to any classes presented in Figures /-8 and f € Fs,
then [S]y is invertible.

) If S € Tan,TaB, ..., Tax and f € F1 NGy, then [S]y is invertible.
) If S € Tga, TeB, ..., Tp1 and f € F1 N Gsg, then [S]y is invertible.
) If S € Tea, Tes, Tee, Tep, Teg and f € FoNGs 5, then [S]y is invertible.
(v) If S € Tpa, TpB, o, Top, 7o and f € FiNGyg, then [S]y is invertible.
) If S € Tg and f € FoNGsg, then [S]y is invertible.
) If S €T and f € Fo N Gsyq, then [S]y is invertible.
(viii) If S € 7g and f € F1 N gﬁ}’, then [S] is invertible.
(ix) If Se Ty and f € F1 N Qf;, then [S]y is invertible.

(x) If S €Ty and f € FiNGsz, then [S]y is invertible.

13

101



=3

¢ %

(d 7AA (b) 7AB
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l l ‘? | l ! f 1
q) 7aq ) Tar ) Tas ) TaT ) Tau ) Tav ) Tax
Flgure 4.

(a) 7BA 7BB 7BC 7BD 7BE 7BF 7BG
) TBu ) TB1

Flgure 5.

Proof. (i) This case is trivial, since if S can be constructed by (M;;) and
(My,;) only, then f € F, is a sufficient condition for the invertibility of [S]s.
(ii) Let S € Taa, TaB, - - -, 7ax. Then S can be constructed by applying (M, ;)
six times and (Mjs;) once. Due to the zeros of the Mébius function, the con-
dition f € G35 guarantees the invertibility of [S;]; when (Ms;) is applied.
Everytime when (M; ;) is applied the invertibility follows from the condition

14
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7CB 7cc 7CD 7CE

Flgure 6.
) ToB ) Toc

(©) Ta (d) u (e) T
Figure 8.

f € Fi. (iii) The situation is similar to the cases S € Tpa, BB, - - -, TBI-
The only difference is that the assumption f € Gs¢ implies the invertibility
of [Sz]f when (Mgl) is used. (iV) In the cases S € Tca, 7cB, Tcc, Tep, TcE
the methods (Mj;), (Mg;) and (Ms;) are all needed in the construction of
the set S. In order to the matrix [S]y to be invertible, these methods re-
quire the assumptions f € Fy, f € F, and f € Gy, respectively. (v) If
S € Tpa, ToB, Toc, Top, Tpg, then (M ;) and (My;) are the only used meth-
ods. Here f € Gy¢ assures the invertibility of [S;]; when (M,;) is applied,
otherwise the invertibility of [S;]; follows from the condition f € Fy. (vi)
The case S € Tg has much recemblance to the case (iv); here we just need
the condition f € Gs¢ instead of f € G35 when the method (Ms;) is used.
(viii)-(ix) In the cases S € 7g and S € 7y the set S,_; can be constructed
by (M;;) only and S can be constructed by (Myy7) from S,_;. Therefore
in both cases the assumption f € F; guarantees that the matrix [S,,_1]; is
invertible, whereas either condition f € 947 or f e Qg; is needed to assure
the invertibility of [S]; when the last element is added. (x) The case S € 7
is similar, here only the method (Mj57) is used instead of (M, 7) and the con-
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dition f € G5 7 is needed instead of assuming f € 987) or f € gf;. This last

result also follows from Theorem 5.2. O

Corollary 6.3. If S is a meet closed set with 7 elements and f € FoNGs5N
Gs6MNGygN 9487) N Qﬁ) N Gsz, then [S]y is invertible. In particular, if S is a
ged-closed set with 7 elements, then [S] is invertible.

Proof. The first part of this corollary is obvious, since F; O F3 and the sets
in parts (iii), (v) and (vi) respectively belong to classes S; 7, SE?) and Sf;.
We prove the second part of this corollary. Since by Remark 5.2, Corollary
5.2 and Corollary 6.2 N € Fo N G35 N Gs N Gag NG5z, it suffices to prove
that N € Gz N 987) N gf;. We prove first that N € G37 (S € Tp). Let 21 =
ng(IQ, Ig) = ng(l’g,l’4) = ng($27$6) = ng($4, xﬁ), Ty = ng(l’4,l’5), xr3 =
ged (s, xg) and lem(xy, x5, 26) | 7. Thus x = axy, x5 = bxy, 4 = acxy,
x5 = abdzy, xg = bexy, where a,b,c,e > 2 and d > 1. Since ged(e, bd) = 1,
either ¢ > 3 or b,d > 3 and we have (bd — 1)(c — 1) — 1 > 0. In addition,
e—1>0and z1,27 > 0 and thus we obtain
1 1 1 1 1 1

——————— +—+—= (6.2)
Ty Tg Ty T4 T3 )

1 n —acd — ce — bde + acde + bede

T abedex
_ L N acd(e — 1) +e[(bd — 1)(c — 1) — 1] - 0.
T7 abedex

Thus N € G5 7.

