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Abstract

In this paper, we have introduced the notion of local and semilocal triangle algebras and propose
the theorems that characterize these algebraic structures. Additionally, we have established the
new properties of these algebraic structures and discussed the relations between local triangle
algebras and some interval valued residuated lattice (IVRL)-filters, such as n-fold IVRL-extended
integral filters and IVRL-extended maximal filters. The obtained results proved that the MT L-
triangle algebra is a subdirect product of local triangle algebras. Moreover, a correlation was
observed between the set of the dense elements and local triangle algebras. Finally, semilocal
triangle algebras were introduced and assessed in detail, and an association was observed between
the semilocal triangle algebras and quotient triangle algebras.
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1. Introduction

There is uncertainty regarding every sphere of daily life. Conventional mathematical tools do
to suffice to manage all practical problems, and controversies are constantly revealed in major
fields such as social sciences, engineering, and economics. In 1965, Zadeh introduced the fuzzy set
theory to address such uncertainties where traditional tools commonly fail. Later, the fuzzy logic

became popular and has been exploited in computer sciences to deal with uncertain information.
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In recent years, the interest in the fuzzy logic has grown rapidly. The algebraic structures that
are involved in the structures of truth values have been introduced and axiomatized. Residuated
lattices originated in 1969 [2, 7, 9] when Goguen [4] studied residuated lattices as the algebras of
inexact concepts. In the 1970-s, Gaines and Pavelka were the first to observe the usefulness of

residuated lattices in the cintext of fuzzy logic [3, 9].

H. Ono considered residuated lattices as an algebraic structure of substructural logic [8]. Fur-
thermore, P. Hajek introduced the notion of BL-algebras as residuated lattices with two more
conditions (divisibility and prelinearity) to prove the completeness of the BL-logic as a highly
valued logic [5]. Therefore, residuated lattices allow the study of all these algebras with a com-
mon language. In particular, deductive systems of residuated lattices have a bijective counterpart
in substructural logics, namely the sets of logic formulas that are closed with respect to Modus
Ponens. Thus, all the information about deductive systems in an algebra can be interpreted as
knowledge of provable formulas in the corresponding logic. In literature, deductive systems are

also called filters (not to be confused with lattice filters).

L. P. Belluce et al. introduced the notion of local MV-algebras [1], while E. Turunen et al.
studied the concept of local BL-algebras [12]. By definition, BL-algebras become local if they
have a unique maximal deductive system, thereby generalizing the correspondent concept for MV-
algebras. On the other hand, E. Turunen et al. evaluated local BL-algebras similar to Belluce et
al., analyzing local MV-algebras. Using this context, these researchers proved some of the basic
properties of BL-algebras. In addition, S. Hoo characterized semilocal MV-algebras [6], while
E. Turunen introduced semilocal BL-algebras by initially showing that BL-algebras indefinitely

generate natural algebras and characterizing semilocal BL-algebras [13].

Van Gasse et al. introduced the class of triangle algebras as a variety of residuated lattices
equipped with approximation operators v and u, as well as a third angular point u are different
from 0 and 1. According to Theorem 26, researchers have claimed that these algebras serve as an
equational representation of interval-valued residuated lattices (IVRLs) [17]. Based on the defini-
tion and properties of triangle algebras, researchers have defined triangle logic (T'L), demonstrating
that this logic is sound and complete with respect to the variety of triangle algebras [17]. The
theory of triangle algebras has been enriched with the filter theory, and researchers have introduced
the notion of IVRL-filters in triangle algebras, defining the Boolean and prime IVRIL-filters and

reporting their remarkable properties [16].

Triangle algebras play key role in the study of fuzzy logics and the associated algebraic struc-
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tures. Moreover, filter theory, i.e. studies of deductive systems of triangular algebras is essentially
involved in the study of these algebras. Indeed, from a logic perspective, various filters have a
natural interpretation as sets of provable formulas, while no studies have been focused on local
triangle algebras so far. This issue motivated us to investigate the notion of local and semilocal

triangle algebras.

In triangle algebras, v and p are important, which were used in our research to define local and
semilocal triangle algebras, which play a pivotal role in the recognition of such algebraic structures.
Local triangle algebras behave differently, and we attempted to state and prove the Propositions
and theorems that determine the properties of these structure. Furthermore, we demonstrated that
triangle algebra A is local iff ord(vz) < oo or ord(—wzx) < oco. It was proven that MT L-triangle
algebras are a subdirect product of local triangle algebras. In this regard, F' is considered to be the
n-fold IVRL-extended integral filter iff A/F is local. The correlation between semilocal triangle
algebras and quotient triangle algebras was also discussed, and a classification was proposed for

triangle algebras accordingly.

In Section 2 of the article, some of the definitions and properties of residuated lattices and
triangle algebras have been discussed. In Section 3, we have defined local triangle algebras, while
proposing further characterizations for these algebras. In addition, we have determined the cor-
relations between local triangle algebras and some types of IVRL-filters. In Section 4, triangle
algebras have been considered semilocal if they only contains many finite different IVRL-extended

maximal filters, and some properties have also been denoted for this algebra.

2. Preliminaries

Definition 2.1. [17] A residuated lattice is an algebra (L,V, A, *,—,0,1) with four binary opera-

tions and two constants 0,1 such that:
o (L,V,A,0,1) is a bounded lattice,
e operation * is commutative and associative, with 1 as neutral element, and

erxy<ziffe<y—z forallz,y and z in L.

