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Abstract: An analytical plate bending model is used in a novel measurement method that
is being developed for feedback control of material properties in paper manufacturing. The
model involves an efficient material model for paper yet allowing a selected level of material
complexity. In this study, the effects of the simplifications are studied by comparing the results
with a discretized model applied in finite element methods. The boundary conditions required
for specifying the censoring location in the real system proves to be challenging and a specific
combined load distribution might be necessary to apply the developed model.
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1. INTRODUCTION

In the field of paper machines, there are no methods for
generally accepted feedback that would allow monitoring
bending stiffness in-situ. This is mainly due to the lack
of reliable on-line measurement systems. The control of
elastic properties at the machine dry end is possible by
manipulating for example web tension or moisture content
Valenzuela et al. (2010).

The bending stiffness (or flexural rigidity) is an important
property especially in paperboard packaging applications
as it defines how much the product resists bending defor-
mations. For example, when a weight is placed on a sheet
of paper, the displacement field of the paper can be defined
by its bending stiffness.

The direction, where to the dry-end web in paper manufac-
turing is moving during manufacturing, is called machine
direction (MD). Similarly, the direction parallel to MD
is cross-direction (CD). The bending stiffness can have
different values in CD and MD since the paper fibers tend
to align parallel to MD Niskanen (2008). Due to differences
in the rates of reeling of the web, there exists tensile in-
plane loads in CD and MD. Additionally, the through-
thickness structure in paper is non-uniform in details.

Some on-line capable measurement systems have been
studied in the past (see the works Kopkin (1999); Anttila
and Pettersson (1997); Allan (2015); Valenzuela et al.
(2010)). These are based on methods such as ultrasonic
wave propagation in the material, rather than generating
macroscopic, visually detectable deformations.

A novel method for measuring the bending stiffness and
web tensile load in both CD and MD is being developed
by Tampere University and an industry partner. The
method applies vacuum pressure to create deformations
to paper and computer imaging and photometric stereo to

detect the deformations. Furthermore, a suitable material
model is needed to reverse-engineer the material constants
based on the known pressure difference and displacement
field. A prototype of the measurement hardware has been
developed by the industry partner. The method and the
hardware have been tested during paper manufacturing
and at a test facility to gain data for in-depth development.

The current measurement results have shown certain cor-
relation in bending stiffness between state-of-the-art lab-
oratory measurements and the method. However, the the
results are inconsistent, noise-rich and require gain and
offset with iterative values. Several attempts, to make
changes in the measurement setup and hardware and some
software changes, such as different filtering algorithms,
have been studied with no remarkable benefit.

In this study, we conducted analyzes and discussed the
analytical model with respect to well-defined simulations
using finite element methods (FEM). The FEM model of
paper and censor with practical settings of the measure-
ment system was created. The displacement data from the
FEM model was used as virtual paper machine (censor)
input for the analytical model. The bending stiffness was
solved similarly as in the real measurement prototype from
data obtained by the computer imaging methods and in-
line measurements of paper.

The main challenge in the analytical method is the ar-
rangement of boundary conditions and the material model
with simplifications compared to real paper. The results
indicate discrepancies in stiffness output and the error
depends on the load conditions. It is discussed if the
boundary conditions could be implemented into the load
distribution to form a ’virtual’ combined load distribution.
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with simplifications compared to real paper. The results
indicate discrepancies in stiffness output and the error
depends on the load conditions. It is discussed if the
boundary conditions could be implemented into the load
distribution to form a ’virtual’ combined load distribution.

2. METHODS

In this Section, the analytical plate bending model used
by the measurement method is introduced, with most
details referred to via citations. The bending models
are based on standard Kirchoff plate theory, and their
exact formulation can be found in various solid mechanics
textbooks (e.g., works Timoshenko (1959); Wang (2000);
Le Van (2017)). The FEM model and simulation schema
are also introduced.