We prove second that N € gﬁ}’ (S € 7g). Let a1 = ged(zo,23) =
ged(zy, x3) = ged(xs, x3) = ged(wg, x3), xo = ged(zg, x5) = ged(xy, ) =
ged(xs, x6) and lem(xs, 24, x5, 26) | 7. Thus zy = axy, 3 = bxy, x4 = acxy,
x5 = adry, T = aexy, where a,b,c,d,e > 2. Here ged(d,e) = 1, which
implies that d # e and either d > 2 or e > 2. Therefore de —d — e > 0, and
since also b — 1,¢—1 > 0 and x1,z7 > 0, we have

1 1 1 1 1 2 1
_________ + —+ — = (6.3)
7 T X5 Ty T3 T2 (a1

1 n —bed — bee — bde — acde + 2bede + abede

T abcdexq
_ 1 n be(de — d — e) + bde(c — 1) + acde(b — 1) S0
T abedex

Thus N € gf;.
We prove third that N € Qf; (S € Tu). Let @y | x2, 1 = ged(zs, 24) =
ged(z3, z5) = ged(xy, x5) = ged(xs, xg) = ged (4, 26), 2 = ged(zs, x6) and
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lem(zs, 24, x5, 26) | ©7. Thus xo = azy, v3 = bxy, x4 = cxy, 5 = adry,
xr¢ = aexy, where a,b,c,d,e > 2. Since ged(e,d) = 1, we have either d > 2
or e > 2 and further de — d — e > 0. In addition, since b — 1,¢—1 > 0 and
x1, 7 > 0 we have

_________ _|_i—|——: (64)
xrr Tg x5 Ty X3 T2 T

1 . —bed — bee — abde — acde + bede + 2abede

T abcdexq
_ 1 N be(de — d — e) + abde(c — 1) + acde(b — 1) S0
T abedex
Thus N € G2 O

6.4 Casesn=28,9,...

Haukkanen, Wang and Sillanpéé [9] showed that the Bourque-Ligh conjecture
is false by giving the counterexample

S ={1,2,3,4,5,6,10,45, 180},

where n = 9. Hong [11] solved the conjecture completely (in a sense) show-
ing that it holds for n < 7 and does not hold generally for n > 8. The
counterexample given by Hong is

S ={1,2,3,5, 36,230,825, 227700}
={1,2,3,5,6(2-3),23(2-5),55(3-5), (6 - 23 - 55)(2- 3 - 5)}.

For this counterexample given by Hong [11] we have S € S35 with [S] being
singular. Thus N & Gsg and, more general, N ¢ F3. For any n > 8 we are
also able to construct a gcd-closed set S possessing the structure given on
the left side of Figure 9 as a subsemilattice, which makes the LCM matrix
[S] singular. These counterexamples together with Corollaries 6.1-6.3 serve
as a lattice-theoretic solution of the Bourque-Ligh conjecture.

Acknowledgements We wish to thank Jori Méntysalo for valuable help
with Sage. We also wish to thank the anonymous referee, who a couple of
years ago gave many useful comments and suggestions regarding an earlier
version of this article.
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Figure 9. On the left is the counterexample for the Bourque-Ligh conjecture
given by Hong. The lattice on the right is the counterexample by Haukkanen,
Wang and Sillanpéa.
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ARTICLE INFO ABSTRACT
Article history: The invertibility of Least Common Multiple (LCM) matrices
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Available online xxxx over the years by many authors. Bourque and Ligh conjec-
tured in 1992 that the LCM matrix [S] = [[xs,x;]] on any
Keywords:. GCD closed set S = {z1,z2 Zp } is invertible, but in 1997
LCM matrix yEr )
GCD matrix this was proven to be false. Nevertheless, many open conjec-
Smith determinant tures concerning LCM matrices and their Hadamard powers
Moébius function remain. In this paper we utilize lattice-theoretic structures
Meet semilattice and the M6bius function to explain the singularity of classical
Singular number LCM matrices and their Hadamard powers. As a result we

disprove some open conjectures of Hong. Elementary mathe-
matical analysis is applied to prove that for most semilattice
structures there exists a set S = {z1,z2,...,zn} of positive
integers and a real number a > 0 such that S possesses this
structure and the power LCM matrix [[x;, z;]?] is singular.
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1. Introduction

The study of GCD and LCM matrices was initiated in 1876 by the famous number
theorist H.J.S. Smith [15]. Smith calculated the determinant of the basic GCD matrix
with the greatest common divisor of ¢ and j as its ¢j-entry. In addition, Smith derived
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determinant formulas for more general GCD and LCM matrices with (z;, z;) or [z;, z;] as
its ij-entry and showed that the GCD matrix (S) and the LCM matrix [S] are nonsingular
on factor closed sets S. He also studied GCD and LCM matrices associated with the
arithmetical function f, where the ij entries are f((x;,x;)) and f([z;,x;]), respectively.
Determinants of GCD-related matrices were studied in dozens of papers during the
20th century (see e.g. the references in [5]), but Bourque and Ligh [3] were the first to
focus on the invertibility properties of LCM matrices through their conjecture that the
LCM matrix of a GCD closed set is always invertible. Shen [14] went even further and
conjectured that if the set S is GCD closed and r # 0, then the power LCM matrix
[[zi, z;]"] is nonsingular.

Haukkanen et al. [5] soon showed that the Bourque-Ligh conjecture (and also Shen’s
conjecture in the case r = 1) is false by finding a counterexample with 9 elements.
Two years later Hong [6] found a counterexample with 8 elements and proved number-
theoretically that the Bourque-Ligh conjecture holds for n < 7 and does not hold in
general for n > 8 (there is also a recent paper by Korkee et al. [10] which gives another,
a lattice-theoretic proof for this fact). Subsequently Hong published many papers regard-
ing power GCD and power LCM matrices (see e.g. [7-9]). Hong also presented several
conjectures on his own about the nonsingularity of power GCD and power LCM matri-
ces. For example, in [7] Hong conjectured that if S is a GCD closed set of odd integers,
then every power LCM matrix of the set S with nonzero exponent is nonsingular.

In the last decade there has not been much progress on proving or disproving Hong’s
conjectures, and they all remain open. One of the few advances was Li’s article [11],
which provided some support to two of the conjectures. In this article we improve this
situation by showing that some of Hong’s conjectures are in fact false. This is done by
using lattice-theoretic methods.