The ordering < and negation — in a residuated lattice (L, V, A, ¥, —, 0, 1) are defined as follows,

forallzand yin L: s <yiffr sy=1,and - =2 — 0, 2" =g *---*xx.
—

n—times
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Lemma 2.1. [10, 16] Let (L,V, A, *,—,0,1) be a residuated lattice. Then the following properties

are valid, for all x,y and z in L:
(1) xVy < (x = y) = y(in particular x < —~—x),
(2) 2+ Vier ¥ = Vier (@ x 5i),
(3) (Vie[ Yi) > T = /\ie](yi — ),
(4) (z=y)*(y—=2) <(z—2),
(5) Ife <y, thenxxz<y*z,z—>r<z=>yandy > 2<x— 2,
©6) (y—=2)<(@—=y) = (r—2),
(MNrx—=>y—o2)=y—(r—2) =(xxy) >z,
(8) Vierwi = 2) < (Niervi) = .
9 z—-y<(y—2) = (z—2),
(10) ~z A~y < =(z Vy).

Definition 2.2. [17] Given a lattice (A,V, M), its triangularization T(A) is the structure T(A) =
(Int(A),V,N) defined by

olnt(A) = {[z1,22] : (v1,72) € A% and z1 < 32},

o[z1, 2] A [y1,92] = [T1 Ay1, 22 A g2,

o[z, z2) V [y1,Y2] = [x1 VY1, 22V y2l.

The set Dy = {[z, 2] : © € L} is called the diagonal of T(A).

Definition 2.3. [17] An interval-valued residuated lattice (IVRL) is a residuated lattice (Int(A),V,
A, ®,—6,[0,0],[1,1]) on the triangularization T(A) of a bounded lattice A, in which the diagonal
D, is closed under ® and —q, ie. [x,2] © y,y] € Da and [z,2] —¢ [y,y] € Da, for all z,y
in A. When we add [0,1] as a constant, and p, and pp, (defined by p,([x1,x2]) = [21,21] and
pr([r1,x2]) = [®2, T2], for all [x1,x2] in Int(A)) as unary operators, the structure (Int(L),V, A, —
s %, Dus Phy |0, 0], [0, 1], [1, 1)) is called an extended IVRL.

Definition 2.4. [17] A triangle algebra is a structure (A, V, A, *,—, v, i, 0,u, 1) in which (A, V, A, *, —

,0,1) is a residuated lattice, v and p are unary operations on A, u a constant, and satisfying the
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following conditions:

(T1) ve <z, (T1) z < pa,

(T.2) ve < vz, (T.2') ppa < pz,

(1.3) v(x Ay) = va Avy, (T.3') plx Ay) = p Ay,
(T4) v(zVy) =veVuy, (T4 p(xVy) = pz V py,
(T.5) vu = 0, (T.5) pu =1,

(T.6) vux = px, (T.G,) uvx = v,

(T.7) v(x = y) <vze — vy,

(T8) (v <> vy) * (x> py) < (z < ),

(T9) ve = vy <v(ve — vy).

In a triangle algebra (A,V, A, *,—, v, 1u,0,u,1), the operator v (necessity) and u (possibility) are
modal operators, and u (uncertainty, u # 0,u # 1) is a new constant. It turns out that triangle

algebras are the equational representations of interval-valued residuated lattices (IVRLs).

Theorem 2.1. [17] There is a one-to-one correspondence between the class of IVRLs and the
class of triangle algebras. Every extended IVRL is a triangle algebra and conversely, every triangle

algebra is isomorphic to an extended IVRL.

From now on (A, V, A, =, %, v, u,0,u,1) or simply A is a triangle algebra unless otherwise spec-

ified.

Proposition 2.1. [17] Suppose (A,V,N,—,0,1) is a residuated lattice such that — is involutive
(——x =z for all x € A). If there exists an element u in A such that —u = u, if v is a unary
operator on A that satisfies T.1- T.6 , T.8, T.9 and if (vx < vy) * (v—x + v-y) < x <y, then

(A, VA, =, %, v, 1,0 u, 1) is a triangle algebra if we define px = —v—x.

Proposition 2.2. [15] In a triangle algebra (A,V, N\, =, *,v, 1,0, u, 1), the following identities and

inequalities hold, for every x,y and z in A:
(1) v(z *y) = vr * vy.
(i) p(z*y) < pa* py.

Definition 2.5. [21] Let A = (A,V,A,*,—,v,1,0,u,1) and B = (B,U,N,0,=,7,1,0,3,1) be
any two triangle algebras. If the mapping h : A — B satisfies for a,b € A
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h(aV b) = h(a) U h(b), h(a Ab) = h(a) M h(b),
h(a*b) = h(a) ® h(b), h(a — b) = h(a) = h(b),

h(va) = vh(a), h(pa) = @h(a).

Then h is called a homomorphism.

Definition 2.6. [19] A triangle algebra A is called an MT L-triangle algebra if (a — b) V (b —
a) = 1 (prelinearity), for all a,b € A.

Definition 2.7. [16] An IVRL-filter of triangle algebra A is a non-empty subset F of A satisfying:
(Fl)ifze Fiye Aandx <y, theny € F,
(F2) ife,y € F, thenxxy € F,
(F3) ifx € F, thenvx € F.

