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Load-Resistor-Affected Dynamic Models in Control Design of

Switched-Mode Converters

Abstract: The application of a resistor as a load of the pulse-width-modulated DC-
DC converters has dominated the dynamic modelling since the development of the
modelling methods in early 1970s. In 1990s, the research in the source and load
interactions was very active providing valuable information to justify the necessity
to develop unterminated dynamic models for characterising the dynamics of the
converters. The small-signal modelling can be performed always by using the ideal
load, which is determined by the output-terminal variable to be kept constant,
regardless of whether the actual converter can operate or not with the ideal load.
This paper will review the feasibility of using the load-resistor-affected models in
control design of switched mode converters. The best strategy is always to use
unterminated models, which can be used to obtain different load-impedance-
affected models if needed. A buck converter is used as the source of information.
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1. Introduction

The small-signal modelling of switched-mode converters is most often performed by
using a resistor as a load [1-28] even if the practical load will never be a resistor.
Sometimes, the open-loop converter cannot operate with the required ideal load, which is
dictated by the output-terminal feedback variable (i.e., the output-voltage feedback
requires to use a constant-current sink as an ideal load, and the output-current feedback
requires to use a constant-voltage sink as an ideal load, respectively [29,30]), and
therefore, a resistor has to be used as a load. The special cases are the current-mode-
controlled converters, which cannot be operated with a constant-current sink as a load in
open loop due to their current-output nature as discussed in [31], and the converters,
where the ideal load shall be the same type as the input source as discussed in [32]. The
analytic modelling can be, however, performed always by using the proper ideal load
[30]. If the practical frequency responses are load-resistor affected then the unterminated
responses have to be solved computationally by utilizing the load-interaction

formulations given explicitly, for example, in [33].



The first attempts to justify the necessity to use the unterminated small-signal
models were published in [34,35] in early 2000s, and later adopted in use in [29-33,37-
39]. The unterminated modelling method has not, however, gained popularity as Refs.
[15-22] clearly imply, which may be the consequence of the popular text books promoting
the use of resistor-loaded small-signal modelling methods as in [23,24].

The load-resistor effect on the converter dynamic behaviour is reflected via the
open-loop output impedance [30]: In the output-voltage feedback-controlled converters,
the load resistor starts affecting the converter dynamics when it is close to the magnitude
of the open-loop output impedance or higher than it. In the output-current feedback-
controlled converters, the load resistor starts affecting when it is lower than the magnitude
of the output impedance, respectively. In practice, this means that the control method and
controlled output variable as well as the operation mode (i.e., continuous (CCM) or
discontinuous (DCM) conduction mode) will determine the severity of the load-resistor
interactions in the converter dynamics.

We will review the load-resistor effects in case of a buck converter under direct-
duty-ratio (DDR) and peak-current-mode (PCM) control in CCM and DCM with output-
voltage and current feedback controls. As discussed in [27,28], the load-resistor-affected
small-signal models can be used in designing the feedback control loop under the output-
voltage feedback control in most of the cases, because the load-resistor effects usually
dominate the dynamic behaviour only at the low frequencies or at the frequencies in
vicinity of the power-stage resonances. In case of output-current feedback-controlled
converters, the load resistor reduces the crossover frequency of the feedback loop
significantly, which will lead to instability, when the practical load is connected at the
output terminal as discussed and demonstrated in [38,39]. This paper will explicitly

clarify the root causes for the load-resistor effects in the converter dynamics so that the



reader can select the proper modelling approach in advance and avoid the severe problems
in control design.

The rest of the paper is organized as follows: Section 2 introduces the theoretical
basis for the load-affected dynamics as well as the specific formulations for the voltage-
fed-voltage-output (VF/VO) and voltage-fed-current-output (VF/CO) buck converter in
CCM and DCM under DDR and PCM controls. Section 3 introduces the analytical and
experimental validations of the theoretical load-resistor effects. The conclusions are

finally presented in Section 4.

2. Load-Affected Dynamics

The set of transfer functions representing the dynamics of a DC-DC converter can be

given by (1) and the corresponding general load by (2).
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where # and j denote the input and output variables as well as the subscripts ‘in’ and
‘out’ denote the terminal, where the variable physically exists and the subscript ‘¢’ the
control variable, respectively. The minus sign in front of the elements (2,2) in (1) and (2)

denotes that the output current is flowing out of the output terminal, respectively, as

shown in Fig. 1.
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Fig. 1. General representation of the cascaded system
composing of the converter (C) and the load (L).