In Section 2 we introduce some key definitions and preliminary results needed in the
following sections. In Section 3 we study the zeros of the Mobius function in a given
meet semilattice, which gives us the leverage to analyze the product expression of the
determinant of LCM-type matrices. In Section 4 we apply the mathematics software
Sage [17] to show that every 8-element GCD closed set S, for which the LCM matrix [S]
is singular, has the same semilattice structure. We also construct a GCD closed set S
of odd numbers such that the LCM matrix [S] is singular. In Section 5 we prove that
for most semilattice structures (L, =) there exists a set S = {x1,x2,...,x,} of positive
integers and a positive real number « such that (S,|) = (L,=) and the power LCM
matrix [S]ye = [[z;, 2;]?] is singular. We also point out a connection between the A-tree
structure of (L, <), the nonpositiveness of the nontrivial values of the Mdbius function
wr, and the nonsingularity of the power LCM matrices [S]y« for all (S,|) = (L, <) and
a > 0. In Section 6 we discuss several conjectures by Hong and give conclusive answers

to some of them.
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2. Preliminaries

If (P, <) is a meet semilattice, f is a function P — C and S = {x1,...,x,} is a subset
of P with distinct elements arranged so that x; <X z; = @ < j, then the meet matriz
of the set S with respect to the function f has f(x; A ;) as its ij-entry. This matrix
is usually denoted by (S)y. Similarly, if (P, <) is a join semilattice and f and S are as
above, then the join matriz of the set S with respect to the function f has f(x; V z;) as
its ij-entry. For this join matrix we use the notation [S];.

In the special case when (P, <) = (Z4,|) and f is an arithmetical function the meet
and join matrices become the so-called GCD and LCM matrices with respect to the
arithmetical function f, respectively. Moreover, if we set f = N where N%(m) = m®
for all m € Z,, the matrices (S)s and [S]; become the power-GCD and power-LCM
matrices with (z;,2;)* and [z;,x;]* as their ij-entries, respectively. And in the case
when o = 1 we denote N' = N and obtain the usual GCD and LCM matrices with
(x4, x;) and [z;, x;] as their ij-entries, respectively. The usual GCD matrix of the set S
is denoted by (5), and the usual LCM matrix by [S].

Remark 2.1. It is often convenient to assume that z; < 2; = i < j (in the case of meet
and join matrices) or that z1 <z < --- <z, (in the case of GCD and LCM matrices).
However, the indexing of the elements of the set S does not affect on the invertibility of
the corresponding meet or join matrix, see e.g. [12, Remark 2.1]. Since in this paper we
are only interested in the singular behaviour of these matrices, in most of the cases we
could also do without this assumption.

We develop further the lattice-theoretic method adopted in [10], but this time we
will focus solely on power-LCM and power-GCD matrices. Throughout this paper, let
S ={x1,...,2,} be a GCD closed set of positive integers. By denoting S; = {z1,...,2;}
we obtain a chain of GCD closed sets S1 C So C --- C S, = S. It should be noted that
every set S; is also trivially lower closed in (S, |). This observation enables us to use the
Moébius function pg of the set S, which can be given recursively as

ps(xi, z;) =1,

ps(wwy)=— > pslzian)=— > pslak ).

TRF#T; TpFAT

Since
[S]ne = diag(af, ..., z3)(5) o, diag(z, ..., 25),

it follows that [S]ye is singular if and only if (S) 1 is singular. Furthermore, since the
set S is GCD closed, we may define the function ¥g 1 on S as
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No

Vg o (@)= ) %g%) (2.1)

(if the set S is not GCD closed we would have to define this function on an auxiliary
set D such that (z;,z;) € D for all z;,z; € S, as was done in [2]). By a well-known
determinant formula (see e.g. [2, Theorem 4.2]) we now have

det(5>ﬁ = \Iis,ﬁ(wl)\lls,ﬁ($2) e \IIS’N%(xn). (2.2)
Thus we may conclude the following result.

Proposition 2.1. The matrices [S]ye and (S)_1_ are both invertible if and only if

N
Vg o (x;) #0 foralli=1,...,n.

Remark 2.2. Proposition 2.1 shows that the Mo6bius function plays a crucial role in
invertibility of power LCM and GCD matrices of GCD closed sets. For material on the
Mobius function we refer to [1,13,16].

Remark 2.3. If (L, <) is a poset and we are interested in the values ur,(x, z) of the Mobius
function, where z € [z,y] C L, then the recursive formula for the Mobius function implies
that pur(z,2) = pz,y) (2, 2). Throughout this paper we make use of this simple fact.

Remark 2.4. By applying [2, Theorem 4.2] we can also write

Ug o (z)= Y Z%u(%)z > (%*u)@),

z| @ wlz z | @
ztax; for j<i ztax; for j<i

where p is the number-theoretic Mobius function and * is the Dirichlet convolution.
Therefore Wg 1 (;) is equal to a; (or a;(21,...,x)), which appears in many texts
by Bourque and Ligh and Hong (see e.g. [3] and [8]), but in this paper we only use a
different method for calculating it.

Finally we need the following proposition.

Proposition 2.2. Let T' = {t1,...,t,} be any subset of S with t;|t; = i < j. If the poset
(T, ]) belongs to one of the classes presented in Fig. 1, then

e

L >,
7

~+

m
=1
where the a;’s are the coefficients found in Fig. 1 next to each element.
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L

m2m

Fig. 1. The lattice classes of Proposition 2.2. The coefficients a; are next to each element.

Proof. Consider first Fig. 1(a). Now (T, |) € 812 and ¢1 | t2, and thus clearly £ — L > 0.
Consider next Figs. 1(b)—1(e). Then m >4, t1 |to, ..., t;m—1 and to, ..., tm_1 |t In this
case

since

3. On the zeros of the Mobius function of a meet semilattice

Before we can begin our study of singular LCM matrices we need to prove the following
lemma, which tells us something important about the zeros of the Mébius function of a
finite meet semilattice.

