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�#� �$0 #$".�')�'� "*$ +*$''*!* �4"%%(/*�'. *0 *"%//**( �.#&$"%""*+*( +*'$#*0 *��* &$$!!.E *""* #! %&**"$#( '#4"%%(* #/%+$%( /.'.0 %( �..&..6%�"* �($$6%( %�$"") $�%%( "*&+$""*+$%(

H$""$%( /.'. ))&)�")� � ')�"%"))( ($$( �*(#"".* �'�$''5'.�"*((.�"* �.($" G#�"� � � )$( "%4E6))( ")��) %�$"�'�%��) � ;*&'% !$* "./#'�$* �**"*$�$$( (� � /#C*&$" $�%//* '.�"*((.�! %&$**"E"%%//* � 0 #��* 0 #'*$�%��* #! %&**"$#��* 4.# $#$6**( �% � '.$('* !*/0 #( H$""%0 ) #( ')�$"%/")+)#! %&**"$#( "#"%.""* $�%'�$ � -#C*&$" $(%( '.�"*((.�! %&$**"% %�")) �%//*$�%" '%$(#"%'#$�%"
'#(�"&.'"$#" � 0 #$��* &*'%("%$"* �'##6*"**( � 4�+$( �..&$'�$ /.+.$'�$ � 0 #$"* �$""%( ')�$"%/E/))( %�$ %&'$'�$ *&$" %%""$�$//* #! %&**"$#$//* �

� �� � �	� 
������ 
��� ��

;*&'*�"%//**( '.+*��* � �� %�$"%""�) /# $".�/*0 $""%/.* � L /%"%"**( � %"") �.('"$#  %&C% �
L1, L2

�
/# $""** /*0 $"%//." /$�"*"

L1
0 *

L2
�46%'�$ /*0 $"%//.'�$ /$�"*'�$ *0 *��*

O(|L1| + |L2|)
� �=%&E'$(") |L| "*&'#$""** */' $#$6%( /.'. ))&)) /$�"*��* L

��
-$�"*( */'.! %&)$(%( �$�)/"5 %$ +*$'."*  %&C%E'."�.0 %( /.'. ))&))( � 0 #"%( *$'*+**"$E .'�%" !*4$  *��* � '%�'$ ))&)$�%��) 0 * !*&4**��* "*!*.'�%��* #+*" �* ** �..&..�/.#'E'** � � $'*+**"$ .�

T (n)
+#$6**( %�$"")) 6$3%&%(��$�4")/5()

T (n) ≤
{

c1,
'.(

n = 1
�

2T (n/2) + c2n,
'.(

n > 1.

��



� �� ���
�� �#&" �
i, j

� �
��� 
�

i = j
���� ���
��

xi��� �	��
�1�

m := (i + j − 1)/2;�7 � ���
��  %&C%(�#&" �
i, m

� � �#&" �
m + 1, j)

)

�<� ���
�.+* � �� � -# $".�/*0 $""%/. �

2 $3%&%(��$�4")/5( #�**
T (1) ≤ c1

�*(#"**( &%.(*%46#'�$ � � /%  *��* #�*��*
2T (n/2)$/ #$""** &%'.&�$$+ $�$$( '."�.$4$( './.+*( *0 *( 0 *

c2n
'*$''%%(  ..4.( /*�'%("**( �+%&E"*$/." � /$�"*( 0 *'* $(%( 0 * �46$�") $(%( � './.+*( *0 *( �

�.( #/%"%"**( � %"")
n
#( '*''#�%( !#"%(��$ � ($$( #(C%/ *( �0 *'#  %(%% "*�*( �� =�5E4%  $( 4.# *"**( � %"") ") ) #/%".� %$ /#.''** "*&'*�"%/.( �/%$���"") �

;*+#$""%%(* #( %�$"")))
T (n)

��./0 %".��*  .#6#��* � %/$
n

�( 0 * +*'$#$6%( *+.//* � � 'E�$('%&"*$(%( "*!* 6$3%&%(��$�4")/5( &*"'*$�% $�%'�$ #( *&+*"* #$'%* &*"'*$�. � 0 * �%( 0 )/E'%%( +*& $�".* *&+*.'�%( #$'%%//$�..6%�"* � � &+*"**( (�" � %"")
T (n) ≤ an log n+ b

0 #$//*$(
+*'$#$//*

a
0 *

b
� 0 * #"%"**( "%4")+)'�$ #�#$""** *&+*.� $(6.'"$#( *+.//* #$'%*'�$ �

�.(
n = 1

� ($$(
c1 ≤ a · 1 · log 1 + b = b

� ?*'$#(
b
#( �$$� #/"*+* +)4$("))( �4") �..&$

'.$(
c1
� ;%46))( $(6.'"$#E#/%".� � T (k) ≤ ak log k + b

� '.(
k < n

� 0 * +)$"%"))( � %"")

T (n) ≤ an log n + b.

?#$6**( '$&0 #$""**

T (n) ≤ 2T (n/2) + c2n ≤ 2(a
n

2
log

n

2
+ b) + c2n

= an log
n

2
+ 2b + c2n = an(log n− log 2) + 2b + c2n

= an log n− an + 2b + c2n.

K(6.'"$#"#6$�".� #/$�$ +*/ $� � 0 #� + $$ %'�$ '$&0 #$"%"".* /*.�%'%""* +#$"*$�$$( *&+$#$6* �/5�E!)$( /*.�%''%%//*
an log n + b

� ; ) ) #(  *46#//$�"* � 0 #� +*'$#
a
+*/$"**( �#!$+*�"$ � I%/+ $E"%"))( �  $//*$(%( *&+# +*'$#//%

a
#( *((%""*+* � 9!)�4")/5

an log n− an + 2b + c2n ≤ an log n + b

#( +#$ *��* � 0 #�
−an + b + c2n ≤ 0

%/$
a ≥ c2 + b/n.

�#�'* #/%"%""$$( � %"")
n > 1

� ($$( +#$6**( +*/$"*
a ≥ c2 + b.

�#� �$$� +*/$"**(
b = c1

0 *
a = c1 + c2

� ($$( #( +#$ *��*

T (n) ≤ (c1 + c2)n log n + c1

%/$ /# $".�/*0 $""%/.( *$'*+**"$ .� #(
O(n log n).
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� �� � � 
�������
���� �� 
��� ���
�
��� 
�����

� �� �	� 
 ������

� � 
������� �������
� ��
�
2$3%&%(��$�4")/5( &*"'*$�. *&+*.'�%%( !%&.�".+*//*  %(%"%/ )//) */'** �/%%(�) �$//) � %"")
/*�'%"**( &*"'*$�. 0 #$//*$( !$%($//) "*!*.'�$//* � 0 * !�&$"))( !))""%/% ))( &*"'*$�.( �/%$(%(
 .#"# � -5�"�(%%( &*"'*$�.( #$'%%//$�..� #( "$%"%('$( "#6$�"%""*+* � "*+*//$�%�"$ ')�"%"))(
$(6.'"$#"* �

;*&'*�"%//**( %�$ %&''$() !$'*/*0 $""%/.( ��.$G'�#&"� '%�'$ ))&)$�") *$'*+**"$ .�"* �
;)��) %�$ %&'$��) *&+*.� %$ ! %&.�". !$%("%( "*!*.�"%( "."'$ $�%%( +**( *$'*$�% !**(
"$%"##  % !$'*/*0 $""%/.�"* � D $'*/*0 $""%/.��*4*( /*0 $"%//**( "*./.''#

A[1 . . . j]
�%.&**+*�"$ �

�� ?*/$"**( 0 *'#*/'$#'�$ 0 #'$( /*0 $"%/"*+$�"* /.+.$�"* �
� � �)&0 %�"%"))( "*./.''# ($$( � %"") #�*"*./.''#

A[1 . . . k − 1]
�$�)/")) 0 *'#*/'$#"* !$%E(%  )" 0 *

A[k . . . j]
�$") �..&%  *" "*$ �4") �..&%" */' $#" �

1 � �*"'%"**( &%'.&�$$+ $�%�"$ #�*"*./.'#$�"*
A[1 . . . k − 1]

0 *
A[k . . . j].

�*'# #�$$(
A[1 . . . k − 1]

0 *
A[k . . . j]

+#$6**( "%46) �.('"$#//* !*&"$"$#( � 0 #'* %�$"%"))(
'.+*��* � �1 � �."�.( !*&"$"$#( �

i, j
� *$'*+**"$ .� #(

O(j − i− 1).

�
���
�� !*&"$"$#( �
i, j

� $("%C%& � !$+#" � */'$# � � $("%C%&
l, r

� $("%C%&
���

l := i
�
r := j��� ��
 ���

�1� ��*! �
A[l], A[r]

�
�7 � �� 
	�

A[l].alkio <
!$+#" ��

l := l + 1
��

�<� �� 
	�
A[r].alkio ≥ !$+#" ��

r := r − 1
��

�@� 
��
	
l > r�8� ���
��

l

�.+* � �1 � -$�"*( #�$".� �
�*'#*/' $# +#$6**( +*/$"*  #(%//* %&$ "*+*//* � I%.&**+*��* #/%"%"**( ')�"%"")+)( �%/E/*$�"*  %(%""%/�) � %"") %"�$"))( "*./.'#( */.�"* '*'�$ %&$ �..&"* */'$#"* 0 * +*/$"**( ($$�")

�..&% !$ � �#� /*0 $"%/"*+$* /.'.0 * #( +)4%  )( '.$( '*'�$ � ($$( �(6!$+#" !*/*.""** *&+#(
(#//* � �.+*( � �7 �.$G'�#&"E*/$#40 %/ *��* #/%"%"**( �(6!$+#"E�.('"$#( !*/*.""*+*( ()$(+*/$".( 0 *'#*/'$#( �
��
�� � �� ������ ��� �

1, n� ������ � ��� �� ���� �! � O(n log n) "
��� 
��
� � ;#6$�"%"**( +)$"% �$$() %&$'#$�"*!*.'�%��* � %"")  $'))( *&+# %$ %�$$((� "*.E/.'#��* �4") '%&"** .�%*  $( 0 * %"") '*$''$ */'.0 )&0 %�"�'�%" #+*" �4") "#6%(()'5$�$) �
� )�"%"))(  %&'$("))

p(i)
�$$") "#6%(()'5$���6%�") � %"") !*&"$"$#( �

1, n
� ".#""** #�*"*.E/.'#" � 0 #$6%( '##" #+*"

i
0 *

n − i
*/'$#"* � ;)//*$�%" 0 *#" �**6**( � '.( 0 *'#*/'$# #( �..E&..�0 )&0 %�"�'�%��)

(i+1)
� /*0 $"%/"*+$�"* /.+.$�"* � ;#6%(()'5$���� �$//% � %"") �..&..6%/"**(

�7



� �� ���
�� �.$G'�#&" �
i, j

� $("%C%&�
!$+#" � */'$#
!$+#"$(6%� � $("%C%& � 0 *'#*/'$#( $(6%'�$

��� !$+#"$(6%� �� �(6!$+#" �
i, j

�
��� 
� !$+#"$(6%� 6= 0

����
�1� !$+#"

:= A[
!$+#"$(6%�

].
*/'$#

�7 �
k :=

!*&"$"$#( �
i, j,

!$+#"�
�<� �.$G'�#&" �

i, k − 1
�

�@� �.$G'�#&" �
k, j

�
�8� ���

�.+* � �7 � D$'*/*0 $""%/. �

(i + 1)
� /.'. #( "*./.'#( !*$'*��* � � #( 1

n

� �#""* �% "./$�$ +*/$".'�$ 0 *'#*/'$#'�$ � #( "*.E/.'#( "#$�%��* !*$'*��* #/"*+* �$") !$%(% !$ /.'. � ;) )( "*!*4". *( "#6%(()'5$���� #(
i

n−1

� ;#6%(()'5$���� �$//% � %"") "*./.'#( %(�$  )$�%��) !*$'*��* #( /*0 $"%/"*+$�"* /.+.$�"*
�..&..6%/"**(

(i+1)
� /.'. 0 * %"") �$$") "./%% 0 *'#*/'$# � #( 1

n
i

n−1

� ;#$(%(  *46#//$�..� #( �
%"") �..&..6%/"**(

(i + 1)
� /.'. #( "*./.'#( !*$'*��* � � 0 * !*$'*��* � #( �$") !$%(% !$

/.'. � ;) )('$( "*!*4". *( "#6%(()'5$���� #( 1
n

i
n−1

� ?#$6**( �$$� '$&0 #$""**

p(i) =
1

n

i

n− 1
+

i

n

1

n− 1
=

2i

n(n− 1)
.

� %�'$ ))&)$�%//% *0 *//% �**6**( 6$3%&%(��$�4")/5

T (n) =

{

c1,
'.(

n = 1
�

∑n−1
i=1 p(i)[T (i) + T (n− i)] + c2n,

'.(
n > 1

�
%/$

T (n) =

{

c1,
'.(

n = 1
�

∑n−1
i=1

2i
n(n−1)

[T (i) + T (n− i)] + c2n,
'.(

n > 1
�

I#+%//%"**( (�" '**+**
n−1
∑

i=1

f(i) =
1

2

n−1
∑

i=1

(f(i) + f(n− i)),

0 #'* !)"%% '*$' $//* �.('"$#$//*
f
� �.(

n > 1
� �**6**(

T (n) ≤ 1

2

n−1
∑

i=1

(

2i

n(n− 1)

(

T (i) + T (n− i)
)

+
2(n− i)

n(n− 1)

(

T (n− i) + T (i)
)

)

+ c2n

=
1

n− 1

n−1
∑

i=1

(

T (i) + T (n− i)
)

+ c2n =
2

n− 1

n−1
∑

i=1

T (i) + c2n.

�)$( �4")/5 #( �**".  .#"##(

T (n) =

{

c1,
'.(

n = 1
�

2
n−1

∑n−1
i=1 T (i) + c2n,

'.(
n > 1

� �� ���

�<



;#6$�"%"**( � %"") *&+** *//* �**". &*"'*$�.
T (n) ≤ cn log n

� '.(
c
#( +*'$# 0 *

n ≥ 2
� #(

#$'%* �
�.(

n = 2
� ($$( *&+*.'�%(  .'**(

T (2) ≤ 2c log 2 = 2c
� � 4")/5( �� ��� ! %&.�"%%//* #(

T (2) ≤ 2

2− 1

2−1
∑

i=1

T (i) + 2c2 = 2c1 + 2c2.

