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Abstract

In this thesis we develop a state space output regulation theory for linear infinite-dimensional
systems and bounded uniformly continuous exogenous reference/disturbance signals. The output
regulation problems that we study involve the construction of such controllers which () stabilize the
closed loop system consisting of the plant and the controller appropriately, (i¢) achieve asymptotic
tracking of the reference signals and rejection of the disturbance signals, and (iii) preferrably do
this robustly with respect to small parameter variations in the control system.

We show how bounded uniformly continuous reference/disturbance signals are best generated
using a (possibly infinite-dimensional) exogenous system. This exosystem utilizes a strongly con-
tinuous group of isometries on some Banach space and two bounded observation operators. The
regulation of all signals in certain Banach subspaces of bounded uniformly continuous functions
is shown to be equivalent to the regulation of all signals generated by such exosystems, with a
suitable choice of the free parameters.

We conduct an extensive study of three controller configurations — feedforward controllers,
error feedback controllers and hybrid feedforward-feedback controllers — for output regulation
purposes. In particular, complete characterizations for the solvability of the three output regulation
problems are obtained in terms of solutions of certain constrained operator Sylvester equations
(regulator equations). We illustrate the abstract results with various examples and case studies,
particularly from repetitive control applications.

We study robustness of the devised error feedback controllers using perturbation techniques.
We also prove such a state space generalization of the Internal Model Principle which does not
utilize any purely finite-dimensional concepts. This result describes the necessary and sufficient
structure of all robustly regulating error feedback controllers, under appropriate closed loop stabi-

lity assumptions.
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We introduce the practical output regulation problem in which asymptotic tracking and distur-
bance rejection with a given accuracy only is required. Using perturbation techniques we present
upper bounds for the norms of perturbations to the closed loop control systems’ parameters such
that practical output regulation with a desired accuracy occurs. Our results treat the above three
controller configurations in a unified way.

Finally, we present a general methodology for the solution of the regulator equations in two
(separate) cases. In the first case we assume that the plant is a single-input single-output (SISO)
system, whereas in the second case we assume that the spectrum of the exosystem’s generator is a
discrete set. Both of these cases are important in practice, and they cover most of the applications
that we have in mind — in particular the repetitive control problems for infinite-dimensional linear

systems.
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Chapter 1

Introduction

This thesis presents a state space output regulation theory for linear time-invariant control systems

(plants) described by the following set of equations in the mild sense:

2(t) = Az(t) + Bu(t) + Ugint(t), 2(0)€Z, t>0 (1.1a)

y(t) = Cz(t) + Du(t), t>0 (1.1b)

Here A generates a strongly continuous (i.e. Co—) semigroup T4 (¢), t > 0, on a complex (possibly
infinite-dimensional) Banach space Z. The continuous input u : Ry = [0,00) — H and the
continuous output y : Ry — H take values in a complex (possibly infinite-dimensional) Banach
space H, i.e. the output space of the plant (1.1) is the same as its input space. The state of the plant
(1.1) is denoted by z(t). The control operator B € L(H, Z), the observation operator C' € L(Z, H)
and the feedthrough operator D € L(H ), where £ denotes bounded linear operators. The bounded
uniformly continuous function Uy;s: : R — Z is an external disturbance signal affecting the plant’s
dynamical behaviour.

In very general terms, the output regulation problems that we study in this thesis involve the

construction of such a controller for the plant (1.1) which
() stabilizes the closed loop system consisting of the plant and the controller appropriately;

(#4) drives the plant so that the output y(t) asymptotically (as ¢ — oo) tracks certain bounded

uniformly continuous reference signals y,.¢ : R — H in spite of the disturbances Ug;q¢;
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(#i1) preferrably does the above robustly, i.e. regardless of certain (small) perturbations to the

parameters of the plant and the controller.

Since many physical phenomena — e.g. vibration and heat conduction [17] — and also many
industrial processes [67] can be modelled by (possibly infinite-dimensional) linear systems of the
form (1.1), it is obvious that output regulation problems of the above type play a prominent role
in control theory. In Section 1.1 below we shall provide motivating examples of, as well as the
background for, the particular output regulation problems solved in this thesis. On the other
hand, Section 1.2 summarizes the contents and the main contributions of the present work, and in

Section 1.3 we shall collect some notation and definitions used throughout this thesis.

1.1 Background and motivation

A distinguishing feature in the existing approaches towards the solution of the above output regu-
lation problems is the assumption that the class of reference and/or disturbance signals consists
of outputs of some autonomous linear dynamical system. This system is often called an ezoge-
nous system or exosystem in the literature, and many classical control problems can be formulated
as an output regulation problem for some particular exosystem. For example, in the set-point
control problems that occur frequently in applications the constant reference signals to be asymp-
totically tracked can be considered as outputs of an exosystem described by the differential equation
w(t) = 0, such that y,.f(t) = w(t) for all t € R. A particular constant reference signal is in this case
uniquely described by the initial state w(0) of the exosystem. The case of constant disturbance
signals can be treated in a completely analogous manner, and hence so can that case in which
there are both constant reference signals and constant disturbance signals to be regulated. It is
also easy to enlarge the class of exogenous signals under consideration from constants to linear
combinations of sinusoids. However, the actual solution of the corresponding output regulation
problem for such a class of exogenous signals is by no means a trivial procedure. The following
example combines various parts of the seminal article [12] by C. I. Byrnes, I. Lauké, D. Gilliam
and V. Shubov in order to illustrate some of the fundamental issues encountered in the solution of

such output regulation problems for infinite-dimensional systems (1.1).

Example 1.1. Consider a disturbance-free controlled one-dimensional heat equation on the unit
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interval [0, 1] with Neumann boundary conditions, as described by the partial differential equation

Oz(z,t)  0%z(w,t)

or = ot T 2Xga@ul), (1.2a)
0z(0,t)  0z(1,t) B
5~ ox — 0 @0 =v() (1.2b)

y(t)z/o z(x,t)QX[oé](:v)dx (1.2¢)

Here X[c5)(x) denotes the characteristic function of the interval [¢, 0], i.e. X[es5)(7) =1 ife <x <6
and 0 otherwise. The measured output y(t) represents the average temperature of the heated 1-D
rod on the interval [0, 3], and the problem is to design a control law u(t) for the system (1.2) such
that lim; ., |y(t) — sin(2¢)| = 0 for all initial temperature profiles z(-,0) = 1) of the system (1.2).
According to (1.2a) this control law u(t) then specifies how the rod should be heated on the interval
[%, 1] in order to achieve the desired output behaviour.

The first step in the solution of the above output regulation problem is to formulate the system

(1.2) as a plant (1.1). It is well-known (see [12, 17]) that this can be done by choosing Z = L*(0,1),
H = C and by defining

_ &y _ 200111 ™ 0 = @ q) _
ap=20 ey = (v e r20,1) | L) = Py =0)cz (1.3)
Bu = 2x1 yy(z)u, VueC (1.4)
1
Co= | oy @, Voez (15)

with D = 0 and Ug;se = 0. The operator A is an unbounded, self-adjoint, densely defined linear
operator which generates a Co—semigroup on Z. On the other hand, the operators B : C — Z and
C:Z — C are bounded and linear [12].

The remaining steps in the solution of the output regulation problem are the construction of an
exogenous system that can generate the reference signal y,.s(t) = sin(2t) and the construction of
a controller which can regulate all signals generated by this exosystem. It is easy to see that the

finite-dimensional linear exosystem

0 2

w(t) = Sw(t), S= , w(0) e W =C? (1.6a)
-2 0

Yref(t) = Qu(t), Q= (1 0) (1.6b)

utilized in [12] can generate the desired reference signal. Indeed, for w(0) = ((1)) € W we have that
Yrer(t) = QeStw(0) = Qu(t) for all t € R.
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As regards the controller design, the following observations were made in [12]:

(i)

(i)

(iii)

The natural first attempt, namely driving the system with the desired output, i.e. u(t) =
sin(2t) = Quw(t) for all t, results in a bounded output y(t) which does not oscillate about
zero. In other words, the plant output y(t) contains an undesirable dc-bias which must be

eliminated in order to achieve output requlation.

The aforementioned dc-bias in the plant output can be removed by incorporating the (expo-
nentially) stabilizing state feedback term Kz(t) = —0.5(z(t), 1)z in the control law. Here
(-,)z is the inner product on Z and 1 € Z is the constant function 1(x) = 1 for all
x € [0,1]. Moreover, A+ BK generates an exponentially stable Co—semigroup Taipi(t)
on Z, i.e. |Taypr(t)]| < Me " for some M > 1,w > 0 and all t > 0. The control law
u(t) = Kz(t) +sin(2t) = Kz(t) + Quw(t), utilizing a stabilizing state feedback and the desi-
red output, results in a plant output y(t) which appears to converge to a periodic trajectory
oscillating about zero, as desired, but the resulting amplitude and phase are not those of the

desired output yrey(t) = sin(2t).

The feedforward part Lw(t) of a control law u(t) = Kz(t)+ Lw(t) which does achieve asymp-
totic tracking of yres(t) = Qu(t) for any w(0) € W (in particular for w(0) = ({)) can be
found by solving the so called regulator equations
I1S = AIl + BT (1.7a)
Cll=Q (1.7b)
for bounded linear operators I € L(W,Z) and T € L(W,C), such that ran(Il) C D(A).

In this particular example we can take L = T' — KII where K is the above exponentially

stabilizing state feedback operator, and the operators I = (Hl(') Hz(')), I = (w 72) =

( Sﬁféi? - T,f(zﬁ)?) ) are defined using
I (z) = R([R(i2, A) B](x)) — vS([R(i2, A)B](x)), Vz € [0,1] (1.8)
Iz (z) = NS([R(i2, A)B](x)) + vR([R(i2, A)B](x)), VY € [0,1] (1.9)

o QSinh(‘/Qﬁ)
H(2) = T 7 (1.10)

with [R(i2, A)B](z) = #@ for 0 < 2 < 1 and [R(i2, A)B](z) = & — #{@

otherwise.
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(iv) If the state of the plant is not available for measurement but the tracking error e(t) =
Y(t) — yrep(t) = Cz(t) — Qu(t) is available for measurement, then a dynamic error feed-

back controller

@(t) = Fa(t) + Ge(t), z(0)eX, t>0 (1.11a)

u(t) = Jx(t) (1.11b)
on the state space X = L%(0,1) x C? (in the mild sense) can be utilized. If we take

A+ BK —GiC B — KTI) + G1Q G
Fo ! “)oe={""). 7=(k r-kn)
—GoC S+ GaQ Go

(1.12)
where (Giu)(z) = 1.9u1(z) for allu € C and 0 < z <1, Go = (3 ), and the other operators
as in the above, then the closed loop system operator A = (GAC E}J) consisting of the plant and
the controller (1.11) (with the exosystem (1.6) detached) generates an exponentially stable
Co—semigroup on Z x X. Moreover, all reference signals Qu(t), for w(0) € W, and in

particular yres(t) = sin(2t) if w(0) = () € W, can be asymptotically tracked regardless of
the initial states z(0) € Z and x(0) € X of the plant and the controller (1.11).

Alas, in many output regulation problems encountered in practice it is not sufficient to be able
to regulate sinusoidal signals — or their linear combinations — only. Instead, a more realistic
goal is to be able to asymptotically track and/or reject general periodic signals of some fixed
period length p > 0. For example, these general periodic signals can be repetitive commands
for mechanical systems such as industrial robots, or they can be periodic disturbances arising
from rotational motion. Unfortunately, vast majority of the otherwise very useful recent output
regulation results for infinite-dimensional systems, e.g. those in [12, 33], are not applicable in this
situation. This is because they utilize finite-dimensional exosystems described by linear matrix
differential equations, as in Example 1.1. Clearly such exosystems can only generate those periodic
signals which are linear combinations of sinusoids, i.e. trigonometric polynomials.

In the linear case an infinite-dimensional exogenous system must be used if such periodic signals
which have an infinite number of distinct frequency components are to be generated [47, 55]. The
so-called repetitive control scheme addresses the problem of asymptotically tracking arbitrary (but
sufficiently regular) p—periodic reference signals, as generated by a particular infinite-dimensional

exosystem, for finite-dimensional plants. This scheme employs frequency domain methods and it
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has proven to be quite effective in practice; see e.g. [36, 92, 96, 95] and the references therein. We
next illustrate the principles of repetitive control and the related design challenges for single-input
single-output (SISO) systems.

According to [36] any sufficiently regular scalar-valued p—periodic reference signal y,.; can be
generated by an infinite-dimensional exosystem including a time-lag element corresponding to the
period length p > 0, with an appropriate initial function y!, s corresponding to a period of the

desired signal; see Figure 1.1 and [36, 96]. A closed loop error feedback control system incorporating

Yrer

Y
+

Y

afsy
Yo + +1 4
—

O—l w0 P =O—w| Hi -

Figure 1.1: The initial state y!, ¢ of the exosystem generating a p—periodic reference signal yy.s

(top left), the generator of y,.; (top right), and a repetitive control system (bottom).

this generator of p—periodic signals is called a repetitive control system [36]. Figure 1.1 depicts
a repetitive control system where H(s) is the transfer function of a SISO linear time-invariant
finite-dimensional plant and a(s) is an appropriate proper stable rational function (a(s) = 0 is
also possible [96]). The following genuinely positive results about the repetitive control system of

Figure 1.1 are well-known:

e Assume that [1 + a(s)H(s)] "'H(s) is a proper stable rational transfer function and that
sup,, e |[1 + a(iw)H (iw)] "*[1 + (a(iw) — 1)H(iw)]| < 1. Then the minimal state space rea-
lization of the closed loop repetitive control system in Figure 1.1 is exponentially stable and
limy o0 €(t) = limy 00 [y(t) — yres ()] = O for all continuous p—periodic reference signals yy. s

(Theorem 1 in [36]).
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e If the above assumptions hold for a(s) = 0, then e(t) = y(t) —yres(t) tends to 0 exponentially

for all continuous p—periodic reference signals .y (Theorem 5.9 in [96]).

However, it turns out that the assumptions of these positive results are notoriously difficult to

satisfy in practice. In particular, the following negative result is well-known:

e If H(s) is a strictly proper rational transfer function, then the closed loop repetitive control
system in Figure 1.1 (i.e. its minimal state space realization) cannot be exponentially stable

(Proposition 2 in [36]).

This general lack of exponential stabilizability of closed loop repetitive control systems also ge-
neralizes for multi-input multi-output (MIMO) systems [36]. It is known to be solely caused by
the infinite number of poles on the imaginary axis, resulting from the incorporation of the above
generator of p—periodic signals in the closed loop system [36, 96]. Unfortunately, in a sense it is
also mecessary to incorporate this generator of p—periodic signals in any stable closed loop error
feedback control system achieving asymptotic tracking of p—periodic functions, as indicated by the

following generalization of the Internal Model Principle! of Francis and Wonham [32]:

e Any pseudorational SISO unity feedback servo control system (see Figure 1.2 and [96]) which
is internally stable (i.e. the minimal state space realization is exponentially stable), and for
which e(t) = y(t) — yres(t) tends to 0 exponentially for any p—periodic reference signal y,y,
must contain the internal model (eP* — 1)~1 of the dynamical behaviour of the reference

signals in the forward path of the closed loop system (Theorem 5.12 in [96]).

In the repetitive control literature the above dilemma is principally resolved by considering the
so-called modified repetitive control scheme [36, 92]. In this scheme the above exact internal model
(eP* — 1)~ is combined with a low-pass filter to facilitate exponential closed loop stabilization —
and hence also output regulation. Unfortunately, perfect output regulation is lost in the process as
the low-pass filter moves the high frequency poles of the internal model away from the imaginary
axis to the closed left-half complex plane [92].

Fortunately, the above dilemma is only related to the lack of exponential stabilizability of

closed loop error feedback repetitive control systems. Consequently, it is reasonable to inquire

IFor finite-dimensional systems (1.1) and finite-dimensional exosystems this celebrated principle describes the

necessary and sufficient structure of robust (i.e. structurally stable) regulating error feedback controllers.
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Figure 1.2: A pseudorational unity feedback servo system. Here D, P and @) are Laplace trans-
forms of compactly supported distributions, with supports in (—oo, 0], satisfying the conditions of

pseudorationality; they are entire functions satisfying certain growth estimates [95, 96].

whether the regulation of periodic signals is more generally possible if simpler open loop (i.e.
feedforward) control and/or some weaker notion of closed loop stability are utilized. Since the
existing repetitive control results only cover finite-dimensional plants [36, 92, 96, 95], it would be
particularly important to establish realistic and general conditions under which output regulation of
general periodic signals can also be achieved for infinite-dimensional plants. These open problems
were the initial motivation for the research described in the present thesis; we conclude this section
by elaborating some more on the possibilities and the difficulties related to solving them.

The state space output regulation theory developed by Byrnes et al. in [12] makes it possible
to utilize both error feedback controllers and simple open loop (feedforward) controllers for the
solution of certain output regulation problems for infinite-dimensional systems. As in item (i4i)
of Example 1.1, for their feedforward controllers only exponential stabilizability of the plant —
and not the exogenous signal generator — is required; it is a separate feedforward control law
(Lw(t) in item (ii¢) of Example 1.1) that makes output regulation possible in this case. However,
the results of [12] only apply to signals generated by certain finite-dimensional linear exosystems,
and it is not at all trivial to generalize these results for infinite-dimensional linear exogenous
systems. Moreover, Byrnes et al. [12] do not address the issue of robustness, even in the case of
error feedback control (which is well-known to yield nice robustess properties in the case of finite-
dimensional plants [29]). These problems are compounded by the fact that prior to attempting a
generalization of the results of [12] for general periodic reference/disturbance signals, one should
first identify the simplest possible infinite-dimensional exosystem generating p—periodic signals in
the state space domain. To the author’s knowledge little research on this topic has been reported

in the literature [47, 55]; in particular, the repetitive control scheme is mostly based on frequency
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domain techniques.

As regards closed loop stability, in the state space domain there is a notion of strong stabi-
lity whose application in repetitive control problems has apparently not been studied before. A
Co—semigroup T'4(t) on a Banach space Z is called strongly stable if lim;_.o, Ta(t)z = 0 for all
z € Z. Since no uniform decay rate for ||T4(¢)z|| needs to exist, strong stability is a considerably
milder requirement for a Cp—semigroup than exponential stability. However, especially from the
point of view of systems theory, the concept of strong stability of a Cy—semigroup is also conside-
rably less well-understood than that of exponential stability. This is quite unfortunate because it
seems to be a most natural stability notion for many systems described by partial differential equa-
tions [70]. The problem is that, unlike in the exponentially stable case, there seems to be no hope
for a general duality between state space and frequency domain methods for such systems (1.1)
where the operator A only generates a strongly stable Cp—semigroup [2, 17, 70, 96]. Consequently,
it is not at all trivial to establish state space generalizations for the frequency domain repetitive
control results of [36, 92, 95, 96], by utilizing the concept of a strongly stable Co—semigroup. This
problem is compounded by the fact that the theory of strongly stable Banach space Cy—semigroups
is a branch of abstract harmonic analysis, whose methods are occasionally quite involved from the

application point of view.

1.2 Contributions and organization

As was mentioned in Section 1.1, the initial motivation for the research described in this thesis
was to generalize the results of [12] and [36, 92, 95, 96] in an effort to develop an output regulation
theory for infinite-dimensional systems (1.1) and general periodic exogenous signals, by utilizing
state space methods and the concept of a strongly stable Cy—semigroup. However, it turned out to
be possible to achieve somewhat more, as indicated in the following list of the main contributions

of this thesis:

e The construction and a detailed analysis of the simplest possible exogenous systems genera-

ting arbitrary bounded uniformly continuous reference/disturbance signals.

e The construction and a detailed analysis of three controllers (feedforward, error feedback and

hybrid feedforward-error feedback) for the asymptotic tracking/rejection of the exogenous sig-



CHAPTER 1. INTRODUCTION 10

nals generated by the above-mentioned exosystems, including complete characterizations for
the solvability of the related output regulation problems in terms of the corresponding regu-
lator equations, and including repetitive control even for strictly proper infinite-dimensional

plants.

e A detailed analysis of the stabilizability properties of the utilized exogenous systems, and a
detailed analysis of the strong stabilization of the closed loop system for two error feedback

controllers.

e A robustness (i.e. structural stability) analysis for the designed error feedback controllers,
including such a state space generalization of the Internal Model Principle [32] which does

not utilize any purely finite-dimensional concepts.

e The development of the mathematical foundations of practical output regulation, i.e. ap-
prozimate asymptotic tracking/rejection of the exogenous signals generated by the above-

mentioned exosystems.

e A general treatment of the solution of the regulator equations for infinite-dimensional systems

(1.1) and the above-mentioned (possibly infinite-dimensional) exosystems.

e The presentation of several examples and case studies which illustrate, among other things,
the new discovery made in this thesis that the smoothness of the exogenous signals crucially
affects the solvability of the output regulation problem at hand, and also contributes to the

robustness properties of the devised controllers.
We point out, however, that the theory of this thesis is not applicable
e for unbounded reference/disturbance signals (e.g. polynomials),

e in those point control and point observation problems which would require the use of un-

bounded operators B and/or C' in the plant (1.1).

