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Dare to develop machine learning techniques for circumstances that we can-
not imagine.
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ABSTRACT

Machine learning deals with discovering the knowledge that governs the learning
process. The science of machine learning helps create techniques that enhance the
capabilities of a system through the use of data. Typical machine learning techniques
identify or predict different patterns in the data. In classification tasks, a machine
learning model is trained using some training data to identify the unknown function
that maps the input data to the output labels. The classification task gets challenging
if the data from some categories are either unavailable or so diverse that they cannot
be modelled statistically. For example, to train a model for anomaly detection, it
is usually challenging to collect anomalous data for training, but the normal data is
available in abundance. In such cases, it is possible to use One-Class Classification
(OCC) techniques where the model is trained by using data only from one class.

OCC algorithms are practical in situations where it is vital to identify one of the
categories, but the examples from that specific category are scarce. Numerous OCC
techniques have been proposed in the literature that model the data in the given fea-
ture space; however, such data can be high-dimensional or may not provide discrim-
inative information for classification. In order to avoid the curse of dimensionality,
standard dimensionality reduction techniques are commonly used as a preprocessing
step in many machine learning algorithms. Principal Component Analysis (PCA)
is an example of a widely used algorithm to transform data into a subspace suitable
for the task at hand while maintaining the meaningful features of a given dataset.

This thesis provides a new paradigm that jointly optimizes a subspace and data
description for one-class classification via Support Vector Data Description (SVDD).
We initiated the idea of subspace learning for one class classification by proposing a
novel Subspace Support Vector Data Description (SSVDD) method, which was fur-
ther extended to Ellipsoidal Subspace Support Vector Data Description (ESSVDD).
ESSVDD generalizes SSVDD for a hypersphere by using ellipsoidal data descrip-
tion and it converges faster than SSVDD. It is important to train a joint model
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for multimodal data when data is collected from multiple sources. Therefore, we
also proposed a multimodal approach, namely Multimodal Subspace Support Vec-
tor Data Description (MSSVDD) for transforming the data from multiple modalities
to a common shared space for OCC. An important contribution of this thesis is to
provide a framework unifying the subspace learning methods for SVDD. The pro-
posed Graph-Embedded Subspace Support Vector Data Description (GESSVDD)
framework helps revealing novel insights into the previously proposed methods and
allows deriving novel variants that incorporate different optimization goals.

The main focus of the thesis is on generic novel methods which can be adapted
to different application domains. We experimented with standard datasets from dif-
ferent domains such as robotics, healthcare, and economics and achieved better per-
formance than competing methods in most of the cases. We also proposed a taxa
identification framework for rare benthic macroinvertebrates. Benthic macroinver-
tebrate taxa distribution is typically very imbalanced. The amounts of training im-
ages for the rarest classes are too low for properly training deep learning-based meth-
ods, while these rarest classes can be central in biodiversity monitoring. We show
that the classic one-class classifiers in general, and the proposed methods in partic-
ular, can enhance a deep neural network classification performance for imbalanced
datasets.
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1 INTRODUCTION

In data classification, the overall goal is to create a predictive data model that can
accurately classify unseen input data into a set of pre-defined classes. In supervised
learning, the class labels of a part of the data are used for training. In contrast, in
unsupervised learning, possible patterns in the data are identified without any data
labels. Traditional classification algorithms aim at learning a classification model for
several pre-defined categories. However, it can be challenging to gather data from
some of the categories in certain situations. For example, in fraud detection [1], ab-
normal event detection in videos [2], and nosocomial infection detection [3], most
of the possible situations representing fraud, abnormal events in videos, and noso-
comial infections in clinical data, respectively, cannot be observed for training the
model. Nevertheless, detecting all sorts of abnormal situations is crucial.

Unavailability of data from one or several of the categories led to the inception of
machine learning methods that require data only from one class during the training
process. One-Class Classification (OCC) methods are used to create a model for
predicting whether an unseen sample comes from this class of interest. The class/
category of data used for obtaining the data description is referred to as the target
class or the positive class, while all other categories combined are referred to as the
negative class or outliers. No outlier data are needed for training the methods.

OCC techniques are helpful when it is costly to collect the data from the negative
class, or the data are so diverse that it cannot be modelled statistically. In scenarios
like predicting the unexpected breakdown of an electric induction motor [4], moni-
toring the gearbox of helicopters [5], or monitoring the structural health of a bridges
[6], the data instances of the catastrophic situations are not feasible to collect. How-
ever, the normal data corresponding to the positive class is available in abundance.

OCC methods have been thoroughly studied in the literature for more than two
decades. The improvement of OCC methods has led to their usage in many tech-
nological applications, such as in bot detection on Twitter [7]. In [2], OCC is used
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for abnormal event detection in videos, while in [8] it is employed to detect and rec-
ognize low-flying, small unmanned aerial vehicles efficiently. In [9], it is used for
railway vehicle detection from audio recordings. OCC is also used in the medical
field for anomaly detection in biomedical images [10]. Other common applications
of OCC are document classification [11], disease diagnosis [12], intrusion detection
[13], and novelty detection [14].

OCC problems are traditionally tackled mainly by three approaches: density es-
timation, reconstruction-based, and border-based description [15]. The density es-
timation and reconstruction-based approaches are suitable when the target data fol-
lows a selected distribution and assumptions about the data generating process are
accurate. The challenge in density estimation and reconstruction-based approaches
is identifying an appropriate distribution for the data at hand [16]. On the other
hand, border-based approaches do not require prior information about the density
or the data generation process. Border-based approaches are also referred to as sup-
port vector-based approaches, where support vectors are instances in the training data
that are crucial for defining the data description and influence the decision boundary
of the model.

While practical large-scale OCC applications are nowadays based on deep learn-
ing [17], many of the fundamental ideas are still based on traditional OCC algo-
rithms. For example, a deep OCC method, which maps the data representations
into a hypersphere characterized by center and radius of minimum volume, is pro-
posed in [18]. The loss function used for training the neural network is a modified
version of the objective function traditionally used in OCC [15]. Thus, deepening
the understanding of traditional OCC algorithms remains an important topic and
has been the main focus of this thesis.

The different approaches for OCC in the literature mainly focus on data from a
single modality. Moreover, most traditional methods model the data in the given fea-
ture space and do not find more discriminative features in lower-dimensional space.
These methods lack the capability of integrating different data relations in the op-
timization process. Thus, there is a need to create new methods and an adequate
framework that fills the identified gaps and provides a more detailed analysis into
OCC literature.

In this thesis, we seek answers to the following research questions: Can we create
a methodology where the subspace learning and model learning complement each
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other for improved OCC performance? Can we further improve the results by re-
placing the traditional hyperspherical description with a more flexible one? Can we
find an optimized subspace and create a methodology for training a common model
for multimodal data in the case of OCC? Can we formulate subspace learning for
OCC in a graph-embedded framework? To answer these questions, we set our ob-
jectives as described in the following subsection.

1.1 Objectives

In this thesis, we focus on improving the performance of support vector-based data
descriptions for OCC. The assumption is that a data description for OCC in an
optimized subspace would improve the performance during inference compared to
the data description in the original feature space. The more specific objectives of the
thesis are as follows:

• To propose a new subspace learning paradigm for OCC which incorporates
the model information in the optimization process of subspace learning for
OCC.

• To further optimize the data description by considering alternatives for the
traditional hyperspherical description.

• To infer a shared latent representation for multimodal data and exploit the
relationship between the modalities in OCC.

• To integrate the proposed solutions in a unified framework and highlight the
similarities and differences between the solutions therein.

• To assess the performance of OCC methods over different domain applica-
tions.

1.2 Contributions and Publications

A significant contribution of this thesis is providing a new paradigm of jointly opti-
mizing subspace learning and OCC via Support Vector Data Description (SVDD).
The initial work, which forms the basis of this thesis, was introduced in [P1]. In [P2],
we introduced a generalized solution as compared to [P1]. We proposed a novel mul-
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timodal extension of [P1] in [P3]. As a major contribution of this thesis, we built a
unified framework of subspace learning for OCC which was proposed in [P4]. Fi-
nally, we demonstrated the capability of OCC methods to improve the performance
of a deep Convolutional Neural Network (CNN)-based algorithm used to identify
rare benthic macroinvertebrates in [P5]. The candidate implemented the proposed
methods, contributed to the mathematical formulation, carried out the simulations,
and wrote the manuscripts overseen by the co-authors. The relationship between
the different contributions proposed in this thesis is depicted in Figure 1.1.

Framework for 
identifying 

rare benthic 
macroinvertebrates [P5]

SSVDD [P1]

GESSVDD [P4]

ESSVDD [P2]

MSSVDD [P3]

Application and complementing CNN

Extension

Complete framework of 
subspace learning for SVDD

Multimodal extension

Figure 1.1 Schematic view showing relations between different contributions of the thesis.

In [P1], we proposed a gradient-based iterative subspace learning method for
OCC. The proposed method, namely Subspace Support Vector Data Description
(SSVDD), maps the data into a lower-dimensional space optimized for OCC. In the
optimized lower-dimensional space, the target data is encapsulated in a hypersphere.
We proposed linear and non-linear versions and four different regularization strate-
gies for the proposed SSVDD in this publication. SSVDD forms the basis of the
thesis, and we further enhanced, extended, and analyzed it in the other publications.

In [P2], we proposed a novel method, namely Ellipsoidal Subspace Support Vec-
tor Data Description (ESSVDD), to transform data from the original feature space
to a lower-dimensional space optimized for OCC. ESSVDD considers the covari-
ance of data in the optimization process and yields a more generalized solution than
SSVDD. In ESSVDD, class variance in the projected space is used to express the
regularization terms. We presented both linear and non-linear formulations of the
proposed ESSVDD, and the simulation results show that ESSVDD converges faster
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and performs better than SSVDD.
In [P3], we proposed a novel method for mapping data from multiple modal-

ities to a common shared subspace along with forming a common model. The
proposed method, namely Multimodal Subspace Support Vector Data Description
(MSSVDD), defines a separate projection matrix for each modality and transforms
the data to a common shared subspace, while the classification model is optimized
jointly for data from all the modalities. During the iterative optimization process,
data from only the class of interest is utilized. We presented both linear and non-
linear formulations, along with seven different regularization strategies. We also
carried out complexity analysis of the proposed method. The obtained results show
that MSSVDD yields better results in majority of cases than traditional concatena-
tion of multimodal data on five multimodal datasets.

In [P4], we proposed a framework that unifies the previously proposed variants
and several novel variants of SSVDD under a graph-embedded formulation called
Graph-Embedded Subspace Support Vector Data Description (GESSVDD). The
proposed framework allowed us to reveal and analyze connections to traditional sub-
space learning algorithms and led to novel spectral and spectral regression-based so-
lutions as alternatives to the gradient-based technique. The novel SSVDD variants
derived from the framework led to improved performance against the baselines and
other competing methods.

In [P5], we proposed a framework for identifying rare benthic macroinverte-
brates where the specimens possibly representing rare species are directed for further
human expert inspection. We analyzed the capability of traditional OCC methods
to complement and improve a deep CNN-based algorithm for dividing the tasks
between humans and machines. In the experiments, regularized linear SSVDD pro-
duced the best performance among the applied OCC methods. The experiments
also support the idea of moving from fully manual to semi-automated taxa identifi-
cation.

1.3 Thesis Outline

The rest of this thesis is organized as follows. Chapter 2 provides an overview of
the related work relevant to subspace learning for OCC. An overview of graph
embedding and non-linear transformations is briefly discussed in Chapter 2 as well.
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The contributions of the thesis are described in Chapter 3, summarizing the main
findings in the publications. The conclusions are drawn in Chapter 4, where future
work is also proposed. The publications are included at the end of this thesis.
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2 RELATED WORK

This chapter provides an overview of concepts needed for understanding the con-
tributions of this thesis. We first discuss OCC and elaborate on SVDD [19]. The
second section provides an overview of dimensionality reduction focusing on sub-
space learning. Subsequently, this chapter discusses graph embedding along with
spectral regression and summarizes Graph-Embedded Support Vector Data Descrip-
tion (GESVDD) [20]. The last section of the chapter briefly discusses non-linear
transformations used in deriving the non-linear versions of the proposed methods in
this thesis.

2.1 One-Class Classification

OCC algorithms aim to build a model by considering data from a single class [21].
The class of interest used for modeling is referred to as the positive class or the target
class. All other categories not included in the training process are referred to as the
negative class or outliers. OCC aims to capture the information from a single class
to form a data description that can accurately classify unseen data into either the
positive or negative class during inference. Figure 2.1 depicts the basic idea of OCC.

OCC techniques are mainly solved by density-based [22], reconstruction-based
[23], or border-based approaches [15]. The density-based approaches for OCC rely
on estimating the density of the target class by using a density estimation method,
such as Parzen density [22], Gaussian model [15], or a mixture of Gaussians [24].
The density-based approaches are applicable in cases when a high number of training
samples are available. In reconstruction-based approaches, the underlying function
for data description is formed by using some prior information, such as data clus-
tering characteristics [25]. In reconstruction-based methods, domain-specific prior
information is essential for training a predictive model. In border-based approaches,
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Training
One-Class
Classifier

Testing
One-Class
Classifier

Training samples Test samples Positive 
Class

Negative 
Class

Figure 2.1 In One-Class Classification, a model is trained by using samples of the positive class only.
During testing, the model is used to classify samples also from the negative class [P4].

data description is obtained by defining a closed boundary around the target class
without estimating its density [19]. One-Class Support Vector Machine (OCSVM)
[26], and SVDD [19] are classic examples of border-based techniques for OCC. In
OCSVM, a hyperplane is constructed, which separates the target class from the ori-
gin. In SVDD, a hypersphere with minimum volume enclosing the target class in a
given feature space is formed. The border-based approaches are generally easier to
apply than density-based and reconstruction-based approaches as they do not require
estimating density nor domain-specific prior information of the data generating pro-
cess. However, the common border-based approaches operate in a feature space that
is not optimized for OCC. Thus, an approach for transforming data into an opti-
mized subspace suited for OCC can help improve the overall classification accuracy.

In the literature, deep learning techniques for OCC have been recently proposed
as well. Many of these techniques are based on the traditional approaches that find a
closed tight boundary around the target class data. For example, in [18], deep SVDD,
which jointly trains a neural network along with optimizing a hypersphere in the
output space, is proposed. In [27], a deep learning-based approach for one-class trans-
fer learning is proposed. The benefit of deep learning-based techniques for OCC is
end-to-end learning of feature representation and modeling. The challenging aspect
of deep learning-based techniques for OCC is the requirement of large amounts of
target class data during training. Moreover, a deep learning-based approach typically
relies on minimizing a classical one-class loss function on the learned final layer repre-
sentations, which suffers from the fundamental drawback of representation collapse
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[28]. Representation collapse refers to inferring a degenerate solution where all the
points are mapped to one single point. In [29], generative adversarial networks are
used to generate a typical data distribution for deep anomaly detection; however,
generating an entire data distribution is challenging, and inaccurate in practice [28].

2.1.1 Support Vector Data Description

SVDD [19] finds a spherically shaped description of the data in a given feature space.
The training data points used for obtaining a tight boundary are denoted by a ma-
trix X = [x1,x2, . . .xN ],xi ∈ RD , where N is the total number of samples in D -
dimensional feature space. The samples used for obtaining the data description be-
long to only one class. The function to be minimized in SVDD is as follows:

min F (R,a) = R2

s.t. ∥xi − a∥22 ≤ R2, ∀i ∈ {1, . . . ,N}, (2.1)

where R denotes the radius of the hypersphere and a ∈RD denotes the center of the
hypersphere. In order to accommodate for outliers in the data points, slack variables
ξi , i = 1, . . . ,N are introduced into the optimization problem:

min F (R,a) = R2+C
N
∑︂

i=1

ξi

s.t. ∥xi − a∥22 ≤ R2+ ξi ,

ξi ≥ 0, ∀i ∈ {1, . . . ,N}. (2.2)

The hyperparameter C > 0 is used for controlling the trade-off between the vol-
ume of the hypersphere and the amount of target data outside the hypersphere. The
constraints are incorporated into the minimization function by using Lagrange mul-
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tipliers as

L=R2+C
N
∑︂

i=1

ξi +
N
∑︂

i=1

αi
�

∥xi − a∥22−R2− ξi )−
N
∑︂

i=1

γiξi

=R2+C
N
∑︂

i=1

ξi −
N
∑︂

i=1

αi
�

R2+ ξi − (xi − a)⊺(xi − a)
�

−
N
∑︂

i=1

γiξi

=R2+C
N
∑︂

i=1

ξi −
N
∑︂

i=1

αi
�

R2+ ξi − x⊺i xi + 2a⊺xi − a⊺a
�

−
N
∑︂

i=1

γiξi , (2.3)

where αi ≥ 0 and γi ≥ 0 are Lagrange multipliers. The Lagrangian (2.3) should
be minimized with respect to R, a, ξi and maximized with respect to the Lagrange
multipliers αi and γi [19]. Now taking partial derivatives with respect to variables
R, a, and ξi and setting them to zero, we get

∂ L
∂ R
= 2R− 2R

N
∑︂

i=1

αi = 2R(1−
N
∑︂

i=1

αi )

∂ L
∂ R
= 0⇒

N
∑︂

i=1

αi = 1, (2.4)

∂ L
∂ a
=−

N
∑︂

i=1

αi
�

2xi − 2a
�

=−2
N
∑︂

i=1

αi xi + 2
N
∑︂

i=1

αi a=−2
N
∑︂

i=1

αi xi + 2a

∂ L
∂ a
= 0⇒ a=

N
∑︂

i=1

αi xi . (2.5)

∂ L
∂ ξi
=

∂

∂ ξi
C

N
∑︂

i=1

ξi −
∂

∂ ξi

N
∑︂

i=1

αiξi −
∂

∂ ξi

N
∑︂

i=1

γiξi =C −αi − γi

∂ L
∂ ξi
= 0⇒C −αi − γi = 0. (2.6)

From (2.6), it can be seen that αi =C−γi and, since αi ≥ 0 and γi ≥ 0, it is demanded
that 0 ≤ αi ≤ C . After substituting (2.4), (2.5), and (2.6) into (2.3), the Lagrangian
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dual of (2.2) can be simplified as

L= R2−
N
∑︂

i=1

αi R2+C
N
∑︂

i=1

ξi −
N
∑︂

i=1

ξiαi −
N
∑︂

i=1

ξiγi +
N
∑︂

i=1

αi x
⊺
i xi −

N
∑︂

i=1

αi 2a⊺xi+

N
∑︂

i=1

αi a
⊺a= R2−

N
∑︂

i=1

αi R2+
N
∑︂

i=1

ξi
�

C −αi − γi
�

+
N
∑︂

i=1

αi x
⊺
i xi −

N
∑︂

i=1

αi 2a⊺xi+

N
∑︂

i=1

αi a
⊺a= R2−R2+

N
∑︂

i=1

αi x
⊺
i xi − 2

N
∑︂

i=1

αi xi

N
∑︂

j=1

α j x j +
N
∑︂

i=1

αi xi

N
∑︂

j=1

α j x j

=
N
∑︂

i=1

αi x
⊺
i xi − 2

N
∑︂

i=1

αi xi

N
∑︂

j=1

α j x j +
N
∑︂

i=1

αi xi

N
∑︂

j=1

α j x j .

(2.7)

Hence, the Lagrangian dual of (2.2) can be written as

max L=
N
∑︂

i=1

αi x
⊺
i xi −

N
∑︂

i

N
∑︂

j

αiα j x
⊺
i x j ,

s.t. 0≤ αi ≤C . (2.8)

By solving (2.8), a set of αi for each data point is obtained in the training process.
This can be solved by using the sequential minimal optimization method [30] as
implemented in the LIBSVM toolbox [31]. When an instance falls inside the hyper-
sphere, the corresponding Lagrange multiplier will be zero. On the other hand, if
∥xi−a∥22 ≥ R2, the Lagrange multiplier will be greater than zero. Thus, the obtained
αi values define the position of each instance in the description. The samples corre-
sponding to αi = 0 lie inside the sphere, the samples corresponding to 0<αi <C lie
on the boundary of the hypersphere, and those with αi =C lie outside the boundary
of the hypersphere. To summarize

∥xi − a∥2 < R→ αi = 0, (2.9)

∥xi − a∥2 = R→ 0<αi <C , (2.10)

∥xi − a∥2 > R→ αi =C . (2.11)

In some previous studies [15], the term support vector is used for all the sam-
ples with a positive αi value. The discrimination between support vectors lying on
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the boundary and those outside the boundary is depicted using different notations.
For the sake of simplicity, in this thesis, we only refer to the data points lying on
the boundary as support vectors. The data points lying outside the boundary are
referred to as outliers.

During testing, the decision to classify a test instance x∗ as positive or negative
depends on its distance from the center of the data description. The distance is cal-
culated as follows:

∥x∗− a∥22 = x⊺∗x∗− 2x⊺∗a+ a⊺a. (2.12)

If the above distance is greater than the radius R, the test instance is classified as an
outlier; otherwise, it is accepted as a positive instance. The radius R can be calculated
as follows:

R2 = s⊺s− 2s⊺a+ a⊺a, (2.13)

where s is any support vector with 0<αi <C .
Various techniques have been proposed in the literature for improving the per-

formance of SVDD [32, 33, 34, 35]. In [36], a technique for handling uncertain
data in the training set is proposed. In the proposed technique, a confidence score
is incorporated into SVDD where each training instance contributes differently to
the construction of the decision boundary. In [34], additional terms for expressing
global and local geometric information are proposed for SVDD. In [37], an ellip-
soidal boundary is used instead of a hyperspherical boundary for better encapsula-
tion of data. A method for removing voids in the hypersphere of SVDD is proposed
in [33]. The proposed method tackles the issue of voids by identifying different clus-
ters and training SVDD for each cluster and uses feature scaling and data centering
techniques to make the scatter more spherical for the classifier. A similar approach is
used in [38], which forms a multi-sphere SVDD for tackling multi-distribution data.
A method for creating two boundaries simultaneously for target data containing two
classes in the training data is proposed in [39].

The above-mentioned methods enhance the overall performance of SVDD for
lower dimensional data; however, it does not address the curse of dimensionality [40].
The curse of dimensionality indicates that the number of instances needed to esti-
mate the mapping function with a given accuracy grows exponentially with respect
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to the number of input variables. Moreover, the multi-sphere SVDD approaches
assume that the available data shares the common space, and hence multiple data de-
scriptions are obtained in a given space. This assumption is not true when the data
comes from multiple sources with different dimensionality. Creating an optimized
subspace for unimodal data and a joint subspace for multimodal data has not been
addressed in the literature.

2.2 Dimensionality Reduction

Dimensionality reduction refers to the process of reducing the dimensionality of a
given dataset. It aims to represent the data in a lower-dimensional space in a way
that the critical characteristics of the data in its original dimensions are preserved.
Dimensionality reduction techniques can be broadly divided into two categories:
feature selection and subspace learning.

2.2.1 Feature Selection

Feature selection is the process of selecting relevant features of the data according
to some criteria [41], [42], [43]. Two main approaches are typically used to carry
out feature selection for dimensionality reduction, namely the filter approach, and
the wrapper approach [44]. Algorithms following the filter approach use the intrin-
sic characteristics of the data by performing statistical analysis and filtering out the
most discriminative features. The filter approaches are model agnostic, as the fea-
tures are selected without inferring any information from the model for the task at
hand. The algorithms that follow the wrapper approach use some mechanism (e.g.,
a greedy search approach) to select features for modeling in low-dimensional space
by leveraging information from the classifier [45].

Hybrid approaches combining numerous aspects of the filter and wrapper ap-
proaches have also been proposed [46, 47]. Embedded methods are another type of
feature selection, which are akin to wrapper methods, but in embedded methods, the
classification algorithms contain a built-in ability to select features [48]. While the
wrapper and embedded approaches generally perform better in terms of classifica-
tion accuracy, they are computationally more expensive than the filter approaches.
The model-specific approaches (wrapper and embedded) for feature selection map
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the data to a new subspace that is suitable for the particular model to be learned.

2.2.2 Subspace Learning

Subspace learning is an approach for learning a new lower-dimensional representa-
tion of a high-dimensional space [49] [50]. In subspace learning for classification, the
aim is to transform the features from a given space into a lower-dimensional space
optimized for better classification accuracy. Linear Discriminant Analysis (LDA) is
an example of a typical subspace learning algorithm for classification, which aims
at minimizing the within-class scatter of the data and maximizing the between-class
scatter by optimizing the following Fisher-Rao’s criterion:

Q∗ = argmin
Tr(QSwQ⊺)
Tr(QSb Q⊺)

, (2.14)

where Q is the projection matrix and Tr(·) is the trace operator. The within-class
scatter matrix Sw and between-class scatter matrix Sb are defined as follows:

Sw =
C
∑︂

c=1

Nc
∑︂

i=1

(xc i −µc )(xc i −µc )
⊺ =

C
∑︂

c=1

Nc
∑︂

i=1

�

xc i x
⊺
c i − 2xc iµ

⊺
c +µcµ

⊺
c
�

=
C
∑︂

c=1

 

Nc
∑︂

i=1

(xc i x
⊺
c i )−Ncµcµ

⊺
c

!

=
C
∑︂

c=1

�

Xdiag(1c )X
⊺− 1

Nc
X1c1

⊺
c X⊺

�

=X

�

I−
C
∑︂

c=1

1
Nc

1c1c
⊺
�

X⊺ =XLwX⊺, (2.15)

Sb =
C
∑︂

c=1
Nc (µc −µ)(µc −µ)

⊺ =
C
∑︂

c=1
Nc
�

µcµ
⊺
c − 2µcµ

⊺+µµ⊺
�

=
C
∑︂

c=1
(Ncµcµ

⊺
c )−Nµµ⊺ =X

� C
∑︂

c=1

1
Nc

1c1c
⊺− 1

N
11

�

X⊺ =XLb X⊺, (2.16)

where C and N denote the total number of classes and samples respectively, Nc

represents the total number of samples belonging to class c , xc i is the i th sample
of class c , µ denotes the mean of the data, and µc represents the mean of class c . I
denotes the identity matrix, and 1 represents a vector containing all values as ones.
The vector 1c has ones at elements corresponding to instances that belong to class c
and zeros elsewhere.
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The trace ratio problem in (2.14) does not have a closed-form solution, but it is
commonly approximated with the corresponding ratio trace problem [51]:

Q∗ = argmin Tr
�

(QSb Q⊺)−1QSwQ⊺
�

, (2.17)

which can be efficiently solved via solving the generalized eigenvalue problem

Swq= υSb q, (2.18)

where υ denotes an eigenvalue and q denotes an eigenvector. The projection matrix
Q is formed by keeping the eigenvectors corresponding to the d smallest non-zero
eigenvalues as its rows.

The sum of the within-class scatter and the between-class scatter is equal to the
total-class scatter, i.e., St = Sw+Sb . Thus, LDA can be also solved via an equivalent
optimization problem

Q∗ = argmin
Tr(QSwQ⊺)
Tr(QSt Q⊺)

, (2.19)

where

St =
C
∑︂

c=1

Nc
∑︂

i=1

(xc i −µ)(xc i −µ)
⊺ =

C
∑︂

c=1

Nc
∑︂

i=1

�

xc i x
⊺
c i − 2xc iµ

⊺+µµ⊺
�

=
C
∑︂

c=1

Nc
∑︂

i=1

(xc i x
⊺
c i )−Nµµ⊺ =X

�

I− 1
N

11⊺
�

X⊺. (2.20)

Note that for centered data St =XX⊺.
LDA is an example of supervised learning [52]. In supervised learning, the trans-

formation is learned by leveraging the class labels. LDA followed by random pro-
jections also helps random projections to yield a more discriminative subspace [53].
The advantage of random projection mainly includes approximate distance preser-
vation [54]. Random projections, however, do not exploit any information from the
data inherently and are not helpful for joint optimization of the model. Other cate-
gories of subspace learning methods are unsupervised and semi-supervised methods.
In unsupervised methods, the transformation is carried out without the use of class
labels. For example, Principal Component Analysis (PCA) finds a linear combina-
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tion of the features to find a new representation of the data without exploiting the
label information. PCA has been extended to Kernel-PCA using the kernel method
and used in different applications. In [55], Kernel-PCA is performed using a trian-
gular kernel for shape description.

The third category of subspace learning is semi-supervised dimensionality reduc-
tion which finds a lower-dimensional space from a combination of both labeled and
unlabeled data. Supervised methods usually perform better than unsupervised meth-
ods if sufficient data are available [46, 56, 57].

OCC techniques are usually studied and developed for features living in their
original feature space or higher-dimensional kernel space. On the other hand, dimen-
sionality reduction has been an active research area primarily for challenges with data
available from all categories. In this thesis, we mainly focus on developing subspace
learning techniques for OCC. Moreover, the relationship and similarities of the tra-
ditional subspace learning methods with the proposed subspace learning methods
for OCC are analyzed.

2.3 Graph Embedding

Graph embedding is an approach for converting high-dimensional graphs into low-
dimensional vectors while maximally preserving the properties of the graph. Tra-
ditionally, graph embedding algorithms are associated with two research problems
[58]: graph analytics [59] and representation learning [60]. In graph analytics, the
aim is to extract useful information from a graph to find out the strength and di-
rection of the relationships between objects represented by the graph. In represen-
tation learning, data representations are obtained for modeling the data in a lower-
dimensional space. The general framework of graph embedding for dimensionality
reduction was proposed in [61].

Let G = {X,A} represent an undirected weighted graph with data points in X
representing the graph nodes and the similarity matrix A ∈ RN×N representing the
relations between these data points. The Laplacian matrix L of the graph can be
defined as

L=D−A, [D]i i =
∑︂

j ̸=i

[A]i j ,∀i ∈ {1, . . . ,N}, (2.21)
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where D is a diagonal matrix. Graph embedding [61] was proposed as a general
framework for various subspace learning methods under the graph preserving crite-
rion

Q∗ = argmin
Tr(QXLpX⊺Q⊺)=m

∑︂

i ̸= j

(Qxi −Qx j )
2Ai j

= argmin
Tr(QXLp X⊺Q⊺)=m

Tr(QXLX⊺Q⊺),

= argmin
Tr(QXLX⊺Q⊺)

Tr(QXLpX⊺Q⊺)
,

(2.22)

where L and Lp denote the Laplacians of intrinsic and penalty graphs, respectively.
The intrinsic graph Laplacians correspond to data relations to be preserved while the
penalty graph Laplacians correspond to data relations to be penalized. As explained
in Section 2.2.2, the solution to (2.22) can be approximated by solving the generalized
eigenvalue problem

XLX⊺q= υXLpX⊺q. (2.23)

Different formulations of the intrinsic and penalty graph lead to different sub-
space learning algorithms. As derived in (2.20), (2.15), and (2.16), the Laplacians for
commonly used total-scatter, within-class, and between-classes matrices can be given
as

Lt = I− 1
N

, (2.24)

Lw = I−
C
∑︂

c=1

1
Nc

1c1
⊺
c , (2.25)

Lb =
C
∑︂

c=1
Nc (

1
Nc

1c −
1
N

1)(
1

Nc
1c −

1
N

1)⊺. (2.26)

2.3.1 Spectral Regression

Spectral regression [62] provides an alternative way to solve (2.23). It was introduced
to speed up the linear discriminant analysis [63]. Recently in [64], it has been used
for speeding up subclass discriminant analysis. Let t be the eigenvector of the fol-
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lowing problem

Lt= υLpt, (2.27)

where υ is the corresponding eigenvalue. If X⊺q= t, then q is the eigenvector of the
generalized eigen-decomposition problem in (2.23) with the same eigenvalue. This
is because XLX⊺q=XLt= υXLpt= υXLpX⊺q.

In order to estimate the projection matrix Q, first the vector t is obtained from
(2.27), then the vector q is estimated so that X⊺q = t is satisfied. The solution is
estimated using regularized least squares:

q = argmin
�

∥X⊺q− t∥2+η∥q∥2
�

= (XX⊺+ εI)−1Xt. (2.28)

Because the graph Laplacian matrices used in our work are sparse by construction,
spectral regression bypasses the need to compute the eigendecomposition of dense
matrices.

2.3.2 Graph-Embedded Support Vector Data Description

Most of the proposed graph embedding algorithms for classification assume that data
from all categories is available during training. However, in reality, this assump-
tion may not be true. In [20], a graph-embedded approach for OCC was proposed.
Graph-Embedded Support Vector Data Description (GESVDD) is an extension of
SVDD, which incorporates generic graph structures in the optimization process of
SVDD. The generic graph structures express geometric data relationships of interest
in the optimization process of SVDD. Exploiting such information in the optimiza-
tion process of SVDD improves the classification performance. GESVDD solves the
following optimization problem:

min R2+C
N
∑︂

i=1

ξi

s.t. (xi − a)⊺S−1
x (xi − a)≤ R2+ ξi ,

ξi ≥ 0,∀i ∈ {1, . . . ,N}, (2.29)
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where the matrix Sx =XLxX⊺ encodes the geometric data relationships and Lx rep-
resents the graph Laplacian expressing the geometric data relationship of any graph.
The Lagrangian of GESVDD is

L=
N
∑︂

i=1

αi x
⊺
i S−1

x xi −
N
∑︂

i=1

N
∑︂

j=1

αi x
⊺
i S−1

x x jα j . (2.30)

The optimization problem of GESVDD is equivalent to SVDD in transformed fea-
ture space. In [20], much effort has been put into optimizing the data description
by incorporating generic graph structures in the feature or kernel space, but no ef-
fort has been made to combine such graph structures with projecting the data into
an optimized subspace. We address this issue by optimizing a subspace projection
along with incorporating geometric data relationships of interest in the optimization
process of GESVDD in this thesis.

2.4 Non-linear Transformations

Non-linear transformations are used to transform data from its original input space
non-linearly to another higher-dimensional feature space (kernel space) to achieve
more flexible decision boundaries for classification. The data representations xi ∈
RD , i = 1, . . . ,N are mapped to the kernel spaceF using a non-linear functionφ(·),
such that xi ∈RD → φ(xi ) ∈F . Figure 2.2 depicts the obtained boundaries before
and after the non-linear transformation for SVDD where the hypersphere obtained
in the kernel space has a more flexible boundary for the data in the original feature
space.

2.4.1 Kernel Trick

Non-linear transformations are used for transforming data to a higher-dimensional
space to be linearly separable. However, the computational cost of optimizing an
objective function in a higher-dimensional space increases drastically with the in-
creased dimensions. Often the kernel space is infinite-dimensional and thus, direct
computations in the kernel space are impossible. The kernel trick allows a repre-
sentation of the data in higher-dimensional space without explicitly mapping it to
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Decision boundary in input space Decision boundary in kernel space

Figure 2.2 Depiction of non-linear transformation in case of SVDD.

the higher-dimensions [65]. It was introduced for obtaining a non-linear decision
boundary for Support Vector Machines (SVMs) and has been used successfully for
many different algorithms. It can be applied to any linear method that involves the
dot product in the optimization process. Hence, a function corresponding to an
inner product in higher-dimensional feature space can be used as a kernel function.
One of the popular kernel functions is the Radial Basis Function (RBF) kernel:

[Ki j ] = exp

�−∥xi − x j∥22
2σ2

�

, (2.31)

where [Ki j ] =φ(xi )
⊺φ(x j ) and σ is a hyperparameter for determining the width of

the RBF kernel. We employed the kernel-trick to derive non-linear versions of some
of the proposed methods in this thesis. One of the limitations of the kernel trick is
that it requires the problem formulation to contain only dot products. For example,
it cannot be applied to Ellipsoidal Support Vector Data Description (ESVDD) [66]
formulation as ESVDD includes outer products rather than inner products. An al-
ternative to the kernel trick is the Non-Linear Projection Trick (NPT) [67] discussed
in the next section.
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2.4.2 Non-linear Projection Trick

NPT is an alternative to the kernel trick developed to extend the applicability of
the kernel methods to algorithms that do not use dot products in the optimization
process. It is applied to transform the data at the beginning of the process, while
the subsequent optimization follows the linear method. In order to apply NPT over
data points, the kernel matrix is first computed using a kernel function such as 2.31
and then centralized as

K̂= (I− J)K(I− J), (2.32)

where I ∈RN×N is an identity matrix, and J ∈RN×N is computed as

J=
1
N

11⊺. (2.33)

1 represents a vector containing all values as ones. The centered kernel matrix is then
decomposed by using eigendecomposition:

K̂=UΛU⊺, (2.34)

where Λ is a diagonal matrix containing the non-negative eigenvalues in its diagonal.
The columns of U contain the corresponding eigenvectors. The data in the reduced
dimensional kernel space is obtained as

Φ=Λ
1
2 U⊺. (2.35)

Φ can be used instead of the training data matrix X in the original linear method
to obtain a non-linear transformation. We exploited the NPT to derive non-linear
versions of the proposed methods in this thesis.
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2.4.3 Test Data Transformation

In order to apply a non-linear transformation for a test instance x∗ in the standard
kernel trick case, the kernel vector is first computed as

k∗ =Φ
⊺φ(x∗). (2.36)

and then the method is applied. In the case of applying NPT over test instances, the
kernel vector k∗ is first computed and then centered as

k̂∗ = (I− J)[k∗−
1
N

K1]. (2.37)

The centered kernel vector is then mapped to

φ∗ = (Φ
⊺)+k̂∗, (2.38)

which is used in testing following the original linear approach. We apply the test data
transformation in the experiments during the testing phase of the trained models for
all the proposed methods in this thesis.
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3 CONTRIBUTIONS

This thesis proposes several methods that share the main idea of mapping data from
a high-dimensional space to a low-dimensional space optimized for SVDD. Figure
3.1 depicts the idea with the corresponding αi values for the class description.

SVDD

Data projection from 
higher D-dimensional space 

to lower d-dimensional space

Negative sample

0 < αi < C αi =0

αi  = Cαi  = C

Positive sample

Figure 3.1 Depiction of data mapping from a higher-dimensional space to a lower-dimensional space
optimized for One-Class Classification [P4].
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This chapter gives a detailed description of the contributions of this thesis. It be-
gins with Subspace Support Vector Data Description (SSVDD), which is the basis
of this thesis. The chapter continues by introducing ESSVDD, which is a more gen-
eralized extension of SSVDD. Afterward, this chapter describes Multimodal Sub-
space Support Vector Data Description (MSSVDD) as an extension of SSVDD from
a unimodal data description to a multimodal data description in a common shared
subspace for OCC. Next, this chapter presents Graph-Embedded Subspace Support
Vector Data Description (GESSVDD), which is a framework that encodes different
geometric data relationships in the subspace and generalizes the subspace learning
techniques for SVDD. Additionally, this chapter discusses the proposed framework
for rare benthic macroinvertebrates identification as an example of using SSVDD for
complementing CNN-based taxa identification.

3.1 Subspace Support Vector Data Description

We propose a novel method SSVDD for defining a data description along with data
mapping to low-dimensional feature space optimized for OCC. Let xi , i = 1, . . . ,N ,
be the data points living in a D -dimensional feature space (i.e., xi ∈ RD ). The aim
is to find a projection Q ∈ Rd×D for transforming the data to a lower (d ≤ D)
dimensional space to better encapsulate it inside a hypersphere. The data in the
lower d -dimensional space is represented as

yi =Qxi , i = 1, . . . ,N . (3.1)

In order to obtain a data description, a hypersphere enclosing the data needs to be
determined. The objective is to minimize the radius of the hypersphere so that all
data is inside the hypersphere:

min F (R,a) = R2

s.t. ∥Qxi − a∥22 ≤ R2, i = 1, . . . ,N , (3.2)

where R is the radius of the hypersphere and a ∈Rd is the center of the hypersphere.
In order to address the possibility of outliers in the training set, a set of slack variables
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ξi is introduced. The relaxed version of the above optimization problem becomes

min F (R,a) = R2+C
N
∑︂

i=1

ξi

s.t. ∥Qxi − a∥22 ≤ R2+ ξi ,

ξi ≥ 0, ∀i ∈ {1, . . . ,N}, (3.3)

where C > 0 is a hyperparameter that controls the number of outliers in the data
description. The optimization problem (3.3) corresponds to the optimization prob-
lem of SVDD with an additional variable Q. The constraints are incorporated into
the objective function by using Lagrange multipliers

L= R2+C
N
∑︂

i=1

ξi −
N
∑︂

i=1

γiξi −
N
∑︂

i=1

αi

�

R2+ ξi − x⊺i Q⊺Qxi + 2a⊺Qxi − a⊺a
�

, (3.4)

where αi ≥ 0 and γi ≥ 0 are Lagrange multipliers. The saddle points are calculated
as follows

∂ L
∂ R
= 0 ⇒

N
∑︂

i=1

αi = 1, (3.5)

∂ L
∂ a
= 0 ⇒ a=

N
∑︂

i=1

αi Qxi , (3.6)

∂ L
∂ ξi
= 0 ⇒ C −αi − γi = 0, (3.7)

∂ L
∂ Q

= 0 ⇒ Q=
� N
∑︂

i=1

αi xi x
⊺
i

�−1� N
∑︂

i=1

αi xi a
⊺
�

. (3.8)

We notice that α values and Q are interconnected and cannot be optimized si-
multaneously. Therefore, we follow an iterative process where we fix one variable
at a time and optimize the other. The two steps of the iterative process, class de-
scription optimization and subspace optimization, are introduced in the following
subsections.
3.1.1 Class Description Optimization

Class description optimization, i.e., finding optimal αi values in the subspace, can
be solved by fixing the projection matrix Q and following the standard SVDD ap-

45



proach. After substituting (3.1), (3.5), (3.6) and (3.7) in (3.4) we obtain

L=
N
∑︂

i=1

αi y
⊺
i yi −

N
∑︂

i=1

N
∑︂

j=1

αi y
⊺
i y jα j . (3.9)

The expression in (3.9) is equivalent to (2.8) for the data in the subspace. Hence,
maximizing (3.9) will give us α values defining the position of training instances in
the subspace.

3.1.2 Subspace Optimization

The second step of the iterative process is to optimize the projection matrix Q for
the determined set of α. To this end, we optimize the Lagrangian with an additional
regularization term ψ:

L=
N
∑︂

i=1

αi x
⊺
i Q⊺Qxi −

N
∑︂

i=1

N
∑︂

j=1

αi x
⊺
i Q⊺Qx jα j +βψ, (3.10)

where β is used to control the importance of the regularization term. ψ expresses
the class variance in the d -dimensional space as

ψ=Tr(QXλλ⊺X⊺Q⊺). (3.11)

We propose four different forms for the regularization term by changing the val-
ues in vector λ as follows:

• In the first strategy, we set λi = 0, i = 1, . . . ,N , which causes the regularization
term to become obsolete. In other words, the regularization term is not used
at all in this setting.

• In the second strategy, the λ vector is replaced by a vector of all ones, i.e., λ=1.
This leads to selecting all the samples in the regularization term.

• In the third strategy, the λ vector is replaced by a vector containing theα values
of the corresponding instances. Thus, this strategy discards all the data points
which are inside the boundary from the regularization term.

• In the fourth strategy, theλi values are replaced by theαi values for the samples
belonging to the boundary and by zeros for all other samples. Hence, we select
only the support vectors in the regularization term.
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The above mentioned regularization strategies are denoted in [P1] by Ψ1, Ψ2, Ψ3,
and Ψ4, respectively.

We update the projection matrix Q by using the gradient of (3.10):

Q←Q−η∆L, (3.12)

where η is a learning rate parameter used as a step of the gradient. The gradient∆L
is

∆L= 2
N
∑︂

i=1

αi Qxi x
⊺
i − 2

N
∑︂

i=1

N
∑︂

j=1

Qxi x
⊺
jαiα j +β∆ψ (3.13)

and the derivative of regularization term ψ is calculated with respect to Q as follows

∆ψ= 2QXλλ⊺X⊺. (3.14)

The gradient∆L can be further simplified and written as

∆L= 2QX(A−αα⊺)X+β∆ψ, (3.15)

where the matrixA ∈RN×N is a diagonal matrix containing αi values in its diagonal,
α is a vector of αi values.

3.1.3 Testing Phase

During testing, an instance x∗ ∈ RD is first projected to d -dimensional space using
the optimized Q matrix as y∗ = Qx∗ ∈ Rd and its distance from the center of the
hypersphere is calculated:

∥y∗− a∥22 = y⊺∗y∗− 2
N
∑︂

i=1

αi y
⊺
∗yi +

N
∑︂

i=1

N
∑︂

j=1

αiα j y
⊺
i y j . (3.16)

The instance is accepted as a positive instance when ∥y∗− a∥22 ≤ R2 and as negative
otherwise. The threshold R2 is calculated as follows

R2 = (Qs)⊺Qs− 2(Qs)⊺a+ a⊺a, (3.17)

where s is any support vector.
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3.1.4 Non-linear Subspace Support Vector Data Description

In [P1], we also proposed a kernel-based non-linear data description of SSVDD. We
followed a standard kernel-based learning approach where the data is mapped to the
kernel space F using a non-linear function φ(·), such that xi ∈ RD → φ(xi ) ∈ F .
In the kernel space, a linear projection to a subspace is given by:

yi =Qφ(xi ), i = 1, . . . ,N . (3.18)

We employed the kernel trick for calculating the data representations yi , i =
1, . . . ,N . Q can be expressed as a linear combination of the data in the kernel space
F as WΦ⊺ and, thus,

yi =WΦ⊺φ(xi ) =Wki , i = 1, . . . ,N , (3.19)

where Φ ∈ R|F |×N represents training data in the kernel space, W ∈ Rd×N denotes
a matrix that contain the weights of Φ which are required for constructing the pro-
jection matrix, and ki represents the i -th column of the kernel matrix K ∈ RN×N

having elements equal to Ki j =φ(xi )
⊺φ(x j ). We used the RBF kernel in our exper-

iments (See Section 2.4.1).
In the kernel SSVDD, the iterative process becomes as follows: For a given W,

the data xi , i = 1, . . . ,N is transformed to subspace yi , i = 1, . . . ,N using (3.19) and
αi , i = 1, . . . ,N are calculated by optimizing (3.9). Afterwards, W is updated using
the gradient-based approach with

∆L= 2
N
∑︂

i=1

αi Wki k
⊺
i − 2

N
∑︂

i=1

N
∑︂

j=1

Wki k
⊺
jαiα j +β∆Ψ, (3.20)

where
∆Ψ = 2WKλλ⊺K⊺. (3.21)

An alternative non-linear data description of SSVDD can be obtained by using
NPT. In NPT-based non-linear data description, a non-linear mapping is applied
at the beginning, while the optimization follows the linear SSVDD process. The
steps required for obtaining a non-linear mapping in the case of NPT are described
in Section 2.4.2.
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3.1.5 Overall SSVDD Algorithm

The overall SSVDD method is summarized in Algorithm 1.

Algorithm 1: SSVDD optimization
Input : X, // Input data

β, // Regularization parameter for controlling significance of ψ
η, // Learning rate parameter
d , // Dimensionality of subspace
C , // Regularization parameter in SVDD
λ //Used for selecting different forms of ψ

Output: Q // Projection matrix
R, // Radius of hypersphere
α // Defines the data description

Random initialization of Q;
Orthogonalize Q using QR decomposition;
Row normalize Q using l2 norm;

for i t e r = 1 : max_i t e r do

Project data to subspace yi =Qxi ;
Calculate αi , i = 1, . . . ,N by maximizing

L=
∑︁N

i=1αi y
⊺
i yi −

∑︁N
i=1

∑︁N
j=1αi y

⊺
i y jα j ;

Calculate∆L= 2QX(A−αα⊺)X+ 2βQXλλ⊺X⊺;
Update Q←Q−η∆L;

Orthogonalize Q using QR decomposition;
Row normalize Q using l2 norm;

end

Project data to subspace yi =Qxi ;
Calculate αi , i = 1, . . . ,N by maximizing

L=
∑︁N

i=1αi y
⊺
i yi −

∑︁N
i=1

∑︁N
j=1αi y

⊺
i y jα j ;

Identify any support vector s having 0<αs <C ;
Compute radius R=

p

(Qs)⊺Qs− 2(Qs)⊺a+ a⊺a;
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We impose an additional constraint QQ⊺ = I to obtain an orthogonal projection;
hence we orthogonalized and normalized the projection matrix Q at each iteration.
To obtain an optimized projection matrix along with the data description, we itera-
tively apply the two-step process described in Section 3.1.1 and Section 3.1.2. Algo-
rithm 1 depicts the process for linear SSVDD. However, similar steps are followed
for the kernel-based and NPT-based non-linear SSVDD.

3.1.6 Complexity Analysis of SSVDD

The main steps of linear SSVDD are: 1) Projecting data to a lower d -dimensional
space, 2) Solving SVDD to obtain α values, 3) Computing the gradient ∆L, 4) Up-
dating the projection matrix Q and 5) QR decomposition. All of these steps are
analyzed and the overall complexity of a single iteration of SSVDD is computed as
follows:

1. The complexity of projecting data to d -dimensional space is the complexity
of multiplying two d × D and D × N matrices. This has a complexity of
O (d DN ).

2. SVDD has the complexity of O (N 3) for N data points [68].

3. The gradient∆L is computed using (3.15). The first term in (3.15) has the com-
plexity of O (d DN +d DN 2+DN 2). The second term in (3.15) is the regular-
ization term calculated by (3.14), which has a complexity ofO (2d DN+2dN ).
By adding these terms the complexity of computing the gradient∆L becomes
O (d DN + d DN 2+DN 2+ 2d DN + 2dN ).

4. The complexity of updating Q is O (d D).

5. The complexity of QR decomposition is O (d D2) [69].

Now adding the complexities of the above steps and dropping the relatively lower
computational steps, the complexity becomes O (N 3+(d +1)DN 2). Assuming that
the number of samples N is greater than the dimensionality D , i.e., D << N , the
complexity of the linear SSVDD becomes O (N 3). For the non-linear version with
NPT, the matrix K is computed, centralized, and decomposed via eigendecomposi-
tion. These three steps have the combined complexity of O (DN 2+ 2N 3)=O (N 3).
In the non-linear case, the dimensionality changes from D to N for all correspond-
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ing steps. Hence, the total complexity of each iteration becomes O
�

3N 3) = O
�

N 3
�

.
The overall complexity also stays the same for the non-linear version with NPT.

3.1.7 Results and Discussion

We experimented with 14 different standard datasets downloaded from UCI [70]
and Delft repository [71]. A summary of the datasets is provided in Table 3.1. The
datasets were divided into train and test sets by considering 70% of the data as train-
ing data and the remaining 30% as test data. The 70-30% splits were selected ran-
domly by keeping the representation of each class similar to the original dataset.
The 70-30% splits selection was carried out five times. Hence, we performed five
experiments for each dataset.

Table 3.1 List of datasets used in experiments of SSVDD [P1].

No. Dataset name N D Target class

1 Balance scale 625 4 Left

2 Iris 150 4 Iris-virginica

3 Lenses 24 4 No contact lenses

4 Seeds 210 7 Kama

5 Haberman’s survival 306 3 Survived

6 Qualitative bankruptcy 250 7 Bankrupt

7 User knowledge modeling 403 5 Low

8 Pima Indians diabetes 768 8 No diabetes

9 Banknote authentication 1372 5 No

10 TA evaluation 151 5 High

11 PDelft pump 1500 64 Normal

12 Vehicle Opel 864 18 Opel

13 Sonar 208 60 Mines

14 Breast Wisconsin 699 9 Malignant

We used the F1 measure for evaluating the performance of SSVDD. It takes into
account both Precision (Pre) and True Positive Rate (TPR) and provides a single
metric that weights the two crucial metrics in a balanced way. The F1 measure is
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defined as the harmonic mean of TPR and Pre: i.e.,

F 1= 2 ∗ Pre ∗TPR
Pre+TPR

, (3.22)

where Pre is defined as the proportion of True Positives (TPs) out of all positive
predictions (TPs+False Positives (FPs)):

Pre=
TPs

TPs +FPs
, (3.23)

TPR is true positive rate which is also known as sensitivity, recall or hit rate. It is the
proportion of correctly classified positive samples. We selected the hyperparameters
using 5-fold cross-validation according to the best F1 measure.

The results of SSVDD are compared with the original SVDD (linear and kernel),
OCSVM (linear and kernel), Graph-Embedded Support Vector Machine (GESVM)
and GESVDD. The results are provided in Table 3.2.

Table 3.2 F1 results for linear and non-linear data description over 14 datasets [P1].

Dataset 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Linear
SVDD 0.703 0.762 0.609 0.774 0.834 0.686 0.634 0.791 0.764 0.485 0.846 0.853 0.625 0.958
OCSVM 0.688 0.612 0.394 0.619 0.644 0.562 0.532 0.529 0.657 0.532 0.632 0.590 0.535 0.660
SSVDD Ψ1 0.907 0.899 0.620 0.756 0.836 0.692 0.960 0.786 0.908 0.482 0.856 0.855 0.618 0.957
SSVDD Ψ2 0.898 0.897 0.724 0.827 0.839 0.720 0.957 0.793 0.889 0.502 0.857 0.855 0.599 0.960
SSVDD Ψ3 0.896 0.881 0.649 0.798 0.841 0.722 0.946 0.787 0.886 0.507 0.856 0.855 0.633 0.960
SSVDD Ψ4 0.896 0.868 0.694 0.778 0.821 0.715 0.954 0.784 0.852 0.458 0.857 0.854 0.638 0.953
Non-linear
SVDD 0.734 0.827 0.413 0.858 0.835 0.605 0.651 0.785 0.804 0.396 0.836 0.852 0.609 0.962
OCSVM 0.544 0.673 0.523 0.444 0.743 0.550 0.409 0.786 0.700 0.274 0.661 0.679 0.530 0.630
GESVDD 0.757 0.857 0.314 0.799 0.811 0.554 0.654 0.790 0.797 0.484 0.830 0.847 0.550 0.966
GESVM 0.815 0.869 0.398 0.800 0.816 0.594 0.658 0.667 0.930 0.498 0.613 0.788 0.593 0.962
SSVDD Ψ1 0.635 0.725 0.736 0.727 0.842 0.700 0.518 0.786 0.728 0.472 0.836 0.858 0.504 0.961
SSVDD Ψ2 0.662 0.573 0.603 0.540 0.845 0.762 0.523 0.790 0.717 0.473 0.856 0.858 0.637 0.783
SSVDD Ψ3 0.734 0.694 0.624 0.719 0.838 0.620 0.578 0.785 0.720 0.417 0.856 0.858 0.637 0.902
SSVDD Ψ4 0.495 0.700 0.736 0.774 0.841 0.632 0.562 0.572 0.703 0.474 0.832 0.858 0.637 0.951

The F1 measure for all experiments is reported for the linear and the kernel ver-
sions of the proposed method along with the competing methods. The test results
for SSVDD are reported after 100 training iterations. It is observed that SSVDD
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outperforms all other linear methods in the majority of cases. In non-linear compar-
isons, SSVDD outperforms other competing methods on 6 out of 14 datasets. It is
evident from the obtained results that a data description for OCC in an optimized
subspace improves the classification performance during inference compared to the
data description in the original feature space. Moreover, it was noticed that in both
linear and non-linear SSVDD, using all samples for describing the data variance in
the regularization term achieves the best performance in terms of F1 measure most
often. The code relevant to SSVDD is available online1.

The proposed SSVDD forms the basis of this thesis. The obtained results vali-
date the idea that incorporating the model information in the optimization process
of subspace learning for OCC indeed improves the OCC accuracy and the initial
objective is achieved. However, the hyperspherical nature of the closed boundary
can be too rigid to characterize the data in the subspace or may require many itera-
tions to obtain an optimized description. We investigate the use of a more flexible
boundary in the next section. Moreover, the proposed SSVDD is suited for one-class
unimodal data description only; we extend the method to multimodal data descrip-
tion in Section 3.3.

3.2 Ellipsoidal Subspace Support Vector Data Description

The previous section introduced SSVDD, which maps data to a subspace optimized
for encapsulating the data in a hypersphere. However, the shape of the hypersphere
can result in superfluous regions that do not contain any instances from the target
class. The generalization of the hyperspherical boundary is needed for better en-
capsulation of the target class data in OCC. In this section, we generalize SSVDD
by using a hyperellipsoid instead of a hypersphere for encapsulating the target class
data. The shape of an ellipsoidal boundary is less conservative than a sphere. The
proposed ESSVDD method takes into account the covariance of the data in the sub-
space and yields a more flexible boundary which is a better fit for OCC.

1https://github.com/fahadsohrab/ssvdd
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The optimization objective for ESSVDD is formulated as

min F (R,a) = R2+C
N
∑︂

i=1

ξi

s.t. (Qxi − a)⊺E−1(Qxi − a)≤ R2+ ξi ,

ξi ≥ 0,∀i ∈ {1, . . . ,N}, (3.24)

where a denotes the center of a hyperellipsoid and the inverse of the covariance ma-
trix E, also referred to as the concentration matrix, is defined as

E−1 = (QXX⊺Q⊺)−1. (3.25)

Defining a new vector u= E−
1
2 a, (3.24) can be written as

min F (R,u) = R2+C
N
∑︂

i=1

ξi

s.t. ∥E−
1
2 Qxi −u∥22 ≤ R2+ ξi ,

ξi ≥ 0,∀i ∈ {1, . . . ,N}. (3.26)

By using Lagrange multipliers, the constraints are incorporated into the correspond-
ing objective function as

L= R2+C
N
∑︂

i=1

ξi −
N
∑︂

i=1

αi
�

R2+ ξi

−(E−
1
2 yi )
⊺E−

1
2 yi + 2u⊺E−

1
2 yi −u⊺u

�

−
N
∑︂

i=1

γiξi , (3.27)

where αi ≥ 0 and γi ≥ 0 are Lagrange multipliers.
Using partial derivatives with respect to R, u and ξi , and setting them to zero,
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we get

∂ L
∂ R
= 0 ⇒

N
∑︂

i=1

αi = 1 (3.28)

∂ L
∂ u
= 0 ⇒ u=

N
∑︂

i=1

αi E
− 1

2 Qxi (3.29)

∂ L
∂ ξi
= 0 ⇒ C −αi − γi = 0. (3.30)

By substituting (3.28)-(3.30) into (3.27), we get

L=
N
∑︂

i=1

αi x
⊺
i Q⊺E−1Qxi −

N
∑︂

i=1

N
∑︂

j=1

αi x
⊺
i Q⊺E−1Qx jα j . (3.31)

This corresponds to the standard SVDD over yi after mapping the data to the sub-
space as

yi = E−
1
2 Qxi , , i = 1, . . . ,N . (3.32)

Following the same iterative process as for SSVDD, ESSVDD is solved by alter-
nating between solving the class description from (3.31) and optimizing the projec-
tion matrix from a regularized version of (3.31) given as

L=
N
∑︂

i=1

αi x
⊺
i Q⊺(QXX⊺Q⊺)−1Qxi−

N
∑︂

i=1

N
∑︂

j=1

αi x
⊺
i Q⊺(QXX⊺Q⊺)−1Qx jα j +βΥ . (3.33)

The regularization term Υ expresses the class variance in the lower d -dimensional
space also taking into account the concentration matrix:

Υ =Tr(E−
1
2 QXλλ⊺X⊺Q⊺E−

⊺
2 ). (3.34)

Analogous to the regularization strategies proposed for ψ in SSVDD, we propose
different forms of λ in the regularization term Υ as well. In the first form, λ is
replaced by a vector of all ones, i.e., λ=1. Hence, all samples are used to describe
the covariance of the class. In the second form, λ vector is replaced by a vector
containing theα values of the corresponding instances. Thus, this strategy selects the
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data samples belonging to the boundary and outside the boundary to describe class
covariance. In the third form, λi values for the support vectors are replaced by the
corresponding αi values and by zeros for all other instances. These regularization
terms are denoted as Υ1, Υ2, and Υ3, respectively. Moreover, it is noticed that by
replacing the covariance matrix E in (3.34) with the d × d identity matrix I, the
regularization term Υ becomes equivalent to the regularization term ψ defined in
(3.11). In our experiments, we also consider the first, second, and third forms of λ for
the regularization term ψ as well, which are denoted by ψ1, ψ2 and ψ3, respectively.
We denote the case where no regularization term is used in ESSVDD as ψ0Υ0.

The Lagrangian of ESSVDD can be simplified further and written as

L=Tr((QXX⊺Q⊺)−1QX(A−αα⊺)X⊺Q⊺)+βΥ , (3.35)

where the matrix A ∈ RN×N contains αi values in its diagonal. The projection ma-
trix is updated by using the gradient of (3.35), which can be computed as

∆L= 2E−1QX(A−αα⊺)X⊺− 2E−1QX(A−αα⊺)X⊺Q⊺E−1QXX⊺+β∆Υ ,
(3.36)

where

∆Υ = 2E−1QXλλ⊺X⊺− 2E−1QXλλ⊺X⊺Q⊺E−1QXX⊺. (3.37)

We optimize the projection matrix using the gradient-based approach. We also or-
thogonalize and normalize the projection matrix during the iterative process. Algo-
rithm 2 summarizes the optimization steps for ESSVDD.

3.2.1 Test Phase

In the test phase of the linear ESSVDD, a test instance denoted as x∗ is first projected
to the optimized d-dimensional subspace as

y∗ =Qx∗. (3.38)

The test instance is assigned a target or outlier label based on its distance from the
center of the data description. The distance of the test instance from the center is
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Algorithm 2: ESSVDD optimization
Input : X, // Input data

β, // Regularization parameter for controling significance of ψ
η, // Learning rate parameter
d , // Dimensionality of subspace
C , // Regularization parameter in SVDD
λ //Used for selecting different forms of ψ

Output: Q // Projection matrix
R, // Radius of hypersphere
α // Defines the data description

Random initialization of Q ;

for i t e r = 1 : max_i t e r do
Compute concentration matrix E−1 = (QXX⊺Q⊺)−1;
Calculate αi , i = 1, . . . ,N by maximizing

L=
∑︁N

i=1αi x
⊺
i Q⊺E−1Qxi −

∑︁N
i=1

∑︁N
j=1αi x

⊺
i Q⊺E−1Qx jα j ;

Calculate∆Υ = 2E−1QXλλ⊺X⊺− 2E−1QXλλ⊺X⊺Q⊺E−1QXX⊺;
Calculate∆L=
2E−1QX(A−αα⊺)X⊺− 2E−1QX(A−αα⊺)X⊺Q⊺E−1QXX⊺+β∆Υ ;

Update Q←Q−η∆L;
Orthogonalize Q using QR decomposition;
Row normalize Q using l2 norm;

end
Compute concentration matrix E−1 = (QXX⊺Q⊺)−1;
Calculate αi , i = 1, . . . ,N by maximizing

L=
∑︁N

i=1αi x
⊺
i Q⊺E−1Qxi −

∑︁N
i=1

∑︁N
j=1αi x

⊺
i Q⊺E−1Qx jα j ;

Compute center of data description in the subspace as u=
∑︁N

i=1αi E
− 1

2 Qxi ;
Identify any support vector s having 0<αs <C ;

Compute radius R=
q

(E−
1
2 Qs)⊺E−

1
2 Qs− 2(E−

1
2 Qs)⊺u+u⊺u;

calculated as follows:

∥E−
1
2 y∗−u∥22 = (E

− 1
2 y∗)
⊺E−

1
2 y∗− 2(E−

1
2 y∗)
⊺u+u⊺u, (3.39)

where u is calculated as in (3.29). The test instance is assigned to the positive class if
∥E−

1
2 y∗−u∥22 ≤ R2. If ∥E−

1
2 y∗−u∥22 > R2, the test instance is classified as an outlier.
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The threshold R2 is calculated as

R2 = (E−
1
2 Qs)⊺E−

1
2 Qs− 2(E−

1
2 Qs)⊺u+u⊺u, (3.40)

where s is any support vector.

3.2.2 Complexity Analysis of ESSVDD

The complexity of ESSVDD is similar to that of SSVDD with the additional com-
putation of the concentration matrix and its square root. The complexity of deter-
mining the concentration matrix involves the multiplication of QXX⊺Q⊺ and then
finding its inverse. These two steps together have a complexity of O (d DN +N 3).
Computing the square root of the concentration matrix has a complexity of O (N 3)
as well. Adding these terms to the total complexity of SSVDD is equivalent to the
complexity of ESSVDD. In terms of big O notation, the complexity of ESSVDD
stays at O (N 3). In the case of a non-linear data description based on NPT, the com-
plexity of ESSVDD remains at O (N 3).

3.2.3 Results and Discussion

We evaluated the performance of ESSVDD and competing methods over 6 different
datasets downloaded from UCI repository [70]. All the datasets were converted
to one-class datasets by considering a single class as the target class and the rest of
the data as outliers. For example, in the Seeds(Kama) dataset, we selected the Kama
category as the target class while selecting the Rosa and Canadian categories together
as the outlier class. Similarly, in Seeds(Rosa), the Rosa category was selected as the
target class and the Kama and Canadian categories as the outlier class. A similar
conversion of the datasets into one-class form was carried out for all datasets used in
the experiments. The one-class datasets were divided into training and test sets by
selecting 70% of the data for training and the remaining 30% for testing. The train-
test splits were selected randomly by keeping the proportions of each class similar to
the original dataset. All experiments were repeated five times using different random
train/test splits. A summary of the datasets is provided in Table 3.3. The original
dimensionality of each dataset in the original feature space is given in the the last
column (D) of Table 3.3.
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Table 3.3 Datasets used in the experiments [P2].

Abbreviation Dataset Name (Target Class) Total Samples Target Samples D
S-K Seeds (Kama) 210 70 7
S-R Seeds (Rosa) 210 70 7
S-C Seeds (Canadian) 210 70 7
QB-B Qualitative bankruptcy (bankruptcy) 250 107 6
QB-N Qualitative bankruptcy (non-bankruptcy) 250 143 6
SH-H Somerville happiness (happy) 143 77 6
SH-U Somerville happiness (un-happy) 143 66 6
I-S Iris (Setosa) 150 50 4
I-VC Iris (Versicolor) 150 50 4
I-V Iris (Virginica) 150 50 4
IS-B Ionosphere (bad) 351 126 34
IS-G Ionosphere (good) 351 225 34
SR-R Sonar (rock) 208 97 60
SR-M Sonar (mines) 208 111 60

We used Geometric Mean (GM) as the evaluation metric because it takes into
account both TPR and True Negative Rate (TNR). GM is defined as the square root
of the product of TPR and TNR:

GM=
p

TPR×TNR. (3.41)

The GM results for the linear and non-linear methods are reported in tables 3.4 and
3.5, respectively. The test results for all iterative methods are reported after 10 train-
ing iterations. We used 5-fold cross-validation over the training set for selecting the
appropriate hyperparameters for the final training.

ESSVDD generalizes SSVDD by using ellipsoidal data description instead of hy-
perspherical data description. It is observed that when compared to other border-
based methods, the proposed ESSVDD performed better in terms of GM than other
competing methods over all the datasets, except the iris dataset in the linear data de-
scription. In the non-linear cases, ESSVDD performs best on average over half of the
datasets used in the experiments. The average Gmean value is also calculated over 5
test splits for the different datasets on each iteration. Figure 3.2 shows the perfor-
mance of ESSVDD and SSVDD on the test set after every training iteration. It can
be seen that for both the linear and non-linear methods, ESSVDD converges faster
than SSVDD to an optimal solution.

The main benefit of ESSVDD compared to SVDD is the more flexible data de-
scription. In SVDD, the data must always be transformed to a hyperspherical form
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Figure 3.2 Comparison of different regularization terms for non-linear ESSVDD and SSVDD on dataset
Sonar (rock) [P2].

for optimal solutions, but ESSVDD can produce good results with less regular data
distributions, which can lead to faster convergence of the iterative optimization pro-
cess. In fact, we observed that if we initialize the projection vector Q with PCA,
there is no significant difference between SVDD and ESSVDD, but ESSVDD con-
verges much faster with randomly initialized Q. This illustrates both the benefit of
the hyperellipsoidal data description and motivates the use of PCA initialization if
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a hyperspherical data description is used. Similar to SSVDD, ESSVDD operates on
unimodal data. In the next section, we turn our attention to multimodal data.

More detailed analysis and observations are provided in the corresponding pub-
lication [P2]. The ESSVDD code is publicly available online2.

Table 3.4 GM results for linear methods over different datasets [P2].

Dataset S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
ESSVDD ψ0Υ0 0.83 0.91 0.77 0.84 0.84 0.26 0.55 0.41 0.51 0.46
ESSVDD ψ1 0.83 0.89 0.89 0.87 0.76 0.46 0.61 0.47 0.47 0.47
ESSVDD ψ2 0.82 0.89 0.87 0.86 0.85 0.18 0.51 0.53 0.51 0.52
ESSVDD ψ3 0.79 0.90 0.87 0.86 0.90 0.23 0.57 0.46 0.35 0.40
ESSVDD Υ1 0.82 0.92 0.90 0.88 0.85 0.32 0.58 0.46 0.52 0.49
ESSVDD Υ2 0.84 0.91 0.91 0.89 0.81 0.30 0.56 0.55 0.53 0.54
ESSVDD Υ3 0.85 0.88 0.88 0.87 0.87 0.33 0.60 0.49 0.47 0.48
SSVDD ψ0 0.79 0.86 0.81 0.82 0.72 0.50 0.61 0.49 0.48 0.48
SSVDD ψ1 0.72 0.76 0.77 0.75 0.85 0.34 0.59 0.46 0.46 0.46
SSVDD ψ2 0.81 0.82 0.77 0.80 0.75 0.40 0.58 0.47 0.48 0.48
SSVDD ψ3 0.80 0.93 0.75 0.83 0.72 0.41 0.57 0.49 0.46 0.48
SVDD 0.82 0.92 0.86 0.87 0.83 0.04 0.43 0.54 0.48 0.51
ESVDD 0.80 0.87 0.86 0.84 0.96 0.20 0.58 0.54 0.41 0.48
OCSVM 0.43 0.46 0.58 0.49 0.46 0.55 0.51 0.45 0.42 0.44
Non-support-vector-based methods
K-means 0.86 0.94 0.91 0.90 0.71 0.41 0.56 0.56 0.39 0.47
Parzen 0.49 0.33 0.58 0.47 0.98 0.60 0.79 0.58 0.43 0.50

Dataset I-S I-VC I-V Av. IS-B IS-G Av. SR-R SR-M Av.
ESSVDD ψ0Υ0 0.64 0.75 0.70 0.70 0.16 0.89 0.52 0.50 0.64 0.57
ESSVDD ψ1 0.92 0.86 0.77 0.85 0.52 0.85 0.69 0.50 0.56 0.53
ESSVDD ψ2 0.87 0.82 0.79 0.83 0.31 0.87 0.59 0.48 0.67 0.58
ESSVDD ψ3 0.93 0.87 0.71 0.84 0.35 0.89 0.62 0.48 0.65 0.57
ESSVDD Υ1 0.85 0.84 0.86 0.85 0.26 0.87 0.57 0.47 0.67 0.57
ESSVDD Υ2 0.96 0.83 0.74 0.84 0.31 0.89 0.60 0.47 0.65 0.56
ESSVDD Υ3 0.80 0.85 0.79 0.81 0.35 0.90 0.62 0.49 0.65 0.57
SSVDD ψ0 0.87 0.75 0.64 0.76 0.16 0.75 0.46 0.37 0.37 0.37
SSVDD ψ1 0.88 0.81 0.75 0.81 0.50 0.71 0.61 0.44 0.36 0.40
SSVDD ψ2 0.87 0.84 0.58 0.76 0.43 0.72 0.58 0.46 0.40 0.43
SSVDD ψ3 0.81 0.68 0.63 0.71 0.27 0.66 0.46 0.46 0.41 0.43
SVDD 0.94 0.90 0.89 0.91 0.04 0.73 0.39 0.50 0.52 0.51
ESVDD 0.89 0.88 0.86 0.88 0.33 0.00 0.17 0.00 0.00 0.00
OCSVM 0.50 0.52 0.39 0.47 0.47 0.45 0.46 0.44 0.52 0.48
Non-support-vector-based methods
K-means 0.94 0.92 0.89 0.91 0.37 0.88 0.63 0.49 0.68 0.58
Parzen 0.85 0.68 0.79 0.77 0.32 0.25 0.28 0.00 0.00 0.00

2https://github.com/fahadsohrab/essvdd
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Table 3.5 GM results for non-linear methods over different datasets [P2].

Dataset S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
ESSVDD ψ0Υ0 0.78 0.88 0.93 0.87 0.83 0.61 0.72 0.52 0.42 0.47
ESSVDD ψ1 0.80 0.88 0.88 0.85 0.80 0.34 0.57 0.51 0.42 0.47
ESSVDD ψ2 0.80 0.90 0.93 0.87 0.90 0.35 0.62 0.52 0.33 0.42
ESSVDD ψ3 0.82 0.86 0.72 0.80 0.89 0.64 0.76 0.52 0.45 0.49
ESSVDD Υ1 0.85 0.92 0.91 0.89 0.87 0.47 0.67 0.47 0.38 0.43
ESSVDD Υ2 0.82 0.88 0.89 0.86 0.84 0.68 0.76 0.52 0.34 0.43
ESSVDD Υ3 0.85 0.88 0.91 0.88 0.87 0.54 0.71 0.52 0.45 0.49
SSVDD ψ0 0.74 0.74 0.83 0.77 0.23 0.49 0.36 0.45 0.29 0.37
SSVDD ψ1 0.71 0.78 0.81 0.77 0.11 0.08 0.09 0.39 0.32 0.35
SSVDD ψ2 0.72 0.85 0.83 0.80 0.36 0.37 0.37 0.47 0.32 0.40
SSVDD ψ3 0.60 0.76 0.76 0.71 0.36 0.40 0.38 0.46 0.29 0.37
SVDD 0.86 0.91 0.88 0.88 0.88 0.55 0.71 0.54 0.48 0.51
ESVDD 0.84 0.85 0.85 0.85 0.96 0.51 0.74 0.55 0.42 0.48
GESVDD 0.84 0.90 0.76 0.83 0.94 0.17 0.55 0.54 0.47 0.50
OCSVM 0.79 0.60 0.63 0.67 0.67 0.52 0.59 0.57 0.48 0.52
GESVM 0.83 0.88 0.89 0.87 0.88 0.58 0.73 0.57 0.42 0.50
Non-support-vector-based methods
SOM 0.80 0.90 0.89 0.86 0.79 0.37 0.58 0.28 0.26 0.27
Gaussian 0.85 0.95 0.94 0.91 0.63 0.46 0.54 0.52 0.42 0.47
GE-OC-ELM 0.85 0.93 0.89 0.89 1.00 0.80 0.90 0.31 0.31 0.31

Dataset I-S I-VC I-V Av. IS-B IS-G Av. SR-R SR-M Av.
ESSVDD ψ0Υ0 0.93 0.84 0.86 0.88 0.44 0.89 0.67 0.41 0.67 0.54
ESSVDD ψ1 0.94 0.81 0.74 0.83 0.71 0.90 0.80 0.48 0.55 0.51
ESSVDD ψ2 0.91 0.87 0.83 0.87 0.31 0.87 0.59 0.47 0.66 0.56
ESSVDD ψ3 0.89 0.84 0.74 0.82 0.32 0.88 0.60 0.47 0.66 0.57
ESSVDD Υ1 0.81 0.89 0.70 0.80 0.47 0.86 0.67 0.53 0.65 0.59
ESSVDD Υ2 0.91 0.83 0.81 0.85 0.68 0.86 0.77 0.47 0.70 0.58
ESSVDD Υ3 0.94 0.88 0.83 0.88 0.45 0.85 0.65 0.41 0.70 0.55
SSVDD ψ0 0.92 0.85 0.78 0.85 0.24 0.53 0.38 0.43 0.41 0.42
SSVDD ψ1 0.89 0.89 0.63 0.80 0.68 0.64 0.66 0.20 0.48 0.34
SSVDD ψ2 0.91 0.84 0.77 0.84 0.21 0.61 0.41 0.40 0.52 0.46
SSVDD ψ3 0.92 0.85 0.73 0.83 0.35 0.62 0.49 0.37 0.16 0.27
SVDD 0.94 0.91 0.84 0.89 0.31 0.80 0.55 0.53 0.66 0.59
ESVDD 0.89 0.84 0.86 0.86 0.30 0.00 0.15 0.00 0.00 0.00
GESVDD 0.91 0.88 0.85 0.88 0.26 0.81 0.54 0.56 0.66 0.61
OCSVM 0.45 0.65 0.66 0.59 0.27 0.63 0.45 0.51 0.58 0.54
GESVM 0.92 0.90 0.86 0.89 0.39 0.91 0.65 0.54 0.67 0.61
Non-support-vector-based methods
SOM 0.91 0.84 0.88 0.88 0.06 0.87 0.47 0.46 0.32 0.39
Gaussian 0.97 0.86 0.80 0.88 0.33 0.50 0.42 0.47 0.59 0.53
GE-OC-ELM 0.99 0.89 0.78 0.88 0.48 0.81 0.65 0.38 0.55 0.47
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3.3 Multimodal Subspace Support Vector Data Description

MSSVDD is a novel technique for transforming multimodal data into a shared sub-
space. In MSSVDD, we optimize the subspace shared by data coming from different
modalities for OCC. Different regularization and decision strategies along with lin-
ear and non-linear formulations are also proposed.

Let the number of total modalities be M and the data in each modality m be repre-
sented by Xm = [xm,1,xm,2, . . .xm,N ], xm,i ∈RDm , where Dm is the data dimension
in modality m and N is the total number of instances in each modality. The proposed
MSSVDD tries to find a projection matrix Qm ∈ Rd×Dm for all modalities to trans-
form the data from the corresponding modalities to a shared lower d -dimensional
subspace optimized for SVDD. Figure 3.3 depicts the basic idea of MSSVDD.
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Figure 3.3 Depiction of Multimodal Subspace Support Vector Data Description.

The data is projected to a common shared subspace via the corresponding projec-
tion matrix as

ym,i =Qmxm,i ,∀m ∈ {1, . . . , M} ,∀i ∈ {1, . . . ,N}. (3.42)

The criterion to minimize is as follows:

min F (R,a) = R2+C
M
∑︂

m=1

N
∑︂

i=1

ξm,i

s.t. ∥Qmxm,i − a∥22 ≤ R2+ ξm,i ,

ξm,i ≥ 0,∀m ∈ {1, . . . , M},∀i ∈ {1, . . . ,N}. (3.43)
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The Lagrange function can be given as

L= R2+C
M
∑︂

m=1

N
∑︂

i=1

ξm,i −
M
∑︂

m=1

N
∑︂

i=1

γm,iξm,i −
M
∑︂

m=1

N
∑︂

i=1

αm,i

�

R2+ ξm,i −

x⊺m,i Q
⊺
mQmxm,i + 2a⊺Qmxm,i − a⊺a

�

. (3.44)

In order to obtain a tight boundary around the target class data in a shared sub-
space, we use SVDD. Analogous to the SVDD optimization process, the Lagrangian
function should be maximized with respect to the Lagrange multipliers αm,i ≥ 0 and
γm,i ≥ 0, and minimized with respect to the other variables R, a, ξm,i , and Qm . By
setting the partial derivatives to zero, we get

∂ L
∂ R
= 0 ⇒

M
∑︂

m=1

N
∑︂

i=1

αm,i = 1, (3.45)

∂ L
∂ a
= 0 ⇒ a=

M
∑︂

m=1

N
∑︂

i=1

αm,i Qmxm,i , (3.46)

∂ L
∂ ξm,i

= 0 ⇒ C −αm,i − γm,i = 0. (3.47)

Substituting (3.32), (3.45), (3.46) and (3.47) into (3.44), we get

L=
M
∑︂

m=1

N
∑︂

i=1

αm,i y
⊺
m,i ym,i −

M
∑︂

m=1

N
∑︂

i=1

M
∑︂

n=1

N
∑︂

j=1

αm,i y
⊺
m,i yn, jαn, j . (3.48)

Optimizing (3.48) corresponds to SVDD applied in the subspace where αm,i defines
the position of the corresponding sample with respect to the hypersphere:

• Samples with 0< αm,i < C are the support vectors lying on the boundary of
the hypersphere.

• Samples with αm,i =C are outside the hypersphere.

• Samples with αm,i = 0 lie inside the hypersphere.

We apply a two-step iterative optimization process. In the first step, the α values
for all data points are obtained. In the second step, we update the corresponding
projection matrices using gradient descent.
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For updating the projection matrix Q, we add a regularization termω to (3.48):

L=
M
∑︂

m=1

N
∑︂

i=1

αm,i x
⊺
m,i Q

⊺
mQmxm,i −

M
∑︂

m=1

N
∑︂

i=1

M
∑︂

n=1

N
∑︂

j=1

αm,i x
⊺
m,i Q

⊺
mQnxn, jαn, j +βω. (3.49)

where β controls the significance ofω. The different variants ofω are defined as

ω0 = 0, (3.50)

ω1 =
M
∑︂

m=1
Tr(QmXmX⊺mQ⊺m), (3.51)

ω2 =
M
∑︂

m=1
Tr(QmXmαmα

⊺
mX⊺mQ⊺m), (3.52)

ω3 =
M
∑︂

m=1
Tr(QmXmλmλ

⊺
mX⊺mQ⊺m), (3.53)

ω4 =
M
∑︂

m=1

M
∑︂

n=1
Tr(QmXmX⊺nQ⊺n), (3.54)

ω5 =
M
∑︂

m=1

M
∑︂

n=1
Tr(QmXmαmα

⊺
nX⊺nQ⊺n), (3.55)

ω6 =
M
∑︂

m=1

M
∑︂

n=1
Tr(QmXmλmλ

⊺
nX⊺nQ⊺n), (3.56)

where αm ∈ RN in (3.52) and (3.55) contain the elements αm,1, ...,αm,N . Thus, αm

have zero values for samples inside the hypersphere and non-zero values otherwise.
λm ∈ RN in (3.53) and (3.56) contain the elements of αm that are smaller than C .
Hence, λm contains non-zero values only for the samples lying on the boundary.
For ω0, the regularization term is not used in the optimization process. It was also
noticed that for a single modality, the regularization terms become equivalent to the
regularization terms proposed for SSVDD.

