Journal of Dynamics and Differential Equations
https://doi.org/10.1007/510884-021-10117-y

®

Check for
updates

Robustness of Polynomial Stability of Damped Wave
Equations

Dmytro Baidiuk' - Lassi Paunonen’

Received: 25 May 2020 / Revised: 16 September 2021 / Accepted: 2 December 2021
© The Author(s) 2022

Abstract

In this paper we present new results on the preservation of polynomial stability of damped
wave equations under addition of perturbing terms. We in particular introduce sufficient
conditions for the stability of perturbed two-dimensional wave equations on rectangular
domains, a one-dimensional weakly damped Webster’s equation, and a wave equation with
an acoustic boundary condition. In the case of Webster’s equation, we use our results to
compute explicit numerical bounds that guarantee the polynomial stability of the perturbed
equation.
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1 Introduction

In this paper we study the stability properties of damped wave equations and abstract second-
order differential equations of the form [17,29]

{ Wy (1) — Lw (1) + DoDfw, (1) =0, 1 >0,
w(0) =wo, w:(0) = w

(1.1)

on a Hilbert space Xg. Here L : dom L C Xo — Xy is a negative self-adjoint operator
with a bounded inverse and Dy € £(U, X) for some Hilbert space U. Our main interest
is in the preservation of stability under bounded perturbations in the situation where the

The research was funded by the Academy of Finland Grants 298182 and 310489 held by L. Paunonen.

B Lassi Paunonen
lassi.paunonen @tuni.fi

Dmytro Baidiuk
baydyuk @gmail.com

Mathematics and Statistics, Faculty of Information Technology and Communication Sciences, Tampere
University, P.O. Box 692, 33101 Tampere, Finland

Published online: 06 January 2022 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10884-021-10117-y&domain=pdf
http://orcid.org/0000-0001-6497-4718

Journal of Dynamics and Differential Equations

unperturbed differential Eq. (1.1) is only polynomially stable [7,10] (as opposed to being
uniformly exponentially stable). The polynomial stability of (1.1) means that there exist
constants o, M > 0 such that for all initial conditions wg € dom L and w{ € dom (—L)l/ 2
the solutions of (1.1) satisfy [10]

I=L)'" w1 + lw, ()] < ti‘fa (ILwoll? + 1(=D) 2wy ]?), #>0.  (1.2)
Polynomial stability has been investigated in detail in the literature for damped wave equations
on multi-dimensional domains [5,11,20], coupled partial differential equations [6,16,27,30],
as well as abstract damped second-order systems of the form (1.1) [3,4,13,15,21].

Polynomial stability is a strictly weaker concept than exponential stability, and it can in
particular be destroyed under addition of arbitrarily small lower order terms in the partial
differential equation. In this paper we employ and refine the general framework introduced in
[23,24] to present conditions for preservation of the polynomial stability of the abstract dif-
ferential Eq. (1.1) under finite-rank and Hilbert—Schmidt perturbations. Moreover, we study
preservation of polynomial stability for selected partial differential equation models, namely,
a damped two-dimensional wave equation on a rectangular domain, a weakly damped Web-
ster’s equation, and a one-dimensional wave equation with a dynamic boundary condition.

As our first main results we present general conditions for the polynomial stability of
perturbed second-order systems of the form

{ Wy (1) — Lw(t) + DoDyw; () = B2(Crw(t) + Cowy (1)), t>0 (1.3)

w(0) = wo, w;(0) = w.

Here the operators B> € £(Y, Xp), C1 € £(dom (=L)Y2,Y), and C3 € £(Xy, Y) for some
Hilbert space Y describe the perturbations to the nominal polynomially stable Eq. (1.1). As our
first main results we adapt and improve the main results in [23,24] to make them more easily
verifiable for second-order systems of the form (1.3). Our results show that if the unperturbed
equation is polynomially stable so that (1.2) is satisfied with some o € (0, 2], then (1.3) is
polynomially stable provided that for exponents g, y € [0, 1] satisfying 8+ y > « the graph
norms ||(—L)#/2B; |, I|(—=L)=D/2C¥||, and || (—L)?/>C|| are finite and sufficiently small.
Our new results also provide concrete bounds for the required sizes of these graph norms
based on lower bounds for the operator D restricted to the spectral subspaces of L. The
results are applicable in the situations where Y is either finite-dimensional or where B, C1,
and C» are Hilbert—Schmidt operators.

As the first concrete partial differential equation we study a wave equation with viscous
damping on a rectangle Q = (0, a) x (0, b),

{wn(t,x, y) — Aw(t,x, y) +dx, Yw(t, x,y) =0, t>0,(x,y) €Q (1.4)

w(t,x,y) =0, t>0,(x,y) €9R.

We assume the damping coefficient d(-, -) > 0 is strictly positive on some non-empty open
subset of € which does not satisfy the Geometric Control Condition (see, e.g., [5]). We
apply our abstract results to present conditions for the polynomial stability of perturbed wave
equations of the form

wy(t, x,y) — Aw(t, x, y) +d(x, y)w(t, x, y)

k=1

= bia(x.y) /(w(t, & mck1(Em) +wi (2, &, ek 28, m)dEdn
Q
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where by 2, ¢k 1, k2 € L?(2). In particular, our results show that the perturbed wave equa-
tion is polynomially stable provided that the coefficient functions by 2, ck,1, and ck 2 have
sufficient smoothness properties in the sense that these functions belong to fractional domains
of —A (the Dirichlet Laplacian on €2), and the associated fractional graph norms are suffi-
ciently small. We present also analogous results of Hilbert—Schmidt perturbations of (1.4).
Finally, we analyse the stability of (1.4) in a situation where the damping term is perturbed
in a non-dissipative way with a rank one operator.

Our second concrete partial differential equation is a Webster’s equation with a weak
damping on (0, 1),

Wy (t, X) — Wiy (t, X) — awy (¢, x) + d(x) fol w(t, §)d(E)e" d& =0
w(t,0)=w(,1)=0
w(0, x) = wo(x), w0, x)=wi(x),

where ¢ > 0 and d(-) € L?(0, 1) is the damping coefficient. In this article we focus on
a special case where d(x) = 1 — x. We begin by proving that the Webster’s equation is
polynomially stable with this particular damping coefficient. Using our abstract results we
then present conditions for the preservation of the Webster’s equation under addition of a
perturbation term. We also present a numerical example where we compute numerical bounds
for the coefficient functions in the perturbation to guarantee the preservation of polynomial
stability of the Webster’s equation.

Finally, as our third partial differential equation we consider a one-dimensional wave
equation with a dynamic boundary condition. The polynomial stability of this model was
shown in [1,22], and in this paper we present conditions for the preservation of the stability
under addition of perturbation terms to the differential equation.