Lemma 3.1. Let (L, <) be a finite meet semilattice, x € L and Cr(x) ={y € L | x > y}.
Denote &r,(x) = NCr(z) if Cr(z) #0 and &n(x) =z if Cp(z) = 0. If

2 ¢ [€o(), 2] :={we L|&(r) 2w 2},
then pr(z,z) = 0.

Proof. If Cr(x) = 0, then 2 = min L and we have £, (x) = x. Trivially pr(z,2) = 0 for
all z ¢ [z, z], so we may assume that C(z) # 0. Let m denote the number of elements
in C(z) (m > 1). Suppose that z ¢ [¢1(z),z]. Clearly the claim is true if z £ z, so we
may assume that z < z. Let n(z) denote the number of elements y € Cp(x) such that
z <y, and let y1,%2,...,¥y(z) be these elements (thus C[Z z]( x) = {y1,y2, - Un(z)})-
In addition, &p, ,3(%) = y1 Aya A -+ Ay (clearly &, .p(z) € [En(z),2]). We apply
double induction: first induction on the size of C'(z) and then mductlon on the size of
the interval [z, {[. .5 ()]
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Our base case is that the set Cp(z) has one element, i.e. m = 1. Suppose first that
there is only one element on the interval [z, {[. .j(z)[ = [2, y1[. This element has to be
z itself. In this case the interval [z, z] is equal to the chain z < y; < x, and clearly

pr(ze) == Y pr(v,x) = —(pr(y, @) + pr(e,z)) = —(=1+1) = 0.

Next we consider the case m = 1 and there are more than one elements on the interval
[2: €120 (@ = [2, 910 = [2,€c(2)[. Here our secondary induction hypothesis is that if
u ¢ [€n(x), [, m = 1 and there are less than k(> 2) elements on the interval [u, &1 (z)[,
then pp,(u, ) = 0. Suppose that there are k elements on the interval [z, £, (z)[. Since in
this case |z, 2] =]z, &0 (2)[ U [€n(x), 2], we have

=01 (§[2,x1 (2),2)=0,

=0 by induction since €. 4 (z)#x

hypothesis
—
pen=- Y wwo || X mee|=-0-0=0
2=V=EL2, o] (%) €Lz,01 () 3022

Thus our base case is complete.

Now let m > 1. Our primary induction hypothesis is that for all semilattices L in
which x covers less than m elements we have ur(u,z) =0 for all u ¢ [¢L(x), z].

Suppose first that z ¢ [£(z), 2] is fixed and n(z) < m. When calculating the value
pr(z,x) we may restrict ourselves to the meet semilattice [z, z]. In this structure z pre-
cedes and x covers less than m of the elements of C,(x). Thus our induction hypothesis
implies that uz(2,2) = p[., .1 (2, ) can be nonzero only if z € [€f. .3 (x), 2] C [¢€r(2), z].
Thus the claim is true for all z with n(z) < m.

Suppose then that z ¢ [€1(z),z] and n(z) = m. We aim to prove that pr(z,z) =0
by applying the formula

pr(e,2) == 2 (o).

z2<v=x

Since in this case z is a lower bound for all the elements y;, we must have z < £y, (z). When
calculating the value pr(z,2) we may omit all elements v > z such that pr(v,z) = 0. If
n(v) < m, then by the work done above we know that all the elements v with nonzero
Mébius function value are located on the interval [f, .3(%),2] € [€r(x),z]. All the
remaining elements v > z have n(v) = m, and therefore v € ]z, £ (2)]. Thus

prza)=— 3 men) | = 2 meo) |- 2w

z=v=x z=v=<€r (x) n(z) vz

Next we use induction on the size of the interval [z, £ (z)[ and show that ur(z,z) = 0.
If there is only one element on this interval, then
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UL<231') = - Z ,LLL(U,$) = - Z UL(va) = 5L(5L(1')717) =0,

z2<v=x r(z)=Sv=x

since €1,(x) # x. Our induction hypothesis is that if there are less than k(> 2) elements
on the interval [[v, & (2)[, then pr(v,z) = 0. Suppose that there are k elements on the
interval [z, &L (z)[. Now

“vporness =51(61.(2):7)=0
——
pur(z,x) = — Z pr (v, ) - Z pr(u,z) | =—-0—0=0.
2=v=E] 1 () €f2,0] () Su=z

Thus our proof is complete. 0O

It is also possible to prove a stronger version of Lemma 3.1. For our purposes the
original formation is mostly sufficient, but in the proof of Theorem 4.1 this stronger
version is needed as well.

Lemma 3.2. If ur(z,2) # 0, then z has to be the meet of all those elements y, which are
covered by x and located on the interval [z, z].

Proof. Suppose that pr(z,2) # 0. By using the same notations as in the proof of
Lemma 3.1 we trivially have z =< &, ;5(2). On the other hand, Lemma 3.1 implies
that {[. ,1(z) < z = . Thus we must have {, ,j(z) =2. O

4. Singularity of the usual LCM matrices

It has been known for a long time that the smallest GCD closed set S for which the
LCM matrix [S] is singular has 8 elements. However, the uniqueness of the structure of
such a set has not been considered earlier. The next theorem addresses this.

Theorem 4.1. If S is a GCD closed set with 8 elements and the LCM matriz [S] = [[z;, z;]]
is singular, then the semilattice (S,|) always belongs to the class 85 in Fig. 2.

Proof. Suppose that S is a GCD closed set with 8 elements and its LCM matrix [S]
is singular. Thus S; = {x1}, 52 = {x1,22},...,S5s = S. Since S1,...,S7 are all meet
semilattices with less than 8 elements and all LCM matrices are invertible up to size
7 x 7, we know that Wg, 1 (x;) = Vg 1 (z;) # 0 forall i =1,...,7. Since the matrix [5]
is singular, we must have Wg 1 (25) = 0.