The projection matrix Qm is updated by using the gradient of L with respect
to Qm ,

Qm←Qm −η∆L, (3.57)
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where η is the learning rate parameter. The gradient of L is calculated as

∂ L
∂ Qm

= 2
N
∑︂

i=1

αm,i Qmxm,i x
⊺
m,i − 2

N
∑︂

i=1

N
∑︂

j=1

M
∑︂

n=1
Qnxn, j x

⊺
m,iαm,iαn, j +β∆ω, (3.58)

where∆ω denotes the derivative ofω with respect to Qm :

∆ω0 = 0, (3.59)

∆ω1 = 2QmXmX⊺m , (3.60)

∆ω2 = 2QmXmαmα
⊺
mX⊺m , (3.61)

∆ω3 = 2QmXmλmλ
⊺
mX⊺m , (3.62)

∆ω4 = 2
M
∑︂

n=1
(QnXnX⊺m), (3.63)

∆ω5 = 2
M
∑︂

n=1
(QnXnαnα

⊺
mX⊺m), (3.64)

∆ω6 = 2
M
∑︂

n=1
(QnXnλnλ

⊺
mX⊺m). (3.65)

We use PCA for initializing the projection matrix Qm corresponding to each
modality. Furthermore, the projection matrix is orthogonalized and normalized
using QR decomposition at each iteration so that

QmQT
m = I, (3.66)

where I is the d × d identity matrix. Algorithm 3 describes the overall MSSVDD
algorithm.
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Algorithm 3: MSSVDD optimization
Inputs : Xm for each m = 1, ..., M , // Input data from all modalities

β, // Regularization parameter for controlling significance ofω
η, // Learning rate parameter
d , // Dimensionality of joint subspace
C , // Regularization parameter in SVDD
M // Total number of modalities

Outputs: Qm for each m = 1, ..., M , // Projection matrices for different
modalities
R, // Radius of hypersphere
α // Defines the data description

for m=1:M do

Initialize Qm via PCA;
end

for i t e r = 1 : max_i t e r do

For each m, project data to subspace as ym,i =Qmxm,i ;
Calculate α values by maximizing L=
∑︁M

m=1
∑︁N

i=1αm,i y
T
m,i ym,i −

∑︁M
m=1

∑︁N
i=1

∑︁M
n=1

∑︁N
j=1αm,i y

T
m,i yn, jαn, j ;

for m=1:M do

Calculate∆ω as in (3.59)-(3.65);
Calculate∆L= 2

∑︁N
i=1αm,i Qmxm,i x

T
m,i −

2
∑︁N

i=1
∑︁N

j=1
∑︁M

n=1 Qnxn, j x
T
m,iαm,iαn, j +β∆ω;

Update Qm←Qm −η∆L;

Orthogonalize and normalize Qm using QR decomposition
(eigendecomposition);

end
end
For each m, project data to subspace as ym,i =Qmxm,i ;
Calculate α values by maximizing

L=
∑︁M

m=1
∑︁N

i=1αm,i y
T
m,i ym,i −

∑︁M
m=1

∑︁N
i=1

∑︁M
n=1

∑︁N
j=1αm,i y

T
m,i yn, jαn, j ;

Compute center of data description as a=
∑︁M

m=1
∑︁N

i=1αm,i Qmxm,i ;
Identify any support vector sm having 0≤ αs ≤C and compute v=Qmsm ;
Compute radius R=
q

vT v− 2
∑︁M

m=1
∑︁N

i=1αm,i y
T
m,i v+

∑︁M
m=1

∑︁N
i=1

∑︁M
n=1

∑︁N
j=1αm,iαn, j y

T
m,i yn, j ;
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3.3.1 Complexity Analysis of MSSVDD

The linear version of MSSVDD has the following six main steps:

1. Initializing of Qm via PCA comprises two steps, i.e., computing the covari-
ance matrix and then the eigenvalue decomposition. The complexity of these
steps for a single modality isO

�

N Dm×mi n(N , Dm)
�

andO
�

D3
m
�

, respectively
[72]. The complexity of initializing Qm for all modalities isO

�

mi n(N 2D1, D2
1

N )+D3
1 )+(mi n(N 2D2, D2

2 N )+D3
2 )+ · · ·+(mi n(N 2DM , D2

M N )+D3
M

�

. We
denote the sum of dimensions as ΣD = D1 +D2 + · · ·+DM , and in a similar
manner, the sum of squared dimensions as ΣD2 = D2

1 +D2
2 + · · ·+D2

M (note
that ΣD2 ̸= (ΣD )2) and so on. The complexity of initializing all projection
matrices becomes O

�

mi n(N 2ΣD ,ΣD2N )+ΣD3

�

.

2. The complexity of projecting the data to a d -dimensional space is the com-
plexity of multiplying two d ×Dm and Dm ×N matrices. This has the com-
plexity of O

�

d DmN
�

. Projecting the data from all modalities to a lower d -
dimensional space has the complexity of O

�

dΣDN
�

.

3. SVDD has the complexity of O
�

N 3
�

for N data points [68]. In the case of
MSSVDD, we have data points represented in M different modalities. Hence
the complexity of SVDD in this case becomes O

�

M 3N 3
�

.

4. The gradient ∆L is computed using (3.58). The second term in (3.58) has
the highest complexity of O (2dN 2DmΣD ). Since this step is repeated for all
modalities as well, the complexity of this step becomes O (2dN 2ΣD

2).

5. The complexity of updating the Qm for all modalities is O
�

dΣD
�

.

6. For a single modality, the complexity of QR decomposition is O (d Dm
2) [69].

Thus, the complexity of QR decomposition for data from all modalities be-
comes O (dΣD2).

The relatively low computational complexity steps are not considered in the com-
plexity analysis. By adding the remaining terms, the complete complexity of MSSVDD
reduces toO

�

mi n(N 2ΣD ,ΣD2N )+ΣD3+M 3N 3
�

. With the assumption that the total
number of samples M ∗N is always greater than ΣD and the number of modalities is
smaller than the number of samples, i.e., M <<N , the time complexity of MSSVDD
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in terms of the big O notation is O (N 3) for a single iteration. During testing, an in-
stance is first projected to the lower d -dimensional subspace, and then its distance is
compared to R. The total complexity in the testing phase is O (dΣD +M d ).

In the case of non-linear version with NPT, the kernel matrix Km is formed, cen-
tralized, and decomposed via eigendecomposition. These steps have the complex-
ity of O (N 3). The dimensionality of each modality changes from Dm to N for all
corresponding steps. Hence the total complexity of the subsequent steps becomes
O
�

M N 3 +M 3N 3
�

. Thus, the overall complexity remains at O
�

N 3
�

for M << N .
Furthermore, the overall complexity stays the same in the case of a non-linear ver-
sion with the standard kernel trick. The complexity of the non-linear variants during
the testing phase increases to O (NΣD + d M N +M d ).

3.3.2 Decision Strategies

The decision to assign the test instance in multimodal data description can be taken
based on different strategies:

• Decision strategy 1 (d s1): Decision strategy one is called AND gate strat-
egy. The test instance is assigned the target label if the representations from
all modalities for the test instance are classified as the target class. The test
instance is assigned a non-target label otherwise.

• Decision strategy 2 (d s2): This decision strategy is called the OR gate strat-
egy. Here, the overall decision for a particular instance is taken in favor of the
target class if any of the modalities is classified as the target class.

• Decision strategy 3 (d s3): In this strategy, the decision is taken solely based
on the predicted labels of the first modality.

• Decision strategy 4 (d s4): In this strategy, the decision is taken solely based
on the predicted labels of the second modality.

3.3.3 Results and Discussion

We evaluated the performance of MSSVDD over five different multimodal datasets.
The Robot Execution Failures dataset, Single Proton Emission Computed Tomog-
raphy (SPECTF) heart dataset, and Ionosphere dataset were downloaded from UCI
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repository [70]. The Handwritten and the Caltech-7 dataset were downloaded from
the multi-view learning repository [73]. All of these datasets are multimodal in na-
ture, and each modality has its own statistical properties. Thus, to combine the infor-
mation from all modalities in a subspace, we created and optimized a joint compact
description of data coming from all the modalities.

In the Robot Execution Failures dataset, force and torque measurements are used
as different modalities of the collected instances. In the SPECTF dataset, features
corresponding to rest and stress conditions of SPECTF images depict the multi-
modal nature of data. In the Ionosphere dataset, the categories are described by
two attributes per pulse number. The two attributes in the Ionosphere dataset are
obtained from the complex electromagnetic signal, processed by an autocorrelation
function, and are considered as different modalities. In the Handwritten dataset, we
used the Zernike moment (ZER) and morphological (MOR) features as our two dif-
ferent modalities. We used the Gabor feature and Wavelet moments as data from
two different modalities in the Caltech-7 dataset.

We provide the results over the Handwritten dataset in Table 3.6. We only show
the best-performing versions of the proposed method in the table. The table con-
tains the results of the proposed method with the regularization term ω4 based on
decision strategies 4 (ds4) and 1 (ds1). The experiments over the Handwritten dataset
were performed on 70-30% training and testing sets. We selected the samples of nu-
meral 0 as the target class. The 70-30% splits were selected randomly five times while
preserving the distribution of classes similar to the original data. We performed 5-
fold cross-validation on the training set to determine the hyperparameters for final
training. The hyperparameters were selected based on the GM score over the valida-
tion data. We report the average Accuracy (Acc), TPR, TNR, Pre, F1, and GM on
the test sets. Acc is defined as the ratio of the number of correctly classified samples
(TPs+True Negatives (TNs)) to the total number of samples N :

Acc=
TPs +TNs

N
. (3.67)

We compare our results with OCSVM, SVDD and SSVDD. We observed that
the linear and NPT versions of the proposed method outperformed all competing
methods in most cases. Among the non-linear variants of the MSSVDD, NPT-based
non-linear multimodal data description performed better in terms of GM than ker-
nel trick-based data description. The decision strategies were also evaluated in de-
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Table 3.6 Test results for Handwritten dataset [P3].

Linear Non-linear

Acc TPR TNR Pre F1 GM Acc TPR TNR Pre F1 GM

Proposed method

MSSVDDω4d s4 0.98 0.99 0.98 0.90 0.93 0.98 0.99 0.99 1.00 0.98 0.98 0.99

MSSVDDω4d s1 0.98 0.90 0.99 0.89 0.89 0.94 0.98 0.95 0.99 0.91 0.93 0.97

Concatenated features

SSVDDψ1 0.78 0.92 0.76 0.34 0.49 0.83 0.53 0.40 0.54 0.05 0.09 0.14

SSVDDψ2 0.82 0.88 0.81 0.40 0.54 0.84 0.62 0.66 0.61 0.18 0.25 0.44

SSVDDψ3 0.82 0.97 0.81 0.39 0.55 0.88 0.63 0.58 0.64 0.20 0.25 0.30

SSVDD ψ4 0.84 0.92 0.83 0.42 0.56 0.87 0.71 0.39 0.75 0.08 0.13 0.17

OCSVM 0.50 0.51 0.50 0.12 0.19 0.49 0.95 0.51 1.00 1.00 0.68 0.71

SVDD 0.95 0.93 0.95 0.69 0.79 0.94 0.95 0.92 0.96 0.74 0.81 0.94

ZER

SSVDD ψ1 0.55 0.92 0.51 0.18 0.30 0.68 0.59 0.41 0.61 0.06 0.10 0.24

SSVDD ψ2 0.52 0.88 0.48 0.17 0.28 0.64 0.62 0.78 0.60 0.17 0.27 0.48

SSVDD ψ3 0.50 0.96 0.45 0.19 0.31 0.63 0.57 0.61 0.57 0.31 0.20 0.37

SSVDD ψ4 0.64 0.90 0.61 0.21 0.34 0.74 0.55 0.60 0.54 0.09 0.15 0.24

OCSVM 0.43 0.42 0.43 0.09 0.14 0.41 0.95 0.52 1.00 0.93 0.67 0.72

SVDD 0.88 0.90 0.88 0.47 0.61 0.89 0.92 0.88 0.92 0.56 0.68 0.90

MOR

SSVDD ψ1 0.84 0.99 0.82 0.48 0.61 0.90 0.84 0.01 0.93 0.00 0.00 0.03

SSVDD ψ2 0.92 0.99 0.91 0.66 0.76 0.95 0.58 0.44 0.60 0.43 0.22 0.20

SSVDD ψ3 0.86 0.99 0.84 0.52 0.64 0.91 0.61 0.70 0.60 0.44 0.42 0.36

SSVDD ψ4 0.84 0.99 0.82 0.48 0.61 0.90 0.25 0.67 0.20 0.27 0.14 0.04

OCSVM 0.54 0.45 0.55 0.13 0.18 0.39 0.99 0.87 1.00 1.00 0.93 0.93

SVDD 0.93 0.91 0.93 0.75 0.78 0.92 0.99 0.96 1.00 1.00 0.98 0.98

tail for each dataset. We observed that if information from a certain modality is
more substantial than other(s), taking the final decision solely based on that partic-
ular modality in the testing phase is useful. Nevertheless, the proposed MSSVDD
improves the classification accuracy compared to models using information from
the single modality only. When the information depicted by different modalities
together is vital for data description and taking the final decision, the AND gate
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strategy performs better than other decision strategies. We provide a detailed analy-
sis in publication [P3]. Moreover, we provide extensive results comparing different
variants of the MSSVDD, train and test times of the experiments, and the figures
for sensitivity analysis of different hyperparameters in the supplementary material
appended with the corresponding publication. The code of MSSVDD is publicly
available online3.

The proposed MSSVDD addressed the research question about finding an opti-
mized subspace and training a common model for multimodal data in the case of
OCC. The developed method achieved the objective of inferring a shared latent
representation and exploiting the data relationship between the modalities in OCC.
The proposed method uses a hypersphere to encapsulate target data which can be
further improved by using hyperellipsoids in the subspace. Moreover, the proposed
decision strategies can be further enhanced by using model-based decision strategies.

3.4 Graph-Embedded Subspace Support Vector Data

Description

In this section, we formulate the subspace learning for OCC in a graph embedded
framework. We proposed GESSVDD which allows incorporating different data re-
lationships in the form of graph structures in the optimization process. The frame-
work also helps reveal spectral and spectral regression-based solutions as alternatives
to the previously used gradient-based technique for solving the subspace learning for
OCC problem and leads to various novel insights. Moreover, SSVDD and ESSVDD
are deduced as special cases of the proposed framework.

In GESSVDD, the following optimization criterion is minimized:

min R2+C
N
∑︂

i=1

ξi

s.t. (Qxi − a)⊺S−1
Q (Qxi − a)≤ R2+ ξi ,

ξi ≥ 0,∀i ∈ {1, . . . ,N}, (3.68)

where the matrix SQ is used to encode different geometric data relationships in the

3https://github.com/fahadsohrab/mssvdd
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subspace as

SQ =QXLxX⊺Q⊺ =QSxQ⊺. (3.69)

Lx is a graph Laplacian and can take different forms. We define a new vector u =

S−
1
2

Q a as the center of graph-embedded data description relative to the center of the
hypersphere a and rewrite (3.68) as

min R2+C
N
∑︂

i=1

ξi

s.t. ∥S−
1
2

Q Qxi −u∥22 ≤ R2+ ξi ,

ξi ≥ 0,∀i ∈ {1, . . . ,N}. (3.70)

Note that S−
1
2

Q Q can be considered as a projection matrix to the graph-embedded
subspace. The Lagrangian function of GESVDD can be written as

L= R2+C
N
∑︂

i=1

ξi −
N
∑︂

i=1

αi
�

R2+ ξi−

(S−
1
2

Q Qxi )
⊺S−

1
2

Q Qxi + 2u⊺S−
1
2

Q Qxi −u⊺u
�

−
N
∑︂

i=1

γiξi . (3.71)

By setting partial derivatives to zero, we get

∂ L
∂ R
= 0 ⇒

N
∑︂

i=1

αi = 1, (3.72)

∂ L
∂ u
= 0 ⇒ u=

N
∑︂

i=1

αi S
− 1

2
Q Qxi , (3.73)

∂ L
∂ ξi
= 0 ⇒ C −αi − γi = 0. (3.74)

By substituting (3.72)-(3.74) into (3.71), we get

L=
N
∑︂

i=1

αi x
⊺
i Q⊺S−1

Q Qxi −
N
∑︂

i=1

N
∑︂

j=1

αi x
⊺
i Q⊺S−1

Q Qx jα j . (3.75)
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We denote the vectors in the graph-embedded d -dimensional space as zi = S−
1
2

Q Qxi

and write (3.75) as

L=
N
∑︂

i=1

αi z
⊺
i zi −

N
∑︂

i=1

N
∑︂

j=1

αiα j z
⊺
i z j . (3.76)

Maximizing (3.76) corresponds to solving SVDD for data in the graph-embedded
subspace.

We can further simplify (3.76) by writing it in a trace form as

L=Tr(S−1
Q QXAX⊺Q⊺)−Tr(S−1

Q QXαα⊺X⊺Q⊺)

=Tr((QXLxX⊺Q⊺)−1QX(A−αα⊺)X⊺Q⊺),
(3.77)

where the matrix A ∈ RN×N is a diagonal matrix containing the αi values in its
diagonal, α is a vector of the αi values. Now by defining the matrices

Lα = A−αα⊺ (3.78)

Sα = XLαX⊺, (3.79)

we can further simplify (3.77) as

L=Tr
�

(QSxQ⊺)−1QSαQ⊺
�

. (3.80)

We see that (3.80) is in the form of the ratio trace problem of (2.17), which can be
solved by finding generalized eigenvalues and eigenvectors, and is commonly used as
an approximation for the Fisher-Rao’s criterion typically encountered in subspace
learning as discussed in Section 2.2.2. Hence, (3.80) reveals an alternative general-
ized eigenvalue-based solution to SSVDD. While in the well-known subspace learn-
ing techniques, such as LDA, the generalized eigenvalue-based solution is an approx-
imation, it provides the exact solution in our case.

Furthermore, the similarity of (3.80) and (2.22) reveals that we can describe sub-
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space learning for SVDD in a novel graph-embedded framework as

Q∗ = argmin
Tr(QXLxX⊺Q⊺)=m

∑︂

i ̸= j

(Qxi −Qx j )
2αiα j

= argmin
Tr(QXLαX⊺Q⊺)
Tr(QXLxX⊺Q⊺)

,
(3.81)

where Lα is the graph Laplacian of a special SVDD graph having the corresponding
weight matrix (also known as the similarity matrix) A defined as [A]i j = αiα j and
the Laplacian Lx can be used for encoding different graph information in the opti-
mization process. As described in Section 2.3.1, an alternative solution to (3.81) can
be obtained via spectral regression

Previously, in SSVDD and ESSVDD, the criterion has been minimized via gradi-
ent descent. However, the new framework suggests that instead of minimizing, the
objective can also be maximized depending on the associated graph. For example, a
common intuition is that the within-cluster scatter should be minimized while the
between-cluster scatter should be maximized. The approach to maximize the objec-
tive has previously been followed in [74], where kernel PCA was applied for novelty
detection.

We provide the pseudo-code of the main GESSVDD in Algorithm 4 with the
options to select gradient, spectral and spectral regression-based updates described
in Sub-algorithms 1, 2, and 3, respectively.
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Algorithm 4: GESSVDD optimization
Input : X, // Input data

Lx // Input Laplacian
η, // Learning rate parameter
d , // Dimensionality of subspace
C , // Regularization parameter in SVDD
min or max // Either minimize or maximize the criterion

Output: Q // Projection matrix
R, // Radius of hypersphere
α // Defines the data description

Initialize Q via PCA; // Select d -vectors corresponding to d largest
eigenvalues.

Compute Sx =XLxX⊺;

for i t e r = 1 : max_i t e r do
Calculate Si nv = S−1

Q = (QSxQ⊺)−1;

Project data to subspace zi = S−
1
2

Q Qxi = (Si nv )
1
2 Qxi ;

Calculate α values by maximizing
L=

∑︁N
i=1αi z

⊺
i zi −

∑︁N
i=1

∑︁N
j=1αiα j z

⊺
i z j ;

Compute Lα =A−αα⊺;

if gradient-based update
Call Sub-algorithm 1 to obtain Q;

elseif spectral update
Call Sub-algorithm 2 to obtain Q;

elseif spectral regression-based update:
Call Sub-algorithm 3 to obtain Q;

endif

Orthogonalize Q using QR decomposition;
end

Project data to subspace zi = S−
1
2

Q Qxi ;

Calculate α values by maximizing L=
∑︁N

i=1αi z
⊺
i zi −

∑︁N
i=1

∑︁N
j=1αiα j z

⊺
i z j ;

Compute center of data description in the subspace as u=
∑︁N

i=1αi S
− 1

2
Q Qxi ;

Identify any support vector s having 0<αs <C ;

Compute radius R=
È

(S−
1
2

Q Qs)⊺S−
1
2

Q Qs− 2(S−
1
2

Q Qs)⊺u+u⊺u;
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Sub-algorithm 1: Gradient-based update
Input : Q, X, Sx , Si nv Lα, η, min/max //Input from Algorithm 4
Output: Q //Return output to Algorithm 4

Compute Sα =XLαX⊺;
Compute∆L= 2Si nvQSα− 2Si nvQSαQ⊺Si nvQS⊺x ;

if minimization
Update Q←Q−η∆L;

elseif maximization
Update Q←Q+η∆L;

Sub-algorithm 2: Spectral update
Input : X, Sx , Lα, min/max //Input from Algorithm 4
Output: Q //Return output to Algorithm 4

Compute Sα =XLαX⊺;
Solve generalized eigenvalue problem Sαq= υSxq;

if minimization
Select the eigenvectors corresponding to d smallest positive eigenvalues as
rows of Q;

elseif maximization
Select the eigenvectors corresponding to d largest eigenvalues as rows of Q;

Sub-algorithm 3: Spectral regression-based update
Input : X, L, Lα, min/max //Input from Algorithm 4
Output: Q //Return output to Algorithm 4

Solve generalized eigenvalue problem: Lαt= υLxt;
if minimization then
Select the eigenvectors corresponding to d smallest positive eigenvalues as
columns of T;

elseif maximization then
Select the eigenvectors corresponding to d largest eigenvalues as columns of
T;

Obtain Q= T⊺X⊺(XX⊺+ηI)−1;
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3.4.1 Graph Laplacians in GESSVDD

In GESSVDD, Lx can be replaced by any suitable graph. We provide a list of op-
tions that we also used in our experiments. The first option has no data-dependent
constraint, here Sx in (3.80) is replaced by the D ×D identity matrix I. This corre-
sponds to the orthogonality constraint. We denote the first option by GESSVDD-
0. The second options, denoted by GESSVDD-I, uses Lx = I. The third option
uses the PCA graph: Sx =

1
N St =

1
N XLt X

⊺ = 1
N X(I− 1

N )X
⊺, which is denoted by

GESSVDD-PCA. In our experiments, we also cluster the positive training samples
using k-means and then set Sx = Sw or Sx = Sb . The Laplacians for the within-
class scatter matrix Sw =XLwX⊺ and the between-class scatter matrix Sb =XLb X⊺

are solved as in (2.25) and (2.26), respectively. The variable c , in this case, refers to
a cluster, not a class. Moreover, local geometric information can be exploited by
employing k-Nearest Neighbors (kNN) and setting

Sx = SkNN =X
�

DkNN −AkNN

�

X⊺ =XLkNN X⊺, (3.82)

where [A]i j = 1, if xi ∈N j or x j ∈Ni and 0, otherwise. Ni represents the nearest
neighbors of xi . We denote this option by GESSVDD-kNN. Each of these options
in the framework can be solved by gradient-based (GR), spectral (S ), or spectral
regression-based (SR) updates and by either maximizing or minimizing the crite-
rion in (3.80). We denote all these variants by GESSVDD-0-GR-min, GESSVDD-
0-GR-max, GESSVDD-0-S -min and so on. Note that GESSVDD-0-GR-min and
GESSVDD-I-GR-min corresponds to SSVDD and ESSVDD, respectively.

We now turn our attention to the fixed SVDD graph represented by Lα in (3.80).
We notice a strong resemblance of Lα to the Laplacian of the PCA graph. PCA
finds the projection matrix by maximizing the variance of the samples to their center
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µ= 1
N
∑︁N

i=1 xi , i.e.,

Spca =
1
N

N
∑︂

i=1

(xi −µ)(xi −µ)
⊺

=
1
N

N
∑︂

i=1

(xi x
⊺
i − 2xiµ

⊺+µµ⊺)

=
1
N

N
∑︂

i=1

(xi x
⊺
i )− 2µµ⊺+µµ⊺ =

1
N

N
∑︂

i=1

(xi x
⊺
i )−µµ

⊺

=
1
N

XX⊺− 1
N 2

X11⊺X⊺ =
1
N

X(I− 1
N

11⊺)X⊺

=XLpcaX⊺,

(3.83)

where 1 ∈ RN symbolizes a vector of ones, Lpca = Dpca −Apca and [Apca]i j =
1/N 2 ∀i ̸= j and [Apca]i i = 0. We use a similar derivation with the constraint
∑︁N

i=1αi = 1 for GESSVDD. The center of SVDD is defined as a=
∑︁N

i=1αi xi :

Sα =
N
∑︂

i=1

(xi − a)(xi − a)⊺αi

=
N
∑︂

i=1

(αi xi x
⊺
i − 2αi xi a

⊺+αi aa⊺)

=
N
∑︂

i=1

(αi xi x
⊺
i )− 2aa⊺+ aa⊺ =

N
∑︂

i=1

(αi xi x
⊺
i )− aa⊺

=Xdiag(α)X⊺−Xαα⊺X⊺ =X(A−αα⊺)X⊺

=XLαX⊺.

(3.84)

We see that the graph Laplacian Lα represents the weighted variance of data points
with positive α values. The resemblance is depicted in Figure 3.4. In the PCA graph,
all the data points are connected with equal weights; however, in the SVDD graph
Lα, the data points i and j are connected with the weight of αiα j . Thus, the samples
with zero α values are not connected in the SVDD graph, i.e., only the samples lying
on the boundary and outside the boundary are connected.
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Figure 3.4 A) PCA takes into account the (unweighted) variance of all samples from the center. B)
SVDD takes into account the weighted variance of samples with positive α values to the
SVDD center. C) In the PCA graph, all samples are connected with equal weights. D) In the
SVDD graph, the samples inside the hypersphere are not connected, and the weights vary
according to the α values [P4].

3.4.2 Complexity Analysis of GESSVDD

GESSVDD can be solved via spectral, spectral regression-based, and gradient-based
techniques. We carry out the complexity analysis of the shared steps (main algo-
rithm) and then proceed to the steps different in each solution update. The follow-
ing steps are in the main algorithm and contribute to the overall complexity of the
algorithm:
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1. Initializing of Q via PCA comprises two steps, i.e., computing the covariance
matrix and then the eigenvalue decomposition. The complexity of these steps
is O

�

N D ×mi n(N , D)
�

and O
�

D3
�

, respectively [72].

2. Computing Sx = XLxX⊺ for a given Lx is simply the multiplication of three
matrices. This step has the complexity of O (DN 2+N D2).

3. For a given encoding matrix Sx , the matrix SQ is computed as the multi-
plication of three matrices i.e., SQ = QSxQ⊺. This has the complexity of
O (d D2+ d 2D). Since, D > d , the complexity becomes O (d D2).

4. Computing the inverse Si nv , and square-root of the matrix SQ has the com-
plexity of O (N 3).

5. SVDD has the complexity of O
�

N 3
�

for N data points [68].

6. The complexity of QR decomposition is O (d D2) [69].

Adding all these steps and dropping relatively lower computational costs, the com-
plexity becomes O

�

N 3+D3
�

. The total number of samples is assumed to be always
greater than the dimensionality. The overall complexity of the steps in the main
algorithm (without the projection matrix update steps) in terms of big O analysis
becomes O

�

N 3
�

. We now analyze the complexity of each update solution separately
in the following subsections.

3.4.2.1 Complexity Analysis of Gradient-based Update

The gradient-based update has the following steps involved in the sub-algorithm.

1. Computing Sα =XLαX⊺ for a given Lα has a complexity of multiplying three
matrices as well. Thus, computing Sα has the complexity of O (DN 2+N D2).

2. Computing ∆L= 2Si nvQSα− 2Si nvQSαQ⊺Si nvQS⊺x requires several matrix
multiplications with the highest complexity beingO (d D2) and, thus, the over-
all complexity of this step also becomes O (d D2).

3. The complexity of updating the Q is O
�

d D
�

.

After adding all complexities of the gradient-based updates along with the complex-
ity of the main algorithm, the gradient-based solution has a complexity of O (N 3).
In a non-linear case, the kernel matrix K is formed, centralized, and decomposed via
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eigendecomposition. These steps have the complexity of O (N 3). The dimensional-
ity of data in the non-linear case changes from D to N for all corresponding steps.
The total complexity of the non-linear version stays at O (N 3).

3.4.2.2 Complexity Analysis of Spectral-based Update

The main relatively intensive computational steps in the spectral-based update are
computing Sα and the generalized eigenvalue problem.

1. Computing Sα has the complexity of O (DN 2+N D2).

2. Solving the eigenvalue problem Sαq= υSxq has the complexity of O (D3).

By adding the above complexities, the complexity of the spectral-based update be-
comes O (DN 2 +N D2 + D3). By adding this to the complexity of the main algo-
rithm, the complexity becomes O

�

N 3 +DN 2 +N D2 +D3
�

. Hence for the linear
case, the complexity is O

�

N 3
�

. In the non-linear case, the dimensionality of the data
changes from D to N . In this case, the complexity becomes O

�

4N 3
�

. In terms of O
notation, the complexity in the non-linear case stays at O

�

N 3
�

.

3.4.2.3 Complexity Analysis of Spectral Regression-based Update

The main computational steps in the spectral regression-based update are computing
the generalized eigenvalue problem and obtaining the projection matrix Q in a least-
square sense.

1. Solving the generalized eigenvalue problem Lαt= υLxt has the complexity of
O (N 3).

2. Solving Q= T⊺X⊺(XX⊺+ηI)−1 involves the following steps: Computing XX⊺

has the complexity of O (D2N ). The complexity of multiplying η with each
element of I is O (D2). Adding XX⊺ with ηI has the complexity of O (D2).
Taking inverse of (XX⊺ + ηI) has the complexity of D3 and multiplying the
rest of matrices has the complexity of dN D+D3. Adding the complexities of
all these steps, the complexity of Q= T⊺X⊺(XX⊺+ηI)−1 becomes O (D2N +
2D2+D3+ dN D +D3).

Adding the above two complexities and the complexity of the main algorithm, and
assuming that the dimensionality D of the data is always lower than the number of
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samples N , the total complexity in terms of big O notation becomes O (N 3). In the
non-linear case, the steps involved in NPT have the complexity of O (N 3). Moreover
the dimensionality changes from D to N . Thus, the complexity increases, but in
terms of the big O notation, still stays as O (N 3).

3.4.3 Results and Discussion

We evaluated different variants derived from the proposed framework over nine dif-
ferent datasets. The datasets used in the experiments are Seeds, Qualitative bankruptcy,
Somerville happiness, Liver, Iris, Ionosphere, Sonar, Heart (from the UCI machine
learning repository [70]) and MNIST [75] with original dimensionalities of 7, 6, 6,
6, 4, 34, 60, 13, and 784, respectively. MNIST has 10 classes, Seeds and Iris datasets
are ternary, while the rest of the datasets are binary. The summary of Seeds, Qualita-
tive bankruptcy, Somerville happiness, Iris, Ionosphere, and Sonar is given in Table
3.3. The Liver dataset contains 145 samples from the Disorder Present (DP) cate-
gory and 200 samples from the Disorder Absent (DA) category. The Heart dataset
contains 139 samples from the DP category and 164 samples from the DA category.
MNIST dataset contains 5923, 6742, 5958, 6131, 5842, 5421, 5918, 6265, 5851, 5949
samples in the training set for classes 0-9, respectively. The MNIST test set contains
980, 1135, 1032, 1010, 982, 892, 958, 1028, 974, and 1009 samples from the corre-
sponding classes (0-9). In our experiments, we select 10% of the data from MNIST
while keeping the representation of each class in the train and test sets similar to the
original train and test split in the dataset.

All datasets were converted into OCC datasets by considering a single class as the
positive class at a given time. The splits of the datasets were selected as described
in Section 3.1.7. We used a 5-fold cross-validation technique over the training set to
select the hyperparameters during the training phase. More details about the exper-
imental setup, hyperparameter tuning and details of extensive results are provided
in the corresponding publication [P4]. The best performing linear and non-linear
variants are compared against SSVDD and ESSVDD, and the competing methods
GESVDD, GESVM, SVDD, and OCSVM in Table 3.7 and 3.8. For all iterative
methods, the total number of iterations was set to 5.

It is noticed that in both linear and non-linear methods, the gradient-based so-
lution performs better in terms of GM than the spectral and spectral regression-
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Table 3.7 GM results for linear and non-linear data description over different datasets, selected variants
from the proposed framework vs. other one-class classification methods [P4].

Dataset Seeds Qualitative bankruptcy Somerville happiness Liver
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av. DP DA Av.
Linear
GESSVDD-kNN-GR-min 0.83 0.94 0.95 0.91 0.80 0.46 0.63 0.44 0.44 0.44 0.45 0.38 0.42
ESSVDD 0.87 0.92 0.90 0.90 0.90 0.12 0.51 0.51 0.39 0.45 0.35 0.38 0.37
SSVDD 0.85 0.93 0.95 0.91 0.90 0.17 0.53 0.49 0.43 0.46 0.32 0.34 0.33
ESVDD 0.79 0.87 0.87 0.84 0.96 0.19 0.58 0.42 0.41 0.41 0.35 0.40 0.38
SVDD 0.85 0.92 0.94 0.90 0.94 0.00 0.47 0.41 0.36 0.39 0.50 0.39 0.45
OCSVM 0.48 0.69 0.45 0.54 0.37 0.41 0.39 0.45 0.53 0.49 0.40 0.36 0.38
Non-Linear
GESSVDD-kNN-SR-max 0.86 0.92 0.96 0.91 0.81 0.71 0.76 0.47 0.47 0.47 0.41 0.42 0.41
ESSVDD 0.83 0.91 0.90 0.88 0.92 0.28 0.60 0.59 0.39 0.49 0.40 0.49 0.45
SSVDD 0.87 0.94 0.94 0.92 0.94 0.46 0.70 0.47 0.35 0.41 0.37 0.39 0.38
ESVDD 0.81 0.88 0.87 0.85 0.00 0.00 0.00 0.00 0.31 0.16 0.43 0.54 0.49
SVDD 0.85 0.91 0.95 0.90 0.33 0.28 0.31 0.40 0.32 0.36 0.49 0.40 0.45
OCSVM 0.47 0.60 0.45 0.51 0.36 0.58 0.47 0.47 0.49 0.48 0.27 0.08 0.17
GESVDD-PCA 0.85 0.93 0.93 0.90 0.94 0.28 0.61 0.50 0.48 0.49 0.51 0.49 0.50
GESVDD-Sw 0.82 0.93 0.93 0.89 0.94 0.28 0.61 0.49 0.50 0.49 0.51 0.52 0.51
GESVDD-kNN 0.84 0.92 0.94 0.90 0.84 0.31 0.57 0.50 0.45 0.47 0.51 0.52 0.52
GESVM-pca 0.85 0.90 0.93 0.89 0.95 0.26 0.60 0.52 0.48 0.50 0.50 0.55 0.52
GESVM-Sw 0.85 0.90 0.91 0.89 0.93 0.20 0.57 0.55 0.41 0.48 0.50 0.51 0.51
GESVM-kNN 0.84 0.90 0.90 0.88 0.92 0.20 0.56 0.55 0.51 0.53 0.51 0.55 0.53

Dataset Iris Ionosphere Sonar Heart
Target class I-S I-VC S-V Av. I-B I-G Av. S-R S-M Av. DP DA Av.
Linear
GESSVDD-kNN-GR-min 0.97 0.89 0.91 0.92 0.42 0.92 0.67 0.54 0.57 0.56 0.54 0.61 0.58
ESSVDD 0.93 0.82 0.89 0.88 0.36 0.90 0.63 0.52 0.58 0.55 0.53 0.69 0.61
SSVDD 0.96 0.91 0.90 0.92 0.12 0.78 0.45 0.51 0.55 0.53 0.59 0.62 0.61
ESVDD 0.89 0.85 0.86 0.87 0.33 0.88 0.61 0.00 0.03 0.02 0.56 0.62 0.59
SVDD 0.92 0.90 0.89 0.91 0.02 0.86 0.44 0.52 0.56 0.54 0.46 0.35 0.41
OCSVM 0.58 0.50 0.46 0.51 0.49 0.51 0.50 0.48 0.45 0.46 0.57 0.63 0.60
Non-Linear
GESSVDD-kNN-SR-max 0.94 0.87 0.83 0.88 0.67 0.86 0.76 0.52 0.47 0.49 0.42 0.43 0.42
ESSVDD 0.94 0.88 0.89 0.90 0.64 0.89 0.77 0.54 0.55 0.54 0.38 0.37 0.37
SSVDD 0.94 0.92 0.90 0.92 0.40 0.89 0.65 0.48 0.47 0.47 0.53 0.49 0.51
ESVDD 0.68 0.84 0.83 0.78 0.37 0.88 0.63 0.55 0.52 0.53 0.34 0.27 0.31
SVDD 0.92 0.92 0.88 0.90 0.21 0.85 0.53 0.53 0.59 0.56 0.53 0.55 0.54
OCSVM 0.56 0.26 0.55 0.46 0.52 0.47 0.49 0.47 0.55 0.51 0.20 0.23 0.21
GESVDD-PCA 0.83 0.92 0.89 0.88 0.38 0.88 0.63 0.55 0.60 0.57 0.68 0.74 0.71
GESVDD-Sw 0.89 0.87 0.90 0.89 0.36 0.90 0.63 0.53 0.54 0.54 0.68 0.73 0.70
GESVDD-kNN 0.83 0.91 0.89 0.88 0.34 0.89 0.62 0.54 0.60 0.57 0.70 0.72 0.71
GESVM-pca 0.90 0.90 0.90 0.90 0.38 0.91 0.64 0.52 0.61 0.57 0.66 0.71 0.68
GESVM-Sw 0.89 0.93 0.88 0.90 0.45 0.90 0.67 0.54 0.59 0.57 0.67 0.70 0.68
GESVM-kNN 0.89 0.89 0.89 0.89 0.41 0.88 0.65 0.54 0.58 0.56 0.67 0.72 0.70
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Table 3.8 GM results for linear and non-linear data description over MNIST dataset, selected variants
from the proposed framework vs. other one-class classification methods [P4].

Dataset Mnist

Target class 0 1 2 3 4 5 6 7 8 9 Av.

Linear

GESSVDD-kNN-GR-min 0.40 0.84 0.33 0.47 0.60 0.38 0.69 0.53 0.51 0.58 0.53

GESSVDD-I-GR-min (ESSVDD) 0.38 0.83 0.31 0.46 0.47 0.34 0.62 0.65 0.40 0.50 0.50

GESSVDD-0-GR-min (SSVDD) 0.41 0.81 0.29 0.39 0.45 0.31 0.57 0.52 0.40 0.44 0.46

ESVDD 0.00 0.81 0.00 0.00 0.00 0.00 0.06 0.22 0.00 0.16 0.13

SVDD 0.47 0.55 0.51 0.50 0.51 0.52 0.45 0.57 0.49 0.51 0.51

OCSVM 0.57 0.92 0.47 0.52 0.64 0.41 0.73 0.74 0.53 0.63 0.62

Non-Linear

GESSVDD-kNN-SR-max 0.38 0.53 0.16 0.34 0.49 0.46 0.48 0.43 0.31 0.50 0.41

GESSVDD-I-GR-min (ESSVDD) 0.36 0.34 0.18 0.09 0.19 0.52 0.46 0.43 0.36 0.21 0.31

GESSVDD-0-GR-min (SSVDD) 0.60 0.34 0.48 0.39 0.43 0.49 0.43 0.35 0.44 0.17 0.41

ESVDD 0.54 0.19 0.34 0.14 0.39 0.52 0.42 0.32 0.17 0.36 0.34

SVDD 0.15 0.05 0.63 0.14 0.12 0.17 0.11 0.13 0.13 0.13 0.18

OCSVM 0.59 0.69 0.56 0.46 0.61 0.64 0.66 0.56 0.53 0.66 0.60

GESVDD-PCA 0.92 0.96 0.75 0.74 0.84 0.73 0.86 0.86 0.73 0.85 0.82

GESVDD-Sw 0.92 0.96 0.75 0.74 0.84 0.72 0.00 0.85 0.71 0.85 0.74

GESVDD-kNN 0.91 0.96 0.75 0.74 0.84 0.72 0.86 0.86 0.73 0.85 0.82

GESVM-pca 0.90 0.95 0.75 0.74 0.87 0.71 0.89 0.86 0.76 0.86 0.83

GESVM-Sw 0.90 0.95 0.75 0.74 0.85 0.66 0.87 0.84 0.75 0.85 0.82

GESVM-kNN 0.90 0.95 0.74 0.76 0.87 0.71 0.89 0.85 0.73 0.85 0.82

based solutions in most cases. Overall in linear methods, employing the kNN graph
in the subspace produces better results than other competing graphs. GESSVDD-
kNN-GR-min performs best over 5 and second-best over 2 out of 9 datasets. In
non-linear methods, a more varying performance is noticed. However, we recom-
mend GESSVDD-kNN-SR-max in the non-linear case because we did not observe
any case where the variant would under-perform with a significant margin. Com-
paring the minimization/maximization, it can be observed that maximizing Lb and
minimizing Lw typically provide better results. This is expected because an intuitive
assumption is that between-cluster scatter should be maximized and within-cluster
scatter minimized.
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3.5 Macroinvertebrate Taxa Identification With One-Class

Classification

In this section, we demonstrate the capability of OCC methods to improve the per-
formance of deep CNNs over a specific domain application. We selected the task
of macroinvertebrate taxa identification both due to its practical importance and be-
cause the selected large-scale dataset with a very imbalanced class distribution is well
suited for the intended demonstration of OCC capabilities. The dataset contains
specimens belonging to rare species which are challenging to model by traditional
machine learning techniques.

Benthic macroinvertebrate monitoring is a crucial task for understanding ecolog-
ical changes. The presence of benthic macroinvertebrates is widely used for environ-
mental decision making, and ecological status assessment in aquatic ecosystems [76].
Traditionally, taxa identification is carried out manually and requires a lot of tedious
work. Alternative automated solutions based on training predictive machine learn-
ing models using datasets of images are being developed [77]. However, solutions
based on machine learning require correctly labeled and ample training data from all
taxa to be identified. Due to the unavailability of well-balanced big datasets, more
work is still needed to enable the automatic identification of benthic macroinver-
tebrates in real-life biomonitoring. Recently, larger publicly available datasets have
been introduced [78, 79] along with developing more practical and accurate imag-
ing devices [78, 80]. However, one of the main challenges in adopting automated
or semi-automated techniques in real-life biomonitoring stems from the imbalanced
nature of the dataset. The number of specimens from the rarest taxa in the datasets
remains too low to efficiently learn with CNNs, while the taxa may be important
from the biodiversity monitoring perspective. At the same time, specimens from
the same taxa can exhibit significantly different features, while different taxa can be
very similar, leading to a fine-grained classification problem.

In order to better identify some rare species, we proposed a two-step solution. In
step 1, the features are extracted via a state-of-the-art deep neural network. In step
2, we create a model based on OCC for specific taxa. The proposed framework is
shown in Fig. 3.5. In the proposed framework, the samples of macroinvertebrates are
first collected, and then the preprocessing is carried out. The preprocessed images
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are used as input to a deep CNN for identification in the first phase. The features are
also extracted from the network, and they are transformed into a lower-dimensional
space so that the OCC method can focus on the key features. The OCC models
are trained for specific taxa, and each model identifies a rare species of interest. The
instances predicted belonging to the target class are sent for manual identification to
then be biologically assessed.

CNN 
identification

Dimensionality 
reduction

Biological assesment

Imaging and 
preprocessing
Imaging and 

preprocessing

Manual 
identification

Manual 
identification

Initial labels

Samples labeled 
as target

Expert labels
(update initial labels)

Outliers (keep initial labels)

Images Features

Lower-dimensional
Features

One-Class 
Classification

Specimens

Figure 3.5 Proposed pipeline for boosting rare benthic macroinvertebrates taxa identification with one-
class classification [P5].

3.5.1 Dataset and Experimental Setup

In our experiments, we used the FIN-Benthic2 dataset4 [79]. The dataset consists of
460004 images of 9631 benthic macroinvertebrate specimens belonging to 39 differ-
ent taxa. The dataset is very imbalanced, and the images per taxon range from 490
to 44240. Ten different splits of the images are provided for training, validation, and
testing in the dataset. In this work, we used Split 1 for our experiments. For proof
of concept, we selected three different taxa, namely, Capnopsis schilleri, Nemoura
cinerea, and Leuctra nigra, as our rare species for the target classes. The selected taxa
are rare in the dataset, and they are picked as a proof-of-concept, not based on their
environmental significance. Table 3.9 summarizes the selected classes.

Our experiments used a VGG16 network as the base model, pre-trained on Im-
ageNet and fine-tuned on the FIN-Benthic2 dataset. On top of the VGG16 convo-
lutional output, we added two dense layers with 4069 and 39 neurons, respectively.

4https://etsin.fairdata.fi/dataset/a11cdc26-b9d0-4af1-9285-803d65a696a3
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Table 3.9 Image numbers in Split 1 of FIN-Benthic2 dataset [P5].

Train Validation Test

Capnopsis schilleri 600 100 350

Nemoura cinerea 650 100 50

Leuctra nigra 1100 50 200

Whole dataset 321407 45912 92685

The first layer used ReLU activation, while the second (output) layer used soft-max
activation. To avoid overfitting, we also applied dropout over the dense layers. For
the dimensionality reduction block, we used PCA and kept the first 100 principal
components as an input to the OCC module. We used OCSVM, SVDD, SSVDD,
SSVDDr1, and SSVDDr2 in our experiments. Where SSVDDr1 is the variant of
SSVDD, which uses all the instances in the regularization terms, and SSVDDr2 refers
to using only support vectors in the regularization term ψ (See 3.1.2).

3.5.2 Results and Discussion

The obtained results are summarized in Table 3.10. We report the results in terms of
four different evaluating metrics. The TPR refers to the sensitivity of the model and
measures the fraction of correctly identified target samples. The GM considers the
TPR and TNR; it is the square root of the product of the TPR and TNR. The TNR
refers to the specificity of the model and measures the fraction correctly identified
as outliers. We report the TP, which corresponds to the total number of correctly
identified target samples. The total number of samples predicted as positives for
manual identification is reported as Positive Detected (PD). PD is calculated as the
sum of the TP’s and FP’s.

It is clear from the experimental results that one-class classifiers can indeed com-
plement a deep neural network. The best performing classification model in terms
of GM was regularized linear SSVDD, where only the support vectors are selected
in the regularization term. The proposed framework allows dividing the tasks be-
tween human experts and machines, thus improving the overall efficiency. In this
work, we met the objective of assessing the performance of OCC methods over a
specific domain application.

The proposed taxa identification framework is an example of demonstrating the
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capability of OCC methods for improving the performance of CNN-based algo-
rithm over imbalanced datasets. The proposed framework can be used for similar
applications of dividing the identification task between machines and human ex-
perts. The framework can be further enhanced by considering the classification
confidences of both the CNN and one-class classifiers. The proposed framework
considers unimodal data, while there are multiple images of a single specimen in
the given dataset. In the future, the framework can be adapted to using multimodal
OCC techniques.

Table 3.10 One-class classifier results for different target species [P5].

Capnopsis schilleri Nemoura cinerea Leuctra nigra
TPR GM TP PD TPR GM TP PD TPR GM TP PD

CNN classification

VGG16 0.046 0.214 16 101 0.020 0.141 1 39 0.170 0.412 34 174

Linear one-class classification

OCSVM 0.906 0.613 317 54367 0.660 0.357 33 74739 0.625 0.437 125 64304
SVDD 0.346 0.586 121 701 0.280 0.525 14 1422 0.730 0.832 146 4860
SSVDD 0.557 0.740 195 1893 0.480 0.676 24 4385 0.805 0.838 161 11910
SSVDDr1 0.609 0.773 213 1977 0.340 0.567 17 5209 0.805 0.837 161 12103
SSVDDr2 0.706 0.825 247 3573 0.560 0.702 28 11178 0.855 0.876 171 9625

EOCC 0.620 0.779 217 2077 0.380 0.601 19 4487 0.820 0.848 164 11497

Non-linear one-class classification

OCSVM 0.034 0.185 12 87 0.000 0.000 0 51 0.220 0.469 44 102
SVDD 0.331 0.574 116 658 0.300 0.543 15 1441 0.730 0.832 146 4904
SSVDD 0.503 0.705 176 1169 0.440 0.649 22 3890 0.815 0.853 163 10085
SSVDDr1 0.540 0.730 189 1404 0.400 0.622 20 3138 0.780 0.854 156 6221
SSVDDr2 1.000 0.000 350 92685 0.220 0.465 11 1762 0.995 0.003 199 92683

EOCC 0.503 0.705 176 1160 0.300 0.542 15 1883 0.775 0.851 155 6245
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4 CONCLUSIONS

Subspace learning and OCC are two different active research areas for many tar-
geted applications. Subspace learning aims to map high-dimensional data to a lower-
dimensional space by preserving the crucial information and finding an optimized
subspace for the task at hand. PCA is a classic example of subspace learning and has
been used in many real-world problems to obtain critical features in the latent space.
On the other hand, traditional OCC methods aim at obtaining a data description in
a given feature space by using data only from one category. SVDD is a typical exam-
ple of a method obtaining a data description by finding a minimum hyperspherical
boundary around a target class data.

In this thesis, we focused on developing new techniques of subspace learning for
OCC. In [P1], we proposed a gradient-based subspace learning method SSVDD for
OCC. SSVDD defines a data description in a lower-dimensional space optimized for
OCC. It forms the basis of this thesis and the initial research question of creating a
methodology where the subspace learning and learning an OCC model complement
each other for improved OCC performance was answered, and hence the initial ob-
jective was met. However, SSVDD is limited by the rigid hyperspherical boundary.
The hyperspherical boundary can result in superfluous regions that do not contain
any instances from the target class. The proposed method in [P1] was further en-
hanced by using a more flexible boundary in [P2] by taking into account the covari-
ance of the data in the subspace. ESSVDD developed in [P2], converges faster than
[P1] and generalizes SSVDD by using a hyperellipsoid instead of a hypersphere. In
[P2], the objective of further optimizing the data description by considering alter-
natives for the traditional hyperspherical description to improve the classification
performance of OCC was met.

The third objective of the thesis was to infer a shared latent representation for
multimodal data and exploit the relationship between the modalities in OCC. We
met this objective in [P3], where we proposed MSSVDD, which is a novel technique

90



for transforming multimodal data into a shared sub-space optimized for OCC. In
[P4], the objective of integrating different solutions into a unified framework was
met. In [P4], GESSVDD is proposed, which allows incorporating different data rela-
tionships in the form of graph structures in the optimization process. The proposed
framework also highlighted the similarities and differences between different meth-
ods. Moreover, as an alternative to the initial proposed gradient-based solution, spec-
tral and spectral regression-based solutions were proposed. The novel GESSVDD
led to improved performance against the baselines and other competing methods.
SSVDD and ESSVDD were shown to be special cases of the proposed framework.

In [P5], we demonstrated the capability of OCC methods to improve the perfor-
mance of a deep CNN. We developed a framework to identify rare benthic macroin-
vertebrates. The proposed framework is useful for similar applications where one of
the categories to be classified is rare in nature. We met the objective of accessing the
performance of OCC methods over different domain applications in all the publica-
tions; however, in [P5], we emphasized the usage of OCC methods over a particular
dataset in addition to developing the specific method. Based on the contributions
of this thesis, we answered the research questions and met the objectives set at the
beginning of the thesis.

To summarize, we introduced novel subspace learning methods for OCC. We
guided the traditional SVDD towards a new unexplored era of jointly optimizing
a subspace and data description. We unified different subspace learning techniques
for OCC in a single framework and introduced different solutions. We provided
linear and non-linear formulations for all the proposed methods and achieved bet-
ter performance over standard datasets. We also used the proposed framework to
identify rare benthic macroinvertebrates and showed the capability of OCC meth-
ods in general and the proposed SSVDD method in particular to complement deep
neural networks.

While the proposed methods have shown promising results over datasets from
various domains, there are some limitations, and the methods still fall short of meet-
ing all the challenges in the field of OCC. OCC methods are employed to identify a
novel pattern or behavior, and failing to identify them may have a high risk associ-
ated with it. We assumed an equal cost for all errors and used traditional evaluation
metrics for all datasets from different domains. However, the cost of failing to detect
a specific condition in terms of risk is very different for health diagnostic tests than
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intrusion detection systems. There is a need to develop methods that incorporate
the risk information in the optimization process of the OCC models. Moreover,
the proposed methods cannot deal with the changing nature of the input data. In
some real-world applications, such as environmental monitoring, the data changes
its nature over time, and an outlier may represent the target class concept in the fu-
ture. Thus adaptive techniques of dealing with non-stationary data for the proposed
methods are also needed.

In the future, the proposed methods should be further enhanced to reduce their
computational complexity. The proposed methods are iterative, and further research
can help to increase the convergence speed of these methods. For example, using
Newton’s method rather than gradient descent in the proposed methods should be
considered. We used an RBF kernel in all our experiments for non-linear data de-
scription, and there is no mechanism in place for identifying the best kernel function
beforehand. We recommend using and analyzing other kernel types such as poly-
nomial and sigmoid kernels as well. Using other kernel types instead of RBF may
provide better computational complexity or classification accuracy. GESSVDD pro-
posed in [P4] can be further enhanced through exploiting multiple graphs by com-
bining the geometric data relationships using a weight parameter. The proposed
framework in [P5] can be extended to an end-to-end deep learning-based solution
by embedding the OCC methods inside the deep learning methodology.

The developed methods in this thesis use support vector-based techniques for en-
capsulating the training data. We suggest investigating similar methodologies for
other OCC approaches such as density estimation and reconstruction-based meth-
ods. Moreover, the multimodal approach developed in this thesis uses hyperspheri-
cal encapsulation of the data, which can be further improved by using hyperellipsoid
or graph-based structures in the subspace optimized for multimodal data.

The proposed methods can be used for target (or anomaly) detection in cases
where it is often difficult or impossible to obtain data from one of the categories,
such as fraud detection, abnormal event detection in a multi-sensory environment,
and anomaly detection in medical diagnosis. Most possible situations representing
fraud, abnormal events, and anomalies are difficult to collect for training the model.
In medical diagnosis, the data from non-healthy subjects are either hard or simply im-
possible to obtain. For example, in mammography for cancer detection, the specific
target class recognition of cognitive brain functions, in the interstitial lung diseases
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categorization or detecting nosocomial infections through clinical data, a represen-
tative training set representing non-healthy data is challenging to obtain. In such
cases, the proposed methods can be used for training a OCC model.
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ERRATA FOR PUBLICATIONS

Publication II:
Eq. (17) should be as follows

∂ L
∂ ξi
= 0⇒ C −αi − γi = 0. (17)

Eq. (34) should be as follows

R2 = (E−
1
2 Qs)⊺E−

1
2 Qs− 2(E−

1
2 Qs)⊺u+u⊺u, (34)
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Abstract—This paper proposes a novel method for solving one-
class classification problems. The proposed approach, namely
Subspace Support Vector Data Description, maps the data to
a subspace that is optimized for one-class classification. In that
feature space, the optimal hypersphere enclosing the target class
is then determined. The method iteratively optimizes the data
mapping along with data description in order to define a compact
class representation in a low-dimensional feature space. We
provide both linear and non-linear mappings for the proposed
method. Experiments on 14 publicly available datasets indicate
that the proposed Subspace Support Vector Data Description
provides better performance compared to baselines and other
recently proposed one-class classification methods.

Index Terms—One-class Classification, Support Vector Data
Description, Subspace Learning

I. INTRODUCTION

In data classification, the overall goal is to define a model
that can classify data into a predefined set of classes. During
the training phase, the parameters of the classification model
are estimated using samples belonging to the classes of inter-
est. When the classification task involves two or more classes,
model training requires a sufficient number of samples from
each class and the corresponding class labels. However, in
cases where we are interested in the distinction of a class from
all other classes, the application of multi-class classification
methods is usually not appropriate.

In case where both the class of interest (here-after called
positive class) and all other classes (used to form the negative
class) are sufficiently represented in the training set, class-
specific models can be employed [1] [2] [3] [4], whereas, if the
negative class is not sufficiently represented, one-class models
should be applied. The main conceptual difference between
class-specific and one-class models is that the former ones
try to discriminate the positive class from every other class,
while the latter ones try to describe the positive class without
exploiting information related to negative samples. This is why
one-class models can be applied in problems where only the
positive class can be sufficiently sampled, while the negative
one is either too rare or expensive to sample [5].

One-class classification problem has been tackled mainly
by three approaches: density estimation, reconstruction and
class boundary description [6]. For the density estimation
approach, the Gaussian model, the mixture of Gaussians [7]
and the Parzen density [8] are the most popular ones [9].
In reconstruction methods, the class is modelled by making
some assumptions about the process which generates the

target data. Some examples of reconstruction methods are
based on K-means clustering, learning vector quantization and
self-organizing maps [10]. In boundary description, a closed
boundary around the target data is optimally formed. Support
Vector Data Description (SVDD) [11] is one of the popular
boundary methods used for solving one-class classification
problems, by defining a hypersphere enclosing the target class.
The hypersphere of SVDD can be made more flexible using
kernel methods [11].

Other boundary methods have also been proposed for
one-class classification. In [12], One-Class Support Vector
Machine (OC-SVM) is proposed, in which the objective is
to define the hyperplane that discriminates the data from
the origin with maximum margin. It has also been proven
that the solutions of SVDD and OC-SVM are equivalent
for normalized data representations in the kernel space [13]
[14]. In [15], Graph Embedded OC-SVM (GE-OC-SVM) and
Graph Embedded SVDD (GE-SVDD) methods are introduced
as extensions of [12] and [11], respectively. These methods
incorporate geometric class information expressed by generic
graph structures in OC-SVM and SVDD optimization that acts
as a regularizer to their solution.

One-class classification has been used for many different
applications. In [16], one-class classification is used for detect-
ing faults in induction motors. In [17], one-class classification,
particularly SVDD, is used in remote sensing for mapping
a specific land-cover class, illustrated with an example of
classification of a local government district in Cambridgeshire,
England. In [18], an SVDD-based algorithm for target de-
tection in hyperspectral images is developed. In [19], three
different one-class classifiers, i.e., one-class Gaussian mixture,
one-class SVM and one-class Nearest Neighbor are employed
to label sound events as fall or part of the daily routine for
elderly people based on sound signatures. In [20] one-class
classification is used for video summarization based on human
activities.

In this paper, we propose a novel method for generic one-
class classification, namely Subspace Support Vector Data
Description (S-SVDD). S-SVDD defines a model for the
positive class in a low-dimensional feature space optimized for
one-class classification. By allowing nonlinear data mappings,
simple class models can be defined in the low-dimensional
feature space that correspond to complex models in the orig-
inal feature space. Such an approach allows us to simplify
the information required for describing the class of interest,



while at the same time it can provide a good performance in
nonlinear problems.

The rest of paper is organized as follows. The proposed S-
SVDD method is described in detail in Section II. Experiments
conducted in order to evaluate its performance on generic
one-class classification problems are provided in Section III.
Finally, conclusions are drawn in Section IV.

II. SUBSPACE SUPPORT VECTOR DATA
DESCRIPTION

Let us assume that the class to be modeled is represented by
a set of vectors xi, i = 1, . . . , N , living in a D-dimensional
feature space (i.e. xi ∈ RD). Subspace Support Vector Data
Description (S-SVDD) tries to determine a d-dimensional
feature space (d ≤ D), in which the class can be optimally
modeled. When linear projection is considered, the objective
is to determine a matrix Q ∈ Rd×D, such that:

yi = Qxi, , i = 1, . . . , N, (1)

can be used in order to better model the class using a
one-class classification model. We will describe how non-
linear mappings can be exploited to this end using kernels
in Subsection II-D.

The one-class classifier employed in this work is SVDD
[11], which models the class by defining the hypesphere tightly
enclosing the class. That is, given the data representation in
the low-dimensional feature space Rd, we want to determine
the center of the class a ∈ Rd and the corresponding radius
R, by minimizing:

F (R, a) = R2 (2)

such that all the training data are enclosed in the hypersphere,
i.e.:

‖Qxi − a‖22 ≤ R2, i = 1, . . . , N. (3)

In order to define a tighter class boundary (and possibly
handle the situation of outliers in the training data), a relaxed
version of the above criterion is solved by introducing a set
of slack variables ξi. That is, the optimization function to
minimize becomes:

F (R, a) = R2 + C
N∑

i=1

ξi (4)

under the constraints that most of the training data should lie
inside the hyper-sphere, i.e.:

‖Qxi − a‖22 ≤ R2 + ξi, i = 1, . . . , N (5)
ξi ≥ 0, i = 1, . . . , N. (6)

The parameter C > 0 in (4) is a regularization parameter
which controls the trade-off between the volume of hyper-
sphere and the training error caused by allowing outliers in the
class description. C is inversely proportional to the fraction of
the expected outliers in the training set. Increasing the value
of C will allow more training samples to fall outside the class
boundary.

The optimization problem in (4), under the constraints in (5)
and (6) corresponds to the original SVDD optimization prob-
lem optimized with respect to an additional parameter Q that
is used to define the optimal data representations for one-class
classification. In order to find the optimal parameter values, we
apply Lagrange-based optimization. The Lagrangian function
is given by:

L(R,a, αi, ξi, γi,Q) = R2 + C
N∑

i=1

ξi −
N∑

i=1

γiξi

−
N∑

i=1

αi

(
R2 + ξi − xT

i Q
TQxi

+ 2aT Qxi − aT a
)
) (7)

and should be maximized with respect to Lagrange multi-
pliers αi ≥ 0, γi ≥ 0 and minimized with respect to radius R,
center a, slack variables ξi and projection matrix Q.

By setting the partial derivative to zero, we get:

∂L

∂R
= 0 ⇒

N∑

i=1

αi = 1 (8)

∂L

∂a
= 0 ⇒ a =

N∑

i=1

αiQxi (9)

∂L

∂ξi
= 0 ⇒ C − αi − γi = 0 (10)

∂L

∂Q
= 0 ⇒ Q =

(
N∑

i=1

αixix
T
i

)−1( N∑

i=1

αixia
T

)
(11)

From (8)-(11), we can observe that the optimization param-
eters αi and Q are inter-connected and, thus, they cannot be
jointly optimized. In order to optimize (7) with respect to both
αi and Q, we apply an iterative optimization process where,
at each step, we fix one parameter and optimize the other, as
will be described in the following subsections.

A. Class description
Given a data projection matrix Q, the data description step

follows the standard SVDD-based solution. That is, substitut-
ing (1), (8), (9) and (10) in (7) we obtain:

L =
N∑

i=1

αiy
T
i yi −

N∑

i=1

N∑

j=1

αiy
T
i yjαj . (12)

Now, maximizing (12) gives the set of αi, i = 1, . . . , N . The
samples yi = Qxi corresponding to values αi > 0 are the
support vectors defining the data description. The samples yi

corresponding to values 0 < αi < C are on the boundary
of the corresponding hypersphere, while those outside the
boundary will correspond to values αi = C. For the samples
yi inside the boundary, the corresponding values of αi will be
equal to zero [11]. Here we should note that whether a sample
is a support vector or not, it is affected by the selection of the
data projection matrix Q, which is optimized based on the
process described next.



B. SVDD-based subspace learning

After determining the optimal set of αi, i = 1, . . . , N , we
optimize an augmented version of the Lagrangian function in
(12):

L =
N∑

i=1

αix
T
i Q

TQxi−
N∑

i=1

N∑

j=1

αix
T
i Q

TQxjαj+βΨ, (13)

where Ψ is a regularization term expressing the class variance
in the low-dimensional space having the form:

Ψ = tr(QXλλTXTQT ). (14)

β is a regularization parameter controlling the importance of
the regularization term in the update and tr(·) is the trace
operator. We additionally impose the constraint QQT = I, in
order to obtain a orthogonal projection. λ ∈ RN is a vector
controlling the contribution of each training sample in the
regularization term and can take the following values:

1) λi = 0, i = 1, . . . , N : In this case the regularization term
Ψ becomes obsolete and Q is optimized using (12). This
case is referred to as Ψ1 here-after.

2) λi = 1, i = 1, . . . , N : In this case all training samples
contribute to the regularization term Ψ equally. That is,
all samples are used in order to describe the variance of
the class. This case is referred to as Ψ2 here-after.

3) λi = αi, i = 1, . . . , N : In this case the samples
belonging to the class boundary, as well as the outliers,
are used to describe the class variance and regularize the
update of Q. This case is referred to as Ψ3 here-after.

4) λi = αC
i , i = 1, . . . , N , where αC ∈ RN is a vector

with values αC
i = αi, if Qxi is a support vector, and

αC
i = 0, otherwise. This case is referred to as Ψ4 here-

after.

We update Q by using the gradient of L, i.e.:

∆L = 2
N∑

i=1

αiQxix
T
i −2

N∑

i=1

N∑

j=1

Qxix
T
j αiαj+β∆Ψ, (15)

where ∆Ψ is the derivative of (14) with respect to Q, i.e.:

∆Ψ = 2QXλλTXT . (16)

C. S-SVDD optimization

In order to define both an optimized data projection matrix
Q and the optimal data description in the resulting subspace,
we iteratively apply the two processing steps described in
subsections II-A and II-B, as described in Algorithm 1. The
αi’s computed by maximizing (12) are used in (15) to update
Q through a gradient step using a learning rate parameter
η. The projection matrix Q is orthogonalized and normalized
in each iteration to force the orthogonality constraint before
applying the data mapping.

Algorithm 1: S-SVDD optimization

Input : X, β, η, d, C
Output: Q, R, α

// Initialize Q
Random initialization of Q;
Orthogonalize Q using QR decomposition;
Row normalize Q using l2 norm;
Initialize k = 1;

while k < kmax do

// SVDD in the subspace defined by Q
Calculate Y using (1);
Calculate αi, i = 1, . . . , N using (12);

// Update Q based on the SVDD solution
Calculate ∆L using (14)-(16);
Update Q← Q− η∆L;

// Normalize the updated Q
Orthogonalize Q using QR decomposition;
Row normalize Q using l2 norm;
k ← k + 1

end

// SVDD in the optimized subspace
Calculate Y using (1);
Calculate αi, i = 1, . . . , N using (12);

D. Non-linear data description

In order to exploit nonlinear mappings from RD to Rd

for one-class classification using the proposed S-SVDD, we
follow the standard kernel-based learning approach [13]. That
is, the original data representations xi ∈ RD, i = 1, . . . , N
are nonlinearly mapped to the so-called kernel space F using
a nonlinear function φ(·), such that xi ∈ RD → φ(xi) ∈ F .
In F , a linear projection of all the training data to Rd is given
by:

yi = Qφ(xi), , i = 1, . . . , N, (17)

where Q ∈ Rd×|F| is a projection matrix of arbitrary di-
mensions [13]. In order to calculate the data representations
yi, i = 1, . . . , N , we employ the kernel trick stating that Q
can be expressed as a linear combination of the training data
representations in F leading to:

yi = WΦTφ(xi) = Wki, i = 1, . . . , N, (18)

where Φ ∈ R|F|×N is a matrix formed by the training data
representations in F , W ∈ Rd×N is a matrix containing the
reconstruction weights of W with respect to Φ and ki is the
i-th column of the so-called kernel matrix K ∈ RN×N having
elements equal to Kij = φ(xi)

Tφ(xj). In our experiments we
use the RBF kernel, given by:

Kij = exp

(−‖xi − xj‖22
σ2

)
(19)



where σ > 0 is a hyper-parameter scaling the Euclidean
distance between xi and xj .

In order to exploit the above-described nonlinear data map-
ping within the proposed S-SVDD method, we work as fol-
lows: for a given matrix W, the training data xi, i = 1, . . . , N
are mapped to yi, i = 1, . . . , N using (18) and αi, i =
1, . . . , N are calculated by optimizing (12). Subsequently, W
is updated using:

∆L = 2
N∑

i=1

αiWkik
T
i − 2

N∑

i=1

N∑

j=1

Wkik
T
j αiαj + β∆Ψ,

(20)
∆Ψ = 2WKλλTKT . (21)

E. Test phase

During testing, a sample x∗ ∈ RD is mapped to its
representation in the low-dimensional space y∗ ∈ Rd using
(1) (or (18) for the non-linear case) and its distance from the
hypersphere center is calculated:

‖y∗−a‖22 = yT
∗ y∗−2

N∑

i=1

αiy
T
∗ yi+

N∑

i=1

N∑

j=1

αiαjy
T
i yj . (22)

y∗ is classified as positive when ‖y∗ − a‖22 ≤ R2 and as
negative, otherwise.

Table I: List of datasets used

No. Dataset name N D Target class

1 Balance scale 625 4 Left
2 Iris 150 4 Iris-virginica
3 Lenses 24 4 No contact lenses
4 Seeds 210 7 Kama
5 Haberman’s survival 306 3 Survived
6 Qualitative bankruptcy 250 7 Bankrupt
7 User knowledge modeling 403 5 Low
8 Pima Indians diabetes 768 8 No diabetes
9 Banknote authentication 1372 5 No
10 TA evaluation 151 5 High
11 PDelft pump 1500 64 Normal
12 Vehicle Opel 864 18 Opel
13 Sonar 208 60 Mines
14 Breast Wisconsin 699 9 Malignant

III. EXPERIMENTS

A. Data-sets, evaluation criteria and experimental setup

We performed experiments on the datasets listed in Table
I. Datasets 1-10 are downloaded from UCI website [21],
while datasets 11-14 are downloaded from TU delft pattern
recognition lab website [22]. The datasets with more than two
classes were converted to a positive class and a negative class
by considering the class with the majority of samples as the
positive class and others as the negative class. Table I shows
the target class of the each dataset in the last column.

In binary classification, a machine learning model can make
two kinds of errors during testing. It can either wrongly predict
a data sample from the positive class as negative or a negative
data sample as positive. In one-class classification, the focus is
on the target class and usually it is of greater interest to predict

the positive class accurately. Recall, also called sensitivity,
hit rate, or true positive rate, is the proportion of correctly
classified positive samples during the test:

Recall =
tp

p
, (23)

where tp is the total number of correctly classified positive
samples and p is the total number of positive samples in
the data. Recall is used to evaluate classification results in
cases, where it is more important to predict the positive class
accurately. Another metric used to evaluate machine learning
algorithm is precision, which is the proportion of correctly
classified samples among those classified into the positive
class:

Precision =
tp

tp+ fp
, (24)

where fp is an acronym for false positives, i.e., the number
of samples incorrectly predicted as positive during the test.
A perfect precision score of 1.0 means that every sample
classified as positive is from the positive class. In other
words, a low precision score indicates a large number of false
positives. F1 measure takes into account both precision and
recall. It is defined as their harmonic mean as

F1 = 2 ∗ Precision ∗Recall
Precision+Recall

. (25)

We use (25) for evaluating and comparing performance of the
proposed algorithm with competing methods.

To perform our experiments we divided our datasets into
train and test sets. We performed our experiments on each
dataset by selecting 70 percent of the data for training and
the remaining 30 percent for testing. The 70-30 train and test
sets were selected randomly 5 times to check the performance
of each model robustly. Thus, in total we created 5 train-test
(70-30%) partitions for each dataset. The proportion of each
class in each set follows the original proportions. Also for the
datasets having originally more than two classes, the positive
and negative class labels were assigned after the subset for
training and testing were created as described.

We selected the parameters for the proposed method by 5-
fold cross-validation over each training set according to the
best average F1 measure and then used them to train the final
model using the whole training set. Whenever we trained a
model, only positive samples were used. We selected the value
of the parameter β as 10l, where l = −4, . . . , 4, σ is the scaled
version of the mean distance between the training samples
using a scaling factor 10l, where l = −3, . . . , 3, and C from
[0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6]. The subspace dimension
d for datasets having more than 10 dimensional feature space
was restricted to a maximum of 10, i.e., d = 1, . . . , 10. For
datasets with D ≤ 10, we set d = 1, . . . , D.

We compared our results with the original SVDD (linear and
kernel), OC-SVM (linear and kernel), GE-OC-SVM and GE-
SVDD. The parameters were selected using a similar 5-fold
cross-validation approach and the common parameters were
selected from the ranges given above. Other parameters were
selected as in the corresponding research papers.



Table II: F1 measures on 14 datasets

Dataset 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Linear
SVDD 0.703 0.762 0.609 0.774 0.834 0.686 0.634 0.791 0.764 0.485 0.846 0.853 0.625 0.958
OC-SVM 0.688 0.612 0.394 0.619 0.644 0.562 0.532 0.529 0.657 0.532 0.632 0.590 0.535 0.660
S-SVDD Ψ1 0.907 0.899 0.620 0.756 0.836 0.692 0.960 0.786 0.908 0.482 0.856 0.855 0.618 0.957
S-SVDD Ψ2 0.898 0.897 0.724 0.827 0.839 0.720 0.957 0.793 0.889 0.502 0.857 0.855 0.599 0.960
S-SVDD Ψ3 0.896 0.881 0.649 0.798 0.841 0.722 0.946 0.787 0.886 0.507 0.856 0.855 0.633 0.960
S-SVDD Ψ4 0.896 0.868 0.694 0.778 0.821 0.715 0.954 0.784 0.852 0.458 0.857 0.854 0.638 0.953
Non-linear
SVDD 0.734 0.827 0.413 0.858 0.835 0.605 0.651 0.785 0.804 0.396 0.836 0.852 0.609 0.962
OC-SVM 0.544 0.673 0.523 0.444 0.743 0.550 0.409 0.786 0.700 0.274 0.661 0.679 0.530 0.630
GE-SVDD 0.757 0.857 0.314 0.799 0.811 0.554 0.654 0.790 0.797 0.484 0.830 0.847 0.550 0.966
GE-OC-SVM 0.815 0.869 0.398 0.800 0.816 0.594 0.658 0.667 0.930 0.498 0.613 0.788 0.593 0.962
S-SVDD Ψ1 0.635 0.725 0.736 0.727 0.842 0.700 0.518 0.786 0.728 0.472 0.836 0.858 0.504 0.961
S-SVDD Ψ2 0.662 0.573 0.603 0.540 0.845 0.762 0.523 0.790 0.717 0.473 0.856 0.858 0.637 0.783
S-SVDD Ψ3 0.734 0.694 0.624 0.719 0.838 0.620 0.578 0.785 0.720 0.417 0.856 0.858 0.637 0.902
S-SVDD Ψ4 0.495 0.700 0.736 0.774 0.841 0.632 0.562 0.572 0.703 0.474 0.832 0.858 0.637 0.951

Table III: Standard deviation of the F1 scores

Dataset 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Linear
SVDD 0.014 0.041 0.152 0.041 0.009 0.072 0.032 0.009 0.010 0.025 0.005 0.003 0.033 0.002
OC-SVM 0.074 0.143 0.257 0.171 0.055 0.082 0.071 0.093 0.015 0.091 0.027 0.024 0.083 0.040
S-SVDD Ψ1 0.022 0.034 0.154 0.041 0.007 0.046 0.017 0.009 0.026 0.088 0.002 0.004 0.022 0.004
S-SVDD Ψ2 0.026 0.032 0.136 0.052 0.017 0.012 0.019 0.006 0.031 0.049 0.001 0.003 0.058 0.012
S-SVDD Ψ3 0.029 0.061 0.157 0.057 0.009 0.016 0.016 0.016 0.039 0.052 0.001 0.003 0.048 0.004
S-SVDD Ψ4 0.024 0.063 0.118 0.030 0.038 0.016 0.031 0.013 0.110 0.078 0.001 0.003 0.022 0.016
Non-linear
SVDD 0.020 0.020 0.276 0.066 0.011 0.046 0.027 0.010 0.011 0.224 0.008 0.005 0.042 0.008
OC-SVM 0.164 0.158 0.331 0.275 0.139 0.107 0.233 0.014 0.073 0.173 0.114 0.146 0.075 0.354
GE-SVDD 0.029 0.022 0.312 0.064 0.045 0.045 0.052 0.021 0.023 0.101 0.007 0.006 0.042 0.009
GE-OC-SVM 0.039 0.056 0.368 0.071 0.026 0.131 0.058 0.261 0.019 0.063 0.188 0.121 0.090 0.009
S-SVDD Ψ1 0.006 0.058 0.060 0.178 0.010 0.029 0.036 0.004 0.039 0.029 0.047 0.000 0.282 0.018
S-SVDD Ψ2 0.053 0.124 0.340 0.089 0.004 0.048 0.051 0.002 0.012 0.050 0.002 0.000 0.000 0.100
S-SVDD Ψ3 0.013 0.027 0.353 0.059 0.008 0.135 0.074 0.029 0.017 0.133 0.002 0.000 0.000 0.079
S-SVDD Ψ1 0.369 0.035 0.060 0.049 0.007 0.089 0.058 0.330 0.021 0.037 0.057 0.000 0.000 0.021

B. Experimental results

Fig. 1, illustrates an example transformation of all the
data samples of dataset 5 (Haberman’s survival) from the
original 3-dimensional feature space to a lower 2-dimensional
feature space using the non-linear version of the proposed S-
SVDD method with the constraint Ψ1 (see subsection II-B).
The figure shows the capability of the proposed method to
transform the data to a compact form which is more suitable
to be enclosed by a hypersphere.

In Tables II and III, we report the average F1 measure and
the standard deviation of F1 measure for the evaluated linear
and non-linear methods. The linear version of the proposed
S-SVDD clearly outperforms all other linear methods. Only
for dataset 10, OC-SVM achieves a higher performance. The
non-linear version of S-SVDD outperformed other non-linear
methods on datasets 3, 5, 6, 11, 12 and 13. For dataset 8,
GE-SVDD and S-SVDD Ψ2 achieved the same results. GE-
OC-SVM obtained the best results on datasets 1, 2, 7, 9 and
10. Compared to the baseline methods (SVDD and OC-SVM),
S-SVDD shows a clear improvement.

For datasets 12 and 13, the non-linear versions of S-SVDD
(except for Ψ1 for dataset 13) have zero standard deviation.
A closer inspection of the results shows that, in these cases,

the obtained mapping and data description classify all the test
samples as positive, due to the selection of small values for the
hyper-parameter C [23]. A tighter fitted hypersphere on the
training data may possibly lead to more meaningful results,
which could be achieved by restricting the range of the C
values used during the cross-validation process applied on the
training data for hyper-parameter selection of the proposed
method.

When comparing the different regularization terms Ψ used
with the proposed method, Ψ2 achieves the best performance
most often with both linear and non-linear versions. In Ψ2, all
training samples contribute to the regularization term equally.

IV. CONCLUSION

In this paper, we proposed a new method for one-class clas-
sification. The proposed S-SVDD method maps the original
data to a lower dimensional feature space, which is more
suitable for one-class classification. The method iteratively
optimizes the mapping to the new subspace and the data
description in that feature space. Both linear and non-linear
versions were defined along with four different regularization
terms.

We performed experiments on 14 different publicly avail-
able datasets. Our experiments showed that the proposed



Figure 1: Transforming dataset 5 (Haberman’s survival) from 3-dimensional feature space to 2-dimensional feature space using
the proposed method (kernel S-SVDD Ψ1)

method yields better results than the baselines and competing
one-class classification methods in majority of the cases. A
constraint that uses all samples for describing the data variance
leads to the best results for S-SVDD.

In the future, we intend to try the proposed S-SVDD method
with different kernels and design new regularization terms. We
will also evaluate a similar mapping approach in combination
with other already established one-class classification methods.
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ABSTRACT In this paper, we propose a novel method for transforming data into a low-dimensional
space optimized for one-class classification. The proposed method iteratively transforms data into a new
subspace optimized for ellipsoidal encapsulation of target class data. We provide both linear and non-linear
formulations for the proposed method. The method takes into account the covariance of the data in the
subspace; hence, it yields a more generalized solution as compared to the data description in the subspace by
hyperspherical encapsulation of target class data. We propose different regularization terms expressing the
class variance in the projected space. We compare the results with classic and recently proposed one-class
classification methods and achieve competing results and show clear improvement compared to the other
support vector based methods. The proposed method is also noticed to converge much faster than recently
proposed Subspace Support Vector Data Description.

INDEX TERMS Anomaly detection, ellipsoidal data description, machine learning, one-class classification,
subspace learning.

I. INTRODUCTION
The ability of machines to make a concise description
of information requires learning from previous experience.
Researchers have been trying to develop techniques for
accurately modeling data using supervised and unsupervised
learning techniques for many decades. In unsupervised learn-
ing techniques, patterns are found without any knowledge of
class labels [1]. In supervised learning, labeled training data
are used to train models for classifying future instances into
different categories [2]. A typical multi-class classification
task can be decomposed into several binary classification
tasks, where the aim is to decide to which of the two con-
sidered classes samples belong to [3]. In binary classification,
the data from both classes are used to train a model. One-class
classification is conceptually close to binary classification,
but the models for classifying future instances are trained
using data only from one particular target class [4], [5].

The associate editor coordinating the review of this manuscript and
approving it for publication was Shagufta Henna.