?#$6**( �$$� +*/$"*
c ≥ c1 + c2

�
K(6.'"$#E#/%".� � T (i) ≤ ci log i

� '.(
2 ≤ i < n

� � /.'�$ +#$6**( '$&0 #$""**

T (n) ≤ 2

n− 1

n−1
∑

i=1

T (i) + c2n =
2c1

n− 1
+

2

n− 1

n−1
∑

i=2

T (i) + c2n.

K(6.'"$#E#/%".'�%( ! %&.�"%%//* +#$6**( +$$ %'�$ ' $&0 #$"%"".* /*.�%'%""* *&+$#$6* �/5�!)$(/*.�%''%%//*
2

n− 1

n−1
∑

i=2

ci log i +
2c1

n− 1
+ c2n.

L"%"**( ')�""55(  %&'$(")
b = 2c1

n−1
+ c2n

� I%( *+.//* +#$6**( '$&0 #$""**

2c

n− 1

n−1
∑

i=2

i log i + b =
2c

n− 1

( n/2
∑

i=1

i log i +
n−1
∑

i=n/2+1

i log i

)

+ b

≤ 2c

n− 1

( n/2
∑

i=1

i(log n− 1) +
n−1
∑

i=n/2+1

i log n

)

+ b

=
2c

n− 1

(

(log n− 1)

n/2
∑

i=1

i + (log n)
n−1
∑

i=n/2+1

i

)

+ b

=
2c

n− 1

(

(

log n− 1
)

(n

4

(n

2
+ 1

))

+ log n
(3n

4

(n

2
− 1

))

)

+ b

=
2c

n− 1

(

(n2

2
− n

2

)

log n−
(n2

8
+

n

4

)

)

+ b.

;*&'*�"%//**( %&$'�%%( "%& %0 ) 2c
n−1

(

n2

2
− n

2

) 0 * 2c
n−1

(

n2

8
+ n

4

) � I**6**(

2c

n− 1

(

n2

2
− n

2

)

=
2c

n− 1

n

2
(n− 1) = cn

0 *
2c

n− 1

(

n2

8
+

n

4

)

=
2c

n− 1

n

8
(n + 2) ≥ 2c

n− 1

n

8
(n− 1) =

cn

4
.

;)4)(  %((%��) #( #(($�"."". #�#$""* **( � %"")
T (n) ≤ cn log n− cn

4
+ b

� �.( +*/$"**(
c ≥ 4c1 + 4c2

� ($$( − cn
4

+ b ≤ 0
� ; )//5$( #(

T (n) ≤ cn log n
�

�

�@



� �� �� � � ��
�
�������� ��� ������ ��
�
�*"'*$�"**( ..6%//%%( '#46*( � �� 6$3%&%(��$�4")/5 � ��" #/%"%"**( � %"")

n
#(  .#"#*

2k �
I#+%/"* *//* "#$�".+*�"$ *((%"".* �4")/5) +#$6**( '$&0 #$""**

T (n) ≤ 2T (n/2) + c2n ≤ 2(2T (n/4) + c2n/2) + c2n

≤ 2
(

2(2T (n/8) + c2n/4) + c2n/2
)

+ c2n ≤ . . .

;#$�"* *//* ")")
i
'%&"** �**6**(

T (n) ≤ 2iT (n/(2i)) + ic2n.

�#�'*
n = 2k � �**6**( %&$"� $�%�"$

T (n) ≤ 2kT (1) + kc2n ≤ c1n + c2n log n

%/$
T (n)

#(
O(n logn)

�
� //) #/%+*��* &*"'*$�.��* #/%"%"**( � %"")

n = 2k � ; ) ) #/%".� %$ /#.''** "*&'*�"%/.(
�/%$���"") � �#� ($ $"")$( #/%"%"**( � %"")

T (n)
#( '*�+*+* �.('"$# �'."%( &%�.&��$+**"$ .�E"%( '#46*//* 0 #'�%%('$( *$(* #( *�$*(/*$"*� � ($$( +#$6**( !))"%//) �%.&**+*�"$ � �#�

n
%$ #/%

'*''#�%( !#"%(��$ � ($$( �% #( 0 #$6%('$( '*''#�%( !#"%(��$%( +)/$��) �

2k−1 < n < 2k � �.('E"$#(
T
'*�+*+..6%( ! %&.�"%%//* #( ")//5$(

T (2k−1) ≤ T (n) ≤ T (2k)
� 96%//) "#6$�"%""$$( �

%"")
T (2k) ≤ c2k log 2k 0 #//*$( +*'$#//* c

� ��" !)"%% �'*''#�%( !#"%(��$%( +)/$��) � #/%+*//%
n

�//%
T (n) ≤ c2k log 2k ≤ c(2n) log(2n) = 2cn log n + 2cn

� ?#$6**( �$$� +*/$"*  ))&$"%/ )(
 .'*$�%" +*'$#"  �5�

n
�//% %/$ !)"%%

T (n) = O(n log n)
� �#�'* �* *(/*$(%( !))""%/� #(

 *46#//$(%( �/%$�%�"$'$( � +#$6**( #(C%/ *( '##( #/%""** #/%+*( ��#!$+** �  .#"#* �
� �
�����
 � �� ;*&'*�"%//**( 6$3%&%(��$�4")/5)

T (n) =

{

1,
'.(

n = 2
�

2T (n/2) + 2,
'.(

n = 2k 0 * n > 2.

I#+%//%"**( "#$�".+*�"$ *((%"".* �4")/5) � I**6**(

T (n) = 2T (n/2) + 2 = 2(2T (n/4) + 2) + 2 = 4T (n/4) + 4 + 2

= 4(2T (n/8) + 2) + 4 + 2 = 8T (n/8) + 8 + 4 + 2 = . . .

= 2iT (n/2i) +
i

∑

j=1

2j.

�#�'* &%.(*%4"# #(  ))&$"%/"� *&+#//*
n = 2

� +#$6**( !.&'* $�"* "#$�"**
k−1

'%&"** �
I**6**(

T (n) = 2k−1T (n/2k−1) +

k−1
∑

j=1

2j = 2k−1T (2) + 2k − 2

= 2k−1 + 2k − 2 = 2k/2 + 2k − 2 = 2log n/2 + 2log n − 2

= n/2 + n− 2 = 3n/2− 2.

�8



�

� �
� ����
 � �A ;*&'*�"%//**( 6$3%&%(��$�4")/5)

T (n) =

{

1,
'.(

n = 1
�

2T (n/2) + log n,
'.(

n = 2k 0 * n > 1.
I#+%//%"**( "**� "#$�".+*�"$ *((%"".* �4")/5) � I**6**(

T (n) = 2T (n/2) + log n = 2(2T (n/4) + log(n/2)) + log n

= 4T (n/4) + 2 log(n/2) + log n = 4(2T (n/8) + log(n/4)) + 2 log(n/2) + log n

= 8T (n/8) + 4 log(n/4) + 2 log(n/2) + log n = . . .

= 2iT (n/2i) +
i−1
∑

j=0

2j log(n/2j).

�.(
i = k = log n

� �**6**(

T (n) = 2kT (n/2k) +
k−1
∑

j=0

2j log(n/2j) = n +
k−1
∑

j=0

2j log 2k−j

= n +
k−1
∑

j=0

2j(k − j) = n + k
k−1
∑

j=0

2j − j
k−1
∑

j=0

2j

= n + k(2k − 1)− ((k − 1)2k+1 − k2k + 2)

= n + k2k − k − k2k+1 + 2k+1 + k2k − 2

= n + k2k+1 − k − k2k+1 + 2k+1 − 2 = 2k+1 − k − 2 + n

= 2n− log n + n− 2 = 3n− log n− 2.

�

� �
� ����
 � �Q ;*&'*�"%//**( 6$3%&%(��$�4")/5)

T (n) =

{

1,
'.(

n = 1
�

2T (n/2) + 6n− 1,
'.(

n = 2k 0 * n > 1.
I#+%//%"**( "#$�".+*�"$ *((%"".* �4")/5) � I**6**(

T (n) = 2T (n/2) + 6n− 1 = 2(2T (n/4) + 6n/2− 1) + 6n− 1

= 4T (n/4) + (6n− 2) + (6n− 1) = 4(2T (n/8) + 6n/4− 1) + (6n− 2) + (6n− 1)

= 8T (n/8) + (6n− 4) + (6n− 2) + (6n− 1) = . . .

= 2iT (n/2i) + 6in−
i−1
∑

j=0

2j.

�.(
i = k = log n

� �**6**(

T (n) = 2kT (n/2k) + 6n log n−
k−1
∑

j=0

2j = nT (1) + 6n log n− 2k + 1

= n + 6n log n− 2log n + 1 = 6n log n + n− n + 1 = 6n log n + 1.

�,



�

� �
�����
 � �P ;*&'*�"%//**( 6$3%&%(��$�4")/5)

T (n) =

{

1,
'.(

n = 1
�

3T (n/2) + n2 − n,
'.(

n = 2k 0 * n > 1.

I#+%//%"**( "#$�".+*�"$ *((%"".* �4")/5) � I**6**(

T (n) = 3T (n/2) + n2 − n = 3(3T (n/4) + n2/4− n/2) + n2 − n

= 9T (n/4) + 3(n2/4− n/2) + (n2 − n)

= 9(3T (n/8) + n2/16− n/4) + 3(n2/4− n/2) + (n2 − n)

= 27T (n/8) + 9(n2/16− n/4) + 3(n2/4− n/2) + (n2 − n) = . . .

= 3iT (n/2i) + n2
i−1
∑

j=0

(3/4)j − n
i−1
∑

j=0

(3/2)j.

=.#'*"**( %(�$( '*4"* 0 )/'$  )$�") �4"%%(/*�'%""*+** �

n2
i−1
∑

j=0

(3/4)j = n2 (3/4)i − 1

3/4− 1
= −4n2((3/4)i − 1)

0 *

−n

i−1
∑

j=0

(3/2)j = −2n((3/2)i − 1).

� )$6%( *+.//*
T (n)

+#$6**( '$&0 #$""**  .#6#��*

T (n) = 3iT (n/2i) + 4n2 − 4n2(3/4)i + 2n− 2n(3/2)i.
?*/$"**( "**�

i = log n
� ; )//5$( �**6**(

T (n) = 3log n + 4n2 − 4n2(3/4)log n + 2n− 2n(3/2)log n

= nlog 3 + 4n2 + 2n− 4n2 nlog 3

nlog 4
− 2n

nlog 3

nlog 2

= nlog 3 + 4n2 + 2n− 4nlog 3 − 2nlog 3

= 4n2 + 2n− 5nlog 3.

�

� �� �� � � ���� ���� �� ������ � �
��
� ��������
;*&'*�"%//**( 6$3%&%(��$�4")/5)

T (n) =

{

1,
'.(

n = 1
�

aT (n/b) + d(n),
'.(

n > 1,

�:



'.(
a
0 *

b
#+*" +*'$#$"* 0 *

d
0 #'$( �.('"$# �

L"%"**( "%4")+)'�$ "#6$�"** � %"") "*&'*�"%/"*+**  .#"#* #/%+*( �4")/5( &*"'*$�.//* #(
%�$"��

T (n) = ak +

k−1
∑

j=0

ajd(bk−j),
'.(

n = bk.

;%& $)
ak �*(#"**( &*"'*$�.( 4# #C%%($�%'�$ #�*'�$ 0 * �.  */*.�%'%""* %!)4# #C%%($E�%'�$ #�*'�$ � I#+%//%""*%��* 6$3%&%(��$�4")/5( !.&'* $� %(%""%/�) �**6**(

T (n) = aT
(n

b

)

+ d(n) = a
(

aT
( n

b2

)

+ d
(n

b

))

+ d(n)

= a2T
( n

b2

)

+ ad
(n

b

)

+ d(n) = a2
(

aT
( n

b3

)

+ d
( n

b2

))

+ ad
(n

b

)

+ d(n)

= a3T
( n

b3

)

+ a2d
( n

b2

)

+ ad
(n

b

)

+ d(n) = . . .

= aiT
(n

bi

)

+

i−1
∑

j=0

ajd
( n

bj

)

.

B.# $#$ *//* � %"")
n = bk � +#$6**( +$$ %$(%( /*.�%'% '$&0 #$""**  .#6#��*

ak +

k−1
∑

j=0

ajd(bk−j),
'.(

n = bk.

�.('"$#"*
d
�*(#"**( 	 �� ��� ��4� ��� %�

4
� � 0 #�

d(nm) = d(n)d(m).
9�$ %&'$'�$ �.('"$#

d1(n) = nα #(  ./"$! /$'*"$$+ $%( � �$//) (nm)α = (n)α(m)α � I%( �$0 **( �.('"$# d2(n) = log n%$ #/%  ./"$! /$'*"$$+ $(%( � �$//)
d2(nm) = log nm 6= log n log m = d2(n)d2(m)

�
96%//) �**". "./#� +#$6**( +$%/) '$&0 #$""** �'�$('%&"*$�% !**(  .#"##( � 0 #� "$%6%"))( �

%"")
d
#(  ./"$!/$'*"$$+ $(%( �.('"$# � ;)//5$( #( +#$ *��*

k−1
∑

j=0

ajd(bk−j) = d(b)k

k−1
∑

j=0

(

a

d(b)

)j

= d(b)k

(

a
d(b)

)k

− 1

a
d(b)
− 1

=
ak − d(b)k

a
d(b)
− 1

,

'.(
a 6= d(b)

� ; ) )( %�$"�'�%( *+.//* +#$6**( "#6$�"** �%.&**+* ')�""5'%/! #$(%( /*.�% �

��
�� � �� ��� �� � �� ���� ��������� � � � ���� �� �� �����

T (n) =

{

1,
�� 

n = 1�
aT (n/b) + d(n),

�� 
n > 1�

�� 
a
! � b

���� ��������" 	� � ��� 

T (n) =











O
(

nlogb a
)

,
! ��

a > d(b)�
O

(

nlogb d(b)
)

,
! ��

a < d(b)�
O

(

nlogb d(b) logb n
)

,
! ��

a = d(b) "
�>



��� 
��
� � �.(
a > d(b)

� ($$(
ak − d(b)k

a
d(b)
− 1

#(
O(ak)

� ; )//5$(
T (n)

#(
O(ak)

%/$
O(nlogb a)

� �.(
a < d(b)

� ($$(

ak − d(b)k

a
d(b)
− 1

#(
O(d(b)k)

� ; )//5$(
T (n)

#(
O(d(b)k)

%/$
O(nlog

b
d(b))

� �.(
a = d(b)

� ($$(  ./"$! /$'*"$$E+ $�..�#/%".'�%( 0 )/'%$�") !))""%/�) %$ +#$6* "%46) � ;)//5$( +#$6**( '.$"%('$( '$&0 #$""**
∑k−1

j=0 ajd(bk−j) = d(b)k
∑k−1

j=0 1 = d(b)kk = nlogb d(b) logb n
0 *

T (n)
#(

O
(

nlogb d(b) logb n
) �

�

� �
�����
 � �� ;*&'*�"%//**( �4")/5$")

T (n) =

{

1,
'.(

n = 1
�

4T (n/2) + n,
'.(

n > 1
�

T (n) =

{

1,
'.(

n = 1
�

4T (n/2) + n2,
'.(

n > 1

0 *

T (n) =

{

1,
'.(

n = 1
�

4T (n/2) + n3,
'.(

n > 1.