From the practical point of view, the requirement for boundedness of the exogenous signals is
not at all restrictive. However, allowing for unbounded operators B and C in the plant (1.1)
would notably enlarge the class of systems to which the output regulation theory of this thesis is

applicable (see e.g. [84] and the references therein). Since the (possible) infinite-dimensionality
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of the exosystem and the (possible) lack of exponential stabilizability of the closed loop system
already introduce considerable mathematical complexity to the output regulation problems studied
in the present work, allowing for unbounded B and C seemed unneccessary at this stage, because
it would complicate the mathematics even more.

In the remainder of this section we shall provide a brief summary of the contents of this thesis
and we shall point out the author’s scientific publications contributing to the related parts of the
thesis. More detailed comparison to the related earlier work will be provided at the beginning of

each individual chapter.

Chapter 2: The exogenous system

We shall construct and analyse in detail the simplest possible exosystems generating various clas-
ses of bounded uniformly continuous exogenous reference/disturbance signals. These exosystems
always utilize the generator of an isometric Cy—group on some Banach space W, plus one boun-
ded observation operator for the reference signals and one for the disturbance signals. While
conventionally the exogenous signals are assumed to be generated by some arbitrary (finite-
dimensional) exosystem [12], here we devise a new and completely opposite approach: Given
a class of exogenous signals we want to construct (i.e. realize) the exosystem such that preci-
sely the desired class of signals is generated. The results of this chapter are based on those in

[40, 41, 42, 43, 45, 46, 48, 49, 50, 51, 52, 53, 54].

Chapter 3: Feedforward output regulation theory

We shall pose and completely solve a feedforward output regulation problem (FRP) for infinite-
dimensional plants (1.1) and the exosystems of Chapter 2. We shall generalize the results of e.g.
[12, 29, 72] by completely characterizing the solvability of the FRP in terms of strong stabilizability
of the plant and the solvability of the regulator equations (3.10). Various applications and case
studies — including repetitive control, asymptotic tracking of individual signals and the effect of
system zeros on output regulation — as well as illustrative examples are presented. The results of

this chapter are based on those in [41, 42, 46, 49, 51, 52, 53, 54].
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Chapter 4: Error feedback output regulation theory

We shall pose and completely solve an error feedback output regulation problem (EFRP) for
infinite-dimensional plants (1.1) and the exosystems of Chapter 2. We shall generalize the results
of e.g. [12, 24, 29, 32, 33, 36, 80, 87, 92, 95, 96] by completely characterizing the solvability of the
EFRP in terms of strong stabilizability of the closed loop system consisting of the plant and the
controller, and in terms of the solvability of the extended regulator equations (4.3). We shall also
show that under certain assumptions it is necessary for output regulation that the exosystem’s
dynamics is embedded in the controller’s dynamics; this is well-known in the finite-dimensional
case [29]. Finally, we shall consider in detail the strong stabilization of the closed loop system for
certain infinite-dimensional generalizations of two widely used finite-dimensional controllers. This
turns out to be a delicate problem for infinite-dimensional exosystems. The results of this chapter

are based on those in [41, 42, 48, 49].

Chapter 5: A feedforward-error feedback controller

In order to avoid the difficulties encountered in the strong stabilization of the closed loop error
feedback control systems (Chapter 4), we shall introduce a hybrid controller utilizing both error
feedback and feedforward control for output regulation purposes. This controller is designed in
such a way that the two parts are completely independent of each other: The error feedback part is
designed to stabilize the closed loop system appropriately, whereas the feedforward part is tuned,
using the regulator equations (3.10), to achieve output regulation. We shall completely characterize
the existence of a feedforward-error feedback controller, and we shall present an example of its con-
struction. To the author’s knowledge the results of this chapter are new even for finite-dimensional

systems; they are based on those in [40].

Chapter 6: Robustness and the internal model structure

We shall study the robustness (structural stability) of the error feedback controllers designed in
Chapter 4. Our results show that the unique solvability of the extended regulator equations (4.3)
implies a degree of conditional robustness in output regulation. Here conditional robustness of
output regulation means robustness on condition that the closed loop stability is also robust; this

weak robustness notion is needed because strong stability of the closed loop system is not in
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general robust with respect to the perturbations that we consider. We shall also generalize the
Internal Model Principle [32] for infinite-dimensional systems (1.1) and the exosystems of Chapter
2 using state space techniques, without relying on any purely finite-dimensional concepts. Our
results (and methods) are new even for finite-dimensional systems. In particular they improve and
simplify those in [29], and they present sufficient conditions for robustness of the error feedback

controllers utilized in [12]. The results of this chapter are based on those in [43, 45].

Chapter 7: Practical output regulation

We shall develop the mathematical foundations of practical output regulation, i.e. approzimate
asymptotic tracking/rejection of the signals generated by the exosystems of Chapter 2. Our idea
is to directly employ a perturbation analysis to an exactly regulating closed loop control system
and the corresponding (extended) regulator equations which in a certain sense describe its steady
state behaviour. Thus, the main results of this chapter are general upper bounds for the norms
of additive, bounded, linear perturbations to the the parameters of the plant, the exosystem and
the (hypothetical) controller, which solves the corresponding exact output regulation problem,
such that practical output regulation with a given accuracy occurs. Our results cover practical
state space output regulation for the controllers devised in Chapters 3, 4 and 5 in a unified way;
to our knowledge these results — and the methods utilized in their proofs — are new even for
finite-dimensional systems. These results should be particularly useful in the construction of finite-
dimensional approximations for the controllers designed in the previous chapters. The results of

this chapter are based on those in [44, 50].

Chapter 8 : Solving the regulator equations

We shall study the solution of the regulator equations (3.10); the same methods apply with obvious
changes for the extended regulator equations (4.3) too. We shall consider the following separate
cases: That of a SISO plant and that in which the spectrum of the exosystem generator is a
discrete set (this occurs e.g. in all repetitive control problems). The latter case can then be
easily modified to cover another separate case in which the spectrum of the exosystem generator
is not discrete but the signals are known to be in certain Banach spaces that we construct in

Chapter 2. The results of this chapter are extensively used in various examples throughout this
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thesis. They generalize the well-known finite-dimensional results (see e.g. [12]) which show that
the nonexistence of transmission zeros on the spectrum of the exosystem generator implies the
solvability of the regulator equations (3.10). The results of this chapter are based on those in

40, 41, 54].

Chapter 9 : Conclusions

We shall draw the conclusions and we shall present some interesting directions for future investi-

gations.

Appendix A

We shall collect some well-known results from spectral theory of closed operators, the theory of
Sylvester operator equations and the theory of bi-continuous semigroups, for the reader’s conve-

nience.

1.3 Notation and definitions

For Banach spaces F and F, L(E, F) denotes the space of bounded linear operators E — F.
If E is continuously embedded in F', then this is denoted by E <— F. The resolvent set of a
closed linear operator A : E — F is denoted by p(A), whereas o(A) denotes its spectrum. The
maximal connected component of p(A) containing +oco is denoted by ps(A). The point spectrum
of A is denoted by op(A), whereas o 4(A) denotes the approximate point spectrum of A. R(A, A)
denotes (whenever it exists) the resolvent operator (Al — A)~1. If E is a subspace of E, then
Al denotes the restriction of A to E. If A: E — E generates a strongly continuous (or Cp—)
semigroup in E, then this semigroup is in general denoted by T4 (t). We say that T4 (t) is strongly
stable if lim; oo ||Ta(t)x|| = 0 for each € E. The semigroup T4(t) is exponentially stable if
ITa(t)] < Me** for some M,w > 0 and all ¢ > 0. For the sake of brevity in these circumstances
we sometimes say that A is strongly/exponentially stable. The norm on E is denoted by |||z
and if E is a Hilbert space, then its inner product is denoted by (-,-)g. Here the subscript E
is occasionally included to clarify the space on which the norm or the inner product is defined.

If Ta(t) is a Cop—semigroup on E and F — E, then we say that F' is invariant for T4 (t) (or
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T4(t)—invariant) if T4 (t)x € F for all z € F. The real part of a complex number z is denoted by

R(z), and the imaginary part of z is denoted by $(z).



Chapter 2

The exogenous system

As stated in Chapter 1, it is a common — and mathematically convenient — assumption in
the output regulation literature that the reference signals y,.; and disturbance signals Ug;s; are
generated by a so called exogenous system. Quite often this exosystem is assumed to be a linear,

finite-dimensional, neutrally stable' autonomous system of the form

W(t) = Sw(t), w(0)eW, (2.1a)
Yref(t) = Qu(t) (2.1b)
Ugist(t) = Pw(t) (2.1¢)

where P, @ and S are matrices of appropriate dimensions and dim(W) < oo (see e.g. [12, 24, 29,
32, 35, 80] and the references therein). Neutral stability of the exosystem (2.1) implies that the
eigenvalues of S are simple (S has no nontrivial Jordan blocks) and that they are located on the
imaginary axis ‘R [12]. Consequently the reference/disturbance signals that can be generated by
the exosystem (2.1) are constants or trigonometric polynomials (see Definition 2.8).
Unfortunately many interesting signals which occur in practice are not constants or trigono-
metric polynomials; they are general bounded and uniformly continuous functions. In this thesis
we shall develop a state space output regulation theory for such signals by utilizing the following
(possibly infinite-dimensional) exosystem, which is a direct generalization of the finite-dimensional

exosystem (2.1):

L According to [12] this is equivalent to the origin being Lyapunov stable forward and backward in time.

16
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Definition 2.1 (The exogenous system). Let W be any Banach space such that S generates an
isometric?> Co—group Ts(t) on W. Let P € L(W,Z) and let Q € L(W, H). Then the exogenous

system is described by the following set of equations in the mild sense:

w(t) = Sw(t), w(0)eW (2.2a)
Yref(t) = Qu(t), teR (2.2b)
Ugist(t) = Pw(t), teR (2.2¢)

Remark 2.2. The free parameters of the exosystem are the state space W, the operators P, Q) and
S, and the initial state w(0) € W. However, in output regulation problems we often fix W, P, Q
and S at the outset. Then different reference/disturbance signals are generated by varying the

initial state w(0) € W.

Tt is clear that the reference and disturbance signals generated by the exosystem (2.2) are indeed
always bounded and uniformly continuous functions, because P and () are bounded operators
and because Ts(t) is an isometric Co—group. A remarkable property of the general exogenous
system (2.2) is that also the converse holds: We shall show in this chapter that all bounded
uniformly continuous reference/disturbance signals can be generated using the above exosystem
by an appropriate choice of the free parameters. Moreover, it turns out to be possible to choose
the exosystem’s free parameters in such a way that the generated reference/disturbance signals
are in prespecified subspaces of bounded uniformly continuous functions. This is a very useful
feature of the general exosystem (2.2), because then solvability of an abstract output regulation
problem implies that all exogenous signals in the prespecified function spaces can be regulated. In
particular, we can pose — and precisely answer — questions such as: What classes of bounded
uniformly continuous reference signals can the output of a given plant (1.1) asymptotically track?

We now briefly outline the contents of this chapter.

Section 2.1: We shall show how the exosystem (2.2) is best constructed in order to accomplish the genera-
tion of reference/disturbance signals in prespecified (possibly infinite-dimensional) function
spaces. The novel feature of our approach is that while in most of the related literature, e.g.
[10, 11, 12, 33, 87], the chosen exogenous system fixes the class of exogenous signals, here

the chosen class of exogenous signals determines the simplest possible exosystem capable

2The Co—group Ts(t) is isometric if | Ts(t)w|| = |Jw]|| for all t € R.
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of generating the desired signals. The methods of this section have been developed in the

author’s articles [40, 41, 42, 43, 45, 46, 48, 49, 50, 51, 52, 53, 54].

Section 2.2: We shall introduce some interesting function spaces whose elements can be generated by the
exosystem (2.2) if its parameters are chosen as indicated in Section 2.1. These function spaces
— and the related exosystems (2.2) — are used in various examples throughout this thesis.
A special case is an exogenous system which can generate p—periodic signals, i.e. a state
space analogue of the exosystems utilized in the repetitive control literature [36, 92, 95, 96].
However, we point out that, in contrast to [36, 92, 95, 96], the exosystems that we utilize
also make it possible to specify the required degree of smoothness of the periodic exogenous
signals. This additional feature will have an enormous impact on the solvability of certain

repetitive control problems later in this thesis.

2.1 Generation of prespecified spaces of signals

In this section we shall show how the free parameters of the exosystem (2.2) should be chosen
in order to accomplish the generation of prespecified subspaces of bounded uniformly continuous
signals. The reader is advised that in the subsequent chapters output regulation theory is often
formulated for the general exosystem (2.2) only, while interesting applications of this theory can
be directly found by fixing the exosystem’s free parameters as indicated in this section and Section
2.2. Consequently, the reader should bear in mind that the remainder of this chapter principally

consists of useful choices for the parameters of the exosystem (2.2).

2.1.1 Generation of reference signals in a prespecified space H

Suppose that we want to generate those reference signals v,y which are in a Banach space H —
BUC(R, H) using the exosystem (2.2). This notation means that H is continuously embedded in
the space of bounded uniformly continuous H —valued functions on R endowed with the sup —norm
(H need not have the sup —norm). Let us also assume that H. 2 BUC(R, H), which means that, in
addition to H < BUC(R, H), the left translation operators Ts(t)|y defined by Ts(t)|nf = f(-+1)
for every f € H constitute an isometric Ch—group on H. Denote by S| the infinitesimal generator
of Ts(t)|3. Of course, S|y is just the differential operator % with a suitable domain of definition

D(S|x) C H. Now let us fix the exosystem’s free parameters as follows: The state space W = H,
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the operator S = S|y, Q@ = Jp is the point evaluation operator defined by dof = f(0) for each
f €M, Pe L(H Z)is arbitrary and the initial state w(0) varies in H. Clearly &y € L(H, H)
because ||6of|lzz = 1f(0)|z < | flleo < €|l f]l7 for some ¢ > 0 since H — BUC(R, H). Moreover,

the following result is obvious.

Proposition 2.3. Let H be as in the above. The exogenous system (2.2), with W =H, S = S|y,
Q=6 € L(H,H), Pe L(H,Z) and w(0) € H, can generate all reference functions in H and only

those. Moreover, every reference function yr.y € H is generated by the choice w(0) = y,s € H.

Proof. Clearly 6oTs(t)|nf = f(x + t)|z=0 = [f(t) for every f € H and ¢ € R. This shows that
the system (2.2) can generate every reference function y,.y € H (and only those) by the choice

w(0) = yrey € H of the initial state. O

Proposition 2.3 shows how to fix the exosystem’s free parameters to obtain the simplest possible
generator for the reference signals in H, in the sense that no superfluous reference signals (i.e. those

outside of H) are generated.

2.1.2 Generation of disturbance signals in a prespecified space Z

It is clear that Proposition 2.3 only reveals how the exosystem’s free parameters should be chosen
if the class of reference signals in question is known and if the disturbance signals are only required
to have dynamical properties which are similar to those of the reference signals. In this case
the disturbance signals are implicitly assumed to play a less prominent role than the reference
signals; P is only required to be a bounded linear operator H — Z. On the other hand, based
on the construction of Subsection 2.1.1 it is quite apparent how the exosystem’s free parameters
should be chosen if, instead, we are interested in asymptotically rejecting some prespecified space
of disturbance signals Z.° BUC(R, Z) and if the reference signals are only required to have similar

dynamical properties as the disturbances:

Proposition 2.4. The exogenous system (2.2), with W = ZS2BUC(R,Z), S = S|z, Q €
L(Z,H), P=20y€ L(Z,Z) and w(0) € Z, can generate all disturbance functions in Z and only

those. Moreover, every disturbance function Ugst € Z is generated by the choice w(0) = Uyis € Z.



CHAPTER 2. THE EXOGENOUS SYSTEM 20

2.1.3 Generation of reference signals in ‘H and disturbance signals in Z

It is now obvious that the above construction employing the translation group and point evaluation

at the origin can be further extended to the case in which both reference signals and disturbance

signals are in some prespecified spaces H.5 BUC(R, H) and Z.5 BUC(R, Z) respectively. In this

case we can let> W = H x Z and define Ts(t)(g) = (%8\22) for all (f;) € H x Z and for

all t € R. Then Ts(t) is a strongly continuous and isometric group of linear operators on W.

Moreover, it is obvious that we should let @ = (40 0) € L(W,H) and P = (04 ) € L(W, Z) to
Yref

generate any given combination (u o ) € H x Z of reference and disturbance signals. In particular,

we have:

Proposition 2.5. Let H and Z be as in the above. The erogenous system (2.2), with W =
Y=Hx2Z, 8§ = (S(l)” S(\)z) (with D(S) = D(S|x) x D(S|z)), Q@ = (s6%0) € LIW,H) and
P = (06) € LW,Z) and w(0) € W, can generate all combinations of reference signals in

‘H and disturbance signals in Z, and only those. Moreover, every combination (Ly,;fft) €Y of

reference/disturbance signals is generated by the choice w(0) = (Z?{;fi) ).

In the remainder of this thesis script capital letters H and Z always refer to some Banach
function spaces of the above type. In addition, S|y and S|z refer to the infinitesimal generators
of the (strongly continuous and isometric) left translation groups Ts(t)|x and Ts(t)|z on H and

Z respectively.

2.1.4 Some additional remarks about generality of the exosystems

We have seen in Proposition 2.3, Proposition 2.4 and Proposition 2.5 that exogenous systems
employing the left translation operators and point evaluations at the origin on suitable function
spaces are the simplest possible in terms of signals that can be generated. Now we shall conclude

this section by showing that such exosystems are also the most general ones in the following sense:

e No additional generality is achieved by considering exosystems (2.2) where S need not gene-
rate a translation group and neither P nor @ need be the point evaluation operator dy. In
fact, the exosystem (2.2) can always be embedded in some exosystem described in Proposition

2.5.

‘ =/ #1113, + I f2]l% to obtain a Banach space.

3We can endow W e.g. with the norm H ( %)




CHAPTER 2. THE EXOGENOUS SYSTEM 21

e The state space W in Proposition 2.3, Proposition 2.4 and Proposition 2.5 cannot be any
larger if we want the translation group to be strongly continuous. Since our main tool in
this thesis is the theory of Cy—semigroups, we shall not be able to consider more general

bounded exogenous signals than those which are also uniformly continuous.

Proposition 2.6. For every Banach space W, every generator S of a bounded Co—group Ts(t),
every Q@ € L(W,H) and every P € L(W,Z) there exists a closed (left-) translation invariant
subspace Y C BUC(R, H)x BUC(R, Z) such that* for every w € W we have (Ly,;fft) z(QTS(')w) €

PTs(-)w
Y and
Yres (t) = QTs(tyw = (50 0) To(t)]p (57, ) = (80 0) (S (1) (23)
Unist (t) = PTs(t)w = (060) Ts(B)lp (o) = (060) (730 (2.4)

Proof. Let Y = span{ QTs(-)wy | wo € W } x span{ PTs(-)wg | wg € W} = H x Z, where both
closures are taken with respect to the sup —norm. It is clear that Y € BUC(R, H) x BUC(R, Z),
because Tg(t) is a bounded Cy—group, and because P € L(W, Z) and Q € L(W, H). Since

Ty [ GO 0| Z (@TsCHDw) (QTSOTMw0) oy ew (25)

PTs(-)U}O PTs(- —|—t)w0 PTs(')T(t)’LUQ

by continuity and linearity the space ) is closed and translation invariant. As a consequence of

this, Ts(t)|y is an isometric Co—group on Y [28]. Let yrer(t) = QTs(t)w and Ugist(t) = PTs(t)w

3 1 Yre res (t) —( 0Ts ()| ryres —

for all ¢ € R and some arbitrary w € W. Then (/¢ ) € ¥ and (gdi:t(t)) _(5;’T§(t)|;£jdi;) =
Ts()w re .