In practice, one-class classification is used when data from
one of the classes is scarce.
In one-class classification, the class of interest to be mod-

eled is called target or positive class, while samples from the
other unknown class(es) are referred to as outliers or nega-
tive samples. Numerous attempts have been made to solve
one-class classification tasks [6]. The three main approaches
for solving one-class classification tasks are density based,
reconstruction based, and border based methods [7]. In the
density based approach, the description of the target class
is based on its density [8], which is usually estimated by
using popular density estimationmethods such as Parzen den-
sity, Gaussian model, or mixture of Gaussians [9]. In recon-
struction based approach, some assumptions about the data
generating process are made. The underlying function which
represents the target class is obtained by fitting a curve over
the data by using prior information, such as data cluster-
ing characteristics. Self-organizing maps (SOM) [10] and
least-squares quantization [11] are classic examples of recon-
struction methods. In border based approaches, a model is
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created by defining a closed boundary around the target
class without estimating its density. One-class Support Vector
Machine (OC-SVM) [12] and Support Vector Data Descrip-
tion (SVDD) [13] are among the popular boundary tech-
niques for one-class classification. In OC-SVM, a hyperplane
separating the target class is constructed so that the distance
of the hyperplane from the origin is maximized. In SVDD,
a hypersphere is formed around the target class data by min-
imizing the volume of hypersphere in a given feature space.
Recently, there has been a rising trend to propose approaches
based on regression and neural-networks as well [5], [14].
SVDD has been justified over time as a powerful data

description method and it has been used in many different
application domains for solving one-class classification prob-
lems. For example, in [15], SVDD is found to be an excellent
choice for solving the problem of identification of freshness
of eggs using near infrared spectroscopy (NIR)with an imbal-
anced number of training samples. In [16], a terrain clas-
sification method for ensuring navigation safety of mobile
service robots based on SVDD is proposed. To enhance the
performance of SVDD, numerous extensions and hybridiza-
tion techniques have been proposed [8], [17]–[21]. The main
extensions of SVDD can be categorized into four main cate-
gories. In the first category of extensions, the techniques are
focused on manipulating the structure of data, such as asso-
ciating a confidence coefficient with all training instances
which deals with the uncertainty of data [22]. In the second
category, the performance is enhanced by proposing new
non-linear methods and reducing the complexity of algo-
rithms [23], [24]. Techniques for handling non-stationary data
in the context of one-class classification falls in the third
category of extensions [25]. In the fourth category, different
changes are proposed in the shape of the boundary encapsu-
lating the target data [26].
A popular alternative to the spherical SVDD is Ellip-

soidal SVDD (E-SVDD) [26], [27]. E-SVDD forms a unique
hyperellipsoid with a minimum volume covering most of the
target data. An ellipsoid, unlike a hypersphere, takes into
account the difference in variance for each dimension as well
as covariance between them. A hypersphere, characterized
only by a radius and a center will result in superfluous
regions which do not contain any target objects in the input
space [28]. Ellipsoids with a minimum volume containing the
target data have applications spanning over many different
fields. For example, in [29], it is used to detect intrusion in
computer networks and, in [30], it is used to estimate the
distance between a robot and its surrounding environment
for obstacle collision avoidance. An ellipsoid is preferred for
heterogeneous data in the input space because its shape is less
conservative than a sphere. However, there are some difficul-
ties in kernelizing the algorithms. The kernel trick cannot be
applied directly to E-SVDD because its formulation includes
outer products rather than inner products [31].
In this paper, we propose a novel subspace learning algo-

rithm for ellipsoidal one-class classification. The proposed
method takes into account the covariance of data in the

subspace so that the boundary created around the target class
is a better fit. The proposed method finds a projection along
with a data description iteratively by minimizing the vol-
ume of the hyperellipsoid. We propose different variants of
the proposed method by proposing different settings of the
regularization term, which takes into account the concentra-
tion matrix. We also annexed the regularization term with
different settings without taking into account the concentra-
tion matrix and report the results. The proposed method is
called Ellipsoidal Subspace Support Vector Data Description
(ES-SVDD), since it is analogous to Subspace Support Vector
Data Description (S-SVDD) [32] but offers more flexibility
by using hyperellipsoid instead of hypersphere. Our results
show that using hyperellipsoid for data description in the
subspace converges faster and produces better results than
the data description in a subspace using hypersphere. Fur-
ther, we see that hyperellipsoid in the subspace optimised
for one-class classification provides provides a better data
description as compared to the hyperellipsoid in the origi-
nal feature space. We also propose a non-linear version of
the algorithm by exploiting the non-linear projection trick
(NPT) [33].
The rest of the paper is organized as follows. In Section II,

we present an overview of related works. In Section III,
a detailed derivation of the newly proposed method is pre-
sented. In Section IV, we provide and discuss the experi-
mental protocol along with the obtained results and, finally,
conclusions are drawn in Section V.

II. BACKGROUND AND RELATED WORK
One-class classification has been studied extensively in
recent years and the approaches predominantly focus on
data description in a given feature space [7], [13], [22].
On the other hand, feature selection and subspace learning
have been an active research area in machine learning, pri-
marily for challenges with data available for all categor-
ies [34], [35]. The aim is to avoid the curse of dimensionality
in the original feature space by modeling the given data in a
lower dimensional space.
In feature selection methods, a subset of representative

features is selected by following some criterion [36]–[38].
The two main approaches for feature selection are the filter
approach and thewrappers approach. In the filter approaches,
the main focus is on the intrinsic characteristics of the data
and they do not take into account any classification algorithm.
On the other hand, the wrappers approaches are dependent
only on a specific classification algorithm [39].
In subspace learning, the features are transformed from

original feature space to a lower-dimensional subspace [40].
Most of the existing subspace learning methods, particularly
for anomaly detection, follow three general steps [41], [42]:
First, the features are selected randomly by applying random
projections to the attributes. Second, classical algorithms are
applied locally in each subspace and scores (e.g., voting) are
computed. Finally, all the scores are aggregated to compute a
global score for classification.
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The focus of our paper is to find an optimized subspace
for one-class classification. We review the classical one-class
classification method, SVDD, in Section II-A and also pro-
vide an overview of S-SVDD and graph embedded one-class
classifiers in Sections II-B and II-C, respectively.

A. SUPPORT VECTOR DATA DESCRIPTION
Let us denote the data points to be enclosed inside a closed
boundary by a matrix X = [x1, x2, . . . xN ], xi ∈ RD, where
N is total number of instances andD is dimensionality of data
in the original feature space. All the data samples represented
by X belong to the same class.
SVDD finds a spherical boundary around the data by min-

imizing the volume of a hypersphere enclosing all the target
class data:

min F(R, a) = R2

s.t. ‖xi − a‖22 ≤ R
2, ∀i ∈ {1, . . . ,N }, (1)

where R is the radius of hypersphere and a ∈ RD is the center
of the hypersphere in the given feature space. Slack variables
ξi, i = 1, . . . ,N are introduced for allowing the possibility
of data points being outliers, hence the optimization problem
changes to

min F(R, a) = R2 + C
N∑
i=1

ξi

s.t. ‖xi − a‖22 ≤ R
2
+ ξi,

ξi ≥ 0, ∀i ∈ {1, . . . ,N }, (2)

whereC > 0 is a hyperparameter which controls the trade-off
between the volume of the sphere and the amount of data
outside the sphere. The Lagrangian dual of (2) reduces to

L =
N∑
i=1

αix
ᵀ
i xi −

N∑
i

N∑
j

αiαjx
ᵀ
i xj, (3)

subject to 0 ≤ αi ≤ C . Maximizing (3) gives a set of αi
for corresponding data points. The samples with αi > 0 are
the support vectors defining the data description [13]. The
samples corresponding to 0 < αi < C lie on the boundary of
the hypersphere and those with αi = C are outliers.

B. SUBSPACE SUPPORT VECTOR DATA DESCRIPTION
In S-SVDD [32], a projection matrixQ is determined to map
data from the original space RD to a new optimized lower
dimensional space Rd , d < D, so that the data are more
suitable for one-class classification:

min F(R, a) = R2 + C
N∑
i=1

ξi

s.t. ‖Qxi − a‖22 ≤ R
2
+ ξi,

ξi ≥ 0, ∀i ∈ {1, . . . ,N }, (4)

where a ∈ Rd is the center of the hypersphere in lower
d-dimensional space. The method iteratively solves the
SVDD in the current subspace to obtain the data description

parameters αi, i = 1, . . . ,N , and then updates the sub-
space projection by optimizing an augmented version of the
Lagrangian:

L =
N∑
i=1

αix
ᵀ
i Q

ᵀQxi −
N∑
i=1

N∑
j=1

αix
ᵀ
i Q

ᵀQxjαj + βψ, (5)

where ψ is a regularization term expressing the class vari-
ance in the low dimensional space and β is a regularization
parameter controlling the importance of the ψ , where

ψ = Tr(QXλλᵀXᵀQᵀ), (6)

where Tr(.) is the trace operator and λ ∈ RN is a vector
controlling the contribution of each training sample. Q is
updated by using the gradient of (5), i.e.,

Q← Q− η1L, (7)

where η is the learning rate. A non-linear version of S-SVDD
employing the kernel trick is also proposed in [32].

C. GRAPH EMBEDDED ONE-CLASS CLASSIFIERS
Graph embedded one-class classifiers constitute extensions
of the OC-SVM and SVDD by incorporating generic graph
structures in their optimization process. The generic graph
structures express geometric data relationships of the target
class in the data. For example, Graph Embedded SVDD
(GE-SVDD) [17] optimization problem is formulated as

min F(R, a) = R2 + C
N∑
i=1

ξi

s.t.
(
φ(xi)− a

)ᵀS−1(φ(xi)− a
)
≤ R2 + ξi,

ξi ≥ 0, ∀i ∈ {1, . . . ,N }, (8)

where φ(.) is any non-linear function used for mapping the
training samples from the input feature space to the kernel
space. Thematrix S contains the geometric data relationships.
For example, in PCA, the scatter of training data can be
expressed as

S =
1
N
8
(
I−

1
N
11ᵀ

)
8ᵀ
= 8L8ᵀ, (9)

where 1 ∈ RN is a vector containing all values as ones,
I ∈ RN×N is an identity matrix, and 8 is a matrix that
contains the training data representations in kernel space.
The Lagrangian of GE-SVDD is

L =
N∑
i=1

αiφ(xi)ᵀS−1φ(xi)

−

N∑
i=1

N∑
j=1

αiφ(xi)ᵀS−1φ(xj)αj. (10)

It has been shown in [17] that the optimization problem
in (10) is equivalent to the problem of SVDD in a transformed
feature space.
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III. ELLIPSOID SUBSPACE SUPPORT VECTOR
DATA DESCRIPTION
Our aim is to find a projection matrix Q ∈ Rd×D to be
used for transforming the data to an optimized subspace
suitable for one-class classification. In the following analysis,
we assume that the data has been centered by setting X ←
X − µ, where µ is the mean of the given training data. The
mapping from the original feature space with dimensionality
D to a subspace with dimensionality d ≤ D is carried
out. The mapping is done to transform the data so that it is
more suitable to be encapsulated inside an ellipsoid with a
minimum volume.
The optimization problem is formulated as

min F(R, a) = R2 + C
N∑
i=1

ξi

s.t. (Qxi − a)ᵀE−1(Qxi − a) ≤ R2 + ξi,

ξi ≥ 0, ∀i ∈ {1, . . . ,N }, (11)

where a is the center of the hyperellipsoid andE = QXXᵀQᵀ
is the covariance matrix of the data in d-dimensional space.
The inverse of covariance matrix E, also known as the con-
centration or precision matrix is symmetric and positive def-
inite E−1 ∈ Rd×d . By defining a new vector u = E−

1
2 a, (11)

can be written as

min F(R,u) = R2 + C
N∑
i=1

ξi

s.t. ‖E−
1
2Qxi − u‖22 ≤ R

2
+ ξi,

ξi ≥ 0, ∀i ∈ {1, . . . ,N }. (12)

The data in the subspace is represented by

yi = Qxi, i = 1, . . . ,N . (13)

The constraints in (12) can be incorporated into its corre-
sponding objective function by using Lagrange multipliers:

L = R2 + C
N∑
i=1

ξi −

N∑
i=1

αi
(
R2 + ξi

−(E−
1
2 yi)ᵀE−

1
2 yi + 2uᵀE−

1
2 yi − uᵀu

)
−

N∑
i=1

γiξi (14)

with Lagrange multipliers αi ≥ 0 and γi ≥ 0.
By setting partial derivatives with respect to R, u and ξi to

zero, we get

∂L
∂R
= 0 ⇒

N∑
i=1

αi = 1 (15)

∂L
∂u
= 0 ⇒ u =

N∑
i=1

αiE−
1
2Qxi (16)

∂L
∂ξi
= 0 ⇒ C − αi − ξi = 0. (17)

By substituting (15)-(17) into (14) we get

L=
N∑
i=1

αix
ᵀ
i Q

ᵀE−1Qxi−
N∑
i=1

N∑
j=1

αix
ᵀ
i Q

ᵀE−1Qxjαj. (18)

We can use SVDD to solve (18) for getting αi values. The
concentration matrix E−1 is equivalent to

E−1 = (QXXᵀQᵀ)−1. (19)

By putting (19) in (18) we get

L =
N∑
i=1

αix
ᵀ
i Q

ᵀ(QXXᵀQᵀ)−1Qxi

−

N∑
i=1

N∑
j=1

αix
ᵀ
i Q

ᵀ(QXXᵀQᵀ)−1Qxjαj. (20)

We add an extra term ϒ to (20) as a regularization term
expressing the class variance in the projected space, also
taking into account the concentrationmatrix. Hence, (20) now
becomes

L =
N∑
i=1

αix
ᵀ
i Q

ᵀ(QXXᵀQᵀ)−1Qxi

−

N∑
i=1

N∑
j=1

αix
ᵀ
i Q

ᵀ(QXXᵀQᵀ)−1Qxjαj + βϒ, (21)

where β controls the importance of regularization term and is
used as a hyperparameter. ϒ is defined as follows:

ϒ = Tr(E−
1
2QXλλᵀXᵀQᵀE−

ᵀ
2 ), (22)

where λ can take three different forms. In the first form, all
elements in λ take the value of 1 and, hence, all the samples
are used to describe the covariance of the class. In the second
form, λ is replaced by α, which means that the samples
belonging to the boundary and outside the boundary are used
to describe the covariance of the class. In the third form, the λi
values are replaced by αi values of the samples belonging to
the boundary and zero for other instances. The first, second
and third forms of the regularization terms are expressed
as ϒ1, ϒ2, and ϒ3 hereinafter.
In our experiments, we also consider the regularization

term expressing the class variance in the projected space
without taking into account the concentration matrix. This
is achieved by replacing the covariance matrix E with the
identity matrix I in (22). By doing so, the regularization term
ϒ becomes equivalent to ψ as described in (6). Analogous
to regularization term ϒ , ψ can also take different forms by
changing λ and similarly hereinafter we refer to all those
cases by ψ1, ψ2 and ψ3. The methods used with ψ and ϒ are
denoted by ES-SVDDψm and ES-SVDDϒm (m = 1, 2, 3),
respectively. We refer to the case, where no regularization
term is used in ES-SVDD, as ES-SVDDψ0ϒ0.
Equation (21) can be further simplified and written as

L = Tr((QXXᵀQᵀ)−1QX(A− ααᵀ)XᵀQᵀ)+ βϒ, (23)
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where A is a diagonal matrix having αi values in its diagonal
and α is a vector of αi’s. We use gradient of (23) to update the
projection matrix. The gradient can be solved using identity
126 in [43]:

1L = 2E−1QX(A− ααᵀ)Xᵀ

− 2E−1QX(A− ααᵀ)XᵀQᵀE−1QXXᵀ
+ β1ϒ, (24)

where

1ϒ = 2E−1QXλλᵀXᵀ

−2E−1QXλλᵀXᵀQᵀE−1QXXᵀ. (25)

When ψ is used as a regularization term, we use 1ψ instead
of 1ϒ in (24):

1ψ = 2QXλλᵀXᵀ. (26)

We obtain an optimised data projection matrix along with
optimised data description in a two-step iterative process.
In the first step, the αi values are computed by maximiz-
ing (18). In the second step,Q is updated through the gradient
descent after computing the gradient by using (23). In order to
obtain an orthogonal projection, we impose the orthogonality
constraint QQᵀ

= I. We orthogonalize and normalize Q
during the two-step iterative process. Algorithm 1 presents
the whole algorithm.

Algorithm 1 Linear ES-SVDD Optimization
Input : X, β, η, d,C, kmax
Output: Q, R, α
Random initialization of Q;
Initialize k = 1;
while k < kmax do

Compute concentration matrix E−1 using (19) ;
Solve αi, i = 1, . . . ,N with SVDD using (18);
Calculate 1L using (24);
Update Q← Q− η1L;
Orthogonalize Q using QR decomposition;
Row normalize Q using l2 norm;
k ← k + 1

end
// Data description in the optimized subspace
Compute concentration matrix E−1 using (19)
Calculate αi, i = 1, . . . ,N with SVDD using (18) ;

A. NON-LINEAR ELLIPSOIDAL SUBSPACE SUPPORT
VECTOR DATA DESCRIPTION
The non-linear ellipsoidal subspace SVDD is not trivial,
because the kernel trick cannot be applied directly due to the
outer products involved in its derivation. To avoid this prob-
lem, we follow the NPT based solution described below [33].
We first compute a noncentered kernel matrix K = 8ᵀ8
using the radial basis function kernel as

Kij = exp

(
−‖xi − xj‖22

2σ 2

)
, (27)

where σ is a hyperparameter scaling the distance between xi
and xj. The kernel matrix is centered as

K̂ = (I− J)K(I− J), (28)

where J ∈ RN×N is a matrix defined as

J =
1
N
11ᵀ. (29)

The centered kernel matrix is decomposed by using eigende-
composition:

K̂ = UAUᵀ, (30)

where A contains the non-negative eigenvalues of the cen-
tered kernel matrix in its diagonal and the columns of U
contain the corresponding eigenvectors. Finally, the data in
the reduced dimensional kernel space is obtained as

8 = (A
1
2 )+U+K̂, (31)

where + sign in the superscript denotes the pseudo-inverse.
After applying NPT, we continue by considering 8 as

our input data. This allows as to use the linear E-SVDD
formulation to obtain a non-linear transformation.

B. TEST PHASE
During the test phase of the linear case, a test instance x∗ is
first mapped to the optimized lower d-dimensional space as

y∗ = Qx∗. (32)

The decision to classify the instance as target or outlier is
taken on the basis of its distance from the center of data
description in the d-dimensional space. The distance is cal-
culated as follows:

‖E−
1
2 y∗ − u‖22 = (E−

1
2 y∗)ᵀE−

1
2 y∗

−2(E−
1
2 y∗)ᵀu+ uᵀu, (33)

where u can be solved with (16). If ‖E−
1
2 y∗ − u‖22 ≤ R2,

the test instance is classified as positive, as it will fall inside
the boundary of the data description. The test instance is
classified as negative if ‖E−

1
2 y∗ − u‖22 > R2. The threshold

R2 for taking the decision is calculated as follows:

R2 = (E−
1
2 s)ᵀE−

1
2 s− 2uᵀs+ uᵀu, (34)

where s is any support vector with 0 < αi < C .
During the test phase for non-linear ES-SVDD, we use

NPT by first computing the kernel vector as

k∗ = 8ᵀφ(x∗). (35)

The kernel vector is then centered as

k̂∗ = (I− J)[k∗ −
1
N
K1]. (36)

The centered kernel vector is then mapped to

φ∗ = (8ᵀ)+k̂∗ (37)

We now consider φ∗ as the test input x∗ and follow all the
steps described for the linear test.
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TABLE 1. Datasets used in the experiments.

IV. EXPERIMENTS
A. DATASETS AND EXPERIMENTAL SETUP
We evaluated the proposed and competing methods over
different datasets downloaded from UCI machine learn-
ing repository [44]. Since one-class classification methods
inherently are suited for binary (target and outliers) imbal-
anced classification problems, we converted the datasets to
one-class datasets by considering a single class in a dataset
at a time as the target class and all other classes as outliers.
Naturally, only the target class samples were used for training
the models, while all the classes were considered in the vali-
dation and test phases. The total number of samples, number
of target class samples, and number of dimensions in the
original feature space are given in Table 1.

In each dataset, 70% of the data was used for training
and the remaining 30% for testing. The train and test sets
were selected randomly by keeping the proportions of classes
similar to the full dataset. Each experiment was repeated
five times using different random train/test splits, while the
same five splittings were used for all the considered methods.
We report the average test performance over the five split-
tings. During training, a 5-fold cross-validation technique
was used to select the best hyperparameters with the best
evaluation score. We used only the training sets for selecting
the hyperparameters. We used Geometric mean (Gmean) as
the evaluation metric for all the methods. Gmean is defined
as

Gmean =
√
tpr × tnr, (38)

where tpr is true positive rate (also known as sensitivity) and
tnr is true negative rate (also known as specificity). For the
proposed ES-SVDD method, we chose the hyperparameters
from the following values
• β ∈ {10−4, 10−3, 10−2, 10−1, 100, 101, 102, 103, 104},
• C ∈ {0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6},
• σ ∈ {10−3, 10−2, 10−1, 100, 101, 102, 103},
• d ∈ {1, 2, 3, 4, 5, 10, 20, 50, 100},
• η ∈ {10−5, 10−4, 10−3, 10−2, 10−1}.
For all the competing methods, the hyperparameters corre-

sponding to ES-SVDD hyperparameters were selected from

the above values. For other hyperparameters, the same ranges
were used as provided in the corresponding work or stated
otherwise.We used the target class samples of the full training
set with the optimal hyperparameters for the final training and
then tested with the test set.

We compared the proposed ES-SVDD with other sup-
port vector (SV)-based and non-SV-based methods. The
SV-based one-class classification methods essentially create
a model by defining a boundary. The SV-based methods
used for comparison were S-SVDD [32], OC-SVM [12],
SVDD [13], and E-SVDD. The non-SV-based methods used
for comparison were density-based, reconstruction-based,
and regression-based one-class classification approaches.
The density-based methods used for comparison were
Parzen density-based data description [7] and Gaussian
density-based data description [7]. As reconstruction-based
methods, we used SOM data description [7] and K-means
data description [7]. The regression-based method used for
comparisonwasGraph EmbeddedOne-Class ExtremeLearn-
ing Machines (GE-OC-ELM) which exploits geometric class
information [5].

We used maximum likelihood estimation for finding the
optimum smoothing parameter in the Parzen density-based
data description. The grid-size in SOM was fixed to 5

√
Nt ,

where Nt is the size of training data for a given dataset [45].
We chose the number of clusters (Nc) for K-means from
Nc = {1, 2, 3} and report the best outcome. For non-linear
methods, we employed NPT for ES-SVDD and S-SVDD,
kernel whitening for Gaussian data description [46], and the
kernel trick for other methods. Since the closest counterpart
of the proposed method is S-SVDD and different regulariza-
tion terms for S-SVDD were proposed [32], we report the
results with all the previously proposed variants of S-SVDD.
We used LIBSVM [47] toolbox implementation for OC-SVM
and SVDD and DD-toolbox [48] for SOM, K-means data
description, Parzen density, and Gaussian density-based data
description. The implementation of GE-OC-ELM is publicly
available.1 The proposed ES-SVDD, along with S-SVDD

1https://sites.google.com/view/iosifidis/codes-and-datasets
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TABLE 2. Gmean results for linear methods over different datasets.

and E-SVDD, was implemented by the authors using Matlab
by leveraging LIBSVM.

B. EXPERIMENTAL RESULTS AND DISCUSSION
In Tables 2 and 3, we report the average test results for
each dataset for the linear and non-linear cases, respectively.
In each experiment, a single class was selected as the tar-
get class and the rest of the data as outliers (see Table 1).
We also report the average performance of the proposed and
competing methods in the average (Av.) column by averaging
the results for a given dataset. For example, the performance
over S-K, S-R, and S-C is averaged and provided in the Av.
column as the overall performance for Seeds dataset. In this
way, we can get an idea of the overall performance for each
algorithm over the full dataset. For ES-SVDD and S-SVDD,
we report the test results after 10 training iterations.
When compared to SV-based methods, our proposed meth-

ods achieved the best average results on all but Iris dataset in
the linear case and on half of the datasets in the non-linear
case. We note that the average results for the non-linear
methods are generally better than those of the linear ones for
the majority of the datasets. Overall, the proposed (linear and
non-linear) methods achieved the best average results in 4
out of 6 datasets among the SV-based methods. In general,

the best performing methods vary for different datasets, but
we can see that there is no case, where the proposed method
would fail completely, unlikemost of the competingmethods.
In the linear case, other SV-based competing methods outper-
formed ES-SVDDonly with Iris dataset, which has the lowest
original dimensionality and also a low number of samples.
Also in the non-linear case, other SV-based methods outper-
formed ES-SVDD most clearly on the 2 smallest datasets.
Thus, it seems that the proposed method is more beneficial
when the data dimensionality is higher.
When compared with also non-SV-based methods, we see

that the proposed method gave the best average performance
on 3 out of 6 datasets in the linear case. In the non-linear
case, the ranking of the methods varies more and only
GE-SVM achieved the best average results on more than
one (2) datasets. The proposed method outperformed the
other methods on Ionosphere dataset, which is the largest
considered dataset. Furthermore, the stable performance of
the proposed method makes it a viable solution also in the
non-linear case.
Comparing regularization terms for linear ES-SVDD,

we notice that ES-SVDD performed better in majority of
caseswith regularization termϒ2 which uses samples belong-
ing to the boundary and outside the boundary to describe the
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TABLE 3. Gmean results for non-linear methods over different datasets.

covariance of the class. Regularization term ψ1, which uses
all training samples to describe the covariance of the class,
also performed well. Both of these regularization terms pro-
duced 2 out of 6 best results in the linear case.We also noticed
that ES-SVDD without any regularization term performs the
worst as compared to ES-SVDD with regularization terms.

For non-linear ES-SVDD, the regularization terms ψ1 and
ϒ3 resulted in the best results for most of the datasets. How-
ever, ψ1 is also noticed to perform worse than the others in a
few datasets. ψ1 uses all target training samples in describing
the covariance of the class without taking into account the
concentration matrix. In ϒ3, the λ values take the values of
αi values of the boundary samples and zero for non-boundary
samples. In the non-linear case for high dimensional datasets,
we notice that using all the training data for describing the
covariance of the data in a projected space, with or without
using the concentration matrix (i.e., ψ1 or ϒ1), yielded the
best results for ES-SVDD.

We further notice that by considering the class vari-
ance taking into account the concentration matrix in the

regularization term, ES-SVDD performed better in most
datasets as compared to the regularization terms without
considering the concentration matrix. Overall ϒ2 is found
to be more robust that other regularization terms. Hence,
we recommend to use samples belonging to the bound-
ary and outside the boundary to describe the covariance
of the class while taking into account the concentration
matrix.

We also show the performance of the proposed ES-SVDD
and the recently proposed S- SVDD on the test set after
every training iteration for the linear and non-linear cases.
We compare the performances of these methods with differ-
ent regularization terms ϒ and ψ . The average Gmean value
is calculated for each iteration over the 5 test splits for the
different datasets, see Figures 1-6.

It can clearly be seen from the figures that for both the
linear and non-linear methods, ES-SVDD achieves its best
performance much earlier than the recently proposed coun-
terpart S-SVDD. This is not surprising, because the ellip-
soidal description can fit a larger variety of data distributions,
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FIGURE 1. Comparison of different regularization terms for ES-SVDD and S-SVDD on dataset S-K.

FIGURE 2. Comparison of different regularization terms for ES-SVDD and S-SVDD on dataset QB-B.

while the optimal spherical description gets successful only
after the data variance for different dimensions has been
equalized. Using the ellipsoidal data description in the

proposed method makes it converge faster to an optimal
solution. We also notice that for high dimensional datasets
ES-SVDDψ1 and ES-SVDDϒ1 are more stable as compared
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FIGURE 3. Comparison of different regularization terms for ES-SVDD and S-SVDD on dataset SH-H.

FIGURE 4. Comparison of different regularization terms for ES-SVDD and S-SVDD on dataset I-S.

to the other proposed linear and non-linear methods. Over-
all, the trend of faster convergence and higher stability in
terms of producing consistent results for different range of

iterations for ES-SVDDcan be observed both in the linear and
non-linear methods for all regularization terms in themajority
of the cases.
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FIGURE 5. Comparison of different regularization terms for ES-SVDD and S-SVDD on dataset IS-B.

FIGURE 6. Comparison of different regularization terms for ES-SVDD and S-SVDD on dataset SR-R.

V. CONCLUSION
In this paper, a novel method, ES-SVDD, for one-class clas-
sification is proposed. The proposed method projects the data
from an input feature space to a new optimized subspace

suitable for one-class classification. The proposed method
generalizes S-SVDD for a hypersphere by using ellipsoidal
data description. We proposed different regularization terms
along with linear and non-linear formulations of the method.
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In most cases, the proposed ES-SVDD variants outperform
the competing SV-based methods and converge faster than in
the case of data description without ellipsoidal encapsulation.
In the future, we intend to use other kernel types in

the non-linear case of ES-SVDD. We also plan to devise
a strategy for early exit in the training process to reduce
the training time. We will also experiment with finetuning
hyperparameters according to different criteria, such as area
under receiver operating characteristic curve. Additionally,
we plan to formulate and implement a neural network based
version of the proposed method and compare its performance
with deep neural networks.
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a b s t r a c t 

In this paper, we propose a novel method for projecting data from multiple modalities to a new sub- 

space optimized for one-class classification. The proposed method iteratively transforms the data from 

the original feature space of each modality to a new common feature space along with finding a joint 

compact description of data coming from all the modalities. For data in each modality, we define a sepa- 

rate transformation to map the data from the corresponding feature space to the new optimized subspace 

by exploiting the available information from the class of interest only. We also propose different regu- 

larization strategies for the proposed method and provide both linear and non-linear formulations. The 

proposed Multimodal Subspace Support Vector Data Description outperforms all the competing methods 

using data from a single modality or fusing data from all modalities in four out of five datasets. 

© 2020 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 

1. Introduction 

In our surroundings, on a daily basis, we are exposed to infor- 

mation from many different sources. Different sensors are used to 

gather information about similar objects. Our brains usually per- 

form well in combining the information from different sources 

to make a concise analysis of that particular entity. In order to 

analyze an entity, even a single source of information might be 

enough, but to make some critical decisions it is important to com- 

bine information from different sources in a systematic way. For 

example, if a person is walking in a crowd, the main information 

to not hit anything comes from visual cues, but people can warn 

each other also by voice or even by touch, and this extra informa- 

tion helps in understanding the environment in a better way. The 

smell could help to avoid unpleasant spots, too. As another exam- 

ple, while watching a movie, only visual information of the scenes 

may not be enough to understand the whole scenario, but the au- 

dio and/or captions combined together with the visuals informa- 

tion will provide the full information. 

∗ Corresponding author. 

E-mail addresses: fahad.sohrab@tuni.fi (F. Sohrab), jenni.raitoharju@tuni.fi (J. 

Raitoharju), alexandros.iosifidis@eng.au.dk (A. Iosifidis), moncef.gabbouj@tuni.fi (M. 

Gabbouj). 

In machine learning techniques for predictive data modeling, 

training data are used to form a model that can accurately clas- 

sify future instances into a predefined number of classes. In many 

cases, data comes from sensors and can be further processed to 

extract different features. The term multimodal is used to describe 

the data coming from different sensors (also referred to as mode 

or modality), however, it is also used as a synonym to multi-view 

when different features are extracted from the same sensor or 

when there are multiple similar sensors, e.g., cameras. The aim of 

multimodal machine learning algorithms is to build models that 

can process and relate information from more than one modality 

(or view). 

The examples of multimodal representations are prevalent in 

different application areas. In [1] , an active multimodal sensor sys- 

tem for target recognition and tracking is studied where informa- 

tion from three different sensors (visual, infrared, and hyperspec- 

tral) is used. In [2] , a framework for vehicle tracking with multi- 

modal data (velocity and images) is proposed where the outcome 

of velocity modality estimated by using a Kalman filter on the data 

obtained from motion sensors is fused with features learned from 

image modality by the color-faster R-CNN method. In [3] , a mul- 

timodal data collection framework for mental stress monitoring is 

studied. In the proposed framework, physiological and motion sen- 

sor data of people under stress are collected. 

https://doi.org/10.1016/j.patcog.2020.107648 

0031-3203/© 2020 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 



2 F. Sohrab, J. Raitoharju and A. Iosifidis et al. / Pattern Recognition 110 (2021) 107648 

The data in multimodal applications come from different 

modalities, where each modality has its own statistical properties 

and contains specific information. The different modalities usually 

share high-level concepts and semantic information, and all to- 

gether contain more information than any single-modal data [4] . If 

we build a model separately for each modality, the relationship be- 

tween the modalities cannot be exploited efficiently. In multimodal 

subspace learning, the goal is to infer a shared latent representa- 

tion, that can accurately model data from each original modality 

and exploit the relationship between the modalities. 

In traditional multiclass machine learning, an adequate amount 

of data are available for all the categories during training and, 

hence, the algorithm takes advantage of all available training data 

from all classes to train a model [5] . However, it is possible that 

during the training, data are highly imbalanced, or the only data 

available is from a single class. In such cases, one-class classifica- 

tion techniques are used. It is useful in many different cases, such 

as outlier detection, predicting specific events, or, in general, pre- 

dicting a specific target class. While much effort has been put on 

solving one-class classification tasks for data of a single modality 

[6] , much less effort has been put on solving one-class multimodal 

challenges in general, and we are not aware of any prior work in 

the field of multimodal learning for one-class classification. In one- 

class multimodal tasks, it is assumed that the only data available 

is from a single class in many different modalities. 

In this paper, we propose a novel method for solving multi- 

modal one-class classification tasks. The proposed method, Multi- 

modal Subspace Support Vector Data Description (MS-SVDD), finds 

a transformation for each modality along with defining a com- 

mon model for all modalities in a lower-dimensional subspace op- 

timized for one-class classification. The rest of the paper is orga- 

nized as follows. In Section 2 , an overview of related work is pre- 

sented. In Section 3 , the newly proposed MS-SVDD is derived and 

discussed. In Section 4 , we present the experimental setup and re- 

sults, and finally, in Section 5 , conclusions are drawn. 

2. Background and related work 

In this section, we briefly discuss the principles of multi- 

modal learning, along with subspace learning. We also provide an 

overview of traditional methods used for multiclass multimodal 

data description and one-class unimodal data description. 

2.1. Multimodal learning 

The availability of many different modalities can be bliss if it in- 

creases the performance of the machine learning model. However, 

if the data description algorithm fails to make a strong connection 

between the different available modalities, the performance can be 

degraded. To ensure better performance of the model by combin- 

ing data from different modalities, mainly two principles should be 

ensured, i.e., consensus and complementary principles [7] : 

• Consensus principle aims at minimizing the disagreement be- 

tween data available from different modes. Maximizing the 

agreement will reduce the error rate, and better modeling of 

data is achieved while combining data from different modali- 

ties. 
• Complementary principle in the context of multimodal learn- 

ing means that data from each modality may contain some 

knowledge not contained by the other ones. So it is necessary 

to exploit information from all the available modes to make an 

accurate description of data. 

The multimodal machine learning techniques can be described 

by three main properties: two-view vs. multi-view, linear vs. non- 

linear, and unsupervised vs. supervised [8] . As the name indicates, 

in two-view learning, the number of views is limited to two. In 

multi-view learning, the number of views is not limited. The dif- 

ference between supervised and unsupervised learning is that, in 

supervised learning, the information on output labels of the train- 

ing data is taken into account when training the model, while in 

unsupervised methods, the labels are not used to model the under- 

lying structure or distribution of the data [9] . Linear techniques for 

multimodal subspace learning may be too simple to provide a rep- 

resentative model. Hence, kernel methods are proposed to capture 

non-linear patterns in data. 

The multimodal learning techniques have been mainly applied 

on four applications domains [10] : i.e., audio-visual speech recog- 

nition [11] , multimedia content indexing and retrieval [12] , un- 

derstanding human multimodal behaviors [13] , and language and 

vision media description [14] . Recently, there has been a rising 

trend in applying multimodal machine learning algorithms also to 

other applications. For example, in [15] , a multimodal data fusion 

technique is used for the prediction of soybean yield from an un- 

manned aerial vehicle. 

In multimodal learning, the main goal is to develop a pro- 

cess of fusing information from various modalities. In [16] , the 

fusion strategies are divided into two different categories as 

model-agnostic and model-based approaches. In model-agnostic 

approaches, the fusion is either late, early, or hybrid. In early fu- 

sion, the data or extracted features are fused together at the very 

initial phase of modeling. A new feature vector is usually formed 

by concatenating all the available data from different modes, and 

the model is trained with the new feature vector. In late fusion, 

multiple models are trained, and the fusion is done for scores gen- 

erated by each model for the corresponding modality. The score 

generated by each model can be a threshold or some probability 

used in decision making. Hybrid fusion exploits the advantage of 

both early fusion and late fusion. Model-based approaches for fu- 

sion explicitly fuses data during their construction, such as kernel- 

based approaches, graphical models, and neural networks. In this 

work, we present a model-based approach for data fusion. 

2.2. Subspace learning 

In the current era of data science, where high-dimensional mul- 

timodal big data are generated every minute in different industries, 

there is a need to get the essential insights and mine knowledge in 

this high-dimensional data. Subspace learning aims at representing 

data in a lower-dimensional space by keeping intact all the infor- 

mation available in the original higher-dimensional space. 

Algorithms developed for linear subspace learning find a pro- 

jection matrix for labeled training data (represented by vectors) 

satisfying some optimality criteria. Principal Component Analysis 

(PCA) is one of the first subspace learning methods mentioned in 

literature. In PCA, a subspace is learned by orthogonally project- 

ing data to a subspace so that the variance of data is maximized. 

PCA works only with a single mode of data, i.e., all data should 

be in the same dimension. Another traditional subspace learning 

method is Linear Discriminant Analysis (LDA), which finds a linear 

transformation by exploiting the class information. 

Analogous to PCA, but used for two-view learning, is canonical- 

correlation analysis (CCA) [17] . CCA is a classic and conventional 

method for subspace learning, which aims at relating two sets of 

data by finding out the pairs of directions which provide a max- 

imum correlation between the two sets. It has recently become 

one of the popular methods for unsupervised subspace learning 

because of its generalization capability and has been used exten- 

sively for multimodal data fusion and cross-media retrieval [18] . In 

subspace learning, state-of-the-art results are achieved by methods 

which have embraced some stimulus from conventional subspace 

learning methods [19] . 
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As an extension of methods for linear transformation, kernel 

methods are introduced to describe nonlinear function or decision 

boundaries. In kernel methods, the data are mapped to a typically 

higher-dimensional kernel-space using a kernel function where it 

exhibits linear patterns [20,21] . For example, in [22] , kernel-PCA 

performing a nonlinear form of PCA is proposed. 

2.3. One-class classification 

In one-class classification, the parameters of the model are es- 

timated using data from the positive class only because data from 

the other classes are either not available at all or it is too diverse 

in nature to be modeled statistically [23] . The positive class is also 

called the target class, and the data from the other classes, which 

are not available during training, is called negative, or an outlier 

class. For example, a unimodal biometric system uses a single bio- 

metric trait for verification or identification [24] . 

Support Vector Data Description (SVDD) [25] is among the most 

widely used one-class classification methods used for anomaly de- 

tection and other related applications. SVDD obtains a spherical 

boundary around target data which can be made flexible by using 

the kernel trick. The obtained boundary is used to detect outliers 

during the test, i.e., anything inside the closed boundary is classi- 

fied as a target class and otherwise as an outlier. The Lagrangian 

of SVDD is given as follows 

L = 

N ∑ 

i =1 

αi x 
T 
i x i −

N ∑ 

i =1 

N ∑ 

j=1 

αi x 
T 
i x j α j , (1) 

where x i is the input target training instance and maximizing 

(1) gives a set of αi corresponding to each instance. The instances 

with αi ≥ 0 define the data description. Other common one-class 

classification method is One-Class Support Vector Machine (OC- 

SVM) [26] . 

Techniques for enhancing the performance of one-class classi- 

fication methods, mainly extensions of SVDD, can be categorized 

into four main categories: methods based on data structure, ker- 

nel issue, boundary shape, and non-stationary data [27] . As the 

name indicates, in the data structure category, the main focus is 

on the structure of data. For example, in [28] , a confidence co- 

efficient is associated with each training sample to deal with the 

uncertainty of data. In kernel issue extensions, the main focus is 

on reducing the complexity or proposing new kernels for one-class 

classification. For example, in [29] , a new kernel is proposed to im- 

prove the accuracy of SVDD for time series classification. Propos- 

ing changes in the boundary for enclosing the target data comes 

under the third category for improving one-class classification ac- 

curacy. For example, in [30] , the ellipse shape is used for en- 

capsulating target data instead of the traditional sphere used in 

SVDD. In [31] , it is shown that both SVDD and OC-SVM lead to 

the same solution when exploiting the elliptical shape of the class. 

The last category of algorithms for improving one-class classifier 

performance attempts to handle non-stationary data. For example 

in [32] , Incremental-SVDD (I-SVDD) is proposed to handle non- 

stationary or increasing data. Recently, in [33] , an algorithm de- 

veloped for reducing the effect of uncertain data around the hy- 

persphere of SVDD achieved the state of the art result on many 

UCI [34] datasets. In this paper, we consider baseline SVDD com- 

bined with multimodal subspace learning. However, in the future, 

the method can be further extended using similar ideas. 

In the area of multimodal one-class classification, researchers 

have mainly focused on fusing the output labels of multiple mod- 

els trained for each type of feature independently, i.e., without 

taking into account information from other feature types for one 

model [35] . 

3. Multimodal subspace support vector data description 

MS-SVDD maps data from high-dimensional feature spaces to 

a low-dimensional feature space optimized for one-class classifi- 

cation. The optimized subspace is shared by data coming from all 

modalities. MS-SVDD is an extension of Subspace Support Vector 

Data Description (S-SVDD), which was proposed for unimodal data 

in [36] . The main novelty of MS-SVDD is using the multimodal ap- 

proach for one-class classification. Here, we first derive the linear 

MS-SVDD. Then we derive two non-linear versions using the ker- 

nel trick [20] and the Nonlinear Projection Trick (NPT) [37] , respec- 

tively. 

3.1. Linear MS-SVDD 

Let us assume that the items to be modelled are represented 

by M different modalities. The instances in each modality m , m = 

1 , . . . , M, are represented by X m = [ x m, 1 , x m, 2 , . . . x m,N ] , x m,i ∈ R 
D m , 

where N is the total number of instances and D m is the dimen- 

sionality of the feature space in modality m . MS-SVDD tries to find 

a projection matrix Q m ∈ R 
d×D m for each modality, which will 

project the corresponding instances to a lower ( d )-dimensional op- 

timized subspace shared by all modalities. Thus, a feature vector 

x m,i is projected to a d -dimensional vector y m,i as 

y m,i = Q m x m,i , ∀ m ∈ { 1 , . . . , M} , ∀ i ∈ { 1 , . . . , N} . (2) 

To obtain a common description of all the data transformed from 

their corresponding modalities to the new common subspace, we 

exploit Support Vector Data Description (SVDD) [25] to form a 

closed boundary around the target class data in the new subspace. 

The center and radius of the hypersphere are denoted by a ∈ R 
d 

and R , respectively. Fig. 1 depicts the basic idea of the proposed 

method. 

In order to find a compact hypersphere which encloses all the 

target data from all the modalities in the new subspace, we mini- 

mize 

F (R, a ) = R 2 

s.t. 

‖ Q m x m,i − a ‖ 
2 
2 ≤ R 2 , ∀ m ∈ { 1 , . . . , M} , ∀ i ∈ { 1 , . . . , N} . (3) 

By introducing slack variables ξm,i , such that most of the train- 

ing data from all the modalities in the new common space should 

lie inside the hypersphere, the above criterion becomes 

F (R, a ) = R 2 + C 

M ∑ 

m =1 

N ∑ 

i =1 

ξm,i 

s.t. 

‖ Q m x m,i − a ‖ 
2 
2 ≤ R 2 + ξm,i , ξm,i ≥ 0 , 

∀ m ∈ { 1 , . . . , M} , ∀ i ∈ { 1 , . . . , N} . (4) 

The Lagrange function corresponding to (4) can be given as 

L = R 2 + C 

M ∑ 

m =1 

N ∑ 

i =1 

ξm,i −
M ∑ 

m =1 

N ∑ 

i =1 

γm,i ξm,i −
M ∑ 

m =1 

N ∑ 

i =1 

αm,i 

(
R 2 + ξm,i 

−x T m,i Q 
T 
m 
Q m x m,i + 2 a T Q m 

x m,i − a T a 

)
(5) 

The Lagrangian function should be maximized with respect to 

αm,i ≥ 0, and γm,i ≥ 0 and minimized with respect to R , a , ξm,i , 

and Q m . By setting the partial derivative to zero, we get 

∂L 

∂R 
= 0 ⇒ 

M ∑ 

m =1 

N ∑ 

i =1 

αm,i = 1 (6) 
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Fig. 1. Depiction of proposed MS-SVDD: Data from two modalities in their corresponding feature space are mapped to a common subspace, where positive class instances 

are enclosed inside a (hyper)sphere. 

∂L 

∂a 
= 0 ⇒ a = 

M ∑ 

m =1 

N ∑ 

i =1 

αm,i Q m x m,i (7) 

∂L 

∂ξm,i 

= 0 ⇒ C − αm,i − γm,i = 0 (8) 

∂L 

∂Q m 

= 0 ⇒ Q m = 

(
a 

N ∑ 

i =1 

αm,i x 
T 
m,i 

)( N ∑ 

i =1 

αm,i x m,i x 
T 
m,i 

)−1 

(9) 

It is clear from (6) –(9) that parameters α and Q are interre- 

lated and cannot be jointly optimized. Hence we apply a two step 

iterative optimization process where, in each step, we fix one pa- 

rameter and optimize the other. Substituting (2), (6), (7) and (8) in 

the Lagrangian function (5) , we get 

L = 

M ∑ 

m =1 

N ∑ 

i =1 

αm,i y 
T 
m,i y m,i −

M ∑ 

m =1 

N ∑ 

i =1 

M ∑ 

n =1 

N ∑ 

j=1 

αm,i y 
T 
m,i y n, j αn, j . (10) 

We see that optimizing (10) for α corresponds to the traditional 

SVDD applied in the subspace. Maximizing (10) for a particular set 

of data will give us αm,i corresponding each sample. The value of 

αm,i for corresponding sample defines its position with respect to 

the hypersphere: 

• Samples with 0 < αm,i < C define the data description and lie 

on the boundary of hypersphere, they are refered to as support 

vectors. 
• Samples with αm,i = C are outside the boundary. 
• Samples with αm,i = 0 lie inside the boundary. 

In the second step, we fix α and update Q m for each modality. 

For this step, we add a regularization term ω: 

L = 

M ∑ 

m =1 

N ∑ 

i =1 

αm,i x 
T 
m,i Q 

T 
m 
Q m x m,i 

−
M ∑ 

m =1 

N ∑ 

i =1 

M ∑ 

n =1 

N ∑ 

j=1 

αm,i x 
T 
m,i Q 

T 
m 
Q n x n, j αn, j + βω. (11) 

The regularization term ω expresses the covariance of data from 

different modalities in the new low-dimensional space, and β is a 

regularization parameter for controlling the significance of ω. We 

propose different settings for ω as 

ω 0 = 0 , (12) 

ω 1 = 

M ∑ 

m =1 

tr 
(
Q m X m X 

T 
m 
Q 

T 
m 

)
, (13) 

ω 2 = 

M ∑ 

m =1 

tr 
(
Q m X m αm α

T 
m 
X 

T 
m 
Q 

T 
m 

)
, (14) 

ω 3 = 

M ∑ 

m =1 

tr (Q m X m λm λ
T 
m 
X 

T 
m 
Q 

T 
m 
) , (15) 

ω 4 = 

M ∑ 

m =1 

M ∑ 

n =1 

tr (Q m X m X 
T 
n Q 

T 
n ) , (16) 

ω 5 = 

M ∑ 

m =1 

M ∑ 

n =1 

tr (Q m X m αm α
T 
n X 

T 
n Q 

T 
n ) , (17) 

ω 6 = 

M ∑ 

m =1 

M ∑ 

n =1 

tr (Q m X m λm λ
T 
n X 

T 
n Q 

T 
n ) , (18) 

where αm ∈ R 
N in (14) and (17) is a vector having the elements 

αm, 1 , . . . , αm,N . Thus, αm has non-zero values for support vectors 

and outliers. λm ∈ R 
N in (15) and (18) is a vector having the ele- 

ments of αm that are smaller than C . Values of αm corresponding 

to the outliers (i.e., αm,i = C) are replaced with zeros in λm . Thus, 

λm has non-zero values only for the support vectors. For ω 0 , the 

regularization term becomes obsolete and it is not used in the op- 

timization process. In ω 1 , the regularization term only uses repre- 

sentations coming from the respective modality and no represen- 

tations from the other modalities are used to describe the vari- 

ance of the positive class. In ω 2 , all support vectors, i.e., represen- 

tations at the hypersphere boundary, and outliers are used to de- 

scribe the class variance for the update of the corresponding Q m . 

In ω 3 , only support vectors of the respective modality are used to 

describe the variance of the class to be modelled. In ω 4 , data from 

all the modalities are used to describe the covariance and regu- 

larize the update of Q m . In ω 5 , the instances belonging to the hy- 

persphere boundary and outliers from all modalities are used to 

describe the covariance. In ω 6 , only the support vectors belonging 

to class boundary from all modalities are used to update Q m and 

describe the covariance of the positive class. 

Note that the MS-SVDD formulation reduces to S-SVDD [36] if 

data from only one modality (M = 1) are taken into account for 

data description. In S-SVDD, a single projection matrix Q is de- 

termined for mapping the data X from higher-dimensional space 

to a lower-dimensional space. A regularization term ψ , which ex- 

presses the class variance in the low-dimensional space, is added 

to the Lagrangian function of S-SVDD: 

ψ = tr (QX λλT X 
T Q 

T ) , (19) 
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where λ can take different forms as described in [36] . The regu- 

larization terms, ω 0 , ω 1 , ω 2 , and ω 3 for MS-SVDD become equiva- 

lent to the regularization terms proposed for S-SVDD when M = 1 . 

Hence, MS-SVDD is a more generalized form of S-SVDD, which can 

form a data description by considering data from multiple modali- 

ties. 

We update Q m by using the gradient of L in (11) with respect 

to Q m , 

Q m ← Q m − η
L, (20) 

where η is the learning rate parameter and the gradient of L is 

calculated as 

∂L 

∂Q m 

= 2 

N ∑ 

i =1 

αm,i Q m x m,i x 
T 
m,i 

−2 

N ∑ 

i =1 

N ∑ 

j=1 

M ∑ 

n =1 

Q n x n, j x 
T 
m,i αm,i αn, j + β
ω, (21) 

where 
ω is the derivative of the regularization term with respect 

to Q m 


ω 0 = 0 , (22) 


ω 1 = 2 Q m X m X 
T 
m 
, (23) 


ω 2 = 2 Q m X m αm α
T 
m 
X 

T 
m 
, (24) 


ω 3 = 2 Q m X m λm λ
T 
m 
X 

T 
m 
, (25) 


ω 4 = 2 

M ∑ 

n =1 

(Q n X n X 
T 
m 
) , (26) 


ω 5 = 2 

M ∑ 

n =1 

(Q n X n αn α
T 
m 
X 

T 
m 
) , (27) 


ω 6 = 2 

M ∑ 

n =1 

(Q n X n λn λ
T 
m 
X 

T 
m 
) . (28) 

We initialize the Q m using PCA. At every iteration, the projec- 

tion matrix is orthogonalized and normalized so that 

Q m Q 
T 
m 

= I , (29) 

where I is an identity matrix. We use QR decomposition 

for orthogonalizing and normalizing the projection matrix Q m . 

Algorithm 1 describes the overall MS-SVDD algorithm. 

3.2. Non-linear MS-SVDD 

For non-linear mapping from the original feature spaces to a 

new shared feature space, we use two approaches. The first ap- 

proach is based on the standard kernel trick [20] and the second 

on the Nonlinear Projection Trick (NPT) [37] , which is used as a 

computationally lighter alternative to the kernel trick. 

3.2.1. Non-linear MS-SVDD with standard kernel trick 

In the non-linear data description, the original data are mapped 

to a kernel space F using a non-linear function φ( ·) such that 
x m,i ∈ R 

D m → φ(x m,i ) ∈ F . The kernel space dimensionality can 

possibly be infinite. Then the data are projected from the kernel 

space to R 
d as 

y m,i = Q m φ(x m,i ) , ∀ i ∈ { 1 , . . . , N} . (30) 

In order to calculate y m,i , we use the so-called kernel trick by ex- 

pressing the projection matrix Q m as a linear combination of the 

Algorithm 1: MS-SVDD optimization. 

Inputs : Z m for each m = 1 , . . . , M, // Input data from all 

modalities 

β , // Regularization parameter for controlling 

significance of ω 

η, // Learning rate parameter 

d, // Dimensionality of joint subspace 

C, // Regularization parameter in SVDD 

M // Total number of modalities 

Outputs : S m for each m = 1 , . . . , M, // Projection matrices for 

different modalities 

R , // Radius of hypersphere 

α // Defines the data description 

Z m = X m for linear and NPT case ( K m for kernel case) 

S m = Q m 
for linear and NPT case ( W m for kernel case) 

for m=1:M do 

Initialize S m via linear-PCA (kernel-PCA); 

end 

for iter = 1 : max _ iter do 

For each m , map Z m to Y m using Eq. (2) (Eq. (31)); 

Form Y by combining all Y m ’s; 

Solve SVDD in the subspace to obtain α in Eq. (10); 

for m=1:M do 

Calculate �L using Eq. (21) (Eq. (31)) ; 

Update S m ← S m − η�L; 

Orthogonalize and normalize S m using QR 

decomposition (eigendecomposition); 

end 

end 

For each m , compute Y m using Eq. (2) (Eq. (31)); 

Form Y by combining all Y m ’s; 

Solve SVDD to obtain the final data description; 

training data representations of the respective modality in the ker- 

nel space F , leading to 

y m,i = W m �
T 
m 
φ(x m,i ) = W m k m,i , ∀ i ∈ { 1 , . . . , N} , (31) 

where �m ∈ R 
|F|×N is a matrix formed in F containing the training 

data representations of modality m , W m ∈ R 
d×N is a matrix con- 

taining the weights for �m needed to form Q m , and k m,i is the 

i th column of the Gramian matrix, also called as the kernel ma- 

trix, K m ∈ R 
N×N , having elements equal to K m,i j = φ(x m,i ) 

T φ(x m, j ) . 

In our experiments, we use the Radial Basis Function (RBF) kernel, 

given by 

K m,i j = exp 

(
−‖ x m,i − x m, j ‖ 

2 
2 

2 σ 2 

)
, (32) 

where σ > 0 is a hyperparameter and determines the width of the 

kernel. 

The augmented version of the Lagrangian function now takes 

the following form: 

L = 

M ∑ 

m =1 

N ∑ 

i =1 

αm,i k 
T 
m,i W 

T 
m 
W m k m,i 

−
M ∑ 

m =1 

N ∑ 

i =1 

M ∑ 

n =1 

N ∑ 

j=1 

αm,i k 
T 
m,i W 

T 
m 
W n k n, j αn, j + βω. (33) 
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The α’s are calculated optimizing (10) with W m ’s fixed, i.e., apply- 

ing SVDD in the subspace. In the second step, the α’s are fixed and 

W m ’s are updated with the gradient descent: 

W m ← W m − η
L, (34) 

where the gradient is calculated as 

∂L 

∂W m 

= 2 

N ∑ 

i =1 

αm,i W m k m,i k 
T 
m,i 

−2 

N ∑ 

i =1 

N ∑ 

j=1 

M ∑ 

n =1 

W n k n, j k 
T 
m,i αm,i αn, j + β
ω. (35) 

The gradient of the regularization term, 
ω, now takes the follow- 

ing forms: 


ω 0 = 0 , (36) 


ω 1 = 2 W m K m K 
T 
m 
, (37) 


ω 2 = 2 W m K m αm α
T 
m 
K 

T 
m 
, (38) 


ω 3 = 2 W m K m λm λ
T 
m 
K 

T 
m 
, (39) 


ω 4 = 2 

M ∑ 

n =1 

(W n K n K 
T 
m 
) , (40) 


ω 5 = 2 

M ∑ 

n =1 

(W n K n αn α
T 
m 
K 

T 
m 
) , (41) 


ω 6 = 2 

M ∑ 

n =1 

(W n K n λn λ
T 
m 
K 

T 
m 
) . (42) 

We initialize the matrix W m for each mode using kernel-PCA. 

We orthogonalize and normalize W m at every iteration so that 

W m �
T 
m 
�m W 

T 
m 

= I . (43) 

We decompose (43) using eigendecomposition as 

W m �
T 
m 
�m W 

T 
m 

= V m �m V 
T 
m 
, (44) 

where �T 
m 
�m is K m , �m is a diagonal matrix containing the eigen- 

values of W m �T 
m 
�m W 

T 
m 

and V m contains the corresponding eigen- 

vectors. After further simplification, the normalized projection ma- 

trix ˆ W m can be computed as 

ˆ W m = (�
1 
2 
m 
) + V 

T 
m 
W m , (45) 

where the + sign denotes pseudo-inverse. For notation simplicity, 

we set W m = ˆ W m . 

3.2.2. Non-linear MS-SVDD with nonlinear projection trick 

The non-linear MS-SVDD using the kernel trick requires com- 

puting the eigendecomposition (44) at every iteration. This is com- 

putationally expensive and, therefore, we propose an alternative 

non-linear approach using NPT [37] . Here, a non-linear mapping is 

applied only at the beginning of the process, while the optimiza- 

tion follows the linear MS-SVDD. In the NPT-based MS-SVDD, we 

first compute kernel matrix K m using (32) . In the next step, the 

computed kernel matrix is centralized as 

ˆ K m = (I − E N ) K m (I − E N ) (46) 

where ˆ K m is the centralized kernel matrix and E N is N × N matrix 

defined as 

E N = 

1 

N 

1 N 1 
T 
N . (47) 

1 N ∈ R 
N is a vector with each element having value of 1. The cen- 

tralized matrix ˆ K m is decomposed by using eigendecomposition, 

ˆ K m = U m A m U 
T 
m 
, (48) 

where A m contains the non-negative eigenvalues of the centered 

kernel matrix and U m contains the corresponding eigenvectors. The 

data in the reduced dimensional kernel space is obtained as 

�m = (A 

1 
2 
m 
) + U 

+ 
m ̂

 K m (49) 

Since we consider NPT as a pure preprocessing step, we continue 

by considering �m as our input data, i.e., we set X m = �m . Then 

we follow the linear MS-SVDD. Note that in cases where the num- 

ber of training samples is high, this pre-processing step can be 

highly accelerated by following approximations, like the Nyström- 

based Approximate Kernel Subspace Learning method in [38] . 

3.3. Test phase 

During the test phase, an instance x m ∗ ∈ R 
D m (the ∗ in subscript 

denotes test instance) coming from modality m is projected to the 

common d -dimensional subspace using (2) for the linear case. For 

kernel case, first, the kernel vector is computed as 

k m ∗ = �T 
m 
φ(x m ∗) (50) 

and then projected to the common d -dimensional subspace using 

(31) . For NPT, first the kernel vector k m 
∗ is computed and then cen- 

tralized as 

ˆ k m ∗ = (I − E N )[ k m ∗ − 1 

N 

K m 1 N ] . (51) 

The centralized kernel vector is mapped to 

φm ∗ = (�T 
m 
) + ̂  k m ∗ (52) 

and then to d -dimensional subspace using (2) (for notation sim- 

plicity φm 
∗ is considered as x m 

∗ ). 
The decision to classify the test instance y m 

∗ as positive or neg- 

ative is taken on the basis of its distance from the center of hyper- 

sphere, i.e., 

‖ y m ∗ − a ‖ 
2 
2 = y T m ∗y m ∗ − 2 

M ∑ 

k =1 

N ∑ 

i =1 

αk,i y 
T 
m ∗y k,i 

+ 

M ∑ 

k =1 

N ∑ 

i =1 

M ∑ 

n =1 

N ∑ 

j=1 

αk,i αn, j y 
T 
k,i y n, j . (53) 

The representation y m 
∗ is assigned to the positive class when 

‖ y m ∗ − a ‖ 2 
2 

≤ R 2 and to the negative class if ‖ y m ∗ − a ‖ 2 
2 

> R 2 , 

where R 2 is the distance from center a to any support vector on 

the boundary, 

R 2 = v T v − 2 

M ∑ 

m =1 

N ∑ 

i =1 

αm,i y 
T 
m,i v + 

M ∑ 

m =1 

N ∑ 

i =1 

M ∑ 

n =1 

N ∑ 

j=1 

αm,i αn, j y 
T 
m,i y n, j , 

(54) 

where v is any support vector in the training set with correspond- 

ing α having value 0 < α < C . Since the items are represented by 

M different modalities, the final decision for assigning the item to 

a particular class (either positive or negative) can be taken using 

different strategies explained in Section 4.3 . 

3.4. Complexity analysis 

The linear version of the proposed method has the following 

main steps: 1) Initializing the projection matrices via PCA, 2) map- 

ping data from all modalities to a lower d -dimensional shared 

space, 3) SVDD for obtaining the α values and final data descrip- 

tion for all data points coming from M different modalities, 4) 
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computing the gradient ( 
L ) for each modality, 5) updating the 

projection matrices and 6) QR decomposition for orthogonalizing 

and normalizing the projection matrices. We analyze each of these 

steps and then compute the overall complexity of the algorithm: 

1. PCA of a matrix is computed by the eigenvalue decomposition 

of its covariance matrix, so it involves two steps, i.e., comput- 

ing the covariance matrix and then the eigenvalue decomposi- 

tion of the obtained covariance matrix. The complexity of cal- 

culating covariance matrix and corresponding eigenvalue de- 

composition for a single modality is O 

(
ND m × min (N, D m ) 

)
and 

O 

(
D 
3 
m 

)
, respectively [39] . The complexity of computing PCA for 

all modalities is O 

(
min (N 

2 D 1 , D 
2 
1 N) + D 

3 
1 
) + ( min (N 

2 D 2 , D 
2 
2 N) + 

D 
3 
2 
) + · · · + ( min (N 

2 D M 
, D 

2 
M 
N) + D 

3 
M 

)
. We denote the sum of 

dimensions of all modalities as D = D 1 + D 2 + · · · + D M 
and 

similarly the sum of squared dimensions as D 2 = D 
2 
1 

+ D 
2 
2 

+ 

· · · + D 
2 
M 

(note that D 2 � = (D ) 2 ) and sum of cubed di- 

mensions as D 3 = D 
3 
1 

+ D 
3 
2 

+ · · · + D 
3 
M 
. Hence, the complex- 

ity of initializing the projection matrices via PCA becomes 

O 

(
min (N 

2 D , D 2 N) + D 3 
)
. 

2. The complexity of mapping data from the original D m dimen- 

sional space to a lower d -dimensional space is the complexity 

of multiplying d × D m and D m × N , which has the complexity 

of O 

(
dD m N 

)
. Repeating this for all modalities we get O 

(
dD N 

)
3. The complexity of SVDD for N data points is O 

(
N 
3 
)
[40] . For 

all data points coming from M different modalities it becomes 

O 

(
M 

3 N 
3 
)
. 

4. The gradient 
L to update Q m is computed using (21) , where 

the second term has the highest complexity (equally high as 

regularization terms 4–6). Its complexity is O(2 dN 
2 D m D ) . As 

this step is repeated for all modalities the total complexity be- 

comes O(2 dN 
2 D 

2 ) . 

5. Updating the projection matrices has O 

(
dD 

)
complexity. 

6. The complexity of QR decomposition for a single modality is 

O(d D m 

2 ) [41] . Thus, the overall complexity of QR decomposi- 

tions for all the modalities is O(dD 2 ) . 

Dropping the relatively lower intensive computational steps 

and adding the rest, the full complexity of the proposed method 

reduces to O 

(
min (N 

2 D , D 2 N) + D 3 + M 
3 N 

3 
)
. Assuming that 

the total number of samples M 
∗N is always greater than D and 

M < < N , the time complexity of (a single iteration of) our pro- 

posed algorithm in terms of the big O notation is O(N 
3 ) . In the 

testing phase, each representation of a test sample in each modal- 

ity is projected to the d -dimensional subspace and then its dis- 

tance is compared to R . This has the total complexity of O(dD + 

Md) . 

For the non-linear version with NPT, the kernel matrix K m is 

first formed which has the complexity of O(D m N 
2 ) . Then the ker- 

nel matrix is centralized and decomposed by using eigendecom- 

position. Both of these steps have the complexity of O(N 
3 ) . As 

the data dimensionality in the remaining steps of the proposed 

method changes from D m to N , the total complexity of the remain- 

ing steps becomes O 

(
M N 

3 + M 
3 N 

3 
)
. Thus, the overall complexity 

in terms of the big O notation remains at O 

(
N 
3 
)
for M < < N , 

while in practice the computational complexity is higher (by a 

scalar multiplier c ) than for the linear version. Also for the non- 

linear version with the standard kernel trick, the overall complex- 

ity remains the same, but the kernel mapping is repeated at ev- 

ery iteration and, thus, the scalar c becomes larger for the overall 

training process. The testing complexity of the non-linear methods 

increases to O(ND + dMN + Md) . 

4. Experiments 

4.1. Datasets and prepossessing 

To evaluate the proposed method, we performed different 

sets of experiments over 5 datasets. Robot Execution Failures 

dataset, Single Proton Emission Computed Tomography (SPECTF) 

heart dataset, and Ionosphere dataset were downloaded from UC 

Irvine (UCI) machine learning repository [34] . Caltech-7 dataset 

and Handwritten dataset were downloaded from a repository for 

multi-view learning [42] . The details of datasets and experiments 

are as follows. 

The first set of experiments was performed on the Robot Execu- 

tion Failures dataset [43] . In Robot Execution Failures dataset, force 

and torque measurements are collected at regular intervals of time 

after a task failure is detected. The dataset is divided into five dif- 

ferent learning problems (LP) corresponding to different triggering 

events: 

• LP1: Failures in approach to grasp position 
• LP2: Failures in the transfer of a part 
• LP3: Position of the part after a transfer failure 
• LP4: Failures in approach to ungrasp position 
• LP5: Failures in motion with part 

The total number of instances and the distribution of the 

classes are given in Table 1 . All instances are given as 15 sam- 

ples collected at 315 ms regular time intervals for each sensor. For 

this dataset, we consider all the instances belonging to the normal 

class as the target class and the remaining classes as the non-target 

data. Hence, we have two modalities (torque and force measure- 

ments), and we consider the dataset as a one-class classification 

problem. 

The second set of experiments was performed SPECTF heart 

dataset [44] . The SPECTF heart dataset consists of two sets of fea- 

tures corresponding to rest and stress condition SPECTF images 

of different subjects. The training set consists of 40 examples di- 

agnosed as healthy heart muscle perfusions and 40 diagnosed as 

pathological perfusions. The test set consists of 15 instances of 

healthy heart muscle perfusions and 172 from instances diagnosed 

as pathological perfusions. We convert this to a multimodal one- 

class classification problem by considering the rest and stress con- 

ditions as different modalities and by selecting the healthy heart 

muscle perfusions as our target class. 

The third set of experiments was performed over the Caltech-7 

dataset. We used Gabor feature and Wavelet moments as our two 

different modalities. The dataset contains 1474 total samples from 

7 different classes. We selected faces (435 samples) as our target 

class and the rest of the classes all together (1039 samples) as the 

outlier class. 

We used Ionosphere dataset for the fourth set of experiments. 

The categories in this dataset are described by two attributes per 

pulse number resulting from the complex electromagnetic signal, 

processed by an autocorrelation function. We used the two at- 

tributes (real and complex) for each pulse as two different modal- 

ities and the attribute “good” as our target class. The total number 

of samples in this dataset is 351, out of which 225 are from the 

target class (good), and the rest of 126 samples are from outlier 

class (bad). 

For the fifth set of experiments, we used Handwritten dataset. 

We considered the samples of numeral 0 as the target. In the 

Handwritten dataset, the total number of samples is 20 0 0, out of 

which 200 are from the target class. The rest of the 1800 sam- 

ples are considered as an outlier class. We used the Zernike mo- 

ment (ZER) and morphological (MOR) features as our two different 

modalities. 
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Table 1 

Robot execution failures dataset. 

Learning problem Instances Classes and distribution 

LP1 88 24% normal 19% collision 18% front collision 39% obstruction 

LP2 47 43% normal 13% front collision 15% back collision 11% collision to the right 19% collision to the left 

LP3 47 43% ok 19% slightly moved 32% moved 06% lost 

LP4 117 21% normal 62% collision 18% obstruction 

LP5 164 27% normal 16% bottom collision 13% bottom obstruction 29% collision in part 16% collision in tool 

4.2. Experimental setup 

For the Robot Execution Failures dataset, Ionosphere dataset, 

Caltech-7 dataset, and Handwritten dataset, we performed our ex- 

periments on 70-30% split for training and testing sets. We se- 

lected the 70-30% split randomly 5 times, keeping the distribution 

of classes similar to the original data. To tune the hyperparame- 

ters for final testing, we did 5-fold cross-validation on the training 

set, where the (70%) training data are divided into 5 different sets, 

and each time one set is used for validation while all the others 

for training. The process was repeated 5 times until all the sets 

have been used as validation sets. For SPECTF heart dataset, the 

train and test sets are given with the dataset. We did 5-fold cross- 

validation on the training set to optimize the hyperparameters. 

For all datasets, the models were trained by using samples from 

the positive class only, while testing was carried out using all 

the classes. The hyperparameters were selected from the following 

ranges: 

• β ∈ { 10 −4 , 10 −3 , 10 −2 , 10 −1 , 10 0 , 10 1 , 10 2 , 10 3 , 10 4 } , 
• C ∈ {0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6}, 
• σ ∈ { 10 −3 , 10 −2 , 10 −1 , 10 0 , 10 1 , 10 2 , 10 3 } , 
• d ∈ {1, 2, 3, 4, 5, 10, 20, 50, 100}, 
• η = 0 . 1 . 

Here, we restricted the dimension d of the shared subspace as 

d < min { D 1 , . . . , D M 
} for a given dataset, where D m is the dimen- 

sionality of modality m . For competing methods, the features from 

different modalities were concatenated before training the model. 

We also report the results of the competing methods by consider- 

ing data from one modality at a time for training and testing. For 

competing methods, the hyperparameters were selected from the 

same ranges as mentioned above. 

4.3. Decision strategies 

During testing, after the common compact representation of 

all modalities was formed, each representation (modality) of an 

instance was mapped to the lower-dimensional subspace via 

corresponding projection matrix and classified as described in 

Section 3.3 . The following four strategies were used to decide the 

final class for the instance: 

• Decision strategy 1 (also called the AND gate) : The test in- 

stance is assigned the target label if the representations from 

all modalities for that particular instance are classified to the 

target class and the non-target label otherwise. 
• Decision strategy 2 (also called as the OR gate) : The final de- 

cision is taken on the basis of the OR gate principle, i.e., if a 

representation of an instance from any of the modalities is clas- 

sified to the target class, the overall decision for that particular 

instance is taken in favor of the target class. 
• Decision strategy 3: The final classification decision is made on 

the basis of first modality, i.e., if the representation from the 

first modality is assigned to a particular class, the overall clas- 

sification is made following that. 

• Decision strategy 4: The overall decision is taken on the ba- 

sis of the label assigned to the representation from the second 

modality. 

It should be noted that for more than two modalities, different 

decision strategies, such as majority vote, might be more suitable. 

4.4. Evaluation criteria 

One-class classification models can be evaluated using different 

metrics. These metrics are decided on the basis of the goals of a 

given application. For example, in outlier detection, the focus is on 

detecting negative instances accurately. The most common metrics 

in one-class classification are true positive rate ( tpr ), and true neg- 

ative rate ( tnr ). The former, also called as recall, sensitivity, or hit 

rate, is the proportion of positive instances that is classified by the 

trained model as positive correctly: 

t pr = 

t p 

p 
, (55) 

where tp is the number of positive samples classified correctly and 

p is the total number of positive samples in the test set. The latter, 

tnr , also called as specificity, is defined as 

t nr = 

t n 

n 
, (56) 

where tn is the number of negative samples classified correctly and 

n is the total number of negative samples in the test set. Accuracy 

( accu ) is measured as the ratio of the number of correctly classified 

instances to the total number of instances: 

accu = 

t p + t n 

p + n 
. (57) 

Precision ( pre ) measures the proportion of instances classified pos- 

itive which really are positive: 

pre = 

t p 

t p + f p 
, (58) 

where fp is the number of false positives. Another useful measure 

is F1 measure, which is the harmonic mean of pre and tpr : 

F 1 = 2 × pre × t pr 

pre + t pr 
. (59) 

Geometric mean ( gm ) is defined as the square root of the product 

of sensitivity and specificity: 

gm = 

√ 

t pr × t nr . (60) 

gm has been used by many researchers for imbalanced datasets. 

Since it takes into consideration both sensitivity and specificity, we 

opted to finetune hyperparameters based on the gm score on the 

validation data. 

4.5. Experimental results and discussion 

In Tables 2–5 , we report the average of different evaluation met- 

rics over the five data splits for Robot Execution Failures dataset, 

Caltech-7 dataset, Ionosphere dataset, and Handwritten dataset, re- 

spectively, for both linear and non-linear versions of the applied 
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Table 2 

Test results for robot execution failures dataset. 

Linear Non-linear 

accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm 

Proposed method 

MS-SVDD ω 2 ds 3 0.97 0.97 0.97 0.93 0.95 0.97 0.94 0.98 0.92 0.83 0.90 0.95 

MS-SVDD ω 5 ds 3 0.97 0.95 0.97 0.93 0.94 0.96 0.94 0.98 0.92 0.83 0.90 0.95 

Concatenated features 

S-SVDD ψ 1 0.66 0.89 0.57 0.46 0.60 0.71 0.94 0.84 0.98 0.95 0.89 0.91 

S-SVDD ψ 2 0.70 0.80 0.66 0.58 0.60 0.70 0.92 0.90 0.93 0.84 0.87 0.91 

S-SVDD ψ 3 0.66 0.78 0.61 0.46 0.56 0.67 0.93 0.93 0.93 0.85 0.89 0.93 

S-SVDD ψ 4 0.64 0.94 0.52 0.44 0.60 0.70 0.96 0.90 0.98 0.96 0.93 0.94 

OC-SVM 0.51 0.47 0.52 0.28 0.35 0.49 0.86 0.49 1.00 1.00 0.65 0.70 

SVDD 0.97 0.91 0.99 0.98 0.95 0.95 0.95 0.85 0.99 0.98 0.91 0.92 

Force measurements 

S-SVDD ψ 1 0.76 0.88 0.71 0.55 0.67 0.79 0.96 0.90 0.98 0.95 0.92 0.94 

S-SVDD ψ 2 0.77 0.94 0.71 0.56 0.70 0.82 0.96 0.90 0.98 0.95 0.92 0.94 

S-SVDD ψ 3 0.73 0.70 0.74 0.51 0.58 0.71 0.96 0.91 0.98 0.95 0.93 0.94 

S-SVDD ψ 4 0.76 0.85 0.72 0.54 0.66 0.78 0.93 0.82 0.98 0.95 0.84 0.88 

OC-SVM 0.50 0.53 0.49 0.29 0.37 0.51 0.86 0.49 1.00 1.00 0.65 0.70 

SVDD 0.97 0.90 0.99 0.98 0.94 0.95 0.97 0.92 0.99 0.98 0.95 0.96 

Torque measurements 

S-SVDD ψ 1 0.59 0.96 0.44 0.41 0.57 0.65 0.97 0.89 1.00 1.00 0.94 0.94 

S-SVDD ψ 2 0.61 0.94 0.48 0.42 0.57 0.67 0.71 0.66 0.73 0.51 0.54 0.51 

S-SVDD ψ 3 0.62 0.92 0.50 0.43 0.58 0.67 0.92 0.76 0.99 0.97 0.82 0.85 

S-SVDD ψ 4 0.61 0.96 0.48 0.42 0.58 0.68 0.76 0.76 0.76 0.76 0.71 0.66 

OC-SVM 0.52 0.59 0.49 0.31 0.40 0.53 0.84 0.58 0.94 0.81 0.66 0.73 

SVDD 0.90 0.95 0.88 0.76 0.84 0.91 0.91 0.88 0.92 0.81 0.84 0.90 

Table 3 

Test results for Caltech-7 dataset. 

Linear Non-linear 

accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm 

Proposed method 

MS-SVDD ω 1 ds 1 0.91 0.96 0.89 0.78 0.86 0.92 0.94 0.98 0.92 0.85 0.91 0.95 

MS-SVDD ω 4 ds 1 0.91 0.95 0.89 0.78 0.86 0.92 0.94 0.95 0.94 0.88 0.91 0.95 

Concatenated features 

S-SVDD ψ 1 0.65 0.96 0.52 0.46 0.62 0.71 0.37 0.35 0.38 0.15 0.20 0.23 

S-SVDD ψ 2 0.67 0.92 0.57 0.48 0.63 0.72 0.66 0.69 0.64 0.39 0.48 0.53 

S-SVDD ψ 3 0.71 0.84 0.66 0.59 0.65 0.69 0.90 0.79 0.94 0.86 0.81 0.86 

S-SVDD ψ 4 0.62 0.96 0.47 0.46 0.61 0.66 0.87 0.61 0.97 0.91 0.72 0.76 

OC-SVM 0.22 0.47 0.12 0.18 0.26 0.22 0.86 0.53 1.00 0.99 0.69 0.73 

SVDD 0.92 0.94 0.91 0.81 0.87 0.93 0.96 0.94 0.97 0.93 0.94 0.95 

Gabor feature 

S-SVDD ψ 1 0.68 0.72 0.67 0.47 0.57 0.69 0.46 0.84 0.31 0.33 0.48 0.50 

S-SVDD ψ 2 0.68 0.72 0.67 0.47 0.57 0.69 0.54 0.78 0.44 0.46 0.52 0.50 

S-SVDD ψ 3 0.61 0.74 0.55 0.45 0.52 0.58 0.76 0.68 0.80 0.65 0.63 0.71 

S-SVDD ψ 4 0.70 0.74 0.68 0.49 0.59 0.71 0.78 0.39 0.94 0.80 0.46 0.55 

OC-SVM 0.43 0.53 0.40 0.27 0.36 0.45 0.79 0.55 0.89 0.69 0.61 0.70 

SVDD 0.76 0.70 0.78 0.57 0.63 0.74 0.74 0.92 0.67 0.55 0.68 0.78 

Wavelet moments 

S-SVDD ψ 1 0.70 0.73 0.68 0.50 0.59 0.69 0.54 0.44 0.58 0.22 0.26 0.24 

S-SVDD ψ 2 0.71 0.73 0.70 0.52 0.60 0.70 0.51 0.93 0.33 0.41 0.55 0.42 

S-SVDD ψ 3 0.50 0.93 0.33 0.38 0.54 0.50 0.79 0.38 0.96 0.65 0.44 0.51 

S-SVDD ψ 4 0.56 0.88 0.42 0.40 0.54 0.59 0.61 0.51 0.65 0.50 0.36 0.30 

OC-SVM 0.21 0.48 0.10 0.18 0.26 0.21 0.84 0.48 0.99 0.97 0.64 0.69 

SVDD 0.91 0.94 0.89 0.79 0.85 0.91 0.94 0.97 0.93 0.85 0.91 0.95 

methods. In Table 6 , we report the results on the test set for the 

SPECTF heart dataset. In these tables, we only show the best per- 

forming versions of the proposed method, along with all compet- 

ing methods. We compare our results with OC-SVM [26] , SVDD 

[25] , and S-SVDD [36] . In S-SVDD, different regularization terms 

( ψ ’s) were proposed and, hence, we compare MS-SVDD with all 

proposed regularization terms of S-SVDD. We use kernel version 

of the competing methods for non-linear comparisons. In these ta- 

bles, we report the best performing non-linear version of MS-SVDD 

for corresponding datasets. To analyze the different regularization 

terms and decision strategies for the proposed method, we also 

report the exhaustive results obtained by different settings in the 

supplementary material in Tables 1–5 . The best results in terms of 

gm are reported as in bold formatting. 

For the Robot Execution Failures dataset ( Table 2 ), our pro- 

posed method outperforms all the competing methods in the lin- 

ear case. The results achieved by the linear version of the pro- 

posed MS-SVDD method are overall best also compared to the 

non-linear methods. Table 2 shows that using decision strategy 3 

with constraint ω 2 (all support vectors and outliers from the cor- 

responding modality considered for the update of the correspond- 

ing Q m ) yields the best overall results for the robot dataset. In the 
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Table 4 

Test results for Ionosphere dataset. 

