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A B S T R A C T

Rock fracturing through microwave irradiation has received significant attention recently as a viable pretreat-
ment for improving the energy efficiency of comminution processes. This study presents a numerical analysis
on the effects of microwave heating on the mechanical properties of hard rock. In particular, the reduction
of the uniaxial compressive and tensile strength of granite-like rock due to microwave irradiation induced
damage is numerically assessed.

Rock fracture is modelled by a damage-viscoplasticity model, with separate damage variables for tension
and compression types of failure. A global solution strategy is developed where first the electromagnetic
problem is solved in COMSOL multiphysics software, then its solution is used as an input for the thermo-
mechanical problem, which is finally solved by means of a staggered explicit solution method. Due to the
preeminence of the thermal radiation, the thermal and the mechanical parts of the problem are considered as
uncoupled.

The model behaviour is tested in 3D finite element simulations of three-mineral numerical rock specimens,
with mesostructures explicitly defined, pretreated first in a microwave oven and then subjected to uniaxial
compression and tension tests. The results show that the compressive and tensile strength of rock can be
considerably reduced by the microwave irradiation pretreatment.
1. Introduction

Rock fracturing is an essential process in the fields of tunnelling,
mining, and mineral engineering. Equipment wear during traditional,
mechanical fracturing is a commonly found problem that lengthens the
duration and raises the costs of the operations. Moreover, rock break-
age, especially when encountering hard rocks, is an energy-intensive
process. This is particularly significant for rock comminution (crushing
and grinding), since it accounts for a large part of the total energy
consumption in mining processes (Jeswiet and Szekeres, 2016). Thus,
new energy-saving and efficient pretreatment methods, where other
physical agents are applied to rocks and ores in order to weaken them
before comminution, have been developed in the last decades. One of
these methods is thermally assisted liberation by means of microwave
irradiation (Kingman and Rowson, 1998).

Microwave energy has been proved to be able to assist mechani-
cal rock fracturing in geotechnical and mining engineering since the
1980s (McGill et al., 1988). The main advantages include high effi-
ciency, immediacy of heating, and no secondary waste (gases and parti-
cles) production (Cemhan et al., 2019; Ju et al., 2021). The microwave-
induced breakage of rocks benefits from the different microwave ab-
sorption capacities of rock constituent minerals, since different di-
electric and thermal properties cause thermal gradients and stresses
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that ultimately lead to tensile failure (Jones et al., 2005). Rock is a
heterogeneous material comprising different minerals with differing
responses to microwave irradiation. Minerals can be broadly clas-
sified in two main categories: the ones transparent to microwaves
and the ones which are microwave-absorbent (Chen et al., 1984).
Typically, hard heterogeneous rocks such as granite contain mostly
poor absorbers, with various degrees of absorption to microwaves.
Batchelor et al. (2015) discussed the importance of mineralogy and
texture for microwave treatment of metalliferous ores, and they high-
lighted the role of mechanical properties and, among thermal proper-
ties, of thermal expansion coefficient in generating fractures. Besides
mineral composition, other factors influencing the heating effect of
microwave irradiation on rock are pretreatment duration, microwave
power density (Whittles et al., 2003) and frequency (Peinsitt et al.,
2010), moisture content, and grain size (Ma et al., 2021).

Numerical studies on thermal microwave-induced fracture of het-
erogeneous rocks have highlighted the underlying selective heating
mechanism. Most of them have focused on 2D systems of two differing
mineral phases, one highly absorbent and the other transparent to
microwaves. For example, Ali and Bradshaw (2009) used a continuum
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List of symbols

DP Drucker–Prager criterion
MR Modified Rankine criterion
𝑓DP, 𝑓MR DP and MR yield surfaces
𝑔DP Plastic potential for DP surface
𝛼DP, 𝑘DP DP parameters
σ Stress tensor
𝜎𝑖 ith principal stress
εtot, εvp, ε𝜃 total, viscoplastic and thermal strain tensor
𝐼1 First invariant of stress tensor
𝐽2 Second invariant of the deviatoric part of

stress tensor
𝑐, 𝜎𝑡 Dynamic cohesion and tensile strength
�̇�DP, �̇�MR Viscoplastic increments for DP and MR

surfaces
𝑠DP, 𝑠MR Viscosity moduli for DP and MR surfaces
⟨⋅⟩ Macaulay brackets
𝜔𝑐 , 𝜔𝑡 Damage variables in compression and ten-

sion
𝑠𝑐 , 𝑠𝑡 Weighting parameters in compression and

tension
𝜀vp

eqvc, 𝜀
vp
eqvt Cumulative equivalent plastic strain in

compression and tension
𝐺I𝑐 , 𝐺II𝑐 Mode I and II fracture energy
𝐄 Elasticity tensor
EM Electro-magnetic problem
𝜖0, 𝜖𝑟 Permittivity of free space and complex

relative permittivity
𝜎𝑐 Electrical conductivity
𝜔 Angular frequency
𝐄EM Electric field
𝜃 Temperature
𝑘, 𝑐𝑡 Thermal conductivity, specific heat

approach to quantify numerically the damage sustained by microwave-
absorbing grains in a non-absorbing matrix due to microwave heating.
They found that for a specific ore it may be possible to determine
an optimum combination of exposure time and power density which
causes the maximum damage. Moreover, the effect of different grain
sizes was tested, and it was found that, in order to produce the same
damage, more energy is required in the case of finer mineral textures.
Ali and Bradshaw (2010) performed computational simulations of mi-
crowave heating and thermal damage on two-phase conceptual mineral
ores (consisting of 10% galena and 90% calcite) to investigate the most
efficient method of microwave power delivery. Their results showed
that, under a constant power density, most of the cracks consisted in
radially oriented tensile cracks stemming from the boundary of the
microwave absorbent phase. It was observed that, for the same power
density and mineral percentage, more micro-fractures developed in
coarse-grained rock than in fine-grained one. In both cases, higher
power densities induced more micro-fractures, especially at the grain
boundaries. Jones et al. (2007) studied the effect of microwave power
density and exposure time on uniaxial compressive strength (UCS) of
a simplified pyrite–calcite system. It was observed that power density
had a key role in the reduction of UCS, since thermal stresses increased
as power density increased. For equal amounts of input energy, shorter
pretreatments yielded larger reductions in strength. However, it was
hypothesized the existence of a maximum threshold of power density
above which no significant gain in strength reduction is achieved.
2

Wang et al. (2008) tried to estimate the amount of energy saved from
applying microwave weakening pretreatment on pyrite–calcite ores
with different heating times. It appeared that power density had a large
influence on the thermo-mechanical failure of an ore. Furthermore,
the results showed that microwave irradiation caused microcracking
along the grain boundaries. Wei et al. (2021) determined through the
two-dimensional explicit finite difference program FLAC the level of
fracture induced during the heating process in a cell model represent-
ing an absorbent phase (pyrite) inside a transparent phase (calcite).
Microcracking was observed along the grain boundaries of pyrite and
calcite. Moreover, radial cracks appeared in the transparent phase and
intragranular cracks developed within the absorbent phase.

