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Abstract—Beamforming is one of the key technologies for
achieving the high performance criteria in various modern and
future wireless communications systems, in particular at the
millimeter wave frequencies. In order to avoid or reduce the
large signaling overhead and corresponding latency related to
beam-training procedures, location-based beamforming utilizing
available position information has been proposed. In this paper,
by using the available position probability density function
of a receiving device, we derive and analyze the capacity of
a beamformed radio link, without and with beam-sweeping
based beam training. Through the analysis, we show that by
adjusting the beamforming and/or beam-training parameters
appropriately, the radio link capacity can be optimized with
respect to the prevailing positioning accuracy, and thus optimal
utilization of radio resources is achieved with minimal radio
access latency.

Index Terms—channel capacity, mmWave, beamforming,
beam-training, positioning, wireless networks, location-awareness

I. INTRODUCTION

Various modern and emerging wireless communications
systems, such as the fifth generation (5G) and beyond mo-
bile networks, support operation at the so-called millimeter
wave (mmWave) bands, where the scarcity of the spectrum
is significantly alleviated [I]-[3]. In order to compensate
for the increased propagation losses at higher frequencies,
multiple-input multiple-output (MIMO) antenna systems with
beamforming capability are an essential technology to fulfill
the demanding performance criteria [4]. The small wavelength
at mmWaves enables the use of high-resolution beamforming
via massive antenna arrays, where a large number of antenna
elements can be packed into small area or volume.

Although accurate beamforming has a great potential to
improve the performance of wireless systems, there are
significant challenges that must be considered in order to
reveal the full potential of the considered technology. From
the communications system and radio protocols perspective,
one of the greatest challenges is the beam management,
where the fundamental target is to establish and maintain a
beam pair between the transmitter (TX) and receiver (RX) in
such a way that certain desired performance indicators are
optimized. However, as shown in [5]—[8]], training and tracking
of beams can consume a lot of valuable channel resources
which increases the training overhead, and thus reduces the
capacity of the system. Additionally, demanding beam-training
procedures increase the channel access latency.
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In order to reduce the beam-training overhead, location-aware
communications, and especially location-based beamforming,
have been proposed and discussed, e.g., in [9]—[11]. There, the
fundamental idea is to utilize the estimated device position for
aligning the transmit and receive beams. However, the effect
of the positioning error, or generally the underlying uncertainty
of the available position information, has not been considered
in the existing literature, particularly in configuring the beam-
forming parameters. Furthermore, as shown in [7], [12], there
is an evident trade-off between the positioning quality and
the achieved data rate over a beamformed communications
link, however, no explicit capacity analysis including location
uncertainty has been reported.

In this paper, instead of focusing on location-based beam-
forming relying on a single position estimate, we consider
the available position probability density function (PDF). To
this end, the main contribution of this article comprises
novel derivations and analysis of a beamformed radio link
capacity assuming the availability of an arbitrary position PDF,
which can in practice be obtained, e.g., via Bayesian-based
positioning and tracking algorithms [13]], [[14]. As shown by
the provided numerical evaluations, the link capacity can be
optimized with respect to the available position PDF for a
certain number of used antenna elements, i.e., the beamwidth
of the considered beamformer. In addition, it is shown that
when explicit beam-sweeping based beam-training is used, an
optimal number of trained beams can be found in terms of
channel capacity. These are findings that have not been reported
in the existing literature. Overall, the proposed novel approach
enables improved efficiency in the utilization of radio resources,
while also allowing for reduced channel access latency, as the
beam-training related latency is reduced.

II. SYSTEM MODEL

A. Basic Assumptions and Received Signal Model

We consider a system model with a single TX at position
x1 = [2T,y7]T, and a single RX at position x = [z,y]7,
where 1 and x are the x-coordinates of the TX and RX,
respectively, and yr and y are the y-coordinates of the TX
and RX, respectively. Both the TX and the RX are assumed
to adopt a uniform linear array (ULA), capable of analog/RF
beamforming. The considered system model builds on line-of-
sight (LoS) based radio propagation assumption. However, the
proposed approach can be further generalized to non-line-of-
sight (NLoS) scenarios by utilizing PDFs of scatterer positions,
as obtained, e.g., in [14]. In this specific framework, estimation
of angle of departure (AoD) and angle of arrival (AoA) has a
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key role in obtaining the scatterer position PDFs, which are
required in the desired channel capacity evaluations.