Linear Non-linear 

accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm 

Proposed method 

MS-SVDD ω 2 ds 4 0.87 0.95 0.73 0.87 0.91 0.83 0.76 0.86 0.59 0.79 0.82 0.71 

MS-SVDD ω 1 ds 4 0.83 0.91 0.69 0.84 0.87 0.79 0.88 0.95 0.74 0.87 0.91 0.84 

Concatenated features 

S-SVDD ψ 1 0.69 0.88 0.32 0.69 0.77 0.53 0.49 0.37 0.69 0.55 0.39 0.28 

S-SVDD ψ 2 0.69 0.89 0.31 0.69 0.77 0.51 0.74 0.60 0.98 0.98 0.75 0.77 

S-SVDD ψ 3 0.58 0.63 0.48 0.66 0.62 0.51 0.72 0.77 0.62 0.83 0.77 0.63 

S-SVDD ψ 4 0.72 0.98 0.23 0.70 0.82 0.43 0.66 0.61 0.77 0.88 0.67 0.62 

OC-SVM 0.38 0.39 0.34 0.52 0.45 0.37 0.66 0.48 0.97 0.97 0.63 0.67 

SVDD 0.87 0.93 0.76 0.88 0.90 0.84 0.89 0.94 0.78 0.89 0.92 0.86 

Real 

S-SVDD ψ 1 0.81 0.99 0.50 0.78 0.87 0.69 0.54 0.36 0.86 0.67 0.43 0.46 

S-SVDD ψ 2 0.80 0.99 0.47 0.78 0.87 0.67 0.62 0.49 0.86 0.87 0.61 0.64 

S-SVDD ψ 3 0.81 0.99 0.49 0.78 0.87 0.68 0.68 0.63 0.78 0.86 0.70 0.68 

S-SVDD ψ 4 0.81 0.99 0.50 0.78 0.87 0.70 0.58 0.45 0.83 0.85 0.53 0.56 

OC-SVM 0.49 0.52 0.42 0.61 0.56 0.46 0.68 0.56 0.89 0.93 0.67 0.69 

SVDD 0.88 0.95 0.74 0.87 0.91 0.84 0.89 0.94 0.81 0.90 0.92 0.87 

Complex 

S-SVDD ψ 1 0.50 0.37 0.72 0.70 0.49 0.51 0.43 0.27 0.71 0.52 0.30 0.34 

S-SVDD ψ 2 0.47 0.35 0.69 0.67 0.46 0.49 0.66 0.56 0.83 0.85 0.68 0.68 

S-SVDD ψ 3 0.53 0.57 0.46 0.67 0.58 0.39 0.65 0.65 0.65 0.78 0.70 0.63 

S-SVDD ψ 4 0.50 0.38 0.72 0.70 0.49 0.52 0.63 0.64 0.62 0.76 0.69 0.62 

OC-SVM 0.40 0.31 0.57 0.56 0.40 0.42 0.66 0.59 0.78 0.84 0.69 0.67 

SVDD 0.77 0.89 0.55 0.79 0.83 0.70 0.79 0.91 0.58 0.80 0.85 0.72 

Table 5 

Test results for Handwritten dataset. 

Linear Non-linear 

accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm 

Proposed method 

MS-SVDD ω 4 ds 4 0.98 0.99 0.98 0.90 0.93 0.98 0.99 0.99 1.00 0.98 0.98 0.99 

MS-SVDD ω 4 ds 1 0.98 0.90 0.99 0.89 0.89 0.94 0.98 0.95 0.99 0.91 0.93 0.97 

Concatenated features 

S-SVDD ψ 1 0.78 0.92 0.76 0.34 0.49 0.83 0.53 0.40 0.54 0.05 0.09 0.14 

S-SVDD ψ 2 0.82 0.88 0.81 0.40 0.54 0.84 0.62 0.66 0.61 0.18 0.25 0.44 

S-SVDD ψ 3 0.82 0.97 0.81 0.39 0.55 0.88 0.63 0.58 0.64 0.20 0.25 0.30 

S-SVDD ψ 4 0.84 0.92 0.83 0.42 0.56 0.87 0.71 0.39 0.75 0.08 0.13 0.17 

OC-SVM 0.50 0.51 0.50 0.12 0.19 0.49 0.95 0.51 1.00 1.00 0.68 0.71 

SVDD 0.95 0.93 0.95 0.69 0.79 0.94 0.95 0.92 0.96 0.74 0.81 0.94 

ZER 

S-SVDD ψ 1 0.55 0.92 0.51 0.18 0.30 0.68 0.59 0.41 0.61 0.06 0.10 0.24 

S-SVDD ψ 2 0.52 0.88 0.48 0.17 0.28 0.64 0.62 0.78 0.60 0.17 0.27 0.48 

S-SVDD ψ 3 0.50 0.96 0.45 0.19 0.31 0.63 0.57 0.61 0.57 0.31 0.20 0.37 

S-SVDD ψ 4 0.64 0.90 0.61 0.21 0.34 0.74 0.55 0.60 0.54 0.09 0.15 0.24 

OC-SVM 0.43 0.42 0.43 0.09 0.14 0.41 0.95 0.52 1.00 0.93 0.67 0.72 

SVDD 0.88 0.90 0.88 0.47 0.61 0.89 0.92 0.88 0.92 0.56 0.68 0.90 

MOR 

S-SVDD ψ 1 0.84 0.99 0.82 0.48 0.61 0.90 0.84 0.01 0.93 0.00 0.00 0.03 

S-SVDD ψ 2 0.92 0.99 0.91 0.66 0.76 0.95 0.58 0.44 0.60 0.43 0.22 0.20 

S-SVDD ψ 3 0.86 0.99 0.84 0.52 0.64 0.91 0.61 0.70 0.60 0.44 0.42 0.36 

S-SVDD ψ 4 0.84 0.99 0.82 0.48 0.61 0.90 0.25 0.67 0.20 0.27 0.14 0.04 

OC-SVM 0.54 0.45 0.55 0.13 0.18 0.39 0.99 0.87 1.00 1.00 0.93 0.93 

SVDD 0.93 0.91 0.93 0.75 0.78 0.92 0.99 0.96 1.00 1.00 0.98 0.98 

non-linear case, the best performance for the proposed method is 

achieved by using the kernel trick with either constraint type ω 2 

or ω 5 , both with decision strategy 3. 

We also notice that the first modality (force measurements) 

is vital in taking the final decision as in both linear and non- 

linear cases, the best results are obtained when the decision is 

taken based on the first modality (decision strategy 3). The impor- 

tance of the first modality is also evident from the results of the 

competing methods as the best results are obtained when using 

force measurements only. The results on the concatenated features 

are slightly worse, and the results using the torque measurements 

are clearly worse. Nevertheless, the proposed multimodal approach 

has managed to boost the results by combining information from 

both modalities. 

For the Caltech-7 dataset, in the linear case, MS-SVDD performs 

better than all other methods with a single modality. Overall, only 

SVDD using concatenated features outperforms MS-SVDD and the 

margin is small. In the non-linear case, MS-SVDD obtains the best 

results along with SVDD. In terms of tpr , MS-SVDD outperforms all 

the other methods in the non-linear case while maintaining rea- 
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Table 6 

Test results for SPECTF heart dataset. 

Linear Non-linear 

accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm 

Proposed method 

MS-SVDD ω 0 ds 1 0.78 0.80 0.78 0.24 0.37 0.79 0.55 0.60 0.55 0.10 0.18 0.57 

MS-SVDD ω 2 ds 1 0.78 0.80 0.77 0.24 0.36 0.79 0.80 0.73 0.80 0.24 0.37 0.77 

Concatenated features 

S-SVDD ψ 1 0.71 0.53 0.73 0.15 0.23 0.62 0.77 0.60 0.78 0.20 0.30 0.69 

S-SVDD ψ 2 0.69 0.87 0.67 0.19 0.31 0.76 0.77 0.60 0.78 0.20 0.30 0.69 

S-SVDD ψ 3 0.66 0.93 0.64 0.18 0.31 0.77 0.77 0.60 0.78 0.20 0.30 0.69 

S-SVDD ψ 4 0.56 0.67 0.55 0.11 0.19 0.60 0.77 0.60 0.78 0.20 0.30 0.69 

OC-SVM 0.86 0.27 0.91 0.20 0.23 0.49 0.76 0.73 0.77 0.22 0.33 0.75 

SVDD 0.69 0.73 0.69 0.17 0.28 0.71 0.75 0.67 0.76 0.19 0.30 0.71 

Rest Mode 

S-SVDD ψ 1 0.50 0.73 0.48 0.11 0.19 0.59 0.46 0.87 0.42 0.12 0.20 0.61 

S-SVDD ψ 2 0.58 0.87 0.55 0.14 0.25 0.69 0.77 0.53 0.79 0.18 0.27 0.65 

S-SVDD ψ 3 0.40 0.80 0.37 0.10 0.18 0.54 0.79 0.47 0.81 0.18 0.26 0.62 

S-SVDD ψ 4 0.38 0.87 0.34 0.10 0.18 0.54 0.60 0.87 0.58 0.15 0.26 0.71 

OC-SVM 0.76 0.60 0.77 0.19 0.29 0.68 0.61 0.80 0.60 0.15 0.25 0.69 

SVDD 0.59 0.73 0.58 0.13 0.22 0.65 0.59 0.73 0.58 0.13 0.22 0.65 

Stress Mode 

S-SVDD ψ 1 0.53 0.47 0.53 0.08 0.14 0.50 0.68 0.73 0.67 0.16 0.27 0.70 

S-SVDD ψ 2 0.65 0.80 0.63 0.16 0.27 0.71 0.75 0.53 0.77 0.17 0.26 0.64 

S-SVDD ψ 3 0.73 0.67 0.73 0.18 0.28 0.70 0.70 0.73 0.70 0.17 0.28 0.72 

S-SVDD ψ 4 0.55 0.93 0.52 0.14 0.25 0.69 0.75 0.53 0.77 0.17 0.26 0.64 

OC-SVM 0.86 0.20 0.91 0.17 0.18 0.43 0.73 0.60 0.74 0.17 0.26 0.67 

SVDD 0.76 0.60 0.77 0.19 0.29 0.68 0.78 0.53 0.80 0.19 0.28 0.65 

Fig. 2. Hyperparameters sensitivity analysis for ω 0 ds 1. 

sonably good tnr . We also notice that both modalities are vital in 

taking the final decision as the best performance of MS-SVDD is 

obtained by decision strategy 1 (AND gate). 

For Ionosphere dataset, only SVDD applied on concatenated 

features or the first modality outperforms MS-SVDD in terms of 

gm . Nevertheless, the performance of MS-SVDD is competitive as 

shown also by the top results obtained by the other performance 

metrics such as F1 measure. In case of MS-SVDD, the second 

modality (Complex) is found to be more vital for taking the final 

decision. 

For the Handwritten dataset, MS-SVDD outperforms all compet- 

ing methods in both linear and non-linear cases. It is noticed that 

decision strategy 4 yields the best results in both linear and non- 

linear cases for MS-SVDD, i.e., MOR features are more vital than 

ZER features. 

For SPECTF heart dataset, in both linear and non-linear cases, 

the best results are achieved by MS-SVDD. We note that ω 0 (no 

constraint used) and ω 2 , where all support vectors and outliers 

are used to describe the class variance for the update of the corre- 

sponding Q m in decision strategy 1 yield the best overall results. 
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We compare the results for different variant of MS-SVDD in 

Tables 1–5 of the supplementary material. Overall in all datasets, 

NPT is found to be more robust than the kernel version. Linear MS- 

SVDD is found to perform best over 2 datasets, similar to the NPT 

version, which performs best on two datasets as well. The kernel 

MS-SVDD performs best on one out of five datasets as compared to 

linear and NPT version of MS-SVDD. All the relevant codes (imple- 

mentation) for the proposed method are available online at [45] . 

We also carried out a sensitivity analysis of different hyperpa- 

rameters for linear MS-SVDD over SPECTF heart dataset. To an- 

alyze the sensitivity of MS-SVDD for each hyperparameter, we 

fix the other hyperparameters to their optimal values and record 

the performance with all the considered hyperparameter values. 

Fig. 2 shows as an example the results for decision strategy 1 

without any constraint. For the other decision strategies and con- 

straints, we show the results in Figures 1–27 in the supplementary 

material. We note a trend of increase in tpr and decrease in tnr 

with the increase of value for hyperparameter C . We also noticed 

that the performance of trained models are relatively less sensitive 

to the hyperparameter β as compared to other hyperparameters. 

For hyperparameter d , initially, there is a noticeable rise in the per- 

formance of the trained model; however, after certain value, the 

change seems to be very small. For hyperparameter η, we notice 

that precision and F1 measure stay stable with changing its value. 

We also report the numerical training and testing time (in 

milliseconds) in the supplementary material (Tables 1–10) for all 

methods over all datasets used in the experiments. In the major- 

ity of cases, the proposed method has a higher computational cost 

than the competing methods, but generally, the difference is in the 

fractions of a second, which is negligible for datasets used in this 

work. It is also evident from the numerical results that the time 

complexity of the proposed method is higher mainly in the train- 

ing phase, while in the testing phase the difference is negligible. 

This is as expected based on the complexity analysis in Section 3.4 . 

5. Conclusion 

In this paper, a new multimodal one-class classification method 

is proposed. The proposed method iteratively transforms data from 

all the modalities to a new shared subspace optimized for data de- 

scription in multimodal one-class classification tasks. We derived 

linear and two different non-linear versions along with a selec- 

tion of different regularization terms. According to the best of our 

knowledge, this is the first work in the field of subspace learning 

for multimodal one-class classification. We conducted experiments 

comparing the different versions of MS-SVDD and performed com- 

parisons against other one-class classification methods using either 

concatenated representations or a single modality at a time. 

In most cases, linear and NPT version of MS-SVDD outper- 

formed all the competing methods in our experiments. NPT turned 

out to be more stable than the kernel version. We noticed that 

the optimal decision strategy depends on the usefulness of differ- 

ent modalities. If a particular modality is more informative than 

other(s), then it is useful to use that particular modality for mak- 

ing the final decision. Nevertheless, MS-SVDD can improve the re- 

sults as compared to using a single modality only. If the modalities 

are more balanced, the AND gate strategy seems to perform better. 

MS-SVDD can be interpreted and used in many ways for differ- 

ent one-class multimodal problems. It can be used for anomaly de- 

tection and detection of a specific class such as speaker verification 

and face recognition. In the future, we intend to try different ker- 

nels and model-based decision strategies for the proposed method. 

We also intend to propose changes in the boundary shape (other 

than spherical) for enclosing the target data in subspace. There is 

also room for research in other one-class classification techniques 

for multimodal subspace learning. 
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This document contains the extensive results comparing different variants of the proposed
MS-SVDD method over 5 different datasets in Section 1, train and test time in Section 2, and
the figures for sensitivity analysis of different hyperparameters over SPECTF heart data set for
different regularization terms (ω) and decision strategies (ds) for linear MS-SVDD in Section 3.

1. MS-SVDD results

Table 1: Robot Execution Failures dataset test results for MS-SVDD using different decision strategies and constraints
(hyperparameters selected using cross-validation on basis of maximum gm score on training set)

Linear Kernel NPT
accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm

Decision Strategy 1
MS-SVDD ω0 0.94 0.94 0.94 0.86 0.90 0.94 0.58 0.59 0.58 0.44 0.44 0.31 0.93 0.89 0.95 0.88 0.88 0.92
MS-SVDD ω1 0.97 0.93 0.98 0.96 0.94 0.96 0.47 0.70 0.38 0.45 0.51 0.37 0.91 0.81 0.94 0.85 0.83 0.87
MS-SVDD ω2 0.93 0.89 0.95 0.88 0.88 0.92 0.85 0.58 0.96 0.86 0.68 0.74 0.94 0.88 0.96 0.91 0.89 0.92
MS-SVDD ω3 0.93 0.95 0.92 0.84 0.89 0.94 0.72 0.68 0.73 0.70 0.60 0.58 0.94 0.87 0.97 0.93 0.90 0.92
MS-SVDD ω4 0.97 0.92 0.98 0.95 0.94 0.95 0.92 0.85 0.95 0.88 0.86 0.90 0.94 0.88 0.97 0.92 0.90 0.92
MS-SVDD ω5 0.91 0.96 0.89 0.78 0.86 0.93 0.77 0.87 0.74 0.70 0.76 0.74 0.94 0.90 0.96 0.91 0.90 0.93
MS-SVDD ω6 0.94 0.94 0.94 0.86 0.90 0.94 0.89 0.76 0.95 0.68 0.72 0.75 0.96 0.92 0.97 0.92 0.92 0.94
Decision Strategy 2
MS-SVDD ω0 0.89 0.99 0.84 0.72 0.83 0.91 0.72 0.71 0.72 0.52 0.56 0.51 0.89 0.98 0.86 0.73 0.84 0.92
MS-SVDD ω1 0.89 0.99 0.84 0.72 0.83 0.92 0.47 0.82 0.34 0.46 0.51 0.30 0.88 0.99 0.84 0.72 0.83 0.91
MS-SVDD ω2 0.88 0.99 0.84 0.71 0.83 0.91 0.90 0.93 0.89 0.80 0.84 0.91 0.88 0.95 0.85 0.73 0.82 0.90
MS-SVDD ω3 0.90 1.00 0.86 0.74 0.85 0.93 0.78 0.89 0.74 0.76 0.77 0.71 0.91 0.97 0.88 0.76 0.85 0.93
MS-SVDD ω4 0.87 0.98 0.83 0.69 0.81 0.90 0.82 0.98 0.76 0.62 0.76 0.87 0.85 0.97 0.80 0.65 0.78 0.88
MS-SVDD ω5 0.88 0.99 0.83 0.70 0.82 0.91 0.90 0.92 0.89 0.79 0.84 0.90 0.89 0.96 0.86 0.73 0.83 0.91
MS-SVDD ω6 0.88 0.99 0.84 0.71 0.83 0.91 0.75 0.74 0.75 0.56 0.60 0.54 0.88 0.95 0.85 0.72 0.82 0.90
Decision Strategy 3
MS-SVDD ω0 0.97 0.95 0.97 0.93 0.94 0.96 0.71 0.91 0.63 0.57 0.68 0.67 0.95 0.91 0.97 0.92 0.91 0.94
MS-SVDD ω1 0.98 0.96 0.98 0.95 0.96 0.97 0.46 0.75 0.35 0.42 0.51 0.36 0.95 0.92 0.96 0.90 0.91 0.94
MS-SVDD ω2 0.97 0.97 0.97 0.93 0.95 0.97 0.94 0.98 0.92 0.83 0.90 0.95 0.95 0.90 0.96 0.91 0.91 0.93
MS-SVDD ω3 0.96 0.94 0.97 0.93 0.93 0.96 0.83 0.71 0.87 0.75 0.69 0.77 0.95 0.90 0.97 0.92 0.91 0.93
MS-SVDD ω4 0.97 0.93 0.98 0.95 0.94 0.96 0.94 0.94 0.95 0.88 0.91 0.94 0.92 0.90 0.92 0.83 0.86 0.91
MS-SVDD ω5 0.97 0.95 0.97 0.93 0.94 0.96 0.94 0.98 0.92 0.83 0.90 0.95 0.95 0.92 0.96 0.91 0.91 0.94
MS-SVDD ω6 0.97 0.94 0.98 0.95 0.94 0.96 0.92 0.98 0.90 0.80 0.88 0.94 0.95 0.92 0.97 0.92 0.92 0.94
Decision Strategy 4
MS-SVDD ω0 0.80 0.97 0.73 0.59 0.74 0.84 0.67 0.66 0.67 0.67 0.60 0.58 0.88 0.92 0.86 0.73 0.81 0.89
MS-SVDD ω1 0.83 0.95 0.78 0.63 0.76 0.86 0.48 0.83 0.34 0.47 0.52 0.32 0.86 0.94 0.82 0.67 0.79 0.88
MS-SVDD ω2 0.83 0.95 0.78 0.64 0.76 0.86 0.63 0.85 0.54 0.61 0.64 0.49 0.86 0.90 0.85 0.70 0.79 0.87
MS-SVDD ω3 0.82 0.91 0.78 0.63 0.74 0.84 0.75 0.64 0.80 0.66 0.59 0.51 0.87 0.92 0.85 0.71 0.80 0.88
MS-SVDD ω4 0.83 0.93 0.79 0.64 0.75 0.86 0.66 0.80 0.60 0.49 0.60 0.61 0.88 0.94 0.85 0.71 0.81 0.90
MS-SVDD ω5 0.85 0.90 0.83 0.68 0.77 0.86 0.68 0.87 0.61 0.57 0.65 0.65 0.86 0.87 0.86 0.71 0.78 0.86
MS-SVDD ω6 0.81 0.96 0.76 0.61 0.75 0.85 0.57 0.49 0.60 0.30 0.32 0.17 0.87 0.93 0.85 0.71 0.80 0.89
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Table 2: Caltech-7 dataset test results for MS-SVDD using different decision strategies and constraints (hyperparam-
eters selected using cross-validation on basis of maximum gm score on training set)

Linear Kernel NPT
accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm

Decision Strategy 1
MS-SVDD ω0 0.87 0.98 0.83 0.71 0.82 0.90 0.66 0.89 0.57 0.50 0.63 0.68 0.90 0.96 0.88 0.77 0.86 0.92
MS-SVDD ω1 0.91 0.96 0.89 0.78 0.86 0.92 0.65 0.89 0.55 0.59 0.68 0.59 0.94 0.98 0.92 0.85 0.91 0.95
MS-SVDD ω2 0.87 0.98 0.83 0.71 0.82 0.90 0.86 0.94 0.82 0.72 0.81 0.88 0.92 0.95 0.90 0.80 0.87 0.93
MS-SVDD ω3 0.87 0.98 0.83 0.70 0.82 0.90 0.66 0.89 0.57 0.50 0.63 0.68 0.90 0.97 0.86 0.76 0.85 0.92
MS-SVDD ω4 0.91 0.95 0.89 0.78 0.86 0.92 0.92 0.96 0.91 0.81 0.88 0.93 0.94 0.95 0.94 0.88 0.91 0.95
MS-SVDD ω5 0.88 0.98 0.84 0.71 0.83 0.90 0.90 0.94 0.89 0.78 0.85 0.91 0.93 0.96 0.91 0.82 0.88 0.94
MS-SVDD ω6 0.87 0.98 0.83 0.71 0.82 0.90 0.66 0.71 0.63 0.40 0.49 0.53 0.90 0.98 0.86 0.75 0.85 0.92
Decision Strategy 2
MS-SVDD ω0 0.60 0.97 0.44 0.42 0.59 0.65 0.68 0.78 0.63 0.60 0.60 0.61 0.78 0.76 0.78 0.64 0.62 0.72
MS-SVDD ω1 0.74 0.97 0.65 0.53 0.69 0.79 0.78 0.96 0.70 0.57 0.71 0.82 0.81 0.97 0.74 0.61 0.75 0.85
MS-SVDD ω2 0.63 0.97 0.49 0.44 0.61 0.69 0.69 0.68 0.69 0.60 0.52 0.60 0.78 0.76 0.78 0.64 0.62 0.72
MS-SVDD ω3 0.59 0.97 0.43 0.42 0.58 0.64 0.73 0.75 0.72 0.62 0.61 0.70 0.79 0.94 0.73 0.60 0.73 0.83
MS-SVDD ω4 0.74 0.97 0.64 0.53 0.68 0.79 0.73 0.97 0.62 0.52 0.68 0.78 0.83 0.95 0.78 0.64 0.77 0.86
MS-SVDD ω5 0.62 0.97 0.47 0.44 0.60 0.68 0.83 0.79 0.85 0.74 0.73 0.80 0.79 0.94 0.73 0.60 0.73 0.83
MS-SVDD ω6 0.60 0.97 0.44 0.42 0.59 0.65 0.68 0.86 0.61 0.58 0.62 0.63 0.79 0.94 0.73 0.60 0.73 0.83
Decision Strategy 3
MS-SVDD ω0 0.70 0.81 0.65 0.49 0.61 0.73 0.68 0.65 0.70 0.50 0.53 0.64 0.76 0.83 0.74 0.58 0.68 0.78
MS-SVDD ω1 0.74 0.83 0.69 0.53 0.65 0.76 0.76 0.84 0.73 0.57 0.68 0.78 0.75 0.87 0.71 0.57 0.69 0.78
MS-SVDD ω2 0.72 0.85 0.67 0.52 0.64 0.75 0.76 0.81 0.74 0.57 0.67 0.77 0.77 0.86 0.73 0.59 0.69 0.79
MS-SVDD ω3 0.70 0.82 0.65 0.49 0.61 0.73 0.56 0.76 0.48 0.41 0.52 0.52 0.76 0.83 0.74 0.58 0.68 0.78
MS-SVDD ω4 0.73 0.83 0.69 0.53 0.64 0.76 0.76 0.89 0.71 0.57 0.69 0.79 0.58 0.94 0.43 0.42 0.57 0.63
MS-SVDD ω5 0.72 0.82 0.67 0.51 0.63 0.75 0.76 0.84 0.73 0.56 0.67 0.78 0.76 0.89 0.70 0.56 0.68 0.79
MS-SVDD ω6 0.69 0.81 0.64 0.49 0.61 0.72 0.65 0.71 0.62 0.46 0.55 0.65 0.77 0.82 0.75 0.59 0.68 0.78
Decision Strategy 4
MS-SVDD ω0 0.78 0.95 0.70 0.57 0.72 0.82 0.74 0.57 0.81 0.69 0.51 0.60 0.86 0.97 0.81 0.68 0.80 0.89
MS-SVDD ω1 0.92 0.89 0.93 0.84 0.86 0.91 0.75 0.97 0.65 0.61 0.73 0.71 0.90 0.99 0.86 0.74 0.85 0.92
MS-SVDD ω2 0.77 0.93 0.71 0.57 0.71 0.81 0.87 0.92 0.85 0.73 0.81 0.88 0.90 0.94 0.88 0.77 0.85 0.91
MS-SVDD ω3 0.77 0.96 0.69 0.56 0.71 0.81 0.71 0.60 0.75 0.48 0.47 0.54 0.84 0.98 0.78 0.66 0.79 0.87
MS-SVDD ω4 0.90 0.91 0.90 0.81 0.85 0.90 0.88 0.97 0.84 0.72 0.83 0.90 0.90 0.96 0.88 0.78 0.86 0.92
MS-SVDD ω5 0.78 0.93 0.71 0.58 0.71 0.81 0.85 0.97 0.81 0.68 0.80 0.88 0.90 0.95 0.88 0.77 0.85 0.92
MS-SVDD ω6 0.77 0.95 0.70 0.57 0.71 0.81 0.72 0.39 0.86 0.39 0.34 0.40 0.84 0.97 0.79 0.67 0.79 0.88
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Table 3: Ionosphere dataset test results for MS-SVDD using different decision strategies and constraints (hyperpa-
rameters selected using cross-validation on basis of maximum gm score on training set)

Linear Kernel NPT
accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm

Decision Strategy 1
MS-SVDD ω0 0.81 0.91 0.62 0.82 0.86 0.75 0.73 0.82 0.56 0.78 0.79 0.67 0.80 0.92 0.58 0.82 0.86 0.65
MS-SVDD ω1 0.84 0.90 0.73 0.86 0.88 0.81 0.81 0.91 0.64 0.83 0.86 0.75 0.85 0.94 0.69 0.87 0.90 0.71
MS-SVDD ω2 0.82 0.94 0.60 0.81 0.87 0.75 0.76 0.85 0.60 0.80 0.82 0.71 0.82 0.89 0.70 0.87 0.87 0.69
MS-SVDD ω3 0.80 0.91 0.60 0.81 0.86 0.73 0.73 0.82 0.56 0.78 0.79 0.67 0.82 0.94 0.61 0.83 0.88 0.66
MS-SVDD ω4 0.82 0.90 0.69 0.84 0.87 0.79 0.80 0.95 0.53 0.79 0.86 0.69 0.82 0.93 0.61 0.83 0.87 0.67
MS-SVDD ω5 0.83 0.95 0.63 0.82 0.88 0.77 0.83 0.88 0.74 0.86 0.87 0.81 0.81 0.92 0.62 0.83 0.87 0.66
MS-SVDD ω6 0.81 0.93 0.59 0.81 0.86 0.74 0.73 0.82 0.56 0.78 0.79 0.67 0.84 0.94 0.66 0.86 0.89 0.69
Decision Strategy 2
MS-SVDD ω0 0.86 0.96 0.67 0.84 0.90 0.80 0.58 0.45 0.81 0.82 0.57 0.59 0.71 0.85 0.46 0.75 0.79 0.54
MS-SVDD ω1 0.86 0.96 0.67 0.84 0.90 0.80 0.64 0.76 0.42 0.72 0.73 0.48 0.67 0.71 0.61 0.80 0.70 0.52
MS-SVDD ω2 0.87 0.96 0.70 0.86 0.90 0.82 0.58 0.59 0.58 0.83 0.60 0.33 0.71 0.86 0.45 0.75 0.79 0.54
MS-SVDD ω3 0.86 0.96 0.67 0.84 0.90 0.80 0.54 0.52 0.58 0.73 0.56 0.42 0.71 0.85 0.46 0.75 0.79 0.54
MS-SVDD ω4 0.85 0.96 0.64 0.83 0.89 0.78 0.74 0.85 0.53 0.77 0.81 0.66 0.70 0.81 0.51 0.76 0.78 0.55
MS-SVDD ω5 0.87 0.96 0.71 0.86 0.91 0.82 0.60 0.43 0.90 0.94 0.51 0.54 0.71 0.85 0.46 0.75 0.79 0.55
MS-SVDD ω6 0.86 0.96 0.68 0.85 0.90 0.80 0.63 0.58 0.73 0.83 0.64 0.60 0.71 0.85 0.46 0.75 0.79 0.54
Decision Strategy 3
MS-SVDD ω0 0.83 0.99 0.53 0.79 0.88 0.72 0.70 0.77 0.57 0.78 0.77 0.64 0.85 0.96 0.63 0.83 0.89 0.78
MS-SVDD ω1 0.82 0.92 0.63 0.83 0.87 0.75 0.80 0.92 0.58 0.81 0.85 0.72 0.84 0.99 0.58 0.82 0.89 0.67
MS-SVDD ω2 0.78 0.91 0.55 0.81 0.83 0.68 0.78 0.79 0.76 0.86 0.82 0.77 0.87 0.96 0.69 0.85 0.90 0.82
MS-SVDD ω3 0.78 0.97 0.43 0.76 0.85 0.64 0.74 0.84 0.54 0.78 0.80 0.65 0.80 0.95 0.52 0.80 0.86 0.62
MS-SVDD ω4 0.81 0.97 0.52 0.79 0.87 0.70 0.82 0.94 0.60 0.82 0.87 0.75 0.84 0.96 0.63 0.83 0.89 0.78
MS-SVDD ω5 0.68 0.73 0.60 0.78 0.70 0.61 0.80 0.91 0.59 0.81 0.85 0.73 0.85 0.98 0.61 0.82 0.89 0.77
MS-SVDD ω6 0.80 0.97 0.50 0.78 0.86 0.69 0.74 0.84 0.54 0.78 0.80 0.65 0.83 0.96 0.59 0.82 0.88 0.67
Decision Strategy 4
MS-SVDD ω0 0.85 0.95 0.68 0.85 0.89 0.80 0.62 0.67 0.53 0.70 0.66 0.56 0.71 0.79 0.56 0.79 0.76 0.64
MS-SVDD ω1 0.83 0.91 0.69 0.84 0.87 0.79 0.66 0.80 0.38 0.70 0.75 0.55 0.88 0.95 0.74 0.87 0.91 0.84
MS-SVDD ω2 0.87 0.95 0.73 0.87 0.91 0.83 0.63 0.73 0.45 0.69 0.68 0.50 0.76 0.86 0.59 0.79 0.82 0.71
MS-SVDD ω3 0.86 0.96 0.69 0.85 0.90 0.81 0.61 0.70 0.44 0.68 0.67 0.51 0.79 0.95 0.50 0.78 0.85 0.69
MS-SVDD ω4 0.81 0.88 0.68 0.84 0.86 0.78 0.76 0.86 0.58 0.79 0.82 0.71 0.79 0.94 0.52 0.78 0.85 0.70
MS-SVDD ω5 0.87 0.95 0.73 0.87 0.91 0.83 0.69 0.83 0.44 0.73 0.77 0.59 0.72 0.78 0.62 0.80 0.77 0.68
MS-SVDD ω6 0.86 0.95 0.71 0.86 0.90 0.82 0.62 0.67 0.53 0.70 0.66 0.56 0.77 0.92 0.50 0.77 0.84 0.68
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Table 4: Handwritten dataset test results for MS-SVDD using different decision strategies and constraints (hyperpa-
rameters selected using cross-validation on basis of maximum gm score on training set)

Linear Kernel NPT
accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm

Decision Strategy 1
MS-SVDD ω0 0.98 0.91 0.99 0.91 0.91 0.95 0.82 0.36 0.87 0.19 0.25 0.35 0.98 0.91 0.99 0.89 0.90 0.95
MS-SVDD ω1 0.98 0.92 0.99 0.89 0.90 0.95 0.96 0.88 0.96 0.77 0.80 0.92 0.94 0.98 0.94 0.80 0.85 0.96
MS-SVDD ω2 0.99 0.91 0.99 0.95 0.93 0.95 0.72 0.70 0.72 0.37 0.43 0.54 0.98 0.92 0.98 0.89 0.90 0.95
MS-SVDD ω3 0.97 0.92 0.97 0.84 0.86 0.94 0.81 0.19 0.88 0.07 0.10 0.17 0.98 0.91 0.99 0.89 0.90 0.95
MS-SVDD ω4 0.98 0.90 0.99 0.89 0.89 0.94 0.95 0.93 0.95 0.85 0.85 0.94 0.98 0.95 0.99 0.91 0.93 0.97
MS-SVDD ω5 0.96 0.91 0.97 0.80 0.84 0.94 0.95 0.97 0.94 0.70 0.80 0.95 0.97 0.94 0.97 0.84 0.87 0.95
MS-SVDD ω6 0.96 0.92 0.97 0.82 0.85 0.94 0.75 0.78 0.75 0.23 0.35 0.65 0.98 0.91 0.99 0.89 0.90 0.95
Decision Strategy 2
MS-SVDD ω0 0.85 0.99 0.84 0.46 0.61 0.91 0.33 1.00 0.25 0.15 0.26 0.32 0.60 0.99 0.56 0.51 0.57 0.58
MS-SVDD ω1 0.91 0.99 0.90 0.60 0.72 0.94 0.74 0.96 0.71 0.50 0.60 0.74 0.46 0.98 0.40 0.45 0.50 0.39
MS-SVDD ω2 0.90 0.99 0.89 0.63 0.74 0.93 0.65 0.80 0.63 0.31 0.34 0.56 0.60 0.99 0.56 0.51 0.57 0.58
MS-SVDD ω3 0.86 0.99 0.84 0.45 0.61 0.91 0.59 0.58 0.59 0.24 0.26 0.19 0.60 0.99 0.56 0.51 0.57 0.58
MS-SVDD ω4 0.94 0.99 0.93 0.65 0.77 0.96 0.95 0.96 0.95 0.76 0.83 0.96 0.81 0.91 0.80 0.79 0.77 0.75
MS-SVDD ω5 0.85 0.99 0.84 0.49 0.64 0.91 0.83 0.88 0.83 0.49 0.55 0.84 0.60 0.99 0.55 0.46 0.55 0.57
MS-SVDD ω6 0.85 0.99 0.83 0.44 0.59 0.90 0.38 0.61 0.36 0.09 0.15 0.24 0.60 0.99 0.56 0.51 0.57 0.58
Decision Strategy 3
MS-SVDD ω0 0.84 0.90 0.83 0.38 0.53 0.86 0.33 1.00 0.25 0.15 0.26 0.32 0.89 0.85 0.90 0.49 0.61 0.87
MS-SVDD ω1 0.85 0.86 0.85 0.40 0.54 0.86 0.63 0.80 0.61 0.26 0.38 0.64 0.96 0.84 0.97 0.79 0.81 0.91
MS-SVDD ω2 0.84 0.90 0.84 0.39 0.54 0.87 0.65 0.91 0.62 0.30 0.42 0.66 0.91 0.88 0.91 0.54 0.66 0.89
MS-SVDD ω3 0.84 0.88 0.83 0.38 0.53 0.85 0.31 0.98 0.23 0.14 0.24 0.30 0.89 0.85 0.90 0.49 0.61 0.87
MS-SVDD ω4 0.81 0.88 0.80 0.35 0.50 0.84 0.84 0.94 0.83 0.39 0.55 0.88 0.94 0.92 0.94 0.64 0.75 0.93
MS-SVDD ω5 0.82 0.94 0.80 0.35 0.51 0.87 0.73 0.94 0.71 0.29 0.44 0.81 0.88 0.91 0.88 0.46 0.61 0.89
MS-SVDD ω6 0.83 0.91 0.82 0.38 0.53 0.86 0.34 0.98 0.27 0.15 0.25 0.38 0.89 0.85 0.90 0.49 0.61 0.87
Decision Strategy 4
MS-SVDD ω0 0.89 0.99 0.87 0.55 0.69 0.93 0.39 0.30 0.40 0.06 0.09 0.19 0.94 0.84 0.95 0.77 0.72 0.87
MS-SVDD ω1 0.93 0.99 0.92 0.62 0.75 0.95 0.97 0.96 0.97 0.85 0.88 0.96 0.94 0.84 0.95 0.77 0.72 0.87
MS-SVDD ω2 0.92 0.99 0.91 0.76 0.82 0.94 0.67 0.63 0.67 0.18 0.27 0.43 0.94 0.84 0.95 0.77 0.72 0.87
MS-SVDD ω3 0.88 0.99 0.87 0.51 0.66 0.93 0.59 0.45 0.60 0.26 0.29 0.39 0.94 0.84 0.95 0.77 0.72 0.87
MS-SVDD ω4 0.98 0.99 0.98 0.90 0.93 0.98 1.00 0.99 1.00 0.98 0.98 0.99 0.94 0.84 0.95 0.77 0.72 0.87
MS-SVDD ω5 0.92 0.99 0.91 0.78 0.83 0.94 0.98 0.84 0.99 0.93 0.86 0.90 0.94 0.84 0.95 0.77 0.72 0.87
MS-SVDD ω6 0.88 0.99 0.87 0.56 0.69 0.92 0.60 0.79 0.58 0.16 0.26 0.53 0.94 0.84 0.95 0.77 0.72 0.87
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Table 5: SPECTF heart dataset test results for MS-SVDD using different decision strategies and constraints (hyper-
parameters selected using cross-validation on basis of maximum gm score on training set)

Linear Kernel NPT
accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm accu tpr tnr pre F1 gm

Decision Strategy 1
MS-SVDD ω0 0.78 0.80 0.78 0.24 0.37 0.79 0.55 0.60 0.55 0.10 0.18 0.57 0.65 0.73 0.65 0.15 0.25 0.69
MS-SVDD ω1 0.73 0.80 0.73 0.20 0.32 0.76 0.55 0.60 0.55 0.10 0.18 0.57 0.73 0.60 0.74 0.17 0.26 0.67
MS-SVDD ω2 0.78 0.80 0.77 0.24 0.36 0.79 0.80 0.73 0.80 0.24 0.37 0.77 0.72 0.73 0.72 0.19 0.30 0.73
MS-SVDD ω3 0.65 0.80 0.64 0.16 0.27 0.72 0.63 0.87 0.60 0.16 0.27 0.72 0.65 0.73 0.65 0.15 0.25 0.69
MS-SVDD ω4 0.74 0.80 0.74 0.21 0.33 0.77 0.55 0.60 0.55 0.10 0.18 0.57 0.71 0.73 0.70 0.18 0.29 0.72
MS-SVDD ω5 0.76 0.73 0.76 0.21 0.33 0.75 0.77 0.67 0.78 0.21 0.32 0.72 0.72 0.73 0.72 0.19 0.30 0.73
MS-SVDD ω6 0.67 0.80 0.66 0.17 0.28 0.73 0.63 0.87 0.60 0.16 0.27 0.72 0.72 0.67 0.72 0.17 0.27 0.69
Decision Strategy 2
MS-SVDD ω0 0.69 0.67 0.69 0.16 0.26 0.68 0.80 0.47 0.83 0.19 0.27 0.62 0.74 0.60 0.76 0.18 0.27 0.67
MS-SVDD ω1 0.58 0.80 0.56 0.14 0.23 0.67 0.49 0.87 0.45 0.12 0.21 0.63 0.76 0.53 0.78 0.18 0.27 0.65
MS-SVDD ω2 0.37 0.93 0.33 0.11 0.19 0.55 0.60 0.80 0.59 0.14 0.24 0.69 0.75 0.67 0.76 0.20 0.30 0.71
MS-SVDD ω3 0.65 0.67 0.65 0.14 0.24 0.66 0.80 0.47 0.83 0.19 0.27 0.62 0.74 0.60 0.76 0.18 0.27 0.67
MS-SVDD ω4 0.57 0.93 0.53 0.15 0.26 0.71 0.75 0.60 0.77 0.18 0.28 0.68 0.76 0.60 0.78 0.19 0.29 0.68
MS-SVDD ω5 0.60 0.93 0.57 0.16 0.27 0.73 0.60 0.80 0.59 0.14 0.24 0.69 0.75 0.67 0.76 0.20 0.30 0.71
MS-SVDD ω6 0.49 0.87 0.46 0.12 0.21 0.63 0.80 0.47 0.83 0.19 0.27 0.62 0.74 0.60 0.76 0.18 0.27 0.67
Decision Strategy 3
MS-SVDD ω0 0.59 0.80 0.58 0.14 0.24 0.68 0.66 0.60 0.66 0.13 0.22 0.63 0.80 0.47 0.83 0.19 0.27 0.62
MS-SVDD ω1 0.61 0.80 0.60 0.15 0.25 0.69 0.76 0.47 0.79 0.16 0.24 0.61 0.80 0.47 0.83 0.19 0.27 0.62
MS-SVDD ω2 0.53 0.87 0.51 0.13 0.23 0.66 0.47 0.93 0.43 0.13 0.22 0.63 0.80 0.47 0.83 0.19 0.27 0.62
MS-SVDD ω3 0.58 0.87 0.56 0.15 0.25 0.70 0.66 0.60 0.66 0.13 0.22 0.63 0.80 0.47 0.83 0.19 0.27 0.62
MS-SVDD ω4 0.55 0.73 0.53 0.12 0.21 0.62 0.78 0.47 0.80 0.17 0.25 0.61 0.80 0.53 0.82 0.21 0.30 0.66
MS-SVDD ω5 0.58 0.93 0.55 0.15 0.26 0.72 0.62 0.80 0.60 0.15 0.25 0.70 0.80 0.47 0.83 0.19 0.27 0.62
MS-SVDD ω6 0.56 0.87 0.53 0.14 0.24 0.68 0.66 0.60 0.66 0.13 0.22 0.63 0.80 0.47 0.83 0.19 0.27 0.62
Decision Strategy 4
MS-SVDD ω0 0.68 0.73 0.67 0.16 0.27 0.70 0.72 0.73 0.72 0.18 0.29 0.72 0.72 0.73 0.72 0.18 0.29 0.72
MS-SVDD ω1 0.72 0.80 0.71 0.19 0.31 0.75 0.52 0.87 0.49 0.13 0.23 0.65 0.63 0.73 0.62 0.14 0.24 0.68
MS-SVDD ω2 0.73 0.80 0.73 0.20 0.32 0.76 0.60 0.87 0.58 0.15 0.26 0.71 0.60 0.80 0.58 0.14 0.24 0.68
MS-SVDD ω3 0.75 0.53 0.77 0.17 0.26 0.64 0.60 0.80 0.59 0.14 0.24 0.69 0.66 0.73 0.65 0.15 0.26 0.69
MS-SVDD ω4 0.73 0.80 0.72 0.20 0.32 0.76 0.74 0.67 0.74 0.19 0.29 0.70 0.65 0.73 0.65 0.15 0.25 0.69
MS-SVDD ω5 0.74 0.73 0.74 0.20 0.31 0.74 0.75 0.60 0.77 0.18 0.28 0.68 0.74 0.60 0.75 0.17 0.27 0.67
MS-SVDD ω6 0.76 0.53 0.78 0.17 0.26 0.64 0.72 0.73 0.72 0.18 0.29 0.72 0.72 0.73 0.72 0.18 0.29 0.72
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2. Train and test time

The numerical results of the train and test time (Tables 6-10) were computed using Matlab
version 9.6.0.1072779 (R2019a) over, Intel64 Family 6 Model 158 Stepping 9 GenuineIntel 2808
Mhz processor.

Table 6: Train and test time (in milliseconds) for Robot Execution Failures dataset

Linear Non-linear
Train Time Test Time Train Time Test Time

Proposed method
MS-SVDD ω2ds3 1.01E+02 3.43E-01 1.66E+02 3.26E-01
MS-SVDD ω5ds3 9.03E+01 3.58E-01 1.65E+02 3.63E-01
Concatenated features
S-SVDD ψ1 4.66E+01 1.04E-01 8.52E+01 1.97E-01
S-SVDD ψ2 4.50E+01 1.39E-01 1.14E+02 3.35E-01
S-SVDD ψ3 4.79E+01 1.21E-01 8.86E+01 1.67E-01
S-SVDD ψ4 4.22E+01 8.37E-02 8.94E+01 2.47E-01
OC-SVM 4.65E+00 1.25E+00 1.79E+00 1.50E+00
SVDD 3.73E-01 2.03E-01 4.38E-01 2.24E-01
Force measurements
S-SVDD ψ1 3.29E+01 7.91E-02 8.80E+01 2.29E-01
S-SVDD ψ2 3.60E+01 7.83E-02 8.06E+01 2.12E-01
S-SVDD ψ3 3.55E+01 1.03E-01 9.46E+01 1.36E-01
S-SVDD ψ4 3.03E+01 6.59E-02 1.01E+02 2.71E-01
OC-SVM 1.42E+01 5.69E-01 1.15E+00 7.52E-01
SVDD 2.39E-01 9.61E-02 5.70E-01 2.05E-01
Torque measurements
S-SVDD ψ1 2.67E+01 5.47E-02 1.22E+02 2.27E-01
S-SVDD ψ2 4.07E+01 1.29E-01 8.79E+01 1.56E-01
S-SVDD ψ3 2.97E+01 5.10E-02 8.78E+01 2.12E-01
S-SVDD ψ4 4.02E+01 9.23E-02 9.03E+01 2.02E-01
OC-SVM 7.17E+00 6.01E-01 9.74E-01 8.20E-01
SVDD 2.71E-01 9.82E-02 3.99E-01 2.05E-01
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Table 7: Train and test time (in milliseconds) for Caltec-7 dataset

Linear Non-linear
Train Time Test Time Train Time Test Time

Proposed method
MS-SVDD ω1ds1 1.81E+02 7.61E-01 5.36E+02 1.29E+00
MS-SVDD ω4ds1 1.94E+02 7.95E-01 4.11E+02 1.28E+00
Concatenated features
S-SVDD ψ1 1.37E+02 2.46E-01 7.15E+02 4.33E-01
S-SVDD ψ2 1.54E+02 3.04E-01 7.79E+02 1.04E+00
S-SVDD ψ3 1.83E+02 2.96E-01 9.54E+02 1.29E+00
S-SVDD ψ4 1.63E+02 3.06E-01 1.03E+03 1.43E+00
OC-SVM 5.45E+02 1.41E+01 1.47E+01 1.34E+01
SVDD 2.22E+00 1.43E+00 2.13E+00 2.18E+00
Gabor features
S-SVDD ψ1 1.71E+02 3.49E-01 7.97E+02 4.14E-01
S-SVDD ψ2 1.96E+02 3.73E-01 7.66E+02 3.94E-01
S-SVDD ψ3 2.01E+02 3.86E-01 8.64E+02 8.11E-01
S-SVDD ψ4 2.00E+02 5.35E-01 8.36E+02 1.54E+00
OC-SVM 8.14E+01 7.21E+00 1.07E+01 9.17E+00
SVDD 4.73E+00 3.20E+00 1.63E+00 1.30E+00
Wavelet moments
S-SVDD ψ1 1.62E+02 4.77E-01 7.02E+02 7.31E-01
S-SVDD ψ2 1.70E+02 3.77E-01 7.33E+02 6.51E-01
S-SVDD ψ3 1.03E+02 1.47E-01 8.01E+02 1.11E+00
S-SVDD ψ4 1.33E+02 2.70E-01 8.22E+02 9.00E-01
OC-SVM 1.90E+02 5.56E+00 1.05E+01 7.89E+00
SVDD 1.17E+00 5.55E-01 1.46E+00 8.10E-01

7



Table 8: Train and test time (in milliseconds) for Ionosphere dataset

Linear Non-linear
Train Time Test Time Train Time Test Time

Proposed method
MS-SVDD ω2ds4 1.68E+02 3.82E-01 2.11E+02 3.99E-01
MS-SVDD ω1ds4 1.79E+02 3.78E-01 2.29E+02 3.99E-01
Concatenated features
S-SVDD ψ1 5.65E+01 6.92E-02 1.50E+02 2.29E-01
S-SVDD ψ2 7.58E+01 1.82E-01 1.43E+02 1.95E-01
S-SVDD ψ3 8.98E+01 1.56E-01 1.95E+02 3.43E-01
S-SVDD ψ4 5.10E+01 9.00E-02 2.04E+02 3.54E-01
OC-SVM 5.43E+00 5.81E-01 2.29E+00 1.09E+00
SVDD 4.36E-01 1.13E-01 7.73E-01 2.48E-01
Real
S-SVDD ψ1 3.92E+01 8.90E-02 1.49E+02 2.81E-01
S-SVDD ψ2 3.92E+01 1.07E-01 1.52E+02 2.15E-01
S-SVDD ψ3 5.37E+01 9.95E-02 1.69E+02 2.55E-01
S-SVDD ψ4 4.92E+01 1.06E-01 1.83E+02 3.47E-01
OC-SVM 1.70E+00 3.04E-01 2.01E+00 8.21E-01
SVDD 3.67E-01 9.25E-02 5.28E-01 1.38E-01
Complex
S-SVDD ψ1 1.00E+02 2.55E-01 1.59E+02 2.87E-01
S-SVDD ψ2 9.51E+01 1.42E-01 1.54E+02 1.42E-01
S-SVDD ψ3 1.06E+02 1.65E-01 1.98E+02 4.89E-01
S-SVDD ψ4 1.02E+02 1.48E-01 2.05E+02 5.08E-01
OC-SVM 1.88E+00 3.09E-01 2.39E+00 8.61E-01
SVDD 3.75E-01 9.73E-02 7.06E-01 2.05E-01
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Table 9: Train and test time (in milliseconds) for Handwritten dataset

Linear Non-linear
Train Time Test Time Train Time Test Time

Proposed method
MS-SVDD ω4ds4 1.18E+02 1.28E+00 1.07E+02 1.14E+00
MS-SVDD ω4ds1 1.30E+02 1.39E+00 1.42E+02 1.94E+00
Concatenated features
S-SVDD ψ1 4.19E+01 2.27E-01 2.47E+02 6.25E-01
S-SVDD ψ2 4.09E+01 2.56E-01 2.84E+02 8.02E-01
S-SVDD ψ3 4.69E+01 1.34E-01 2.66E+02 7.09E-01
S-SVDD ψ4 5.06E+01 2.44E-01 2.67E+02 7.02E-01
OC-SVM 1.04E+02 6.01E+00 2.89E+00 6.22E+00
SVDD 4.24E-01 5.09E-01 5.32E-01 8.47E-01
ZER
S-SVDD ψ1 4.20E+01 1.39E-01 2.42E+02 3.57E-01
S-SVDD ψ2 4.41E+01 1.54E-01 2.93E+02 1.44E+00
S-SVDD ψ3 6.21E+01 3.45E-01 2.88E+02 5.51E-01
S-SVDD ψ4 6.73E+01 4.14E-01 2.83E+02 7.22E-01
OC-SVM 9.63E+01 5.17E+00 2.31E+00 5.65E+00
SVDD 5.21E-01 6.69E-01 8.43E-01 1.36E+00
MOR
S-SVDD ψ1 3.44E+01 9.09E-02 2.40E+02 3.96E-01
S-SVDD ψ2 2.64E+01 1.12E-01 3.01E+02 7.59E-01
S-SVDD ψ3 3.48E+01 1.05E-01 2.58E+02 4.90E-01
S-SVDD ψ4 2.93E+01 1.46E-01 2.52E+02 3.43E-01
OC-SVM 4.09E-01 5.72E-01 1.31E+00 3.48E+00
SVDD 2.76E-01 2.06E-01 5.39E-01 4.33E-01
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Table 10: Train and test time (in milliseconds) for SPECTF heart dataset

Linear Non-linear
Train Time Test Time Train Time Test Time

Proposed method
MS-SVDD ω0ds1 4.16E+01 5.44E-01 5.20E+01 5.41E-01
MS-SVDD ω2ds1 4.60E+01 5.82E-01 5.07E+01 2.29E-01
Concatenated features
S-SVDD ψ1 6.27E+01 7.59E-02 6.19E+01 3.35E-01
S-SVDD ψ2 5.55E+01 1.42E-01 3.51E+01 1.72E-01
S-SVDD ψ3 3.21E+01 1.39E-01 6.34E+01 2.91E-01
S-SVDD ψ4 4.02E+01 7.66E-02 3.89E+01 2.36E-01
OC-SVM 9.03E-01 6.78E-01 1.38E+00 1.31E+00
SVDD 5.70E-01 2.66E-01 4.46E-01 3.30E-01
Rest Mode
S-SVDD ψ1 2.79E+01 6.45E-02 3.90E+01 3.31E-01
S-SVDD ψ2 1.96E+01 7.84E-02 4.56E+01 1.40E-01
S-SVDD ψ3 2.66E+01 6.42E-02 6.08E+01 1.27E-01
S-SVDD ψ4 3.29E+01 7.99E-02 4.17E+01 3.34E-01
OC-SVM 6.63E-01 2.03E-01 9.58E-01 9.93E-01
SVDD 4.08E-01 2.03E-01 3.06E-01 1.55E-01
Stress Mode
S-SVDD ψ1 3.02E+01 6.45E-02 3.40E+01 1.39E-01
S-SVDD ψ2 2.78E+01 6.24E-02 3.97E+01 4.21E-01
S-SVDD ψ3 2.68E+01 5.54E-02 5.56E+01 2.90E-01
S-SVDD ψ4 3.70E+01 1.72E-01 4.10E+01 3.36E-01
OC-SVM 9.89E-01 1.79E-01 6.78E-01 6.59E-01
SVDD 2.70E-01 9.01E-02 7.54E-01 4.37E-01
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3. Sensitivity analysis

Figure 1: Hyperparameter sensitivity analysis for linear MS-SVDD ω1ds1 on SPECTF heart dataset
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Figure 2: Hyperparameter sensitivity analysis for linear MS-SVDD ω2ds1 on SPECTF heart dataset

Figure 3: Hyperparameter sensitivity analysis for linear MS-SVDD ω3ds1 on SPECTF heart dataset
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Figure 4: Hyperparameter sensitivity analysis for linear MS-SVDD ω4ds1 on SPECTF heart dataset

Figure 5: Hyperparameter sensitivity analysis for linear MS-SVDD ω5ds1 on SPECTF heart dataset
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Figure 6: Hyperparameter sensitivity analysis for linear MS-SVDD ω6ds1 on SPECTF heart dataset

Figure 7: Hyperparameter sensitivity analysis for linear MS-SVDD ω0ds2 on SPECTF heart dataset
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Figure 8: Hyperparameter sensitivity analysis for linear MS-SVDD ω1ds2 on SPECTF heart dataset

Figure 9: Hyperparameter sensitivity analysis for linear MS-SVDD ω2ds2 on SPECTF heart dataset
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Figure 10: Hyperparameter sensitivity analysis for linear MS-SVDD ω3ds2 on SPECTF heart dataset

Figure 11: Hyperparameter sensitivity analysis for linear MS-SVDD ω4ds2 on SPECTF heart dataset
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Figure 12: Hyperparameter sensitivity analysis for linear MS-SVDD ω5ds2 on SPECTF heart dataset

Figure 13: Hyperparameter sensitivity analysis for linear MS-SVDD ω6ds2 on SPECTF heart dataset
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Figure 14: Hyperparameter sensitivity analysis for linear MS-SVDD ω0ds3 on SPECTF heart dataset

Figure 15: Hyperparameter sensitivity analysis for linear MS-SVDD ω1ds3 on SPECTF heart dataset
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Figure 16: Hyperparameter sensitivity analysis for linear MS-SVDD ω2ds3 on SPECTF heart dataset

Figure 17: Hyperparameter sensitivity analysis for linear MS-SVDD ω3ds3 on SPECTF heart dataset
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Figure 18: Hyperparameter sensitivity analysis for linear MS-SVDD ω4ds3 on SPECTF heart dataset

Figure 19: Hyperparameter sensitivity analysis for linear MS-SVDD ω5ds3 on SPECTF heart dataset
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Figure 20: Hyperparameter sensitivity analysis for linear MS-SVDD ω6ds3 on SPECTF heart dataset

Figure 21: Hyperparameter sensitivity analysis for linear MS-SVDD ω0ds4 on SPECTF heart dataset
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Figure 22: Hyperparameter sensitivity analysis for linear MS-SVDD ω1ds4 on SPECTF heart dataset

Figure 23: Hyperparameter sensitivity analysis for linear MS-SVDD ω2ds4 on SPECTF heart dataset
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Figure 24: Hyperparameter sensitivity analysis for linear MS-SVDD ω3ds4 on SPECTF heart dataset

Figure 25: Hyperparameter sensitivity analysis for linear MS-SVDD ω4ds4 on SPECTF heart dataset
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Figure 26: Hyperparameter sensitivity analysis for linear MS-SVDD ω5ds4 on SPECTF heart dataset

Figure 27: Hyperparameter sensitivity analysis for linear MS-SVDD ω6ds4 on SPECTF heart dataset

24





PUBLICATION IV

Graph-Embedded Subspace Support Vector Data Description
F. Sohrab, A. Iosifidis, M. Gabbouj and J. Raitoharju

arXiv:2104.14370.

Publication reprinted with the permission of the copyright holders

169





Graph-Embedded Subspace Support Vector Data Description

Fahad Sohraba,∗, Alexandros Iosifidisb, Moncef Gabbouja, Jenni Raitoharjuc

aFaculty of Information Technology and Communication Sciences, Tampere University, FI-33720 Tampere, Finland
bDepartment of Electrical and Computer Engineering, Aarhus University, DK-8200 Aarhus, Denmark

cProgramme for Environmental Information, Finnish Environment Institute, FI-40500 Jyväskylä, Finland

Abstract
In this paper, we propose a novel subspace learning framework for one-class classification. The
proposed framework presents the problem in the form of graph embedding. It includes the previ-
ously proposed subspace one-class techniques as its special cases and provides further insight on
what these techniques actually optimize. The framework allows to incorporate other meaningful
optimization goals via the graph preserving criterion and reveals a spectral solution and a spec-
tral regression-based solution as alternatives to the previously used gradient-based technique. We
combine the subspace learning framework iteratively with Support Vector Data Description ap-
plied in the subspace to formulate Graph-Embedded Subspace Support Vector Data Description.
We experimentally analyzed the performance of newly proposed different variants. We demon-
strate improved performance against the baselines and the recently proposed subspace learning
methods for one-class classification.

Keywords: One-Class Classification, Support Vector Data Description, Subspace Learning,
Spectral Regression

1. Introduction

Dimensionality reduction has been an important and active research area in the field of ma-
chine learning and data science. The aim is to enhance the performance of a specific application
by transforming the data from its original feature space to a lower-dimensional subspace. Dimen-
sionality reduction has been used effectively as a tool in applications ranging from traditional data
analysis and classification to many modern applications such as video analytics, recommendation
system design, and detecting anomalies in computer and social networks [1].

The three main application domains of dimensionality reduction algorithms are feature match-
ing, model interpretation, and data representation [2]. In feature matching, the aim is to find the
similarity between two or more objects via a distance metric such as the Euclidean distance [3].
The model interpretation is enhanced by reducing the number of variables in the subspace by di-
mensionality reduction methods [4]. In data representation applications, dimensionality reduction
methods are used to better represent the data in a lower dimensional space for the task at hand [5].
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The approaches used for dimensionality reduction can be either supervised or unsupervised. In
supervised learning, the algorithm relies mainly on the structure of data, and the mapping function
is inferred from a set of labeled training samples. For example, Fisher’s Linear Discriminant
Analysis (LDA) is an example of a supervised method that exhibits good discrimination qualities.
LDA maximizes the between-class scatter and minimizes the within-class scatter. In unsupervised
learning, the algorithm does not leverage the information of pre-existing labels. For example,
Principal Component Analysis (PCA) is a well-known unsupervised method for dimensionality
reduction. PCA extracts the dominant features of a high-dimensional data and represents it by a
small number of orthogonal basis vectors, i.e., the principal components. Numerous extensions
and applications of PCA and LDA have been proposed in the literature [6, 7], and it has been
shown that LDA can outperform PCA when the training data set is large [8]. However, for large-
scale datasets, the computation and memory problems, particularly for the eigen-decomposition
step of LDA, can be cumbersome. The spectral regression-based technique was proposed in [9]
for speeding up the eigen-decomposition step of LDA. The spectral regression-based technique
consolidates spectral graph analysis and regression to provide an efficient solution to LDA.

In general, the supervised dimensionality reduction approaches work better than unsupervised
algorithms if sufficient data are available [2]. However, in real case scenarios, the labeled data may
be scarce, noisy, or expensive to collect. In such situations, semi-supervised learning algorithms
are preferred [10]. Semi-supervised learning mitigates the necessity for labeled data by allowing
a model to leverage unlabeled data. Semi-supervised algorithms can extend the learning strategies
of either supervised or unsupervised learning algorithms. If the data are available from only one
class during the training, one-class classification algorithms are used to determine the predictive
model [11]. In one-class classification, the decision function is inferred using training data from
a single class only [12]. The class used to obtain the data description is referred to as the positive
class, while all other classes are referred to as the negative class.

One-class classifiers have been extensively studied and improved for several technology-driven
applications [13]. One-class classification techniques are found suitable for a specific target class
detection in applications such as document classification [14], disease diagnosis [15], fraud de-
tection [16], rare species identification [17], intrusion detection [18], or novelty detection [19].
Figure 1 depicts the basic idea of one-class classification.

One-Class
Classifier

Positive 
class

Negative 
class

Training Testing

One-Class
Classifier

Training samples Test samples

Figure 1: In one-class classification, a data model is learned by using samples of a positive class only. During
inference, the model is used to detect objects also from the negative class.

Most one-class classification techniques operate in the original feature space and suffer from
2



the curse of dimensionality [20]. In this paper, we propose a general subspace learning framework
for one-class classification. We pose the subspace learning for one-class classification as a graph
embedding problem. We show that the previously proposed subspace one-class techniques can
be reformulated through the proposed framework, while the framework brings more insight into
their optimization process. The framework also allows to integrate other data relations to the
optimization process and highlights the similarities to other subspace learning techniques. The
framework motivates a novel spectral solution as well as a spectral regression-based solution as
alternatives to the previously used gradient-based approach. Finally we integrate the subspace
learning framework with the Support Vector Data Description (SVDD) applied in the subspace into
an iterative Graph-Embedded Subspace Support Vector Data Description (GESSVDD) method.

The rest of the paper is organized as follows. In Section 2, we review the related work. In
Section 3, we formulate the proposed framework, describe the full GESSVDD algorithm, and
discuss the new insights obtained from the framework. Details of the experiments and the results
are provided in Section 4. We finally deduce the conclusions in Section 5.

2. Related work and background

In this work, we focus on support vector (SV)-based one-class classification methods, which
form a decision boundary represented by so-called support vectors by solving an optimization
problem. The support vectors are selected from the training data points to define the boundary
maximizing the considered criterion uniquely. One-class Support Vector Machine (OCSVM) [21]
and SVDD [22] are classic examples of SV-based one-class classification methods. OCSVM con-
structs a hyperplane that separates the positive class by maximizing the distance of the hyperplane
from the origin. In SVDD, a hypersphere with minimum volume is formed around the positive
class. Numerous extensions of OCSVM and SVDD have been proposed in the literature [23, 24].
Traditionally, the SV-based one-class classification models data in the initially given feature space,
but we have recently proposed one-class classification algorithms operating in an optimized lower-
dimensional subspace [25, 26].

2.1. Support Vector Data Description
SVDD [22] finds a hyperspherical boundary around the positive class data in the original fea-

ture space by minimizing the volume of the hypersphere. Let us denote the training samples to be
encapsulated inside a closed boundary by a matrix X = [x1,x2, . . . ,xN ],xi ∈ RD, where N is
total number of samples and D is the dimensionality of data. The optimization problem of SVDD
is formulated as follows:

min F (R, a) = R2 + C

N∑

i=1

ξi

s.t. ‖xi − a‖22 ≤ R2 + ξi,

ξi ≥ 0, ∀i ∈ {1, . . . , N}, (1)

where R is the radius and a ∈ RD is the center of the hypersphere. The slack variables ξi, i =
1, . . . , N are introduced to allow the possibility of data being outliers and the hyperparameter
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C > 0 controls the trade-off between the volume of the hypersphere and the amount of data
outside the hypersphere. The Lagrangian of SVDD can be given as

L =
N∑

i=1

αix
⊺
ixi −

N∑

i

N∑

j

αiαjx
⊺
ixj, (2)

subject to the constraint that 0 ≤ αi ≤ C [22]. Maximizing (2) gives a set of αi values corre-
sponding to each data points. The data points with 0 < αi < C are called support vectors and
define the data description. A test sample x∗ is classified to the positive class if the distance of the
test sample from the center of the hypersphere is smaller than or equal to the radius:

‖x∗ − a‖2 ≤ R, (3)

where R is the distance from the center of hypersphere to any sample with 0 < αi < C.

2.2. Subspace Support Vector Data Description
SSVDD [26] optimizes a data mapping to a lower-dimensional subspace along with data de-

scription in the subspace. The optimization function is as follows:

min F (R, a) = R2 + C

N∑

i=1

ξi

s.t. ‖Qxi − a‖22 ≤ R2 + ξi,

ξi ≥ 0, ∀i ∈ {1, . . . , N}, (4)

where Q ∈ Rd×D is the projection matrix for mapping the data from original D-dimensional fea-
ture space to an optimized lower d-dimensional space. In SSVDD, an iterative process is followed:
at each iteration, a set of αi values is obtained by solving SVDD in the subspace, and then an aug-
mented Lagrangian is optimized to update the projection matrix. The augmented Lagrangian is
given as follows:

L =
N∑

i=1

αix
⊺
iQ

⊺Qxi −
N∑

i=1

N∑

j=1

αix
⊺
iQ

⊺Qxjαj + βψ, (5)

where ψ is an optional regularization term expressing the class variance in the lower d-dimensional
space and β is the regularization parameter which controls the weight of ψ. The regularization term
ψ has the following form:

ψ = Tr(QXλλ⊺X⊺Q⊺), (6)

where Tr is the trace operator and different values of λ lead to different variants of SSVDD. The
projection matrix Q is updated by using the gradient of (5), i.e.,

Q← Q− η∆L, (7)
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where η is the learning rate parameter. The projection matrix is orthogonalized after every update.
Recently, Ellipsoidal Subspace Support Vector Data Description (ESSVDD) was proposed in

[25]. ESSVDD considers the covariance of the data in the subspace and the optimization problem
is given as

min R2 + C

N∑

i=1

ξi

s.t. (Qxi − a)⊺E−1(Qxi − a) ≤ R2 + ξi,

ξi ≥ 0, ∀i ∈ {1, . . . , N}, (8)

where

E = QXX⊺Q⊺ (9)

is a covariance matrix of the data in d-dimensional subspace. The rest of the ESSVDD solution
follows the main principles of SSVDD explained above, while including the covariance matrix
yields are more generalized solutions compared to SSVDD.

2.3. Graph embedding
Let G = {X,A} be an undirected weighted graph, where the data points in X are the graph

nodes andA ∈ RN×N is the graph weight matrix that can measure different relations between the
data points. The Laplacian matrix L of the graph and the diagonal degree matrix D are defined
as follows:

L = D−A, [D]ii =
∑

j ̸=i

[A]ij, ∀i ∈ {1, . . . , N}. (10)

Graph embedding [27] was proposed as a general framework for encapsulating several sub-
space learning algorithms under the graph preserving criterion

Q∗ = argmin
Tr(QXLpXᵀQᵀ)=m

∑

i ̸=j

(Qxi −Qxj)
2Aij

= argmin
Tr(QXLpXᵀQᵀ)=m

Tr(QXLX⊺Q⊺),

= argmin
Tr(QXLX⊺Q⊺)

Tr(QXLpX⊺Q⊺)
,

(11)

where L and Lp are the graph Laplacian matrices of the intrinsic and penalty graphs that corre-
spond to data relations to be preserved or penalized, respectively. With different formulations of L
and Lp, (11) can represent different subspace learning algorithms. If there are no data-dependent
penalty criteria to consider, the constraint Tr(QXLpX

⊺Q⊺) = m can be replaced with the orthog-
onality constraint Tr(QQ⊺) = m.
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The solution to the trace ratio optimization in (11) is typically approximated by the corre-
sponding ratio trace problem

Q∗ = argmin Tr
(
(QXLpX

⊺Q⊺)−1QXLX⊺Q⊺) . (12)

The solution to (12) can be obtained by solving the generalized eigenvalue value problem

XLXTq = λXLpXTq (13)

and keeping the eigenvectors corresponding to the d smallest non-zero eigenvalues as the rows
ofQ.

The total scatter, within-class, and between-classes matrices commonly used in subspace learn-
ing can be expressed in the graph embedding framework as follows:

St = X
(
I− 1

N
11⊺

)
X⊺ = XLtX

⊺ (14)

Sw = X
(
I−

C∑

c=1

1

Nc

1c1
⊺
c

)
X⊺ = XLwX

⊺ (15)

Sb = X
( C∑

c=1

Nc(
1

Nc

1c −
1

N
1)(

1

Nc

1c −
1

N
1)⊺

)
X⊺ = XLbX

⊺ (16)

where I is an identity matrix, 1 is a vector of ones, Nc is the total number of instances belonging
to class c and 1c represents a vector with ones corresponding to instances which belongs to class
c and zeros elsewhere. For centered data St reduces to St = XX⊺. Using these Laplacians,
LDA can be expressed in the graph embedding framework by setting L = Lw and Lp = Lb in
(11). In a similar manner, PCA can be expressed in the graph embedding framework by setting
L = 1

N
Lt, and replacing the constraint Tr(QXLpX

⊺Q⊺) = m with the orthogonality constraint
Tr(QQ⊺) = m. Since PCA seeks the projection directions with maximal variances, the criterion
is maximized in the case of PCA.

Graph-Embedded Support Vector Data Description [23] was proposed to solve the following
optimization problem

min R2 + C

N∑

i=1

ξi

s.t. (xi − a)⊺S−1
x (xi − a) ≤ R2 + ξi,

ξi ≥ 0, ∀i ∈ {1, . . . , N}, (17)

where Sx = XLxX
⊺ and Lx is the graph Laplacian of any graph expressing geometric data rela-

tionship.
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2.4. Spectral regression
Spectral regression [28] is an alternative way to solve the generalized eigen-decomposition in

(13). If X⊺q = t, and t and λ are an eigenvector and eigenvalue solving the eigenproblem

Lt = λLpt, (18)

q is the eigenvector of (13) with the same eigenvalue, because XLX⊺q = XLt = λXLpt =
λXLpX

⊺q. In order to findQ, first the target vectors t can be obtained from (18) and then vectors
q satisfying X⊺q = t found. An exact solution may not exists but it can be estimated using
regularized least squares also known as ridge regression [29]:

q = argmin
(
‖X⊺q− t‖2 + η‖q‖2

)

= (XX⊺ + ϵI)−1Xt, (19)

where ϵ is a tiny constant. The above technique combines the spectral analysis and the regres-
sion, hence the approach is named as spectral regression. The main benefit of spectral regression
approach is that most graph Laplacian are sparse and, thus, the approach bypasses the need of
computing the eigen-decomposition of dense matrices. The least squares problem can be solved
efficiently and, in some cases [9] it is also possible to compute the target vectors t directly without
using eigen-decomposition at all, which makes the process much faster.

3. Graph Embedded Subspace Support Vector Data Description

In subspace one-class classification, the aim is to determine a projection matrixQ ∈ Rd×D for
mapping dataX ∈ RD×N from the D-dimensional original feature space to a lower d-dimensional
subspace optimized for one-class classification. In this work, we assume that the data has been
centered by setting X ← X − µ, where µ represents the mean of the training data. The mapped
data in the subspace is represented by

yi = Qxi, i = 1, . . . , N. (20)

After the transformation, the data is encapsulated inside a closed boundary to obtain an optimized
data description in the subspace. In order to obtain a generalized solution, we consider the follow-
ing optimization criterion:

min R2 + C

N∑

i=1

ξi

s.t. (Qxi − a)⊺S−1
Q (Qxi − a) ≤ R2 + ξi,

ξi ≥ 0, ∀i ∈ {1, . . . , N}, (21)

where the matrix SQ encodes geometric data relationships in the subspace as

SQ = QXLxX
⊺Q⊺ = QSxQ

⊺, (22)
7



where Lx is a graph Laplacian. It can take different forms depending on the graph type used. By
defining a new vector u = S

− 1
2

Q a, (21) can be written as

min R2 + C
N∑

i=1

ξi

s.t. ‖S− 1
2

Q Qxi − u‖22 ≤ R2 + ξi,

ξi ≥ 0, ∀i ∈ {1, . . . , N}. (23)

This shows that we can consider S
− 1

2
Q Q as a new projection matrix to a subspace, where SVDD is

to be applied. We denote the mapped input vectors as zi = S
− 1

2
Q Qxi.

The constraints in (23) can be incorporated into a corresponding dual objective function by
using Lagrange multipliers:

L = R2 + C

N∑

i=1

ξi −
N∑

i=1

αi

(
R2 + ξi−

(S
− 1

2
Q Qxi)

⊺S
− 1

2
Q Qxi + 2u⊺S

− 1
2

Q Qxi − u⊺u
)
−

N∑

i=1

γiξi, (24)

where αi ≥ 0 and γi ≥ 0 are the Lagrange multipliers. The Lagrangian (24) should be minimized
with respect to R, u, and ξi and maximized with respect to Lagrange multipliers αi and γi. By
setting partial derivative to zero, we get

∂L

∂R
= 0 ⇒

N∑

i=1

αi = 1, (25)

∂L

∂u
= 0 ⇒ u =

N∑

i=1

αiS
− 1

2
Q Qxi, (26)

∂L

∂ξi
= 0 ⇒ C − αi − ξi = 0. (27)

By substituting (25)-(27) into (24), we get

L =
N∑

i=1

αix
⊺
iQ

⊺S−1
Q Qxi −

N∑

i=1

N∑

j=1

αix
⊺
iQ

⊺S−1
Q Qxjαj

=
N∑

i=1

αiz
⊺
i zi −

N∑

i=1

N∑

j=1

αiαjz
⊺
i zj. (28)

Maximizing (28) corresponds to solving SVDD in the new subspace and will give us αi values for
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SVDD

Data projection from 
higher D-dimensional space 

to lower d-dimensional space

Negative sample

0 < αi < C αi =0

αi  = Cαi  = C

Positive sample

Figure 2: Depiction of data projection to a lower d-dimensional space optimized for one-class classification with
corresponding αi values

all instances, which will define their position in the data description. The samples in the subspace
corresponding to values 0 < αi < C will lie on the boundary, while those outside the boundary
will correspond to values αi = C. For the samples inside the closed boundary, the corresponding
values of αi will be equal to zero:

‖zi − u‖2 < R→ αi = 0, γi = 0, (29)
‖zi − u‖2 = R→ 0 < αi < C, γi = 0, (30)
‖zi − u‖2 > R→ αi = C, γi > 0. (31)

Figure 2 depicts the idea of projecting data into an optimized subspace along with the positions
of instances according to α values. The negative class samples are not considered in the process;
hence, it is not guaranteed that they will be outside the obtained closed boundary.

The Lagrangian in (28) can be written in a trace form as

L = Tr(S−1
Q QXAX⊺Q⊺)− Tr(S−1

Q QXαα⊺X⊺Q⊺)

= Tr((QXLxX
⊺Q⊺)−1QX(A−αα⊺)X⊺Q⊺),

(32)
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where the matrix A ∈ RN×N contains αi values in its diagonal and zeros elsewhere, α is a vector
of αi values. Now by defining the matrices

Lα = A−αα⊺ (33)
Sα = XLαX

⊺, (34)

we can simplify (32) to

L = Tr
(
(QSxQ

⊺)−1QSαQ
⊺). (35)

We note that (35) is in a ratio trace form that resembles the trace ratio in (11). As mentioned, the
trace ratio in (11) is typically approximated by the corresponding ratio trace to be able to solve the
optimization using eigen-decomposition. We also note that Lα is a graph Laplacian (see Section
3.2). Thus, we have presented the subspace learning for SVDD in the general graph embedding
framework for subspace learning with its own fixed intrinsic graph Lα. Different graphs Lx create
different variants and can be selected to enforce different constraints for the data. We will get back
to different insights offered by the new framework in Section 3.2, but first we will introduce the
full Graph-Embedded Subspace Support Vector Data Description (GESSVDD) algorithm.

3.1. GESSVDD algorithm
We can directly see from (35) that it can be minimized/maximized by solving the generalized

eigenproblem in (13) and keeping the eigenvectors corresponding to the smallest/largest non-zero
eigenvalues as projection vectors. We can also formulate a spectral regression-based solution as
explained in Section 2.4. While earlier subspace SVDD variants [26, 25, 30] have only used
gradient-based solution, we now have three alternatives: 1) gradient-based, 2) spectral, and 3)
spectral regression-based updates. Furthermore, we can pick any desired graph as Lx and we
note that it can be meaningful to also maximize (27) (see further discussion in Section 3.2). With
this we can give the main GESSVDD algorithm in Algorithm 1 and the three update options in
Sub-algorithms 1-3. The gradient of (32) used in the gradient-based update can be obtained using
identity 126 in [31].

3.1.1. Non-linear data description
To obtain a non-linear mapping with the proposed method, we employ a non-linear projection

trick (NPT) [32]. NPT is equivalent to applying the well-known kernel trick, while allows using
the linear variant of the method. In NPT, the data X is mapped from the original D-dimensional
space to Φ in F-dimensional space as follows: The kernel matrix is obtained as

Kij = exp

(−‖xi − xj‖22
2σ2

)
, (36)

where σ is a hyperparameter scaling the distance between xi and xj . The kernel matrix is cen-
tered as

K̂ =
(
I− 1

N
11⊺)K

(
I− 1

N
11⊺), (37)
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Algorithm 1: GESSVDD optimization
Input : X, // Input data

Lx // Selected Laplacian
η, // Learning rate parameter
d, // Dimensionality of subspace
C, // Regularization parameter in SVDD
min or max // Either minimize or maximize the criterion

Output: Q // Projection matrix
R, // Radius of hypersphere
α // Defines the data description

Initialize Q via PCA; // Select d-vectors corresponding to d largest eigenvalues.
Compute Sx = XLxX

⊺;

for i er = 1 : max_i er do
Calculate Sinv = S−1

Q = (QSxQ
⊺)−1;

Project data to subspace zi = S
− 1

2
Q Qxi = (Sinv)

1
2Qxi;

Calculate α values by maximizing L =
∑N

i=1 αiz
⊺
i zi −

∑N
i=1

∑N
j=1 αiαjz

⊺
i zj;

Compute Lα = A−αα⊺;

if gradient-based update
Call Sub-algorithm 1 to obtain Q;
elseif spectral update
Call Sub-algorithm 2 to obtain Q;
elseif spectral regression-based update:
Call Sub-algorithm 3 to obtain Q;
endif

OrthogonalizeQ using QR decomposition;
end

Project data to subspace zi = S
− 1

2
Q Qxi;

Calculate α values by maximizing L =
∑N

i=1 αiz
⊺
i zi −

∑N
i=1

∑N
j=1 αiαjz

⊺
i zj;

Compute center of data description in the subspace as u =
∑N

i=1 αiS
− 1

2
Q Qxi;

Identify any support vector s having 0 < αs < C;

Compute radius R =

√
(S

− 1
2

Q Qs)⊺S
− 1

2
Q Qs− 2(S

− 1
2

Q Qs)⊺u+ u⊺u;
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Sub-algorithm 1: Gradient-based update
Input : Q,X, Sx, Sinv Lα, η, min/max //Input from Algorithm 1
Output: Q //Return output to Algorithm 1

Compute Sα = XLαX
⊺;

Compute ∆L = 2SinvQSα − 2SinvQSαQ
⊺SinvQS⊺

x;
if minimization
Update Q← Q− η∆L;
elseif maximization
Update Q← Q+ η∆L;

Sub-algorithm 2: Spectral update
Input : X, Sx, Lα, min/max //Input from Algorithm 1
Output: Q //Return output to Algorithm 1

Compute Sα = XLαX
⊺;

Solve generalized eigenvalue problem Sαq = υSxq;
if minimization
Select the eigenvectors corresponding to d smallest positive eigenvalues as rows of Q;
elseif maximization
Select the eigenvectors corresponding to d largest eigenvalues as rows of Q;

Sub-algorithm 3: Spectral regression-based update
Input : X, L, Lα, min/max //Input from Algorithm 1
Output: Q //Return output to Algorithm 1

Solve generalized eigenvalue problem: Lαt = υLxt;
if minimization then
Select the eigenvectors corresponding to d smallest positive eigenvalues as columns of T;
elseif maximization then
Select the eigenvectors corresponding to d largest eigenvalues to as columns of T;
ObtainQ = T⊺X⊺(XX⊺ + ηI)−1;

The centered kernel matrix K̂ is decomposed by using eigen-decomposition:

K̂ = UΛU⊺, (38)

where Λ contains the non-negative eigenvalues of K̂ in its diagonal and the columns ofU contain
the corresponding eigenvectors. Finally, the data representation Φ is obtained as

Φ = Λ
1
2U⊺. (39)
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Now we consider the obtained data transformationΦ as the input to the linear algorithm, which is
equivalent to applying the kernel method on X.

3.1.2. Test phase
During testing, a test instance x∗ is first mapped to an optimized d-dimensional space as

z∗ = S
− 1

2
Q Qx∗. (40)

The distance of the test instance to the center of the data description in the subspace is calculated.
The test instance is classified as a positive instance if the distance is equal to or smaller than
the radius:

‖z∗ − u‖22 ≤ R2, (41)

where u is obtained by solving (26), and R2 is calculated as

R2 = (S
− 1

2
Q Qs)⊺S

− 1
2

Q Qs− 2(S
− 1

2
Q Qs)⊺u+ u⊺u, (42)

and s is any support vector with 0 < αs < C. Otherwise, the test instance is classified as a
negative instance.

In the non-linear approach, we first find the kernel vector

k∗ = Φ⊺ϕ(x∗). (43)

The kernel vector is centered as

k̂∗ = (I− 1

N
11⊺)[k∗ −

1

N
K1]. (44)

Finally, the NPT representation of the test instance is obtained as

ϕ∗ = (ΦT )+k̂∗, (45)

where (.)+ is a pseudo-inverse. Now ϕ∗ is classified similar to the linear case, which is equivalent
to applying a kernel method on x∗.

