Adv. Appl. Clifford Algebras (2019) 29:97

© The Author(s) 2019 Adva_nces '_n

https://doi.org/10.1007 /s00006-019-1017-5 Applied Clifford Algebras
Check for
updates

Hyperbolic Function Theory in the
Skew-Field of Quaternions

Sirkka-Liisa Eriksson*® and Heikki Orelma

Abstract. We are studying hyperbolic function theory in the total skew-
field of quaternions. Earlier the theory has been studied for quaternion
valued functions depending only on three reduced variables. Our func-
tions are depending on all four coordinates of quaternions. We consider
functions, called a-hyperbolic harmonic, that are harmonic with respect
to the Riemannian metric

. da? + da? + dad + da?
= =

2
dsg,

in the upper half space RY = {(z0, 21,22, 73) € R* : 23 > 0}. If a = 2,
the metric is the hyperbolic metric of the Poincaré upper half-space.
Hempfling and Leutwiler started to study this case and noticed that the
quaternionic power function ™ (m € Z), is a conjugate gradient of a
2-hyperbolic harmonic function. They researched polynomial solutions.
Using fundamental a-hyperbolic harmonic functions, depending only
on the hyperbolic distance and z3, we verify a Cauchy type integral
formula for conjugate gradient of a-hyperbolic harmonic functions. We
also compare these results with the properties of paravector valued a-
hypermonogenic in the Clifford algebra C/g 3.
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1. Introduction

We study quaternion valued twice continuous differentiable functions f (x)
defined in an open subset of the full space R* satisfying the following modified
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Cauchy-Riemann system

dfo 0ft 0fs Ofs
8 (axo T P >+O‘f3_0’
9fo _ Ofm _
T for all m=1,2,3,
Ofm _ Ofn

for all m,n=1,2,3.

ox, Oxm,
Earlier the theory has been studied for quaternion valued functions depend-
ing only on three reduced variables [5]. In case « = 2, this system was studied
by Hempfling and Leutwiler in [11]. Recently, we verified Cauchy type for-
mulas for these function in [6]. In this paper, we study integral formulas and
operators produced by these formulas. The results are interesting, since we
are building hyperbolic function theory in the full skew field of quaternions.
We also develop the theory of paravector valued a-hypermonogenic func-
tions in the Clifford algebra Cly 3 and find similar integral theorems as in the
quaternionic hyperbolic function theory.

2. Preliminaries

The skew-field of quaternions H is four dimensional associative division alge-
bra over reals with an identity 1. We denote by 1, ¢, 3 and k the generating
elements of H satisfying the relations

2 =342 =k?=1ijk=—1.

The elements 1 and § are identified for any g € R.
Any quaternion z may be represented with respect to the base

{1,4,5,k} by
T =xg+ 1% + 27 + x3k

where g, x1, 22 and x3 are real numbers. The real vector spaces R* and H
may be identified.
We denote the upper half space by

Ri = {(zo,z1,22,23) | my € R, m=0,1,2,3 and z3 > 0}
and the lower half space by
R* = {(zo,x1,22,23) | 2m €R, m =0,1,2,3 and z3 < 0} .

We recall that the hyperbolic distance dj,(x,a) between the points z and a
in RY is dp(x,a) = arcosh(\(z, a)) where

(o — (Jbo)2 + (21 — ar)’ + (2 — a2)2 + 23 + a3

)\ =
(37,(1) 21‘3(13
2 12
_ llz—a|” +|lz —a”]]
4%3&3
el el

2.%3(13 21‘30,3
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and

a* = (a07a17a27 70]3) )

|z —al = \/(xo —ag)’ + (z1 — a1)* + (w2 — a2)” + (23 — a3)’,

(see a proof for example in [12]). Similarly, we may compute the hyperbolic
distance between the points z and a in R% .
The following simple calculation rules

|z — a|* = 2zsa3 (A(z,a) — 1), (2.1)
o — a2 = 2505 (A 0) + 1), (2.2)
lz —al® _ Aa,a) — 1 2 ((dn(x,a)

= = tanh 2.
|z —a*||*  AMz,a)+1 an 2 ’ (2:3)

are useful.

