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Abstract—The growing interest in the modeling of super-
conductors has led to the development of effective numerical
methods and software. One of the most utilized approaches for
magnetoquasistatic simulations in applied superconductivity is
the H formulation. However, due to the large number of degrees
of freedom (DOFs) present when modeling large and complex sys-
tems (e.g. large coils for fusion applications, electrical machines,
and medical applications) using the standard H formulation
on a desktop machine becomes infeasible. The H formulation
solves the Faraday’s law formulated in terms of the magnetic
field intensity H using edge elements in the whole modeling
domain. For this reason, a very high resistivity is assumed
for the non-conducting domains, leading to an ill-conditioned
system matrix and therefore long computation times. In contrast,
the H-φ formulation uses the H-formulation in the conducting
region, and the φ formulation (magnetic scalar potential) in the
surrounding non-conducting domains, drastically reducing DOFs
and computation time. In this work, we use the H-φ formulation
in 2D for the magnetothermal (AC losses and quench) analysis of
stacks of REBCO tapes. The same approach is extended to a 3D
case for the AC loss analysis of a twisted superconducting wire.
All the results obtained by simulations in Sparselizard are
compared with results obtained with COMSOL. Our custom tool
allows us to distribute the simulations over hundreds of CPUs
using domain decomposition methods, considerably reducing the
simulation times without compromising accuracy.

Index Terms—HTS, REBCO, modeling, AC Loss, quench, H-
φ-formulation, cloud, DDM

I. INTRODUCTION

WHEN modeling superconducting materials, the electri-
cal resistivity is generally modeled using the power

law constitutive relationship [1], which may include a complex
critical current density dependence [2]. The highly nonlinear
properties and strong anisotropic field dependence of the criti-
cal current density could lead to a very large computation time.
Moreover, the high aspect ratio of the superconducting tapes
(especially in the case of High-Temperature Superconductors
(HTS)) leads to a large number of elements and degrees of
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freedom (DOFs). A widely used method is the H formula-
tion [3]. However, due to the large scale of systems such as
electrical machines [4] and fusion devices [5], the computa-
tional limits of are rapidly reached with the H formulation [6],
[7]. Moreover, the use of the H formulation in nonconducting
domains leads to unnecessary large number of DOFs due to
the vectorial nature of the magnetic field intensity H and
to numerical instabilities due to the imposed high resistivity
to avoid eddy currents in such domains, leading to an ill-
conditioned matrix. The development of approaches more effi-
cient than the H formulation to be implemented in commercial
and in-house software is of paramount importance to improve
the computational efficiency of the models. Recently, several
works have led to drastic improvements in computational
efficiency using the A-H [8]–[10], the T -A (similar to the
A-H) [11]–[13], and the H-φ formulations [14]–[17].

This paper aims at addressing the current challenges of 3D
modeling 2G HTS using the H-φ formulation combined with
domain decomposition methods (DDM) [18], [19], enabling
massive parallel computation and drastically reduced simula-
tion time. The presented case studies are chosen to represent
fusion-energy inspired industrially relevant cases in AC loss
and quench modeling.

In section II, we briefly describe the formulation and its
implementation in Sparselizard and we describe the
utilized custom DDM tool. In section III, we present validating
results using simple 2D models, and in section IV, we move on
to more complex 3D models, demonstrating the virtues of our
DDM-based tool. Finally, in section V, we draw conclusions.

II. H-φ FORMULATION AND IMPLEMENTATION

A. Formulation

The H-φ formulation where current constraints are imposed
using cohomology cuts is well-known in computational elec-
tromagnetics [20]–[23] and the mathematical main ideas in an
electromagnetic context can be traced back to Kotiuga’s early
works on making cuts for scalar potentials [24]. Eventually,
it was brought to the context of superconductor AC loss
simulations by Lahtinen, Stenvall et al. [14], [15].

The finite element formulation is obtained by developing
the weak form of Faraday’s law of induction and the Gauss
law for the magnetic field. Ohm’s law is used as transport
law. The magnetic field strength H is discretized in the
conducting regions of the computational domain with Nédélec



elements, or Whitney 1-forms, where the degrees of freedom
are associated with edges in the first-order interpolation, thus
fulfilling Ampere’s circuital law. In regions that are both non-
conducting and non-ferromagnetic, Lagrangian elements are
used. Their nodal degrees of freedom represent the magnetic
scalar potential φ.