3.1.3. Different variants
While any suitable graph can be used as Lx, we list here some reasonable choices, which are

also used in our experiments. In the first option, GESSVDD-0, we have no data-dependent con-
straint, but Sx in (35) is replaced by an identity matrix I, which corresponds to the orthogonality
constraint. In the second option GESSVDD-I, we use Lx = I. The third option GESSVDD-PCA
uses the PCA graph: Sx = 1

N
St.

While we only have samples from the positive class, it may include several clusters. To con-
sider this option, we cluster the positive training samples using k-means and then define options
GESSVDD-Sw and GESSVDD-Sb with Sx = Sw and Sx = Sb, respectively. Here, Sw and Sb are
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solved as in (15) and (16), but c now refers to a cluster, not a class.
We also exploit the local geometric information by employing k-Nearest Neighbor (kNN)

and setting

Sx = SkNN = X
(
DkNN −AkNN

)
X⊺ = XLkNNX

⊺, (46)

where [A]ij = 1, if xi ∈ Nj or xj ∈ Ni and 0, otherwise. Ni denotes the nearest neighbors of xi.
This gives our last option denoted as GESSVDD-kNN.

Each of these options using different Sx can be solved using one of the update choices:
gradient-based (GR), spectral (S), or spectral regression-based (SR). Furthermore, in each case
it is possible to either minimize or maximize the criterion in (35). To refer all these variants, we
denote them as GESSVDD-0-GR-min, GESSVDD-0-GR-max, GESSVDD-0-S-min and so on.

3.2. Framework analysis
Now we will get back to our main result, the general subspace learning framework for SVDD

expressed as follows (repeated from (32)):

Tr((QXLxX
⊺Q⊺)−1QX(A−αα⊺)X⊺Q⊺), (47)

where Lx can be used to enforce local/global data relations relevant for the task. Let us consider a
graph with a weight matrix [Aα]ij = αiαj ∀i ≠ j and [Aα]ii = 0. With the constraint

∑N
i=1 αi = 1

(25), we get [Dα]ii =
∑

j ̸=i[Aα]ij =
∑N

j=1 αjαi − α2
i = αi − α2

i and Lα = Dα − Aα =
diag(α) − αα⊺ = A − αα⊺. This shows that A − αα⊺ is a graph Laplacian of a graph that
connects the samples i and j with a weight αiαj . As αi values are zero for any samples inside the
hypersphere, the resulting graph has only connections between the support vectors and outliers.

We also see that the graph of Lα has a strong similarity with the PCA graph. PCA maximizes
the variance of the samples to their center µ = 1

N

∑N
i=1 xi, i.e.,

Spca =
1

N

N∑

i=1

(xi − µ)(xi − µ)⊺

=
1

N

N∑

i=1

(xix
⊺
i − 2xiµ

⊺ + µµ⊺)

=
1

N

N∑

i=1

(xix
⊺
i )− 2µµ⊺ + µµ⊺ =

1

N

N∑

i=1

(xix
⊺
i )− µµ⊺

=
1

N
XX⊺ − 1

N2
X11⊺X⊺ =

1

N
X(I− 1

N
11⊺)X⊺

= XLpcaX
⊺,

(48)

where Lpca = Dpca − Apca and [Apca]ij = 1/N2 ∀i ≠ j and [Apca]ii = 0. With an analogous
derivation using the constraint

∑N
i=1 αi = 1, we see that Lα represents the weighted variance of
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Figure 3: A) PCA considers the (unweighted) variance of all the points from the center µ. B) SVDD considers
weighted variance of support vectors and outliers from the SVDD center a. C) PCA graph is fully-connected with
equal weights. D) SVDD graph is sparse (only the support vectors and outliers are connected) and has varying weights.

the support vectors and outliers to the center of SVDD defined as a =
∑N

i=1 αixi:

Sα =
N∑

i=1

(xi − a)(xi − a)⊺αi

=
N∑

i=1

(αixix
⊺
i − 2αixia

⊺ + αiaa
⊺)

=
N∑

i=1

(αixix
⊺
i )− 2aa⊺ + aa⊺ =

N∑

i=1

(αixix
⊺
i )− aa⊺

= Xdiag(α)X⊺ −Xαα⊺X⊺ = X(A−αα⊺)X⊺

= XLαX
⊺.

(49)

The main idea of PCA and SVDD along with graphs Lpca and Lα are illustrated in Figure 3.
By approximating the ratio trace in (47) with the corresponding trace ratio, we obtain a general
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subspace learning graph embedding framework with the graph preserving criterion

Q∗ = argmin
Tr(QXLxXᵀQᵀ)=m

∑

i ̸=j

(Qxi −Qxj)
2αiαj

= argmin
Tr(QXLαX

⊺Q⊺)

Tr(QXLxX⊺Q⊺)
.

(50)

The criteria minimized in the previously proposed SSVDD [26, 30] and ESSVDD [25] are special
cases of the proposed framework and correspond to variants GESSVDD-0-GR-min and GESSVDD-
I-GR-min. We conclude that SSVDD minimizes the weighted variance of the support vectors and
outliers, while having an orthogonality constraint. ESSVDD also minimizes the weighted vari-
ance of the support vectors and outliers, while simultaneously maximizing the total scatter of the
centered inputs.

Previously, SSVDD and ESSVDD used the gradient-based update of the projection vector. It
should be noted that while the gradient-based approach moves only a single step toward the opti-
mum of (28), the spectral and spectral regression-based updates proposed in Section 3.1 directly
jump to the optimum. This may help the overall iterative GESSVDD process converge faster,
but it may also introduce some instability, because the objectives of the iteration steps may be
contradictory.

To summarize, the new framework in (47) places subspace learning for SVDD in the gen-
eral graph embedding framework with a fixed data-dependent SVDD graph Lα, which resembles
PCA on the support vectors and outliers, and an additional constraint graph Lx, which allows to
incorporate other meaningful data relationships to the subspace learning step. When the overall
objective function in (47) is minimized, Lα represents data relationships to be minimized and Lx

represents data relationships to be maximized. In the earlier works, the overall objective func-
tion has been minimized via gradient-descent. However, the new framework hints that it can also
make sense to reverse the objective and maximize instead of minimizing. Also this approach has
been previously followed in the literature in [33], where kernel PCA was successfully applied for
novelty detection.

Intuitively, the original minimization of Lα focuses on dimensions where the target class sam-
ples are the most similar, which indeed may help to discriminate the class from (unseen) other
classes. On the other hand, from the similarity to PCA, we understand that these dimensions may
be the dimensions that are not providing useful information in general (the corresponding PCA
would discard them). Therefore, it is necessary to combine the criterion on Lα with another cri-
terion so that the combination can help to preserve the overall variance and minimize intra-class
similarity simultaneously. In general, it may not be clear which criterion to minimize and which to
maximize, but when considering the intra-cluster based graphs Lw and Lb, an intuitive assumption
is that within-cluster scatter Lw should be minimized (i.e., (47) maximized), while the between-
cluster scatter Lb is more reasonable to be maximized (i.e., (47) minimized).

3.3. Complexity analysis
The proposed GESSVDD comprises three solutions: 1) gradient-based, 2) spectral, and 3)

spectral regression-based updates. We first carry out the complexity analysis of the main algorithm
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(1), which contains the shared steps for all the updates, and then proceed to the steps different in
each solution update. The following steps contribute to the overall complexity of the Algorithm 1:

1. Initializing of the projection matrix Q via PCA comprises two steps, i.e., computing the
covariance matrix and then the eigenvalue decomposition. The complexity of these steps is
O
(
ND ×min(N,D)

)
and O

(
D3

)
, respectively.

2. Computing Sx = XLxX
⊺ for a given Lx has the complexity of O(DN2 +ND2).

3. Computing SQ = QSxQ
⊺ has the complexity of O(dD2 + d2D). Since, D > d, the

complexity becomes O(dD2).
4. Computing Sinv and the square-root of the matrix SQ have the complexity of O(N3).
5. SVDD has the complexity of O

(
N3

)
for N data points [34].

6. The complexity of QR decomposition is O(dD2) [35].

Dropping relatively lower computational costs and adding the rest, the complexity becomes
O
(
N3 +D3

)
. The total number of samples is assumed to be always greater than the dimensional-

ity; hence the complexity becomes O
(
N3

)
. The complexity of each Sub-algorithm 1, 2, and 3 is

O
(
N3

)
. We provide the details of complexity analysis of Sub-algorithms 1, 2, and 3 in Sections

1.1. Complexity analysis of gradient-based update, 1.2. Complexity analysis of spectral-based
update, and 1.3. Complexity analysis of spectral regression-based update respectively in the sup-
plementary material. Adding the complexity of each Sub-algorithm to the main algorithm, the
overall complexity remains at O(N3), which is the same as for the original SVDD [34]. More-
over, in the non-linear case, the steps involved in NPT have the complexity of O(N3); thus, the
complexity in terms of the big O notation still stays as O(N3).

4. Experiments

4.1. Datasets and experimental setup
To evaluate the proposed method’s performance, we used nine different datasets. The datasets

used in the experiments are Seeds, Qualitative bankruptcy, Somerville happiness, Liver, Iris, Iono-
sphere, Sonar, Heart (from UCI1 machine learning repository) and MNIST [36] with original
dimensionality D of 7, 6, 6, 6, 4, 34, 60, 13, and 784 respectively. MNIST has 10 classes, Seeds
and Iris datasets are ternary, while the rest of the datasets are binary.

In Seeds dataset, the classes are named as Kama (S-K), Rosa (S-R), and Canadian (S-C) with
70 samples from each class. In Qualitative bankruptcy, the class labels are bankruptcy (QB-B)
and non-bankruptcy (QB-N) with 107 and 143 samples, respectively. The Somerville happiness
dataset contains 77 samples from the happy (SH-H) category and 66 from the unhappy (SH-U)
category. Liver contain 145 samples from Disorder Present (DP) category and 200 samples from
Disorder Absent (DA) category. Iris dataset contains 50 samples from each category of Setosa (I-
S), Versicolor (S-VC), and Virginica (S-V). The Ionosphere dataset contains samples categorized
as Bad (I-B) and Good (I-G). It contains 126 and 225 samples from bad and good categories,
respectively. Sonar dataset has Rock (S-R) and Mines (S-M) as its two classes with 97 samples

1http://archive.ics.uci.edu/ml
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from Rock and 111 samples from Mines category. Heart dataset contain 139 samples from disease
present and 164 samples from disease absent categories, respectively.

MNIST dataset contains 5923, 6742, 5958, 6131, 5842, 5421, 5918, 6265, 5851, 5949 samples
in the training set for classes 0-9, respectively. In the test set, it contains 980, 1135, 1032, 1010,
982, 892, 958, 1028, 974, and 1009 from corresponding classes (0-9). In our experiments, we
select 10% of the data from MNIST while keeping the representation of each class in train and test
set similar to the original train and test split in the dataset.

We manually created a corrupted version of the heart dataset to report the impact of noise.
We added the noise in the manner described in [37]. The corrupted data were created by adding
pseudo-random values drawn from the standard normal distribution to the features. We bound the
range of added noise for the corresponding attribute to the maximum and minimum value of each
feature of the target class in the training set.

We converted these datasets into one-class classification datasets by considering a single class
at a time as the positive class and the rest as the negative class. For MNIST, the train and test sets
are given, so we used the original train and test splits for the experiments. We divided the rest of
the datasets into train and test sets by considering 70% of data as training data and the remaining
30% as test data. We selected the 70-30 splits randomly by keeping the representation of each class
similar to the original dataset. We performed the 70-30% selection five times; hence we repeated
the experiment 5 times for a single scenario where each class is considered a positive class. Note
that at this point, both the training and test sets contained samples from both positive and negative
classes. We did not use the negative samples in the training set in optimizing the models but only
to select the hyperparameters by using five-fold cross-validation within the training set. To this
end, four of the folds (only positive items) at a time were used for optimizing the model, and the
fifth fold (both positive and negative items) was used to evaluate the performance. Finally, we
used the best-performing hyperparameter values to optimize the model with the entire training
set (only positive items) and reported the performance over the test set. We used a similar setup
for all the competing methods. During the five-fold cross-validation over the training set, we
found the best hyperparameters from the following values: C ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6}, σ ∈
{10−1, 100, 101, 102, 103}, d ∈ {1, 2, 3, 4, 5, 10, 20}, η ∈ {10−1, 100, 101, 102, 103}. The number
of iterations for all the iterative methods was set to 5.

As our evaluation metrics, we report Geometric Mean Gmean, True Positive Rate (TPR),
True Negative Rate (TNR), False Positive Rate (FPR), and False Negative Rate (FNR), where
TPR = TP

P
, TNR = TN

N , FPR = FP
N , and FNR = FN

P
. TP , TN , FP , FN , P , N denote

true positives, true negatives, false positives, false negatives, and number of positive samples, and
number of negative samples, respectively. We use Gmean as the main performance metric as
it takes into account both TPR and TNR. We also report the standard deviations over the five
data splittings.

For the proposed method, we consider all the variants introduced in Section 3.1.3: GESSVDD-
0, GESSVDD-I, GESSVDD-PCA, GESSVDD-Sw, GESSVDD-Sb, and GESSVDD-kNN. For
each, we consider all the alternative solutions (GR-gradient-based, S-spectral, SR-spectral regression-
based). The criterion in (35) is maximized and minimized in a separate set of experiments respec-
tively for each variant and alternative solution. In order to construct the Laplacians Lw and Lb, the
number of clusters C was fixed to 5. Moreover, the numbers of neighbours for defining LkNN was
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also fixed to 5.
We also carried out sensitivity analysis for the model for the range of hyperparameters. We

followed the approach mentioned in [30] for sensitivity analysis. In order to analyze the sensitivity
of the model for the corresponding hyperparameter, we fix other hyperparameters to their optimal
values found over the training set and record the performance with all the hyperparameter values
considered in the given range.

To evaluate whether the observed differences between different methods are statistically sig-
nificant, we follow the recommendations of [38]. We perform Wilcoxon Sign-Ranks test over the
average results for the nine datasets to evaluate the pair-wise differences between the methods.
The test ranks the differences between each pair of classifiers ignoring the signs and uses the ranks
to determine value T as described, e.g., in [38]. Finally, the T value is compared to a critical value
which depends on the number of datasets. In our experiments, we used 9 datasets, which means
that the null hypothesis can be rejected at 0.05 significance level level if T ≤ 5.

4.2. Experimental results and discussion
We report the results of the best performing linear and non-linear variants among the proposed

variants compared against the previously proposed SSVDD [26] and ESSVDD [25], and the com-
peting methods GESVM [23], GESVDD [23], OCSVM [21], SVDD [22], and ESVDD for all
datasets in Table 1. In each experiment, a single class is used as a target class and the rest of
the data as outliers. The average performance over each dataset is reported in the average (Av.)
column. We report the average test results of different variants of the proposed framework over
the five splittings of the Seeds, Qualitative bankruptcy, Somerville happiness, Iris, Ionosphere, and
Sonar datasets in Table 2 for the non-linear data description, while the results over MNIST, Liver,
and Heart datasets are reported in Section S2 of the supplementary material along with the results
of all variants in the proposed framework in case of linear data description. We also provide TPR,
TNR, FPR, and FNR results in S3 of the supplementary material. The corresponding standard
deviations of Gmean over five splits are provided in Section S4 and Section S5 for linear and
non-linear cases, respectively, in the supplementary material. Implementations of the proposed
framework are available online in GitHub2.

From the experimental results comparing different variants of GESSVDD, we observe that in
both linear and non-linear methods, the gradient-based solution performs better than the spectral
and spectral regression-based solutions in the majority of the cases. The spectral approaches are
typically more unstable over iterations as discussed in Section 3.2. When comparing the mini-
mization/maximization, we see that our claim that Lw should be used with maximization and Lb

with minimization seems to be valid in most cases. Overall, minimization typically leads to better
results. Moreover, the performance of kNN graph is better than that of other variants for both min
and max cases and for both linear and non-linear methods.

Overall in linear methods, it is noted that employing the kNN graph for encoding geometric
information in the subspace yields better results also compared to the competing methods in the
majority of the cases. Linear GESSVDD-kNN-GR-min variant performs best over 5 and second-
best over 2 out of 9 datasets. For non-linear methods, the different variants of GESSVDD have

2https://github.com/fahadsohrab/gessvdd (Codes will be made public upon final acceptance of the manuscript)
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Table 1: Gmean results for linear and non-linear data description over different datasets, selected variants from the
proposed framework vs. other one-class classification methods

Dataset Seeds Qualitative bankruptcy Somerville happiness Liver
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av. DP DA Av.
Linear
GESSVDD-kNN-GR-min 0.83 0.94 0.95 0.91 0.80 0.46 0.63 0.44 0.44 0.44 0.45 0.38 0.42
GESSVDD-I-GR-min (ESSVDD) 0.87 0.92 0.90 0.90 0.90 0.12 0.51 0.51 0.39 0.45 0.35 0.38 0.37
GESSVDD-0-GR-min (SSVDD) 0.85 0.93 0.95 0.91 0.90 0.17 0.53 0.49 0.43 0.46 0.32 0.34 0.33
ESVDD 0.79 0.87 0.87 0.84 0.96 0.19 0.58 0.42 0.41 0.41 0.35 0.40 0.38
SVDD 0.85 0.92 0.94 0.90 0.94 0.00 0.47 0.41 0.36 0.39 0.50 0.39 0.45
OCSVM 0.48 0.69 0.45 0.54 0.37 0.41 0.39 0.45 0.53 0.49 0.40 0.36 0.38
Non-Linear
GESSVDD-kNN-SR-max 0.86 0.92 0.96 0.91 0.81 0.71 0.76 0.47 0.47 0.47 0.41 0.42 0.41
GESSVDD-I-GR-min (ESSVDD) 0.83 0.91 0.90 0.88 0.92 0.28 0.60 0.59 0.39 0.49 0.40 0.49 0.45
GESSVDD-0-GR-min (SSVDD) 0.87 0.94 0.94 0.92 0.94 0.46 0.70 0.47 0.35 0.41 0.37 0.39 0.38
ESVDD 0.81 0.88 0.87 0.85 0.00 0.00 0.00 0.00 0.31 0.16 0.43 0.54 0.49
SVDD 0.85 0.91 0.95 0.90 0.33 0.28 0.31 0.40 0.32 0.36 0.49 0.40 0.45
OCSVM 0.47 0.60 0.45 0.51 0.36 0.58 0.47 0.47 0.49 0.48 0.27 0.08 0.17
GESVDD-PCA 0.85 0.93 0.93 0.90 0.94 0.28 0.61 0.50 0.48 0.49 0.51 0.49 0.50
GESVDD-Sw 0.82 0.93 0.93 0.89 0.94 0.28 0.61 0.49 0.50 0.49 0.51 0.52 0.51
GESVDD-kNN 0.84 0.92 0.94 0.90 0.84 0.31 0.57 0.50 0.45 0.47 0.51 0.52 0.52
GESVM-PCA 0.85 0.90 0.93 0.89 0.95 0.26 0.60 0.52 0.48 0.50 0.50 0.55 0.52
GESVM-Sw 0.85 0.90 0.91 0.89 0.93 0.20 0.57 0.55 0.41 0.48 0.50 0.51 0.51
GESVM-kNN 0.84 0.90 0.90 0.88 0.92 0.20 0.56 0.55 0.51 0.53 0.51 0.55 0.53

Dataset Iris Ionosphere Sonar Heart
Target class I-S I-VC S-V Av. I-B I-G Av. S-R S-M Av. DP DA Av.
Linear
GESSVDD-kNN-GR-min 0.97 0.89 0.91 0.92 0.42 0.92 0.67 0.54 0.57 0.56 0.54 0.61 0.58
GESSVDD-I-GR-min (ESSVDD) 0.93 0.82 0.89 0.88 0.36 0.90 0.63 0.52 0.58 0.55 0.53 0.69 0.61
GESSVDD-0-GR-min (SSVDD) 0.96 0.91 0.90 0.92 0.12 0.78 0.45 0.51 0.55 0.53 0.59 0.62 0.61
ESVDD 0.89 0.85 0.86 0.87 0.33 0.88 0.61 0.00 0.03 0.02 0.56 0.62 0.59
SVDD 0.92 0.90 0.89 0.91 0.02 0.86 0.44 0.52 0.56 0.54 0.46 0.35 0.41
OCSVM 0.58 0.50 0.46 0.51 0.49 0.51 0.50 0.48 0.45 0.46 0.57 0.63 0.60
Non-Linear
GESSVDD-kNN-SR-max 0.94 0.87 0.83 0.88 0.67 0.86 0.76 0.52 0.47 0.49 0.42 0.43 0.42
GESSVDD-I-GR-min (ESSVDD) 0.94 0.88 0.89 0.90 0.64 0.89 0.77 0.54 0.55 0.54 0.38 0.37 0.37
GESSVDD-0-GR-min (SSVDD) 0.94 0.92 0.90 0.92 0.40 0.89 0.65 0.48 0.47 0.47 0.53 0.49 0.51
ESVDD 0.68 0.84 0.83 0.78 0.37 0.88 0.63 0.55 0.52 0.53 0.34 0.27 0.31
SVDD 0.92 0.92 0.88 0.90 0.21 0.85 0.53 0.53 0.59 0.56 0.53 0.55 0.54
OCSVM 0.56 0.26 0.55 0.46 0.52 0.47 0.49 0.47 0.55 0.51 0.20 0.23 0.21
GESVDD-PCA 0.83 0.92 0.89 0.88 0.38 0.88 0.63 0.55 0.60 0.57 0.68 0.74 0.71
GESVDD-Sw 0.89 0.87 0.90 0.89 0.36 0.90 0.63 0.53 0.54 0.54 0.68 0.73 0.70
GESVDD-kNN 0.83 0.91 0.89 0.88 0.34 0.89 0.62 0.54 0.60 0.57 0.70 0.72 0.71
GESVM-PCA 0.90 0.90 0.90 0.90 0.38 0.91 0.64 0.52 0.61 0.57 0.66 0.71 0.68
GESVM-Sw 0.89 0.93 0.88 0.90 0.45 0.90 0.67 0.54 0.59 0.57 0.67 0.70 0.68
GESVM-kNN 0.89 0.89 0.89 0.89 0.41 0.88 0.65 0.54 0.58 0.56 0.67 0.72 0.70

Dataset MNIST Wilcoxon test
Target class 0 1 2 3 4 5 6 7 8 9 Av. T
Linear
GESSVDD-kNN-GR-min 0.40 0.84 0.33 0.47 0.60 0.38 0.69 0.53 0.51 0.58 0.53 -
GESSVDD-I-GR-min (ESSVDD) 0.38 0.83 0.31 0.46 0.47 0.34 0.62 0.65 0.40 0.50 0.50 6.5
GESSVDD-0-GR-min (SSVDD) 0.41 0.81 0.29 0.39 0.45 0.31 0.57 0.52 0.40 0.44 0.46 9.0
ESVDD 0.00 0.81 0.00 0.00 0.00 0.00 0.06 0.22 0.00 0.16 0.13 1.0
SVDD 0.47 0.55 0.51 0.50 0.51 0.52 0.45 0.57 0.49 0.51 0.51 5.0
OCSVM 0.57 0.92 0.47 0.52 0.64 0.41 0.73 0.74 0.53 0.63 0.62 8.0
Non-Linear
GESSVDD-kNN-SR-max 0.38 0.53 0.16 0.34 0.49 0.46 0.48 0.43 0.31 0.50 0.41 -
GESSVDD-I-GR-min (ESSVDD) 0.36 0.34 0.18 0.09 0.19 0.52 0.46 0.43 0.36 0.21 0.31 17.5
GESSVDD-0-GR-min (SSVDD) 0.60 0.34 0.48 0.39 0.43 0.49 0.43 0.35 0.44 0.17 0.41 15.5
ESVDD 0.54 0.19 0.34 0.14 0.39 0.52 0.42 0.32 0.17 0.36 0.34 5.0
SVDD 0.15 0.05 0.63 0.14 0.12 0.17 0.11 0.13 0.13 0.13 0.18 15.0
OCSVM 0.59 0.69 0.56 0.46 0.61 0.64 0.66 0.56 0.53 0.66 0.60 6.0
GESVDD-PCA 0.92 0.96 0.75 0.74 0.84 0.73 0.86 0.86 0.73 0.85 0.82 -15.5
GESVDD-Sw 0.92 0.96 0.75 0.74 0.84 0.72 0.00 0.85 0.71 0.85 0.74 -15.5
GESVDD-kNN 0.91 0.96 0.75 0.74 0.84 0.72 0.86 0.86 0.73 0.85 0.82 -17.5
GESVM-PCA 0.90 0.95 0.75 0.74 0.87 0.71 0.89 0.86 0.76 0.86 0.83 -14.5
GESVM-Sw 0.90 0.95 0.75 0.74 0.85 0.66 0.87 0.84 0.75 0.85 0.82 -14.5
GESVM-kNN 0.90 0.95 0.74 0.76 0.87 0.71 0.89 0.85 0.73 0.85 0.82 -14.0

a more varying performance suggesting that finding a suitable graph for the task at hand may
be more important. For comparisons, we report the results of a single variant GESSVDD-kNN-
SR-max in the non-linear section of Table 1. It performs best over the Qualitative Bankruptcy and
second-best over Seeds and Ionosphere datasets. For MNIST, we see that some other methods out-
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Table 2: Gmean results for non-linear data description in the proposed framework

Dataset Seeds Qualitative bankruptcy Somerville happiness
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
GESSVDD-Sb-S-max 0.75 0.91 0.88 0.85 0.58 0.47 0.52 0.37 0.33 0.35
GESSVDD-Sb-GR-max 0.83 0.72 0.89 0.81 0.82 0.36 0.59 0.41 0.40 0.41
GESSVDD-Sb-SR-max 0.77 0.81 0.93 0.83 0.56 0.29 0.43 0.44 0.30 0.37
GESSVDD-Sb-S-min 0.79 0.90 0.84 0.84 0.61 0.42 0.52 0.43 0.39 0.41
GESSVDD-Sb-GR-min 0.83 0.61 0.91 0.78 0.80 0.50 0.65 0.50 0.42 0.46
GESSVDD-Sb-SR-min 0.72 0.86 0.92 0.83 0.56 0.47 0.52 0.45 0.30 0.37
GESSVDD-Sw-S-max 0.85 0.89 0.92 0.89 0.84 0.25 0.55 0.53 0.37 0.45
GESSVDD-Sw-GR-max 0.88 0.86 0.91 0.88 0.81 0.12 0.46 0.47 0.43 0.45
GESSVDD-Sw-SR-max 0.82 0.89 0.89 0.87 0.85 0.53 0.69 0.51 0.36 0.44
GESSVDD-Sw-S-min 0.78 0.89 0.92 0.86 0.86 0.33 0.60 0.55 0.50 0.52
GESSVDD-Sw-GR-min 0.89 0.94 0.92 0.92 0.77 0.03 0.40 0.49 0.42 0.45
GESSVDD-Sw-SR-min 0.81 0.87 0.91 0.87 0.93 0.71 0.82 0.55 0.44 0.49
GESSVDD-kNN-S-max 0.87 0.90 0.90 0.89 0.73 0.62 0.68 0.51 0.34 0.42
GESSVDD-kNN-GR-max 0.82 0.91 0.89 0.87 0.88 0.28 0.58 0.55 0.41 0.48
GESSVDD-kNN-SR-max 0.86 0.92 0.96 0.91 0.81 0.71 0.76 0.47 0.47 0.47
GESSVDD-kNN-S-min 0.87 0.88 0.94 0.89 0.80 0.78 0.79 0.49 0.43 0.46
GESSVDD-kNN-GR-min 0.84 0.94 0.91 0.90 0.85 0.38 0.61 0.60 0.39 0.49
GESSVDD-kNN-SR-min 0.87 0.89 0.94 0.90 0.76 0.75 0.76 0.46 0.38 0.42
GESSVDD-PCA-S-max 0.83 0.91 0.94 0.89 0.60 0.67 0.63 0.51 0.46 0.48
GESSVDD-PCA-GR-max 0.78 0.90 0.90 0.86 0.90 0.14 0.52 0.56 0.37 0.46
GESSVDD-PCA-SR-max 0.83 0.74 0.94 0.84 0.90 0.40 0.65 0.48 0.46 0.47
GESSVDD-PCA-S-min 0.85 0.94 0.94 0.91 0.85 0.48 0.67 0.55 0.38 0.47
GESSVDD-PCA-GR-min 0.86 0.86 0.94 0.89 0.93 0.17 0.55 0.53 0.40 0.46
GESSVDD-PCA-SR-min 0.84 0.90 0.94 0.89 0.93 0.61 0.77 0.51 0.42 0.47
GESSVDD-I-S-max 0.85 0.93 0.76 0.84 0.83 0.39 0.61 0.43 0.37 0.40
GESSVDD-I-GR-max 0.83 0.91 0.91 0.88 0.91 0.13 0.52 0.52 0.41 0.47
GESSVDD-I-SR-max 0.85 0.93 0.94 0.91 0.86 0.54 0.70 0.49 0.44 0.46
GESSVDD-I-S-min 0.85 0.94 0.93 0.91 0.85 0.42 0.64 0.47 0.42 0.44
GESSVDD-I-GR-min (ESSVDD) 0.83 0.91 0.90 0.88 0.92 0.28 0.60 0.59 0.39 0.49
GESSVDD-I-SR-min 0.85 0.95 0.93 0.91 0.84 0.49 0.67 0.54 0.38 0.46
GESSVDD-0-S-max 0.85 0.92 0.93 0.90 0.70 0.44 0.57 0.39 0.44 0.41
GESSVDD-0-GR-max 0.85 0.93 0.94 0.90 0.93 0.47 0.70 0.37 0.46 0.42
GESSVDD-0-S-min 0.86 0.91 0.92 0.89 0.70 0.47 0.59 0.38 0.38 0.38
GESSVDD-0-GR-min (SSVDD) 0.87 0.94 0.94 0.92 0.94 0.46 0.70 0.47 0.35 0.41

Dataset Iris Ionosphere Sonar
Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.
GESSVDD-Sb-S-max 0.94 0.88 0.77 0.86 0.57 0.63 0.60 0.42 0.38 0.40
GESSVDD-Sb-GR-max 0.95 0.83 0.90 0.89 0.42 0.87 0.64 0.50 0.40 0.45
GESSVDD-Sb-SR-max 0.80 0.85 0.85 0.83 0.53 0.42 0.47 0.40 0.39 0.40
GESSVDD-Sb-S-min 0.93 0.90 0.87 0.90 0.46 0.52 0.49 0.42 0.47 0.45
GESSVDD-Sb-GR-min 0.95 0.86 0.90 0.90 0.30 0.87 0.59 0.50 0.49 0.50
GESSVDD-Sb-SR-min 0.82 0.82 0.74 0.79 0.51 0.42 0.46 0.40 0.34 0.37
GESSVDD-Sw-S-max 0.85 0.91 0.84 0.87 0.49 0.86 0.67 0.54 0.38 0.46
GESSVDD-Sw-GR-max 0.94 0.90 0.89 0.91 0.48 0.89 0.68 0.52 0.46 0.49
GESSVDD-Sw-SR-max 0.97 0.86 0.85 0.89 0.35 0.87 0.61 0.37 0.50 0.44
GESSVDD-Sw-S-min 0.74 0.89 0.85 0.83 0.46 0.86 0.66 0.51 0.50 0.51
GESSVDD-Sw-GR-min 0.95 0.86 0.83 0.88 0.61 0.87 0.74 0.50 0.44 0.47
GESSVDD-Sw-SR-min 0.97 0.86 0.86 0.89 0.32 0.87 0.59 0.37 0.41 0.39
GESSVDD-kNN-S-max 0.94 0.88 0.83 0.88 0.67 0.87 0.77 0.51 0.48 0.50
GESSVDD-kNN-GR-max 0.94 0.92 0.88 0.91 0.65 0.90 0.78 0.54 0.49 0.51
GESSVDD-kNN-SR-max 0.94 0.87 0.83 0.88 0.67 0.86 0.76 0.52 0.47 0.49
GESSVDD-kNN-S-min 0.94 0.88 0.83 0.89 0.38 0.87 0.62 0.58 0.43 0.50
GESSVDD-kNN-GR-min 0.92 0.88 0.91 0.90 0.59 0.92 0.75 0.54 0.59 0.57
GESSVDD-kNN-SR-min 0.94 0.87 0.82 0.88 0.49 0.86 0.67 0.54 0.56 0.55
GESSVDD-PCA-S-max 0.94 0.95 0.87 0.92 0.37 0.87 0.62 0.42 0.36 0.39
GESSVDD-PCA-GR-max 0.92 0.87 0.85 0.88 0.57 0.89 0.73 0.54 0.43 0.48
GESSVDD-PCA-SR-max 0.94 0.92 0.88 0.91 0.34 0.84 0.59 0.29 0.52 0.41
GESSVDD-PCA-S-min 0.94 0.92 0.80 0.89 0.37 0.87 0.62 0.50 0.51 0.50
GESSVDD-PCA-GR-min 0.92 0.73 0.85 0.83 0.59 0.91 0.75 0.53 0.53 0.53
GESSVDD-PCA-SR-min 0.94 0.92 0.83 0.90 0.30 0.87 0.58 0.56 0.49 0.53
GESSVDD-I-S-max 0.98 0.92 0.84 0.92 0.25 0.88 0.56 0.48 0.36 0.42
GESSVDD-I-GR-max 0.95 0.86 0.88 0.90 0.63 0.88 0.76 0.56 0.54 0.55
GESSVDD-I-SR-max 0.98 0.93 0.84 0.92 0.24 0.88 0.56 0.49 0.51 0.50
GESSVDD-I-S-min 0.95 0.93 0.84 0.91 0.22 0.88 0.55 0.50 0.52 0.51
GESSVDD-I-GR-min (ESSVDD) 0.94 0.88 0.89 0.90 0.64 0.89 0.77 0.54 0.55 0.54
GESSVDD-I-SR-min 0.95 0.93 0.85 0.91 0.29 0.88 0.58 0.53 0.54 0.53
GESSVDD-0-S-max 0.94 0.91 0.90 0.91 0.61 0.63 0.62 0.47 0.58 0.52
GESSVDD-0-GR-max 0.96 0.91 0.88 0.92 0.44 0.82 0.63 0.49 0.54 0.51
GESSVDD-0-S-min 0.95 0.88 0.90 0.91 0.41 0.73 0.57 0.51 0.40 0.45
GESSVDD-0-GR-min (SSVDD) 0.94 0.92 0.90 0.92 0.40 0.89 0.65 0.48 0.47 0.47

perform the proposed variants by a clear margin. As the maximum dimensionality allowed for our
proposed methods in our experiments is 20, whereas the original dimensionality of MNIST data
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Table 3: Gmean results for linear and non-linear data description over manually created corrupted versions of heart
dataset, selected variants from the proposed framework vs. other one-class classification methods

Dataset
Heart

Clean train set
Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av.
Linear
GESSVDD-Sb-GR-max 0.17 0.22 0.20 0.24 0.36 0.30 0.36 0.30 0.33
GESSVDD-kNN-GR-min 0.09 0.00 0.04 0.32 0.08 0.20 0.35 0.44 0.39
GESSVDD-I-GR-min (ESSVDD) 0.00 0.00 0.00 0.00 0.00 0.00 0.35 0.39 0.37
GESSVDD-0-GR-min (SSVDD) 0.00 0.17 0.09 0.00 0.00 0.00 0.36 0.40 0.38
ESVDD 0.00 0.00 0.00 0.00 0.00 0.00 0.43 0.49 0.46
SVDD 0.38 0.41 0.39 0.42 0.27 0.35 0.48 0.51 0.49
OCSVM 0.00 0.00 0.00 0.00 0.00 0.00 0.34 0.41 0.38
Non-Linear
GESSVDD-Sb-GR-max 0.35 0.23 0.29 0.33 0.31 0.32 0.27 0.45 0.36
GESSVDD-kNN-SR-max 0.04 0.03 0.03 0.00 0.00 0.00 0.47 0.40 0.44
GESSVDD-I-GR-min (ESSVDD) 0.37 0.15 0.26 0.00 0.11 0.06 0.38 0.46 0.42
GESSVDD-0-GR-min (SSVDD) 0.12 0.24 0.18 0.00 0.09 0.04 0.37 0.47 0.42
ESVDD 0.00 0.00 0.00 0.00 0.03 0.02 0.49 0.52 0.51
SVDD 0.07 0.15 0.11 0.22 0.07 0.15 0.47 0.45 0.46
OCSVM 0.00 0.00 0.00 0.00 0.07 0.03 0.50 0.49 0.50
GESVDD-PCA 0.00 0.00 0.00 0.00 0.00 0.00 0.51 0.53 0.52
GESVDD-Sw 0.00 0.00 0.00 0.00 0.00 0.00 0.53 0.52 0.52
GESVDD-kNN 0.00 0.00 0.00 0.00 0.00 0.00 0.48 0.52 0.50
GESVM-PCA 0.00 0.00 0.00 0.00 0.00 0.00 0.49 0.49 0.49
GESVM-Sw 0.00 0.00 0.00 0.00 0.05 0.03 0.50 0.48 0.49
GESVM-kNN 0.00 0.00 0.00 0.00 0.03 0.02 0.49 0.50 0.49

is 784, we can conclude that the reduction in dimensionality is likely too dramatic for preserving
the significant information.

We applied Wilcoxon Sign-Ranks separately for linear and non-linear methods. We compared
all other linear methods in Table 1 against our proposed GESSVDD-kNN-GR-min variant and all
other non-linear methods Table 1 against our proposed GESSVDD-kNN-SR-max variant. We give
the T -values in Table 1 and bold the values if they show that the difference between the methods
is statistically significant at 0.05 significance level. Negative values indicate that the other method
was performing better than our proposed variant GESSVDD-kNN-GR-min or GESSVDD-kNN-
SR-max. We see that GESSVDD-kNN-GR-min outperforms ESVDD and SVDD in a statistically
significant manner for linear data description and GESSVDD-kNN-SR-max outperforms ESVDD
in a statistically significant manner for non-linear data description. All other differences are sta-
tistically insignificant. However, it should be noted that for individual datasets the differences in
both ways can be still significant due to different reasons, such as our proposed variant failing with
MNIST due to the drastic dimensionality reduction, and it cannot be concluded that the selection
of the method is insignificant.

In evaluating the effect of added noise on the features of the heart dataset, it can be noticed that
GESSVDD-Sb-GR-max performs second-best in the linear case when only the train or test set is
corrupted. In the non-linear case of adding noise to either train or test set, GESSVDD-Sb-GR-max
performs best on average. While the competing methods perform better than the proposed methods
when both train and test datasets are corrupted, the competing methods underperform severely if
the only train or test set is corrupted. There is not a single case where the proposed method would
severely underperform. We report the performance of the selected variants of our method along
with the competing methods in Table 3. We provide the Gmean results for all proposed variants
over the Heart dataset and its manually created corrupted versions in Section S2 and TPR, TNR
FPR, and FNR results in Section S3 of the supplementary material.

We carried out a sensitivity analysis of different hyperparameters. Figure 4 shows the sensitiv-
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Figure 4: Sensitivity Analysis for non-linear GESSVDD-kNN-SR-max trained over MNIST dataset with target class 0

ity plot for non-linear GESSVDD-kNN-SR-max trained over MNIST dataset with target class 0.
For all other variants, we provide the plots of sensitivity analysis in Section S6 of the supplemen-
tary material. We observe that the performance of GESSVDD-kNN-SR-max is not sensitive to
the hyperparameter η. In the case of increasing the value of hyperparameter d, a sudden drop and
then a steady rise in the performance is observed over the range of values. We also notice the poor
performance of the model at higher values of hyperparameter C; moreover, a varying performance
is noticed at different values for hyperparameter σ.

5. Conclusion

In this paper, we formulated subspace learning for one-class classification in the graph embed-
ding framework and discussed the novel insights obtained from this formulation. In particular, we
showed that subspace learning for SVDD applies a weighted PCA over the support vectors and
outliers to define the projection matrix and we discussed how this information can be combined
with other data relationships in the optimization process via an adaptable graph. We also formu-
lated a novel Graph-Embedded Subspace Support Vector Data Description with gradient-based,
spectral, and spectral regression-based solutions and different adaptable graphs. We reported the
experimental results over nine different datasets by considering each class of a dataset as a target
class at a time. The results showed that the proposed framework with the kNN graph as the adapt-
able graph had the best overall performance, while the gradient-based solution was more stable
than the spectral and spectral regression-based solutions.

While the proposed framework showed promising results over different datasets and can be
applied on different domain applications, there are some limitations that can be taken into account
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in the future. The methods exploit only a single Laplacian Lx to enforce local/global data rela-
tions relevant to the task. This can be enhanced by exploiting multiple graphs by combining the
geometric data relationships using a weight parameter.

In the future, we plan to extend the proposed methods in the framework by investigating other
kernel types in the non-linear case. The proposed framework can also be extended to multimodal
one-class classification, where data is projected from multiple modalities to a joint subspace.
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Graph-Embedded Subspace Support Vector Data Description
Supplementary Material

Fahad Sohrab, Alexandros Iosifidis, Moncef Gabbouj, Jenni Raitoharju

This document contains supplementary material for the proposed Graph-Embedded Subspace
Support Vector Data Description (GESSVDD). In Section S1, we provide the complexity analysis
of gradient-based, spectral-based, and spectral regression-based updates. In the other sections,
we report more extensive results and analysis for different variants of the proposed GESSVDD:
In Section S2, we report the Geometric Mean Gmean results of linear data description for all
datasets along with Gmean results for non-linear data description for MNIST and Liver datasets.
The non-linear Gmean results for all other datasets besides MNIST, Liver, and Heart are given
in the manuscript. Section S2 also provides Gmean results of the linear and non-linear data
description in the proposed framework for different variants over the Heart data set with added
noise to train and test sets. In Section S3, we provide results in terms of True Positive Rate
(TPR), True Negative Rate (TNR), False Positive Rate (FPR), and False Negative Rate (FNR)
for all proposed variants along with the competing methods for all datasets for both linear and non-
linear cases. We provide the standard deviation of Gmean over test sets for the datasets where
the 70-30% selection is made five times for forming the train and test sets in Section S4 for the
linear case and Section S5 for non-linear cases. Finally, all the plots of sensitivity analysis over
MNIST data with target class 0 are provided for all the variants in the proposed framework for the
non-linear case in Section S6.

S1. Complexity analysis of GESSVDD

GESSVDD can be solved via spectral, spectral regression-based, and gradient-based tech-
niques. We provide the detailed complexity analysis of the main algorithm in the manuscript (see
Section 3.3. Complexity analysis) and focus on the different solution updates in the following
subsections.

S1.1. Complexity analysis of gradient-based update
The gradient-based update has the following steps involved in the sub-algorithm.

1. Computing Sα = XLαX
⊺ for a given Lα has a complexity of multiplying three matrices as

well. Thus, computing Sα has the complexity of O(DN2 +ND2).
2. Computing ∆L = 2SinvQSα − 2SinvQSαQ

⊺SinvQS⊺
x requires several matrix multiplica-

tions with the highest complexity being O(dD2) and, thus, the overall complexity of this
step also becomes O(dD2).

3. The complexity of updating the Q is O
(
dD
)
.

After adding all complexities of the gradient-based updates along with the complexity of the main
algorithm, the gradient-based solution has a complexity ofO(N3). In a non-linear case, the kernel
matrix K is formed, centralized, and decomposed via eigendecomposition. These steps have the
complexity of O(N3). The dimensionality of data in non-linear case changes from D to N for all
corresponding steps. The total complexity of the non-linear version stays at O(N3).
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S1.2. Complexity analysis of spectral-based update
The main relatively intensive computational steps in the spectral-based update are computing

Sα and the generalized eigenvalue problem.

1. Computing Sα has the complexity of O(DN2 +ND2).
2. Solving the eigenvalue problem Sαq = υSxq has the complexity of O(D3).

By adding the above complexities, the complexity of spectral-based update becomes O(DN2 +
ND2 + D3). By adding this to the complexity of the main algorithm, the complexity becomes
O
(
N3 +DN2 + ND2 +D3

)
. Hence for linear case, the complexity is O

(
N3
)
. In a non-linear

case, the dimensionality of the data changes from D to N . In this case, the complexity in terms
O
(
4N3

)
. In terms of O notation, the complexity in non-linear case stays at O

(
N3
)
.

S1.3. Complexity analysis of spectral regression-based update
The main computational steps in the spectral regression-based update are computing the gen-

eralized eigenvalue problem and obtaining the projection matrix Q in a least-square sense.

1. Solving the generalized eigenvalue problem Lαt = υLxt has the complexity of O(N3).
2. Solving Q = T⊺X⊺(XX⊺ + ηI)−1 involves the following steps. Computing XX⊺ has the

complexity of O(D2N). The complexity of multiplying η with each element of I is O(D2).
Adding XX⊺ with ηI has the complexity of O(D2). Taking inverse of (XX⊺ + ηI) has the
complexity of D3 and multiplying the rest of matrices has the complexity of dND + D3.
Adding the complexities of all these steps, the complexity of Q = T⊺X⊺(XX⊺ + ηI)−1

becomes O(D2N + 2D2 +D3 + dND +D3).

Adding the above two complexities and the complexity of the main algorithm and assuming that
the dimensionality D of data is always lower than the number of samples N , the total complexity
in terms of big O notation becomes O(N3). In non-linear case, the steps involved in npt have the
complexity of O(N3), moreover the dimensionality changes from D to N . Thus, the complexity
increases but in terms of the big O notation still stays as O(N3).
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S2. GESSVDD Gmean results

S2.1. Linear GESSVDD Gmean results

Table 1: Gmean results for linear data description in the proposed framework for MNIST and Liver datasets

Dataset MNIST Liver

Target class 0 1 2 3 4 5 6 7 8 9 Av. DP DA Av.

GESSVDD-Sb-S-max 0.48 0.67 0.45 0.30 0.55 0.49 0.58 0.45 0.45 0.55 0.50 0.38 0.45 0.41

GESSVDD-Sb-GR-max 0.62 0.64 0.28 0.45 0.54 0.34 0.49 0.33 0.44 0.50 0.46 0.47 0.46 0.47

GESSVDD-Sb-SR-max 0.48 0.59 0.48 0.44 0.63 0.53 0.12 0.65 0.56 0.57 0.50 0.51 0.38 0.45

GESSVDD-Sb-S-min 0.48 0.67 0.45 0.30 0.55 0.49 0.58 0.45 0.45 0.55 0.50 0.41 0.50 0.45

GESSVDD-Sb-GR-min 0.62 0.64 0.28 0.45 0.54 0.34 0.49 0.33 0.44 0.50 0.46 0.44 0.46 0.45

GESSVDD-Sb-SR-min 0.48 0.59 0.48 0.44 0.63 0.53 0.12 0.65 0.56 0.57 0.50 0.48 0.51 0.50
GESSVDD-Sw-S-max 0.30 0.86 0.33 0.38 0.41 0.35 0.46 0.61 0.41 0.60 0.47 0.36 0.35 0.36

GESSVDD-Sw-GR-max 0.43 0.78 0.33 0.46 0.49 0.34 0.61 0.62 0.41 0.49 0.50 0.37 0.35 0.36

GESSVDD-Sw-SR-max 0.38 0.74 0.39 0.45 0.60 0.52 0.65 0.61 0.55 0.64 0.55 0.39 0.36 0.37

GESSVDD-Sw-S-min 0.30 0.86 0.33 0.38 0.41 0.35 0.46 0.61 0.41 0.60 0.47 0.39 0.38 0.39

GESSVDD-Sw-GR-min 0.43 0.78 0.33 0.46 0.49 0.34 0.61 0.62 0.41 0.49 0.50 0.36 0.36 0.36

GESSVDD-Sw-SR-min 0.38 0.74 0.39 0.45 0.60 0.52 0.65 0.61 0.55 0.64 0.55 0.41 0.37 0.39

GESSVDD-kNN-S-max 0.45 0.86 0.45 0.50 0.50 0.49 0.36 0.43 0.45 0.59 0.51 0.41 0.39 0.40

GESSVDD-kNN-GR-max 0.40 0.84 0.33 0.47 0.60 0.38 0.69 0.53 0.51 0.58 0.53 0.43 0.34 0.39

GESSVDD-kNN-SR-max 0.40 0.81 0.21 0.43 0.59 0.56 0.63 0.65 0.52 0.68 0.55 0.41 0.41 0.41

GESSVDD-kNN-S-min 0.45 0.86 0.45 0.50 0.50 0.49 0.36 0.43 0.45 0.59 0.51 0.36 0.48 0.42

GESSVDD-kNN-GR-min 0.40 0.84 0.33 0.47 0.60 0.38 0.69 0.53 0.51 0.58 0.53 0.45 0.38 0.42

GESSVDD-kNN-SR-min 0.40 0.81 0.21 0.43 0.59 0.56 0.63 0.65 0.52 0.68 0.55 0.46 0.43 0.44

GESSVDD-PCA-S-max 0.24 0.84 0.35 0.39 0.31 0.38 0.38 0.68 0.45 0.62 0.46 0.45 0.43 0.44

GESSVDD-PCA-GR-max 0.36 0.85 0.34 0.46 0.49 0.34 0.44 0.60 0.41 0.51 0.48 0.40 0.39 0.39

GESSVDD-PCA-SR-max 0.39 0.85 0.29 0.44 0.55 0.47 0.66 0.60 0.50 0.67 0.54 0.34 0.40 0.37

GESSVDD-PCA-S-min 0.24 0.84 0.35 0.39 0.31 0.38 0.38 0.68 0.45 0.62 0.46 0.40 0.42 0.41

GESSVDD-PCA-GR-min 0.36 0.85 0.34 0.46 0.49 0.34 0.44 0.60 0.41 0.51 0.48 0.41 0.38 0.40

GESSVDD-PCA-SR-min 0.39 0.85 0.29 0.44 0.55 0.47 0.66 0.60 0.50 0.67 0.54 0.36 0.40 0.38

GESSVDD-I-S-max 0.33 0.83 0.35 0.41 0.31 0.38 0.48 0.68 0.48 0.58 0.48 0.42 0.42 0.42

GESSVDD-I-GR-max 0.38 0.83 0.31 0.46 0.47 0.34 0.62 0.65 0.40 0.50 0.50 0.39 0.41 0.40

GESSVDD-I-SR-max 0.37 0.83 0.29 0.40 0.55 0.47 0.67 0.59 0.50 0.65 0.53 0.42 0.40 0.41

GESSVDD-I-S-min 0.33 0.83 0.35 0.41 0.31 0.38 0.48 0.68 0.48 0.58 0.48 0.39 0.42 0.40

GESSVDD-I-GR-min (ESSVDD) 0.38 0.83 0.31 0.46 0.47 0.34 0.62 0.65 0.40 0.50 0.50 0.35 0.38 0.37

GESSVDD-I-SR-min 0.37 0.83 0.29 0.40 0.55 0.47 0.67 0.59 0.50 0.65 0.53 0.41 0.40 0.41

GESSVDD-0-S-max 0.48 0.71 0.34 0.40 0.48 0.34 0.58 0.52 0.42 0.51 0.48 0.34 0.33 0.34

GESSVDD-0-GR-max 0.41 0.81 0.29 0.39 0.45 0.31 0.57 0.52 0.40 0.44 0.46 0.32 0.33 0.33

GESSVDD-0-S-min 0.48 0.71 0.34 0.40 0.48 0.34 0.58 0.52 0.42 0.51 0.48 0.33 0.38 0.35

GESSVDD-0-GR-min (SSVDD) 0.41 0.81 0.29 0.39 0.45 0.31 0.57 0.52 0.40 0.44 0.46 0.32 0.34 0.33
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Table 2: Gmean results for linear data description in the proposed framework for Seeds, Qualitative bankruptcy,
Somerville happiness, Iris, Ionosphere and Sonar datasets

Dataset Seeds Qualitative bankruptcy Somerville happiness
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
GESSVDD-Sb-S-max 0.71 0.60 0.85 0.72 0.64 0.31 0.47 0.35 0.33 0.34
GESSVDD-Sb-GR-max 0.74 0.69 0.67 0.70 0.65 0.44 0.55 0.45 0.49 0.47
GESSVDD-Sb-SR-max 0.76 0.90 0.91 0.86 0.59 0.30 0.44 0.49 0.31 0.40
GESSVDD-Sb-S-min 0.76 0.85 0.85 0.82 0.60 0.44 0.52 0.45 0.37 0.41
GESSVDD-Sb-GR-min 0.79 0.80 0.90 0.83 0.68 0.47 0.57 0.38 0.47 0.42
GESSVDD-Sb-SR-min 0.77 0.88 0.91 0.86 0.61 0.24 0.42 0.44 0.30 0.37
GESSVDD-Sw-S-max 0.80 0.93 0.93 0.89 0.84 0.00 0.42 0.46 0.43 0.45
GESSVDD-Sw-GR-max 0.87 0.90 0.94 0.91 0.72 0.03 0.38 0.39 0.44 0.41
GESSVDD-Sw-SR-max 0.77 0.91 0.85 0.84 0.81 0.15 0.48 0.49 0.36 0.42
GESSVDD-Sw-S-min 0.75 0.93 0.93 0.87 0.86 0.07 0.47 0.50 0.34 0.42
GESSVDD-Sw-GR-min 0.82 0.81 0.93 0.85 0.78 0.15 0.46 0.51 0.39 0.45
GESSVDD-Sw-SR-min 0.74 0.93 0.95 0.87 0.89 0.06 0.47 0.41 0.37 0.39
GESSVDD-kNN-S-max 0.80 0.90 0.93 0.87 0.77 0.22 0.50 0.52 0.36 0.44
GESSVDD-kNN-GR-max 0.83 0.93 0.93 0.90 0.77 0.18 0.48 0.48 0.46 0.47
GESSVDD-kNN-SR-max 0.79 0.92 0.93 0.88 0.80 0.19 0.50 0.49 0.43 0.46
GESSVDD-kNN-S-min 0.73 0.88 0.92 0.85 0.77 0.28 0.53 0.46 0.37 0.42
GESSVDD-kNN-GR-min 0.83 0.94 0.95 0.91 0.80 0.46 0.63 0.44 0.44 0.44
GESSVDD-kNN-SR-min 0.79 0.93 0.93 0.88 0.80 0.32 0.56 0.43 0.39 0.41
GESSVDD-PCA-S-max 0.81 0.92 0.93 0.89 0.85 0.19 0.52 0.47 0.38 0.43
GESSVDD-PCA-GR-max 0.86 0.90 0.89 0.88 0.94 0.10 0.52 0.48 0.40 0.44
GESSVDD-PCA-SR-max 0.82 0.92 0.94 0.89 0.91 0.17 0.54 0.44 0.41 0.43
GESSVDD-PCA-S-min 0.76 0.92 0.93 0.87 0.85 0.14 0.50 0.50 0.33 0.42
GESSVDD-PCA-GR-min 0.86 0.86 0.85 0.86 0.90 0.09 0.49 0.46 0.42 0.44
GESSVDD-PCA-SR-min 0.78 0.93 0.94 0.88 0.89 0.21 0.55 0.43 0.39 0.41
GESSVDD-I-S-max 0.78 0.93 0.93 0.88 0.85 0.19 0.52 0.46 0.41 0.43
GESSVDD-I-GR-max 0.83 0.92 0.93 0.89 0.93 0.09 0.51 0.50 0.44 0.47
GESSVDD-I-SR-max 0.81 0.92 0.93 0.89 0.92 0.07 0.49 0.49 0.40 0.45
GESSVDD-I-S-min 0.77 0.92 0.93 0.87 0.87 0.13 0.50 0.49 0.32 0.40
GESSVDD-I-GR-min (ESSVDD) 0.87 0.92 0.90 0.90 0.90 0.12 0.51 0.51 0.39 0.45
GESSVDD-I-SR-min 0.78 0.92 0.93 0.88 0.91 0.19 0.55 0.41 0.39 0.40
GESSVDD-0-S-max 0.87 0.92 0.93 0.91 0.81 0.00 0.40 0.36 0.44 0.40
GESSVDD-0-GR-max 0.85 0.93 0.94 0.91 0.87 0.00 0.44 0.42 0.43 0.42
GESSVDD-0-S-min 0.73 0.93 0.91 0.85 0.82 0.23 0.53 0.46 0.32 0.39
GESSVDD-0-GR-min (SSVDD) 0.85 0.93 0.95 0.91 0.90 0.17 0.53 0.49 0.43 0.46

Dataset Iris Ionosphere Sonar
Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.
GESSVDD-Sb-S-max 0.92 0.86 0.81 0.87 0.22 0.39 0.30 0.46 0.44 0.45
GESSVDD-Sb-GR-max 0.90 0.87 0.89 0.89 0.21 0.88 0.55 0.52 0.45 0.48
GESSVDD-Sb-SR-max 0.84 0.88 0.82 0.85 0.46 0.23 0.35 0.31 0.53 0.42
GESSVDD-Sb-S-min 0.91 0.83 0.81 0.85 0.39 0.41 0.40 0.44 0.41 0.43
GESSVDD-Sb-GR-min 0.94 0.86 0.89 0.90 0.21 0.88 0.55 0.49 0.47 0.48
GESSVDD-Sb-SR-min 0.84 0.68 0.85 0.79 0.40 0.33 0.37 0.35 0.28 0.32
GESSVDD-Sw-S-max 0.95 0.90 0.88 0.91 0.35 0.87 0.61 0.49 0.44 0.46
GESSVDD-Sw-GR-max 0.91 0.90 0.85 0.89 0.22 0.90 0.56 0.55 0.47 0.51
GESSVDD-Sw-SR-max 0.95 0.86 0.85 0.89 0.28 0.86 0.57 0.51 0.45 0.48
GESSVDD-Sw-S-min 0.95 0.89 0.87 0.90 0.27 0.86 0.57 0.52 0.46 0.49
GESSVDD-Sw-GR-min 0.96 0.92 0.79 0.89 0.13 0.91 0.52 0.55 0.46 0.50
GESSVDD-Sw-SR-min 0.95 0.86 0.85 0.89 0.23 0.85 0.54 0.50 0.45 0.47
GESSVDD-kNN-S-max 0.93 0.88 0.86 0.89 0.23 0.87 0.55 0.49 0.37 0.43
GESSVDD-kNN-GR-max 0.95 0.80 0.75 0.83 0.46 0.89 0.67 0.53 0.48 0.50
GESSVDD-kNN-SR-max 0.97 0.86 0.88 0.90 0.23 0.87 0.55 0.47 0.43 0.45
GESSVDD-kNN-S-min 0.93 0.89 0.82 0.88 0.28 0.87 0.58 0.49 0.37 0.43
GESSVDD-kNN-GR-min 0.97 0.89 0.91 0.92 0.42 0.92 0.67 0.54 0.57 0.56
GESSVDD-kNN-SR-min 0.97 0.86 0.87 0.90 0.31 0.87 0.59 0.47 0.44 0.45
GESSVDD-PCA-S-max 0.99 0.93 0.85 0.92 0.32 0.87 0.60 0.50 0.33 0.41
GESSVDD-PCA-GR-max 0.93 0.87 0.87 0.89 0.13 0.91 0.52 0.57 0.47 0.52
GESSVDD-PCA-SR-max 0.99 0.93 0.84 0.92 0.35 0.86 0.61 0.41 0.35 0.38
GESSVDD-PCA-S-min 0.97 0.93 0.85 0.92 0.27 0.88 0.58 0.50 0.44 0.47
GESSVDD-PCA-GR-min 0.94 0.83 0.85 0.87 0.34 0.89 0.61 0.50 0.59 0.55
GESSVDD-PCA-SR-min 0.99 0.91 0.85 0.92 0.26 0.87 0.56 0.49 0.36 0.42
GESSVDD-I-S-max 0.99 0.93 0.85 0.92 0.33 0.88 0.60 0.49 0.35 0.42
GESSVDD-I-GR-max 0.95 0.89 0.85 0.89 0.20 0.90 0.55 0.54 0.51 0.52
GESSVDD-I-SR-max 0.99 0.93 0.77 0.90 0.27 0.88 0.57 0.49 0.35 0.42
GESSVDD-I-S-min 0.95 0.94 0.81 0.90 0.33 0.88 0.61 0.49 0.35 0.42
GESSVDD-I-GR-min (ESSVDD) 0.93 0.82 0.89 0.88 0.36 0.90 0.63 0.52 0.58 0.55
GESSVDD-I-SR-min 0.98 0.94 0.87 0.93 0.32 0.87 0.59 0.51 0.35 0.43
GESSVDD-0-S-max 0.94 0.88 0.91 0.91 0.12 0.62 0.37 0.43 0.37 0.40
GESSVDD-0-GR-max 0.97 0.91 0.89 0.92 0.15 0.80 0.47 0.49 0.44 0.47
GESSVDD-0-S-min 0.92 0.89 0.87 0.90 0.18 0.81 0.49 0.47 0.32 0.39
GESSVDD-0-GR-min (SSVDD) 0.96 0.91 0.90 0.92 0.12 0.78 0.45 0.51 0.55 0.53
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Table 3: Gmean results for linear data description over Heart dataset and its manually created corrupted versions

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.52 0.44 0.48 0.20 0.22 0.21 0.12 0.07 0.09 0.42 0.36 0.39
GESSVDD-Sb-GR-max 0.49 0.48 0.49 0.17 0.22 0.20 0.24 0.36 0.30 0.36 0.30 0.33
GESSVDD-Sb-SR-max 0.52 0.43 0.47 0.15 0.11 0.13 0.35 0.17 0.26 0.44 0.41 0.43
GESSVDD-Sb-S-min 0.51 0.48 0.49 0.26 0.26 0.26 0.05 0.06 0.05 0.35 0.42 0.38
GESSVDD-Sb-GR-min 0.59 0.68 0.64 0.14 0.23 0.18 0.21 0.23 0.22 0.32 0.46 0.39
GESSVDD-Sb-SR-min 0.55 0.53 0.54 0.27 0.11 0.19 0.24 0.09 0.16 0.44 0.43 0.44
GESSVDD-Sw-S-max 0.51 0.49 0.50 0.13 0.14 0.13 0.00 0.00 0.00 0.26 0.40 0.33
GESSVDD-Sw-GR-max 0.54 0.66 0.60 0.21 0.19 0.20 0.00 0.00 0.00 0.30 0.40 0.35
GESSVDD-Sw-SR-max 0.52 0.57 0.55 0.03 0.00 0.01 0.00 0.00 0.00 0.34 0.42 0.38
GESSVDD-Sw-S-min 0.49 0.61 0.55 0.09 0.12 0.10 0.00 0.00 0.00 0.30 0.43 0.37
GESSVDD-Sw-GR-min 0.62 0.60 0.61 0.21 0.20 0.20 0.00 0.00 0.00 0.33 0.37 0.35
GESSVDD-Sw-SR-min 0.50 0.58 0.54 0.00 0.03 0.01 0.03 0.00 0.01 0.29 0.33 0.31
GESSVDD-kNN-S-max 0.56 0.55 0.55 0.04 0.13 0.08 0.04 0.00 0.02 0.41 0.44 0.42
GESSVDD-kNN-GR-max 0.53 0.60 0.57 0.08 0.19 0.14 0.14 0.08 0.11 0.40 0.38 0.39
GESSVDD-kNN-SR-max 0.47 0.57 0.52 0.00 0.06 0.03 0.00 0.00 0.00 0.39 0.43 0.41
GESSVDD-kNN-S-min 0.53 0.54 0.54 0.08 0.03 0.05 0.08 0.00 0.04 0.48 0.43 0.45
GESSVDD-kNN-GR-min 0.54 0.61 0.58 0.09 0.00 0.04 0.32 0.08 0.20 0.35 0.44 0.39
GESSVDD-kNN-SR-min 0.53 0.58 0.55 0.00 0.13 0.06 0.00 0.00 0.00 0.35 0.42 0.38
GESSVDD-PCA-S-max 0.50 0.58 0.54 0.05 0.00 0.02 0.00 0.00 0.00 0.33 0.38 0.35
GESSVDD-PCA-GR-max 0.53 0.53 0.53 0.00 0.00 0.00 0.00 0.00 0.00 0.38 0.43 0.40
GESSVDD-PCA-SR-max 0.48 0.54 0.51 0.00 0.12 0.06 0.00 0.00 0.00 0.31 0.39 0.35
GESSVDD-PCA-S-min 0.54 0.66 0.60 0.00 0.13 0.07 0.00 0.00 0.00 0.30 0.45 0.37
GESSVDD-PCA-GR-min 0.54 0.62 0.58 0.12 0.00 0.06 0.00 0.00 0.00 0.38 0.45 0.41
GESSVDD-PCA-SR-min 0.54 0.55 0.54 0.07 0.12 0.10 0.00 0.00 0.00 0.31 0.36 0.34
GESSVDD-I-S-max 0.53 0.54 0.53 0.06 0.06 0.06 0.00 0.00 0.00 0.25 0.34 0.30
GESSVDD-I-GR-max 0.56 0.60 0.58 0.20 0.10 0.15 0.00 0.00 0.00 0.31 0.42 0.36
GESSVDD-I-SR-max 0.48 0.57 0.53 0.03 0.03 0.03 0.00 0.00 0.00 0.41 0.36 0.39
GESSVDD-I-S-min 0.56 0.57 0.57 0.07 0.03 0.05 0.00 0.00 0.00 0.38 0.43 0.41
GESSVDD-I-GR-min (ESSVDD) 0.53 0.69 0.61 0.00 0.00 0.00 0.00 0.00 0.00 0.35 0.39 0.37
GESSVDD-I-SR-min 0.50 0.49 0.49 0.03 0.00 0.01 0.00 0.00 0.00 0.35 0.32 0.34
GESSVDD-0-S-max 0.48 0.47 0.47 0.10 0.19 0.14 0.00 0.00 0.00 0.14 0.28 0.21
GESSVDD-0-GR-max 0.55 0.64 0.59 0.14 0.18 0.16 0.00 0.00 0.00 0.25 0.31 0.28
GESSVDD-0-S-min 0.53 0.62 0.57 0.18 0.00 0.09 0.00 0.00 0.00 0.31 0.40 0.36
GESSVDD-0-GR-min (SSVDD) 0.59 0.62 0.61 0.00 0.17 0.09 0.00 0.00 0.00 0.36 0.40 0.38
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S2.2. Non-linear GESSVDD Gmean results

Table 4: Gmean results for non-linear data description in the proposed framework for MNIST and Liver datasets

Dataset MNIST Liver

Target class 0 1 2 3 4 5 6 7 8 9 Av. DP DA Av.

GESSVDD-Sb-S-max 0.16 0.16 0.06 0.08 0.39 0.29 0.31 0.00 0.12 0.09 0.17 0.37 0.35 0.36

GESSVDD-Sb-GR-max 0.62 0.32 0.48 0.41 0.20 0.33 0.21 0.38 0.11 0.58 0.36 0.29 0.35 0.32

GESSVDD-Sb-SR-max 0.12 0.50 0.26 0.51 0.19 0.08 0.29 0.28 0.29 0.47 0.30 0.29 0.27 0.28

GESSVDD-Sb-S-min 0.16 0.16 0.06 0.08 0.39 0.29 0.31 0.00 0.12 0.09 0.17 0.34 0.33 0.33

GESSVDD-Sb-GR-min 0.62 0.32 0.48 0.41 0.20 0.33 0.21 0.38 0.11 0.58 0.36 0.35 0.24 0.30

GESSVDD-Sb-SR-min 0.12 0.50 0.26 0.51 0.19 0.08 0.29 0.28 0.29 0.47 0.30 0.34 0.29 0.31

GESSVDD-Sw-S-max 0.07 0.05 0.25 0.14 0.28 0.11 0.18 0.33 0.05 0.10 0.16 0.45 0.32 0.38

GESSVDD-Sw-GR-max 0.25 0.22 0.09 0.44 0.12 0.52 0.23 0.43 0.20 0.17 0.27 0.36 0.40 0.38

GESSVDD-Sw-SR-max 0.24 0.54 0.15 0.27 0.46 0.32 0.45 0.43 0.19 0.31 0.34 0.39 0.47 0.43

GESSVDD-Sw-S-min 0.07 0.05 0.25 0.14 0.28 0.11 0.18 0.33 0.05 0.10 0.16 0.24 0.33 0.28

GESSVDD-Sw-GR-min 0.25 0.22 0.09 0.44 0.12 0.52 0.23 0.43 0.20 0.17 0.27 0.33 0.28 0.30

GESSVDD-Sw-SR-min 0.24 0.54 0.15 0.27 0.46 0.32 0.45 0.43 0.19 0.31 0.34 0.31 0.40 0.36

GESSVDD-kNN-S-max 0.08 0.23 0.53 0.06 0.55 0.31 0.31 0.26 0.27 0.25 0.28 0.39 0.32 0.36

GESSVDD-kNN-GR-max 0.62 0.32 0.49 0.49 0.24 0.47 0.18 0.40 0.37 0.55 0.41 0.25 0.45 0.35

GESSVDD-kNN-SR-max 0.38 0.53 0.16 0.34 0.49 0.46 0.48 0.43 0.31 0.50 0.41 0.41 0.42 0.41

GESSVDD-kNN-S-min 0.08 0.23 0.53 0.06 0.55 0.31 0.31 0.26 0.27 0.25 0.28 0.33 0.31 0.32

GESSVDD-kNN-GR-min 0.62 0.32 0.49 0.49 0.24 0.47 0.18 0.40 0.37 0.55 0.41 0.39 0.39 0.39

GESSVDD-kNN-SR-min 0.38 0.53 0.16 0.34 0.49 0.46 0.48 0.43 0.31 0.50 0.41 0.40 0.44 0.42

GESSVDD-PCA-S-max 0.19 0.33 0.15 0.17 0.18 0.31 0.05 0.54 0.24 0.17 0.23 0.28 0.37 0.32

GESSVDD-PCA-GR-max 0.45 0.25 0.19 0.29 0.27 0.27 0.41 0.08 0.28 0.28 0.28 0.39 0.34 0.37

GESSVDD-PCA-SR-max 0.60 0.51 0.20 0.26 0.47 0.16 0.43 0.16 0.30 0.39 0.35 0.36 0.27 0.32

GESSVDD-PCA-S-min 0.19 0.33 0.15 0.17 0.18 0.31 0.05 0.54 0.24 0.17 0.23 0.34 0.28 0.31

GESSVDD-PCA-GR-min 0.45 0.25 0.19 0.29 0.27 0.27 0.41 0.08 0.28 0.28 0.28 0.31 0.34 0.32

GESSVDD-PCA-SR-min 0.60 0.51 0.20 0.26 0.47 0.16 0.43 0.16 0.30 0.39 0.35 0.32 0.26 0.29

GESSVDD-I-S-max 0.30 0.33 0.17 0.17 0.30 0.32 0.42 0.54 0.21 0.17 0.29 0.42 0.27 0.34

GESSVDD-I-GR-max 0.36 0.34 0.18 0.09 0.19 0.52 0.46 0.43 0.36 0.21 0.31 0.35 0.42 0.39

GESSVDD-I-SR-max 0.60 0.51 0.21 0.28 0.47 0.30 0.43 0.25 0.30 0.39 0.37 0.35 0.42 0.39

GESSVDD-I-S-min 0.30 0.33 0.17 0.17 0.30 0.32 0.42 0.54 0.21 0.17 0.29 0.39 0.26 0.32

GESSVDD-I-GR-min (ESSVDD) 0.36 0.34 0.18 0.09 0.19 0.52 0.46 0.43 0.36 0.21 0.31 0.40 0.49 0.45
GESSVDD-I-SR-min 0.60 0.51 0.21 0.28 0.47 0.30 0.43 0.25 0.30 0.39 0.37 0.30 0.37 0.33

GESSVDD-0-S-max 0.22 0.09 0.06 0.28 0.23 0.40 0.08 0.28 0.11 0.05 0.18 0.36 0.37 0.36

GESSVDD-0-GR-max 0.60 0.34 0.48 0.39 0.43 0.49 0.43 0.35 0.44 0.17 0.41 0.36 0.44 0.40

GESSVDD-0-S-min 0.22 0.09 0.06 0.28 0.23 0.40 0.08 0.28 0.11 0.05 0.18 0.37 0.37 0.37

GESSVDD-0-GR-min (SSVDD) 0.60 0.34 0.48 0.39 0.43 0.49 0.43 0.35 0.44 0.17 0.41 0.37 0.39 0.38
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Table 5: Gmean results for non-linear data description over Heart dataset and its manually created corrupted versions

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.29 0.33 0.31 0.42 0.29 0.36 0.13 0.05 0.09 0.35 0.40 0.37
GESSVDD-Sb-GR-max 0.34 0.31 0.32 0.35 0.23 0.29 0.33 0.31 0.32 0.27 0.45 0.36
GESSVDD-Sb-SR-max 0.32 0.24 0.28 0.22 0.24 0.23 0.30 0.22 0.26 0.43 0.44 0.44
GESSVDD-Sb-S-min 0.41 0.43 0.42 0.44 0.19 0.32 0.19 0.19 0.19 0.35 0.20 0.28
GESSVDD-Sb-GR-min 0.45 0.33 0.39 0.32 0.18 0.25 0.21 0.32 0.26 0.33 0.33 0.33
GESSVDD-Sb-SR-min 0.46 0.32 0.39 0.25 0.13 0.19 0.36 0.16 0.26 0.43 0.44 0.43
GESSVDD-Sw-S-max 0.43 0.38 0.41 0.00 0.12 0.06 0.13 0.00 0.06 0.36 0.34 0.35
GESSVDD-Sw-GR-max 0.16 0.32 0.24 0.36 0.39 0.38 0.07 0.11 0.09 0.42 0.39 0.41
GESSVDD-Sw-SR-max 0.43 0.40 0.41 0.11 0.06 0.08 0.00 0.06 0.03 0.43 0.41 0.42
GESSVDD-Sw-S-min 0.34 0.46 0.40 0.00 0.16 0.08 0.00 0.15 0.08 0.44 0.43 0.43
GESSVDD-Sw-GR-min 0.40 0.47 0.44 0.18 0.29 0.24 0.04 0.05 0.05 0.45 0.44 0.45
GESSVDD-Sw-SR-min 0.44 0.30 0.37 0.03 0.19 0.11 0.00 0.00 0.00 0.41 0.33 0.37
GESSVDD-kNN-S-max 0.44 0.47 0.45 0.00 0.00 0.00 0.14 0.04 0.09 0.45 0.45 0.45
GESSVDD-kNN-GR-max 0.43 0.57 0.50 0.28 0.19 0.24 0.12 0.00 0.06 0.44 0.38 0.41
GESSVDD-kNN-SR-max 0.42 0.43 0.42 0.04 0.03 0.03 0.00 0.00 0.00 0.47 0.40 0.44
GESSVDD-kNN-S-min 0.49 0.51 0.50 0.03 0.00 0.02 0.03 0.00 0.02 0.46 0.43 0.44
GESSVDD-kNN-GR-min 0.47 0.44 0.46 0.00 0.00 0.00 0.00 0.00 0.00 0.48 0.43 0.46
GESSVDD-kNN-SR-min 0.47 0.50 0.49 0.04 0.07 0.06 0.06 0.00 0.03 0.45 0.38 0.41
GESSVDD-PCA-S-max 0.37 0.31 0.34 0.00 0.03 0.01 0.00 0.00 0.00 0.49 0.36 0.42
GESSVDD-PCA-GR-max 0.47 0.30 0.39 0.30 0.34 0.32 0.13 0.16 0.14 0.45 0.36 0.40
GESSVDD-PCA-SR-max 0.46 0.42 0.44 0.19 0.05 0.12 0.06 0.09 0.08 0.34 0.41 0.37
GESSVDD-PCA-S-min 0.24 0.27 0.25 0.06 0.11 0.08 0.00 0.00 0.00 0.43 0.39 0.41
GESSVDD-PCA-GR-min 0.30 0.28 0.29 0.28 0.22 0.25 0.00 0.04 0.02 0.46 0.47 0.47
GESSVDD-PCA-SR-min 0.44 0.44 0.44 0.10 0.07 0.09 0.03 0.00 0.02 0.37 0.41 0.39
GESSVDD-I-S-max 0.38 0.39 0.38 0.06 0.03 0.04 0.04 0.00 0.02 0.45 0.38 0.42
GESSVDD-I-GR-max 0.42 0.28 0.35 0.37 0.35 0.36 0.03 0.05 0.04 0.48 0.31 0.39
GESSVDD-I-SR-max 0.49 0.46 0.47 0.13 0.03 0.08 0.00 0.00 0.00 0.43 0.44 0.43
GESSVDD-I-S-min 0.44 0.35 0.39 0.00 0.25 0.12 0.08 0.00 0.04 0.36 0.39 0.38
GESSVDD-I-GR-min (ESSVDD) 0.38 0.37 0.37 0.37 0.15 0.26 0.00 0.11 0.06 0.38 0.46 0.42
GESSVDD-I-SR-min 0.46 0.44 0.45 0.15 0.14 0.14 0.00 0.08 0.04 0.42 0.45 0.44
GESSVDD-0-S-max 0.35 0.34 0.34 0.24 0.21 0.22 0.26 0.32 0.29 0.39 0.36 0.38
GESSVDD-0-GR-max 0.45 0.46 0.46 0.06 0.22 0.14 0.06 0.44 0.25 0.46 0.36 0.41
GESSVDD-0-S-min 0.32 0.41 0.37 0.14 0.16 0.15 0.36 0.09 0.23 0.34 0.40 0.37
GESSVDD-0-GR-min (SSVDD) 0.53 0.49 0.51 0.12 0.24 0.18 0.00 0.09 0.04 0.37 0.47 0.42
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S3. GESSVDD TPR TNR FPR FNR results

S3.1. TPR TNR FPR FNR results for linear data description
S3.1.1. TPR results linear data description

Table 6: TPR results for linear data description

Dataset Seeds Qualitative bankruptcy Somerville happiness
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
GESSVDD-Sb-S-max 0.77 0.76 0.88 0.80 0.76 0.46 0.61 0.83 0.76 0.80
GESSVDD-Sb-GR-max 0.90 0.62 0.65 0.72 0.83 0.44 0.63 0.73 0.73 0.73
GESSVDD-Sb-SR-max 0.82 0.86 0.96 0.88 0.58 0.46 0.52 0.61 0.68 0.65
GESSVDD-Sb-S-min 0.81 0.75 0.92 0.83 0.79 0.59 0.69 0.68 0.68 0.68
GESSVDD-Sb-GR-min 0.88 0.77 0.93 0.86 0.91 0.35 0.63 0.70 0.79 0.74
GESSVDD-Sb-SR-min 0.85 0.86 0.96 0.89 0.67 0.68 0.68 0.80 0.69 0.75
GESSVDD-Sw-S-max 0.85 0.92 0.97 0.91 0.82 0.95 0.89 0.80 0.80 0.80
GESSVDD-Sw-GR-max 0.90 0.86 0.93 0.90 0.92 0.91 0.92 0.76 0.80 0.78
GESSVDD-Sw-SR-max 0.90 0.90 0.96 0.92 0.89 0.92 0.90 0.75 0.74 0.74
GESSVDD-Sw-S-min 0.88 0.91 0.96 0.92 0.87 0.89 0.88 0.80 0.73 0.76
GESSVDD-Sw-GR-min 0.87 0.88 0.90 0.88 0.88 0.91 0.89 0.73 0.80 0.77
GESSVDD-Sw-SR-min 0.84 0.94 0.96 0.91 0.93 0.88 0.90 0.75 0.77 0.76
GESSVDD-kNN-S-max 0.79 0.91 0.96 0.89 0.84 0.86 0.85 0.71 0.66 0.69
GESSVDD-kNN-GR-max 0.89 0.91 0.96 0.92 0.88 0.71 0.79 0.77 0.61 0.69
GESSVDD-kNN-SR-max 0.76 0.90 0.93 0.86 0.89 0.76 0.82 0.71 0.56 0.64
GESSVDD-kNN-S-min 0.77 0.85 0.96 0.86 0.84 0.72 0.78 0.74 0.61 0.67
GESSVDD-kNN-GR-min 0.82 0.93 0.97 0.91 0.81 0.38 0.60 0.77 0.54 0.65
GESSVDD-kNN-SR-min 0.74 0.90 0.95 0.86 0.86 0.66 0.76 0.74 0.67 0.71
GESSVDD-PCA-S-max 0.87 0.95 0.93 0.92 0.86 0.80 0.83 0.72 0.74 0.73
GESSVDD-PCA-GR-max 0.85 0.89 0.92 0.89 0.95 0.88 0.91 0.77 0.80 0.79
GESSVDD-PCA-SR-max 0.79 0.95 0.95 0.90 0.91 0.81 0.86 0.77 0.73 0.75
GESSVDD-PCA-S-min 0.85 0.93 0.92 0.90 0.83 0.81 0.82 0.77 0.71 0.74
GESSVDD-PCA-GR-min 0.86 0.82 0.94 0.87 0.95 0.84 0.90 0.81 0.78 0.79
GESSVDD-PCA-SR-min 0.87 0.94 0.96 0.92 0.93 0.87 0.90 0.77 0.67 0.72
GESSVDD-I-S-max 0.81 0.95 0.92 0.90 0.84 0.83 0.84 0.72 0.79 0.76
GESSVDD-I-GR-max 0.77 0.91 0.92 0.87 0.93 0.81 0.87 0.72 0.85 0.79
GESSVDD-I-SR-max 0.84 0.95 0.92 0.90 0.92 0.90 0.91 0.82 0.68 0.75
GESSVDD-I-S-min 0.84 0.92 0.91 0.89 0.83 0.86 0.85 0.73 0.78 0.75
GESSVDD-I-GR-min (ESSVDD) 0.86 0.88 0.93 0.89 0.90 0.82 0.86 0.77 0.82 0.80
GESSVDD-I-SR-min 0.83 0.95 0.92 0.90 0.93 0.83 0.88 0.73 0.78 0.75
GESSVDD-0-S-max 0.87 0.90 0.94 0.90 0.80 0.90 0.85 0.80 0.87 0.84
GESSVDD-0-GR-max 0.87 0.90 0.97 0.91 0.86 0.89 0.87 0.78 0.86 0.82
GESSVDD-0-S-min 0.84 0.94 0.90 0.89 0.80 0.85 0.83 0.75 0.62 0.68
GESSVDD-0-GR-min (SSVDD) 0.87 0.90 0.97 0.91 0.90 0.85 0.88 0.81 0.86 0.84
ESVDD 0.70 0.76 0.79 0.75 0.93 0.79 0.86 0.68 0.66 0.67
SVDD 0.87 0.90 0.94 0.90 0.96 0.88 0.92 0.75 0.84 0.79
OCSVM 0.59 0.60 0.50 0.56 0.37 0.54 0.46 0.58 0.62 0.60
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Table 7: TPR results for linear data description