� *$'$��* �4")/5$��) #(
a = 4

0 *
b = 2

� 0 #"%( &*"'*$�.( 4# #C%%($(%( #�* #(
alogb n =

nlogb a = n2 �
� /$  )��) �4")/5��) #(

d(b) = 2 < 4 = a
� 0 #"%(

T (n) = O(nlog
2
4) = O(n2)

� ?*�E"**+*�"$ '%�'$  )$�%��) �4")/5��) #(
d(b) = 22 = 4 = a

0 *
T (n) = O(nlog

2
4 log2 n) =

O(n2 log n)
� � /$  *��* �4")/5��) #( !.#/%�"**(

d(b) = 23 > 4 = a
0 *

T (n) = O(n3)
�

�

� �
�����
 � �� � *"'*$�"**( �4")/5

T (n) =

{

1,
'.(

n = 1
�

2T (n/2) + n log n,
'.(

n > 1.

;)��) �4")/5��) #(
a = b = 2

� � 4")/5( 4# #C%%($(%( #�* #(
ak = nlogb a = nlog

2
2 = n.�.('"$#

d(n) = n log n
%$ #/%  ./"$! /$'*"$$+ $(%( � 0 #"%( -*.�%""* � �� %$ +#$6* �#+%/"** �

9!)4# #C%%($(%( #�* #(

k−1
∑

j=0

ajd(bk−j) =
k−1
∑

j=0

2j2k−j log 2k−j = 2k
k−1
∑

j=0

(k − j)

= 2k−1k(k + 1) = 2log n−1 log n(log n + 1) =
n

2
(log2 n + log n).

��



9!)4# #C%%($(%( #�*  ))&)) �$$� �4")/5(
T (n)

'*�+.+*.46$( �
T (n)

#(
O(n log2 n)

�
�

;) )( */*'#46*( */.��* *((%".( 6$3%&%(��$�4")/5( &*"'*$�. +#$6**( %6%//) %�$"%"�(
! %&.�"%%//* *("** 4# #C%%($�%( 0 * %!)4# #C%%($�%( #�*( �.  *(*  .#6#��*

ak +

k−1
∑

j=0

ajd(bk−j).

�.( 6$3%&%(��$�4")/5 %�$"")) &%'.&�$$+ $�%( */C#&$" $( *$'*+**"$ .�"* � ($$( 4# #C%%($(%(
#�* +*�"** #�*#(C%/ $%( &*"'*$�..( './.+** *$'** 0 * %!)4# #C%%($(%( #�* � ..4.( /*�E'%("**( � �#(C%/ *( 0 *'* $(%( � &*"'*$�.( '#'#* $(%( #�$�"*� './.+** *$'** � �.( !�&$E"))( "%4#�"* **( */C#&$ $* � #( "$%6%"")+) � '. !$ #�*  ))&)) *$'*+**"$ .'�%( � �#� %�$E %&'$'�$ 4# #C%%($(%( #�* #(  ))&))+) � %$ '*((*"* "%4#�"** &*"'*$�.( '#'#* $�"* #�$�"* �
+**( */C#&$" $( "%4#�"* $�%'�$ #(C%/ * #( 0 *%""*+* #�$$( "#$�%//* "*+*//* �
� �
� ����
 � �	 -# $".�/*0 $""%/.( *$'*+**"$ .�"* '.+** 6$3%&%(��$�4")/5

T (n) ≤
{

c1,
'.(

n = 1
�

2T (n/2) + c2n,
'.(

n > 1.

;) )( */*'#46*(  %&'$((5$//) #( �$$�
a = b = 2

0 *
d(n) = c2n

� B# #C%%($�%'�$ #�*'�$
�**6**(

2log n = n
0 * %!)4# #C%%($�%'�$ #�*'�$

k−1
∑

j=0

2jc22
k−j = 2k

k−1
∑

j=0

c2 = c22
kk = O(n log n).

�/C#&$" $( "%4#�"* $�%'�$ ! $")$�$ !��"�) "%4#�"* **( /# $".�+*$4%""* � ;) ) %$ �%/+)�"$E'))( #/%  *46#//$�"* � =�54%  $( 4.# *"**('$( � %"") /# $".�/*0 $""%/. #( *�� !"##""$E�%�"$ #!"$ **/$(%( %&))��) /**0 *��* /*0 $""%/. %(%"%/ $%( /.#'*��* �
�

96%//$�%( %�$ %&'$( 6$3%&%(��$�4")/5 %$ #/% -*.�%%( � �� +**"$ **  .#"#* � �$//)
d(n) =

c2n
%$ #/%  ./"$! /$'*"$$+ $(%( �.('"$# � ?*'$#//*

c2
%$ '.$"%('**( #/% +*$'.".�"* %!)4# #EC%%($�%( #�*( *�� !"##""$�%%( ')�"")�"� $�%%( � ;) ) !$")) �/%$�%�"$'$( !*$''*(�* � �.('E"$#(

d
+*'$#'%&&#$( +#$6**( .(#4"** � 0 #� &*"'*$�.'�$ &$$"")) *�� !"##""$(%( "./#� � -*.�%

� �� +#$6**( �$$� '$&0 #$""** ..6%//%%( 4$% *( �/%$�%  )��)  .#6#��* �%.&**+*( /*.�%%(
"*!**( �
��
�� � �� ��� �� � �� ���� ��������� � � � ���� �� �� �����

T (n) =

{

1,
�� 

n = 1�
aT (n/b) + cd(n) + e,

�� 
n > 1�

�� 
a� b� c

! � e
���� ��������" 	� � ��� 

T (n) =











O
(

nlogb a
)

,
! ��

a > d(b)�
O

(

nlogb d(b)
)

,
! ��

a < d(b)�
O

(

nlogb d(b) logb n
)

,
! ��

a = d(b) "
��
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�
�� �

;*&'*�"%//**( %�$ %&''$() 6$3%&%(��$�4")/5)

T (n) =

{

1,
'.(

n = 1
�

2T (n− 1) + n,
'.(

n > 1
�

9&$
n

�( *&+#$//* �**6**( �%.&**+*" �4")/5"

T (n) = 2T (n− 1) + n

T (n− 1) = 2T (n− 2) + n− 1

. . .

T (n− i) = 2T (n− i− 1) + n− i

. . .

T (2) = 2T (1) + 2.

?*/$"**( /*+%("*0 $'�$
20, 21, . . . , 2i, . . . , 2n−2 0 * '%&&#"**( �**6." �4")/5" !.#/$""*$( /*+%(E"*0 $//* � I**6**( ..6%" �4")/5"

T (n) = 2T (n− 1) + n

2T (n− 1) = 2 · 2T (n− 2) + 2(n− 1)

. . .

2n−iT (n− i) = 2n−i2T (n− i− 1) + 2n−i(n− i)

. . .

2n−2T (2) = 2n−22T (1) + 2n−22.

-*�'% *//* () ) �4")/5" !.#/$""*$( �4"%%( �**6**(

T (n) = 2n−1T (1) +
n−2
∑

i=0

(n− i)2i =
n−1
∑

i=0

(n− i)2i.

�)$(
T (n)

#( �**".  .#"##( � 0 #"* #( �$%+%((%""� 0 # %6%//$�%( */*'#46*( %�$ %&'$��) �
I**6**(

T (n) = 2n+1 − n− 2
�

� �� � ���	
����� ����
������� ����


;*&'*�"%//**( �#+%//.�"* � 0 #��* "%46))( 0 #(# ! %&)'')$�$) #! %&**"$#$"* �* **( "$%"#&*'%(E"%%�%%( 0 * 4*/."**( "$%")) '#'# #!%&**"$#0 #(#( �.#&$".�*$'* � L! %&**"$#0 #(#( �.#&$".�*$'**
+#$6**( *&+$#$6* �'�$"")$�"%( #! %&**"$#$6%( !*4$ !$%( "*!*.�"%( ! %&.�"%%//* � � )$( �**"*E+* *&+$# +#$ '.$"%('$( #//* /$$*( ! %��$ $�"$(%( � �$//) !*4$( "*!*.� %$ %4') +#$'**( "#$�".*
'%&&*�"* "#$�%%( � ;#$(%( !%&$("%$(%( "*!* #( ')�"")) '%�'$ ))&)$�%( "*!*.'�%( *(*/���$) �
L(C%/ *(* #( ")//5$( �#!$+ $%( "#6%(()'5$����0 *'*. $%( /5�") $(%( �

�1



� �
� ����
 � ��
 ;*&'*�"%//**( !$(#* � 0 #"* ')�$"%//))(
T E#! %&**"$#$//* � 0 #"'*  .#6#�".+*"

k
��"*

(k ≥ 0)
� �� E'."�.�"* 0 * �46%�") � �
�E'."�.�"* � = $') #( *$'*+**"$ .� � '.( "%46))(

m
'*!!*/%""*

T E#! %&**"$#$"* */.(!%&$( "�40 ))( !$(##(� ��46%( !#!E "*$ !.�4E'."�.( *$E'*+**"$ .� #( � �'�$''5) �� � '�$"")$�%(
T E#! %&**"$#( !*4$  *( "*!*.'�%( *$'*+**"$ .�#(

m
� D*4$  *( "*!*.'�%( *$'*+**"$ .� *("** �$$� '#'# #! %&**"$#0 #(#( *$'*+**"$ .'�%'E�$

O(m2)
� I%//*$�$*

T E#! %&**"$#$"* � 0 #"'* "*&+$"�%+*" *$'** m
�'�$''5) � %$

m
�( #!%&**"$#(

0 #(#��* +#$ '.$"%('**( #//* '.$( �'�$ '*!!*/% � �.( "%46))(
m
'*!!*/%""*

T E#! %&**"$#$"* �($$( !$(##( +$%6))( �4"%%(�)
m
*/'$#"* � =�5� !#!E'."�.0 * +#$ ")//5$( #//* '#&'%$("**( m'*!!*/%""* � L!%&**"$#0 #(#( *0 *("*&+% #( �$$� '#&'%$("**(

2m
�

�

;*�#$"%"". +**"$+..�*(*/���$ !�&'$$ 0 #4"* **( '#'# 0 #(#( +**"$ *( *0 *( *(*/��#$ */E/* ��#!$+*�"$� �'�$"")$�$) #! %&**"$#$"* � ;*�#$"%"".* +**"$+..�*(*/���$) +#$6**( "*&'*�"%//*
*$(*'$( '*46%�"* %&$/*$�%�"* � '%�'%())( �* *(*&+#$�%�"* ()'5'./ *�"* �

���44����� �	4
	�
 � �."*'$( #!%&**"$#0 #(#( #!%&**"$#"* '#4"$ #( ')�"%"")+$��)
n
�'E�$''5) � �#� #! %&**"$# "*&+$"�%% +)4%  )( *$'** � ($$( ')�"") )"5( *$'* 0 )) �))�"55( � �#�

n
�'�$''5) %$ &$$") � ($$( ')�"%"))( �))�"50 ) "*$ #"%"**( /*$(** � �#� �*/6# #( /#!.��* !#�$E"$$+ $(%( � ($$( �46%( #!%&**"$#( "*�#$"%"". *$'*+**"$ .� #(

n
�

� �
� ����
 � ��� �.//*'$(
T E#! %&**"$#//* #( ')�"5��))( � �'�$''5) � ;#$�%//* �'�$'5/E/)  *'�%"**( !.�4 � "#$�%//*  *'�%"**( 0 #'$( ! #! "*$ !*((**( �% �))�"55( � �#�'* !#!E'."�.0 * #( '#&'%$("**( �4") !*/0 #( '.$( !.�4E'."�.0 * � ($$( �))�"5" &$$"")+)" ! #!E'."�.0 %( *'�* $�%%( � �46%(

T E#! %&**"$#( "*�#$"%"". *$'*+**"$ .� #( � � �
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3(r(t)− r(v)) + 1 = O(log
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n

� -*.�%%( � �@  .'**( �46%( #! %&**"$#( "*�#$"%"". *$'* #(
'#&'%$("**(

a = 3(r(t)− r(v)) + 1 = 3(log s(t)− log s(v)) + 1

≤ 3(log 1− log
1

n
+ 1) = −3 log

1

n
+ 1

= 3 log n + 1.
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∆Φ =

n
∑

i=1

(log s+ − log s−) =

n
∑
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log n = n log n,

0 #"%( #!%&**"$#0 #(#( "#6%//$(%( *$'* #( '#'%$("**(

a + ∆Φ = m(3 log n + 1) + n log n = O((n + m) log n + m).
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h
�  .#6#�"* "�40 ) #�*0 #.''# � 0 #('* ($ $ #(

h
�

�#'*$(%( 0 #.''# %�$"%"))( H$(**&$!..(* � 0 #('* 0 #'*$�%��* �#/ .��* #( */'$# � 0 #('* *&+##( !$%(% !$ '.$( '*$''$%( �%( 0 )/'%/)$�"%( *&+#" � � *�*( 0 ..&%��* #( *$(* �%( !$%($( */E' $# � F $(**&$!..( ��4
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x
� ��� �

wt(x)
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wt(y)
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x
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wt(y) = 1
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y
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&*�'*$"* #$'%$"* /*!�$* � �.+*��* � ��� '*�*(
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O(log n)
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�#/ .0 * +*�"**+*�"$
k1
0 *
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�.+* � ��7 � 9�$ %&''$$( /$$""�+) !))"5�!.. �

��
�� � �� ����� � ���������� � � �������� ��! ������� �� ����� � ��� �� ��� ��� ���� ������ �� ���� �� ��� dlog n!e = Ω(n log n) ���������"
��� 
��
� � �#� H$(**&$!..��* #( k

/%4"%) � ($$( !..( '#&'%.� #( +)4$("))( dlog ke � -*0 $"E"%/..( /$$""�+)��) !))"5�!..��*
Tn
/%4"$%( /.'. ))&) #( +)4$("))(

n!
� 0 #"%( !..( '#&'%.�

#( +)4$("))( dlog n!e � �#�'* !..( '#&'%.� #( �* * '.$( +%&"*$/.0 %( /.'. ))&) !*4$  *�E�* "*!*.'�%��* � ($$( "#6$�".� #( +*/ $� � '.( +$%/) ()�"%"))( � %"") dlog n!e #( Ω(n log n)
�

?#$6**( '$&0 #$""**

n! = n(n− 1) . . .
(n

2

)(n

2
− 1

)

. . . 1 ≥
(n

2

)n/2

1n/2,

0 #"%(
log n! ≥ n

2
log

n

2
=

n

2
log n− n

2
.