By exploiting the fact that the curl of the gradient of a
scalar field is zero, the term containing the electric resistivity
vanishes, thus circumventing the ill-conditioning of the system
matrix that would occur if one modeled the air using H
directly and imposed a very high electric resistivity. The
benefit of using the magnetic scalar potential (φ) rather that
the vector potential A is that only one degree of freedom
per node is required. This way, the number of unknowns
is drastically reduced. The net current constraints are im-
posed using cohomology cuts, which ensure that circulations
of the magnetic field around conducting domains are equal
to the desired net currents [23]. Note that this would be
impossible using only a gradient of a scalar field, since a
circulation of a gradient field over a closed loop is always
zero. Hence, we express H in the nonconducting regions
as H = −grad(φ) + C, where C is a field associated
with the representative of the first cohomology group of the
nondconducting region [14]. The external field can be applied
as a non-zero Neumann condition on the boundary. A recent
overview of the H-φ formulation in applied superconductivity
and its numerical stability is given by Dular et. al. [9], [10].
Moreover, recent detailed explanations on how the domain
interfaces between the conducting and non-conducting regions
are formulated, as well how current-boundary conditions are
applied are discussed by Arsenault et al. [16], [17].

B. Domain Decomposition Method

The domain decomposition method (DDM) in the FEM con-
text refers to the partitioning of the computational mesh into
similarly sized pieces that can each be processed on different
computing instances, allowing to distribute the computational
burden. The DDM method is used to improve the speed of
numerical simulations in solid mechanics, electromagnetism,
flow in porous media, etc., on parallel machines from tens to
hundreds of thousands of cores. This is well suited to take
advantage of supercomputer or cloud architectures. In this
work, the optimized Schwarz algorithm is used in the DDM
framework: this algorithm solves iteratively the problems
defined on the smaller mesh pieces and exchanges boundary
data between domains at each iteration to reach convergence.
Compared to the pioneering work of H. A. Schwarz [18]
the method used in this work accelerates convergence using
generalized minimal residual method (GMRES) and optimized
boundary data [19].

C. Implementation

The weak formulation required for H-φ is implemented
in the open source FEM library Sparselizard available
at www.sparselizard.org. The cohomology cuts are obtained
from the mesh generator GMSH [25]. Sparselizard is

designed to solve general weak formulations of PDEs and is
therefore suited for the multiphysics simulations required in
applied superconductivity. Detailed examples of H-φ formu-
lated AC loss problems can be found online. The resolution is
accelerated using domain decomposition on an Amazon Web
Services (AWS) cloud infrastructure suited for multiphysics
DDM, provided by Quanscient (www.quanscient.com) under
the Quanscient.allsolve software.

III. VALIDATIONS AND APPLICATIONS IN 2D

The numerical study is conducted on three different prob-
lems, comparing the simulations obtained in Sparselizard
with the results obtained with the commercial software COM-
SOL [26]. The 2D simulations used the H-φ formulation [16],
[27]. The first problem consists of an elliptic superconduct-
ing tape carrying different sinusoidal transport currents; the
second problem consists of a superconducting homogenized
stack of tapes carrying a sinusoidal transport current at 0.8 Ic
oscillating at two different frequencies; the third problem is
the quench of the cross-section of a VIPER cable [28]. The
non-linear E–J power-law [29], [30] characteristic of the HTS
materials is modeled as:

ρPLW =
Ec

Jc(B‖, B⊥)

(
|J |

Jc(B‖, B⊥)

)n−1

, (1)

where Ec = 1 µV · cm−1 is the electric field criterion, n
is the power-law exponent and Jc(B, θ) is the anisotropic
critical current density model [31] used to take into account
the dependence of the critical current density on the magnetic
field and its orientation. The critical current density Jc in (1)
follows a modified version of the Kim model [31] and reads
as follows:

Jc(B‖, B⊥) =
Jc,0(

1 +

√
k|B‖|2 + |B⊥|2

Bc

)b
, (2)

where Bc, k and b are constants, and B‖ and B⊥ are,
respectively, the parallel and perpendicular components of the
magnetic flux density with respect to the tape’s flat surface.
The AC losses per length are calculated as:

P =

∫
Ω

E · J dΩ, (3)

where E is the electric field, J the current density, and Ω is
the superconducting domain.