Next we should note that the last added element xg must cover at least three el-
ements. Otherwise Lemma 3.2 would imply that the set of all elements z; € S with
ps(zi, xg) # 0 belongs to either of the classes Sy o or Sy 4 in Fig. 1. In the first case we
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b
600‘

1

Fig. 2. The Hasse-diagrams of the meet semilattices in the proof of Theorem 4.1. For every semilattice the
number next to each element is the value pugs(x;, zs), where xg is the last added element and is denoted by
the white dot.

have Wg 1 (xg) = é - ﬁ < 0, where z, is the element covered by zg. In the second
case \1157%(]}8) > 0 by Proposition 2.2. Furthermore, from this we deduce that in the
Hasse diagram of (S,|) every maximal element has to cover at least three elements. If
this is not the case and there is a maximal element that covers at most two elements,
then the set S can be constructed so that xg is this element. As above we obtain that
Uy, 1 (ws) # 0, which is a contradiction.

There are 1078 meet semilattices with 8 elements, but the condition that every max-
imal element needs to cover at least three elements reduces the number of possibilities
to 84 (Remark 4.1 contains the details on how the desired list of meet semilattices is
obtained). By taking into account the possible zeros of the Mobius function us we are
able to rule out even more structures, namely those for which there exists x; € S such
that ps(x;, xg) = 0, x; covers at most one element and is covered by exactly one. Sup-
pose for a contradiction that there exists such element z; in S. Then S\ {z;} is a meet
semilattice with 7 elements (the ordering of S\ {x;} is induced by the ordering of 5),

B\ {z:} (Trs T8) = ps(xp, zg) for all zp € S\ {z;} and therefore

Vs, 1 (w8) = Ug\ (a3, 1 (¥8) # 0.

Again this means that the matrix [S] is invertible, which is a contradiction. Thus S
cannot contain this type of element z;. This leaves us with the ten possible structures
8A,...,8; presented in Fig. 2. By the work by Hong [6] we already know that S may
belong to the class 8;. We only need to show that S cannot be any of the remaining
types 84,8g,...,81. It suffices to prove that Wg 1 (z5) # 0 whenever (S, |) belongs to
any of these classes. From Proposition 2.2 we obtain directly that ¥ s, L (xg) > 0 when
S € 8. In order to reduce the remaining cases to this same proposition we first need to
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I8
s T8 s
X7
x7 xT7 7
x3
AR
L2 1 L2 x1 z1 1
(a) 8a (b) 85 (c) 8¢ () 8p
X
xrs 8 T8 X8
x7 ‘ 'm J x7
T4
T2y 1 1 1
(e) 8k (f) 8r (g) 8a (h) 8u
Fig. 3. The numbering of elements of S in the cases when S belongs to classes 84,8p,...,8u.

divide the set S into suitable blocks. Fig. 3 shows the indexing of the elements of S in
each case.

(i) Let (S,]) € 8a. Then {x9,z3, 24, 25,28} € S35, {21, 26}, {21, 27} € S1,2 and

‘I’s,% (zs)

I
7 N\
S|~
8=
8-
B

_|_
g
N—

_|_
7N
e

|
-
SN—
7 N\
5]~

|
-
N—
V
)

>0 >0 >0

>0 >0

\IIS,%@S): ——————— +—+ —
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(iv) Let (S,|) € 8p. Then {x2, x4, 25,28} € Sa4, {23, %6}, {21, 27} € S1,2 and

‘I’s,%(@’S): ————————— +—+—+—

I
N\
5~

|
g~

|
gl-

+
&~
SN—

_|_
/N
5~

|
S~
SN—
7 N
Ce

|
-
SN——
V
o

>0 >0 >0

I
7 N\
5~

|
g~

|
S

|
El-

|
g~

_|_
8o
SN—
/N
e

|
-
N~——

\Y

o

>0 >0

>0 >0 >0

(vii) Let (S,|) € 8a. Then {w1,xs, ¢, x7, 78} € S35, {x2, 23}, {x1, 24} € S1,2 and

Uga(rg)=——————————— +—t+—

>0 >0 >0

(Viii) Let (57 |) € 8u. Then {xg,a:4,:r5,x8} € 82,47 {.%2,.%‘6}7 {1‘1,$7} S 8172 and

Vg plos)=————————— +— =+ —

>0 >0 >0

Thus we have shown that (5, |) must belong to class 8; and our proof is complete. O

Remark 4.1. Since there are 1078 meet semilattices with 8 elements, one of the main
challenges in the proof of Theorem 4.1 is to find all suitable meet semilattices and rule
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out the rest. We used Sage 6.1.1 (see [17]) in order to accomplish this. First we define
the set of all meet semilattices with 8 elements by using the command

L8=[p for p in Posets(8) if p.is_meet_semilattice()]
The command

L8=[1 for 1 in L8 if not any (
len(l.lower_covers(m))<3

for m in 1l.maximal_elements() )]

then rules out all such semilattices in which some maximal element covers less than three
elements. After that the command

L8=[1 for 1 in L8 if not any (
len(1l.lower_covers(e))<=1 and
len(1l.upper_covers(e))==1 and
1.mobius_function(e,7)==0
for e in 1.1list() )]

makes sure that in the remaining semilattices there are no elements x; such that
us(zi, xg) = 0, x; covers at most one other element and is covered by only one. Now the
command

for 1 in L8: 1.show()

shows the Hasse diagrams of the meet semilattices 84, ...,8;5 in question.

It is easy to see that if S is an odd GCD closed set with at most 8 elements, then the
LCM matrix [S] is always nonsingular (an odd set is a set whose all elements are odd).
The only possibility to obtain a singular LCM matrix [S] would be (S,]) € 85, but this
is impossible, since in this case

Ugi(wg)= ——— —— — —+ —F — 4 — — —
TN xg X7 T x5 X4 x3 T2 X1

T ) T3 T4 Tg T L6 T5
v v v NV
<3 <5 <3 <0
<0

Hong [8] took the idea of nonsingularity of LCM matrices of odd GCD closed sets even
further by presenting the following conjecture:
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Fig. 4. The Hasse diagram of the counterexample of Theorem 4.2. The left figure shows the values pug(z;, zg),
the right shows the respective elements of S.