According to Fig. 1, the output-terminal variables of the converter equal the input-
terminal variables of the load. Therefore, the pair of simultaneous equations can be given
according to (3). According to it, the mapping from the system input variables to the
system output variables can be computed to be as given in (4), respectively. The

formulation in (4) follows the extra-element-method-based formulation introduced in

[40].
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where the special elements C,, . and C,, _are defined in (5) based on the converter

transfer functions in (1).
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The load system (L) is usually considered to contain only an ohmic circuit element

(L,,) with an ideal source. Thus L, =L, =1land L, =0in (2). In this specific case, Eq.

(4) can be given by (6), which is also utilized in the subsequent analyses in this paper.

1 + L11C22—xi C12 1 + L11C22—oo Z/lA
A 11 13 in-C
|:yin-C}: 1-l-Lll(jZZ 1-"-LIIC'ZZ 1-l-LIIC'ZZ ﬁ (6)
)A} out-L C21 _ sz C23 ZA:t_L
1+L,C, 1+L,,C, 1+L,C, ¢

Eq. (6) indicates that all the transfer functions are affected by the impedance-ratio-

based (i.e., L,,C,,) sensitivity function (1+ Z,,C,,)™", where the impedance ratio is known
as minor-loop gain in [41,42]. The input-terminal transfer function C,, and C,, are also
affected by the certain impedance ratios L,,C,, ,and L, C,, _as visible in (6). The

explicit forms of the special elements in (5) can be found from [30] for a number of
converters including the buck converter. In the context of this paper, we will treat only
the load effects on the control-to-output transfer function ( C,,) determined by the element
(2,3) in (6).

The power stage of the buck converter in the voltage-output mode is given in Fig.
2 and in the current-output mode in Fig. 3, respectively. In voltage-output mode (Fig.2),
the analysis and experimental information are given both in CCM and DCM (Note: The
value of the inductor is defined in the figure capture). In current-output mode (Fig.3), the
analysis and experimental information are given only in CCM. The ideal load of the
converter in the voltage-output mode is the constant-current sink (Fig. 2) and in the

current-output mode the constant-voltage source (Fig. 3). The load resistor (R, ) is

denoted in the figures by dashed-line connection.
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Fig. 2. The power stage of the buck converter in voltage-
output mode. In CCM, L =105pH and in DCM,

L=5uH.
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Fig. 3. The power stage of the buck converter in current-
output mode.

The simultaneous sets of transfer functions in voltage-output mode can be given
in an explicit form applicable to the DDR and PCM-controlled converters as shown in
(7) [30]. The simultaneous sets of transfer functions in current-output mode can be

given similarly as above according to (8) [30], respectively. Both of the sets correspond

to (1) and (2).
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We will treat, in this paper, only the load interactions in the control-to-output-
voltage transfer function (i.e., Eq. (7), the element (2,3)) and in the control-to-output-
current transfer function (Eq. (8), the element (2,3)). According to (6) (i.e., the element

(2,3)), the load-affected GY°*tin (7) and G °*+ in (8) can be given by

Co-0 C0-0
vO GCO
VO-R, _ €0-0 CO-Ry __ C0-0 (9)
c0-0 - Z VO c0-0 - R
0-0 1 L
1+ +—-%6
Z
RL 0-0

If the power stage is the same in the VO and CO modes then Z¢0 = Z"° [30]. According

to (9), this information can be interpreted as follows: If the power stage in the voltage-
output mode is affected by the load resistor in the certain range of frequencies then the
power stage in the current-output mode is affected by the load resistor at all the

frequencies, which do not belong to the certain range of frequencies, respectively.