��$'*$�%  $( #( ()�"%""�� %"") /# $".�/*0 $""%/.( *$'*+**"$ .� #(
O(n logn)

� -*.�%%�"*
� �8 �%.&** (�" � %"") /# $".�/*0 $""%/. #( !*4$  *��* "*!*.'�%��* #!"$ **/$(%( �

L( 4.# *""*+* � %"") -*.�%%( � �8 &*0 ** %$ +)/"") )"") +#$6* �**+.""** � 9�$ %&'$'�$ ��
*/'$#( /*0 $""%/% $�%%( "*&+$"**( *$(* +)4$("))( 1> +%&"*$/.* �  .""* dlog 12!e = 29

� ?*$''*
/*.�%%( &*0 * �**+."%""*$�$$('$( � �$") %$ � /%%(�) �**+."%"* "*+*//$�$//* /*0 $""%/.*/C#&$" %$//* �
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��� 
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� � ?#$6**( #�#$""** �+*$''* ")��) "#6$�".� �$+.."%"**( � � %"")

kE/%4"$�%��) H$(**E&$!..��* /%4"$%( '%�'$ ))&)$(%( ��+��� #( +)4$("))(
log k

� ? )$"% �**6**( � '.( +*/$"**(
k = n!

�
�-*.�%%�"* � �, �%.&** � %"") !$'*/*0 $""%/. #( '%�'$ ))&)$�%��) "*!*.'�%��* #!"$ **/$(%( �
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� ���� ��� ��� ����� ���� ������ ���� ���

;)��) /.+.��* %�$"%//))( %&$/*$�$*  %(%"%/ $) */C#&$" $%( /**"$ $�%'�$ � � /%$�%�"$ %$ #/% #/%E *��*  %(%"%/ )) � 0 #//* +#$"*$�$$( +*/$"* '.4.('$( #(C%/ **( �#!$+* �#$'%* � */C#&$" $(
�..(($""%/. %(%"%/ ) � 0 *  #(%" #(C%/ *" +#$6**( &*"'*$�"* "%4#''**�"$ .�%*  *//* '.$(
�46%//) "*+*//* � = $") .�%* !$* */C#&$" $%( �..(($""%/. %(%"%/ $) #(C%/ *( &*"'*$�$0 *
4*//$"�%% � �$") +*& %  $( 4)( /5�")) "%4#''**( &*"'*$�.( *((%".//% #(C%/ *//% �

� ��� � �� 	�� � � �� ��
���

B*0 #"* 0 * 4*//$"�% E %(%"%/ )��) #(C%/ * 0 *%"**( #�*#(C%/ $'�$ � &*"'*$�"**( (% 0 * '##"**("./#'�$�"* */'.!%&)$�%( #(C%/ *( &*"'*$�. � �#�'* #�*#(C%/ *" .�%$( #+*" */'.!%&)$�%(
#(C%/ *( '*/"*$�$*  .""* !$%(%  )��)  $""*'**+*��* � +#$6**( ')�"")) &%'.&�$#"* � B*0 #"*
0 * 4*//$"�% E! %&$**"% +#$6**( %�$"")) */C#&$" $(* '.+*( 1 �� "*+*//* �

�
���
�� BB �� � #(C%/ *( "*!*.�� � #(C%/ *( &*"'*$�.
��� 
� !$%($"*!*.� �

s
� ����

��� ���
�� &*"'*$�. �
s
�

�1� �	��
�7 �

(s1, s2, . . . , sp) :=
0 **�#(C%/ * �

s
� � 0 *'# �* *('#'#$�$$( #�$$(

�<� ���
�� '#'#*�&*"'*$�.(BB �
s1
� � BB

(s2), . . .
� BB �

sp
�)

�@� ���
�.+* 1 �� � B*0 #"* 0 * 4*//$"�% �

� $'*E*(*/���$) +*&"%(  %&'$"))( "*!*.'�%( '#'#* n
�//) � �.( 0 *'# "%46))(

p
�4%( �4E") �..&%%( #�**( � 0 #$6%( #�*( '#'# #(

n/m
�#�$%( %$ "*&+$"�% #//* !$�"%+$%&*$"*� � ($$(

*$'*+**"$ .� +#$6**( %�$"")) 6$3%&%(��$�4")/5()

T (n) =

{

g(n),
'.(

n
#( !$%($ �

pT (n/m) + f(n),
 ..//#$( �

�#� "*!*.� #( !$%($ � ($$( �.#&$"%"**( */C#&$" $( &$+ $" ��� 0 * ��� � ; )4)( #/%"%"**( '.E/.+*( *$'**
g(n)

� � $+ $%( ��� 0 * �7 � �%') '#'#*�&*"'*$�.E'."�.( #/%"%"**( +$%+)( *$'**
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f(n)
�

� �
� ����
 � �� L"%"**( "%4")+)'�$ %"�$) (E*/' $#$�%( /.'.0 #.'#(  *'�$ $ 0 *  $($ $ � � )�E )//) /.'.0 #.''# /)!$ '*'�$ '%&"** +#$6**( "%4")+) &*"'*$�"* "%'% )//)
2n − 3

+%&"*$/.* �
;%4")+)( &*"'*$�%+* 4*0 #"* 0 * 4*//$"�% E*/C#&$" $ %�$"%"))( '.+*��* 1 �� �

�
���
�� =��=K� �
S

� /$�"*� � /.'.!*&$
��� 
� |S| ≤ 2

���� � #/'##(
S = {a, b}��� ���
��

(max(a, b), min(a, b))�1� �	��
�7 � �**

S
�4") �..&$$( #�$$(

S1
0 *

S2�<� � *� � � $( �� �� =��=K� �
S1
�

�@� � *�� � $(�� �� =��=K� �
S2
�

�8� ���
�� ( *� � *� � � *��� �  $( � $( � � $(��)
�,� ���
�.+* 1 �� � -.'.0 #.'#(  *'�$ $( 0 *  $($ $( %"�$(") 4*0 #$"* 0 * 4*//$"�% E %(%"%/ )//) �
=��=K� E*/C#&$" $( +%&"*$/.0 %(  ))&)//% !)"%%

T (n) =

{

1,
'.(

n = 2
�

2T (n/2) + 2,
'.(

n = 2k � k > 1
�

�*"'*$�.'�$ �**6**(
T (n) = 3n/2− 2

!.&'* $� %(%""%/� //) �%.&**+*�"$ �

T (n) = 2k−1T (
n

2k−1
) +

k−1
∑

i=1

2i = 2k−1T (2) +
k−1
∑

i=0

2i − 1

= 2k−1 + 2k − 1− 1 =
2k

2
+ 2k − 2 =

2log n

2
+ 2log n − 2

=
n

2
+ n− 2 =

3n

2
− 2.

B*0 #"* 0 * 4*//$"�% E*/C#&$" $ +#$6**( "#6$�"** +%&"*$/.0 %( /.'. ))&)( �.4"%%( #!"$E **/$�%'�$ � � )�")((5��) */'%%//$(%( &*"'*$�. #( '.$"%('$( "%4#''** !$ �
�

� �
� ����
 � �� �� *&*"�.H*( 0 * L � *($( '%&"#/*�'. �� ;*&'*�"%//**( !$"' $%( /.'.0 %( '%&E"#/*�'.* � �#� /.+." '%&&#"**( *//%''*$( ! %&.�'#./.��* #!$""..( "*!**( � ($$( (. %&#$6%(
'%&"#E 0 * �4"%%(/*�'.0 %( /.'. ))&) #( O(n2)

� '.(
n
#( '%&&#""*+$%( /.'.0 %( �4"%$(%(

!$"..� � -$�)) )//) '%&&#""*+$%( %"%%( "*&+$""*%��* (#//$* � +#$6**( #/%""** � %"")
n
#( '*'E'#�%( !#"%(��$ � ��" +#$6**( '%&&#""*+*" /.+." "#$�".+*�"$ '*"'*$�"* '%�'%/") 0 * /*�'%* "./#

4*0 #"%/ $*
x = skn/2 + t

0 *
y = ukn/2 + v

')�"")%( �

xy = (skn/2 + t)(ukn/2 + v) = sukn + (sv + tu)kn/2 + tv

= sukn +
(

(s + t)(u + v)− su− tv
)

kn/2 + tv.
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?$$ %'�$ '$&0 #$"%".( /*.�%''%%(  .'**( "./# +#$6**( �$$� /*�'%* '#/ %�"*
n/2E(. %&#$�"%(/.'.0 %( "./#�"* �4"%%(E 0 * +)4%((��/*�'.$//* � � $'*+**"$ .'�%//% #( +#$ *��* 6$��%&%(��$E�4")/5

T (n) =

{

1,
'.(

n = 1
�

3T (n/2) + cn,
'.(

n > 1
�

�*"'*$�.'�$ �**6**(
T (n) = O(nlog 3) ≈ O(n1.59)

� B.# $#""* #( 0 )"%""� �%  *46#//$�..� �
%"") �.  $��*

(s + t)
0 *

(u + v)
+#$ #//* n

2
+ 1

(. %&#* � ;) ) %$ +*$'."* %6%//) /5�6%"�(
&*"'*$�.( �..&..�/.#''**( �

�

L(C%/ *( 4*0 #$""* $(%( #�*#(C%/ $$( '*((*""** �/%%(�) "%46) ($$( � %"") #�*" #+*"
 *46#//$�$  *( �* *('#'#$�$* � 9�$ %&'$'�$ /$�)��/*0 $""%/. +#$6**( �  )&")) 4*0 #"* 0 *
4*//$"�% E"��!!$�%() */C#&$" $(* � 0 #��* n

�( '#'#$(%( #(C%/ * 0 *%"**( #�$$( � 0 #$6%( '##"
#+*" � 0 *

(n− 1)
� � /C#&$" $( *$'*+**"$ .� #(

O(n2)
� I.#&$""* *//* 0 *'# "*�*!*$(#$�%�"$ �

'."%( /# $".�/*0 $""%/.��* � �**6**( *$'*+**"$ .'�%'�$
O(n log n)

�

� �� � ������ 
��� 	�� � ��	
��


B*0 #"* 0 * 4*//$"�% E %(%"%/ )) �#+%//%""*%��* �**""** ��("�) "$/*((% � 0 #��* �* * #�*#(EC%/ * &*"'*$�"**(  #("* '%&"** � ;) ) #( "$%"%('$( "%4#"#("* � 9�$ %&'$'�$ � $H #(*GG$(/.'.0 %( /*�'% $(%( '.+*( 1 �1 �.('"$#//* #( +*&�$( "%4#"#("* �%'�!#(%("$**/$�"* /.+.(
n�.4"%%( � � �$//) �* * � $H #(*GG$( /.'. 0 #.6."**( /*�'% **(  #(%%( '%&"**( � B*0 #"* 0 *4*//$"�% E %(%"%/ ) &*"'*$�%% ") )( #(C%/ *( �#'%*�"$ �
� ���%���� �"#!E6#�( � /)4%�"�E $�"*+*//* �

�
���
�� �H �n� � $("%C%&��� 
�
n < 1

����
��� ���
�� �
�1� �	��
�7 � ���
�� �H �n− 1

� � �H �n− 2
�

�<� ���
�.+* 1 �1 � � $H #(*G$( /.+." �

9"%(% )//) �*/4**/"* �/5�!)$( �� %/$ �#+%/"*%( #(C%/ **( 4�4��%�� �H#""# E.! � &*"'*$E�."*!** 0 * "*//%("* *//* �**+."%"." +)/$". /#'�%" +#$6**(
n.