We use the following notation. Given a closed operator A on a Hilbert space X, which
will be assumed to be complex, we denote its domain by dom A, its kernel by ker A, and its
range by ran A. The spectrum of A is denoted by o (A), and given A € p(A) := C\o (A) we
write R(A, A) for the resolvent operator (A — A)~!. The space of bounded linear operators on
X is denoted by £(X). Given two functions f, g : (0, 0c0) — R4, we write f(t) = O(g(1))
to indicate that f(z) < Cg(t) for some constant C > 0 and for all sufficiently large ¢ > 0.

2 Robustness of Stability for Generalized Wave Equations
2.1 Polynomial Stability of Strongly Continuous Semigroups

The second-order differential Eq. (1.1) with a negative and boundedly invertible operator
L :domL C Xo — Xoand Dy € £(U, Xp) can be represented as a first-order abstract
Cauchy problem with state u(t) = (w(z), wy )7 as

du 0 1
E_Au, where A_<L —D0D§>

with the initial condition u(0) = (wg, w;) T . We choose the state space of this linear system
as

H = dom (—L)'/? x X.
The space H is a Hilbert space with inner product defined by
(w, v)p = {(=D)"Pur, (=0)"Por) g + (w2, v2)x,
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for all u = (ul,uz)T, v = (vq, vz)T € 'H. The domain of A is domA = dom L x
dom (—L)'/2. The operator A has the form A = Ag — DD* where

Aoz(g (I)> :domACH—H and D:(;))O)ES(U,H). 2.1

Here Ag is a skew-adjoint operator and A generates a strongly continuous semigroup 7 (¢)
on H by the Lumer-Phillips theorem [17, Sec. VI.3].

Definition 2.1 ([10]) A strongly continuous semigroup 7 (¢) generated by a linear operator
Ais said to be polynomially stable with o > O ifitis uniformly bounded, i.e. sup,~o | T ()]l <
00, if iR C p(A), and if

|TA™! < ﬂ% forallz >0

for some constant M > 0.

2.2 Polynomial Stability of Perturbed Semigroups

We are interested in robustness of the polynomial stability of (1.1) under perturbations of the
form

{ wy () — Lw(t) + Do Dyw; (1) = B2(Crw(t) + Cow, (1)), t>0 2.2)

w(0) =wo, w:(0) =w

where B, € £(Y, Xo), C1: dom (—L)"/? € X¢ — Y, and C> € £(X, ¥) for some Hilbert
space Y are such that Ci(=L)" V% € £(Xy,Y). If we define B := (0, By)T € £(Y,H)
and C := (C1,Cy) € £(H,Y), the perturbed system can be represented as an abstract
Cauchy problem fj—’f = (A + BC)u. The following theorem presented in [24] provides
general conditions for the preservation of the polynomial stability of the semigroup T4+ pc (t)

generated by A + BC.
Theorem 2.2 ([24, Thm. 6]) Assume T (t) generated by A is polynomially stable with a > 0,
let B,y = 0 be such that B + y > «, and let k > 0 satisfy

1
< .
sup; e, IR(A, A)(—A)=F=7||1/2

If Be £Y,H)and C € £(H, Y) are such that
ran B C dom (—A)?, ranC* C dom (—A*)Y, (2.3)
if (—A)YP B and (— A*)Y C* are Hilbert—Schmidt operators, and if
[(=APB| <&, |(=A"rC*| <«, (2.4)
then the semigroup generated by A + BC is polynomially stable with the same o.

The following theorem introduces a concrete bound « > 0 for the norms of the perturba-
tions in Theorem 2.2 for A = Ag — D D* with a skew-adjoint operator Ag in the important
special case 8, y > 0 are chosen so that 8 + y = [«] (here [a] € N denotes the ceiling of
o > 0). The first part of the result is a special case of [13, Thm. 3.5] with a proof which has
been modified in a trivial manner to yield an explicit constant Mg > 0.
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Theorem 2.3 Let X and U be Hilbert spaces, and assume A = Ay — DD* where Ay :
domAg C X — X is skew-adjoint and D € £(U, X). Let P, ) € £(X) be the spectral
projection of Ag corresponding to the interval (ia, ib) C iR. Assume there exist no, §o > 0
and functions n : R — (0, nol and § : R — (0, 8o] such that

”D*x” > n()lx|l, Vx € ran P(s—5(s),5+5(s))- (2.5)

Then

IR@s, A)| =< Vs € R,

_ MR
n(s)28(s)%’

where

Mg = 2\/7735(2) + 203851 D11 + (85 + nglI DI? + 2[ D42,

If there exists My > 0 such that n(s)"28(s)"2 < Mo(1 + |s|%) for all s € R, then for
B,y = 0with B+ y = [a] in Theorem 2.2 it is possible to choose any k > 0 such that

where Mc > 0 is defined with an arbitrary so > 0 by
MpMo(1+5§) < A~k

Tl Ta]+1—k
So k=150

Mc =max { MpMo|| A= |71 (1 + 58),

Proof Assume thatthe functions n and § satisfy the assumptions of the theorem. Let y € X and
s € Rbe arbitrary and write x = R(is, A)y € dom A. We then have (is — Ao+ DD*)x =y,
and thus

ID*x||* = Re(DD*x, x) = Re((is — Ag + DD*)x, x) = Re(y, x) < [Iyllllx].
Denote Py := P(s_s(s),s+5(s)) for brevity and write X = X; @1 X where X; = Py X and
Xoo = (I — Py)X. If we write x = xo+Xo0 and y = yo+ Yoo according to this decomposition,

then

(is — Ap)Xoo + (I — P)DD*x = Yoo,
& Xoo = (is — A)) " [yoo — (I = P)DD*x],

since the restriction (is — Ag)|x,, of is — A to X is boundedly invertible. Since Ay is
skew-adjoint and o ((is — Ag)|x,,) C iR\(—=ié(s),i(s)), we have

Ix0oll? < 8() Yoo — (I — Py)DD*x|?
<28) 2 (Ilyl* + IDI* I D*xI?) .