(60 60 ) Ts(t)]y ( jQDTzE‘;w ) = (6060 ) Ts(t)|y (" ), which proves the result. O

Proposition 2.7. Let E be a Banach space and let € — L>®(R, E). If the left translation operators
Ts(t)|e constitute a Co—group on &, then € C BUC(R, E).

Proof. We only have to verify that every f € & — L*°(R, E) is uniformly continuous. Clearly for

every such f we have that sup,eg|[f(s +t) — f(s)| = [ITs(D)lef = flloo < clTs()lef = flle =0

as t — 0, because £ — L*(R, E) and because Ts(t)|s is strongly continuous. This shows that

f € BUC(R,E). O

4Here translation invariance on this product of function spaces is of course understood componentwise.
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2.2 Some practically relevant exogenous signal spaces

In Section 2.1 we showed how the free parameters of the exosystem (2.2) should be chosen in order
to generate signals in function spaces which are suitably embedded in related spaces of bounded
uniformly continuous functions. In the present section we shall provide some interesting examples
of such function spaces of exogenous signals. We have encountered three interesting scenarios; (7)
the class of reference signals H is prespecified, (i) the class of disturbance signals Z is prespecified,
and (i4) both H and Z are prespecified. To cover all of these three possibilities, below we shall
consider general Banach spaces £.5 BUC(R, E) where E is any Banach space. We point out that
although many of the function spaces £ that we consider below are well known in the harmonic

analysis literature (see e.g. [2, 38, 58]), they seem to be less known in the control theory literature.

2.2.1 Spaces of almost periodic and periodic signals

Many reference/disturbance signals which occur in practice are periodic functions or, more ge-
nerally, almost periodic functions. There are several equivalent definitions for almost periodic
functions (see [2, 38]), but we choose to give the following one from [2] which is quite intuitive and
which illustrates the relation between trigonometric polynomials, periodic functions and almost

periodic functions.

Definition 2.8. A trigonometric polynomial in BUC(R, E) is a function py : R — F : ¢t —
pN(t) = 25:1 anet*nt where N < oo, and a,, € E and \,, € R for each 1 < n < N. A function
f:R — E is called almost periodic if it can be approximated uniformly (i.e. in the sup —norm)
on R by trigonometric polynomials. We let AP(R, E) denote the linear space of almost periodic

functions R — E.

Proposition 2.9. The space £ = AP(R, E) is a closed translation invariant subspace of BUC(R, E)

and Ts(t)|e constitutes an isometric Co—group on &.

Proof. Since AP(R, E) is the sup —norm closure of the linear space of trigonometric polynomials in
BUC(R, E), it is a closed subspace of BUC(R, E). On the other hand, if a sequence (p,, )nen of tri-
gonometric polynomials uniformly approximates f € AP(R, E), then for every t € R the sequence

(Ts(t)| apr,E)Pn)nen of trigonometric polynomials uniformly approximates T's(t)|apwr,g)f. The
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result follows by Subsection 1.5.12 in [28]. O

Example 2.10. The function f : t — sin(t) +sin(v/2t) is in AP(R,R). However f is not periodic.

The reader is referred to [15] for more details.

Example 2.11. It is clear that whenever dim(FE) < oo and whenever the index set I is finite,
the Banach space & = span{e“ny | y € E,n € 1} 2AP(R,E) C BUC(R,E) if we endow &
with the supremum norm. In this case £ is a finite-dimensional space consisting of trigonometric
polynomials (including possibly constant functions). Moreover, the differential operator S|e can
be represented by a diagonal matriz. Signals in such spaces £ are precisely those which can be

generated using finite-dimensional exosystems (2.1).

Example 2.12. The space P,(R, E) of all p—periodic E—valued continuous functions (endowed
with the sup-norm) is a closed translation invariant subspace of AP(R,E) [2]. Hence clearly
& = P,(R,E)2BUC(R, E) if we endow & with the sup-norm. We emphasize that AP(R, E)

contains all continuous periodic functions R — E, regardless of the period length.
The following example shows that AP(R, E) does not necessarily consitute all of BUC(R, E).

Example 2.13. Let E = ¢, the Banach space of all convergent complex sequences x = (Tpn)neN
with the supremum norm ||z|| = sup, ey [zn|. Consider the function t — f(t) = (€' )nen for all
teR. Then f € BUC(R,E), but f ¢ AP(R, E). We refer the reader to Example 4.6.5 in [2] for

more details.

Following [41], we shall next introduce a useful scale Hap(FE, fn,wy) of generalized Sobolev

spaces of almost periodic signals.

Definition 2.14. Let I C Z, let (wn)ner € R be a sequence of distinct frequencies and let
(fn)ner C R such that f,, > 1 for each n € I and (f, })ner € £2. The generalized Sobolev space

n

Hap(E, fn,wy) of E—valued functions is defined as

{u:R—E|ut) = Zanew"t for each t € R and Z | fal?[lanl% < oo and (an)ner C E'}
nel nel
(2.6)

The linear operations of addition and scalar multiplication on Hxp(F, fy,wy) are defined in the

obvious way.
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Remark 2.15. In Definition 2.14 it is possible that the sequence (wy)ner has also other points
of accumulation besides +ioco, so that it need not consist of isolated points only. On the other
hand, the index set I may also be finite; in this case Hap(F, fn,wy) is a finite-dimensional space

whenever dim(F) < oo.

Proposition 2.16. For all sequences (fn)ner and (wp)ner as in Definition 2.14 we have that

Hap(E, fn,wn) C AP(R, E). Moreover, Hap(FE, fn,wy) is a Banach space with the norm ||u|| =

\/Znel||ﬁ(n)||%|fn|2 If E is a Hilbert space, then Hap(E, fn,wy) is a Hilbert space with the inner

product (u,v) = >, - (G(n),0(n))p|fal?. Here u(t) = >, c;t(n)e™nt and v(t) = >, o, 0(n)e™nt

for every t € R.

Proof. That Hap(E, fn,ws) C AP(R,E) is evident because any function Y, ., ane™n" in the
Sobolev space Hap(F, fn,wy) can be uniformly approximated by trigonometric polynomials py =
Zlnl <N a,e™n . Moreover, it is easy to see that Hap(FE, f,,wy) is a normed space (or inner product
space if F is Hilbert space) with the norm ||-||. The completeness follows from the properties of the
so-called Fourier-Bohr transformation. In fact, Hap(E, fn,wy) is the preimage of (2(E, f,,wn),
the weighted (with weight (f,,)ner) £2—space of all vector-valued sequences on (wy, )ner, under the
Fourier-Bohr transformation, with the norm inherited from that £2—space; see [41] and also [2, 63]

for more details on the Fourier-Bohr transformation. O

Clearly almost periodic functions in Hap(FE, f,,w,) have the useful property that the coef-
ficients in an approximation by trigonometric polynomials converge. Moreover, these generalized

Sobolev spaces are suitable for the state space of the exosystem (2.2):

Theorem 2.17. £ = Hap(E, fn,w,) BUC(R, E) for all sequences (fn)ner and (wn)ner as in
Definition 2.14.

Proof. Let u € € be arbitrary, such that u(t) = Y, ., @(n)e™n! for all t € R. Then by the Schwartz

inequality we have

Z a(n)e™nt

nel

sup||lu(t)||g = sup
teR teR

<Y lam|e (2.7)

nel

< [ lamlzIr2) 301527 = ellulle (2.8)

nel nel

forc= />, c; |fn?| < oo. Hence €& < BUC(R,C).
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It remains to show that the left translation operators Tis(t)|¢ constitute an isometric Cp—group
on £. The semigroup property is elementary to verify. Moreover, for every ¢t € R we have u(- +
t) = Yperi(n)en ) = 37 pan)enteln . Then | Ts(t)|eulz = X ,ep [fal?[la(n)e !

D omerl |fo?la(n)]|% = ||ul|2 for each t € R, so that the space & is invariant for Ts(t)|uc(r,.B)-

2 _
B =

This also shows that Ts(t)|¢ is an isometry for each ¢ € R.
We shall prove strong continuity of Ts(t)|s to establish the result. To this end let € > 0. Let

K = supgci<iner |’ — 1. Then there exists N € N such that 32, 5 ylla(n)[|%]f2]* < % and

there exists o > 0 such that for 0 <t < ¢ it is true that sup, <y letont — 1|2 < WT““%) We
may then estimate for 0 < t < tg as follows
ITs(®)euw —ullz = ™" = 1] [[a(n) || B fol? (2.9)
nel
= D et = 1P(la(n)|E] .l (2.10)
|n|<N
+S et — 1R ) 3 (2.11)
In|>N
< sup et =12 3 Jla(n) | Bl fal (2.12)
[n|<N In|<N
+ K Y i)zl fal? (2.13)
[n|>N
2 € 9
— 4+ — = 2.14
<3 + 5 =€ (2.14)
This shows that Ts(t)|e is strongly continuous and the proof is complete. O

The following subclass of the spaces Hap(C, f,,wy), consisting of p-periodic functions only, is

used as an illustrative example in many parts of this thesis.

Definition 2.18. Let I C Z, let p > 0 and let w,, = 2”7” for all n € I. Let (fn)ner C R such that

fn =1 for each n € I and (f,;*)ner € €2. The Sobolev space H(fn,wn) = {u: R — C | u(t) =

n

Snerane™nt foreach t € R, Y-, ;| ful?an|?* < 0o and (ay)ner C C }.
Remark 2.19. If I = Z, v > 1, p > 0, w,, = 2”7" and f, = \/1—|—u)72;Y for each n € Z,
then H(f,,w,) reduces to the standard Sobolev space H},,.(0,p) of y—differentiable p—periodic

functions [56].
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Remark 2.20. Whenever £ is any one of the Sobolev spaces H(fn,wy), the generator S|¢ of the
translation Cy—group on & is a Riesz spectral operator in the sense of Curtain and Zwart [17]. A
Riesz spectral operator is a closed linear operator on a Hilbert space with the following properties:
It has simple eigenvalues {\, | n € I}, I C Z, such that the closure {\, |n € I'} is totally
disconnected, and the corresponding eigenvectors (1, )nes constitute a Riesz basis. In the case
of Sobolev spaces H(f,,wy,) the eigenvalues of S|¢ are just the complex frequencies iw,, n € I,
and the Riesz basis (1, )ner is in fact an orthonormal basis of weighted exponentials. Moreover,

[Sleu](t) = 3, cr twn(u, Yn)n(t) = 3, iwnd(n)e™t whenever u € D(Se).

2.2.2 The smallest closed translation invariant space containing a given

signal

In some practical situations it may be desirable to regulate some given individual signal f € &
only. Hence an important question is: What is the simplest exosystem employing Proposition
2.3, Proposition 2.4 or Proposition 2.5 which is capable of generating at least the signal f? The

following result answers this question.

Proposition 2.21. Let f € £ BUC(R, E). Then the restriction of Ts(t)|s to the space & =
span{ Ts(t)|ef | t € R} (closure in £) constitutes an isometric Co—group. Moreover, £ is the

smallest closed Ts(t)|s—invariant subspace of £ containing f.

Proof. It is clear that if we can establish that &£ is the smallest closed T's(t)|¢ —invariant subspace
of £ containing f, then the restriction of T(t)|s to the space £ constitutes an isometric Cp—group
(see Subsection I.5.12 in [28]). But it is evident by construction that & is a closed T's ()| —invariant
subspace contained in & such that f € £¢. On the other hand, the space span{Ts(t)|sf |t € R}
must be contained in every closed translation invariant subspace of & which contains f. Hence also

Er =span{Ts(t)f |t € R} must be contained in every such space. O

According to Proposition 2.21 the state space W of the exosystem (2.2) employing Proposition
2.3, Proposition 2.4 or Proposition 2.5 should be chosen to be £, if only f € £ is to be generated.

By the above result we can make the following useful convention.

Definition 2.22. We say that a given signal f € £ can be regulated if and only if all signals in

E¢ can be regulated.
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For example, by this convention a given reference signal 3.y € H can be asymptotically tracked
if and only if every reference signal in the function space H,, , can be asymptotically tracked.
This convention is natural, especially so long as a linear exogenous system (2.2) is used: The
regulatability of a given signal is equivalent — by definition — to the regulatability of all signals
generated by the simplest exosystem (2.2) capable of generating the given signal. We point out that
if for some fixed Q € L(W, H) and w € W some exosystem (2.2) generates yrer = QTs(-)w € H,
then by only varying the initial state w € W, the same exosystem can always generate at least the

reference functions in span{ Ts(t)|xyres | t € R} which is always a dense subspace of H On

Yref*
the other hand, if this exosystem is also observable in the sense that QTs(-)w, — f € H implies
wy, — w € W, then it can generate all reference functions in H,, .. In fact, in this case every

y € Hy,., is of the form QTs(-)w for some w € W.

Remark 2.23. Although the Banach space £ need not in general be separable, for all f € £ the
space &5 of Proposition 2.21 is always separable (cf. Proposition 4.3.11 in [2]). This feature may

be important in some applications (see e.g. Theorem 4.22).

2.2.3 Signals having a prespecified spectral content

Some interesting and useful function spaces £_° BUC(R, E) can also be constructed by restricting
the spectral properties of bounded uniformly continuous functions. In order to do this, we shall

need the concept of Carleman spectrum [2, 38, 90]:
Definition 2.24. The Carleman transform of an arbitrary f € BUC(R, E) is defined by

- Joo e M f(t)de, R(A) >0

=97, (2.15)
—[C e Mft)dt, R(A) <0

A point \g € R is called regular point of f if fcan be continued analytically into a neighbourhood
of i\g. The complement in R of the set of regular points is called the Carleman spectrum of f and

it is denoted by spc(f).

We remark that spc(+) is a subset of R, but in this thesis we shall also employ its transformation

to ¢R which is induced by the map A — 7A.

Remark 2.25. By Lemma 4.6.8 in [2] for every f € BUC(R, E) we have that ispc(f) = o(S|e,).

Here & is as in Proposition 2.21 with closure taken in the sup-norm.
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Proposition 2.26. Let A C R be a closed set. Then € =AR,E)={f € BUCR,E) | spc(f) C
A}, is a closed translation invariant subspace of BUC(R, E) and Ts(t)|s constitutes an isometric

Co—group on E.

Proof. This result is just Corollary 1.3 in [38]. O

Example 2.27. If A ={w, | n € I} is a finite set of distinct frequencies, then A(R, E) consists

of trigonometric polynomials only (cf. Theorem 4.8.7 and Corollary 4.5.9 in [2]).

Example 2.28. If A C R is a closed countable set and if E does not contain an isomorphic copy
of co (the Banach space of numerical sequences converging to 0)°, then A(R, E) C AP(R, E) (see
e.g. Example 4 in [90]).

Remark 2.29. The spaces A(R, E) are useful in the construction of approximations for bounded
uniformly continuous functions R — F. In fact, by Remark 2.25, Proposition A.1 and Lemma
A8, for every f € E5BUC(R,E) and every ¢ > 0 there exists n € N and f,, € £ such that
spc(fn) C [—n,n] and ||f — fu|| < €. Furthermore, according to Lemma A.8, this approximation
fn of f can be generated by an exosystem (2.2) where the operator S is bounded (although in
general W is still infinite-dimensional). As we shall see in the subsequent chapters, the output
regulation problems that we study are considerably easier to solve if S is a bounded operator.
In practice such approximations with bounded operators S can be constructed via convolutions
by suitable summability kernels; see [58] and Proposition A.9. In the scalar case (E = C), for
example, spo(pK (ux) * f) C [—p, p] for each g > 0. Here K denotes the Fejér kernel (see e.g. [58]
p. 159).

5This is the case, for example, whenever E is reflexive 2]



Chapter 3

Feedforward output regulation

In this chapter we shall introduce and completely solve a relatively simple feedforward output
regulation problem (FRP) using the exosystem (2.2). The simplicity of this problem is based on
the open loop structure of the controller: Assuming that the plant has been appropriately stabilized
by a state feedback, our goal is to find an input to the plant (i.e. a feedforward control) such that
its steady state output is equal to a prespecified reference function, regardless of the disturbance.

Although it is well-known that such feedforward controllers do not in general lead to a robust
(i.e. structurally stable) design, they have received noticeable attention in the literature during
the past three decades. Besides the aforementioned simplicity, a key motivation for their study is
the observation that more complex — and more realistic — error feedback regulation problems can
often be formulated as feedforward regulation problems for certain extended systems (see Chapter
4 for details). Moreover, there is some practical benefit in the use of feedforward controllers:
Control action is immediately taken with the onset of a disturbance, whereas with error feedback
controllers control action is not taken until there is a change in the outputs of the system [20].
Finally, we are interested in feedforward controllers because, in contrast to the classical repetitive
control scheme (see Chapter 1), it turns out that for such open loop controllers the stabilization of
the closed loop system is not an overwhelming problem even if the exogenous signals were general
p—periodic functions.

For finite-dimensional linear systems, feedforward output regulation problems were studied in
the 1970s e.g. by Davison, Francis, Wonham and others (see e.g. [20, 22, 25, 29] and the references

therein). In particular, the regulator equations characterizing the solvability of the feedforward

29
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regulation problem for appropriately stabilized finite-dimensional plants were first! presented by
Francis in [29]. Similar methods were used by Davison in [25] in the construction of feedforward
controllers for output regulation purposes. In addition to this, the effect of transmission zeros on
the existence of regulating feedforward controllers were studied in [25]. Roughly stated, in the case
of stable finite-dimensional plants and (unstable) finite-dimensional exosystems (2.1), a regulating
feedforward controller exists provided that there are no transmission zeros on the spectrum of
the system operator of the exosystem. For plants (1.1) with dim(H) < oo this, by definition,
means that the transfer function H(s) of the plant should be invertible for every s € o(95), i.e.
det(H(s)) # 0 for all s € o(S) [12].

Many authors have also constructed feedforward controllers for infinite-dimensional systems and
finite-dimensional exosystems, e.g. Pohjolainen [72] and Byrnes et al. [12]. The finite-dimensional
feedforward regulation theory of Davison [20, 22] was generalized in [72] for exponentially stable
systems, under the additional assumption that the system operator A of the plant generates an
analytic Cp—semigroup. Subsequently, in [12] Byrnes et al. generalized the finite-dimensional feed-
forward regulation theory of Francis [29] for infinite-dimensional plants having zero feedthrough,
i.e. D = 0. For exponentially stabilizable systems they proved a complete characterization for the
existence (and construction) of a regulating feedforward controller in terms of solvability of the
regulator equations. Furthermore, for square plants Byrnes et al. [12] established that under the
exponential stabilizability assumption (and under certain additional assumptions about the spectra
o(A) and o(S)) a feedforward output regulation problem is solvable regardless of the choice of the
matrices P and @ in the exosystem (2.1) if and only if there are no transmission zeros on o(.5).

In this chapter we shall generalize the feedforward regulation theory of infinite-dimensional sys-
tems and finite-dimensional exosystems in [12, 72] to allow for bounded uniformly continuous re-
ference/disturbance signals generated by the possibly infinite-dimensional exogenous system (2.2).
We shall also not require the pair (A, B) in the plant to be exponentially stabilizable; in certain
cases it is actually sufficient that the pair (A, B) is only weakly stabilizable. It should be pointed
out, however, that Pohjolainen [72] allows for a degree of unboundedness in the operators B and
C; this is not the case here.

We next review the contents of this chapter in more detail, and we shall more precisely indicate

Tt should be pointed out, though, that the key Lemma 1 in [29] which leads to the regulator equations is due to
W. M. Wonham.



CHAPTER 3. FEEDFORWARD OUTPUT REGULATION 31

the respective contributions of this thesis.

Section 3.1:

Section 3.2:

Section 3.3:

We shall define the feedforward regulation problem FRP. This is the same problem as in [12],
except that we treat general bounded uniformly continuous reference/disturbance functions

under weaker stabilizability assumptions, and we allow for D # 0 in the plant.