We recall that the hyperbolic ball By, (a, ry) with the hyperbolic center a
in Ri and the radius r, is the same as the Euclidean ball with the Euclidean
center

¢q (rn) = (a0, a1, a2, as coshry)

and the Euclidean radius r, = assinh r},.
The inner product (x,%) in R* is defined as usual by

3
(x,y) = Z ITmYm-

m=0

If £ = xg+ x12 + 225 + 3k and y = yo + y1¢ + y2J + ysk are quaternions
their inner product is defined similarly as in R* by

3
(@,9) =D TmYm-
m=0

The elements
r=x9+ 1%+ T2]
are called reduced quaternions. The set of reduced quaternions is identified
with R3.
The involution ()’ in H is the mapping 2 — 2’ defined by
2 =x9— 211 — 225 + 23k
and it satisfies
(zy) = 2"y’
for all quaternions x and y. The reversion ()" in H is the mapping z — x*
defined by

o =29+ 218 + 225 — 23k

and the conjugation () in H is the mapping x — T defined by = = (2/)" =
(z*)', that is

T =x9— X1t — T2 — x3k.
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These involutions satisfy the following product rules
(zy)” =ya”

and

y=yz
for all z,y € H.
The prime involution may be computed as
2 = —kak
for all quaternions x. This formula shows, in fact, that the involution ()’ is
the rotation around the z3 axes. Similarly, the formulas

T=—kx'k,
¥ = —kzk,
hold for all quaternions x. Hence we have the identities
zk = k2’
and
2k = kT

valid for all quaternions zx.
The real part of a quaternion x = xg + x1% + x2J + x3kis defined by

Re x = x¢
and the vector part by
Vec x = x11 + x5 + x3k.

if Re z = Re y = 0, the product rule

ry=—(z,y) +T Xy
holds, where x is the usual cross product.
The mappings S : H — R? and T : H — R are defined by
Sa =ag+ a1t + asj
and
Ta = ag

for a = ag + a1t + azj + ask € H. Using the reversion, we compute the
formulas

1 | _
Sazﬁ(a+a)—§(a—kak), (2.4)

1 R
Ta:—i(a—a)k—§(k:a—ak). (2.5)

We use the identities

ab + ba = 2aRe b+ 2bRe a — 2 {a,b), (2.6)



Hyperbolic Function Theory of Quaternions Page 5 of 19 97

(a,b) = “B; Y% _ Re (ab) @27)
and
% (abc + cba) = (b,c)a — [a, b, ] (2.8)

valid for all quaternions a,b and c. The term [a, b, ¢], called a triple product,
is defined by

[a,b,c] = (a,c)b— {a,b)c.
If Re a = Re b = Re ¢ = 0, then (see [10])
[a,b,c] =ax (bxc).

Notice that the triple product is linear with respect to a, b and c¢. Moreover,

[a,b,c]” = (a,c)b* — {(a,b)c* (2.9)
— <G/*,C*>b* _ <a*,b*>c*
= [a*,b", c"]. (2.10)

3. Hyperregular Functions

We define the following hyperbolic generalized Cauchy—Riemann operators
H! (r) and H(z) for x € Q\{z3 = 0} as follows

HLf ()= DYf () + oL, HLf () =D ()~ a2,
3 xs
HLf (@) = Dif (0) + a2, H,f(2) = Dlf (@) - oL,

where the parameter o € R and

of | .of of of  —=a of _,of 8f i
qr _ YJ “r R
Dif = Oxg te 0x1 +J 3562 tk 8x3 Dif = Oxg 8:51 33:2 6x3
of af . of 8f —q, Of of . of . 8f
qfp_~"J 4 ZJ I Y Y, Y
Drf 6.1‘0 + 81‘1 vt 8$2J t o, 8.133 Drf 81‘0 6371 ¢ 6.1‘2'7 81‘3

When there is no confusion, we abbreviate Df f by D?f and H! by H,.