Dataset Iris Ionosphere Sonar
Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.
GESSVDD-Sb-S-max 0.85 0.88 0.79 0.84 0.68 0.68 0.68 0.62 0.31 0.46
GESSVDD-Sb-GR-max 0.87 0.89 0.85 0.87 0.80 0.96 0.88 0.86 0.75 0.80
GESSVDD-Sb-SR-max 0.87 0.83 0.85 0.85 0.58 0.21 0.39 0.59 0.69 0.64
GESSVDD-Sb-S-min 0.83 0.84 0.79 0.82 0.71 0.49 0.60 0.52 0.27 0.39
GESSVDD-Sb-GR-min 0.89 0.89 0.85 0.88 0.81 0.96 0.89 0.86 0.58 0.72
GESSVDD-Sb-SR-min 0.87 0.61 0.84 0.77 0.56 0.39 0.48 0.50 0.38 0.44
GESSVDD-Sw-S-max 0.92 0.92 0.84 0.89 0.77 0.97 0.87 0.56 0.76 0.66
GESSVDD-Sw-GR-max 0.89 0.89 0.89 0.89 0.91 0.94 0.93 0.82 0.84 0.83
GESSVDD-Sw-SR-max 0.92 0.79 0.79 0.83 0.65 0.96 0.80 0.61 0.88 0.75
GESSVDD-Sw-S-min 0.92 0.85 0.83 0.87 0.76 0.97 0.87 0.54 0.65 0.60
GESSVDD-Sw-GR-min 0.92 0.89 0.88 0.90 0.83 0.95 0.89 0.81 0.82 0.82
GESSVDD-Sw-SR-min 0.92 0.80 0.84 0.85 0.80 0.96 0.88 0.69 0.85 0.77
GESSVDD-kNN-S-max 0.91 0.93 0.85 0.90 0.67 0.94 0.81 0.53 0.82 0.68
GESSVDD-kNN-GR-max 0.93 0.83 0.83 0.86 0.39 0.93 0.66 0.68 0.77 0.72
GESSVDD-kNN-SR-max 0.88 0.88 0.84 0.87 0.64 0.95 0.79 0.56 0.82 0.69
GESSVDD-kNN-S-min 0.93 0.88 0.89 0.90 0.70 0.94 0.82 0.53 0.82 0.68
GESSVDD-kNN-GR-min 0.95 0.84 0.88 0.89 0.28 0.93 0.60 0.72 0.77 0.75
GESSVDD-kNN-SR-min 0.97 0.91 0.79 0.89 0.58 0.95 0.76 0.56 0.79 0.67
GESSVDD-PCA-S-max 0.97 0.91 0.79 0.89 0.62 0.97 0.80 0.53 0.92 0.72
GESSVDD-PCA-GR-max 0.88 0.81 0.79 0.83 0.84 0.94 0.89 0.78 0.79 0.79
GESSVDD-PCA-SR-max 0.97 0.91 0.76 0.88 0.78 0.95 0.86 0.43 0.90 0.67
GESSVDD-PCA-S-min 0.93 0.95 0.76 0.88 0.67 0.95 0.81 0.53 0.72 0.63
GESSVDD-PCA-GR-min 0.91 0.84 0.83 0.86 0.86 0.93 0.89 0.66 0.80 0.73
GESSVDD-PCA-SR-min 0.97 0.88 0.75 0.87 0.67 0.94 0.81 0.48 0.90 0.69
GESSVDD-I-S-max 0.97 0.91 0.79 0.89 0.70 0.95 0.82 0.51 0.90 0.71
GESSVDD-I-GR-max 0.91 0.89 0.88 0.89 0.83 0.94 0.88 0.68 0.79 0.73
GESSVDD-I-SR-max 0.97 0.92 0.77 0.89 0.69 0.97 0.83 0.49 0.90 0.70
GESSVDD-I-S-min 0.91 0.92 0.84 0.89 0.65 0.95 0.80 0.51 0.87 0.69
GESSVDD-I-GR-min (ESSVDD) 0.88 0.89 0.95 0.91 0.85 0.93 0.89 0.63 0.81 0.72
GESSVDD-I-SR-min 0.96 0.92 0.79 0.89 0.77 0.97 0.87 0.53 0.87 0.70
GESSVDD-0-S-max 0.89 0.87 0.88 0.88 0.90 0.95 0.93 0.89 0.92 0.91
GESSVDD-0-GR-max 0.93 0.89 0.88 0.90 0.89 0.94 0.92 0.90 0.93 0.91
GESSVDD-0-S-min 0.91 0.88 0.91 0.90 0.89 0.92 0.91 0.83 0.78 0.80
GESSVDD-0-GR-min (SSVDD) 0.92 0.89 0.88 0.90 0.90 0.94 0.92 0.83 0.79 0.81
ESVDD 0.79 0.73 0.77 0.76 0.50 0.83 0.66 0.00 0.01 0.00
SVDD 0.85 0.88 0.88 0.87 0.86 0.93 0.90 0.75 0.84 0.80
OCSVM 0.55 0.57 0.51 0.54 0.49 0.54 0.52 0.52 0.54 0.53
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Table 8: TPR results for linear data description

Dataset MNIST Liver
Target class 0 1 2 3 4 5 6 7 8 9 Av. DP DA Av.
GESSVDD-Sb-S-max 0.89 0.69 0.33 0.30 0.46 0.65 0.78 0.64 0.79 0.65 0.62 0.92 0.63 0.78
GESSVDD-Sb-GR-max 0.84 0.82 0.98 0.43 0.69 0.82 0.41 0.12 0.64 0.90 0.67 0.51 0.60 0.56
GESSVDD-Sb-SR-max 0.64 0.47 0.62 0.32 0.69 0.37 0.15 0.69 0.45 0.51 0.49 0.53 0.80 0.67
GESSVDD-Sb-S-min 0.89 0.69 0.33 0.30 0.46 0.65 0.78 0.64 0.79 0.65 0.62 0.46 0.56 0.51
GESSVDD-Sb-GR-min 0.84 0.82 0.98 0.43 0.69 0.82 0.41 0.12 0.64 0.90 0.67 0.62 0.59 0.60
GESSVDD-Sb-SR-min 0.64 0.47 0.62 0.32 0.69 0.37 0.15 0.69 0.45 0.51 0.49 0.67 0.57 0.62
GESSVDD-Sw-S-max 0.97 0.99 0.98 0.97 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.92 0.93 0.92
GESSVDD-Sw-GR-max 0.99 0.99 0.98 0.97 0.98 0.98 0.98 0.99 0.99 0.98 0.98 0.89 0.86 0.87
GESSVDD-Sw-SR-max 0.96 0.99 0.96 0.96 0.93 0.89 0.91 0.93 0.92 0.90 0.94 0.90 0.87 0.88
GESSVDD-Sw-S-min 0.97 0.99 0.98 0.97 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.88 0.87 0.88
GESSVDD-Sw-GR-min 0.99 0.99 0.98 0.97 0.98 0.98 0.98 0.99 0.99 0.98 0.98 0.92 0.87 0.90
GESSVDD-Sw-SR-min 0.96 0.99 0.96 0.96 0.93 0.89 0.91 0.93 0.92 0.90 0.94 0.91 0.87 0.89
GESSVDD-kNN-S-max 0.72 0.99 0.55 0.58 0.51 0.68 0.80 0.99 0.81 0.98 0.76 0.86 0.89 0.87
GESSVDD-kNN-GR-max 0.90 0.99 0.87 0.37 0.84 0.55 0.98 0.99 0.57 0.98 0.80 0.63 0.52 0.57
GESSVDD-kNN-SR-max 0.92 0.91 0.39 0.95 0.86 0.79 0.86 0.90 0.82 0.81 0.82 0.78 0.76 0.77
GESSVDD-kNN-S-min 0.72 0.99 0.55 0.58 0.51 0.68 0.80 0.99 0.81 0.98 0.76 0.53 0.72 0.63
GESSVDD-kNN-GR-min 0.90 0.99 0.87 0.37 0.84 0.55 0.98 0.99 0.57 0.98 0.80 0.47 0.75 0.61
GESSVDD-kNN-SR-min 0.92 0.91 0.39 0.95 0.86 0.79 0.86 0.90 0.82 0.81 0.82 0.70 0.71 0.70
GESSVDD-PCA-S-max 0.93 0.99 0.98 0.84 0.96 0.97 0.99 0.98 0.98 0.98 0.96 0.88 0.90 0.89
GESSVDD-PCA-GR-max 0.98 0.99 0.98 0.97 0.98 0.97 0.98 0.99 0.98 0.98 0.98 0.90 0.91 0.90
GESSVDD-PCA-SR-max 0.96 0.94 0.97 0.96 0.94 0.91 0.91 0.95 0.93 0.92 0.94 0.89 0.88 0.89
GESSVDD-PCA-S-min 0.93 0.99 0.98 0.84 0.96 0.97 0.99 0.98 0.98 0.98 0.96 0.86 0.85 0.86
GESSVDD-PCA-GR-min 0.98 0.99 0.98 0.97 0.98 0.97 0.98 0.99 0.98 0.98 0.98 0.92 0.87 0.90
GESSVDD-PCA-SR-min 0.96 0.94 0.97 0.96 0.94 0.91 0.91 0.95 0.93 0.92 0.94 0.93 0.89 0.91
GESSVDD-I-S-max 0.91 0.99 0.96 0.82 0.59 0.98 0.98 0.97 0.73 0.98 0.89 0.89 0.90 0.90
GESSVDD-I-GR-max 0.99 0.99 0.98 0.97 0.98 0.97 0.98 0.98 0.98 0.98 0.98 0.91 0.87 0.89
GESSVDD-I-SR-max 0.96 0.94 0.97 0.96 0.94 0.91 0.91 0.96 0.93 0.89 0.94 0.89 0.89 0.89
GESSVDD-I-S-min 0.91 0.99 0.96 0.82 0.59 0.98 0.98 0.97 0.73 0.98 0.89 0.84 0.85 0.85
GESSVDD-I-GR-min (ESSVDD) 0.99 0.99 0.98 0.97 0.98 0.97 0.98 0.98 0.98 0.98 0.98 0.91 0.88 0.90
GESSVDD-I-SR-min 0.96 0.94 0.97 0.96 0.94 0.91 0.91 0.96 0.93 0.89 0.94 0.84 0.91 0.87
GESSVDD-0-S-max 0.98 1.00 0.98 0.98 0.98 0.97 0.98 0.99 0.99 0.98 0.98 0.90 0.91 0.90
GESSVDD-0-GR-max 0.98 0.99 0.98 0.98 0.99 0.98 0.98 0.99 0.99 0.98 0.99 0.90 0.88 0.89
GESSVDD-0-S-min 0.98 1.00 0.98 0.98 0.98 0.97 0.98 0.99 0.99 0.98 0.98 0.91 0.90 0.90
GESSVDD-0-GR-min (SSVDD) 0.98 0.99 0.98 0.98 0.99 0.98 0.98 0.99 0.99 0.98 0.99 0.90 0.89 0.89
ESVDD 0.00 0.66 0.00 0.00 0.00 0.00 0.00 0.05 0.00 0.03 0.07 0.89 0.90 0.90
SVDD 0.96 0.98 0.96 0.97 0.97 0.96 0.97 0.96 0.97 0.97 0.97 0.60 0.49 0.55
OCSVM 0.52 0.47 0.50 0.49 0.46 0.49 0.49 0.52 0.48 0.45 0.49 0.90 0.90 0.90
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Table 9: TPR results for linear data description

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.74 0.57 0.65 0.06 0.08 0.07 0.68 0.58 0.63 0.76 0.69 0.73
GESSVDD-Sb-GR-max 0.64 0.44 0.54 0.07 0.08 0.07 0.80 0.66 0.73 0.56 0.57 0.56
GESSVDD-Sb-SR-max 0.65 0.57 0.61 0.04 0.04 0.04 0.60 0.40 0.50 0.63 0.55 0.59
GESSVDD-Sb-S-min 0.72 0.48 0.60 0.08 0.12 0.10 0.70 0.64 0.67 0.70 0.75 0.73
GESSVDD-Sb-GR-min 0.58 0.70 0.64 0.05 0.09 0.07 0.68 0.33 0.50 0.54 0.39 0.46
GESSVDD-Sb-SR-min 0.48 0.63 0.55 0.12 0.04 0.08 0.75 0.53 0.64 0.70 0.48 0.59
GESSVDD-Sw-S-max 0.92 0.90 0.91 0.06 0.04 0.05 1.00 1.00 1.00 0.94 0.92 0.93
GESSVDD-Sw-GR-max 0.89 0.86 0.88 0.14 0.12 0.13 1.00 1.00 1.00 0.90 0.90 0.90
GESSVDD-Sw-SR-max 0.84 0.83 0.83 0.00 0.00 0.00 1.00 1.00 1.00 0.84 0.84 0.84
GESSVDD-Sw-S-min 0.86 0.90 0.88 0.03 0.05 0.04 0.99 1.00 1.00 0.88 0.82 0.85
GESSVDD-Sw-GR-min 0.83 0.82 0.83 0.15 0.13 0.14 1.00 1.00 1.00 0.84 0.82 0.83
GESSVDD-Sw-SR-min 0.86 0.85 0.85 0.00 0.00 0.00 0.95 1.00 0.98 0.90 0.84 0.87
GESSVDD-kNN-S-max 0.75 0.80 0.77 0.01 0.03 0.02 0.94 1.00 0.97 0.86 0.82 0.84
GESSVDD-kNN-GR-max 0.78 0.82 0.80 0.04 0.07 0.05 0.94 0.96 0.95 0.62 0.63 0.62
GESSVDD-kNN-SR-max 0.74 0.83 0.78 0.00 0.01 0.00 1.00 1.00 1.00 0.88 0.73 0.80
GESSVDD-kNN-S-min 0.80 0.75 0.78 0.02 0.00 0.01 1.00 1.00 1.00 0.76 0.76 0.76
GESSVDD-kNN-GR-min 0.75 0.78 0.76 0.02 0.00 0.01 0.88 0.96 0.92 0.63 0.77 0.70
GESSVDD-kNN-SR-min 0.75 0.83 0.79 0.00 0.05 0.03 1.00 1.00 1.00 0.70 0.64 0.67
GESSVDD-PCA-S-max 0.88 0.88 0.88 0.01 0.00 0.01 0.99 1.00 1.00 0.87 0.93 0.90
GESSVDD-PCA-GR-max 0.83 0.85 0.84 0.00 0.00 0.00 1.00 1.00 1.00 0.85 0.83 0.84
GESSVDD-PCA-SR-max 0.85 0.84 0.85 0.00 0.02 0.01 1.00 1.00 1.00 0.88 0.80 0.84
GESSVDD-PCA-S-min 0.85 0.84 0.84 0.00 0.05 0.03 1.00 1.00 1.00 0.90 0.79 0.84
GESSVDD-PCA-GR-min 0.82 0.83 0.83 0.10 0.00 0.05 1.00 1.00 1.00 0.82 0.80 0.81
GESSVDD-PCA-SR-min 0.86 0.86 0.86 0.03 0.03 0.03 1.00 1.00 1.00 0.86 0.88 0.87
GESSVDD-I-S-max 0.86 0.86 0.86 0.02 0.02 0.02 0.98 1.00 0.99 0.89 0.85 0.87
GESSVDD-I-GR-max 0.83 0.85 0.84 0.14 0.06 0.10 1.00 1.00 1.00 0.89 0.83 0.86
GESSVDD-I-SR-max 0.85 0.85 0.85 0.00 0.00 0.00 1.00 1.00 1.00 0.90 0.86 0.88
GESSVDD-I-S-min 0.8 0.84 0.82 0.03 0.00 0.01 1.00 1.00 1.00 0.81 0.80 0.81
GESSVDD-I-GR-min (ESSVDD) 0.86 0.83 0.85 0.00 0.00 0.00 1.00 1.00 1.00 0.85 0.80 0.83
GESSVDD-I-SR-min 0.83 0.89 0.86 0.00 0.00 0.00 1.00 1.00 1.00 0.88 0.92 0.90
GESSVDD-0-S-max 0.92 0.92 0.92 0.03 0.08 0.06 1.00 1.00 1.00 0.96 0.92 0.94
GESSVDD-0-GR-max 0.92 0.89 0.91 0.06 0.11 0.09 1.00 1.00 1.00 0.95 0.93 0.94
GESSVDD-0-S-min 0.84 0.88 0.86 0.07 0.00 0.04 1.00 1.00 1.00 0.91 0.85 0.88
GESSVDD-0-GR-min (SSVDD) 0.78 0.84 0.81 0.00 0.10 0.05 1.00 1.00 1.00 0.87 0.82 0.85
ESVDD 0.76 0.80 0.78 0.00 0.00 0.00 1.00 1.00 1.00 0.82 0.75 0.79
SVDD 0.59 0.48 0.54 0.53 0.73 0.63 0.67 0.26 0.47 0.54 0.49 0.51
OCSVM 0.90 0.85 0.87 0.00 0.00 0.00 1.00 1.00 1.00 0.87 0.85 0.86
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S3.1.2. TNR results linear data description

Table 10: TNR results for linear data description

Dataset Seeds Qualitative bankruptcy Somerville happiness
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
GESSVDD-Sb-S-max 0.67 0.50 0.84 0.67 0.62 0.59 0.60 0.17 0.15 0.16
GESSVDD-Sb-GR-max 0.63 0.95 0.90 0.83 0.57 0.53 0.55 0.33 0.37 0.35
GESSVDD-Sb-SR-max 0.73 0.94 0.87 0.85 0.62 0.28 0.45 0.42 0.20 0.31
GESSVDD-Sb-S-min 0.73 0.97 0.79 0.83 0.49 0.50 0.50 0.37 0.21 0.29
GESSVDD-Sb-GR-min 0.72 0.94 0.88 0.85 0.54 0.69 0.62 0.31 0.35 0.33
GESSVDD-Sb-SR-min 0.72 0.91 0.87 0.84 0.58 0.24 0.41 0.26 0.17 0.22
GESSVDD-Sw-S-max 0.75 0.94 0.90 0.86 0.86 0.00 0.43 0.31 0.25 0.28
GESSVDD-Sw-GR-max 0.84 0.96 0.95 0.92 0.57 0.01 0.29 0.26 0.25 0.26
GESSVDD-Sw-SR-max 0.67 0.92 0.78 0.79 0.78 0.04 0.41 0.34 0.18 0.26
GESSVDD-Sw-S-min 0.65 0.94 0.90 0.83 0.85 0.04 0.45 0.32 0.18 0.25
GESSVDD-Sw-GR-min 0.79 0.80 0.95 0.85 0.71 0.04 0.38 0.37 0.20 0.28
GESSVDD-Sw-SR-min 0.66 0.91 0.93 0.83 0.85 0.02 0.44 0.23 0.19 0.21
GESSVDD-kNN-S-max 0.82 0.89 0.90 0.87 0.73 0.08 0.40 0.40 0.21 0.30
GESSVDD-kNN-GR-max 0.79 0.94 0.90 0.88 0.69 0.21 0.45 0.31 0.44 0.37
GESSVDD-kNN-SR-max 0.82 0.95 0.93 0.90 0.72 0.09 0.40 0.36 0.36 0.36
GESSVDD-kNN-S-min 0.73 0.92 0.89 0.85 0.73 0.20 0.46 0.31 0.33 0.32
GESSVDD-kNN-GR-min 0.85 0.94 0.92 0.91 0.81 0.60 0.70 0.26 0.59 0.43
GESSVDD-kNN-SR-min 0.85 0.98 0.91 0.91 0.75 0.27 0.51 0.26 0.25 0.26
GESSVDD-PCA-S-max 0.77 0.90 0.94 0.87 0.85 0.09 0.47 0.31 0.21 0.26
GESSVDD-PCA-GR-max 0.87 0.91 0.87 0.88 0.93 0.03 0.48 0.32 0.20 0.26
GESSVDD-PCA-SR-max 0.85 0.90 0.93 0.89 0.91 0.07 0.49 0.26 0.24 0.25
GESSVDD-PCA-S-min 0.70 0.91 0.93 0.85 0.88 0.03 0.46 0.34 0.18 0.26
GESSVDD-PCA-GR-min 0.86 0.91 0.80 0.86 0.85 0.03 0.44 0.28 0.23 0.26
GESSVDD-PCA-SR-min 0.71 0.92 0.91 0.85 0.87 0.09 0.48 0.25 0.23 0.24
GESSVDD-I-S-max 0.76 0.90 0.94 0.87 0.87 0.09 0.48 0.29 0.22 0.26
GESSVDD-I-GR-max 0.90 0.93 0.94 0.92 0.94 0.02 0.48 0.35 0.24 0.30
GESSVDD-I-SR-max 0.79 0.89 0.94 0.87 0.91 0.01 0.46 0.32 0.24 0.28
GESSVDD-I-S-min 0.71 0.92 0.94 0.86 0.91 0.06 0.48 0.34 0.15 0.24
GESSVDD-I-GR-min (ESSVDD) 0.89 0.96 0.88 0.91 0.90 0.03 0.47 0.34 0.19 0.26
GESSVDD-I-SR-min 0.75 0.90 0.94 0.86 0.89 0.08 0.49 0.26 0.20 0.23
GESSVDD-0-S-max 0.87 0.96 0.91 0.91 0.81 0.00 0.41 0.22 0.23 0.22
GESSVDD-0-GR-max 0.83 0.96 0.91 0.90 0.89 0.00 0.44 0.28 0.22 0.25
GESSVDD-0-S-min 0.65 0.91 0.92 0.83 0.85 0.09 0.47 0.29 0.17 0.23
GESSVDD-0-GR-min (SSVDD) 0.84 0.96 0.92 0.91 0.91 0.06 0.48 0.33 0.23 0.28
ESVDD 0.91 0.99 0.98 0.96 0.99 0.07 0.53 0.27 0.26 0.27
SVDD 0.83 0.95 0.93 0.90 0.93 0.00 0.47 0.25 0.16 0.20
OCSVM 0.44 0.80 0.57 0.60 0.39 0.39 0.39 0.37 0.50 0.43
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Table 11: TNR results for linear data description

Dataset Iris Ionosphere Sonar

Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.

GESSVDD-Sb-S-max 0.99 0.85 0.85 0.90 0.24 0.44 0.34 0.44 0.72 0.58

GESSVDD-Sb-GR-max 0.94 0.86 0.92 0.91 0.23 0.82 0.52 0.34 0.34 0.34

GESSVDD-Sb-SR-max 0.85 0.94 0.83 0.87 0.44 0.54 0.49 0.20 0.46 0.33

GESSVDD-Sb-S-min 0.99 0.83 0.84 0.89 0.38 0.59 0.48 0.53 0.76 0.65

GESSVDD-Sb-GR-min 1.00 0.85 0.94 0.93 0.18 0.82 0.50 0.30 0.52 0.41

GESSVDD-Sb-SR-min 0.85 0.76 0.87 0.83 0.44 0.45 0.44 0.29 0.30 0.29

GESSVDD-Sw-S-max 0.98 0.89 0.92 0.93 0.18 0.79 0.48 0.50 0.27 0.38

GESSVDD-Sw-GR-max 0.93 0.92 0.83 0.89 0.07 0.86 0.46 0.38 0.30 0.34

GESSVDD-Sw-SR-max 0.99 0.95 0.92 0.95 0.15 0.77 0.46 0.44 0.25 0.35

GESSVDD-Sw-S-min 0.98 0.93 0.92 0.94 0.11 0.77 0.44 0.55 0.37 0.46

GESSVDD-Sw-GR-min 1.00 0.95 0.73 0.89 0.03 0.87 0.45 0.38 0.28 0.33

GESSVDD-Sw-SR-min 0.99 0.92 0.87 0.93 0.10 0.75 0.42 0.37 0.26 0.31

GESSVDD-kNN-S-max 0.99 0.85 0.89 0.91 0.12 0.81 0.46 0.48 0.17 0.33

GESSVDD-kNN-GR-max 1.00 0.76 0.73 0.83 0.62 0.85 0.74 0.42 0.31 0.36

GESSVDD-kNN-SR-max 1.00 0.90 0.94 0.95 0.15 0.80 0.47 0.42 0.23 0.32

GESSVDD-kNN-S-min 0.99 0.91 0.81 0.90 0.15 0.81 0.48 0.48 0.17 0.33

GESSVDD-kNN-GR-min 1.00 0.91 0.93 0.95 0.84 0.92 0.88 0.42 0.43 0.43

GESSVDD-kNN-SR-min 1.00 0.89 0.88 0.92 0.26 0.80 0.53 0.42 0.26 0.34

GESSVDD-PCA-S-max 1.00 0.95 0.93 0.96 0.20 0.79 0.49 0.51 0.12 0.32

GESSVDD-PCA-GR-max 0.99 0.94 0.97 0.97 0.04 0.88 0.46 0.44 0.28 0.36

GESSVDD-PCA-SR-max 1.00 0.95 0.94 0.96 0.16 0.79 0.48 0.61 0.16 0.38

GESSVDD-PCA-S-min 1.00 0.92 0.96 0.96 0.12 0.82 0.47 0.51 0.35 0.43

GESSVDD-PCA-GR-min 0.97 0.84 0.87 0.90 0.14 0.86 0.50 0.41 0.43 0.42

GESSVDD-PCA-SR-min 1.00 0.95 0.96 0.97 0.13 0.80 0.47 0.54 0.17 0.35

GESSVDD-I-S-max 1.00 0.95 0.93 0.96 0.17 0.82 0.50 0.51 0.16 0.33

GESSVDD-I-GR-max 1.00 0.89 0.83 0.91 0.05 0.87 0.46 0.44 0.33 0.39

GESSVDD-I-SR-max 1.00 0.95 0.82 0.92 0.14 0.79 0.47 0.53 0.16 0.35

GESSVDD-I-S-min 1.00 0.95 0.80 0.92 0.17 0.82 0.50 0.51 0.17 0.34

GESSVDD-I-GR-min (ESSVDD) 0.98 0.79 0.85 0.87 0.15 0.87 0.51 0.44 0.42 0.43

GESSVDD-I-SR-min 1.00 0.95 0.97 0.98 0.14 0.79 0.46 0.52 0.17 0.34

GESSVDD-0-S-max 0.98 0.91 0.93 0.94 0.03 0.41 0.22 0.22 0.16 0.19

GESSVDD-0-GR-max 1.00 0.93 0.90 0.94 0.04 0.68 0.36 0.28 0.22 0.25

GESSVDD-0-S-min 0.94 0.91 0.85 0.90 0.07 0.72 0.40 0.28 0.14 0.21

GESSVDD-0-GR-min (SSVDD) 1.00 0.93 0.91 0.95 0.03 0.65 0.34 0.32 0.40 0.36

ESVDD 1.00 1.00 0.97 0.99 0.23 0.94 0.58 1.00 1.00 1.00
SVDD 1.00 0.93 0.91 0.94 0.00 0.79 0.39 0.38 0.39 0.38

OCSVM 0.79 0.47 0.63 0.63 0.51 0.48 0.49 0.44 0.38 0.41
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Table 12: TNR results for linear data description

Dataset MNIST Liver
Target class 0 1 2 3 4 5 6 7 8 9 Av. DP DA Av.
GESSVDD-Sb-S-max 0.31 0.70 0.74 0.69 0.69 0.40 0.47 0.43 0.38 0.56 0.54 0.16 0.46 0.31
GESSVDD-Sb-GR-max 0.45 0.53 0.08 0.70 0.47 0.22 0.64 0.89 0.46 0.28 0.47 0.54 0.44 0.49
GESSVDD-Sb-SR-max 0.49 0.89 0.51 0.70 0.62 0.77 0.22 0.62 0.69 0.77 0.63 0.52 0.21 0.37
GESSVDD-Sb-S-min 0.31 0.70 0.74 0.69 0.69 0.40 0.47 0.43 0.38 0.56 0.54 0.59 0.53 0.56
GESSVDD-Sb-GR-min 0.45 0.53 0.08 0.70 0.47 0.22 0.64 0.89 0.46 0.28 0.47 0.42 0.43 0.43
GESSVDD-Sb-SR-min 0.49 0.89 0.51 0.70 0.62 0.77 0.22 0.62 0.69 0.77 0.63 0.34 0.54 0.44
GESSVDD-Sw-S-max 0.10 0.76 0.11 0.16 0.19 0.12 0.22 0.37 0.18 0.38 0.26 0.15 0.14 0.14
GESSVDD-Sw-GR-max 0.22 0.62 0.12 0.22 0.24 0.12 0.38 0.40 0.18 0.25 0.27 0.16 0.15 0.15
GESSVDD-Sw-SR-max 0.17 0.60 0.16 0.22 0.40 0.35 0.50 0.49 0.36 0.54 0.38 0.17 0.15 0.16
GESSVDD-Sw-S-min 0.10 0.76 0.11 0.16 0.19 0.12 0.22 0.37 0.18 0.38 0.26 0.18 0.17 0.18
GESSVDD-Sw-GR-min 0.22 0.62 0.12 0.22 0.24 0.12 0.38 0.40 0.18 0.25 0.27 0.15 0.15 0.15
GESSVDD-Sw-SR-min 0.17 0.60 0.16 0.22 0.40 0.35 0.50 0.49 0.36 0.54 0.38 0.19 0.16 0.18
GESSVDD-kNN-S-max 0.36 0.76 0.47 0.49 0.52 0.42 0.19 0.21 0.31 0.36 0.41 0.21 0.17 0.19
GESSVDD-kNN-GR-max 0.27 0.71 0.14 0.70 0.44 0.37 0.49 0.31 0.55 0.34 0.43 0.36 0.43 0.40
GESSVDD-kNN-SR-max 0.19 0.80 0.66 0.21 0.45 0.44 0.49 0.51 0.36 0.63 0.47 0.23 0.25 0.24
GESSVDD-kNN-S-min 0.36 0.76 0.47 0.49 0.52 0.42 0.19 0.21 0.31 0.36 0.41 0.51 0.36 0.44
GESSVDD-kNN-GR-min 0.27 0.71 0.14 0.70 0.44 0.37 0.49 0.31 0.55 0.34 0.43 0.58 0.24 0.41
GESSVDD-kNN-SR-min 0.19 0.80 0.66 0.21 0.45 0.44 0.49 0.51 0.36 0.63 0.47 0.39 0.32 0.36
GESSVDD-PCA-S-max 0.09 0.71 0.13 0.26 0.11 0.15 0.15 0.47 0.20 0.39 0.27 0.24 0.20 0.22
GESSVDD-PCA-GR-max 0.14 0.74 0.13 0.22 0.24 0.12 0.20 0.37 0.17 0.26 0.26 0.18 0.17 0.18
GESSVDD-PCA-SR-max 0.17 0.82 0.10 0.22 0.37 0.28 0.51 0.44 0.29 0.54 0.37 0.13 0.19 0.16
GESSVDD-PCA-S-min 0.09 0.71 0.13 0.26 0.11 0.15 0.15 0.47 0.20 0.39 0.27 0.20 0.21 0.20
GESSVDD-PCA-GR-min 0.14 0.74 0.13 0.22 0.24 0.12 0.20 0.37 0.17 0.26 0.26 0.19 0.17 0.18
GESSVDD-PCA-SR-min 0.17 0.82 0.10 0.22 0.37 0.28 0.51 0.44 0.29 0.54 0.37 0.14 0.18 0.16
GESSVDD-I-S-max 0.17 0.70 0.14 0.27 0.21 0.15 0.24 0.48 0.36 0.35 0.31 0.20 0.20 0.20
GESSVDD-I-GR-max 0.18 0.70 0.10 0.22 0.23 0.12 0.39 0.43 0.17 0.25 0.28 0.18 0.20 0.19
GESSVDD-I-SR-max 0.16 0.79 0.10 0.18 0.37 0.28 0.52 0.43 0.29 0.56 0.37 0.21 0.18 0.20
GESSVDD-I-S-min 0.17 0.70 0.14 0.27 0.21 0.15 0.24 0.48 0.36 0.35 0.31 0.19 0.20 0.20
GESSVDD-I-GR-min (ESSVDD) 0.18 0.70 0.10 0.22 0.23 0.12 0.39 0.43 0.17 0.25 0.28 0.14 0.17 0.16
GESSVDD-I-SR-min 0.16 0.79 0.10 0.18 0.37 0.28 0.52 0.43 0.29 0.56 0.37 0.21 0.18 0.19
GESSVDD-0-S-max 0.24 0.51 0.12 0.16 0.24 0.12 0.34 0.28 0.18 0.27 0.25 0.13 0.12 0.13
GESSVDD-0-GR-max 0.17 0.66 0.09 0.16 0.20 0.10 0.33 0.28 0.17 0.20 0.24 0.11 0.13 0.12
GESSVDD-0-S-min 0.24 0.51 0.12 0.16 0.24 0.12 0.34 0.28 0.18 0.27 0.25 0.12 0.16 0.14
GESSVDD-0-GR-min (SSVDD) 0.17 0.66 0.09 0.16 0.20 0.10 0.33 0.28 0.17 0.20 0.24 0.12 0.13 0.13
ESVDD 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.14 0.18 0.16
SVDD 0.34 0.86 0.23 0.28 0.42 0.18 0.55 0.57 0.29 0.40 0.41 0.45 0.45 0.45
OCSVM 0.43 0.65 0.53 0.50 0.57 0.54 0.41 0.62 0.51 0.58 0.53 0.19 0.14 0.17
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Table 13: TNR results for linear data description

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.46 0.60 0.53 0.96 0.87 0.91 0.22 0.21 0.22 0.28 0.31 0.30
GESSVDD-Sb-GR-max 0.58 0.83 0.70 0.94 0.97 0.95 0.17 0.38 0.27 0.41 0.40 0.41
GESSVDD-Sb-SR-max 0.56 0.39 0.47 0.98 0.98 0.98 0.48 0.51 0.50 0.42 0.42 0.42
GESSVDD-Sb-S-min 0.46 0.75 0.60 0.99 0.86 0.92 0.18 0.23 0.21 0.29 0.31 0.30
GESSVDD-Sb-GR-min 0.70 0.69 0.70 0.95 0.93 0.94 0.29 0.59 0.44 0.40 0.63 0.52
GESSVDD-Sb-SR-min 0.75 0.57 0.66 0.90 0.97 0.94 0.27 0.39 0.33 0.32 0.49 0.40
GESSVDD-Sw-S-max 0.29 0.28 0.28 0.96 0.95 0.96 0.00 0.00 0.00 0.09 0.18 0.13
GESSVDD-Sw-GR-max 0.35 0.51 0.43 0.90 0.89 0.89 0.00 0.00 0.00 0.12 0.18 0.15
GESSVDD-Sw-SR-max 0.34 0.42 0.38 0.99 1.00 1.00 0.00 0.00 0.00 0.14 0.22 0.18
GESSVDD-Sw-S-min 0.31 0.42 0.37 0.98 0.92 0.95 0.00 0.00 0.00 0.11 0.23 0.17
GESSVDD-Sw-GR-min 0.46 0.46 0.46 0.89 0.89 0.89 0.00 0.00 0.00 0.14 0.17 0.15
GESSVDD-Sw-SR-min 0.30 0.41 0.35 1.00 1.00 1.00 0.00 0.00 0.00 0.10 0.14 0.12
GESSVDD-kNN-S-max 0.42 0.40 0.41 1.00 0.95 0.98 0.01 0.00 0.00 0.22 0.24 0.23
GESSVDD-kNN-GR-max 0.38 0.44 0.41 0.99 0.97 0.98 0.08 0.04 0.06 0.40 0.36 0.38
GESSVDD-kNN-SR-max 0.35 0.41 0.38 1.00 1.00 1.00 0.00 0.00 0.00 0.18 0.27 0.22
GESSVDD-kNN-S-min 0.37 0.45 0.41 0.99 1.00 0.99 0.03 0.00 0.01 0.30 0.25 0.28
GESSVDD-kNN-GR-min 0.40 0.49 0.45 1.00 1.00 1.00 0.23 0.04 0.14 0.30 0.26 0.28
GESSVDD-kNN-SR-min 0.39 0.41 0.40 1.00 0.96 0.98 0.00 0.00 0.00 0.33 0.38 0.35
GESSVDD-PCA-S-max 0.29 0.39 0.34 0.98 1.00 0.99 0.00 0.00 0.00 0.13 0.16 0.14
GESSVDD-PCA-GR-max 0.34 0.34 0.34 1.00 1.00 1.00 0.00 0.00 0.00 0.18 0.24 0.21
GESSVDD-PCA-SR-max 0.28 0.35 0.32 1.00 1.00 1.00 0.00 0.00 0.00 0.13 0.20 0.17
GESSVDD-PCA-S-min 0.36 0.52 0.44 0.99 0.98 0.99 0.00 0.00 0.00 0.10 0.26 0.18
GESSVDD-PCA-GR-min 0.37 0.49 0.43 0.95 1.00 0.98 0.00 0.00 0.00 0.19 0.25 0.22
GESSVDD-PCA-SR-min 0.34 0.36 0.35 0.97 1.00 0.98 0.00 0.00 0.00 0.12 0.16 0.14
GESSVDD-I-S-max 0.34 0.35 0.34 1.00 0.99 0.99 0.00 0.00 0.00 0.08 0.15 0.11
GESSVDD-I-GR-max 0.39 0.45 0.42 0.90 0.94 0.92 0.00 0.00 0.00 0.12 0.21 0.17
GESSVDD-I-SR-max 0.28 0.39 0.33 1.00 1.00 1.00 0.00 0.00 0.00 0.20 0.16 0.18
GESSVDD-I-S-min 0.4 0.40 0.40 0.99 1.00 1.00 0.00 0.00 0.00 0.18 0.24 0.21
GESSVDD-I-GR-min (ESSVDD) 0.34 0.58 0.46 1.00 1.00 1.00 0.00 0.00 0.00 0.15 0.20 0.17
GESSVDD-I-SR-min 0.31 0.28 0.30 1.00 1.00 1.00 0.00 0.00 0.00 0.14 0.13 0.13
GESSVDD-0-S-max 0.26 0.26 0.26 0.97 0.94 0.95 0.00 0.00 0.00 0.05 0.10 0.07
GESSVDD-0-GR-max 0.34 0.47 0.40 0.95 0.88 0.91 0.00 0.00 0.00 0.07 0.11 0.09
GESSVDD-0-S-min 0.34 0.45 0.40 0.97 1.00 0.98 0.00 0.00 0.00 0.12 0.19 0.15
GESSVDD-0-GR-min (SSVDD) 0.46 0.47 0.46 1.00 0.90 0.95 0.00 0.00 0.00 0.15 0.20 0.18
ESVDD 0.42 0.48 0.45 1.00 1.00 1.00 0.00 0.00 0.00 0.23 0.32 0.27
SVDD 0.40 0.28 0.34 0.37 0.31 0.34 0.54 0.73 0.63 0.44 0.55 0.50
OCSVM 0.37 0.47 0.42 1.00 1.00 1.00 0.00 0.00 0.00 0.14 0.20 0.17
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S3.1.3. FPR results linear data description

Table 14: FPR results for linear data description

Dataset Seeds Qualitative bankruptcy Somerville happiness
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
GESSVDD-Sb-S-max 0.33 0.50 0.16 0.33 0.38 0.41 0.40 0.83 0.85 0.84
GESSVDD-Sb-GR-max 0.37 0.05 0.10 0.17 0.43 0.47 0.45 0.67 0.63 0.65
GESSVDD-Sb-SR-max 0.27 0.06 0.13 0.15 0.38 0.72 0.55 0.58 0.80 0.69
GESSVDD-Sb-S-min 0.27 0.03 0.21 0.17 0.51 0.50 0.50 0.63 0.79 0.71
GESSVDD-Sb-GR-min 0.28 0.06 0.12 0.15 0.46 0.31 0.38 0.69 0.65 0.67
GESSVDD-Sb-SR-min 0.28 0.09 0.13 0.16 0.42 0.76 0.59 0.74 0.83 0.78
GESSVDD-Sw-S-max 0.25 0.06 0.10 0.14 0.14 1.00 0.57 0.69 0.75 0.72
GESSVDD-Sw-GR-max 0.16 0.04 0.05 0.08 0.43 0.99 0.71 0.74 0.75 0.74
GESSVDD-Sw-SR-max 0.33 0.08 0.22 0.21 0.22 0.96 0.59 0.66 0.82 0.74
GESSVDD-Sw-S-min 0.35 0.06 0.10 0.17 0.15 0.96 0.55 0.68 0.82 0.75
GESSVDD-Sw-GR-min 0.21 0.20 0.05 0.15 0.29 0.96 0.62 0.63 0.80 0.72
GESSVDD-Sw-SR-min 0.34 0.09 0.07 0.17 0.15 0.98 0.56 0.77 0.81 0.79
GESSVDD-kNN-S-max 0.18 0.11 0.10 0.13 0.27 0.92 0.60 0.60 0.79 0.70
GESSVDD-kNN-GR-max 0.21 0.06 0.10 0.12 0.31 0.79 0.55 0.69 0.56 0.63
GESSVDD-kNN-SR-max 0.18 0.05 0.07 0.10 0.28 0.91 0.60 0.64 0.64 0.64
GESSVDD-kNN-S-min 0.27 0.08 0.11 0.15 0.27 0.80 0.54 0.69 0.67 0.68
GESSVDD-kNN-GR-min 0.15 0.06 0.08 0.09 0.19 0.40 0.30 0.74 0.41 0.57
GESSVDD-kNN-SR-min 0.15 0.02 0.09 0.09 0.25 0.73 0.49 0.74 0.75 0.74
GESSVDD-PCA-S-max 0.23 0.10 0.06 0.13 0.15 0.91 0.53 0.69 0.79 0.74
GESSVDD-PCA-GR-max 0.13 0.09 0.13 0.12 0.07 0.97 0.52 0.68 0.80 0.74
GESSVDD-PCA-SR-max 0.15 0.10 0.07 0.11 0.09 0.93 0.51 0.74 0.76 0.75
GESSVDD-PCA-S-min 0.30 0.09 0.07 0.15 0.12 0.97 0.54 0.66 0.82 0.74
GESSVDD-PCA-GR-min 0.14 0.09 0.20 0.14 0.15 0.98 0.56 0.72 0.77 0.74
GESSVDD-PCA-SR-min 0.29 0.08 0.09 0.15 0.13 0.91 0.52 0.75 0.77 0.76
GESSVDD-I-S-max 0.24 0.10 0.06 0.13 0.13 0.91 0.52 0.71 0.78 0.74
GESSVDD-I-GR-max 0.10 0.07 0.06 0.08 0.06 0.98 0.52 0.65 0.76 0.70
GESSVDD-I-SR-max 0.21 0.11 0.06 0.13 0.09 0.99 0.54 0.68 0.76 0.72
GESSVDD-I-S-min 0.29 0.08 0.06 0.14 0.09 0.94 0.52 0.66 0.85 0.76
GESSVDD-I-GR-min (ESSVDD) 0.11 0.04 0.12 0.09 0.10 0.97 0.53 0.66 0.81 0.74
GESSVDD-I-SR-min 0.25 0.10 0.06 0.14 0.11 0.92 0.51 0.74 0.80 0.77
GESSVDD-0-S-max 0.13 0.04 0.09 0.09 0.19 1.00 0.59 0.78 0.77 0.78
GESSVDD-0-GR-max 0.17 0.04 0.09 0.10 0.11 1.00 0.56 0.72 0.78 0.75
GESSVDD-0-S-min 0.35 0.09 0.08 0.17 0.15 0.91 0.53 0.71 0.83 0.77
GESSVDD-0-GR-min (SSVDD) 0.16 0.04 0.08 0.09 0.09 0.94 0.52 0.67 0.77 0.72
ESVDD 0.09 0.01 0.02 0.04 0.01 0.93 0.47 0.73 0.74 0.73
SVDD 0.17 0.05 0.07 0.10 0.07 1.00 0.53 0.75 0.84 0.80
OCSVM 0.56 0.20 0.43 0.40 0.61 0.61 0.61 0.63 0.50 0.57
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Table 15: FPR results for linear data description

Dataset Iris Ionosphere Sonar
Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.
GESSVDD-Sb-S-max 0.01 0.15 0.15 0.10 0.76 0.56 0.66 0.56 0.28 0.42
GESSVDD-Sb-GR-max 0.06 0.14 0.08 0.09 0.77 0.18 0.48 0.66 0.66 0.66
GESSVDD-Sb-SR-max 0.15 0.06 0.17 0.13 0.56 0.46 0.51 0.80 0.54 0.67
GESSVDD-Sb-S-min 0.01 0.17 0.16 0.11 0.62 0.41 0.52 0.47 0.24 0.35
GESSVDD-Sb-GR-min 0.00 0.15 0.06 0.07 0.82 0.18 0.50 0.70 0.48 0.59
GESSVDD-Sb-SR-min 0.15 0.24 0.13 0.17 0.56 0.55 0.56 0.71 0.70 0.71
GESSVDD-Sw-S-max 0.02 0.11 0.08 0.07 0.82 0.21 0.52 0.50 0.73 0.62
GESSVDD-Sw-GR-max 0.07 0.08 0.17 0.11 0.93 0.14 0.54 0.62 0.70 0.66
GESSVDD-Sw-SR-max 0.01 0.05 0.08 0.05 0.85 0.23 0.54 0.56 0.75 0.65
GESSVDD-Sw-S-min 0.02 0.07 0.08 0.06 0.89 0.23 0.56 0.45 0.63 0.54
GESSVDD-Sw-GR-min 0.00 0.05 0.27 0.11 0.97 0.13 0.55 0.62 0.72 0.67
GESSVDD-Sw-SR-min 0.01 0.08 0.13 0.07 0.90 0.25 0.58 0.63 0.74 0.69
GESSVDD-kNN-S-max 0.01 0.15 0.11 0.09 0.88 0.19 0.54 0.52 0.83 0.67
GESSVDD-kNN-GR-max 0.00 0.24 0.27 0.17 0.38 0.15 0.26 0.58 0.69 0.64
GESSVDD-kNN-SR-max 0.00 0.10 0.06 0.05 0.85 0.20 0.53 0.58 0.77 0.68
GESSVDD-kNN-S-min 0.01 0.09 0.19 0.10 0.85 0.19 0.52 0.52 0.83 0.67
GESSVDD-kNN-GR-min 0.00 0.09 0.07 0.05 0.16 0.08 0.12 0.58 0.57 0.57
GESSVDD-kNN-SR-min 0.00 0.11 0.12 0.08 0.74 0.20 0.47 0.58 0.74 0.66
GESSVDD-PCA-S-max 0.00 0.05 0.07 0.04 0.80 0.21 0.51 0.49 0.88 0.68
GESSVDD-PCA-GR-max 0.01 0.06 0.03 0.03 0.96 0.12 0.54 0.56 0.72 0.64
GESSVDD-PCA-SR-max 0.00 0.05 0.06 0.04 0.84 0.21 0.52 0.39 0.84 0.62
GESSVDD-PCA-S-min 0.00 0.08 0.04 0.04 0.88 0.18 0.53 0.49 0.65 0.57
GESSVDD-PCA-GR-min 0.03 0.16 0.13 0.10 0.86 0.14 0.50 0.59 0.57 0.58
GESSVDD-PCA-SR-min 0.00 0.05 0.04 0.03 0.87 0.20 0.53 0.46 0.83 0.65
GESSVDD-I-S-max 0.00 0.05 0.07 0.04 0.83 0.18 0.50 0.49 0.84 0.67
GESSVDD-I-GR-max 0.00 0.11 0.17 0.09 0.95 0.13 0.54 0.56 0.67 0.61
GESSVDD-I-SR-max 0.00 0.05 0.18 0.08 0.86 0.21 0.53 0.47 0.84 0.65
GESSVDD-I-S-min 0.00 0.05 0.20 0.08 0.83 0.18 0.50 0.49 0.83 0.66
GESSVDD-I-GR-min (ESSVDD) 0.02 0.21 0.15 0.13 0.85 0.13 0.49 0.56 0.58 0.57
GESSVDD-I-SR-min 0.00 0.05 0.03 0.02 0.86 0.21 0.54 0.48 0.83 0.66
GESSVDD-0-S-max 0.02 0.09 0.07 0.06 0.97 0.59 0.78 0.78 0.84 0.81
GESSVDD-0-GR-max 0.00 0.07 0.10 0.06 0.96 0.32 0.64 0.72 0.78 0.75
GESSVDD-0-S-min 0.06 0.09 0.15 0.10 0.93 0.28 0.60 0.72 0.86 0.79
GESSVDD-0-GR-min (SSVDD) 0.00 0.07 0.09 0.05 0.97 0.35 0.66 0.68 0.60 0.64
ESVDD 0.00 0.00 0.03 0.01 0.77 0.06 0.42 0.00 0.00 0.00
SVDD 0.00 0.07 0.09 0.06 1.00 0.21 0.61 0.62 0.61 0.62
OCSVM 0.21 0.53 0.37 0.37 0.49 0.52 0.51 0.56 0.62 0.59
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Table 16: FPR results for linear data description

Dataset MNIST Liver
Target class 0 1 2 3 4 5 6 7 8 9 Av. DP DA Av.
GESSVDD-Sb-S-max 0.69 0.30 0.26 0.31 0.31 0.60 0.53 0.57 0.62 0.44 0.46 0.84 0.54 0.69
GESSVDD-Sb-GR-max 0.55 0.47 0.92 0.30 0.53 0.78 0.36 0.11 0.54 0.72 0.53 0.46 0.56 0.51
GESSVDD-Sb-SR-max 0.51 0.11 0.49 0.30 0.38 0.23 0.78 0.38 0.31 0.23 0.37 0.48 0.79 0.63
GESSVDD-Sb-S-min 0.69 0.30 0.26 0.31 0.31 0.60 0.53 0.57 0.62 0.44 0.46 0.41 0.47 0.44
GESSVDD-Sb-GR-min 0.55 0.47 0.92 0.30 0.53 0.78 0.36 0.11 0.54 0.72 0.53 0.58 0.57 0.57
GESSVDD-Sb-SR-min 0.51 0.11 0.49 0.30 0.38 0.23 0.78 0.38 0.31 0.23 0.37 0.66 0.46 0.56
GESSVDD-Sw-S-max 0.90 0.24 0.89 0.84 0.81 0.88 0.78 0.63 0.82 0.62 0.74 0.85 0.86 0.86
GESSVDD-Sw-GR-max 0.78 0.38 0.88 0.78 0.76 0.88 0.62 0.60 0.82 0.75 0.73 0.84 0.85 0.85
GESSVDD-Sw-SR-max 0.83 0.40 0.84 0.78 0.60 0.65 0.50 0.51 0.64 0.46 0.62 0.83 0.85 0.84
GESSVDD-Sw-S-min 0.90 0.24 0.89 0.84 0.81 0.88 0.78 0.63 0.82 0.62 0.74 0.82 0.83 0.82
GESSVDD-Sw-GR-min 0.78 0.38 0.88 0.78 0.76 0.88 0.62 0.60 0.82 0.75 0.73 0.85 0.85 0.85
GESSVDD-Sw-SR-min 0.83 0.40 0.84 0.78 0.60 0.65 0.50 0.51 0.64 0.46 0.62 0.81 0.84 0.82
GESSVDD-kNN-S-max 0.64 0.24 0.53 0.51 0.48 0.58 0.81 0.79 0.69 0.64 0.59 0.79 0.83 0.81
GESSVDD-kNN-GR-max 0.73 0.29 0.86 0.30 0.56 0.63 0.51 0.69 0.45 0.66 0.57 0.64 0.57 0.60
GESSVDD-kNN-SR-max 0.81 0.20 0.34 0.79 0.55 0.56 0.51 0.49 0.64 0.37 0.53 0.77 0.75 0.76
GESSVDD-kNN-S-min 0.64 0.24 0.53 0.51 0.48 0.58 0.81 0.79 0.69 0.64 0.59 0.49 0.64 0.56
GESSVDD-kNN-GR-min 0.73 0.29 0.86 0.30 0.56 0.63 0.51 0.69 0.45 0.66 0.57 0.42 0.76 0.59
GESSVDD-kNN-SR-min 0.81 0.20 0.34 0.79 0.55 0.56 0.51 0.49 0.64 0.37 0.53 0.61 0.68 0.64
GESSVDD-PCA-S-max 0.91 0.29 0.87 0.74 0.89 0.85 0.85 0.53 0.80 0.61 0.73 0.76 0.80 0.78
GESSVDD-PCA-GR-max 0.86 0.26 0.87 0.78 0.76 0.88 0.80 0.63 0.83 0.74 0.74 0.82 0.83 0.82
GESSVDD-PCA-SR-max 0.83 0.18 0.90 0.78 0.63 0.72 0.49 0.56 0.71 0.46 0.63 0.87 0.81 0.84
GESSVDD-PCA-S-min 0.91 0.29 0.87 0.74 0.89 0.85 0.85 0.53 0.80 0.61 0.73 0.80 0.79 0.80
GESSVDD-PCA-GR-min 0.86 0.26 0.87 0.78 0.76 0.88 0.80 0.63 0.83 0.74 0.74 0.81 0.83 0.82
GESSVDD-PCA-SR-min 0.83 0.18 0.90 0.78 0.63 0.72 0.49 0.56 0.71 0.46 0.63 0.86 0.82 0.84
GESSVDD-I-S-max 0.83 0.30 0.86 0.73 0.79 0.85 0.76 0.52 0.64 0.65 0.69 0.80 0.80 0.80
GESSVDD-I-GR-max 0.82 0.30 0.90 0.78 0.77 0.88 0.61 0.57 0.83 0.75 0.72 0.82 0.80 0.81
GESSVDD-I-SR-max 0.84 0.21 0.90 0.82 0.63 0.72 0.48 0.57 0.71 0.44 0.63 0.79 0.82 0.80
GESSVDD-I-S-min 0.83 0.30 0.86 0.73 0.79 0.85 0.76 0.52 0.64 0.65 0.69 0.81 0.80 0.80
GESSVDD-I-GR-min (ESSVDD) 0.82 0.30 0.90 0.78 0.77 0.88 0.61 0.57 0.83 0.75 0.72 0.86 0.83 0.84
GESSVDD-I-SR-min 0.84 0.21 0.90 0.82 0.63 0.72 0.48 0.57 0.71 0.44 0.63 0.79 0.82 0.81
GESSVDD-0-S-max 0.76 0.49 0.88 0.84 0.76 0.88 0.66 0.72 0.82 0.73 0.75 0.87 0.88 0.87
GESSVDD-0-GR-max 0.83 0.34 0.91 0.84 0.80 0.90 0.67 0.72 0.83 0.80 0.76 0.89 0.87 0.88
GESSVDD-0-S-min 0.76 0.49 0.88 0.84 0.76 0.88 0.66 0.72 0.82 0.73 0.75 0.88 0.84 0.86
GESSVDD-0-GR-min (SSVDD) 0.83 0.34 0.91 0.84 0.80 0.90 0.67 0.72 0.83 0.80 0.76 0.88 0.87 0.87
ESVDD 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.86 0.82 0.84
SVDD 0.66 0.14 0.77 0.72 0.58 0.82 0.45 0.43 0.71 0.60 0.59 0.55 0.55 0.55
OCSVM 0.57 0.35 0.47 0.50 0.43 0.46 0.59 0.38 0.49 0.42 0.47 0.81 0.86 0.83
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Table 17: FPR results for linear data description

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.54 0.40 0.47 0.04 0.13 0.09 0.78 0.79 0.78 0.72 0.69 0.70
GESSVDD-Sb-GR-max 0.42 0.17 0.30 0.06 0.03 0.05 0.83 0.62 0.73 0.59 0.60 0.59
GESSVDD-Sb-SR-max 0.44 0.61 0.53 0.02 0.02 0.02 0.52 0.49 0.50 0.58 0.58 0.58
GESSVDD-Sb-S-min 0.54 0.25 0.40 0.01 0.14 0.08 0.82 0.77 0.79 0.71 0.69 0.70
GESSVDD-Sb-GR-min 0.30 0.31 0.30 0.05 0.07 0.06 0.71 0.41 0.56 0.60 0.37 0.48
GESSVDD-Sb-SR-min 0.25 0.43 0.34 0.10 0.03 0.06 0.73 0.61 0.67 0.68 0.51 0.60
GESSVDD-Sw-S-max 0.71 0.72 0.72 0.04 0.05 0.04 1.00 1.00 1.00 0.91 0.82 0.87
GESSVDD-Sw-GR-max 0.65 0.49 0.57 0.10 0.11 0.11 1.00 1.00 1.00 0.88 0.82 0.85
GESSVDD-Sw-SR-max 0.66 0.58 0.62 0.01 0.00 0.00 1.00 1.00 1.00 0.86 0.78 0.82
GESSVDD-Sw-S-min 0.69 0.58 0.63 0.02 0.08 0.05 1.00 1.00 1.00 0.89 0.77 0.83
GESSVDD-Sw-GR-min 0.54 0.54 0.54 0.11 0.11 0.11 1.00 1.00 1.00 0.86 0.83 0.85
GESSVDD-Sw-SR-min 0.70 0.59 0.65 0.00 0.00 0.00 1.00 1.00 1.00 0.90 0.86 0.88
GESSVDD-kNN-S-max 0.58 0.60 0.59 0.00 0.05 0.02 0.99 1.00 1.00 0.78 0.76 0.77
GESSVDD-kNN-GR-max 0.62 0.56 0.59 0.01 0.03 0.02 0.92 0.96 0.94 0.60 0.64 0.62
GESSVDD-kNN-SR-max 0.65 0.59 0.62 0.00 0.00 0.00 1.00 1.00 1.00 0.82 0.73 0.78
GESSVDD-kNN-S-min 0.63 0.55 0.59 0.01 0.00 0.01 0.97 1.00 0.99 0.70 0.75 0.72
GESSVDD-kNN-GR-min 0.60 0.51 0.55 0.00 0.00 0.00 0.77 0.96 0.86 0.70 0.74 0.72
GESSVDD-kNN-SR-min 0.61 0.59 0.60 0.00 0.04 0.02 1.00 1.00 1.00 0.67 0.62 0.65
GESSVDD-PCA-S-max 0.71 0.61 0.66 0.02 0.00 0.01 1.00 1.00 1.00 0.87 0.84 0.86
GESSVDD-PCA-GR-max 0.66 0.66 0.66 0.00 0.00 0.00 1.00 1.00 1.00 0.82 0.76 0.79
GESSVDD-PCA-SR-max 0.72 0.65 0.68 0.00 0.00 0.00 1.00 1.00 1.00 0.87 0.80 0.83
GESSVDD-PCA-S-min 0.64 0.48 0.56 0.01 0.02 0.01 1.00 1.00 1.00 0.90 0.74 0.82
GESSVDD-PCA-GR-min 0.63 0.51 0.57 0.05 0.00 0.02 1.00 1.00 1.00 0.81 0.75 0.78
GESSVDD-PCA-SR-min 0.66 0.64 0.65 0.03 0.00 0.02 1.00 1.00 1.00 0.88 0.84 0.86
GESSVDD-I-S-max 0.66 0.65 0.66 0.00 0.01 0.01 1.00 1.00 1.00 0.92 0.85 0.89
GESSVDD-I-GR-max 0.61 0.55 0.58 0.10 0.06 0.08 1.00 1.00 1.00 0.88 0.79 0.83
GESSVDD-I-SR-max 0.72 0.61 0.67 0.00 0.00 0.00 1.00 1.00 1.00 0.80 0.84 0.82
GESSVDD-I-S-min 0.6 0.60 0.60 0.01 0.00 0.00 1.00 1.00 1.00 0.82 0.76 0.79
GESSVDD-I-GR-min (ESSVDD) 0.66 0.42 0.54 0.00 0.00 0.00 1.00 1.00 1.00 0.85 0.80 0.83
GESSVDD-I-SR-min 0.69 0.72 0.70 0.00 0.00 0.00 1.00 1.00 1.00 0.86 0.87 0.87
GESSVDD-0-S-max 0.74 0.74 0.74 0.03 0.06 0.05 1.00 1.00 1.00 0.95 0.90 0.93
GESSVDD-0-GR-max 0.66 0.53 0.60 0.05 0.12 0.09 1.00 1.00 1.00 0.93 0.89 0.91
GESSVDD-0-S-min 0.66 0.55 0.60 0.03 0.00 0.02 1.00 1.00 1.00 0.88 0.81 0.85
GESSVDD-0-GR-min (SSVDD) 0.54 0.53 0.54 0.00 0.10 0.05 1.00 1.00 1.00 0.85 0.80 0.82
ESVDD 0.58 0.52 0.55 0.00 0.00 0.00 1.00 1.00 1.00 0.77 0.68 0.73
SVDD 0.60 0.72 0.66 0.63 0.69 0.66 0.46 0.27 0.37 0.56 0.45 0.50
OCSVM 0.63 0.53 0.58 0.00 0.00 0.00 1.00 1.00 1.00 0.86 0.80 0.83
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S3.1.4. FNR result linear data description

Table 18: FNR results for linear data description

Dataset Seeds Qualitative bankruptcy Somerville happiness
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
GESSVDD-Sb-S-max 0.23 0.24 0.12 0.20 0.24 0.54 0.39 0.17 0.24 0.20
GESSVDD-Sb-GR-max 0.10 0.38 0.35 0.28 0.17 0.56 0.37 0.27 0.27 0.27
GESSVDD-Sb-SR-max 0.18 0.14 0.04 0.12 0.42 0.54 0.48 0.39 0.32 0.35
GESSVDD-Sb-S-min 0.19 0.25 0.08 0.17 0.21 0.41 0.31 0.32 0.32 0.32
GESSVDD-Sb-GR-min 0.12 0.23 0.07 0.14 0.09 0.65 0.37 0.30 0.21 0.26
GESSVDD-Sb-SR-min 0.15 0.14 0.04 0.11 0.33 0.32 0.32 0.20 0.31 0.25
GESSVDD-Sw-S-max 0.15 0.08 0.03 0.09 0.18 0.05 0.11 0.20 0.20 0.20
GESSVDD-Sw-GR-max 0.10 0.14 0.07 0.10 0.08 0.09 0.08 0.24 0.20 0.22
GESSVDD-Sw-SR-max 0.10 0.10 0.04 0.08 0.11 0.08 0.10 0.25 0.26 0.26
GESSVDD-Sw-S-min 0.12 0.09 0.04 0.08 0.13 0.11 0.12 0.20 0.27 0.24
GESSVDD-Sw-GR-min 0.13 0.12 0.10 0.12 0.12 0.09 0.11 0.27 0.20 0.23
GESSVDD-Sw-SR-min 0.16 0.06 0.04 0.09 0.07 0.12 0.10 0.25 0.23 0.24
GESSVDD-kNN-S-max 0.21 0.09 0.04 0.11 0.16 0.14 0.15 0.29 0.34 0.31
GESSVDD-kNN-GR-max 0.11 0.09 0.04 0.08 0.12 0.29 0.21 0.23 0.39 0.31
GESSVDD-kNN-SR-max 0.24 0.10 0.07 0.14 0.11 0.24 0.18 0.29 0.44 0.36
GESSVDD-kNN-S-min 0.23 0.15 0.04 0.14 0.16 0.28 0.22 0.26 0.39 0.33
GESSVDD-kNN-GR-min 0.18 0.07 0.03 0.09 0.19 0.62 0.40 0.23 0.46 0.35
GESSVDD-kNN-SR-min 0.26 0.10 0.05 0.14 0.14 0.34 0.24 0.26 0.33 0.29
GESSVDD-PCA-S-max 0.13 0.05 0.07 0.08 0.14 0.20 0.17 0.28 0.26 0.27
GESSVDD-PCA-GR-max 0.15 0.11 0.08 0.11 0.05 0.12 0.09 0.23 0.20 0.21
GESSVDD-PCA-SR-max 0.21 0.05 0.05 0.10 0.09 0.19 0.14 0.23 0.27 0.25
GESSVDD-PCA-S-min 0.15 0.07 0.08 0.10 0.17 0.19 0.18 0.23 0.29 0.26
GESSVDD-PCA-GR-min 0.14 0.18 0.06 0.13 0.05 0.16 0.10 0.19 0.22 0.21
GESSVDD-PCA-SR-min 0.13 0.06 0.04 0.08 0.07 0.13 0.10 0.23 0.33 0.28
GESSVDD-I-S-max 0.19 0.05 0.08 0.10 0.16 0.17 0.16 0.28 0.21 0.24
GESSVDD-I-GR-max 0.23 0.09 0.08 0.13 0.07 0.19 0.13 0.28 0.15 0.21
GESSVDD-I-SR-max 0.16 0.05 0.08 0.10 0.08 0.10 0.09 0.18 0.32 0.25
GESSVDD-I-S-min 0.16 0.08 0.09 0.11 0.17 0.14 0.15 0.27 0.22 0.25
GESSVDD-I-GR-min (ESSVDD) 0.14 0.12 0.07 0.11 0.10 0.18 0.14 0.23 0.18 0.20
GESSVDD-I-SR-min 0.17 0.05 0.08 0.10 0.07 0.17 0.12 0.27 0.22 0.25
GESSVDD-0-S-max 0.13 0.10 0.06 0.10 0.20 0.10 0.15 0.20 0.13 0.16
GESSVDD-0-GR-max 0.13 0.10 0.03 0.09 0.14 0.11 0.13 0.22 0.14 0.18
GESSVDD-0-S-min 0.16 0.06 0.10 0.11 0.20 0.15 0.17 0.25 0.38 0.32
GESSVDD-0-GR-min (SSVDD) 0.13 0.10 0.03 0.09 0.10 0.15 0.12 0.19 0.14 0.16
ESVDD 0.30 0.24 0.21 0.25 0.07 0.21 0.14 0.32 0.34 0.33
SVDD 0.13 0.10 0.06 0.10 0.04 0.12 0.08 0.25 0.16 0.21
OCSVM 0.41 0.40 0.50 0.44 0.63 0.46 0.54 0.42 0.38 0.40
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Table 19: FNR results for linear data description

Dataset Iris Ionosphere Sonar
Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.
GESSVDD-Sb-S-max 0.15 0.12 0.21 0.16 0.32 0.32 0.32 0.38 0.69 0.54
GESSVDD-Sb-GR-max 0.13 0.11 0.15 0.13 0.20 0.04 0.12 0.14 0.25 0.20
GESSVDD-Sb-SR-max 0.13 0.17 0.15 0.15 0.42 0.79 0.61 0.41 0.31 0.36
GESSVDD-Sb-S-min 0.17 0.16 0.21 0.18 0.29 0.51 0.40 0.48 0.73 0.61
GESSVDD-Sb-GR-min 0.11 0.11 0.15 0.12 0.19 0.04 0.11 0.14 0.42 0.28
GESSVDD-Sb-SR-min 0.13 0.39 0.16 0.23 0.44 0.61 0.52 0.50 0.62 0.56
GESSVDD-Sw-S-max 0.08 0.08 0.16 0.11 0.23 0.03 0.13 0.44 0.24 0.34
GESSVDD-Sw-GR-max 0.11 0.11 0.11 0.11 0.09 0.06 0.07 0.18 0.16 0.17
GESSVDD-Sw-SR-max 0.08 0.21 0.21 0.17 0.35 0.04 0.20 0.39 0.12 0.25
GESSVDD-Sw-S-min 0.08 0.15 0.17 0.13 0.24 0.03 0.13 0.46 0.35 0.40
GESSVDD-Sw-GR-min 0.08 0.11 0.12 0.10 0.17 0.05 0.11 0.19 0.18 0.18
GESSVDD-Sw-SR-min 0.08 0.20 0.16 0.15 0.20 0.04 0.12 0.31 0.15 0.23
GESSVDD-kNN-S-max 0.12 0.09 0.16 0.12 0.33 0.06 0.19 0.47 0.18 0.32
GESSVDD-kNN-GR-max 0.09 0.07 0.15 0.10 0.61 0.07 0.34 0.32 0.23 0.28
GESSVDD-kNN-SR-max 0.07 0.17 0.17 0.14 0.36 0.05 0.21 0.44 0.18 0.31
GESSVDD-kNN-S-min 0.12 0.12 0.16 0.13 0.30 0.06 0.18 0.47 0.18 0.32
GESSVDD-kNN-GR-min 0.07 0.12 0.11 0.10 0.72 0.07 0.40 0.28 0.23 0.25
GESSVDD-kNN-SR-min 0.05 0.16 0.12 0.11 0.42 0.05 0.24 0.44 0.21 0.33
GESSVDD-PCA-S-max 0.03 0.09 0.21 0.11 0.38 0.03 0.20 0.47 0.08 0.28
GESSVDD-PCA-GR-max 0.12 0.19 0.21 0.17 0.16 0.06 0.11 0.22 0.21 0.21
GESSVDD-PCA-SR-max 0.03 0.09 0.24 0.12 0.22 0.05 0.14 0.57 0.10 0.33
GESSVDD-PCA-S-min 0.07 0.05 0.24 0.12 0.33 0.05 0.19 0.47 0.28 0.37
GESSVDD-PCA-GR-min 0.09 0.16 0.17 0.14 0.14 0.07 0.11 0.34 0.20 0.27
GESSVDD-PCA-SR-min 0.03 0.12 0.25 0.13 0.33 0.06 0.19 0.52 0.10 0.31
GESSVDD-I-S-max 0.03 0.09 0.21 0.11 0.30 0.05 0.18 0.49 0.10 0.29
GESSVDD-I-GR-max 0.09 0.11 0.12 0.11 0.17 0.06 0.12 0.32 0.21 0.27
GESSVDD-I-SR-max 0.03 0.08 0.23 0.11 0.31 0.03 0.17 0.51 0.10 0.30
GESSVDD-I-S-min 0.09 0.08 0.16 0.11 0.35 0.05 0.20 0.49 0.13 0.31
GESSVDD-I-GR-min (ESSVDD) 0.12 0.11 0.05 0.09 0.15 0.07 0.11 0.37 0.19 0.28
GESSVDD-I-SR-min 0.04 0.08 0.21 0.11 0.23 0.03 0.13 0.47 0.13 0.30
GESSVDD-0-S-max 0.11 0.13 0.12 0.12 0.10 0.05 0.07 0.11 0.08 0.09
GESSVDD-0-GR-max 0.07 0.11 0.12 0.10 0.11 0.06 0.08 0.10 0.07 0.09
GESSVDD-0-S-min 0.09 0.12 0.09 0.10 0.11 0.08 0.09 0.17 0.22 0.20
GESSVDD-0-GR-min (SSVDD) 0.08 0.11 0.12 0.10 0.10 0.06 0.08 0.17 0.21 0.19
ESVDD 0.21 0.27 0.23 0.24 0.50 0.17 0.34 1.00 0.99 1.00
SVDD 0.15 0.12 0.12 0.13 0.14 0.07 0.10 0.25 0.16 0.20
OCSVM 0.45 0.43 0.49 0.46 0.51 0.46 0.48 0.48 0.46 0.47
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Table 20: FNR results for linear data description

Dataset MNIST Liver
Target class 0 1 2 3 4 5 6 7 8 9 Av. DP DA Av.
GESSVDD-Sb-S-max 0.11 0.31 0.67 0.70 0.54 0.35 0.22 0.36 0.21 0.35 0.38 0.08 0.37 0.22
GESSVDD-Sb-GR-max 0.16 0.18 0.02 0.57 0.31 0.18 0.59 0.88 0.36 0.10 0.33 0.49 0.40 0.44
GESSVDD-Sb-SR-max 0.36 0.53 0.38 0.68 0.31 0.63 0.85 0.31 0.55 0.49 0.51 0.47 0.20 0.33
GESSVDD-Sb-S-min 0.11 0.31 0.67 0.70 0.54 0.35 0.22 0.36 0.21 0.35 0.38 0.54 0.44 0.49
GESSVDD-Sb-GR-min 0.16 0.18 0.02 0.57 0.31 0.18 0.59 0.88 0.36 0.10 0.33 0.38 0.41 0.40
GESSVDD-Sb-SR-min 0.36 0.53 0.38 0.68 0.31 0.63 0.85 0.31 0.55 0.49 0.51 0.33 0.43 0.38
GESSVDD-Sw-S-max 0.03 0.01 0.02 0.03 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.08 0.07 0.08
GESSVDD-Sw-GR-max 0.01 0.01 0.02 0.03 0.02 0.02 0.02 0.01 0.01 0.02 0.02 0.11 0.14 0.13
GESSVDD-Sw-SR-max 0.04 0.01 0.04 0.04 0.07 0.11 0.09 0.07 0.08 0.10 0.06 0.10 0.13 0.12
GESSVDD-Sw-S-min 0.03 0.01 0.02 0.03 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.12 0.13 0.12
GESSVDD-Sw-GR-min 0.01 0.01 0.02 0.03 0.02 0.02 0.02 0.01 0.01 0.02 0.02 0.08 0.13 0.10
GESSVDD-Sw-SR-min 0.04 0.01 0.04 0.04 0.07 0.11 0.09 0.07 0.08 0.10 0.06 0.09 0.13 0.11
GESSVDD-kNN-S-max 0.28 0.01 0.45 0.42 0.49 0.32 0.20 0.01 0.19 0.02 0.24 0.14 0.11 0.13
GESSVDD-kNN-GR-max 0.10 0.01 0.13 0.63 0.16 0.45 0.02 0.01 0.43 0.02 0.20 0.37 0.48 0.43
GESSVDD-kNN-SR-max 0.08 0.09 0.61 0.05 0.14 0.21 0.14 0.10 0.18 0.19 0.18 0.22 0.24 0.23
GESSVDD-kNN-S-min 0.28 0.01 0.45 0.42 0.49 0.32 0.20 0.01 0.19 0.02 0.24 0.47 0.28 0.37
GESSVDD-kNN-GR-min 0.10 0.01 0.13 0.63 0.16 0.45 0.02 0.01 0.43 0.02 0.20 0.53 0.25 0.39
GESSVDD-kNN-SR-min 0.08 0.09 0.61 0.05 0.14 0.21 0.14 0.10 0.18 0.19 0.18 0.30 0.29 0.30
GESSVDD-PCA-S-max 0.07 0.01 0.02 0.16 0.04 0.03 0.01 0.02 0.02 0.02 0.04 0.12 0.10 0.11
GESSVDD-PCA-GR-max 0.02 0.01 0.02 0.03 0.02 0.03 0.02 0.01 0.02 0.02 0.02 0.10 0.09 0.10
GESSVDD-PCA-SR-max 0.04 0.06 0.03 0.04 0.06 0.09 0.09 0.05 0.07 0.08 0.06 0.11 0.12 0.11
GESSVDD-PCA-S-min 0.07 0.01 0.02 0.16 0.04 0.03 0.01 0.02 0.02 0.02 0.04 0.14 0.15 0.14
GESSVDD-PCA-GR-min 0.02 0.01 0.02 0.03 0.02 0.03 0.02 0.01 0.02 0.02 0.02 0.08 0.13 0.10
GESSVDD-PCA-SR-min 0.04 0.06 0.03 0.04 0.06 0.09 0.09 0.05 0.07 0.08 0.06 0.07 0.11 0.09
GESSVDD-I-S-max 0.09 0.01 0.04 0.18 0.41 0.02 0.02 0.03 0.27 0.02 0.11 0.11 0.10 0.10
GESSVDD-I-GR-max 0.01 0.01 0.02 0.03 0.02 0.03 0.02 0.02 0.02 0.02 0.02 0.09 0.13 0.11
GESSVDD-I-SR-max 0.04 0.06 0.03 0.04 0.06 0.09 0.09 0.04 0.07 0.11 0.06 0.11 0.11 0.11
GESSVDD-I-S-min 0.09 0.01 0.04 0.18 0.41 0.02 0.02 0.03 0.27 0.02 0.11 0.16 0.15 0.15
GESSVDD-I-GR-min (ESSVDD) 0.01 0.01 0.02 0.03 0.02 0.03 0.02 0.02 0.02 0.02 0.02 0.09 0.12 0.10
GESSVDD-I-SR-min 0.04 0.06 0.03 0.04 0.06 0.09 0.09 0.04 0.07 0.11 0.06 0.16 0.09 0.13
GESSVDD-0-S-max 0.02 0.00 0.02 0.02 0.02 0.03 0.02 0.01 0.01 0.02 0.02 0.10 0.09 0.10
GESSVDD-0-GR-max 0.02 0.01 0.02 0.02 0.01 0.02 0.02 0.01 0.01 0.02 0.01 0.10 0.12 0.11
GESSVDD-0-S-min 0.02 0.00 0.02 0.02 0.02 0.03 0.02 0.01 0.01 0.02 0.02 0.09 0.10 0.10
GESSVDD-0-GR-min (SSVDD) 0.02 0.01 0.02 0.02 0.01 0.02 0.02 0.01 0.01 0.02 0.01 0.10 0.11 0.11
ESVDD 1.00 0.34 1.00 1.00 1.00 1.00 1.00 0.95 1.00 0.97 0.93 0.11 0.10 0.10
SVDD 0.04 0.02 0.04 0.03 0.03 0.04 0.03 0.04 0.03 0.03 0.03 0.40 0.51 0.45
OCSVM 0.48 0.53 0.50 0.51 0.54 0.51 0.51 0.48 0.52 0.55 0.51 0.10 0.10 0.10
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Table 21: FNR results for linear data description

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.26 0.43 0.35 0.94 0.92 0.93 0.32 0.42 0.37 0.24 0.31 0.27
GESSVDD-Sb-GR-max 0.36 0.56 0.46 0.93 0.92 0.93 0.20 0.34 0.27 0.44 0.43 0.44
GESSVDD-Sb-SR-max 0.35 0.43 0.39 0.96 0.96 0.96 0.40 0.60 0.50 0.37 0.45 0.41
GESSVDD-Sb-S-min 0.28 0.52 0.40 0.92 0.88 0.90 0.30 0.36 0.33 0.30 0.25 0.27
GESSVDD-Sb-GR-min 0.42 0.30 0.36 0.95 0.91 0.93 0.32 0.67 0.50 0.46 0.61 0.54
GESSVDD-Sb-SR-min 0.52 0.37 0.45 0.88 0.96 0.92 0.25 0.47 0.36 0.30 0.52 0.41
GESSVDD-Sw-S-max 0.08 0.10 0.09 0.94 0.96 0.95 0.00 0.00 0.00 0.06 0.08 0.07
GESSVDD-Sw-GR-max 0.11 0.14 0.12 0.86 0.88 0.87 0.00 0.00 0.00 0.10 0.10 0.10
GESSVDD-Sw-SR-max 0.16 0.17 0.17 1.00 1.00 1.00 0.00 0.00 0.00 0.16 0.16 0.16
GESSVDD-Sw-S-min 0.14 0.10 0.12 0.97 0.95 0.96 0.01 0.00 0.00 0.12 0.18 0.15
GESSVDD-Sw-GR-min 0.17 0.18 0.17 0.85 0.87 0.86 0.00 0.00 0.00 0.16 0.18 0.17
GESSVDD-Sw-SR-min 0.14 0.15 0.15 1.00 1.00 1.00 0.05 0.00 0.02 0.10 0.16 0.13
GESSVDD-kNN-S-max 0.25 0.20 0.23 0.99 0.97 0.98 0.06 0.00 0.03 0.14 0.18 0.16
GESSVDD-kNN-GR-max 0.22 0.18 0.20 0.96 0.93 0.95 0.06 0.04 0.05 0.38 0.37 0.38
GESSVDD-kNN-SR-max 0.26 0.17 0.22 1.00 0.99 1.00 0.00 0.00 0.00 0.12 0.27 0.20
GESSVDD-kNN-S-min 0.20 0.25 0.22 0.98 1.00 0.99 0.00 0.00 0.00 0.24 0.24 0.24
GESSVDD-kNN-GR-min 0.25 0.22 0.24 0.98 1.00 0.99 0.12 0.04 0.08 0.37 0.23 0.30
GESSVDD-kNN-SR-min 0.25 0.17 0.21 1.00 0.95 0.97 0.00 0.00 0.00 0.30 0.36 0.33
GESSVDD-PCA-S-max 0.12 0.12 0.12 0.99 1.00 0.99 0.01 0.00 0.00 0.13 0.07 0.10
GESSVDD-PCA-GR-max 0.17 0.15 0.16 1.00 1.00 1.00 0.00 0.00 0.00 0.15 0.17 0.16
GESSVDD-PCA-SR-max 0.15 0.16 0.15 1.00 0.98 0.99 0.00 0.00 0.00 0.12 0.20 0.16
GESSVDD-PCA-S-min 0.15 0.16 0.16 1.00 0.95 0.97 0.00 0.00 0.00 0.10 0.21 0.16
GESSVDD-PCA-GR-min 0.18 0.17 0.17 0.90 1.00 0.95 0.00 0.00 0.00 0.18 0.20 0.19
GESSVDD-PCA-SR-min 0.14 0.14 0.14 0.97 0.97 0.97 0.00 0.00 0.00 0.14 0.12 0.13
GESSVDD-I-S-max 0.14 0.14 0.14 0.98 0.98 0.98 0.02 0.00 0.01 0.11 0.15 0.13
GESSVDD-I-GR-max 0.17 0.15 0.16 0.86 0.94 0.90 0.00 0.00 0.00 0.11 0.17 0.14
GESSVDD-I-SR-max 0.15 0.15 0.15 1.00 1.00 1.00 0.00 0.00 0.00 0.10 0.14 0.12
GESSVDD-I-S-min 0.2 0.16 0.18 0.97 1.00 0.99 0.00 0.00 0.00 0.19 0.20 0.19
GESSVDD-I-GR-min (ESSVDD) 0.14 0.17 0.15 1.00 1.00 1.00 0.00 0.00 0.00 0.15 0.20 0.17
GESSVDD-I-SR-min 0.17 0.11 0.14 1.00 1.00 1.00 0.00 0.00 0.00 0.12 0.08 0.10
GESSVDD-0-S-max 0.08 0.08 0.08 0.97 0.92 0.94 0.00 0.00 0.00 0.04 0.08 0.06
GESSVDD-0-GR-max 0.08 0.11 0.09 0.94 0.89 0.91 0.00 0.00 0.00 0.05 0.07 0.06
GESSVDD-0-S-min 0.16 0.12 0.14 0.93 1.00 0.96 0.00 0.00 0.00 0.09 0.15 0.12
GESSVDD-0-GR-min (SSVDD) 0.22 0.16 0.19 1.00 0.90 0.95 0.00 0.00 0.00 0.13 0.18 0.15
ESVDD 0.24 0.20 0.22 1.00 1.00 1.00 0.00 0.00 0.00 0.18 0.25 0.21
SVDD 0.41 0.52 0.46 0.47 0.27 0.37 0.33 0.74 0.53 0.46 0.51 0.49
OCSVM 0.10 0.15 0.13 1.00 1.00 1.00 0.00 0.00 0.00 0.13 0.15 0.14
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S3.2. TPR TNR FPR FNR results for non-linear data description
S3.2.1. TPR results non-linear data description