A. AC Losses in a Single HTS Tape

For the first model we simulated an infinitely long tape with
elliptical cross section carrying different sinusoidal transport
currents. The elliptical wire has a cross-section defined by
the semi-axes a = 2 mm and b = 0.08 mm [32], [33].
The critical current is Ic,0 = 251 A, with an n = 30, and
the parameters of the anisotropic critical current model are
k = 0.25, b = 0.6 and Bc = 35 mT. Figure 1 shows a
comparison of the instantaneous AC losses in the tape for
different transport currents calculated with Sparselizard
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Fig. 1. Instantaneous AC losses in the tape for different transport currents.

Fig. 2. Instantaneous AC losses in the stack of tapes for Iop = 0.8 Ic at (left)
f = 10 Hz and (b) f = 1000 Hz.

(continuous line) and COMSOL (dashed line). The agreement
between all the simulations is excellent.

B. AC Losses in a HTS Stack

The second 2D model consists of infinitely long homog-
enized anisotropic superconducting bulk 4 mm wide and
4.65 mm high, constituting a bulk of 100 tapes. The n-value
was n = 30, and the Jc(B‖, B⊥) had the same parameters as
the single tape, except for Jc0 which was reduced by a factor
of 46.5 according to the superconducting bulk homogenization
technique [32]. Two case scenario were run: a) Iop = 0.8 Ic
at f = 10 Hz and b) Iop = 0.8 Ic at f = 1000 Hz. The inset
of Figure 2 represents the geometry and of the normalized
critical current density for the selected case of f = 1000 Hz
at t = 5 ms, and a comparison of the instantaneous AC losses
in the tape for different transport currents, calculated with
Sparselizard (continuous line) and COMSOL (dashed
line) using equation (3). The agreement between the simu-
lations is excellent.

Fig. 3. Normalized current density normalized for the selected case of Jc = Jc(T,B)
at t = 10 s.

Fig. 4. Comparison of the average temperature calculated over the cross section and
simulated with Sparselizard (continuous line) and COMSOL (dashed line), for the
two scenarios.

C. Quench in a HTS Stack

The third 2D model consists of a quench simulation of
the VIPER cable [28] where each slot was equipped with
a superconducting bulk (each one representing 100 tapes)
4 mm wide and 4.02 mm high, for a total of 4 bulks (400
tapes). Two cases were run; the first one with a critical current
density Jc(T ) that decreases linearly with the temperature but
does not depend by the applied magnetic field; the second
one with a critical current density Jc(T,B) that depends on
both temperature and applied magnetic field [31]. The self-
field critical current density was Jc0 = 3.6 · 1010 A ·m−2

and was reduced of a factor 100 (homogenized bulk). This
results into a critical current per bulk of Icb0 = 5.78 kA and
a total current of the cable of Icc0 = 23.1 kA. A current
ramp was driven overcurrent at 1.2 Icc0 = 27.7 kA, resulting
into a uniform quench scenario. A screenshot of the geometry
and of the normalized current density for the selected case of
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Fig. 5. Instantaneous losses computed on the entire assembly (NbTi wires + copper),
with Sparselizard (continuous line + markers) and COMSOL (dashed line).

Fig. 6. Normalized current density at t = 10 ms.

Jc = Jc(T,B) at t = 10 s is represented in Figure 3. Figure 4
shows a comparison of the average temperature calculated over
the cross section and simulated with Sparselizard (contin-
uous line) and COMSOL (dashed line), for the two scenarios.
The agreement between all the simulations is excellent.

IV. VALIDATIONS AND APPLICATIONS IN 3D USING DDM

We benchmark our DDM approach in Sparselizard
against COMSOL in a 3D AC loss simulation. In
Sparselizard, the H-φ formulation is utilized. In COM-
SOL the analysis is carried out using H formulation [3], due to
the complexity of implementing a general 3D H-φ formulation
using COMSOL.

A. Twisted Superconducting Filaments

The numerical model consists of the 3D simulation of AC
losses in a twisted superconducting wire. The wire consists
of five homogenized filament bundles of Nb-Ti. Every single
filament has a diameter of 350 µm and it is embedded in a cop-
per round core of diameter 535 µm. The power-law constitutive
relationship was used with n = 30 and with a constant critical
current of 2.9 · 108 A ·m−2. A full-cycle sinusoidal transport
current of amplitude 0.8 Jc oscillating at 50 Hz was imposed.

Cores

Fig. 7. Scaling of the computation time of the Sparselizard model on
Quanscient.allsolve with the number of single-core CPUs.

