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ABSTRACT

The study of metamaterials, materials engineered with specific subwavelength nanos-
tructures, has led to a significant advancement in light–matter interactions, with
numerous applications in optics and photonics. These materials have fascinating
optical properties that can be tailored to achieve desired values, making them use-
ful in energy harvesting, sensing, and quantum computing. This thesis explores
some of these interesting applications in both classical and quantum regimes, focus-
ing on the resonance and epsilon-near-zero (ENZ) properties of these metamaterials
and their coupling capabilities with emitters. The study begins with a discussion of
a lithography-free metal-insulator-metal structure, its resonance properties, and its
coupling capabilities with emitters. This simple structure led to the discussion of
more complex polymer-based hyperbolic metamaterials with hyperbolic dispersion
relations, high-k modes, ENZ properties, and coupling mechanisms with emitters.
The study also covers cylindrical metamaterials fabricated using a self-rolling tech-
nique to obtain a 3D rolled-up multilayered waveguide. This cylindrical medium
served as the basis to extend the study into the quantum regime, where the interac-
tion of light with a single quantum system is weak and difficult to control. The thesis
investigates the concept of such a cylindrical medium that can sustain the quantum
properties of distantly spaced qubits, which is essential for practical implementa-
tions. It also introduces the fabrication of a rolled-up zero-index waveguide with
ENZ properties, which illustrates the existence of unique extended modes that can
be integrated with emitters to exhibit interesting light–matter interactions. The the-
sis concludes by investigating the ENZ properties of spherical nanoparticles using
the effective medium approach to model the optical response of a multilayered sphere
as an effective bulk spherical medium. The results of this study demonstrate the
potential of planar multilayered structures, spherical nanoparticles, and cylindrical
rolled-up waveguides for various classical and quantum applications, including opti-
cal filtering, radiative engineering, quantum communication, and superradiance.
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1 INTRODUCTION

1.1 General overview

The ability to shape and process materials to achieve desired properties has played
a prominent role in modern civilization and development. The interaction of these
materials with electromagnetic radiation has led to a better understanding of their
chemical (atomic) compositions. Based on these compositions, different materials
are enriched with different electromagnetic properties, such as unique electric per-
mittivity and magnetic permeability. However, conventional electromagnetic struc-
tures face limitations in their design and production, depending on the accessibility
of materials [1]. These limitations may make certain desired properties unattainable.

For some time now, a new class of engineered materials has come to the forefront
of photonics research, where the artificial nanostructuring of such materials deter-
mines the fundamental properties governing their interactions with electromagnetic
radiation, rather than their atomic compositions. These engineered materials coined
as metamaterials (from the Greek word: meta, meaning beyond, i.e., beyond conven-
tional material properties) exhibit well-arranged functional nanostructuring with a
pitch size smaller than its corresponding incident radiation wavelength [2]. Meta-
materials derive their interesting properties from their subwavelength nanosized ori-
entations and their resonant properties when interacting with electromagnetic radi-
ation. The field of metamaterials has quickly developed, involving researchers from
different disciplines, and has enabled the consistent development of artificially engi-
neered materials with atomic-level precision and accuracy.

Among these metamaterials, thin film synthesis and its applications, as well as
their assembly to form multilayered structures, have attracted a lot of attention due
to their interesting optical properties and dispersion relations. Their interactions
with electromagnetic fields could play a prominent role in spectroscopy, sensing, and
quantum information processing, as these artificially engineered material patterns
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can manipulate how light is confined, focused, reflected, or transported.

1.2 Research objectives and the scope of this work

This thesis is a self-contained and comprehensive work that reviews the publications
(P1–P5) to comprehend the interaction of electromagnetic radiation and engineered
multilayered structures from planar through to spherical nanoparticles, to three-
dimensional (3D) cylindrical structures, as well as clarify and expand upon their
interesting classical applications and quantum extensions. The research questions
addressed include the mechanisms that enhance these interactions, and how the un-
usual properties of these engineered materials and their coupling capabilities can be
used for novel light-based technologies such as communications, energy harvesting,
spectral filtering, and sensing, as well as the possibility of using the effective-medium
approach to model the optical responses of a multilayered structure in the spherical
domain. The text is divided into six (6) chapters which detail different concepts but
are intimately connected to one another. Each chapter will be introduced and con-
cluded independently.

Chapter 2 provides an overview of the fundamental concepts of photonics-based
multilayered metamaterials. This includes a discussion of planar asymmetric Fabry–
Pérot-like cavity structures and their relationship with emitters for spontaneous emis-
sion mechanisms, as presented in Publication 1 (P1). The section begins by reviewing
a class of metamaterials with few-layered planar stacks that offer functionality simi-
lar to bulk metamaterials but in a more compact, lighter, and loss-efficient manner
(i.e., with lower Q-factors). Specifically, a simple polymer-based metal–insulator–
metal structure is discussed, which is responsive to environmental changes and has
various optical applications. This structure is further explored in Ref. [3], one of
our recent works, where its fluorescence modulations when coupled with emitters
are detailed. This simple metal–insulator–metal structure paved the way to extend
the discussion towards multilayered structures in chapter 3. As such, the discussion
then shifts towards multilayered structures, forming the so-called polymer-based hy-
perbolic metamaterials (HMM) in P2. The chapter explores the epsilon-near-zero
(ENZ) features of these structures and provides a detailed explanation of the funda-
mental equations and their sequential formulations required to determine the inter-
esting features of the multilayered structures. Furthermore, chapter 3 reports on the
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schemes used to experimentally characterize the different optical features of the mul-
tilayered structures, as well as the numerical methods implemented to attain results
in P2. Overall, this section provides a comprehensive overview of the fundamental
concepts and properties of planar multilayered metamaterials, including both their
theoretical foundations and practical applications.

After identifying the distinctive properties of the planar multilayered thin films
and some of their unique photonic applications, the thesis is extended to cylindri-
cal multilayered structures in chapter 4, where their unique photonic properties and
quantum extension are exploited in P3 and compared with other plasmonic waveg-
uides in P4. In this chapter, the different strain engineering technique utilized to
attain a more robust 3D fabrication of this structural morphology is introduced and
compared to the multilayer-planar part which is quite strenuous due to its fabrication
procedure. Also, some interesting classical applications and their extension into the
quantum regimes are discussed by utilizing the cylinder-shaped structure as waveg-
uide reservoirs for quantum emitters.

From the discussions on the planar and cylindrical geometries, the work is further
extended towards the spherical nanoparticles domain to look at some of its poten-
tial applications and ENZ features in P5. Chapter 6 details the concluding remarks
with a summary of the main results. Some possibilities for future works are also dis-
cussed. Overall, the research detailed in this thesis will have a far-reaching relevant
impact on the photonics industry in both classical and quantum regimes. The results
redefine the range of light–matter interactions and elucidate the potential photonic
applications of multilayered metamaterials.
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2 MULTILAYERED METAMATERIALS

2.1 Background and optical properties of metamaterials

Over the past decades, the design, synthesis, characterization, and applications of
materials at the nanoscale, have been a major area of research focus. This is because
materials at the atomic scale, possess interesting physical and chemical properties as
stated earlier. By engineering these nanoscale features of a material, one can create
distinctive electromagnetic properties, leading to an increased interest in metamate-
rials, which are man-made materials with structural units known as meta-atoms or
meta-molecules, significantly smaller in size and periodicity than the incident wave-
length being considered. These meta-atoms possess inhomogeneities, but the whole
material is seen as macroscopically uniform. The response of metamaterials to elec-
tromagnetic radiation is then mainly determined by diffraction and interference ef-
fects. However, larger inhomogeneity scale responses of such materials are typically
described using geometric optics.

To date, different metamaterials with remarkably-tailored optical functionalities
across the electromagnetic spectrum have been developed. However, the surge of
interest in this research field can not be mentioned without appreciating some sem-
inal papers that laid down their foundation of the modern metamaterials era. To
start with, is the theoretical prediction of the possibility of left-handed (LH) meta-
materials or negative refractive index metamaterials reported by Veselago [4, 5]. His
paper detailed an unusual phenomenon, where the electric, E, magnetic, H, and the
wave, k vectors form a LH system. His work showed that, the required material
parameters to help in achieving such an unusual phenomenon, is when a material
simultaneously exhibits both negative values of permittivity ϵ and permeability µ.
Smith et al. [6] then made a huge leap by experimentally validating the theoretical
formulations of Veselago. Pendry’s work [7] on the perfect lens also elucidated an
exciting application of novel metamaterials. Notably, all the pioneering works on
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metamaterials were based on negative refraction; however, the research focus has ex-
panded beyond this limit in recent times. Various engineered metamaterials are now
demonstrating uncommon electromagnetic properties that are not seen in naturally
occurring materials and cannot be obtained by conventional synthesis techniques.

These unique electromagnetic properties of metamaterials are classically bound
by Maxwell’s equations. The equations describe the relationship between material
properties, their considered fields, and optical sources. The material properties, in
particular, are mainly determined by their permittivity ϵ and permeabilityµ. These
properties describe the interactions of a material with the electromagnetic compo-
nents of a classical wave and could be utilized to classify materials into metal, doped
semiconductors, transparent dielectrics, metamaterials, and ferromagnetic materials.

Conventional materials such as dielectrics typically possess positive values of ϵ
and µ, whereas, noble metals at optical frequencies exhibit negative values of ϵ [ϵ <
0,µ> 0]. In addition, ferromagnetic media near resonance exhibit negativeµ [ϵ > 0,
µ < 0]. These variations in material property values determine the orientation of
field quantities when propagated in these electromagnetic media [8]. Also, as the
index of refraction n, is dependent on these material parameters n =⎷

ϵµ, one neg-
ative parameter leads to an imaginary index n, and as such, no propagating wave is
supported in such mediums. However, when both material parameters are negative
[ϵ < 0, µ < 0], the index exhibits a negative sign, which does not occur in conven-
tional materials. This novel feature can exist in engineered materials and thereby
exhibit interesting optical phenomena such as inverse Doppler effect [9], reversed
Cherenkov radiation [10], perfect lens [7], and backward wave propagation, to men-
tion a few.

Among the many relevances of engineered metamaterial stem planar, cylindri-
cal, and spherical multilayered structures. This is in the pursuit of enhancing the
weak interaction between light and matter and allowing for a richer design space for
photon control and manipulations which is the focus of this work. As such, we ar-
tificially designed various metamaterials, shown in Fig. 2.1, from planar thin-films
to their spherical regime to uncover their electromagnetic responses and distinctive
ENZ properties. We also utilized some of these engineered planar structures as sub-
wavelength cavities to elucidate the mechanisms of emitters when coupled to them.
This pursuit of enhancing light–matter interactions in multilayered structures is then
extended into the quantum regime by developing and engineering unique cylindri-
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cal multilayered structures to help sustain the quantum properties of qubits coupled
to them. After elucidating the distinctive properties of the planar and cylindrical
structures, we geared towards a multilayered spherical configuration to explore their
interesting optical responses.

Multilayered structures

Planar Spherical Cylindrical

a

b

MIM HMM

Etching
Sacrificial layer

Substrate

Layer 2

Layer 1

a

b

c

d

Figure 2.1 Multilayered structures (planar, spherical, and cylindrical) for enhanced light–matter inter-
actions. The planar unstructured patterns are shown on the left side which illustrates the
three-layered metal–insulator–metal (MIM) structure and its hyperbolic metamaterial (HMM)
counterpart. The middle part depicts the cylindrical rolled-up structures counterparts where
classical and quantum formulations were utilized to comprehend their optical and quantum
properties and the right far-end shows the multilayered metamaterial in the spherical regime.

2.1.1 Asymmetric Fabry–Pérot-like cavity

To unravel some of the interesting capabilities of planar multilayer structures and
their response to electromagnetic radiation, we begin the thesis discussions by ex-
amining a three-layer-based metal–insulator–metal (MIM) structure. These struc-
tures are lithography-free nanostructures that rely on thin film depositions and/or
bottom-up self-assembly. They are worth exploring as an alternative candidate for
spectral engineering of optical properties controlled by layer thicknesses instead of
an in-plane nanostructure size in plasmonic nanomaterials or optical metasurfaces
which requires lithography techniques. As such, the effort to fabricate continuous,
unstructured thin films involving planar surfaces are relatively promising and paves
way toward low-cost large-area fabrication of photonic devices.

Figure 2.1 (a) under the planar structure of the multilayer hierarchy block list
(MHBL) shows a typical MIM structure. The bottom layer of such a planar structure
is typically designed to be an optically thick metal layer that is significantly thicker
than the metal’s skin depth for complete zero transmission. The middle insulator
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layer can also be chosen among different conventional dielectric materials because
the refractive index of the dielectric is an important parameter in determining the
resonance frequency of a cavity mode [11]. The top layer is designed to be optically
thin, enabling incoming light to couple into the MIM cavity and then trapping light
inside it with back-and-forth reflections from the metals. With each reflection in this
asymmetric Fabry–Pérot cavity, the trapped light is partially absorbed, which finally
results in enhanced absorbance. The equation that governs the resonance mode of
such asymmetric Fabry–Pérot cavity created by this MIM device at normal incidence
optical radiation is of the form [12]:

2
�

2π
λres

�

ni di +φb +φt = 2πm, (2.1)

where λres is the resonance wavelength, ni and di are the refractive index and thick-
ness of the middle dielectric layer, respectively, and m is an integer number that
determines the order of cavity mode. The phase shifts obtained from the bottom
and top metal layers are denoted byφb andφt , respectively. According to Eq. (2.1),
higher-order cavity modes (m) resonate at smaller wavelengths due to their inverse
relations. Notably, by increasing the ni and di of the MIM structure, the resonant
wavelength λres increases as well. Thus, the resonance wavelength red-shifts as the
optical beam path expressed as ni di , increases. As such, the wavelength of the reso-
nantly absorbed optical field incident on a MIM structure is directly related to the
insulator thickness of the structure as well as its dielectric properties. Therefore, one
may employ dielectrics with various refractive indices or use an active mechanism to
change its thickness following the desired absorption band to vary the center of the
absorption band.

In recent times, there have been many advancements in using MIM structures as
color filters in reflection or transmission [13–15], as well as researching other MIM-
based applications [16, 17]. Researchers have shown interest in making MIM struc-
tures actively tunable, widening their applicability in light–matter interactions, and
integrated optical devices [18] as well as electro-optical tuning mechanisms applica-
tions [19]. One approach is to use stimuli-responsive insulator layers that can ac-
tively alter the thickness or refractive index, thereby shifting the resonance of the
MIM structure [20, 21]. Some examples of such materials are hydrogels and poly
[methyl methacrylate] (PMMA), which respond to various stimuli and have the po-
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tential to incorporate organic dye molecules (emitters) for improved light–matter
interactions [22–25].

In the case of hydrogels, they swell remarkably in the presence of water and
are responsive to humidity change, which increases the hydrogel’s volume. Sec-
ondly, some hydrogels exhibit a reversible volume phase transition at lower crit-
ical solution temperature (LCST) of the monomers crosslinked into the gel [26].
For gels, this temperature is also known as volume phase transition temperature
(VPTT). This phase transition results in changing hydrogels from hydrophilic to
hydrophobic above the transition temperature, which leads to the expulsion of pre-
viously absorbed water and the respective reduction in the hydrogel’s volume. These
two volume–tuning mechanisms in hydrogels work oppositely – increasing humid-
ity causes the hydrogel to absorb water and swell while increasing temperature causes
it to expel water and contract [27]. These properties have brought hydrogels into
the field of tunable plasmonic materials [28–33], structural coloration [34–36], and
other optical elements [37–42]. PMMA as a prominent alternative in MIM struc-
tures is also responsive to organic vapor (saturated ethanol (EtOH) vapors) and in-
duces polymer swelling when coupled to it. They reversibly interact with EtOH
through hydrogen bonding and swell in the presence of these vapors [43]. PMMA
are thereby, a potential synthetic polymer candidate that could be utilized in un-
structured planar structures for active and tunable manipulation of emitters’ optical
properties when embedded within, for efficient and advanced nanophotonic devices.

In summary, these interesting stimuli-responsive polymers can be designed and
integrated into varied multilayered metamaterials to respond to a wide range of en-
vironmental signals such as changes in chemical composition, temperature, charge,
and pressure, among other signals. Therefore, in this work for P1, we report on a bi-
stimuli tunable hydrogel-based MIM structure to comprehend their interesting opti-
cal properties. We employ a poly(N -isopropylacrylamide)-acrylamidobenzophenone
(PNIPAm-BP) hydrogel as the insulator layer, which reversibly changes dimensions
under temperature and/or humidity stimuli control. The PNIPAm-based hydrogel
has a good swelling ratio and good film-forming properties [44]. By applying tem-
perature and humidity stimuli to the PNIPAm hydrogel incorporated into the MIM
structure, we obtained continuous spectral tuning.

Figure 2.2 illustrates the schematic of the hydrogel-based MIM structure. The
dry state, when hydrogel has no water absorbed, corresponds to a thinner hydrogel
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Figure 2.2 Top: schematic of the hydrogel MIM structure in a) dry and b) wet states. The inset graph
illustrates the corresponding changes in the reflectance spectra between these two states.
Bottom: images of the NIR and VIS samples in c) dry and d) wet states. Adapted from [P1].

layer (Fig. 2.2a). When the hydrogel absorbs water (the wet state), it swells and the
resultant thickness increases (Fig. 2.2b), thereby leading to a corresponding change in
the spectra illustrated as an inset in Fig. 2.2. Figure 2.2c,d show how the observable
colors of the samples change between these two states. The inhomogeneities in the
swelling mechanism of the hydrogel in Fig. 2.2d are due to the presence of local
variations in the sputterd gold film porosity, along with defects arising from the spin-
coating processes.

To comprehend the optical properties of the proposed hydrogel-based metal-
insulator-metal (MIM) structures, mathematical calculations of the structures with
different hydrogel layer thicknesses were performed and experimentally confirmed.
Notably, it was observed that thicker hydrogel layers resulted in higher-order reso-
nances, as depicted in Fig.2.3a. Specifically, when the thickness exceeded 250 nm, the
2nd order resonance appeared, and at 400–450 nm, the 3rd order resonance appeared,
and so on. Comparing the electric field distributions for a 300 nm-thick hydrogel at
resonant wavelengths 1082 nm and 568 nm (Fig. 2.3b and c, respectively), it can be
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Figure 2.3 a) Calculated reflectance of MIM structure for different thicknesses of the hydrogel insulator
layer. Note the presence and tunability of the several resonant orders. b,c) Electric field
amplitudes for an MIM with a 300-nm thick hydrogel layer at 1082 nm (b) and 568 nm (c).
Adapted from [P1].

concluded that the latter resonance is indeed the second order. Furthermore, these
higher-order resonances can be tuned with the thickness change, although with less
sensitivity compared to the first-order resonance.

2.1.2 Spectral changes via temperature and humidity control

Furthermore, to establish the continuous and reversible adjustment of the optical
resonance in the hydrogel-based MIM structure, a temperature- and humidity-contro-
lled chamber was employed. Reflectance spectra were continuously measured in
a controlled environment, and the results are shown in Fig. 2.4. Both humidity
and temperature stimuli were found to adjust the resonance wavelength of the MIM
structure. As such, an increase in humidity at constant temperature results in hydro-
gel swelling, which corresponds to the redshift of the resonance of the MIM structure
(transition from I to II in Fig. 2.4a,c), and vice versa – decreasing humidity “dries”
the hydrogel and blueshifts the resonance (Fig. 2.4a,c V).

Another mechanism, unique to PNIPAm-based hydrogels, relied on the LCST
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Figure 2.4 Reflectance spectra at varied environmental conditions: a,b) VIS sample, c,d) NIR sample.
a,c) Time dependencies of the reflectance spectra, time steps II - VI are 3 hours (a) and 6
hours (c). The sample temperature and relative humidity of the environment at different times
are shown in the bars at top of the graph. b,d) Reflectance spectra at the end of each time
step. Adapted from [P1].

phase transition at temperatures approximately 32°C, over which the swollen hy-
drogel shrinks [45]. This process is reversible. To use this mechanism, the temper-
ature of the MIM structure was altered while maintaining a constant humidity of
80% (Fig. 2.4a,c III - IV). At room temperature, the hydrogel was partly swollen at
this humidity (Fig. 2.4a,c II). Notably, this transition was faster than the humidity-
driven swelling/deswelling (compare the slope in Fig. 2.4c III and V). The reverse
effect was also explored, i.e., lowering the temperature (while keeping 80% humid-
ity) moved the resonance back to longer wavelengths (Fig. 2.4a,c IV). One more
cycle of humidifying–drying was added to show the reproducibility of the hydro-
gel swelling/deswelling (Fig. 2.4a,c VI - VII). The spectra at the end of each step I -
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Figure 2.5 Dependence of the resonant wavelengths on a,c) humidity (at ambient temperature) and b,d)
temperature (at 80% rel. humidity) for a,b) VIS and c,d) NIR samples. Note the different
vertical scales in c, and d before and after the break. Lines are for eye-guiding only. Adapted
from [P1].

VII in Fig. 2.4a,c are shown in Fig. 2.4b,d, respectively, illustrating the relative re-
producibility of the tuning of the resonance during subsequent swelling-deswelling
cycles.

Figure 2.5, on the other hand, shows the dependencies of the resonance in the
samples when temperature and humidity are gradually changed between the same
extreme values (3–80% RH, 23–45 °C, the system was let to stabilize at each value
for 3 hours). Gradual changes in humidity allowed fine-tuning of the resonance with
close to linear dependency (0.19 nm/% RH) with almost no hysteresis (Fig. 2.5a,c).
At the same time, the temperature-induced changes at high humidity were also con-
tinuous, not step-like as one could expect from a phase-transition-induced process,
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allowing continuous tuning as well (Fig. 2.5b,d).
These results, in principle, showed evidently, that changes in the thicknesses of

a typical MIM structure can change their optical responses which can be tailored to
couple with emitters (e.g. organic dye molecules) to enhance light–matter interac-
tions. Figure 2.1 (b) under the planar section of the MHBL, illustrates such a poten-
tial application of MIM structure as a sub-wavelength cavity coupled with organic
molecules for enhanced light–matter interactions. Thus, by changing the thicknesses
of the MIM structure, the resonance can be tuned across a wide spectral range which
can be tailored to couple with the emission or absorption spectral regions of emitters
to enhance light–matter interactions in dye molecules emission control. Detailed
discussions of this study are presented in Ref. [3]. Nevertheless, we present in sec-
tion 2.1.3 some discussion on spontaneous emission engineering and a summary of
some of the relevant findings in Ref. [3] to elucidate the mechanism of enhanced
spontaneous emission of emitters when coupled with MIM cavities. These insights
pave the way for further exploration of multilayered thin films (hyperbolic media)
in chapter 3 to exploit their interesting optical properties and broadband photonic
density of states (PDOS) feature for enhancing spontaneous emission mechanisms.

2.1.3 Enhancing spontaneous emission in metamaterials

To begin with, we can define the process by which a quantum emitter (e.g. organic
dye molecules, quantum dots) transitions from an excited state to a lower energy
state by releasing energy in the form of a photon as spontaneous emission (SE). This
process can be simplified to a two-level system where an emitter in its excited state E2
spontaneously decays to a lower energy state E1 by releasing a photon with energy
equal to the difference between the two states as:

E2 − E1 = ħhω, (2.2)

whereω is the angular frequency of the photon and ħh is the reduced Planck constant.
The resultant photon has a random phase and is emitted in a random direction. The
ability to enhance spontaneous emission of quantum sources (single atoms, ions or
molecules, quantum dots, color and nitrogen-vacancy centers in diamond, defects in
SiC, defects in monolayer transition metal dichalcogenides (TMDs), electron-hole
pairs in quantum wells) is highly desirable in several research areas, including solid-
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state lighting, optical communications, quantum computing with single photons,
fluorescence imaging, and radiative engineering. Such a quantity relies on the elec-
tromagnetic environment in which the quantum emitter is located as well as the
dipole moment µ of the transition. According to Fermi’s Golden Rule, an excited
state with 0 photons |i , 0k〉 at the beginning decays into a final state with 1 photon
| f , 1k〉 of wavevector k at a rate:

Γ f i =
2π
ħh
|〈 f , 1k|Hint|i , 0k〉|

2ρ(ħhωk), (2.3)

where Hint = µ.E is the Hamiltonian of interaction between the dipole moment
and the electric field E and ρ is the density of states, namely the density of potential
final photon states with frequencyωk =ω f i , the transition frequency. By properly
designing the emitter’s surroundings, ρ can be increased in relation to its value inside
a homogeneous dielectric medium, which is typically referred to as "free space".

Purcell was the first to quantify the SE rate in a cavity at radio frequencies and the
SE rate in free space as Fp = 3λ3

0Q/4π2n3V [46] in order to investigate the idea of SE
engineering. The quality factor Q and the mode volume V of a cavity with refractive
index n are related to the SE enhancement at the resonant wavelength λ= λ0/n by
the Purcell factor Fp formulation. This formalism has been utilized as a figure of
merit for optical cavities with micrometric [47] and nanometric size, such as those
created by semiconductor pillars coated with metal [48], defects in photonic crystals
[49] as well as MIM cavities discussed in Ref. [3].

However, because nanoscale radiation confinement is inexact, Purcell enhance-
ment is extracted either indirectly from lifetime measurements [49] or appropriately
by redefining Q and V [48]. In Ref. [3], we illustrated the mechanism of an emit-
ter embedded with an asymmetric Fabry–Pérot-like cavity tailored to couple with
the emission and absorption of an emitter incorporated in a stimuli-responsive poly-
mer. From [3], varied resonance response of the MIM cavities lead to different SE
enhancement mechanisms of an emitter when coupled to it as well as under humidity
controlled environment.

A physical alternative to the constructive interference used in cavities is provided
by plasmonics for SE engineering. In the plasmonics regime, typically three compet-
ing mechanisms affect the relaxation of an emitter in an excited state when embedded
in a dielectric medium coupled with the near-field of a metallic surface. These com-
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peting mechanisms are the emission of a photon that propagates in the far field, the
generation of lossy surface waves, that account for electron scattering and electron-
hole excitation, and the emission of surface plasmon polariton bound to the met-
al/dielectric interface [50, 51]. The plasmon modes increase the photonic density
of states by channeling the emission into k-vectors larger than those accessible with
photons (k > k0).

While plasmons and cavities have played significant roles in enhancing the emis-
sion response of coupled emitters in photonics applications, they do possess some
limitations. These approaches are typically restricted to a narrow spectral range, and
achieving enhanced photoluminescence (PL) responses necessitates passive or active
adjustments of the spectral resonance to match the absorption and emission spec-
tra of emitters embedded within. In other words, the resonant processes utilized in
plasmons and cavities may not sufficiently overlap with the emission spectrum of
the dye molecules coupled to it, thereby limiting their effectiveness.

In contrast, the utilization of hyperbolic media presents a potential solution to
this limitation. These materials exhibit unique structural properties that will be
thoroughly discussed in Chapter 3. By harnessing the properties of hyperbolic me-
dia, it may be possible to overcome the challenges associated with the restricted nar-
row spectral range of plasmons and cavities, thus opening up new avenues for achiev-
ing appreciable PL responses without the need for careful positioning of emitters or
adjustments of the spectral resonances to match the emission and absorption char-
acteristics of the emitters.
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3 PLANAR METAMATERIAL

Multilayered structures composed of alternating subwavelength metal and dielec-
tric layers have gained scientific interest recently due to their unique optical prop-
erties, which are useful for a wide range of advanced applications and devices. This
surge in interest can be attributed, in part, to the emergence of new concepts such
as transformation optics [52, 53], optical imaging [54], and metamaterials [55–59].
Multilayered systems exhibit anisotropic tensor behavior, which leads to interest-
ing structural properties that do not occur naturally. In fact, one can even obtain a
hyperbolic dispersion relationship in multilayered systems, where the permittivity
along different axes of the medium are different [60]. Overall, the optical properties
of metal-dielectric multilayered structures, as illustrated in Fig. 3.3, hold significant
promise for advanced applications and devices, which will be discussed in the subse-
quent sections.

3.1 Hyperbolic media

The idea of a material with hyperbolic behavior originates from the optics of crys-
tals. In such a media, the constitutive relations linking the electric displacement D
and the magnetic induction B to the electric and magnetic fields E and H can be
written

D= ϵ0ϵ̄E (3.1)

B=µ0µ̄H (3.2)

where ϵ0 and µ0 are the vacuum permittivity and permeability, and ϵ̄ and µ̄ are the
relative permittivity and permeability tensors. By considering a naturally occurring
medium at the optical frequency with non-magnetic properties, we can assume µ̄=
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I , where I is the identity tensor. Upon diagonalization, the permittivity tensor ϵ̄
can be expressed as

ϵ̄=

⎡

⎢

⎢

⎢

⎣

ϵx x 0 0

0 ϵyy 0

0 0 ϵz z

⎤

⎥

⎥

⎥

⎦

(3.3)

in Cartesian coordinates with orientation along the principal axes of the media. The
three diagonal components are all positive, and in general dependent on the angular
frequency ω. The crystal is termed biaxial when ϵx x ̸= ϵyy ̸= ϵz z , uniaxial when
ϵx x = ϵyy ̸= ϵz z , and becomes isotropic when ϵx x = ϵyy = ϵz z .

To determine the dispersion relation of an optical radiation in a medium de-
scribed by Eq. (3.3), we considered the two Maxwell’s equations in the absence of
optical source expressed as

∇×E=−∂ B
∂ t

(3.4)

∇×H=
∂ D
∂ t

(3.5)

By inserting the plane wave expression E = E0ei(ωt−k·r) into Eq. (3.4) and Eq. (3.5)
where k is the wavevector, we obtain

k×E=ωµ0H (3.6)

k×H=−ωϵ0E (3.7)

Substituting Eq. (3.6) into Eq. (3.7) results to the eigenvalue equation for the electric
field E

k× (k×E+ω2µ0ϵ0ϵ̄E) = 0 (3.8)

which can be written into the matrix form
⎡

⎢

⎢

⎢

⎣

k2
0ϵx x − k2

y − k2
z kx ky kx kz

kx ky k2
0ϵyy − k2

x − k2
z ky kz

kx kz ky kz k2
0ϵz z − k2

x − k2
y

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

Ex

Ey

Ez

⎤

⎥

⎥

⎥

⎦

= 0, (3.9)

where k0 = ω/c is the magnitude of wavevector and c = 1/⎷ϵ0µ0 is the speed
of light in vacuum. We now focus our attention on uniaxial media, with optical
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axis oriented along the ẑ direction, i.e., we set ϵx x = ϵyy ≡ ϵ∥ and k∥ =
Æ

k2
x + k2

y

and define the permittivity in the direction normal to the interface as ϵz z ≡ ϵ⊥.
Assuming Eq. (3.9), the non-trivial solutions leads to the dispersion relation

�

k2
∥ + k2

z − ϵ∥k2
0

�

 

k2
∥

ϵ⊥
+

k2
z

ϵ∥
− k2

0

!

= 0. (3.10)

These two equation representations in Eq. (3.10) correspond to a spherical and an
ellipsoidal isofrequency surface in the k-space when solved, respectively [61]. The
first equation describes waves polarized in the xy plane where Ez = 0 (ordinary or
TE waves) and the second corresponds to waves polarized in a plane containing the
optical axis, where Bz = 0 (extraordinary or TM waves). In common materials, the
isofrequency contour (IFC) takes the form of a spherical surface (Fig. 3.1a) for the
isotropic case, or an ellipsoid (Fig. 3.1b) for the anisotropic case, respectively.

Isotropic Anisotropic 
a b

Figure 3.1 Isofrequency contour for (a) isotropic and (b) anisotropic media.

However, at extreme anisotropic behaviour where ϵ∥ or ϵ⊥ is negative, the disper-
sion relation changes substantially. As a result, opposite signs with the permittivity
components leads to a hyperboloidal isofrequency surface for the extraordinary po-
larization, hence coined as hyperbolic media. As a result, waves with arbitrarily large
wavevectors retain a propagating nature, while in isotropic materials they become
evanescent due to the bounded IFC [62]. The choice of the permittivity compo-
nents ϵ∥ > 0, ϵ⊥ < 0 relates to a two-fold hyperboloid, and the hyperbolic medium
is called dielectric (with reference to its behavior in the xy plane) [60] or Type I.
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a b

Figure 3.2 Hyperboloid isofrequency surface for a uniaxial medium with an extremely anisotropic di-
electric response for (a) Type I and (b) Type II medium. They both can support waves with
infinitely large wavevectors in the effective medium limit. However, such waves in a vacuum
are evanescent and decay exponentially.

Alternatively, permittivity components ϵ∥ < 0, ϵ⊥ > 0 describes a one-fold hyper-
boloid, namely a metallic or Type II medium. The latter is relatively more reflective
as it is more metallic than the Type I counterpart as shown in Fig. 3.2.

3.1.1 Building blocks of hyperbolic media

In principle, a metal–dielectric building block can be utilized for the practical real-
ization of a hyperbolic medium. It is because a hyperbolic medium requires opposite
signs of the effective permittivity components. As such, the medium has to combine
the properties of a dielectric material in one direction and a reflective metal in the
other for extreme anisotropic behavior [54, 63]. This can be achieved, for example,
by designing metal–dielectric multilayer thin films with sub-wavelength thicknesses,
as shown in Fig. 3.3 or by designing metallic nanorod arrays in a dielectric matrix
[64]. Historically, the first attempt in this direction dates back to 1969, when permit-
tivity engineering was proposed by restricting the motion of a magnetized electron
plasma employing a constant magnetic field [65]. Yet, this approach was unpracti-
cal in terms of device portability and was limited in frequency and as such, utilizing
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nanofabrication techniques to attain these metal–dielectric building blocks became
of relevance.

εꞱ

ε||

ɛ

t2

t1

ɛ 1
2

a b

Figure 3.3 Uniaxial media schematic depicting alternating layers with permittivities ϵ1 (dielectric) and
ϵ2 (metal) with thicknesses t1 (td) and t2 (tm) and permittivity components ϵ∥ and ϵ⊥. (a)
3D schematic and (b) 2D representation with refractive index n.