Building on above assumptions, and assuming N and M
antenna elements in the TX and RX arrays, respectively, the
received signal sample reads

2(x) = /Pr¢(x)flar (¢r (x))al (o7 (x))fr ¢ + fin, (1)

where Pr is the transmit power in Watts, g denotes the
transmitted sample with unit power, and {(x) is the propagation
loss coefficient at position x, including path loss, shadowing,
and all other losses and gains in the channel. Moreover,
n € CM denotes RX noise, and fr € CN and fg € CM

are the transmit and receive beamforming vectors, respectively.

Additionally, the steering vector at (¢ (x)) € CV reads

ar(¢r(x)) = [at0,a11,- .. ar,N-1]" 2

where ar ,, = e/27m8sn0TX) and B = d,pne /) is the ratio
between the antenna element spacing d,,; and the used carrier
wavelength \, while ag(¢r(x)) € CM is defined similarly.
Furthermore, for the considered LoS path at the RX position
x, the AoD and the AoA are given as ¢p(x) = atany(y —
yT,x — z7) and ¢pr = —¢r, respectively, where atans(-) is
the four-quadrant inverse tangent.

In this work, it is assumed that the TX position x1 as well
as the orientation of the TX and RX are perfectly known.
The RX position is assumed to be unknown, but by utilizing
appropriate positioning methods, the PDF of the RX position
px(x) can be assumed to be available, as illustrated in Fig.
[[] For example, Kalman filters and its various extensions,
such as the extended Kalman filter (EKF) [13]], discussed
and demonstrated in Section [[V] inherently provide the PDF
during the estimation and tracking process. However, whereas
EKF-based estimates are limited to Gaussian distributions,
the proposed method allows using arbitrary distributions, e.g.,
obtained with particle filters or sampling-based techniques [14].

B. Rationale

In this paper, the information on the RX position is utilized
for location-based geometric beamforming, where the optimal
beam direction is found either purely in a location-based
manner, without executing any explicit beam-training methods,
or by utilizing beam-sweeping based beam-training but taking
the location information into account to reduce the associated
training overhead and latency. Besides only focusing on the
optimal beam direction, the proposed approach considers the
level of uncertainty included in the available position estimate.
For instance, with highly concentrated position PDFs, narrow
beams can be practically always aligned for achieving large
beam gains, whereas with broadly distributed PDFs, narrow
beams find their targets rarely. In Fig. [I] there is an illustration
of optional transmit beams with different beamwidths directed
towards the assumed RX position. Although the narrowest beam
with IV = 32 antenna elements has potentially the highest beam
gain, it has also a significant probability to severely miss the
RX when there is uncertainty about the RX location. Hence,
there is an apparent trade-off between the beam gain and the
radio link availability, or reliability, which together affect the
expected link capacity.
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Fig. 1. Example illustration of receiver position PDF and optional transmit
beams with various beamwidths, obtained by using different number of transmit
antenna elements.

III. CHANNEL CAPACITY WITH POSITION INFORMATION

In this section, we derive and analyze the channel capacity for
the beamformed radio link under the system model described
in Section [l First, in Sub-section [[ZA] we consider a
purely location-based beamforming system under the position
uncertainty where no separate beam-training process takes
place. Then, in Sub-section the corresponding capacity
analysis is performed for the case with a dedicated beam-
training process, where higher beam gains can potentially be
achieved, while still leveraging the available position PDF to
reduce the training overhead and latency.

A. Channel Capacity without Beam Training

According to the well-known Hartley-Shannon law, for
given transmit beamformer fp and receive beamformer fg,
the instantaneous channel capacity at an arbitrary RX position
x can be expressed as

2
C(x. fr. f) = log, <1 L Pricx)Felx, fT7fR)) e

o2
where
O(x, fr, fr) = |ff ar (o0 (%)) |*[fRar (¢r(x))[*,  (4)

is the achieved beam gain, and crfl is the variance of noise after
the receive beamformer. Moreover, it is assumed that the used
transmit power P as well as the channel parameters ¢(x) and
o2 are fixed, i.e., the capacity expression applies to given Pr,
¢(x) and o2.