2.1 Analytical plate bending models

We presume a plate that is initially flat in the xy-plane.
The classical assumptions of thin plate are considered.
Also, the deformation is assumed small. For material,
linear-elastic regime is presumed and, hence, the axial
stress components σ and strains ε are approximated by
a linear relation by the elastic modulus Eii. We apply
Hooke’s law for plate, i.e., the in-plane axial components
of deformation are coupled by the Poisson’s effect:

εx = σx/Exx − νxyσy/Eyy

εy = σy/Eyy − νyxσx/Exx and
(1)

Furthermore, it is presumed for simplicity that νxy =
νyx = ν. The stresses in z-direction are negligible and
the second moment of area are included to the feature
of ’bending stiffness’ as follows:

Di =
Eii

1− ν2

∫ h/2

−h/2

z2 dz =
Eiih

3

12(1− ν2)
, (2)

where bending stiffness in the two (main) directions can
have different values.

The moments in the plate can then be calculated for
conditions of small rotations, as follows:

Mx = Dx

(
∂w2

∂x2
+ ν

∂w2

∂y2

)
and

My = Dy

(
∂w2

∂y2
+ ν

∂w2

∂x2

)
,

(3)

where w(x, y) is the deflection (from the xy-plane) field of
the middle plane of the plate. In Eq. (3), it was assumed
that the angle θi of the deflection w in direction i is small:

∂w

∂i
= tan(θi) ≈ θi ≪ 1.

With this assumption, the curvature κi in the direction i
of the plate was approximated by

κi =
∂w2

∂i2
.

For the twisting moment, it is presumed simply that
there is no coupling to axial stress components, giving,
for example:

Mxy = −
∫ h/2

−h/2

τxyz dz =
Exyh

3

6

∂w2

∂x∂y
. (4)

For the case of paper model, it is considered that τxy = τyx
and, hence, Mxy = −Myx. Then, keeping in mind the
selection in Eq.(1), we simplify the shear effects related
to twisting so that Dxy = Dyx = Dtw. These assumptions
allow us to write:

−Myx = Mxy = Dtw(1− ν2)
∂w2

∂x∂y
, (5)

where it is also considered that νxy = νyx = ν.

With the above fundamentals, the moment equilibrium for
an elemental portion of model paper plate in this study can
be concluded:

q = Dx

(
∂w4

∂x4
+ ν

∂w4

∂y2x2

)

− 2Dtw(1− ν2)
∂w4

∂x2∂y2

+Dy

(
∂w4

∂y4
+ ν

∂w4

∂x2y2

)
,

(6)

where q is the lateral, out-of-plane load (distribution).
In the following, we mark for clarity that H = Hc1 −
2Hc2 = ν(Dx + Dy) − 2 · Dtw(1 − ν2). However, this
nomenclature of H should not be considered as concise
material constant.

Equation (6) can be extended to a load conditions with in-
plane forces Nx, Ny and Nxy affecting the middle plane of
the plate. In such load condition, the moment equilibrium
is:

q = Dx
∂4w

∂x4
+H

∂4w

∂x2∂y2
+Dy

∂4w

∂y4

−Nx
∂2w

∂x2
− 2Nxy

∂2w

∂x∂y
−Ny

∂2w

∂y2
.

(7)

2.2 FEM-simulated plate bending

FEM is a mathematical theory for solving boundary value
problems numerically. The boundary value problem exists
when differential equations are solved under boundary
conditions. For example, the solution of the displacement
field subjected to a load is a typical practical problem.
Solving the problem can be challenging analytically when
complex geometries or boundary conditions exists. The
FEM discretizes the problem into smaller regions, which
are called elements.

Shell elements are typical structural elements, which are
used when the plane-stress assumption can be made. This
typically occurs when the thickness is small compared
to other dimensions of the model (geometry). The main
benefit of the shell element usage is the efficiency of
analysis. Shell elements are usually divided into those with
thin and thick shell formulation, which follow Kirchoff
and first order shear deformation theory, respectively.
The latter theory also takes into account the lateral (z-
direction) effect of shear.

In this work, FEM analyses were performed using commer-
cial software Abaqus by Dassault Systemes. The shell ele-
ment (S4R) was chosen for the analysis. S4R is a reduced-
integrated four-node general purpose element for three-
dimensional space. The element provides six degrees of
freedom (three translations and three rotations) at the
each nodal point.

