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Stochastic Coverage Analysis for Multi-Altitude LEO Satellite Networks

Niloofar Okati

Abstract—While leading companies will soon have launched
their low Earth orbit (LEO) constellations with different orbital
characteristics, e.g., altitude and inclination, the analytical un-
derstanding of these networks with satellites flying on varying
altitudes is only limited to specific network setups, e.g., polar or-
bits. In this letter, we derive the coverage probability of a generic
multi-altitude LEO network with the satellites being distributed
uniformly on inclined circular orbits at varying altitudes. To
maintain tractability of our derivations, we firstly model the
satellites as a binomial point process assuming their altitude
to be an arbitrarily distributed random variable. Secondly, we
take into account the latitude-dependent distribution of satellites
over the orbits through finding the effective number of satellites.
The coverage probabilities of four multi-altitude benchmark
constellations are evaluated in terms of different constellation
parameters as well as the user’s latitude. The numerical results
reveal that after a certain limit, the coverage probability improves
only slightly with increasing the constellation size; therefore, the
costly over-sizing of LEO networks is not always recommendable.

Index Terms—Communication satellite networks, low Earth
orbit (LEO), coverage probability, stochastic geometry.

I. INTRODUCTION

HE great potential of low Earth orbit (LEO) com-

munication satellites for providing global broadband
connectivity—especially for remote regions or countries with
restricted Internet access—is encouraging many companies to
launch their Internet constellations to 500-2000 km altitudes.
To keep pace with the rapid commercial progress of LEO
networks, the scientific understanding of their performance
in terms of the network parameters is crucial for the future
developments.

In this letter, we analyze the coverage probability of a
massive multi-altitude LEO constellation in which the satel-
lites fly on different altitudes. The general multi-altitude setup
corresponds to several scenarios: (i) deploying the satellites of
a constellation at different shells, e.g., Starlink; (ii) elliptical
orbits for which the altitude varies with true anomaly of a
satellite; and (iii) the inter-operation of several constellations at
different altitudes to maximize resource sharing opportunities.

The application of stochastic geometry for tractable analysis
of large-scale massive wireless networks [1]] has been recently
extended to LEO satellite systems. The mobility of satellites
over the orbits results in different realizations of satellites’
locations over time which can be modeled by a spatial point
process to facilitate the utilization of the tools from stochastic
geometry [2[]-[4]. A stochastic geometry-based framework is
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Fig. 1. A multi-altitude network consisting of several constellations deployed
at different altitudes ranging from amin t0 Gmax-

provided in [2]] for modeling and performance analysis of a
single-altitude LEO constellation by modeling the network
as a binomial point process (BPP) that captures the locality
characteristics of a limited number of nodes distributed in a
finite region. The inherent mismatch between the performance
of a BPP distributed constellation and an actual constellation,
caused by an uneven distribution of satellites along different
latitudes, is compensated numerically in [2]] and analytically
adjusted in [3]] through finding a latitude-dependent parameter.
In [4]), the non-uniform distribution of satellites is modeled
as a nonhomogeneous Poisson point process (PPP), with its
intensity being the actual latitude-dependent distribution of
satellites on an orbital shell.

Only [35]], being the most relevant reference for our study,
formulate the distance distributions and coverage probability
for a LEO network when satellites are distributed on multiple
concentric spheres with specific known radii. Comparing with
[S]], this letter adds the following advantages: (i) the analysis is
applicable to more generic highly massive networks with any
number of altitudinal levels without affecting its complexity;
(ii) it includes the inclination angle of satellites in the analysis;
and (iii) it takes into account the nonuniform density of
satellites along different latitudes.

To tractably analyze the coverage performance of a multi-
altitude LEO network, we model the satellites as a BPP on
an orbital shell with an arbitrarily distributed radius. The
mismatch between the performance of the BPP distributed
constellation and the actual constellation is compensated by
derivation of the so-called effective number of satellites. The
analytical derivations are verified through Monte Carlo simu-
lations while showing the effects of different parameters, e.g.,
the constellation size and the user’s latitude on the coverage
performance for several multi-altitude constellations.
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II. SYSTEM MODEL

A LEO multi-altitude constellation is adopted as the system
model in this paper, shown in Fig.[1| The constellation consists
of N, satellites distributed uniformly on circular orbits with
different altitudes, ranging from i, t0 amax. The orbits can
be inclined at different angles denoted by ¢(a) which is a
function of network’s parameters, viz. altitude a.