It is worth noting that the optical properties of metal–dielectric building blocks
can usually be tuned from the ultraviolet spectral range to the mid-infrared by choos-
ing appropriate materials [64]. Typically, a selected metal should have good metallic
properties with low loss in the wavelength range under consideration. This can be
achieved by choosing a metal with a high absolute value of the real part of the permit-
tivity and a low value of the imaginary part, which determines the loss. Aluminium
(Al) is so far used for applications in the ultraviolet spectral range, while metals such
as silver (Ag) and gold (Au) are used in the visible spectrum in combination with a
suitable dielectric such as aluminum oxide or a high refractive index material such
as titanium oxide or silicon nitride [63, 66]. Albeit, Au has also been shown to be
applicable in Type I nanorod-based hyperbolic metamaterials (HMMs) in the near-
infrared wavelength range [67]. However, the high reflectivity of conventional plas-
monic metals in the near-infrared spectral range causes high-impedance mismatches
in metal–dielectric multilayers, thus reducing their transmittance. Alternative plas-
monic materials in this spectral range with tailored lower plasma frequencies are
being considered for hyperbolic media, such as transparent conducting oxides and
transition metal nitrides [68]. At mid-infrared wavelengths, one option for metallic
components in hyperbolic media is degenerately doped III–V semiconductors. How-
ever, the limit of doping concentration often restrains their ability to act as a metal
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at near-infrared spectral regions, they are yet still ideally suitable in mid-infrared ap-
plications [68].

Furthermore, the source of propagating high-permittivity waves relies on micro-
scopic metallic building blocks that create hyperbolic dispersion in the material. The
polaritonic properties of the metal building blocks enable the desired light–matter
coupling to generate high-k waves. In particular, phonon–polaritons (optically ac-
tive phonons) or plasmonic–polariton metals (free electrons) are required to con-
struct hyperbolic metamaterials. High-k modes are the result of the near-field cou-
pling of surface plasmon polaritons (SPPs) at each metal–dielectric interface within
the structure and are defined as Bloch modes in their superlattice. Further discussion
on the origin of high-k modes will be detailed in section 3.1.3.

3.1.2 Hyperbolic media optical response

As the focus of the thesis is on multilayer metamaterials and their enhanced light–
matter interaction, we will gear our discussions toward stacked metal–dielectric lay-
ers. In such hyperbolic media, their optical response can be homogenized using an
effective medium theory (EMT) which results in a hyperbolic effective permittivity
tensor. This model can be utilized when the unpatterned multilayer thin films satisfy
the condition that the layers are relatively smaller than the interacting wavelength.
As such, the effective permittivity components of the dielectric tensor in the limit
of infinitesimal layer thickness for the multilayered structure can be obtained as

ϵ∥ = ϵ2ρ+(1−ρ)ϵ1 (3.11)

1
ϵ⊥
=
ρ

ϵ2
+

1−ρ
ϵ1

(3.12)

assuming an average field displacement and utilizing electromagnetic boundary con-
ditions. Here, ϵ1 and ϵ2 represent the permittivities of the two different alternating
layers of the discontinuous uniaxial structure. The filling fraction ρ= t2/(t2+ t1)≡
tm/(tm + td ) in the case of a metal–dielectric alternating layer, is defined as the vol-
ume percentage of the metallic material in a unit cell or period, and tm and td are
the relative thicknesses of the metal and dielectric, respectively. To reach the hy-
perbolic regime, the permittivity components are to be tuned such that ϵ∥ϵ⊥ <
0. From Eqs. (3.11) and (3.12), the effective-medium approximations (EMA) un-
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der long-wavelength limit results to an effective dielectric tensor ϵeff that can be ex-
pressed in matrix form as

ϵeff =

⎡

⎢

⎢

⎢

⎣

ϵ∥ 0 0

0 ϵ∥ 0

0 0 ϵ⊥

⎤

⎥

⎥

⎥

⎦

(3.13)

However, in principle, the excitation of surface plasmon polaritons at the metal–
dielectric interface causes the electric field to vary significantly on the period scale,
although the vacuum wavelength is much larger than the period. Hence, the ap-
proximations, given by Eqs. (3.11) and (3.12), may not be valid for certain spectral
ranges. As such, plasmonic modes can have IFC of more complex shapes that are
neither elliptical nor hyperbolic. This produces both positive and negative refracted
rays by light scattered at the metamaterial interface. Due to these effects, more ac-
curate descriptions such as non-local EMT [NEMT] [69] and operator approach to
effective-medium approximation (OEMA) [70] are being adopted to calculate the
optical response of such media using a transfer-matrix method (TMM) presented in
appendix A.1.

These non-local techniques of substituting an inhomogeneous periodic structure
with its equivalent homogeneous medium by considering the spatial dispersion ef-
fect have been of great relevance to determining the optical properties of a local
homogenized medium. Non-locality in this discussion refers to the behavior of a
physical system at a given point depending on its state at another spatially separated
region. Lately, Popov et al. [70] also developed an operator approach for effective
medium analysis to overcome the breakdown of local homogenization and Lei et
al. [71] built on the nonlocal model by introducing higher-order terms into the
effective permittivity while Castaldi et al. [72] also applied a trace and anti-trace
map formalism to model the higher-order terms in periodic multilayered metama-
terials (PMMs) for non-local response correction. In this thesis, a simple yet robust
closed-form effective-medium model for PMMs, in which the non-local effects are
considered will be discussed [73]. Its derivation stems from the well-known Rytov’s
dispersion relation [74, 75] expressed as

keffz (t1+ t2) = arccos[cos (k1z t1)cos (k2z t2)− γ sin (k1z t1) sin (k2z t2)] (3.14)
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Figure 3.4 The error plot between TMM calculations (red solid lines) and the comparison between the
local (blue dotted lines) and non-local EMT (star symbol) predictions versus the number of
periods (N) and the θin = 59.98◦ incident angle for TE polarized waves. Adapted from [73].

where γ is the polarization-specific parameter, i.e., γTE = (k2z/k1z + k1z/k2z )/2 for
TE polarized waves and γTM = (ϵ2k1z/ϵ1k2z + ϵ1k2z/ϵ2k1z )/2 for transverse mag-
netic (TM) polarized waves. From this basis, the non-local effective permittivity
components can be derived as [73]

ϵNEMT
∥ =

(arccosδTE)
2

k2
0 (t1+ t2)

2 + ϵin sin2θin (3.15)

ϵNEMT
⊥ =

ϵin sin2θin

�

(arccosδTE)
2+ k2

0ϵin sin2θin (t1+ t2)
2
�

(arccosδTE)
2 − (arccosδTM)

2+ k2
0ϵin sin2θin (t1+ t2)

2
(3.16)

whereδTE,TM = cos (k1z t1)cos (k2z t2)−γTE,TM sin (k1z t1) sin (k2z t2) and θin denotes
the angle of incidence with effective thickness teff =N (t1+ t2), where N is the num-
ber of periods of the multilayered structure.

By comparing these local and non-local techniques with the step-by-step TMM
approach as presented in [73], one can see some error comparisons between these
two approaches as shown in Fig. 3.4. The figure presents the difference between
TMM calculations and the effective medium theories against the number of periods.
It is evident that the non-local approach is more comparable with the layer-by-layer
TMM approach as compared with the local homogenization technique. Although
non-local effects are known to have a minor impact on linear optical responses of the
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hyperbolic media, however, this condition can be relatively different when predict-
ing the spontaneous emission properties of emitters located within such metamate-
rial, where the presence of an additional propagating mode within the media acts as
a new decay channel for the emitters and fundamentally changes the local density of
states.

3.1.3 High-k modes origin in a hyperbolic media

To elucidate the origin of high-k modes in a uniaxial media, it is relevant to un-
derstand the existence of SPPs in the conventional media utilized in building these
multilayered stacked media. As such, we will discuss the interesting properties of the
thin metal film component of the multilayered structure when it interacts with an
electromagnetic field. Metals as conducting media interact with electromagnetic ra-
diation via the movement of free electrons. In the optical regime, incident radiation
with sufficiently high frequency can produce resonant charge density fluctuations of
free electrons with no elastic restoring force as electrons are no longer bound to the
atoms of a conducting medium. These charge oscillations are known as plasmons
and can appear in metals as bulk or surface oscillations. SPPs are electromagnetic
excitations propagating at the interface between a dielectric and a conductor (metal,
semiconductor), and are confined at the interface and evanescent both in the propa-
gation direction and the direction perpendicular to the interface [76, 77]. Thus, the
oscillation of the free electrons in a conductor coupling with electromagnetic fields
induces SPPs. From Maxwell’s continuity equation for H and E at the interface of a
metal–dielectric, the dispersion relation of SPPs can be expressed as

kx,spp =
ω

c

⌜

⃓

⎷

ε1ε2

ε1+ ε2
(3.17)

kz1,z2,spp =
ω

c

⌜

⃓

⃓

⎷

ε2
1,2

ε1+ ε2
(3.18)

for TM polarized light considering the electromagnetic boundary conditions. From
Eqs. (3.17) and (3.18), kx,spp and kz1,z2,spp represents the planar and perpendicular
wavevector components, respectively.

Notably, the complex refractive index of metal and the loss supplied by such a
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medium, causes the SPPs supported by a metal–dielectric interface to dissipate ex-
ponentially both along and perpendicular to the interface. As a result, reduced SPP
attenuation is required to improve SPP utilization and achieve practical applications.
The use of a thin metal sheet enclosed on both sides by the same dielectric is a typi-
cal technique for decreasing SPP attenuation. This can cause the excited SPPs on the
two sides of the metal film to couple leading to mode hybridizations, i.e., symmetric
or antisymmetric modes, illustrated as an inset in Fig. 3.5 (a). Based on the thick-
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Figure 3.5 (a) TMM approach transmission (log scale) heatmap of a 30 nm low loss Ag layer sand-
wiched between two dielectric half-spaces with its schematic presented as an inset. Even
(short-range SPP) and odd (long-range SPP) modes are realized through mode hybridiza-
tion due to near-field interaction between the SPP at the top and bottom metal surfaces
presented as the yellow-colored curve in the inset. Roman numbers I and II represents the
core layer with thickness d and the claddings, respectively. (b) Similar heatmap for a 200 nm
homogenized Ag-TiO2 hyperbolic media. The high-k modes, which are the structure’s Bloch
waveguide modes, are shown by the bright bands in the Type I and Type II HMM areas.

ness of the metal slab sandwiched between the two dielectrics, even (short range)
or odd (long range) mode hybridization can be excited. Odd SPP modes have ex-
tended propagation lengths and are less susceptible to larger metallic losses. Since
propagation lengths of odd modes increase with decreasing metal thickness, they are
known as long-range SPPs. Even modes, on the other hand, are short-range SPPs
because their fields are more restricted to the metal. The confinement to the metal
increases as the metal thickness decreases, reducing the propagation length of short-
range SPPs. As such, increasing the number of metal–dielectric layers leads to an
increasing number of coupled mode hybridization which is the origin of the high-k
states (SPP hybridizations) in multilayer HMM architecture. Figure 3.5 (a) illus-
trates the odd and even hybridized SPP modes for a thin 30 nm silver film sandwiched
between two dielectric halfspaces and (b) shows the corresponding Bloch modes in a
hyperbolic media. Notably, the HMM modes exist as bright bands at large kx values
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which are normally evanescent in a vacuum/ conventional materials. The existence
of these unique high-k modes in the HMM exhibit many potential applications due
to its large photonic density of states.

3.1.4 Photonic density of states

In this section, we introduce the relation between an emitter and a hyperbolic medium
complex and present the formulations utilized in calculating their spectral responses.
Basically, engineering the optical environment around an emitter allows one to reg-
ulate the lifetime of spontaneous emission from that emitter. This is because there
is a certain photonic density of states (PDOS) in the environment that can couple
with the emitter. From section 2.1.3, we discussed that the rate of SE is propor-
tional to the PDOS, which depends critically on the geometry of the near field. As
such, the spontaneous decay rate of an emitter is increased (suppressed) when the
number of possible photonic states increases (decreases), due to the higher (lower)
available photonic modes [78, 79]. For instance, the spontaneous emission decay
rate of an emitter placed near a photonic crystal or microcavity can be greatly in-
creased for wavelengths that can couple into the resonant modes of the structure
[80, 81]. Such a rate in engineered electromagnetic surroundings can greatly exceed
that of a homogeneous dielectric environment, or “free space”, and the ratio of the
two constitutes a figure of merit (FOM) known as Purcell factor. In contrast to reso-
nant structures like cavities or single metallic/dielectric interfaces which require the
adjustments of their restricted narrow resonances to match the absorption or emis-
sion of emitters coupled to it, hyperbolic media with a new family of guided plasmon
mode (bulk plasmons with large k-vectors), have shown to be a practical tool to al-
leviate these constraints for radiative decay engineering, particularly in the area of
quantum nanophotonics. This is due to the media’s interesting property of possess-
ing high PDOS as they can accommodate infinitely high-k modes in the ideal limit
[82]. In addition, they also exhibit a Purcell factor that is broadband and tunable in
frequency [83].

To numerically determine the SE enhancement of a point source over an unpat-
terned planar multilayered structure, we utilized the model presented by Ford and
Webers’ work on SE enhancement for single plasmonic interfaces [50], to the situa-
tion of our multilayered media. This semi-classical approach approximates ratios of
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rates with ratios of powers and is comparable to a fully quantum theory in the weak
coupling limit. In the model, the Purcell factors F∥ and F⊥ of a dipole oriented paral-
lel (∥, “p-polarization”) or orthogonal (⊥, “s-polarization”) to the layers and located
a distance d above the surface are expressed as

F∥ = 1−η0

�

1− 3
4

Re
∫︂ ∞

0
d k∥D∥

�

k∥
�

�

,

F⊥ = 1−η0

�

1− 3
2

Re
∫︂ ∞

0
d k∥D⊥

�

k∥
�

�

,
(3.19)

where the power density spectra D∥
�

k∥
�

and D⊥
�

k∥
�

are

D∥ =
1
kz

k∥
⎷
ϵ1k0

�

1+ rSe2i kz d +
�

kz⎷
ϵ1k0

�2
�

1− rP e2i kz d
�

�

D⊥ =
1
kz

�

k∥
⎷
ϵ1k0

�3
�

1+ rP e2i kz d
�

(3.20)

In the above formulation, η0 represents the internal quantum efficiency of the dipole
in free space with real permittivity ϵ1, k0 = 2π/λ0, where, k∥ =

Æ

k2
x + k2

y , and kz =
Ç

ϵ1k2
0 − k2

∥ are the wavevector components along the in-plane and vertical direction

of the structure. rP , rS also denote the reflection coefficients of the structure for
TM or TE polarized plane wave (a different phenomenon from dipole polarization),
retrieved with TMM formalism. Notably, dipoles occurring in nature are isotropic
[84]; therefore a more appropriate Purcell factor Fiso is obtained through an average
over F∥ and F⊥ represented as

Fiso =
1
3

�

F⊥+ 2F∥
�

, (3.21)

where the factor 2 accounts for the two orthogonal in-plane orientations. From
these formulations, we can explore the interactions of emitters when coupled with
a hyperbolic media to elucidate their interesting features close to the ENZ region
of the multilayered structure which will be discussed in section 3.2. Nevertheless,
since the relation of emitters’ radiation confinement and multilayered hyperbolic
media configuration is not as strong as in a cavity as discussed in section 2.1.3, other
suitable formulations of computing Purcell factor [FP = ΓHMM/Γ0, where ΓHMM and
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Γ0 are the SE rates in the presence of the hyperbolic environment and in free space]
can also be utilized. This ratio can be calculated using the dyadic Green function Ḡ,
which describes how a point-like source emits radiation into its surroundings [84].

3.2 Epsilon-near-zero features of hyperbolic media

Amidst the interesting features of a hyperbolic media, there exists an ENZ window
in their dispersion relation. This ENZ window is defined as a spectral range, where
the effective permittivity of the media extends to zero [Re{ϵ∥} < 1]. The window
exists between the transition of the media from the elliptical region to the hyperbolic
domain (i.e., transition from being dielectric to the metallic regime) as discussed in
the EMT formulation in section 3.1.2. In addition to the existence of zeros in the
effective permittivity of the media, there exist resonant poles which are coined as
epsilon-near-pole (ENP) [85]. The directions in which the resonances of the ENZ
and ENP occurs is of great relevance, as it alters the spectral response of the me-
dia. ENZ in particular occurs parallel in the multilayered structures where the di-
rection of free electron motion occurs according to the Drude plasma frequency.
Conversely, the ENP behavior takes place when there is no continuous flow of the
electrons. Within this ENZ spectral range, the hyperbolic media exhibits different
physical phenomena such as an excitation of electromagnetic waves that propagate
at long distances with negligible phase variations [86].

Although these exotic features of a hyperbolic medium are significant in many
applications, the dissipation of coupled energy of emitters caused by a loss in the
metal–dielectric building blocks has been a constraint in radiative decay engineer-
ing [87–89]. As a result, various design and engineering techniques have been put
forth by various authors to overcome these limitations. These techniques include
adiabatically tuning the filling fraction to tunnel trapped high-k modes, incorpo-
rating a high-index grating configuration on the HMM, and nanopatterning of the
HMM slab to create hyper-crystals [64, 88, 90]. Additionally, theoretical research
on loss-compensation and enhancement of spontaneous emission in active multilay-
ered structures has been conducted using the geometry of the near fields as well as
the multilayered structure’s dispersion relations [87, 91, 92]. The study of emitters
coupled to multilayered structures made of metal and polymeric material has so far
focused on loss compensation and transient technology, where a water-soluble and
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biocompatible polymer were used to create a transient and flexible HMM structure
[93, 94].

In P2, however, we proposed a polymer-based active HMM structure composed
of alternating layers of a metal and PMMA medium to study the decay rate mecha-
nism of emitters not only dispersed on the top layer but also in-between the PMMA
layers. We engineered relatively thin PMMA films to serve as a dielectric medium
to incorporate quantum emitters in the proposed structure. This active dye-doped
HMM structure helped to compensate for the losses in a metal–dielectric structure
due to the enhanced coupling of emitters dispersed on top and within the polymer-
based HMM. The study provided insight into the radiative decay mechanisms of
emitters coupled to the HMM structure and its relation to the ENZ region of the
polymer-based HMM structure, which is prominent in efficient dipole engineering
model design.

3.2.1 Structure design and modeling

We commence with the design of the proposed structure by numerically optimizing
the thicknesses of the metal and dielectric layers (i.e., ρ - filling fraction). This opti-
mization mechanism helped in attaining the required ENZ feature of the hyperbolic
media to match it with the emission and absorption wavelengths of some selected
emitters. Per the optimization conditions, we obtained a desired thickness of 9 nm
for gold (Au) and 29 nm for PMMA. The latter is a versatile polymeric material and
well suited for many applications such as protective coating, high-resolution positive
resist, and as a sacrificial layer [95].

The obtained ENZ region of the proposed structure was comparable to the emis-
sion wavelength of the Rhodamine 590 (Rh590) dye molecule based on the opti-
mized fill fraction ρ. From here, we numerically implemented the spectral response,
PDOS, electric-field distribution, transmission dispersion relation, and Purcell factor
calculations of the proposed structure. As a note, all calculations were conducted
using a commercial Ansys Lumerical FDTD solutions software package and an in-
house developed transfer-matrix method code with an experimental wavelength-depe-
ndent complex dielectric functions for Au [96] and PMMA [97].

Figure 3.6 (a) [Inside HMM] illustrates the schematic of the proposed Type II
[58] HMM structure with emitters embedded within the polymeric PMMA layer.
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Figure 3.6 (a) Schematic of the Au-PMMA structure consisting of 9 nm thick Au and 29 nm thick PMMA
layers. Three polymeric PMMA samples were incorporated with three different dyes each
[HMM + 3L dye]. I-M represents the insulator-metal interface. M-I-M represents the metal–
insulator–metal interface. (b) similar HMM structure with dye-doped PMMA on the top layer
[HMM + 1L dye]. (c) schematic of the MIM structure. (d) similar representation of dye-doped
PMMA on top of the 9 nm Au layer [IL Au + 1L dye]. Adapted from [P2].

Figure 3.6 (b) [on top of HMM], (c) [MIM] comparable to the Fabry–Pérot-like
cavity in section 2.1.1, and (d) [on 9 nm Au] illustrate the schematic of the cor-
responding reference samples used to comprehend the decay rate mechanism and
luminescence response of the proposed dye-doped HMM structure.

3.2.2 Sample fabrication and characterization

The proposed polymer-based HMM structure in P2 was fabricated using a metallic
electron-beam (e-beam) evaporator and spin-coating techniques. The samples were
fabricated on a fused silica (SiO2) substrate with a refractive index of 1.45. Three
active HMM samples were fabricated with each embedded with one of the different
emitters (Rh590, Styryl-11 (LDS 798), and Pyromethene 650 (PYR650) dye-doped
PMMA samples). Reference samples of each dye embedded in PMMA-A1 (1%wt
PMMA and 99%wt anisole) spin-coated on a homogeneous glass substrate were also
prepared. Each dye was also spin-coated at a speed of 2000 rpm for 30 secs, on a 9 nm
Au film to serve as a reference to study the coupling effects of dye on a metal sub-
strate. The thickness of the polymeric material was measured using a profilometer.

For the spectral characterization of the fabricated samples, a confocal Raman mi-
croscope from WiTec (alpha300R) was utilized. The reflectance and transmittance
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Figure 3.7 Experimental setup schematic for spectral response measurement by altering the left-hand
configuration with a broadband optical source and removal of filters as they are required
for the case of PL and fluorescence lifetime measurement. M, mirror, BS, beam splitter, L,
lens, DM, dichroic mirror, and the rotating sign below the sample stage signifies a motorized
scanning stage.

measurements were carried out using a broadband optical source (Energetiq EQ-
99XFC LDLS, spectral range 190 - 2100 nm) to excite the samples. The optical spot
is focused on the samples using a Zeiss "Epiplan-Neofluar" 20X objective with a nu-
merical aperture (NA = 0.4) for both spectral measurements. To acquire the photo-
luminescence (PL) spectra of the samples, a 532 nm laser was used to excite the sam-
ples to attain signal counts of the emission peak intensity for the different dyes. A
polarization-dependent 375 nm pulsed laser source (with a diffraction-limited spot
size of ≈ 1.14 µm) was utilized to attain the fluorescence lifetimes of the samples
with the help of a Picoquant HydraHarp device and a single-photon avalanche diode
(SPAD) detector.

All measurements were performed under optimal laboratory conditions. The
response of the samples was coupled to an optical fiber connected to Ocean Op-
tics Flame UV-VIS spectrometer for spectral response and PL measurement and a
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SPAD detector for the fluorescence lifetime measurement as shown in the schematic
of Fig. 3.7. In the case of the fluorescence lifetime measurement, a technique called
time-correlated single photon counting (TCSPC) is utilized as illustrated on the right-
hand side of Fig. 3.7. Using TCSPC, the time elapsed between a pulsed laser’s exci-
tation of the sample and the emitted photon’s arrival into the detector is recorded.
A defined "start" signal is provided by the electronics steering the laser pulse, and a
defined "stop" signal are realized by detection using the SPAD detectors. The mea-
surement of this time delay is repeated many times to account for the statistical na-
ture of the fluorophore’s emission. The delay times are then sorted into a histogram
that plots the occurrence of emission over time after the excitation pulse.

3.2.3 Results and discussion

In (P2), we numerically calculated the dispersion relation of the proposed structure
using both local and non-local EMT and the TMM approach as present in section
3.1.2 and appendix A.1 to determine the interesting wavevectors that are supported
by the polymer-based hyperbolic metamaterial. The dispersion relation illustrated
in Fig. 3.8 (a), (b), and (c) shows the transmission of evanescent waves through the
proposed structure. The local EMT approach represents the multilayered structure

Figure 3.8 Dispersion relation of the polymer-based structure exhibiting high-k modes and the associ-
ated photonic density of states (PDOS). (a) Transmission of evanescent waves in logarithmic
scale through the three bilayers of Au (9 nm)-PMMA (29 nm) multilayered structure using
the local EMT approach. In the local effective medium limit, there are infinite high-k waves
in a Type-II HMM due to the existence of strong spatial dispersion effects which can be cor-
rected using the non-local EMT approach presented in (b). (c) Similar dispersion relation
using the TMM approach. In this realistic case, the size of the unit cell imposes a cut-off
to the tunneling of the high-k modes in the structure. (d) The corresponding PDOS of the
polymer-based HMM composite using the TMM approach. Adapted from [P2].

as an effective bulk medium with hyperbolic dispersion as discussed in section 3.1.2.
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As shown in Fig. 3.8 (a), infinitely large wavevectors can be transmitted through the
entire bandwidth of this ideal structure. However, in a realistic structure with a fi-
nite number of layers and considering the inherent losses in the metal layers, there
is a cutoff to the largest wavevector that can propagate through the HMM structure.
This is also evident in the TMM dispersion relation illustrated in Fig. 3.8 (c), that
shows two bright bands at kx/k0 < 5 and is comparable to the non-local EMT ap-
proach [73] illustrated in Fig. 3.8 (b). Non-local EMT approaches have been quite
realistic in describing metal–dielectric hyperbolic metamaterials due to their spatial
dispersion effects corrections as compared to the local EMT approach [69, 73, 98].
The existence of the bright bands in the dispersion relation of the polymer-based
HMM structure shows that the medium supports bulk plasmon-polaritonic modes.
As discussed above, the bright bands coined as the bulk plasmon modes are due to
the coupling of SPPs at each metal–dielectric interface. These modes exhibit high
electric-field intensity that overlaps with emitters placed close to the metamaterial,
resulting in an increased PDOS which is presented in Fig. 3.8 (d). It is also note-
worthy that the suggested material is a Type II HMM structure which shows several
high-k modes as compared to Type I HMM which can support a lesser number of
these modes [63].

3.2.3.1 Spectral response of the polymer-based hyperbolic metamaterial

In addition to the dispersion relation, we further calculated the field distribution
through the polymer-based HMM structure using the TMM approach. Figure 3.9 (a)
illustrates propagation mode along the multilayered metal–dielectric interface com-
posed of three subdivisions with labels: IM [0 nm ≤ Z ≤ 38 nm], MIM1 [29 nm
≤ Z ≤ 76 nm], and MIM2 [67 nm ≤ Z ≤ 114 nm] layers. At the ENZ wavelength
(λ= 570 nm) of the suggested structure, we attained a significantly high electric-field
intensity. However, the field intensity decays due to propagation losses, in particular
at HMM thickness Z > 60 nm, and inherent metallic losses of the multilayer HMM
structure. As such, enhanced SE of the embedded emitters was envisaged to result
mainly from the first PMMA at the top layer, while emitters in the other two layers
contribute minimally due to the variations in the LDOS.

Furthermore, the FOM bandwidth constructed as indicated in Fig. 3.9 (b) cor-
responds to the enhanced spectral region of the electric field distribution presented
in Fig. 3.9 (a). The FOM was defined as the ratio of the effective parallel ϵ|| and
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Figure 3.9 (a) P-polarized field (Ep ) distribution through the HMM composite as a function of spec-
tral wavelength. I-M corresponds to the insulator (PMMA) and metal (Au) interface. (b)
Real [Re(ϵ||), Re(ϵ⊥] and imaginary Im(ϵ||) permittivities from local EMT, experimentally

retrieved effective permittivity Ext(ϵ||) [dashed lines] and the figure of merit (FOM) of the
polymer-based HMM composite. ENZ wavelength is defined as the spectral wavelength
where the structure permittivity crosses zero. (c) Spectral response of the polymer-based
HMM material. Reflectance R and transmittance T acquired both numerically (using TMM)
and experimentally (RExp, TExp). The inset depicts the experimentally measured transmis-

sion in the presence of a pump source Tpump and without a pump source T . Adapted from
[P2].

perpendicular ϵ⊥ permittivities of the HMM structure acquired via local EMT. The
FOM showed higher values at the ENZ wavelength (λ = 570 nm). Figure 3.9 (b)
also shows the parallel ϵ|| and perpendicular ϵ⊥ dielectric tensor as a function of
wavelength. The dispersion relation above the ENZ window shows Type-II HMM
behavior (i.e., Re(ϵ||) < 0,Re(ϵ⊥) > 0) that exhibits, in principle, inherent optical
losses and high impedance mismatch with respect to vacuum. In addition, we used
inverse TMM formulations to compute the extracted effective permittivity Ext(ϵ||)
[dashed lines] of the fabricated polymer-based HMM structure based on the numer-
ically computed and the experimentally attained spectral responses (i.e., reflection
and transmission) of the HMM-dye complex structure. We identified that the ex-
tracted effective permittivity Ext(ϵ||) [dashed lines]matches well with the calculated
effective parallel ϵ|| permittivity [solid lines] and possesses a similar ENZ wavelength
as predicted numerically by EMT.

Figure 3.9 (c) illustrates the reflectance R and transmittance T of the polymer-
based HMM structure obtained both numerically [solid lines] and experimentally
(i.e., RExp, TExp) [dashed lines]. It can be seen that the spectral reflectance range
above the ENZ wavelength is high as compared to the spectral range below ENZ.
This role of a medium exhibiting dielectric (i.e., λ < 570 nm with Re(ϵ||) > 0 ) and
metallic behaviour (i.e., λ > 570 nm with Re(ϵ||)< 0 ) shows the hyperbolic nature of
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the HMM composite. As stated initially, this nature brings about the inherent losses
which can be compensated by using a gain medium, shown as an inset in Fig 3.9
(c). The inset shows the enhancement of the optical transmission T response of the
active polymer-based HMM structure in the presence of a pump source Tpump which
complements the emitter’s ability to help in the inherent metallic loss compensation.

3.2.3.2 Luminescence and lifetime measurement

After comprehending the loss compensation mechanism of the active polymer-based
HMM structures, we extended the discussion to SE engineering based on the ENZ
characteristics of the media. To realize these exotic effects of the active polymer-
based HMM structure, we numerically calculated the Purcell factor and experimen-
tally measured the luminescence and the fluorescence lifetimes for three different
dyes (i.e., Rh590, LDS798, and PYR650) with a peak emission wavelength (i.e., λ≈
569 nm, 621 nm, and 700 nm, respectively) within the polymer-based HMM struc-
ture. These dyes were selected due to their emission spectra having different amounts
of overlap with the ENZ wavelength (λ = 570 nm) of the structure to determine
their respective decay rate mechanisms when coupled to the polymer-based HMM
structure.

In P2, we presented the luminescence measurement of Rh590 dye with a maxi-
mum emission wavelength of 569 nm which is close to the ENZ wavelength (570 nm)
of the HMM structure. We further compared the emission of each dye on a 9 nm
gold layer, on top of the HMM layers, and within the HMM layers, respectively to
elucidate their decay rate mechanisms. We observed high luminescence counts of
emitters on and within the HMM layers as compared to the metallic cases. This
show the non-radiative quenching of the emitters when placed on the metallic layers
due to the inherent lossy nature of Au. These variations in luminescence spectra
[not shown here] for the different configurations as shown in Fig. 3.6 are compared
to elucidate the different decay rate mechanisms of the emitters.

In addition, we extended the discussion toward the experimentally attained fluo-
rescence lifetime values for each of the three different dye-doped HMM structures.
Table 3.1 contains the lifetime components and the corresponding amplitudes fitted
to the measured TCSPC data as well as the calculated average lifetimes based on the
amplitudes. For all dyes with ≈ 40 molecules/(10×10×29) nm3 in the presence of
one gold layer, we observed shortening of the average lifetime by more than 50%,
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Rh590 PYR650 LDS798

Amplitudes Lifetime components Average Amplitudes Lifetime components Average Amplitudes Lifetime components Average

On fused silica A1: 4.54 τ1: 4.06 ns 2.91 ns A1: 7.70 τ1: 1.60 ns 2.08 ns A1: 23.0 τ1: 0.55 ns 0.85 ns

A2: 4.30 τ2: 1.68 ns A2: 2.90 τ2: 3.35 ns A2: 6.50 τ2: 1.90 ns

On 9 nm Au A1: 22.9 τ1: 0.70 ns 0.79 ns A1: 20.0 τ1: 0.77 ns 0.87 ns A1: 1.24 τ1: 0.34 ns 0.40 ns

A2: 0.12 τ2: 8.10 ns A2: 1.29 τ2: 2.46 ns A2: 0.05 τ2: 2.00 ns

A3: 0.89 τ3: 2.30 ns

On top of HMM A1: 28.0 τ1: 0.60 ns 0.66 ns A1: 19.0 τ1: 0.73 ns 0.81 ns A1: 3.94 τ1: 0.34 ns 0.40 ns

A2: 0.14 τ2: 6.70 ns A2: 1.11 τ2: 2.33 ns A2: 0.10 τ2: 1.81 ns

A3: 0.72 τ3: 2.11 ns

Inside HMM A1: 32.8 τ1: 0.59 ns 0.66 ns A1: 25.0 τ1: 0.69 ns 0.78 ns A1: 4.78 τ1: 0.37 ns 0.41 ns

A2: 0.13 τ2: 6.70 ns A2: 1.52 τ2: 2.22 ns A2: 0.10 τ2: 2.01 ns

A3: 0.68 τ3: 2.20 ns

Table 3.1 Lifetime measurements of the three dyes on a fused silica substrate, on 9 nm gold (Au) layer
and, on top of the HMM structure and embedded within the polymer-based HMM structure.
Adapted from [P2].

which further predicated the increased non-radiative decay due to near field absorp-
tion of the Au film. This is significant to note down when examining the lifetimes
of dyes on top or embedded inside the polymer-based HMM, as the effect of dyes in-
teracting with the thin Au film is also present in the HMM media. Nonetheless, in
the polymer-based HMM, we observed even shorter lifetimes. From Fermi’s golden
rule, as described in section 2.1.3, the number of radiative decay channels depends on
the number of PDOS available to the emitter [99]. Therefore, an increased PDOS
can be experimentally verified by observing a shortened lifetime. Thus, these life-
time results act as evidence of coupling between the emitters (Rh590 and PYR650)
and the high-k modes of the polymer-based HMM complex as well as coupling to
the SPP modes at each metal–dielectric interface. This results in an additional incre-
ment to the non-radiative recombination rate of the emitters. However, for LDS798
dye molecules, we observed no additional shortening of lifetime in the HMM when
compared with the metal case. This was due to the LDS798 dye molecules having the
least overlap with the ENZ region of the proposed structure as presented in Fig. 3.8
(d). As a result, the coupling between the emitters of such dye and the exotic modes
of the proposed structure was weak.