We shall show that if the pair (A4, B) in the plant is strongly stabilizable using K € £(Z, H)
and if the regulator equations (3.10) due to Francis [29] (see also [12]) have a solution (II,T),
then the FRP can be solved. Morever, the control law u(t) = Kz(t) + (I' — KII)w(t) solves
the FRP. The main result of this section, Theorem 3.6, was essentially proved for finite-
dimensional exosystems (2.1) in Theorem IV.1 of [12] under the additional assumptions that
(A, B) is exponentially stabilizable and D = 0. The results of this section are based on those
in [46, 51, 54]. We point out that the actual solution of the regulator equations (3.10) is

studied later in this thesis; see Chapter 8 and Section 3.5.

We shall investigate whether the solvability of the regulator equations (3.10) is also necessary
for the solvability of the FRP. In order to do this, we shall first define regularity of an operator
A € L(W, Z) for a Cy—semigroup T4 (t) and characterize this property of A by the solvability
of the Sylvester operator equation ILS = AITl 4+ A in D(S). Thereafter, we shall define, and
present examples of, exosystems (2.2) which generate so called admissible reference signals.
Roughly stated, if the exosystem (2.2) generates admissible reference signals, then we do not
try to asymptotically track signals which vanish at +o0o0. Our main result (Theorem 3.16)
is: If a control law u(t) = Kz(t) + Lw(t) solves the FRP, if BL + P € L(W, Z) is regular
for Taypx(t) and if the exosystem (2.2) generates admissible reference signals, then the
regulator equations (3.10) necessarily have a solution (II, T') and L = T'— KTI. If A+ BK also
generates an exponentially stable Cyp—semigroup, then the regularity of BL+ P for Tay i (1)
need not be explicitly required. If, in addition, output regulation is exponentially fast (i.e.
le(®)|| decays exponentially), then the exosystem need not even generate admissible reference
signals. Together with the results of Section 3.2 these results provide various generalizations
for Theorem IV.1 in [12] for bounded uniformly continuous reference/disturbance signals
and plants which are not necessarily exponentially stabilizable. Moreover, D may be nonzero
here. The results of this section are based on those in [41, 42, 49], and they completely

describe the extent to which it is necessary and sufficient for the solvability of the FRP to
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Section 3.4:

Section 3.5:

be able to solve the regulator equations (3.10).

As a case study we shall consider regulation of a single given function f € £.5BUC(R, E)
for certain Banach spaces F and £ as in Chapter 2. According to the convention made in
Definition 2.22 this amounts to solving the FRP for W = &; = span{ Ts(t)|cf | t € R}.
We are then regulating all exogenous signals — namely those in £; — generated by the
simplest exosystem (2.2) which can also generate the given signal f. While the elements of
the function space &f are easy to work out if f is a trigonometric polynomial, this is not
necessarily the case if we only know that f € BUC(R, E). In particular, £ may in general
be an infinite-dimensional space even though it is the closure of spans of translates of one
single signal f only. The purpose of this case study is to characterize elements of the spaces
&s using knowledge of f. This information can be used to find out what other signals —
besides f — can also necessarily be regulated. Although our methods employ fairly standard
vector-valued harmonic analysis, they seem to be entirely new in control literature. The

results of this section are based on those in [46].

In this case study section we shall focus on a concrete application, namely the construction
of a feedforward control law which achieves the asymptotic tracking of p—periodic reference
signals in the (generalized) Sobolev spaces H (f,,,wy) introduced in Chapter 2. We shall apply
Proposition 2.3 for W = H = H(f,,w,), and solve the corresponding FRP for exponentially
stabilizable SISO plants which do not have transmission zeros on o(S|y) = {iw, | n €
I'}. By making the formal method presented in [10, 11] mathematically rigorous we shall
first explicitly solve the regulator equations (3.10). This allows us to explicitly resolve the
regulating control law (in particular the operator L) in terms of the solution operators IT and
I' of the regulator equations (3.10). We shall then derive a verifiable condition (3.55) which
completely characterizes both the solvability of the FRP and those periodic functions which a
given exponentially stabilizable plant can asymptotically track. Our results demonstrate an
interesting new phenomenon which is not present in the case of finite-dimensional exosystems
[12, 23, 29, 35, 72]: The nonexistence of transmission zeros on () is not enough to guarantee
the solvability of the output regulation problem. In fact, the reference functions must also be
smooth enough and the high frequency damping of the plant must also be modest enough in

order for output regulation to be possible. The necessary and sufficient smoothness-damping
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Section 3.6:

combination is completely characterized by the condition (3.55). The results of this section

are contained in [54].

As shown in Section 3.5, the nonexistence of transmission zeros on ¢ (.9) is not always sufficient
to guarantee the solvability of the FRP, unless W is finite-dimensional [12]. As regards the
necessity of nonexistence of zeros of the stabilized feedforward control system on o(S) for
asymptotic tracking (using Proposition 2.3) of reference signals in some given Banach space
H — BUC(R,H), in this case study section we shall prove the following results under

Assumption 3.42:

— If yrey € AP(R, H) can be regulated (i.e. if H,, , can be regulated), then the stabi-
lized feedforward control system does not have zeros on the Bohr spectrum of y,.y (cf.

Theorem 3.46).

— If yrey € BUC(R, H) is ergodic at A € R, with Myy,cs # 0, and if y,.¢ can be regulated
(i.e. if H,,,, can be regulated), then the stabilized feedforward control system does not

have a zero at iA (cf. Theorem 3.48).

— If yyey € BUC(R, H) can be regulated (i.e. if H can be regulated), then the stabi-

Yref
lized feedforward control system does not have a zero at iA whenever A € spc(Yrey) is

an isolated point (cf. Theorem 3.49).

— If for some space H the FRP is solvable, then the stabilized feedforward control system

does not have zeros on the point spectrum of S|y (cf. Theorem 3.47).

The above results have been developed in [46], and they are partial? generalizations of those in
Section V of [12], because the neutrally stable finite-dimensional linear exosystems employed
in [12] always generate almost periodic (and hence also totally ergodic; see [2]) reference
signals. For SISO systems the results of this section fully generalize those in Section V of
[12]. We conclude Section 3.6 with a discussion of the limitations of the above results. This
discussion illustrates the inherent complexity of the relation between nonexistence of system
zeros and asymptotic tracking of reference signals, in the case of an infinite-dimensional

exosystem (2.2).

2The essential differences are the assumption that there are no disturbances and the use of a different, perhaps

more natural notion of a system zero.
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Section 3.7: We shall present some examples of feedforward output regulation in the setup of Proposition

2.3. The examples are mostly as in the papers [49, 54].

3.1 The feedforward regulation problem FRP

In this section we shall define the feedforward regulation problem FRP. Since output regulation
means closed loop stability and asymptotic tracking of reference signals under disturbances, in the

case of feedforward controllers we are led to study the following problem.

Definition 3.1 (FRP). The task in the feedforward regulation problem is to find operators K €

L(Z,H) and L € L(W, H) having the following properties.

1. The pair (A, B) is strongly stabilizable using K, i.e. A + BK generates a strongly stable

Co—semigroup Ta4pk(t) on Z.

2. As the control law u(t) = Kz(t) + Lw(t) is applied to the plant, in the extended system on

Z x W described (in the mild sense) by the equations

4(t) = (A+ BK)z(t) + (BL + P)w(t), t>0 (3.1a)

w(t) = Sw(t), teR (3.1b)

the tracking error e(t) = y(t) — yYres(t) = (C + DK)z(t) + (DL — Q)w(t) — 0 as t — oo

regardless of the initial conditions z(0) € Z and w(0) € W.

Remark 3.2. It is implicitly assumed in Definition 3.1 that the free parameters W, P, @ and S of
the exogenous system (2.2) are fixed. However, the initial state w(0) € W of the exosystem need

not be fixed.

Remark 3.3. If some bounded operators K and L solve the FRP in the case that the exosys-
tem’s parameters are fixed as in Proposition 2.3, then all reference signals in the function space
H.EBUC(R, H) can be asymptotically tracked in the presence of certain disturbances. Moreover,
by construction the control law u(t) = Kz(t) + Lw(t) = Kz(t) + LTs(t)|nyres achieves asymp-
totic tracking of y,.¢ € H. Similarly, the solvability of the FRP in the case that the exosystem’s
parameters are chosen as in Proposition 2.4 implies that all disturbance signals in Z.5 BUC (R, Z)

can be asymptotically rejected and certain reference signals can be tracked. Again by construction
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the control law u(t) = Kz(t) + Lw(t) = Kz(t) + LTs(t)|zUaist achieves asymptotic rejection of
Ugist € Z. Finally, the solvability of the FRP in the case that the exosystem’s parameters are
chosen as in Proposition 2.5 implies that all reference signals in H can be asymptotically tracked
and all disturbance signals in Z can be asymptotically rejected. Moreover, by construction the
control law u(t) = Kz(t) + Lw(t) = Kz(t) + L( ;S'S((f))ll;ﬁ;e’; ) regulates any given exogenous signals
Yref € H and Ugist € 2

Remark 3.4. In Definition 3.1 we do not require exponential stabilizability of the pair (A4, B) in

the FRP, as was done in [12, 72].

3.2 Sufficient conditions for the solvability of the FRP

In this section we shall show that if the regulator equations (3.10) can be solved, and if the pair
(A, B) can be strongly stabilized, then the FRP can be solved. Moreover, we shall explicitly
construct a control law u(t) = Kz(t) + Lw(t) which solves the FRP in this case. We shall need

the following lemma, which turns out to be of fundamental importance also later on in this thesis.

Lemma 3.5. Let X7 and X2 be Banach spaces, let Ay generate a Co—semigroup Ta, (t) on X1, let
Ay generate a Co—semigroup Ta,(t) on Xo and let A € L(X2, X1). If there exists I1 € L(Xa, X1)
such that TI(D(Az)) C D(A1) and 1T satisfies the Sylvester type operator equation ITAy = A1+ A3
in D(Ay), then Ty, (t)$1(0)+f0t Ta, (t—5)AsTa,(s)x2(0)ds = T4, (t)x2(0)+T4, (t)[21(0)—IIz2(0)]
for allt >0, 21(0) € X7 and 22(0) € Xo.

Proof. Since by our assumption Ag = ITA; — A1l in D(Ayg), for each x2(0) € D(A3) we have

/0 Ta, (t — s)AsTa,(s)x2(0)ds = /0 Ta,(t—s) [HAQ — AT T4, (s)x2(0)ds (3.2)
_ / t diTAl(t )T, (5)22(0)ds (3.3)

o ds
=174, (t)z2(0) — Ta, (£)z2(0) VE>0 (3.4)

because D(Az) is invariant for T4, (t). Since D(Az) is also dense in Xa, we can extend the equality
t

/ Ta, (t —s)A3Ta,(s)x2(0)ds =TT, (t)x2(0) — Ta, (t)IIx2(0) VE>0 (3.5)
0

to hold for every x2(0) € Xs5. This is because for every z2(0) € X, there exists a sequence

(zk)r>0 C D(A2) such that ||z — 22(0)||x, — 0 as k — oco. Now for every ¢ > 0 and every ¢ > 0
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there exists n € N such that

/O Ty (6 — $)AsTa, (8)22(0)ds — [IITa, (Dr2(0) — T, ()T (0)] H < (3.6)
/ T (= ) AsTa, (5)22(0)ds — / T (b — ) AgTon, (s)nds| + (3.7)
0 0
/0 Ta (t — ) ATy (8)ends — [IITa, () — Ta, (OT1zy] || + (3.9)
| (M7, (t)n — Ta, ()] — [MT4, (£)22(0) — Ta, () z2(0)] || < € (3.9)
The result now follows immediately. O

Our main result in this section is the following.

Theorem 3.6. Assume that the pair (A, B) is strongly stabilizable using K € L(H,Z). If there
exist I € LW,Z) and T € L(W,H) such that II(D(S)) C D(A) and the following regulator

equations are satisfied:

All+ BT + P =1IS in D(S) (3.10a)

CII+DI'=Q W (3.10b)
then the control law u(t) = Kz(t) + (I' — KI)w(t) solves the FRP.

Before proving this result, we hasten to advice the reader that the actual solution of the
regulator equations (3.10) is deferred to Chapter 8, because those results are relatively independent
of any particular output regulation problem that we study in this thesis. As we shall see, similar
regulator equations also arise in other output regulation problems. Nonetheless, the reader is

invited to take a look at the results of Chapter 8 at any time.

Proof of Theorem 8.6. Since by assumption A + BK generates the strongly stable Cy—semigroup
Ta+pK(t), we only need to verify the condition 2 in Definition 3.1. Let L =T — KII € L(W, H).
Since I1S = (A + BK)II + BL + P in D(S), by Lemma 3.5 we have

t
/ Tarpr(t —7)(BL+ P)Ts(m)w(0)dr = IITs(t)w(0) — Tasr sk (t)Tw(0) (3.11)
0
for every w(0) € W and every ¢t > 0. Consider then the composite operator A on the extended
state space Z x W (see (3.1)) defined by

A+BK BL+P
A= (3.12)

0 S
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with D(A) = D(A + BK) x D(S). Since A+ BK generates the Co—semigroup Ta4pi(t) on Z
and S generates the Cy-group Ts(t) on W, it is clear that A4 generates a Cp—semigroup T 4(t) on
Z x W, because BL+ P € L(W, Z) (see also [17] Lemma 3.2.2). An easy calculation reveals that

this semigroup is given by

Tarpr(t) [ Taspr(t —7)(BL+ P)Ts(r)dr

Ta(t) = (3.13)
0 Ts(t)
| Tasr(t) HTs(t) — Tatrpr ()11 (3.14)
0 Ts(t)
Let z2(0) = 29 € Z and w(0) = wg € W be arbitrary. Then
. TA+BK<t)(ZO — H’LUQ) + HTS(t)U)()
TA(t)(w% ) = (315)

Ts(t)wo

Since by (3.10b) we have (C + DK)II+ DL — Q = CTI + DT"' — QQ = 0, the explicit expression for

the tracking error e(t) is as follows:

e(t) = (C+ DK)Taypk (t)(20 — Mwg) + (CTIL + DT — Q)T’s(t)wg (3.16)

— (C+ DK)Tay i (t)(20 — Twg) ¥t >0 (3.17)

Since Tapk (t) is strongly stable and C 4+ DK € £(Z, H), we have that e(t) — 0 as t — oo. This
shows that the asymptotic tracking/rejection condition of Definition 3.1 is also satisfied. The proof

is then complete. O

Remark 3.7. In the case that H = C™ for some M € N it is actually sufficient in Theorem 3.6
for the asymptotic tracking/rejection to occur that the pair (A, B) is merely weakly stabilizable
by K (i.e. that lim; oo f(Tat+Br(t)z) =0 for all f € L(Z,C) and all z € Z) and that IT and T
solve the the regulator equations (3.10). In this case C + DK € £(Z,CM) and so for every z € Z
limy 0o (C+ DK)Ta1 i (t)z = 0, as is easily seen by utilizing weak stability componentwise. The

conclusion follows via equations (3.16)-(3.17).

Remark 3.8. In order to be able to asymptotically track one given reference function y,.r €
HEBUC(R, H) in the case that the pair (A, B) is strongly stabilizable, by Proposition 2.3 and
the proof of Theorem 3.6 it is clearly sufficient to find operators Il € L(H, Z) and T" € L(H, H) for
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which

ATl + BT 4 P =T11S|  in D(S|y) (3.18a)

CI+ DI =6y in {Ts(t)|ryres | t € R} (3.18b)

However, by continuity and linearity the regulator equation CII4+ DI = §; is then actually satisfied
in H,,,, = span{ Ts(t)|yres | t € R}. Since in addition D(S|Hwa) C D(S|#n), all reference sig-

nals in H can be asymptotically tracked by Theorem 3.6. This observation provides additional

Yref

justification for the convention made Definition 2.22.

We again emphasize that the reader who wishes to learn about the actual solution of the
regulator equations (3.10) is invited to take a look at Chapter 8 at any time. That part of this
thesis is relatively independent of the other parts and it addresses the solvability of the equations
(3.10) in general. On the other hand, the reader is adviced that the regulator equations (3.10) will
be solved shortly in Section 3.5 for a simple special case of periodic signals and SISO systems in
an example-like fashion. Before doing that, however, we shall discuss necessity of solvability of the

regulator equations (3.10) for output regulation.

3.3 Necessary conditions for the solvability of the FRP

In Section 3.2 we proved that if strong stabilizability of (A, B) can be established then the output
regulation problem FRP is solvable provided that the regulator equations (3.10) are solvable. In
this section we discuss a converse question: Is it necessary to be able to solve the regulator equations
(3.10) in order to be able to solve the corresponding output regulation problem FRP? Although it
is well-known that Theorem 3.6 has a converse provided that the exosystem is finite-dimensional
and the plant is also exponentially stabilizable [12], the question as to whether or not such a
converse holds in the more general setting of Definition 3.1 turns out to be more difficult to answer
decisively. There are certain cases in which a converse of Theorem 3.6 does hold: If the FRP is
solvable and if certain additional assumptions hold, then the regulator equations (3.10) must have
a solution. In the present section we shall give such results.

In order to study the necessity of solvability of the regulator equations (3.10) for the solvability
of the FRP we have to identify the effect of both regulator equations on the dynamical behaviour of

the closed loop system (3.1). Fortunately, this has already been done in the proof of Theorem 3.6
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under the assumption that A + BK generates a strongly stable Cp—semigroup and L =T" — KTI.
In particular, the first regulator equation I1S = ATl + BT + P = (A+ BK)II + BL + P in D(S5)
guarantees that the state z(t) of the controlled and disturbed plant can be decomposed into a sum
of two parts, one of which decays to 0 as t — oo and the other can be generated by the exogenous
system (2.2) by an appropriate choice of its free parameters (see equation (3.15)). On the other
hand, the second regulator equation @ = CII + DT" = (C + DK)II + DL in W guarantees that
the unstable part of this decomposition of z(¢) cancels out the effect of the desired output in the
tracking error e(t) (see equations (3.16)-(3.17)).

In what follows we shall employ the concept of a regular operator A € L(W, Z) to formalize
some of the above ideas (see Definition 3.9). This allows for a complete characterization of the
solvability of the Sylvester operator equation ILS = AIl + A in D(S). The solvability of the
second regulator equation is subsequently obtained by imposing certain auxiliary conditions for

the reference signals or the speed of output regulation.

Definition 3.9. An operator A € L(W, Z) is said to be regular for the semigroup T'4(¢) if there
exists II € L(W, Z) such that II(D(S)) C D(A) and such that for every w € W the function
t — z(t) = OTs(t)w is a mild solution of the differential equation 2(t) = Az(¢) + ATs(t)w on the

whole real line, i.e. z satisfies
t
2(t) = Ta(t — 5)2(s) + / Ta(t — 7)ATs(rywdr Wt > s (3.19)

Remark 3.10. In (3.19) ¢ and s need not be nonnegative. Moreover, z(t) = IITs(t)w, with
w € W, need not be the only mild solution of the differential equation 2(t) = Az(t) + ATs(t)w on

the real line.

Remark 3.11. If an operator A € L(W, Z) is regular for T'4(t), then some mild solution of the
differential equation 2(t) = Az(t) + ATs(t)w on the whole line can always be generated using the
exosystem (2.2) by an appropriate choice of the free parameters. For example, if W = Z is a closed
translation invariant and operator invariant® subspace of BUC(R, Z) and if A = 6y € L(Z,Z) is
regular for T4 (t), then for all f = ATs(-)|zf € Z there exists a mild solution IITs(-)|zf € Z
of the differential equation (t) = Az(t) + f(¢) on the real line. If this mild solution in Z is also

unique, then the space Z is sometimes called regularly admissible in the literature, see e.g. [90].

3Z is operator invariant if for all f € Z and all P € £(Z, Z) the function t — PTs(t)|zf € Z [90].
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Lemma 3.12 below is crucial for the development of the main results in this section. Observe

that we do have to assume any stability properties for T4 (¢) in it.

Lemma 3.12. The operator equation ILS = AIl + A in D(S) has a solution II € L(W, Z) if and
only if A € L(W,Z) is regular for Tx(t).

