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Abstract 

This paper provides a simple analytical model for the closed-loop output impedance of a direct-duty-
ratio-controlled buck converter, which can be used to predict the behavior of the output voltage during 
a load-current transient. The modeling method utilizes standard control theory to obtain the model for 
the sensitivity function based on the crossover frequency and phase margin of the output-voltage 
feedback loop as well as on a clever estimate for the corresponding open-loop output impedance. The 
modeling method is validated by means of simulations and experimental tests. 

Introduction 

The mathematical treatment of load-transient response is presented already in early 1980’s [1] based on 
the dynamic model of a direct-duty-ratio (DDR) controlled converter obtained by means of state-space-
averaging method [2]. Similar treatments can be found quite many such as [3-5]. It was observed already 
in late 1980’s [6,7], and confirmed later [8-10] that the application of load-current feedforward would 
improve the load transient response significantly. The load transient improvements can be obtained by 
applying output-capacitor-current feedforward as well, because the change in the load current affects 
the capacitor current [12,13]. The application of the load-current feedforward reduces significantly the 
size of the open and closed-loop output impedance, and thus improves the load transient response [7,9]. 
The fastest load responses can be obtained by applying external circuitry, which temporarily shunts the 
output-filter section of the converter as described for example in [13]. There are many design factors 
beside the feedforward techniques discussed above, which will affect the obtainable transient response 
[14,15] such as selection of the power-stage components [16-18], the bandwidth [19-22] and phase 
margin [23-25] of the feedback loop. It is well-known that the existence of right-half-plane (RHP) zeros 
in the control dynamics will effectively limit the achievable control bandwidth [15,26,27]. A good 
example is a boost converter in continuous conduction mode (CCM), where the RHP zero locates close 
to the resonant frequency of the converter power stage, and therefore, the transient response is poor due 
to the rather high closed-loop output impedance [26]. 

The main goal of this paper is to introduce an efficient method to obtain an analytical model of the 
closed-loop output impedance of a direct-duty-ratio (DDR) or voltage-mode (VM) controlled buck 
converter. It is well-known that the output-voltage behavior during a step change is governed by the 
closed-loop output impedance and the applied load-current dynamics [14,15]. The closed-loop output 
impedance can be constructed analytically, but the resulting order in Laplace domain is rather high and 
therefore, it cannot be easily transformed into time domain. The methods to solve the problem of 
obtaining the time-domain transformation are based on the classical control engineering [28] to present 



the sensitivity function in a simple second-order mode and the open-loop output impedance in a clever 
way. The presented method does not, however, give satisfying results in the converters, where the open-
loop dynamics is effectively of first-order and the pole locates close to origin such as the peak-current-
mode (PCM) - controlled converters [26,29]. In such cases, other methods should be utilized as 
introduced for example in [15,30,31]. 

Implications from Experiments 

Fig. 1 shows the measured load-transient responses of a buck converter employing direct-duty-ratio 
(DDR) (Note: known also as voltage-mode control (VCM)) [32], peak-current-mode (PCM) [29], and 
PCM-control with output-current feedforward (OCF) [9] internal control techniques. The corresponding 
measured output-voltage-feedback loop gains are shown in Fig. 2, respectively. The power stage is the 
same all the time, and only the control technique is modified according to the principles introduced 
explicitly in [9,29,32]. The feedback-loop crossover frequencies are designed to be the same at the input 
voltage of 50 V (i.e., close to 10 kHz), but the load-transient tests are performed at the minimum input 
voltage of 20 V, where the crossover frequency of the DDR-controlled converter is reduced to 6 kHz 
due to the reduction of input voltage by 30 V [26]. The feedback-loop crossover frequency of the PCM-
controlled converter does not actually change along the changes in input voltage [26]. Fig. 2 shows that 
the phase margin (PM) of the PCM- controlled converter is higher than the PM of the DRR controlled 
converter, which explains the difference in the settling times of the converters. 