Furthermore, the resulting enhancement of the radiative decay rate due to the
Purcell effect can also be observed through lifetime shortening. However, lifetime
shortening can differ from a numerically calculated Purcell factors, since fluorescence
lifetime is dependent mainly on the radiative and non-radiative rates. On the other
hand, Purcell factor enhancements can be attributed to distinct factors such as local
field intensity of the HMM structure, varied dye molecules orientations, as well as
positions [100]. These different factors lead to variations between calculated Purcell
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factor and experimentally attained decay rates in such a media. Also, it is noteworthy
that emission lifetimes of the polymer-based HMM structure may vary at different
characterization spots due to different emitter orientations and their various sepa-
ration distances from the metallic layers. As such, to estimate reliable decay rate
results, we measured the fluorescence lifetimes of each sample at several spots to at-
tain their collective mean values and standard deviations. Average lifetime values of
[≈ 0.66± 0.0064, ≈ 0.78± 0.0044, and≈ 0.41± 0.0043] ns were attained for (Rh590,
PYR650, and LDS798) dyes inside HMM structures, respectively.

3.2.4 Summary

In conclusion, a study on a polymer-based planar HMM structure and its exotic fea-
tures as well as its relation to emitters when coupled to it is presented. The existence
of their non-radiative high-k modes per numerical formulations is also shown as well
as a study of their ENZ features. From these features, P2 illustrated how this inter-
esting feature of the HMM structure can be extended to SE engineering by looking
at the dynamics of the emission and decay rate of different dyes incorporated with
a polymer-based HMM structure. Additionally, the increase in the non-radiative de-
cay channels of the polymer-based HMM structure is demonstrated to be responsible
for the average lifetime shortening and luminescence intensity rise of emitters em-
bedded within and on top of the structure. With emitters spectrally closer (Rh590)
to the ENZ region of the polymer-based HMM structure, P2 illustrated a relatively
strong shortening of the average lifetime as compared to other emitters spectrally
close (PYR650) or far (LDS798) from the ENZ region. This observation confirmed
the increase in non-radiative decay channels of the polymer-based HMM structure
with a gain medium at the ENZ region. Furthermore, this work revealed that our
proposed dye-doped polymer-based HMM structure compensates for the losses in
a metal–dielectric HMM structure by observing an enhanced transmittance in the
presence of a pump source and numerically implemented the sub-wavelength two
dipoles resolution [not shown here] to emphasize the relevance of incorporating
emitters into a passive polymer-based HMM structure. The interesting properties of
our proposed polymer-based HMM structure could be a paradigm shift to enhance
the relevance of HMM structures in nano-imaging and quantum optics applications.
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4 CYLINDRICAL METAMATERIAL

In the previous discussions, we identified that the formations of planar metamate-
rials are one of the prominent engineering techniques that have helped to elucidate
different classical or semi-classical optical phenomena in the nanoscale. Neverthe-
less, in real media; a total of approximately eight (8) layers are estimated to be the
threshold to observe these interesting hyperbolic features [64] as stated in section
3.1.2. From the fabrication point of view, it is difficult and time-consuming to fab-
ricate multilayered structures layer-by-layer. As such, using alternative measures to
attain similar or advanced features with minimal layer depositions could be of great
relevance. Therefore, research efforts to alleviate these fabrication constraints per
planar metamaterials have generated a new paradigm shift in cylindrical metamateri-
als using self-rolling mechanisms, normally called rolled-up nanomembranes. These
metamaterials will be discussed in the subsequent sections to elucidate some of their
interesting properties both classically and in the quantum regime.

4.1 Rolling mechanism

Primarily, it is known that moment drives a static object to rotate in classical physics.
As the formation of cylindrical metamaterials depends on a rolling process, a nonzero
moment must exist to initiate the rolling-up mechanism in such metamaterials. From
the continuum strain theory, this moment comes from either strain relaxation or
external forces which act as the driving mechanisms for the formation of 3D struc-
tures in terms of rolled-up nanotechnology. As such, the most crucial component
and deterministic aspect in rolled-up nanotechnology are the techniques to induce
and manipulate strain gradients ∆εs perpendicular to the nanomembranes system
or external forces acting on the membranes.

Using the classical bending theory, Stoney et al. in 1909 [101], derived a mechani-
cal model to explain the bending radius of a thick substrate with a thin strained layer
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deposited on top of it as presented in Fig. 4.1 (a). From Fig. 4.1 (a), it is evident that
depending on the stress on a film deposited on a substrate, the film can experience
either tension or compression. As such, this model can help to estimate the stress in
thin films by measuring the curvature of the film which can be expressed as

RSt =
ρδ2d2

6εs
, (4.1)

where RSt is the bending radius, d1 and d2 are the thicknesses of the substrate and the
thin film, and εs is the film strain. ρ= Y1/Y2 is the ratio of the strain Young’s moduli
and δ = d1/d2 is the ratio of the thickness. Timoshenko [102], however, while
studying heat-induced bimetal stripe (thermostat) bending with different thermal
expansion coefficients, expanded the Stoney model for a substrate and film of equal
thickness [See Fig. 4.1 (b)] with bending diameter:

DT i =
d2

3(1+ v)εs

1+ 4ρδ + 6ρδ2+ 4ρδ3+ρ2δ4

ρδ(1+δ)
, (4.2)

where v is the Poisson’s ratio and εs denotes the in-plane biaxial strain between the
layers. This continuum mechanical model works well in predicting the diameters of
rolled-up nanostructures by considering their intrinsic strain gradient as shown in
Fig. 4.1 (b). From Eq. (4.2), it is evident that the bending curvature of a rolled-up
nanomembrane depends on its strain gradient and thicknesses.

a b c

Sacrificial 
Substrate

Figure 4.1 (a) Bending schematic of a thick substrate owing to tensile strained (top) and compressed
(bottom) thin film. (b) Bent bilayer film schematic with a radius of curvature R and a strain
gradient. (c). Numerically predicted diameters of a rolled-up structure composed of a metal
(Au) and dielectric (SiO2).

As such, selecting different thicknesses of a metal (Au) and dielectric (SiO2) pos-
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sessing varied intrinsic strain properties can generate varied diameters as shown in
Fig. 4.1 (c). It can be seen that thicker materials could generate larger diameters [103].
Nevertheless, note that modification of this formulation can be investigated, by con-
sidering the effect of surface stress generated in ultrathin nanomembranes [104].

In this study, we will focus on strain engineering/relaxation as the driving mech-
anism for generating rolled-up nanomembranes. However, external forces also con-
tribute to rolled-up nanotechnology by either enhancing or manipulating the total
strain gradient or inducing the rolling process of some specific types of materials.
These include ultrasonic treatment [105, 106], surface adsorption [107, 108], van
der Waals forces [109], and surface tension [110, 111]mechanisms, among others.

4.1.1 Strain engineering techniques

In terms of strain engineering methods, the intrinsic property, strain gradient can be
generated through different mechanisms such as lattice mismatch in a heteroepitaxial
crystalline bilayer, thermal response properties of different materials, and/or non-
epitaxial deposition techniques, among others. These techniques will be discussed
in this section and geared toward the method implemented in this work.

Heteroepitaxial formed bilayer’s strain gradient, for instance, originates from the
different lattice constants of varied materials. An example of such is using GaAs–InAs
bilayer system which was first reported by Prinz et al. [112] in 2000. Such epitaxially
[molecular beam epitaxy (MBE)] grown semiconducting materials exhibit a strain
gradient owing to their different lattice constants, thereby resulting in microtubes
upon etching its sacrificial layer (AlAs). Regarding the lattice constant variations,
indium (In) has a higher lattice constant than Ga [113]. Thus, when a layer of GaAs
is epitaxially grown on the crystalline InAs, the upper layer would be stretched to fit
the lattice constant of the lower which generates a tensile strain in the GaAs layer,
while the InAs layer experiences a compressive strain. As a result, the InAs layer
initiates a propensity to expand while the GaAs resist this expansion, thereby gener-
ating a net momentum that drives the planar structures into cylindrical microtubes.
A similar mechanism can be realized in other epitaxy materials systems, such as Al-
N/GaN [114] and SiGe [115, 116].

Non-epitaxial methods such as electron-beam (e-beam) evaporation, magnetron
sputtering, and ion plating are alternatives to heteroepitaxial-produced bilayers. Us-
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ing these methods, it is also possible to create nanomembranes with a built-in strain
gradient [117, 118]. An example of such a strained metal nanomembrane is Cr which
can be deposited via electron-beam evaporation [119, 120]. However, non-epitaxial
methods are not restricted to metal films and as such, insulators like SixNy have also
been at the forefront of this technique. Depending on the deposition conditions, the
strain generated within SixNy can either be tensile or compressive [121, 122].

Non-epitaxial techniques have clear advantages over epitaxial deposition tech-
niques which require MBE mechanisms, in that, they are significantly less expensive
and can accommodate materials with low refractive index. Per the discrepancies in
deposition parameters of different materials in the non-epitaxial method, a strain gra-
dient can be generated. This technique is employed in this work by utilizing a slow
e-beam deposition rate for SiO2 [layer 1] and a relatively high rate for Au [layer 2] to
generate a strain gradient between the two layers. In such a configuration, as shown
in Fig. 4.2 (a), the bottom layer and the top layer are deposited at different rates, and
due to their different grain sizes, the two layers exert different stress levels which
can induce rolling process when its sacrificial layer is etched. Fig. 4.2 (b) illustrates
the schematic of the microtubes formed after the rolling process [103, 123]. How-
ever, these mechanisms also have their constraints as the deposition criteria require
a strained nanomembrane besides the functional material of interest. This might
influence the characterization of such functional materials of interest.

a b

Figure 4.2 (a) Upward self-rolling process schematic based on the non-epitaxial technique. (b) A rolled-
up and ready cylindrical metamaterial schematic.

Contrary to the two techniques outlined above, which introduce strain gradi-
ent during the deposition of nanomembranes, strain can also be generated inside
a membrane system in response to an environmental change. Some of which in-

42



clude swelling strain [124] used in the construction of 4D mesostructures [125],
thermal response strain [117, 126], strain from surface reconstruction [104, 127],
and topochemical transformation strain [128], among others.

4.1.2 Release mechanism

Among the strain engineering approaches outlined in section 4.1.1, the fabrication
process of rolled-up nanotechnology often necessitates a detach operation to free the
generated nanomembranes from their substrate and mold them into 3D structures.
During fabrication, a sacrificial layer is typically added between the nanomembranes
and the substrate to help initiate the detach operation. This layer, in principle, sep-
arates the nanomembrane from its bulk, and the lateral etching of it detaches the
freestanding membrane which results in the rolled-up structure. Here, we will dis-
cuss the release mechanisms (i.e., ultrasonic-treatment, dry, and dominant wet cases)
utilized in rolled-up nanotechnology.

In the dry and ultrasonic-treatment release mechanisms, either a gaseous etchant
or ultrasonication-generated forces [129] are needed to remove a selective sacrificial
layer or to weaken the bonding between the nanomembranes and its substrate, re-
spectively, to induce the rolling process. For example, the use of gaseous xenon diflu-
oride (XeF2) etchant to remove Ge sacrificial layer [130] or hydrogen fluoride (HF)
in the vapor phase to etch SiO2 sacrificial layer in the dry release mechanism [131].
Importantly, because these two mechanisms do not require use of photolithography
processes, fabrication does not require use of cleanrooms. However, such fabrica-
tion processes, for instance, the dry release mechanisms use dangerous etchants that
can be harmful to the environment. Alternatively, the ultrasonic-treatment release
mechanisms are also limited to the number of nanomembranes and usage [129].

In the wet release mechanism, different chemical etchants have been employed
for selective sacrificial layers to detach the nanomembranes from their respective
substrates. An example is the removal of the AlAs sacrificial layer used in GaAs–InAs
nanomembrane with a dilute HF solution [112], removal of Ge sacrificial layer used
in Si/SiGe and SiNx nanomembrane with an H2O2 solution [132, 133], the removal
of buried oxide sacrificial layer utilized in compound materials on insulator (XOI)-
based systems using HF solution [134, 135], and the removal of sacrificial aluminum
layers in KOH-based etchant [136].
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Also, the usage of polymers as a sacrificial layer in the wet release mechanism has
been demonstrated to be a prominent detaching mechanism in non-epitaxial strained
materials. This technique was demonstrated by Mie et al. [137] to alleviate the draw-
backs in conventional fabrication, where the necessity for high etching selectivity
has hampered the choice of materials. In this technique, varied inorganic materials
including metals [138, 139], insulators [137], and their combinations [140, 141] can
be employed to fabricate rolled-up nanomembranes. Per their fabrication criteria, a
photoresist layer is first patterned on a substrate by photolithography. Non-epitaxial
physical or chemical vapor deposition is then used to deposit the strain-engineered
materials. The sacrificial photoresist dissolves in acetone or other organic solvents
without corroding the inorganic components, and the nanomembrane rolls up into
a tubular configuration. This technique has been realized in various applications in-
cluding optical resonators [137], metal jet engines [142], gas detectors [143], and flu-
idic sensors [144], among others. Despite, its numerous applications, the polymer-
based mechanism also possesses some drawbacks in terms of accurately determining
the strain gradient generate within the nanomembranes and having more control
over the rolling process as well as attaining rolled-up nanomembranes with relatively
smaller diameters. To overcome these constraints, we utilized a two-step lithography
technique to fabricate our desired rolled-up tube and explored some of its interesting
classical and quantum applications.

4.1.3 Two-step lithography technique

In terms of the two-step lithography process, a monolayer of Hexamethyldisilazane
(HMDS) is coated to a cleaned silicon (Si) substrate at 125◦ Celsius (C) to improve the
photoresist’s adherence. Following that, we spin coat image reversal resist AZ5214E
at 3000 rounds per minute (rpm) for 40 seconds (secs) and soft bake at 100 ◦C. The
coated samples are exposed to ultraviolet light (UV) using a Suss MA6 mask aligner
for 4 secs. The exposed samples are baked at 115 ◦C for 2 minutes (mins). For the
image reversal process, the samples were exposed to UV light for 30 secs without a
mask. The rectangular pattern (25×25 µm2) appears once the exposed samples were
developed for 60 secs using MIF 726 developer and then rinsed three (3) times in di-
ionized (DI) water. The developed samples are coated with 40 nm of Ge which serves
as a sacrificial layer. The unwanted material is removed using the lift-off process, by
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(a)

(b)

(c)

Figure 4.3 (a) Microscope and scanning-electron microscope image (b) of the full rolled-up nanostruc-
ture from the top and from the side (c) showing also the cross-section with a diameter of
700 nm. The green scale bar is is 9 and 10µm for the microscope and scanning-electron
microscope, respectively. Adapted from [P3].

leaving the samples in S1165 remover at 80 ◦C and sonicated for 2 mins. Once rectan-
gular structures of 40 nm of Ge are achieved the sample is again coated with HMDS
and positive resist AZ3012E with the same speed and time. The coated samples are
soft baked at 90 ◦C for 90 secs and exposed to a second mask to create a window for
etching the Ge layer. The exposed samples are hard-baked at 110 ◦C for 60 secs. This
time samples are developed for 1 min in MIF 726 developer and rinsed under the DI
water. The developed samples are coated with 5 nm of SiO2, 1 nm of titanium (Ti)
as an adhesive layer, and 10 nm of Au. The difference in the deposition rate and ma-
terial densities during the deposition process inherits different strains as introduced
in section 4.1.1. The SiO2 undergoes compressive stress, while Au with a high depo-
sition rate will have tensile stress. The two opposite stress conditions when released
by etching the bottom Ge layer for 120 min in 35% H2O2, will start rolling the SiO2

and Au in the upward direction. Thus, in general, rolled-up nanotechnology can be
used with a variety of material systems to generate 3D rolled-up tubes from a stack of
two-dimensional (2D) structures as long as the desired nanomembrane and the sac-
rificial layer can be etched with a selective etchant. Notably, the thicknesses of the
SiO2/Au and the use of Ge as etch layer tightly roll the tubes to achieve a small diam-
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eter of 700 nm, reported for the first time in P3. Microscope and scanning-electron
microscope image of the full rolled-up nanostructure is shown in Fig. 4.3.

4.2 Applications

After elucidating the practical realization of the rolled-up nanotechnology using the
two-step lithography processes in achieving a metamaterial with cylindrical geome-
tries, we looked at some of its peculiar and intriguing characteristics as well as some
practical applications in areas such as imaging, super-scattering, and ENZ properties.

4.2.1 High-resolution imaging

In imaging techniques, for instance, it is often not possible to image subwavelength
features using conventional optics due to the diffraction limit. This limit causes the
resolution of conventional imaging devices to be limited to a minimum distance, as
described by the Rayleigh criterion [84]. To overcome this limitation, researchers
have explored the use of hyperbolic media, which have interesting anisotropic dis-
persion and can support high-k modes that allow for the recovery of evanescent
components in the far field [145]. These high-k modes discussed in chapter 3 can
convey finer details of an object, while low k-vector components encode larger ge-
ometric characteristics. As a result, experimental efforts have included the use of
rolled-up nanotechnology in hyperlens applications [146] due to the hyperbolic dis-
persion relation of these media.

In theory, a plane wave illuminating an object can be described mathematically
as a Fourier superposition of plane waves that can be expressed in the basis of the
cylindrical wave as

e ik x =Σ∞
m=−∞imJm(k r )e imθ, (4.3)

where k is the wavevector’s magnitude, i is the imaginary unit, Jm(k r ) stands for
the Bessel function of the first kind, m is the cylindrical wave’s angular momentum
mode number, and r and θ represent the cylindrical coordinates (i.e., distance from
the origin and azimuthal angle, respectively). In this form, retrieving the scattering
amplitudes and phase shifts of the various component angular momentum modes is
analogous to reconstructing an image. This may be viewed as several information
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channels through which the information about the object at the origin is conveyed
to the far field.

y

x
0

2

n

Ɛθ

z

0

Ɛr

Rin
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b c d

Figure 4.4 (a) Cylindrical wave basis expansion of a plane wave scattered by an object (in green). Low
electric field intensity areas are depicted in light blue, whereas high electric field intensity
areas are displayed in deep blue. (b) High angular momentum modes in an isotropic cylin-
drical medium and (c) in an anisotropic cylinder made of an effective hyperbolic medium with
dielectric permittivities having different signs in the tangential and radial directions (ϵθ > 0,
ϵr < 0). (d) Front-view cross-section of a possible practical realization of a hyperlens, con-
sisting of alternating concentric metal and dielectric layers. Adapted (a), (b), (c) from [145].

According to Fig. 4.4(a), the scattering of an incident plane wave to a target (in
green) demonstrates different angular momentum modes, with the regions of high
(low) intensity being portrayed as deep (light) blue field responses.The radial compo-
nent of the electric field in a typical isotropic material as shown in the figure rapidly
decays near the origin as m increases. This can be seen as a result of the conservation
of angular momentum m = kθ r , which indicates that a larger tangential wavevector
component corresponds to a gradually decreasing distance from the center where
kθ ≈ 1/r . As discussed in chapter 3, in an isotropic medium, the allowable radial
and tangential components of the wave vector lie on a circle due to their dispersion
relation

k2
r + k2

θ = ϵ
ω2

c2
, (4.4)

where the arbitrarily growing value of kθ yields an imaginary or evanescent radial
component kr near the origin. Conversely, in a hyperbolic media with strong cylin-
drical anisotropy where the dielectric permittivities have different signs in the tan-
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gential and radial directions (ϵθ > 0, ϵr < 0), the dispersion relation of the extraor-
dinary modes can be expressed as

k2
r

ϵθ
−

k2
θ

|ϵr |
=
ω2

c2
, (4.5)

where the radial component ϵr of the wave vector grows as the tangential component
ϵθ does in the direction of the center. This phenomenon arises due to unbounded
values of wavevector k at a finite frequency, allowed by the hyperbolic dispersion re-
lation in Eq. (4.5). Comparing the field distribution in an isotropic medium [Fig. 4.4
(b)] to that in a metamaterial [Fig. 4.4 (c)]with cylindrical hyperbolic anisotropy re-
veals that, in the latter case, in addition to the mode penetrating toward the core,
the distance between the field nodes at the core gradually reduces, allowing for sub-
wavelength probing of spatial details. As a result, utilizing the rolled-up nanotech-
nology technique to produce such a cylindrically-based system as discussed in section
4.1.3 with strong anisotropy [Fig. 4.4 (d)], can carry information about the detailed
structure of an object placed within the core to the far field with a resolution factor
of

∆∝
Rin

Rout
λ. (4.6)

Rin and Rout are the inner radius and outer radius of the cylindrical metamaterial.
Likely, rolled-up nanotechnology can facilitate realizations of these systems with fast
throughput and fewer deposition steps. Nevertheless, certain distinctive hyperbolic
metamaterials with half-cylindrical orientation have also been used in these imaging
techniques using electron-beam evaporation techniques [147, 148].

4.2.2 Enhanced scattering properties

In addition, cylindrical metamaterials can also be engineered to exhibit interesting
scattering properties for varied photonic applications. These scattering properties of
a cylindrical metamaterial describe how it interacts with incoming electromagnetic
waves. The properties are influenced by several factors, including the geometry of
the cylinder, the wavelength and polarization of the incident waves, the material
composition and structure of the metamaterial, and more. For instance, a metama-
terial with a high refractive index or a highly resonant response may show strong
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scattering, while a metamaterial with a low refractive index or a weakly resonant
response may display weak scattering [149]. Cylindrical metamaterials with these
characteristics have been used in super-scattering applications, where the normalized
scattering cross section (NSCS) of the system is greater than one. The high NSCS
of these structures is due to constructive interference of multipolar resonances [150,
151].

Using the rolled-up nanotechnology approach, cylindrical multilayered metama-
terials with superscattering capabilities can be created by designing the structure to
have a high scattering cross-section, which is a measure of how well a material or
structure scatters light. These metamaterials have the potential to be used in ap-
plications such as sensing, spectroscopy, imaging and others that require efficient
manipulation of strong scattering or designed angular scattering patterns [150, 152].

To theoretically determine the scattering properties of a multilayered cylindrical
structure, the same methods that were discussed in chapter 3 can be used, but with a
cylindrical coordinate system (r, θ, z) as the basis. For instance, the core and shell of
a simple cylindrical structure with radial anisotropy’s relative permittivity tensors
may be represented as [153]

ϵī =

⎡

⎢

⎢

⎢

⎣

ϵi r 0 0

0 ϵiθ 0

0 0 ϵi z

⎤

⎥

⎥

⎥

⎦

(4.7)

where ϵr and ϵθ are the radial tangential permittivity components. The governing
equation for the magnetic field, Hz , after various analytical derivations based on
Maxwell’s equation is given as follows:

1
r

�

∂

∂ r

�

r
ϵiθ

∂ Hz

∂ r

��

+
1
r 2

∂

∂ θ

�

1
ϵi r

∂ Hz

∂ θ

�

+ω2ϵ0µ0µi z Hz = 0 (4.8)

where the µi z is the permeability tensor. Assuming Hz = Φ(r )e
i mθ, the radial func-

tion Φ(r ) is found to satisfy

r 2 d2Φ(r )
dr 2

+ r
dΦ(r )

dr
+
�

ω2ϵ0µ0ϵiθµi z r 2 − m2 ϵiθ

ϵi r

�

Φ(r ) = 0. (4.9)
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As a result, the incident plane wave’s magnetic field can be represented as [154]

Hin = ẑH0 exp(i k x) = ẑH0

+∞
∑︂

m=−∞
i mJm(k r )exp(i mθ), (4.10)

c

b

d

a

Figure 4.5 (a). NSCS spectra for cylinder-shaped silver, TiO2 and CHMM, with a similar outer diameter.
(b). A density map of NSCS as a function of wavelength and the dielectric permittivity for
CHMMd. (c) and (d). Resonance modes overlap for CHMMd and TiO2. Adapted from [150].

where r and θ are the cylindrical coordinates for the radial and azimuthal direc-
tions, H0 is constant amplitude, Jm is the Bessel function of the first kind and mode
order m, k = k0

⎷
ϵ, k0 = ω/c is the wavenumber in a vacuum. For r > rN , the

scattered magnetic field in the environment medium can be written as

Hsca = ẑ0H0

+∞
∑︂

m=−∞
dm i m H (1)m (k r )exp(i mθ) (4.11)

where the Hankel function of the first kind and mode order m is denoted by H (1)m and
accounts for the behavior of the wave at infinity. In the region within the medium,
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however, the Bessel function is used to ensure that the wave remains finite at the
center of the structure. The magnetic field in a given n-th layer of the rolled-up
nanomembrane [for rn−1 < r < rn] can also be written as

Hn = ẑH0

+∞
∑︂

m=−∞
i m
�

bm,nJm (kn r )+ cm,n H (1)m (kn r )
�

exp(i mθ), (4.12)

where kn = k0
⎷
ϵn . For kc = k0

⎷
ϵc , ϵc represents permittivity of the core medium

with a magnetic field expressed as [for r < r0]

Hc = ẑH0

+∞
∑︂

m=−∞
i mamJm (kc r )exp(i mθ) (4.13)

The coefficients am , bm,n , cm,n , and dm are determined by imposing boundary con-
ditions that ensure the continuity of electric and magnetic fields between the layers.
These boundary conditions which are applied at the radius r = rn can be expressed
in the matrix form as

Dm,n (rn) ·

⎡

⎣

bm,n

cm,n

⎤

⎦=Dm,n+1 (rn) ·

⎡

⎣

bm,n+1

cm,n+1

⎤

⎦ , (4.14)

where the matrix Dm,n (rn) =

⎡

⎣

ϵnJm (kn rn) ϵn H (1)m (kn rn)
⎷
ϵnJ ′m (kn rn)

⎷
ϵn H ′(1)

m (kn rn)

⎤

⎦ , with J ′m and

H ′(1)
m denoting the derivatives. Using the transfer matrix Tm as

Tm =

⎡

⎣

Tm,11 Tm,12

Tm,21 Tm,22

⎤

⎦ ,

Tm = Dm,1 (r0) ·
¨ N
∏︂

n=1

�

Dm,n (rn)
�−1 · Dm,n+1 (rn)

«

,

(4.15)

relation between the scattering coefficients can be expressed as

⎡

⎣

am

dm

⎤

⎦=
1

Tm,12y −Tm,22x

⎡

⎣

−Tm,11Tm,22+Tm,12Tm,21

xTm,21 − yTm,11

⎤

⎦ , (4.16)
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where, x = ϵc Jm (kc r0), and y =⎷
ϵc J ′m (kc r0). Finally, the NSCS is expressed as

σ =
+∞
∑︂

m=−∞
|dm |2 (4.17)

From the above formulations, the full analytical NSCS of a multilayered cylindri-
cal metamaterial can be determined as presented in Fig. 4.5. According to Fig. 4.5(a),
the scattering spectra of various structures with the same outer diameter of 220 nm
were compared to elucidate the enhanced scattering properties of the cylindrical mul-
tilayered structure as presented in [150]. It is evident that CHMMd (cylindrical mul-
tilayered metamaterial [CHMM] with both inner and outer layers made of a dielec-
tric) and CHMMm (similar to CHMMd but with a metallic counterpart) exhibit
an enhanced scattering peak at approximately 420 nm. The NSCS peak displays
approximately twice the scattering intensity of bare silver (Ag) or TiO2 cylinders
with the same diameter. Based on these observations, it is evident that cylindrically
rolled-up metamaterials can achieve superscattering properties which can be utilized
in varied photonic applications [150]. Figure 4.5(b) also illustrates the heatmap of
the CHMMd NSCs for different parametric permittivity sweeps. This shows that
different materials utilized in this strain-engineering technique can possess different
NSCS due to their varied permittivity values and Fig. 4.5 (c) and (d) illustrate the
overlap of different resonance modes for CHMMd (a type of multi-layered struc-
ture) and a homogeneous TiO2 cylinder. Evidently, the occurrence of the different
resonance modes overlaps helps to attain the enhanced NSCS. These modes are de-
scribed to be linked to the magnetic dipole (n ≡ m = 0), electric dipole (m = ±1),
electric quadrupole (m =±2) resonant modes, and other higher-order modes [155].

To analyze the optical properties of cylindrical multilayered structures (CHMMs)
and reduce the computational effort required, researchers have developed alternative
homogenization methods such as planar effective medium approximation (PEMA)
and cylinder effective medium approximation (CEMA) [145, 154]. These methods
enable the understanding of the optical properties of CHMMs while satisfying the
condition h ≪ λ≪ r , where h is the thickness of the layers in the structure and λ is
the wavelength of light. In PEMA, the radial ϵr and azimuthal ϵθ is presented as

ϵr = ( fm/ϵm + fd/ϵd )
−1 , ϵθ = ϵz = fmϵm + fdϵd , (4.18)
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where fm and fd are the filling fractions of metal and dielectric layers in the struc-
tures, with permittivities ϵm and ϵd , respectively. This formulation however ignores
the curvature of the layers, leading to limitations in its accuracy. In contrast, CEMA
takes into account the curvature of the layers, making it a more accurate method for
analyzing CHMMs. The CEMA model is also given as [150]

ϵr = log (rN/r0)
� N
∑︂

n=1

�

log
�

rn/rn−1
�

/ϵn
�

�−1

, (4.19)

ϵθ = ϵz = (log (rN/r0))
−1

� N
∑︂

n=1

�

log
�

rn/rn−1
�

ϵn
�

�

, (4.20)

where rN and r0 illustrate the inner and outer radius of the multilayered cylinder
with rn denoting the radius of the n-th layer. The effective permittivities in the
CEMA model depend on the radial distance of the individual layers, while the effec-
tive permittivities in the PEMA model only depend on the filling fraction of the ma-
terials. In our previous work [103], we used the CEMA formulation to determine
the structural ENZ characteristics of different diameters of rolled-up metamateri-
als and elucidated some interesting optical responses of the structure. In addition,
we studied some photonic properties of the structure by numerically predicting its
employments in waveguide applications. In the subsequent section, we will discuss
these in detail and see how the interesting properties of the fabricated rolled-up meta-
material can be extended into the quantum regime.

4.3 Near-zero-index feature of a cylindrical media

As mentioned earlier in (P2), the integration of emitters into metamaterials opens an
exciting opportunity to study emitters in tailorable dielectric or plasmonic environ-
ments, especially in the stretched mode ENZ medium. Rolled-up metamaterials,
on the other hand, as discussed in (P3), are also a type of 3D metamaterial that is
created by stacking 2D planar structures and they possess interesting optical proper-
ties [156], as demonstrated in early studies on fishnet [140, 157, 158] and Terahertz
(THz) metamaterials [159]. One potential application of these materials is using
them as waveguide reservoirs for quantum emitters, which could increase the in-
teraction between optical fields and quantum systems and exhibit enhanced energy
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transfer and efficient inter-emitter interactions similar to other proposed plasmonic
waveguides [160–162]. In particular, plasmonic waveguide channels with rectangu-
lar configurations have been found to support extraordinary optical transmission
when excited and have been used in the subwavelength regime to mediate long-range
interactions of quantum emitters [163, 164]. Li et al. [160] conducted a comparative
study of ENZ and plasmonic waveguide channels to enhance efficient long-range
resonance energy transfer and inter-emitter entanglement. While plasmonic wave-
guide types such as V-shaped grooves and cylindrical nanorods have been shown to
outperform the sub-wavelength distance limitations of quantum emitters’ coopera-
tive emission in a homogeneous medium, their usefulness in practical applications is
limited due to their dependence on the spatial position of emitters [163]. As a result,
various techniques have been implemented to overcome these challenges [160–163].
In this section, we explore the interesting properties of the rolled-up nanomembrane
in the quantum regime.

To comprehend the possibility of employing rolled-up nanomembranes as quan-
tum reservoirs, their photonic properties will be examined. This includes analyz-
ing the corresponding zero-index mode (i.e., fundamental TE11 mode) at the cutoff
wavelength, where there is minimal phase variation. As a guide to determine the
fundamental mode of the rolled-up metamaterial composed of an alternating layer
of metal and dielectric, we numerically implement the dispersion relation for a ho-
mogeneous circular waveguide with an air core [165]. The dispersion relation is
mainly calculated to identify the cutoff wavelength, where the propagation constant
k = 0. At this wavelength, the electromagnetic waves can be squeezed or tunneled
through a waveguide to exhibit a similar response as zero-index materials [166]. This
phenomenon relative to circular waveguides has been demonstrated theoretically by
Pan et al. [167] to exhibit interesting electromagnetic tunneling which is indepen-
dent of the waveguide length. In principle, the cutoff wavelength as a function of the
effective mode index of a circular hollow waveguide can be expressed analytically as

ne f f =

⌜

⃓

⎷

1−
� unm

π

�2
�

λ

2ρ

�2

, (4.21)

where neff is the effective index as a function of dielectric core diameter, unm is the
root of the Bessel function, ρ is the radius of the circular core, and λ is the wave-
length. The appropriate root of the Bessel function considered is 3.832 since our
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Figure 4.6 (a). The dispersion relation of a cylindrical hollow waveguide with different core diameters D .
The black circular inset represents the schematic of the homogeneous circular waveguide.
(b). The dispersion relation of the rolled-up zero-index waveguide (solid lines) [grey circular
inset]. The dotted lines in (b) show similar dispersion calculated for the cylindrical hollow
metallic waveguide [yellow circular inset]. The cutoff wavelength varies as a function of D
in both figures (top panel). (c). The different electric |E| field mode profiles excited in the
rolled-up zero-index waveguide for different effective indices (neff) with neff ≃ 0 depicting the
fundamental TE11 mode. Adapted from [P3].

mode of interest is the fundamental TE11 mode.
Figure 4.6 (a) shows the analytical calculation of the dispersion relation of a cylin-

drical dielectric waveguide. This served as a benchmark as stated earlier, to deter-
mine the cutoff frequency of the rolled-up metamaterial dubbed rolled-up zero-index
waveguide as presented in Fig. 4.6 (b) for different diameters D . The different core
diameters of both the homogeneous cylindrical and zero-index hollow waveguides
illustrated a redshift of the cutoff wavelength. This shows the dependence of the
cutoff wavelength on the material dimensions. The dispersion of the cylindrical
hollow metallic (Au) waveguide [dotted lines] follows a similar trend as the rolled-
up zero-index waveguide, as shown in Fig. 4.6 (b). Figure 4.6 (c), however, shows the
complex modes of the rolled-up zero-index waveguide at different effective indices.
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Evidently, these modes are mostly confined to the metal–dielectric cladding region
due to the excitation of plasmon modes, except for the fundamental mode with an
effective index close to zero, which has a similar dispersion relation to the funda-
mental modes of the plasmonic hollow waveguide. This fundamental mode, with
an effective index close to zero neff ≈ 0, offers new ways to control and enhance the
propagation of optical fields due to its infinite phase velocity of the tunneled elec-
tromagnetic wave as illustrated in Fig. 4.7. Based on these interesting properties of
the rolled-up nanomembrane and its possible quantum emitters (qubits) integration
techniques, we explored their quantum entanglement applications with qubits in P3
and P4 which will be discussed in the section below.