2.1: Specific Formulation for VF-VO DDR-Controlled Buck Converter

2.1.1: CCM Operation

The unterminated GY°"°* and zZY2P"® of the buck converter in VO mode in CCM can

be given according to [30] by

GO — V.(1+57.C)
- LC(s2+sr—°+L)
L LC (10)
ZV0 _ (r,—r.+sL)1+sr.C)

LC(s2+sr—e+L)
L LC

where



r,=r, +Dr,+Dr, +r, an
Vo=Vo+Vo+(r—r )i,

According to (9) and (10), we can compute G'°"**: to be

GVOPPRR, V.(1+s1.0) (12)

_ LO(s* +s(—+ oy 1
rc )7L

According to (10) and (12), we can conclude that the load resistor affects only the

damping of the system as
r. |C 1 |L
= 24— = 13
o, 2\Z 2R \C (13)

where the first term corresponds to the original damping and the last term to the damping

provided by the load resistor as also stated in [27,28].

2.1.2: DCM Operation

The unterminated G % PP*"™and Z Y2 PP*-PM of the buck converter in DCM can be

given according to [30] by

GVOPPRDCM _ 2V, (1+s1.C)
Co-0 R
LC(S2+SCq\/ K + ! \/ K )
LN1-M LCA-M)\N1-M

(sL+R, /1_KM)(1+srCC) (14)
_ LC

R
LC(s* +s eq\/ K + ! \/ K )
LN1-M " Lca-m\N1-m

VO-DDR-DCM
Z 0-0

where M =V, /V,

in %

K =2L/TR,,and R, =V, /I, [30]

The roots of the denominator in (14) are usually well separated [12], and therefore,

the system poles can be approximated as (Note: LF stands for low frequency, and HF for

high frequency)
VO-DDR-DCM ~ 1
p-LF
R .C(1-M
« € ) (15)
a)VO-DDR-DCM ~ Req K

poHE LN1-Mm



According to (9) and (14), the load-resistor-affected G %"+ in DCM can be given

by
Gc\(/)c())DDR -DCMR, _ 2V, (1+S” C) (16)
) LC 1 M R 1- M
and the system poles as
2-M | K
(pYODPRDCMR, I-M N1-M __ _ 2-M
pLE L K  (1-M)R.C
—4 Reqc\/w q (17)

@' O-DDR-DEMR, 1 + & K ~ & K
pAIF RC LVNI-M L Vi-M

According to (15) and (17), we can conclude that the load resistor moves slightly
the low-frequency pole into higher frequencies (i.e., twice the unterminated location), and
it does not affect the higher-frequency pole in practice. This means that the load-resistor

effect is quite insignificant.

2.2: Specific Formulations for VI-VO PCM-Controlled Buck Converter

2.2.1: CCM Operation

The unterminated G %" and Z Yo" of the buck converter in VO mode in CCM can

be given according to [30, 41-43] by

GVOPM _ EV.(1+s51.0)
LC(s +S.%+L)
L LC (18)
ZVO-PCM _ (r.—re +F. Vg, +sL)1+5r.C)
LC(s _,_S.M_FL)
L LC

where V', and r, are as given in (11) as well as F,_ , ¢, , and ¢, are givenin (19).
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The damping in a PCM-controlled converter is rather high [43], and therefore, the

system poles are well separated. Thus they can be approximated as

VO-PCM ~ 1
-LF
' FmI/eqLC (20)
rev _ FuVeq
w;{gFPCM ~ L L

The load-resistor-affected G}"“"*+ can be given according to (9) and (18) by

GYOPOMR, _ EV.(1+s1.C) o)
Le| s sl L g Bl
R C L LC R
Similarly as in case of (20), the system poles can be given by
VO-PCM-R, _ 1
p-LF
RC (22)
a);fg]-:PCM-RL - F mIl/qu

According to (20) and (22), we may conclude that the load resistor affects only the low-

frequency dynamic behaviour of the converter as discussed and demonstrated in [43].

2.2.2: DCM Operation

The unterminated G YO ™" and ZYOPeMPM of the buck converter in VO mode in
DCM can be given according to [29,30] by



GVO -PCM- DCM
€0-0

2F V. (1+sr.C)
R ‘f K +2F V.
eq m’ in
LC| 5 +5 1‘1‘1 1ol M,/ +2FV.q
ZVorcuDeM _ (23)

’ K
(SL+2FmI/in+Req m)(l+SVCC)
/ K
5 Req 1_M+2le/in
LC|s™+s +2 m m
1 M

L

where

F =
v, a-an- K
I\ M, M
(24)
1 1-M
9= 2 a=an (1-2M . )
o (1=M)
Similarly as above, the system poles (cf. Eq. (23)) can be approximated as
VO-PCM-DCM  __ 1_2M 1
@i T 1-M R.CC
“ (25)
VO-PCM-DCM ~ L . Req
i D L

The load-resistor-affected G} M M. can be given according to (9) and (23) by

GC\(/)(ZPCM -DCM-Ry, _ 2F (]1<+ s1.C) (26)

1_

R, +2F V.