Compared to the numerous previous 2D studies on fracturing effects
of microwave heating of heterogeneous rock systems, fewer fully 3D
numerical studies describing explicitly heterogeneity of hard rocks have
been conducted in the last ten years. Toifl et al. (2016) conducted a fi-
nite difference time domain analysis on two-phase hard rock numerical
specimens created in Neper software package to calculate the mi-
crowave induced stresses. They extended their previous work to three-
phase granite-like cubic numerical specimens and included temperature
dependence of material properties (Toifl et al., 2017) . Li et al. (2019)
carried out fully-coupled thermo-mechanical simulations in COMSOL
Multiphysics to investigate micro-scale stress–strain variability in peg-
matite specimens subjected to thermal loading using microwaves. They
included heterogeneity by extracting through image processing a thin
section from the centre of a standard columnar pegmatite. Xu et al.
(2021) applied a statistical distribution to reflect the material hetero-
geneity in the numerical model and they assumed rock to be elastic
and isotropic during microwave heating simulations on cubic hard rock
specimens. They formulated a damage-based electromagnetic-thermal
and mechanical coupled numerical model was formulated to simulate
the damage and fracturing of rock under microwave irradiation.

Despite the advancements in numerical modelling of microwave
irradiation effects on rocks and ores brought by the above mentioned
studies, they lack, to the best of our knowledge, the modelling of
microwave induced damage on heterogeneous hard rock and its weak-
ening effect on rock strength. The present study attempts to provide
a preliminary simulation method which comprises both explicit het-
erogeneity description and damage evaluation. In more detail, the
aim of this paper is to evaluate numerically, by 3D simulations, the
weakening effect on the uniaxial compressive and tensile strength
of polycrystalline hard rock specimens due to microwave irradiation
in a multimode oven. A tentative assessment of the method was al-
ready carried out in Pressacco et al. (2022), which dealt with 2D
simulations of microwave irradiated numerical granite-like specimens.
Here those analyses are extended to 3D case to provide more reli-
able results. This is a three-stage electromagnetic–thermo–mechanical
problem, where first a microwave heating pretreatment is applied to
granite-like rock specimens, and subsequently conventional mechanical
tests are performed on pretreated specimens.

For this scope, the electromagnetic problem is solved first in the
commercial FE software COMSOL Multiphysics. Then, a staggered ex-
plicit approach is developed to solve the thermo-mechanical problem in
Matlab, where the thermal loading input source is provided by the mi-
crowave induced volumetric power density calculated in and exported
from COMSOL. The major benefit of this method consists not only in
the possibility of defining explicitly the mesostructure (with potential
extension to higher levels of complexity, i.e. inclusion of pre-existent
defects or pores, etc.), but also the most suitable/convenient modelling
of rock breakage. Here rock material heterogeneity is represented
explicitly by means of 3D Voronoi tessellations of polyhedral cells,
and rock fracturing is modelled by means of a damage-viscoplasticity
model. In the numerical simulations, the effect of different random rock
mesostructures is taken into account. It should finally be emphasized
that this paper is of theoretical-speculative nature, i.e. we do not
present any experiments to validate the simulations as we have no
access to required laboratory devices. However, we do compare the
results, both on microwave irradiation of a granite sample and the

weakening effect thereof on the results found in the literature.
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2. Rock constitutive model

The theory of the rock constitutive model is described here. The
model consists of a viscoplastic and a damage part, as in Saksala
(2010). The viscoplastic part defines the stress states leading to rock
failure and controls the inelastic deformation. Viscosity allows to ren-
der rock strain-rate sensitive. The damage part of the model takes into
account the stiffness and strength degradation by means of separate
isotropic damage variables in compression and tension, due to the
strong asymmetry of rock behaviour. Finally, it should be remarked
that the continuum approach based on viscoplasticity and damage
mechanics is chosen here for the sake of computational efficiency and
simplicity of implementation.

2.1. Bi-surface viscoplastic consistency model

The viscoplastic part of the constitutive model is based on the vis-
coplastic consistency approach by Wang (1997) and Wang et al. (1997).
A bi-surface criterion consisting of Drucker–Prager (DP) criterion for
compressive (shear) failure and the modified Rankine (MR) criterion
as a tensile cut off define the stress states leading to inelastic strains
and damage. The model components for the perfectly viscoplastic case
(softening is considered by the damage part) are

𝑓DP(σ, �̇�DP) =
√

𝐽2 + 𝛼DP𝐼1 − 𝑘DP𝑐(�̇�DP)

𝑓MR(σ, �̇�MR) =

√

√

√

√

3
∑

𝑖=1
⟨𝜎𝑖⟩2 − 𝜎𝑡(�̇�MR)

𝑔DP(σ) =
√

𝐽2 + 𝛽DP𝐼1 − 𝑘DP𝑐0

ε̇vp = �̇�DP
𝜕𝑔DP
𝜕σ

+ �̇�MR
𝜕𝑔MR
𝜕σ

= 𝑐0 + 𝑠DP�̇�DP

𝑡 = 𝜎𝑡0 + 𝑠MR�̇�MR

DP ≤ 0, �̇�DP ≥ 0, �̇�DP𝑓DP = 0

MR ≤ 0, �̇�MR ≥ 0, �̇�MR𝑓MR = 0

(1)

here 𝑓DP and 𝑓MR are the yield surfaces, 𝑔DP is the plastic potential for
P surface (for MR case 𝑔MR = 𝑓MR), 𝐼1 is the first invariant of the stress

ensor σ, 𝐽2 is the second invariant of the deviatoric part of stress tensor
= σ− tr(σ)

3 𝐈, 𝜎𝑖 is the ith principal stress, ⟨⋅⟩ are the Macaulay brackets,
.e. the positive part operator, 𝛼DP and 𝑘DP are the DP parameters,
DP and 𝑠MR are the viscosity moduli (here 𝑠DP = 𝑠MR = 𝑠, 𝑐 and
𝑡 are the dynamic cohesion and tensile strength depending on the
iscoplastic increments �̇�DP and �̇�MR, respectively. The DP parameters
DP = 2 sin𝜙∕(3−sin𝜙) and 𝑘DP = 6 cos𝜙∕(3−sin𝜙) are defined in terms
f the friction angle 𝜙. Finally, the parameters 𝛽DP and 𝑘DP are similar
o the ones in Eq. (1) 1, but here they depend on the dilatancy angle
nstead of the friction angle.