ENZ medium

Conventional medium

a b

c

Figure 4.7 Schematics depicting (a) the mode propagation trends in a conventional and epsilon-near-
zero (ENZ) medium. The inset in (a) depicts the quantum emitters. (b) qubit–qubit interac-
tions in free space and (c) show similar interactions in a rolled-up ENZ waveguide.

4.3.1 Quantum extension

The concept of entanglement, or non-separability, between qubits, is important in
various quantum processes such as quantum cryptography and teleportation [161,
162, 168, 169]. While entanglement has traditionally been observed in systems like
atoms and ions, it is becoming increasingly accessible in other areas of quantum
physics [163, 170]. Specifically, short-distance entanglement has been observed in
quantum dots, nanotubes, and molecules, but long-range qubit–qubit interactions
are necessary for long-distance information transfer [171–173]. One way to facili-
tate this is through the use of plasmonic waveguides, which are engineered to have
interesting optical properties such as a near-zero refractive index and infinite phase
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velocity at the nanoscale. Numerical studies on rectangular ENZ reservoir [160,
174] showed that ENZ media outperform the subwavelength distance limitations of
qubits cooperative emission in a homogeneous medium. However, the difficulties
to incorporate quantum emitters in a rectangular waveguide and their fabrication
challenges in the nanoscale regime have hampered their practical use.

Figure 4.8 Schematics of (a) rolled-up ENZ, and (b) rectangular ENZ waveguide with their correspond-
ing cross-section in the x-y plane. E1 and E2 represent the two quantum emitters interacting
with the corresponding ENZ waveguides. (c) The electric |E| and magnetic |H| fields of the
fundamental TE11 mode (zero-index mode) of the rolled-up ENZ waveguide, and (d) the fun-
damental TE10 mode (zero-index mode) of the rectangular ENZ waveguide. Reproduced
from [P4], with the permission of AIP Publishing.

As a result, we introduced the rolled-up ENZ waveguide to serve as a reservoir
to mediate qubit–qubit interactions at long distances and the emergence of driven
steady-state entanglement under continuous double pumping. Based on these two
experimentally validated ENZ waveguide channels [55, 175], we numerically com-
puted their relations with quantum emitters when used as a quantum reservoir to
ascertain the final state of the system. This study adopted ENZ waveguides into
quantum systems which can be relevant in generating distinctive optical sources, ro-
bust entangled states, and other innovative optical applications in different fields of
study.

In the numerical implementations, Ansys Lumerical software was used to deter-
mine the cutoff wavelength of both the rolled-up and rectangular ENZ waveguides
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in order to ascertain the equivalent fundamental mode of the waveguide. Figure 4.8
demonstrates the schematics (top panel) and field distributions (lower panel) (i.e.,
electric |E| and magnetic |H| fields) of the rolled-up and the rectangular ENZ
waveguide. As compared to the TE10 mode of the rectangular ENZ waveguide trans-
verse to its propagation direction, the numerically calculated ENZ mode for the
rolled-up ENZ waveguide exhibit TE11 mode with the existence of both radial and
axial components of the transverse fields due to its symmetry. Also, the waveguide
dimensions were optimized and set to attain the same cutoff wavelength of λ0 ≈ 1400
nm. The rolled-up ENZ waveguide has a diameter (D) of 700 nm and thickness (t) of
180 nm (i.e., 12 layers) with 5 nm of gold (Au) and 10 nm of SiO2. The correspond-
ing plasmonic (Au) rectangular ENZ waveguide has a dimension of 650× 350 nm2

(i.e., width (L) and height (H)), respectively.
After identifying the photonic properties of the ENZ waveguide channels in P4,

we initiated the entanglement calculations of qubits coupled with the corresponding
ENZ reservoirs. To measure the entanglement of the qubits coupled to the reser-
voir [161, 163], we used the concurrence C metric formalism by Wootters [176].
However, to determine this metric formalism, it is important to obtain the dyadic
response of an emitter coupled to the rolled-up ENZ waveguide in comparison to
the rectangular ENZ waveguide to determine their respective coupling parameters.

In P4, two identical qubits with the same transition frequency ω0 were consid-
ered and embedded within the ENZ channels as compared with P3 with single qubit
resonance enhancements. By combining the dyadic Green’s function with the quan-
tum master equation formalism, the dynamic evolution of quantum systems cou-
pled to lossy plasmonic environments is elucidated. The dyadic Green’s function,
which was briefly introduced in chapter 3, is a classical quantity used to investigate
the spontaneous decay of quantum emitters coupled to a quantum reservoir. The
dynamics of the two-qubit system density matrix ρ near a reservoir were described
by the quantum master equation. In principle, assuming a weak excitation and weak
coupling regime, the Born–Markov, and rotating-wave approximations can be used
to compute the master equation, which is expressed as [177]

∂ ρ

∂ t
=

1
i ħh
[H ,ρ]− 1

2

2
∑︂

i , j=1

γi j

�

ρσ†
i σ j +σ

†
i σ jρ− 2σiρσ

†
j

�

, (4.22)

where the Hamiltonian H describing the coherent part of the evolutionary dynam-
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ics is expressed as

H =
∑︂

i

ħh (ω0+ gi i )σ
†
i σi +

∑︂

i ̸= j

ħh gi j .σ
†
i σ j (4.23)

From Eq. (4.22), ρ depicts the density matrix of the two-qubit system. σ
�

σ†
�

repre-
sents the destruction (creation) operator applied to the qubits. The photonic Lamb
shift gi i due to the self-interaction of each qubit embedded within the ENZ waveg-
uide is usually minimal and neglected in our formulations. gi j also represents the
coherent dipole–dipole interactions of the two identical qubits expressed as

gi j =
�

ω2
0/ϵ0ħhc2�Re

�

µ∗
i ·G

�

ri ,r j ,ω0

�

·µ j

�

, (4.24)

where the dyadic Green’s tensor G
�

ri ,r j ,ω0

�

satisfies the classical electromagnetic
equations for a point dipole source located at a position r j . Also, γi j represents
the dissipative and noncoherent term of the master equation which is expressed as a
function of the imaginary part of the dyadic Green’s function

γi j =
�

2ω2
0/ϵ0ħhc2� Im

�

µ∗
i ·G

�

ri ,r j ,ω0

�

·µ j

�

. (4.25)

To solve the master equation and to obtain the density matrix, a convenient basis
for the two-qubit system vector space must be defined. It was more convenient to
work in the Dicke basis: |3〉 = |e1〉 ⊗ |e2〉 = |e1, e2〉 , |0〉 = |g1〉 ⊗ |g2〉 = |g1, g2〉 ,
and |±〉 = 1/

⎷
2 (|e1, g2〉± |g1, e2〉), when studying identical emitters in equivalent

positions, i.e., γ11 = γ22 = γ , where, |ei 〉 (|gi 〉) represents the excited (ground) state
of the i -th qubit. The selected basis can be used to characterize the response of the
two-qubit system since it leads to a diagonalized Hamiltonian H . In general, the
entanglement between two qubits can be quantified by computing the concurrence
C introduced by Wootters [176] expressed as

C =max (0,
⎷

u1 −
⎷

u2 −
⎷

u3 −
⎷

u4) , (4.26)

where ui represents the eigenvalues of the matrix ρρ̃. ρ̃ = σy ⊗ σyρ
∗σy ⊗ σy is the

spin-flip density matrix and σy is the Pauli matrix. The degree of concurrence is
determined between 1 (completely entangled state) and 0 (unentangled state). How-
ever, to gain insight into the entanglement process between two emitters when only
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one of the emitters is excited, a transient concurrence formulation can be derived
from the master equation which is expressed as

C (t ) = 0.5
Ç

�

e−(γ+γ12)t − e−(γ−γ12)t
�2+ 4e−2γ t sin2 (2g12 t ) (4.27)

According to Eqn. (4.27), C (0) = 0, because at t = 0, the quantum system is initially
at an unentangled state. As time progresses, t > 0, the concurrence becomes larger
than zero, meaning that the emitters become entangled. However, at some point
the concurrence starts to decay with time and becomes zero again, C (t ) = 0, after a
long period of time (t →∞). Thus, the system needs to be sustained by an external
source to prolong the entanglement. External pumps with the same frequency

�

ωp

�

can, therefore, be used to pump each emitter embedded within the ENZ waveguide
channels, to prevent the transient concurrence from decaying after some time and to
achieve steady-state entanglement. In that case, an additional term 1/i ħh[V ,ρ] needs
to be introduced in the right-hand side of the quantum master equation, where the
operator

V =−
2
∑︂

i

ħh
�

Ωi e−i∆i tσ†
i +Ω

∗
i e i∆i tσi

�

(4.28)

characterizes the interaction between the pump field and the emitter. The parameter
Ωi = µ · E0i/ħh is the effective Rabi frequency of the pump that depends on the in-
duced electromagnetic field E0i from the optical source pumping the i -th qubit. The
parameter∆i =ω0 −ωp is the detuning parameter due to the pump frequencyωp .
After expressing ρ in the usual basis |e1, e2〉 , |e1, g2〉 , |g1, e2〉, and |g1, g2〉, one can cal-
culate the steady-state concurrence Css by solving numerically the master equation
where the Rabi frequency and detuning parameter due to the external pumping have
been included.

Following the above theory, we numerically computed the dyadic Green’s re-
sponse of a single emitter coupled to the ENZ waveguide channels. From the dyadic
Green’s function, the decay rate (γ1,2) and dipole–dipole coupling interactions (g12)
of the qubit coupled to the waveguide channels were obtained. These coupling pa-
rameters (i.e., γ12, g12) were used in the quantum master equation to determine the
evolutionary dynamics of the quantum system. Figure 4.9 (a) and (b) depicts the
normalized decay rate γ12/γ and the dipole–dipole interactions g12/γ of qubits cou-
pled to the rolled-up ENZ waveguide and the rectangular ENZ waveguide channels,
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Figure 4.9 Normalized decay rate enhancement γ12/γ and dipole–dipole interaction g12/γ as a func-
tion of normalized interatomic emitter distance r12/λ0 of (a) rolled-up ENZ waveguide and
(b) rectangular waveguide. The measure of entanglement as a function of concurrence C for
(c) rolled-up ENZ tube and (d) rectangular ENZ waveguide. Adapted from [P4].

respectively. We discovered that the decay rate of the rectangular ENZ waveguide
is faster as compared to the rolled-up ENZ waveguide. Compared to the rectangu-
lar ENZ waveguide, the decay rate of the rolled-up ENZ waveguide exceeds a nor-
malized interatomic distance r12/λ0 of 1.5 before it goes to zero. Due to the high
propagation and non-radiative losses of the rectangular waveguide, we see a faster
decay rate γ12/γ = 0 at normalized interatomic distance r12/λ0 < 1.5. Also, the nor-
malized dipole–dipole interactions g12/γ of the rolled-up ENZ waveguide increase
appreciably above zero (0) at normalized interatomic emitter distance r12/λ0 < 0.5 as
compared to the rectangular waveguide. Both waveguide channels exhibit a mono-
tonic decrease in the spontaneous decay rate γ12 and dipole–dipole coupling g12 as a
function of normalized interatomic distance r12/λ0.

After identifying the coupling parameters relevant to the quantum master equa-
tion, we computed the concurrence C metric measure of entanglement as a func-
tion of normalized interatomic distance r12/λ0 and normalized evolution time tγ
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as shown in Fig. 4.9 (c) and (d). We identified relatively good transient concurrence
C in both the rolled-up ENZ waveguide shown in Fig. 4.9 (c) and the rectangular
waveguide presented in Fig. 4.9 (d). However, in both cases, we saw a decrease in
the concurrence as a function of time t which depicts the depopulation of emit-
ters in the excited state due to both radiative and non-radiative losses. Typically,
electron–phonon, ohmic loss, inherent losses of the excited ENZ mode, and propa-
gation losses contribute to the transient nature of qubits entanglement mediated by
an ENZ medium [160]. Also, the qubit–qubit dissipative coupling induces modified
collective decay rates i.e., superradiant γ + γ12 and subradiant states γ − γ12 which
exhibits pure superradiant emission when γ = γ12 condition is satisfied [178].

In order to compensate for the depopulation of the emitter excited state, we in-
troduced an external pump into the master equation to compute the steady-state
concurrence Cs s as well as the population dynamics of the qubits. Figure 4.10 shows
the population dynamics of the qubits embedded within the two ENZ reservoirs at
a normalized interatomic distance r12/λ0 = 0.5. Figure 4.10 (a), (c), and (e) illustrates
the population dynamics of qubits inside the rolled-up ENZ waveguide at different
pump intensities (i.e., antisymmetric Ω1 = 0.8γ ,Ω2 = 0, symmetric Ω1 =Ω2 = 0.5γ ,
and asymmetric Ω1 =−Ω2 = 0.5γ pumping cases). The corresponding Fig. 4.10 (b),
(d), and (f) shows similar dynamics for qubits embedded within a plasmonic rectan-
gular waveguide reservoir.

We present here four density matrix elements ρg g , ρee , ρg e , and ρe g , which rep-
resent the probability of both qubits to be in the ground state, both qubits being in
the excited state, the first qubit being in the ground state and the second being in
the excited state, and vice versa. Furthermore, we assumed an initial state ρe g = 1.
It can be seen that the qubits embedded within the ENZ reservoirs show different
population dynamics for different external pumping cases. The symmetric pumping
case depicts a similar population steady-state ρe g = ρg e due to the identical pump-
ing of the quantum system. The antisymmetric and asymmetric pumping density
elements grow appreciably at normalized time tγ < 5 and decays to a constant prob-
ability at normalized time tγ > 5. Yet, we obtained a weak population state in the
symmetric pumping case, for both rolled-up ENZ waveguide and plasmonic ENZ
reservoir, as shown in Fig. 4.10 (c) and (d), respectively. At a strong antisymmetric
pumping case, we obtained an appreciable high probability of both qubits being in
the excited state ρee as compared to the other two coherent pump cases.
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Figure 4.10 Dynamics of the density matrix elements for qubits under external pumping. (a), (c), and (e)
Population dynamics of qubits inside the rolled-up ENZ waveguide. (b), (d), and (f) Similar
dynamics of qubits inside the plasmonic rectangular waveguide at different pump intensities.
Adapted from [P4].
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The high probability signifies the effect of strong pumping on the dynamics of
emitters coupled to a reservoir and how it affects entanglement between two qubits.
It is evident that under strong pumping, the dynamics of qubits are defined by the
external pumps and not only by the dipole–dipole interactions, thereby affecting the
entanglement of qubits in such vicinity. In the asymmetric pump case, we see a high
population state ρe g > ρg e of the first qubit since the pump intensity for the sec-
ond qubit is negated. The aforementioned dynamics of the different pump scenarios
show the effect of pump intensities on emitters’ interactions and how high coherent
pump intensities could potentially affect the entanglement property of qubits em-
bedded within an ENZ reservoir with similar behavior observed with incoherent
pumping [179, 180].

Figure 4.11 also illustrates the heatmaps of steady-state concurrence Css at nor-
malized evolution time tγ = 90 as a function of two normalized pump intensities
(i.e., Ω1/γ , Ω2/γ ) at different normalized interatomic distances r12/λ0. It is evident
that the steady-state concurrence of the rolled-up ENZ waveguide (in the top panel
of Fig. 4.11 (a), (b), (c)) shows a high measure of entanglement (max(Css) ≈ 0.32) as
compared to the rectangular ENZ waveguide (max(Cs s ) ≈ 0.2) shown in the lower
panel (i.e., (d), (e), (f)) at r12/λ0 = 0.5. Similar results are presented for different nor-
malized interatomic distances r12/λ0 = 1.0 and r12/λ0 = 1.5, respectively. The high
entanglement in the rolled-up ENZ waveguide depicts its relevance to serving as a
reservoir to mediate qubit entanglement as compared to the rectangular ENZ waveg-
uide. Note that the high steady-state concurrence of the proposed ENZ waveguide
channels is as a result of the large values of γ12 and small values of g12. Also, the
pump strength should not be too high to achieve strong steady-state entanglement
between the qubits; otherwise, strong interactions between the pump and the qubits
as well as the reservoir will occur, eventually leading to qubits decoupling and lasing.

In summary, we showed that the long-range quantum entanglement between a
pair of qubits mediated by a rolled-up ENZ waveguide persists over extended peri-
ods and long distances. The response is compared to the corresponding plasmonic
rectangular ENZ waveguide. The theory of both transient and steady-state quantum
entanglement, quantified by computing the concurrence metric, was briefly intro-
duced and utilized to determine the robust entanglement of qubits coupled to the
ENZ waveguide channel. This concurrence metric formalism has a direct link with
the cross-term second-order coherence function that can be extracted from an ex-
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Figure 4.11 Two pumps steady-state entanglement at different inter-atomic distance r12/λ0 for (top
panel) rolled-up ENZ waveguide and (bottom panel) rectangular waveguide. Adapted from
[P4].

periment (i.e., Hanbury Brown and Twiss (HBT) effect or two-photon detection
probability (PRR) measurement) [160, 178, 181]. We also showed ways to improve
the entanglement of qubits coupled to the proposed reservoirs. We obtained that
the rolled-up ENZ waveguide system demonstrates an improved quantum optical
and long-range entanglement performance with max(Css) ≈ 0.32 compared to the
rectangular ENZ waveguide channel.

These numerical formulations established the groundwork for the theoretical un-
derpinnings of cylindrical metamaterials and their potential uses in both the classical
and quantum regimes. To develop on these and further quantify some practical re-
alizations of these rolled-up structures, we investigated the fabrication of rolled-up
tubes coupled with emitters to comprehend some of their interesting photonic prop-
erties. In this technique, emitters are embedded on their planar composites before
the initiation of the self-rolling mechanism to produce the rolled-up nanomembrane
with emitters complex as shown in Fig. 4.12.

Figure 4.12 (a) shows a proof-of-concept of the rolled-up structure with an emit-
ter complex composed of nitrogen-vacancy (NV) color centers present in nanodi-
amonds embedded within the rolled-up structure. These NV centers are mainly
defects found in a diamond crystal that have interesting electronic and optical prop-
erties, making them useful for a variety of applications, including sensing, quantum
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Figure 4.12 (a) Rolled-up nanomembranes embedded with quantum emitters labeled as [A, B, C, D] (b)
Photoluminescence (PL) spectra of the NV-centers at label C on the rolled-up tube inset. (c)
PL heatmap of the rolled-up tubes with bright spots depicting the location of the NV centers
embedded.

computing, and imaging. Their electronic structure consists of a negatively charged
nitrogen atom (N) and a nearby vacant lattice site (V), which creates a stable defect
in the diamond lattice. The NV center has a ground state spin triplet (S = 1) and an
excited state spin singlet (S = 0). The electronic transitions that occur between these
states are governed by the spin-conserving transitions ∆S = 0 and electric dipole
transitions ∆ms = ±1 selection rules. This spin state can be manipulated and read
out optically, making it a useful qubit for quantum computing. Additionally, the
NV center has a strong electron spin resonance signal that makes it useful for sens-
ing applications such as magnetic imaging as well as has usage in fluorescence-based
imaging, as they can be excited with an external laser and emit light at a specific
wavelength [182]. As such, integrating NV-centers which show quantum behavior
at room temperature with rolled-up nanomembranes can exhibit interesting optical
properties. Fig. 4.12 (b) and (c) show the preliminary PL spectral characteristics and
heatmap of the rolled-up nanomembrane and NV emitter complex system inset with
label [C]. This helped in comprehending the fluorescence emission of the NV defect
diamonds coupled with the rolled-up structure. This complex structure also has the
potential to offer other interesting photonic properties due to the combination of
the interesting optical and electronic properties of the NV centers with the confine-
ment and guidance provided by the rolled-up nanomembrane as well as create an
iconic model system to develop a wide variety of quantum manipulation protocols.
This proof of fabrication concept gives a flavour on some ongoing works and future
directions we are currently working on.
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5 SPHERICAL METAMATERIAL

From the previous sections, we identified that ENZ materials exhibit a dielectric per-
mittivity approaching zero at a frequency close to the material’s plasma frequency.
Also, alternating layers of metal and dielectric were demonstrated to exhibit ENZ
properties either in the planar domain or in the cylindrical morphology. Amidst
these planar and cylindrical geometries which were established in the previous chap-
ters, we next extend our discussion toward the spherical domain and look at some
of its possible applications and ENZ properties. In general, spherical metamaterials
are artificial materials that are designed to have specific electromagnetic properties.
They can be made from a variety of materials, including metals, dielectrics, and semi-
conductors, and are often composed of a stack of thin layers arranged in a spherical
configuration [183–185]. In P5, we explored these stacked spherically-shaped metas-
tuctures to elucidate some of their interesting properties.

5.1 Spherical nanoparticle

As the field of nanotechnology continues to advance, it is becoming increasingly
prevalent in various domains such as healthcare, pharmacology, food science, in-
formation technology, electronics, energy, and the environment [186]. As a result,
there is a growing need for the development of new, functional nanoparticles (NP)
for use in these various fields, as well as numerical research to aid in the careful exper-
imental design and interpretation of observed data. One area of particular interest
is the use of metal NP in industry. These NP possess interesting optical, catalytic,
electronic, and spectroscopic properties, making them useful in a wide range of ap-
plications [187–189]. They are characterized by a localized surface plasmon reso-
nance (LSPR) absorption band, which can be influenced by factors such as the type
of metal, size, shape, and dielectric environment of the particles [190–192]. LSPR is
generally a phenomenon in which the polarizability of a nanometer-sized structure
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is maximized, as described by the quasi-static approximation for small particles. An
example of this is the static polarizability of a sphere, which is given by the equation:

α= 4πε0R3 εd − εm

εd + 2εm
, (5.1)

where R is the radius of the NP sphere, and α is the static polarizability. It can be
inferred from Eq. (5.1) that α is maximized when |εd + 2εm | is minimized, which
demonstrates the strong relationship between the NPs’ plasmonic properties and
the dielectric function. These collective electron charge density oscillations in NPs
result in enhanced near-field intensity at the resonance wavelength. Additionally,

k

Electric field component

Polarized electron cloud

Figure 5.1 Metallic nanoparticles polarization depicting the classical interpretation of the excitation of
plasmons.

NP composed of a metal–dielectric complex have been found to exhibit interesting
light–matter interactions with many potential applications in physics and chemistry,
such as scattering [193, 194] and nonlinear optics [195, 196], sensing [197, 198], flu-
orescence [199, 200], and up-conversion enhancement [201], surface plasmon am-
plification [202, 203], hydrogen generation [204], and solar energy harvesting [205,
206]. However, their ENZ properties have not been exploited. As such, in P5, we
employed the effective medium approach to model the optical response of a multi-
layer sphere as an effective bulk spherical medium, and compared the results with
those obtained from the analytical method, to demonstrate the potential of utilizing
NP as ENZ materials.
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5.2 Epsilon-near-zero properties

The ENZ NP considered in P5 is a bi-layer structure as shown schematically in
Fig. 5.2. The inner dielectric core layer is made of silicon dioxide (SiO2) and an
outer metallic shell is made of silver (Ag). Noble metals, such as Ag, have high
carrier concentration, electron mobility, and strong electromagnetic field confine-
ment properties, which makes it a suitable choice for the outer shell [207]. To study

a2

a1

Figure 5.2 Schematic representation of the bi-layer spherical NP. a2 and a1 denote the inner and outer
radius of the sphere. The inner, dark blue, sphere represents the dielectric core (SiO2) of the
NP, while the outer, light blue, shell represents the Ag coating. Adapted from [P5].

the optical responses of ENZ NP, we use a transfer-matrix approach (based on the
open-source STRATIFY code [208]). As a validation, we also implemented the op-
tical response (i.e., scattering and absorption) for different materials [not reported
here] and found that the Ag-SiO2 bilayer structure gives us the required ENZ re-
gion of interest (i.e., visible to NIR). We first examined the effective ENZ optical
responses of a bi-layer spherical NP embedded within a host medium (i.e., air), and
then extended the effective permittivity approach to multilayer nanosphere compos-
ites. The wavelength-dependent complex dielectric functions for Ag and SiO2 were
obtained from the material data of Johnson and Christy [96]. The scattering, absorp-
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tion, and electromagnetic near-field distribution were calculated using STRATIFY
code, which is a recursive TMM (RTMM) MATLAB code.

In theory, the effective permittivity of a bi-layer spherical NP is derived by using
an effective description of the electric permittivity of a metal–dielectric layered NP,
following the methods presented in Ref. [209]. The chosen approach is the EMA,
which assigns a single, effective permittivity to multi-layered NP. The NP is assumed
to be a composite material, where the outer layer (the shell) plays the role of the host
medium, whereas the inner layer (the core) is the inclusion. This assumption allows
the use of the theory of effective media, reducing the problem to that of a single,
homogeneous spherical NP with an effective permittivity. For the case of a metal–
dielectric NP as depicted in Fig. 5.2, the electric field generated by the bilayered
sphere in the host medium (air) is the same as that of a single sphere with radius a1

and permittivity derived by solving the Laplace equation in the whole space [210].
By doing this, it is possible to assign an effective permittivity to the multi-layered
NP as:

ε1̃ =
1− 2G
1+G

ε1, (5.2)

where

G =
ε1 − ε2

2ε1+ ε2

�

a2

a1

�3

, (5.3)

with ε1 being the permittivity of the shell, ε2 the permittivity of the core, and a2 the
radius of the inner sphere.

The above theory can then be generalized for multilayered structures by simply
applying Eq. (5.2) recursively to each couple of layers, from the outer to the inner
one [209], thus obtaining, for the general k-th layer

εk̃ =
1− 2Gk

1+Gk
εk , (5.4)

with

Gk =
εk − ε̃k+1

2εk + ε̃k+1

�

ak+1

ak

�3

. (5.5)

Here, the layers are numbered from outside to inside so that k = 1 represents the
outer layer and k = N represents the inner one. The permittivity for each layer
k = {N − 1,N − 2, ..., 2, 1} is expressed using the above equations.
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5.2.1 Results and discussion

In P5, numerical calculations were used to determine the effective permittivity of a
proposed spherical bilayer structure, in order to identify the ENZ points as a func-
tion of the core diameter with fixed outer layer thickness. By altering the radii of the
bilayer nanospheres, we were able to attain different ENZ points. Figure 5.3 illus-
trates the effective permittivities for the different ENZ NP with different core diame-
ters ( i.e., a2,1 = {38,40}, a2,1 = {68,70}, and a2,1 = {98,100} nm, respectively) where
a2,1 denotes the radii of the inner and outer shells. In particular, for a2,1 = {38,40}

Figure 5.3 Effective permittivities of different bilayer spheres and their characteristic ENZ wavelengths,
(a) a2,1 = {38,40}, (b) a2,1 = {68,70}, and (c) a2,1 = {98,100} nm. (Re) and (Im) denote
the real and imaginary parts of effective permittivity. The ENZ wavelengths are marked with
red dashed lines. Adapted from [P5].

nm [Fig. 5.3(a)], the ENZ wavelength is found to be λENZ ≈ 659 nm. Similar to this,
we identified a redshift of the ENZ wavelength to λENZ ≈ 852 nm [Fig. 5.3(b)] and
λENZ ≈ 1010 nm [Fig. 5.3(c)], for a2,1 = {68,70} and a2,1 = {98,100}, respectively.
This showed that the ENZ wavelength can be tuned from the visible to the NIR
region by changing the radii. We also found that the outer radius of the Ag-SiO2
NP should fulfill a1 ≤ λENZ/10 criteria to remain valid under the effective medium
approach. This study also highlighted the importance of the parametric variations
for the inner core and outer shell of the NP, as huge thickness variations between
the two layers could affect the bilayer NP from exhibiting ENZ properties.

In addition, the electromagnetic field distribution of the proposed effective medium
theory was compared with the complete analytical formulation to verify the relia-
bility of the effective medium approach. The results, shown in Fig. 5.4, indicate
that the electric field distribution outside the NP, as calculated using STRATIFY, is
relatively similar for both the bilayer structure and the bulk sphere with effective
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permittivity εeff at the ENZ wavelength. The small difference observed near the
surface of the NP is attributed to the presence of surface waves in the actual bilayer
structures, which locally modify the electric field. However, this difference does not
undermine the validity of the effective medium approach as previously observed in
similar situations in planar metal–dielectric-based metamaterials [211].

Figure 5.4 The electric field distribution for the bilayer structure, a2,1 = {98,100} nm at the ENZ wave-
length. (a) The actual bilayer structure, and (b) the bulk effective medium structure. (c) The
difference in the near-field distribution between (b) and (a). Adapted from [P5].

Moreover, we identified that a bilayer metal–dielectric structure is sufficient to
achieve the desired ENZ properties.Although a full numerical optimization could be
performed, the ENZ NP with radius a2,1 = {98,100} nm was considered, as it shows
the capabilities of our approach shown in Fig. 5.4 and corresponds to experimentally
potential NP [212].

Furthermore, the fundamental extinction cross-sections and the ENZ-dependent
parametric sweep for different layers of the ENZ NP in the case of a plane wave inci-
dent on it using full permittivity (without any EMA) and the effective permittivity,
coming from the effective medium formulation were numerically calculated. Figures
5.5 (a) and (b) show the calculated absorption and scattering cross-sections for three
different ENZ NP using STRATIFY, i.e., a2,1 = {38,40} nm (purple), a2,1 = {68,70}
nm (cyan), and a2,1 = {98,100} nm(orange), with absorption and scattering peak
resonances at λ ≈ 913 nm, 1206 nm, and 1466 nm, respectively. The maximum ex-
tinction resonance wavelengths for the proposed ENZ NP are redshifted, compared
to their characteristic ENZ wavelengths which are presented in Table 5.1.

This is due to the resonant excitation of dipole surface plasmons on the ENZ NP.
We note, in fact, that the obtained resonance enhancement for both scattering and
absorption cross-section occurs when the condition ϵeff ≈−2 (the so-called Fröhlich
condition) for spherical NP is satisfied [213]. The absorption and scattering for the
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Figure 5.5 (a) Absorption and (b) Scattering cross-sections for the bilayered spherical NP with full per-
mittivity (solid lines) and effective permittivity (dashed lines) for radii a2,1 = {38,40} nm,
a2,1 = {68,70} nm, and a2,1 = {98,100} nm. The values in the legend denote the radius
values of the inner and outer spherical layers. Adapted from [P5].

NP size (nm) λENZ λResonance

{38, 40} 659 nm 913 nm

{68, 70} 852 nm 1206 nm

{98, 100} 1010 nm 1466 nm

Table 5.1 The ENZ NP with their characteristic ENZ wavelengths as well as their corresponding reso-
nance wavelengths. Adapted from [P5].

ENZ NP a2,1 = {98,100} nm have appreciably similar peak values. However, for
the ENZ NP a2,1 = {38,40} nm and a2,1 = {68,70} nm, we obtained a relatively
low scattering peak value, as compared to its corresponding absorption cross-section
peak values. It is also interesting to note that by changing the filling ratio of the ENZ
NP, a passive tuning of the λENZ can be observed, which corroborates the shift in the
NP’s peak absorbance and scattering cross-sections. Intuitively, the redshift of the
peak in the dipole resonance with increasing size could be linked to the weakening
of their restoring force. Since the distance between charges on opposite sides of the
ENZ NP increases with size, in fact, their corresponding interaction decrease.

In addition to the absorption and scattering cross-section of the ENZ NP, the
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Figure 5.6 ENZ wavelengths calculated for three different structures of a set of SiO2 layers, with varying
thicknesses (d). The SiO2 inner core and the Ag layers in between are fixed with a radius
of a2 = {98} nm and a thickness of 2 nm. The compositions of the multilayer nanospheres
are schematically presented with red (SiO2) and gray (Ag) circular layers, next to the rele-
vant λENZ plots, corresponding to 2 (blue), 4 (red), and 6 layers (green), respectively with
thickness d values ranging from {10− 60} nm. Adapted from [P5].

ENZ wavelengths for different layered NP by parametrically varying the thickness
of SiO2 overlayed on the outer Ag shell were numerically calculated. The SiO2 in-
ner core and the Ag layers in between are fixed with a radius of a2 = {98} nm and a
thickness of 2 nm. It is evident in Fig. 5.6 that by changing the thicknesses of the em-
bedded SiO2 layers, we attain different ENZ wavelengths for the other multilayered
NP. For all the considered nanostructures, we see a linear trend that depicts that by
varying the thicknesses of the SiO2 layers, there is a corresponding shift in λENZ for
different layered structures. This signifies the possibility of extending the effective
medium formulation of the bi-layered structure into multilayered NP.
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5.2.2 Summary

In P5, we showed that the theory of effective media may be useful in understanding
the unique optical properties of bilayer spherical NP. We found that by varying the
diameter of the NP, we could shift its spectral absorbance and scattering properties.
Our formulation for the effective permittivity of bilayer spherical structures worked
relatively well and can be applied to more complex multilayer spherical structures.
While we focused on Ag-SiO2 NP, which are widely available commercially, this ap-
proach can be adapted to any combination of metal and dielectric materials, with
the caveat that the condition a1 ≤ λENZ/10 may need to be adjusted. Additionally,
the choice of metal and dielectric can affect the spectrum and ENZ wavelength. Fur-
thermore, for practical implementations, the proposed ENZ NP can be produced
through inexpensive chemical synthesis techniques and could possess potential ap-
plications that take advantage of both ENZ and NP properties.
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6 SUMMARY AND FUTURE WORK

In conclusion, the field of optics and photonics has been revolutionized by the de-
velopment of metamaterials, which are materials with tailored optical properties
created through artificial engineering. These materials have opened up new possibil-
ities for light–matter interactions, enabling the engineering and creation of photonic
devices with fascinating optical properties. They are designed by manipulating the
subwavelength nanostructures of a material, to achieve specific optical properties,
making them highly customizable and adaptable for various applications. This the-
sis explored the extensive range of applications that metamaterials have found in
various fields, including energy harvesting, sensing, and quantum computing. The
resonance and epsilon-near-zero (ENZ) properties of metamaterials have been a pri-
mary focus of this study, along with their coupling capabilities with emitters and the
potential to serve as reservoirs for quantum systems.