� $H #(*GG$( /.'. /*�'%* *0 *��*
O(n)

� 2�(** $�%//% #40 %/ #$(($//% #( #/%%//$�"* 0 ..&$ +)/$". /#�"%( "*./.'#$("$ � � /#$""* *//*
!$%($�") #�*&*"'*$�.$�"* 0 * "*./.'#$ *//* �**6." "./#'�%" +#$6**( %6%") '#4"$ '#'# #(C%/E *( &*"'*$�.* &*"'*$�% *""* �* ** #�*#(C%/ ** �4") '%&"** .�%*  $( �

2�(** $�"* #40 %/ #$("$* �#+%//%""*%��* (#.6*"%"**( �/%%(�) �%.&**+$* +*$4%$"* �

�� 9"�$"))( &%'.&�$$+ $(%( # $(*$�..� � 0 #('* *+.//* �**6**( #(C%/ *( &*"'*$�. �
� � � *"'*$�"**( #(C%/ * '#'#*+*//* "*+*//* !$%(%" "*!*.'�%" %(�$( �
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� �
� ����
 � �� ;%4")+)() #( /*�'%*  *"&$$�$%( "./#
M = M1M2 · · ·Mn

� = *"&$$�$%( '%&"#E/*�'. #( *��#�$*"$$+ $(%( � /*�'." +#$6**( /*�'%*  $��) 0 )&0 %�"�'�%��) "*4*(�* � ;*&+$""*+$%(
/*�'.#! %&**"$#$6%( /.'. ))&) +#$ '.$"%('$( +*$46%//* 4.# *""*+*�"$ ')�"%"��") /*�'.0 )&E0 %�"�'�%�") &$$!!.%( � 9�$ %&'$'�$ 0 #� "./#��*

M1M2M3M4
 *"&$$�$%( '##" #+*" +*�"**+*�"$

10×20
�
20×50

�
50×1

0 *
1×100

� ($$( 0 )&0 %�"��
M1(M2(M3M4))

+**"$$ ��<>>> #!%&**"$#"* �
'.( 0 )&0 %�"�'�%��)

(M1(M2M3))M4
&$$"")) ��>> #!%&**"$#"* �

;)��) +#$�$ ')�"")) &*"'*$�.* � 0 #'* /.%""%/%% '*$''$ /*�'.0 )&0 %�"�'�%" "./#//%
M1M2 · · ·Mn0 * /*�'%% '.4.('$( /*�'.0 )&0 %�"�'�%%( /$$""�+)" '%&"#/*�'.0 %(  ))&)" � 9�$ %&'$'�$ � //) ')E�$"%//�( "./#(

M1M2M3M4
 .." /*�'.0 )&0 %�"�'�%" #+*"

((M1M2)M3)M4, M1((M2M3)M4)
0 *

(M1M2)(M3M4).

9&$ /*�'.0 )&0 %�"��"%(  ))&) '*�+** %'�!#(%("$**/$�%�"$ '%&&#""*+$%(  *"&$$�$%( /.'.E ))&)( �.4"%%( � 0 #"%( .�%$( '*$''$%( +*$4"# %4"#0 %( "*&'$�"* $(%( %$ #/% ')�")((5//$�") �
-)46%"))( 0 #4"* **( 6�(** $�%( #40 %/ #$(($( ! %&$**""%$//* '%&"# $�0 )&0 %�"�'�%//%

&*"'*$�.* � L /'##(  *"&$$�$(
Mi

'#'#
ri−1 × ri

� '.(
i = 1, . . . , n

� L /%"%"**( � %"") #!"$E **/$�%%( '%&"# $�0 )&0 %�"�'�%%( /$$""�� #�*"./#0 %(
M1 · · ·Mi

0 *
Mi+1 · · ·Mn

/*�'% $(%( �
L�*"./#$�"* "$%6%"))( *$(*'$( �%( +%&&*( � %"") 0 #� (% �**6**( /*�'%"".* #!"$ **/$�%�"$ � #(
�**". &*"'*$�".* '#'# #(C%/ * #!"$ **/$�%�"$ � ; ) )( #�#$""* $�%'�$ +#$6**( "*&'*�"%//*
"$/*((%""* � 0 #��* "./#*

M1 · · ·Mi
%$ '%&&#"*'**( #!"$ **/$�%��* 0 )&0 %�"�'�%��) � ��" '#'#

#(C%/ *
M1 · · ·Mn

%$  �5�'))( &*"'%* #!"$ **/$�%�"$ � �$//) #�* "./#$�"* +#$6**( /*�'%*
!*&%  *��* 0 )&0 %�"�'�%��) � I* * 4.# $# !)"%% /#!!.#�**(

Mi+1 · · ·Mn
�

=.#6#�"%"**( "*./.''# � 0 #4#( /*�'%"**( #�*#(C%/ $%( &*"'*$�.0 * � !$%($�") "*!*.'�$�E"* $�#$4 $( � K6%*(* #( 6�(** $�%( #40 %/ #$(($( !%&$**""%$6%(  .'**( /*�'%* $�#  *" "*E!*.'�%" !$%($%( "*!*.'�$%( *+.//* � = %&'$"))( "*./.'#( */'$#$"*
mij

� '.(
1 ≤ i ≤ j ≤ n

� 0 *
"./' $"**( '.'$( */'$#

mij
#�*"./#(

Mi · · ·Mj
#!"$ **/$�%'�$ +*�"*.'�%'�$ � �#'# #(C%/ *(

+*�"*.'�%( *("** �$$� */'$#
m1n

�
�#�

i = j
� #( "./#��* +*$( �'�$  *"&$$�$ � 0 #"%( ($$��) "$/*("%$��* %$ "*&+$"* �4"))(

'%&"#/*�'.* � =.$6%( *&+#0 %(
mij

�
i < j

� /*�'% $�%��* ')�"%"))( *!.(* %6%//) %�$"%""�)
#(C%/ *( &%'.&�$$+ $�"* &*'%((%""* � L /%"%"**( � %"") #!"$ **/$�%��* 0 )&0 %�"�'�%��) #�*"./#
Mi · · ·Mj

0 *'**("..  *"&$$�$%(
Mp

0 *
Mp+1

+)/$�") � '.(
i ≤ p < j

� � $%  *( 4.# $#(
! %&.�"%%//* ")��) /.+.(

mij
*&+#'�$ "./%% #�*"./#0 %(

Mi · · ·Mp
0 *

Mp+1 · · ·Mj
'%&"#/*�'.E0 %( /.'. ))&) �%') ()$6%( '*46%( #�*"./#( */'$#$6%( '%&"#/*�'.0 %( /.'. ))&) � ���%$(%(

#�*"./#( '%&"#/*�'.0 %( /.'. ))&) #(
ri−1rprj

� ;#$�$( �*(# %(

mij = mip + mp+1,j + ri−1rprj.

�#�'* %$ "$%6%") �  $//) /.+.//*
p
/5�"�� !*&*� +*�"*.� � 0 #.6."**( "."'$ **( '*$''$

j − i+*$4"#%4"#* � I$$�

mij =

{

0,
0 #�

i = j
�

min
i≤p<j

(

mip + mp+1,j + ri−1rprj

)

,
0 #�

i < j
�

� //) #/%+* +#$6**( /*�'%* &%'.&�$$+ $�%�"$ �  $') #( "%4#"#("* � �$//) �$//#$( &*"'*$�"**(
.�%* */$#(C%/ *  #(%%( '%&"**( ��.#&*+$$+*$(%( &%'.&�$# 0 #4"** %'�! #(%("$**/$�%%( */C#E&$" $$( � � ; )��) '#4"** ')�"%"))( /.#((#//$�%�"$ 6�(** $�%( #40 %/ #$(($( '#'#*+** "*!** �
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�.'$( */$#(C%/ * "*&'#$""** /.'.0 %(
i
0 *

j
+*/$("** %46#//*

1 ≤ i ≤ j ≤ n
%/$ ')�$"%/")+)()

#( �4"%%(�)
O(n2)

%&$ */$#(C%/ ** � = $"))( */$#(C%/ ** %$ &*"'*$�"* '*4"* '%&"** �
��� ���

i := 1
��

n
��

mii := 0
��

��� ���
t := 1

��
n− 1

��
�1� ���

i := 1
��

n− t
��

�7 �
j := i + t�<�
mij := mini≤p<j(mip + mp+1,j + ri−1rprj)�@� �� ��

�.+* 1 �7 � -.'.0 %(
mij

/*�'% $(%( �
-*�'%"**( �6$*C#(**/%$""*$(� /.+."

mij (1 ≤ i < j ≤ n)
'.+*( 1 �7 */C#&$" $//* � %(E�$( �46%(  *"&$$�$( "./#( '%&"#/*�'.0 %(  ))&) �&$+ $ ���� � �$""%( 0 )&0 %�"�'�%��) �&$+ $" ����

�@�� '*46%(  *"&$$�$( "./#0 %( #!"$ **/$�%" '%&"#/*�'.0 %(  ))&)" � '#/ %(  *"&$$�$( "./#0 %(
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m11 = 0
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m14 = 2200 m24 = 3000 m34 = 5000 m44 = 0.
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α − β
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x

 a  b c

max

min

20

d
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α− β E'*&�$("* �
�.+*��* 1 ��> !..��*

x
#(  *� E�#/ . 0 * �%( /*!�%" a, b

0 *
c
 $(E�#/ .0 * � L /%"%"**( � %"")/*�"%( /)!$')�("$ #( */#$"%"".

a
��"* 0 * %"") �%( !*�#3E*&+#'�$ #( �**". �> � �#�'* x

#(  *� E�#/ . � ($$( /*�"%(
b
0 *

c
!*�#3E*&+#" +#$+*" +*$'.""** x

�))( +*$( 0 #� (% #+*" �..&% !$*
'.$( �> � L /%"**( +$%/) � %"") '%�'$  )$�") */$!.."* /)!$')�")%��) �**6**( �#/ .(

b
0 #('.(

/*!�%( !*�#3E*&+#'�$ �< � �#�'* b
#(  $(E�#/ . � ($$( +#$6**( !))"%//) � %"") b

�( !*�#3E*&+#'�$ "./%% '#&'%$("**( �< � � %�'$  )$�%( */$!..( /)!$')�("$ +#$6**( �$$� /#! %""** �
;)��) %�$ %&'$��) #( ')�"%""� �#/ .(

a
!*�#3E*&+#* �> �#/ .( x
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I#/ .//%

a
*&+# �> #/$ /#!.//$(%( � �$//) #/%"%""$$( � %"") '#'# �% */$!.. � 0 #('* 0 ..&%(*
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;*./.''# 1 �1 � ;�5"%4")+ $%( �.#&$".�*0 *" 0 * +*!*.". $�4%"'%" "�50 )&0 %�"�'�%//)
1−2−3−4

�

� � �#� �#/ .(
x
'*$''$ /*!�%" #( 0 # ')�$"%/"� "*$ '*&�$"". � ($$(

x
�( +)/$*$'*$(%( *&+#

 .."".. /#!.//$�%'�$ �
� � �#� �#/ .//*

x
#( +)/$*$'*$(%( *&+#

v1
0 * /*!�$ � 0 #('* /#!.//$(%( *&+# #(

v2
� ($$(

..�$ +)/$*$'*$(%( *&+# #(
max(v1, v2)

� 0 #�
x
#(  *� E�#/ . 0 * min(v1, v2)

� 0 #�
x
#(

 $(E�#/ . �
1 � L /'##( �#/ .(

p
0 * �%( +*(4%  *(

q
+)/$*$'*$�%" *&+#"

v1
0 *

v2
� �#�

v1 ≤ v2
0 *

p
#(

 $(E�#/ . �� #( �$$�  *� E�#/ . � � ($$( '*$''$ p
�( ')�$""%/% )""5 )" /*!�%" +#$6**(

'*&�$* � I* #$( +#$6**( "#$ $* � 0 #�
v1 ≥ v2

0 *
p
#(  *� E�#/ . �

� �� �� � � �����
�
���

�� ����
� ��� �� 
�� �
#��� �E %(%"%/ )��) 4*'.!..�"* '*&�$"**( �%//*$�$* 4**&#0 * � 0 #"'* %$+)" +#$�$�)/")) #!"$ **/$�"* &*"'*$�.* � L!"$ #$("$"%4")+)��) %"�$"))( �%//*$�"* &*"'*$�.! #/'.*
x1, . . . , xn

� 0 #('* '.�"*((.�
c(x1, . . . , xn)

#( !$%($( � L /%"%"**( � %"") ')�"5��) #( &*0 *E�.('"$#
b
� 0 #'* /$$"")) 0 #'*$�%%( !#/'..(

x1, . . . , xr
�%//*$�%( *&+#(

b(x1, . . . , xr)
� %"") 0 #�

x1, . . . , xr
+#$6**( ")�6%(")) '#'# #(C%/ *( &*"'*$�.'�$

x1, . . . , xr, xr+1, . . . , xn
� ($$(

c(x1, . . . , xr, xr+1, . . . , xn) > c(x1, . . . , xr)
� �*0 *�.('"$#"* +#$6**( ')�"")) 4*'.!.$6%( �%/E/*$�"%( 4**&#0 %( '*&�$("**( � 0 #$//* %$ +#$ #//* #!"$ **/$�"* &*"'*$�.* �

� �
�����
 � �� ;*&'*�"%//**( "�5"%4")+$%( 0 )&0 %�"%/�#(C%/ ** � 0 #4#( /$$""�� (%/0 ) %&$
"�5") � 0 #$6%( "%'% $�%%( "*&+$"**( '#(%$"*

A, B
0 *

C
")��) 0 )&0 %�"�'�%��) � �#(% +#$ "%46)

+*$( �4") "�5") '%&&*//**( � �#� '#(% %$ #/% +*!** � 0 )) "�5 #6#""* **( +.#&#**( � = $��)
*0 *��* +#$6**( �.#&$""** (% "�5" � 0 #$6%( �.#&$".�*0 *" #( *((%"". +*�%  *//* "*./.'#��*
1 �1��#� "�5" "%46))( 0 )&0 %�"�'�%��)

1−2−3−4
� ($$( *$'** './.. �4"%%(�) 11 *$'*�'�$''5)

�"*./.''#��* 1 �1 #$'%*//*� � 9&$/*$�"%( "5$6%("%'#0 )&0 %�"�'�$) #( '*$''$**(
4! = 24

� F&*(G4
*(6 H#.(6 E"%'($$'*//* +#$6**( "."'$""*+$%( "*!*.�"%(  ))&)) 4.# *""*+*�"$ &*0 #$""** �= ))&$"%//))( &*0 *�.('"$#

b
�46%( � '*46%( 0 * '#/ %(  $""*$�$//% !#/.$//% �%.&**+*�"$ �

b(i) = Ai +
∑4

m=1 Bm + min{Cn|n 6= i}

b(i, j) = Ai + Aj +
∑4

m=1,m6=i Bm + min{Cn|n 6= i, j}

b(i, j, k) = Ai + Aj + Ak +
∑4

m=1,m6=i,j Bm + Cn, n 6= i, j, k
�

< �



�&+#$'�$
b(i)

�**6**(

b(1) = 3 + (4 + 2 + 5 + 5) + 1 = 20

b(2) = 7 + (4 + 2 + 5 + 5) + 3 = 26

b(3) = 6 + (4 + 2 + 5 + 5) + 1 = 23

b(4) = 2 + (4 + 2 + 5 + 5) + 1 = 19
�

�#�'*
b(4)