By assumption we have ||xg|| < n(s)~'|D*x0ll < n(s) " (| D*x || + || D* x50 ||). If we denote
qg(s) =1+ 217(s)_2||D||2, we can use ||D*x||2 < |Ix|| Ily|l and the Young’s inequality to
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estimate
X117 = [lxoll* + lxooll* < 20() 21 D*x[1* + | DII* [ x00[1?) + [IXoo |I*

=2n() 21 D*x 1> + g () | xoo |I*

< 2n(s) 2ID*x |1 +28(s)2q(s) (IlyII* + 1DI* [ D*x %)

<28() @ yI* +2() " + 8() 2g) I DIP =[]y

<25() g lyl* + %nxu2 +20() 2 +8() g DI I
This estimate implies

[ < 48()2q(s) + ()2 + 8() g () IDIHDIIy 1> (2.6)
Recall that 1 < 77%77(s)_2 and 1 < 888(3)_2. We have
q(s) =1+ 2n() D> < n(s)">(ng + 21 D).
The estimate (2.6) implies
IRGs, A)[I* < 4(8()2q(s) + ()72 4+ 8() 2g()IIDI*?)
< 4383 (g + 21DIP) + (8§ + g + 21 DI DI Hn(s) " *8(s) ™.

This completes the first part of the proof.

Assume now that there exists Mo > 0 such that 1(s)"28(s)~2 < Mo(1 + |s|%) for all
s € R and denote n, = [a] € N. Then ||R(is, A)|| < MqgMg(1 + |s|%) for all s € R, and
Theorem 2.2 implies that if 8, y > 0 are such that 8 4+ y = n,, then the constant « > 0
is required to satisfy k < (sup,cc, IIR(4, A)A~"«||)~1/2_ The approach in the proof of [8,
Lem. 5.3] can be used to show that

sup [R(A, A)A™"| <2 -sup ||R(is, A)A™"].
reCy seR

This implies that x > 0 in Theorem 2.2 can be chosen to have any value k < 1//2M¢
provided that the constant Mc > 0 in the statement of the theorem is such that
|R(is, A)YA™"= || < M for all s € R. In order to show this, let 5o > 0 be arbitrary and
fixed. For any s € R with |s| < so we have

IRGs, AYA™" || < MrMol[ A" [ (1 + s§).

On the other hand, if |s| > sp, then using the resolvent identity R(is,A)A‘1 =
(is)""(R(is, A) + A~") repeatedly shows that

No
IRGs, A)A™" | = [[is) ™" R(is, A) + ) (i) e A™]
k=1
MrMo(L+151%) | ™ kot 4
T—i_Z's'k 1 na”A ]”k

- MRMO(1+S Z (1; - e ALk

Combining the above two estimates shows that sup, gl R(is, A)APY|| < Mc for the
constant M¢ > 0 in the statement of the theorem, and thus the proof is complete. O
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Remark 2.4 In the case where — L has a complete set of orthonormal eigenvectors —L¢,, =
Undp WithO < 1 < po < ---, the operator Ag in (2.1) has eigenvalues A, = sign (n)i /i,
and a complete set of orthonormal eigenvectors {y, },c7\ (0} such that

Aovn =t Y= (, 00
0V¥n nYn, n \/E)»n )»n¢\n\ .

In this situation for every s € R the spectral subspace ran P(_s(s),s+5(s)) Of Ao consists of
linear combinations of the eigenvectors v, with every n € Z\{0} for which s — §(s) <

sign (n)./i, < s+368(s). The functions  : R — (0, gl and 6 : R — (0, §p] in Theorem 2.3
should then be chosen so that

ID§x2ll = 1) =)V 21 1, + el

forall s € Rand x = (x1,x2) € ran Ps_s(s).s46(s))- In particular, if § : R — (0, 8o] is
chosen in such a way that §(—s) = §(s) and every interval (i (s — &(s)), i (s + 8(s))) contains
at most one eigenvalue A, = sign (n)i, /iy, then n : R — (0, no] in Theorem 2.3 can be
chosen to be an even function satisfying

IDGmll = V2n(s) ~ whenever |s — /ita| < 8(s), s> 0.

Remark 2.5 The second part of the proof of Theorem 2.3 can be extended in a straightforward
manner to the more general case where 8, y > 0 are any exponents satisfying 8 + y > «.
Indeed, if we denote ng, = [B + y1, the moment inequality [17, Thm. I1.5.34] with 6 =
(ngy — B —y)/ng, and a constant Mg ,, > O can first be used estimate

IRGis, AY(—=A) P~V || < Mg, IIRGis, A RGs, A)A™"#r |1,

and ||R(is, A)A™"F7| can be estimated using the resolvent identity similarly as before.
However, in this case the constant M¢ in the bound for k > 0 has a more complicated
formula.

2.3 Robustness Results for Wave Equations

The structure of the operator A allows us to improve the assumptions of Theorem 2.2 to
overcome the difficulty of computing the graph norms of the fractional powers of the damped
generators —(Ag — DD*) and —(Ag — DD*)*. Instead, the conditions are given in terms
of the graph norms of the fractional powers of the positive operator —L. Throughout this
section C} denotes the adjoint of Cy as an operator C;: dom C; C Xo — Y.

Theorem 2.6 Assume that the strongly continuous semigroup T (t) generated by

_(0 1 . 12
A—<L_DOD§>.domLxdom( Ly cH->H

is polynomially stable with o < 2, that 0 < B,y < 1 are such that B + y > «, and that
k > 0 is as in Theorem 2.2. If the perturbation operators B = (0, B)T € £(Y,H) and
C = (Cy1,Cy) € £(H, Y) satisfy

_L)\B2 % _)yT x _L/2
ran B, C dom (—L)"/“, ranC{ C dom (—L) z, ranC5; C dom (—L)
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if (—L)P/2B,, (—L)%C*, and (—L)V/ZCEk are Hilbert—Schmidt operators, and if

_7\B/2 e
L] <

2.7)

2 2
+ 0P < 5

r=1
H(_L) o K%’
14

then the semigroup generated by A + BC is polynomially stable with the same o. Here
1
Ko = 2™ 00-D M0 yith 6 € [0, 11and M = 1 + || Do|12[|(—L) 72|,

For proving this result we use the following theorem from [19].

Theorem 2.7 ([19, Thm. 1]) If Ay, Ay are closed maximal accretive operators on a Hilbert
space §) such that dom Ay C dom Aj and || Ayu| < M| Aju|| for some constant M > 0
and for all u € dom Ay, then dom A? C dom Ag and

||Agu|| < Ky ||Aﬁ)u uedomAQ, 0<6<l,

where Ky = e2700=0) p16.