The study began by investigating a lithography-free metal-insulator-metal struc-
ture, which demonstrated resonance properties and coupling capabilities with emit-
ters that could enhance light–matter interactions. This simple three-layer-based struc-
ture provided a foundation for extending the discussion towards more complex multi-
layered structures, such as polymer-based hyperbolic metamaterials. The hyperbolic
dispersion relations of these structures, the existence of high-k modes, their ENZ
properties, and coupling mechanisms with emitters were all investigated to better
comprehend their optical responses. With emitters spectrally closer to the ENZ
region of the polymer-based HMM structure, a strong shortening of the average life-
time was identified which confirmed the increase in non-radiative decay channels at
the ENZ region. Furthermore, the proposed dye-doped polymer-based HMM struc-
ture demonstrated to compensate for the losses in a metal–dielectric HMM struc-
ture by observing the enhanced transmittance in the presence of a pump source.
In addition to studying the ENZ properties of planar structures, the thesis also ex-
plored cylindrical metamaterials. A self-rolling fabrication technique was used to
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create three-dimensional (3D) rolled-up multilayered waveguides, which alleviated
the constraints of multilayered planar structures from a fabrication point of view.
The photonic properties and fabrication mechanism of these rolled-up structures
were discussed, and their potential as waveguide reservoirs for quantum systems was
also explored.

As the study delved further into the quantum regime, the importance of find-
ing photonic media that could sustain the quantum properties of distantly spaced
qubits became evident. This led to the introduction of the fabrication of a rolled-up
zero-index waveguide with ENZ properties, which provided a medium that could
address the drawbacks of optical interaction with a single quantum system. The
waveguide reservoir illustrated the existence of unique extended modes that could
be integrated with two emitters or an ensemble of emitters to exhibit interesting
light–matter interactions and was compared with a rectangular ENZ waveguide. To
expand the study even further, the ENZ features of spherical nanoparticles were also
investigated using the effective medium approach to model the optical response of a
multilayered sphere as an effective bulk spherical medium. The results of this study
showcased the potential of planar multilayered structures, spherical nanoparticles,
and cylindrical rolled-up waveguides for various classical and quantum applications,
including optical filtering, radiative engineering, quantum communication, quan-
tum information processing, and superradiance.

Overall, this thesis highlights the immense potential of metamaterials to shape the
future of technology and science, paving the way for groundbreaking applications
in various fields. With their unique optical properties and adaptability, metamate-
rials have opened up new possibilities for light–matter interactions. However, the
potential for these materials goes beyond what has been explored so far.

Looking ahead, there are several exciting future directions for research in this
field. One area of particular interest is the development of thin-film metamateri-
als with advanced functionalities, such as active tuning of their optical properties.
This could be achieved through the integration of materials that can change their
properties in response to external stimuli, such as electric or magnetic fields [214].
In addition, further exploration into self-rolling mechanisms for integrating tunable
materials holds the promise of generating smart metamaterials with large wafer-scale
fabrication capabilities. By combining rolled-up tubes with advanced lithography
techniques, possibilities like microfluidic channels for sensing and out-of-plane meta-
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surfaces with intricate metalens designs can be harnessed. Another important direc-
tion is the investigation of the quantum properties of metamaterials [215]. The study
of quantum effects in these materials could lead to the development of new quantum
technologies, such as quantum sensors and quantum computers. In addition, super-
radiance, the collective emission of radiation from an ensemble of quantum systems,
is an area of research that could greatly benefit from the use of metamaterials. By
controlling the coupling between emitters and ENZ mode activated rolled-up meta-
materials, we can create materials that enhance superradiance, potentially leading to
more efficient energy transfer and communication [216]. Furthermore, the devel-
opment of metamaterials with tailored thermal properties is an important area of
research. To sum up, the future of thin-film metamaterials research is exciting and
holds great promise for advancing our understanding of light–matter interactions
and for the development of new technologies that could have a significant impact on
society.
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Green pyomelanin-mediated synthesis of gold nanoparticles: Modelling and
design, physico-chemical and biological characteristics. Microbial Cell Factories
18 (2019).

[185] M. Mahmood, M. Abid, M. F. Nazar, M. N. Zafar, M. A. Raza, M. Ash-
faq, A. M. Khan, S. H. Sumrra and M. Zubair. The wet chemical synthesis of
surfactant-capped quasi-spherical silver nanoparticles with enhanced antibac-
terial activity. Mater. Adv. 1 (2020), 2332–2338.

[186] T. Rambaran and R. Schirhagl. Nanotechnology from lab to industry – a
look at current trends. Nanoscale Adv. 4 (2022), 3664–3675.

[187] P. Yang, J. Zheng, Y. Xu, Q. Zhang and L. Jiang. Colloidal synthesis and
applications of plasmonic metal nanoparticles. Advanced materials 28 (2016),
10508–10517.

[188] L. Liu, X. Zhang, L. Yang, L. Ren, D. Wang and J. Ye. Metal nanoparticles
induced photocatalysis. National Science Review 4 (2017), 761–780.

[189] X. Wu, C. Hao, J. Kumar, H. Kuang, N. A. Kotov, L. M. Liz-Marzán and
C. Xu. Environmentally responsive plasmonic nanoassemblies for biosensing.
Chemical Society Reviews 47 (2018), 4677–4696.

[190] N. G. Bastús, J. Comenge and V. Puntes. Kinetically controlled seeded growth
synthesis of citrate-stabilized gold nanoparticles of up to 200 nm: size focusing
versus Ostwald ripening. Langmuir 27 (2011), 11098–11105.

97



[191] J. S. DuChene, W. Niu, J. M. Abendroth, Q. Sun, W. Zhao, F. Huo and
W. D. Wei. Halide anions as shape-directing agents for obtaining high-quality
anisotropic gold nanostructures. Chemistry of Materials 25 (2013), 1392–1399.

[192] Y. Xia, Y. Xiong, B. Lim and S. E. Skrabalak. Shape-controlled synthesis
of metal nanocrystals: simple chemistry meets complex physics?: Angewandte
Chemie International Edition 48 (2009), 60–103.

[193] C. Graf and A. van Blaaderen. Metallodielectric Colloidal Core-Shell Parti-
cles for Photonic Applications. Langmuir 18 (2002), 524–534.

[194] K. Hasegawa, C. Rohde and M. Deutsch. Enhanced surface-plasmon reso-
nance absorption in metal-dielectric-metal layered microspheres. Opt. Lett. 31
(2006), 1136–1138.

[195] S. A. Scherbak and A. A. Lipovskii. Understanding the Second-Harmonic
Generation Enhancement and Behavior in Metal Core–Dielectric Shell Nanopar-
ticles. The Journal of Physical Chemistry C 122 (2018), 15635–15645.

[196] Y. Pu, R. Grange, C.-L. Hsieh and D. Psaltis. Nonlinear Optical Properties
of Core-Shell Nanocavities for Enhanced Second-Harmonic Generation. Phys.
Rev. Lett. 104 (2010), 207402.

[197] M. A. Ochsenkühn, P. R. T. Jess, H. Stoquert, K. Dholakia and C. J. Camp-
bell. Nanoshells for Surface-Enhanced Raman Spectroscopy in Eukaryotic Cells:
Cellular Response and Sensor Development. ACS Nano 3 (2009), 3613–3621.

[198] P. K. Jain and M. A. El-Sayed. Surface Plasmon Resonance Sensitivity of
Metal Nanostructures: Physical Basis and Universal Scaling in Metal Nanoshells.
The Journal of Physical Chemistry C 111 (2007), 17451–17454.

[199] C. Zhang, T. Zhang, Z. Zhang and H. Zheng. Plasmon Enhanced Fluores-
cence and Raman Scattering by [Au-Ag Alloy NP Cluster]@SiO2 Core-Shell
Nanostructure. Frontiers in Chemistry 7 (2019).

[200] C. K. Chan, R. C. Flagan and J. H. Seinfeld. Resonance structures in elastic
and Raman scattering from microspheres. Appl. Opt. 30 (1991), 459–467.

[201] F. Zhang, G. B. Braun, Y. Shi, Y. Zhang, X. Sun, N. O. Reich, D. Zhao and G.
Stucky. Fabrication of Ag@SiO2@Y2O3:Er Nanostructures for Bioimaging:
Tuning of the Upconversion Fluorescence with Silver Nanoparticles. Journal
of the American Chemical Society 132 (2010), 2850–2851.

98



[202] V. S. Zuev. SPASER laser and Purcell factor. Optics and Spectroscopy 109
(2010), 760–762.

[203] M. A. Noginov, G. Zhu, A. M. Belgrave, R. Bakker, V. M. Shalaev, E. E.
Narimanov, S. Stout, E. Herz, T. Suteewong and U. Wiesner. Demonstration
of a spaser-based nanolaser. Nature 460 (2009), 1110–1112.

[204] I. S. Curtis, R. J. Wills and M. Dasog. Photocatalytic hydrogen generation
using mesoporous silicon nanoparticles: Influence of magnesiothermic reduc-
tion conditions and nanoparticle aging on the catalytic activity. Nanoscale 13
(2021), 2685–2692.

[205] D. Rativa and L. A. Gómez-Malagón. Colloidal plasmonic structures for har-
vesting solar radiation. Renewable Energy 118 (2018), 947–954.

[206] A. D. Phan, N. B. Le, N. T. Lien and K. Wakabayashi. Multilayered plas-
monic nanostructures for solar energy harvesting. Journal of Physical Chem-
istry C 122 (2018), 19801–19806.

[207] M. G. Blaber, M. D. Arnold and M. J. Ford. A review of the optical prop-
erties of alloys and intermetallics for plasmonics. Journal of Physics Condensed
Matter 22 (2010), 143201.

[208] I. L. Rasskazov, P. S. Carney and A. Moroz. STRATIFY: a comprehensive
and versatile MATLAB code for a multilayered sphere. OSA Continuum 3
(2020), 2290–2306.

[209] L. F.Chen, C. K. Ong and B. T. G. Tan. Effective Permittivity of Layered
Dielectric Sphere Composites. Journal of materials science 33.24 (1998), 5891–
5894.

[210] J. D. Jackson. Classical electrodynamics; 2nd ed. New York, NY: Wiley, 1975.

[211] Y. Guo, C. L. Cortes, S. Molesky and Z. Jacob. Broadband super-Planckian
thermal emission from hyperbolic metamaterials. Applied Physics Letters 101
(2012), 131106.

[212] X. Zhang, S. Ye, X. Zhang and L. Wu. Optical properties of SiO2@M (M =
Au, Pd, Pt) core–shell nanoparticles: material dependence and damping mech-
anisms. J. Mater. Chem. C 3 (2015), 2282–2290.

[213] X. Fan, W. Zheng and D. J. Singh. Light scattering and surface plasmons on
small spherical particles. Light: Science & Applications 3 (2014), e179.

99



[214] N. Zheludev and Y. Kivshar. From Metamaterials to Metadevices. Nature
materials 11 (2012), 917–24.

[215] J. Q. Quach, C.-H. Su, A. M. Martin, A. D. Greentree and L. C. L. Hollen-
berg. Reconfigurable quantum metamaterials. Opt. Express 19 (2011), 11018–
11033.

[216] Y. Li and C. Argyropoulos. Multiqubit entanglement and quantum phase
gates with epsilon-near-zero plasmonic waveguides. Applied Physics Letters 119,
21 (2021), 211104.

[217] C. C. Katsidis and D. I. Siapkas. General transfer-matrix method for optical
multilayer systems with coherent, partially coherent, and incoherent interfer-
ence. Appl. Opt. 41 (2002), 3978–3987.

100



A APPENDIX

A.1 Transfer matrix method

The transfer-matrix method (TMM) is a very prominent technique for multilayer
thin films to elucidate the relation between an incident, reflected, and transmitted
field on a media as compared with the Airy summation approach [217]. Using the
boundary condition criteria where the tangential components of the magnetic and
electric fields are continuous across a planar boundary, we can connect the fields at
any interface to any other interface in the multilayer. The formulation presented
below considers all the relevant information needed to attain some unique optical
response of a multilayer media. Concerning the conditions stated earlier, we present
the TM mode ( p-polarized) optical field which can be easily extended to the TE
mode. We assumed an optical field with no transverse momentum in the y-direction
and as such, the propagation wavevector k = kx x̂ + kz ẑ, where kn

x and kn
z are the

projections of the propagation wavevector along the x- and z-directions which can
be linked to the IFC relation as:

k2
x + k2

z = ε(ω/c)
2 (A.1)

If k2
x > ε(ω/c)

2, the condition: Im [kz] > 0 must be satisfied so that amplitudes of
the electric and magnetic fields decay as they propagate. P -polarized light only has a
magnetic field in the y-direction such that in the nthlayer of the multilayered media,
the magnetic field can be written as H n =H n

y ŷ with

H n
y = an

+ej(kn
x x+kn

z z)+ an
−ej(kn

x x−kn
z z), (A.2)

where an
± are the complex amplitudes of the forward and backward propagating

waves that are supported in the nthlayer of the media. From Maxwell’s equations, the
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relation of the x-component of the electric field from the magnetic field is obtained
as:

E n
x =

kn
z

εn ko
an
+ej(kn

x x+kn
z z)+

−kn
z

εn ko
an
−ej(kn

x x−kn
z z), (A.3)

where ko = ω/c = 2π/λ and ϵi is the permittivity of the nth layer of the media.
Using the boundary conditions, the components of the magnetic and electric field
parallel to the interface, H ∥ and E∥, are required to be continuous across the in-
terface. For these conditions to be satisfied: the transverse wavevector kx is to be
conserved the whole system: kx = kn

x ∀n.

E n
x |z=zn

= E n+1
x

|︁

|︁

|︁

z=zn

H n
y

|︁

|︁

|︁

z=zn
= H n+1

y

|︁

|︁

|︁

z=zn
.

(A.4)

The boundary conditions for the nthinterface may be simplified to:

an
+ejkn

z zn + an
−e−jkn

z zn = an+1
+ ejkn+1

z zn + an+1
− e−jkn+1

z zn
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z

εn+1
an+1
+ ejkn+1

z zn −
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z
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an+1
− e−jkn+1

z zn .
(A.5)

which can be presented in a matrix form:
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(A.6)
Equation (A.6) can be presented in a more concise form as:

Dn pn

⎛

⎝

an
+

an
−

⎞

⎠= Dn+1 pn+1

⎛
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Additionally, this formulation can be extended to the z = zn+1 interface such that
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From Eqs. (A.7) and (A.8), the complex amplitudes of the nth layer can be related to
i + 2th layer as:
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or equivalently,
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Here, Pn+1 is the combination of the 4th and 5th matrices on the right hand side
of the equation. We can now continue the same process as above by extending the
formula from layer i = 0 to layer i = N for a multilayered media. In this way, we
move the boundary conditions from the interface i = 0 to the interface i =N as:
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Conclusively, suppose we define the first interface as the origin (z0 = 0) and use the
physical fields for the outer regions (incoming and reflected waves for the incident
medium and only one outgoing wave is propagated into the final medium) then the
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overall result for p-polarized (and s -polarized) light is given by:
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The reflection and transmission coefficients are given by:

r s , p =
M s , p

21
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(A.15)

where M =
�

D s , p
0

�−1 T s , p D s , p
N+1, which is the total transfer matrix of the multilayered

media.
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ABSTRACT: A tunable reflectance filter based on a metal−
hydrogel−metal structure responsive to humidity and temperature
is reported. The filter employs a poly(N-isopropylacrylamide)−
acrylamidobenzophenone (PNIPAm−BP) hydrogel as an insulator
layer in the metal−insulator−metal (MIM) assembly. The optical
resonance of the structure is tunable by water immersion across the
visible and near-infrared range. Swelling/deswelling and the
volume phase transition of the hydrogel allow continuous
reversible humidity- and/or temperature-induced tuning of the
optical resonance. This work paves the way toward low-cost large-
area fabrication of actively tunable reversible photonic devices.

KEYWORDS: metal−insulator−metal, hydrogel, tunable color filter, stimuli-responsive material, active plasmonics, PNIPAm

1. INTRODUCTION

Since their emergence, plasmonic nanomaterials have been
among the fastest-growing subfields of optical materials.1−3

Resonant optical absorption and support of highly localized
strong electromagnetic fields have yielded many applications
for these materials, such as active and passive optical elements,
sensors, or energy conversion to mention but a few
examples.4,5 One direction owing to the opportunity of
tailoring the optical absorption6 is the development of various
types of optical filters.4,7 For instance, customizing structural
properties of plasmonic nanomaterials to design their spectral
response has enabled high-quality color filters.8 However, in
many cases, this has come with the cost of necessary top-down
nanopatterning. To avoid that, lithography-free nanostructures
have been developed, relying on thin film deposition and/or
bottom-up self-assembly.9−11 Prominent examples of lithog-
raphy-free nanostructures are metal−insulator−metal (MIM)
structures12 capable of resonant absorption of light and hence
sometimes coined as “perfect absorbers”.13 The wavelength of
the resonance is directly related to insulator thickness in this
sandwich structure, as well as to its dielectric properties.
Therefore, by changing this thickness, the resonance can be
tuned across a wide spectral range.
Lately, there have been many advances in employing MIM

structures as color filters in reflection or transmission,14−16 as
well as studies of other MIM-based applications.17−19 There
has been interest in making MIM structures actively tunable,
widening their applicability in sensorics, optical filtering, and
integrated optical devices.20 An electrical tuning mechanism

was suggested using MIM with an electro-optical insulating
layer.21 Another approach is using stimuli-responsive insulator
layers, which would change the thickness or refractive index
and therefore shift the resonance of the MIM structure.22,23

One example of such materials is hydrogels, which are
responsive to several stimuli.24−26 First, they swell remarkably
in the presence of water and are responsive to humidity
change, which increases the hydrogel’s volume. Second, some
hydrogels exhibit a reversible volume phase transition at a
lower critical solution temperature (LCST) of the monomers
cross-linked into the gel.27 For gels, this temperature is also
known as volume phase-transition temperature (VPTT). This
phase transition results in changing hydrogels from hydrophilic
to hydrophobic above the transition temperature, which leads
to the expulsion of previously absorbed water and the
respective reduction in the hydrogel’s volume. These two
volume-tuning mechanisms in hydrogels work oppositely
increasing humidity causes the hydrogel to absorb water and
swell, while increasing temperature causes it to expel water and
contract.28 In the last decade, these properties have brought
hydrogels into the field of tunable plasmonic materials,29−34

structural coloration,35−37 and other optical elements.38−43 In
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particular, Serpe et al. have worked extensively on tunable
etalons where the dielectric layer comprises PNIPAm microgel,
which in aqueous environment can rapidly respond to several
stimuli, displaying a color-tuning range of hundreds of
nanometers.33,44−49 Recently, Jang et al. have demonstrated a
humidity-tunable optical transmittance filter for visible range
based on an MIM structure with a chitosan hydrogel insulator
layer at room temperature,50 while Dong et al. have
demonstrated a humidity-tunable reflectance filter using
cellulose hydrogel.51 In both cases, only humidity-induced
tuning was studied. To the best of our knowledge, no results
have been reported so far combining both humidity and
temperature stimuli on hydrogel-enabled mechanisms for
optical tuning in air.
Here, we report a bistimuli-tunable hydrogel-based MIM

reflection filter. We employ a poly(N-isopropylacrylamide)−
acrylamidobenzophenone (PNIPAm−BP) hydrogel as the
insulator layer, which reversibly changes dimensions under
temperature and/or humidity control. The PNIPAm-based
hydrogel has a good swelling ratio and good film-forming
properties even in the desired 100 nm range.52 By applying
temperature and humidity stimuli to the PNIPAm hydrogel
incorporated into the MIM structure, we obtained continuous
spectral tuning. The spectral tuning range amounted to 80 and
340 nm in the visible and near-infrared spectral range,
respectively, depending on the initial thickness of the hydrogel.
The proposed structures employ low-cost thin film deposition
methods such as spin-coating and evaporation, which allows
large-area devices and easy scalability. These simple-to-
fabricate filters provide actively tunable reversible photonic
devices, opening up a range of applications from nano- to
macroscale.

2. RESULTS AND DISCUSSION

2.1. Filter Design. The MIM structures were fabricated
from gold and PNIPAm−BP hydrogel (Figure 1). Gold was
chosen for claddings as the nonoxidizing plasmonic layer. The
thickness of the bottom layer was set to 100 nm to ensure high
reflectivity, while for the top layer, a thickness of 30 nm was
used to allow the collection of the reflected light. In this design,
the resonant absorption characteristic of the MIM structure
translates into the dip in the reflection spectrum; thus, we will

address this resonance as reflectance in this paper. Two sets of
samples were fabricated, differing in the hydrogel layer
thicknesses (80−100 and 200−300 nm). These hydrogel
thicknesses correspond to the first-order resonance in the
visible (VIS) and near-infrared (NIR) range, respectively, and
will be hereon addressed as VIS and NIR samples.
The concept of the hydrogel-based tunable MIM reflective

filters is schematically illustrated in Figure 1. The dry state,
when hydrogel has no water absorbed, corresponds to a
thinner hydrogel layer (Figure 1a). When the hydrogel absorbs
water (the wet state), it swells and the resultant thickness
increases, thus shifting the resonant reflection band of the
MIM structure to longer wavelengths (Figure 1b). Figure 1c,d
shows how the observable colors of the samples change
between these two states, and the inset in Figure 1 illustrates
the corresponding change in the spectra.

2.2. Modeling. To design MIM filters and predict their
optical properties, we performed finite-difference time-domain
(FDTD) calculations of the structures with different hydrogel
layer thicknesses. The corresponding reflectance map is shown
in Figure 2a. This MIM design allows tunability over a wide
range of wavelengths, from just above the gold interband
absorption up to at least 1.5 μm. For applications, it is
important to consider the possible tuning range of the
fabricated MIM structures, which in our case is limited by
the swelling factor of the hydrogel (the ratio between wet and
dry thicknesses). Assuming the swelling factor to be up to 2,52

we designed our VIS samples to have a dry thickness of around
100 nm and NIR one around 250 nm, which should
correspond to the maximum achievable tuning range for the
first-order resonance of about 550−700 and 900−1600 nm,
respectively. It is worth noting that increasing the water
content changes the refractive index of the insulator layer
toward that of water. However, this difference is less than 0.1
(assuming a 1:1 water:hydrogel mixture for the maximum
swelling with a factor of 2)53 and therefore is not as influential
as the thickness change, though it should slightly reduce the
overall tuning range. Importantly, the thicker hydrogel layer
also gives rise to higher-order resonances; e.g., in Figure 2a
when the thickness exceeds 250 nm, the second order appears,
and over 400−450 nm thickness also the third order, and so
on. Comparing the electric field distributions for a 300 nm
thick hydrogel (corresponding to the partly swollen NIR
sample) at resonant wavelengths 1082 and 568 nm (Figure
2b,c, respectively), one can conclude that the latter resonance
is indeed the second order. These higher-order resonances are
also tunable with the thickness change, though with less
sensitivity compared to the first-order resonance. However,
this lesser sensitivity is compensated by the fact that a higher
initial hydrogel thickness yields a higher absolute thickness
change at the same swelling ratios.

2.3. Tuning by Water Immersion. To evaluate the
maximum tuning range of the MIM structures, we compared
their reflectance spectra at ambient conditions (26 °C, 30%
relative humidity) and after immersion in deionized water for
20 min (Figure 3). The dry samples demonstrate reflectance
dips almost to 0%, characteristic of MIM structures. The
reflectance dips move to longer wavelengths after the samples
are immersed in water; the corresponding color changes are
evident in Videos S1 and S2. The penetration of water into the
hydrogel layer is supposedly enabled by the porosity of the
sputtered gold film,54 and local variations of this porosity
together with spin-coating defects (Figure S4) explain the

Figure 1. Top: schematic of the hydrogel MIM reflective filter in (a)
dry and (b) wet states. The inset graph illustrates the corresponding
changes in the reflectance spectra between these two states. Bottom:
images of the NIR and VIS samples in (c) dry and (d) wet states.
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observed inhomogeneities of swelling. The wavelength of the
resonant absorbance of the MIM structure depends on the
thickness of the insulator; therefore, swelling of the hydrogel
increases the resonant wavelength of the filter.
The experimental results were fitted to the modeling

presented in Figure 2. The validity of the model was confirmed
by the perfect match between the reflectance spectra calculated
for MIM structures with the hydrogel thicknesses of 90 and
260 nm and the experimental spectra for VIS and NIR samples
with the measured hydrogel thicknesses of 85 ± 5 and 250 ±
10 nm, respectively. The observed broadening of the
experimental resonances in comparison to the modeling, as
well as the experimental data reported for solid-state MIMs
elsewhere,15 can be explained by fabrication imperfections,
originating mostly from spin-coating. Fitting the same model
with different hydrogel layer thicknesses to the wet
experimental spectra allowed us to estimate the thickness
change. We considered a constant refractive index of 1.503 for

the hydrogel layer in all cases; therefore, the fitted thicknesses
in the wet case are slightly underestimated.
The estimated change in the hydrogel thickness was from 90

to 130 nm for the VIS sample and from 260 to 380 nm for the
NIR sample, which corresponds to a 1.4−1.5 swelling factor.
The respective overall spectral shift of the resonance was 80
nm for the VIS sample (from 524 to 604 nm) and 340 nm for
the NIR sample (from 940 to 1280 nm). In addition to that,
the second-order resonance of the NIR sample shifted by 150
nm (from 524 to 674 nm). The latter illustrates that thicker
hydrogel layers may be more beneficial for applications, as
higher initial thickness allows a broader tuning range at a
constant swelling ratio, while higher-order resonances give
access to the visible wavelength range. Importantly, the
swelling did not reduce the quality factors of the resonances:
Q-factors (Q = λ/Δλ; Table S1) exceeded 10 in a 650−1000
nm wavelength range for both dry and wet states, and the
maximum Q-factor of around 19 was measured for the second-

Figure 2. (a) Calculated reflectance of the MIM structure for different thicknesses of the hydrogel insulator layer. Note the presence and tunability
of several resonant orders. (b, c) Electric field amplitudes for an MIM with a 300 nm thick hydrogel layer at 1082 nm (first order) (b) and 568 nm
(second order) (c).

Figure 3. Reflectance of hydrogel-based MIM filters at ambient conditions and after immersion in water. (a) VIS sample and (b) NIR sample.
Solid, experimental spectra; dashed and dotted, modeling. The arrows show the shift of the resonant dips.
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order resonance in the wet state (dip at 675 nm in Figure 3b;
FWHM = 35 nm). This is in line with the modeling
predictions for the highest Q-factors in this wavelength region,
with no regard to water presence, so it is solely defined by the
MIM geometry. This value is reported for the first time for
environment-responsive MIM structures, and it is close to Q-
factors reported for traditional solid-state MIM structures3,14,18

and can supposedly be further improved with better uniformity
of thin layer deposition.
2.4. Tuning by Temperature and Humidity Control.

We employed temperature- and humidity-controlled chambers
to demonstrate continuous and reversible tuning of the optical
resonance in the hydrogel MIM filter in air. Continuous
measurements of the reflectance spectra in a controlled
environment showed that both humidity and temperature
can be used for tuning the reflectance of the fabricated
structures (Figure 4). This employs two mechanisms. An
increase in humidity at constant temperature results in
hydrogel swelling, which corresponds to the red shift of the
resonance of the MIM structure (transition from I to II in
Figure 4a,c), and vice versadecreasing humidity “dries” the
hydrogel and blue-shifts the resonance (Figure 4a,c, V).
Another mechanism specific to PNIPAm-based hydrogels is to
utilize the LCST phase transition at a temperature around 32
°C,55 above which the swollen hydrogel contracts. Importantly,

it is a reversible transition. To use this mechanism, we changed
the temperature of the MIM structure while keeping a constant
humidity of 80% (Figure 4a,c, III and IV). At room
temperature, the hydrogel is partly swollen at this humidity
(Figure 4a,c, II). However, increasing the temperature up to 45
°C resulted in the blue shift of the resonance to the values
characteristic to the MIM with dry hydrogel (Figure 4a,c, III),
meaning that the phase transition took place and the hydrogel
contracted, expelling water from it. The close spectral match
between the temperature-contracted (Figure 4a,c, III) and dry
hydrogels (at 3% relative humidity; Figure 4a,c, I) indicates
that the adsorbed water is almost completely gone at 45 °C. It
is worth noting that this transition is faster than the humidity-
driven swelling/deswelling (compare the slope in Figure 4c, III
and V). We also demonstrated the reverse effect; i.e., lowering
the temperature (while keeping 80% humidity) moved the
resonance back to the longer wavelengths (Figure 4a,c, IV).
One more cycle of humidifying-drying was added to show
reproducibility of the hydrogel swelling/deswelling (Figure
4a,c, VI and VII). The spectra at the end of each step I−VII in
Figure 4a,c are shown in Figure 4b,d, respectively, demonstrat-
ing perfect reproducibility of the tuning of the resonance
during subsequent swelling−deswelling cycles. The overall
spectral tuning range was up to 80/70 nm in the near-infrared
and 22/18 nm in the visible region for humidity/temperature-

Figure 4. Reflectance spectra at varied environmental conditions: (a, b) VIS sample and (c, d) NIR sample. (a, c) Time dependencies of the
reflectance spectra; time steps II−VI are 3 h (a) and 6 h (c). The sample temperature and relative humidity of the environment at different times
are shown in the bars on top of the graph. (b, d) Reflectance spectra at the end of each time step.
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induced mechanisms. These values were both achieved with
the NIR sample (the first- and the second-order resonances,
respectively); for the VIS sample, the tuning range was 15/12
nm. This supports the hypothesis that employing the higher-
order resonances in the visible range using a thicker initial
hydrogel layer may be beneficial for the maximal tuning range.
Figure 5 shows the dependencies of the resonance in the

samples when temperature and humidity are gradually changed
between the same extreme values (3−80% RH, 23−45 °C, the
system was let to stabilize at each value for 3 h). A full
spectroscopic map for this measurement is available in the
Supporting Information. Gradual changes in humidity expect-
edly allow fine-tuning of the resonance with close to linear
dependency (0.19 nm/% RH) with almost no hysteresis
(Figure 5a,c). At the same time, the temperature-induced
changes at high humidity are also continuous, not step-like as
one could expect from a phase-transition-induced process,
allowing continuous tuning as well (Figure 5b,d).
While PNIPAm-based hydrogels are generally known to

undergo rapid LCST transition within a few °C range, this
range, as well as the transition temperature, can be tuned by
additives (e.g., comonomers).56 In our experiments, we
employed a benzophenone (BP) comonomer, the hydro-
phobicity of which is expected to lower the LCST. It also
provides more linear temperature changes to the PNIPAm
hydrogel.57,58 However, our hydrogel constitutes from 48:1

composition of PNIPAm:BP (further details in SI), so the
influence of the comonomer is supposedly not strong enough
to extend the transition range to a couple of tens of °C (in57,58

this ratio was in the range of 12:1). Additionally, the transition
temperature is traditionally estimated for hydrogel in water,
while it depends on the water content in the hydrogel,59 which
was significantly lower in our humidity-driven experiment.
Finally, the temperature-tuning of the PNIPAm hydrogel
volume above LCST has been reported;60 however, the
shrinking was irreversible, which differs from our samples.
We believe that the temperature hysteresis observed in

Figure 5b,d can be explained by the formation of a dense skin
layer at the beginning of the deswelling process, as reported
elsewhere.61 To date, the temperature-induced volume changes
in PNIPAm hydrogels have been mostly studied in water,62,63

while the mechanism of the observed changes in humid air
across a wide range of temperatures is yet to be understood
and it can broaden possible PNIPAm hydrogel applications
beyond temperature-tunable color filters reported here.

3. CONCLUSIONS

We report a continuously tunable reflective color filter based
on the metal−insulator−metal (MIM) structure with a
hydrogel as an intermediate insulating layer. The device
responds to two stimulihumidity and temperatureby

Figure 5. Dependency of the resonant wavelengths on (a, c) humidity (at ambient temperature) and (b, d) temperature (at 80% rel. humidity) for
(a, b) VIS and (c, d) NIR samples. Note the different vertical scales in panels (c, d) before and after the break. Lines are for eye-guiding only. Raw
measurements (spectra, humidity, and temperature) are available in SI, Figures S7 and S8.
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reversibly changing the resonant wavelength. We obtained a
spectral red shift of 22 nm in the visible range and 80 nm in the
near-infrared range by changing the humidity from 3 to 80%
for the initial hydrogel thickness at ambient conditions of 90
and 260 nm, respectively. The maximum resonance shift
obtained by immersion of the hydrogel MIMs in water was 80
and 340 nm, respectively. These shifts are attributed to the
reversible swelling of hydrogel in the presence of water and
deswelling when water is removed. The temperature-tuning
mechanism employed the LCST phase transition when swollen
(wet) hydrogel contracts at elevated temperatures expelling
water from it. We show that changing the temperature from
ambient to 45 °C at a constant 80% humidity results in the
continuous blue shift of the resonant wavelength with the
maximum shift of 18 nm in the visible range and 70 nm in the
near-infrared, and these changes are reversible. We also
demonstrate that for better tunability it is beneficial to employ
the higher-order resonances, as in our experiments the second-
order resonance outperformed the first-order one in the overall
tuning range and thus in humidity and temperature sensitivity.
The best experimental quality factor of around 19 was obtained
in the visible range for the second-order resonance in MIM
with the swollen hydrogel, indicating that swelling does not
reduce the quality of the resonances. The reported tunable
filter opens new perspectives for plasmonic devices such as
contactless (optical) sensors of humidity or temperature of the
liquid. Another possible direction is using the proposed
structure as a tunable cavity for emitters embedded in the
hydrogel.
While our samples demonstrated good resonant properties,

it is possible to further improve the optical properties by
improving the deposition quality. We believe that further
extension of the tuning range is possible using higher-
refractive-index liquids in addition to water, the aqueous
mixtures of which can be compatible with bistimuli tuning in a
certain range of concentrations. An important advantage of the
lithography-free MIM structures is that they do not require
nano- or micropatterning, relying only on thin film deposition
methods, which makes these structures potentially scalable for
roll-to-roll industrial manufacturing.64,65 The demonstrated
stimuli-responsive structures can be applied as humidity
sensors or immersed temperature sensorsin both cases,
sensing would be optical and therefore contactless. Leaning on
plasmon resonances, MIMs can also be used as Raman-
enhancing substrates,66,67 which in combination with temper-
ature/humidity sensing opportunities gives rise to potential
integrated applications, e.g., in lab-on-chip.