#/$
b(i)E*&+#$�"* !$%($( � 0 *"'%"**( 7E4**&** �

b(4, 1) = 2 + 3 + (4 + 2 + 5) + 1 = 17

b(4, 2) = 2 + 7 + (4 + 2 + 5) + 3 = 23

b(4, 3) = 2 + 6 + (4 + 2 + 5) + 1 = 20
�

�*"'%"**( 7 �E4**&** � �$//) b(41)
#/$

b(4j)E*&+#$�"* !$%($( �

b(4, 1, 2) = 2 + 3 + 7 + (2 + 5) + 3 = 22

b(4, 1, 3) = 2 + 3 + 6 + (2 + 5) + 1 = 19
�

�)&0 %�"��
4− 1− 3− 2

'./.""** �1 *$'*�'�$''5) � ��" +#$6**( '*&�$* (% #�*&*"'*$�." �
0 #$6%(
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�

� �� � ��
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����� ���������� � ��	�
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�.+* 1 ��� � D*$'*//$�%"  ..((#'�%" �
I*//$"."  ..((#'�%" #+*" /.#("%%/"**( !*$'*//$�$* � &*"'*$�.*  ..((%"**( �/)4%//) � #/%E+*'�$ !*&%  *'�$ &*"'*$�.'�$ � ; )//)  %(%"%/ )//) %$ +)/"") )"") /5�6%") #!"$ **/$�"* &*"E'*$�.* � D $%($  )( +$&$"")+)( !..( %"�$(") #( %�$ %&''$ #(C%/ *�"* � 0 #//% #!"$ $ '.$"%('$(
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θ(e log e)
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0 ))4"� $(%( +*�"** './'% $�"* *$(* �.#&**( '#4"$ /#'**/$�"$ !*&% !** &*"'*$�.* 0 * 0 ))4"�E $�%( 4$6*�"* $(%( !.#/%�"**( +*�"**  *46#//$�..""* +*/$"* "$%"� $( %46#$(  �5� /#'**/$�"$
4.#(#0 * &*"'*$�.0 * �
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 ..((#� � �#�  ..((#� !*&*("** &*"'*$�.* � ($$( 4�/)"))( +*(4* &*"'*$�. 0 * 0 *"'%"**( ..E6%//* &*"'*$�.//* � ?*$''* !*$'*//$�%//*  ..((#'�%//* /5�6%""� ..�$ &*"'*$�. %$ #/$�$'**( !*E&% !$ '.$( %("$(%( &*"'*$�. � +#$6**( �% +*/$"* ..6%'�$ &*"'*$�.'�$ � 0 #� "$%""� /) !5"$/*�"*
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� �������� ��
�/C#&$" %0 * � 0 #"'* 0 )/0 $""%/%+)" /.#((#��* "*!*4".+** %+#/.."$#"* � '."�."**( C%(%%""$E�$'�$ */C#&$" %$'�$ � ;*&'*�"%//**( �!#!./**"$#"* � �0 #'$( 4*'.*+*&..6%( #�*0 #.''# � � 0 #"*
 ..((%//**( � ."**"$#$//* � �!*$'*//$�%"  ..((#'�%"� 0 * �&$�"%�"�'�$//) � �'*46%( &*"'*$E�.+*$4"#%46#( # $(*$�..'�$%( +*$4"* $(%( � � L /%"%"**( */.'�$ �'�$('%&"*$�..6%( +.#'�$ �
%"") ! #!./**"$#( �'�$/5" %�$"%"))( H$""$+%'"#&%$(* �+&" � '&# #�# $( C%%($"� �� /.'�$  .#6#�"%"**( /)4"5! #!./**"$# 0 #'# �*".((*$� %(%"%/ )//) "*$ 0 #//*'$( �#!$+*/E/* 4%.&$�"$$'*//* � D#!./**"$#��* #/%+ $%( �'�$/5$6%( 4�+��"")  $"*"**( %+*/.#$("$�.('"$#//* �
0 #('* *+.//* !*&4**" �'�$/5" +*/$"**( &$�"%�"�'�$) +*&"%( � ;#$(%( C%(%%""$(%( #!%&**"$# �
 ."**"$# � +*/$"�%% �*".((*$�%�"$ ! #!./**"$#( �'�$/5$6%( H$"%$�") (% � 0 #"'*  ..((%"**( � � $�E"%�"��"%( 0 *  ."**"$#$6%( *+.//*  .#6#�"%"**( ..�$* �.'.!#/+ $* � '.((%� 4*/."". ��'�$/5
#( ��("�(�" � �"*&! %%'�$ 4�+) &*"'*$�. #( /5�"�(�"� "*$ '.((%� 4.# *"**( � %"") &*"'*$�."
%$+)" %()) !*&*(% � = %(%"%/ ) +#$6**( %�$"")) '.+*( 1 ��7 */C#&$" $//* �

� �� ���
�� %+#/.."$#
���

t := 0��� =.#6#�"* /)4"5! #!./**"$#
P (0)�1� 9+*/.#$ ! #!./**"$#

P (0)�7 � �� 
	� !��)4"� $�%4"# %$ #/% +#$ *��* ��
�<�

t := t + 1�@� =.#6#�"* &$�"%�"�'�$//) 0 *  ."**"$#$//* ..�$ !#!./**"$#
P (t)�8� 9+*/.#$

P (t)�,� ��
�.+* 1 ��7 � J%(%%""$(%( */C#&$" $ �

�#""* C%(%%""$�$) */C#&$" %0 * +#$"*$�$$( �#+%/"** � #( 4*'.*+*&..6%( */'$#" %�$"%"")+)
H$""$0 #(#$(* �"*$  .$(* &$�"%�"�'�$$( �#+%/".+$(* "$%"#&*'%("%$(*� � - $�)'�$ #( '$$(($"%"")+)�%.&**+*" !*&* %"&$" �

• !#!./**"$#( '#'#

• &$�"%�"� )"#6%(()'5$����

•  ."**"$#"#6%(()'5$���� �

� �
� ����
 � �	 ;*&'*�"%//**( %�$ %&''$() �.('"$#(

f(x) = x sin(10πx) + 1.0

�..&$  *( *&+#( %"�$(")) +)/$//)
[−1 . . . 2]

� ;%4")+)() #( /5�")) �%
x ∈ [−1 . . . 2]

� 0 #//*
�..&$( *&+# �**6**( � �.('"$#( '.+**0 *( "*&'*�"%/. *((%".//* +)/$//) #�#$""** � %"") !*$'*/E/$(%( %"�$(") #/$�$ �..&%//* "#6%(()'5$���6%//) 4�56�"5(") � �% /../"*+*�"$ !))"� $�$ 0 #4#('$(
/.'.$�$�"* !*$'*//$�$�"*  *'�$ %$�"* � �L(C%/ * #/$�$ "$%"%('$( 0 )&'%+$(") &*"'*$�"* *(*/��"E"$�%�"$ �  .""* ")��) �4"%�6%��) "��6�"))( &*"'*$�.* %"�$ ))(  .$//* '%$(#$( ��
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�#""* */'$#" +#$6**( %�$"")) H$""$0 #(#$(* � #( */.'�$ �#+ $""*+* ')�"%"")+)�") /*�'."*&'E'..6%�"* � I#+ $"**( � %"") '..�$ 6%�$ **/$* #( �#!$+* "*&''..� � �#�'* *&+#*/.%%( !$"..�
#( '#/ % � #( 4*'.*+*&..6%��* 1>>>>>> */'$#"* � F $""$0 #(#0 %( !$"..6%'�$ "./%% �� � �$//)
2097152 = 221 < 3000000 ≤ 222 = 4194304

� 9�$ %&'$'�$ H$""$0 #(#

1000101110110101000111

"*&'#$""** *&+#*/.%%( */' $#"* > �@18�:8 � �$//)
(1000101110110101000111)2 = 2288967

0 *
−1.0 + 2288967 3

4194303
= 0.637197.;*&'*�"%//**( !#!./**"$#"* � 0 #��* #( �'�$/5"

v1 = 1000101110110101000111

v2 = 0000001110000000010000

v3 = 1110000000111111000101.

9+*/.#$("$�.('"$#'�$ +#$6**( +*/$"* "."'$""*+* �.('"$#
f
$"�% � D#!./**"$#( */'$#" +*�"**+*"

x
�( *&+#0 *

0.637197
� −0.958973

0 *
1.627888

� ?*�"**+*" �.('"$#( *&+#" #+*"

f(v1) = f(0.637197) = 1.586345

f(v2) = f(−0.958973) = 0.078878

f(v3) = f(1.627888) = 2.250650.

;) )( !#!./**"$#( !*&*� �'�$/5 #( �$$�
v3
�

=."**"$#��* +*/$"**( �*".((*$�%�"$ 0 #'$( H$""$ � 0 *  .."%"**( �% "#$�%'�$ � �#� %�$ %&'$'�$
v3

���*  .."%""*$�$$( +$$6%� H$""$ �''5�%'�$ � �**"*$�$$( �'�$/5 ���> �>>>>> ������>>> �>� � 0 #'*+*�"**
x

�( *&+#*
1.721638

0 * +*�"**+* �.('"$#( *&+# #( −0.082257
� ; ) )  ."**"$# 0 #4"*$�$

�$$� 4.#(# !**( �'�$/55( � �#�  ."**"$#  ..""*$�$
v3

�( '�  %(%((%( H$"$( �''5�%'�$ ��**"*$�$$( �.('"$#( *&+#'�$
2.343555

%/$ #/$�$ /5�6%""� *$'*$�% !** !*&% !$ &*"'*$�. �
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�#/ .0 %( 0 #.''# � 0 #$6%( *�"%/.'. !..��*

T
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�0 #.'#��*
V ′ #( !*&$//$(%(  ))&) �#/ .0 *��1� =.#6#�"* 0 #.'#(

V ′ �#/ .0 %( ")�6%//$(%( !*&$.".� E
� 0 #('* '.�"*((.� #( !$%($(

 *46#//$(%( �") ) +#$6**( "%46) "%4#''**�"$ � +*$''*'$(  %/'# 4*('*/*//* */C#&$"E $//*�
�7 � =.#6#�"* 9./%&$( ��'/$

P ′  #($+%&'#��* (V, T ∪ E)�<� =.#6#�"* ��'/$�")
P ′ '*.!!* *"'.�"*0 *( ��'/$ P #$'*$�% *//* ($$6%( �#/ .0 %( #4$ �

0 #$��* #( 0 # ')�"�
�.+* 1 �� � � � &$�"#�6%�$( *!!&#'�$ #$("$*/C#&$" $�

(c)(b)(a)

�.+* 1 ��� � � *.!!* *"'.�"*0 *( #(C%/ **( /$$""�+) + $&$"")+) !.. �*� � �%( !*&$""# $%(
�#/ .0 %( !*&$.".� �H � 0 * #$'*$�% *//* �**". #!"$ $&%$""$ �G� �
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�
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E
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ai
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Si
�"

0 #.''#0 *� �
 % H%& �a, S

� �
a ∈ S�$(�%&" �

a, S
� �

S ← S ∪ {a}6%/%"% �
a, S

� �
S ← S \ {a}&%!/*G% �

ai, aj, S
� �

S ←
(

S \ {ai}
)

∪ {aj}.($#( �
Si, Sj

� �
Si ← Si ∪ Sj�(6 �

a
� � 0 #�

a ∈ ⋃

i Si
� ($$( �%

i
� 0 #//*

a ∈ Si
�  .."#$(  ))&$""%/% )"5( �

�#� */' $#$6%( +)/$//) #(  ))&$"%/"� 0 )&0 %�"�� � ($$( +#$6**( ')�"")) /$�)'�$ �%.&**+$*
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S
� � �%//*$(%( */' $#

a
� %"")

a ≤ b
� '*$'$//* */'$#$//*

b ∈ S *� �
S
� � +*�"**+*�"$ '."%(  $( �

S
�

�!/$" �
Si, a, Sj

� � 0 #�
a ∈ Si

� ($$(
Sj ← {b ∈ Si | b > a} 0 * Si ← {b ∈ Si | b ≤ a}G#(G*"%(*"% �

Si, Sj
� � 0 #�

max(Si) < min(Sj)
� ($$(

Si ← Si ∪ Sj
�

� �
�����
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L/%"%"**( � %"") */'."$/*("%%��* "*&'*�"%/"*+*"
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i
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a, b, c
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a
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b
�46$�"%"))(

..6%'�$ 0 #.'#'�$
c
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a, b, c
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n
� ;%46))( (�" �(6E#! %&**"$#" �(6 ��� ��(6 ��� �
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n
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i=1 i = O(n2)
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O(log n)
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� +*&"%( � - $�)'�$ "*&+$"**( #�#$"$( 4*E'.!#/.$//* %"%(% $�") +*&"%( � D..( 0 ..&$ ".((%"**( �$$") � %"") �%( #�#$"$( #�#$""** �#/ ..(
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i
#( */.'�$ '.+*��* 7 �1

%�$"%"�( '*/"*$(%( �

1i

nimi    kokotieto    osoitin

�.+* 7 �1 � I#/ . */'."$/*("%%��* � '.( ')�"%"))( �46$�") $�") '##(  .'**( �

($#(E#! %&**"$#��* �46$�"%"")+$) 0 #.''#0 * %6.�"*+$%( !.$6%( 0 ..&%" /5�6%"))( 0 #.''#E"*./.'#( *+.//* � ;) )( 0 )/'%%( +%&&*"**( �#/ .0 %( '#'#"$%"#0 * � D $%(%  )( !..( 0 ..&%(

#�#$"$(  .."%"**( #�#$""* **( �..&%  *( !..( 0 ..&"* � 
.6%( !..( '#'#"$%"#* #( !)$E+ $"%"")+) /$�)) )//) �$$4%( !$%(%  )( !..( '#'# � D$%(%  )( !..( '#'#"$%6#//* %$ ") )(
0 )/'%%( #/%  $"))(  %&'$"��") �

9&$//$�"%( 0 #.''#0 %( ')�$""%/�#(C%/ *( *$'*+**"$ .� %�$"%"))( "*&'*�"%/"*+ $��* #! %&**E"$#0 #(#$��* #/%+$%( .($#(E#! %&**"$#$6%( /.'. ))&)( n
0 * �(6E#! %&**"$#$6%( /.'. ))&)(

m
�.('"$#(* � L /%"%"**( */.'�$ � %"") ')�"%"))( �$") !.."#"%.".'�%( !%&.� .#"#* � 0 #��* �4E6$�") $(%( "%46))( !.$"* "."'$ *""* %$') 4*'.!#/'.0 * !�&$") /�4%(") ))( � � $'*$�%  $(