Definition 2.8. [22] An alternative definition for an IVRL-filter F (called deductive system) of a
triangle algebra (A,V, A\, x,— v, u,0,u, 1) is the following:

(F1)1€F,
(F.2") forallz andy in A: ifx € F andx —y € F, theny € F.

(F3)ifrx € F, thenvx € F.

For all z,y € A, we write x = y iff t — y and y — x are both in F.

=r is always a congruence relation [16]. Note that (F.3) is a necessary condition for this state-
ment. Indeed, if = is a congruence relation on a triangle algebra A = (A, V, A, %, —, v, 1,0, u, 1)

and z € F, then x = 1 and therefore vx =r v1 = 1, which is equivalent with vx € F'.

Definition 2.9. [21] Let S C A, a nonempty subset of A, a € A. Then [S) ={x € A| s1x...x8, <

vz, for somen > 1 and s1,...,8, € S}.
Definition 2.10. [17] The set of exact elements E(A) of a triangle algebra A is {x € Alvx = x}.

Proposition 2.3. [16] Let A be a triangle algebra, (E(A),V, A, *,—,0, 1) be its subalgebra of exzact
elements and F C A. Then F is a filter of the triangle algebra A if and only if (F.3/) holds and
FNE(A) is a filter of the residuated lattice E(A).

Proposition 2.3 suggests two different ways to define special kinds of IVRL-filters of triangle

algebras. The first is to impose a property on a filter of the subalgebra of exact elements and extend
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this filter to the whole triangle algebra, using (F.3/). We call these IVRL-extended filters. For
example, an IVRL-extended prime filter of triangle algebra (4, V, A, *, —, v, 1,0, u, 1) is a subset F
of A such that F'N E(A) is a prime filter of F(A) and = € F' if and only if vz € F N E(A).

The second way is to impose a property on the whole IVRL-filter. For example, a prime IVRL-
filter of a triangle algebra (A4, V, A, *, —, v, 1, 0,u,1) is an IVRL-filter of A such that F is a prime
filter of (A, V,A,*,—,0,1) [16].

Definition 2.11. [16, 18, 21] Let A be a triangle algebra.

e A proper IVRL-filter M is an IVRL-extended maximal filter of A iff for allz € A, x ¢ M

there exist m € M, n > 1 such that m xvz™ = 0.

o The intersection of all IVRL-extended mazimal filters of a triangle algebra A is called the
radical of A and is denoted by Rad(A).

o An IVRL-filter extended prime filter of A is a filter ' of A such that v& — vy € F or

vy —svx €F, forall z,y € A.

o A proper IVRL-filter F is called n-fold IVRL-extended integral filter if for all, z,y € A,

(v *vy) € F implies =(va™) € F or =(vy™) € F, for some n.

Definition 2.12. [21] The set of dense elements of a triangle algebra A is defined as Ds(A) =
{a € A:—wa =0}. Its restriction to an IVRL-filter F is defined as Ds(F) = {a € F : -va = 0}.

Definition 2.13. [21] The order of x € A, denoted by ord(x), is the smallest n € N such that

2™ = 0. If there is no such n, then ord(zr) = co.

Definition 2.14. A triangle algebra A is called a linear triangle algebra if x <y ory < x, for all
x,y € A.

Lemma 2.2. Let A be an MTL-triangle algebra and a € A, a # 1. Then there is an IVRL-extended

prime filter F' of A not containing a.

Proof. There are IVRL-filters not containing a, for example, Fy = {1}. We shall show that if F'
is any IVRL-filter not containing a and z,y € A are such that ve — vy ¢ F and vy — vz ¢ F,
then there is an IVRIL-filter F’ O F such that a ¢ F’ and v — vy € F' or vy — vax € F'. Note
that the least IVRL-filter F’ containing F' as a subset and z as an element is F' = {vu | (v €
F)(3n € N)(v* 2" <u)}. Clearly, if F”/ O F is an IVRL-filter and z € F' then for each v € F and

n € N, v(vx2") € F”, on the other hand, F’ itself is an IVRLfilter since it is obviously closed
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under #,v and contains with each z all 2/ > z. Thus assume vz — vy ¢ F,vy — va ¢ F and
Fy, F5 be the smallest IVRL-filters containing F', as a subset and va — vy, vy — va respectively
as an element. We claim that a ¢ Fy or a ¢ Fy. Assume a € F} and a € F,. Then for some v € F
and n € Nyvx (vex — vy)” < aand v* (vy = ve)* <a. Thus a > v (v — vy)" Vox* (vy —
ve)* =vx ((ve = vy)" V (vy = ve)") = v*1 =wv. Hence a € F, which is a contradiction. So
a ¢ Iy ora¢ Fy. Now, if A is countable, then we may arrange all pairs (z,y) € A? into a sequence
{(zn,yn) | n € N}. Let Fy = {1} and having constructed F,, such that a ¢ F,,. We take F, 11 2 F,
such that a ¢ F, 1. If possible we take F,_; such that (va, — vy,) € F,41. If not, we take that
with (vy, — va,) € F,y1. So U, F, is IVRL-extended prime filter. If A is uncountable, then one

has to use the axiom of choice and work similarly with a transfinite sequence of IVRL-filters. [

Remark 2.1. [21] Let A be an MTL-triangle algebra. Then F is an IVRL-extended prime filter
of A iffvaV vy € F impliesve € F orvy € F, for all x,y € A.