Conjecture 4.1. (See /8, Conjecture 4.4].) The LCM matriz [S] defined on any odd GCD
closed set S is nonsingular.

However, this conjecture fails already when n = 9.
Theorem 4.2. Conjecture /.1 is false.
Proof. Let us consider the odd set

S ={1,3,5,7,195,291, 1407,4025,1 020 180 525}
={1,3,5,7,3-5-13,3-97,3-7-67,5%-7-23,3-5%.7-13-23-67-97}.

After calculating the values of the Mobius function (see Fig. 4) we may apply (2.1) to
obtain

11111112
1020180525 4025 1407 291 195 7 5 3

Wy 1 (1020 180525) =

1
= ———— (1 —-253461 - 72 — — 59231 145 74
1020 180525( 53 46 725075 — 3505775 — 5231695 + 145740075

+ 204 036 105 4 680 120 350 — 1020180 525) = 0,

and thus it follows from Proposition 2.1 that the matrix [S] is singular. O

Remark 4.2. The counterexample given in the proof of Theorem 4.2 was found by ana-
lyzing GCD closed sets S of nine elements possessing the structure presented in Fig. 4.

A positive integer z is said to be a singular number if there exists a GCD closed set
S=A{z1,...,zn}, where 1 <zy <. <, =, such that Ug 1 (z) = 0. Otherwise z is
a nonsingular number. Moreover, x is a primitive singular number if x is singular and z’
is nonsingular number for all 2’ | x, x’ # x.

Hong [8] conjectured that there are infinitely many even primitive singular numbers.
He has also presented the following conjecture about odd primitive singular numbers.

Conjecture 4.2. (See [8, Conjecture 4.3].) There does not exist an odd primitive singular
number.
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-

24
f’«’z <3
21 21
(a) BEx. 5.1 (b) Ex. 5.2

Fig. 5. The Hasse diagrams of the semilattices in Examples 5.1 and 5.2.

The counterexample found in the proof of Theorem 4.2 also implies that this second
conjecture is false.

Corollary 4.1. There exists an odd primitive singular number.

Proof. By the proof of Theorem 4.2 we know that 1020 180525 is an odd singular num-
ber. If it is not primitive singular number itself, then it has a nontrivial factor which is
an odd primitive singular number. O

5. Lattice-theoretic approach to singularity of power LCM matrices with real exponent

So far we have only been studying the singularity of the usual LCM matrices. Next we
consider singularity of power LCM matrices from lattice-theoretic viewpoint. The one
thing that we can be sure of is that it is difficult to find singular power LCM matrices
in which the exponent is an integer greater than 1. Thus it is only natural to ask how
this situation changes when the exponent is allowed to be any positive real number. It
turns out that in some cases already the semilattice structure of (S,]) tells a lot about
the singularity of power LCM matrices of S. We begin our study with two illustrative
examples.

Example 5.1. Let L = {21, 22,..., 2, } be a chain with z; < 22 < --- < 2z, (see Fig. 5(a)),
let a be any positive real number and let S be any set of positive integers such that
(S,]) = (L, =). Then by (2.1) we get

1
\I’S L(xl) — Ms(wlwrl) = > 0’
R i af
and for 1 < 7 < n we have
1 1
\I/SN_IQ<$Z) = E - ,’I,‘f‘_l <0

Thus the power LCM matrix [S]ye = [lem(z;, z;)?] is invertible for all o > 0.
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Example 5.2. Let (L, =) be the four element meet semilattice presented in Fig. 5(b).
Suppose that S = {x1,x2, x5, 24} = {1,3,5,45}. Clearly (S,|) = (L,=). Let « be any
positive real number. Applying (2.1) we obtain

1 1
Vs g (=1 U5 (3)=55 -1 and ¥s 4 (5)= -1,

s N 3o
which are all nonzero for all o > 0. However,

1 1 1
\I/S,ﬁ(45):45—a_5_a_3_a+1’

which is negative for & = 1 and positive for o = 1. Since ¥ S, e (45) is a continuous

function of «, this function must have zero value for some positive g (this ag is located
approximately at 0.328594). It now follows from Proposition 2.1 that the power LCM
matrix [S]yeo = [[z;, x;]*°] is singular. This shows that our structure (L, <) does not
possess the same property as chains were proven to have in our previous example.

Although we just found one set S that yields a singular power LCM matrix for some
positive real number «, not every set of positive integers isomorphic to (L, <) has this
property. To see this we only need to choose S = {, 2}, 2%, 2} = {1,3,5,15}. In this
case we have

Vg g () =Tg 3 (2;) #0 foralla > 0and for all i =1,2,3,

1
R
but also

1 1 1 1
U, B)=—-——-—+1=—0("-1)3*-1
for all v > 0. This means that the power LCM matrix [S']ye = [[z}, 2}]%] is nonsingular
for all o > 0.

As we saw in Example 5.1, sometimes the lattice-theoretic structure of (S,|) alone
tells us that the power LCM matrix of the set S is invertible for all & > 0. On the
other hand, Example 5.2 shows that in the remaining cases the information about the
structure of (.5, |) is inconclusive and does not reveal whether or not all the power LCM
matrices of the set S are invertible. In this section our ultimate goal is to characterize
all possible meet semilattices (L, <), whose structure is strong enough to guarantee the
invertibility of the power LCM matrix for all GCD closed set (S,]) = (L, <) and for all
a > 0. By making use of Lemma 3.1 we are able to prove the following result, which
brings us one step closer to achieving this goal.