Proof (Proof of Theorem 2.6) Let0 < 3,y < 1besuchthat 8+y > «.Our aim is to show
that if By, Cy, and C; satisfy the given assumptions, then B = (0, By)T and C = (Cy, C7)
satisfy (2.4) with the same « > 0. The stability of the semigroup generated by A + BC then
follows directly from Theorem 2.2. To this end let « > 0 be as in Theorem 2.2 and suppose
that (2.7) hold. Define A; : dom Ay C H — H and Ag : dom Ay C H — H with domains
dom A; = dom Ag = dom A = dom L x dom (—L)!/2 by

_ (D2 0 Y.

andlet D = (0, Do) " € £(U, H). Clearly
dom AZ = dom (—L)(G'H)/2 x dom (—L)(’/2

forall0 <6 < 1.Since C € £(H,Y) and C* = (—L’1CT, C;‘)T, the assumptions on By,
C1, and C, imply that ran B C dom Ag and ran C* C dom AZ‘ For every u = (uy, ) e
dom A4 we have [|Aoull3, = (—L)"?uz||* + | Luy||* = || Agul|3,, and

| Aullz = | (Ao — DD*ul),, < Hz — DD*A;! H Il Aol 2
< (1+] oo ag"|) naauliz,

where ||DD*A51|| < IDol2II(=L)~ V2. An analogous argument shows that we have
IA*ull7¢ = (Ao +DD*)ull < (1+ [ DolI* | (=L) =2 | Agu| 7 for all u € dom Ag. Since
—A, —A* and A, are closed and maximally accretive operators and dom A = dom A* =
dom A4, Theorem 2.7 implies that ran B C dom (—A)# and ran C* C dom (—A*)?, and for
all y € Y with ||y|| = 1 we have

I(=AYP Bylln < Kgll AL Byl < Kgll (=LY Ballllyll < «
[(=A*)Y C*yllz < Ky 1AL C*ylln

B 1/2
= K, (1D 2P + 1L 23 i?) il < x.

By Theorem 2.2 the semigroup generated by A + BC is polynomially stable with «. O
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If the operator L is diagonalizable [29, Sec. 2.6], then for 6 € R the spaces dom (=L)?
and the graph norms of (—L)? have the forms

Hy(L) := dom (~L)" = {u € Xo: ) | dixo P < ooI (2.82)
k=1
lull ey == (=L ullxy = > i’ lu, ¢x)xol*, € Hy(L), (2.8b)
k=1

where py are the eigenvalues of —L and ¢ are the corresponding orthonormal eigenvectors.
With these definitions the space H_g (L) is the dual of Hy (L) with respect to the pivot space
Xo [29, Sec. 2.9].

Corollary 2.8 Assume that L is diagonalisable, that the strongly continuous semigroup T (t)
generated by A is polynomially stable witha < 2,0 < B,y < 1l satisfy B +y > «, and
k > 0 is as in Theorem 2.2. If the perturbation operators B = (0, By)" € £(Y,H) and
C = (C1,C) € £(H, Y) satisfy

By € &(Y, Hgpp(L)), Ci e &(Y,Hy_1np(L), and C5 e £(Y, Hy)2(L)),
if (—L)P/2B,, (—L)V%1 C¥, and (—L)V/ZCEk are Hilbert—Schmidt operators and if

K
B2l ey, mp 0 < X

*||2 %2 K
| ||£(Y,H(y_1)/2) +]cs ||£(Y,Hy/2) < ]T%’
then the semigroup generated by A + BC is polynomially stable with the same o. Here
1
Ko = ex™ 00000 yith 0 € [0, 1]and M = 1 + || Do|?[(=L)~ /2.

3 Perturbations of Damped Two-Dimensional Wave Equations

In this section we consider damped wave equations on rectangular domains with different
damping functions. We use Theorem 2.6 to derive concrete conditions for preservation the
polynomial stability of perturbed wave equations with finite rank and Hilbert-Schmidt per-
turbations. We consider the damped wave Eq. (1.4) on Q = (0, a) x (0, b), a, b > 0, with
a damping coefficient d(-, -) € L (). The equation is of the form (1.1) on Xy = L*()
with the choice L = A and domain dom A = H?(Q) N HJ (), and with Dy € £(L*(Q))
defined as the multiplication operator such that Dou = /d (-, -)u(-, -) forall u € L3(Q).

We suppose that the set @ = {d(x, y) > 0} contains an open, nonempty subset and does
not satisfy Geometric Control Condition (GCC) (see a definition of GCC for example in [5,
Sec. 1]). It was shown in [18] that for such damping the Schrodinger group is observable,
i.e., the pair (Dg, i(—A)) is exactly observable [29, Def. 6.1.1] (see also [12]). In this case
the damped wave equation (1.4) is polynomially stable with « = 2 by [5, Thm. 2.3].

Our assumptions together with the results in [18] and [13, Prop. 3.9] also imply that the
condition (2.5) is satisfied for some functions  : R — (0, np]and § : R — (0, do] satisfying
n(s)728(s)"2 < Mo(1 + s?) for all s € R. Because of this, Theorem 2.3 could in principle
be used to derive numerical values for « > 0 for particular damping functions d(, -). In
practice, however, finding suitable concrete functions 7 and § can be challenging, and in the
case of the two-dimensional wave equation this is an important topic for further research.
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Remark 3.1 In some cases of damping functions the estimate for the exponent of polynomial
stability can be improved. For example, in [28] the exponent of polynomial stability for the
damping function

1ifx < ¢;

0ifx > e, ee€(0,1) 3.1

d(x,y) :{

was shown to be « = 3/2. Moreover, additional differentiability assumptions on d (-, -)
improve the rate of polynomial decay, as shown in [5,11,14].

3.1 Rank One Perturbations

We begin by considering perturbed wave equations of the form

wtt(tvx! Y) - ALU(I,X, )’) +d(x’ y)wl‘(tvxv y)
— ba(x, ¥) / (Wit £ n)e1 (. n) + wi (1, £ (&, m)dédn (3.2)
Q

with by, c» € L2(Q) and ¢; € H_; ,2(A). The following theorem presents sufficient condi-
tions for the polynomial stability of (3.2).