Lemma 2.3. An MTL-triangle algebra is linear iff any proper IVRL-filter of A is IVRL-extended
prime filter of A.

Proof. If A is linear and F is proper IVRL-filter of A, then for all z,y € A, zVy=xorxVy =1y.
Thus zVye Fifv(zvVy)e Fitvavvye Fif ve € For vy € F.

Conversely, let assume, any proper IVRL-filter of A is IVRL-extended prime filter of A. Then
in particular {1} is an IVRL-extended prime filter. Since for any z,y € A, (x — y)V(y — x) € {1},
we get (x —y)€{l}or (y > z)e{l};soy<zoraz<y. O

Lemma 2.4. Each triangle algebra is a subalgebra of the direct product on a set of linearly ordered

triangle algebras.

Proof. Let S be the set of all IVRL-extended prime filters on A. For F € S, let Ap = A/F and
A* = []pes Ar. Then A* is the direct product of linearly ordered triangle algebra {Ar | F' € S}
of A*. For x € A, let i(z) be the element {[x]r | F € S} of A*. Clearly this map preserves
operations, it remain to show that it is one to one. If z,y € A and z # y, then z £ y or y £ z.
Assume v — vy # 1 in A. By Lemma 2.2 let F' be an IVRL-extended prime filter on A not
containing vz — vy. Then in A/F, [z]p £ [y]r, hence [z]F # [y]r, and so i(x) # i(y). O

Proposition 2.4. Let Aq,..., A be triangle algebras and A = A; X ... X Ag. Then Fil(A) =
Fil(Ay) X ... X Fil(Ay) (where Fil(A) is the set of all IVRL-filters of A).
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Proof. F; € Fil(A;) for i = 1,...,k, then F} X ... X F}, is an IVRL-filter of A. Conversely, if F is
an IVRLfilter of A, then for i =1,...,k, F; = m;(F) is an IVRL-filter of A; and F' = F} X ... X F}.
So the proof is complete. O

3. Local triangle algebra

Definition 3.1. A triangle algebra A is said to be local iff has exactly one IVRL-extended maximal
filter.

Example 3.1. Let A ={0,u,1}. We define operators v, u, *,— as follows:

T | vx T | px * | 0 u 1 — | 0 1
0| 0 0 0 o010 0 0 0|1 1
u| 0 u | 1 w0 u u u | 0 1
111 1] 1 0 uw 1 0 1

(A, VA %, — v, 1,0 u, 1) is a triangle algebra. It is clear that, F = {1} is the only IVRL-extended

maximal filter of A. So A is local triangle algebra.

Example 3.2. Let X = {0,a,b,1}, where 0 <a < 1,0 <b < 1. Define ® and = on X as follows:

©|0 a b 1 =0 a b 1
o100 0 0 0 011 1 1 1
a |0 a 0 a a |b 1 b 1

0 0 b b bla a 1 1
110 a b 1 1 a b 1

Then (X,®,=,V,A) is a residuated lattice. We have Int(X) = A = {[0,0], 0, al, [0, 8], [a, a], [b, ],

[0,1], [a, 1], [b, 1], [1, 1]}, if we define v, u, * and — on A as follows:

vz, wo] = [x1,21], plrn, x2] = (22, 2], [21, 22]* (Y1, 2] = [1 Oy1, 22O Y], (1, 2] = [y1, 2] =
(1 = y1) A (22 = Y2), T2 = Y2l

Then (A,V, A, *,—,v,1,[0,0],[0,1],[1,1]) is a triangle algebra with [0,0] as the smallest and
[1,1] as the greatest element. Clearly, Fy = {[a,al,[a,1],[1,1]}, Fo = {[b, 1], [b, 1], [1,1]} are IVRL-

extended mazimal filters of A. So A is not a local triangle algebra.
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[b, b]

Definition 3.2. Let A be a triangle algebra. Then we define

D(A)={x € A|va™ #0, for all n € N}.
Theorem 3.1. Let A be a triangle algebra. Then the following are equivalent:
(i) D(A) is an IVRL-filter,
(i1) [D(A)) is a proper IVRL-filter,
(#i7) A is local,
(iv) the unique IVRL-extended mazimal filter of A is D(A),

(v) if va™,vy™ # 0 for all n > 1, then va™ x vy™ # 0, where z,y € A.

Proof. (i = ii) Let D(A) be an IVRL-filter. Then it is easy to see that [D(A)) = D(A) and this
IVRL-filter is proper since 0 ¢ D(A), so (i¢) holds.

(79 = 4) if (44) hold and =,z — y € D(A) C [D(A)), then for all n > 1 va™, v(x — y)™ # 0
hence 0 # vz™ xv(z — y)" = vz * (x = y)|™ < vy", thus y € D(A). If x € D(A), then va™ £ 0
and vvz™ = va™ # 0. So vx € D(A). Therefore (i) and (i) are equivalent.

(1 & v) Since v1" = 1,vvr = vr and v(z * y)" = va" * vy" < vz™,vy" it is obvious that a
necessary and sufficient condition for () to hold is (v).

(iv = 4i1) It is trivial.

(i = iv) Let F’ be an IVRL-filter such that € F',z ¢ D(A), for some x € A. Then va" = 0, for
some n € N. Hence F’ is not proper. So D(A) contains all the proper IVRL-filters of A and so
(iv) holds.