The user is located at a specific latitude, denoted by ¢,
on Earth’s surface that is assumed to be a perfect sphere with
radius rg ~ 6371 km. The user may be connected only to
those satellites which are elevated above the user’s horizon
at least to an angle of 6,,;,. Correspondingly, the maximum
possible distance at which a user is able to communicate with
a satellite, denoted by 7,ax(a), is obtained as a function of

7“‘:;(“) = % (% + 2)—|— sin? (Omin) — Sin(Omin ).

We refer to a serving satellite as the nearest satellite to
the user. All other visible satellites may cause co-channel
interference due to implementing frequency reuse by assuming
K orthogonal frequency channels, with K < N,., and
randomly assigning a subset of N,/K satellites to each
channel. The ground user is associated with the frequency
channel that is assigned to the serving satellite. The dis-
tance from the user to any satellite is denoted by R,,
n=0,1,2,..., Nyt — 1, while their corresponding channel
gains are H,, n=0,1,2,..., Naet — 1. The subscript zero
associates the parameter with the serving satellite. Due to
Earth’s blockage, it is obvious that H,, = 0 for R, > 7yax.

The satellites have directional antennas with their beams
radiating towards the ground users. The ground terminal is
equipped with a phased array antenna which is capable of
tracking the serving satellite to maintain a connection. The
reception of the signal may be subject to interference due to
lack of full alignment between the terminals’ and satellites’
beams and/or existence of side lobes in their radiation patterns.
We also assume that satellites’ antenna gains and their altitude
are proportional for compensating for the more severe path loss
of higher altitudes. Thus, the satellites’ and the user’s antenna
gains are denoted by G,,(a) and G,,, respectively.

Consequently, the signal-to-interference-plus-noise ratio
(SINR) for any arbitrary user on Earth is given by

altitude as

pth(a)HoRao‘

SINR & —— -0 1
T (1)
where p; is the transmit power, « is a path-loss exponent,
Gi(a) = G.G,(a) is the overall antenna gain, o2 is the

additive noise power, and [ = 251:1 ptGe(a)Hy R, is the
cumulative interference power from N; < N, /K — 1 satel-
lites above the user’s horizon that share the same frequency
channel with the serving satellite.

III. STOCHASTIC COVERAGE ANALYSIS

To contribute an analytical expression for coverage perfor-
mance, we abstract and remodel the above-mentioned physical
model as follows. We assume that satellites are distributed
according to a BPP on a sphere with radius A + rq, where
A is a random altitude ranging from api, t0 ampmax. Using
this model, we are able to find the distribution of the serving
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distance in terms of the cumulative density function (CDF) and
the probability density function (PDF). We refer to the total
number of satellites in the modeled network as the effective
number of satellites, denoted by N.g, which enables us to
correct the performance mismatch between the theoretical BPP
constellation and the actual physical constellation caused by
the varying density of satellites over different latitudes: Neg
is a function of the actual number of satellites, NV,.¢, and is
derived in the following proposition as a generalization of the
results given in [3] from single- to multi-altitude networks.

Proposition 1. The effective number of satellites for a
given user’s latitude, which is the total number of satel-
lites presumed by the user from its perspective when ex-
pecting the same density continues everywhere, is Neg =

2 fo,(ds) [ Ny(a) fa(a)da/cos(¢s), where @ is a ran-
dom variable denoting a satellite’s latitude with fo_ (¢s)
being the corresponding PDF and Ny(a) represents the actual

number of satellites on an orbital shell at altitude a.

Proof. Assuming that there are N.g uniformly distributed
satellites in the sky between the two orbital shells at altitudes

Gmin and ap,y, the effective density is given by d.g = %

where v = §7 ((amax +7¢)° — (Amin + r@)? is the volume
between the two spherical shells. The actual density of satel-
lites in the volume element at latitude ¢ is

(fim Ny(a) fo,,a (s, a)da) do
5 cos(¢s) dos
The volume of the spherical shell elements, bounded by
Gmin + Tg and apax + rg, and the number of satellites inside
the element are given in the denominator and nominator of (2),
respectively. As ®; and A are assumed to be independent ran-
dom variables, we have fo_ A(¢s,a) = fo.(¢s)fa(a), result-
ing in f:dx fo.,a(ds,a)da = fo (¢s) [ Ng(a)fa(a)da.

nin Gmin

The proof 1s concluded by setting dogr = dact- O

2

6act =

Lemma 1. In a multi-altitude network, when satellites of each
constellation are distributed uniformly on low Earth orbits, the
PDF of satellites’ latitude, ¢, is

Gmax ﬁ . cos(¢s)
™ \/cos(2¢s) — cos(2(a))

where fa(a) is the PDF of the altitude.

fo,(¢s) = fala)da,

Gmin

Proof. The distribution of satellites’ latitude for a constellation
with fixed altitude and the inclination angle is given in [3}
Lemma 2]. Generalizing the inclination angle in the multi-
altitude network to be altitude-dependent and taking the ex-
pectation with respect to A completes the proof. [

In the following lemmas, we will obtain the CDF and PDF
of the relative distances between the user and the satellites.