.2. Damage formulation and combining the damage and viscoplastic parts

The largely asymmetric response of rock in tension and compression
s taken into account by separate scalar damage variables. The damage
n both cases is driven by the viscoplastic strain. As a consequence,
he damage part of the model governs both strength and stiffness
egradation. In both cases, the standard phenomenological isotropic
scalar) damage model is used with an exponential damage function.
herefore, the damage part of the model is defined by equations

𝜔𝑐 = 𝐴𝑐 (1 − exp(−𝛽𝑐𝜀
vp
eqvc))

𝜔𝑡 = 𝐴𝑡(1 − exp(−𝛽𝑡𝜀
vp
eqvt))

with

𝑐 =
𝜎𝑐ℎ𝑒
𝐺II𝑐

, 𝜀vp
eqvc = ∫

𝑡

0

√

2
3
ε̇vp ∶ ε̇vp𝑑𝑡

𝛽𝑡 =
𝜎𝑡ℎ𝑒 , 𝜀vp

eqvt = ∫

𝑡
√

√

√

√

2
∑

⟨�̇�vp
𝑖 ⟩

2𝑑𝑡

(2)
3

𝐺I𝑐 0 𝑖=1
here 𝜔𝑐 and 𝜔𝑡 are the damage variables in compression (relating
o DP criterion) and tension (relating to MR criterion), respectively.
arameters 𝐴𝑐 and 𝐴𝑡 control their maximum values. Parameters 𝛽𝑐
nd 𝛽𝑡 are defined according to the fracture energies 𝐺II𝑐 and 𝐺I𝑐 ,
niaxial compressive strength 𝜎𝑐 and tensile strength 𝜎𝑡, and by the
haracteristic length of a finite element ℎ𝑒 = 3

√

6
√

2𝑉𝑒, 𝑉𝑒 being
he element volume. The cumulative equivalent viscoplastic strain in
ompression and tension, 𝜀vp

eqvc and 𝜀vp
eqvt, respectively, are computed

ncrementally in the algorithmic implementation, and therefore driven
y the rate of visco-plastic strain tensor ε̇vp (defined in Eq. (2) with
he Koiter’s rule of bi-surface plasticity and surfaces both active) and
ts principal values �̇�vp

𝑖 . Furthermore, the colon in Eq. (2) signifies the
ouble contraction operator for tensors, i.e. 𝐀 ∶ 𝐀 = 𝐴𝑖𝑗𝐴𝑖𝑗 . Macauley
rackets are used in the expression of �̇�vp

𝑖 so that only positive principal
trains influence the tensile damage.

The viscoplastic and damage parts of the model are combined in the
ffective principal stress space. Within this strategy, they are considered
ndependent. Thus, viscoplastic calculations and stress integration are
erformed first in the effective stress space, independently of damage.
onsequently, the robust methods of computational plasticity can be
sed in the stress integration (Grassl and Jirásek, 2006). Lastly, the
ominal–effective stress relationship is defined on the models proposed
y Lubliner et al. (1989) and Lee and Fenves (1998)

= (1 − 𝑠𝑐𝜔𝑡)(1 − 𝑠𝑡𝜔𝑐 )σ̄

= (1 − 𝑠𝑐𝜔𝑡)(1 − 𝑠𝑡𝜔𝑐 )𝐄 ∶ (εtot − εvp − ε𝜃)
(3)

where 𝑠𝑐 = 1 − 𝑤𝑐 (1 − 𝑟(σ̄)) and 𝑠𝑡 = 1 − 𝑤𝑡𝑟(σ̄) are functions of
he stress state introduced to model elastic stiffness recovery effects
ssociated with stress reversals. This corresponds to the experimentally
bserved closure of previously present microcracks during initial stages
f uniaxial compression (Eberhardt et al., 1999). The parameters 0 ≤

𝑐 , 𝑤𝑡 ≤ 1 are material-dependent weighting factors, with 𝑤𝑐 = 1, 𝑤𝑡 =
0 meaning full recovery of elastic stiffness as loading changes from be-
ing predominantly tensile to predominantly compressive (for example
when applying uniaxial compression tests after thermal pretreatment).
Finally, the thermal strain tensor ε𝜃 is defined as

ε𝜃 = 𝛼(𝜃)𝛥𝜃𝐈 (4)

with 𝛼 being the thermal expansion coefficient, 𝜃 the temperature, and
the second order identity tensor.

.3. Stress integration of rock constitutive model

The cutting plane return mapping is used to solve the model in
qs. (1). When both yield criteria are violated (𝑓MR > 0 and 𝑓DP > 0),
he consistency conditions (Eq. (1)5,6) demand the following equations
o be verified at the end of each time step: 𝑓MR(σ𝑡+𝛥𝑡, �̇�𝑡+𝛥𝑡) = 0 and
𝑓DP(σ𝑡+𝛥𝑡, �̇�𝑡+𝛥𝑡) = 0. The yield surfaces are formulated to depend on the
increments �̇�𝑡+𝛥𝑡𝑖 = 𝛥𝜆𝑡+𝛥𝑡𝑖 ∕𝛥𝑡, and the conditions to be satisfied become

𝑓MR(σ𝑡+𝛥𝑡, 𝛥𝜆𝑡+𝛥𝑡MR ) = 0, 𝑓DP(σ𝑡+𝛥𝑡, 𝛥𝜆𝑡+𝛥𝑡DP ) = 0 (5)

The first order expansion of these equations, i.e. the first term of the

vector valued Taylor series, produces a linear system for solving the
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MR and DP viscoplastic increments:

𝐟 (𝛥λ + 𝛿𝛥λ) = 𝐟 (𝛥λ) + ∇𝛥λ𝐟 (𝛥λ)𝛿𝛥λ = 𝟎 ⇔

𝛿𝛥λ = −∇𝛥λ𝐟 (𝛥λ)−1𝐟 (𝛥λ) = 𝐆−1𝐟 (𝛥λ)

⇒ 𝐆𝛿𝛥λ = 𝐟 linear system, with

𝛿𝛥λ =
(

𝛿𝜆MR
𝛿𝜆DP

)

, 𝐟 = 𝐟 (𝛥λ) =
(

𝑓MR(𝛥𝜆MR)
𝑓DP(𝛥𝜆DP)

)

𝐆 =
[

𝐺11 𝐺12
𝐺21 𝐺22

]

𝐺11 =
𝜕𝑓MR
𝜕σ

∶𝐄∶
𝜕𝑓MR
𝜕σ

+
𝑠MR
𝛥𝑡

𝐺12 =
𝜕𝑓MR
𝜕σ

∶𝐄∶
𝜕𝑔DP
𝜕σ

21 =
𝜕𝑓DP
𝜕σ

∶𝐄∶
𝜕𝑓MR
𝜕σ

22 =
𝜕𝑓DP
𝜕σ

∶𝐄∶
𝜕𝑔DP
𝜕σ

+
𝑠DP
𝛥𝑡

𝑘DP

(6)

here the components of the gradient 𝐆 are obtained by applying the
hain rule for the derivatives. After solving the viscoplastic increments
y Eq. (6), the stress, viscoplastic strain and internal variables are
pdated in a standard manner (Wang et al., 1997). For simplicity,
he stress integration is performed in the principal stress space. This
s viable as the return mapping maintains the principal directions for
sotropic materials. Computations at the local integration point level
re finally outlined in Box 1. The computations hence start with the
otal strain εtot from the global solution and end up in the new stress
.