(i4t = iv,i) Let A be a local triangle algebra and My be the unique IVRL-extended maximal
filter of A. Then any element x € D(A) generates a proper IVRL-filter D,, = {vz™ | n > 0},
which can be extended to an IVRL-extended maximal filter M,. But M, = M,. Thus for all

10
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x € D(A),z € My and so D(A) C My. Since My is proper, My C D(A). Hence My = D(A),
therefore (i4¢) implies (iv) and (4). O

By Proposition 2.2 and Theorem 3.1, we have:

Corollary 3.1. Let A be a local triangle algebra. If va™ vy™ # 0 (and so ux™, uy™ # 0) for all
n > 1, then px™ * uy™ # 0, where xz,y € A.

Proposition 3.1. A triangle algebra A is local iff ord(vx) < oo or ord(—wvzx) < oo, for all x € A.

Proof. Let A be a local triangle algebra but va™ > 0 and (—wax)™ > 0, for some = € A and for all
n € N. Then -z, € [D(A)), so 0 =z % —x € [D(A)), which contradicts to Theorem 3.1, (i3).

Conversely, let 0 € [D(A)). Then for some 1, ...,z, € D(A), we have vay * ... x vz, <0, so
VI * ..VTp_1 < Wy, Since ord(va,) = oo, ord(—vey,) = k, < co. Thus

kn kn kn —
vey™ o« ok vrt < (mve,)® =0,

whence

k k k
vey™ ok Lok vyt o < o(vapt ).

Clearly, ord(vz®" ) = co. Hence ord(—(va" |)) = k,_1 < 0o, and so

Fenk
v, "TkLk V:CZ”_’Z”’I < (=(vahn )kt = 0.

By continuing n times this procedure, we arrive into contradiction VﬁC’f"'“kz = 0. Therefore 0 ¢

[D(A)), so A is local. O

Theorem 3.2. F is n-fold IVRL-extended integral filter iff A/F is local.

Proof. Assume that A/F is local and —~(vx * vy) = vy — —wx € F. Then (vy)/F — (-vz)/F =
(vy = —wz)/F =1/F, so (vy)/F < (-vx)/F. Let —=(va™) ¢ F, for all n. Then —(va™)/F # 1/F,
thus (va™)/F # 0/F. Since A/F is local, (-vx)¥/F = 0/F, for some k. Also, (vy*)/F <
(-vz)*/F = 0/F, whence =(vy*)/F = 1/F i.e =(vy*) € F. And so F is n-fold IVRL-extended
integral filter.

Conversely, let F' be an n-fold IVRL-extended integral filter. Since —(vz * —wvz) = 1 € F,
for all x € A, we have -~(vz™) € F or =((-vz)") € F for some n, i.e ~(va")/F = 1/F or

11
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—((-vz)")/F = 1/F. Therefore (va")/F = 0/F or ((-vx)")/F = 0/F. Thus A/F is local
triangle algebra. O

Proposition 3.2. Let F be an IVRL-extended mazimal filter of A and ~vx ¢ F, for all0 # x € A.

Then A/F is a local triangle algebra.

Proof. If —vx ¢ F, for all 0 # x € A and F is an IVRL-extended maximal filter, then ——wvzx € F.
Hence ~wvz/F = 0/F. Thus A/F is a local triangle algebra. O

In the following example we show that the converse of the above proposition is not true in

general.

Example 3.3. Consider L' = [0,1] and define * and — on L' as follows:

1 <y
xxy=min(x,y) and x = y = , then (LY, V, A, x,—,0,1) is a residuated lattice.
Yy y<zx
Now, we define
(21, 22] © [y1, y2] = w1 % y1, w2 * Y2,

[21,22] = [y1,92] = [(x1 = y1) A (22 = y2), T2 — y2).

The structure (LT x LT, V,\,®,=,[0,0],[1,1]) is a residuated lattice too. If we define
vlzy, xo] = [z1, 21, plar, z2] = [22, 22],u = [0, 1].

then (LI x LT, v, A, ®, =, v, 11,[0,0], [0, 1], [1,1]) is a local triangle algebra. If F = {[1,1]}, then F is
not an IVRL-extended mazimal filter of LI x L. Clearly, L' x L' /JF = LT x L' /{[1,1]} = L x L1

is a local triangle algebra.

Proposition 3.3. FEvery IVRL-extended prime filter of A is an n-fold IVRL-extended integral
filter.

Proof. If F' is an IVRL-extended prime filter of A, then va — vy € F or vy — va € F, for all
z,y € A. Let va - vy € F, =(vz xvy) € F. Then

(vz — vy) x ~(v x vy) = (vo — vy) * (vy — —vx) < (vo — —wvx) = ~(vz?) € F.

Similarly, if (vy — vx), =(vz*vy) € F, then =(vy?) € F. Therefore F is an n-fold IVRL-extended
integral filter of A. O
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Lemma 3.1. Let F be an IVRL-filter of A. Then A/F is linearly ordered iff F is an IVRL-
extended prime filter of A.

Proof. Let F be an IVRL-extended prime filter and z,y € A. Then v — vy € F or vy — vz € F.
So [z]r < [y]F or [y]r < [z]p. Thus A/F is linearly ordered.

Conversely, if A/F is linearly ordered and x,y € A, then either [y|r < [z]F and sovy — vz € F

or [z]r < [y]r and so v — vy € F. Hence F is an IVRL-extended prime filter. O

Proposition 3.4. A is a local triangle algebra iff every proper IVRL-filter of A is an n-fold
IVRL-extended integral filter.