Lemma 2. The CDF of the distance R from the user to any
satellite in the multi-altitude network is

u 2 2
FR(r)éP(Rgr)z/l fa(a)da “)

% —a
drg(re + a)
+ Fy(min(amax, r — 2rg)) — Fa(amin),
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where l=max(amin,” — 2rg), w=min(Amax, ), and fa(a)
and F4(a) are the PDF and the CDF of the altitude, respec-
tively. Using the Leibniz rule, the corresponding PDF is

rfa(a)

fR(r)z/l m da+ fa(r —2rg)H (amax— T + 27“;.;1
N fa(u)(r*~u?)H (amax—T) B fa()(r*=1?)H (r— 2rg—amin)
drg(re +u) drg(rg +1)

where H(-) is the Heaviside step function.

Proof. Using the law of total probability, we have P (R < r)=
A[P(R < r|A =a)] where P(R < r|A = a) is the CDF of
R for a single-altitude network given in [2, Lemma. 1]. [
Noting that f4(a) = m for uniformly distributed A
results in the following distribution for R in the special case.

Corollary 1. When A is a uniform random variable, i.e., A ~
U(amin, Gmax ), the PDF of R can be written as

rln ( T@+amax )
@+ %min

2r@ (@max jramin) ’

T+
rin( —2——
T®+amin

r— 2T@ S Amin S Amax S T,

2rg (Amax —Amin) ’ 7= 2rg < @min <7 < Gmax,
= 1 T +amax 9
rin{ === —2rg

2rg (Ulqnax —@min)

fr(7)

Amin <7 — 2rg < Gmax < T,

o, (6)

For a single-altitude constellation, i.e., Gmax = Gmin = a,
the PDF of R can be obtained from (6) as fr(r) = ST Creram
for a < r < 2rg+a while fg (r) = 0 otherwise. As expected,
the expression is similar to our derivation in [2, Lemma 1]. The
distribution of the serving distance is given as follows using
the distribution of R given in Lemma 2] and Corollary [I] The
PDF of the serving distance Ry is given in [2, Lemma 2] by
Fro (10) = Neg (1 — Fr(ro)) ™" fr(ro) for amm < 10 <
2rg + amax While fr, (r9) = 0 otherwise.

The above distance distributions will be used to derive
coverage probability in the multi-altitude network. Let us begin
with the definition of the coverage probability which is the
probability that the SINR at the user’s receiver is greater than
some minimum required SINR, denoted by 7"

> T) .

pth (A)H()Raa
I+o02

In the following proposition whose accuracy is verified in

Fig. [2| we derive an analytical expression for the probability
of coverage based on the above definition.

otherwise.

P, (T)2P (SINR>T)IP’(

Proposition 2. The probability of coverage for a user on
Earth’s surface under a Nakagami fading serving channel
when both shape and rate parameters of gamma distribution
(square of Nakagami random variables) are set to my, is

P.=PyP(SNR > T) + (1 — Py) P(SINR > T|I > 0),
(1 _ 2T®A7TO+A2 )

where Py = Tra (ra+A) 1374
of having no visible mterferlng satellite [2|],

®)
is the probability

Nefr
= 1

Gmax(Tmax 2m°_1(502)k
P(SNR> T):/ fa(a)fry(ro)e ™" > 7 droda,
Gmin Gmin k=0
)
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TABLE I
FOUR MULTI-ALTITUDE BENCHMARK CONSTELLATIONS
Constellations 1 1I 111 1A%
Starlink | Starlink | Kuiper Telesat
No. orbital shells 3 4 3 3
335 km 540 km | 590 km | 1000 km
Discrete altitudes 340 km 550 km | 610 km | 1200 km
’ 345 km 560 km | 630 km | 1325 km
— 570 km — —
42° 53° 33° 98.8°
Inclinati 1 48° 53° 42° 87°
nclination angles 530 97 6° 555 7o
- 70° - -
Main lobe gains 12 dBi 16 dBi 17 dBi 22 dBi
. _ moTr{
with s = PGy and
Gmax dex R
P(SINR > T|I > 0) = / / a) fry(ro) e
Amin Y Gmin
(10)
mo—1 l k—1 gkt
—S fﬁ[ S
Z Zl O ) (k' ) Osk—1 ( ) d?"()dCL,

where L1(s) is the Laplace function of interference power, I.