Box 1 Solution process for elemental stresses

1: Given 𝜀tot
𝑡+𝛥𝑡, 𝜀

𝜃
𝑡+𝛥𝑡 = 𝛼𝛥𝜃𝐈

2: Predict trial elastic stress state
�̄�trial = 𝐄(𝜀tot

𝑡+𝛥𝑡 − 𝜀vp
𝑡 − 𝜀𝜃𝑡+𝛥𝑡) ⟶

�̄�prin
trial = [�̄�1trial �̄�2trial �̄�3trial]

𝑓 trial
MR = 𝑓MR(�̄�

prin
trial , �̇�

𝑡
MR), 𝑓 trial

DP = 𝑓DP(�̄�
prin
trial , �̇�

𝑡
DP)

3: If (𝑓 trial
MR or 𝑓 trial

DP ) > 0 ⟶

perform viscoplastic correction: calculate �̄�𝑡+𝛥𝑡, 𝜀vp
𝑡+𝛥𝑡

Else ⟶ exit
4: Update damage variables:

𝜔𝑡+𝛥𝑡
𝑡 = 𝑔𝑡(𝜀

vp,𝑡+𝛥𝑡
eqvt ), 𝜔𝑡+𝛥𝑡

𝑐 = 𝑔𝑐 (𝜀
vp,𝑡+𝛥𝑡
eqvc )

5: Calculate nominal stress:
𝜎𝑡+𝛥𝑡 = (1 − 𝜔𝑡+𝛥𝑡

𝑡 )(1 − 𝜔𝑡+𝛥𝑡
𝑐 )�̄�𝑡+𝛥𝑡

3. Simulation method for microwave heating induced failure

This section outlines the simulation method used here to model mi-
crowave heating induced cracking in rock. First, the electromagnetic–
thermo–mechanical problem is given in the strong form. The electro-
magnetic and thermo-mechanical parts are solved separately with a
one-way coupling relationship, since, due to lack of reliable and up to
date literature data, the dependence on temperature of the dielectric
properties is neglected, as similarly as in Toifl et al. (2016) and Wang
et al. (2017). The radiative heat is calculated after solving the electric
field, and it serves as an input load in the thermo-mechanical problem.
The latter becomes an uncoupled problem, due to the highly prevailing
role of the radiation-induced internal heat over the heat generated by
dissipation effects. Second, the finite element formulation of the strong
form is described in brief. Third, a fully explicit (dynamics) solution
method based on a staggered approach is presented for solving the
4

finite element discretized version of the thermo-mechanical problem.
3.1. Strong form of the uncoupled electromagnetic–thermo–mechanical prob-
lem

Modelling of rock fracturing induced by microwave irradiation
requires solving the corresponding electromagnetic–thermo-mechanical
problem. The electromagnetic, thermal and mechanical parts of the
problem have largely different time scales (Ottosen and Ristinmaa,
2005). By assuming that the electromagnetic cycle periods (in the tran-
sient formulation of a time-harmonic EM problem) are short, compared
to thermal part time scales, the problem is broken down into two
steps. The first step consists in computing the EM radiative losses. For
sinusoidal excitations, the EM problem can be solved in the frequency
domain to calculate the cycle-averaged losses. In the second step, these
losses become a constant input heat source in the time-dependent heat
transfer problem.

3.1.1. Formulation of the electromagnetic problem
The electromagnetic part of the problem here is modelled as a wave

(i.e. an electromagnetic radiation with frequencies in the microwave
range of 300MHz and 30GHz Poole and Darwazeh, 2016) propagating
in air. The rock sample is placed inside a 2.45GHz kitchen oven, and it
acts as a lossy dielectric object absorbing part of the wave and reflecting
and scattering the rest in multiple directions. The Maxwell equation
for the electric field strength 𝐄EM is solved, in COMSOL Multiphysics
software, as a time harmonic problem (𝐄EM(𝑥, 𝑦, 𝑧, 𝑡) = 𝐄EM(𝑥, 𝑦, 𝑧)𝑒𝑗𝜔𝑡).
Mathematically, this equation is (Monk, 2003)

∇ × 𝜇−1
𝑟

(

∇ × 𝐄EM
)

− 𝑘20

(

𝜖𝑟 −
𝑗𝜎EM
𝜔𝜖0

)

𝐄EM = 𝟎 (7)

where 𝜇𝑟 is the relative permeability, 𝑘0 the wave number of free space,
𝜔 is the angular frequency, 𝜖0 is the permittivity of free space, 𝜎EM is
the electrical conductivity, 𝑗2 = −1, and 𝜖𝑟 is the relative permittivity.
The real part of the complex relative permittivity, 𝜖𝑟 = 𝜖′𝑟 − 𝑗𝜖′′𝑟 , is
the dielectric constant 𝜖′𝑟, and 𝜖′′𝑟 is the imaginary part, which takes
into account the dielectric losses. For air, 𝜎air

EM = 0, 𝜖air
𝑟 = 1 − 𝑗 ⋅ 0,

𝜇air
𝑟 = 1. Here, material properties are considered to be independent of

temperature due to the lack of solid and up to date dielectric properties
versus temperature curves. Moreover, a temperature rise below the 𝛼−𝛽
transition of Quartz point (573 °C) does not seem to impact significantly
the dielectric properties of granite (Hartlieb et al., 2016), which is the
rock type considered here.

Perfect electric conductor (PEC) boundary condition 𝐧 × 𝐄EM = 𝟎 is
applied on the cavity walls, where 𝐧 is the normal vector on the walls.
Dimensions of the waveguide joined to the RF source (magnetron)
frequency are such that the waveguide runs with its dominant TE10
mode (Pozar, 2011). An electromagnetic wave loses some of its energy
when advancing through a lossy dielectric medium. This electromag-
netic energy is converted into thermal energy within the medium.
Thus, 𝑃𝑣 is the time-averaged volumetric power density absorbed by a
dielectric medium in an electro-magnetic field, determined in this case
as (Haus and Melcher, 1989; Jackson, 1998)

𝑃𝑣 = 𝜔
2
𝜖0𝜖

′′
𝑟 𝐸

2
EM(𝑥, 𝑦, 𝑧) (8)

Then, the power density term accomplishes the one-way coupling of the
EM field with the temperature field in the balance of energy equation,
as can be seen in Section 3.1.2.