Table 22: TPR results for non-linear data description

Dataset Seeds Qualitative bankruptcy Somerville happiness
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
GESSVDD-Sb-S-max 0.86 0.94 0.89 0.90 0.76 0.46 0.61 0.78 0.77 0.78
GESSVDD-Sb-GR-max 0.78 0.64 0.92 0.78 0.93 0.59 0.76 0.74 0.66 0.70
GESSVDD-Sb-SR-max 0.78 0.74 0.97 0.83 0.70 0.45 0.58 0.47 0.49 0.48
GESSVDD-Sb-S-min 0.86 0.90 0.81 0.85 0.76 0.51 0.63 0.62 0.72 0.67
GESSVDD-Sb-GR-min 0.78 0.58 0.94 0.77 0.94 0.54 0.74 0.74 0.64 0.69
GESSVDD-Sb-SR-min 0.81 0.78 0.95 0.85 0.70 0.40 0.55 0.60 0.55 0.57
GESSVDD-Sw-S-max 0.89 0.95 0.99 0.94 0.88 0.89 0.89 0.71 0.71 0.71
GESSVDD-Sw-GR-max 0.88 0.90 0.94 0.90 0.80 0.89 0.85 0.71 0.71 0.71
GESSVDD-Sw-SR-max 0.86 0.93 0.88 0.89 0.91 0.58 0.75 0.68 0.61 0.64
GESSVDD-Sw-S-min 0.78 0.95 0.99 0.91 0.92 0.86 0.89 0.63 0.57 0.60
GESSVDD-Sw-GR-min 0.89 0.93 0.91 0.91 0.83 0.89 0.86 0.74 0.72 0.73
GESSVDD-Sw-SR-min 0.88 0.89 0.90 0.89 0.91 0.62 0.76 0.57 0.63 0.60
GESSVDD-kNN-S-max 0.93 0.90 0.94 0.93 0.90 0.78 0.84 0.64 0.58 0.61
GESSVDD-kNN-GR-max 0.84 0.90 0.91 0.88 0.91 0.77 0.84 0.71 0.58 0.65
GESSVDD-kNN-SR-max 0.91 0.89 0.99 0.93 0.92 0.70 0.81 0.60 0.57 0.58
GESSVDD-kNN-S-min 0.93 0.90 0.95 0.93 0.83 0.72 0.78 0.67 0.57 0.62
GESSVDD-kNN-GR-min 0.81 0.93 0.96 0.90 0.87 0.62 0.75 0.75 0.52 0.63
GESSVDD-kNN-SR-min 0.92 0.91 0.93 0.92 0.87 0.63 0.75 0.54 0.63 0.59
GESSVDD-PCA-S-max 0.89 0.92 0.95 0.92 0.56 0.67 0.61 0.71 0.73 0.72
GESSVDD-PCA-GR-max 0.85 0.93 0.94 0.91 0.90 0.86 0.88 0.66 0.68 0.67
GESSVDD-PCA-SR-max 0.90 0.73 0.95 0.86 0.87 0.60 0.73 0.69 0.65 0.67
GESSVDD-PCA-S-min 0.93 0.95 0.95 0.95 0.83 0.64 0.73 0.55 0.60 0.57
GESSVDD-PCA-GR-min 0.87 0.81 0.95 0.88 0.94 0.84 0.89 0.68 0.66 0.67
GESSVDD-PCA-SR-min 0.93 0.95 0.94 0.94 0.93 0.72 0.83 0.70 0.67 0.68
GESSVDD-I-S-max 0.94 0.94 0.78 0.89 0.87 0.63 0.75 0.72 0.62 0.67
GESSVDD-I-GR-max 0.83 0.90 0.92 0.88 0.94 0.85 0.90 0.71 0.71 0.71
GESSVDD-I-SR-max 0.94 0.94 0.98 0.96 0.85 0.83 0.84 0.69 0.56 0.62
GESSVDD-I-S-min 0.94 0.93 0.96 0.95 0.79 0.62 0.70 0.59 0.63 0.61
GESSVDD-I-GR-min (ESSVDD) 0.84 0.90 0.93 0.89 0.97 0.81 0.89 0.71 0.58 0.65
GESSVDD-I-SR-min 0.94 0.96 0.97 0.96 0.93 0.65 0.79 0.66 0.68 0.67
GESSVDD-0-S-max 0.88 0.90 0.93 0.90 0.68 0.52 0.60 0.73 0.84 0.79
GESSVDD-0-GR-max 0.86 0.90 0.94 0.90 0.95 0.43 0.69 0.64 0.73 0.68
GESSVDD-0-S-min 0.87 0.90 0.90 0.89 0.66 0.54 0.60 0.57 0.54 0.56
GESSVDD-0-GR-min (SSVDD) 0.87 0.92 0.95 0.91 0.96 0.57 0.76 0.61 0.45 0.53
ESVDD 0.71 0.79 0.78 0.76 0.00 0.00 0.00 0.00 0.51 0.25
SVDD 0.86 0.89 0.96 0.90 0.68 0.27 0.47 0.76 0.34 0.55
OCSVM 0.41 0.52 0.48 0.47 0.72 0.50 0.61 0.49 0.55 0.52
GESVDD-PCA 0.82 0.89 0.91 0.87 0.91 0.64 0.78 0.63 0.59 0.61
GESVDD-Sw 0.75 0.89 0.90 0.85 0.91 0.62 0.77 0.44 0.45 0.45
GESVDD-kNN 0.78 0.87 0.92 0.86 0.87 0.65 0.76 0.66 0.33 0.49
GESVM-PCA 0.84 0.84 0.90 0.86 0.91 0.37 0.64 0.61 0.48 0.55
GESVM-Sw 0.85 0.85 0.87 0.85 0.87 0.42 0.65 0.57 0.54 0.55
GESVM-kNN 0.82 0.83 0.85 0.83 0.86 0.31 0.58 0.63 0.53 0.58
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Table 23: TPR results for non-linear data description

Dataset Iris Ionosphere Sonar
Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.
GESSVDD-Sb-S-max 0.92 0.83 0.87 0.87 0.58 0.73 0.66 0.63 0.64 0.64
GESSVDD-Sb-GR-max 0.91 0.83 0.85 0.86 0.80 0.96 0.88 0.86 0.69 0.78
GESSVDD-Sb-SR-max 0.91 0.85 0.81 0.86 0.81 0.27 0.54 0.76 0.42 0.59
GESSVDD-Sb-S-min 0.92 0.87 0.89 0.89 0.57 0.53 0.55 0.59 0.48 0.54
GESSVDD-Sb-GR-min 0.91 0.84 0.91 0.88 0.76 0.96 0.86 0.86 0.50 0.68
GESSVDD-Sb-SR-min 0.95 0.79 0.69 0.81 0.64 0.27 0.46 0.78 0.24 0.51
GESSVDD-Sw-S-max 0.89 0.87 0.85 0.87 0.54 0.95 0.75 0.68 0.77 0.72
GESSVDD-Sw-GR-max 0.88 0.83 0.88 0.86 0.98 0.94 0.96 0.82 0.81 0.81
GESSVDD-Sw-SR-max 0.95 0.87 0.85 0.89 0.44 0.95 0.69 0.81 0.45 0.63
GESSVDD-Sw-S-min 0.84 0.88 0.84 0.85 0.55 0.95 0.75 0.59 0.67 0.63
GESSVDD-Sw-GR-min 0.91 0.87 0.83 0.87 0.97 0.93 0.95 0.76 0.85 0.80
GESSVDD-Sw-SR-min 0.93 0.87 0.88 0.89 0.19 0.92 0.55 0.81 0.73 0.77
GESSVDD-kNN-S-max 0.88 0.87 0.79 0.84 0.79 0.97 0.88 0.71 0.72 0.71
GESSVDD-kNN-GR-max 0.89 0.92 0.84 0.88 0.81 0.92 0.86 0.69 0.73 0.71
GESSVDD-kNN-SR-max 0.89 0.92 0.77 0.86 0.79 0.96 0.88 0.73 0.59 0.66
GESSVDD-kNN-S-min 0.89 0.88 0.77 0.85 0.68 0.97 0.82 0.61 0.68 0.64
GESSVDD-kNN-GR-min 0.91 0.80 0.88 0.86 0.97 0.94 0.96 0.75 0.75 0.75
GESSVDD-kNN-SR-min 0.89 0.92 0.73 0.85 0.66 0.96 0.81 0.66 0.60 0.63
GESSVDD-PCA-S-max 0.88 0.93 0.83 0.88 0.62 0.93 0.77 0.82 0.76 0.79
GESSVDD-PCA-GR-max 0.88 0.84 0.80 0.84 0.91 0.95 0.93 0.79 0.82 0.81
GESSVDD-PCA-SR-max 0.88 0.95 0.81 0.88 0.36 0.89 0.63 0.74 0.48 0.61
GESSVDD-PCA-S-min 0.88 0.95 0.88 0.90 0.44 0.92 0.68 0.57 0.48 0.53
GESSVDD-PCA-GR-min 0.88 0.87 0.83 0.86 0.91 0.93 0.92 0.72 0.79 0.76
GESSVDD-PCA-SR-min 0.88 0.95 0.81 0.88 0.52 0.87 0.70 0.55 0.64 0.60
GESSVDD-I-S-max 0.96 0.89 0.83 0.89 0.70 0.98 0.84 0.69 0.70 0.70
GESSVDD-I-GR-max 0.92 0.83 0.88 0.88 0.93 0.94 0.93 0.70 0.79 0.75
GESSVDD-I-SR-max 0.96 0.91 0.83 0.90 0.68 0.98 0.83 0.70 0.47 0.58
GESSVDD-I-S-min 0.89 0.91 0.83 0.88 0.66 0.98 0.82 0.59 0.49 0.54
GESSVDD-I-GR-min (ESSVDD) 0.92 0.85 0.87 0.88 0.97 0.93 0.95 0.66 0.82 0.74
GESSVDD-I-SR-min 0.91 0.91 0.85 0.89 0.63 0.98 0.81 0.61 0.59 0.60
GESSVDD-0-S-max 0.88 0.91 0.87 0.88 0.86 0.79 0.83 0.87 0.51 0.69
GESSVDD-0-GR-max 0.92 0.89 0.88 0.90 0.68 0.93 0.81 0.71 0.76 0.73
GESSVDD-0-S-min 0.92 0.88 0.87 0.89 0.78 0.91 0.85 0.67 0.63 0.65
GESSVDD-0-GR-min (SSVDD) 0.89 0.91 0.85 0.88 0.96 0.92 0.94 0.82 0.72 0.77
ESVDD 0.57 0.71 0.73 0.67 0.69 0.83 0.76 0.42 0.29 0.36
SVDD 0.84 0.89 0.85 0.86 0.24 0.93 0.58 0.76 0.78 0.77
OCSVM 0.53 0.43 0.35 0.44 0.44 0.41 0.42 0.49 0.60 0.54
GESVDD-PCA 0.71 0.88 0.83 0.80 0.31 0.89 0.60 0.68 0.73 0.70
GESVDD-Sw 0.80 0.80 0.84 0.81 0.25 0.90 0.57 0.68 0.65 0.67
GESVDD-kNN 0.71 0.87 0.84 0.80 0.18 0.89 0.54 0.61 0.64 0.63
GESVM-PCA 0.81 0.84 0.87 0.84 0.50 0.88 0.69 0.64 0.64 0.64
GESVM-Sw 0.79 0.93 0.83 0.85 0.47 0.88 0.67 0.65 0.52 0.58
GESVM-kNN 0.80 0.84 0.84 0.83 0.53 0.86 0.69 0.66 0.56 0.61
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Table 24: TPR results for non-linear data description

Dataset MNIST Liver
Target class 0 1 2 3 4 5 6 7 8 9 Av. DP DA Av.
GESSVDD-Sb-S-max 0.16 0.16 0.06 0.08 0.39 0.29 0.31 0.00 0.12 0.09 0.17 0.37 0.35 0.36
GESSVDD-Sb-GR-max 0.62 0.32 0.48 0.41 0.20 0.33 0.21 0.38 0.11 0.58 0.36 0.29 0.35 0.32
GESSVDD-Sb-SR-max 0.01 0.59 0.26 0.67 0.05 0.04 0.10 0.26 0.11 0.47 0.26 0.29 0.27 0.28
GESSVDD-Sb-S-min 0.79 0.08 0.00 0.10 0.69 0.82 0.80 0.00 0.21 0.20 0.37 0.34 0.33 0.33
GESSVDD-Sb-GR-min 0.62 0.18 0.67 0.24 0.04 0.61 0.71 0.18 1.00 0.38 0.46 0.35 0.24 0.30
GESSVDD-Sb-SR-min 0.01 0.59 0.26 0.67 0.05 0.04 0.10 0.26 0.11 0.47 0.26 0.34 0.29 0.31
GESSVDD-Sw-S-max 0.07 0.05 0.25 0.14 0.28 0.11 0.18 0.33 0.05 0.10 0.16 0.45 0.32 0.38
GESSVDD-Sw-GR-max 0.25 0.22 0.09 0.44 0.12 0.52 0.23 0.43 0.20 0.17 0.27 0.36 0.40 0.38
GESSVDD-Sw-SR-max 0.44 0.80 0.20 0.55 0.79 0.32 0.84 0.79 0.15 0.48 0.53 0.39 0.47 0.43
GESSVDD-Sw-S-min 0.00 0.01 0.86 0.22 0.48 0.04 0.21 0.44 0.00 0.01 0.23 0.24 0.33 0.28
GESSVDD-Sw-GR-min 0.52 0.48 0.55 0.27 0.02 0.39 0.45 0.34 0.85 0.36 0.42 0.33 0.28 0.30
GESSVDD-Sw-SR-min 0.44 0.80 0.20 0.55 0.79 0.32 0.84 0.79 0.15 0.48 0.53 0.31 0.40 0.36
GESSVDD-kNN-S-max 0.08 0.23 0.53 0.06 0.55 0.31 0.31 0.26 0.27 0.25 0.28 0.39 0.32 0.36
GESSVDD-kNN-GR-max 0.62 0.32 0.49 0.49 0.24 0.47 0.18 0.40 0.37 0.55 0.41 0.25 0.45 0.35
GESSVDD-kNN-SR-max 0.89 0.80 0.04 0.81 0.78 0.52 0.79 0.79 0.66 0.76 0.68 0.41 0.42 0.41
GESSVDD-kNN-S-min 0.01 0.40 0.70 0.00 0.77 0.75 0.39 0.43 0.24 0.12 0.38 0.33 0.31 0.32
GESSVDD-kNN-GR-min 0.40 0.18 0.67 0.60 0.26 0.34 0.43 0.22 0.31 0.35 0.38 0.39 0.39 0.39
GESSVDD-kNN-SR-min 0.89 0.80 0.04 0.81 0.78 0.52 0.79 0.79 0.66 0.76 0.68 0.40 0.44 0.42
GESSVDD-PCA-S-max 0.19 0.33 0.15 0.17 0.18 0.31 0.05 0.54 0.24 0.17 0.23 0.28 0.37 0.32
GESSVDD-PCA-GR-max 0.45 0.25 0.19 0.29 0.27 0.27 0.41 0.08 0.28 0.28 0.28 0.39 0.34 0.37
GESSVDD-PCA-SR-max 0.96 0.80 0.95 0.67 0.78 0.80 0.84 0.09 0.42 0.79 0.71 0.36 0.27 0.32
GESSVDD-PCA-S-min 0.41 0.99 0.21 0.18 0.60 0.32 0.01 0.88 0.14 0.05 0.38 0.34 0.28 0.31
GESSVDD-PCA-GR-min 0.60 0.68 0.29 0.50 0.37 0.30 0.51 0.01 0.77 0.21 0.42 0.31 0.34 0.32
GESSVDD-PCA-SR-min 0.96 0.80 0.95 0.67 0.78 0.80 0.84 0.09 0.42 0.79 0.71 0.32 0.26 0.29
GESSVDD-I-S-max 0.30 0.33 0.17 0.17 0.30 0.32 0.42 0.54 0.21 0.17 0.29 0.42 0.27 0.34
GESSVDD-I-GR-max 0.36 0.34 0.18 0.09 0.19 0.52 0.46 0.43 0.36 0.21 0.31 0.35 0.42 0.39
GESSVDD-I-SR-max 0.96 0.80 0.39 0.78 0.78 0.27 0.84 0.90 0.79 0.79 0.73 0.35 0.42 0.39
GESSVDD-I-S-min 0.32 0.99 0.24 0.13 0.30 0.33 0.37 0.88 0.16 0.05 0.38 0.39 0.26 0.32
GESSVDD-I-GR-min (ESSVDD) 0.99 0.95 0.21 0.97 0.22 0.42 0.24 0.33 0.63 0.26 0.52 0.40 0.49 0.45
GESSVDD-I-SR-min 0.96 0.80 0.39 0.78 0.78 0.27 0.84 0.90 0.79 0.79 0.73 0.30 0.37 0.33
GESSVDD-0-S-max 0.22 0.09 0.06 0.28 0.23 0.40 0.08 0.28 0.11 0.05 0.18 0.36 0.37 0.36
GESSVDD-0-GR-max 0.60 0.34 0.48 0.39 0.43 0.49 0.43 0.35 0.44 0.17 0.41 0.36 0.44 0.40
GESSVDD-0-S-min 0.39 1.00 0.97 0.13 0.07 0.23 0.01 0.58 0.02 0.00 0.34 0.37 0.37 0.37
GESSVDD-0-GR-min (SSVDD) 0.89 0.29 0.67 0.24 0.27 0.32 0.24 0.41 0.30 0.06 0.37 0.37 0.39 0.38
ESVDD 0.95 0.96 0.97 0.99 0.98 0.99 0.97 0.98 0.99 0.98 0.98 0.43 0.54 0.49
SVDD 0.03 0.02 0.46 0.03 0.02 0.03 0.03 0.04 0.02 0.03 0.07 0.49 0.40 0.45
OCSVM 0.38 0.48 0.46 0.25 0.39 0.54 0.47 0.34 0.41 0.52 0.42 0.27 0.08 0.17
GESVDD-PCA 0.90 0.95 0.77 0.74 0.79 0.67 0.88 0.84 0.68 0.87 0.81 0.51 0.49 0.50
GESVDD-Sw 0.89 0.95 0.78 0.74 0.79 0.66 0.00 0.86 0.63 0.87 0.72 0.51 0.52 0.51
GESVDD-kNN 0.89 0.95 0.77 0.73 0.79 0.64 0.85 0.86 0.71 0.87 0.81 0.51 0.52 0.52
GESVM-PCA 0.90 0.90 0.81 0.71 0.89 0.58 0.83 0.85 0.75 0.90 0.81 0.50 0.55 0.52
GESVM-Sw 0.92 0.90 0.72 0.71 0.81 0.72 0.80 0.89 0.68 0.82 0.80 0.50 0.51 0.51
GESVM-kNN 0.91 0.90 0.81 0.70 0.90 0.58 0.83 0.84 0.66 0.87 0.80 0.44 0.47 0.46
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Table 25: TPR results for non-linear data description in the proposed framework with added noise

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.29 0.29 0.29 0.42 0.29 0.36 0.13 0.05 0.09 0.35 0.40 0.37
GESSVDD-Sb-GR-max 0.34 0.34 0.34 0.35 0.23 0.29 0.33 0.31 0.32 0.27 0.45 0.36
GESSVDD-Sb-SR-max 0.32 0.32 0.32 0.22 0.24 0.23 0.30 0.22 0.26 0.43 0.44 0.44
GESSVDD-Sb-S-min 0.41 0.41 0.41 0.44 0.19 0.32 0.19 0.19 0.19 0.35 0.20 0.28
GESSVDD-Sb-GR-min 0.45 0.45 0.45 0.32 0.18 0.25 0.21 0.32 0.26 0.33 0.33 0.33
GESSVDD-Sb-SR-min 0.46 0.46 0.46 0.25 0.13 0.19 0.36 0.16 0.26 0.43 0.44 0.43
GESSVDD-Sw-S-max 0.43 0.43 0.43 0.00 0.12 0.06 0.13 0.00 0.06 0.36 0.34 0.35
GESSVDD-Sw-GR-max 0.16 0.16 0.16 0.36 0.39 0.38 0.07 0.11 0.09 0.42 0.39 0.41
GESSVDD-Sw-SR-max 0.43 0.43 0.43 0.11 0.06 0.08 0.00 0.06 0.03 0.43 0.41 0.42
GESSVDD-Sw-S-min 0.34 0.34 0.34 0.00 0.16 0.08 0.00 0.15 0.08 0.44 0.43 0.43
GESSVDD-Sw-GR-min 0.40 0.40 0.40 0.18 0.29 0.24 0.04 0.05 0.05 0.45 0.44 0.45
GESSVDD-Sw-SR-min 0.44 0.44 0.44 0.03 0.19 0.11 0.00 0.00 0.00 0.41 0.33 0.37
GESSVDD-kNN-S-max 0.44 0.44 0.44 0.00 0.00 0.00 0.14 0.04 0.09 0.45 0.45 0.45
GESSVDD-kNN-GR-max 0.43 0.43 0.43 0.28 0.19 0.24 0.12 0.00 0.06 0.44 0.38 0.41
GESSVDD-kNN-SR-max 0.42 0.42 0.42 0.04 0.03 0.03 0.00 0.00 0.00 0.47 0.40 0.44
GESSVDD-kNN-S-min 0.49 0.49 0.49 0.03 0.00 0.02 0.03 0.00 0.02 0.46 0.43 0.44
GESSVDD-kNN-GR-min 0.47 0.47 0.47 0.00 0.00 0.00 0.00 0.00 0.00 0.48 0.43 0.46
GESSVDD-kNN-SR-min 0.47 0.47 0.47 0.04 0.07 0.06 0.06 0.00 0.03 0.45 0.38 0.41
GESSVDD-PCA-S-max 0.37 0.37 0.37 0.00 0.03 0.01 0.00 0.00 0.00 0.49 0.36 0.42
GESSVDD-PCA-GR-max 0.47 0.47 0.47 0.30 0.34 0.32 0.13 0.16 0.14 0.45 0.36 0.40
GESSVDD-PCA-SR-max 0.46 0.46 0.46 0.19 0.05 0.12 0.06 0.09 0.08 0.34 0.41 0.37
GESSVDD-PCA-S-min 0.24 0.24 0.24 0.06 0.11 0.08 0.00 0.00 0.00 0.43 0.39 0.41
GESSVDD-PCA-GR-min 0.30 0.30 0.30 0.28 0.22 0.25 0.00 0.04 0.02 0.46 0.47 0.47
GESSVDD-PCA-SR-min 0.44 0.44 0.44 0.10 0.07 0.09 0.03 0.00 0.02 0.37 0.41 0.39
GESSVDD-I-S-max 0.38 0.38 0.38 0.06 0.03 0.04 0.04 0.00 0.02 0.45 0.38 0.42
GESSVDD-I-GR-max 0.42 0.42 0.42 0.37 0.35 0.36 0.03 0.05 0.04 0.48 0.31 0.39
GESSVDD-I-SR-max 0.49 0.49 0.49 0.13 0.03 0.08 0.00 0.00 0.00 0.43 0.44 0.43
GESSVDD-I-S-min 0.44 0.44 0.44 0.00 0.25 0.12 0.08 0.00 0.04 0.36 0.39 0.38
GESSVDD-I-GR-min (ESSVDD) 0.38 0.38 0.38 0.37 0.15 0.26 0.00 0.11 0.06 0.38 0.46 0.42
GESSVDD-I-SR-min 0.46 0.46 0.46 0.15 0.14 0.14 0.00 0.08 0.04 0.42 0.45 0.44
GESSVDD-0-S-max 0.35 0.35 0.35 0.24 0.21 0.22 0.26 0.32 0.29 0.39 0.36 0.38
GESSVDD-0-GR-max 0.45 0.45 0.45 0.06 0.22 0.14 0.06 0.44 0.25 0.46 0.36 0.41
GESSVDD-0-S-min 0.32 0.32 0.32 0.14 0.16 0.15 0.36 0.09 0.23 0.34 0.40 0.37
GESSVDD-0-GR-min (SSVDD) 0.53 0.53 0.53 0.12 0.24 0.18 0.00 0.09 0.04 0.37 0.47 0.42
ESVDD 0.34 0.34 0.34 0.00 0.00 0.00 0.00 0.03 0.02 0.49 0.52 0.51
SVDD 0.53 0.53 0.53 0.07 0.15 0.11 0.22 0.07 0.15 0.47 0.45 0.46
OCSVM 0.20 0.20 0.20 0.00 0.00 0.00 0.00 0.07 0.03 0.50 0.49 0.50
GESVDD-PCA 0.68 0.68 0.68 0.00 0.00 0.00 0.00 0.00 0.00 0.51 0.53 0.52
GESVDD-Sw 0.68 0.68 0.68 0.00 0.00 0.00 0.00 0.00 0.00 0.53 0.52 0.52
GESVDD-kNN 0.70 0.70 0.70 0.00 0.00 0.00 0.00 0.00 0.00 0.48 0.52 0.50
GESVM-PCA 0.66 0.66 0.66 0.00 0.00 0.00 0.00 0.00 0.00 0.49 0.49 0.49
GESVM-Sw 0.67 0.67 0.67 0.00 0.00 0.00 0.00 0.05 0.03 0.50 0.48 0.49
GESVM-kNN 0.60 0.60 0.60 0.00 0.00 0.00 1.00 1.00 1.00 0.45 0.45 0.45
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S3.2.2. TNR results non-linear data description

Table 26: TNR results for non-linear data description

Dataset Seeds Qualitative bankruptcy Somerville happiness
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
GESSVDD-Sb-S-max 0.69 0.89 0.88 0.82 0.50 0.70 0.60 0.19 0.16 0.17
GESSVDD-Sb-GR-max 0.89 0.95 0.86 0.90 0.74 0.53 0.63 0.25 0.34 0.30
GESSVDD-Sb-SR-max 0.78 0.90 0.89 0.85 0.48 0.41 0.45 0.61 0.24 0.43
GESSVDD-Sb-S-min 0.74 0.92 0.88 0.85 0.53 0.61 0.57 0.45 0.26 0.36
GESSVDD-Sb-GR-min 0.89 0.94 0.88 0.90 0.69 0.62 0.66 0.37 0.36 0.36
GESSVDD-Sb-SR-min 0.65 0.96 0.89 0.83 0.48 0.61 0.55 0.41 0.19 0.30
GESSVDD-Sw-S-max 0.83 0.84 0.86 0.84 0.81 0.17 0.49 0.41 0.23 0.32
GESSVDD-Sw-GR-max 0.90 0.83 0.89 0.87 0.81 0.05 0.43 0.33 0.27 0.30
GESSVDD-Sw-SR-max 0.79 0.86 0.90 0.85 0.80 0.65 0.73 0.44 0.27 0.36
GESSVDD-Sw-S-min 0.81 0.84 0.86 0.84 0.81 0.17 0.49 0.52 0.44 0.48
GESSVDD-Sw-GR-min 0.90 0.95 0.92 0.92 0.73 0.01 0.37 0.34 0.26 0.30
GESSVDD-Sw-SR-min 0.76 0.87 0.92 0.85 0.96 0.83 0.90 0.55 0.31 0.43
GESSVDD-kNN-S-max 0.82 0.90 0.86 0.86 0.63 0.54 0.59 0.42 0.23 0.32
GESSVDD-kNN-GR-max 0.81 0.93 0.88 0.87 0.85 0.26 0.55 0.45 0.36 0.40
GESSVDD-kNN-SR-max 0.82 0.96 0.92 0.90 0.72 0.74 0.73 0.41 0.40 0.41
GESSVDD-kNN-S-min 0.82 0.86 0.92 0.87 0.80 0.85 0.82 0.37 0.44 0.41
GESSVDD-kNN-GR-min 0.87 0.94 0.87 0.90 0.83 0.38 0.60 0.49 0.36 0.43
GESSVDD-kNN-SR-min 0.82 0.88 0.94 0.88 0.72 0.90 0.81 0.49 0.37 0.43
GESSVDD-PCA-S-max 0.80 0.90 0.93 0.88 0.84 0.73 0.79 0.39 0.30 0.35
GESSVDD-PCA-GR-max 0.75 0.87 0.87 0.83 0.90 0.07 0.48 0.47 0.21 0.34
GESSVDD-PCA-SR-max 0.78 0.95 0.93 0.89 0.94 0.47 0.71 0.36 0.34 0.35
GESSVDD-PCA-S-min 0.77 0.94 0.93 0.88 0.88 0.70 0.79 0.57 0.27 0.42
GESSVDD-PCA-GR-min 0.86 0.92 0.92 0.90 0.91 0.06 0.49 0.43 0.24 0.34
GESSVDD-PCA-SR-min 0.77 0.86 0.93 0.85 0.92 0.59 0.76 0.39 0.32 0.36
GESSVDD-I-S-max 0.78 0.91 0.93 0.87 0.81 0.60 0.70 0.26 0.27 0.27
GESSVDD-I-GR-max 0.83 0.93 0.90 0.89 0.87 0.04 0.45 0.39 0.27 0.33
GESSVDD-I-SR-max 0.78 0.91 0.90 0.86 0.88 0.46 0.67 0.37 0.39 0.38
GESSVDD-I-S-min 0.78 0.96 0.90 0.88 0.93 0.57 0.75 0.44 0.28 0.36
GESSVDD-I-GR-min (ESSVDD) 0.84 0.91 0.88 0.88 0.88 0.10 0.49 0.49 0.28 0.39
GESSVDD-I-SR-min 0.78 0.95 0.90 0.87 0.77 0.60 0.68 0.49 0.23 0.36
GESSVDD-0-S-max 0.83 0.94 0.93 0.90 0.79 0.45 0.62 0.29 0.25 0.27
GESSVDD-0-GR-max 0.84 0.96 0.93 0.91 0.92 0.57 0.74 0.33 0.37 0.35
GESSVDD-0-S-min 0.85 0.92 0.93 0.90 0.79 0.54 0.67 0.46 0.44 0.45
GESSVDD-0-GR-min (SSVDD) 0.87 0.96 0.92 0.92 0.92 0.53 0.72 0.41 0.50 0.46
ESVDD 0.93 0.98 0.98 0.96 1.00 1.00 1.00 1.00 0.43 0.71
SVDD 0.85 0.94 0.93 0.91 0.51 0.78 0.65 0.24 0.60 0.42
OCSVM 0.67 0.77 0.54 0.66 0.30 0.68 0.49 0.47 0.45 0.46
GESVDD-PCA 0.89 0.97 0.95 0.94 0.98 0.17 0.57 0.43 0.41 0.42
GESVDD-Sw 0.91 0.97 0.96 0.95 0.97 0.17 0.57 0.61 0.57 0.59
GESVDD-kNN 0.91 0.97 0.95 0.95 0.83 0.16 0.49 0.42 0.69 0.55
GESVM-PCA 0.87 0.97 0.97 0.93 1.00 0.19 0.59 0.47 0.49 0.48
GESVM-Sw 0.85 0.96 0.95 0.92 1.00 0.15 0.57 0.55 0.36 0.45
GESVM-kNN 0.88 0.98 0.97 0.94 1.00 0.15 0.57 0.49 0.50 0.50

28



Table 27: TNR results for non-linear data description

Dataset Iris Ionosphere Sonar
Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.
GESSVDD-Sb-S-max 0.96 0.94 0.73 0.88 0.61 0.57 0.59 0.34 0.41 0.37
GESSVDD-Sb-GR-max 1.00 0.84 0.95 0.93 0.37 0.80 0.58 0.33 0.32 0.32
GESSVDD-Sb-SR-max 0.75 0.85 0.89 0.83 0.36 0.66 0.51 0.27 0.41 0.34
GESSVDD-Sb-S-min 0.93 0.93 0.85 0.90 0.61 0.71 0.66 0.42 0.56 0.49
GESSVDD-Sb-GR-min 1.00 0.88 0.89 0.92 0.32 0.80 0.56 0.33 0.58 0.45
GESSVDD-Sb-SR-min 0.75 0.87 0.91 0.84 0.48 0.66 0.57 0.24 0.53 0.38
GESSVDD-Sw-S-max 0.84 0.96 0.84 0.88 0.68 0.77 0.72 0.44 0.21 0.32
GESSVDD-Sw-GR-max 1.00 0.97 0.91 0.96 0.30 0.84 0.57 0.35 0.29 0.32
GESSVDD-Sw-SR-max 1.00 0.86 0.85 0.90 0.60 0.80 0.70 0.25 0.66 0.46
GESSVDD-Sw-S-min 0.70 0.90 0.87 0.82 0.59 0.77 0.68 0.47 0.41 0.44
GESSVDD-Sw-GR-min 1.00 0.88 0.85 0.91 0.39 0.81 0.60 0.36 0.24 0.30
GESSVDD-Sw-SR-min 1.00 0.86 0.84 0.90 0.94 0.82 0.88 0.25 0.28 0.27
GESSVDD-kNN-S-max 1.00 0.89 0.89 0.93 0.59 0.78 0.68 0.38 0.39 0.39
GESSVDD-kNN-GR-max 1.00 0.92 0.93 0.95 0.60 0.88 0.74 0.42 0.36 0.39
GESSVDD-kNN-SR-max 1.00 0.84 0.90 0.91 0.59 0.76 0.68 0.38 0.49 0.43
GESSVDD-kNN-S-min 1.00 0.88 0.91 0.93 0.26 0.78 0.52 0.59 0.39 0.49
GESSVDD-kNN-GR-min 0.93 0.97 0.94 0.95 0.38 0.89 0.64 0.40 0.48 0.44
GESSVDD-kNN-SR-min 1.00 0.83 0.93 0.92 0.50 0.76 0.63 0.48 0.57 0.53
GESSVDD-PCA-S-max 1.00 0.97 0.93 0.96 0.28 0.81 0.55 0.25 0.26 0.25
GESSVDD-PCA-GR-max 0.96 0.91 0.91 0.93 0.41 0.85 0.63 0.38 0.24 0.31
GESSVDD-PCA-SR-max 1.00 0.91 0.95 0.95 0.51 0.81 0.66 0.32 0.59 0.45
GESSVDD-PCA-S-min 1.00 0.91 0.75 0.88 0.36 0.83 0.60 0.56 0.54 0.55
GESSVDD-PCA-GR-min 0.97 0.66 0.89 0.84 0.38 0.89 0.64 0.42 0.37 0.40
GESSVDD-PCA-SR-min 1.00 0.91 0.85 0.92 0.36 0.86 0.61 0.59 0.48 0.53
GESSVDD-I-S-max 1.00 0.96 0.87 0.94 0.12 0.79 0.45 0.36 0.28 0.32
GESSVDD-I-GR-max 0.99 0.91 0.87 0.92 0.44 0.83 0.64 0.47 0.37 0.42
GESSVDD-I-SR-max 1.00 0.96 0.87 0.94 0.10 0.79 0.45 0.37 0.57 0.47
GESSVDD-I-S-min 1.00 0.96 0.87 0.94 0.21 0.79 0.50 0.45 0.57 0.51
GESSVDD-I-GR-min (ESSVDD) 0.97 0.93 0.91 0.94 0.43 0.86 0.64 0.46 0.38 0.42
GESSVDD-I-SR-min 1.00 0.96 0.85 0.94 0.17 0.79 0.48 0.46 0.50 0.48
GESSVDD-0-S-max 1.00 0.91 0.93 0.95 0.46 0.58 0.52 0.28 0.70 0.49
GESSVDD-0-GR-max 1.00 0.93 0.89 0.94 0.55 0.73 0.64 0.35 0.40 0.38
GESSVDD-0-S-min 0.97 0.89 0.94 0.93 0.32 0.59 0.46 0.45 0.46 0.46
GESSVDD-0-GR-min (SSVDD) 1.00 0.94 0.95 0.96 0.28 0.87 0.57 0.31 0.36 0.33
ESVDD 1.00 0.99 0.95 0.98 0.21 0.94 0.57 0.72 0.93 0.83
SVDD 1.00 0.95 0.91 0.95 0.71 0.79 0.75 0.38 0.46 0.42
OCSVM 0.80 0.41 0.98 0.73 0.65 0.69 0.67 0.47 0.53 0.50
GESVDD-PCA 1.00 0.95 0.95 0.97 0.51 0.88 0.69 0.46 0.50 0.48
GESVDD-Sw 1.00 0.96 0.96 0.97 0.59 0.89 0.74 0.44 0.53 0.49
GESVDD-kNN 1.00 0.96 0.95 0.97 0.75 0.90 0.83 0.48 0.56 0.52
GESVM-PCA 1.00 0.97 0.95 0.97 0.33 0.93 0.63 0.44 0.58 0.51
GESVM-Sw 1.00 0.93 0.95 0.96 0.50 0.92 0.71 0.46 0.68 0.57
GESVM-kNN 1.00 0.95 0.95 0.97 0.33 0.91 0.62 0.44 0.62 0.53
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Table 28: TNR results for non-linear data description

Dataset MNIST Liver
Target class 0 1 2 3 4 5 6 7 8 9 Av. DP DA Av.
GESSVDD-Sb-S-max 0.16 0.16 0.06 0.08 0.39 0.29 0.31 0.00 0.12 0.09 0.17 0.37 0.35 0.36
GESSVDD-Sb-GR-max 0.62 0.32 0.48 0.41 0.20 0.33 0.21 0.38 0.11 0.58 0.36 0.29 0.35 0.32
GESSVDD-Sb-SR-max 0.01 0.59 0.26 0.67 0.05 0.04 0.10 0.26 0.11 0.47 0.26 0.29 0.27 0.28
GESSVDD-Sb-S-min 0.79 0.08 0.00 0.10 0.69 0.82 0.80 0.00 0.21 0.20 0.37 0.34 0.33 0.33
GESSVDD-Sb-GR-min 0.62 0.18 0.67 0.24 0.04 0.61 0.71 0.18 1.00 0.38 0.46 0.35 0.24 0.30
GESSVDD-Sb-SR-min 0.01 0.59 0.26 0.67 0.05 0.04 0.10 0.26 0.11 0.47 0.26 0.34 0.29 0.31
GESSVDD-Sw-S-max 0.07 0.05 0.25 0.14 0.28 0.11 0.18 0.33 0.05 0.10 0.16 0.45 0.32 0.38
GESSVDD-Sw-GR-max 0.25 0.22 0.09 0.44 0.12 0.52 0.23 0.43 0.20 0.17 0.27 0.36 0.40 0.38
GESSVDD-Sw-SR-max 0.44 0.80 0.20 0.55 0.79 0.32 0.84 0.79 0.15 0.48 0.53 0.39 0.47 0.43
GESSVDD-Sw-S-min 0.00 0.01 0.86 0.22 0.48 0.04 0.21 0.44 0.00 0.01 0.23 0.24 0.33 0.28
GESSVDD-Sw-GR-min 0.52 0.48 0.55 0.27 0.02 0.39 0.45 0.34 0.85 0.36 0.42 0.33 0.28 0.30
GESSVDD-Sw-SR-min 0.44 0.80 0.20 0.55 0.79 0.32 0.84 0.79 0.15 0.48 0.53 0.31 0.40 0.36
GESSVDD-kNN-S-max 0.08 0.23 0.53 0.06 0.55 0.31 0.31 0.26 0.27 0.25 0.28 0.39 0.32 0.36
GESSVDD-kNN-GR-max 0.62 0.32 0.49 0.49 0.24 0.47 0.18 0.40 0.37 0.55 0.41 0.25 0.45 0.35
GESSVDD-kNN-SR-max 0.89 0.80 0.04 0.81 0.78 0.52 0.79 0.79 0.66 0.76 0.68 0.41 0.42 0.41
GESSVDD-kNN-S-min 0.01 0.40 0.70 0.00 0.77 0.75 0.39 0.43 0.24 0.12 0.38 0.33 0.31 0.32
GESSVDD-kNN-GR-min 0.40 0.18 0.67 0.60 0.26 0.34 0.43 0.22 0.31 0.35 0.38 0.39 0.39 0.39
GESSVDD-kNN-SR-min 0.89 0.80 0.04 0.81 0.78 0.52 0.79 0.79 0.66 0.76 0.68 0.40 0.44 0.42
GESSVDD-PCA-S-max 0.19 0.33 0.15 0.17 0.18 0.31 0.05 0.54 0.24 0.17 0.23 0.28 0.37 0.32
GESSVDD-PCA-GR-max 0.45 0.25 0.19 0.29 0.27 0.27 0.41 0.08 0.28 0.28 0.28 0.39 0.34 0.37
GESSVDD-PCA-SR-max 0.96 0.80 0.95 0.67 0.78 0.80 0.84 0.09 0.42 0.79 0.71 0.36 0.27 0.32
GESSVDD-PCA-S-min 0.41 0.99 0.21 0.18 0.60 0.32 0.01 0.88 0.14 0.05 0.38 0.34 0.28 0.31
GESSVDD-PCA-GR-min 0.60 0.68 0.29 0.50 0.37 0.30 0.51 0.01 0.77 0.21 0.42 0.31 0.34 0.32
GESSVDD-PCA-SR-min 0.96 0.80 0.95 0.67 0.78 0.80 0.84 0.09 0.42 0.79 0.71 0.32 0.26 0.29
GESSVDD-I-S-max 0.30 0.33 0.17 0.17 0.30 0.32 0.42 0.54 0.21 0.17 0.29 0.42 0.27 0.34
GESSVDD-I-GR-max 0.36 0.34 0.18 0.09 0.19 0.52 0.46 0.43 0.36 0.21 0.31 0.35 0.42 0.39
GESSVDD-I-SR-max 0.96 0.80 0.39 0.78 0.78 0.27 0.84 0.90 0.79 0.79 0.73 0.35 0.42 0.39
GESSVDD-I-S-min 0.32 0.99 0.24 0.13 0.30 0.33 0.37 0.88 0.16 0.05 0.38 0.39 0.26 0.32
GESSVDD-I-GR-min (ESSVDD) 0.99 0.95 0.21 0.97 0.22 0.42 0.24 0.33 0.63 0.26 0.52 0.40 0.49 0.45
GESSVDD-I-SR-min 0.96 0.80 0.39 0.78 0.78 0.27 0.84 0.90 0.79 0.79 0.73 0.30 0.37 0.33
GESSVDD-0-S-max 0.22 0.09 0.06 0.28 0.23 0.40 0.08 0.28 0.11 0.05 0.18 0.36 0.37 0.36
GESSVDD-0-GR-max 0.60 0.34 0.48 0.39 0.43 0.49 0.43 0.35 0.44 0.17 0.41 0.36 0.44 0.40
GESSVDD-0-S-min 0.39 1.00 0.97 0.13 0.07 0.23 0.01 0.58 0.02 0.00 0.34 0.37 0.37 0.37
GESSVDD-0-GR-min (SSVDD) 0.89 0.29 0.67 0.24 0.27 0.32 0.24 0.41 0.30 0.06 0.37 0.37 0.39 0.38
ESVDD 0.95 0.96 0.97 0.99 0.98 0.99 0.97 0.98 0.99 0.98 0.98 0.43 0.54 0.49
SVDD 0.03 0.02 0.46 0.03 0.02 0.03 0.03 0.04 0.02 0.03 0.07 0.49 0.40 0.45
OCSVM 0.38 0.48 0.46 0.25 0.39 0.54 0.47 0.34 0.41 0.52 0.42 0.27 0.08 0.17
GESVDD-PCA 0.90 0.95 0.77 0.74 0.79 0.67 0.88 0.84 0.68 0.87 0.81 0.51 0.49 0.50
GESVDD-Sw 0.89 0.95 0.78 0.74 0.79 0.66 0.00 0.86 0.63 0.87 0.72 0.51 0.52 0.51
GESVDD-kNN 0.89 0.95 0.77 0.73 0.79 0.64 0.85 0.86 0.71 0.87 0.81 0.51 0.52 0.52
GESVM-PCA 0.90 0.90 0.81 0.71 0.89 0.58 0.83 0.85 0.75 0.90 0.81 0.50 0.55 0.52
GESVM-Sw 0.92 0.90 0.72 0.71 0.81 0.72 0.80 0.89 0.68 0.82 0.80 0.50 0.51 0.51
GESVM-kNN 0.90 0.99 0.67 0.83 0.84 0.86 0.95 0.86 0.80 0.83 0.85 0.61 0.66 0.64
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Table 29: TNR results for non-linear data description in the proposed framework with added noise

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.29 0.29 0.29 0.42 0.29 0.36 0.13 0.05 0.09 0.35 0.40 0.37
GESSVDD-Sb-GR-max 0.34 0.34 0.34 0.35 0.23 0.29 0.33 0.31 0.32 0.27 0.45 0.36
GESSVDD-Sb-SR-max 0.32 0.32 0.32 0.22 0.24 0.23 0.30 0.22 0.26 0.43 0.44 0.44
GESSVDD-Sb-S-min 0.41 0.41 0.41 0.44 0.19 0.32 0.19 0.19 0.19 0.35 0.20 0.28
GESSVDD-Sb-GR-min 0.45 0.45 0.45 0.32 0.18 0.25 0.21 0.32 0.26 0.33 0.33 0.33
GESSVDD-Sb-SR-min 0.46 0.46 0.46 0.25 0.13 0.19 0.36 0.16 0.26 0.43 0.44 0.43
GESSVDD-Sw-S-max 0.43 0.43 0.43 0.00 0.12 0.06 0.13 0.00 0.06 0.36 0.34 0.35
GESSVDD-Sw-GR-max 0.16 0.16 0.16 0.36 0.39 0.38 0.07 0.11 0.09 0.42 0.39 0.41
GESSVDD-Sw-SR-max 0.43 0.43 0.43 0.11 0.06 0.08 0.00 0.06 0.03 0.43 0.41 0.42
GESSVDD-Sw-S-min 0.34 0.34 0.34 0.00 0.16 0.08 0.00 0.15 0.08 0.44 0.43 0.43
GESSVDD-Sw-GR-min 0.40 0.40 0.40 0.18 0.29 0.24 0.04 0.05 0.05 0.45 0.44 0.45
GESSVDD-Sw-SR-min 0.44 0.44 0.44 0.03 0.19 0.11 0.00 0.00 0.00 0.41 0.33 0.37
GESSVDD-kNN-S-max 0.44 0.44 0.44 0.00 0.00 0.00 0.14 0.04 0.09 0.45 0.45 0.45
GESSVDD-kNN-GR-max 0.43 0.43 0.43 0.28 0.19 0.24 0.12 0.00 0.06 0.44 0.38 0.41
GESSVDD-kNN-SR-max 0.42 0.42 0.42 0.04 0.03 0.03 0.00 0.00 0.00 0.47 0.40 0.44
GESSVDD-kNN-S-min 0.49 0.49 0.49 0.03 0.00 0.02 0.03 0.00 0.02 0.46 0.43 0.44
GESSVDD-kNN-GR-min 0.47 0.47 0.47 0.00 0.00 0.00 0.00 0.00 0.00 0.48 0.43 0.46
GESSVDD-kNN-SR-min 0.47 0.47 0.47 0.04 0.07 0.06 0.06 0.00 0.03 0.45 0.38 0.41
GESSVDD-PCA-S-max 0.37 0.37 0.37 0.00 0.03 0.01 0.00 0.00 0.00 0.49 0.36 0.42
GESSVDD-PCA-GR-max 0.47 0.47 0.47 0.30 0.34 0.32 0.13 0.16 0.14 0.45 0.36 0.40
GESSVDD-PCA-SR-max 0.46 0.46 0.46 0.19 0.05 0.12 0.06 0.09 0.08 0.34 0.41 0.37
GESSVDD-PCA-S-min 0.24 0.24 0.24 0.06 0.11 0.08 0.00 0.00 0.00 0.43 0.39 0.41
GESSVDD-PCA-GR-min 0.30 0.30 0.30 0.28 0.22 0.25 0.00 0.04 0.02 0.46 0.47 0.47
GESSVDD-PCA-SR-min 0.44 0.44 0.44 0.10 0.07 0.09 0.03 0.00 0.02 0.37 0.41 0.39
GESSVDD-I-S-max 0.38 0.38 0.38 0.06 0.03 0.04 0.04 0.00 0.02 0.45 0.38 0.42
GESSVDD-I-GR-max 0.42 0.42 0.42 0.37 0.35 0.36 0.03 0.05 0.04 0.48 0.31 0.39
GESSVDD-I-SR-max 0.49 0.49 0.49 0.13 0.03 0.08 0.00 0.00 0.00 0.43 0.44 0.43
GESSVDD-I-S-min 0.44 0.44 0.44 0.00 0.25 0.12 0.08 0.00 0.04 0.36 0.39 0.38
GESSVDD-I-GR-min (ESSVDD) 0.38 0.38 0.38 0.37 0.15 0.26 0.00 0.11 0.06 0.38 0.46 0.42
GESSVDD-I-SR-min 0.46 0.46 0.46 0.15 0.14 0.14 0.00 0.08 0.04 0.42 0.45 0.44
GESSVDD-0-S-max 0.35 0.35 0.35 0.24 0.21 0.22 0.26 0.32 0.29 0.39 0.36 0.38
GESSVDD-0-GR-max 0.45 0.45 0.45 0.06 0.22 0.14 0.06 0.44 0.25 0.46 0.36 0.41
GESSVDD-0-S-min 0.32 0.32 0.32 0.14 0.16 0.15 0.36 0.09 0.23 0.34 0.40 0.37
GESSVDD-0-GR-min (SSVDD) 0.53 0.53 0.53 0.12 0.24 0.18 0.00 0.09 0.04 0.37 0.47 0.42
ESVDD 0.34 0.34 0.34 0.00 0.00 0.00 0.00 0.03 0.02 0.49 0.52 0.51
SVDD 0.53 0.53 0.53 0.07 0.15 0.11 0.22 0.07 0.15 0.47 0.45 0.46
OCSVM 0.20 0.20 0.20 0.00 0.00 0.00 0.00 0.07 0.03 0.50 0.49 0.50
GESVDD-PCA 0.68 0.68 0.68 0.00 0.00 0.00 0.00 0.00 0.00 0.51 0.53 0.52
GESVDD-Sw 0.68 0.68 0.68 0.00 0.00 0.00 0.00 0.00 0.00 0.53 0.52 0.52
GESVDD-kNN 0.70 0.70 0.70 0.00 0.00 0.00 0.00 0.00 0.00 0.48 0.52 0.50
GESVM-PCA 0.66 0.66 0.66 0.00 0.00 0.00 0.00 0.00 0.00 0.49 0.49 0.49
GESVM-Sw 0.67 0.67 0.67 0.00 0.00 0.00 0.00 0.05 0.03 0.50 0.48 0.49
GESVM-kNN 0.76 0.76 0.76 1.00 1.00 1.00 0.00 0.00 0.00 0.56 0.56 0.56
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S3.2.3. FPR results non-linear data description

Table 30: FPR results for non-linear data description

Dataset Seeds Qualitative bankruptcy Somerville happiness
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
GESSVDD-Sb-S-max 0.31 0.11 0.12 0.18 0.50 0.30 0.40 0.81 0.84 0.83
GESSVDD-Sb-GR-max 0.11 0.05 0.14 0.10 0.26 0.47 0.37 0.75 0.66 0.70
GESSVDD-Sb-SR-max 0.22 0.10 0.11 0.15 0.52 0.59 0.55 0.39 0.76 0.57
GESSVDD-Sb-S-min 0.26 0.08 0.12 0.15 0.47 0.39 0.43 0.55 0.74 0.64
GESSVDD-Sb-GR-min 0.11 0.06 0.12 0.10 0.31 0.38 0.34 0.63 0.64 0.64
GESSVDD-Sb-SR-min 0.35 0.04 0.11 0.17 0.52 0.39 0.45 0.59 0.81 0.70
GESSVDD-Sw-S-max 0.17 0.16 0.14 0.16 0.19 0.83 0.51 0.59 0.77 0.68
GESSVDD-Sw-GR-max 0.10 0.17 0.11 0.13 0.19 0.95 0.57 0.67 0.73 0.70
GESSVDD-Sw-SR-max 0.21 0.14 0.10 0.15 0.20 0.35 0.27 0.56 0.73 0.64
GESSVDD-Sw-S-min 0.19 0.16 0.14 0.16 0.19 0.83 0.51 0.48 0.56 0.52
GESSVDD-Sw-GR-min 0.10 0.05 0.08 0.08 0.27 0.99 0.63 0.66 0.74 0.70
GESSVDD-Sw-SR-min 0.24 0.13 0.08 0.15 0.04 0.17 0.10 0.45 0.69 0.57
GESSVDD-kNN-S-max 0.18 0.10 0.14 0.14 0.37 0.46 0.41 0.58 0.77 0.68
GESSVDD-kNN-GR-max 0.19 0.07 0.12 0.13 0.15 0.74 0.45 0.55 0.64 0.60
GESSVDD-kNN-SR-max 0.18 0.04 0.08 0.10 0.28 0.26 0.27 0.59 0.60 0.59
GESSVDD-kNN-S-min 0.18 0.14 0.08 0.13 0.20 0.15 0.18 0.63 0.56 0.59
GESSVDD-kNN-GR-min 0.13 0.06 0.13 0.10 0.17 0.62 0.40 0.51 0.64 0.57
GESSVDD-kNN-SR-min 0.18 0.12 0.06 0.12 0.28 0.10 0.19 0.51 0.63 0.57
GESSVDD-PCA-S-max 0.20 0.10 0.07 0.12 0.16 0.27 0.21 0.61 0.70 0.65
GESSVDD-PCA-GR-max 0.25 0.13 0.13 0.17 0.10 0.93 0.52 0.53 0.79 0.66
GESSVDD-PCA-SR-max 0.22 0.05 0.07 0.11 0.06 0.53 0.29 0.64 0.66 0.65
GESSVDD-PCA-S-min 0.23 0.06 0.07 0.12 0.12 0.30 0.21 0.43 0.73 0.58
GESSVDD-PCA-GR-min 0.14 0.08 0.08 0.10 0.09 0.94 0.51 0.57 0.76 0.66
GESSVDD-PCA-SR-min 0.23 0.14 0.07 0.15 0.08 0.41 0.24 0.61 0.68 0.64
GESSVDD-I-S-max 0.22 0.09 0.07 0.13 0.19 0.40 0.30 0.74 0.73 0.73
GESSVDD-I-GR-max 0.17 0.07 0.10 0.11 0.13 0.96 0.55 0.61 0.73 0.67
GESSVDD-I-SR-max 0.22 0.09 0.10 0.14 0.12 0.54 0.33 0.63 0.61 0.62
GESSVDD-I-S-min 0.22 0.04 0.10 0.12 0.07 0.43 0.25 0.56 0.72 0.64
GESSVDD-I-GR-min (ESSVDD) 0.16 0.09 0.12 0.12 0.12 0.90 0.51 0.51 0.72 0.61
GESSVDD-I-SR-min 0.22 0.05 0.10 0.13 0.23 0.40 0.32 0.51 0.77 0.64
GESSVDD-0-S-max 0.17 0.06 0.07 0.10 0.21 0.55 0.38 0.71 0.75 0.73
GESSVDD-0-GR-max 0.16 0.04 0.07 0.09 0.08 0.43 0.26 0.67 0.63 0.65
GESSVDD-0-S-min 0.15 0.08 0.07 0.10 0.21 0.46 0.33 0.54 0.56 0.55
GESSVDD-0-GR-min (SSVDD) 0.13 0.04 0.08 0.08 0.08 0.47 0.28 0.59 0.50 0.54
ESVDD 0.07 0.02 0.02 0.04 0.00 0.00 0.00 0.00 0.57 0.29
SVDD 0.15 0.06 0.07 0.09 0.49 0.22 0.35 0.76 0.40 0.58
OCSVM 0.33 0.23 0.46 0.34 0.70 0.32 0.51 0.53 0.55 0.54
GESVDD-PCA 0.11 0.03 0.05 0.06 0.02 0.83 0.43 0.57 0.59 0.58
GESVDD-Sw 0.09 0.03 0.04 0.05 0.03 0.83 0.43 0.39 0.43 0.41
GESVDD-kNN 0.09 0.03 0.05 0.05 0.17 0.84 0.51 0.58 0.31 0.45
GESVM-PCA 0.13 0.03 0.03 0.07 0.00 0.81 0.41 0.53 0.51 0.52
GESVM-Sw 0.15 0.04 0.05 0.08 0.00 0.85 0.43 0.45 0.64 0.55
GESVM-kNN 0.12 0.02 0.03 0.06 0.00 0.85 0.43 0.51 0.50 0.50
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Table 31: FPR results for non-linear data description

Dataset Iris Ionosphere Sonar
Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.
GESSVDD-Sb-S-max 0.04 0.06 0.27 0.12 0.39 0.43 0.41 0.66 0.59 0.63
GESSVDD-Sb-GR-max 0.00 0.16 0.05 0.07 0.63 0.20 0.42 0.67 0.68 0.68
GESSVDD-Sb-SR-max 0.25 0.15 0.11 0.17 0.64 0.34 0.49 0.73 0.59 0.66
GESSVDD-Sb-S-min 0.07 0.07 0.15 0.10 0.39 0.29 0.34 0.58 0.44 0.51
GESSVDD-Sb-GR-min 0.00 0.12 0.11 0.08 0.68 0.20 0.44 0.67 0.42 0.55
GESSVDD-Sb-SR-min 0.25 0.13 0.09 0.16 0.52 0.34 0.43 0.76 0.47 0.62
GESSVDD-Sw-S-max 0.16 0.04 0.16 0.12 0.32 0.23 0.28 0.56 0.79 0.68
GESSVDD-Sw-GR-max 0.00 0.03 0.09 0.04 0.70 0.16 0.43 0.65 0.71 0.68
GESSVDD-Sw-SR-max 0.00 0.14 0.15 0.10 0.40 0.20 0.30 0.75 0.34 0.54
GESSVDD-Sw-S-min 0.30 0.10 0.13 0.18 0.41 0.23 0.32 0.53 0.59 0.56
GESSVDD-Sw-GR-min 0.00 0.12 0.15 0.09 0.61 0.19 0.40 0.64 0.76 0.70
GESSVDD-Sw-SR-min 0.00 0.14 0.16 0.10 0.06 0.18 0.12 0.75 0.72 0.73
GESSVDD-kNN-S-max 0.00 0.11 0.11 0.07 0.41 0.22 0.32 0.62 0.61 0.61
GESSVDD-kNN-GR-max 0.00 0.08 0.07 0.05 0.40 0.12 0.26 0.58 0.64 0.61
GESSVDD-kNN-SR-max 0.00 0.16 0.10 0.09 0.41 0.24 0.32 0.62 0.51 0.57
GESSVDD-kNN-S-min 0.00 0.12 0.09 0.07 0.74 0.22 0.48 0.41 0.61 0.51
GESSVDD-kNN-GR-min 0.07 0.03 0.06 0.05 0.62 0.11 0.36 0.60 0.52 0.56
GESSVDD-kNN-SR-min 0.00 0.17 0.07 0.08 0.50 0.24 0.37 0.52 0.43 0.47
GESSVDD-PCA-S-max 0.00 0.03 0.07 0.04 0.72 0.19 0.45 0.75 0.74 0.75
GESSVDD-PCA-GR-max 0.04 0.09 0.09 0.07 0.59 0.15 0.37 0.62 0.76 0.69
GESSVDD-PCA-SR-max 0.00 0.09 0.05 0.05 0.49 0.19 0.34 0.68 0.41 0.55
GESSVDD-PCA-S-min 0.00 0.09 0.25 0.12 0.64 0.17 0.40 0.44 0.46 0.45
GESSVDD-PCA-GR-min 0.03 0.34 0.11 0.16 0.62 0.11 0.36 0.58 0.63 0.60
GESSVDD-PCA-SR-min 0.00 0.09 0.15 0.08 0.64 0.14 0.39 0.41 0.52 0.47
GESSVDD-I-S-max 0.00 0.04 0.13 0.06 0.88 0.21 0.55 0.64 0.72 0.68
GESSVDD-I-GR-max 0.01 0.09 0.13 0.08 0.56 0.17 0.36 0.53 0.63 0.58
GESSVDD-I-SR-max 0.00 0.04 0.13 0.06 0.90 0.21 0.55 0.63 0.43 0.53
GESSVDD-I-S-min 0.00 0.04 0.13 0.06 0.79 0.21 0.50 0.55 0.43 0.49
GESSVDD-I-GR-min (ESSVDD) 0.03 0.07 0.09 0.06 0.57 0.14 0.36 0.54 0.62 0.58
GESSVDD-I-SR-min 0.00 0.04 0.15 0.06 0.83 0.21 0.52 0.54 0.50 0.52
GESSVDD-0-S-max 0.00 0.09 0.07 0.05 0.54 0.42 0.48 0.72 0.30 0.51
GESSVDD-0-GR-max 0.00 0.07 0.11 0.06 0.45 0.27 0.36 0.65 0.60 0.62
GESSVDD-0-S-min 0.03 0.11 0.06 0.07 0.68 0.41 0.54 0.55 0.54 0.54
GESSVDD-0-GR-min (SSVDD) 0.00 0.06 0.05 0.04 0.72 0.13 0.43 0.69 0.64 0.67
ESVDD 0.00 0.01 0.05 0.02 0.79 0.06 0.43 0.28 0.07 0.17
SVDD 0.00 0.05 0.09 0.05 0.29 0.21 0.25 0.62 0.54 0.58
OCSVM 0.20 0.59 0.02 0.27 0.35 0.31 0.33 0.53 0.47 0.50
GESVDD-PCA 0.00 0.05 0.05 0.03 0.49 0.12 0.31 0.54 0.50 0.52
GESVDD-Sw 0.00 0.04 0.04 0.03 0.41 0.11 0.26 0.56 0.47 0.51
GESVDD-kNN 0.00 0.04 0.05 0.03 0.25 0.10 0.17 0.52 0.44 0.48
GESVM-PCA 0.00 0.03 0.05 0.03 0.67 0.07 0.37 0.56 0.42 0.49
GESVM-Sw 0.00 0.07 0.05 0.04 0.50 0.08 0.29 0.54 0.32 0.43
GESVM-kNN 0.00 0.05 0.05 0.03 0.67 0.09 0.38 0.56 0.38 0.47
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Table 32: FPR results for non-linear data description

Dataset MNIST Liver
Target class 0 1 2 3 4 5 6 7 8 9 Av. DP DA Av.
GESSVDD-Sb-S-max 0.84 0.84 0.94 0.92 0.61 0.71 0.69 1.00 0.88 0.91 0.83 0.63 0.65 0.64
GESSVDD-Sb-GR-max 0.38 0.68 0.52 0.59 0.80 0.67 0.79 0.62 0.89 0.42 0.64 0.71 0.65 0.68
GESSVDD-Sb-SR-max 0.99 0.41 0.74 0.33 0.95 0.96 0.90 0.74 0.89 0.53 0.74 0.71 0.73 0.72
GESSVDD-Sb-S-min 0.21 0.92 1.00 0.90 0.31 0.18 0.20 1.00 0.79 0.80 0.63 0.66 0.67 0.67
GESSVDD-Sb-GR-min 0.38 0.82 0.33 0.76 0.96 0.39 0.29 0.82 0.00 0.62 0.54 0.65 0.76 0.70
GESSVDD-Sb-SR-min 0.99 0.41 0.74 0.33 0.95 0.96 0.90 0.74 0.89 0.53 0.74 0.66 0.71 0.69
GESSVDD-Sw-S-max 0.93 0.95 0.75 0.86 0.72 0.89 0.82 0.67 0.95 0.90 0.84 0.55 0.68 0.62
GESSVDD-Sw-GR-max 0.75 0.78 0.91 0.56 0.88 0.48 0.77 0.57 0.80 0.83 0.73 0.64 0.60 0.62
GESSVDD-Sw-SR-max 0.56 0.20 0.80 0.45 0.21 0.68 0.16 0.21 0.85 0.52 0.47 0.61 0.53 0.57
GESSVDD-Sw-S-min 1.00 0.99 0.14 0.78 0.52 0.96 0.79 0.56 1.00 0.99 0.77 0.76 0.67 0.72
GESSVDD-Sw-GR-min 0.48 0.52 0.45 0.73 0.98 0.61 0.55 0.66 0.15 0.64 0.58 0.67 0.72 0.70
GESSVDD-Sw-SR-min 0.56 0.20 0.80 0.45 0.21 0.68 0.16 0.21 0.85 0.52 0.47 0.69 0.60 0.64
GESSVDD-kNN-S-max 0.92 0.77 0.47 0.94 0.45 0.69 0.69 0.74 0.73 0.75 0.72 0.61 0.68 0.64
GESSVDD-kNN-GR-max 0.38 0.68 0.51 0.51 0.76 0.53 0.82 0.60 0.63 0.45 0.59 0.75 0.55 0.65
GESSVDD-kNN-SR-max 0.11 0.20 0.96 0.19 0.22 0.48 0.21 0.21 0.34 0.24 0.32 0.59 0.58 0.59
GESSVDD-kNN-S-min 0.99 0.60 0.30 1.00 0.23 0.25 0.61 0.57 0.76 0.88 0.62 0.67 0.69 0.68
GESSVDD-kNN-GR-min 0.60 0.82 0.33 0.40 0.74 0.66 0.57 0.78 0.69 0.65 0.62 0.61 0.61 0.61
GESSVDD-kNN-SR-min 0.11 0.20 0.96 0.19 0.22 0.48 0.21 0.21 0.34 0.24 0.32 0.60 0.56 0.58
GESSVDD-PCA-S-max 0.81 0.67 0.85 0.83 0.82 0.69 0.95 0.46 0.76 0.83 0.77 0.72 0.63 0.68
GESSVDD-PCA-GR-max 0.55 0.75 0.81 0.71 0.73 0.73 0.59 0.92 0.72 0.72 0.72 0.61 0.66 0.63
GESSVDD-PCA-SR-max 0.04 0.20 0.05 0.33 0.22 0.20 0.16 0.91 0.58 0.21 0.29 0.64 0.73 0.68
GESSVDD-PCA-S-min 0.59 0.01 0.79 0.82 0.40 0.68 0.99 0.12 0.86 0.95 0.62 0.66 0.72 0.69
GESSVDD-PCA-GR-min 0.40 0.32 0.71 0.50 0.63 0.70 0.49 0.99 0.23 0.79 0.58 0.69 0.66 0.68
GESSVDD-PCA-SR-min 0.04 0.20 0.05 0.33 0.22 0.20 0.16 0.91 0.58 0.21 0.29 0.68 0.74 0.71
GESSVDD-I-S-max 0.70 0.67 0.83 0.83 0.70 0.68 0.58 0.46 0.79 0.83 0.71 0.58 0.73 0.66
GESSVDD-I-GR-max 0.64 0.66 0.82 0.91 0.81 0.48 0.54 0.57 0.64 0.79 0.69 0.65 0.58 0.61
GESSVDD-I-SR-max 0.04 0.20 0.61 0.22 0.22 0.73 0.16 0.10 0.21 0.21 0.27 0.65 0.58 0.61
GESSVDD-I-S-min 0.68 0.01 0.76 0.87 0.70 0.67 0.63 0.12 0.84 0.95 0.62 0.61 0.74 0.68
GESSVDD-I-GR-min (ESSVDD) 0.01 0.05 0.79 0.03 0.78 0.58 0.76 0.67 0.37 0.74 0.48 0.60 0.51 0.55
GESSVDD-I-SR-min 0.04 0.20 0.61 0.22 0.22 0.73 0.16 0.10 0.21 0.21 0.27 0.70 0.63 0.67
GESSVDD-0-S-max 0.78 0.91 0.94 0.72 0.77 0.60 0.92 0.72 0.89 0.95 0.82 0.64 0.63 0.64
GESSVDD-0-GR-max 0.40 0.66 0.52 0.61 0.57 0.51 0.57 0.65 0.56 0.83 0.59 0.64 0.56 0.60
GESSVDD-0-S-min 0.61 0.00 0.03 0.87 0.93 0.77 0.99 0.42 0.98 1.00 0.66 0.63 0.63 0.63
GESSVDD-0-GR-min (SSVDD) 0.11 0.71 0.33 0.76 0.73 0.68 0.76 0.59 0.70 0.94 0.63 0.63 0.61 0.62
ESVDD 0.05 0.04 0.03 0.01 0.02 0.01 0.03 0.02 0.01 0.02 0.02 0.57 0.46 0.51
SVDD 0.97 0.98 0.54 0.97 0.98 0.97 0.97 0.96 0.98 0.97 0.93 0.51 0.60 0.55
OCSVM 0.62 0.52 0.54 0.75 0.61 0.46 0.53 0.66 0.59 0.48 0.58 0.73 0.92 0.83
GESVDD-PCA 0.10 0.05 0.23 0.26 0.21 0.33 0.12 0.16 0.32 0.13 0.19 0.49 0.51 0.50
GESVDD-Sw 0.11 0.05 0.22 0.26 0.21 0.34 1.00 0.14 0.37 0.13 0.28 0.49 0.48 0.49
GESVDD-kNN 0.11 0.05 0.23 0.27 0.21 0.36 0.15 0.14 0.29 0.13 0.19 0.49 0.48 0.48
GESVM-PCA 0.10 0.10 0.19 0.29 0.11 0.42 0.17 0.15 0.25 0.10 0.19 0.50 0.45 0.48
GESVM-Sw 0.08 0.10 0.28 0.29 0.19 0.28 0.20 0.11 0.32 0.18 0.20 0.50 0.49 0.49
GESVM-kNN 0.10 0.01 0.33 0.17 0.16 0.14 0.05 0.14 0.20 0.17 0.15 0.39 0.34 0.36
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Table 33: FPR results for non-linear data description in the proposed framework with added noise

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.71 0.71 0.71 0.58 0.71 0.64 0.87 0.95 0.91 0.65 0.60 0.63
GESSVDD-Sb-GR-max 0.66 0.66 0.66 0.65 0.77 0.71 0.67 0.69 0.68 0.73 0.55 0.64
GESSVDD-Sb-SR-max 0.68 0.68 0.68 0.78 0.76 0.77 0.70 0.78 0.74 0.57 0.56 0.56
GESSVDD-Sb-S-min 0.59 0.59 0.59 0.56 0.81 0.68 0.81 0.81 0.81 0.65 0.80 0.72
GESSVDD-Sb-GR-min 0.55 0.55 0.55 0.68 0.82 0.75 0.79 0.68 0.74 0.67 0.67 0.67
GESSVDD-Sb-SR-min 0.54 0.54 0.54 0.75 0.87 0.81 0.64 0.84 0.74 0.57 0.56 0.57
GESSVDD-Sw-S-max 0.57 0.57 0.57 1.00 0.88 0.94 0.87 1.00 0.94 0.64 0.66 0.65
GESSVDD-Sw-GR-max 0.84 0.84 0.84 0.64 0.61 0.62 0.93 0.89 0.91 0.58 0.61 0.59
GESSVDD-Sw-SR-max 0.57 0.57 0.57 0.89 0.94 0.92 1.00 0.94 0.97 0.57 0.59 0.58
GESSVDD-Sw-S-min 0.66 0.66 0.66 1.00 0.84 0.92 1.00 0.85 0.92 0.56 0.57 0.57
GESSVDD-Sw-GR-min 0.60 0.60 0.60 0.82 0.71 0.76 0.96 0.95 0.95 0.55 0.56 0.55
GESSVDD-Sw-SR-min 0.56 0.56 0.56 0.97 0.81 0.89 1.00 1.00 1.00 0.59 0.67 0.63
GESSVDD-kNN-S-max 0.56 0.56 0.56 1.00 1.00 1.00 0.86 0.96 0.91 0.55 0.55 0.55
GESSVDD-kNN-GR-max 0.57 0.57 0.57 0.72 0.81 0.76 0.88 1.00 0.94 0.56 0.62 0.59
GESSVDD-kNN-SR-max 0.58 0.58 0.58 0.96 0.97 0.97 1.00 1.00 1.00 0.53 0.60 0.56
GESSVDD-kNN-S-min 0.51 0.51 0.51 0.97 1.00 0.98 0.97 1.00 0.98 0.54 0.57 0.56
GESSVDD-kNN-GR-min 0.53 0.53 0.53 1.00 1.00 1.00 1.00 1.00 1.00 0.52 0.57 0.54
GESSVDD-kNN-SR-min 0.53 0.53 0.53 0.96 0.93 0.94 0.94 1.00 0.97 0.55 0.62 0.59
GESSVDD-PCA-S-max 0.63 0.63 0.63 1.00 0.97 0.99 1.00 1.00 1.00 0.51 0.64 0.58
GESSVDD-PCA-GR-max 0.53 0.53 0.53 0.70 0.66 0.68 0.87 0.84 0.86 0.55 0.64 0.60
GESSVDD-PCA-SR-max 0.54 0.54 0.54 0.81 0.95 0.88 0.94 0.91 0.92 0.66 0.59 0.63
GESSVDD-PCA-S-min 0.76 0.76 0.76 0.94 0.89 0.92 1.00 1.00 1.00 0.57 0.61 0.59
GESSVDD-PCA-GR-min 0.70 0.70 0.70 0.72 0.78 0.75 1.00 0.96 0.98 0.54 0.53 0.53
GESSVDD-PCA-SR-min 0.56 0.56 0.56 0.90 0.93 0.91 0.97 1.00 0.98 0.63 0.59 0.61
GESSVDD-I-S-max 0.62 0.62 0.62 0.94 0.97 0.96 0.96 1.00 0.98 0.55 0.62 0.58
GESSVDD-I-GR-max 0.58 0.58 0.58 0.63 0.65 0.64 0.97 0.95 0.96 0.52 0.69 0.61
GESSVDD-I-SR-max 0.51 0.51 0.51 0.87 0.97 0.92 1.00 1.00 1.00 0.57 0.56 0.57
GESSVDD-I-S-min 0.56 0.56 0.56 1.00 0.75 0.88 0.92 1.00 0.96 0.64 0.61 0.62
GESSVDD-I-GR-min (ESSVDD) 0.62 0.62 0.62 0.63 0.85 0.74 1.00 0.89 0.94 0.62 0.54 0.58
GESSVDD-I-SR-min 0.54 0.54 0.54 0.85 0.86 0.86 1.00 0.92 0.96 0.58 0.55 0.56
GESSVDD-0-S-max 0.65 0.65 0.65 0.76 0.79 0.78 0.74 0.68 0.71 0.61 0.64 0.62
GESSVDD-0-GR-max 0.55 0.55 0.55 0.94 0.78 0.86 0.94 0.56 0.75 0.54 0.64 0.59
GESSVDD-0-S-min 0.68 0.68 0.68 0.86 0.84 0.85 0.64 0.91 0.77 0.66 0.60 0.63
GESSVDD-0-GR-min (SSVDD) 0.47 0.47 0.47 0.88 0.76 0.82 1.00 0.91 0.96 0.63 0.53 0.58
ESVDD 0.66 0.66 0.66 1.00 1.00 1.00 1.00 0.97 0.98 0.51 0.48 0.49
SVDD 0.47 0.47 0.47 0.93 0.85 0.89 0.78 0.93 0.85 0.53 0.55 0.54
OCSVM 0.80 0.80 0.80 1.00 1.00 1.00 1.00 0.93 0.97 0.50 0.51 0.50
GESVDD-PCA 0.32 0.32 0.32 1.00 1.00 1.00 1.00 1.00 1.00 0.49 0.47 0.48
GESVDD-Sw 0.32 0.32 0.32 1.00 1.00 1.00 1.00 1.00 1.00 0.47 0.48 0.48
GESVDD-kNN 0.30 0.30 0.30 1.00 1.00 1.00 1.00 1.00 1.00 0.52 0.48 0.50
GESVM-PCA 0.34 0.34 0.34 1.00 1.00 1.00 1.00 1.00 1.00 0.51 0.51 0.51
GESVM-Sw 0.33 0.33 0.33 1.00 1.00 1.00 1.00 0.95 0.97 0.50 0.52 0.51
GESVM-kNN 0.24 0.24 0.24 0.00 0.00 0.00 1.00 1.00 1.00 0.44 0.44 0.44
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S3.2.4. FNR results non-linear data description

Table 34: FNR results for non-linear data description

Dataset Seeds Qualitative bankruptcy Somerville happiness
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av.
GESSVDD-Sb-S-max 0.14 0.06 0.11 0.10 0.24 0.54 0.39 0.22 0.23 0.22
GESSVDD-Sb-GR-max 0.22 0.36 0.08 0.22 0.07 0.41 0.24 0.26 0.34 0.30
GESSVDD-Sb-SR-max 0.22 0.26 0.03 0.17 0.30 0.55 0.42 0.53 0.51 0.52
GESSVDD-Sb-S-min 0.14 0.10 0.19 0.15 0.24 0.49 0.37 0.38 0.28 0.33
GESSVDD-Sb-GR-min 0.22 0.42 0.06 0.23 0.06 0.46 0.26 0.26 0.36 0.31
GESSVDD-Sb-SR-min 0.19 0.22 0.05 0.15 0.30 0.60 0.45 0.40 0.45 0.43
GESSVDD-Sw-S-max 0.11 0.05 0.01 0.06 0.12 0.11 0.11 0.29 0.29 0.29
GESSVDD-Sw-GR-max 0.12 0.10 0.06 0.10 0.20 0.11 0.15 0.29 0.29 0.29
GESSVDD-Sw-SR-max 0.14 0.07 0.12 0.11 0.09 0.42 0.25 0.32 0.39 0.36
GESSVDD-Sw-S-min 0.22 0.05 0.01 0.09 0.08 0.14 0.11 0.37 0.43 0.40
GESSVDD-Sw-GR-min 0.11 0.07 0.09 0.09 0.17 0.11 0.14 0.26 0.28 0.27
GESSVDD-Sw-SR-min 0.12 0.11 0.10 0.11 0.09 0.38 0.24 0.43 0.37 0.40
GESSVDD-kNN-S-max 0.07 0.10 0.06 0.07 0.10 0.22 0.16 0.36 0.42 0.39
GESSVDD-kNN-GR-max 0.16 0.10 0.09 0.12 0.09 0.23 0.16 0.29 0.42 0.35
GESSVDD-kNN-SR-max 0.09 0.11 0.01 0.07 0.08 0.30 0.19 0.40 0.43 0.42
GESSVDD-kNN-S-min 0.07 0.10 0.05 0.07 0.17 0.28 0.22 0.33 0.43 0.38
GESSVDD-kNN-GR-min 0.19 0.07 0.04 0.10 0.13 0.38 0.25 0.25 0.48 0.37
GESSVDD-kNN-SR-min 0.08 0.09 0.07 0.08 0.13 0.37 0.25 0.46 0.37 0.41
GESSVDD-PCA-S-max 0.11 0.08 0.05 0.08 0.44 0.33 0.39 0.29 0.27 0.28
GESSVDD-PCA-GR-max 0.15 0.07 0.06 0.09 0.10 0.14 0.12 0.34 0.32 0.33
GESSVDD-PCA-SR-max 0.10 0.27 0.05 0.14 0.13 0.40 0.27 0.31 0.35 0.33
GESSVDD-PCA-S-min 0.07 0.05 0.05 0.05 0.17 0.36 0.27 0.45 0.40 0.43
GESSVDD-PCA-GR-min 0.13 0.19 0.05 0.12 0.06 0.16 0.11 0.32 0.34 0.33
GESSVDD-PCA-SR-min 0.07 0.05 0.06 0.06 0.07 0.28 0.17 0.30 0.33 0.32
GESSVDD-I-S-max 0.06 0.06 0.22 0.11 0.13 0.37 0.25 0.28 0.38 0.33
GESSVDD-I-GR-max 0.17 0.10 0.08 0.12 0.06 0.15 0.10 0.29 0.29 0.29
GESSVDD-I-SR-max 0.06 0.06 0.02 0.04 0.15 0.17 0.16 0.31 0.44 0.38
GESSVDD-I-S-min 0.06 0.07 0.04 0.05 0.21 0.38 0.30 0.41 0.37 0.39
GESSVDD-I-GR-min (ESSVDD) 0.16 0.10 0.07 0.11 0.03 0.19 0.11 0.29 0.42 0.35
GESSVDD-I-SR-min 0.06 0.04 0.03 0.04 0.07 0.35 0.21 0.34 0.32 0.33
GESSVDD-0-S-max 0.12 0.10 0.07 0.10 0.32 0.48 0.40 0.27 0.16 0.21
GESSVDD-0-GR-max 0.14 0.10 0.06 0.10 0.05 0.57 0.31 0.36 0.27 0.32
GESSVDD-0-S-min 0.13 0.10 0.10 0.11 0.34 0.46 0.40 0.43 0.46 0.44
GESSVDD-0-GR-min (SSVDD) 0.13 0.08 0.05 0.09 0.04 0.43 0.24 0.39 0.55 0.47
ESVDD 0.29 0.21 0.22 0.24 1.00 1.00 1.00 1.00 0.49 0.75
SVDD 0.14 0.11 0.04 0.10 0.32 0.73 0.53 0.24 0.66 0.45
OCSVM 0.59 0.48 0.52 0.53 0.28 0.50 0.39 0.51 0.45 0.48
GESVDD-PCA 0.18 0.11 0.09 0.13 0.09 0.36 0.22 0.37 0.41 0.39
GESVDD-Sw 0.25 0.11 0.10 0.15 0.09 0.38 0.23 0.56 0.55 0.55
GESVDD-kNN 0.22 0.13 0.08 0.14 0.13 0.35 0.24 0.34 0.67 0.51
GESVM-PCA 0.16 0.16 0.10 0.14 0.09 0.63 0.36 0.39 0.52 0.45
GESVM-Sw 0.15 0.15 0.13 0.15 0.13 0.58 0.35 0.43 0.46 0.45
GESVM-kNN 0.18 0.17 0.15 0.17 0.14 0.69 0.42 0.37 0.47 0.42
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Table 35: FNR results for non-linear data description

Dataset Iris Ionosphere Sonar
Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.
GESSVDD-Sb-S-max 0.08 0.17 0.13 0.13 0.42 0.27 0.34 0.37 0.36 0.36
GESSVDD-Sb-GR-max 0.09 0.17 0.15 0.14 0.20 0.04 0.12 0.14 0.31 0.22
GESSVDD-Sb-SR-max 0.09 0.15 0.19 0.14 0.19 0.73 0.46 0.24 0.58 0.41
GESSVDD-Sb-S-min 0.08 0.13 0.11 0.11 0.43 0.47 0.45 0.41 0.52 0.46
GESSVDD-Sb-GR-min 0.09 0.16 0.09 0.12 0.24 0.04 0.14 0.14 0.50 0.32
GESSVDD-Sb-SR-min 0.05 0.21 0.31 0.19 0.36 0.73 0.54 0.22 0.76 0.49
GESSVDD-Sw-S-max 0.11 0.13 0.15 0.13 0.46 0.05 0.25 0.32 0.23 0.28
GESSVDD-Sw-GR-max 0.12 0.17 0.12 0.14 0.02 0.06 0.04 0.18 0.19 0.19
GESSVDD-Sw-SR-max 0.05 0.13 0.15 0.11 0.56 0.05 0.31 0.19 0.55 0.37
GESSVDD-Sw-S-min 0.16 0.12 0.16 0.15 0.45 0.05 0.25 0.41 0.33 0.37
GESSVDD-Sw-GR-min 0.09 0.13 0.17 0.13 0.03 0.07 0.05 0.24 0.15 0.20
GESSVDD-Sw-SR-min 0.07 0.13 0.12 0.11 0.81 0.08 0.45 0.19 0.27 0.23
GESSVDD-kNN-S-max 0.12 0.13 0.21 0.16 0.21 0.03 0.12 0.29 0.28 0.29
GESSVDD-kNN-GR-max 0.11 0.08 0.16 0.12 0.19 0.08 0.14 0.31 0.27 0.29
GESSVDD-kNN-SR-max 0.11 0.08 0.23 0.14 0.21 0.04 0.12 0.27 0.41 0.34
GESSVDD-kNN-S-min 0.11 0.12 0.23 0.15 0.32 0.03 0.18 0.39 0.32 0.36
GESSVDD-kNN-GR-min 0.09 0.20 0.12 0.14 0.03 0.06 0.04 0.25 0.25 0.25
GESSVDD-kNN-SR-min 0.11 0.08 0.27 0.15 0.34 0.04 0.19 0.34 0.40 0.37
GESSVDD-PCA-S-max 0.12 0.07 0.17 0.12 0.38 0.07 0.23 0.18 0.24 0.21
GESSVDD-PCA-GR-max 0.12 0.16 0.20 0.16 0.09 0.05 0.07 0.21 0.18 0.19
GESSVDD-PCA-SR-max 0.12 0.05 0.19 0.12 0.64 0.11 0.37 0.26 0.52 0.39
GESSVDD-PCA-S-min 0.12 0.05 0.12 0.10 0.56 0.08 0.32 0.43 0.52 0.47
GESSVDD-PCA-GR-min 0.12 0.13 0.17 0.14 0.09 0.07 0.08 0.28 0.21 0.24
GESSVDD-PCA-SR-min 0.12 0.05 0.19 0.12 0.48 0.13 0.30 0.45 0.36 0.40
GESSVDD-I-S-max 0.04 0.11 0.17 0.11 0.30 0.02 0.16 0.31 0.30 0.30
GESSVDD-I-GR-max 0.08 0.17 0.12 0.12 0.07 0.06 0.07 0.30 0.21 0.25
GESSVDD-I-SR-max 0.04 0.09 0.17 0.10 0.32 0.02 0.17 0.30 0.53 0.42
GESSVDD-I-S-min 0.11 0.09 0.17 0.12 0.34 0.02 0.18 0.41 0.51 0.46
GESSVDD-I-GR-min (ESSVDD) 0.08 0.15 0.13 0.12 0.03 0.07 0.05 0.34 0.18 0.26
GESSVDD-I-SR-min 0.09 0.09 0.15 0.11 0.37 0.02 0.19 0.39 0.41 0.40
GESSVDD-0-S-max 0.12 0.09 0.13 0.12 0.14 0.21 0.17 0.13 0.49 0.31
GESSVDD-0-GR-max 0.08 0.11 0.12 0.10 0.32 0.07 0.19 0.29 0.24 0.27
GESSVDD-0-S-min 0.08 0.12 0.13 0.11 0.22 0.09 0.15 0.33 0.37 0.35
GESSVDD-0-GR-min (SSVDD) 0.11 0.09 0.15 0.12 0.04 0.08 0.06 0.18 0.28 0.23
ESVDD 0.43 0.29 0.27 0.33 0.31 0.17 0.24 0.58 0.71 0.64
SVDD 0.16 0.11 0.15 0.14 0.76 0.07 0.42 0.24 0.22 0.23
OCSVM 0.47 0.57 0.65 0.56 0.56 0.59 0.58 0.51 0.40 0.46
GESVDD-PCA 0.29 0.12 0.17 0.20 0.69 0.11 0.40 0.32 0.27 0.30
GESVDD-Sw 0.20 0.20 0.16 0.19 0.75 0.10 0.43 0.32 0.35 0.33
GESVDD-kNN 0.29 0.13 0.16 0.20 0.82 0.11 0.46 0.39 0.36 0.37
GESVM-PCA 0.19 0.16 0.13 0.16 0.50 0.12 0.31 0.36 0.36 0.36
GESVM-Sw 0.21 0.07 0.17 0.15 0.53 0.12 0.33 0.35 0.48 0.42
GESVM-kNN 0.20 0.16 0.16 0.17 0.47 0.14 0.31 0.34 0.44 0.39
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Table 36: FNR results for non-linear data description

Dataset MNIST Liver

Target class 0 1 2 3 4 5 6 7 8 9 Av. DP DA Av.