 

 

 

 

 

 

 

 

 

 The initial voltage dips of the DDR and PCM-controlled (cf. Figs. 1a and b) are approximately the 
same (i.e., close to 200 mV). The method to estimate the initial voltage dip introduced in [3] (cf. Eq. 
(1)) would yield 100 mV, when it is applied to the converters in Fig. 1. Eq. (1) does not, however, take 
into account the effect of the capacitor ESR. When the effect is added, the predicted initial dip will be 
180 mV, which corresponds well to the measured dip. The initial voltage dip and the settling time of the 
PCM-OCF-controlled converter (cf. Fig. 1c) are very small and short compared to the other 
corresponding responses in Figs.1a and b. It is well known that the initial voltage dip can be estimated 
also by means of the converter output impedance at the feedback-loop crossover frequency. The 
measured closed-loop output impedance of the converters are given in Fig. 3. Based on the crossover 
frequencies and Fig. 3, it may be obvious that the corresponding output impedances of the DDR and 
PCM-controlled converters are quite equal, and the corresponding output impedance of the PCM-OCF-
controlled converter is much smaller than the other impedances. These similarities and differences will 
explain thoroughly the initial behaviour of the output-voltage load transients in Fig. 1. Fig. 4 shows the 
open-loop output impedances. It indicates that the output-current feedforward technique introduced in 
[9] will effectively reduce the magnitude of the output impedance in wide frequency range (cf. PCM vs. 
PCM-OCF). It is possible to reduce the output impedance down to zero in theory as discussed in [7], 

 

Fig. 1: Load-current responses of a buck converter 
           employing different internal control schemes 

Fig. 2: Measured output-voltage loop gains 



but the consequence of the reduction is that the source impedance will be reflected into the output 
impedance (cf. [26]), and therefore, obtaining the zero output impedance is in practice impossible. 
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Modeling Closed-Loop Output Impedance 

It is obvious that the output-voltage load-current response can be computed based on Eq. (2) as discussed 
in [14,15,26,30], where o-oZ  denotes the open-loop output impedance and ( )L s  denotes the output-

voltage feedback loop gain, out ( )v sΔ  and out ( )i sΔ  are the Laplace-domain responses of the output 
voltage and current, respectively. According to Eq. (2), we can conclude that the contributing factors in 
the load response are the open-loop output impedance as well as the output-voltage feedback-loop gain 
in the form of sensitivity function ( ( )S s ) (cf. Eq. (3)). Deriving a direct inverse Laplace transform of 

Eq. (2) will be quite complicated due to a large number of zeros and poles (i.e., o-oZ : at least two zeros 
and two poles; modified PID controller: two zeros and three poles, etc.) Therefore, it would be 
convenient if the open-loop output impedance and the sensitivity function can be estimated by means of 
a low number of poles and zeros and the closed-loop output impedance as a product of them. 
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Estimating sensitivity function 

According to Ref. [28], the closed-loop system can be commonly estimated by means of the standard 
form of second-order transfer function given in Eq. (4), which actually corresponds, in principle, to the 
complementary sensitivity function ( ( )T s ) given in Eq. (5), respectively. The parameters in Eq. (4) are 

as follows: neω  denotes the estimate for the undamped natural frequency and eζ  denotes the estimate 
for the damping factor. 
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Fig. 3: The measured closed-loop output impedances 

 

Fig. 4: The measured open-loop output impedances 
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According to Eqs. (4) and (5), we can solve the formula representing the estimate of the feedback loop 
gain ( e ( )L s  ) as follows 
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The sensitivity function ( e ( )S s ) can be estimated according to Eqs. (3) and (6) by 

 e ne
e 2 2

e ne ne

( 2 )
( )

2

s s
S s

s s

ζ ω
ζ ω ω

+
=

+ +
  (7) 