Theorem 3.2 Assume that damped wave equation (1.4) is polynomially stable with a < 2,
0<B,y <laresuchthat B +y > «, and k > 0 is as in Theorem 2.6. If by € Hg;2(A),
c1 € Hy—1y2(A), c2 € Hy jp(A) satisfy

2

2 2 K
182l < o el + el < 25 (3.3)
Y

K
Kp
then perturbed wave equation (3.2) is polynomially stable with the same o. Here Ky =

La20(1—-0) 246 . _ ablldl o ; :
e2 MY with M =1+ Syl and 0 € [0, 1]. For such perturbations there exists
Mt > 0 such that the solutions of (3.2) corresponding to initial conditions wg € H2(Q)N
HO1 (2) and w; € H&(Q) satisfy

My
e, g+ (e 972 = S (lwollys + lwllz) ¢ >0,
Proof 1In this case the perturbed wave equation has the form (2.2) with ¥ = C and

By=by e L*(Q), Ci=(.cHpH,p and Cr=(,c2)2,

where (-, ')HI/Z;H—I/Z denotes the dual pairing between Hy/2(A) and H_1/2(A). Since By =
by, C{ = ¢y and C; = ¢, the claim follows from Corollary 2.8 and a suitable upper bound
for || Do||? H (—A)~1/2 || Since —A is a positive self-adjoint operator with compact resolvent

and its smallest eigenvalue is 72(a® + bz)/(azbz), we have H (—A)~1/2 H < #\/%. Since
Dol = Iv/d(, )z = /1d(, )1, the claim holds for M = 1—1—;%. ]
Remark 3.3 Conditions (3.3) have the simplest form if we choose 8 =y =1
K 2 2 K2
Wb2llene < 57 Nerllpa +llealiy, < 37
where M =1+ ;%
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Remark 3.4 1f the damping function is as in (3.1), then the exponent of polynomial stability
is @ = 3/2. In this case §, y can be chosen as 8 = % and y = 1 and conditions (3.3) take
the form

2

Uballny, < ——. lletlZs + leallZy, < ~—
1/4 K]/Q’ Hiz2 Hyp M2’

2
fuid . b
where K1 =e8 VM with M =1 + - 32+b2.

3.2 Finite Rank Perturbations

We now consider the wave Eq. (1.4) with a finite number of perturbation terms

wtt(taxv )’) - Aw(tv)C’ )’) +d(x7 Y)wt(f,% )’)
= Y braten) [ (it g omaa @ + witr & mecate m) deay OF
Q

k=1
with by 2, ck2 € L2(2) and ck,1 € H_12(A).

Theorem 3.5 Assume that damped wave equation (1.4) is polynomially stable with a < 2,
0 < B,y < 1 aresuchthat B +y > «, and k > 0 is as in Theorem 2.6. If for all
ke{l,...,m}ywehave by € Hg/(A), ck;1 € Hyy—1y2(A), and ¢y 2 € Hyj2(A) and

K2

2 2
HckVIHH(V,])/z + HCkVZH Hy < mTI(}%’ (35)

K
”bk,Z ” Hga <

mK,g ’
then the perturbed wave equation (3.4) is polynomially stable with the same «. Here Ky =

L220(1-60) 240 . : _ ab|ld|| : :
ez MY with M =1+ e and 0 € [0, 1]. For such perturbations there exists

Mt > 0 such that the solutions of (3.4) corresponding to initial conditions wy € H 2(Q) N
Hy () and w € H{ (Q) satisfy

M
2 2 T 2 2
”w(ta7)||H1+||wt(t’s)”L2 fm(”wo”HZ—'_”wl”Hl)’ t>0.

Proof The perturbation can be written in the form (2.2) with the choice Y = C™ and defining
By € £(Y, Xo), C; € £(dom (—L)'/2,Y), and C; € £(Xy, ¥) so that

m
Byy = brayk,
k=1

Cl-x - ((-x5 ck,l)H]/z,H_l/z)lel S Ya

Coz=(z,ck2)p2)iey €Y
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forall y = (y)I"_; € Y, x € Hij»(A) and z € L*(Q). Forany 0 < B,y < 1 we have

m
K K
IB2ll ecm gy < k; b2l )0 < "k, =K,
m
It cny s + 18 = 3 (letaly o+ lekaly )

2 2
Y Y

and thus the claims follow from Corollary 2.8 as in the proof of Theorem 3.2. O

3.3 Hilbert-Schmidt Perturbations

Now we consider a more general case of perturbations of the wave equation

wi (t, x,y) — Aw(t, x, y) +d(x, y)w(t, x, y)

= Y braten) [ (e g e + wntr & ecate m) deay OO
Q

k=1

where the functions by 2, cx 2 € L?() and ck,1 € H_1/2(A) of the perturbation are assumed
to satisfy

o0 o0 o0

2 2 2
D bkl <00 Y Nkl , <00, and Y llekal7,q) < oo
k=1 k=1 k=1

The stability of this perturbed wave equation can be studied using Corollary 2.8 for Hilbert—
Schmidt perturbations.

Theorem 3.6 Assume that damped wave equation (1.4) is polynomially stable with o < 2,
0 < B,y <laresuchthat B +y > o, and k > 0 is as in Theorem 2.6. If for all k € N we
have by > € Hga(A), ci,1 € Hy—1)2(A), and ¢ 2 € Hy j2(A) and

K
||bk’2 ||i],3/2 < K7§’

2 2 K
leilng e * lerally,, < ez

e I[]e

»
Il

1

then the perturbed wave equation (3.6) is polynomially stable with the same «. Here Ky =

17220(1-0) 140 ., ; _ ab|d|l oo ; i
ez MY with M =1+ o and 0 € [0, 1]. For such perturbations there exists
My > 0 such that the solutions of (3.6) corresponding to initial conditions wy € H*(2) N
HJ(Q) and wy € HJ () satisfy

M
2 2 T 2 2
”w(ta7)||H1+||wi(tvs)”L2 EW(HU)OHHZ—'_”LU]”HI)’ t>0.
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Proof The perturbations can be written in the form (2.2) with Y = ¢2(C) if we define Bs,
Cq, and C; so that

oo
Byy = by,
k=1

Clx = ((X, Ck,l)H[/z,Hfl/z)]C:ozla
Crz = ((z, ck2) 12)k=1

The assumptions (||bx21l;2)k € e, Meralla )i € £2, and ek 21l 2k € £2 imply that
By € £(Y, Xg), C1 € £(Hy2,Y) and C; € £(Xp,Y). If welet 0 < B,y < 1 be such that
B+ v > «a, then

[e.¢] oo
K
> =8P Phialiy, = D Ibkallgy,, < %
k=1 k=1

° 2
> (|caral,
k=1

- 2 2 i
=2 (Hck’l ”H(y—l)/z + ||Ck’2||Hy/2> k2
k=1 iz

imply that (—A)#/2B,, (—A)VT_IC*, and (—A)Y/ 2C§" are Hilbert-Schmidt operators and
that

e
sy Ck,2||X0>

K 2 2 K
B2l ev, Hy n) < KTS and  |[C} ||2(y,1-1(y,1)/2) +c3 HS(Y.Hy/z) < Ki)%

Thus the claim follows from Corollary 2.8 as in the proof of Theorem 3.2. O

3.4 Wave Equation with "Almost Dissipative"” Damping

Finally, we consider the two-dimensional damped wave equation with a perturbed damping
term, namely

w”([,x, }’) - AU)(t,X, )’) +d(x7 y)wl(taxs )’)
— by(x, ) / JAE mwi(t. £, m)e(E. mdédn =0 (3.7)
Q

with by, ¢ € L2(2). We also make an additionjll assumption that d € C 2(Q). The structure
of the perturbed semigroup generator is now A := Ag — (D + B)D* = A — BD*, where
D = (0,/d())" and B = (0, by (-, c)Lz)T. Because of this structure, the damping in the
wave Eq. (3.7) can be thought to be “almost dissipative”.