Proof. Let II € L(W, Z) such that II(D(S)) C D(A) and IIS = Al + A in D(S). Let w € W
be arbitrary and set z(t) = IITs(t)w. Then it is easy to see using Lemma 3.5 and an elementary

change of variables that
/t Tyt — 7)ATs(T)wdr = NTs(t)w — Ta(t — s)IITs(s)w (3.20)
for every w € W and every t > s. Hence for every t > s, we have
2(t) =Ta(t — s)UTs(s)w + UTs(t)w — Ta(t — $)[ITs(s)w (3.21)
= Ta(t — 5)x(s) + / Ta(t — 1) AT (r)uwdr (3.22)

so that z(t) is a mild solution of the differential equation 2(t) = Az(t) + ATs(t)w on the whole
real line. In other words, A is regular for T4(t).

Conversely, suppose that there exists IT € L(WW, Z) such that II(D(S)) C D(A) and such that
for every w € W the function ¢t — z(t) = IITs(t)w is a mild solution of the differential equation
2(t) = Az(t) + ATg(t)w on the whole real line. Let w € D(S). Then since II(D(S)) C D(A) and
since D(S) is invariant for Tg(t), the function ¢ — ATs(t)w is continuously differentiable, and we

can differentiate both sides of the identity
t
MTs(t)w = Ta(t)Mw + / Ta(t — 7)ATs(T)wdr, Yt>0 (3.23)
0

(cf. Proposition 1.3.6 in [2]) and set ¢ = 0 to obtain ILS = AIl + A in D(S). The proof is

complete. ]

Remark 3.13. If T4 (t) is exponentially stable, then by Corollary 8 in [88] (see also Section A.2),
the operator equation IIS = AIl + A in D(S) has a (unique) solution II € L(W, Z) for every
A € L(W,Z). Consequently, every operator A € L(W, Z) is regular for an exponentially stable

Cy—semigroup.

One way to obtain the necessity of solvability of the regulator equations (3.10) for the solvability

of the FRP is to restrict the class of reference signals as follows.
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Definition 3.14. The exogenous system (2.2) generates admissible reference signals if for every
w € W and each Q € L(W, H) it is true that QTs(-)w € Cf (R,H) = { f € BUC(R,H) | f(t) —

0 ast — oo} only if Quw = 0.

For example, if the operator S in (2.2) generates a periodic Co—group Ts(t) on W, i.e. Ts(t +
p) = Ts(t) for each t € R and some p > 0, then the exogenous system (2.2) generates admissible
reference signals. In fact, the function ¢t — QTs(t)w is p—periodic for each Q € L(W, H) and every
w € W. Consequently, Quw = lim,_ ., QT (np)w = 0 for all Q € L(W, H) and all w € W such that
QTs(-)w € Cf (R, H). More generally, we have the following:

Proposition 3.15. The exogenous system (2.2) generates admissible reference signals provided

that at least one of the four conditions below holds.
1. The reference signals QTs(-)w are in AP(R, H) for all Q € LW, H) and all w € W.

2. The spectrum o(S) is countable and H does not contain a closed subspace which is isomorphic

to co (the space of sequences converging to 0 with the sup-norm).
3. The spectrum o(S) is discrete.
4. dim(W) < oo.

Proof. It can be shown (see e.g. [2] p. 290) that for every f € AP(R, H) there exists a sequence
(tn)nen C R such that t, — co as n — oo, and || f(t, + ) — f(s)|| < L for all n € N and all s € R.
Suppose that QTs(-)w € Cf (R, H) for some Q € L(W, H) and some w € W. That Qu = 0 follows
from the estimates || Q|| < ||QTs(0)w — QTs(tn)wl|| + ||QTs(trn)w] — 0 as n — oco.

Next suppose that o(S) is countable and that H does not contain a closed subspace which is
isomorphic to ¢g. Then for all Q € L(W, H) and all w € W the function QTs(-)w € BUC(R, H) is
such that its Carleman spectrum spc(QTs(-)w) satisfies ispo(QTs(-)w) C o(S) (cf. Remark 4.6.2
in [2]). Consequently also spc(QTs(-)w) is countable. Hence by Theorem 4.6.3 in [2] the function
QTs(-)w € AP(R, H). The conclusion now follows as in the above.

If 0(5) is a discrete set, then by the above reasoning so is always spo(QTs(-)w). Consequently,
by Theorem 4.8.7 in [2], in this case QTs(-)w € AP(R, H) and so the conclusion follows.

Finally, if dim(W) < oo, then since S generates an isometric Co—group on W, o(S) must be

discrete. The proof is complete. O
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Restricting our attention to such exosystems (2.2) that only generate admissible reference
signals essentially means that we do not want to asymptotically track reference functions vanishing
at 4+00. This assumption is natural and quite common in output regulation literature (see e.g.
[12, 29]). It is obvious that the control u(t) = Kz(t) would suffice for the asymptotic tracking of
vanishing signals, provided that A+ BK generates a strongly stable Cy—semigroup on Z. We point
out, however, that in contrast to the case dim(W) < oo, if dim(W) = oo, then the assumption
o(S) C iR alone does not guarantee that exosystem (2.2) generates admissible reference signals.
For example, let W = BUC(R,C) and S = S|gyc(r,c) as in Proposition 2.3. Then every compactly
supported infinitely smooth function f is in W N Cy (R, C) while o(S|pucr,c)) = iR. In this case
00Ts(t)f = f(t) — 0 as t — oo but dof = f(0) # 0 is possible.

We are now ready to present some conditions under which the solvability of the regulator

equations (3.10) is necessary for the solvability of the FRP.

Theorem 3.16. Assume that the exosystem (2.2) generates admissible reference signals. If the
FRP is solvable for some control law u(t) = Kz(t)+Lw(t) such that the operator BL+P € L(W, Z)
is reqular for the semigroup Taypk(t), then there exist Il € LW, Z) and T' € L(W, H) such that
II(D(S)) c D(A), L =T — KII and the regulator equations (3.10) are satisfied.

Proof. Since BL + P is regular for T4y i (t), by Lemma 3.12 there exists II € L(W, Z) such that
II(D(S)) Cc D(A+ BK) = D(A) and ILS = (A+ BK)II+ BL+ P in D(S). Let I' = L + KII €
L(W, H). Then II and T" solve the first regulator equation (3.10a).

We next show that also the second regulator equation is satisfied. Lemma 3.5 shows that since

IS = (A+ BK)II + BL + P in D(S), we have for every w € W and every ¢ > 0 that
t
/ T pic(t — 7)(BL + P)Ts(r)wdr = TITs(#)w — Tay s (£)TTw (3.24)
0

Let w(0) = w € W be arbitrary and take z(0) = IIw € Z. Then the corresponding tracking error

e(t) is given by

B(t) = (C + DK)TA+BK(t)[Z(O) — H’LU} + [(C + DK)H + DL — Q]Ts(t)w (325)
— [(C+ DKL + DL — Qs (t)w (3.26)
— [CT1 4 DT — QTs()w, it >0 (3.27)

Now [CII + DT — Q|Ts(-)w € Cf (R, H) because the FRP is solvable. Since the exosystem (2.2)

generates admissible reference signals and since CII + DI' — Q € L(W, H), we must have that
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Cllw + DT'w — Qw = 0. As w € W is arbitrary, also the second regulator equation (3.10b) is
satisfied. O

Remark 3.17. Since Theorem 3.16 generalizes the “necessity” part of Theorem IV.1 in [12] and
since the latter result relies on exponential stability of Tat+ gk (), it is somewhat surprising that

the proof of Theorem 3.16 above does not explicitly employ even strong stability of Tat gk (t).

By combining the above result with those in Section 3.2 we obtain the following complete

characterization for the solvability of the regulator equations and the FRP.

Corollary 3.18. Let the pair (A, B) be strongly stabilizable using K € L(Z, H) and assume that
the exogenous system (2.2) generates admissible reference signals. Then the FRP is solvable using
the control law u(t) = Kz(t) + Lw(t), where L € L(W,H) and BL + P is reqular for Tatpk(t), if
and only if there exists Il € LW, Z) and T' € L(W, H) such that II(D(S)) C D(A), L =T — KII

and the regulator equations (3.10) are satisfied.

If the pair A + BK also generates an exponentially stable Cy—semigroup, then the above
regularity condition for BL + P € L(W, Z) can be dropped:

Theorem 3.19. Assume that K € L(Z,H) stabilizes the pair (A, B) exponentially and assume
also that the exosystem (2.2) generates admissible reference signals. Then the FRP is solvable using
the control law u(t) = Kz(t) + Lw(t), where L € L(W, H), if and only if there exists Il € L(W, Z)
and T € L(W, H) such that TI(D(S)) C D(A), L =T — KII and the regulator equations (3.10) are
satisfied.

Proof. Theorem 3.6 covers the sufficiency part of this assertion. On the other hand, the necessity
part is proved as in the proof of Theorem 3.16; however, instead of Lemma 3.12 we rely on Corollary

8 in [88] (see also Section A.2) to ensure the unique solvability of the first regulator equation. [

Finally, if A + BK generates an exponentially stable Cy—semigroup and if we can solve the
FRP in such way that output regulation is exponentially fast, then we can also dispense with the
assumption that the exogenous system (2.2) only generates admissible reference signals. We arrive

at another complete characterization for the solvability of the FRP:

Theorem 3.20. Assume that K € L(Z,H) stabilizes the pair (A, B) exponentially. Then there
exists L € L(W, H) such that the control law u(t) = Kz(t) + Lw(t) solves the FRP and |le(t)| <



CHAPTER 3. FEEDFORWARD OUTPUT REGULATION 44

Me=“"||z(0)|| + [|[w(0)||] for all t > 0 and some M,w > 0 which do not depend on the initial
conditions z(0) € Z and w(0) € W, if and only if L = T'— KII whereIl € LW, Z) andT € L(W, H)

satisfy the requlator equations (3.10).

Proof. In the sufficiency part we refer the reader to the proof of Theorem 3.6. In particular, equa-
tion (3.17) yields le(t)]| < [|(C+ DK)Tas pic(£)(2(0) ~Mw(0))| < €+ DK Ta pxc (0| [[12(0) | +
[T [lw(0)[]] < Me=**[[|z(0)]| + [[w(0)]]] for all ¢ > 0 and some M,w > 0 which do not depend on
the initial states 2(0) € Z and w(0) € W.

On the other hand, in the necessity part we first deduce (by exponential stability and Corollary 8
in [88]; see Section A.2) that there exists a unique II € £(W, Z) such that ILS = (A+BK)II+BL+P
in D(S). Moreover, e(t) = (C+ DK)Ta+pk(t)(2(0) — w(0)) + (C+ DK)I+ DL — Q)Ts(t)w(0)
for every z(0) € Z and w(0) € W.

Assume that there exists wyg € W such that ||[(C+DK)II+DL—QJwo|| > 0. Let ty > 0 be such
that Me=«t[||T1|||jwo]| + ||woll] < [[[(C + DK)II + DL — QJwyg||, and set w(0) = Ts(—to)wo € W

and z(0) = ITw(0) € Z. Then the corresponding tracking error e(t) satisfies

le(to)ll = I(C' + DK+ DL — Q|Ts(to)w(0) || (3.28)

= [[(C' + DE)I1 4+ DL — Q]Ts(to)Ts(—to)wol (3.29)

= ||[(C+ DK)I1 4+ DL — Q|wo| (3.30)

< Me“" [|[1] [jwo]| + [[wol] (3.31)

because [|z(0)|| = [[TTw(0)|| < |[II||||Ts(—to)wo|| = ||II||||wo|l (recall that Ts(t) is an isometric

group). But this is clearly a contradiction. Hence [(C' + DK)II 4+ DL — QJwy = 0. The proof is

complete. ]

The above results show that the regulator equations (3.10) must often be solvable for II and T',
and that it is often also necessary to choose L = I'— K1I in order to achieve output regulation in the
sense of the FRP. Consequently, although the feedforward controller is very simple — and hence
quite appealing — it not necessarily robust even with respect to perturbations in the stabilizing

feedback operator K.
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3.4 A case study: Regulation of individual signals

Suppose that we are interested in regulating one given signal f in the sense of the FRP only.
Here f € £.5BUC(R, E) where the Banach spaces F and £ are determined by the goal that we
have. For example, if f is some particular reference function that we want to asymptotically track,
then E = H and £ — BUC(R, H). By the convention made in Definition 2.22, regulating f is
equivalent to regulating all signals generated by the simplest exosystem (2.2) capable of generating
f, i.e. regulating all signals in the smallest closed translation invariant space £ C £ containing
f. Using the constructions of Proposition 2.3, Proposition 2.4 or Proposition 2.5 the latter is then
equivalent to solving the FRP for W = &£; and appropriate choices of P, () which also depend on
the regulation problem at hand. However, the space £ may in general be infinite-dimensional in
spite of the fact that it is the closure of spans of translates of only one function f. Consequently it
is both important and interesting to investigate what other signals, besides f, can also necessarily
be regulated under these circumstances. This can be done by applying some standard methods of
harmonic analysis to study the content of &;.

Recall in the following that almost periodic functions are those which can be uniformly ap-

proximated by trigonometric polynomials (see Definition 2.8).

Theorem 3.21. Let f € AP(R, E) and define

I
a(A,f):legoﬁ/Te_Wf(t)dt VAER (3.32)

Then for sup-norm closures we have &y = span{ a(\, f)e™ | X\ € spp(f) }, where the Bohr spectrum
spe(f) ={ X e R |a(\ f)#0} [38]. If in addition f is p—periodic and has the Fourier series

> ez an€™nt, then & = span{ ane™™ | a, #0}.

Proof. The first part of the result is just Corollary 1.4 in [38]. If f is a p—periodic function with

the Fourier series Y. _, a,ent then its Carleman spectrum spo(f) = {wn | an # 0} by Example

nez
1.3 and Theorem 1.14 in [38]. But we also have that spc(f) = spp(f) by Proposition 1.2 in [38].
Hence trivially spp(f) = {wn | an # 0}. Moreover, it is not difficult to see that a(wy, f) = a,, for

every n € Z. By the first part of the theorem, we then have that £ = span{ a,e™" | a, #0}. O

Corollary 3.22. Let f € £€ — AP(R,E). Consider the space £ with closure in €. Then

Er cspan{a(A, f)e | X € spp(f)} (closure in the sup-norm).
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Proof. This result follows immediately, because £ — AP (R, E). O

As an example of the above we consider p—periodic scalar reference functions in a generalized

Sobolev space H(f,,wy) (cf. Chapter 2).

Example 3.23. Consider a Sobolev space H = H(fp,wn) for some sequences (wn)ner and (fr)ner-
Let yref(t) = >, crGi(n)ent € H. If §(n) # 0 for each n € I, then H,,,, = H. This fact
can be proved as follows. Since M, ., C H = span{ e“n | n € I}, with closures in H, it is
sufficient to show that the functions t — e'“nt € Hy,.; for every n € I. Since H is a Hil-
bert space, its closed subspace H,, ., is also a Hilbert space. Moreover, since TS(t)|Hy,,,ef is a
uniformly bounded Co—group, according to Corollary 4.3.5 in [2], for each n € I the Cy—group
e‘i”"th(tﬂHymf is Cesdro ergodic. This, on the other hand, by Proposition 4.3.1 in [2] means that
for each f € Hy,., and n € I the imit x} = lim;_. : fot e_“’”STs(s)\Hymf fds € ker(—iw,I +
S|Hyref) C Hy,.;- Now for the particular choice f = Yyrey € Hy,,, we have a} € 'Hy, , and
z'%(0) # 0 for every n € I because in this case z';(0) = do limy— oo %fot e_i“’"STS(s)|Hymf Yrepds =
limy oo 7 fot e~ wnsy, .+(s)ds = g(n). By Lemma II.1.9 in [28] we have e‘i“"tTS(t)|Hyref ol = al
foreachn € I andt € R. This shows that the functiont — §0Ts(t)|Hny ah = a'}(t) = e 'a’}(0) €

Hy,., for everyn € I.

The above example shows that in order to be able to track all reference signals in H(f,,w,) in
the sense of the FRP, it is necessary and sufficient to be able to track one function y,.; € H(fpn,wn)
with nonzero Fourier coefficients in the sense of the FRP.

We now turn to the general case, in which the function f to be regulated is not necessarily almost
periodic. Unfortunately, because of this extra generality we can only obtain partial information

on the space &y.

Definition 3.24. A function f € £ — BUC(R,E) is called ergodic at n € R with respect to
Ts(t)|e if the mean M, f = limy_.o 1 fot e~ Ts(7)|e fdr converges in & (cf. [2] Definition 4.3.10).

Proposition 3.25. Let f € £ — BUC(R, E) be ergodic at n € R, with M, f # 0. Then there

exists ¥ € E, x # 0, such that M, f = ez € & (closure in E).

Proof. By the assumptions

t

1 )
M,f = lim = [ e ™" Tg(7)|efdr #0 (3.33)
t—oo t 0
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Since e Tg(t)|e is a bounded Cy—group generated by —inl + S|z, by Proposition 4.3.1 in [2]
we have M, f € ker(—inl + S|¢). Hence for every t € R, Ts(t)|e M, f = e M, f by Lemma II.1.9

M 1) t) = (50TS t)eM, f = eint(S()M [ = €mt$ 3.34
n n n

for x = do M, f = [M,f](0) € E. Now M,f € &, since the integral in (3.33) can in fact be
calculated in &y (by definition this space is closed in £). The claim now follows, because = # 0

(for otherwise M, f = 0). O

Corollary 3.26. Let f € £ — BUC(R, E) and define the set
1t
Qp = {n€R|0#£M,f = lim ;/ eI T (r)|e fdr € € } (3.35)
— 00 0
Then for closures in & we have span{ [M, f](0)e™ | n € Qs } C &;.

The following result shows that isolated points A in the Carleman spectrum spco(f) of f €

BUC(R, E) always induce a nontrivial element xe'* in &;.

Proposition 3.27. Let f € BUC(R, E) and assume that A € R is an isolated point in spc(f).

Then there exists a nonzero x € E such that the function e x € E (closure in the sup-norm).

Proof. By the results of Section A.1 we have ispc(f) = o(S|e,), whenever &; is closed in the
sup-norm. Consequently, under our assumptions 4 is an isolated point in o(S|g,). Since S|g,
generates a bounded Cy—group on &, by Gelfand’s T' = I Theorem (cf. Corollary 4.4.9 in [2] or
Section A.1) 4\ is an eigenvalue of S|g,. This implies that there exists a nonzero y € £ such that
Ts(t)|e,y = ey for every t € R. Consequently y(t) = 80Ts(t)|e,y = oy = "*y(0) for each

t € R. The claim now follows upon the choice z = y(0), because = # 0 (otherwise y = 0). O

We remark that a complete characterization of £¢, such as in Theorem 3.21, in terms of the Car-
leman spectrum spc(f) alone does not generally seem to exist for those functions f € BUC(R, F)
which are not almost periodic. In fact, according to [58] (p. 170), even in the scalar-valued case it
is only possible to completely characterize the weak* closure of spans of translates of f (and not
&y which is the [|-||g-closure of spans of translates of f) in terms of spc(f). In the framework of
this thesis we have to restrict our attention to £¢ in order to use the theory of Cy—semigroups in

the solution of the FRP.
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3.5 A case study: Periodic tracking for exponentially stabi-

lizable SISO systems

In order to convince the reader of the value and applicability of our general results, in this section
we shall we shall solve the FRP and the regulator equations (3.10) in the case that the reference
signals are in generalized Sobolev spaces H(f,,w,) of p—periodic functions (see Chapter 2) and
the disturbance signals are also known to be p—periodic*. Throughout this section our standing

assumption for the plant is the following:

Assumption 3.28. The plant (1.1) is a SISO system (i.e. H = C), and the pair (A, B) is

exponentially stabilizable by a given (fixed) operator K € L(Z,C).

According to Proposition 2.3 a feasible way to model the signals is to choose the free parameters
of the exosystem (2.2) as in the following assumption which we shall also pose throughout this

section.

Assumption 3.29. W = H = H(fp,wy), S = Sln, Q@ = 6 € L(H,C), P € L(H,Z) and
IU(O) = Yref € H.

Under the above assumptions Theorem 3.19 ensures that output regulation in the sense of
the FRP is equivalent to the solvability of the regulator equations (3.10) for II and I" such that
L =T — KII. Below, we can sometimes explicitly solve these regulator equations provided that
the stabilized plant does not have transmission zeros at the complex Fourier frequencies iw,, of the
reference signals. This allows us to explicitly resolve the regulating control law (i.e. the operator
L) in terms of the solution operators II and I'. Furthermore, we can derive the condition (3.55)
which completely characterizes the solvability of the FRP and simultaneously provides a verifiable
answer to the question: What periodic signals can an exponentially stabilizable SISO control
system asymptotically track?