+
LCS S(RC )

+L7R7L - M)’/ +2F.V, +qC))

Similarly as above, the system poles can be given by




VO-PCM-DCM-R; 2-3M ' 1

0) F—1
. 1-M R.C
a (27)
VO-PCM-DCM-R; __ D 'Req
Dprie "M-D L

Eq. (25) shows that the system becomes unstable when M >0.5. The load-resistor-
affected poles in (27) predict that the system becomes unstable when M >2/3 as
discussed also in [13,23]. According to (25) and (27), we may conclude that the load
resistor affects only the low-frequency dynamic behaviour of the converter but it hides
the real location of the right-half-plane (RHP) pole, which will affect the control design

(i.e., the minimum feedback-loop crossover frequency is limited) as discussed in [30].

2.3: Specific Formulations for VI-CO DDR-Controlled Buck Converter

The unterminated G °°°% and Z £2-""® of the buck converter in CO mode in CCM can

be given according to [30,36,37] by

GCODDR _ v,

B sL+r, —r, 08)
7CODDR _ (SL+r,—r)A+s1.C)

e szLC+sreC+1

where 7, and V, are defined in (11). As discussed earlier, the output impedance equals

the output impedance of VO converter in (10) when the power stage is same as shown in
(28). The converter is basically of first order in dynamic sense due to the effect of the
ideal voltage source connected at the output terminal (cf. Fig. 3).

The load-resistor-affected G<°°°**: can be given according to (9) and (28) by

C0-0

GCO—DDR-R]_ ~ I/e (1 + S}"C C) (29)
RLC| s +s(- 14Ty L
RC L LC

Eq. (29) shows that the load resistor changes G >""**: to resemble the second-

order transfer function given in (12) but its DC gain is reduced to ¥, / R, . This reduction



indicates significant reduction of the output-voltage-loop crossover frequency, and thus
the practical load (i.e., voltage-type load) will recover the unterminated mode of the
feedback loop, which may easily lead to instability due to extremely high crossover

frequency [36,37].

2.4: Specific Formulations for VF-CO PCM-Controlled Buck Converter
The unterminated GS°F™ and Z 7™ of the buck converter in CO mode in CCM can

be given according to [30,36,37] by

CO-PCM — FmVe
€0 sL+r,—r.+F_q,V,

(30)

7CO-PCM _ (sL+r,—r.+F,qV,)1+s1.C)
o SZLC+S(I"e +F q,V.)C+1

where r, and V, are given in (11) as well as F, and ¢, in (19). As discussed earlier, the

output impedance equals the output impedance of VO converter in (18) when the power
stage is same as shown in (30). The converter is basically of first order in dynamic sense

due to the effect of the ideal voltage source connected at the output terminal (cf. Fig. 3).

The system pole a)lfo'P M equals approximately 7 ¢ v, /L .

The load-resistor-affected ¢<°*: can be given according to (9) and (30) by

GCOPCMRL FmVe (1+ SI"CC)

LeR, | w5 Dalety b Bl
RC L ~TLCT R

L

(1)

where the system poles equal the poles given in (22).

Eq. (31) shows that the load resistor changes G<°"“™*: to resemble the second-

order transfer function given in (21) with the same close to unity DC gain. The reduction
of the feedback loop crossover frequency will take place due to the significant reduction

in the frequency of the low-frequency system pole i.e., F g V./L>>1/R C. The

practical load (i.e., voltage-type load) will recover the unterminated mode of the feedback



loop, which may easily lead to instability due to extremely high crossover frequency

[36,37].

2.5: Discussions

As Eq. (9) indicates, the control-to-output transfer functions are affected by the
impedance-ratio-based ~ sensitivity ~ functions SO =(1+Z)) /R and
SO =(1+R, /Z52)", respectively. The load-resistor effect will take place, when the
named magnitudes of the impedance ratios are close to one or higher. If the load effects
are computed based on the load-resistor-affected transfer functions in (9) then the load-

resistor-affected G, would be

VO Cco
Gt = Gt = 62
0-0 RL
142500 +2°%
1 0-0

which indicate that the error in analyses would be approximately 6 dB compared to the
correct formulations in (9).