The classical control engineering [28] states that the feedback-loop crossover frequency ( cω ) and the 
phase margin (PM) are related to the undamped natural frequency and damping factor as follows 
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According to Eq. (8), neω  and eζ can be computed to be 
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The system time constant (τ  ) can be given by n1 / ζω  [28,31]. The settling time of the transients in the 

system is directly related to the time constant, and therefore, it is easy to understand (cf. Eq. (9)) that 
the phase margin of the feedback-loop gain has significant effect on the transient behavior as discussed 

earlier (cf. Figs.1a and 1b). The resonant frequency ( resω  ) of the system in Eq. (4) can be given by 

 2
res ne e1 2ω ω ζ= −   (10) 

and the corresponding maximum peak magnitude ( peM ) by 
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Eq. (10) is also the origin from which the optimal damping factor is derived to be 1 / 2 [28] (i.e., the 
system loses its resonant nature when the damping is higher than the optimal damping factor). Based on 
the sensitivity function estimate in Eq. (7), Eq. (2) can be given by  
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where neω  and eζ  are defined in Eq. (9), respectively. 

 

Estimating open-loop output impedance 

It is well known [15,29] that the resonant nature of the DDR-controlled converters requires the use of 
PID-like controllers for being able to increase the phase for stability to exist. The PID-controller transfer 
function in power electronics application can be given [26] by    
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For obtaining fast transient response [14,15], the controller zeros (i.e., ziω ) in Eq. (13) are placed in 
vicinity of the resonant frequency of the power stage for compensating the phase effect of the resonant 
poles.   

 The open-loop output impedance of the DDR-controlled buck converter can be given in general [26] 
by 
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where ar  denotes the resistive losses in series with the inductor, nω  and ζ  denote the undamped natural 

frequency and the damping factor of the power stage, zLω (i.e., a /r L ) denotes the zero related to the 

output inductor and zCω  (i.e., C1 / r C )  denotes the zero related to the output capacitor (known also as 

ESR zero). According to the placing of the controller zeros (i.e., at nω ), the open-loop output impedance 
can be given (cf. Eq. (14)) by  
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Therefore, Eq. (2) can be given based on the estimates of the system and open-loop output impedance 
by 
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which can be transformed easily into time domain due to well defined poles and zeros. 

 The magnitude of the closed-loop output impedance at the crossover frequency ( cω ) can be quite 

easily computed from Eq. (16) yielding 
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According to Eq. (16), we can also confirm (i.e., s → ∞ ) that the high-frequency impedance value will 
corresponds to the ESR ( Cr ) of the output capacitor as it shall be. In the method presented in [15], the 
output impedance model has to be corrected for obtaining the known outcome. 

 The settling time of the transient is usually considered to be multiples of the system time constant 

e ne1 /τ ζ ω=  [28]: s (  5%) 3t τ± =  and s (  2.5 %) 4t τ± = , respectively. An accurate estimate can be 
obtained by transforming the Laplace or frequency domain equation in Eq. (16) into time domain. 

 

Model Validation 

Experimental measurements 
 
The power stage of the DDR-controlled buck converter is given in Fig. 5. The switching frequency of 
the converter is 100 kHz. The PID controller (cf. Eq. (13)) of the converter is designed in such a manner 
that the controller zeros are placed at 431 Hz and 3.3 kHz, and the controller poles at 12 kHz and 43 
kHz, respectively. The modulator gain ( m1 / V  ) (cf. [26]) equals 1/3V. The crossover frequency ( cω  ) 
and PM in Fig. 2 (cf. the curve ‘DDR’) equal 6 kHz and 51 degrees, respectively. Based the given 
information (cf. Eq. (9)), the estimated undamped natural frequency ( neω ) and damping factor ( eζ ) can 
be given as 7.4 kHz and 0.49, respectively. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5:  Experimental DDR-controlled buck converter. 

Fig. 6: Measured (solid line), predicted (dashed 
line), and estimated (dash-dotted lien) output 
voltage loop gains. 