Definition 3.1. Let Q C R* be open. A function f : Q — H is called a-
hyperregular, if f € C* (Q) and
H f(z) = H.f (x) =0
for any « € Q\{z3 = 0}.
We emphasize that a function is a-hyperregular provided that it is con-
tinuous differentiable in the total open set Q C R* and satisfies the preceding

equation for all x with x3 # 0.
Computing the components of H., f (z) and H’. f (x), we obtain
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Proposition 3.2. [6] Let Q C R* be open and a function f: Q — H continu-
ously differentiable. A function f is a-hyperreqular in Q if and only if

f of of of I3 _ ;
T&—TA—T&—T;}—FO&:" 0 Zfl‘g?éo,

oo e frdim=123
Owm — B for all m,n=1,2,3.

Our operators are connected to the hyperbolic metric via the hyperbolic
Laplace operator as follows.

Proposition 3.3. [6] Let Q C R* be open, z € Q\{z3 =0} and f: Q@ =R a
real twice continuously differentiable function. Then

2§ H H f(2) = a§ HUH f(2) = Anf(x)

where the operator
a 0
Ay =25 A -
1‘3 ( T3 8$3>

is the Laplace—Beltrami operator (see [13]) with respect to the Riemannian
metric
dz? + da? + dz3 + da?

ds? = =
T3

o

(3.1)

Definition 3.4. Let Q C R* be open. A twice continuously real differentiable
function h : Q — R is called a-hyperbolic harmonic, if

Ayh(z) =0
for all x € Q\{x3 = 0}.

We list a couple of simple observations.

Lemma 3.5. Let Q be an open subset of R:. If h : Q — R is a-hyperbolic on
Q and h € C? () then the function % satisfies the equation

T3AR(z) — axs aa—;;

for all x € Q. Moreover, a twice continuously differentiable function h : Q —
R satisfies the preceding equation if and only if the function x5 “h(x) is —a-
hyperbolic harmonic for any x € Q\{z3 = 0}.

(x) + ah(x) =0

Proof. Assume that « € Q\{z3 = 0}. We just compute as follows

—a a Oh 0 20 Oh
A(CE3 h)+767x$ Ah a+1a "f‘Cl(OZ‘i‘l) 2h
a Oh 9 o2
=/ _ a=2p
x}fH Oxs 4T

=a3° (z%Ah axgg—h?) + ah)
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Real valued a-hyperbolic functions are especially important, since they
produce a-hyperregular functions.

Theorem 3.6. [6] Let Q be an open subset of R*. If h is a-hyperbolic on
then the function f = D'h is a-hyperregular on Q. Conversely, if f is a-

hyperregular on 2, there exists locally a a-hyperbolic function h satisfying
f=D"h.

Theorem 3.7. [6] Let Q be an open subset of R. If a twice continuously differ-
entiable function f : Q — H is a-hyperregular then the coordinate functions
fn forn=0,1,2 are a-hyperbolic harmonic and f3 satisfies the equation

0
TAAf3(z) — axgaﬁ(x) +a(x)fs =0
T3
for any x € Q.
The following transformation property is proved in [1,3].

Lemma 3.8. Let €2 be an open set contained in Ri or in RY. A function a
twice continuously differentiable function f : Q — R is a-hyperbolic harmonic

2—a
if and only if the function g (x) = x52 f(x) satisfies the equation

Aog + % (9 — (o + 1)2) g=0. (3.2)

4. Cauchy Type Integral Formulas
We recall the Stokes theorem for 7" and S-parts proved in [6].

Theorem 4.1. Let Q be an open subset of R\ {z3 =0} and K a 3-chain
satisfying K C Q. Denote (vg,v1,v2,v3) the outer unit normal and the cor-
responding quaternion by v = vy + v1i + voj + vsk. If f,g € C* (Q,H), then
| s+ fvgydo = [ T (H7 gf + gL + H g + SH! g)dm
oK K
where do is the surface element and dm the usual Lebesque volume element

in R,

Theorem 4.2. Let Q be an open subset of R*\ {z3 =0} and K a 3-chain
satisfying K C Q. Denote (vg,v1,v2,v3) the outer unit normal and the cor-
responding quaternion by v = vy + v1i + voj + vsk. If f,g € C1 (Q,H), then
do ” - dm
S (v + Frg) 57 = [ S (Hiof +gHLS + Hifg + FHLg) %
oK T3 K T3
where do is the surface element and dm the usual Lebesgue volume element
in R*.