Abaqus presents the formulation of the shell element using
the theorem of virtual work where the bending moment is
defined as:

Mαβ =

∫

h

σαβ f̄
2
33S3dS3 (8)

where S3 is the coordinate in thickness direction, f̄33 is the
thickness increase factor, and h is the value of thickness.
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Fig. 1. An illustration of the created FEM model of the
measurement system and paper. The orange cones
are additional simple supports for the paper added as
boundary conditions and do not represent the edges
of the hole in the plate.

Stress (σαβ) is defined based on the classical constitutive
relations, see Eq. (1). The shell element’s bending stiffness
can be derived from Eq. (8). Dassault Systemes (2021)

3. SIMULATION ARCHITECTURE

In practice, a deflection field wp is obtained using the
measurement system’s prototype. The prototype consists
of a metal plate with a circular hole with a diameter
of 23 mm. Pressure difference (’vacuum’) is generated in
the hole and paper runs over this hole and experience
the suction at the hole. The pressure difference, that
depends on the porosity of paper, deforms the paper and
is continuously measured. The deflection field wp(x, y) is
then detected by means of the shape from shading using
a camera and set with LED-lights. The deflection field’s
domain is naturally discretized by the digital camera with
a resolution of 0.025 mm per pixel.

In the scope of this paper, a simulated deflection field
wf is obtained using a FEM model of the measurement
setup. The FEM model was created using the version
Abaqus/Standard 2021. The model is depicted in Figure 1.
The three-dimensional setup included a support plate and
deformable paper model. The support plate was modelled
as solid, whose in-plane dimensions were 50 mm x 50 mm.
The volume had a circular hole at the center (diameter
23 mm).

The deformable paper part was modelled as a plate using
shell elements. The shell elements’ offset was defined at
the interface of the plate and paper models. The paper
model’s in-plane dimensions were 30 mm x 30 mm. These
dimensions were chosen to exceed the hole edges. The
paper thickness was 0.332 mm. The behavior of paper was
modelled using linear elastic response with Exx = Eyy =
2.76 GPa and ν = 0.3.

A friction-less surface to surface contact was applied
between the two parts. The plate part was made rigid
using a constraint. The reference point was placed at
the corner of the support plate for defining the support
plate’s movement. All the reference point’s translations
and rotations were restricted. The paper part’s boundary
conditions were placed in the middle of the hole. In-
plane translations and rotation of the paper part’s normal

Fig. 2. The deflection field wf generated by the FEM
model. Pixel size is 0.1mm × 0.1mm.

(out-of-plane) were restricted. The model was analysed
with and without out-of-plane boundary conditions at two
paper edges, as shown in Fig. 1.

Pressure loading (difference) was placed in the elements
locating inside the hole’s region with a magnitude of -
1 kPa. The geometry-defined partition was intentionally
avoided because rectangular mesh for data output was
needed. For that reason, the pressure loading was placed
on an element-based surface and modified in the input
file. The surface elements were chosen using a Matlab
script that defines elements inside the specified radius. The
support plate was meshed using solid elements (C3D8R)
having typical in-plane dimension of 1 mm. The fine mesh
was performed for the paper part. The shell element (S4R)
dimension was 0.1 mm, which provides 90,000 elements in
total for the paper modelling.

In the further use of FEM model output, the bending
stiffnesses and tensile loads in CD and MD 1 are solved
from Equation (6) or (7), depending on the case of the
study, using the deflection field wf (x, y) obtained from the
FEM computation (similarly to wp obtained from a shape
from shading in the practical application). A deflection
field wf corresponding the FEM setup, in Figure 1, is
depicted in Figure 2. Equation (7) holds for every point
(x, y) in the domain of wf , hence a system of equations
with the constant factors Di and Ni as the unknowns
is obtained. The pressure field over the measurement
hole q(x, y) is presumed to be the known. The system
of equations is then solved using least squares and the
solution gives the values of bending stiffnesses Di and
tensile loads Ni for a chosen domain Ω.