Fig. 7: Measured (solid line), predicted (dashed 
line), estimated 1 (dash-dotted line), and 
estimated 2 (dotted line) 



 Fig. 6 shows the measured, predicted, and estimated output-voltage loop gains for the experimental 
buck converter in Fig. 5, where the control system is based on an analog controller. The figure shows 
that the measurement set up contains extra unmodeled circuit elements at the higher frequencies, which 
makes the model-predicted response to deviate (i.e., the phase) from the measured one significantly. 
The measured, predicted, and estimated magnitude responses have quite good match. 

 Fig. 7 shows the measured, predicted, and estimated responses of the open-loop output impedances. 
The estimate 1 corresponds to the case, where the controller zeros (cf. above) have been replaced by the 

damped natural frequency ( 2
d n 1ω ω ζ= − ) (cf. [26],[28]). The estimate 2 corresponds to the case, 

where the actual controller zeros are used to produce the estimate as instructed in Eq. (15). It may be 
obvious that the design method to place the controller zero close to the power-stage resonant frequency 
will yield very good estimates as well (cf. the magnitude estimates at the frequencies below 10 kHz). 

Fig. 8 shows the measured and estimated closed-loop output impedances of the experimental buck 
converter. The measurement shows that the output impedance contain also a series resistance, which is 
added into the estimate as well. The high frequency part of the estimate deviates slightly from the 
measured response. The measured (top figure) and estimated (bottom figure) load-transient response of 
the output voltage are given in Fig. 9. The estimated response describes well the initial dip and settling 
time but the over-shoot part deviates from the measurement, which is caused by the deviation in the 
high frequencies in the closed-loop output impedance. Figs. 8 and 9 indicate that the proposed method 
quite well models the load-current response in practice. 

 

 

 

 

 

 

 

 

 

 

Simulation-based validation 

The controller design of the converter, in Fig. 5, was revised for the simulation purposes in such a 

manner that the controller zeros are placed at the undamped natural frequency at 
1

874 Hz
2 LCπ

= , 

the first pole to cancel the effect of the ESR zero at 
C

1
15.3 kHz

2 r Cπ
= , and the last pole at half the 

switching frequency, respectively. The crossover frequency and PM equal 10 kHz and 60 degrees, 
respectively. The crossover frequency and PM will give the estimates (cf. Eq. (9)) for the closed-loop-
system neω  and eζ  as 87613 rads/s and 0.6186, respectively. 

Fig. 8:  Measured (solid line) and estimated (dashed 
line) closed-loop output impedance. 

Fig. 9:  Measured (top figure) and estimated 
(bottom figure) output-voltage load 
transient. 



 The obtained output-voltage loop gain (solid line) and the estimated loop gain (dashed line) (cf. Eq. 
(6)) are presented in Fig. 10 and the corresponding sensitivity functions (cf. Eq. (7)) in Fig.11, where 
the solid line represent the original response, and the dashed line the estimated response. Figs. 10 and 
11 indicate that the estimates model very well the original loop gain and the sensitivity function as well. 

 

 

 

 

 

 

 

 

 

 Fig. 12 shows the predicted and estimated closed-loop output impedance of the converter based on 
the modified control design. The match is very good as the output-voltage step responses in Fig. 13 also 
clearly indicates. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 10: Output-voltage loop gains: Original 
(solid line) and estimated (dashed line). 

 

Fig. 11:  Sensitivity functions: Original (solid 
line) and estimated (dashed line). 

Fig. 12:  The predicted (solid line) and estimated 
(dashed line) closed-loop output impe-
dances. 

Fig. 13:  The predicted (solid line) and estimated 
(dashed line) response of the output 
voltage to a step change in output current.  



Conclusions 

This paper presents a method to model the load-transient response of the output voltage of a DDR-
controlled buck converter based on the crossover frequency and phase margin of the output-voltage 
feedback loop as well as a clever estimation of the open-loop output impedance. The experimental and 
simulation-based validation indicates that the proposed technique yields very good results. Similar 
method has not been presented earlier in the open literature as far as the authors know. 
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