Proof. Using the definition of coverage probability, we obtain
the proof by deriving the expression for the case of having
non-zero interference, i.e., the second term in |8 as

ERO 1 — Po) (SINR > T|R0 = T(),A = a)]

/ / (1= Po)fa(a)fr, (7o)
Trg (I+02)
P Hy > ————% | droda,
( "7 pGila) ’

min “ @min

TrX(I+o
r (mmmopotét(a) )>
E I >0]droda,
! T (mo) | roc
(b) [[max [Tmax _ mgTrgo? _ moTrgl
/ / 1 PO fA )fRo(TO)e pGi(a) [ e PeGele)

Gmin ¥ @min

moTrdo?
mozlzfzo (’;) ( p(:,gt(()a)
k!

k=0

. o
) (P*g'((;)[) ]droda, (1D

where (a) follows from the distribution of gamma random
variable H, (being the square of the Nakagami random
variable), and (b) is calculated by applying the incomplete
gamma function for integer values of m to (a) and substituting
L(s) £ E [e~*!]. The coverage probability for case of zero
interference given in [0] i.e., P(SNR > T) can be trivially
obtained using the above derivations and setting I = 0. [

To complete the derivation of (8), we derive the Laplace
function of interference power, I, in the following lemma.
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Lemma 3. When the serving satellite is at distance vy > Qmin
from the user, the Laplace transform of random variable I is

Gmax NIS(H_ Negt 1 Sff L
Lr(s)= fala) > ( Km )P 11— p) & ~l-m
Gmin nr=1

12)

: ( fRo iR (Tn|r0) L, (sPnGi(a)r, ) drn) da,

0

where fr |Rr,(rnlTo) = % is the probability density

function of the distance from any visible satellite to the
user conditioned on the serving distance [2| Lemma 3].
P = 2rg A— T0+A
= 4r@(r@+A) r2+A2
L, () is the Laplace transform of the random variable H,,.

is obtained using [2| Lemma 4], and

Proof. Using the definition of the Laplace transform yields

Li(s) £ Ey[e*] (13)

Ny
=Ea g, m, [exp | =5 pnGi(A)H,R,®

n=1
HEH exp

n=1

(b) Ny Tmax
=Ean H / JRo|Ro (TnlT0)
n=1"T70

(@)

Ean.r spnGt(A)HnR;a)]

‘Eg, [exp (fspnGt(A)Hnr;a)] dry,

—ng

ot RNy
:/ fal@) 3 (Km )P”‘(l P)®

@min ni=1
Tmax ni
( fRn|Ro(TnTO)EHn[eXp(—SpnGt(G)Hnria)]dm> da,
T0
where (a) follows from the i.i.d. distribution of H, and its
independence from N; and R,, (b) is obtained by taking
the expectation over R, conditioned on Ry = 79, and (c)

is the averaging over the binomial random variable N; with
the success probability Fi. [

Another metric that enlightens the worldwide coverage
provided by a LEO constellation, regardless of the users’
locations, i.e., their latitudes, is global coverage probability,
denoted by PS°Pal. The metric is defined as the weighted
summation of coverage probability over all the potential global
users’ latitudes as follows.

Lemma 4. The global coverage probability, irrespective
of the ground user’s latitude, is given as PCG’IO]O*‘1

T Pe(6u) fo, (6u)ddn, where fy,(6u) is the PDF of the

population distribution over different latitudes.

IV. NUMERICAL RESULTS

We verify our analytical findings on the coverage proba-
bility of a multi-altitude constellation through Monte Carlo
simulations with four commercial constellations. Moreover, we
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Fig. 2. Verification of Proposition [2] with simulations for the four constella-
tions given in Table [ﬂ The user is located at ¢, = 25°.

show the effect of altitude, the constellation size, and user’s
latitude on the coverage probability. According to the detailed
specifications given in Table Il the satellites of each constel-
lation are distributed on multiple orbital shells, each of which
has the same number of satellites while their altitudes and
inclination angles are different. To plot the analytical coverage
probability for each constellation, the altitude is assumed to
be uniformly distributed ranging from the minimum altitude
to the maximum altitude of the given constellation.