Theorem 5.1. Let (L, <) be a meet semilattice with n elements. Assume that there exist

elements x,y1,...,Ym (m >2) in L such that y1 <z, yo <z, -+, ym <z and pr(y,x) > 0,
where y = y1 A -+ ANyg. Then there exists a set S = {x1,xa,...,x,} of positive integers
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and a positive real number «g such that (S,|) = (L,=) and the power LCM matriz
[S]neo = [[zi, ;]*] of the set S is singular.

Proof. Let usdenote L = {z1,...,2,}, where z; < z; = ¢ < j (in particular, z; = min L).
We begin by constructing a GCD closed set S = {z},5,...,2),} of positive integers
such that (S’,]) = (L, <). Let pa2, ps, ..., p, be distinct prime numbers. We define 2} = 1
and

z =pilem{z) | j <iand z; < z} = H p;
1<j<i
25 2%

for 1 < i < n. It is easy to see that the set S’ is both GCD closed and isomorphic to L
(every element of S’ is either 1 or a square-free product of different primes).

Now suppose that a; € S’ is an element such that it covers the elements
Ty -sxy € S and psi(xy, ;) > 0, where x) = i, Axj, A--- Axj . Let r
be an arbitrary positive integer. Now let S(r) = {z1, z2,...,2,}, where

!/ : !/ /
' if @ { 27,

T/ s / /
pix  if xf |l

xT

Clearly (S(r),) 2 (8, ) & (L, ).
Let ¢ be as fixed above. Then x; = plz}. Let r be sufficiently large (to be specified
later). We define the function h;, : R — R by

: Hs(r (l’,l’z)
hior(@) = W), g, (20) = Y =S8

j=1 J

By Lemma 3.1 we know that pg(,)(z;,2;) = 0 for all z; ¢ [z, 2;]. Thus the function
h; » comes to the form

”S(T)(xjvxi) 1 MS(T)(axkvxi)
o)+ 3 alenm) L psolenn)
x| xj |z J kg zi

1
= pser) (@e, i)+ >

1#a ;E—;

s (azr, ;)
aOé

We are going to show that the factor on the right goes to zero for some a. Here we have

MS(T)(axlm )
aOL
1#a | ;41@ N—

—0 as a—o0

lim (zf (hir(a)) = S (r) (xg, zi) + aan;O Z = ps(r)(Tr, ;) > 0.

a—r o0

125



196 P. Haukkanen et al. / Journal of Combinatorial Theory, Series A 135 (2015) 181-200

The definition of the Mébius function pg(,) implies that

2 (hi(0) = D ps (x5, 2:) = ds(ry(wr, 1) = 0,

since z # x;. In addition,
d(zghir(a)) psry(azy, ;)
a2 T
1#a ﬁ

m(azg, x; x; ) (&i, 2
— (— > log(a) 2200k T1) ) ak )> - (rlog(pi) + log (—)) Hse, 1) o ).
o a Tp £
A% (2)
a;él,;c—z

Thus when the integer r is sufficiently large, we have

d(zithir(a))

o (0) = Z —log(a)ps(ry(azy, z:)

a|;f—]iv

a#l,f—;

!/

- <7" log(p;) + log (x

hud 3
Tk

>> psy (T, ;) < 0.
—_————

>0

Thus the function x{h;,(«) obtains negative values for some positive a. In addi-
tion, z{'h; »(a) is continuous. Now it follows from Bolzano’s Theorem that there exists
ap €0, 0of such that 23°h;r(a0) = 0 and therefore h; (o) = ¥g(,) 1, (i) = 0. Propo-
sition 2.1 now implies that the matrix [S(r)]n~o has to be singular. O

A subset S of a meet semilattice is said to be a A-tree set if the Hasse diagram of
the meet closure of S is a tree (when considered as an undirected graph). An alternative
way of putting this is that every element of the meet closure of S covers at most one
element of meetcl(S) (see [12, Lemma 4.1] for further characterizations). If the set S is
meet closed, then S is a A-tree set if and only if every element of S covers at most one
element of S.

Now we are finally in a position to prove the following theorem, which gives us the
desired classification of finite meet semilattices.

Theorem 5.2. Let (L, <) be a meet semilattice with n elements, where L = {z1,22,...,2n}.
Then the following conditions are equivalent:

1. The LCM matriz ([z;,x;]*) is nonsingular for all « > 0 and for all sets S =

{x1,22,...,2,} CZ" such that (S,|) = (L, =X).
2. L is N-tree set.
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3. For all zj,z; € L
pr(zi, zj) > 0=z = zj.

Proof. (1) = (2) First we assume Condition 1. Suppose for a contradiction that at least
one element of L covers more than one element. Suppose that z; is a minimal such element
and let z;,,..., 2, € L be the elements covered by z; (k > 2). Let z, = z;; A--- Az, If
pr(2r, z;) > 0, then Theorem 5.1 would imply that the matrix ([z;, z;]%) is singular for
some a > 0 and S C Z4, where (S,]) = (L, =). Thus we must have

pr(zr, 2i) = — Z pr(zr, 25) < 0.

zr 2<%

Let z;,,..., 2, € [2r,z] be the elements that cover z,. Here m > 2, since otherwise we
would have 2, < z;,,...,2;, and further z, < z;;, < z;; A--- A z;,,. We know that the
terms pur (2, 21, ), - - -, L (2, 21, ) appear in the nonnegative sum

0< Z ML(vazj)

zrR25<2;

= pr(zr, 20) + po(ze, 2,) + -+ po(ze, 2,) + Z pnr(zr, )
zj€EA

=1—-m-+ Z ML(Zij),
Z]'EA

where A = |J;_ ]2, 2. Therefore there exists z; € A such that iz (2, 2;) > 0. This
means that z; needs to cover more than one element even on the interval [z,, z;] (if z;
covered only one element, then by setting L = [2,, 2;] and = z; in Lemma 3.1 we would
have pur,(zr, z;) = 0, since z, < & (x)). This is a contradiction, since z; was supposed to
be a minimal element such that it covers at least two elements (and here z; < z;). Thus
condition (2) must hold.