The benefit of using the FEM-simulated deflection field
(wf ) compared to the real-world data (field wp) obtained
in practice is the absence of multiple error sources. In
practice, errors arise, for example, from measurement de-
vice noises and inaccuracies. Also, in the case of FEM-
simulated deflection, all the parameter values of the mate-
rial models are known, hence comparison of values is clear.

1 We associate the x-axis with CD and the y-axis with MD
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locating inside the hole’s region with a magnitude of -
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needed. For that reason, the pressure loading was placed
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having typical in-plane dimension of 1 mm. The fine mesh
was performed for the paper part. The shell element (S4R)
dimension was 0.1 mm, which provides 90,000 elements in
total for the paper modelling.

In the further use of FEM model output, the bending
stiffnesses and tensile loads in CD and MD 1 are solved
from Equation (6) or (7), depending on the case of the
study, using the deflection field wf (x, y) obtained from the
FEM computation (similarly to wp obtained from a shape
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practice, errors arise, for example, from measurement de-
vice noises and inaccuracies. Also, in the case of FEM-
simulated deflection, all the parameter values of the mate-
rial models are known, hence comparison of values is clear.

1 We associate the x-axis with CD and the y-axis with MD

Fig. 3. Calculated bending stiffnesses and the actual one
used in the model as a function of the domain size.

4. VIRTUAL TESTS AND ANALYSIS

Tests were ran using a deflection field (wf ) obtained from
the FEM simulation. Here, paper was modeled isotropic
with no in-plane (tensile) loads, hence one bending stiff-
ness value (D) was solved from a system of equations (6).
The domain Ωr for x and y used to form the system of
equations was a circular one with the same center as the
measurement hole with a radius of r ranging from zero to
23 mm for analysis. The pressure field (q) was assumed
-1 kPa within the hole and zero elsewhere. The bending
stiffness solved from the system of equations for each value
of r was recorded.

The first test was repeated, but in choosing the domain
Ωr of the system of equations, only random points were
chosen for each r (each point had roughly a 20% chance
of being picked to the domain). The first test was also
repeated by moving the center of the domain by 2 mm for
each r.

Tests were ran in Matlab using the same algorithm as is
used in the practical prototype of the novel measurement
system, whose material model is being studied. The de-
flection field data obtained from the FEM model was first
differentiated to obtain all the partial derivatives required
by Equation (7). The partial derivatives were filtered using
forward and reverse digital infinite impulse response (IIR)
due to significant noise especially in the higher order
derivatives. The load q was set to constant, and the free
parameters in Equations (6) or (7) were solved by least
squares fitting with as many equations as there are points
in the chosen domain Ω.

5. RESULTS AND DISCUSSION

The results of the first test are depicted in Figure 3.
The results show that the correct bending stiffness can
be solved at a reasonable accuracy when only using the
points closer to the center of the hole as the domain. The
calculated value is almost constant but has a small error
compared to the real value with smaller r. With a large r,
extending close to the edge of the hole, the results start
changing and deviating significantly from the real (FEM
input) value.

Fig. 4. The forces per unit area that complete Equation
(6) for the data and parameters of FEM model. The
forces are set to zero outside the area of the hole in
the figure.

When the points are chosen randomly for each r, the re-
sults are virtually the same as when using every point. This
suggest that the circular nature of Ωr is not important, but
the distance of the point from the edge of the hole. This
reasoning is supported by the fact that when the center of
the domain Ωr is shifted, the results start to get deviated
sooner. Here the points in the domain get closer to the
edges of the hole sooner.

If the real value of D, as used in the isotropic FEM model,
is plugged into Equation (6) as well as for the generated
field wf , we obtain the perfect pressure value (force per
unit area, qideal). This load qideal in the area of the vacuum
is depicted in Figure 4.