The fundamental a-hyperbolic harmonic function, that is the funda-
mental solution of A, is the following function (see [4,6,7]).
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Theorem 4.3. Let x and y be points in the upper half space. The fundamental
a-hyperbolic harmonic function is

a—2 a—2
252 yg 2 Qb (M=)
3 Ys a :cyl , Z'fa > 0’
2”+1w3(k(w,y)2—1)§
Ea (x,y) = a=2 a=2
232 Y32 QLa—2 (M=) )
2 , ifa <O,

2”+1w3()\(x,y)2—1)%
where the associated Legendre function is defined by
0L () = YL 2A™ 28 (5, 257 255 57)

2Vl (A2 — 1)
and the hypergeometric function by

xm

m!
m=0

for x| < 1.

We remark that the fundamental a-hyperbolic harmonic function is
unique up to a harmonic function. The reason why we picked the preced-
ing function is that it leads to nice symmetry properties of a kernel, verified
after the following theorem.

Theorem 4.4. Denote r, = dj, (z,y), t = 252 and define

\/77TF(V+2)COSh7Vrh2F1<%,%1;2V2+3. 1 )

’ cosh? 7y,

Ja (Th) = U+l ’

where

L_l%  dfaxn,
a2 ifa <.

The a-hyperregular kernel is the function

ha (2,y) = D" (Eq (2,9))
a—2 atfd
:l’32 y32 wo{(CC,’y)S(I7y)
a—2 a+4

=737 y3® s(z,9)va (2,9)

where
r— 5
Wey (iE, y) = _taga (Th) k Y
Ys
+ sinh gl (1) — (t + 2) go (75) coshry,,
r— S
Vo (2,y) = ~taga () 2k
+ sinh gl (1) — (t + 2) ga (1) coshry,,
and

(& = ey (rn) "

z3l|lx — ey (rn) |12

S(.’IT,y) =
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is 2-hyperregular with respect to x.

The function s (z,y) is the kernel computed in [2] and in [3].
Clearly, the function h, (z,y) is not symmetrical with respect to z and
y. However, it has the following symmetry properties.

Proposition 4.5. The function h, has the properties
S (ha (y, ) = =5 (ha (z,9)) ,
YsTh—o (2,y) = =25 Tha (y, 7),
and
YsTh—o (y,7) = =25 Tha (2,y)
for all x and y outside the hyperplane {(uo,ul,U3,U3) ER* | uz = O},
Proof. Denote

a—2 2

Fo(z,y) =237 y3* Ga(A(z,9)).
If m=0,1,2, then

OF, (x,y a2 a-2 O\ (z,y
L) _ 35807 6t 1 (o) 2!

0T,

a2 ao-2 Tm — Ym

=27y Gl (M)

az2 oa-2 Ym — Tm

= —x5° GTG; Ay, x
37 s (A(y,x)) P
_OF, (y,2)
ay'fﬂ
The last properties follow from the tedious calculations
y{(’,xaa:gFfa (:E>y) + m??aaygFa (.’L’, y) = 07
Y30y oo (2,y) + 5% 0n, Fo (2,y) = 0

which are done in [7]. O
We recall the integral formulas for S- and T-parts verified in [6].