4. METHODS
4.1. Numerical Calculations. The reflectance spectra of the

metal−hydrogel−metal thin film, as well as E-field distributions under
the plane-wave irradiation, were simulated using the two-dimensional
(2D) finite-difference time-domain (FDTD) method with commer-
cial software (Lumerical FDTD Solutions). The modeled structure
comprised five layers (from bottom to top): (1) semi-infinite glass
substrate, (2) 100 nm thick gold, (3) hydrogel of a varied thickness
(0−500 nm), (4) 30 nm thick gold, and (5) semi-infinite free-space
superstrate. The refractive indices of the glass, the hydrogel, and the
superstrate were taken as 1.46, 1.503 (see Supporting Information,
Figure S10), and 1, respectively, while the complex index of gold was
in accordance with Johnson and Christy data.68 The plane-wave
excitation was incident from the superstrate perpendicular to the
layers (along the x-direction). A power monitor was placed at a
distance of half the maximum wavelength behind the radiation source

to measure the reflectance spectra. The mesh refinement was set to
the conformal variant 0 with a minimum mesh set of 0.25 nm.
Perfectly matched layer (PML) boundary conditions were set along
the x-direction, and the antisymmetric boundary condition was set
along the y-direction. The number of layers was increased to prevent
any divergence in the simulation due to the dispersive Au unit cell.
The auto-shutoff min was set to 1e-6, which was enough for the
incident field to decay completely, as well as prevent any ripples in the
reflectance spectra. The attained simulated results were used to fit the
experimentally measured reflectance spectra of the samples in both
dry and wet cases.

4.2. Hydrogel Material Synthesis. The N-isopropylacrylamide−
acrylamidobenzophenone copolymer (PNIPAm−BP) was synthesized
from commercial N-isopropylacrylamide and freshly synthesized 4-
acrylamidobenzophenone via free-radical polymerization initiated by
azobisisobutyronitrile (AIBN). The composition of the polymer was
confirmed by 1H NMR spectroscopy to be (NIPAm48BP1)n, well in
line with the monomer ratio before polymerization. Details of the
synthetic protocols and characterization of the synthesis products are
given in Supporting Information, Figures S1 and S3.

4.3. Hydrogel Layer Fabrication. PNIPAm−BP copolymer was
diluted in 94% ethanol in concentrations 20 and 40 mg/mL; for better
dissolution, the magnetic stirring at 50 °C was used for 1 h. Before
spin-coating, the solutions were filtered through PTFE membranes
with 0.45 μm pores. The substrates were cleaned by consecutive
sonication in acetone, isopropanol, and deionized water (10 min
each). After that, they were activated by plasma treatment (20 min, 30
W RF power, 1000 mTorr O2) and immediately forwarded to spin-
coating. Spin-coating included two steps: (1) 10 s at 150 rpm during
which the PNIPAm−BP solution was dispensed and predistributed
and (2) 30 s at 1000−6000 rpm to form the final coating. The
deposition was followed by drying for 1 h at 40 °C in a vacuum and
cross-linking under UV light (365 nm from CoolLED pE-4000
focused into a circle of ca. 2 cm in diameter) for 40 min. Complete
cross-linking at these conditions was confirmed by the disappearance
of the 301 nm peak in the optical transmittance spectra of the
reference hydrogel coatings on glass (see the Supporting Information
for more information).

4.4. MIM Structure Fabrication. The samples were fabricated on
Si wafer square pieces. After consecutive sonication in acetone,
isopropanol, and deionized water (10 min each), the substrates were
blow-dried with nitrogen. After that, the adhesive layer of 1 nm Ti
followed by a 100 nm layer of Au was deposited by e-beam
evaporation. The hydrogel layer was fabricated as described before.
The final gold layer (20−30 nm) was made by thermal sputtering.
The thicknesses of all gold and hydrogel depositions were verified at
the reference samples with the Dektak profilometer at cleanroom
conditions (21 °C, 20−25% relative humidity). The resulting
thicknesses were 100 nm Au/85 ± 5 nm hydrogel/30 nm Au for
VIS samples and 100 nm Au/250 ± 10 nm hydrogel/26 nm Au for
NIR samples.

4.5. Optical Measurements. Microscopic reflectance measure-
ments were performed with a multifunctional WITec alpha300C
confocal microscope. The samples were illuminated by a broad-band
light source (LDLS EQ-99X) through a Zeiss EC “Epiplan” DIC, 20×
air objective (NA = 0.4, WD = 3.0 mm); the reflected light was
collected through the same objective and coupled to spectrometers
via an optical fiber. For the spectral range of 400−800 nm, we used a
WITec UHTS300 spectrometer equipped with 150 lines/mm grating
and a TE-cooled CCD camera (Andor DV 401-BV-351). For the NIR
spectral range (800−1600 nm), an Ocean Insight NIRQUEST 512-
XR FLAME spectrometer equipped with an InGaAs linear array
detector was used. Samples were measured at room conditions (26
°C, 30% r.h., dry state) and after immersion in deionized water for 1 h
(wet state). An extended set of experimental spectra fitted with
modeling results are shown in Figures S5 and S6.

Measurements in a controlled temperature and humidity environ-
ment were performed using the Linkam Scientific LTS420-H stage
with an RH95 humidity controller, providing precise humidifying/
dehumidifying of the air in the sample chamber, and a T96-S
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temperature controller for heating the sample. The temperature of the
sample was verified using an IR camera (Figure S9). Optical
reflectance, in this case, was measured with the help of a Thorlabs
RP29 reflectance fiber probe, which was connected to both an Ocean
Optics DH-2000-BAL light source (halogen and deuterium lamps)
and Avantes AvaSpec-2048L fiber spectrometer. The light to/from
the fiber was coupled with a Thorlabs RC08SMA-F01 reflective
collimator and weakly focused with Thorlabs LA4600 fused silica lens.
The illuminated area on the sample was roughly 0.5 mm in diameter.
In all experiments, the reference intensity (reflected light source)

and background/dark intensity were measured using a silver mirror
with the light sources being, respectively, on and off. The reflectance
of the sample was calculated as follows

= × −
−

I I

I I
Reflectance 100%

Sample Background

Source Background (1)

where ISample is the measured intensity of the light reflected from the
sample, ISource is the reference light source intensity, and IBackground is
the background intensity.
The absorbance of the reference hydrogel layers on the glass was

measured with Agilent Technologies Cary 60 UV−vis spectropho-
tometer with a custom-built sample chamber.
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Appl. Phys. 2007, 102, No. 093108.
(24) van Heeswijk, E. P. A.; Kragt, A. J. J.; Grossiord, N.; Schenning,
A. P. H. J. Environmentally Responsive Photonic Polymers. Chem.
Commun. 2019, 55, 2880−2891.
(25) Tang, L.; Wang, L.; Yang, X.; Feng, Y.; Li, Y.; Feng, W. Poly(N-
isopropylacrylamide)-Based Smart Hydrogels: Design, Properties and
Applications. Prog. Mater. Sci. 2021, 115, No. 100702.
(26) Tokarev, I.; Minko, S. Stimuli-Responsive Hydrogel Thin
Films. Soft Matter 2009, 5, 511−524.
(27) Muralter, F.; Greco, F.; Coclite, A. M. Applicability of Vapor-
Deposited Thermoresponsive Hydrogel Thin Films in Ultrafast
Humidity Sensors/Actuators. ACS Appl. Polym. Mater. 2020, 2,
1160−1168.
(28) Matsumoto, K.; Sakikawa, N.; Miyata, T. Thermo-Responsive
Gels that Absorb Moisture and Ooze Water. Nat. Commun. 2018, 9,
No. 2315.
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Mechanism of emitters coupled with a
polymer-based hyperbolic metamaterial
IBRAHIM ISSAH, TUOMAS PIHLAVA, ALIREZA RAHIMI RASHED,
AND HUMEYRA CAGLAYAN*

Faculty of Engineering and Natural Science, Photonics, Tampere University, 33720 Tampere, Finland
*humeyra.caglayan@tuni.fi

Abstract: We study a polymer-based hyperbolic metamaterial (HMM) structure composed of
three Au-polymer bilayers with a hyperbolic dispersion relation. Using an effective refractive
index retrieval algorithm, we obtain the effective permittivity of the experimentally fabricated
polymer-based structure. In particular, the unique polymer-based HMM shows the existence of
high-k modes that propagate in the metal-dielectric multilayered structure due to the excitation
of bulk plasmon-polaritonic modes. Moreover, we compare the experimental luminescence
and fluorescence lifetime results of the multilayered Au and a dye-doped polymer (PMMA)
to investigate the dynamics of three different emitters, each incorporated within the unique
polymer-based HMM structure. With emitters closer to the epsilon-near-zero region of the HMM,
we observed a relatively high shortening of the average lifetime as compared to other emitters
either close or far from the epsilon-near-zero region. This served as evidence of coupling between
the emitters and the HMM as well as confirmed the increase in the non-radiative recombination
rate of the different emitters. We also show that the metallic losses of a passive polymer-based
HMM can be greatly compensated by a gain material with an emission wavelength close to
the epsilon-near-zero region of the HMM. These results demonstrate the unique potential of an
active polymer-based hyperbolic metamaterial in loss compensation, quantum applications, and
sub-wavelength imaging techniques.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

In recent years, there has been a surge in scientific interest in metal-dielectric multilayered
structures, owing in part to the new and related concepts of transformation optics [1,2], optical
imaging [3], and metamaterials [4–8]. These multilayered structures composed of alternating
subwavelength metal and dielectric layers provide unique optical properties useful for a wide
range of advanced applications and devices. Typically, one can obtain a hyperbolic dispersion
relationship in multilayered systems where the permittivity along different axes of the medium
are different [9]. This anisotropic tensor behavior of the multilayered systems exhibits unique
structural properties that do not exist naturally [9–11].

Note, the term hyperbolic metamaterial (HMM) was coined to describe a hyperbolic dispersion
relation of a medium [10]. The unique property of HMMs has increased their applicability
in numerous fields, such as negative refraction [12,13], superlenses [14,15], hyper-lenses [16],
sub-diffraction imaging [17], remarkable waveguiding [18–20], and thermal emission engineering
[11]. In addition, the effective permittivity of such media extends to zero within a certain spectral
range known as epsilon-near-zero (ENZ) region. Within this spectral range, the HMM structure
exhibits different physical phenomena such as an excitation of electromagnetic waves which
propagates at long distances with negligible phase variations [21].

However, the fundamental constraint in the application of HMMs is the intrinsic loss of the
metal layers. Nonetheless, the intrinsic loss can be overcome by the presence of a gain medium
in the polymer-based HMM composite. Gain media have been experimentally incorporated into
a variety of plasmonic and metamaterial systems, a technique relevant in quantum nanophotonics

#451960 https://doi.org/10.1364/OE.451960
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Research Article Vol. 30, No. 6 / 14 Mar 2022 /Optics Express 8724

and radiative decay engineering. The incorporation of gain within a multilayer HMM system
compensates for metallic loss and could potentially enhance the robustness of HMM applications
as compared to the passive HMM applications [22]. Moreover, HMMs have been shown
by many authors to exhibit bulk plasmon modes which enhance its photonic density of state
(PDOS) [23–25]. An increase in the PDOS property of HMMs has been identified to support
subwavelength Bloch modes which could be quenched by the intrinsic metallic loss of the
structure. Thereby embedding emitters in HMMs could compensate for these losses. Also, the
existence of the high-k resonant modes in HMMs generates enormous enhancement of PDOS
[10,26,27]. As a result of the continuum high-k modes of HMMs, a broadening of the Purcell
factor full width at half maximum (FWHM) is exhibited in HMM and emitter complex structure.
This could potentially be applicable in broadband single-photon generation [28–31]. Note that
the emission rate of a spontaneous emitter embedded in a hyperbolic structure relative to the
free-space decay rate is referred to as the Purcell factor [26,32,33].

HMM also possess additional states (i.e., propagating modes, plasmon modes) that are also
prominent in HMM applications such as subwavelength imaging and sensing [34]. Although
these exotic properties of HMM are prominent in various applications, the dissipation of coupled
energy of emitters due to loss in the metal-dielectric complex has been a constraint in radiative
decay engineering [22,27,35]. As such, various design and engineering techniques including
adiabatic tuning of filling fraction to tunnel trapped high-k modes, incorporating a high-index
grating configuration on the HMM, and nanopatterning of HMM slab known as hyper-crystals
have been proposed by many authors to overcome these constraints [10,14,27]. In particular,
loss-compensation and enhancement of spontaneous emission in active multilayered structures
have been theoretically studied based on the dispersion relations of the multilayered structure as
well as the geometry of the near fields [22,36,37]. Thus far, the practical realization of emitters
coupled to a multilayered structure consisting of metal and a polymeric material have been
studied with a focus on transient technology whereby a water-soluble and biocompatible polymer
is utilized in forming a transient and flexible HMM structure [38].

Here, we propose a polymer-based active HMM structure composed of alternating layers of
a metal and polymethyl methacrylate (PMMA) medium to study the decay rate mechanism of
emitters not only dispersed on the top layer but also in-between the PMMA layers. We engineered
relatively thin PMMA films to serve as a dielectric medium to incorporate quantum emitters in
the proposed structure. This active dye-doped HMM structure is envisaged to compensate for the
losses in a metal-dielectric structure due to the enhanced coupling of emitters dispersed on top
and within the polymer-based HMM. This provides insight into the radiative decay mechanisms
of emitters coupled to the HMM structure and its relation to the ENZ region of the polymer-based
HMM structure, which is prominent in efficient dipole engineering model design.

2. Methods

2.1. Structure Design and modelling

Numerical optimization for thicknesses of the metal and dielectric layers (i.e. filling fraction)
was implemented to attain the required epsilon-near-zero (ENZ) region with high PDOS and high
phase velocity electromagnetic waves and match it with the emission and absorption wavelengths
of the selected emitters. A desired thickness of 9 nm of gold (Au) and 29 nm of PMMA was
attained using the aforementioned optimization codes. PMMA is a versatile polymeric material
that is well suited for many applications such as high-resolution positive resist, protective coating,
and as a sacrificial layer [39]. Based on the thickness values, we obtained an ENZ region
comparable to the emission wavelength of Rhodamine 590 (Rh590) dye molecule. The spectral
response, PDOS, Electric (E) field distribution, transmission dispersion relation, and Purcell
factor calculations were numerically implemented using a commercial Ansys Lumerical FDTD
solutions software package and an in-house developed transfer matrix method (TMM) code.
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Experimental wavelength-dependent complex dielectric functions for Au [40] and PMMA [41]
were used for the numerical calculations. Figure 1(a) [Inside HMM] illustrates the schematic of
the proposed type-2 [7] HMM structure with emitters embedded within the polymeric PMMA
layer. Fig. 1(b) [on top of HMM], (c) [MIM], and (d) [on 9nm Au ] illustrate the schematic
of the corresponding reference samples used to comprehend the decay rate mechanism and
luminescence response of the proposed dye-doped HMM structure.

Fig. 1. (a) Schematic of the Au-PMMA structure consisting of 9 nm thick Au and 29
nm thick PMMA layers. Three polymeric PMMA samples were incorporated with three
different dyes each [HMM + 3L dye]. I-M represents the insulator-metal interface. M-I-M
represents the metal-insulator-metal interface. (b) similar HMM structure with dye-doped
PMMA on the top layer [HMM + 1L dye]. (c) schematic of the MIM structure. (d) similar
representation of dye-doped PMMA on top of the 9 nm Au layer [IL Au + 1L dye].

2.2. Sample fabrication and characterization

The proposed polymer-based HMM structure was fabricated using a metallic electron-beam
(e-beam) evaporator and spin-coating techniques. The samples were fabricated on a fused silica
(SiO2) substrate with a refractive index of 1.45. Three active HMM samples were fabricated
with each embedded with one of the different emitters. Reference samples of each dye embedded
in PMMA-A1 (1%wt PMMA and 99%wt anisole) spin-coated on a homogeneous glass substrate
were also prepared. Each dye was also spin-coated on a 9 nm Au film to serve as a reference
to study the coupling effects of dye on a metal substrate. Rh590, Styryl-11 (LDS 798), and
Pyromethene 650 (PYR650) dye-doped PMMA samples were fabricated for characterization.
The PMMA with dyes complex were spin-coated on the Au layers at a speed of 2000 rpm for
30secs. The thickness of the polymeric material was measured using a profilometer.

A Confocal Raman microscope from WiTec (alpha300R) was used for the characterization of
the fabricated samples. The reflectance and transmittance measurements were carried out using
a broadband optical source (Energetiq EQ-99XFC LDLS, spectral range 190-2100 nm) to excite
the samples. The optical spot is focused on the samples using a Zeiss "Epiplan-Neofluar" 20X
objective (Numerical aperture (NA=0.4)) for both reflectance and transmittance measurements.
To acquire the photoluminescence (PL) of the samples, a 532 nm laser was used to excite
the samples to attain signal counts of the emission peak intensity for the different dyes. A
polarization-dependent 375 nm pulsed laser source (with a diffraction-limited spot size of ≈ 1.14
µm) was utilized to attain the fluorescence lifetimes of the samples with the help of a Picoquant
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HydraHarp device and a single-photon avalanche diode (SPAD) detector. All measurements
were performed under optimal laboratory conditions. The response of the samples was coupled
to an optical fiber connected to Ocean Optics Flame UV-VIS spectrometer for spectral response
and PL measurement and a SPAD detector for the fluorescence lifetime measurement.

3. Results and discussion

Before the experimental characterization, we numerically calculated the dispersion relation of
the proposed structure using both local and non-local effective medium theory (EMT) and the
TMM approach to determine the wavevectors that are supported by the polymer-based hyperbolic
metamaterial. The dispersion relation illustrated in Fig. 2(a), (b) and (c) shows the transmission
of evanescent waves through the proposed structure. The local EMT approach represents the
multilayered structure as an effective bulk medium with hyperbolic dispersion. As shown in
Fig. 2(a), infinitely large wavevectors can be transmitted through the entire bandwidth of this
ideal structure. However, in a realistic structure with a finite number of layers and considering the
inherent losses in the metal layers, there is a cutoff to the largest wavevector that can propagate
through the HMM structure. This is evident in the TMM dispersion relation illustrated in
Fig. 2(c), which shows two bright bands at kx/k0<5 and is comparable to the non-local EMT
approach [42] illustrated in Fig. 2(b). Non-local EMT approaches have been quite realistic
in describing metal-dielectric hyperbolic metamaterials due to their spatial dispersion effects
corrections as compared to the local EMT approach [42–44]. The existence of the bright bands
in the dispersion relation of the polymer-based HMM structure shows that the medium supports
bulk plasmon-polaritonic modes. The bright bands coined as the bulk plasmon modes are due to
the coupling of surface-plasmon-polaritons at each metal-dielectric interface. These modes also
exhibit high electric field intensity that overlaps with emitters placed close to the metamaterial,
resulting in an increased photonic density of states (PDOS) which is presented in Fig. 2(d). It
is also interesting to note that the proposed material is a type 2 HMM structure which shows
several high-k modes as compared to type 1 HMM which can support a lesser number of these
modes [45].

Fig. 2. Dispersion relation of the polymer-based structure exhibiting high-k modes and
the associated photonic density of states (PDOS). (a) Transmission of evanescent waves
in logarithmic scale through the three bilayers of Au (9 nm)-PMMA (29 nm) multilayered
structure using the local EMT approach. In the local effective medium limit, there are infinite
high-k waves in a type 2 HMM due to the existence of strong spatial dispersion effects which
can be corrected using the non-local EMT approach presented in (b). (c) Similar dispersion
relation using the TMM approach. In this realistic case, the size of the unit cell imposes a
cut-off to the tunneling of the high-k modes in the structure. (d) The corresponding PDOS
of the polymer-based HMM composite using the TMM approach.
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3.1. Spectral response of the polymer-based hyperbolic metamaterial

In addition to the dispersion relation, we calculated the field distribution through the polymer-
based HMM structure using the TMM approach. Figure 3(a) illustrates propagation mode along
the multilayered metal-dielectric interface composed of three subdivisions with labels: IM [ 0
nm ≤ Z ≤ 38 nm], MIM1 [ 29 nm ≤ Z ≤ 76 nm], and MIM2 [ 67 nm ≤ Z ≤ 114 nm] layers.
We obtained appreciably high electric field intensity at the ENZ wavelength of the proposed
structure. However, the field intensity decays due to propagation losses and inherent metallic
losses of the multilayer HMM structure. Note that at the HMM structure thickness Z>60 nm,
enhanced electric field intensity decays along the metal-dielectric layer thickness. Thus, emission
of the embedded emitters results mainly from the first PMMA layer, while emitters in the other
two layers contribute minimally. The enhanced spectral region of the electric field distribution
shown in Fig. 3(a) correlates to the figure of merit (FOM) bandwidth as shown in Fig. 3(b). The
FOM is defined as the ratio of the effective parallel ε | | and perpendicular ε⊥ permittivities of the
HMM structure acquired via local EMT. The FOM shows higher values at the ENZ wavelength
(λ = 570 nm). Figure 3(b) also shows the parallel ε | | and perpendicular ε⊥ dielectric tensor as a
function of wavelength. The dispersion relation above the ENZ wavelength shows type 2 HMM
behavior (i.e., Re(ε | |)<0, Re(ε⊥)>0) with inherent optical losses and high impedance mismatch
with respect to vacuum. In addition, we obtained the extracted effective permittivity Ext(ε | |)
[dashed lines] of the fabricated polymer-based HMM structure by implementing an inverse TMM
code and applying it on the attained spectral response of the HMM-dye complex structure. It
is evident that the extracted effective permittivity Ext(ε | |) [dashed lines] matches well with the
calculated effective parallel ε | | permittivity [solid lines] possessing a similar ENZ wavelength as
predicted numerically by EMT. Figure 3(c) illustrates the reflectance R and transmittance T of
the polymer-based HMM structure obtained both numerically [solid lines] and experimentally
(i.e. RExp, TExp) [dashed lines]. It can be seen that the spectral reflectance range above the
ENZ wavelength is high as compared to the spectral range below ENZ. This role of a medium
exhibiting dielectric (i.e., λ<570 nm with Re(ε | |)>0 ) and metallic behaviour (i.e., λ>570 nm
with Re(ε | |)<0 ) shows the hyperbolic nature of the HMM composite. As stated initially, this
nature brings about the inherent losses which can be compensated by using a gain medium,
shown as an inset in Fig. 3(c). The inset shows the enhancement of the optical transmission T
response of the active polymer-based HMM structure in the presence of a pump source Tpump
which complements the emitter’s ability to help in the inherent metallic loss compensation.

Fig. 3. (a) P-polarized field (Ep) distribution through the HMM composite as a function of
spectral wavelength. I-M corresponds to the insulator (PMMA) and metal (Au) interface. (b)
Real [Re(ε | |), Re(ε⊥] and imaginary [Im(ε | |)] permittivitities from local EMT, experimentally
retrieved effective permittivity Ext(ε | |) [dashed lines] and the figure of merit (FOM) of the
polymer-based HMM composite. ENZ wavelength is defined as the spectral wavelength
where the structure permittivity crosses zero. (c) Spectral response of the polymer-based
HMM material. Reflectance R and transmittance T acquired both numerically (using TMM)
and experimentally (RExp, TExp). The inset depicts the experimentally measured transmission
in the presence of a pump source Tpump and without a pump source T .
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3.2. Purcell enhancement calculations

In addition to the spectral response implementations, we numerically calculated the Purcell factor
and experimentally measured the photoluminescence of the polymer-based HMM structure to
determine the decay rate mechanism of emitters coupled to the polymer-based HMM structure.
We considered three scenarios in the numerical implementation. First, we numerically calculated
the spectral-dependent far-field power density W/(︁m2 × sr

)︁
at polar angle θ = 0 of emitters

embedded within the polymer-based HMM structure at different dipole positions Z. Note that
Z = 0 nm corresponds to an unpolarized dipole placed at the topmost insulator part of the IM
layer as shown in Fig. 3. Z = 105 nm also corresponds to the bottom insulator layer of the
polymer-based HMM structure. The far-field power density calculations helped to determine the
directional extraction effectiveness of emitters embedded within the polymer-based HMM as
well as to numerically optimize the position of the dipoles embedded within the polymer-based
HMM structure. Figure 4(a) delineates the far-field distribution of emitters embedded within the
polymer-based HMM structure. We obtained high Purcell power density values at near-field which
depicts that emitters close to the edge of the HMM medium exhibit high Purcell enhancement
factor due to the high PDOS of the exotic HMM structure at the ENZ region. Also, to comprehend
the emitter decay dynamics of the active HMM structure, we numerically placed three unpolarized
dipoles (averaged x and y orientations) each at the central part of the three dielectric layers of the
HMM structure to calculate their corresponding Purcell factors Frad/F0. Figure 4(b) presents the
emitter decay rate mechanism at the three corresponding layers (i.e., IM, MIM1, MIM2). Note
that MIM1 and MIM2 are similar as shown in Fig. 3(a), labeled as MIM layers. Evidently, due to
the inherent lossy nature of metals, we see a weak Purcell factor in the IM layer as compared to
the resonant metal-insulator-metal (MIM) case of the multilayered HMM structure. We assumed
a collective emitter decay mechanism by taking the average of the Purcell factor [Mean Purcell
Factor] at the corresponding layers. We obtained a high Purcell factor as compared to the IM case
which we compared with the experimental PL measurement as we shall see in Fig. 5. Figure 4(c)
also shows the collective logarithmic scale Purcell enhancement heatmap of multiple emitters
embedded within the MIM layer of the polymer-based HMM structure. It is evident that the
large thickness of the dielectric and lossy nature of the structure inhibits the coupling of the
spontaneous decay of emitters embedded within the layers. This predicts that the unique property
of high wavevectors and photonic density of states potentially also play a role in compensating
for the lossy nature of the type 2 HMM structure.

Fig. 4. Purcell factor calculation of the polymer-based HMM structure. (a) Spectral
dependent far-field power density W/

(︂
m2 × sr

)︂
distribution of emitters embedded within

the polymer-based HMM composite. (b) Purcell enhancement factor Frad/F0 for three
different positions of emitters coupled to the polymer-based HMM structure. IM represents
the insulator-metal interface. (c) Collective logarithmic scale Purcell factor enhancement for
multiple dipoles placed in the MIM layer of the multilayered HMM structure.
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3.3. Luminescence and lifetime measurement

To realize these exotic effects of the active polymer-based HMM structure, we experimentally
measured the luminescence and the fluorescence lifetimes for three different dyes (i.e., Rh590,
LDS798, and PYR650) within the polymer-based HMM structure. These dyes were selected
due to their emission spectra having different amounts of overlap with the ENZ wavelength
(λ = 570nm) of the structure. Figure 5(a) presents the luminescence measurement of Rh590
dye with a maximum emission wavelength of 569 nm which is close to the ENZ wavelength
(570 nm) of the HMM structure. We compared the emission of each dye on a 9 nm gold layer
(IL Au + 1L dye), on top of the HMM layers (HMM + 1L dye), and within the HMM layers
(HMM + 3L dye), respectively. We obtained high luminescence counts on and within the HMM
layers as compared to the metallic cases. Evidently, we identified non-radiative quenching of the
emitters when placed on the metallic layers due to the inherent lossy nature of Au. However,
in the polymer-based HMM, we obtained improved luminescence counts as compared with the
metallic case. This is due to the gold film absorbing the emitted waves with large k-vectors in the
near field. On the other hand, in the HMM, these waves are mainly converted into propagating
waves which help in compensating the loss of the metal (Au). Furthermore, the field confinement
between the metal layers gives rise to emission rate enhancement of the emitters via Purcell effect.
The improved luminescence within the polymer-based HMM structure is also compared to the
luminescence counts of each dye on top of the HMM structure to compare their luminescence
trends. It is noteworthy that the unique nature of the active polymer-based HMM structure
compensates for the inherent losses as compared with the metal (Au) layer, yet possesses relatively
similar luminescence counts either within or on top of the HMM layers. Figure 5(b) and (c)
illustrate similar trend for PYR560 and LDS798 dye molecules. It must be pointed out that the
emission wavelength of PYR650 is around 621 nm which is far from the ENZ wavelength of
the polymer-based HMM. As a result of the hyperbolic nature of the HMM structure in such a
spectral region, we obtained a relatively higher luminescence trend for the PYR650 dye molecules
as compared to the Rh590 dye molecules. Figure 5(c) also shows similar results for LDS798 dye
molecule depicting weaker luminescence counts with emission wavelength of LDS798 dye far
from the ENZ wavelength of the polymer-based HMM structure.

Fig. 5. Spectral luminescence measurement of emitters embedded within the polymer-
based HMM composite. (a) Luminescence measurement of Rh590 dye molecule active
polymer-based HMM structure. L represents the layers of emitters and metal-dielectric
used, respectively. IL Au + 1L dye represents one layer of dye (0.01% concentration)-doped
PMMA spin-coated on one layer of metal (Au) on top of a substrate. HMM + 1L dye depicts
one layer of dye-doped PMMA spin-coated on top of the HMM structure. HMM + 3L dyes
represent a polymer-based HMM structure with dyes doped at each PMMA layer of the
HMM structure (3L). Similar measurement for (b) PYR650 dye-doped and (c) LDS798
dye-doped polymer-based HMM structure.

In addition, we compared the experimentally attained fluorescence lifetime values for each
of the three different dye-doped HMM structures. Table 1 contains the lifetime components
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and the corresponding amplitudes fitted to the measured time-correlated single-photon counting
(TCSPC) data as well as the calculated average lifetimes based on the amplitudes. For all dyes
(≈ 40 molecules/(10×10×29 nm3) in the presence of one gold layer, we observed shortening of
the average lifetime by more than a half, which is attributed to increased non-radiative decay
due to near field absorption of the gold film. This is important to keep in mind when inspecting
the lifetimes of dyes on top or embedded inside the polymer-based HMM, as the effect of dyes
interacting with the thin gold film is also present in the HMM. Nonetheless, in the polymer-based
HMM we observe even shorter lifetimes. Fermi’s golden rule states that the number of radiative
decay channels depends on the number of PDOS available to the emitter [23]. Therefore, an
increased PDOS can be experimentally verified by observing a shortened lifetime. Thus, these
lifetime results act as evidence of coupling between the emitters (Rh590 and PYR650) and the
high-k modes of the polymer-based HMM complex as well as coupling to the surface plasmon
polariton modes at each metal-dielectric interface. This results in an additional increment to the
non-radiative recombination rate of the emitters. However, for LDS798 no additional shortening
of lifetime is observed in the HMM when compared with the metal case. As seen from Fig. 2(d),
the increase in PDOS is highest near the ENZ wavelength. As the emission of LDS798 has the
least overlap with that region, the coupling between the emitters and the high-k modes is weakest,
thus not resulting in further shortening of the lifetime. Additionally, as seen in Fig. 3(a), the
structure exhibits field confinement in the polymeric region between the gold layers spectrally
overlapping with the ENZ wavelengths. The resulting enhancement of the radiative decay rate
due to the Purcell effect can also be observed through lifetime shortening. However, lifetime
shortening can differ from the calculated Purcell factor, since fluorescence lifetime is dependent
mainly on the radiative and non-radiative rates. On the other hand, Purcell factor enhancements
can be attributed to distinct factors such as local field intensity of the HMM structure, varied dye
molecules orientations, as well as positions [46]. This accounts for the difference between the
calculated Purcell factor and the experimental decay rates of the polymer-based HMM structure.
Furthermore, the emission lifetimes of the polymer-based HMM structure may vary at different
characterization spots due to different emitter orientations and their various separation distances

Table 1. Lifetime measurements of the three dyes on fused silica substrate, on 9 nm gold (Au)
layer and, on top of the HMM structure and embedded within the polymer-based HMM structure.

Rh590 PYR650 LDS798

Amplitudes Lifetime
components

Average Amplitudes Lifetime
components

Average Amplitudes Lifetime
components

Average

On fused
silica

A1: 4.54 τ1: 4.06 ns 2.91 ns A1: 7.70 τ1: 1.60 ns 2.08 ns A1: 23.0 τ1: 0.55 ns 0.85 ns

A2: 4.30 τ2: 1.68 ns A2: 2.90 τ2: 3.35 ns A2: 6.50 τ2: 1.90 ns

On 9 nm
Au

A1: 22.9 τ1: 0.70 ns 0.79 ns A1: 20.0 τ1: 0.77 ns 0.87 ns A1: 1.24 τ1: 0.34 ns 0.40 ns

A2: 0.12 τ2: 8.10 ns A2: 1.29 τ2: 2.46 ns A2: 0.05 τ2: 2.00 ns

A3: 0.89 τ3: 2.30 ns

On top of
HMM

A1: 28.0 τ1: 0.60 ns 0.66 ns A1: 19.0 τ1: 0.73 ns 0.81 ns A1: 3.94 τ1: 0.34 ns 0.40 ns

A2: 0.14 τ2: 6.70 ns A2: 1.11 τ2: 2.33 ns A2: 0.10 τ2: 1.81 ns

A3: 0.72 τ3: 2.11 ns

Inside
HMM

A1: 32.8 τ1: 0.59 ns 0.66 ns A1: 25.0 τ1: 0.69 ns 0.78 ns A1: 4.78 τ1: 0.37 ns 0.41 ns

A2: 0.13 τ2: 6.70 ns A2: 1.52 τ2: 2.22 ns A2: 0.10 τ2: 2.01 ns

A3: 0.68 τ3: 2.20 ns
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from the metallic layers. As such, we measured the fluorescence lifetimes of each sample at
several spots to attain their collective mean values and standard deviations. Average lifetime
values of [≈ 0.66 ± 0.0064, ≈ 0.78 ± 0.0044, and ≈ 0.41 ± 0.0043] ns were attained for (Rh590,
PYR650, and LDS798) dyes inside HMM structures, respectively.