Since we assumed that the damping coefficient is smooth, i.e. d(-) € C 2(Q), itis possible
to characterise the higher order domain dom A? and the stability of (3.7) can be studied using
Theorem 2.2 with the parameters § = 2 and y = 0, as shown in the following theorem.
Theorem 3.7 Assume that damped wave equation (3.7) is polynomially stable with o < 2 in
the case where by = 0. There exists k > 0 such that if b € dom A and ¢ € L2(S2) satisfy

2 2 i
IVdell,2> < &, db2 Iy, ,, + 102171 < ek (3.3)
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b2 oo
where M = 1 + = L ZHLbz,
perturbations there exists Mt > 0 such that the solutions of (3.7) corresponding to initial
conditions wy € H*(S2) N H& (R2) and w; € HO1 (R2) satisfy

then (3.7) is polynomially stable with the same «. For such

My
lw(e, - M + e < 257 (lwole + i) . 1> 0.

Proof Letx > 0be as in Theorem 2. 2 and suppose the assumptions on b and ¢ are satisfied.
We define B : = (0,b)" and C: fc }). It is clear that BC = BD*. Our aim 1s to
verify that the conditions of Theorem 2.2 are satisfied for the perturbed operator for A — BC
with parameters 8 = 2 and y = 0. We have

dom A? = {u € dom Ag : Au € dom Ao}

. _(m dom A . up dom A
=14~ o) € Ldom =a)72) “\ Auy = dup ) € \dom (=a)'72) [

and thus ran B = {0} x span{b;} C dom A? provided that by € dom A and db, €
dom (—A)Y/2. Since d € C2(Q), the assumption b, € dom A also implies db, €
dom (—A)!/2.

The norm of A2B can be estimated by

-1
|AZB||* < |I — DD* Ay |I*A0ABI?

a (3.9)
< (I +ldll= (=)D A0ABI* < M?| AgABIP,
where the last estimate is completed as in the proof of Theorem 3.2. Moreover,
A —d db
= |5 2) @) = (E)]
(3.10)

= (I(=8)"2db) |1 + | Aby ) < %

Thus [[(~A)?B|| < «. We also have that [[(—A*)°C*|| = |[V/dc| ;2 < «. The polynomial
stability of the semigroup generated by A — BC = A — B D™ follows from Theorem 2.2 and
then wave Eq. (3.7) is polynomial stable with «. O

4 Perturbations of Webster’s Equations

In this section we show the polynomial stability of weakly damped Webster’s equation and
use Theorems 2.6 and 2.3 to derive sufficient conditions for the preservation of the stability
under addition of perturbing terms. We begin by considering an undamped Webster’s equation
on 2 = (0, 1) which has the form

wir (1, %) = 5 (Fwx (1, X)),
w(t,0) =w(#,1)=0
w(O,x) = wo(x)a wt(oa X) = wl(x)~

We consider r(x) = e**, where a > 0. Then Webster’s equation takes the form

Wi (¢, X) = War (t, X) + aw, (¢, x).
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We denote by Lg (0, 1) the Hilbert space L2(0, 1) with the inner product
1
(fr 82 = / fE)gE)edt.
0

Let us define the operator L = % + af—x from Lg 0,1) to Lﬁ(O, 1) withdom L = {h €
Lﬁ(O, 1) : h, b’ are absolutely continuous , h” € L%(O, 1) and 7(0) = h(1) = 0}. In the
next lemma we state some properties of L.

Lemma 4.1 The operator L = % +a dd—xfrom Lg O, D to Lg (0, 1) is a negative self-adjoint
operator with a bounded inverse. The eigenvalues and eigenvectors of L are
2
a 2

== = 7202, @p(x) = e 7 sin(rnx),

respectively, for n € N.

Proof We define a unitary mapping V : L?(0, 1) — L2(0, 1) by the formula

X

(VA =e" 2 fx), xe(,1).

Now we can consider an auxiliary operator L: L?(0,1) — L*(0, 1) defined by L=V*LV

~ ~ 2
with dom L = H?(0, 1) N H{ (0, 1). Direct calculations yield that L f = % — %f. It is
well known that L is a negative self-adjoint operator with a bounded inverse. Hence L is also
anegative self-adjoint operator with a bounded inverse. The eigenvalues and the eigenvectors

of the operator L are

2
Wy = —% — 7212, $n(x) = sin(rnx), n e N.
Since L = V*LV, the operators L and L have the same eigenvalues and the eigenvectors of
L are given by the formula ¢, (x) = (V@,)(x) = ¢~ 2 sin(nx). m}

Now we consider weakly damped Webster’s equation

Wit (1, %) = ey (1, X) — awy (1, x) + d(x) [} wy (1, £)d(E)e*SdE = 0
w(,0)=w,1)=0 “4.1)
w(0, x) = wo(x), w0, x)=wi(x),

where the damping coefficient is d € L{% (0, 1). This equation is of the form (1.1) on X =
LLZz (0, 1) with L defined above and with a rank one operator Dy = d(-) € £(C, L[Zl 0, 1))
and D = (-, d)pz.

The polynomial stability of the weakly damped Webster’s equation can be analyzed using
[25, Thm. 6.3]. The following result in particular shows that (4.1) is polynomially stable for
the particular choice of damping d(x) =1 — x.

Proposition 4.2 The weakly damped Webster’s equation (4.1) with the damping function
d(x) = 1 — x is polynomially stable with o = 2.

Proof We can write
(0 1 \_ (o1 (o0 O A s
A= (L —DODES> B <L 0> (DO> (005) = A0 = DD
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with domAyg = domA and D e £(C, X). We will use [25, Thm. 6.3] to show that
IRGs, A)| < M(1 + s2) for some M > 0. To this end, we need to estimate the quan-
tities | D*,| from below, where v, are the normalized eigenvectors of Ag. Since L has
eigenvalues u, = —“T — 7212 with the corresponding eigenvectors ¢, (x) = e 7 sin(mnx)

for n € N, the eigenvectors ¥, and the corresponding eigenvalues A, of Ag are given by

. . [a? @) (x)
— 2,2 |n|
hn = sign (n)i,/ 2 + mn®, and Y, (x) = k ( n(p‘n‘(x)) n € Z\{0}.