Proof. Let A be a local triangle algebra and F be a proper IVRL-filter of A. Then D(A) is the
unique IVRL-extended maximal filter containing F', thus D(A)/F is the unique IVRL-extended
maximal filter of triangle algebra A/F, i.e. A/F is local and F is n-fold IVRL-extended integral
filter by Theorem 3.2.

Conversely, if any proper IVRL-filter of A is n-fold IVRL-extended integral filter, then in
particular, {1} is n-fold IVRL-extended integral filter. Hence A = A/{1} is local by Theorem
3.2. O

Theorem 3.3. Every MTL-triangle algebra is a subdirect product of local triangle algebras.

Proof. Trivially every linear triangle algebra is local. By Lemma 2.4, the proof is complete. O

Ifv(x - y)=ve - vyand xx(x — y) =x Ay, for all x,y € A, then by Theorem 3.1, we have:

Proposition 3.5. (i) Let A be a local triangle algebra. Then Ds(A) C D(A).
(1) If Ds(A) = A\ {0}, then A is a local triangle algebra.

Proof. (i) Clearly, 1 € Ds(A). If x,2 — y € Ds(A), then 0 = ~wz =ve - 0 =ve — —w(z —
y) = ve = ~(ve — vy) = -(vx *x (ve — vy)). Since (va * (vz — vy)) < vy, we have —vy <
—((ve * (vr — vy))) = 0. Hence y € Ds(A). Since —vvx = —wz = 0, then va € Ds(A). Therefore
D,(A) is an IVRL-filter. Clearly 0 ¢ D;s(A), so Ds(A) is proper. Whence D;(A) can be extended
to D(A).

(7i) Since Dgs(A) is an IVRL-filter, Ds(A) is the unique IVRL-extended maximal filter of A. [
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Tt is worth to note that the converse of (i) in above proposition does not hold, in general. For

this we give the following example.

Example 3.4. [19] Consider L' = [0,1] and define *,— on L as follows:
zxy=max(0,z+y—1),c > y=min(l,1 —z+y).

Then (LY, V, A, *,—,0,1) is a residuated lattice. Now we define
(21, 2] © [y1, y2] = [v1 % Y1, 2 * Y2,
[T1, 2] = [y1,92] = [(x1 = y1) A (22 = y2), 22 = yal.

The structure (LT x L1, V,\,®,=,0,0],[1,1]) is a residuated lattice too. If we define
V[xla :CZ] = [mla xl]a IU/[:L'h l’g] = [$2a m2]7 u = [07 1]
then (LT x LYV, A, ®,=,v,u,[0,0],[0,1],[1,1]) is a triangle algebra. It is clear that L' x L' is a
local triangle algebra, but x = [0.5,0.7] ¢ Ds(L* x LT). So D (L x LT) # LT x L1\ {0}.

Proposition 3.6. The following conditions are equivalent:
(1) vy —x)=-wx—y), forall0#z,ye A
(i1) Ds(A) = A\ {0}

Proof. Let —v(y — z) = —w(z — y), for all 0 # z,y € A. For y = 1, we have —vz = 0, for all
0# x € A. Hence Ds(A) = A\ {0}.

Conversely, assume (ii) holds and let x,y # 0, Then z,y € Ds(A). Since z < y — =z, also
y = x € Dg(A), so ~(v(y — z)) = 0. Similarly ~(v(z — y)) =0, and so (7).

O
Under the conditions Proposition 2.1 and by Proposition 3.6, we have (in this case the negation
is assumed to be involutive):

Proposition 3.7. The following conditions are equivalent:

(@) po(y =) =p-(z —vy), forall0 £ z,ye A
(i) Ds(A) = A\ {0}

Corollary 3.2. Let ~v(y — z) = —w(x — y), for all 0 # z,y € A. Then A is a local triangle

algebra.

14
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Theorem 3.4. Let Dy(A) = A\ {0}. Then
(i) A/F is local triangle algebra, for every IVRL-filter of A,

(it) A/Ds(A) is local triangle algebra.

Proof. (i) Let F be a proper IVRL-filter of A. For all 0/F # z/F,y/F € A/F,

-(vz/F = vy/F) =—((vz = vy)/F)

—(vy — va)/F

(
=-(vx - vy)/F
=(

(

—(vy/F — va/F).

Thus A/F is local triangle algebra.

(74) Since Ds(A) is an IVRLfilter of A, by (i), A/Ds(A) is local triangle algebra. O

In the following example we show that the converse of above theorem is not true, in general.

Example 3.5. In Ezample 3.1, we have Ds(A) = {1} # A\ {0}. Let F = {1}. Then A/F =
{1} = A/Ds(A) = A is local triangle algebra.

4. Semilocal triangle algebras

Definition 4.1. Local triangle algebra A is called locally finite if ord(z) < oo, for all x € A\ {1}.

Definition 4.2. A triangle algebra A whose only proper IVRL-filter is the set {1}, is called

semisimple triangle algebra.