3.1.2. Formulation of the thermo-mechanical problem
After the solution of the electromagnetic part of the problem, the

strong form of the global balance equations for the thermo-mechanical
problem can be expressed as
{

𝜌�̈� = ∇ ⋅ σ + 𝐛 force equilibrium
𝜌𝑐𝑡�̇� = −∇ ⋅ 𝐪 +𝑄int + 𝑃𝑣 balance of energy

(9)

where 𝜌 is the material density, 𝐛 is the body force (per unit mass)
vector, 𝑃 is the previously defined power density, and 𝑐 is the specific
𝑣 𝑡
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heat. The constitutive equation for the conductive heat flow, which
associates the heat flux to the temperature, is Fourier’s law 𝐪 = −𝑘∇𝜃,
where 𝑘 is the thermal conductivity and 𝜃 the temperature. Finally, 𝑄int
is the thermo-mechanical coupling term that accounts for the mechan-
ical heating and thus includes thermo-elasticity and thermo-plasticity
effects in the material.

The coupled thermo-mechanical problem can be significantly re-
duced due to the nature of the microwave heating induced breakage
of rock. More specifically, the order of magnitude of the temperature
rise caused by microwave irradiation in this study is hundreds of
degrees centigrade. Therefore, the thermo-elastic effects in the bulk
continuum material can be overlooked as their order of magnitude is
about 0.1 °C (Ottosen and Ristinmaa, 2005). Moreover, the temperature
rise in a fully developed shear band during a typical experimental
compression test on rock is only few degrees centigrade (Saksala et al.,
2019). Therefore 𝑄int ≡ 0 follows, and the solution of the problem
defined by Eq. (9) becomes remarkably simpler, as the temperature rise
at material point level can be ignored.

3.2. Finite element discretized form for the uncoupled thermo-mechanical
problem

The finite element formulation for the heat balance equation be-
comes, following Ottosen and Ristinmaa (Ottosen and Ristinmaa, 2005),

𝐂θ̇ +𝐊𝜃θ − 𝐟𝜃 = 𝟎 (10)

where θ is the nodal temperature vector, 𝐂, 𝐊𝜃 and 𝐟𝜃 are the ca-
pacity matrix, the conductivity matrix and the external force vector,
respectively, defined by the following expressions:

𝐂 =
𝑛𝑒𝑙

A
𝑒=1

∫𝑉 𝑒
𝜌𝑐𝑡𝐍𝑒T

𝜃 𝐍𝑒
𝜃𝑑𝑉

𝐊𝜃 =
𝑛𝑒𝑙

A
𝑒=1

∫𝑉 𝑒
𝑘𝐁𝑒T

𝜃 𝐁𝑒
𝜃𝑑𝑉

𝐟𝜃 =
𝑛𝑒𝑙

A
𝑒=1

∫𝑉 𝑒
𝐍𝑒T
𝜃 𝑃𝑣𝑑𝑉

(11)

where 𝑐𝑡 and 𝑘 are the specific heat and conductivity, 𝐍𝜃 is the
temperature interpolation vector, 𝑃𝑣 is the volumetric power density
in the solid induced by microwave heating, and 𝐁𝑒

𝜃 is the gradient of
the temperature interpolation vector. Finally, A is the standard finite
element assembly operator.

The mechanical problem is governed by the finite element dis-
cretized equation of motion

𝐌�̈� + 𝐟 int(𝜃,𝐮) = 𝐟ext with

𝐟 int(𝜃,𝐮) =
𝑛𝑒𝑙

A
𝑒=1

∫𝑉 𝑒
𝐁𝑒T
𝑢 σ(𝜃,𝐮)𝑑𝑉

(12)

where 𝐌 is the lumped mass matrix, 𝐟ext is the external force vector,
𝐁𝑒
𝑢 is the kinematic matrix, and σ is the stress vector defined in Eq. (3).

3.3. Solution methods for the global thermo-mechanical problem

An isothermal split is then applied to the uncoupled thermo-
mechanical problem so that the thermal and mechanical parts are
solved independently. An explicit–explicit scheme is thus developed
by using the staggered approach in order to solve the global thermo-
mechanical part of the problem (see Fig. 1). Here, the mechanical
part is solved as a quasi-static problem, which is justified by the
negligible inertia effects during microwave heating. Staggered schemes
are treated more comprehensively in Ottosen and Ristinmaa (2005),
Ngo et al. (2014), Felippa and Park (1980) and Martins et al. (2017).
For modelling uniaxial compression and tension tests that are to be
performed after solving the microwave heating problem, an explicit
time marching scheme is adopted.
5

Fig. 1. Explicit–explicit dynamic time integration scheme for the thermo-mechanical
problem.

3.3.1. Explicit scheme for the uniaxial compression and tension tests
The explicit modified Euler time integration scheme is chosen for

this problem. The equation of motion (Eq. (12)) for the acceleration is
solved as

�̈�𝑛 = 𝐌−1(𝐟ext
𝑛 − 𝐟 int

𝑛 (𝜃,𝐮𝑛)) (13)

then the response is advanced by (Hahn, 1991)

�̇�𝑛+1 = �̇�𝑛 + 𝛥𝑡�̈�𝑛 (14)

𝐮𝑛+1 = 𝐮𝑛 + 𝛥𝑡�̇�𝑛+1 (15)

As all explicit time integrators, this scheme is conditionally stable with
respect to time step 𝛥𝑡. The time step is restricted by the Courant limit
and can be easily calculated.

4. Numerical simulation: results and discussion

This section displays the 3D numerical simulations of microwave
heating and subsequent mechanical tests. The effect of mesostruc-
ture variation will be tested. Moreover, due to the qualitative and
preliminary quantitative aspect of this analysis, proper validation of
the numerical simulations will be postponed in future studies of the
method.

4.1. Numerical simulation: results and discussion

Material heterogeneity is an essential feature that needs to be
considered when studying cracking behaviour of rocks, since it has a
large influence on the mechanical response of rock during both thermal
and mechanical loading. The inherent heterogeneity of granite-like rock
here is explicitly described at grain scale by a mesostructure represent-
ing constituent minerals aggregation and distribution. This is rendered
through a Voronoi tessellation of convex polyhedra (or cells, here the
equivalent of mineral grains). In this study, the software package for
polycrystal generation Neper by Quey et al. (2011) is used for the
creation of the grain texture. The numerical rock samples generated
with this method are three 10 000-cell cylinders with a diameter of
40 mm and height of 80 mm, henceforth referred to as Mesostructure 1,
2, and 3 (see Fig. 2a). They are constituted of three minerals (i.e. 30%
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Fig. 2. Numerical rock samples (a) and enlarged detail (b) of the grains (10 000 polyhedra) and linear tetrahedra mesh (972 289 elements).
Table 1
Material properties and model parameters used in simulations.