Let us define ¢,,(z) = e?n® for each x € Rand n € I. Clearly (¢, )ner constitutes an orthogonal
basis in H, and ¢, € D(S|y) with S|yd, = iwnd, for each n € I. Before proving our main
results we shall first introduce transmission zeros for SISO systems, and we shall prove a spectral

condition under which they are feedback invariant. By convention, throughout this section the

4A treatment of the solution of the regulator equations (3.10) in a considerably more general setup is to be

presented Chapter 8 and the reader is invited to take a look at those results at any time.
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transfer function H(s) of the plant is given by H(s) = CR(s, A)B + D for every s € p(A) and the
transfer function H (s) of the stabilized plant is given by Hi (s) = (C+ DK)R(s,A+ BK)B+ D
for each s € p(A + BK).

Definition 3.30. The sequence of disturbance coefficients for the stabilized plant is defined by
(Hd(n))nef = ((C + DK)R(iwna A+ BK)PQSn)nEI cC.

Definition 3.31. The plant (respectively stabilized plant) has a transmission zero at s = sp if

H(sg) = 0 (respectively Hy (sg) = 0).
For the case D = 0 the next result was stated in Lemma V.2 of [12].

Lemma 3.32. Let so € p(A) N p(A+ BK). Then the plant has a transmission zero at s = sg if

and only if the stabilized plant has a transmission zero at s = sg.
Proof. Let s = s¢ be a transmission zero of the plant. Clearly CR(so, A)B + D = 0 if and only if

C D
ker # {0} (3.36)

Sol—A —-B

where the domain of definition of the operator R = (, f 4 ‘5 ) is D(A) x C. Let 0 # (%) € ker R.

Then since © = R(sg, A) Bu, we must have that « # 0. Moreover,

C D I 0 I 0 T
=0 (3.37)
sol —A —-B K T -K I u

which implies
C+DK D x
=0 (3.38)
sol —A— BK -B u— Kz
Let R = (,,f 25k 1) with D(Rk) = D(R). If 2 =0, then 0 # () € ker Ri. On the other
hand, if # # 0, then 0 # (k. ) € ker Rk. In any case ker R # {0}. By the above this means
that (C + DK)R(so, A+ BK)B + D =0, i.e. that the stabilized plant has a transmission zero at

S = 8p.

Similar arguments show that also the converse holds. We omit the details. O

The following result is the key to the solution of the regulator equations (3.10) in this special
case of SISO systems. It provides a means for solving these equations in finite-dimensional spaces

spanned by exponentials.
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Proposition 3.33. Letn € I. If the stabilized plant does not have a transmission zero at s = iwy,
and if we define the operator L : span{¢,} — C by L(a¢,) = aHx (iw,) [l — Hy(n)] € C for all
a € C then the operators 11 : span{¢,} — Z and T' : span{¢,} — C defined by
(a¢y) = R(iw,, A+ BK)[BL(a¢,) + P(ag,)|] VaeC (3.39)
T'(adyn) = L(agy,) + Kl(ag,) VaeC (3.40)

satisfy ILS| ¢, = Allg,, + B¢y, + Py, and Cllg,, + DT'¢,, = do¢p, = 1. Hence by linearity II and

T satisfy the requlator equations (3.10) on the one-dimensional space span{¢, }.
Proof. Since S|y ¢y = iwndn, it is clear that if we solve the equations
(A+ BK)Il¢y, + BL¢y, + Py, = iwp gy, (3.41a)
(C + DK)¢, + DLy, = 1 (3.41b)

for I, and L¢,, and then set T'¢,, = Lo, + KIl,, we simultaneously have ILS|y ¢, = Allgp,, +
BTU'¢,, + P¢,, and CIl¢,, + DI'¢p,, = dg¢p, = 1. From (3.41a) we obtain

(A+ BE)Il$, + BLoy, + Py = iwyIlp, < I, = R(iwn, A+ BK)(BL¢, + Pd,) (3.42)

because A + BK generates an exponentially stable Cp—semigroup. Applying this expression for

I1¢,, to equation (3.41b) yields
(C+ DK)R(iw,, A+ BK)(BL¢,, + P¢,,) + DLo, =1 & (3.43)
[(C + DK)R(iwn, A+ BK)B + D|Lén + (C + DK)R(iwn, A+ BK)P¢, = 1< (3.44)
Hyc(iwn) Loy + Hy(n) =1 (3.45)
Hg (iw,) " [1 = Ha(n)] = Loy, (3.46)
by the assumption that Hg (iw,) # 0. The proof is complete. O

Remark 3.34. By the above proof Il¢,, = R(iw,, A+BK) [BLgbn—i—Pgbn] and Lo, = H (iw,) 11—

H,(n)] are in fact the unique solutions of the equations (3.41).

Theorem 3.35. Suppose that for everyn € I, s = 1w, is not a transmission zero of the stabilized

plant. Let (-,-) denote the L? inner product on H and define

Ly =) Hi(iwn) [l = Ho(n)](y, dn) (3.47)
nel
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for all such y € H for which the series converges. Then the FRP is solvable using the control law

u(t) = Kz(t) + Lw(t) if and only if L € L(H,C) (so that D(L) =H).

Proof. (Necessity.) If the control law u(t) = Kz(t) + Lw(t) solves the FRP, then by definition L
must be in £(H,C) and defined everywhere.

(Sufficiency.) Suppose that L € L(H,C). Then the linear operator I : H — Z defined by
Mw = [;° Taspx (7)(BL + P)Ts(—7)|nwdr for each w € H is in L(H, Z). Since Ts(—t)|r¢n =
e~ wntp, and R(iw,, A+BK)z = fooo e~ “nlTy pi(t)zdt for every z € Z (Proposition 5.1.5 in [2]),
we have that II¢,, = R(iw,, A+ BK)(BL + P)¢,, for each n. In addition, since (¢n, ¢m) = Om.n
(Kronecker delta), we have that L¢, = H (iw,) ™" [1 — Hy(n)] for each n € I. Consequently the
restrictions of IT and L satisfy the equations (3.41) for each n € I. Using the closedness of A, the

continuity of Il and I' = L + K1I and Remark 2.20, we obtain

nel nel
= [AIl + BT + Ply Vy € D(S|y) (3.49)
[CTI+ DIy = (y,¢n)[CT+ DI ¢p = > (y,¢n) =y(0) =boy Vye™M (3.50)
nel nel

by the fact that (y,¢,) = §(n) is the nth L? Fourier coefficient of y € H. Since now L =T — KII
where Il € L(H,Z) and T' € L(H,C) solve the regulator equations (3.10), the result follows from
Theorem 3.19. O

Remark 3.36. Under the assumptions of Theorem 3.35, for a given stabilizing state feedback
K € L(Z,C) it is actually necessary to use the particular operator L defined in (3.47) in a
regulating feedforward control u(t) = Kz(t) + Lw(t). This is because L = I' — KTI where II
and I' solve the regulator equations (3.10), and in particular L¢,, = I'¢,, — KIl¢,, for every n € I.
But then L is unique, because L¢,, is unique for every n € I (by the above) and (¢, )ner is an

orthogonal basis.

Corollary 3.37. Suppose that the assumptions of Theorem 3.35 are satisfied and that L defined
in (3.47) is in L(H,C), so that the FRP is solvable using u(t) = Kz(t) + Lw(t). Then for every
Yref € H(fn,wn) the corresponding control law u,,, . (t) which achieves the asymptotic tracking of
Yref(t) in the presence of the disturbance Ugisi(t) is given by

Uy, () = Kz(t) + > Hic(iw,) " [L = Ha(n)]j(n)e™*, vt >0 (3.51)
nel
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where Yrep(t) =Y, c; G(n)e™n" for each t € R.

Proof. By construction, u(t) = Kz(t) + Lw(t) = Kz(t) + LTs(t)|»w(0) is the control law which
achieves asymptotic tracking of y,.; = w(0) € H and asymptotic rejection of Ug;sr = PTs(-)|nw(0).

Hence it is sufficient to let w(0) = y,ey and work out Lw(t) = LTg(t)|nw(0) as follows:

LTs(t)lnw(0) =Y 4(n) LTs(t)|sn = Y ii(n)e™" Loy, (3.52)
nel nel
= Hg(iwn) '[1 = Ha(n)]j(n)e™", ¥t >0 (3.53)
nel
because Ts(t)|rdn = e, for each n € I and every t € R. O

In particular, if there are no disturbances (i.e. P = 0), and if the plant is already exponentially
stable then the control law (3.51) reduces to the remarkably simple one:

Uyrey (t) = Z H(iwn)ilg(n)eiwnt (3.54)

nel

The following corollary characterizes the solvability of the FRP by the asymptotic behaviour
of Hg (iw,) t[1 — Hy(n)] as n — +oo.

Corollary 3.38. Suppose that the assumptions of Theorem 3.35 are satisfied. Let L be defined as
n (3.47). Then u(t) = Kz(t) + Lw(t) solves the FRP if and only if

(Hic(iwn) L= Ha(m]f;"), o, € (3.55)

In the disturbance free case (i.e. P =0) this condition reads (H (iwn) ™" fr7 )nel € 2.

Proof. Let ¢, = for every n € I. Then (¢, )ner constitutes an orthonormal basis in H with

o H%H
respect the natural inner product of H. Here we denote this inner product by (-, -) 7. Observe that

we can write

L= fy Hi(iwn) 1 = Ha(n)] (-, tn) s (3.56)

nel
because fr9(n) = fuly, ¢n)rz = (Y, ¥n) s for each n € I and y € H. Since H is a Hilbert space,

by the Riesz Representation Theorem L € L(H,C) if and only if there exists a unique element
[ € H such that Lw = (w,l); for every w € H. Then we must have that Ly, = (¢,,1)5 =
I tHk (iwn) 71 — Hq(n)), or, (I,¢y) s = Hg (iw,)~*[1 — Ha(n)]f,* for every n € I. But by the

orthonormality of (¢, )ner the element [ thus defined is in H if and only if

D)l =D 1Hi(iwn) "M L = Ha(n)]P| ful 7 < o0 (3.57)

nel nel
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This and Theorem 3.35 give the desired result. O

Remark 3.39. In the case that H is finite-dimensional, the condition (3.55) is trivially satisfied

under the assumptions of Theorem 3.35.

The above results formalize the intuitive idea that in order to be able to asymptotically track
general p—periodic reference signals, the stabilized plant should not attenuate high frequency
oscillations too drastically and at the same time the reference signals should be smooth enough. By
the above, in the absence of transmission zeros it is true that all reference signals in H = H(f,,,wn)
can be regulated in the sense of the FRP if and only if the condition (3.55) holds, i.e. the operator
L defined in (3.47) is bounded. We point out that this operator L is not in general bounded for
all choices of the state space W = H of the exosystem; however, the condition (3.55) allows us to
choose such a topology for W that L becomes bounded. The choice of this topology amounts to
an appropriate choice of the sequence (f,,)ner, which on the other hand completely determines the
degree of smoothness of the reference signals.

But what if the condition (3.55) is not satisfied? In that case there must exist ¢, € H
which cannot be regulated in the sense of the FRP. Assume that there also exists some y; € ‘H
which we can regulate in the sense that there exists L € L(H,C) such that u(t) = Kz(t) +
LTs(t)|ny1 achieves asymptotic tracking of y; for each initial state z(0) € Z of the plant. In the
absence of transmission zeros of the stabilized plant on o(S|x), according to Theorem 3.19 and
Proposition 3.33 all exponential functions ¢t — e™n! = ¢,,(¢), n € I can be regulated. Hence we
may in this case assume without loss of generality that 7; has nonvanishing Fourier coefficients®.
Exponential stability of A + BK now guarantees the solvability of the first regulator equation
I1S|y = All4+ BT+ P = All 4+ B(L + KII) + P in D(S|5), whereas the second regulator equation
CH + DT = CII1 + D(L + KII) = § is satisfied at least in the subset {Ts(t)|ny1 |t € R} CH
by the periodicity of Tis(t)|x and the tracking requirement®. Using extension by continuity and
linearity it is straightforward to show that it is then actually possible to regulate all reference
signals in H,, = span{ Ts(t)|xy: |t € R}. But by Example 3.23 then the space H = H,,, so that
all reference signals in H can be regulated. This contradiction shows that the condition (3.55) also

characterizes those Sobolev spaces H ( f,,w,) which cannot be regulated (in the sense of the FRP),

50therwise we could always add missing individual frequency components to yi, because the individual

frequencies can be regulated.
6 Apply the argument used in the proof of Theorem 3.16 to see that [CTI + DT — 60]Ts(t)y1 = 0 for all t € R.
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in the absence of transmission zeros of the stabilized plant on o (S|#).
We conclude this section with some auxiliary results which in some cases simplify the verification

of the condition (3.55) (see also Theorem 8.2 and the discussion in Section 8.3 for related results).

Theorem 3.40. Let A generate an exponentially stable Co—semigroup and let A+ BK, for K €
L(Z,C), also generate an exponentially stable Co—semigroup. Then there exist m, M > 0 (which
do not depend onn € I) such that ||CR(iwy, A)B|| < m||CR(iw,, A+ BK)B| < M||CR(iwy, A)B||

for eachn € 1.

Proof. By an elementary calculation, we have that CR(iw,,A + BK)B = CR(iw,, A)B[I +
KR(iwp, A+ BK)B] and that CR(iw,, A)B = CR(iw,, A + BK)B[I — K R(iwy,, A)B] for every
n € I. Since A and A+ BK both generate exponentially stable Cy—semigroups, ||R(iw,, A)|| and
|R(iwy, A + BK)|| are uniformly bounded in n, according to the Riemann-Lebesgue Lemma [17].

The desired conclusion now follows by some obvious norm estimates. O

According to Theorem 3.40, if D = 0, if there are no disturbances, and if both A and
A + BK generate exponentially stable Co—semigroups, then (H (iwy,)f, )ner € €2 if and only
if (Hg(iwn)f Y )ner € £2. In particular, in this case the capability of asymptotic tracking is an
intrinsic property of the plant which is independent of the stabilizing feedback K. This can be
seen by applying the above result for A+ BK; and A+ BKy = (A+ BK;) + B(K3 — K;) where

K7 and K> are two different exponentially stabilizing state feedback operators for the pair (4, B).

Corollary 3.41. Let A and A+ BK, where K € L(Z,C), generate exponentially stable analytic

Co-semigroups. Then the following hold.

1. For D =0 the condition (3.55) holds if (H (iw,) '[1 — Hd(n)]f’l)nel €.

n

2. For D # 0 the condition (3.55) holds if H (iwy,) # 0 for eachn € I and if([l—Hd(n)]f_l)nGI €

n

02; in particular, whenever H(iw,) # 0 for each n € I and sup,,c; |Ha(n)| < co.

Proof. The case D = 0 is settled by Theorem 3.40 and Lemma 3.32 so we may let D # 0.
By exponential stability and Lemma 3.32, for all n € I we have Hg(iw,) # 0. Since A and
A+ BK generate exponentially stable analytic semigroups, we have lim,, 4o, Hg (iw,) = D # 0.

Consequently for some § > 0 we have ¢ < inf,c; |[Hg (iwy)| < sup,,¢; |Hg (iw,)| < 00, and so

|Hi(ion) (1~ Hal)lfi '] < 5 |10~ Hul)lf | vme (3.59)
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This shows that condition (3.55) holds if ([1 — Hd(n)]ffl)neI € (2. Finally, if sup, ¢, [Ha(n)| =

n

My < oo, then we may estimate Y, ;| fn| 721 — Ha(n)[* < (1+ Mo)?> Y, c; [fnl 2 < 0. O

3.6 A case study: Zeros and asymptotic tracking

We saw in Section 3.5 for periodic signals with W = H = H(f,,w,) that whenever a suitably
stabilized SISO plant does not have transmission zeros on o(S5), i.e. Hg(iw,) # 0 for all n € I,
and also the condition (3.55) holds, all reference functions in H can be asymptotically tracked in
the presence of certain disturbances. On the other hand, for general MIMO systems and finite-
dimensional exosystems (2.1) it is well-known that a converse result also holds, at least if D =0
and o(S) C peo(A) (cf. Corollary V.1 and Lemma V.2 in [12]): If there are transmission zeros
of the stabilized plant on o(S), i.e. det(CR(iw,A + BK)B) = 0 for some iw € o(S), then
output regulation of all possible reference/disturbance signals cannot be achieved. But does this
converse result remain true for infinite-dimensional exosystems (2.2)7 In other words, is it still
necessary for output regulation that there are no transmission zeros of the stabilized plant on o (S)
if dim(W) = oo? This question turns out to be considerably more difficult to answer decisively
than the corresponding one for finite-dimensional exosystems (2.1). In the present section we
shall conduct a case study of this question under the following standing assumption, which by
Proposition 2.3 also shows that we are only interested in the asymptotic tracking of a class H —

BUC(R, H) of reference signals, without disturbance rejection.

Assumption 3.42. The pair (A, B) is exponentially stabilizable using K € L(Z,H), and the
exosystem’s free parameters are chosen as’ W = HSBUC(R,H), S = S|y, Q = 6o € L(H,H),
P =0, w(0) = yref € H. Moreover, the solvability of the FRP is equivalent to the solvability of

the regulator equations (3.10) for IT and I' such that L =T — KII in the regulating control law.

Remark 3.43. Theorem 3.19 and Theorem 3.20 present conditions under which the solvability
of the FRP is equivalent to the solvability of the regulator equations (3.10) for IT and T such that
L =T — KII in the regulating control law. Moreover, by construction the solvability of the FRP in
this case implies that all reference signals in the Banach function space H can be asymptotically

tracked.

"The function space H will vary in the results of this section, and the exosystem is always assumed to be chosen

in this way, according to the specific H in question.
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In this section we shall be concerned of the following kind of system zeros:

Definition 3.44. Let L € L(H, H) be nonzero. We say that the stabilized feedforward control
system (i.e. the plant (1.1) subject to the control u(t) = Kz(t)+Lw(t)) has a zero at A € p(A+BK)
if Hx(A\)L = [(C+ DK)R(\,A+ BK)B + D|L = 0.

It is clear that if H = CV (say), and if the stabilized plant does not have a transmission zero
at A\ € p(A+ BK) (i.e. det(Hg(N)) # 0, as in [12]), then the stabilized feedforward control
system cannot have a zero at A\. Conversely, in this case all zeros A € p(A + BK) of the stabilized
feedforward control system are transmission zeros of the stabilized plant in the above sense. In the
SISO case the stabilized feedforward control system has a zero at A € p(A + BK) if and only if it
has a transmission zero at A. In addition, in this case Lemma 3.32 guarantees that all transmission
zeros of the stabilized plant in A € p(A) N p(A + BK) coincide with those of the plant without
stabilization. However, since a transmission zero of the stabilized (MIMO) plant need not be a zero
of the stabilized (MIMO) feedforward control system, it is appropriate to provide some motivation
for the above definition.

The reason why we do not, in general, employ the ordinary concept of a transmission zero
in this section is as follows. Byrnes, Laukd, Gilliam and Shubov have shown (Corollary V.1 in
[12]) for finite-dimensional exosystems (2.1) that under certain additional assumptions the FRP is
solvable for every operator P and @ in the exosystem if and only if the transfer function of the
stabilized plant is invertible on o(S), i.e. there are no transmission zeros on o (.S) (this result also
appears in a different form in the earlier work of Schumacher [80]). However, in this case study
section we want to consider the particular problem where the asymptotic tracking of signals in
a given function space H, without disturbance rejection, is required; by Proposition 2.3 this can
be done by fizing the operators P = 0 and Q = Jy as done in Assumption 3.42. Consequently,
according to the result of Byrnes et al. [12] cited above, even for a finite-dimensional H the
existence of transmission zeros on o(S|y) does not — in our particular problem — in general
imply the impossibility of asymptotic tracking of signals in H. However, it turns out that the
existence of zeros of the stabilized feedforward control system, as in Definition 3.44, on o(S|x)
does sometimes imply this. We again emphasize that these zeros constitute a subset, usually also
a proper one, of the transmission zeros of the stabilized plant.