3.4. Polymer-based HMM for subwavelength imaging application

To emphasize the relevance of the proposed active polymer-based HMM structure, we further
calculated the subwavelength resolution of two-dipoles with a separation distance of 50 nm
(≈ λ/12) placed at 10 nm away from the polymer-based HMM medium as shown in Fig. 6.
We compared the passive (a), (b), and (c) and the active (d), (e), and (f) polymer-based HMM
structures at three different wavelengths (λ = 570 nm, 621 nm, and 700 nm) which are comparable
to the emission wavelength of the dye molecules embedded within. It is evident that the active
polymer-based HMM medium (d), (e), and (f) depicts enhanced field amplitude as compared to
the passive (a), (b), and (c) HMM. Figure 6(a) shows the dipole resolved field distribution along
the propagation axis (Z) for the passive HMM structure at resonance wavelength λ = 570 nm.
Similar results are shown in Fig. 6(b) and (c) at different spectral regions which correlate to the
emission wavelength of PYR650 and LDS798 dyes, respectively. Evidently, incorporating dye
molecules in the passive polymer-based HMM structure compensates for the metallic losses in the
HMM and enhances the field distribution illustrated in Fig. 6(d), (e), and (f). The polymer-based
HMM structure’s ability to transmit high order evanescent waves from the near-field to the
far-field and the existence of a gain medium embedded within enhances its applications in
subwavelength resolution imaging. Thus utilizing the proposed polymer-based HMM structure
breaks the diffraction limit and enhances dipole subwavelength resolution as well as projecting
an image with subwavelength details into the far-field. This unique nature of the polymer-based
HMM structure could be utilized in relevant photonic applications such as hyperlens.

Fig. 6. (a), (b), and (c) Sub-wavelength resolved two dipole sources using a passive
polymer-based HMM structure and their corresponding active case (d), (e), and (f) at
different wavelengths (i.e., 570 nm, 621 nm, 700 nm) comparable to the emission wavelength
of the dye molecules. In between the two white lines represents the metal layers and the blue
line depicts the topmost layer of the polymer-based HMM layers. The insulator layer is also
represented as I.
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4. Conclusion

In summary, we have shown the dynamics of emission and decay rate of different dyes incorporated
with a polymer-based HMM structure and numerically predicted the existence of its corresponding
non-radiative high-k modes. We illustrated the shortening of the average lifetime and increment
in the luminescence intensity of emitters embedded within and on top of the polymer-based
HMM structure which are due to the increase in the non-radiative decay channels of the proposed
structure. With emitters spectrally closer (Rh590) to the ENZ region of the polymer-based HMM
structure, we observed a relatively high shortening of the average lifetime as compared to other
emitters spectrally close (PYR650) or far (LDS798) from the ENZ region. This observation
confirms the increase in non-radiative decay channels of the polymer-based HMM structure with
a gain medium at the ENZ region. We also showed that our proposed dye-doped polymer-based
HMM structure compensates for the losses in a metal-dielectric HMM structure by observing
an enhanced transmittance in the presence of a pump source and numerically implemented the
sub-wavelength two dipoles resolution to emphasize the relevance of incorporating emitters into
a passive polymer-based HMM structure. The unique properties of our proposed polymer-based
HMM structure could be a paradigm shift to enhance the robustness of HMM structures in
nano-imaging and quantum optics applications.
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Abstract: Preservation of an entangled state in a quantum
system is one of the major goals in quantum technological
applications. However, entanglement can be quickly lost
into dissipation when the effective interaction among the
qubits becomes smaller compared to the noise-injection
from the environment. Thus, a medium that can sustain
the entanglement of distantly spaced qubits is essential
for practical implementations. This work introduces the
fabrication of a rolled-up zero-index waveguide which can
serve as a unique reservoir for the long-range qubit–qubit
entanglement.Wealsopresent thenumerical evaluationof
theconcurrence (entanglementmeasure) viaAnsysLumer-
ical FDTD simulations using the parameters determined
experimentally. The calculations demonstrate the feasibil-
ityandsupremacyof theexperimentalmethod.Wedevelop
and fabricate this novel structure using cost-effective self-
rolling techniques. The results of this study redefine the
range of light-matter interactions and show the potential
of therolled-upzero-indexwaveguides forvariousclassical
and quantum applications such as quantum communica-
tion,quantuminformationprocessing,andsuperradiance.

Keywords: concurrence; decay rate channels; entangle-
ment; rolled up metamaterials; zero-index mode.

1 Introduction
Metamaterials are defined as artificially engineered struc-
tureswith differentmaterial properties as compared to nat-
urally existing materials [1, 2]. From their inception, these
materials have played enormous roles in themanipulation
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of electromagnetic fields in many disciplines [3, 4]. The
unique properties of these materials have been identified
to serve as means to enhance dipole-dipole interactions,
energy harvesting, and long-range interactions of quan-
tum emitters (i.e., quantum dots and diamonds (NV defect
centers)) embedded within their waveguide-like meta-
structures [5–8]. These physical systems find use in many
quantum technologies such as quantum communication,
quantum information processing [9], and single-photon
generation [10, 11].

Other unique properties of metamaterials are related
to the high enhancement of quantum emitter’s response
coupled with such a medium. These responses of emitters
coupled to such an environment can be described by the
dyadic Green’s function which is related to the local den-
sity of states (LDOSs) formulations. This further leads to
enhanced Purcell effects independent of the emitter posi-
tion along and within the waveguide-like meta-structures.
Experimental verifications of suchmaterial have been real-
ized for a rectangular epsilon-near-zero (ENZ) waveguide
using cathodoluminescencemeasurement techniques [12].
Fleury et al. [13] explored that the flexibility of dipole posi-
tions in ENZ waveguide channels at the cutoff wavelength
is not the only relevance of these channels but could also
boost Dicke superradiance effects which leads to a high
collective coherent emission of the quantum emitters.

Plasmonic waveguide channels have also been iden-
tified to support extraordinary optical transmission when
excited and have been implemented in the subwavelength
regime to mediate long-range interactions of quantum
emitters [14, 15]. Recently, Li et al. [16] presented a com-
parative study of ENZ and plasmonic waveguide channels
used to enhance efficient long-range resonance energy
transfer and inter-emitter entanglement. Although plas-
monic waveguide types such as V-shaped grooves and
cylindrical nanorods have been identified to outperform
the sub-wavelength distance limitations of quantum emit-
ters cooperative emission in a homogeneous medium,
yet, quantum emitters entangled states mediated by these
waveguides suffer from practical applications due to their
dependence on the spatial position of emitters [14]. As
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International License.
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a result, different techniques have been implemented by
many authors to overcome these challenges [14, 16–18].

Note, due to the inherently short-range nature of the
dipole-dipole interactions of quantum emitters in a homo-
geneous medium, it is relevant to identify different reser-
voirs that can be used to enhance the cooperative effects of
quantum emitters [19]. The excitation of zero-index mode
in such reservoirs makes it possible to enhance long-range
interactions of quantum emitters as well as strong entan-
glement at farther distances. These waveguide channels,
zero-index mode, exhibit a uniform field amplitude along
the propagation axis which is independent of the axial
dipole position due to the integrally large phase velocity
[1, 20, 21].

These realizations of zero-index waveguide channels
have intrigued much interest in the study of decay rate
enhancement and cooperative emission of quantum emit-
ters mediated by these channels [6]. Thereby, relevant
to the practical realization of such zero-index waveguide
channels with minimal constraints that can be used to
enhance resonance energy transfer and long-range entan-
glement between two-level quantum fluorescence atoms
(qubits) [22]. However, the difficulty to integrate quantum
emitters in rectangular zero-index waveguide materials as
well as the fabrication difficulties in the nanoscale regime
has inhibited their practical applications [23]. To fulfill
these zero-index features, the integration requires a con-
trollable and feasible 3D fabrication process. The latter,
while extremelypertinent froma fundamental perspective,
poses limitations due to difficulties in sample fabrication,
which may result in a reduced zero-index response or cre-
ate a nonaccessible medium for integration and excitation
of emitters.

Therefore, in this study, a self-assembled three-
dimensional rolled-up zero-index waveguide will be our
choice to overcome these deficiencies. We designed, fabri-
cated, and numerically simulated, based on the parame-
ters attained experimentally, alternating layers of metal
and dielectric rolled-up zero-index waveguide to serve
as an environment to mediate the cooperative emission
of emitters embedded within it. We anticipate that the
proposed rolled-up zero-index waveguide will enhance
long-range dipole-dipole interactions and the preserva-
tion of entangled states due to its exotic properties to
enhance super coupling within the cutoff region. To study
these properties, we implemented the concept of rig-
orous dyadic Green’s function relative to macroscopic
quantum electrodynamics (QED) techniques to describe
the response of a single fluorescence quantum emitter
coupled to the rolled-up zero-index waveguide reservoir.

Also, we used the quantum master equation presented
in the Supplementary section to numerically calculate
the transient and steady-state entanglement between two-
level atoms mediated by rolled-up zero-index waveguide
using Wootters’ concurrence formalism. Before the entan-
glement property calculations of the rolled-up zero-
index waveguide, we first studied the photonic properties
of the zero-index waveguide using Ansys Lumerical Finite
Element EigenMode (FEEM) solver.

2 Zero-index waveguide modes
Ostensibly, long-distance entanglement between two
quantum bits (qubits) is known to be mediated by pho-
tons. However, the recent emergence of the application of
surface plasmons generation in different resonators and
plasmonic waveguides has attracted researchers to delve
into plasmon mediated entanglement between qubits in
the nanoscale regime [13, 14]. This technique to confine
optical fields in the subwavelength regime is fundamen-
tal in the application of surface plasmons in quantum
optics. However, the sinusoidal phase change variations in
propagating surface plasmon (SPP) mode of a waveguide
channel limit the free distribution of quantum emitters in
its corresponding environment [24]. It is thereby pertinent
to use alternativemeans to examine other plasmonic chan-
nels with near-zero index properties andwith the ability to
enhance the entanglement of two qubits coupled with its
excited zero-index waveguide mode.

Here, we investigate the fundamental TE11 mode of
a rolled-up zero-index structure at the cutoff wavelength
where there isminimal phase variation between two quan-
tum emitters. Before investigating the fundamental mode,
we examined the photonic properties of a traditional cylin-
drical hollow waveguide.

2.1 Cylindrical hollow waveguide
To serve as a guide to determine the fundamental mode of
the rolled-up zero-index waveguide composed of an alter-
nating layer of metal and dielectric, we numerically imple-
ment the analytical equation for a homogeneous circular
waveguide with an air core [25]. The dispersion relation of
the rolled-up zero-index waveguide is initially calculated
to identify the cutoff wavelength, where the propagation
constant k = 0. At this wavelength, the electromagnetic
waves can be squeezed or tunneled through a waveg-
uide to exhibit a similar response as zero-index materials.
This phenomenon relative to circularwaveguides has been
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demonstrated theoretically by Pan et al. [26] to exhibit
unique electromagnetic tunneling which is independent
of the waveguide length.

From the Helmholtz eigenvalue equation, the cutoff
wavelength as a function of the effective mode index of a
circularhollowwaveguide canbeexpressedanalytically as

neff =

√
1−

(unm
𝜋

)2( 𝜆
2𝜌

)2
, (1)

where neff is the effective index as a function of dielectric
core diameter, unm is the root of the Bessel function, 𝜌 is
the radius of the circular core, and 𝜆 is the wavelength.
Since our mode of interest is the fundamental TE11 mode,
the corresponding root of the Bessel function selected
is 3.832. The analytical calculation of the dispersion
relation of a cylindrical dielectric waveguide is shown in
Figure 1(a). This served as a benchmark to determine the

cutoff frequency of the rolled-up zero-index waveguide
presented in Figure 1(b) for different diameters D.

For different core diameters D of both the cylindrical
and zero-index hollowwaveguides, we obtained a redshift
of the cutoff wavelength. This shows the dependence of
the cutoffwavelength on thematerial dimensions. The dis-
persion of the cylindrical hollow metallic (i.e., gold (Au))
waveguide (dotted lines) superimposed on Figure 1(b)
shows a similar dispersion relation as the rolled-up zero-
index waveguide. Figure 1(c) illustrates the unique and
complex modes of the rolled-up zero-index waveguide at
different effective indices (neff). The complexmode profiles
with effective cladding index (neff ≠ 0) are mostly confined
in the metal-dielectric cladding region due to the excita-
tion of plasmon modes. However, the fundamental mode
of the waveguide with neff ≃ 0 confined in the core pos-
sesses a similar dispersion relation with the fundamental

Figure 1: Photonic properties of a cylindrical hollow waveguide and a rolled-up zero-index waveguide with its corresponding mode profiles.
(a) The dispersion relation of a cylindrical hollow waveguide with different core diameters D. The schematic of the homogeneous circular
waveguide is represented by the black circular inset. (b) The dispersion relation of the rolled-up zero-index waveguide (solid lines). The
dotted lines in the same figure show similar dispersion calculated for the cylindrical hollow metallic waveguide. The yellow circular inset
represents the cylindrical hollow metallic waveguide and the rolled-up tube is represented by the multilayer gray circular inset. The cutoff
wavelength varies as a function of the core diameter D in both figures (top panel). (c) The different mode profiles excited in the rolled-up
zero-index waveguide (D = 700 nm) for different effective indices (neff ) with neff ≃ 0 depicting the fundamental TE11 mode.
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modes of the plasmonic hollow waveguide. This waveg-
uide fundamental mode with an effective index near zero
introduces novel ways of controlling optical field propaga-
tion and enhancement due to the infinite phase velocity of
the tunneled electromagnetic wave.

2.2 Rolled-up zero-index waveguide
In this section, we described how the proposed structure
can be fabricated.

The first rolled-up tubes were fabricated by Prinz et al.
using strained InAs/GaAs bilayer with lattice mismatch
[27]. The layers start to roll as the sacrificial layer beneath
them is released by an etchant. However, semiconductor-
based rolled-up tubes are not suitable for our purpose, due
to the high refractive indices of materials as compared to
near-zero refractive index material required for this study.
In this study, we adopted a similar strained induced self-
rolling mechanism to obtain a three-dimensional rolled-
up zero-index waveguide of Au and SiO2 on a silicon
(Si) substrate using germanium (Ge) as a sacrificial layer
(see Supplementary for details). Figure 2(a) illustrates the
schematics of the proposed design. Figure 2(b) depicts the
scanning electron microscope (SEM) image of the fabri-
cated rolled-up zero-index waveguide. The structure has a

Figure 2: Rolled-up zero-index waveguide schematics and
fabricated sample.
(a) Schematic of the rolled-up zero-index waveguide (b) SEM images
of the fabricated waveguide. The green line corresponds to a
diameter of 700 nm and the length of the waveguide is 25 μm. (c)
The volumetric display of the normalized fundamental TE11 mode
propagation in the rolled-up zero-index waveguide. The embedded
dipoles (qubits) are denoted by the black spheres with arrows. The
interaction between the dipoles mediated by the zero-index mode is
represented by the curvy lines. The surface vector plot shows the
field distribution of the fundamental mode.

core diameter (D) of 700 nm, consisting of 12 alternating
bi-layers, 10 nm of Au and 5 nm of glass silica (SiO2) thick,
and length (L) of 25 μm.

The benefit of the rolled-up zero-index waveguide
over other plasmonic waveguide channels is that it offers
different emitters integration techniques into the core
of the waveguide. For example, injection techniques of
colloidal nanoemitters using microsyringe technique.
In such a case, the driving of nanoemitters is mediated
by capillary forces [28]. Another method of integrating
quantum emitters to the core of the rolled-up zero-
index waveguide is to deposit emitters on the planar
bilayer before initiating the rolling process.

We now move to the numerical calculations based on
the parameters of the fabricated structure. However, due to
the existence of the nonradiative and propagation losses,
the 25 μm length of the fabricated waveguide is approxi-
mated to be 3μmin the simulation.Moreover, the 3μmwas
identified to suffice for determining the coupling param-
eters of an emitter positioned at the central part of the
rolled-up zero-index waveguide. It is worth noting that the
numerical calculation suggests that for a dipole placed at
the central part of the waveguide, its decay rate vanishes
beyond 3 μm as we shall see in Figure 4.

The core diameter of the rolled-up structure is filled
with a material permittivity of one. Material dispersion
of Au from Johnson and Christy [29] material dispersion
data and Palik [30] data for the SiO2 layers were used
in the modeling. Figure 2(c) also shows the volumetric
display of the fundamental mode of the rolled-up zero-
index waveguide at the cutoff wavelength 𝜆 ≃ 1450 nm.
The embedded dipoles represent the quantum emitters
mediated by the zero-index mode of the rolled-up zero-
index waveguide, and the vector surface plot shows the
field distribution of the fundamental TE11 mode. Note that
in the case of the fundamental TE11 mode both radial and
axial components of the transverse fields exist resulting in
the distribution of total electric and magnetic field in the
rolled-up zero-index waveguide cross-section.

3 Decay rate enhancement of the
rolled-up waveguide

As stated initially, advances in plasmonicmaterials (i.e., V-
shaped grooves, cylindrical nanorods) and ENZ plasmonic
metamaterials (i.e., plasmonic planar waveguide) have
availed the opportunity to enhance superradiant effects of
a collective quantum emitter which outperforms the weak
interaction of emitters in a homogeneous medium [13].
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The superradiance effect known as the collective effect of
quantum emitters arranged close to each other was pro-
posed by Dicke [31] to show the relationship between the
radiation intensity of quantum emitters and the number of
quantum sources. This radiant effect is linked to the exotic
properties of the reservoir to which the quantum emitters
are coupled to.

At the cutoff wavelength region of the rolled-up zero-
index waveguide channel, we foresee a high LDOS of the
quantum emitter embedded in the waveguide structure.
This enhancement at the cutoff wavelength is insensi-
tive to the emitter axial position and thereby exhibits the
aforementioned inherent flexibility of emitters position in
zero-index metamaterials [16, 32, 33].

To verify the high LDOS at the cutoff wavelength,
we computed the Purcell factor of the proposed rolled-up
zero-index waveguide channels as a function of different
waveguide core diameters D. Figure 3 presents the corre-
sponding Purcell factor calculation. It can be seen that the
spectral resonance response of a single quantum emitter
coupled to a rolled-up zero-index waveguide is depen-
dent on the core diameter D. As the diameter increases the
spectral density response redshifts to a higher wavelength
similar to the dispersion relation in Figure 1(b). For the
waveguide channel with a core diameter of D = 700 nm,
the peak enhancement is around the cutoff wavelength
(i.e., 𝜆 ≃ 1450 nm).

Above the cutoff wavelength, the decay rate is pre-
dominantly quenched by the environment as there is a
very low density of states due to the quenched propagat-
ing modes in the waveguide. However, below the cutoff
wavelength, there is monotonic build-up in the decay rate

Figure 3: Decay rate enhancement for different core diameters D of
the rolled-up zero-index waveguide.

reaching amaximumat the cutoffwavelength. Close to the
cutoffwavelength, the decay rate is not only enhanced but
remains uniform along the waveguide channel. This uni-
formity is due to the nonresonant mode distribution at the
cutoff wavelength [12].

4 Rolled-up zero-index waveguide
dipole-dipole coupling and decay
rate

To determine the key parameters (i.e., decay rate (𝛾 12)
and dipole-dipole coupling (±g12)) to solve the quan-
tum master equation in Eq. (S3), we calculate the 𝛾 12
and ±g12 of an emitter embedded within the rolled-up
zero-index waveguide using the dyadic Green’s function
obtained from FDTD simulations (see Supplementary for
details). We study these parameters of the quantum mas-
ter equation at three different wavelengths (i.e., the cutoff
wavelength (𝜆 = 1450 nm) and at two other wavelengths:
close (𝜆 = 1300 nm) and far (𝜆 = 1250 nm) from the cutoff
wavelength).

Figure 4(a) depicts the dipole-dipole interactions
of quantum emitters embedded in the rolled-up zero-
index waveguide at three different wavelengths as a func-
tion of interatomic distance (r12∕𝜆0). At the cutoff wave-
length, the dipole interactions increase appreciably at
short-range and decay exponentially as a function of inter-
atomic distance as compared to the other twowavelengths.
At 𝜆 = 1250 nm and 𝜆 = 1300 nm, we identified an oscilla-
tory behavior of the dipole-interactions as compared to
the cutoff wavelength. This oscillatory behavior of the
two wavelengths relative to the cutoff wavelength is also
shown in the spontaneous decay rate of the quantum
emitter as shown in Figure 4(b). Figure 4(c)–(e) presents
the energy transfer resonance, which is dependent on the
dyadic Green’s function of the qubits inside the rolled-up
zero-index waveguide [34]. This shows that, at the cutoff
wavelength, the rolled-up zero-index waveguide provides
modes with a longer wavelength and minimal phase vari-
ations to enhance strong entanglements of two qubits
placed at farther distances.

At the cutoff wavelength 𝜆0 = 1450 nm, we also see
a long-range decay rate as a function of interatomic dis-
tance which enhances qubit entanglement. It is evident
that the comparison between the normalized decay rate
and the dipole-dipole interaction at the cutoff wavelength
satisfies the condition of attaining high entanglement



6 | I. Issah et al.: Rolled-up zero-index waveguide

Figure 4: Coupling parameters of the rolled-up zero-index waveguide.
(a) The dipole-dipole interaction and (b) the decay rate of emitters coupled to the rolled-up zero-index waveguide at different excitation
wavelengths. Energy transfer resonance (ETR) of the rolled-up zero-index waveguide for the different excitation wavelengths: (c) 1250 nm, (d)
1300 nm, and (e) 1450 nm.

performance i.e., g12 ≪ 𝛾 and 𝛾 = 𝛾 12 as shown in
Figure 4(a) and (b). Note that the emitter’s decay time
at the cutoff wavelength is normalized by its maximum
value of approximately 10−5 s at normalized interatomic
distance r12∕𝜆0 = 0. Themaximumvalue of the decay time
is represented by the qubit self-interaction term 𝛾 . We also
observed that r12∕𝜆0 = 0 to r12∕𝜆0 = 1, there is an appre-
ciablehighdecay ratio𝛾 12∕𝛾 which results ina suppression
of the subradiant decay state |−⟩ as compared to the super-
radiant |+⟩ state (i.e., superradiant 𝛾 + 𝛾 12 and subradiant

𝛾 − 𝛾 12 decay rates) (see Supplementary for details). Based
on the coupling parameters (Figure 4(a) and (b)) and
energy transfer resonance (Figure 4(e)) predicts strong
long-range interaction of qubits and high persistence of
entangled states in the rolled-up zero-index waveguide at
the cutoff wavelength.

4.1 Measure of entanglement
Using the decay rate (𝛾 12) and the dipole-dipole
interactions (±g12) of the qubits inside the rolled-up
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zero-index waveguide, we calculated the corresponding
concurrence metric measure of entanglement (transient
and steady-state) using Eqs. (S8) and (S9) (see Supplemen-
tary for details). This measure of entanglement is relevant
to determine the long-range interactions of quantum emit-
ters and their duration.

4.1.1 Transient entanglement mediated by rolled-up
zero-index waveguide

Using the cutoff wavelength 𝜆0 and self-interactions 𝛾 as a
normalization factor for both the interatomic distance r12,
and evolution time t, we calculated the concurrencemetric
of the quantum emitters as a function of normalized time

Figure 5: The measure of entanglement between qubits embedded within the rolled-up zero-index waveguide.
(a)–(c) The concurrence metric heatmap for different wavelengths: (a) 1250 nm, (b) 1300 nm, and (c) 1450 nm (zero-index wavelength). (d)
and (e) Similar concurrence metric plot at normalized interatomic distance (r12∕𝜆0 = 0.1) and their corresponding symmetric |+⟩ and
antisymmetric |−⟩ states.
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𝛾t and interatomic distance r12∕𝜆0 at differentwavelengths
using Eq. (S8) (see Supplementary for details).

Figure 5(a)–(c) illustrates the measure of entangled
states using the concurrence metric formalism for the
different wavelengths. It is evident that the concurrence
metric ishigher at the cutoffwavelengthas compared to the
other twowavelengths. Thehigh concurrence as a function
of time and inter-emitter distance is due to the excitation
of the zero-index mode of the waveguide which mediates
the long-range interactions of the quantum emitters. At
𝜆 = 1300 nm, which is closer to the cutoff wavelength
(𝜆 = 1450 nm), shows a higher entanglement as compared
to the concurrence for 𝜆 = 1250 nm.

The excited mode at 𝜆 = 1250 nm wavelength region
has efficient entanglement at short-range but decreases
monotonicallyasa functionof inter-emitterdistancedue to
the confined field as shown in Figure 4(c). However, at the
cutoff wavelength, we obtain a large homogeneous elec-
tromagnetic field as shown in Figure 4(e). This results in a
large decay rate value and small dipole-dipole interactions
and thereby leads to a higher concurrence independent of
the emitter position. To appreciate the latter effect,weplot-
ted the concurrence metric at r12∕𝜆0 = 0.1 as a function of
normalized time 𝛾t for the different wavelengths, i.e., 𝜆 =
1250 nm, 𝜆 = 1300 nm, and 𝜆0 = 1450 nm, respectively, as
shown inFigure 5(d), (e), and (f). It is clear that at the cutoff
wavelength, we have high concurrence which persists for
an appreciable time as compared to the otherwavelengths.
This effect is a consequence of the suppressed subradiant
state |−⟩ascomparedwith thehighsuperradiant |+⟩decay
channels which are superimposed on the concurrence plot
in Figure 5(d)–(f). Clearly, a decrease in the population
dynamics of the subradiant state |−⟩ at 𝜆 = 1250 nm and
𝜆 = 1300 nmwavelengths results in a lower persistence of
entanglementover time.Comparatively, thedependenceof
the subradiant |−⟩ population of states is appreciably high
at the cutoffwavelengthwhich leads to a high concurrence
state.

4.1.2 Steady-state entanglement mediated by rolled-up
zero-index waveguide

Up until now, we have justified the relevance of con-
currence metric key parameters (i.e., 𝛾 12, ±g12) which
can be beneficial to achieve appreciable entanglement
useful for quantum information processing and commu-
nication. We have also demonstrated the concurrence
as a function of normalized time and interatomic dis-
tance as well as illustrate the flexibility of emitter axial
positions at the cutoff wavelength for the rolled-up

zero-indexwaveguide.However, this entanglementdecays
with time as shown in Figure 5(d)–(f). In the case of
Figure 5(f), we can visualize the reduction in concur-
rence as a function of the gradual monotonic decay of
the subradiant |−⟩ population of states as compared to the
sharp decay of Figure 5(d) and (e). This transient effect of
entanglement between emitters embeddedwithin a rolled-
up zero-index waveguide is due to decoherence which is
attributed to radiation losses and depopulation of emitters
in the excited states [16]. To attain a steady entangled state
C(t→∞), it is relevant to compensate for thedepopulation
of theexcitedstatesbypumping thequbitswithanexternal
source. It is also interesting to note that to achieve strong
steady-state entanglement between the qubits, the pump
strength should not be too large; otherwise, strong inter-
actions between the pump and the qubits as well as the
pump and the zero-index channel may occur. This could
eventually lead to qubit decoupling and lasing or strong
resonanceswhichmayaffect thedecaychannel of theemit-
ter embedded within the waveguide channel [18]. In the
currentcase,weutilizedaweakpumpingscenarioandcon-
sidered the effect of the pumpon the zero-indexwaveguide
negligible. We used pump intensities optimal to compen-
sate for the depopulation of emitters in the excited states
to enhance long-range entangled states.

We also assume a detuning parameter, Δi = 𝜔0 −
𝜔p = 0, by utilizing an external source with a resonance
frequency 𝜔p similar to the transition frequency 𝜔0 of
the quantum emitters embedded in the rolled-up zero-
indexwaveguide.Figure6(a)–(c) shows theheatmapof the
steady-state concurrence as a function of varied normal-
ized Rabi frequenciesΩ1∕𝛾 for a single pumpwith the sec-
ond pump kept constant (Ω2∕𝛾 = 0). We present here the
steady entangled states at different interatomic distances
r12∕𝜆0 = 0.5, r12∕𝜆0 = 1.0, and r12∕𝜆0 = 1.5, respectively.
The heatmap shows a high concurrence at r12∕𝜆0 = 0.5
which corresponds to the high decay ratio 𝛾 12∕𝛾 and min-
imal dipole-dipole interaction g12 which satisfy the afore-
mentioned criteria for qubits entanglement. It can be seen
that as the decay ratio 𝛾 12∕𝛾 decreases relative to the inter-
atomic distances r12∕𝜆0, the concurrence decreases. Note
that the normalized interatomic distance r12∕𝜆0 = 0.5,
r12∕𝜆0 = 1.0, and r12∕𝜆0 = 1.5 correspond to a qubit sepa-
ration of r12 = 725 nm, r12 = 1450 nm, and r12 = 2175 nm,
respectively, which exceeds the resonance energy transfer
of quantum emitters in vacuum.

Figure 6(d)–(f) also shows the concurrence of quan-
tum emitters in the presence of a coherent pump source
at three normalized interatomic distances r12∕𝜆0 = 0.5,
r12∕𝜆0 = 1.0, r12∕𝜆0 = 1.5. Similar calculations for vacuum
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Figure 6: Persistent time dependent concurrence as a function of an external coherent source. The time dependent concurrence for different
Rabi frequenciesΩ1∕𝛾 of a single pump source (Ω2∕𝛾 = 0) for different normalized interatomic distances (a) r12∕𝜆0 = 0.5, (b) r12∕𝜆0 = 1.0,
and (c) r12∕𝜆0 = 1.5. Time dependent concurrence between two quantum emitters at different normalized interatomic distances for different
external pumping (d) asymmetric (Ω1 = 0.4𝛾,Ω2 = 0), (e) symmetric (Ω1 = Ω2 = 0.2𝛾), and (f) antisymmetric (Ω1 = −Ω2 = 0.2𝛾). Similar
plot of the homogeneous medium is illustrated by the plot legend vacuum r12∕𝜆0 = 0.5

reservoir (r12∕𝜆0 = 0.5) (see Supplementary for details)
are illustrated in the corresponding figures for reference
purposes. We implement three types of pumps namely,
asymmetric with Rabi frequencies Ω1 ≠ 0,Ω2 = 0, sym-
metric with Ω1 = Ω2, and antisymmetric pumping with
Rabi frequencies Ω1 = −Ω2. As expected, we obtain high

steady-state concurrence at r12∕𝜆0 = 0.5 to r12∕𝜆0 = 1.0, as
compared to thevacuummedium.Thisshows that thezero-
index rolled-upwaveguide attains high entangled states at
thecutoffwavelengthandenhance long-range interactions
of quantum emitters. From all the aforementioned pump-
ing states, we see a persistent concurrence as a result of
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the external source which compensates for the depopu-
lation of the entangled states. Figure 6(d) and (f) (i.e.,
asymmetric and antisymmetric pumping) showquite iden-
tical steady-stateconcurrencewithhighentangledstates in
the proposed zero-index rolled-up waveguide at different
interatomic distances r12∕𝜆0. In addition, the symmetric
pumping criteria sustains the concurrence to normalized
time t𝛾 = 15 at r12∕𝜆0 = 0.5. The high and persistent con-
currence for the different pumping criteria (i.e., asym-
metric and antisymmetric pumping) illustrates that one
can achieve steady entangled states C(t→∞) by compen-
sating for the depopulation of the excited states through
pumpingof the qubitswith a coherent external source (i.e.,
monochromatic laser source).

5 Conclusions
Wehave presented an alternate,more practical, and exper-
imentally attainable rolled-up zero-indexwaveguideusing
a unique self-rollingmechanism. Based on the parameters
attainedexperimentally,we implementednumericalmeth-
ods to study the photonic properties of the rolled-up zero-
indexwaveguide. Thenumerical calculationsdemonstrate
that, at the cutoff wavelength, the rolled-up zero-index
waveguide can serve as a reservoir to mediate dipole-
dipole interactions and long-range entangled states. More-
over, the calculations establish that the rolled-up zero-
index waveguide design will enhance resonance energy
transfer and transient entanglement of qubits at the cut-
off wavelength. We also demonstrate that the transient
entanglement of qubits mediated by this novel rolled-
up zero-index waveguide could reach its steady-state by
using an external pump source. The different pumping
systems compensate for the depopulation of the emitter
excited states in the rolled-up zero-index waveguide. Our
design and numerical calculations have established the
feasibility of the rolled-up zero-index waveguide to serve
as a unique reservoir for quantumentanglement. The prac-
tical realization of the proposed design is also experimen-
tallynovel and relevant topursue inour subsequentworks.
We also envision that this rolled-up zero-index waveguide
could overcome the practical challenges of quantum emit-
ters integration. This will open a new avenue to explore
entanglement in zero-index mediums practically, which
is promising for quantum teleportation, computing, and
communication.
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Entanglement or non-separability of qubits is relevant in quan-
tum cryptography, quantum teleportation, and other two-qubit quan-
tum processes.1–4 Entanglement, which was initially used in systems,
such as optics, atoms, and ions, is becoming increasingly accessible in
quantum physics.5,6 Short distance entanglement, in particular, has
been realized for spin degrees of freedom in quantum dots, nanotubes,
or molecules.7–9 However, long-range qubit–qubit interactions are
required for long-distance information transfer. As a result, the corre-
lation between the two qubits could be mediated by a reservoir com-
posed of artificially engineered metamaterials that can support unique
virtual bosons.