For any n € Z\{0} we thus have

1
|D* Y| = ‘(§0|n|(x) 1—x)p2| = /e Yo~ 5% sin(rnx) (1 — x)dx
0
7|n| ar|n| (e42(=1)l"l — 1) c
= 2 - 2 Z
& +n2n? (%2 n n2n2> [An]

for some constant ¢ > 0 and for all sufficiently large |n|. By [25, Thm. 6.3] we have
IRGs, A)|| = O(s?) for |s| large, and thus [10, Thm. 2.4] implies that the semigroup
generated by A = A9 — DD* is polynomially stable with @ = 2. O

Remark 4.3 Note that if in this weakly damped Webster’s equation one takes @ = 0 then we
get a weakly damped wave equation on the interval (0, 1) with the same damping coefficient
d(x) = 1 — x and such equation is also polynomially stable with o = 2.

We consider the weakly damped Webster’s equation with additional perturbing terms of
the form

1
wy (2, x) —wxx(t,X)—awx(t,X)de(X)/ wy (t, §)d(§)dé
0 4.2)

1
= bz(X)/O (w(t, €)c1 () + wi (1, §)ca(§)) e d,

where by, ¢y € L2 (0,1) and ¢; € H_1,2(L). The following theorem presents conditions
for the polynomial stability of the perturbed Webster’s Eq. (4.2). The spaces Hp (L) and the
corresponding norms are defined as in (2.8). The above perturbations correspond to rank one
perturbation operators in the abstract wave equation. Addition of multiple perturbation terms
can be treated similarly as in the case of the two-dimensional wave equation in Sect. 3.

Theorem 4.4 Assume that the weakly damped Webster’s equation (4.1) is polynomially stable
witha <2, that0 < B,y < 1suchthat B +y > «, and that k > 0 is as in Theorem 2.2. If
by € Hgpa(L), c1 € Hy—1yy2(L), c2 € Hyj2(L) satisfy
K2
b2l by, < == ety , + lle2lly,, < et

K

Kp

then the perturbed Webster’s Eq. (4.2) is polynomially stable with the same . Here Ky =
1

e300 MO g € [0, 1], and M = 1 + ||d]| 2 (% + 7).
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Proof The perturbed system is of the form (1.3) with
By=by € L*(Q), Ci=(.cl)mpH,, and Cy=(,c2)2,

where (-, - >H1/2 Hoyp denotes the dual pairing between Hj2(L) and H_1/2(L). We have

By = by, C{ = cy and C5 = ¢, and || Dy = ||d||L3. Since —L is positive and its smallest
eigenvalue is given by —pu; = a?/4 + 72, we also have ||(—L)"'?|| = (—u)~1/? =
(a2/4 + 72)~1/2, Thus the claim follows from Corollary 2.8. ]

As shown in Proposition 4.2 the Webster’s equation with the damping function d(x) =
1 — x is polynomially stable with @ = 2. Since ||d||22 =243 —1—a— a2/2) for this

d, for the choices § = y = 1 Theorem 4.4 has the followmg form.

Corollary4.5 Let d(x) = 1 — x. If &« > 0 is as in Theorem 2.2 with § = y = 1 and if
by, c2 € Hyjp(L), c1 € L2(0, 1) satisfy
2
K K
<oy lall; e, <15

||b2||H1/2 M

where M = 1 +2a 3% =1 —a — c12/2)(%2 + 77 Y2 then the perturbed Webster’s
Eq. (4.2) is polynomially stable with a = 2.

Example 4.6 We use Theorem 2.3 for computing an explicit numerical value of « for the case
d(x) =1 — x and a = 2. To this end, we need to find functions n(-) and §(-) such that the
condition (2.5) in Theorem 2.3 is satisfied. For a = 2 the eigenvalues and the corresponding
eigenvectors of Ag are A, = sign (n)i~/1 + 72n2,

Yn() = o (A‘fg“lﬁi)) where @, (x) = e~ sin(r|n|x), n € Z\{0}.

For all n € N (using the inequality /x +y < /X + /y)

dist (A, Ans1) = dist Ao, A_uany) = V1 + 720 + D2 — /1 + 7202
B m2(2n + 1) _ 7@t 3
\/1+7r2(n+1)2+\/1+712n2 “247@n+1) T 2+37°

. 2
since f(x) = 2+ — isincreasing for x € (1, 00). If we choose 8(s) = §p = a_"_’h,then every
interval (i (s —8p), i (s +80)) contains at most one eigenvalue and ran P;_s, s+s,) consists of
the corresponding eigenvector. Similar computations as in the proof of Proposition 4.2 then

show that
7|n| 2 (e(—=Dl" —1)
D”< = ’ N d = ——— 1 —_——
| 1/’71' <§0|n| >L3 1 ¥+ 7'(2112 ( (] + 7.[2”2)2
> e )Yl
= S ,
Tkl T s e M
where n(s) = 5 with the ¢ > 0 such that

¢ <inf adll 1— (6( b _1)
- V14 72n? (1 +7t2n2)2 '
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To find a suitable ¢ > 0, let us denote

Py — Tl (2D 1)
S\ ()

and

G 7 |n| 2(e—1)
n) = — .
N1+ w202 (1+ n2n2)2
It is obvious that F(n) > G(n) for n > 2. The values G(n) for n > 2 are increasing and
G(n) — 1 asn — oo and therefore mi121 G(n) = G(2). Hence we can choose
n=

. 2 2(e—1)
= min{F (1), G2)} = - :
¢ =min{F (1), G(2)} e < (1+4n2)2>

Finally, the maximum of n(s) when s > 0 is ng = c¢/8p.
In the next step we calculate M. To this end, we need also || D|| which is

ez —5
IDI = lldll2 = —
We can now use Matlab to compute Mr = 5.451.
Now we will find the constant My > 0. A direct estimate using (x + )2 < 2(x% +y?)
and 5o < 1 shows that

(s + 80)2 - 2(s2 + 55)

-2 -2
) “8(s =
n(s)728(s) G S an Son

(s> +1) = My(s> + 1),
with My = ﬁ To compute M¢ > 0, we also need an estimate for lA=1||. We have
0

147 = 40 — DM = | = DD AGH | 145!

= H[ + DD*A61H ||A61|| < (1 + ”d”igll(_L)_l/z”) ||(—L)_1/2||

_ <1 N e“—35 ) 1
WT+72) V1472
If we take s9 = 2.8 in the formula for M, we obtain M¢c = 17.0664 This way, we finally
see that ¥ > 0 in Theorem 2.2 can take any value such that x < W = 0.1712.