We assume a probabilistic RX position, expressed according
to the position PDF py(x), which can be obtained, for example,
by the EKF, as demonstrated in Section Moreover, the
cumulative distribution function of the capacity can be written
as

v
FC(’Y) :/px(X) dQX: /pC(A7fT7fR) dA (5)
L4 0

where U = {x € Q| C(x, fr,fr) < 7}, and Q C R? is the set
of possible RX positions with non-zero probability. Here, ~
is a capacity value, which is used to collect all positions x,
where the capacity is less than or equal to -, into the set W.
The corresponding PDF of the channel capacity can then be
expressed as pe (7, fr, fr) = 8/07Fo (7).



Although the above-described distributions are able to reveal
the statistical behavior of the capacity through different system
realizations, it is also useful to quantify the average capacity
under the assumption of system ergodicity. Thus, based on (3),
the expected value of the channel capacity can be written as

Qmm:EW@ﬁﬂMF:/C@iD&WA@fX(@
x€eQ

_ / 10g2 (1+PT|C(X)|2@(XafTafR)> px(x) dQX, (7)

o
xEN
which presents the ergodic channel capacity with the probabilis-
tic RX position px(x) for given transmit and RX beamformers
fr and fR, respectively.

B. Channel Capacity with Beam Training

Conventional beam-training methods rely on extensive beam-
sweeping and measurement reporting procedures for finding the
optimal transmit-receive beam-pairs. Compared to the scenario
without beam training, discussed in Section[[[I-A] beam training
with position information enables utilization of narrower beams
at the cost of beam training overhead. In beam-sweeping,
different combinations of transmit and receive beams from
the available beam set are tested while transmitting known
reference signals. The trialed beam combinations can cover
the whole beam set, or only a part of it — for example, by
exploiting the position information or previously determined
beam combinations. Moreover, the criterion for selecting the
optimum beam pair is based on maximizing the received signal
power corresponding to the received signal model given in
(I). Under the assumption of noise-free beam measurements
maximizing the received signal power also maximizes the
achieved beamforming gain given in (). Hence, we define
the combination of optimal transmit and receive beams at RX
position x as

(k1) = arg max{®(x, £, £)} )
E,l

where f'éﬂk) € CV is the beamforming vector related to the

k™™ transmit beam of the TX beam set, f'lg) € CM jis the

beamforming vector related to the [*" receive beam of the RX

beam set, and k and [ are the indices for the optimal transmit

and receive beams, respectively.

In order to define the channel capacity with beam training,
the ergodic capacity given in (6) is utilized by dividing the
integral into parts according to coverage areas of separate
beams in the available beam set. Now, considering the full
beam training through all available beams, the expected value
of the channel capacity, deliberately excluding yet the training
overhead, can be written as

K-1L-1
étrain = Z Z /C(Xa f!’%k)a fr({l) )Px (%) d*x

k=0 1=04c0,

K—1L-1 9 ORI
d(x,
_ Z /10g2 <1+PT|<(X)| (x,fr”, fr )>px(X) d?x

2
o
k=0 I= n

x€N 1

€))

where K and L are the total numbers of available beams in the
beam sets of the TX and RX, respectively. Moreover, 2, ; C
is the set of RX positions, where the maximum beam gain
is achieved for the k** transmit beam and I*® receive beam,
defined as

Qp={xeQ|V(k#m,]l#n)

@ (xE0E) > 0 (B 80) Y
where in the case of equal beam gains, the designation to the
appropriate set (), ; can be based on beam index ordering, so
that any position x is included in only one set. We note that
in low signal-to-noise ratio (SNR) conditions in real networks,
there is a possibility of missing the optimum beam index. Thus,
strictly-speaking, the above capacity expression represents an
upper bound.

Next, by considering and utilizing the available position
PDF, the training overhead can be reduced, compared to the
full beam-sweeping, by considering training only for a subset
of beams, which covers the area where the RX is most likely
located. In this case, the beam training is performed in the
order of position probability so that

P(X€Qp, 1) > P(XEQ,1,) >+ 2> P(XEQkye 1),
with P(x € Qp,1) = / pe(x)d2x, (A1)

xEQ, 1,

where k; and [; are the transmit and receive beam indices
trained at the 7*" turn. Now, by taking into account the required
training overhead, the channel capacity with the beam training
procedure becomes

Cirain = (1 - nNtrain)Otrain

where Ni,qin 18 the total number of trained beam combinations
with 0 < 9Ngrain < 1, and 1 € (0, 1] is the training overhead,
given as a ratio between the amount of radio resources used
for training one beam pair and the amount all available radio

resources in the considered transmission period.