(2) = (3) Suppose then that Condition 2 holds. Let z;,z; € L with pr(2,2;) > 0.
Here we must have z; < z;. Since S is A-tree set, the interval [z;,z;] is a chain
(see [12, Lemma 4.1]). In addition, the interval [z;, z;] cannot have more than one ele-
ment on it, since otherwise we would have pr(2;,2;) = —1 (in the case when there are
two elements on the interval) or ur(z;,2;) = 0 (in the case when there are more than
two elements on the interval). Thus Condition 3 is satisfied.

(3) = (1) For the last we assume Condition 3. Let S be any subset of positive integers
such that (S,]) = (L, =). If ; = min S, then

«
Ly

: /,Ls(fE',(Ei) 1
Ug o (1) = Z# = — >0
j=1
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If ; # min S, then there is at least one element x; that is covered by z; and we obtain

2
Z ps(xj, ) 1 1 Z ps (), i)
S, N (1) = xj‘?‘ ¥ xy + ¥

zj | @ J
<0 xj;é$i7xk
<0
Thus the matrix [S]ye = ([z;,2;]%) is invertible for all @« > 0 and we have proven

Condition 1. O
6. Notes on conjectures on singularity of power LCM matrices with real exponents

Besides those we have already discussed, Hong has also proposed several other con-
jectures on nonsingularity of power GCD and LCM matrices. At this point we are ready
to take a closer look at them. Let us begin with the following two.

Conjecture 6.1. (See /7, Conjecture 4.1].) Let o # 0 and let S = {x1,...,2,} be an
odd-gcd-closed set. Then the matriz [[x;, x;]%] on S is nonsingular.

Conjecture 6.2. (See [7, Conjecture 4.5].) Let o # 0 and let S = {x1,...,2,} be an
odd-lem-closed set. Then the matriz [[z;,z;]*] on S is nonsingular.

First we should note that every counterexample to Conjecture 6.1 generates a coun-
terexample to Conjecture 6.2 (in fact these two conjectures are equivalent to each
other). In order to see this we utilize a method similar to that presented in [4]. Let
S ={x1,22,...,2,} be a GCD closed set of odd positive integers such that z; | x,, for

alli=1,...,n. Now let S’ = {Z—Y, ‘;—;, cee i—z} The elements of S’ are clearly odd, and
since ged(x;, ;) € S for all 4,5 € {1,...,n}, we have
lem (x_n x—") = i = In cs
z; xj iz ged (-T_n7 w_n) ged(z;, ;)
X acj

for all 4,5 = 1,...,n. Thus the set S’ is LCM closed. Furthermore, if

(0% - [e% 1
then this implies that the determinant on the right vanishes. Therefore

det[S'] v = det H‘”—" ‘”—"} a] = 2" det [%} = 0.

ZT; I‘j xi,xj)o‘

It turns out that the elements of S being odd has very little to do with the nonsingu-
larity of the matrix [[z;, z;]?]. It follows already from Theorem 4.2 that Conjecture 6.1
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does not hold for @« = 1. More counterexamples can be found by using the method pre-
sented in the proof of Theorem 5.1 (the elements of S can easily be chosen to be odd by
assuming that p; # 2 for all i = 2,...,n, as done in Example 5.2). This means that for
each semilattice structure (L, =), where L is not a A-tree set, there exist infinitely many
counterexamples. Another consequence of Example 5.2 is that Theorem 1.5 in [7] cannot
be improved as Hong suggests; the condition “e < 0 or ¢ > 1” cannot be improved to
“e £ 0"

When applying Theorem 5.1 in practice the exponent «g (for which the matrix
[[zi, 2;]*] is singular) is often located near zero. This leaves open the possibility that
Conjecture 6.1 could be true when « > 1. Unfortunately not even this assumption is
enough to salvage Conjecture 6.1. This can be seen by modifying the counterexample in
Theorem 4.2. Let us consider the set

S =1{1,3,5,7,195,291, 1407,4025¢, 1 020 180 525¢},

where ¢ > 1 is an odd number. This set is clearly GCD closed, and thus we may define

ho.q() = g 1 (1020180 525¢)

B 1 S SRS SRR SRS SR S U S
T (1020180525¢)>  (4025¢)* 1407 291@ 195 ' 7o ' pa ' 3a
1 1 1 1 1 1 1 12
= - - - - +—=+—+—=-1
¢* \ 1020180525~ 4025 ) 1407% 291« 195 ' 7o ' Ba ' 3a

<0

Now let o = 1. By Example 4.2 we know that if also ¢ = 1, then hg 4(1) = 0. But since
q>1, q% < 1 and we must have hg 4(1) > 0. Keeping in mind that hg () is a continuous
function of a and that in this case lim,_ o hg 4(a) = —1, we now may conclude that
there exists a real number o > 1 such that the matrix [S]yeo = [[z;, 2,]*°] is singular.

Hong has also presented two conjectures which generalize the previous two conjectures
even further. The fall of Conjectures 6.1 and 6.2 has interesting consequences to them.
Since the function N¢ is clearly both completely multiplicative and strictly monotonous,
it is easy to see that both of the following two conjectures are false as well.

Conjecture 6.3. (See [7, Conjecture 4.3].) Let S = {x1,..., x5} be an odd-gcd-closed set
and f a completely multiplicative function. If f is strictly monotonous function, then the
matriz [f|x;, x;]] is nonsingular.

Conjecture 6.4. (See [7, Conjecture 4.7].) Let S = {x1,...,x,} be an odd-lem-closed set

and f a completely multiplicative function. If f is strictly monotonous function, then the
matriz [f|x;, x;]] is nonsingular.
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