Figure 6 shows a comparison of the instantaneous AC losses
computed on the entire assembly (NbTi wires + copper),
with Sparselizard (continuous with markers line) and
COMSOL (dashed line) using equation (3). A screenshot of
the geometry and a color map of the normalized current
density at t = 10 ms is represented in Figure 5. The model run
with COMSOL entails 5 MDoFs and it was solved in 7 days,
23 hours, and 40 minutes on a HPC6A server with 96 Cores
and 384 GB RAM. In comparison, the H-φ-formulation-
based model implemented in Sparselizard consists of
1.4 MDoFs and it was solved in 1.7 h using DDM on
640 cores on Quanscient.allsolve. With 80 cores the
computation time was 7.2 hours and with 160 cores 4.8 hours.
The agreement between the simulation results is excellent.
The scaling of the computation time of the Sparselizard-
based model on Quanscient.allsolve with the number
of CPU cores is shown in Fig. 7. The number of cores used
had no effect on the simulation results.

V. CONCLUSIONS

Accurate simulation of large-scale AC loss and quench
models can take days or even weeks. Therefore, reducing the
number of DoFs with clever formulations is pivotal. Moreover,
parallelizing the analysis further reduces the computation time.
In this paper, we compared the H-φ-formulated AC loss simu-
lations implemented in Sparselizard with corresponding
H-φ and H-formulated simulations in COMSOL. In addition,
we coupled the H-φ formulation to a thermal problem, sim-
ulating a 2D quench in a VIPER cable consisting of HTS
stacks. The results show excellent agreement between the dif-
ferent implementations. The discrepancy between simulations
is generally lower than 3.5% (this value was calculated in Fig.
2 for 1000 Hz at 0.64 ms). Moreover, we utilized our custom
DDM tool to parallelize Sparselizard-based simulations
using Quanscient.allsolve. We were able to bring the
computation times from more than a week (COMSOL) to just
1.7 hours (Sparselizard) with no loss of accuracy. These
results indicate that Sparselizard library combined with
the optimized Schwarz DDM is a very efficient and suitable
tool for simulations in applied superconductivity.

4



REFERENCES

[1] P. Bruzzone, “The index n of the voltage–current curve, in
the characterization and specification of technical superconductors,”
Physica C: Superconductivity, vol. 401, no. 1, pp. 7–14, 2004,
proceedings of the International Cryogenic Materials Conference:
Topical Conference on the Voltage-Current Relation in Technical
Superconductors. [Online]. Available: https://www.sciencedirect.com/
science/article/pii/S0921453403014692

[2] B. C. Robert, M. U. Fareed, and H. S. Ruiz, “How to Choose the
Superconducting Material Law for the Modelling of 2G-HTS Coils,”
Materials, vol. 12, no. 2679, pp. 1–19, 2019.

[3] R. Brambilla, F. Grilli, and L. Martini, “Development of an edge-element
model for AC loss computation of high-temperature superconductors,”
Superconductor Science and Technology, vol. 20, no. 1, pp. 16–24, 2007.

[4] T. Benkel, M. Lao, Y. Liu, E. Pardo, S. Wolfstadter, T. Reis, and F. Grilli,
“T-A-Formulation to Model Electrical Machines with HTS Coated
Conductor Coils,” IEEE Transactions on Applied Superconductivity,
vol. 30, no. 6, 2020.

[5] B. N. Sorbom, J. Ball, T. R. Palmer, F. J. Mangiarotti, J. M. Sierchio,
P. Bonoli, C. Kasten, D. A. Sutherland, H. S. Barnard, C. B. Haakonsen,
J. Goh, C. Sung, and D. G. Whyte, “ARC: A compact, high-field, fusion
nuclear science facility and demonstration power plant with demountable
magnets,” Fusion Engineering and Design, vol. 100, pp. 378–405, 2015.

[6] B. Shen, F. Grilli, and T. Coombs, “Overview of h-formulation: A
versatile tool for modeling electromagnetics in high-temperature su-
perconductor applications,” IEEE Access, vol. 8, pp. 100 403–100 414,
2020.

[7] ——, “Review of the ac loss computation for hts using h formulation,”
Superconductor Science and Technology, vol. 33, no. 3, p. 033002, feb
2020. [Online]. Available: https://dx.doi.org/10.1088/1361-6668/ab66e8

[8] L. Bortot, B. Auchmann, I. C. Garcia, H. De Gersem, M. Maciejew-
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