12)

C. Extension to Scenarios with Multiple Unknown Variables

In cases where the selection of the optimum transmit and
receive beamforming vectors is affected by other unknown
variables, besides the RX position, the capacity expression in
(7) can be reformulated or generalized as

Prh(6, fr, £
Cy = /10g2 (1+T(0’2T’R)> po(0)d™0,  (13)

n

where § € R" contains all unknown parameters with joint PDF
po(0), and h(-) is a channel power response with a specific
realization of 6 and the chosen beamforming vectors.

An important example scenario, in which the extended
capacity in can be utilized, is when the orientation of a
user equipment (UE) is considered unknown. With traditional
beam training procedures, the UE orientation can be neglected,
but in the context of location-based geometric beamforming,
the orientation must be always taken into account. However,
it is possible to estimate the UE orientation jointly with the
UE position, as shown, for example, in [14]. In addition, when



considering the beam training approach in Section the
above-described capacity evaluation extension can be exploited
to include beam training uncertainty with noisy measurements.
Furthermore, by defining h(-) appropriately according to the
underlying measurement model, the capacity with noisy beam
training, can be obtained by replacing the integral in (9) with
the extended capacity expression given in (I3).

IV. NUMERICAL RESULTS AND ANALYSIS

In this section, we study and illustrate the proposed location-
based beamforming approaches, without and with beam training
by evaluating the achievable communications link capacity over
a variety of considered system parameters. In order to evaluate
the link capacities numerically, we fix the TX position as
x1 = [0,0]", and for simplicity consider a LoS link with a
free space path loss model. For the sake of presentation clarity,
we consider beamforming only at the TX side by including
a transmit antenna array of N elements with half-wavelength
element spacing, and consequently fix the number of antenna
elements in the RX as M = 1. It is worth noticing that in
the considered LoS scenario, including the beamformer at the
RX side would simply lead to an increased SNR at the RX.
Moreover, in order to allow for different communications link
budgets, we determine the transmit power as well as all the
other parameters in the link budget so that the SNR at the
considered 50 m distance without the beamforming gain results
in three optional values of SNR,,¢ € {0 dB,10 dB, 30 dB},
which could be considered as cell-edge, typical, and high-
throughput scenarios.

The TX is considered to retain the RX position PDF, which
is assumed to be normally distributed as py(x) = N (u, X),
where g € R? is the mean vector and ¥ € R?*2 is the
covariance matrix. For the numerical evaluations, we fix the
RX position mean at 50 m distance from the TX and define
= [50,0]T. Moreover, we assume the variances of the x-

2 2
coordinate and y-coordinate to be equal and set 3 = [p"ﬂz P, } ,

[ea

where o2 describes the positioning error variance per coordinate
dimension, and p = 0.5 is the assumed correlation between
the x-coordinate and y-coordinate.

Regarding the location-based beamforming without beam
training, we assume that the transmit beam is pointed towards
the highest value of the RX position PDF. Regarding the
evaluations with beam training, we assume a total set of IV
beams defined according to the columns of the discrete Fourier
transform matrix, defined similarly as in [7]]. It should be
noticed that by this way one of the beams is always directly
targeted to the maximum of the position PDF. Nevertheless,
the utilization of the discrete Fourier transform based design
automatically takes into account the angle-dependent angular
resolution of the antenna array, as well as enables beam
orthogonality when located exactly in the direction of any
individual beam.

In Fig. 2] the cumulative distribution function of the
channel capacity when purely location-based beamforming
is considered, presented in (E]), is shown with SNR,.; = 10 dB
and o = 5 m over different numbers of used transmit antenna
elements V. It can be seen that when the number of used
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Fig. 2. Cumulative distribution of the radio link capacity without the beam
training process, with SNR..f = 10 dB and o = 5 m for different numbers of
transmit antenna elements N.

antenna elements is small (i.e., N < 4), the beamwidth is
large and the RX is most likely located within the coverage
of the main beam lobe, in which case the cumulative capacity
is mostly affected by the location-dependent path loss ((x).
However, when the number of used antenna elements is larger
(i.e., N > 8), the beamwidth is significantly reduced and there
is an increasing probability to partially or completely miss
the RX, which consequently results in lower link capacities.
Notably, in 50% of the realizations, a system with N = 1
provides larger capacity than a system with N = 32.