Parameter Quartz Feldspar Biotite

Percentage in the sample [%] 30 55 15
𝜌 (Density) [kg∕m3] 2650 2620 3050
𝐸 (Elastic modulus) [GPa] 80 60 20
𝜈 (Poisson’s ratio) 0.17 0.29 0.20
𝜎𝑡 (Tensile strength) [MPa] 10 8 7
𝑐 (Cohesion) [MPa] 25 25 25
𝜙 (Internal friction angle) [°] 50 50 50
𝐺𝐼𝑐 (Mode I fracture energy) [J∕m2] 40 40 28
𝐺𝐼𝐼𝑐 (Mode II fracture energy) [J∕m2] 10𝐺𝐼𝑐 10𝐺𝐼𝑐 10𝐺𝐼𝑐
𝛼 (Thermal expansion coefficient) [1∕K] 1.60 × 10−5 0.75 × 10−5 1.21 × 10−5

𝑘 (Thermal conductivity) [W∕mK] 4.94 2.34 3.14
𝑐𝑡 (Specific heat capacity) [J∕kgK] 731 730 770
𝜀′ (Dielectric constant) 4.72 5.55 7.48
𝜀′′ (Loss factor) 0.014 0.118 0.456

quartz, 55% feldspar and 15% biotite) to reproduce a generic granite-
like rock (Vázquez et al., 2015). After meshing the geometry with
linear tetrahedral finite elements (see Fig. 2b), a certain number of cells
is randomly selected according to these percentages and the clusters
of elements inside them are assigned with mineral-specific material
properties.

The values of the mineral properties (for intact rock at room
temperature) are given in Table 1. Dielectric properties are from Zheng
et al. (2020), and for simplicity they are considered constant dur-
ing the solution of the electromagnetic problem. Mechanical prop-
erties for the different minerals are taken mainly from Mahabadi
(2012), whereas the values for density, thermal conductivity and spe-
cific heat are taken from Schön (2011), Clauser and Huenges (2013),
and Waples and Waples (2004), respectively. Lastly, the viscosity is set
to 0.005MPa sm−1, a value large enough to stabilize the computations
and small enough not to generate significant strain rate effects at
low-velocity loading.

Temperature dependence of certain material parameters is taken
into account, since temperature rise due to microwave irradiation is
hundreds of degrees. It is remarked that the temperature levels are
not sufficient to cause phase changes, such as 𝛼 − 𝛽 transition of
Quartz at 573 °C. In the present study, Young’s modulus, tensile and
shear strengths are assumed to depend linearly on temperature in
the temperature range from 20 to 500 °C - an assumption justified
for granites (Homand-Etienne and Houpert, 1989; Vosteen, 2003).
Mathematically, this linear dependence is defined as

𝑥(𝜃) = 𝑥(𝜃ref) +𝐾500
𝑥 (𝜃 − 𝜃ref) with

𝐾500 =
𝑥(500 °C) − 𝑥(𝜃ref) (16)
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𝑥 500 °C − 𝜃ref
where 𝐾500
𝑥 is the modulus of temperature dependence and 𝜃ref =

20 °C is the reference temperature. Moreover, the values at 𝜃 = 500 °C
are extrapolated from the fitting lines of the temperature dependence
curves for these material properties (Wang and Konietzky, 2019)

𝐸(500 °C) = 0.45𝐸(𝜃ref) Young’s modulus

𝜎𝑡(500 °C) = 0.50𝜎𝑡(𝜃ref) tensile strength

𝑐(500 °C) = 0.70𝑐(𝜃ref) cohesion

(17)

However, temperature dependence of thermal expansion coefficient of
granite is nonlinear, and it can be approximated by the power function
(see Wang and Konietzky, 2019)

𝛼(𝜃) = (0.8383 − 0.00142𝜃)−1∕1.7085𝛼(𝜃ref) (18)

where 𝛼(𝜃ref) is the value of the coefficient of thermal expansion of min-
erals at initial temperature (20 °C) and 𝜃 is the temperature expressed
in Celsius degrees.

4.2. Uniaxial compression tests on intact numerical rock samples

Uniaxial compression tests are performed on intact numerical rock
samples first in order to find their initial compressive strengths and
failure modes. During mechanical tests, the sample is simply supported
at the bottom, and a constant velocity of 0.05m∕s is applied at the
top side, resulting in a strain rate of 1 s-1. This loading rate is chosen
since it is within the range of strain rates in drop weight test machines
representing thus the low-velocity impact comminution. Moreover, at
this level the dynamic increase factor (DIF) is still very modest (less
than 1.5) (Zhang and Zhao, 2014), The explicit time integration in
Eqs. (13)–(15) is used here. The weighting factors in Eq. (3) 𝑤𝑐 , 𝑤𝑡 are
both set to zero. The results of these simulations are shown in Figs. 3
and 4.

Fig. 3 shows the resulting damage in terms of tensile and com-
pressive damage variables (𝜔𝑡 and 𝜔𝑐 in Eq. (2)) for Mesostructure
1 at failure. The predicted final failure mode is shearing along few
planes, a failure mode experimentally observed in Basu et al. (2013).
The stress–strain response in terms of volumetric strain is first com-
pactant and then dilatant (Jaeger et al., 2007), in accordance with the
typical experimental behaviour (Mardalizad et al., 2018). According
to these simulation results, the present damage-viscoplasticity predicts
the essential features of rock under uniaxial compression, i.e. a feasible
failure mode and stress–strain response.

Shear failure modes, with differing details, can be observed also
for the other two intact numerical samples (Mesostructure 2 and 3 in
Fig. 2). The average axial stress–strain curves shows very little variation
in the compressive strengths values, with a value of 108MPa for all
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Fig. 3. Uniaxial compression test simulation results for intact rock samples (Mesostructure 1). Failure modes represented as damage patterns and variables (a)–(b). Axial stress–strain
curve (c).
three mesostructures. This is likely due to the regular nature of the
centroidal Voronoi tessellation created in Neper, which leads to almost
identical geometries. Thus, in order to reproduce the experimental
deviation in compressive strength of rock (Tang and Hudson, 2010),
more irregular tessellations should be chosen. It is also remarked that
under dynamic loading the response of brittle materials becomes more
deterministic with higher load rates, i.e. increasing loading rates give
smaller deviations from the mean value (Denoual and Hild, 2000).

4.3. Microwave pretreatment on numerical rock samples

In this section the effect (in terms of temperature rise and resulting
damage) of microwave heating pretreatment is tested on intact numer-
ical samples, with the boundary conditions defined in Section 4.1. The
effect of different mesostructures (Fig. 2) is tested. The oven power is
set to 1.2 kW, and the frequency is 2.45GHz. The pretreatment duration
is 60 s.