GESSVDD-Sb-S-max 0.84 0.84 0.94 0.92 0.61 0.71 0.69 1.00 0.88 0.91 0.83 0.63 0.65 0.64

GESSVDD-Sb-GR-max 0.38 0.68 0.52 0.59 0.80 0.67 0.79 0.62 0.89 0.42 0.64 0.71 0.65 0.68

GESSVDD-Sb-SR-max 0.99 0.41 0.74 0.33 0.95 0.96 0.90 0.74 0.89 0.53 0.74 0.71 0.73 0.72

GESSVDD-Sb-S-min 0.21 0.92 1.00 0.90 0.31 0.18 0.20 1.00 0.79 0.80 0.63 0.66 0.67 0.67

GESSVDD-Sb-GR-min 0.38 0.82 0.33 0.76 0.96 0.39 0.29 0.82 0.00 0.62 0.54 0.65 0.76 0.70

GESSVDD-Sb-SR-min 0.99 0.41 0.74 0.33 0.95 0.96 0.90 0.74 0.89 0.53 0.74 0.66 0.71 0.69

GESSVDD-Sw-S-max 0.93 0.95 0.75 0.86 0.72 0.89 0.82 0.67 0.95 0.90 0.84 0.55 0.68 0.62

GESSVDD-Sw-GR-max 0.75 0.78 0.91 0.56 0.88 0.48 0.77 0.57 0.80 0.83 0.73 0.64 0.60 0.62

GESSVDD-Sw-SR-max 0.56 0.20 0.80 0.45 0.21 0.68 0.16 0.21 0.85 0.52 0.47 0.61 0.53 0.57

GESSVDD-Sw-S-min 1.00 0.99 0.14 0.78 0.52 0.96 0.79 0.56 1.00 0.99 0.77 0.76 0.67 0.72

GESSVDD-Sw-GR-min 0.48 0.52 0.45 0.73 0.98 0.61 0.55 0.66 0.15 0.64 0.58 0.67 0.72 0.70

GESSVDD-Sw-SR-min 0.56 0.20 0.80 0.45 0.21 0.68 0.16 0.21 0.85 0.52 0.47 0.69 0.60 0.64

GESSVDD-kNN-S-max 0.92 0.77 0.47 0.94 0.45 0.69 0.69 0.74 0.73 0.75 0.72 0.61 0.68 0.64

GESSVDD-kNN-GR-max 0.38 0.68 0.51 0.51 0.76 0.53 0.82 0.60 0.63 0.45 0.59 0.75 0.55 0.65

GESSVDD-kNN-SR-max 0.11 0.20 0.96 0.19 0.22 0.48 0.21 0.21 0.34 0.24 0.32 0.59 0.58 0.59

GESSVDD-kNN-S-min 0.99 0.60 0.30 1.00 0.23 0.25 0.61 0.57 0.76 0.88 0.62 0.67 0.69 0.68

GESSVDD-kNN-GR-min 0.60 0.82 0.33 0.40 0.74 0.66 0.57 0.78 0.69 0.65 0.62 0.61 0.61 0.61

GESSVDD-kNN-SR-min 0.11 0.20 0.96 0.19 0.22 0.48 0.21 0.21 0.34 0.24 0.32 0.60 0.56 0.58

GESSVDD-PCA-S-max 0.81 0.67 0.85 0.83 0.82 0.69 0.95 0.46 0.76 0.83 0.77 0.72 0.63 0.68

GESSVDD-PCA-GR-max 0.55 0.75 0.81 0.71 0.73 0.73 0.59 0.92 0.72 0.72 0.72 0.61 0.66 0.63

GESSVDD-PCA-SR-max 0.04 0.20 0.05 0.33 0.22 0.20 0.16 0.91 0.58 0.21 0.29 0.64 0.73 0.68

GESSVDD-PCA-S-min 0.59 0.01 0.79 0.82 0.40 0.68 0.99 0.12 0.86 0.95 0.62 0.66 0.72 0.69

GESSVDD-PCA-GR-min 0.40 0.32 0.71 0.50 0.63 0.70 0.49 0.99 0.23 0.79 0.58 0.69 0.66 0.68

GESSVDD-PCA-SR-min 0.04 0.20 0.05 0.33 0.22 0.20 0.16 0.91 0.58 0.21 0.29 0.68 0.74 0.71

GESSVDD-I-S-max 0.70 0.67 0.83 0.83 0.70 0.68 0.58 0.46 0.79 0.83 0.71 0.58 0.73 0.66

GESSVDD-I-GR-max 0.64 0.66 0.82 0.91 0.81 0.48 0.54 0.57 0.64 0.79 0.69 0.65 0.58 0.61

GESSVDD-I-SR-max 0.04 0.20 0.61 0.22 0.22 0.73 0.16 0.10 0.21 0.21 0.27 0.65 0.58 0.61

GESSVDD-I-S-min 0.68 0.01 0.76 0.87 0.70 0.67 0.63 0.12 0.84 0.95 0.62 0.61 0.74 0.68

GESSVDD-I-GR-min (ESSVDD) 0.01 0.05 0.79 0.03 0.78 0.58 0.76 0.67 0.37 0.74 0.48 0.60 0.51 0.55

GESSVDD-I-SR-min 0.04 0.20 0.61 0.22 0.22 0.73 0.16 0.10 0.21 0.21 0.27 0.70 0.63 0.67

GESSVDD-0-S-max 0.78 0.91 0.94 0.72 0.77 0.60 0.92 0.72 0.89 0.95 0.82 0.64 0.63 0.64

GESSVDD-0-GR-max 0.40 0.66 0.52 0.61 0.57 0.51 0.57 0.65 0.56 0.83 0.59 0.64 0.56 0.60

GESSVDD-0-S-min 0.61 0.00 0.03 0.87 0.93 0.77 0.99 0.42 0.98 1.00 0.66 0.63 0.63 0.63

GESSVDD-0-GR-min (SSVDD) 0.11 0.71 0.33 0.76 0.73 0.68 0.76 0.59 0.70 0.94 0.63 0.63 0.61 0.62

ESVDD 0.05 0.04 0.03 0.01 0.02 0.01 0.03 0.02 0.01 0.02 0.02 0.57 0.46 0.51

SVDD 0.97 0.98 0.54 0.97 0.98 0.97 0.97 0.96 0.98 0.97 0.93 0.51 0.60 0.55

OCSVM 0.62 0.52 0.54 0.75 0.61 0.46 0.53 0.66 0.59 0.48 0.58 0.73 0.92 0.83
GESVDD-PCA 0.10 0.05 0.23 0.26 0.21 0.33 0.12 0.16 0.32 0.13 0.19 0.49 0.51 0.50

GESVDD-Sw 0.11 0.05 0.22 0.26 0.21 0.34 1.00 0.14 0.37 0.13 0.28 0.49 0.48 0.49

GESVDD-kNN 0.11 0.05 0.23 0.27 0.21 0.36 0.15 0.14 0.29 0.13 0.19 0.49 0.48 0.48

GESVM-PCA 0.10 0.10 0.19 0.29 0.11 0.42 0.17 0.15 0.25 0.10 0.19 0.50 0.45 0.48

GESVM-Sw 0.08 0.10 0.28 0.29 0.19 0.28 0.20 0.11 0.32 0.18 0.20 0.50 0.49 0.49

GESVM-kNN 0.09 0.10 0.19 0.30 0.10 0.42 0.17 0.16 0.34 0.13 0.20 0.56 0.53 0.54
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Table 37: FNR results for non-linear data description in the proposed framework with added noise

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.71 0.71 0.71 0.58 0.71 0.64 0.87 0.95 0.91 0.65 0.60 0.63
GESSVDD-Sb-GR-max 0.66 0.66 0.66 0.65 0.77 0.71 0.67 0.69 0.68 0.73 0.55 0.64
GESSVDD-Sb-SR-max 0.68 0.68 0.68 0.78 0.76 0.77 0.70 0.78 0.74 0.57 0.56 0.56
GESSVDD-Sb-S-min 0.59 0.59 0.59 0.56 0.81 0.68 0.81 0.81 0.81 0.65 0.80 0.72
GESSVDD-Sb-GR-min 0.55 0.55 0.55 0.68 0.82 0.75 0.79 0.68 0.74 0.67 0.67 0.67
GESSVDD-Sb-SR-min 0.54 0.54 0.54 0.75 0.87 0.81 0.64 0.84 0.74 0.57 0.56 0.57
GESSVDD-Sw-S-max 0.57 0.57 0.57 1.00 0.88 0.94 0.87 1.00 0.94 0.64 0.66 0.65
GESSVDD-Sw-GR-max 0.84 0.84 0.84 0.64 0.61 0.62 0.93 0.89 0.91 0.58 0.61 0.59
GESSVDD-Sw-SR-max 0.57 0.57 0.57 0.89 0.94 0.92 1.00 0.94 0.97 0.57 0.59 0.58
GESSVDD-Sw-S-min 0.66 0.66 0.66 1.00 0.84 0.92 1.00 0.85 0.92 0.56 0.57 0.57
GESSVDD-Sw-GR-min 0.60 0.60 0.60 0.82 0.71 0.76 0.96 0.95 0.95 0.55 0.56 0.55
GESSVDD-Sw-SR-min 0.56 0.56 0.56 0.97 0.81 0.89 1.00 1.00 1.00 0.59 0.67 0.63
GESSVDD-kNN-S-max 0.56 0.56 0.56 1.00 1.00 1.00 0.86 0.96 0.91 0.55 0.55 0.55
GESSVDD-kNN-GR-max 0.57 0.57 0.57 0.72 0.81 0.76 0.88 1.00 0.94 0.56 0.62 0.59
GESSVDD-kNN-SR-max 0.58 0.58 0.58 0.96 0.97 0.97 1.00 1.00 1.00 0.53 0.60 0.56
GESSVDD-kNN-S-min 0.51 0.51 0.51 0.97 1.00 0.98 0.97 1.00 0.98 0.54 0.57 0.56
GESSVDD-kNN-GR-min 0.53 0.53 0.53 1.00 1.00 1.00 1.00 1.00 1.00 0.52 0.57 0.54
GESSVDD-kNN-SR-min 0.53 0.53 0.53 0.96 0.93 0.94 0.94 1.00 0.97 0.55 0.62 0.59
GESSVDD-PCA-S-max 0.63 0.63 0.63 1.00 0.97 0.99 1.00 1.00 1.00 0.51 0.64 0.58
GESSVDD-PCA-GR-max 0.53 0.53 0.53 0.70 0.66 0.68 0.87 0.84 0.86 0.55 0.64 0.60
GESSVDD-PCA-SR-max 0.54 0.54 0.54 0.81 0.95 0.88 0.94 0.91 0.92 0.66 0.59 0.63
GESSVDD-PCA-S-min 0.76 0.76 0.76 0.94 0.89 0.92 1.00 1.00 1.00 0.57 0.61 0.59
GESSVDD-PCA-GR-min 0.70 0.70 0.70 0.72 0.78 0.75 1.00 0.96 0.98 0.54 0.53 0.53
GESSVDD-PCA-SR-min 0.56 0.56 0.56 0.90 0.93 0.91 0.97 1.00 0.98 0.63 0.59 0.61
GESSVDD-I-S-max 0.62 0.62 0.62 0.94 0.97 0.96 0.96 1.00 0.98 0.55 0.62 0.58
GESSVDD-I-GR-max 0.58 0.58 0.58 0.63 0.65 0.64 0.97 0.95 0.96 0.52 0.69 0.61
GESSVDD-I-SR-max 0.51 0.51 0.51 0.87 0.97 0.92 1.00 1.00 1.00 0.57 0.56 0.57
GESSVDD-I-S-min 0.56 0.56 0.56 1.00 0.75 0.88 0.92 1.00 0.96 0.64 0.61 0.62
GESSVDD-I-GR-min (ESSVDD) 0.62 0.62 0.62 0.63 0.85 0.74 1.00 0.89 0.94 0.62 0.54 0.58
GESSVDD-I-SR-min 0.54 0.54 0.54 0.85 0.86 0.86 1.00 0.92 0.96 0.58 0.55 0.56
GESSVDD-0-S-max 0.65 0.65 0.65 0.76 0.79 0.78 0.74 0.68 0.71 0.61 0.64 0.62
GESSVDD-0-GR-max 0.55 0.55 0.55 0.94 0.78 0.86 0.94 0.56 0.75 0.54 0.64 0.59
GESSVDD-0-S-min 0.68 0.68 0.68 0.86 0.84 0.85 0.64 0.91 0.77 0.66 0.60 0.63
GESSVDD-0-GR-min (SSVDD) 0.47 0.47 0.47 0.88 0.76 0.82 1.00 0.91 0.96 0.63 0.53 0.58
ESVDD 0.66 0.66 0.66 1.00 1.00 1.00 1.00 0.97 0.98 0.51 0.48 0.49
SVDD 0.47 0.47 0.47 0.93 0.85 0.89 0.78 0.93 0.85 0.53 0.55 0.54
OCSVM 0.80 0.80 0.80 1.00 1.00 1.00 1.00 0.93 0.97 0.50 0.51 0.50
GESVDD-PCA 0.32 0.32 0.32 1.00 1.00 1.00 1.00 1.00 1.00 0.49 0.47 0.48
GESVDD-Sw 0.32 0.32 0.32 1.00 1.00 1.00 1.00 1.00 1.00 0.47 0.48 0.48
GESVDD-kNN 0.30 0.30 0.30 1.00 1.00 1.00 1.00 1.00 1.00 0.52 0.48 0.50
GESVM-PCA 0.34 0.34 0.34 1.00 1.00 1.00 1.00 1.00 1.00 0.51 0.51 0.51
GESVM-Sw 0.33 0.33 0.33 1.00 1.00 1.00 1.00 0.95 0.97 0.50 0.52 0.51
GESVM-kNN 0.40 0.40 0.40 1.00 1.00 1.00 0.00 0.00 0.00 0.55 0.55 0.55
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S4. Standard deviation of the Gmean results for linear methods

Table 38: Standard deviation of the Gmean results for linear data description over Seeds, Qualitative bankruptcy,
Somerville happiness and Liver datasets

Dataset Seeds Qualitative bankruptcy Somerville happiness Liver
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av. DP DA Av.
GESSVDD-Sb-S-max 0.03 0.09 0.08 0.07 0.15 0.24 0.19 0.12 0.06 0.09 0.04 0.10 0.07
GESSVDD-Sb-GR-max 0.12 0.36 0.38 0.29 0.11 0.18 0.15 0.17 0.15 0.16 0.07 0.07 0.07
GESSVDD-Sb-SR-max 0.09 0.03 0.03 0.05 0.36 0.09 0.22 0.03 0.14 0.09 0.05 0.12 0.08
GESSVDD-Sb-S-min 0.08 0.05 0.07 0.07 0.18 0.25 0.21 0.17 0.08 0.12 0.17 0.04 0.11
GESSVDD-Sb-GR-min 0.04 0.32 0.05 0.14 0.14 0.14 0.14 0.12 0.21 0.17 0.06 0.07 0.06
GESSVDD-Sb-SR-min 0.10 0.02 0.03 0.05 0.36 0.21 0.28 0.13 0.13 0.13 0.05 0.06 0.06
GESSVDD-Sw-S-max 0.04 0.04 0.05 0.04 0.06 0.00 0.03 0.18 0.12 0.15 0.08 0.05 0.06
GESSVDD-Sw-GR-max 0.03 0.04 0.03 0.03 0.14 0.08 0.11 0.25 0.12 0.19 0.04 0.04 0.04
GESSVDD-Sw-SR-max 0.10 0.05 0.15 0.10 0.17 0.15 0.16 0.14 0.06 0.10 0.06 0.04 0.05
GESSVDD-Sw-S-min 0.06 0.03 0.03 0.04 0.02 0.16 0.09 0.07 0.12 0.09 0.10 0.07 0.08
GESSVDD-Sw-GR-min 0.06 0.19 0.04 0.10 0.08 0.15 0.11 0.14 0.11 0.12 0.06 0.03 0.04
GESSVDD-Sw-SR-min 0.14 0.02 0.03 0.06 0.08 0.13 0.11 0.08 0.07 0.08 0.07 0.04 0.06
GESSVDD-kNN-S-max 0.03 0.04 0.05 0.04 0.07 0.15 0.11 0.12 0.07 0.09 0.09 0.05 0.07
GESSVDD-kNN-GR-max 0.04 0.05 0.05 0.05 0.12 0.26 0.19 0.07 0.17 0.12 0.09 0.13 0.11
GESSVDD-kNN-SR-max 0.09 0.03 0.02 0.04 0.07 0.19 0.13 0.08 0.12 0.10 0.05 0.07 0.06
GESSVDD-kNN-S-min 0.07 0.04 0.05 0.05 0.07 0.18 0.12 0.08 0.08 0.08 0.22 0.06 0.14
GESSVDD-kNN-GR-min 0.04 0.03 0.03 0.03 0.04 0.12 0.08 0.08 0.26 0.17 0.15 0.15 0.15
GESSVDD-kNN-SR-min 0.04 0.03 0.03 0.03 0.06 0.18 0.12 0.05 0.08 0.06 0.16 0.08 0.12
GESSVDD-PCA-S-max 0.05 0.04 0.04 0.04 0.04 0.20 0.12 0.09 0.08 0.08 0.07 0.04 0.06
GESSVDD-PCA-GR-max 0.03 0.04 0.04 0.04 0.03 0.14 0.09 0.13 0.08 0.11 0.07 0.06 0.07
GESSVDD-PCA-SR-max 0.04 0.04 0.03 0.04 0.05 0.18 0.12 0.06 0.09 0.08 0.03 0.05 0.04
GESSVDD-PCA-S-min 0.05 0.03 0.06 0.05 0.06 0.08 0.07 0.10 0.08 0.09 0.09 0.05 0.07
GESSVDD-PCA-GR-min 0.04 0.05 0.19 0.09 0.05 0.12 0.08 0.12 0.09 0.10 0.09 0.05 0.07
GESSVDD-PCA-SR-min 0.08 0.04 0.03 0.05 0.07 0.21 0.14 0.13 0.03 0.08 0.06 0.03 0.04
GESSVDD-I-S-max 0.04 0.04 0.04 0.04 0.05 0.20 0.13 0.08 0.06 0.07 0.10 0.03 0.06
GESSVDD-I-GR-max 0.05 0.04 0.02 0.04 0.02 0.13 0.07 0.06 0.14 0.10 0.09 0.04 0.06
GESSVDD-I-SR-max 0.05 0.05 0.04 0.05 0.05 0.09 0.07 0.10 0.06 0.08 0.10 0.06 0.08
GESSVDD-I-S-min 0.06 0.03 0.05 0.05 0.06 0.19 0.13 0.11 0.08 0.09 0.10 0.05 0.07
GESSVDD-I-GR-min (ESSVDD) 0.04 0.05 0.06 0.05 0.06 0.11 0.08 0.06 0.06 0.06 0.08 0.04 0.06
GESSVDD-I-SR-min 0.04 0.05 0.04 0.04 0.01 0.20 0.11 0.11 0.06 0.09 0.08 0.06 0.07
GESSVDD-0-S-max 0.04 0.04 0.03 0.04 0.03 0.00 0.01 0.22 0.09 0.16 0.03 0.04 0.03
GESSVDD-0-GR-max 0.03 0.04 0.03 0.03 0.05 0.00 0.03 0.24 0.10 0.17 0.03 0.03 0.03
GESSVDD-0-S-min 0.14 0.04 0.06 0.08 0.05 0.15 0.10 0.08 0.07 0.08 0.08 0.09 0.08
GESSVDD-0-GR-min (SSVDD) 0.03 0.04 0.02 0.03 0.06 0.18 0.12 0.11 0.10 0.10 0.02 0.04 0.03
ESVDD 0.07 0.05 0.10 0.08 0.02 0.15 0.09 0.07 0.04 0.05 0.07 0.04 0.06
SVDD 0.03 0.05 0.04 0.04 0.03 0.00 0.02 0.15 0.07 0.11 0.09 0.09 0.09
OCSVM 0.30 0.16 0.35 0.27 0.05 0.17 0.11 0.09 0.12 0.11 0.09 0.03 0.06
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Table 39: Standard deviation of theGmean results for linear data description over Iris, ionosphere, and Sonar datasets

Dataset Iris Ionosphere Sonar

Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.

GESSVDD-Sb-S-max 0.04 0.10 0.06 0.07 0.21 0.27 0.24 0.13 0.14 0.13

GESSVDD-Sb-GR-max 0.09 0.04 0.04 0.06 0.29 0.07 0.18 0.10 0.11 0.11

GESSVDD-Sb-SR-max 0.23 0.06 0.14 0.14 0.12 0.35 0.23 0.20 0.12 0.16

GESSVDD-Sb-S-min 0.04 0.10 0.03 0.06 0.23 0.28 0.26 0.11 0.13 0.12

GESSVDD-Sb-GR-min 0.03 0.07 0.05 0.05 0.23 0.07 0.15 0.09 0.11 0.10

GESSVDD-Sb-SR-min 0.23 0.39 0.10 0.24 0.25 0.41 0.33 0.22 0.27 0.25

GESSVDD-Sw-S-max 0.06 0.04 0.06 0.05 0.14 0.01 0.08 0.06 0.13 0.09

GESSVDD-Sw-GR-max 0.08 0.06 0.07 0.07 0.11 0.03 0.07 0.06 0.16 0.11

GESSVDD-Sw-SR-max 0.02 0.09 0.05 0.05 0.08 0.02 0.05 0.06 0.14 0.10

GESSVDD-Sw-S-min 0.06 0.06 0.09 0.07 0.10 0.03 0.06 0.07 0.11 0.09

GESSVDD-Sw-GR-min 0.02 0.06 0.04 0.04 0.09 0.03 0.06 0.08 0.13 0.10

GESSVDD-Sw-SR-min 0.02 0.10 0.07 0.06 0.17 0.01 0.09 0.05 0.14 0.09

GESSVDD-kNN-S-max 0.03 0.06 0.06 0.05 0.16 0.04 0.10 0.03 0.03 0.03

GESSVDD-kNN-GR-max 0.04 0.27 0.21 0.17 0.10 0.03 0.07 0.06 0.07 0.06

GESSVDD-kNN-SR-max 0.02 0.04 0.04 0.03 0.18 0.04 0.11 0.02 0.06 0.04

GESSVDD-kNN-S-min 0.04 0.05 0.05 0.05 0.16 0.04 0.10 0.03 0.03 0.03

GESSVDD-kNN-GR-min 0.04 0.06 0.04 0.05 0.18 0.02 0.10 0.09 0.08 0.08

GESSVDD-kNN-SR-min 0.02 0.06 0.05 0.04 0.10 0.04 0.07 0.02 0.07 0.05

GESSVDD-PCA-S-max 0.02 0.03 0.07 0.04 0.13 0.02 0.07 0.04 0.08 0.06

GESSVDD-PCA-GR-max 0.05 0.05 0.06 0.05 0.13 0.02 0.08 0.08 0.06 0.07

GESSVDD-PCA-SR-max 0.02 0.03 0.07 0.04 0.07 0.02 0.04 0.23 0.15 0.19

GESSVDD-PCA-S-min 0.04 0.03 0.06 0.05 0.09 0.03 0.06 0.04 0.12 0.08

GESSVDD-PCA-GR-min 0.04 0.15 0.07 0.09 0.10 0.01 0.06 0.04 0.03 0.03

GESSVDD-PCA-SR-min 0.02 0.04 0.05 0.04 0.12 0.03 0.07 0.06 0.15 0.10

GESSVDD-I-S-max 0.02 0.03 0.07 0.04 0.07 0.03 0.05 0.04 0.15 0.10

GESSVDD-I-GR-max 0.04 0.06 0.10 0.06 0.08 0.02 0.05 0.05 0.06 0.05

GESSVDD-I-SR-max 0.02 0.03 0.20 0.08 0.16 0.03 0.09 0.05 0.15 0.10

GESSVDD-I-S-min 0.04 0.03 0.10 0.06 0.05 0.03 0.04 0.04 0.15 0.09

GESSVDD-I-GR-min (ESSVDD) 0.04 0.14 0.12 0.10 0.08 0.02 0.05 0.04 0.05 0.04

GESSVDD-I-SR-min 0.03 0.03 0.07 0.05 0.07 0.02 0.05 0.02 0.15 0.09

GESSVDD-0-S-max 0.06 0.06 0.03 0.05 0.12 0.08 0.10 0.12 0.10 0.11

GESSVDD-0-GR-max 0.04 0.04 0.03 0.04 0.10 0.04 0.07 0.10 0.12 0.11

GESSVDD-0-S-min 0.08 0.06 0.10 0.08 0.20 0.06 0.13 0.07 0.12 0.09

GESSVDD-0-GR-min (SSVDD) 0.05 0.04 0.03 0.04 0.12 0.04 0.08 0.06 0.09 0.08

ESVDD 0.03 0.08 0.07 0.06 0.05 0.04 0.04 0.00 0.08 0.04

SVDD 0.03 0.03 0.03 0.03 0.05 0.02 0.03 0.08 0.11 0.09

OCSVM 0.33 0.11 0.28 0.24 0.12 0.04 0.08 0.08 0.06 0.07
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Table 40: Standard deviation of the Gmean results for linear data description over Heart dataset and its manually
created corrupted versions

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.12 0.25 0.19 0.14 0.14 0.14 0.16 0.09 0.13 0.12 0.12 0.12
GESSVDD-Sb-GR-max 0.17 0.32 0.25 0.18 0.16 0.17 0.23 0.22 0.23 0.10 0.14 0.12
GESSVDD-Sb-SR-max 0.18 0.15 0.16 0.14 0.17 0.15 0.24 0.21 0.22 0.06 0.14 0.10
GESSVDD-Sb-S-min 0.18 0.20 0.19 0.11 0.18 0.15 0.11 0.13 0.12 0.14 0.11 0.12
GESSVDD-Sb-GR-min 0.16 0.04 0.10 0.16 0.17 0.16 0.21 0.21 0.21 0.13 0.09 0.11
GESSVDD-Sb-SR-min 0.11 0.15 0.13 0.18 0.17 0.17 0.27 0.08 0.18 0.08 0.11 0.09
GESSVDD-Sw-S-max 0.08 0.09 0.09 0.20 0.14 0.17 0.00 0.00 0.00 0.12 0.08 0.10
GESSVDD-Sw-GR-max 0.15 0.04 0.10 0.28 0.26 0.27 0.00 0.00 0.00 0.17 0.05 0.11
GESSVDD-Sw-SR-max 0.11 0.12 0.12 0.06 0.00 0.03 0.00 0.00 0.00 0.08 0.05 0.06
GESSVDD-Sw-S-min 0.16 0.08 0.12 0.14 0.17 0.16 0.00 0.00 0.00 0.05 0.07 0.06
GESSVDD-Sw-GR-min 0.09 0.09 0.09 0.28 0.27 0.28 0.00 0.00 0.00 0.08 0.07 0.08
GESSVDD-Sw-SR-min 0.06 0.06 0.06 0.00 0.06 0.03 0.06 0.00 0.03 0.04 0.07 0.05
GESSVDD-kNN-S-max 0.06 0.13 0.10 0.09 0.13 0.11 0.08 0.00 0.04 0.15 0.07 0.11
GESSVDD-kNN-GR-max 0.09 0.09 0.09 0.19 0.19 0.19 0.24 0.19 0.21 0.13 0.07 0.10
GESSVDD-kNN-SR-max 0.15 0.11 0.13 0.00 0.08 0.04 0.00 0.00 0.00 0.11 0.09 0.10
GESSVDD-kNN-S-min 0.11 0.16 0.14 0.11 0.06 0.09 0.17 0.00 0.08 0.10 0.09 0.09
GESSVDD-kNN-GR-min 0.09 0.09 0.09 0.13 0.00 0.06 0.30 0.19 0.24 0.05 0.07 0.06
GESSVDD-kNN-SR-min 0.06 0.12 0.09 0.00 0.19 0.10 0.00 0.00 0.00 0.10 0.06 0.08
GESSVDD-PCA-S-max 0.12 0.10 0.11 0.11 0.00 0.05 0.00 0.00 0.00 0.08 0.07 0.07
GESSVDD-PCA-GR-max 0.07 0.06 0.07 0.00 0.00 0.00 0.00 0.00 0.00 0.11 0.07 0.09
GESSVDD-PCA-SR-max 0.10 0.06 0.08 0.00 0.06 0.03 0.00 0.00 0.00 0.13 0.08 0.10
GESSVDD-PCA-S-min 0.13 0.08 0.11 0.00 0.19 0.09 0.00 0.00 0.00 0.05 0.06 0.05
GESSVDD-PCA-GR-min 0.05 0.15 0.10 0.27 0.00 0.14 0.00 0.00 0.00 0.09 0.03 0.06
GESSVDD-PCA-SR-min 0.10 0.09 0.09 0.16 0.12 0.14 0.00 0.00 0.00 0.11 0.10 0.10
GESSVDD-I-S-max 0.11 0.10 0.11 0.13 0.12 0.13 0.00 0.00 0.00 0.11 0.07 0.09
GESSVDD-I-GR-max 0.11 0.15 0.13 0.28 0.21 0.25 0.00 0.00 0.00 0.12 0.04 0.08
GESSVDD-I-SR-max 0.09 0.08 0.09 0.06 0.06 0.06 0.00 0.00 0.00 0.12 0.08 0.10
GESSVDD-I-S-min 0.06 0.14 0.10 0.15 0.06 0.11 0.00 0.00 0.00 0.04 0.06 0.05
GESSVDD-I-GR-min (ESSVDD) 0.11 0.08 0.09 0.00 0.00 0.00 0.00 0.00 0.00 0.09 0.08 0.08
GESSVDD-I-SR-min 0.10 0.12 0.11 0.06 0.00 0.03 0.00 0.00 0.00 0.04 0.15 0.09
GESSVDD-0-S-max 0.11 0.14 0.13 0.15 0.21 0.18 0.00 0.00 0.00 0.19 0.10 0.14
GESSVDD-0-GR-max 0.12 0.09 0.10 0.21 0.24 0.23 0.00 0.00 0.00 0.09 0.08 0.09
GESSVDD-0-S-min 0.07 0.04 0.05 0.20 0.00 0.10 0.00 0.00 0.00 0.11 0.05 0.08
GESSVDD-0-GR-min (SSVDD) 0.10 0.11 0.10 0.00 0.24 0.12 0.00 0.00 0.00 0.09 0.05 0.07
ESVDD 0.07 0.05 0.06 0.00 0.00 0.00 0.00 0.00 0.00 0.09 0.03 0.06
SVDD 0.17 0.10 0.14 0.11 0.08 0.10 0.31 0.09 0.20 0.09 0.09 0.09
OCSVM 0.08 0.06 0.07 0.00 0.00 0.00 0.00 0.00 0.00 0.09 0.06 0.07
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S5. Standard deviation of the Gmean results for non-linear methods

Table 41: Standard deviation of theGmean results for non-linear data description over Seeds, Qualitative bankruptcy,
Somerville happiness and Liver datasets

Dataset Seeds Qualitative bankruptcy Somerville happiness Liver
Target class S-K S-R S-C Av. QB-B QB-N Av. SH-H SH-U Av. DP DA Av.
GESSVDD-Sb-S-max 0.10 0.03 0.01 0.05 0.10 0.19 0.15 0.12 0.09 0.11 0.06 0.10 0.08
GESSVDD-Sb-GR-max 0.06 0.32 0.09 0.16 0.08 0.34 0.21 0.13 0.17 0.15 0.20 0.07 0.13
GESSVDD-Sb-SR-max 0.08 0.11 0.05 0.08 0.34 0.28 0.31 0.16 0.18 0.17 0.21 0.13 0.17
GESSVDD-Sb-S-min 0.09 0.04 0.08 0.07 0.09 0.27 0.18 0.25 0.19 0.22 0.10 0.10 0.10
GESSVDD-Sb-GR-min 0.06 0.43 0.10 0.20 0.08 0.14 0.11 0.12 0.14 0.13 0.08 0.22 0.15
GESSVDD-Sb-SR-min 0.05 0.09 0.04 0.06 0.34 0.05 0.20 0.09 0.18 0.13 0.21 0.24 0.22
GESSVDD-Sw-S-max 0.10 0.08 0.05 0.07 0.10 0.33 0.21 0.05 0.09 0.07 0.08 0.11 0.10
GESSVDD-Sw-GR-max 0.06 0.17 0.07 0.10 0.08 0.20 0.14 0.12 0.07 0.10 0.21 0.13 0.17
GESSVDD-Sw-SR-max 0.03 0.05 0.08 0.06 0.09 0.23 0.16 0.15 0.10 0.12 0.10 0.15 0.13
GESSVDD-Sw-S-min 0.07 0.08 0.05 0.07 0.10 0.21 0.15 0.11 0.06 0.09 0.23 0.21 0.22
GESSVDD-Sw-GR-min 0.04 0.05 0.04 0.04 0.12 0.07 0.09 0.12 0.07 0.09 0.19 0.18 0.19
GESSVDD-Sw-SR-min 0.03 0.06 0.08 0.06 0.04 0.10 0.07 0.14 0.10 0.12 0.18 0.18 0.18
GESSVDD-kNN-S-max 0.05 0.03 0.09 0.06 0.14 0.13 0.14 0.12 0.09 0.11 0.16 0.23 0.20
GESSVDD-kNN-GR-max 0.06 0.06 0.06 0.06 0.05 0.26 0.15 0.07 0.05 0.06 0.18 0.11 0.15
GESSVDD-kNN-SR-max 0.06 0.02 0.03 0.04 0.06 0.08 0.07 0.09 0.10 0.09 0.11 0.12 0.12
GESSVDD-kNN-S-min 0.05 0.07 0.03 0.05 0.08 0.07 0.07 0.10 0.15 0.13 0.22 0.19 0.20
GESSVDD-kNN-GR-min 0.05 0.03 0.05 0.04 0.08 0.17 0.12 0.08 0.07 0.07 0.13 0.15 0.14
GESSVDD-kNN-SR-min 0.06 0.06 0.05 0.06 0.17 0.09 0.13 0.08 0.18 0.13 0.15 0.11 0.13
GESSVDD-PCA-S-max 0.06 0.06 0.04 0.05 0.26 0.22 0.24 0.10 0.07 0.08 0.20 0.10 0.15
GESSVDD-PCA-GR-max 0.09 0.06 0.03 0.06 0.04 0.22 0.13 0.11 0.07 0.09 0.23 0.21 0.22
GESSVDD-PCA-SR-max 0.04 0.42 0.04 0.16 0.02 0.23 0.13 0.10 0.06 0.08 0.22 0.17 0.19
GESSVDD-PCA-S-min 0.05 0.04 0.04 0.04 0.12 0.44 0.28 0.06 0.03 0.04 0.22 0.05 0.13
GESSVDD-PCA-GR-min 0.04 0.06 0.05 0.05 0.04 0.16 0.10 0.12 0.05 0.09 0.20 0.12 0.16
GESSVDD-PCA-SR-min 0.04 0.09 0.04 0.06 0.02 0.18 0.10 0.07 0.12 0.10 0.18 0.15 0.17
GESSVDD-I-S-max 0.06 0.03 0.42 0.17 0.08 0.38 0.23 0.07 0.08 0.08 0.12 0.18 0.15
GESSVDD-I-GR-max 0.09 0.05 0.02 0.06 0.05 0.12 0.09 0.12 0.07 0.10 0.20 0.12 0.16
GESSVDD-I-SR-max 0.06 0.03 0.03 0.04 0.09 0.31 0.20 0.11 0.16 0.14 0.21 0.15 0.18
GESSVDD-I-S-min 0.06 0.05 0.04 0.05 0.06 0.32 0.19 0.13 0.06 0.09 0.12 0.17 0.15
GESSVDD-I-GR-min (ESSVDD) 0.03 0.04 0.07 0.05 0.07 0.06 0.06 0.09 0.05 0.07 0.08 0.11 0.09
GESSVDD-I-SR-min 0.06 0.03 0.04 0.04 0.09 0.30 0.19 0.10 0.13 0.11 0.19 0.07 0.13
GESSVDD-0-S-max 0.03 0.04 0.03 0.03 0.16 0.07 0.12 0.23 0.14 0.19 0.10 0.21 0.16
GESSVDD-0-GR-max 0.03 0.02 0.04 0.03 0.04 0.12 0.08 0.22 0.16 0.19 0.21 0.05 0.13
GESSVDD-0-S-min 0.02 0.04 0.01 0.03 0.16 0.15 0.15 0.22 0.22 0.22 0.22 0.13 0.18
GESSVDD-0-GR-min (SSVDD) 0.02 0.03 0.04 0.03 0.03 0.27 0.15 0.07 0.11 0.09 0.21 0.13 0.17
ESVDD 0.06 0.06 0.12 0.08 0.00 0.00 0.00 0.00 0.19 0.10 0.24 0.07 0.16
SVDD 0.02 0.06 0.03 0.04 0.32 0.26 0.29 0.15 0.13 0.14 0.05 0.24 0.14
OCSVM 0.20 0.28 0.29 0.26 0.26 0.11 0.18 0.02 0.08 0.05 0.16 0.18 0.17
GESVDD-PCA 0.04 0.04 0.03 0.04 0.03 0.17 0.10 0.12 0.05 0.09 0.05 0.07 0.06
GESVDD-Sw 0.05 0.04 0.03 0.04 0.02 0.17 0.09 0.10 0.10 0.10 0.05 0.04 0.04
GESVDD-kNN 0.06 0.04 0.03 0.04 0.06 0.10 0.08 0.13 0.07 0.10 0.04 0.04 0.04
GESVM-PCA 0.02 0.04 0.04 0.04 0.05 0.06 0.05 0.07 0.07 0.07 0.07 0.04 0.05
GESVM-Sw 0.03 0.05 0.05 0.04 0.06 0.13 0.10 0.02 0.10 0.06 0.07 0.04 0.05
GESVM-kNN 0.03 0.05 0.08 0.06 0.05 0.07 0.06 0.08 0.07 0.08 0.08 0.05 0.07
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Table 42: Standard deviation of the Gmean results for non-linear data description over Iris, ionosphere, and Sonar
datasets

Dataset Iris Ionosphere Sonar
Target class I-S S-VC S-V Av. I-B I-G Av. S-R S-M Av.
GESSVDD-Sb-S-max 0.06 0.05 0.16 0.09 0.12 0.11 0.12 0.11 0.24 0.17
GESSVDD-Sb-GR-max 0.03 0.07 0.07 0.06 0.26 0.08 0.17 0.12 0.17 0.14
GESSVDD-Sb-SR-max 0.18 0.09 0.08 0.12 0.14 0.24 0.19 0.10 0.23 0.17
GESSVDD-Sb-S-min 0.07 0.04 0.06 0.06 0.22 0.30 0.26 0.10 0.12 0.11
GESSVDD-Sb-GR-min 0.03 0.04 0.04 0.04 0.29 0.08 0.19 0.12 0.16 0.14
GESSVDD-Sb-SR-min 0.20 0.06 0.28 0.18 0.18 0.24 0.21 0.10 0.22 0.16
GESSVDD-Sw-S-max 0.25 0.07 0.09 0.14 0.33 0.03 0.18 0.06 0.11 0.09
GESSVDD-Sw-GR-max 0.03 0.04 0.03 0.03 0.28 0.03 0.15 0.12 0.15 0.13
GESSVDD-Sw-SR-max 0.02 0.04 0.05 0.04 0.23 0.03 0.13 0.21 0.06 0.14
GESSVDD-Sw-S-min 0.29 0.05 0.06 0.13 0.27 0.03 0.15 0.06 0.11 0.08
GESSVDD-Sw-GR-min 0.04 0.09 0.05 0.06 0.10 0.03 0.06 0.06 0.10 0.08
GESSVDD-Sw-SR-min 0.02 0.04 0.05 0.04 0.28 0.03 0.15 0.21 0.16 0.19
GESSVDD-kNN-S-max 0.03 0.06 0.04 0.04 0.16 0.05 0.10 0.07 0.13 0.10
GESSVDD-kNN-GR-max 0.03 0.05 0.09 0.06 0.15 0.02 0.09 0.06 0.15 0.11
GESSVDD-kNN-SR-max 0.05 0.11 0.05 0.07 0.16 0.02 0.09 0.07 0.12 0.09
GESSVDD-kNN-S-min 0.04 0.06 0.06 0.05 0.10 0.05 0.07 0.08 0.24 0.16
GESSVDD-kNN-GR-min 0.08 0.06 0.03 0.06 0.18 0.02 0.10 0.07 0.07 0.07
GESSVDD-kNN-SR-min 0.05 0.11 0.04 0.07 0.16 0.02 0.09 0.08 0.10 0.09
GESSVDD-PCA-S-max 0.03 0.02 0.09 0.04 0.09 0.04 0.06 0.09 0.21 0.15
GESSVDD-PCA-GR-max 0.06 0.05 0.06 0.05 0.21 0.02 0.12 0.07 0.12 0.10
GESSVDD-PCA-SR-max 0.03 0.05 0.06 0.05 0.06 0.09 0.08 0.17 0.05 0.11
GESSVDD-PCA-S-min 0.03 0.05 0.06 0.05 0.06 0.03 0.05 0.12 0.07 0.09
GESSVDD-PCA-GR-min 0.06 0.15 0.07 0.09 0.03 0.03 0.03 0.07 0.11 0.09
GESSVDD-PCA-SR-min 0.03 0.05 0.10 0.06 0.18 0.03 0.10 0.02 0.19 0.11
GESSVDD-I-S-max 0.02 0.04 0.06 0.04 0.15 0.02 0.09 0.07 0.20 0.14
GESSVDD-I-GR-max 0.04 0.08 0.04 0.06 0.17 0.02 0.09 0.03 0.04 0.03
GESSVDD-I-SR-max 0.02 0.03 0.06 0.04 0.12 0.02 0.07 0.06 0.09 0.07
GESSVDD-I-S-min 0.02 0.03 0.06 0.04 0.21 0.02 0.12 0.04 0.06 0.05
GESSVDD-I-GR-min (ESSVDD) 0.07 0.09 0.05 0.07 0.07 0.03 0.05 0.02 0.09 0.05
GESSVDD-I-SR-min 0.02 0.03 0.06 0.04 0.14 0.02 0.08 0.05 0.09 0.07
GESSVDD-0-S-max 0.06 0.05 0.04 0.05 0.08 0.12 0.10 0.14 0.05 0.10
GESSVDD-0-GR-max 0.04 0.04 0.03 0.04 0.26 0.05 0.16 0.09 0.10 0.09
GESSVDD-0-S-min 0.07 0.06 0.03 0.05 0.14 0.09 0.11 0.12 0.25 0.19
GESSVDD-0-GR-min (SSVDD) 0.03 0.06 0.04 0.04 0.37 0.05 0.21 0.13 0.09 0.11
ESVDD 0.38 0.07 0.07 0.17 0.06 0.04 0.05 0.04 0.08 0.06
SVDD 0.04 0.05 0.02 0.04 0.19 0.03 0.11 0.07 0.06 0.07
OCSVM 0.33 0.32 0.18 0.28 0.13 0.16 0.14 0.08 0.11 0.09
GESVDD-PCA 0.12 0.05 0.05 0.07 0.06 0.02 0.04 0.07 0.06 0.06
GESVDD-Sw 0.04 0.07 0.04 0.05 0.04 0.02 0.03 0.07 0.10 0.08
GESVDD-kNN 0.12 0.05 0.04 0.07 0.11 0.02 0.07 0.06 0.06 0.06
GESVM-PCA 0.05 0.05 0.03 0.04 0.07 0.02 0.05 0.09 0.04 0.06
GESVM-Sw 0.06 0.04 0.02 0.04 0.12 0.03 0.07 0.10 0.05 0.08
GESVM-kNN 0.04 0.07 0.06 0.06 0.07 0.05 0.06 0.05 0.05 0.05
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Table 43: Standard deviation of the Gmean results for non-linear data description over Heart dataset and its manually
created corrupted versions

Dataset
Heart

Clean train set
Clean test set

Heart
Clean train set

Corrupted test set

Heart
Corrupted train set

Clean test set

Heart
Corrupted train set
Corrupted test set

Target class DP DA Av. DP DA Av. DP DA Av. DP DA Av.
GESSVDD-Sb-S-max 0.21 0.20 0.20 0.10 0.16 0.13 0.21 0.11 0.16 0.13 0.08 0.10
GESSVDD-Sb-GR-max 0.20 0.17 0.19 0.07 0.15 0.11 0.26 0.27 0.26 0.20 0.06 0.13
GESSVDD-Sb-SR-max 0.20 0.25 0.23 0.21 0.23 0.22 0.22 0.18 0.20 0.08 0.06 0.07
GESSVDD-Sb-S-min 0.12 0.09 0.10 0.11 0.12 0.12 0.20 0.30 0.25 0.12 0.14 0.13
GESSVDD-Sb-GR-min 0.15 0.25 0.20 0.20 0.18 0.19 0.23 0.31 0.27 0.19 0.11 0.15
GESSVDD-Sb-SR-min 0.18 0.23 0.21 0.24 0.18 0.21 0.18 0.16 0.17 0.08 0.07 0.08
GESSVDD-Sw-S-max 0.17 0.17 0.17 0.00 0.18 0.09 0.29 0.00 0.14 0.16 0.12 0.14
GESSVDD-Sw-GR-max 0.23 0.12 0.17 0.07 0.23 0.15 0.16 0.17 0.16 0.10 0.14 0.12
GESSVDD-Sw-SR-max 0.08 0.05 0.06 0.17 0.08 0.12 0.00 0.13 0.06 0.12 0.03 0.07
GESSVDD-Sw-S-min 0.10 0.14 0.12 0.00 0.15 0.07 0.00 0.23 0.11 0.10 0.10 0.10
GESSVDD-Sw-GR-min 0.13 0.13 0.13 0.13 0.21 0.17 0.09 0.12 0.11 0.05 0.13 0.09
GESSVDD-Sw-SR-min 0.10 0.10 0.10 0.06 0.21 0.14 0.00 0.00 0.00 0.06 0.20 0.13
GESSVDD-kNN-S-max 0.13 0.10 0.11 0.00 0.00 0.00 0.21 0.10 0.15 0.09 0.06 0.08
GESSVDD-kNN-GR-max 0.09 0.20 0.14 0.20 0.27 0.23 0.26 0.00 0.13 0.08 0.11 0.09
GESSVDD-kNN-SR-max 0.11 0.07 0.09 0.09 0.06 0.08 0.00 0.00 0.00 0.11 0.05 0.08
GESSVDD-kNN-S-min 0.11 0.10 0.11 0.07 0.00 0.03 0.07 0.00 0.03 0.10 0.09 0.10
GESSVDD-kNN-GR-min 0.07 0.07 0.07 0.00 0.00 0.00 0.00 0.00 0.00 0.07 0.14 0.10
GESSVDD-kNN-SR-min 0.09 0.12 0.10 0.09 0.16 0.12 0.08 0.00 0.04 0.07 0.10 0.08
GESSVDD-PCA-S-max 0.16 0.10 0.13 0.00 0.06 0.03 0.00 0.00 0.00 0.09 0.21 0.15
GESSVDD-PCA-GR-max 0.05 0.18 0.12 0.22 0.22 0.22 0.29 0.23 0.26 0.12 0.14 0.13
GESSVDD-PCA-SR-max 0.11 0.23 0.17 0.18 0.11 0.15 0.08 0.21 0.15 0.11 0.05 0.08
GESSVDD-PCA-S-min 0.20 0.16 0.18 0.13 0.10 0.11 0.00 0.00 0.00 0.07 0.23 0.15
GESSVDD-PCA-GR-min 0.09 0.30 0.20 0.12 0.15 0.14 0.00 0.08 0.04 0.07 0.09 0.08
GESSVDD-PCA-SR-min 0.13 0.13 0.13 0.10 0.10 0.10 0.07 0.00 0.03 0.16 0.03 0.09
GESSVDD-I-S-max 0.11 0.09 0.10 0.08 0.06 0.07 0.09 0.00 0.05 0.09 0.13 0.11
GESSVDD-I-GR-max 0.12 0.17 0.15 0.15 0.23 0.19 0.07 0.11 0.09 0.08 0.10 0.09
GESSVDD-I-SR-max 0.09 0.26 0.18 0.09 0.07 0.08 0.00 0.00 0.00 0.11 0.04 0.08
GESSVDD-I-S-min 0.07 0.22 0.15 0.00 0.22 0.11 0.18 0.00 0.09 0.14 0.08 0.11
GESSVDD-I-GR-min (ESSVDD) 0.12 0.12 0.12 0.11 0.15 0.13 0.00 0.18 0.09 0.09 0.05 0.07
GESSVDD-I-SR-min 0.09 0.18 0.13 0.22 0.17 0.20 0.00 0.19 0.09 0.14 0.04 0.09
GESSVDD-0-S-max 0.11 0.13 0.12 0.10 0.22 0.16 0.29 0.24 0.26 0.09 0.17 0.13
GESSVDD-0-GR-max 0.10 0.14 0.12 0.13 0.13 0.13 0.14 0.21 0.17 0.11 0.20 0.16
GESSVDD-0-S-min 0.10 0.21 0.15 0.18 0.16 0.17 0.15 0.13 0.14 0.20 0.17 0.19
GESSVDD-0-GR-min (SSVDD) 0.18 0.09 0.14 0.19 0.26 0.22 0.00 0.20 0.10 0.21 0.06 0.14
ESVDD 0.04 0.07 0.05 0.00 0.00 0.00 0.00 0.07 0.03 0.12 0.04 0.08
SVDD 0.07 0.04 0.06 0.15 0.21 0.18 0.35 0.10 0.22 0.06 0.18 0.12
OCSVM 0.19 0.16 0.18 0.00 0.00 0.00 0.00 0.16 0.08 0.08 0.14 0.11
GESVDD-PCA 0.03 0.07 0.05 0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.07 0.06
GESVDD-Sw 0.03 0.03 0.03 0.00 0.00 0.00 0.00 0.00 0.00 0.07 0.07 0.07
GESVDD-kNN 0.03 0.05 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.03 0.08 0.05
GESVM-PCA 0.02 0.05 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.07 0.06
GESVM-Sw 0.02 0.06 0.04 0.00 0.00 0.00 0.00 0.12 0.06 0.07 0.06 0.07
GESVM-kNN 0.03 0.04 0.03 0.00 0.00 0.00 0.00 0.07 0.03 0.06 0.07 0.07
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S6. Sensitivity analysis

Figure 1: Hyperparameters sensitivity analysis for GESSVDD-Sb-GR-min on MNIST dataset (target class=0)
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Figure 2: Hyperparameters sensitivity analysis for GESSVDD-Sb-GR-max on MNIST dataset (target class=0)

Figure 3: Hyperparameters sensitivity analysis for GESSVDD-Sb-S-min on MNIST dataset (target class=0)
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Figure 4: Hyperparameters sensitivity analysis for GESSVDD-Sb-S-max on MNIST dataset (target class=0)

Figure 5: Hyperparameters sensitivity analysis for GESSVDD-Sb-SR-min on MNIST dataset (target class=0)
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Figure 6: Hyperparameters sensitivity analysis for GESSVDD-Sb-SR-max on MNIST dataset (target class=0)

Figure 7: Hyperparameters sensitivity analysis for GESSVDD-Sw-GR-min on MNIST dataset (target class=0)
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Figure 8: Hyperparameters sensitivity analysis for GESSVDD-Sw-GR-max on MNIST dataset (target class=0)

Figure 9: Hyperparameters sensitivity analysis for GESSVDD-Sw-S-min on MNIST dataset (target class=0)
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Figure 10: Hyperparameters sensitivity analysis for GESSVDD-Sw-S-max on MNIST dataset (target class=0)

Figure 11: Hyperparameters sensitivity analysis for GESSVDD-Sw-SR-min on MNIST dataset (target class=0)
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Figure 12: Hyperparameters sensitivity analysis for GESSVDD-Sw-SR-max on MNIST dataset (target class=0)

Figure 13: Hyperparameters sensitivity analysis for GESSVDD-PCA-GR-min
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Figure 14: Hyperparameters sensitivity analysis for GESSVDD-PCA-GR-max on MNIST dataset (target class=0)

Figure 15: Hyperparameters sensitivity analysis for GESSVDD-PCA-S-min on MNIST dataset (target class=0)
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Figure 16: Hyperparameters sensitivity analysis for GESSVDD-PCA-S-max on MNIST dataset (target class=0)

Figure 17: Hyperparameters sensitivity analysis for GESSVDD-SR-PCA-min on MNIST dataset (target class=0)
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Figure 18: Hyperparameters sensitivity analysis for GESSVDD-SR-PCA-max on MNIST dataset (target class=0)

Figure 19: Hyperparameters sensitivity analysis for GESSVDD-GR-kNN-min on MNIST dataset (target class=0)
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Figure 20: Hyperparameters sensitivity analysis for GESSVDD-GR-max on MNIST dataset (target class=0)

Figure 21: Hyperparameters sensitivity analysis for GESSVDD-S-kNN-min on MNIST dataset (target class=0)
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Figure 22: Hyperparameters sensitivity analysis for GESSVDD-S-kNN-max on MNIST dataset (target class=0)

Figure 23: Hyperparameters sensitivity analysis for GESSVDD-SR-kNN-min on MNIST dataset (target class=0)
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Figure 24: Hyperparameters sensitivity analysis for GESSVDD-SR-kNN-max on MNIST dataset (target class=0)

Figure 25: Hyperparameters sensitivity analysis for GESSVDD-GR-I-min on MNIST dataset (target class=0)
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Figure 26: Hyperparameters sensitivity analysis for GESSVDD-GR-I-max on MNIST dataset (target class=0)

Figure 27: Hyperparameters sensitivity analysis for GESSVDD-S-I-min on MNIST dataset (target class=0)
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Figure 28: Hyperparameters sensitivity analysis for GESSVDD-S-I-max on MNIST dataset (target class=0)

Figure 29: Hyperparameters sensitivity analysis for GESSVDD-SR-I-min on MNIST dataset (target class=0)
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Figure 30: Hyperparameters sensitivity analysis for GESSVDD-SR-I-max on MNIST dataset (target class=0)

Figure 31: Hyperparameters sensitivity analysis for GESSVDD-GR-0-min on MNIST dataset (target class=0)
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Figure 32: Hyperparameters sensitivity analysis for GESSVDD-GR-0-max on MNIST dataset (target class=0)

Figure 33: Hyperparameters sensitivity analysis for GESSVDD-S-0-min on MNIST dataset (target class=0)
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Figure 34: Hyperparameters sensitivity analysis for GESSVDD-S-0-max on MNIST dataset (target class=0)
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Abstract—Insect monitoring is crucial for understanding the
consequences of rapid ecological changes, but taxa identification
currently requires tedious manual expert work and cannot
be scaled-up efficiently. Deep convolutional neural networks
(CNNs) provide a promising way to increase the biomonitoring
volumes significantly. However, taxa abundances are typically
very imbalanced, and the amounts of training images for the
rarest classes are too low for deep CNNs. As a result, the samples
from the rare classes are often completely missed, while detecting
them has biological importance. On the other hand, one-class
classifiers are traditionally trained with much fewer samples to
model a single class of interest. In this paper, we examine their
capability to complement deep CNN based taxa identification by
indicating samples potentially belonging to the rare classes of
interest for human inspection. Our experiments confirm that the
proposed approach may indeed support moving towards partial
automation of the taxa identification task.

Index Terms—biomonitoring, taxa identification, machine
learning, one-class classification, support vector data description

I. INTRODUCTION

To understand the consequences of climate change and
other anthropogenic changes in different aquatic ecosystems,
it is crucial to widely monitor different animal groups. Also
international environmental legislation, such as the EU Water
Framework Directive (WFD) [1], acknowledges the task of
monitoring aquatic ecosystems. Since changes in the abun-
dances of benthic macroinvertebrate taxa can provide an early
warning sign of environmental problems in aquatic ecosys-
tems, they are widely used as indicating factors in WFD-
compliant ecological status assessment and environmental
decision making [2], [3]. Simultaneously, they have also been
identified as one of the most challenging groups to be mon-
itored [4]. The task currently requires tedious manual expert
work making it expensive, time-consuming, and error-prone.
The recent advances in machine learning, especially deep
convolutional neural networks (CNNs), provide a promising
way to scale-up monitoring and provide faster information for
environmental decision making. In the future, the samples of
benthic macroinvertebrates may be imaged with an automated
imaging device and then identified using a deep learning model
trained with a sample dataset.

The overall accuracy obtained by automatic identification of
benthic macroinvertebrates is approaching human expert-level
[5] and, already in the near future, it may be possible to use
machines to handle the majority of the samples, while human
experts manually identify only the difficult and interesting
cases, such as specimens potentially belonging to rare species.
A significant challenge that needs to be addressed is induced
by the very imbalanced taxa abundances. For some rare
species, the number of training images is simply too low for
a deep CNN and, as a result, the identification often fails.
This problem is largely overlooked in the recent works [5], [6]
that consider only the overall identification accuracy. The low
number of misclassified specimens from rare species hardly
affects the overall accuracy, while they are important for mon-
itoring biodiversity. In this paper, we propose a mechanism
that can indicate a reasonably-sized subset of specimens as
potential samples of rare species for human expert inspection.
To this end, we propose complementing the deep CNN based
identification with one-class classifiers. One-class classifiers
are traditionally trained with much fewer samples than deep
networks, and our experimental results support the assumption
that they can help detect samples from the rare species.

The rest of this paper is organized as follows. In Section II,
we discuss the related work on machine learning in biomon-
itoring and one-class classification. The proposed system is
described in detail in Section III. The details of experimental
setup along with the results are provided in detail in Section
IV. Finally, the conclusion and future work are presented in
Section V.

II. RELATED WORK

A. Machine learning in biomonitoring

Machine learning is rapidly gaining recognition as a promis-
ing tool for many biomonitoring applications, such as identi-
fying fish species [7], forest surveillance [8], or monitoring
Arctic flowering seasons [9]. In this paper, we concentrate on
benthic macroinvertebrate identification. Nevertheless, primary
challenges are similar for most biomonitoring applications,
and the solutions may be easily applied to other applications.
For example, the identification task is very fine-grained. Fine-
grained classification aims at distinguishing subordinate cate-
gories of a common superior category [10]. Domain experts
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Fig. 1. Example images of different benthic macroinvertebrate taxa from
FIN-Benthic 2 dataset [5]

usually define those subordinate categories with complicated
rules, which typically focus on subtle differences in particular
regions. For a non-expert, it may be hard to see any difference
between similar species as illustrated by example images in
Fig. 1. At the same time, the intra-class variance may be large
due to different development stages [11]. Taxa distributions in
the nature, and thus also the available reference datasets, are
very imbalanced [5]. Furthermore, some taxonomists continue
to object the shift toward automated methods due to different
doubts and fears [12]. The last problem may be eased by
providing better mechanisms for dividing the identification
task between machines and human experts so that the machine
first handles only the most routine-like cases [6].

The machine learning techniques for image-based taxa
identification have developed from using handcrafted features
with shallow networks [13], [14] towards using deep neural
networks, which operate on images as inputs [5], [6]. A
significant challenge with deep neural networks is the need
of huge amounts of training data. This has lead to efforts
to create imaging devices capable of providing high-quality
images with minimal manual effort [11], [15]. Nevertheless,
the existing datasets, such as FIN-Benthic2 [5] used in this
paper, typically have very imbalanced classes. The smallest
taxa simply do not provide enough information for training
deep neural networks. However, such rare taxa and changes
in their abundances may be biologically and environmentally

interesting. The performance of the deep neural networks
for the very rare species may be enhanced, e.g., by data-
augmentation [16] or special loss functions [17], but also
these approaches tend to overfit to the few training samples
and do not generalize well for unseen samples. In this paper,
we suggest combining one-class classifiers with the trained
deep neural network to provide an additional mechanism for
detecting samples potentially belonging to the rare classes for
human inspection.

B. One-class classification

The main idea in one-class classification is to create a
representative model of a class of interest, typically called
target or positive class, using data from this class only. During
inference, the model is used to predict whether unseen samples
belong to the target class or are outliers. Traditional one-class
classifiers can produce successful class models with only tens
and hundreds of samples [18]–[20]. At the same time, com-
putational complexity of the training phase makes training on
very large or high-dimensional datasets infeasible. However,
testing the trained one-class classifiers is fast, and very large
datasets can be evaluated with a low computational cost. One-
class classifiers have been applied, for example, on highly
imbalanced phage-bacteria datasets for fast identification of
potential phage candidates for a given bacteria [21]. In [19],
one-class classification was applied to the facial image analysis
problem. River target detection in remote sensing images was
studied in [22], where the proposed one-class classification
based system reduced the time complexity in target detection.
A document classification system based on principal compo-
nent analysis (PCA) and one-class classification was proposed
in [23], where PCA helped achieve dimensionality reduction
for one-class classification.

We denote the target data as X = [x1, ...,xn], where n is
the number of target items and xi are D-dimensional vectors.
One-Class Support Vector Machine (OC-SVM) [24] separates
all the data points from the origin and maximizes the distance
from this hyperplane to the origin:

min
w,ξi,ρ

1

2
‖w‖2 +

1

Cn

n∑

i=1

ξi − ρ

s.t. w ∗ xi ≥ ξi − ρ, ∀i ∈ {1, . . . , n}
ξi ≥ 0, ∀i ∈ {1, . . . , n}, (1)

where w is a weight vector, slack variables ξi allow some data
points to lie within the margin, and hyper-parameter C sets
an upper bound on the fraction of training samples allowed
within the margin and a lower bound on the number of training
samples used as Support Vector.

Another classical one-class classification method is Support
Vector Data Description (SVDD) [25]. An SVDD model is
trained by forming the smallest hypersphere, which includes
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Fig. 2. The proposed taxa identification pipeline

all the target data. SVDD minimized the following function:

min F (R, a) = R2 + C
n∑

i=1

ξi

s.t. ‖xi − a‖22 ≤ R2 + ξi, ∀i ∈ {1, . . . , n},
ξi ≥ 0, ∀i ∈ {1, . . . , n}, (2)

where R is the radius, a is the center of hypersphere, ξi
are slack variables allowing some training samples to be left
outside the hypersphere, and hyper-parameter C controls the
number of allowed outliers. Both OC-SVM and SVDD can be
solved in one step using Lagrange multipliers.

A recent extension of SVDD, Subspace Support Vector Data
Description (S-SVDD) [26] maps the data to an optimised
d-dimensional subspace suitable for one-class classification
as Qxi. S-SVDD is solved iteratively, alternating the steps
of solving SVDD in the current subspace and improving the
subspace projection Q. The second step computes the gradient
of Lagrangian of Eq. (2), ∆L, and updates Q as

Q = Q− η(∆L+ β∆Ψ), (3)

where Ψ is an additional regularization term enforcing more
variance, β is a weight for controlling the importance of Ψ,
and η is a learning rate. Ψ is calculated as

Ψ = Tr(QXλλᵀXᵀQᵀ), (4)

where Tr(·) is a trace operator and different values for λ
result in different versions of S-SVDD. In this paper, we use
unregularized version (i.e. λi = 0) denoted as S-SVDD and
two regularized versions S-SVDDr1 with λi = 1 and SVDDr2,
where λ is used to select only the support vectors.

III. PROPOSED SYSTEM

Our work aims at helping the move from fully manual
taxa identification of benthic macroinvertebrates to a semi-
automated approach, where a trained machine learning model

can handle most of the specimens, while the human experts
can concentrate on difficult and potentially most interesting
cases. As our starting point, we assume the typical sce-
nario where we have a trained deep neural network model
that gives a satisfactory overall accuracy, while it fails to
correctly identify specimens from rare species, which have
biological/environmental importance. We propose using one-
class classifiers as an additional mechanism that can be used
together with a deep CNN to pinpoint specimens that poten-
tially belong to the rare species for human expert inspection.
The proposed approach does not require changing the existing
CNN in any way and it can be used to complement any kind of
CNN. Here, we only assume that the features extracted by the
deep CNN provide sufficient information to discriminate the
classes of interest even though the CNN itself fails to identify
the samples belonging to these classes correctly.

The proposed overall framework is shown in Fig. 2. In the
first phase, collected macroinvertebrate samples are imaged,
and the images are preprocessed as needed (e.g., normaliza-
tion, resizing). The images are fed to a trained deep CNN for
initial identification. Features extracted from the second last
layer of the network are mapped to a lower dimensionality
to make the one-class models smaller and more focused on
the key information. The mapping may be done using the
traditional dimensionality reduction techniques, such as PCA
or Linear Discriminant Analysis (LDA), or learned specifically
for the one-class classification task, such as in S-SVDD. The
lower-dimensional features are then fed to one or more one-
class classifiers, each trained to model a single rare class
of interest. Finally, the specimens which are classified to
the target class are manually identified by a human expert,
while otherwise the initial CNN identification is used in the
subsequent biological assessment of the results. Note that the
experts use the actual specimens with microscopic analysis,
while the machine learning components rely on images and



features extracted from the images.
As one-class classifiers use only target class data for train-

ing, they may not be able to accurately distinguish unseen
target samples from outliers, which have a high similarity with
the target class. However, this may be even a benefit in our
application. Trying to separate target samples from very sim-
ilar outliers is naturally error-prone. Therefore, it is better to
direct also these unclear cases for expert identification instead
of trying to build a model as accurate as possible. In general,
our goal is to detect as many samples from the target class
as possible with the minimum amount of samples that require
manual identification. However, it is not straightforward how
to evaluate the performance of different one-class classifiers
on the given task. Depending on biomonitoring goals and
importance of the target class, it may vary how much human
effort is acceptable to maximize the number of detected target
class specimens.

IV. EXPERIMENTAL SETUP AND RESULTS

A. Dataset

We used FIN-Benthic2 dataset [5] in our experiments. The
dataset is publicly available1 and consists of 460004 images of
9631 benthic macroinvertebrate specimens belonging to 39 dif-
ferent taxa. The number of images per taxon varies from 490
to 44240 making the dataset very imbalanced. The images are
of varying sizes and in PNG-format. FIN-Benthic2 provides
10 different data splits for training, validation, and testing.
Each split has been formed so that the images of a single
specimen (max 50) are in the same set (train/validation/test).
In this paper, we consider only image-based identification, and
we leave it for future work to investigate how to exploit the
fact that we actually have several images corresponding to the
same specimen. We used Split 1 as our data splitting.

For one-class classification, we selected three different taxa,
Capnopsis schilleri, Nemoura cinerea, and Leuctra nigra, as
our target classes. Each of these taxa is rare, and VGG16 has
poor performance on them. The target classes were selected as
a proof-of-concept, not based on their environmental impor-
tance. The image numbers for the selected classes are shown
in Table I.

TABLE I
IMAGE NUMBERS IN SPLIT 1 OF FIN-BENTHIC2 DATASET

Train Validation Test
Capnopsis schilleri 600 100 350
Nemoura cinerea 650 100 50
Leuctra nigra 1100 50 200
Whole dataset 321407 45912 92685

B. Classifiers and their parameters

As our base-model, we fine-tuned a VGG16 network [27]
pre-trained on ImageNet using FIN-Benthic2 dataset. To make

1FIN-Benthic2 dataset is available at http://urn.fi/urn:nbn:fi:att:dc6440ad-
43bd-4349-8fb9-0e0d1971a7e8

VGG16 suitable for our task, we added two dense layers on top
of the VGG16 convolutional output. The first added layer is
composed of 4069 neurons with ReLU activation. The second
added layer is the output layer composed of 39 neurons using
soft-max activation. We also added two dropout layers on top
of the mentioned dense layers to avoid overfitting. The dropout
rate was set to 40 percent. We fine-tuned the whole network for
50 epochs using Stochastic Gradient Descent with a learning
rate of 0.007 and selected the final network based on the
validation set accuracy. As the original images are of varying
size, we first scaled them to 64x64. The overall accuracy
of the network on the test set was 0.872. This is similar to
earlier published results [5], while we did not concentrate on
optimizing this step in this work.

We extracted the output of the second last VGG16 layer
(i.e., 4096-D) for further analysis and first applied PCA
for dimensionality reduction. We used only the target class
training samples to obtain the PCA mapping and then applied
this mapping for all the remaining data. We kept the first
100 principal components as our final feature vectors used
for training and testing the one-class classifiers. Finally, we
trained different one-class classifiers (separate models for each
target species) using feature vectors of the training images of
the target species. The hyper-parameters were optimized using
the validation set. In the end, we tested the models with the
full test set, where all the images not belonging to the target
class were considered as outliers.

Note that both the CNN architecture (VGG16) and the
dimensionality reduction techniques (PCA) are well-known
and widely used techniques and they were selected for the
experiments just as a proof-of-concept. The proposed approach
can be used with any CNN model and more advanced ap-
proaches for learning the optimal dimensionality reduction will
be a topic for future work.

The one-class classifiers considered were OC-SVM, SVDD,
S-SVDD, S-SVDDr1, and S-SVDDr2 (See Section II-B). We
used both linear and non-linear (kernel) versions. For the
kernel version, we used the RBF kernel, i.e.,

Kij = exp

(−||xi − xj ||2
2σ2

)
, (5)

where σ is an additional hyper-parameter. The hyper-
parameters C, d, η, β and σ were selected from the following
values:

• C ∈ {0.01, 0.05, 0.1, 0.2, 0.3},
• d ∈ {1, 2, 3, 4, 5, 10, 20, 50, 100},
• η ∈ {10−4, 10−3, 10−2, 10−1},
• β ∈ {0.01, 0.1, 1, 10, 100},
• σ ∈ {10−3, 10−2, 10−1, 100, 101, 102, 103}.
For comparison purposes, we used the PCA output as the

input also for S-SVDD even though it could be also used
to learn the projection from the original features. For both
linear and non-linear case, we also report the outcome of an
ensemble of all the considered one-class classifiers (Ensemble-
OCC). In Ensemble-OCC, a test instance is classified to the



TABLE II
ONE-CLASS CLASSIFIER RESULTS FOR DIFFERENT TARGET SPECIES

Capnopsis schilleri Nemoura cinerea Leuctra nigra
TPR GM TP TP+FP TPR GM TP TP+FP TPR GM TP TP+FP

CNN classification
VGG16 0.046 0.214 16 101 0.020 0.141 1 39 0.170 0.412 34 174
Linear one-class classification
OC-SVM 0.906 0.613 317 54367 0.660 0.357 33 74739 0.625 0.437 125 64304
SVDD 0.346 0.586 121 701 0.280 0.525 14 1422 0.730 0.832 146 4860
S-SVDD 0.557 0.740 195 1893 0.480 0.676 24 4385 0.805 0.838 161 11910
S-SVDDr1 0.609 0.773 213 1977 0.340 0.567 17 5209 0.805 0.837 161 12103
S-SVDDr2 0.706 0.825 247 3573 0.560 0.702 28 11178 0.855 0.876 171 9625
Ensemble-OCC 0.620 0.779 217 2077 0.380 0.601 19 4487 0.820 0.848 164 11497
Non-linear one-class classification
OC-SVM 0.034 0.185 12 87 0.000 0.000 0 51 0.220 0.469 44 102
SVDD 0.331 0.574 116 658 0.300 0.543 15 1441 0.730 0.832 146 4904
S-SVDD 0.503 0.705 176 1169 0.440 0.649 22 3890 0.815 0.853 163 10085
S-SVDDr1 0.540 0.730 189 1404 0.400 0.622 20 3138 0.780 0.854 156 6221
S-SVDDr2 1.000 0.000 350 92685 0.220 0.465 11 1762 0.995 0.003 199 92683
Ensemble-OCC 0.503 0.705 176 1160 0.300 0.542 15 1883 0.775 0.851 155 6245

target class if most of the one-class classifiers predict the
instance as positive.

C. Performance metrics

In one-class classification, sensitivity and specificity are
popular performance metrics used to evaluate the performance
of the trained models. Sensitivity, also known as recall or
True Positive Rate (TPR), is the fraction of correctly classified
target class samples correctly:

TPR =
TP
P
, (6)

where TP is the total number of correctly predicted positive
samples, and P is the total number of positive samples in the
dataset. Specificity, also called the True Negative Rate (TNR),
is the proportion of outlier samples that are correctly identified:

TNR =
TN
N
, (7)

where TN is an acronym for True Negatives, i.e., the total
number of correctly predicted outliers, and N represents the
total number of outliers in the dataset. Geometric Mean (GM)
takes into account both TPR and TNR, and it is defined as the
square root of the product of TPR and TNR:

GM =
√

TPR× TNR. (8)

GM reflects both the ability of the model to detect target class
samples and its ability to keep the overall amount of samples to
be manually identified low. Therefore, we use it as our primary
performance measure and use it for optimizing the hyper-
parameters also. Furthermore, we report the total number of
correctly identified target samples, i.e., True Positives (TP),
and the total number of samples needing manual identification,
i.e., True Positives and False Positives (TP+FP).

D. Experimental results

We give the experimental results in Table II. We see that
one-class classifiers, using the same features as VGG16, can
indeed detect samples from rare species much better than the
deep network with a reasonable overhead (TP+FP). Here, it
should be remembered that up to 50 images can represent the
same specimen and, therefore, the actual number of specimens
needing manual inspection may be significantly smaller than
the reported number of images.

Comparing the different one-class classifiers, we see that
the results for the linear versions are more robust, while the
kernel versions in some cases produce models that classify
(almost) all the samples as target class or outliers. The best
one-class classifier for all the considered taxa in terms of GM
is the linear S-SVDDr2 model. We also notice that ensembling
the one-class classifiers did not further improve the results.

V. CONCLUSION AND FUTURE WORK

We proposed a taxa identification framework, where spec-
imens potentially representing rare species are directed for
human expert inspection. We showed that one-class classifiers
can complement a deep neural network with high overall
classification accuracy in a way that allows dividing the tasks
between machine and human experts. This supports moving
from fully manual to semi-automated taxa identification in
biomonitoring. The best one-class classification model in terms
of Geometric Mean was regularized linear Subspace Support
Vector Data Description.

In this paper, we considered images separately, while we
actually have multiple images of a single specimen. In our
future work, we will consider how to exploit this information.
For example, we may require a certain fraction of images to be



classified as target class to assign the specimen for human in-
spection, or we may use multi-modal one-class classifiers, e.g.,
[28], by considering each image as a separate modality. We
will experiment with more advanced dimensionality reduction
techniques and consider how to use classification confidences
of both the CNN and one-class classifiers to further reduce
the number of samples requiring human inspection. We will
also experiment with different classifier types, such as class-
specific classifiers, in our general identification framework.
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[5] J. Ärje, J. Raitoharju, A. Iosifidis, V. Tirronen, K. Meissner, M. Gabbouj,
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[7] A. A. dos Santos and W. N. Gonçalves, “Improving pantanal fish species
recognition through taxonomic ranks in convolutional neural networks,”
Ecological Informatics, vol. 53, 2019.

[8] N. Wyniawskyj, M. Napiorkowska, D. Petit, P. Podder, and P. Marti,
“Forest monitoring in guatemala using satellite imagery and deep learn-
ing,” in IEEE International Geoscience and Remote Sensing Symposium,
2019.
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