Considering the same beamforming strategy, the effect of the
number of utilized antenna elements N (i.e., the beamwidth)
on the expected capacity, as given in (6)-(7), is shown in Fig.[3]
for different values of position error standard deviation (STD),
o, and the reference SNR, SNR,¢. In order to emphasize the
connection between the number of used antenna elements and
beamwidth, an additional x-axis considering the half-power
beamwidth, defined as in [15], is added on top of the figure. As
shown in Fig. [3] when the position error STD is ¢ = 0.25 m,
it is beneficial to use a high number of antenna elements,
and thus, a narrow beamwidth. However, when increasing
the positioning error to 0 = 1 m or o = 5 m, the capacity
is interestingly optimized for a specific beamwidth, that is, a
specific number of used antenna elements. As seen in the figure,
the optimal beamwidth with respect to capacity depends also
on the underlying reference SNR value. This is one example
of a concrete engineering and system optimization insight that
the provided capacity expressions can provide. That is, there is
a tradeoff between the beam-forming gain and the RX location
uncertainty, that can be quantified through the derived capacity
expressions thus allowing for beamformer optimization.

In Fig. 4] the channel capacity is shown for various numbers
of used antenna elements as a function of position error STD
with SNR,¢f = 10 dB. From the figure it is again evident
that the communication link capacity can be optimized by
choosing the number of used antenna elements (i.e. beamwidth)
appropriately according to the level of the RX position
uncertainty. Furthermore, similar to the well-known adaptive
modulation and coding schemes, where the modulation order
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Fig. 3. Expected radio link capacity as a function of N without the beam
training process for different values of position error STD and reference SNR.

and the channel coding rate are determined according to the
observed SNR level, the beamwidth can be chosen based on the
available positioning accuracy. It is also noted that in order to
use the envisioned location-based beamforming efficiently with
the highest considered number of antenna elements N = 64,
sub-meter position accuracy is already needed in the considered
scenario. Such positioning accuracy has been demonstrated
feasible in recent works, e.g., [[13]], [14].

When introducing beam training, a narrow beam with a
higher beam gain can be utilized even with uncertain RX
position information, as discussed and analyzed in Section
@ However, in this case the achieved beam gain becomes
at the cost of training overhead, as defined in @) To this end,
in Fig. 5] the expected link capacity, is shown for different
position error STDs and beam training overheads 7 as a function
of the number of used training beams K with SNR ¢ = 10 dB.
In the case that accurate position information is available (i.e.,
o = 0.25 m), the capacity degrades linearly, as the number
of training beams is increased. On the other hand, when the
position error STD is higher (i.e., ¢ > 1 m), an optimum
number of training beams can again be found. Moreover, if
the number of trained beams is smaller than the optimum
value, expected capacity is decreased due to missing the
target with the beamformer, whereas with too many training
beams the capacity is lost for unnecessary training. In general,
the provided capacity expressions allow for obtaining insight
and optimizing the number of the training beams for the
available positioning accuracy. We also note that since the
total allowed time for the beam training is dependent on the
channel coherence time, by defining a beam-wise channel
utilization time it is also possible to obtain capacity limits for
different mobility scenarios.

Finally, in order to illustrate the considered link capacity
theorems under practical position PDF, we consider a 5G
new radio (NR) network utilizing two separate frequency
bands. The lower 3.5 GHz band is used to provide positioning
information via an EKF-based solution to facilitate location-
based beamforming at the higher 28 GHz mmWave band.
Whereas the antenna array sizes at the lower 3.5 GHz band are

-©=N=1
—8—N=2

N=4
—A—N-=8
—fe—N =16 414

N=232
——N =64

Expected capacity E[C] [bits/s/Hz]

2 0.25
Position error standard deviation ¢ [m]

Fig. 4. Expected radio link capacity as a function of position error STD
without the beam training process for different values of V.
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Fig. 5. Expected radio link capacity as a function of number of used training
beams in the beam training process for different values of position error STD
and training overhead 7 by using NV = 64 transmit antenna elements.