Theorem 4.6. Let 2 and be an open subsets ofRi (or R*). Assume that K is
an open subset of Q and K C § is a compact set with the smooth boundary.
Let (vo,v1,va,v3) be the outer unit normal and denote the corresponding
quaternion by v = vy + 111 + 103 + vsk. If f is a-hyperreqular in Q and
a € K, then

Sp@) =5 [ Sa@a)rs+ o e.0)
= S [ha (z,a),7, f] d—z — She (z,a) (7, f)do
oK T3 oK

and
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«
_%

2
=a§ (/BKT[ha (z,a),7, fldo — /aKTh,a (z,a) (D, f) da) .

Tf(a)= /01( T(h_o(z,a)vf+ frh_g (z,a))do

If we combine these formulas we obtain a new formula.

Theorem 4.7. Let Q2 and be an open subsets of R (or RY). Assume that K is
an open subset of Q and K C Q is a compact set with the smooth boundary.
Let (vo,v1,v2,v3) be the outer unit normal and denote the corresponding
quaternion by v = vg + 11t + vog + vsk. If f is k—hyperregular in Q and
a € K , then

d
f@=[ R@onpdor [ o) @S
oK oK T3
where
R(z,a,v,Sf) = — <x§a5ha (a, ) ,Sf> ST+ (a§Sh_q (a,z),Sf) Tvk
+ (x3%Sha (a,x),57) Sf — a§Th® ,(a,2)TvS f
and
T (R(z,a,v,Tfk)) = (a§Sh_q (a,x),Sf)Tv+ (a5Sh_q (a,x),S7) Tf.
Proof. We combine the preceding integral formulas using the formula

fla)=5f(a)+Tf(a)k.

We introduce the following notation
B = —/ x5 “Shq (z,a) (7, ) do — / asTh_q (x,a) kD, f)do
oK oK
= 7/ (25%Sha (x,a) + a§Th_qo (z,a) k) (7, f) do.
oK
Applying the symmetry properties of the kernels we deduce

B= / (z5%Shq (a,2) + x3°Thg (a,2) k) (7, f) do
OK

= / x5 “he (a, ) (7, f) do.
oK
Applying the properties (2.4) and (2.5), we obtain
R(z,a,v, f) =S ([#5%a (x,a),7, f]) + T ([a§ h—q (z,a) ,7, f]) k

(5 b (@,0) 7, ] + [05 b (2,0) 7, ] )

+ o=+ e

([agh*a (iL’, (Z) U, f] - [agh*a (iL’, (l) U, f]*)

— o= o~

8
@

aha (x,a) + aghfa (CL’,(L) avv f]

[5%ha (z,a) — a§h_q (2,a) , 7, f]* .

DN =
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Hence
R(z,a,v, f) = R(z,a,v,Sf)+ R(z,a,v,Tfk).
Using the definition of the triple product we infer

R(xz,a,v,Sf) = 1<x3 ho (z,a) + a§h_q (z,a),Sf)v

1 (x3%hq (x,a) + a§h_q (z,a),7) S f

2
1

t3 (x3%hq (x,0) — a§h_q (z,a),Sf)V
1

~3 (25 % (z,a) — a§h_q (z,a) ,7) Sf

=(x3%q (z,a),5f) SV — (a§h_q (z,a),Sf) Tvk
—(25%q (x,a),7)Sf
= (25%Shq (z,a),Sf) ST — (a§ Sh_q (%,a),Sf) Tvk
—(x5%Shq (z,a),50) Sf + 2§Th_o(x,a)TvSf.
Using the symmetry properties, we obtain
R(z,a,v,8f) = — (25%Shqa (a,z),Sf) ST+ (a§Sh_q (a,2),Sf) Tvk
+ (x3Sha (a,x),57) Sf — a§Th® ,(a,z)TvS f.
In order to shorten the notations, we abbreviate g = T fk. Then we simply

compute

1
R (2,0,0,9) = 5 (73 "ha (2,0) + @S h-a (z,0) ,9) 7

1, _
_§<x3 o(@oa) +agh_q( , >g
+ % (25 %ha (z,a) — a§h_q (z,a),9) V'
1
+7<x3_0‘ha(x, a) —agh_q ( , >g
<x3 “he (2,0 >Sl/— ash_q (w,a),g) Tvk