The ideal pressures solved are close to the actual -1 kPa
near the center of the hole, but contrary to the assumed
constant loads, rise to positive near the edges of the hole.
The forces at the edge are not symmetric due to the
asymmetric boundary conditions used in the FEM model.
This would suggest that the normal forces caused by the
support of the hole edges and the vacuum pressure, as well
as other boundary conditions, need to be accounted for in
Equation (6).

The shape of the ideal load in Figure 4 also explains that of
the calculated D in Figure 3: Since q here is close to qideal
near the center, Equation (6) holds for isotropic material
when only one D is used to solve the system of equations
described in Section 3.

When the solution of least squares problem is solved
according to the analytical model (Equations (6)) with
directional material (Dx, Dy and H), the solution to
the isotropic FEM-simulated field should output Dx =
Dy. However, small differences between the presumed
(constant) q and qideal near the center of the hole cause
the least squares solution to optimize the fit (using all the
free parameters), and the actual one D is not reached. The
deviation inD increases, if the system of equations is given
more free parameters, according to Equation (7). In this
case, there should only be one solution for D (and the in-
plane loads N should become zero). This is not the case,
however, for the same reasons as mentioned above.
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Fig. 5. Ideal load, when the simple supports parallel to
MD near the hole are removed in the FEM model.

When the distributed load in the systems of equations is
set to qideal, they are trivially solved for Dx = Dy = H
and Ni = 0 for any domain Ω. The ideal loading is not
easy to determine though, and greatly depends on the test
settings. Figure 5 depicts the same ideal load as Figure
4, but for a FEM setup where the paper part’s boundary
conditions are removed. The removed boundary conditions
of the original FEM model are the simple supports keeping
the paper part against the plate part as shown in Figure
1, parallel to MD.

The result of changing the boundary condition is apparent:
as the simple support is removed, the normal forces at
the edge of the hole are distributed more evenly since the
paper model is more free to deform. However, now, the
analytically solved load (pressure) in the middle of the
hole is no longer -1 kPa. It is not currently certain whether
this is an important issue to solve and how it should be
accounted for in the analytical paper model. The ideal load
(q), even from known ideal boundary conditions, could
prove very difficult to determine so that it would result in
correct material model as output of the analytical model.
Also, the vacuum measurement gives only single value of
pressure difference in reality.

6. CONCLUSION

This work includes the introduction to an analytical paper
model to be used for a novel measurement system in paper
machines. The material model used is studied using a
simulated paper deformation via FEM model with known
behavior. The tests run in this study show that the current
model and methods used in the novel measurement system
under development work in a very simple setting. The
assumption of constant pressure loading q at a censor
location holds true to some extent. Even small deviations
in load, however, cause the model to yield inaccurate ma-
terial data, especially, when more than one free parameter
of bending stiffness is used. In the practical case, there
exists in-plane (tensile) loads in both axial directions.
Moreover, paper is not isotropic, hence a material model of
six (free) parameters is to be used. Due to edge (boundary)
conditions, the load q is not exactly constant and also
’virtual’ q could be generated to involve realistic effects
at the pressurized censor hole of measurement area.

The FEM model used in this study does not fully cor-
respond to the real settings at paper machines. In paper
machines, the loads are generated are much further away
from the measurement area and the tensile in-plane loads
can be much higher. There are also differences between
paper machines. Although the FEM simulations here do
not represent real paper machines, the assumption of a
constant pressure load q does not appear to be correct in
any similar test setting for use of the analytical model.

Practical measurements during paper manufacturing, at
a test facility, have shown that the calculated bending
stiffnesses and other material constants depend greatly on
the domain of the system of equations when using certain
measured displacement field and constant pressure. This
should not be the case, and the results should give the
correct parameter values independent of the domain used
in calculating it. This variation of the solution in practice
as well as the results of this study suggest that the effects of
reaction forces are challenging to account for in the current
procedure of using the analytical model.

The loads calculated in this study suggest that, at a
minimum, the effects of reaction forces at the edges of
the censor hole should be considered, as well as the
effects of other boundary conditions (in-plane loading and
movements of paper). Challenge about how these effects
should be considered is not unambiguous. For example,
in Figure 4, the loading is not that of only the pressure
difference.
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