The following lemma plays a key role in the proofs of the main results of this section.
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Lemma 3.45. Assume that for some L € L(H,H) the control law u(t) = Kz(t) + Lw(t) solves
the FRP. If for some \ € R and for some nonzero a € H the function t — y(t) = ae’*' € H, then

Hg(iN)Ly = a.

Proof. By Assumption 3.42 there exist II € L(H,Z) and ' € L(H, H) which solve the regulator
equations (3.10) and L = T' — KTI. Consequently, we also have that I1S|y = (A + BK)II + BL
in D(S|x). But the solution X € L(H, Z) of equation X S|y = (A+ BK)X + BL in D(S|x) is
unique because A + BK generates an exponentially stable Cy—semigroup (see e.g. [88], Corollary

8). This solution is given by
X = / Ta e (8) BLTs (—8) jpedt = I (3.59)
0

(the strong limit of a Riemann integral).

Let y = ae’™ € H. Then since CII + DT' = §y in H, and L = I' — KII, we also have that
(C+ DK)ly + DLy = 6oy = y(0) = a (3.60)

By the boundedness of C' + DK this yields

/OOC(C + DK)Ta+pr(t)BLTs(—t)|nydt + DLy = a (3.61)
and so

/0 cm(c + DK)Tuy gk (t)BLae "1 dt + DLae™ = (3.62)

[((C+ DK)R(i\,A+ BK)B + D|Lae"* = (3.63)

[(C+ DK)R(i\,A+ BK)B+ D|Ly =a (3.64)
This shows that Hg (iA\)Ly = a, as was claimed. O

We next present the main results of this section. Recall the convention made in Definition
2.22; under Assumption 3.42 it says that a signal y,.y € H can be asymptotically tracked iff all

signals in the smallest possible state space H C H of the exosystem generating y,.y can be

Yref

asymptotically tracked.

Theorem 3.46. Suppose that a given signal yrey € AP(R, H) can be asymptotically tracked in the

sense of the FRP, using a control law u(t) = Kz(t) + Lw(t). Then there cannot be zeros of the



CHAPTER 3. FEEDFORWARD OUTPUT REGULATION 58

stabilized feedforward control system on the Bohr spectrum of yrey, i.e the following implication
holds for all A € R:
Ae SpB(yref) - HK(Z/\)L ?é 0 (365)

Proof. That y,.; € AP(R, H) can be asymptotically tracked means, by the convention of Definition
2.22, that we can track all reference signals in H,, . (where closure is taken with respect to the
norm of AP(R, H), i.e. the sup —norm). This, on the other hand, means the solvability of the

FRP for W ="H using the control law u(t) = Kz(t) + Lw(t). Let A € spp(yres). By Theorem

Yref

3.21, there exists a nonzero a € H such that y = ae™ € H By Lemma 3.45, we have

Yref*

Hg(iA) Ly = a # 0. Hence Hi (iA)L # 0. O
In the following result the reference signals need not be almost periodic.

Theorem 3.47. Let H. BUC(R, H). If a control law u(t) = Kz(t) + Lw(t) solves the FRP, then
there cannot be zeros of the stabilized feedforward control system on the point spectrum of S|y, i.e.

the following implication holds for all A € R:
iN€op(Slx) = Hg(@EANL#0 (3.66)

Proof. Let i\ € op(S|x). Then S|y f = i\f for some nonzero f € D(S|y). Hence also Ts(t)|xf =
e f for every t € R. This shows that for every ¢t € R we have doTs(t)|nf = f(t) = Moo f =

e £(0) where f(0) # 0. Since f € H, the result follows by Lemma 3.45. O

The above results show in particular that the standing assumption of Section 3.5 (i.e. no
transmission zeros of the stabilized SISO plant on ¢(S)) cannot in general be removed if output
regulation for H = H(f,,wy) is to be achieved. Moreover, in the SISO case they generalize the
well-known results of output regulation theory for finite-dimensional exogenous systems (see e.g.
12]).

Whereas in the above two theorems we could conclude that there are no zeros of the sta-
bilized feedforward control system on certain subsets of iR, the following two theorems are of
individual nature; they apply to single points on the imaginary axis. Recall that a function
Yref € HEBUC(R, H) is called ergodic at 7 € R with respect to Ts(t)| if the mean M,y er =

limy o0 fot e~ Ts(T)|nyrepdr converges in ‘H (cf. Definition 3.24 and [2] Definition 4.3.10).
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Theorem 3.48. Suppose that a given signal yr.y € HEBUC(R, H) can be regulated in the sense
of the FRP using a control law u(t) = Kz(t)+ Lw(t). If yreys is ergodic at X € R, with Myyres # 0,

then Hi (iA\)L # 0, i.e. the stabilized feedforward control system does not have a zero at il.

Proof. By convention H,,_, (closure in H) can be regulated in the sense of the FRP using the

vef
control law u(t) = Kz(t) + Lw(t). By Proposition 3.25, there exists x € H, x # 0, such that

y=e*z €M, . By Lemma 3.45, Hx(i\)Ly # 0 from which the claim follows. O

Theorem 3.49. Suppose that a given signal yr.y € BUC(R, H) can be regulated in the sense of
the FRP using a control law u(t) = Kz(t) + Lw(t). Then for every isolated point A\ € spc(Yres)

we have Hi (1A)L # 0, i.e. the stabilized feedforward control system does not have a zero at i\.

Proof. By convention H,, . (closure in the sup-norm) can be regulated in the sense of the FRP
using the control law u(t) = Kz(t) + Lw(t). By Proposition 3.27 there exists a nonzero x € H

such that ze'* € H,, .. The claim immediately follows by Lemma 3.45. O

Although the above results generalize some well-known ones from the output regulation theory
of finite-dimensional exosystems [12], there are, unfortunately, certain subtle limitations in them.
First of all, the Bohr spectrum spp(yres) of an almost periodic function y,.s is not necessarily all
of the Carleman spectrum spc(Yrer) of yrep: In general, we only have the equality for closures,
i.e. spB(Yref) = 5pc(Yres) (cf. Proposition 1.2 in [38]). On the other hand spc(yres) does not
necessarily consist entirely of isolated points [58]. Hence as regards Theorem 3.46 and Theorem

3.49, what one would like to have is the validity of an implication of the form
VAeER: A€ spe(Yref) = Hrg(IN)L #0 (3.67)

provided that a bounded uniformly continuous signal ..y can be regulated using the control law
u(t) = Kz(t) + Lw(t) in the sense of the FRP (we call this the Setting 1).

On the other hand, since Ts(t)| is an isometric Co—group on H, we have o(S|x) = c4(S|x)
(the approximate point spectrum of S|y) by Proposition IV.1.10 in [28]. However, Theorem 3.47
only applies to the point spectrum of S|z;. What one wants to have, in general, is the validity of

an implication of the form

VAER: i\€o(Sly) = Hi(iINL#0 (3.68)
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provided that a control law wu(t) = Kz(t) + Lw(t) solves the FRP for W = H (we call this the
Setting 2).
It is remarkable that these two settings are equivalent for sup-normed spaces H, as shown

below.

Proposition 3.50. Let A € R and let H.5BUC(R, H) be a closed subspace. Then X\ € spc(y) for

some y € H if and only if i\ € o(S|n).

Proof. Let X € spc(y) for some y € H and let S|, denote the restriction of S| to H,, where as
usual H, = span{ Ts(t)|ny | t € R} (closure in |||l = |||l). By the results cited in Section A.1
we have that o(S|y,) = ispc(y). Then by the above, i\ € o(S|y,). Hence by Corollary 1V.2.16
in [28] iX € o(S]x).
On the other hand, suppose that iA € o(S]x). For each w € H the map R, : {n € C| R(n) >
0} - H :n — R(n,S|n)w is holomorphic. The local unitary spectrum [6] o, (S|, w) of w is
defined as the set of points 7 € iR to which R,, cannot be extended holomorphically. Since S|z
generates an isometric Cp—group, by the Banach-Steinhaus Theorem, we have
a(Sl) = | oul(Shew) (3.69)
weH

Hence there exists y € H such that i\ € 0,(S|x,y). But for R(n) > 0 we have

ROnShoy= [ e " Ts(haydt = [ " TsOe,pdt = Ry Sy (370)
0 0

Consequently, R(7, S|, )y cannot be extended holomorphically to i\, so that i\ € oy, (S|x,, ).
Again, since o(S|y,) = Uwen,0u(S|n,,w), we have i\ € o(S|y,). By the results of Section A.1

then X\ € spc(y) and the proof is complete. O

Theorem 3.51. Assume that Ho S BUC(R, H) is a given sup-norm closed subspace. Then the

following assertions are equivalent:

1. For every individual signal yr.; € Ho which can be regulated in the sense of the FRP it is

true that the implication (3.67) is valid for the operators K, L in a regulating control law.

2. For every sup-norm closed subspace H.°Hy, such that for W = H the FRP is solvable, it is

true that the implication (3.68) is valid for the operators K, L in a requlating control law.
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Proof. Assume that the first assertion is true and that for an arbitrary W = H.5Hy the FRP has
a solution u(t) = Kz(t) + Lw(t). In order to show that the implication (3.68) is valid (for these
operators K, L) we take an arbitrary i\ € o(S|y) and show that necessarily Hx (iA\)L # 0. By
Proposition 3.50 there exists y € H such that A\ € spc(y). But since H, = span{ Ts(t)|ny | t €
R} C H the same control law u(t) = Kz(t) + Lw(t) regulates the individual signal y, i.e. solves
the FRP for W = H,. Since implication (3.67) is valid, it is true that Hg (i\)L # 0.

Assume then that the second assertion is true and that an arbitrary given individual signal
Yref € Ho can be regulated in the sense of the FRP, i.e. there exists a control law u(t) =
Kz(t) + Lw(t) which solves the FRP for W = M, .. In order to show that the implication
(3.67) is valid (for these operators K, L) we take an arbitrary A € spc(yrer) and show that
necessarily Hg (iA\)L # 0. According to the results of Section A.1 A € o(S

w, ). Moreover,
Yref

u(t) = Kz(t) + Lw(t) solves the FRP for W = H,, _, according to our convention. But H,, _, is a

Yref Yref

closed subspace of Hy and since the second assertion holds true, we must have that Hg (iA)L # 0.

Hence also the first assertion holds true. O

Theorem 3.51 shows that the Setting 1 is equivalent to the Setting 2 in sup-normed spaces.
However, we do not know if these settings are in effect in general, i.e. we do not know if the
assertions of Theorem 3.51 are true for a general pivot space Hy C BUC(R, H). Based on the
concluding remarks of Section 3.4, we suspect that this is not the case in general. On the other
hand, in the future it would be very interesting to see what the most general conditions for Hg are
such that the above equivalent settings are in effect. Although this problem has not been solved in
the present case study section, we were able to illustrate the complex relationship between system

zeros and output regulation which only exists for infinite-dimensional exosystems.

3.7 Examples of feedforward output regulation

In this section we shall present various concrete examples to illustrate the feedforward output
regulation theory developed in this chapter. Throughout the section we assume, in accordance
with Proposition 2.3, that W = H — BUC(R,H), S = S|y, Q = 60 € L(H,H), P € L(H,Z)
and w(0) = yrey € H. Hence we are interested in the asymptotic tracking of all reference signals
in some function space H, under such disturbances which are known to have similar dynamical

properties as the reference signals.
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Our first example concerns finite-dimensional systems and infinite-dimensional exosystems.

Example 3.52. Consider a finite-dimensional exponentially stable SISO-plant that is not subject
to any disturbances (i.e. P =0). Consider reference signals in the Sobolev space H7,,.(0,p), v > %,
i.e. set H = H(fp,wyn) for I =Z and f, = mv and w, = 2”7" for each n € Z. Let N
denote the relative degree of the transfer function H(s) of the plant, and assume that there are no
transmission zeros in the set of complex Fourier frequencies {iw, | n € Z } of the reference signals.

By the relative degree condition, H(iw,)™' is of order O(|w,|) as n — +oo. Let us define
L as in (3.47) (with K = 0 since the plant is already stable and with Hy(n) = 0 because there
are no disturbances). Then for v > N + % the condition (3.55) holds true. This implies that for
such vy, all reference signals y,ey € Hp,,.(0,p) can be asymptotically tracked using the control law

u(t) = Lw(t) by Corollary 3.38.

In the next example we show that there exist infinite-dimensional systems which cannot track
all reference signals in H,.(0,p) for any v > 1 (in the sense of the FRP), even if there are no
transmission zeros in the set of complex Fourier frequencies of the reference signals. This is in
strong contrast to the finite-dimensional case, as is seen from Example 3.52 above. Moreover,
Example 3.53 illustrates the fact that transmission zeros are not the only cause of trouble in
output regulation problems for general bounded uniformly continuous exogenous signals: OQutput
regulation of periodic signals is only possible if the smoothness of these signals is “compatible”

with the high frequency damping rate of the plant. We refer the reader to [17, 78] for the relevant

notation and definitions of the below example.

Example 3.53. Let f € D(R) be a test function such that supp(f) C [0,a], where 0 < a < oo.
Let Z ={g € H'(0,a) | g(a) = 0} where H*(0,a) denotes the standard Sobolev space. Since Z is
the null space of a continuous linear functional, it is a closed subspace of H'(0,a). Let A be the
generator of the left shift semigroup Ta(t) on Z defined by (Ta(t)g)(z) = g(x+1t) for x+t < a, and
(Ta(t)g)(z) = 0 otherwise, for every g € Z. Clearly Ta(t) is strongly continuous (cf. Example 1.5.4
in [28]) and exponentially stable on Z. Let C' be the point evaluation at the origin, i.e. Cg = g(0)
for every g € Z. It is easy to show (see e.g. [55]) that C' € L(Z,C). Finally, let Bu = fu for
u € C. Then evidently B € L(C,Z). Moreover, in this case the system (1.1) (with D = 0 and
Ugist = 0) has f(t) as its impulse response [17]. In fact, CTA(t)B = [f(x+1)] _, = f(t) for every

t>0.
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By applying Fourier transforms, we see that the transfer function H (iw) = F(f)(iw) is a rapidly
decreasing function. Hence sup,cp(l + w?)N|H (iw)| < oo for every N € N. For the purpose of
output regulation, we may assume that H (iw,) = H(ZQ’TT”) # 0 for every n € Z. Otherwise there
would exist m € Z such that the regulator equations (3.10) are not solvable in the linear span of the
exponential function t — e“mt (see the proof of Proposition 3.33), and hence there would exist an
infinite-dimensional system which cannot track all reference signals in H),,.(0,p) for any v > %
But by the above, H (iw,)~! grows faster than every polynomial in n as n — +oo. By Corollary
3.88 and the fact that L (if it exists in L(H},,(0,p),C)) is unique® in this case, for arbitrary v > 1
there always exists Yrep € H;ET(O,p) which this system cannot asymptotically track using the control
law u(t) = Lw(t). This shows that the FRP is not solvable for any v > 1, or, in other words,
if the system can asymptotically track all signals in H(wy, frn), then H(wy, fn) C C*(R,C) (the

space of infinitely smooth functions on R). Moreover, the situation cannot be remedied by using an

auxiliary stabilizing state feedback Kz(t) by Theorem 3.40.

The following example illustrates the results of Section 3.5 for an exponentially stable infinite-

dimensional system described by a delay differential equation.

Example 3.54. Leta >0, r #0, 71 > 70 > 0 and consider the following scalar delay differential

equation with control and observation [77]:

i(t) = —ax(t) — blz(t — 71) + x(t — 72)] + u(?) (3.71a)

y(t) =rz(t), t>0 (3.71b)

Our goal is to study asymptotic tracking of the reference signals in the Sobolev spaces ngr(O,p),
v > %, in the disturbance-free case (P =0).

Taking the initial condition into account, the pair (3.71) can be formulated as a plant of the form
(1.1) in which D = 0 and Ugise = 0, using the techniques of Curtain and Zwart [17]. Moreover,
it can be shown (see e.g. [17] Lemma 4.3.9) that the transfer function H(s) = CR(s, A)B of this

plant is given by
r
s+ a+ble s +e572)

H(s) = (3.72)

for those s € C at which the denominator is not equal to zero.

8because L = I' — KT = T (since K = 0) and the elements I1¢, and I'¢,, in (3.39) and (3.40) are unique for
each n € I; see Remark 3.34.
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The semigroup generated by A is exponentially stable if and only if s+a+ble 5™ +e 572) £ 0
for all s € {z € C | R(2) > 0} ([17] Theorem 5.1.7). Ruan and Wei [77] give a complete
characterization (in terms of a,b, 7 and T2) of those instances in which all roots of equation
s+ a+ble ™ + e 52) = 0 have negative real parts. In their characterization, the parameter b
lies on an interval (ba,bar). We assume that the semigroup generated by A is exponentially stable.
By the above discussion, then iw, = i%T” € p(A) and H (iwy,) # 0 for every n € Z.

It is evident that for every v > 3, 3°°° |H (iwp,) " (1 + w2)™7 < oco. Consequently, by

27 n=—oo

. , 3
Corollary 3.38 the system can track all reference signals in ngr(O,p) for v > 5. The actual

control law which achieves the asymptotic tracking of yrey = Znezyj(n)e’“"' € HY,.(0,p) is given

per

by uy, ., = > nep Hiwn) “1j(n)e™r (see Section 3.5).

A particularly important class of infinite-dimensional SISO systems, for which the solvability of
the regulator equations (3.10) and the FRP can be readily verified for an infinite-dimensional exo-
system, is furnished by exponentially stabilizable parabolic partial differential equations. In such
cases the semigroup governing the dynamical behaviour of the system is often analytic [17], and it is
well-known (see e.g. Theorem 2.47 in [65]) that whenever A generates an analytic Cp—semigroup,

|R(iw, A)| is of order O(|w|™!) as w — Fo0. The identity
Hy(iw)™' = (I — KR(iw, A)B)H (iw) ™" (3.73)

obtained in Theorem 8.2 — which is valid here for all iw € p(A) N p(A + BK) if H(iw) # 0 —
then readily shows that we only have to estimate |H (iw)| in order to use the methods of Section
3.5 in the solution of the output regulation problem. These methods apply for periodic exogenous
signals, but more general signals can be treated using the results of Section 8.1. The below example
illustrates periodic tracking for an exponentially stabilizable infinite-dimensional system governed

by a parabolic partial differential equation.

Example 3.55. Consider the same disturbance-free controlled one-dimensional heat equation on
the interval [0,1] with Neumann boundary conditions as in Ezample 1.1. Our goal is to study
asymptotic tracking of the reference signals in the generalized Sobolev spaces H(f,wy), in the
disturbance-free case (P =0).

It can be shown that the transfer function of this heat plant is H(s) = _2sinh(vs/2) fors € p(A)

sv/scosh(/s/2)’
[12]. Now iw, = iQ’TT" € p(A) forn # 0 [12], and iw, is not a transmission zero of this plant
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forn #0. Let I = Z\ {0}, and let f, = mﬂ{ for all n € I and some v > L which is to
be determined. Let K be the bounded exponentially stabilizing state feedback operator for the pair
(A, B) given in Example 1.1. Then by Lemma 3.32, Hy (iw,)~! exists for n # 0. Let us define L
as in (3.47) (with P =0 and D = 0). By some elementary calculations we have that H (iw,)~! and
Hy (iwn)™" are of order O(|w,|?) as n — too. Consequently (HK(iwn)_lm_v)nel e rif
v > 2. By Corollary 3.38, this system is capable of asymptotically tracking those periodic reference
signals in ngr((),p), with v > 2, that lack the constant term in the Fourier series description.
More accurate information on the signals which can be asymptotically tracked could possibly be
obtained by working out the explicit expression for Hy/(s).

As pointed out already in Example 1.1, Byrnes, Laukd, Gilliam and Shubov have thoroughly
studied and simulated output regqulation problems for the above heat plant in the case of constant
and sinusoidal reference/disturbance signals (see Section III and Section VI of [12]). Here we

extended their analysis for general periodic functions in certain Sobolev spaces.

Many infinite-dimensional SISO systems which occur e.g. as models of flexible structures have

the following properties [70]:

e The state space Z is a Hilbert space.

The actuators and sensors are collocated, i.e. B = C*.

e The operator A — BB* generates a strongly stable Cy—semigroup on Z.
e o(A— BB*)NiR = .

e +ioco are points of accumulation for (A — BB*).