Let L, K be two locally finite triangle algebras. Then a product triangle algebra L x K contains
two disjoint descending chains of IVRL-filters (unless element 1, since 1 € F, for any IVRL-filter F'
of triangle algebra K), namely L x K D Lx {1} 2 {(1,1)} and L x K D L x {1}. Clearly, L x K is
a semisimple triangle algebra and the two IVRL-extended maximal filters {1} x K and L x {1} are
disjoint. Also, n locally finite triangle algebras Ly, Lo, ..., L, a product triangle algebra [];_, L;
is semisimple, contains 2" — 1 proper IVRL-filters and n disjoint IVRL-extended maximal filters
M; =1Ly x ... x {1} X ... X Lp,, i = 1, ...,n and any strict descending chain of IVRL-filters is finite.

In particular, we have
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Proposition 4.1. Let A be a triangle algebra and My, ..., M, n IVRL-extended maximal filters of
A. Then the product triangle algebra H?zl A/M; is semisimple, contains 2™ —1 proper IVRL-filters
and n disjoint IVRL-extended mazimal filters. Also, every strict descending chain of IVRL-filters

of [Tl A/M; is finite.

Definition 4.3. Let F,G be two proper IVRL-filters of A. Then we call F and G relatively prime
if [FUG) = A.

Example 4.1. In Example 3.2, Fy = {[a,al,[a,1],[1,1]} and F» = {[b, ], [b,1],[1,1]} are relatively

prime.

Proposition 4.2. Let F' and G be two relatively prime IVRL-filters of A. Then there is an element

x €A such that t =r 1 and x =¢ 0.

Proof. Since 0 € A =[F|JGQ), there are x € F, y € G such that z xy = 0. Clearly, x =p 1. Since
y<-z,~x G Sox=¢0. O

Proposition 4.3. Let F,..., F,, be IVRL-filters of A such that F;, F; are relatively prime IVRL-
filters of A, for alli,j =1,....,m and i # j. Then there is x € A such that ¢ =p, x; fori=1,...,m.

Proof. First, let m = 2. Since [Fy UFy) = A, By Proposition 4.2, there exist fi3 € Fy and fo; € Fy
such that fi2* fa1 = 0. By Lemma 2.1, we have f1a2 < = f2;. Then —fo; € Fy, and hence fo; =p, 0.
Since fi2 < —fa1, we get ~—fa1 < —f12, also we have, fo; < == fa1. Thus fa1 < —f12 and so

—f12 € F>. Hence fi12 =p, 0. Let & = (f12 % 21) V (f21 * x2), where x1,z2 € A. By Lemma 2.1, we

have

x/Fy = (fi2/F1* x1/F1) V (fa1/F1 % 22/ F1)
=(1/Fy x21/F1) V (0/Fy % 22/ FY)
=ux1/F.
So x =p, 1. Similarly, © =g, x2. Now let m be arbitrary, for 4,5 = 1,...,m and i # j, there exist

fij € Fy and f;; € F; such that f;;+f;; = 0. Considering « = V2, (fir*...* fi i1 % fiip1%. % fi m*x;)

and reasoning as above we see that x =p, x;, fori =1,...,m. O

Theorem 4.1. Let A be a triangle algebra and Fy, ..., F, be n disjoint IVRL-extended mazimal
filters of A. Then a mapping g : A — A= [, A/F; defined by g(a) = (a/F1,...,a/F,), for all
a € A, is a surjective triangle homomorphism such that g(a) =14 iff a =p, 1, for alli=1,...,n.

Hence A/ NPy F; is isomorphic to ]}, A/F;.

16



380

385

390

395

400

405

Proof. Since g is a product of the natural triangle homomorphisms g; : A — A/F; such that
g(a) =a/F;,i=1,..,n, g is a triangle homomorphism. Now, we prove that g is surjective. Let
a' = (a1/F1,...,an/F,) € A, for all a; € a/F;, i = 1,...,n are representatives of the corresponding
equivalence classes. Then a; € F; i.e. a; =p, 1. We construct an element a” such that g(a”) = o’.
By Proposition 4.2, for all ¢,j € {1,...,n}, i # j, there exists an element z;; € A such that

Tij =F; 171'ij EF]. 0. Set

1T = T12 % ... X T1p

T9 = X921 * ... X Top

Tp = Tpl % ... ¥ Tp 1.

Then for all ¢ = 1,...,n,% # j,r; € F; and r; < x35. Thus —x;; < -y, for all -z € Fj. So
-r; € Fj. Hence r; =p, 1,73 =p; 0. We set, o’ = =[=(a1 * 71) * ... ¥ =(ay * r,)] and show
that g(a”) = a'. First we show (a; — a”) * (a” — a;) € F;, for all i € {1,...,n}. Indeed, we have
aixr; < a; — a’ = (apx[-(ayxry )k ko (anxry)]) = 0 (ar;)*([a;#(—(ar)*...x(ap*ry,))]) < 0.
Since (a; * 7;) * ([a; * (=(a1 * 1) * .. % = (an x1))] < (a; *x 1) * =(a; x 1) =0, (a; — a”) € F;.
Since a; < @’ — a; and a; € F;, o — a; € F;. So (a; = a”) % (¢’ — a;) € F;. Clearly,

gla)=1/F,..,1/F,)=14iff a=p, 1, foralli=1,..,n. Thus a € N}, F;. O

Definition 4.4. A triangle algebra A is said to be semilocal if it contain only finite IVRL-extended

mazimal filter.

Remark 4.1. Clearly, every local triangle algebra is semilocal.

In the following example we show that the converse of above remark is not true, in general.