A well-known sectorized antenna pattern similar to [|6]—[8]
is adopted to approximate the alignment of main lobes on
the desired link and alignment of side lobes on interfering
linkﬂ The maximum antenna gains given in Table [I| are
chosen to satisfy the received average SNR of 10 dB for each
constellation, i.e., higher gains are chosen for constellations
with higher altitude range to compensate for more severe path
loss. The maximum gain of user’s antenna is set to 31.8 dBi
as given in [9]]. Similar to [6], the misalignment between
interfering satellites’ and user’s antenna beams is considered
by assuming 13 dB lower antenna gain for them.

To compensate for the uneven satellite distribution along
latitudes, Neg is calculated for each orbital shell in Table [I]
per Proposition |1} The summation of the obtained N.g for all
orbital shells returns the overall N.g for a given constellation.
The minimum elevation angle and the path-loss exponent are
set to Omin = 20° and o = 2, respectively. A practical fading
distribution, i.e., Rician fading with parameter 6.5 is assumed
for simulations to equivalently represent the Nakagami fading
used for analysis. The transmitted power is set to py = 10 W.
The operating frequency, total bandwidth, the number of
frequency channels, and the noise power per channel are
assumed to be 20 GHz, 2 GHz, K = 50, and 2 = —95 dBm,
respectively. In all the figures, the lines and the markers
represent the analytical results and simulations, respectively.

In two special cases the reception of interference may happen through the
main beams of satellites or user to/from a side lobe. The first case occurs
when a user is within the overlapping coverage area of several satellites so
that it receives interference through their main beams. The second scenario
may happen if some interfering satellites and the server are in close proximity
or have almost similar true anomaly so that the satellites’ side lobes interfere
with the user’s main lobe. Such scenarios can be avoided by implementing
frequency reuse so that the server and its neighboring satellites are allocated
to different channels.
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Figure [2] validates the expression in Proposition [2] for
the constellations given in Table [I| with N, = 1200 and
1800. The variation in the coverage probability is affected
by the visibility probability and the path-loss attenuation. For
lower thresholds, the performance is upper bounded by the
probability of being visited by at least one satellite. According
to the figure, for all constellations, there is at least one visible
satellite that serves the user. By increasing the SINR thresh-
old, Constellations IIT and IV outperform other constellations
due to their higher altitude range and, consequently, higher
probability of being visible to the users. In other words, for
constellations III and IV, the user may connect to a satellite
with a relatively higher elevation angle which compensates for
the higher path loss attenuation of those constellations.

In Fig.[3] the coverage probability of the four constellations
is depicted versus the total number of satellites for ¢, = 25°
and 40°. Higher altitude range for Constellations III and IV re-
sults in a better visibility probability and, consequently, better
coverage probability at the given latitudes. The probability of
coverage converges to a fixed value, when the constellation
size exceeds a certain limit, implying that increasing the
constellation size does not necessarily improve performance.

The effect of the user’s latitude on the coverage probability
is shown in Fig. 4] The varying behaviour of the plots is
justifiable due to changes in the number of visible satellites
with the user’s latitude. The asymmetric local maxima at the
inclination angles of each orbital shell is due to the reduction
in the interfering satellites as well as the increase in the
satellite density and, consequently, a rise in the probability of
connecting to a nearer satellite. The peak points are followed
by sharp local minima caused by loss of connection with the
best available server. The coverage drops more significantly at
larger inclination angles as the number of visible satellites to
the user decreases drastically. The performance is more uni-
form for Constellation IV since the variation in the visibility
of satellites is less significant due to its higher altitude.

The global coverage probability for all constellations is also
depicted in Fig. ] using Lemma[d] The population distribution
over latitudes is obtained from NASA’s socioeconomic data
and applications center [10]]. As can be seen, Constellation IV
provides superior global coverage as those middle- and high-
latitude regions are totally covered by its inclined orbits.
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V. CONCLUSIONS

Stochastic geometry-based modeling and analysis of a
multi-altitude LEO network is proposed, assuming satellites
are distributed on several orbital shells with different altitudes
and inclination angles. As illustrated through the numerical
results, deploying satellites on several orbital shells with
different inclination angles to cover all the latitudes, results
in a more promising global coverage probability. Although,
given a fixed number of satellites and nearly the same altitude
range, the performance is inferior for lower latitudes as the
density, and consequently, the visibility probability is lower
compared to constellations with lower inclination angles.
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