4.3.1. Microwave pretreatment on numerical rock samples: reference case
For microwave irradiation pretreatment, the numerical rock sample

is placed in an oven represented by a conductive box connected to
a microwave source located at a side of the cavity. The RF power is
fed via a waveguide (WR340). The 2.45GHz frequency is the standard
operating frequency of kitchen ovens, and also the power level is in
the typical range of commercial ovens (0.8 kW–1.8 kW). Cavity size is
276 × 254 × 185mm. The outer, boundary surface of the specimen is
considered insulated with respect to the surrounding air, therefore all
convective effects are neglected. The sample is not restrained from
deforming during heating and its initial temperature is 20 °C. The
cylinder is placed at the centre of the cavity along the 𝑦 and 𝑧 di-
rections. In 𝑥 direction, a trial-and-error method is used to find the
best positioning for this particular oven-sample combination. Fig. 5
shows the oven setup and specimen positioning inside the oven. The
distance between the waveguide opening and the leftmost point of the
sample in 𝑥 direction is 12 cm. This distance is the one that yields,
at the end of the pretreatment, the highest average value of the nodal
temperatures inside the whole sample. Fig. 6 shows the development
of the average value of the nodal temperatures inside the sample vs.
time for different distances of the leftmost point of the sample from
the waveguide opening. The tested distances range from 0 cm to 21 cm
with increments of 3 cm (i.e. 0 cm, 3 cm, 6 cm, etc.).

The first simulation is conducted with Mesostructure 1 (Fig. 2) using
the explicit solution scheme of Section 3.3.1. Mass scaling is applied
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to increase the critical time step (from 6 × 10−9 s to 6 × 10−5 s), with
a large scaling factor justified by the quasi-static nature of the very
slow heating of the rock sample (Pressacco and Saksala, 2020). The
weighting factors in Eq. (3) 𝑤𝑐 , 𝑤𝑡 are both set to zero. To solve the
electromagnetic problem, the rock mesostructure, after being created in
software package Neper, is exported to commercial FE solver COMSOL
Multiphysics software in STL format. There, the polygonal Voronoi cells
are meshed with the linear tetrahedral finite elements. Finally, after
solving the electromagnetic problem in COMSOL, the nodal vector of
generated heat values is exported from COMSOL to Matlab, where the
external force vector in Eq. (11) is assembled and the solution of the
thermo-mechanical problem is achieved. The flowchart of the solution
method is given in Fig. 7. Figs. 8–10 show the simulation results.

At the end of the pretreatment, the electric field norm is in accor-
dance in terms of qualitative distribution (presence of hotspots typical
of multimode ovens, see Fig. 8) and order of magnitude with previous
studies that used similar microwave setups and material dielectric
properties (Hassani et al., 2011; Santos et al., 2010; Shadi et al., 2022).
As is typical in multimode microwave ovens (Mehdizadeh, 2015), the
electric field norm distribution is not uniform (Fig. 9a-b). As a conse-
quence, two high-temperature hotspots occur in the sample (Fig. 9d),
one at the side that faces directly the waveguide, and the other at
the opposite side. The maximum temperature reached in the sample
is 392 °C.

The predicted tensile damage patterns in Fig. 10c consist of three
horizontal crack-like damage areas on the specimen outer surface. The
resulting compressive damage is negligible, therefore it is not shown
here. At this temperature level, the value of tensile damage parameter is
close to 1 therein so that these zones can be interpreted as macrocracks.
These results are analogous (given the same temperature levels) to the
ones obtained in the preliminary 2D analysis in Pressacco et al. (2022)
in terms of damage shape, orientation, and position.

Circumferential crack patterns have been observed experimentally
in several previous studies. Hartlieb (2013) noticed this type of cracks
in a drill core taken from a Neuhaus granite spot irradiated for 72 s
with a 25 kW continuous wave. In Nicco et al. (2020) Pikes Peak biotite
granite cylindrical samples were heated from 60 to 300 s at 2.45GHz
and 3.2 kW in a multimode oven. Hao et al. (2020) irradiated magnetite
blocks in a high-temperature microwave muff furnace for 5min at 2 kW
and evaluated the effect of natural cooling at room temperature versus
water spray cooling. In Kahraman et al. (2020) circumferential cracks
were produced in cylindrical granite and syenite specimens after 360 s
at 6 kW in an industrial microwave oven. Shale samples were heated
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Fig. 4. Uniaxial compression test simulation results for intact rock samples (Mesostructure 2 and 3). Failure modes represented as damage patterns and variables (a)–(d).
Corresponding axial stress–strain curves for Mesostructure 1, 2 and 3 (e).

Fig. 5. Oven and waveguide schematic (with d = 120 mm).
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Fig. 6. Average nodal temperatures inside the sample vs. time for different distances
from the waveguide opening.

Fig. 7. Explicit–explicit dynamic time integration scheme for the thermo-mechanical
problem.

in Chen et al. (2021) by a household microwave oven at 0.7 kW during
many time steps of increasing length. In Gao et al. (2022) cylindrical
granite samples were irradiated for several minutes up to high tem-
peratures until melting of the transversal cross section of the cylinders.
Therefore, as the damage patterns due to microwave pretreatment were
qualitatively akin to those predicted here, these experimental results
lend some validation on the present simulations.

Finally, it can be noted that damage affects primarily feldspar, and
secondly biotite, with almost no damage in quartz. An analogous result
was found also in Inserra et al. (2013), where thermal damage due
to heating/cooling cycle at different high temperatures was observed
by ultrasonic measurements. Their results showed that the number of
cracks was higher in feldspar, compared to quartz. In the present study,
this could be explained by the higher values of the thermal expansion
coefficient for quartz and biotite compared to the one of feldspar.
The differential expansion and contraction of minerals induces higher
stresses in the ones with a lower thermal expansion coefficient (Molaro
et al., 2015). Moreover, the higher values of dielectric properties of
biotite lead to a faster heating in this mineral, which cause thermal
stresses and consequently tensile cracks in the surrounding grains (Ge
et al., 2021).
9

4.3.2. Microwave pretreatment on numerical rock samples: influence of
mesostructure

To test the effect of heterogeneity, the reference simulation case in
Section 4.3.1 is carried out with Mesostructure 2 and 3 (Fig. 2). The
simulation results for temperature distribution and induced damage
patterns are shown in Fig. 11.

In all three cases the results are quite similar. Temperature distribu-
tion plots, not shown here, display qualitatively the same two-hotspots
distribution. The maximum temperature reached in the sample is com-
parable to the one of Mesostructure 1, being 370 °C and 366 °C for
Mesostructure 2 and 3 respectively. The damage patterns show the
same behaviour for all three specimens, with three main horizontal,
transversal tensile damage areas. The compressive damage is again
negligible and is not shown here.

4.4. Uniaxial compression and tension tests on microwave irradiated nu-
merical samples

This section presents the simulations of mechanical tests conducted
on microwave pretreated numerical samples. The uniaxial compression
test simulations are carried out on irradiated numerical samples cooled
down back to room temperature. Therefore, it is assumed that the
thermal stresses and deformations are zero at the initial state of the me-
chanical tests. However, the damage induced by the microwave heating
pretreatment is present. This represents the in-situ comminution case
where a considerable time has passed between the microwave heat
treatment and the mechanical breakage.