assumed relatively small, considerably larger arrays, and thus
narrower beams, are assumed at the mmWave band, where
location-based beamforming can introduce several advantages.
The considered system parameters are summarized in Table [

The designed EKF-based solution seeks to sequentially
estimate the position of a vehicle with a realistic polynomial
acceleration profile in a similar manner as in [13]. The
considered vehicle is moving with a varying speed of 15-
45 km/h on top of the METIS Madrid grid environment [16],
where an extensive ray-tracing [[17] simulation is applied. The
vehicle transmits a periodic uplink sounding reference signal
(SRS) every 100 ms, which is received at LoS access nodes
(AN) in known positions equipped with four arrays covering
the whole azimuth-domain such that each array covers a 90-
degree sector. In particular, the beamformers at the active ANs
are directed towards the a priori estimate of the UE given by
the positioning EKF employing only time of arrival estimates
from five closest LoS-ANs in a similar two-fold estimation
process as proposed originally in [[13]].

At each considered 100 ms time interval, the mmWave
beam is directed towards the position estimate provided by



TABLE I
POSITIONING AND CAPACITY EVALUATION PARAMETERS
Parameter Positioning Capam_ty
evaluation
Carrier frequency 3.5 GHz 28 GHz
Bandwidth 50 MHz 100 MHz
Subcarrier spacing 15 kHz 60 kHz
UE antenna 1 dipole element 1 dipole element
AN antenna 4x4 URA Varying NxN URA
(3GPP patch) (3GPP patch)
Evaluation time interval 100 ms 100 ms
Number of used 5 1
closest LoS-ANs
UE speed 15-45 km/h 15-45 km/h

the cmWave EKF. After this, the mmWave link capacity is
evaluated subcarrier-wise for different considered AN array
sizes, and the overall capacity is defined as a sum of capacities
over all active subcarriers. Cumulative distributions for the
obtained overall mmWave link capacities, considering different
uniform rectangle array (URA) antenna sizes at the AN, are
shown in Fig. [} Despite the varying system geometry due to
vehicle mobility, the introduced realistic multipath propagation,
and the PDF linearization errors due to the EKF, the presented
cumulative distributions are strongly resembling the cumulative
distributions of the pure LoS scenario with static environment,
shown earlier in Fig. [2] Based on Fig. [f] it is clear that the
chosen array size, and thus the beamwidth, has a significant
influence on the link capacity, with similar insight as in the
earlier examples. Whereas the largest considered array of size
64x64 is able to provide the maximum instantaneous capacity,
the smaller array sizes can provide more limited capacity but
in more consistent manner. In the considered scenario, the best
average capacity of 1.56 Gbit/s is provided by the 16x16 array.

V. CONCLUSION

In this paper, we studied the capacity of a beamformed radio
link utilizing location-based beamforming based on available
position information, given as an arbitrary position PDF. By
considering both the purely location-based beamformer and
the location-aided beam training based beamformer, capac-
ity expressions were formulated and derived. The capacity
expressions were then evaluated numerically in selected sce-
narios while varying many of the basic system parameters.
In addition, a practical 5G NR deployment scenario with
realistic ray-tracing-based multipath propagation was studied
and demonstrated, with an EKF-based positioning solution at
the 3.5 GHz band to facilitate location-based beamforming
at the 28 GHz band. The presented results show that the
wireless link capacity can be optimized, for example, with
respect to the number of used antenna array elements, which
define the array beamwidth, or with respect to the number of
used training beams if explicit beam-sweeping based training
procedure is incorporated. Depending on the accuracy of the
available position estimates, it was shown that the optimal
antenna array size as well the amount of training beams,
in the training based system, vary. Overall, the proposed
approach allows for maximizing the radio link capacity under
any given positioning uncertainty while at the same time
providing means to optimize the use of the radio resources
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Fig. 6. Cumulative distribution of mmWave radio link capacity at Madrid map
with the EKF-based cmWave positioning in realistic ray-tracing simulation for
different sizes of transmit antenna array. Additional multimedia material is
available related to the EKF-based tracking feeding the mmWave beamformer.

and array configuration. Our future work focuses on extending
the analysis to more complicated NLoS propagation scenarios.
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