—(a 3h—a (%fl) ) g
= (25°Thqa (z,a) k,g) SV — (a§Th_q (z,a) k, g) Tvk
—(a§h_q (z,a),7)g.
Symmetry properties imply that
R(z,a,v,g9) = (a§Sh_q (a,2),S0) g — a§Th_q (a,2) T fST.
O

Corollary 4.8. Let Q be an open subsets of Ri (or R%). Assume that K is
an open subset of Q and K C § is a compact set with the smooth boundary.
Let (vo,v1,va,v3) be the outer unit normal and denote the corresponding
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quaternion by v = vy + 11t + vog + vsk. If f is k-hyperregular in Q and
a € K, then the functions

n@= [ R@awfd
oK
and
. do
r2(a) = hi (a,2) (7, f) —
oK x3
are a-hyperreqular and f =1ry + ra.

Theorem 4.9. Let Q be an open subsets of RYL (or RY). Assume that K is
an open subset of Q and K C € is a compact set with the smooth boundary.
Let (vo,v1,v2,v3) be the outer unit normal and denote the corresponding
quaternion by v = vy + 111 + g + vk, If f : OK — H is a continuous
function then the function

T2 (CL) :/OKha (CL,ZL’) <vaf>

is a-hyperregular for all a € K.

do
«
T3

Theorem 4.10. Let 2 be an open subsets of RY (or RY). Assume that K is
an open subset of Q and K C Q is a compact set with the smooth boundary.
Let (vo,v1,v2,v3) be the outer unit normal and denote the corresponding
quaternion by v = vy + 11t + vej + vsk. If f : OK — H is a continuous
function, then the function

Sty (a) = S(R(z,a,v, [))do

oK
is k-hyperbolic harmonic for all a € K and

Try (a) :/ T(R(z,a,v,f))do
oK
satisfies the equation
h
mgAh — axgaa—xg +ah =0
and az “Try is —a-hyperbolic harmonic.

We consider the Teodorescu and Cauchy type operators in subsequent
papers. Also the case a € Ri\K involves some technical assumptions and
left for later work.

5. Comparison of a-Hyperregular and a-Hypermonogenic
Functions

The universal real Clifford algebra Cly 3 is a real associated algebra with a
unit 1 and is generated by e1, es and ez satisfying the relation

eser +ees = —2041,
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where d4, is the usual Kronecker delta and s,t = 1,2,3. We denote r1 briefly
by r € R.
The elements

T =xg+ x1€1 + T2 + T3€3

for zg,x1, 22,23 € R are called paravectors. The real number x( is the real
part of the paravector x.

The main involution in Cfy 3 is the mapping a — o’ defined by e}, = —e;
for s = 1,...,3 and extended to the total algebra by linearity and the product
rule (ab)’ = a'’. Similarly the reversion is the mapping a — a* defined by
er = —es for s =1,...,3 and extended to the total algebra by linearity and
the product rule (ab)” = b*a*. The conjugation is the mapping a — @ defined
by @ = (a/)" = (a*)".

Any element w in C¢y 3 may be written as

w = wo + wiey + waez + wses + wig€12 + Wize13 + Wwazees + wi23€123,

where €,,, = eme, for 1 < m < n < 3 and eq23 = ejeqes. The element
e123,denoted by I, is commuting with all elements and (616263)2 =1.

We recall that C'¢y ; may be identified with the field of complex numbers.
The universal Clifford algebra C¢y > may be identified with the quaternions,
by setting ¢ = e1, J = es and k = ejes. This identification we used in the
first section when we defined involutions.