Metamaterial formations are one of the prominent engineering
techniques that help to explore the classical, semi-classical, and quan-
tum phenomena in the nanoscale. They are coined as tailoring the
optical properties of a material to the desired value by designing its
subwavelength nanostructures that help in attaining interesting optical
phenomena.10,11 From its inception, numerous techniques have been
implemented to study their unique optical properties.12–16 In particu-
lar, epsilon-near-zero (ENZ) metamaterials have been a material of
interest due to their unique optical properties, such as near-zero
refractive index, decoupling of electricity and magnetism, large nonlin-
earity effect, and infinite phase velocity.17,18 ENZ waveguides operat-
ing around its cutoff wavelength excites an effective zero-index mode.
Typically, plasmonic waveguides excite unique extended ENZ modes
at their corresponding cutoff wavelengths and can be integrated with
quantum emitters to exhibit interesting atomic-field interactions.
Numerical studies on rectangular ENZ reservoir19,20 showed that ENZ

mediums outperform the subwavelength distance limitations of qubits
cooperative emission in a homogeneous medium. However, the diffi-
culties to incorporate quantum emitters in a rectangular waveguide
and their fabrication challenges in the nanoscale regime have ham-
pered their practical use. As a result, achieving zero-index features
necessitates a controlled and practical 3D manufacturing method.
Rolled-up tubes have been shown to be easily fabricated using a self-
rolling mechanism that could be practically utilized to incorporate
emitters within.16,21–24 Recently, Habib et al.16 experimentally fabri-
cated a cost-effective rolled-up tube composed of gold (Au) and SiO2

using a self-rolling mechanism as compared to the rectangular ENZ
waveguide with fabrication challenges.25 These rolled-up waveguides
have been shown to provide enhanced resonance energy transfer and
good entanglement of qubits at their corresponding cutoff wavelength
as compared to qubit–qubit cooperative emission in a homogeneous
medium.26

Here, we focus on rolled-up and rectangular ENZ waveguides
serving as reservoirs to mediate qubit–qubit interactions at long dis-
tances and the emergence of driven steady-state entanglement under
continuous double pumping. Based on these two experimentally
proven ENZ waveguide channels, we numerically calculated their rela-
tions with quantum emitters when used as a quantum reservoir to
determine the final state of a quantum system. We envisage that the
different reservoirs seen by quantum emitters (qubits) will lead to dif-
ferent dyadic responses and, therefore, result in different long-range
entanglements. Our study adopts ENZ waveguides into quantum sys-
tems, which are foreseen to generate unique optical sources, durable
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entangled states, and other novel optical applications in different fields
of study.

To determine the fundamental mode of the corresponding ENZ
waveguide, numerical Finite Element Eigen Mode (FEEM) simulations
were implemented in Ansys Lumerical software to determine the cutoff
wavelength of both the rolled-up and rectangular ENZ waveguide.
Figure 1 illustrates the schematics (top panel) and field distributions
(lower panel) (i.e., electric jEj and magnetic jHj fields) of the rolled-up
and the rectangular ENZ waveguide. The numerically calculated funda-
mental modes of the proposed quantum reservoirs exhibit TE11 mode for
the rolled-up ENZ waveguide with the existence of both radial and axial
components of the transverse fields due to its symmetry as compared to
the TE10 mode of the rectangular ENZ waveguide transverse to its
propagation direction. The dimensions of the waveguides were set and
optimized to attain the same cutoff wavelength of k0 � 1400nm. The
rolled-up ENZ waveguide has a diameter (D) of 700nm and a thickness
(t) of 180nm (i.e., 12 layers) with 5nm of gold (Au) and 10nm of SiO2.
The corresponding plasmonic (Au) rectangular ENZ waveguide has a
dimension of 650� 350nm2 [i.e., width (L) and height (H)], respectively.

Additionally, to confirm the obtained cutoff wavelength of the
ENZ waveguide channels, we simulated the radiative power of a single
qubit embedded within the waveguide as a function of different dipole
positions and spectral wavelengths. Figure 2 corresponds to the total
average power (W) emitted from the dipole (qubits) as a function of
the dipole’s axial position along the rolled-up and rectangular ENZ
waveguide reservoirs at different orthogonal orientations (i.e., verti-
cally and horizontally polarized). The heatmap of the rectangular
waveguide shows dipole emission power above the cutoff wavelength
due to its sharp edge effects compared to the rolled-up ENZ wave-
guide. The results show a uniform emitted power and, hence, a

uniform decay rate enhancement along the axis of the waveguide at a
cutoff wavelength of k0 � 1400nm where the refractive index of the
corresponding waveguide n � 0. This zero-index medium exhibits a
uniform field amplitude along the waveguide channel and is envi-
sioned to mediate the long-range interaction of qubits embedded
within these waveguide channels.

After identifying the photonic properties of the ENZ waveguide
channels, we initiated the entanglement calculations of qubits coupled
with the corresponding ENZ reservoirs. Note that the measure of
entanglement of qubits coupled to a reservoir2,6 can be described by
the concurrence C metric formalism by Wootters.27 To determine the
concurrence C metric formalism, it is pertinent to obtain the dyadic
response of an emitter coupled to the rolled-up ENZ waveguide com-
pared to the rectangular ENZ waveguide to evaluate their respective
coupling parameters.

To start with, we considered two identical qubits with the same
transition frequency x0 embedded within the aforementioned ENZ
channels. The dynamic evolution of quantum systems coupled to lossy
plasmonic environments is described by the dyadic Green’s function
in conjunction with the quantum master equation formalism. Note
that the dyadic Green’s function is a classical quantity used to study
the spontaneous decay of quantum emitters coupled to a quantum res-
ervoir. The quantum master equation describes the dynamics of the
density matrix q of a two-qubit system near a reservoir. Assuming a
weak excitation and weak coupling regime, the Born–Markov, and
rotating wave approximations can be used to compute the master
equation, which is expressed as28

@q
@t

¼ 1
i�h

H; q½ � � 1
2

X2
i;j¼1

cij qr†i rj þ r†i rjq� 2riqr
†
j

� �
; (1)

FIG. 1. Schematics of (a) rolled-up ENZ and (b) rectangular ENZ waveguide with their corresponding cross section in the x–y plane. E1 and E2 represent the two quantum
emitters interacting with the corresponding ENZ waveguides. (c) The electric jEj and magnetic jHj fields of the fundamental TE11 mode (zero-index mode) of the rolled-up
ENZ waveguide and (d) the fundamental TE10 mode (zero-index mode) of the rectangular ENZ waveguide.
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where the Hamiltonian describing the coherent part of the evolution-
ary dynamics is expressed as

H ¼
X
i

�h x0 þ giið Þr†i ri þ
X
i6¼j

�hgijr
†
i rj: (2)

From Eq. (1), q depicts the density matrix of the two-qubit system.
rðr†Þ represents the destruction (creation) operator applied to the
qubits. The photonic Lamb shift gii due to the self-interaction of each
qubit embedded within the ENZ waveguide is usually minimal and
neglected in our formulations. gij also represents the coherent dipole–
dipole interactions of the two identical qubits expressed as

gij ¼ x2
0=e0�hc

2
� �

Re l�i � G ri; rj;x0ð Þ � lj
� �

; (3)

where the dyadic Green’s tensor Gðri; rj;x0Þ satisfies the classical
electromagnetic equations for a point dipole source located at a
position rj.

Also, cij represents the dissipative and noncoherent term of the
master equation, which is expressed as a function of the imaginary
part of the dyadic Green’s function:

cij ¼ 2x2
0=e0�hc

2
� �

Im l�i � G ri; rj;x0ð Þ � lj
� �

: (4)

To solve the master equation and to obtain the density matrix, a con-
venient basis for the two-qubit system vector space must be defined. It
is easier to work in the Dicke basis, j3i ¼ je1i � je2i ¼ je1; e2i; j0i
¼ jg1i � jg2i ¼ jg1; g2i; and j6i ¼ 1=

ffiffiffi
2

p
ðje1; g2i6jg1; e2iÞ, when

studying identical emitters in equivalent positions, i.e., c11 ¼ c22 ¼ c,
where jeii (jgii) represents the excited (ground) state of the ith qubit.
The basis selected is appropriate to characterize the response of the
two-qubit system since it leads to a diagonalized Hamiltonian. In gen-
eral, the entanglement between two qubits can be quantified by com-
puting the concurrence C introduced byWootters27 expressed as

C ¼ max 0;
ffiffiffiffiffi
u1

p � ffiffiffiffiffi
u2

p � ffiffiffiffiffi
u3

p � ffiffiffiffiffi
u4

p� �
; (5)

where ui represents the eigenvalues of the matrix q~q. ~q ¼ ry
� ryq�ry � ry is the spin-flip density matrix and ry is the Pauli
matrix. The degree of concurrence is determined between 1

(completely entangled state) and 0 (unentangled state). However, to
gain insight about the entanglement process between two emitters
when only one of the emitter is excited, a transient concurrence for-
mulation can be derived from the master equation, which is expressed
as

CðtÞ ¼ 0:5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e� cþc12ð Þt � e� c�c12ð Þt½ �2 þ 4e�2ct sin2 2g12tð Þ

q
: (6)

Note that the pure dephasing term c0 normally part of Eq. (6)2 is con-
sidered to be relatively small compared to the radiative decay rate of
qubits coupled to an ENZ structure at low temperatures.29,30 Thus, its
contribution is insubstantial and considered as zero in our formula-
tion. Interestingly, Vovcenko et al.30 have recently showed that higher
dephasing contributes to entanglement. Thus, dephasing is not only
linked to the relaxation of the non-diagonal terms of the density
matrix but can potentially lead to transitions between super- and sub-
radiant states, thereby leading to entangled states. Also, from Eq. (6),
Cð0Þ ¼ 0, since at t¼ 0, the quantum system is initially at an unen-
tangled state. As time progresses, t> 0, the concurrence becomes
larger than zero, meaning that the emitters become entangled.
However, at some point, the concurrence starts to decay with time and
becomes zero again, C(t)¼ 0, after a long period of time ðt ! 1Þ.
Thus, the system needs to be sustained by an external source to pro-
long the entanglement.

External pumps with the same frequency ðxpÞ can, therefore,
be used to pump each emitter embedded within the ENZ wave-
guide channels, to prevent the transient concurrence from decay-
ing after some time and to achieve steady-state entanglement. In
that case, an additional term 1=i�h½V ;q� needs to be introduced in
the right-hand side of the quantum master equation, where the
operator,

V ¼ �
X2
i

�h Xie
�iDi tr†i þ X�

i e
iDi tri

� �
; (7)

characterizes the interaction between the pump field and the emit-
ter. The parameter Xi ¼ l � E0i=�h is the effective Rabi frequency of
the pump that depends on the induced electromagnetic field E0i
from the optical source pumping the ith qubit. The parameter

FIG. 2. Dipole emission average power (W) as a function of position along the (a) rolled-up waveguide and (b) rectangular waveguide at different spectral regions. The dash
line represent the cutoff wavelength of the two ENZ waveguides.
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Di ¼ x0 � xp is the detuning parameter due to the pump fre-
quency xp: After expressing q in the usual basis je1; e2i; je1; g2i;
jg1; e2i, and jg1; g2i, one can calculate the steady-state concurrence
Css by solving numerically the master equation where the Rabi fre-
quency and detuning parameter due to the external pumping have
been included.

From the above theory, we numerically compute the dyadic
Green’s response of a single emitter coupled to the ENZ waveguide
channels. From the dyadic Green’s function, we obtain the decay rate
(c1;2) and dipole–dipole coupling interactions (g12) of the qubit cou-
pled to the waveguide channels. These coupling parameters (i.e., c12,
g12) are used in the quantum master equation to determine the evolu-
tionary dynamics of the quantum system. Figures 3(a) and 3(b) illus-
trate the normalized decay rate c12=c and the dipole–dipole
interactions g12=c of qubits coupled to the rolled-up ENZ waveguide
and the rectangular ENZ waveguide channels, respectively. We obtain
that the decay rate of the rectangular ENZ waveguide is faster as com-
pared to the rolled-up ENZ waveguide. It can be seen that the decay
rate of the rolled-up ENZ waveguide exceeds a normalized interatomic
distance r12=k0 of 1.5 before it goes to zero as compared to the rectan-
gular ENZ waveguide. Due to the high propagation and non-radiative
losses of the rectangular waveguide as compared to the rolled-up ENZ
waveguide, we see a faster decay rate c12=c ¼ 0 at normalized inter-
atomic distance r12=k0 < 1:5. Also, the normalized dipole–dipole
interactions g12=c of the rolled-up ENZ waveguide increase apprecia-
bly above zero (0) at normalized interatomic emitter distance

r12=k0 < 0:5 as compared to the rectangular waveguide. Both wave-
guide channels exhibit a monotonic decrease in the spontaneous decay
rate c12 and dipole–dipole coupling g12 as a function of normalized
interatomic distance r12=k0.

After identifying the coupling parameters relevant for the quan-
tum master equation, we compute the concurrence C metric measure
of entanglement as a function of normalized interatomic distance
r12=k0 and normalized evolution time tc as shown in Figs. 3(c) and
3(d). We see relatively good transient concurrence C in both the
rolled-up ENZ waveguide shown in Fig. 3(c) and the rectangular
waveguide presented in Fig. 3(d). However, in both cases, we see a
decrease in the concurrence as a function of time t, which depicts the
depopulation of emitters in the excited state due to both radiative and
non-radiative losses. Typically, electron–phonon, Ohmic loss, inherent
losses of the excited ENZ mode, and propagation losses contribute to
the transient nature of qubits entanglement mediated by an ENZ
medium.20 Also, the qubit–qubit dissipative coupling induces modified
collective decay rates, i.e., superradiant cþ c12 and sub-radiant states
c� c12, which exhibits pure superradiant emission when c ¼ c12 con-
dition is satisfied.29

In order to compensate for the depopulation of the emitter
excited state, we introduce an external pump into the master equation
to compute the steady-state concurrence Css as well as the population
dynamics of the qubits. Figure 4 shows the population dynamics of the
qubits embedded within the two ENZ reservoirs at a normalized inter-
atomic distance r12=k0 ¼ 0:5. Figures 4(a), 4(c), and 4(e) illustrate the

FIG. 3. Normalized decay rate enhancement c12=c and dipole–dipole interaction g12=c as a function of normalized interatomic emitter distance r12=k0 of (a) rolled-up ENZ
waveguide and (b) rectangular waveguide. Measure of entanglement as a function of concurrence C for (c) rolled-up ENZ tube and (d) rectangular ENZ waveguide.
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population dynamics of qubits inside the rolled-up ENZ waveguide at
different pump intensities (i.e., antisymmetric X1 ¼ 0:8c;X2 ¼ 0,
symmetric X1 ¼ X2 ¼ 0:5c, and asymmetric X1 ¼ �X2 ¼ 0:5c
pumping cases). The corresponding Figs. 4(b), 4(d), and 4(f) show
similar dynamics for qubits embedded within a plasmonic rectangular
waveguide reservoir.

We present here four density matrix elements qgg, qee, qge,
and qeg, which represent the probability of both qubits to be in the
ground state, both qubits being in the excited state, the first qubit
being in the ground state, and the second being in the excited state,
and vice versa. Furthermore, we assumed an initial state qeg ¼ 1. It
can be seen that the qubits embedded within the ENZ reservoirs
show different population dynamics for different external pump-
ing cases. The symmetric pumping case depicts a similar popula-
tion steady-state qeg ¼ qge due to the identical pumping of the
quantum system. The antisymmetric and asymmetric pumping
density elements grow appreciably at normalized time tc < 5 and
decays to a constant probability at normalized time tc > 5. Yet, we
obtained a weak population state in the symmetric pumping case,
for both rolled-up ENZ waveguide and plasmonic ENZ reservoir,

as shown in Figs. 4(c) and 4(d), respectively. At a high antisym-
metric pumping case, we obtain an appreciable high probability of
both qubits being in the excited state qee as compared to the other
two coherent pump cases.

The high probability signifies the effect of strong pumping on the
dynamics of emitters coupled to a reservoir and how it affects entan-
glement between two qubits. It is evident that under strong pumping,
the dynamics of qubits are defined by the external pumps and not
only by the dipole–dipole interactions, thereby affecting the entangle-
ment of qubits in such vicinity. In the asymmetric pump case, we see a
high population state qeg > qge of the first qubit since the pump inten-
sity for the second qubit is negated. The aforementioned dynamics of
the different pump scenarios show the effect of pump intensities on
emitters’ interactions and how high coherent pump intensities could
potentially affect the entanglement property of qubits embedded
within an ENZ reservoir with similar behavior observed with incoher-
ent pumping.31,32

Figure 5 also illustrates the heatmaps of steady-state concurrence
Css at normalized evolution time tc ¼ 90 as a function of two normal-
ized pump intensities (i.e., X1=c; X2=c) at different normalized inter-
atomic distances r12=k0. It is evident that the steady-state concurrence
of the rolled-up ENZ waveguide [in the top panel of Figs. 5(a)–5(c)]
shows a high measure of entanglement [max(Css)� 0.32] as compared
to the rectangular ENZ waveguide [max(Css) � 0.2] shown in the
lower panel [i.e., (d)–(f)] at r12=k0 ¼ 0:5. Similar results are presented
for different normalized interatomic distances r12=k0 ¼ 1:0 and
r12=k0 ¼ 1:5, respectively. The high entanglement in the rolled-up
ENZ waveguide depicts its relevance to serve as a reservoir to mediate
qubit entanglement as compared to the rectangular ENZ waveguide.
Note that the high steady-state concurrence of the proposed ENZ
waveguide channels is as a result of the large values of c12 and small
values of g12. Also, the pump strength should not be too high to
achieve strong steady-state entanglement between the qubits; other-
wise, strong interactions between the pump and the qubits as well as
the reservoir will occur, eventually leading to qubits decoupling and
lasing.

To conclude, we have shown the long-range quantum entan-
glement between a pair of qubits mediated by a rolled-up ENZ
waveguide, which persists over extended periods and long distan-
ces. The response is compared to the corresponding plasmonic
rectangular ENZ waveguide. The theory of both transient and
steady-state quantum entanglement, quantified by computing the
concurrence metric, is briefly introduced and utilized to determine
the robust entanglement of qubits coupled to the ENZ waveguide
channel. This concurrence metric formalism has a direct link with
the cross term second-order coherence function that can be
extracted from an experiment [i.e., Hanbury Brown and Twiss
(HBT) effect or two-photon detection probability PRR measure-
ment].20,29,33 We also showed ways to improve the entanglement
of qubits coupled to the proposed reservoirs. We obtain that the
rolled-up ENZ waveguide system demonstrates an improved quan-
tum optical and long-range entanglement performance with
max(Css) � 0.32 compared to the rectangular ENZ waveguide
channel. This study could open new avenues to explore entangle-
ment for quantum network applications, quantum information
processing, cryptography, and the development of ultra-sensitive
subwavelength metrology devices.

FIG. 4. Dynamics of the density matrix elements for qubits under external pumping.
[(a), (c), and (e)] Population dynamics of qubits inside the rolled-up ENZ wave-
guide. [(b), (d), and (f)] Similar dynamics of qubits inside the plasmonic rectangular
waveguide at different pump intensities.
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In this work we propose epsilon-near-zero (ENZ) nanoparticles formed of metal and dielectric bilayers and
employ the effective-medium approach for multilayered nanospheres to study their optical response. We obtain a
passive tunable ENZ region by varying the radii of the proposed bilayer nanospheres, ranging from visible to near
IR. In addition, we present the absorption and scattering cross section of ENZ nanoparticles using open-source
transfer-matrix-based software (STRATIFY). The proposed ENZ nanoparticle is envisioned to be experimentally
realized using chemical synthesis techniques.
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I. INTRODUCTION

Epsilon-near-zero (ENZ) materials exhibit a dielectric
permittivity approaching zero at a frequency close to the mate-
rial’s plasma frequency [1,2]. Transparent conductive oxides
such as indium tin oxide are naturally occurring ENZ mate-
rials with ENZ wavelengths in near-infrared and midinfrared
regions [3]. A metamaterial composed of alternating layers of
metal and a dielectric was also demonstrated to exhibit ENZ
properties in the visible region [4,5].
Notably, ENZ materials studied by many authors consist

of nanostructures or meta-atoms, which require fabrication
techniques such as focused ion beam milling, laser ablation,
atomic layer deposition, and electron-beam lithography [6,7].
On the other hand, the synthesis of nanoparticles and their
incorporation into materials are among the most studied topics
in chemistry, physics, and material science. Furthermore, it
has been demonstrated that localized surface plasmon reso-
nance (LSPR) depends on the size, shape, and material of the
nanoparticles. For example, small Au nanoparticles (between
5 and 10 nm) have the LSPR band around 520 nm, while
for bigger particles (between 50 and 100 nm), this peak is
redshifted up to 570 nm. Other materials such as transpar-
ent conductive oxides, transition metal nitrides [8], organic
conductive materials [9], and highly doped semiconductors
have also been identified to exhibit plasmonic behavior at
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different spectral regions. In addition, nanoparticles composed
of a metal-dielectric complex have been shown to exhibit in-
teresting light-matter interactions with many vital applications
in physics and chemistry, such as scattering [10,11] and non-
linear optics [12,13], sensing [14,15], fluorescence [16,17],
and up-conversion enhancement [18], surface plasmon ampli-
fication [19,20], hydrogen generation [21], and solar energy
harvesting [22,23].
Although planar films made of similar materials have

been investigated as an ENZ medium for many applications,
nanoparticles have not been considered ENZ materials. We
envision that the ENZ nanoparticles could provide a new
design solution for low-cost tunable ENZ materials, which
have wide prospects for application in photonics.
In this work we propose the possibility of the utilization of

nanoparticles as ENZ materials. To verify this approach, we
employ the effective-medium approach to model the optical
response of a multilayer sphere as an effective bulk spherical
medium. In particular, by varying the structural properties of
the nanospheres, we show how the ENZ character of such
multilayered nanoparticles can be easily tuned from the vis-
ible to the near-IR region of the electromagnetic spectrum.

II. STRUCTURE DESIGN AND MODELING

The ENZ nanoparticles we consider in this work are bilayer
structures consisting of an inner dielectric core, for which we
employ SiO2, and an outer metallic shell, as shown schemati-
cally in Fig. 1. Due to the high carrier concentration, electron
mobility, and strong electromagnetic-field confinement prop-
erty of noble metals [24], we choose silver for the outer shell.
To analyze the absorption and scattering of the aforemen-

tioned ENZ nanoparticles, we use a transfer-matrix approach
(based on the open-source STRATIFY code [25]). As a sanity
check, we also implement the optical response (i.e., scattering
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FIG. 1. Schematic representation of the bilayer spherical
nanoparticles. Here a2 and a1 represent the inner and outer radii of
the sphere. The inner, dark blue, sphere represents the dielectric core
(SiO2) of the nanoparticle, while the outer, light blue, shell represents
the silver coating.

and absorption) for different materials and identify that the
Ag-SiO2 bilayer structure gives us the required ENZ region of
interest (i.e., visible to near IR). First, we focus on the effec-
tive ENZ optical responses of a bilayer spherical nanoparticle
embedded within a host medium (i.e., air) and later extend
the effective permittivity approach to multilayer nanosphere
composites.
The wavelength-dependent complex dielectric functions

for Ag and SiO2 are taken from the material data of Johnson
and Christy [26]. The scattering, absorption, and electromag-
netic near-field distribution are calculated using STRATIFY
(i.e., recursive transfer-matrix method MATLAB code).

III. THEORY

In this section we briefly present the theoretical back-
ground needed to derive the effective permittivity of the
bilayer spherical nanoparticle. Our approach makes use of
an effective description of the electric permittivity of a
metal-dielectric layered nanoparticle, following the methods
presented in Ref. [27]. Although there are many different
analytical methods available in the literature to describe the
interaction of electromagnetic waves with layered media, such
as dyadic Green’s functions [28] or vector spherical har-
monics decomposition in layered media [29], we choose to
use the effective-medium approximation for its unique ability
to assign a single effective permittivity to the multilayered
nanoparticles. This method has been successfully applied in
the past to effectively describe the properties of hyperbolic
metamaterials [30,31] in an easy-to-engineer manner. Inspired
by this, we decided to use the effective-medium approxima-
tion to provide easy-to-engineer ENZ properties of layered
nanoparticles. To start with, we assume that a bilayer (and,
by simple generalization, a multilayer) nanoparticle can be
seen as a composite material, where the outer layer (the shell)
plays the role of the host medium, whereas the inner layer
(the core) is the inclusion. This assumption allows us to use
the theory of effective media to simplify the complex problem
of a multilayered spherical nanoparticle, reducing it to the
simpler one of a single homogeneous spherical nanoparticle,
described via an effective permittivity.

For the case of a metal-dielectric nanoparticle like the
one depicted in Fig. 1, for example, this can be easily
done using standard methods of electrostatics, i.e., by plac-
ing the nanoparticle in a homogeneous electric field and
solving the Laplace equation for the electrostatic potential in
the whole space [32]. By using this procedure, one can easily
show that the electric field generated by the bilayered sphere
in the host medium (air, in the case of Fig. 1) is the same as
that of a single sphere with radius a1 and permittivity

ε̃1 = 1− 2G
1+ G

ε1, (1)

with

G = ε1 − ε2

2ε1 + ε2

(
a2
a1

)3
, (2)

with ε1 the permittivity of the shell, ε2 the permittivity of the
core, and a2 the radius of the inner sphere.
The above theory can then be generalized for multilayered

structures by expressing the multilayered permittivities by
simply applying Eq. (1) recursively to each couple of layers,
from the outer to the inner one [27], thus obtaining, for the
general kth layer,

ε̃k = 1− 2Gk

1+ Gk
εk, (3)

with

Gk = εk − ε̃k+1
2εk + ε̃k+1

(
ak+1
ak

)3
. (4)

Here the layers are numbered from outside to inside so that
k = 1 represents the outer layer and k = N represents the
inner one. The permittivity for each layer k = {N − 1,N −
2, . . . , 2, 1} is expressed using the above equations.

IV. RESULTS AND DISCUSSION

From the above theory, we determined the effective per-
mittivity for the proposed spherical bilayer structure to obtain
the ENZ points as a function of the varied core diameters with
outer layer thicknesses fixed at 2 nm. Figure 2 shows the ef-
fective permittivities for the different ENZ nanoparticles with
different core diameters (i.e., a2,1 = {38, 40}, a2,1 = {68, 70},
and a2,1 = {98, 100} nm). Here a2,1 represents the radii of
the inner and outer shells, respectively. We obtained different
ENZ points by changing the radii of the bilayer nanospheres.
In particular, for a2,1 = {38, 40} nm [Fig. 2(a)], the ENZ

wavelength is found to be λENZ ≈ 659 nm. Similarly, by
changing the inner and outer radii of the ENZ nanoparticle, we
observe a redshift of the ENZ wavelength to λENZ ≈ 852 nm
[Fig. 2(b)] and λENZ ≈ 1010 nm [Fig. 2(c)], respectively. This
is the first main result of our work which extends to the numer-
ical calculations of the nanosphere’s near-field enhancement,
absorption, and scattering cross sections as well as exploiting
the possibility of using the effective-medium formulations of
bilayer nanospheres into multilayer ENZ nanoparticles.
Ag-SiO2 nanoparticles clearly show ENZ behavior in the

visible and near-IR spectral regimes. The position of the ENZ
wavelength of such nanoparticles can be easily controlled
by suitably tuning the inner core of the nanoparticle. In our
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FIG. 2. Effective permittivities of different bilayer spheres near their characteristic ENZ wavelengths (a) a2,1 = {38, 40}, (b) a2,1 =
{68, 70}, and (c) a2,1 = {98, 100} nm. Here Re and Im represent the real and imaginary parts of effective permittivity, respectively. Their
corresponding ENZ wavelengths are marked with red dashed lines.

simulations, it was found that the outer radius of the Ag-SiO2
nanoparticle should fulfill a1 � λENZ/10. This is compatible
with the implicit assumption, used to derive our effective
model, that the wavelength of the electric field should be much
larger than any length scale in the system, to guarantee that the
effective-medium approach remains valid (i.e., it makes sense
to use the Laplace equation for the electrostatic potential near
a multilayered sphere to calculate the effective permittivity of
such structures).
In addition, it was identified that one should consider the

parametric variations of the inner core and outer shell of the
nanoparticles, as huge thickness variations between the two
layers could affect the bilayer nanoparticle from exhibiting
ENZ properties. This is due to the bilayer nanoparticle ex-
hibiting properties of the outer shell instead of the complex
media. As such, it is relevant to choose the right fill fraction
of the nanoparticle to attain the required ENZ properties.
To verify the reliability of the effective-medium approach

described above, we compare the electromagnetic-field dis-
tribution of the proposed effective-medium theory and the
bilayer structure. As can be seen from Fig. 3, the electric-
field distributions outside the nanoparticle, calculated using
STRATIFY, for both the case of a bilayer structure [Fig. 3(a)]
and a bulk sphere with effective permittivity εeff [Fig. 3(b)]

at the ENZ wavelength, give relatively similar results, as can
be seen from Fig. 3(c). The origin of this discrepancy can be
traced back to the presence, in the actual bilayer structures,
of surface waves, due to the external metallic coating, which
locally modifies the electric field of the nanoparticle, making
its near field different from the case of the effective medium.
From this perspective, therefore, the fact that we observe,
as reported in Fig. 3(c), the difference in the very vicinity
of the surface of the nanoparticle is quite small, which is
somehow expected, and does not jeopardize the validity of
the effective-medium approach. This effect has been observed
in similar situations, in planar metal-dielectric-based meta-
materials [33]. Moreover, we also identified that a bilayer
metal-dielectric structure is sufficient to obtain the desired
ENZ properties. As a result, we focused on the particle with
radii a2,1 = {98, 100} nm, which can produce Rayleigh scat-
tering since the particle size is smaller than the wavelength
of the impinging electromagnetic field. Although a full nu-
merical optimization could be performed, we only considered
the ENZ nanoparticle with radii a2,1 = {98, 100} nm, as it
shows the capabilities of our approach shown in Fig. 3 and
corresponds to experimentally plausible nanoparticles [34].
In addition, we numerically calculated the fundamental

extinction cross sections and the ENZ-dependent parametric

FIG. 3. Electric field for the bilayer structure, a2,1 = {98, 100} nm at the ENZ wavelength. (a) Actual bilayer structure. (b) Bulk effective-
medium structure. (c) Difference of the normalized near-field distribution between (b) and (a). As can be seen from (c), the two simulations
are in good agreement with each other in general and they differ only in the vicinity of the surface.
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FIG. 4. (a) Absorption and (b) scattering cross sections for the
bilayered spherical nanoparticles with full permittivity (solid lines)
and effective permittivity (dashed lines) for radii a2,1 = {38, 40}
nm, a2,1 = {68, 70} nm, and a2,1 = {98, 100} nm. The values in the
legend represent the radius values of the inner and outer spherical
layers.

sweep for different layers of the ENZ nanoparticle in the case
of a plane wave incident on it using full permittivity (with-
out any effective-medium approximation) and the effective
permittivity, coming from the effective-medium formulation.
Figures 4(a) and 4(b) show the calculated absorption and
scattering cross sections for three different ENZ nanoparti-
cles using STRATIFY, i.e., a2,1 = {38, 40} nm (purple), a2,1 =
{68, 70} nm (cyan), and a2,1 = {98, 100} nm (orange), with
absorption and scattering peak resonances at λ ≈ 913, 1206,
and 1466 nm, respectively. The maximum extinction reso-
nance wavelengths for the proposed ENZ nanoparticles are
redshifted compared to their characteristic ENZ wavelengths,
which are presented in Table I. This is due to the resonant
excitation of dipole surface plasmons on the ENZ nanoparti-
cle. We note in fact that the obtained resonance enhancement
for both scattering and absorption cross sections occurs when
the condition εeff ≈ −2 (the so-called Fröhlich condition)
for spherical nanoparticles is satisfied [35]. The absorption
and scattering for the ENZ nanoparticle a2,1 = {98, 100} nm
have appreciably similar peak values. However, for the ENZ
nanoparticle a2,1 = {38, 40} nm and a2,1 = {68, 70} nm, we
obtain relatively low scattering peak values compared to its
corresponding absorption cross-section peak values. It is also
interesting to note that by changing the filling ratio of the ENZ
nanoparticle, a passive tuning of the λENZ can be observed,
which corroborates the shift in the nanoparticle’s peak ab-
sorbance and scattering cross sections. Intuitively, the redshift
of the peak in the dipole resonance with increasing size could
be linked to the weakening of their restoring force. Since
the distance between charges on opposite sides of the ENZ

TABLE I. The ENZ nanoparticles with their characteristic ENZ
wavelengths as well as their corresponding resonance wavelengths.

Nanoparticle size (nm) λENZ (nm) λresonance (nm)

{38, 40} 659 913
{68, 70} 852 1206
{98, 100} 1010 1466

FIG. 5. The ENZ wavelengths calculated for three different
structures of a set of SiO2 layers, with varying thicknesses d . The
SiO2 inner core and the Ag layers in between are fixed with a
radius of a2 = {98} nm and a thickness of 2 nm. The compositions
of the multilayer nanospheres are schematically presented with red
(SiO2) and gray (Ag) circular layers, next to the relevant λENZ plots,
corresponding to two (blue), four (red), and six layers (green), with
thickness d values ranging from 10 to 60 nm.

nanoparticle increases with size, in fact, their corresponding
interaction decrease.
In addition to the absorption and scattering cross section of

the ENZ nanoparticles, we numerically calculated the ENZ
wavelengths for different layered nanoparticles by parametri-
cally varying the thickness of SiO2 overlaid on the outer Ag
shell. The SiO2 inner core and the Ag layers in between are
fixed with a radius of a2 = {98} nm and a thickness of 2 nm.
It is evident in Fig. 5 that by changing the thicknesses of the
embedded SiO2 layers, we attain different ENZ wavelengths
for the other multilayered nanoparticles. For all the considered
nanostructures, we see a linear trend that depicts that by vary-
ing the thicknesses of the SiO2 layers, there is a corresponding
shift in λENZ for different layered structures. This signifies the
possibility of extending the effective-medium formulation of
the bilayered structure into multilayered nanoparticles.

V. CONCLUSION

Our work showed that effective-medium theory is po-
tentially applicable to bilayer spherical nanoparticles to
determine their unique spectral responses and ENZ properties.
By changing the diameter of the ENZ nanoparticle, we iden-
tified a spectral shift in the spectral absorbance and scattering
cross sections of the ENZ nanoparticle, which signifies a pas-
sive tuning of the proposed structure. As shown in subsequent
discussion, the effective permittivity formulation works rela-
tively well for bilayer structures and could be easily extended
to multilayered structures. Although in this work we have only
considered Ag-SiO2 nanoparticles, as they are the most com-
mon and readily available commercially, our approach can in
principle be applied to any combination of metal-dielectric
material that follows the prescriptions we have given above.
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However, the condition a1 � λENZ/10 is specific to Ag-SiO2
and will take a different form, once the metal and/or dielec-
tric is changed. Furthermore, as each metal’s dispersion is
different, this may change the spectrum as well as the ENZ
wavelength. One can use different thicknesses and dielectric
materials to adjust the wavelength and spectrum when the
material is different. The electric-near-field response for both
the bilayer and the effective-medium structures shows similar
near-field optical responses. Our proposed ENZ nanoparticle
can be obtained by low-cost chemical synthesis techniques to
be utilized in applications that grasp the advantage of ENZ
properties as well nanoparticle properties.
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