#//**( 4.# *"". � %"") "*!*.'�%��* +#$  .#6#�".* /$�"*'�$ '."$�".(." !.. � �.( "*&'*�"%/E/**( #! %&**"$#0 #(#* � 0 #��* #( */.'�$
n
.($#(E#! %&**"$#"* 0 * ($$6%( 0 )/'%%( m

'*!!*/%""*
 .#6#�"%".( !..( *$(#**( /%4"$�#/ ..( '#46$�".+$* �(6E#! %&**"$#$"* � ($$( 4.# *"**( �%"") !*4$  *��* "*!*.'�%��* ! %&.� .#6#( *$'*+**"$ .� #(

n + mn
%/$

θ(mn)
�

�#� �46$�") $(%( "%46))( '##( �"*$ '#&'%.6%( � ! %&.�"%%//* �  .""* �(6E#! %&**"$#" '.E"%( ! %&.� .#6#��* � ($$( !*4$  *( "*!*.'�%( *$'*+**"$ .'�%'�$ �**6**(
n + m log n

�
�#�

m ≥ n
� ($$( *$'*+**"$ .� #(

θ(m log n)
� I% "*!*.� � 0 #��* �* *(*$'*$�%�"$ ')�"%"))(

�%') .($#(E %"") �(6E#! %&**"$#$6%( "%4#''** !$* +%&�$#$"* � #( %6%//$�$) 4.# *""*+*�"$  #E($ ."'*$�% !$ � ?#$6**( "#6$�"** � %"") "#"%.""* *//*  #/%  *" "%4#�".�'%$(#" �46%��)
�**6**( */C#&$" $ � 0 #('* *$'*+**"$ .� '*$'$��* ')�")((5( "$/*("%$��* #( /$(%**&$(%( �.#&$E"%"".0 %( �(6E#! %&**"$#$6%( /.'. ))&)( �.4"%%( � ;)//5$( *$'*+**"$+..6%( +#$6**( "#6$�E"** #/%+*(  .#"#*

θ(mα(m, n))
� '.(

m ≥ n
0 *

α
#( (� � �G'%& *(($( �.('"$#( %&))(/*$(%(

'))("%$��.('"$# �
�G'%& *(($( �.('"$#  ))&$"%//))(  .#6#��*

A(i, j) =











2j,
'.(

i = 1, j ≥ 1
�

A(i− 1, 2),
'.(

i ≥ 2, j = 1,

A(i− 1, A(i, j − 1)),
'.(

i, j ≥ 2
�

�.('"$#
α
 ))&$"%//))( (�"

A
�( *+.//* �%.&**+*�"$ �

α(m, n) = min{i ≥ 1 | A(i, bm
n
c) > log n}.

A
'*�+** &)0 )46�� )$�%( (#!%*�"$ �  $�") �%.&** � %"")

α
'*�+** 4�+$( 4$"**�"$ �

@,



�#�'* %�$ %&'$'�$
A(3, 1) = A(2, 2) = A(1, A(2, 1)) = A(1, A(1, 2)) = A(1, 4) = 24 =

16
0 *

216 = 65536
� ($$(

α(m, n) ≤ 3
� '.(

n < 65536
� � *$'$��* ')�")((5( "$/*("%$��*

+#$6**( #/%""** � %"")
α(m, n) ≤ 5

�
�.( �$$� "%46))( �46$�") $�%" '##( "*$ '#&'%.6%( !%&.�"%%//* 0 * �(6E#! %&**"$#" "$$+ $�E")%( � 4*/'*$�"%( "*$ !.#/$""*$( � �**6**( */C#&$" $ � 0 #'* *$'*+**"$+..6%/"**( #( /)4%� /$(%E**&$(%( � -$�)'�$ +#$6**( "#6$�"** � %"") �**". */C#&$" $ #( #!"$ **/$(%( (� � �%!*&#$".+ $%(

*/C#&$" $%( /.#'*��* �

� �� � � ����� 
�
��
���� ���� ��
���� ���	�����
�� �
�
���
�����
����

� )&%//$(%( *."# **""$ #( /*�'./*$"% � 0 #//* #( ))&%//$(%( "$/*���"%% $  .""* 0 #/"* !..""..
 .$�"$ � � )&%//$�%( *."# **"$( "#$ $("* +#$ 4**&*.".* "$/*( 0 * ��5"% %&'$( ! %&.�"%%//* �
�#�'* "$/*0 #.''# #( ))&%//$(%( � +#$ ))&%//$(%( *."# **""$ � .$�"** � +*$( /.'.0 * � 0 #$6%(
'##//% �**6**( �/)&*0 * � '.( "$%6%"))( *."# **"$( "$/#0 %( /.'. ))&) � � )&%//$�"%( *."#E **""$%( ".(($�"* $%( '$%/"%( /.#''** '."�."**( �))((5//$�$'�$ '$%/$'�$ � 9�$ %&'$'�$ ' $%/%"
{aibj |i = j} 0 * {aibj |i ≥ j} %$+)" '../.. ")4)( /.#''**( �;)� )//$�%  $( ))&%//$(%( *."# **""$  ))&$"%//))( 0 )&0 %�"%/ )()

M = (S, Σ, δ, s0, F )
�

'.(
S

#( ))&%//$(%( "$/#0 %( 0 #.''# �
Σ

#( ��5"% %&''$%( 0 #.''# �
δ

#( �$$&"� )&%/**"$#
S × Σ→ S

�
s0

#( */'."$/* 0 *
F

#( /#!!."$/#0 %( 0 #.''# �
� )&%//$(%( *."# **""$ #( 6%"%& $($�"$(%( � 0 #� 0 #'*$�%//* !*&$//*

(q, x)(∈ (S × Σ))
�$$&E"� )&%/**"$#

δ
 ))&)) �'�$')�$""%$�%�"$ *."# **"$( �%.&**+*( "$/*( "*$

δ(q, x)
#(  ))&$"E"%/% )"5( � �."# **"$(

M
4�+)'�� ) '$%/$ #( 0 #.''#

L(M) = {w ∈ Σ∗ | δ(s0, w) ∈ F} �
� �
�����
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 .#6#�"* $�"*  *//$//%

P = b1b2 . . . bm
� �#&0 *.��.('"$#

f
 ))&$"%//))( '."%( %((%('$( � I%( *+.//* �**6**( ..6%"

�$$&"� )" '.+*( < �7 */C#&$" $//* �
� �
�����
 Q �� ;*&'*�"%//**( ..6%//%%( *."# **"$(  .#6#�"* $�"*  *//$//%

P = aabbaab
�

��" 4*/."**(  ))&$"%//) �%//*$(%( *."# **""$ � 0 #'* %$ "%% "�40 $) �$$&"� $) � �.( ')�"%"))(
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�
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��� ���
j := 1

��
m

��
δ(j − 1, bj) := j

��
��� ���

b ∈ I
�
b 6= b1

��
δ(0, b) := 0

��
�1� ���

j := 1
��

m
��

�7 � ���
b ∈ I

�
b 6= bj+1

��
δ(j, b) := δ(f(j), b)

��
�<� ��

�.+* < �7 � =%&'$(�#+ $".� �

a a b b a a b

0 1 2 3 4 5 6 7

a a

a

b

b b

b

a

b
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�� 


96%//$�%��) */*'#46*��* "*&'*�"%/". */C#&$" $ "%'%% +)4$("))(
n
�� '#4"%%( !$"..�� +%&E"*$/.* � ;)��) */*'#46*��* "*&'*�"%/"*+* */C#&$" $ � 0 #('* *$'*+**"$ .� !*4$  *��* "*E!*.'�%��* #( �* * �

O(n)
+%&"*$/.*� '.$( �(."4$(E=#&&$�$(ED&*""$( */C#&$" $//* �  .""*0 #'* .�%$( �%/+ $)) +)4%  )//) '.$(

n
�//) +%&"*$/. //* � D*&4**��* "*!*.'�%��* ") )( (� �

F#�%&$(E=##&%( */C#&$" $( *$'*+**"$ .� #( O(m + m/n)
�

F#�%&$(E=##&%( */C#&$" $��*  %&''%0 ) +%&&*"**( */'*%(  *//$( /#!.�"* � �#� /5�6%"))( %&''$!*&$ � 0 #'* %$ ")� )) � �$$&&%"))(  *//$* '#&0 *.��.('"$#( $/ #$""* *  ))&) #$'%*//%
0 * &�46�"))( ..6%//%%( "."'$ **(  %&''%0 )  *//$( /#!.�"* */'*%( �
� �
� ����
 Q �� L/'##"

P
� �;�;B�; 0 *

S =
� BK�B�� K��--��B�-;I ���;�;B�;�DLK�; �

� /.'�$  *//$ *�%"%"**( '#4"%%( !))//% ($$( � %"") ($$6%( %(�$  )$�%"  %&'$" #+*" '#46*'E'*$( � ?%&"*$/. */#$"%"**(  *//$( /#!.�"* � 9(�$  )$�%() +%&&*"**( �$$�  %&''%0 ) � 0 * ; �
?%&"*$/. %$ ")� )) � 0 * /$�)'�$ "$%6%"))( � %"")  %&''$) � %$ #/% '#'#  *//$��* � � $$(!)  *//$*
+#$6**( �$$&")) #$'%*//%  %&'$( � �/$ �

= *//$( +$$ %$(%( '$&0 *$( #( (�" +)/$/�5(($( ��� '#46*//* � ?%&"*$/. %$ (�"'))( ")� )) �
I$$&&%"))(  *//$* #$'%*//% ($$( � %"")  *//$��* #/%+* +)/$/�5("$ "./%% �%( '#4"%%��* #/%+*(
+)/$/�5(($( '#46*//% � 0 #'* )�'%( #/$ +%&"*$/"*+*(* � = *//$( +$$ %$(%(  %&''$ #( (�" '#4E"%%��* #/%+*( B�-;IE�*(*( ; �( '#46*//* � */#$"%"**( "**� +%&"*$/. � 9(�$  )$(%( +%&"*$/.
")� )) �  .""* "#$(%( %$ � �#4"%%��* #( (�" '$&0 *$( - � 0 #"* %$ #/% /*$('**(  *//$��* � ?#$6**(
"**� �$$&"))  *//$* #$'%*//% ")//*$�%(  %&'$( � /$ � = *//$( /#!!.!)) "./%% (�" +)/$/�5(($( '#4E6*//% � 0 #"%( %(�$  )$(%( +%&"*$/. %$ ")� )) � �.( (�" �$$&&%"))(  *//$* ($$( � %"") �$$()
#/%+* +)/$/�5("$ ")� )) ")4)( '#4"%%�"* /5�6%""��( +)/$/�5("$$( � ($$( /5�6%"))( '#'#  *//$(
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96%//$�%��) %�$ %&'$��) �#+%//%""$$( "#$�".+*�"$ F#�%&$(E=##&%( */C#&$" $( '*46%�"*
4%.&$�"$$'*�"* "#$�"* � (� � H*6EG4*&*G"%& E4%.&$�"$$''** � I%(  .'**( %$E")� ))+)(  %&'$(/5�"�%��) +#$6**(  *//$* �$$&")) ($$( !*/0 #( #$'%*//% � %"") �%.&**+*  *//$��* #/%+* ")4)( '#4E"**( �#!$+*  %&''$ "./%% '#4"%%( +$$ %'�$ "."'$".(  %&'$( '#46*//% � �#� ")//*$�"*  %&''$)
%$  *//$��* #/% � +#$6**(  *//$ �$$&")) '#'#(**( +$$ %'�$ "."'$".( '#4"%%(  %&'$( #$'%*//%
!.#/%//% � D*&*� "*!*.� */C#&$" $( "#$ $((*( '*((*/"* #( �% � %"") '.��*'$(  *//$( �$0 #$E".�'#46*��* 0 # %(�$  )$(%(  %&'$(�#+$".� %!)#(($�".. 0 * '#4"%%��* #( �%//*$(%(  %&''$ �
0 #"*  *//$��* %$ /*$('**( #/% � ;)//5$(  *//$* +#$6**( "#$�".+*�"$ �$$&")) !$".."%(�* +%&&*(
#$'%*//% �

� )�")((5��) H*6 G4*&*G"%& E4%.&$�"$$''** �#+%//%"**( �/%%(�) ($$( � %"") "*//%((%"**('.�"*'$(  %&'$�") �%( #$'%*( !.#/%$�$  *( %�$$("� )( !*$''*  *//$��* � ;)//*$(%( !*$''*
�**""** #//* �$$() #�*��*  *//$* � 0 #'* #( 0 # "."'$"". � 0 * ")//5$( 4%.&$�"$$''* �$$&")$�$  *//$*
+*�%  *//% � ;)//*$�$* �$$&"#0 * %$ '.$"%('**( '#�'**( "%46) � D*&% !**( "./#'�%%( !))�")$E�$$( "$%"%('$( ($$( � %"") 0 #'*$�%�"*  *//$( !*$'*�"* %&$'�%%( $/ #$"%""*$�$$( 0 #'*$�%(  %&'$(
�%.&**+* %�$$("� ) +*�%  *//* � ;) ) +%$�$ '.$"%('$( /$$*( !*/0 #( "$/** �
� �
�����
 Q �A ;*&'*�"%//**( '.+*( < �@ "$/*((%""* �

T b a d a b a a b c d  .  .  .