We generalize the imaginary part of a complex number to Cly3 by
decomposing any element a € C/y 3 as

a=>b+ ces

for b,c € Cly 2. The mappings P : Cly3 — Clyo and Q) : Clyz — Clyo are
defined in [9] by

In order to compute the P- and Q- parts we use the involution a — @ defined
by e; = (—1)5‘“3 e; for s = 1,2, 3 and extended to the total algebra by linearity
and the product rule ab = ab. Then we obtain the formulas

Pa = % (a+3) (5.1)
and
1 ~
Qa = —3 (a —a)es. (5.2)
The following calculation rules [9] hold
P (ab) = (Pa) Pb+ (Qa) Q (V') (5.3)
Q (ab) = (Pa) Qb + (Qa) P’ (b)
=aQb+ (Qa)b'. (5.4)

Note that if a € Cly 3, then

a'es = esa
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Moreover if a € Cly o then
ae3 = eza’. (5.5)

We consider functions f : Q@ — Clp 3, defined on an open subset 2 of
R*, and assume that its components are continuously differentiable. The left
Dirac operator (also called the Cauchy-Riemann operator) in Cfy 3 is defined
by
3

0
le = Zesan
s=0

S

and the right Dirac operator by
3

Drfzz afes.

X
s:()8 s

Their conjugate operators D; and D, are defined by

T

The modified Dirac operators M}, Mla, M and M, , introduced in

[8,9], are defined in {(xq, 1,2, x3) € Q | 23 # 0} by
MLf (2) = Dif (x) + 0L T, f (2) = Dif (x) — 0L,

M f (@) = D, f () + a9, M. f (2) = D, f () + %L,
where (Qf)" = Q'f. The operator M} is also abbreviated by M.

a )

Definition 5.1. Let Q0 C R* be open. A function f : Q — Clg 3 is called left
« -hypermonogenic if f € C (Q) and
M f (x) =0

for any x € {x € Q| x5 # 0}. The right a-hypermonogenic functions are
defined similarly. The 2-left hypermonogenic functions are called hypermono-
genic functions. A twice continuously differentiable function f : Q — Cly 3 is

called a-hyperbolic harmonic if M;M lf=o.
Computing the components of M! f (x) and M’ f (z), we obtain

Theorem 5.2. Let Q C R?* be open and a function f : Q — Cly 3 continuously
differentiable. If f is paravector valued then f is a-hypermonogenic in Q if
and only if
) d ) ) -
Tﬁ—ﬁ—ﬁ—ﬁ—kagzo, if z3 # 0,

61‘1 sz 6.’1;3

ng:L:_%ngl for allm =1,2,3,
Gow = Oln for all m,n =1,2,3.

Applying Proposition 3.1 we obtain the result.
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Theorem 5.3. Let 2 C R* be open and a function f = (fo, f1, fo, f3) : Q@ —
R* continuously differentiable. Then the function fo + fit + fa3 + f3k is a-
hyperregular in Q if and only if the fo+ fre1+ faea+ faes is a-hypermonogenic
in Q.

We recall the Cauchy type formula for a-hypermonogenic functions.

Theorem 5.4. (7] Let Q be an open subset of R and K C Q be a smoothly
bounded compact set. Denote (vg, 1, V2, v3) the outer unit normal and the cor-
responding paravector by v = vo+v1e1+1oea+vses. If fis a-hypermonogenic
in Q and a € K, then

fla) = / (xgahi(a, 2)P(vf) + a§h® (z,a)e3Q (v f)) do
oK
where
ha(a,z) = D" Eq(a, x)

and ho(a,z) and afh_q(a,x)es are the a-hypermonogenic kernels with
respect to a.

Using this formula we may verify the formula also for paravector valued
functions. Before this, we present three preliminary results.

Lemma 5.5. Let a € Q — Cly 3. Then

and

Proof. Assume that a € Cly 3. Since

a = Pa+ Quaes
and e3Qa = Q'aez then

a* = (Pa)" +e3(Qa)”
= (Pa)" + ((Qa)*)/ es.

Noticing that ((Qa)*)l = Qa we conclude

P(a*) = (Pa)"
and therefore

Q(a") = Qa.

The last formula follows from if we take ()* and ()" from the both side of
the equation. O

Lemma 5.6. Let a, b be paravectors in Cly 3. Then Q (ab) is a paravector.
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Proof. We just compute
Q (ab) = Qab’ + aQb.