Now we are able to give explicit upper bounds for the norms of by, ¢y, and ¢y for the
preserving of polynomial stability. From Corollary 4.5 we have that by, c; € Hy; (L),
c| € Lg (0, 1) satisfy

K 2 2 K
16211y, < i 0.1449, /||c1||Lg + ”C2”H1/2 < wo 0.1449,

where M = 1 + \/7 then the perturbed Webster’s Eq. (4.2) is polynomially stable with
a =2
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5 Wave Equation with an Acoustic Boundary Condition

In this section we consider a one-dimensional wave equation with an "acoustic boundary
condition" on the interval Q2 = (0, 1),

Wy (1, x) = wyy (£, x) in (0, 00) x Q2

ay(t) = —ka(t) —da;(t) — w(1, 1)

wy(t, 1) = a;(t), wy(z,0) =0,

w(0,x) =wo(x), w(0,x)=wi(x), a(0) =ap, a0)=a

5.1

with k, d > 0 [1, Sec. 6.1]. The spectral properties and polynomial stability of differential
equations of this form (also on multidimensional spatial domains) have been studied in detail
in [1,2,9,22]. In particular, it was shown in [22, Thm. 1.3] that the energy of the classical
solutions of (5.1) decays at a rational rate, and the optimality of this decay rate was proved
in [1, Sec. 6.1]. This model is not of the form (1.1), but the preservation of its polynomial
stability can be studied using Theorem 2.2.

Equation (5.1) can be formulated as an abstract Cauchy problem with state u(t) =
(wy (2, ), we(t, ), a(t), a:;(t)) " on the Hilbert space H = L2(0, 1) x L%(0, 1) x C? with
inner product defined as

(u, V) = (uy, vi) g2 + (U2, v2) 12 + kusvy + usvg

for all u = (u1(-), u2(-), uz, us)", v = (1(-),v2(-), v3,v4)" € M. In this situation the
semigroup generator is defined as

0 d O 0
o 0o 0o o0 B i
A=Y o o 1| Gr=rm forrenrton,
—Co 0 —k —d

with domain
dom A = [(u1(~), wa (), usug) T € (H'(0, 1)2 x C2 2 ua(0) = 0, up(1) = u4} .

The operator A generates a contraction semigroup on H, and it was shown in [22, Thm. 1.3]
(see also [1, Sec. 6.1], [26, Sec. 4]) that this semigroup is polynomially stable with o« = 2.
In the context of the wave Eq. (5.1) this means that there exists a constant M7 > 0 such that
for all initial conditions wg, w, ag, a; such that (w(/), w1, ag,a;)’ € dom A the solutions
of (5.1) satisfy

lwe(t, )72 + lwe (e, )72 + la®)) + la ()]

My (5.2)
= == (gIZa + Iwiliz +Klao* + Jai )
forall t > 0.
We can now study the stability of perturbed wave equations of the form
Wi (¥, 1) = Wer (3, 1) + b2(x) fo (i€, D01 €) + wa(§, N2 E)dE
+ba(x)(ka(t)c3 + a;(t)cs)
(5.3)

ay(t) = —ka(t) —da;(t) — w;(1, 1)
wy(t, 1) =a;(t), wy(,0)=0,
w(0, x) = wo(x), w(0,x) =wi(x), a() =ap, a(0)=a
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where by, ¢1, ¢2 € L*(0, 1) and ¢3, ¢4 € C.The following two theorems introduce conditions
for the polynomial stability of (5.3).

Theorem 5.1 Assume k > 0 is as in Theorem 2.2 with B = y = 1. If by € HO1 0, 1),
c1,c2 € HY(0, 1), and c4 =0 satisfy

1b3ll,2 <, and 4lerllf + lleal7> + 3k [es® < i,
then the perturbed Eq. (5.3) is polynomially stable with « = 2. For such perturbations
there exists Mt > 0 such that the solutions of (5.3) corresponding to initial conditions
wo, w1, dg, a1 such that (wé, wi,ag,a;)’ € dom A satisfy (5.2) for all t > 0.

Proof The perturbed system operator can be written as A+ BC where B = (0, b>(+), 0, O)T €
L(C,H)and C = ({-, c1(-)) 2, (-, c2())2,¢3,0) € £(H, C) with by € HOI(O, 1), c1,c0 €
H'(0,1) and c3 € C. A straightforward computation shows that the adjoint operator of A
has the form

0 -9, 0 O

* -9 0 0 O
AT = 0 0 0 -1
Co 0 k —d

and that its domain dom A* contains the subspace
{(Ml(-), ur (), uz, ug) T € H' x H' x C x C : ua(1) = ug, u2(0) = 0} .

The assumptions therefore imply that ran B C dom A and ran C* C dom A*, and
IAB| = [yl 2,
IA*CH? = Ief 172 + 5172 + ler (1) + kes[?
< ety + 15125 + (lletllz2 + et ll 2 + klesl)
<41l + Ichl72 + 3k3[es].
Here we have used the property |c1 (1)| < [lc1]l2 + lIc} |l 2, which can be verified using the

identity ¢ (1) = 01 %(xcl(x))dx = fol (c1(x) + xc’l (x))dx. Thus the claim follows from
Theorem 2.2 with 8 =y = 1. O

Similarly, applying Theorem 2.2 with 8 = 2 and y = 0 we obtain the following alternative
conditions for the polynomial stability of (5.3).

Theorem 5.2 Assume k > 0 is as in Theorem 2.2 with § =2 andy = 0. If by € HO1 O, HnN
H2(0, 1), c1,c2 € L3(0, 1), and ¢3, ¢4 € C satisfy

2 2 2 2 _ 2
16511 < ke, lletllya + lleallya + Klesl™ + feal” < &7,

then (5.3) is polynomially stable with « = 2. For such perturbations there exists Mt > 0
such that the solutions of (5.3) corresponding to initial conditions wg, w1, ao, ai such that
(wy, w1, ap, ap) " e dom A satisfy (5.2) forall t > 0.

Proof The perturbations have the same form as in the proof of Theorem 5.1. Since B =
b := (0,b2(),0,0)" with b, € HJ(0,1) N H*(0, 1), we have (0, b>(-),0,0)" € dom A
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and Ab = (b’Z(-), 0,0,0)"T € dom A. Thus ran B C dom A2 and

0 bl 0
b 0 by
2 2| _ _ 2
Aol =4 o= 0
0 0 —by(1)
implies [|A%B|1> = [|b5]|7, + [b5(1)|* < 3[1b4]13,,, since [by (1)|* < 2B |3, similarly as in
the proof of Theorem 5.1. The claim now follows from Theorem 2.2 with the choices 8 = 2

and y = 0. O
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