P b a a c b a

�.+* < �@ � F#�%&$(E=##&%( */C#&$" $( �#+%/"* $�%%( /$$""�+) "$/*((% �

= *//$( /#!.�"* /.'$%( '*'�$ %(�$  )$�")  %&''$) ")� ))+)" �  .""* '#/ *�  %&''$
�
c
� %$ ")� )) � �#�'* '#4"%%��* #( ")//) '#46*//* 	

a
	� H*6 G4*&*G"%& E4%.&$�"$$''* �$$&")$E�$  *//$* �46%( *�'%/%%( #$'%*//% � ;)//5$( '#4"%%( 	
a
	 0 *  *//$( 	

a
	 #/$�$+*" '#46*''*$( �

;) )  %(%""%/� 0 )"")) 4.# $#""* $( �#& **"$#( � 0 #'* /$$""�� 0 # "."'$"".$4$(  %&''%$4$( �
; $%6#��*4*( #( � %"") %$E")� ))+)( '#46*( #$'%*//* !.#/%//* '#4"%%��* #( 	

ba
	� F*6 G4*E&*G"%& E4%.&$�"$$''** !*&% !**( "./#'�%%( �")��) ($ %(# *$�%��* "$/*("%%��*� !))�"))( �

'.(  *//$��* #/%+* #�* 	
ba
	 �$0 #$"%"**( '#4"%%��* #/%+*( �* *(/*$�%( #�*( '#46*//% � ;)//5$(

 *//$* +#$6**( �$$&")) �46%( *�'%/%%( �$0 *�"* (%/0 ) *�'%/"* #$'%*//% �
�

96%//$�%��) %�$ %&'$��) �#+%//%"".*  %(%""%/�) '."�."**( F#�%&$(E=##&%( */C#&$" $(�4"%�6%��) C##6 �.�� E4%.&$�"$$'*'�$ � K"�% *�$*��* �% #( *$+*( �* * '.$( �(."4$(E=#&&$�$(ED&*""$( */C#&$" $( '#&0 *.��.('"$# � �#'*$�%( %$E")� ))+)( +%&"*$/.( �4"%�6%��) "."'$"**( �'. !$ 4%.&$�"$$'#$�"* �$$&")$�$  *//$* !$"%  )//% #$'%*//% 0 * �$$&"# "%46))( ") )( 4%.&$�"$$E'*(  .'**( � �.(  *//$ #( *((%"". � +#$6**( 4%.&$�"$$''#$4$( /$$""�+)" �$$&"# ))&)" /*�'%*
+*/ $$'�$ "*./.''#$4$( �
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� *H$($(E� *&!$( */C#&$" $��* *0 *"%//**(  %&''$0 #(#" /.+.$'�$ �$$() /.'.0 )&0 %�"%/ )��) � 0 #(E'* '*("*/.+.( ')�"%"�( **''#�"#( '#'#  ))&)) � � '�$('%&"*$�..6%( +.#'�$ #/%"%"**( */.'E�$ � %"") ')�"5��) #( �>E %&''$(%( **''#�"# � �.( +$%/) ')�"%"))( **''#�"#��*  %&''%0 )
0, 1, . . . , 9,

($$( "*&'*�"%/"*+*"  %&''$0 #(#" +#$6**( *0 *"%//* "*+*//$�$(* �>E0 )&0 %�"%/ )( /.E'.$(* � ��*H$($(E � *&!$(  %(%"%/ ) #( "$%"%('$( ')�""5'%/!#$(%(  $//*$�$//* **''#�"#$//*"*4*(�* � ")��) #( +*$( *�$*( �'�$('%&"*$�"* $�%'�$ +*/$"". "."". **''#�"# ��
� )�"%"))( ")��) '#46*��*  *//$�"*  %&'$("))

P [1..m]
0 * '#4"%%�"*  %&'$("))

T [1..n]
�

= %&'$("))
p
')�"%"))(  *//$�"* 6%�$ **/$/.+.'�$ "./'$"".(* 0 *  %&'$("))

ts
�$$") 6%�$ **E/$/.+.�"* � 0 #'* +*�"** '#4"%%( #�**

T [s + 1..s + m]
�
s = 0

�
1, . . . , n − m

� 9(�$  )$(%(
#(C%/ * #( /*�'%* *&+#"

p
0 *

t0
"%4#''**�"$ �%') !��"�) /*�'% **( "%4#''**�"$

ts+1
� '.(

".((%"**(
ts
� -.'.

p
+#$6**( /*�'%* *0 *��*

O(m)
(� � B#&(%&$( �))((5//) �

p = P [m] + 10
(

P [m− 1] + 10
(

P [m− 2] + . . . + 10(P [2] + 10P [1]) . . .
))

.

I* #$( +#$6**( "$%"%('$( /*�'%*
t0
'#4"%%( */'.#�*�"*

T [1..m]
� � &+#

ts+1
+#$6**( /*�'%*

ts
��") '**+*//*

ts+1 = 10(ts − 10m−1T [s + 1]) + T [s + m + 1]
� -.+.(

10m−1T [s + 1]
+)4%(E") $(%( !.6#""**

ts
�(  %&'$"�%+$  )( (. %&#( !#$� 0 * /.+.(

T [s + m + 1]
/$�)) $(%(

*("** ..6%( +)4$"%(  %&'$"�%+)( (. %&#( �
-.'.0 %(

p
0 *

ts
')�"5��) #( '.$"%('$( �% 4*('*/..� � %"") (% "./%+*" '*$'$��* ')�")((5(

"$/*("%$��* /$$*( �..&$'�$ � I%( +.#'�$ (% '#&+*"**( �#!$+ $//* 0 *'#0 ))((5'�$//) � -*�'%"**(
0 *'#0 ))((5'�%" �%//*$�%( */'./.+.(

q
�.4"%%( � %"") /.'.

10q
+ $%/)  *4".. �4"%%(  .$�"$E�*(**( �"*$ #(  .."%(  *46#//$�"* ')�$"%//) "%4#''**�"$� �

L /%"%"**( %�$ %&'$'�$ � %"")  *//$ #( 1 �7 �< 0 * '#46% #( �1<:>�1 �7 �<�@81::�� 0 * %"")
')�"%"))( 0 *'#0 ))((5'�$) /.+.( �1 �.4"%%( � �#�'*  *//$( 0 *'#0 ))((5�  #6 �1 #( 8 � %"�$E"))(  *//$�"* �%//*$�$* +$$6%(  %&'$( !$".$�$* 0 *'�#0 * � 0 #$6%( 0 *'#0 ))((5�  #6 �1 #(  �5�
8 �

�*'#0 ))((5'�%" #( +#$"*+* /*�'%* "%4#''**�"$ � �#� %�$ %&'$'�$ "$%6%"))( %(�$  )$�%(
+ $$6%(  %&'$(  $""*$�%( 0 *'�#( ��1<:>� 0 *'#0 ))((5� , � %&'$"))(

23590 ≡ 8 (mod 13)
� �

($$( �%.&**+*( 0 *'�#( 0 *'#0 ))((5� �**6**( (#!%*�"$ 0 *'#0 ))((5�*&$" %"$$'*( *+.//* �

35902 ≡ (23590− 2 · 10000) · 10 + 2 (mod 13)

≡ (8− 2 · 3) · 10 + 2 (mod 13)

≡ 2 · 10 + 2 (mod 13) ≡ 22 (mod 13) ≡ 9 (mod 13).

B.# ** � %"") "./#�"*
10000 ≡ 3 (mod 13)

')�"%"))( '*$''$%( �+$$�$''#0 %( � 0 *'#0 ))(E(5�") /*�'%""*%��* � �#�'*  �5� %6%//$(%( 0 *'#0 ))((5� #( ')�"%"")+$��) � ($$( ..6%( 0 *'#E0 ))((5'�%( /*�'% $(%( #( "#6%//* �'�$('%&"*$�"* � �//) #/%+*��* %�$ %&'$��) /*�'%"**(
(8−

2 · 3) · 10+2 (mod 13)
� I* **( "*!**( 0 *"'* *//* �**6**( 0 *'#0 ))((5'�%" '*$'$//% + $$6%(

 %&'$(  $""*$�$//% '#4"%%( #�$//% � �) ) 0 *'#0 ))((5'�%" #+*"
8− 9− 3− 11− 0− 11− 7−

8− 4− 5− 10− 11− 7− 9− 11
�

B.# *"**( � %"") #$'%* 0 *'#0 ))((5� /5�"�$ '*'�$ '%&"** �  .""*  *//$//* #( +*$( �'�$
%�$$("� ) '#4"%%��* � L $'%* 0 *'#0 ))((5� %$ �$$� + $%/) "*'**  *//$( /5�"� $�") � �#� 0 *'#0 ))(E
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(5'�%" #+*" �* *" � #(  *//$* �#+ $"%""*+*  %&''$ '%&&*//**( �%( +*& $�"* $�%'�$ � %"")  */E/$( %�$$("� ) "#�$**( #( /5�"�(�" � �*'#0 ))((5�"%( ')�""5 #( �$$� %&))(/*$(%( 4%.&$�"$$''* �
0 #'* '*&�$$  *46#//$�$* �$$&"� $) � �#�

q
+#$6**( +*/$"* "*&! %%'�$ �..&%'�$ � ($$( #( #/%"%"E"*+** � %"") "*&! %%""# $* �$$&"� $) �0 *'#0 ))((5'�%" �* *" �  .""* %$  *//$( %�$$("� ))�

"%46))( 4�+$( 4*&+#$( �
�*H$($(E� *&!$( */C#&$" $ %�$"%"))( '.+*��* < �8 � I$$() #/%"%"**( � %"") ')�"%"")+)( **'E'#�"#( '#'# #(

d
�

� �� ���
�� �� �
T, P, d, q

�
���

n :=
'#4"%%( !$"..�

���
m :=

 *//$( !$"..�
�1�

h := dm−1 mod q�7 �
p := 0�<�
t0 := 0�@� ���

i := 1
��

m
��

�8�
p :=

(

dp + P [i]
)

mod q�,�
t0 :=

(

dt0 + T [i]
)

mod q�:� ��
��>� ���

s := 0
��

n−m
��

���� 
�
p = ts

����
���� 
�

P [1..m] = T [s + 1..s + m]
����

��1� =*//$( %�$$("� ) /5�"�$
��7 � ���
��<� 
�

s < n−m
����

��@�
ts+1 :=

(

d(ts − T [s + 1]h) + T [s + m + 1]
)

mod q��8� ���
��,� ���
��:� ��

�.+* < �8 � �*H$($(E� *&!$( */C#&$" $ �
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;)��) /.+.��* "*&'*�"%//**( '*$''%$( '%�'%$�$ !$) +%&''#0 %( ')�$""%/��( /$$""�+$) */C#&$"E %0 * � ?%&''#$4$( /$$""�+)" ! %&.�')�$""%%" #/%"%"**( ".((%".$'�$ �

� ��� ������������
��� ���
���

?%&'#( �#/ .0 %( /)!$')�("$ #( #�*"%4")+)()  #(%��* */C#&$" $��* � � /%$�$(  %(%""%/� �#/E .0 %( /)!$')�("$$( #( 
� %��

 ��� ���� 
� 
�
�� �	 �6�E%"�$(")� � ; )��) '#46*��* "*&'*�"%/E/**( 6 �E%"�$(")) �..("** *""# *��* +%&'#��* � I..("** *""# *( +%&'#( 6 �E%"�$(") 0 *'**+%&'#( �)& )" � ��
	�	 �4
� 0 * ��4� ���%�4
� 
	�	 �4
� � D..�)& $) !$"'$( 6�E%"�$(") %"%(%%�#/ .�"* "#$�%%( 0 * "*'*.".+*" �)& )" �46$�")+)" %"�$(()��)  �54%  $( +*�"**("./%+$*
�#/ .0 * 0 # ')�$"%/"� $4$( �#/ .$4$( � 2 �E%"�$(") +#$6**( "%46) �%.&**+*//* */C#&$" $//* @ ���� /$#40 %/ * �%*&G4  ))&$"%//))( '.+*��* @ �� �

I�5"% � I..("** *""# *( +%&'#(
G = (V, E)

'*$''$ + $%&.�/$�"*"
L(v), v ∈ V;./#�"% � �#.'#(

E
#�$".� !..�)& $%( 0 #.'#'�$

T
0 * "*'*.".+$%( �)& $%( 0 #.'#'�$

B��� �/.�"* 0 #.''#
T
"�40 )'�$

��� �� 
	� 0 #.'#��*
V
#(  %&'$"�% )"5( �#/ .

v
�� �%*&G4 �

v
� ��

�1� L"* 0 #.''##(
B
(% �)& )" � 0 #"'* %$+)" #/% 0 #.'#��*

T

�.+* @ �� � 2 �E%"�$(") �

� �� ���
�� �%*&G4 �
v
�

��� =%&'$"�% �
v
�

��� ��� �		 �
w ∈ L(v)

� ��� �
w
%$  %&'$""� � ��

�1� L"* �)& )
(v, w)

0 #.''##(
T
� �%*&G4 �

w
�

�7 � ��
�.+* @ �� � �/$#40 %/ * �%*&G4 �

�.+*( @ �� */C#&$" $//* �**"*+* */$+%&''#
(V, T )

#( +%&'#(
G
+$&$"")+)  %"�) � �#� +%&''#

G
#( �4"%()$(%( � ($$( */$+%&''# #( +%&'#( J +$&$"")+) !.. � �#.''##( ; "./%+*" +)/$"
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5   2, 4
6   4, 7, 8, 9
7   6, 8
8   6, 7, 9
9   6, 8

2   1, 3, 4, 5
3   1, 2
4   2, 5, 6

(a) (b) (c)

1   2, 3
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�.+* @ �1 � �*� 9�$ %&''$+%&''# � �H � �%( !..�)& )" 0 * �G� �%( +$%&.�/$�"*" �

��
�� P �� ��� ���� ����� � ���� � G = (V, E)
��������� ���� � ����  � ������������� � 

O(max(|V |, |E|)) "
��� 
��
� � I%*&G4E*/$#40 %/ *( ./'#!.#/%//* */C#&$" $ "."'$$ '*$''$ �#/ ." � ") )( '.�"*(E(.� #(
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∣ ≤ |H|/m.

�#� �$$�
h
+*/$"**( �*".((*$�%�"$ .($+%&�**/$%( 4*0 *.".��.('"$#$6%( '#'# %/ *�"*

H
� ($$(

 $(') "*4*(�* *+*$(!*&$(
(x, y)

�4"%%("5& )�'�%( "#6%(()'5$���� #( '#&'%$("**(
1/m

�

($+%&�**/$ 4*0 *.".��.('"$#$6%( '#'#%/ * +#$6**(  .#6#�"** %�$ %&'$'�$ �%.&**+*�"$ �

L/'##(
p
�
p < m

� */'./.'. � 0 * #/'##"
s
0 *

t
'#'#(*$�/.'.0 * � = ))&$"%//))( �.('"$#"

hs,t :
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