Since a, b are paravectors, the elements Qa and Qb are scalars, completing
the proof. O

Lemma 5.7. Let Q@ C R* be open. A function f : Q — Clys is left a-
hypermonogenic if and only if f*is right a-hypermonogenic.

Proof. Assume that f is left a-hypermonogenic then
M, f () = 23D'f (x) + aQ'f () = 0
Since (a*) = @, we infer
0= (M.f (x)" = @D f* +a(Qf ()"
=x23D"f "+« (@f (x)) .
Using the previous lemma we obtain
Mg f* (z) = 23D" f* + aQf" (z) = 0.

Hence f* is right a-hypermonogenic. Similarly, we verify that if f is right
a-hypermonogenic then f is left a-hypermonogenic. O

Theorem 5.8. Let Q0 be an open subset of Ri and K C Q be a smoothly
bounded compact set. Denote (vy,v1,v2,v3) the outer unit normal and the
corresponding paravector by v = vy + v1e1 + voes + vyes. If fis right -
hypermonogenic in Q) and a € K, then

fla) = /6K (P(fv)z3 “ha(a,z) + Q(fr)esagh_o(a,z)) do,

where ho(a,x) and esa$h_q(a,x) are right a-hypermonogenic with respect to
the variable a.

Proof. If f is right a-hypermonogenic then f* is left a-hypermonogenic and
therefore

F@= [ (@5 hal0 ) PF) + a§hoale2)ea@ (")) do
oK
Taking ()" from the both sides we obtain
fla) = / (3 P(vf*))" 1 (a, 2) + (Q (f*)" esa§h® o (a, @)do.
oK

where h¥(a,z) = (ha(a,z))". Applying the previous lemma, we infer
(Q'(wf") =Qwf) =Q(fv)

and

(P(vf*)" = P(fv),

since f and v are paravectors. Hence we have

fla) = /6 @ P (0.0) + (QU) aah” o (a,)) do
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Since h{, is a paravector we infer

fla) = / (23 “P(fv) (ha) (a,2) + (Q(fv)) e3a§ (h-q) (a,x)) do
oK
completing the proof. O

Theorem 5.9. Let Q be an open subset of Ri and K C € be a smoothly
bounded compact set. Denote (vg,v1,ve,v3) the outer unit normal and the
corresponding paravector by v = vy + vie1 + vees + vses. Then, if f is a
paravector valued a-hypermonogenic in Q and a € K,

fla) = /{)K (hala,z) (7, f) + [Pha(a,z), Pv, Pf]) do

g
- ~/8K a‘g ([hfa(avm)vﬁv Qfed] + [hfa(aax)vQVe?nPf]) do.

Proof. If f is a paravector valued a-hypermonogenic in €2 and a € K, then

ﬂw:1/ (25 P(f)hala, 2) + Q(f1)esah—a(a,z)) do
2 Jok

3 [ (@ PO + el )esdi @ ) don
oK

Since P(vf) = PvPf + QuQ'f and f is a paravector we obtain

%/ x5 “ho(a, 2)P(vf) + x5 “P(fv)ha(a, z)do
OK

= % (/ 23 “ho(a,z)PvPf + x3°‘PfP1/ha(a,x)> do
oK

—/ x5 “ha(a, 2)QuQ fdo

OK

:/ x5 “ha(a, ) (ﬁ,f>da—/ 235 [ha(a,z), Pv, Pf] do
OK

OK

_ / 25 %ha(a,2) (7, f) do + / 23 [hala,2), Py, Pf] do.
OK OK

Similarly we compute

% / h_o(a,x)esa5Q (vf) + Q(fv)esas (h—q) (a,x)do
oK
_1 / h_o(a,z)asPrvQfes + QfasesPras (h_y) (a, z)do
2 Jox
1

+ B / h_ola,x)asQuesPf + PfasQues (h_q) (a,z)do
oK

= —/ a§ [h,a(a,x),ﬁ, Qf€3] —/ a$ [h‘ia(a,x),Queg,Pf] do,
OK

OK

completing the proof. O
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