As discussed above, the typical load-resistor effect concentrates at the low
frequencies or at the frequencies in vicinity of the resonant frequencies in the voltage-
output converters. This makes sense, because the magnitude of the output impedance is
highest at the resonant frequency under DDR control in CCM and under PCM control at
the low frequencies. Thus the load resistor does not usually affect the converter dynamic
behaviour at the typical feedback-loop-crossover frequencies, and therefore, the control
design can be performed with the load-resistor-affected small-signal models as well.

The impedance ratio in the current-output converter is the inverse of the
corresponding voltage-output-converter impedance ratio. Therefore, it is easy to

understand that the typical load-resistor effect concentrates at the high frequencies, and



thus the control design cannot be performed with the load-resistor-affected small-signal
models.

As discussed and demonstrated in Section 2.2 (i.e., the location of the RHP pole),
the load resistor can also affect the control design in the voltage-output converters even
if the effects are concentrated at the low frequencies. The observed phenomenon is
actually a very good indication that the best strategy in small-signal modelling is to
perform it in unterminated mode to avoiding problems in the converter stability and
transient performance.

The unterminated models can be recovered from the load-resistor-affected models

by letting R, — o in the output-voltage-controlled converters operating in CCM (cf. Eq.

(21) vs. Eq. (18)), when the averaged inductor current is left intact. In all the other cases,
the same strategy does not work properly. The unterminated models cannot be usually
recovered from the load-resistor-affected models in DCM. As an example, the typical

control-to-output-voltage transfer function for the DDR-controlled buck converter in

DCM ( GYOPPRRuY is given by [12]

Cco-0

GVOPPRR, 2V, (+sr.C)

) 1 R, | K 2-M K =
LC(s2+s(+“‘\/ ) E—— \/ )
RC L \N1-M" LCA-M)N1-M
If letting R, — oo then G)%P"**t in (33) will become
GVO-DDR _ 2V:n (1 + SrCC) (34)

€0-0 - R _
LC(s2+seq\/ K + 2-M \/ K )
L\N1-M  LCca-m\N1-M

which does not comply with the real unterminated model given in (14). In addition, R,

is usually denoted by R, as explicitly visible in [23, p.110]. Therefore, Eq. (34) will not

make sense anymore when R — oo.



3. Theoretical and Experimental Validation

The load-resistor-affected dynamic behaviours of the voltage-fed buck converter in
voltage and current-output modes are validated by simulation-based and experimental
frequency response measurements. The used pseudorandom binary sequence (PRBS)
frequency-response measurement technique is described more in detail in [46]. The used
Matlab™ Simulink-based switching models are presented in detail in [47]. The PRBS
frequency-response measurement method is implemented as a Matlab m-file, which
operates the corresponding Simulink switching model. The validations are performed at
the output voltage of 10 V and at the output power of 25 W, respectively.

Fig. 4 shows the experimental frequency response of the output-voltage-feedback
loop as unterminated (black line) and load-resistor affected (red line) (i.e., the DDR-
controlled buck converter in Fig. 2), which reflects the behaviour of the control-to-output-
voltage transfer function explicitly, when the buck converter operates in CCM. As
discussed in Sections 2.1 and 2.5, the load-resistor effect is visible as an increase in
damping in vicinity of the resonant frequency, where the magnitude of the open-loop
output impedance is highest (cf. Fig. 6). In this specific case, the damping is increased

from 0.28 to 0.35, which is quite an insignificant effect as discussed earlier.

Magnitude (dB)

Phase (deg)

10° 10° 10*
Frequency (Hz)

Fig. 4. The experimental unterminated (black line) and
load-resistor-affected (red line) control-to-output-
voltage transfer function of the DDR-controlled buck
converter in CCM.