4.4.1. Uniaxial compression on microwave irradiated numerical samples:
reference case

Uniaxial compression tests are conducted on the microwave pre-
treated numerical sample of Section 4.3.1. The simulation results for
failure modes and stress–strain response are shown in Fig. 12. The
mechanical test is performed on the pretreated sample first with the
weighting factor in Eq. (3) 𝑤𝑐 = 𝑤𝑡 = 0 as in microwave irradiation,
then with 𝑤𝑐 = 1 and 𝑤𝑡 = 0 to simulate microcrack closure and full
elastic stiffness recovery during initial stages of uniaxial compression.
The results are then compared.

The damage patterns in Fig. 12(a)-(d) show that for 𝑤𝑐 = 0 the
failure mode is realized through an extension of the main damage area
in the pretreated sample through the entire cylinder. When 𝑤𝑐 = 1
the effect of tensile damage variable 𝜔𝑡 (see Eq. (3)) is continuously
limited by the parameter 0 < 𝑠𝑐 ≤ 1 during uniaxial compression.
As a consequence, a more ductile behaviour occurs and the achieved
compressive strength is higher than the one for 𝑤𝑐 = 0 (see Fig. 12e).
Moreover, a more beneficial effect in terms of uniaxial compressive
strength reduction is obtained for 𝑤𝑐 = 0 (55MPa) compared to 𝑤𝑐 =
1 (89MPa), resulting in a 49% and a 18% reduction of the initial
compressive strength. These reduction percentages are in accordance
with the ones obtained in the earlier 2D analysis in Pressacco et al.
(2022), where the maximum reduction in strength, when neglecting
stiffness recovery, was 38% of the initial one.

These strength reduction percentages agree, to some extent, with
those obtained by Kahraman et al. (2020). There, after thermal pre-
treatment for 360 s at 6 kW in an industrial microwave oven, similar
surface temperatures between 300 °C and 400 °C were reached in several
granites (Steppe yellow, Rosa minho, and Nublado types). The initial
uniaxial compressive strengths of these granites were in the 130MPa–
150MPa range. The reduction in strength due to thermal pretreatment
varied between 15% and 43%, therefore providing results compatible
to the ones obtained in this study. Moreover, similar crack patterns
were found in Hao et al. (2020). There, the failure modes caused
by drop hammer comminution test after microwave irradiation were
somewhat comparable to the ones predicted here. However, the much
higher loading rate therein resulted in multiple macrocrack planes. The
strength reduction of irradiated samples let to cool down naturally at
room temperature varied from 20% to 30%.
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Fig. 8. Microwave pretreatment simulation results (reference case: Mesostructure 1). Electric field norm in the oven and in the sample (a). Electric field norm in a microwave
oven and in a basalt slab treated with 3 kW microwave power for 4.35 s (Shadi et al., 2022).
Fig. 9. Microwave pretreatment simulation results (reference case: Mesostructure 1). Electric field norm in the oven along 𝑥𝑧 plane (a), 𝑥𝑦 plane (b), electric field norm in the
sample (c), and temperature distribution in the sample (d) at 60 s.
4.5. Tension test on microwave irradiated numerical samples

Finally, in this section, a numerical tension test is carried out on an
intact sample with Mesostructure 1 and on a pretreated sample with the
same mesostructure. The simulation results for intact and pretreated
cases with a velocity applied at the top of 0.05m∕s are shown in
Fig. 13.

The simulation results for the uniaxial tension test at velocity
0.05m∕s shown in Fig. 13 prove that the model can predict the
experimental transversal splitting mode with a single macrocrack.
10
The resulting tensile strength is about 8 MPa, which is close to the
homogenized tensile strength of 8.45 MPa (calculated by simple rule
of mixtures). The failure mode of the pretreated sample occurs by
transversal extension of the largest microwave induced circumferential
crack. The corresponding tensile strength is about 1.75MPa, which is
21% of the intact value. Finally, the stress–strain response in Fig. 13c
shows a lower value of tangent modulus and a more ductile post-peak
response. It can then be concluded that the present type of microwave
heating pretreatment can be an effective way to weaken rock under
tensile loading.
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Fig. 10. Microwave pretreatment simulation results (reference case: Mesostructure 1). First principal stress and Von Mises stress at 60 s (a)–(b). Failure modes represented as
distributions of tensile damage variable at 60 s (c).
Fig. 11. Simulation results for microwave pretreated samples (Mesostructure 1, 2 and 3).
5. Conclusions

A continuum approach-based method to simulate microwave heat-
ing assisted rock fracture was developed and tested in this paper. Rock
failure was modelled by a damage-(visco)plasticity model based on
Rankine and Drucker–Prager yield criteria, while strength and stiff-
ness degradation was taken into account by means of separate scalar
damage variables in tension and compression. Moreover, the unilat-
eral behaviour of rock was rendered through specific parameters that
modelled the extremes of full stiffness recovery or no stiffness recovery
during load reversal. This model, despite its simplicity, captures the
11
significant features, including correct failure modes and average stress–
strain responses, of heterogeneous rock under uniaxial tension and
compression tests, as shown in the simulations results.

The electric field and the consequent power density distribution in
the test rock sample due to microwave irradiation, solved in COMSOL
software, became the input load in the developed staggered explicit
scheme to simulate the thermo-mechanical problem. The temperature
rise and the consequent thermally induced damage were successfully
estimated in the numerical simulations. The electric field distribution
was qualitatively and quantitatively in line with previous numerical
studies. The maximum reduction in compressive strength, after per-
forming mechanical tests on previously irradiated numerical samples,
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Fig. 12. Simulation results for microwave pretreated sample (Mesostructure 1). Failure modes represented as distributions of damage variables with 𝑤𝑡 = 0 and 𝑤𝑐 = 0 (a)–(b) and
with 𝑤𝑡 = 0 and 𝑤𝑐 = 1 (c)–(d) during uniaxial compression on pretreated samples. Corresponding axial stress–strain curves (e).

Fig. 13. Simulation results for tension test on microwave pretreated samples (Mesostructure 1). Failure modes represented as distributions of damage variables for intact (a) and
pretreated specimen (b). Axial stress–strain curves for intact and pretreated specimen (c).
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was 18% if no elastic stiffness was recovered and 48% if full elastic
stiffness was gained again. These values may be considered a feasible
lower and upper limit of the real case.

These very positive figures are influenced by the long heating times
(60 s) and strategic positioning of the sample in the oven. A further
development should incorporate modelling of intergranular cracks at
mineral boundaries to replicate the experimental results of previous
studies. Finally, in order to fully evaluate the weakening effect of
microwave heating pretreatment on compressive strength of rock, the
present model should be validated by ad hoc experiments.
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