Example 4.2. In Example 3.2, Clearly A has two IVRL-extended maximal filters. So A is semilo-

cal triangle algebra but A is not local triangle algebra.

By Theorem 3.2 and Remark 4.1 we have:

Corollary 4.1. If F is an n-fold IVRL-extended integral filter of A, then A/F is a semilocal

triangle algebras.

In the following example we show that the converse of above corollary is not true.

17



410

415

420

425

430

435

Example 4.3. In Ezample 3.2, let F' = {[1,1]}. Then A/{[1,1]} = A, so A/{[1,1]} is semilocal
triangle algebras. But F is not an n-fold IVRL-extended integral filter of A, since =(v[a, 1]xv[b,b]) €
F but =(v[a,1]) = [b,b] ¢ F and —(v[b,b]) = [a,a] ¢ F.

Theorem 4.2. A is a semilocal triangle algebra iff any proper descending chain of IVRL-filters
in A/F(A) is finite, where F(A) = N{F | F is an IVRL-extended mazimal filter of A}.

Proof. Let Fi, ..., F,, be the n disjoint IVRL-extended maximal filters of A. Then F(A) = N, F;
and by Proposition 4.1, A/F(A) is isomorphic to [[;—, A/F;. By Proposition 4.1, in [, A/F; any
properly descending chain of IVRL-filters is finite. If A contains infinitely many IVRL-extended
maximal filters Fy, Fy, ..., then F; O Fy()F> O ... is an infinite properly descending chain of
IVRL-filters generating an infinite properly descending chain of IVRL-filters generating an infinite
properly descending chain Fy/F(A) D (Fi(\F2)/F(A) D ... of IVRL-filters into A/F(A). The

proof is complete. O

Theorem 4.3. Let A be a triangle algebra. The following is equivalent:
(i) A is a semilocal triangle algebra,

(it) A/Rad(A) is isomorphic to a direct product of finitely many semisimple linear triangle

algebra,

(7i1) A/Rad(A) has finitely many IVRL-filters.

Proof. (i = i) Let A be a semilocal triangle algebra and {Mi,...My} be the set of all IVRL-
extended maximal filters of A. Then Rad(A) = M; N .. N M. So each A/M; is semisim-
ple linear triangle algebra. We define the map ¢ : A/Rad(A) — A/M; x ... x A/M by
o(x/Rad(A)) = (¢/My,...,x/My). Then ¢ is clearly a homomorphism. We show that ¢ is an
isomorphism. Let (z/Mu,...,x/My) € A/My x ... x A/Mj,. Since [M; U M;) = Afori,j=1,...k
and i # j by Proposition 4.3, there exists x € A such that @/M; = z;/M;, for all i =1, ..., k. Thus
(x1/My, ..k /M) = (x/Mjy,...xc/My) = o(x/Rad(A)) and so ¢ is surjective. Now, we have to show
¢ is injective. Suppose that ¢(xz/Rad(A)) = ¢(y/Rad(A)), for all z,y € A. Hence x/M; = y/M;
foralli=1,...k Thus z >y € M; and y —» © € M;, for i = 1, ...k, that is, x — y € Rad(A)
and y — x € Rad(A). So x/Rad(A) = y/Rad(A). It is proved that ¢ is an isomorphism.

(it = 1it) Let A/Rad(A) = Ay X ... X Ag, where A; are semisimple linear triangle algebra for
i=1,...,k. By Lemma 2.4, | Fil(A/Rad(A)) |=| Fil(A1) X ... x Fil(Ag) |. Since Fil(A;) has two
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elements for every i = 1,...,k, we have Fil(A/Rad(A)) = 2*. Thus A/Rad(A) has finite many
IVRLfilters.

(#i71 = i) Let A have infinitely many IVRL-extended maximal filters F,,, n € N. Obviously, all
F,/Rad(A) are IVRL-filters of A/Rad(A). So we have

F/Rad(A) = F'/Rad(A) = F = F, (1)

where F, F’ are IVRL-extended maximal filters of A. Let F//Rad(A) = F'/Rad(A) and let z € F.
Then z/Rad(A) € F'/Rad(A) and so x/Rad(A) = y/Rad(A) for some y € F'. Soy — z €
Rad(A) C F'. Therefore (y — x)*y € F'. Thus z € F’ and so F C F'. Similarly, F/ C F, and we
obtain F' = F’. Hence 1 holds. From 1 it follows that A/Rad(A) has infinitely many IVRL-filters
F,/Rad(A), which is impossible. O

Conclusion and future work

The notions of triangle algebras and interval valued residuated lattices have been defined by
Van Gasse et al., who proved that there is a one-to-one correspondence between the classes of
IVRLs and triangle algebras [17]. The same authors defined filters in triangle algebras, suggesting
two different ways to define the specific types of these filters, proposing remarkable findings [16].

In this study, we investigated several important properties of local and semilocal triangle al-
gebras. The special set D(A) was defined, and the correlation between the set and local triangle
algebras was determined, while their key properties were also summarized. Furthermore, the cor-
relations between these algebras and some IVRL-filters were assessed. Finally, semilocal triangle
algebras were introduced and studied in detail, and the important properties of these structures

were presented.

In our future work, we will continue our study of algebraic properties of this special sets on

triangle algebras, with the view to identify a classification for these structures.

Acknowledgements. We wish to thank the reviewers for excellent suggestions that have been
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