Fig. 5 shows the experimental frequency response of the control-to-output-voltage
transfer function of the DDR-controlled buck converter (cf. Fig. 2) operating in DCM as
unterminated (black line) and load-resistor affected (red line). The figure shows that the
load-resistor effect dominates at the low frequencies, where the unterminated low-
frequency pole (black line) locates approximately at 240 Hz and the corresponding load-
resistor-affected pole (red line) at 400 Hz, respectively, which complies with the
discussions provided in Section 2.1. The open-loop output impedances of the CCM (red
line) and DCM (blue line) buck converter are given in Fig. 6, which explains explicitly
the dynamic changes in Figs. 4 and 5 as discussed in Section 2 (i.e., the corresponding
minor-loop gains are less than one, which implies small changes to take place in the

corresponding transfer functions).

[
S

Magnitude (dB)

45t

Phase (deg)

10° 10 10 10° 10*
Frequency (Hz)

Fig.5. The experimental frequency responses of the
unterminated (black line) and load-resistor-affected
(red line) control-to-output-voltage transfer function of
the DDR-controlled buck converter operating in DCM.



Magnitude (dBQ2)

Phase (deg)

10" 107 10° 10*
Frequency (Hz)

Fig. 6. The experimental unterminated frequency
responses of the open-loop output impedances of the
buck converter operating in CCM (read line) and in
DCM (blue line) with the load resistor of 4 Q at the
input voltage of 20 V.

Fig. 7 shows the simulated frequency response of the unterminated (red line) and
load-resistor-affected (blue line) control-to-output-voltage transfer function of PCM-
controlled buck converter operating in DCM. The frequency responses are extracted from
the switching models [47] by using the PRBS method introduced in [46]. The
unterminated response is computed from the measured load-resistor-affected responses
by applying (9). The operating point complies with the condition M =0.5 as discussed in
Section 2.2. The existence of the RHP pole in the converter is clearly visible in Fig. 7
(i.e., red line), which is totally hided by the load-resistor effect (blue line) as well. The
load-resistor effects in the PCM-controlled buck converter operating in CCM are

extensively covered and presented in [45].
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Fig. 7. The simulated frequency responses of the
unterminated (red line) and load-resistor-affected (blue
line) control-to-output-voltage transfer functions of the
buck converter operating in DCM at the input voltage of 20
V.

Fig. 8 shows the experimentally measured output-current-feedback loop gain of the
DDR-controlled buck converter (cf. Fig. 3) as unterminated (black line) and load-resistor
affected (red line). Approximately one-decade reduction of the loop-gain crossover

frequency is clearly visible in the figure due to the resistor loading as discussed in Section
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=

-40 : :
10° 10° 10*
Frequency (Hz)

Phase (deg)
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Frequency (Hz)

Fig. 8. The experimental frequency responses of the
unterminated (black line) and load-resistor-affected
(red line) output-current-feedback loop gains of the
DDR-controlled buck converter operating in CCM at
the input voltage of 20 V.



Fig. 9 shows the same output-current feedback-loop frequency responses as in Fig.
8, when the buck converter operates under PCM control (cf. Fig. 3). In this case, the
reduction in the loop-gain crossover frequency is approximately two decades as discussed

in Section 2.4.
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Fig. 9. The experimental frequency responses of the
unterminated (black line) and load-resistor-affected (red
line) output-current-feedback loop gains of the PCM-
controlled buck converter operating in CCM at the input
voltage of 20 V.

4. Conclusions

The small-signal modelling of the switched-mode converters have been performed
usually assuming a resistor as a load. The popular text books in power electronics further
promote this trend. As presented in this paper, the load-resistor-affected small-signal
models can be usually used successfully for control design purposes, if the feedback-loop
crossover frequency is placed at the sufficiently high frequencies (i.e., approximately at
1/10% of switching frequency or higher), and the output voltage is controlled constant. As
discussed and demonstrated in this paper, there can be situations, where the load resistor
hides the location of the low-frequency RHP poles, which are to be carefully considered
in the control design. In case of output-current feedback control, the load-resistor hides
the dynamic behaviour of the converter at the high frequencies, and therefore, the load-

resistor-affected small-signal models cannot be used for control design purposes without



causing an instability to take place in practical applications. As a summary of this paper

outcomes, it is highly recommend and also well justified to perform the small-signal

modelling in unterminated mode to avoid problems in converter stability and transient

performance. Only the unterminated small-signal models can be used for assessing the

effects of the different load types in the converter dynamic behaviour.
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