Although the last property above implies that the system is not exponentially stable, for such
systems the solvability of the FRP can still be fairly easily verified whenever S € L(W), using
Corollary 8.6. In fact, in this case it is sufficient that o(S) C p(A) and H(iw) = CR(iw, A)B +
D # 0 for all iw in the compact subset o(S) C iR. We emphasize that here W can be infinite-
dimensional, too. In particular, Lemma A.8 and Proposition A.9 provide a useful and sensible
way to approximate the reference signals in order to obtain a bounded system operator S in the
infinite-dimensional exosystem (2.2). In the following example we shall explicitly work out the
actual control law achieving output regulation in the simpler case in which A already generates a

strongly stable Cp—semigroup (i.e. no state feedback stabilization is needed):
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Example 3.56. The following is a model for the displacement in a weakly damped vibrating string
of unit length, with clamped ends (see [70] and the references therein):

0%v(z,t) dv(x,t)  O*v(x,t)
o Mo T e

v(0,t) =v(1,¢) =0, fort>0 (3.74b)

fort>0and0<x <1 (3.74a)

Here M is a damping operator which will be defined shortly. We define the operator U by Uv =
—% with D(U) = {v € H*(0,1) | v(0) = v(1) = 0}, where H?(0,1) denotes the standard Sobolev
space on the unit interval. It can be shown that U has eigenvalues A\, = k®>72, k =1,2,... and the
corresponding eigenvectors ¢y(x) = v/2sin(kwx) constitute an orthonormal basis in L?(0,1).

The damping operator M is defined by Mv = €(g,v)2(0,1)9 where € > 0 and

oo

9=>_ Wobn (3.75)

k=1
with v satisfying 0 < |y < % (for example, v, = 1) for some m > 0. Next we define the
Hilbert space Z = L?(0,1) x L?(0,1) with the natural inner product (-,-) and introduce

Uzv(z,t) 0 U:
2(t) = ooty | and A= ) (3.76)
Tt’ —U=2 M

Then equation (3.74) can be rewritten as z(t) = Az(t), z(0) € Z, and it can be shown that A
generates a strongly (but not exponentially) stable Co—semigroup Ta(t) on Z. Furthermore, the

eigenvalues vy of A satisfy

€2

— €.2
Vi = kT — iv‘k‘ + O(k'27'('2

), k#0 (3.77)

all of which have a negative real part. The corresponding eigenvectors (i )20 form a Riesz basis
in Z (the biorthogonal sequence is denoted by (1} )k=0)-
Consider then the application of distributed control and observation to the system (3.74) in
0

the following sense. For a control operator B :(b) € L(C,Z) and the observation operator

C = B* € L(Z,C) the (disturbance-free) SISO plant is described by the equations
z(t) = Az(t) + Bu(t), z2(0)eZ, t>0 (3.78a)
y(t) = B*z2(t), t>0 (3.78b)

Let A C R be a given compact set and consider the reference signals in H = A(R,C) (see

Chapter 2); in this case the Carleman spectrum of any reference signal is contained in the set
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A C R. According to Proposition 2.3 we choose the exosystem (2.2) such that W = H, S = S|y,
Q = o, P =0 and w(0) = yrey € H. We assume that H(iw) = B*R(iw, A)B # 0 for allw € A.

This condition can be verified, at least in principle, using the series representation

R\ A) = zn: % X e p(A) (3.79)
if the operator B € L(C, Z) can be chosen freely.

By Theorem 3.6 it is then sufficient to use the control law w(t) = I'Ts(t)|nYres, where I' €
L(H,C) is one of the operators ILLT' solving the regulator equations (3.10), for the asymptotic
tracking of the reference signals yrey € H. Proposition 8.5 together with Lemma 8.4 (for K =0

and P, = 0) and Theorem V.8.2 in [86] give
1
Dhres = 50z % HO) 00RO, Slr)yresd, Yooy € H (3.80)
2!

Here v is a suitable contour in p(A) enclosing o(S|x). Observe that now S|y € L(H) because A
is a compact set (see Lemma A.8). Consequently, such a contour vy indeed exists because p(A) =
{A e C |infy |A—vg| >0} (this can be shown precisely as in the proof of Theorem 2.3.5 in [17]
using the Riesz basis property of the eigenvectors of A).

Since Yref(t) = 00Ts(t)|1Yres for allt € R and all yrey € H, the Laplace transform yrep(A) =
SoR(N, S|H)yres for X € p(S|n) (by analytic continuation). Hence

1

ypres = —— j’{ HO) ' (A)dA,  Yyros € H (3.81)
211 ~

Moreover, since by [2] p. 293 for all A € C\ iR we have that Ts(t/)\ﬂ\yref(/\) = y,-ef(/~\+ H(\) =
eM (y/r;c()\) - fot BiASyref(S)CLS), and since the function A — fot e *y,er(s)ds is holomorphic, the

control law which achieves asymptotic tracking of yrey is given by

1 _ S
PTsOlres = 5z P HO) Ts@hatires (A (3.52)
Y
1 —1 A\t —— ¢ -
:2“]{}1@) e (ymf(A)—/o e yref(s)ds)d)\ (3.83)
1 _
=— ¢ HN) 'eMyor(Ndr, VE>0 (3.84)
2mi J,

Clearly if A = {wy | n € I,1 is finite and w,, # wy, forn # m}, then the above control law

u(t) =TTs(t)|nYres reduces to

uty =Y I _gient (3.85)
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which is analogous to the one found in Section 3.5. Here we have used the unique representation
Yref = Doner Yn€™ . On the other hand, if A = [—n,n], then the reference signals in A(R,C) can
be constructed e.g. by taking convolutions of general bounded uniformly continuous signals with the

Fejér kernel, as described in Remark 2.29 and Proposition A.9.

In the previous examples we did not allow for any overlap between the spectra of the (stabilized)
plant and the exosystem operator S at +ico. We conclude this section with an example illustrating
the case in which such overlap exists. In this case the complex frequencies of the reference signals
“mix” with those of the plant at infinity. To the author’s knowledge, none of the existing methods

found in the output regulation literature apply to such a situation.

Example 3.57. Letp > 0, let w, = 2”7" foralln € Z, let H = C and let Z be a Hilbert space with
an inner product (-,-) and an orthonormal basis (Vn)nez. Consider a linear control system (1.1)
where A =3,y [— oy Hiwn] (- n) Y, with D(A) = {2 € Z| ¥,z | — ey +iwn | 1(z, vn) | <
o0}, Bu=gu for allu € C, C = (-,¢o) and P =0, D =0. By [17] it is clear that A generates a
Co—semigroup Ta(t) on Z. In addition, Tx(t) is strongly stable by the Arendt-Batty-Lyubich-Vi
Theorem [28].

We shall consider asymptotic tracking of the p—periodic reference signals in the Sobolev spaces
H=H)., 0,p), v > %, in the sense of the FRP using Proposition 2.3. Although rather artificial,
this output regulation problem is interesting because o(A) and o(S|y) intersect at +ioco.

Since A is a Riesz spectral operator [17], clearly

1

ROVA) =Y s (v a)tns A€ p(4) (3.86)

nez [n[+1

Hence we have R(\, A)B = )\%Hwo and the transfer function H(X) of the plant satisfies

. , 1
H(iwy) = CR{iwy, A)B = = #0, VheZ (3.87)

by the orthonormality of the basis (Y )nez-

Using the techniques of Section 3.5 we readily see that the following operators II,T" — whenever
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bounded — solve the regulator equations (3.10) (with S = S|y and Q = dp):

Yref(n o
nez n nez
Myyer = ™G3 (n) Rliwn, AyBre — S~ Irei™ g g 3.89
tres = 3 ey (n) Rl AVBTe " = 37 el i, ) (3.89)
nez nez "
nzg%:%ef(n) [an + } iwn I 1¢0 ¢060y7ef7 \V/y7ef €eH (3 90)

Here §rep(n) is the nth L?-Fourier coefficient of yrey € H. Hence it remains to show the boun-
dedness of T' for a suitable v > % This can be done by employing the Schwartz inequality as

follows:

ITYresll <D [Grep(m)[iwn +1]] < D 1Grer ()PA+w2)7, [ ( Lt (3.91)

1+ w2)Y
neZ nezZ nezZ + ")

So that |[Lyrerl| < M||yreslls for all yrey € H whenever v > 2. Then by Theorem 3.6, for v > 3
the control law u(t) = T'Ts(t)|nYref = 2 pez Urep(n)e™rtiw, + 1] achieves asymptotic tracking of
an arbitrary yr.y € H = Hp,,.(0,p).



Chapter 4

Error feedback output regulation

Although the resulting controllers are relatively simple, and hence quite appealing, the feedforward
output regulation theory developed in Chapter 3 is not applicable in many practical problems.
There are two principal reasons for this: The state of the plant may not be directly available
for measurement — state feedback cannot be used in the stabilization of the closed loop system
— and the controller does not lead to a robust (i.e. structurally stable) design. In the present
chapter we shall study a more realistic output regulation problem, the error feedback regulation
problem (EFRP). In the EFRP the state of the plant need not be explicitly available to us; the
controller only incorporates feedback from the tracking error signal, which is directly available for
measurement. Furthermore, as we shall see in Chapter 6, once we have solved the EFRP, it is
often not very difficult to also achieve a degree of robustness in output regulation.

As opposed to the static controllers solving the FRP in Chapter 3, a solution of the EFRP
involves the construction of a dynamic controller on some Banach state space X. The dynamic
controller should appropriately stabilize the closed loop system consisting of the plant and the
controller, and it should achieve the asymptotic tracking/rejection of the signals generated by the
exosystem (2.2). Thus the solution of the EFRP is a similar, but a somewhat more complex,
process than the solution of the FRP.

For finite-dimensional linear systems and simple reference/disturbance signals generated by
systems of linear ordinary differential equations, error feedback regulation problems analogous to
the EFRP were studied intensively in the 1970s. Complete solutions now exist e.g. in the work

of Francis, Wonham and Davison [24, 29, 32, 93]. While Davison (with his coworkers) prima-

70
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rily studied error feedback regulation problems using the so-called servocompensators, Francis and
Wonham initiated what is nowadays known as geometric output regulation theory. The terminology
here stems from the fact that these authors studied output regulation problems using geometric
terms, such as subspace inclusions. The geometric approach allows for a general treatment of the
output regulation problems without any regard to the choice of the controller’s parameters. A
particularly important result, due to Francis (see Proposition 3 of [29]), arising from the geomet-
ric output regulation theory of finite-dimensional systems is the necessary structure of an error
feedback controller achieving output regulation: Under certain observability assumptions the exo-
system dynamics must be embedded in the controller dynamics. A concrete version of this result
was also obtained by Davison in [21].

During the past three decades several authors have generalized the work of Francis and Wonham
for infinite-dimensional linear systems and finite-dimensional exosystems. Already in the 1970s
Bhat [7] generalized the results of [29] with an emphasis on time-delay systems. In the early
1980s Schumacher [80] constructed finite-dimensional error feedback controllers for such infinite-
dimensional plants in which the system operator A has compact resolvent and a complete set
of generalized eigenfunctions. His solution of the output regulation problem is also expressed in
geometric terms (cf. Theorem 3.1 in [80]). In [79] Schumacher studied the regulator problem
somewhat more indirectly from the compensator design point of view; among his assumptions was
discreteness of o(A). Several years later Byrnes et al. [12] generalized sections 1-3 of [29] for
infinite-dimensional systems in such a way that the geometric conditions were explicitly replaced
by the regulator equations (3.10) (with D = 0). These equations — which are in another form
also present in the finite-dimensional work [29, 31] and in the paper [80] of Schumacher — express
the geometric conditions for output regulation in an operator-theoretic way. This is particularly
useful for the application of semigroup methods. Byrnes et al. [12] showed that the solvability of
a feedforward regulation problem, the solvability of an error feedback regulation problem and the
solvability of the regulator equations (3.10) (with D = 0) are all equivalent to each other provided
that the plant and the finite-dimensional neutrally stable linear exogenous signal generator (2.1)
have sufficient stabilizability properties. The dynamic controller of Byrnes et al. [12] solving
the error feedback regulation problem is obtained from a direct generalization of the “synthesis
algorithm” (SA) of Francis [29].

During the past few decades several authors have also generalized the finite-dimensional results
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of Davison for infinite-dimensional systems and finite-dimensional exosystems. We mention Pohjo-
lainen [73, 74], Hamé&ladinen and Pohjolainen [35, 34], Ukai and Iwazumi [87] and refer the reader to
the monograph [33] of Timo Haméldinen for a detailed description of the respective contributions
of these (and other related) papers.

In this chapter we shall extend the error feedback regulation theory cited above for bounded
uniformly continuous reference/disturbance signals generated by the exosystem (2.2). Our basic
strategy is to generalize the marvelous argument of Wonham [93], Francis [29] and Byrnes et al.
[12] which casts the error feedback regulation problem as a feedforward regulation problem for an
extended system. Once we have accomplished this, the feedforward methods developed in Chapter
3 immediately yield necessary and sufficient conditions — in terms of closed loop stability and
an extended set (4.3) of regulator equations — for the solvability of the EFRP. We shall also see
that if the controller’s parameters are chosen appropriately, then the solvability of these extended
regulator equations (4.3) reduces to the solvability of the same simpler (feedforward) regulator
equations (3.10) as were utilized in Chapter 3.

However, in contrast to the FRP, it turns out that if the exosystem (2.2) is infinite-dimensional,
then the closed loop in an error feedback control system is notoriously difficult to stabilize expo-
nentially. This is the same phenomenon that occurs in the classical repetitive control literature (see
Chapter 1), and it is a consequence of the fact that the dynamical behaviour of the exosystem must
— under certain assumptions — be embedded in any controller which solves the EFRP. As we
shall show in this chapter, an infinite-dimensional exosystem (2.2) is often impossible to stabilize
exponentially; hence exponential closed loop stability cannot be required in the EFRP either if W
is infinite-dimensional.

In view of the above negative result it is quite fortunate that the strong stabilizability of closed
loop (EFRP) control systems can very often in practice be achieved under certain realistic condi-
tions. Hence error feedback output regulation of general bounded uniformly continuous exogenous
signals is often possible in the framework of this thesis, even for such infinite-dimensional plants
(1.1) for which D = 0. We point out that in the repetitive control scheme the asymptotic tracking
of p—periodic reference signals cannot be achieved even for finite-dimensional plants (1.1) if there
is no feedthrough, i.e. D = 0 [36, 92, 95, 96]. We also emphasize that as was the case with the FRP,
also in the case of the EFRP we can study output regulation for prespecified spaces of reference

and disturbance functions using the techniques of Chapter 2. In addition to this, in our framework
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it is possible to take into account the smoothness of the regulated exogenous signals. This is crucial

because we saw in Chapter 3 that in certain cases even a simpler feedforward controller can only

achieve output regulation if the exogenous signals are smooth enough. The existing solutions of

repetitive control problems are based on such frequency domain techniques which do not take into

account the smoothness of the periodic signals to be regulated.

In the following we shall review the contents of this chapter in more detail, and we shall more

precisely indicate the respective contributions of this thesis.

Section 4.1:

Section 4.2:

Section 4.3:

We shall define the EFRP. This is the same error feedback regulation problem as studied
in [12] except that we allow for general bounded uniformly continuous reference/disturbance
signals generated by the (possibly infinite-dimensional) exosystem (2.2). Moreover, here
D # 0 is possible, and we only require that the closed loop system operator, consisting of the
plant and the controller, with the exogenous system detached, generates a strongly stable

Ch—semigroup (exponential stability was required in [12]).

We shall show in Theorem 4.4 that the following is a sufficient condition for the solvability of
the EFRP: The closed loop system operator generates a strongly stable Cy—semigroup and
the extended regulator equations (4.3) have a solution. A key feature in this result is that
the controller structure is fixed, but the parameters F,G and J of the dynamic controller
can be freely chosen as long as the above conditions are met. Theorem 4.4 generalizes
Corollary to Lemma 1 in [29] and Lemma 1 in [31] for infinite-dimensional systems and
infinite-dimensional exosystems. Moreover, it generalizes Theorem IV.2 in [12] where the
parameters of the controller are fixed as in the synthesis algorithm of Francis [29]. The

results of this section are contained in [49].

Assuming that the exosystem (2.2) generates admissible reference signals, we shall first show
that the solvability of the extended regulator equations (4.3) is necessary for the solvability
of the EFRP and the regularity of an operator (,gQ) for the closed loop semigroup. If
the closed loop system is also exponentially stable, then the solvability of the EFRP is
equivalent to the solvability of the extended regulator equations (4.3). Here we do not need
the above regularity condition for the operator (_gQ), but the exosystem (2.2) must still
generate admissible reference signals. Finally, assuming that the closed loop system has been

exponentially stabilized, then the solvability of the EFRP with an exponentially fast decay
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Section 4.4:

Section 4.5:

rate of the tracking/rejection error is equivalent to the solvability of the extended regulator
equations (4.3). In this last result we do not have to explicitly require either the admissibility
of the reference signals generated by the exosystem (2.2) or the regularity of the operator

(7&2) for the closed loop semigroup.

The results of this section are based on the work in [49]; they generalize Lemma 1 in [31] and
the Corollary to Lemma 1 in [29] for infinite-dimensional systems and infinite-dimensional
exosystems (2.2). In addition, they generalize Theorem IV.2 of Byrnes et al. [12] for infinite-
dimensional exosystems (2.2) in such a way that the parameters F, G and J of the controller

(4.1) need not be fixed a priori.

Under an approximate observability assumption and under the assumption that the solva-
bility of the extended regulator equations (4.3) is necessary for the solvability of the EFRP,
in this section we shall prove the following additional necessary condition for the solvabi-
lity of the EFRP: There must exist a subspace Xy C X of the controller’s state space X
which is invariant for the controller semigroup Tr(t), and there must exist a linear bijection
M : W — Xg such that M € L(W,X) and Ts(t) = M~'Tr(t)M for all t > 0. Roughly
stated, this result reads: In order to achieve output regulation in the sense of the EFRP, the
exosystem dynamics must be embedded in the controller. This is a generalization of Proposi-
tion 3 in [29] for infinite-dimensional systems (1.1) and infinite-dimensional exosystems (2.2);
to the author’s knowledge no comparable results have appeared in the state space domain for
infinite-dimensional systems and finite-dimensional exosystems. The results of this section

have been principally developed in [49].

We shall present two dynamic controllers (4.1) which solve the EFRP under certain assump-

tions.

— In Subsection 4.5.1 we shall generalize the synthesis algorithm of Francis [29] for infinite-
dimensional systems (1.1) and infinite-dimensional exosystems (2.2). The assumptions
under which the resulting controller solves the EFRP are as follows: The regulator equa-
tions (3.10) have a solution, D = 0, the pair (4, B) is exponentially stabilizable, and
there exists G = (&) € L(H,Z x G) for which Ap = (4 £) — (&) (¢ -Q) generates
a strongly stable Cyp—semigroup on Z x W. The main result, Theorem 4.15, genera-

lizes Theorem IV.2 in [12] because the latter result only applies for finite-dimensional
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exosystems (2.1). The results of this subsection are essentially contained in [49].

— In Subsection 4.5.2 we shall briefly introduce a generalization of Davison’s dynamic state
feedback controller (see e.g. [39]) for infinite-dimensional systems (1.1) and infinite-
dimensional exosystems (2.2). Sufficient conditions for output regulation to occur are,
however, deferred to Chapter 6 where they arise as natural consequences of a general

robustness theory.

Section 4.6: We shall study the stabilization of the exogenous system (2.2) and the closed loop system

resulting from the controllers of Subsection 4.5.1 and Subsection 4.5.2.

— In Subsection 4.6.1 we shall show that if dim(W) = oo, then S + A does not generate
an exponentially stable Cop—group for any compact operator A € L£L(W). Moreover, a
similar argument shows that the situation cannot be improved very much by allowing for
an unbounded but S—compact! operator A, because in this case S+A can only generate
an exponentially stable Cy—semigroup if S has compact resolvent. These results are
well-known (Corollary 3.58 in [65] and Theorem IV.5.35 in [57]), but our proofs seem to
be new. In the literature these results are proved using the theory of essential spectra,

whereas we rely on an argument based on Sylvester operator equations.

— In Subsection 4.6.2 we shall present some general sufficient conditions for the strong
stabilizability of the exosystem (2.2). In particular, in Theorem 4.22 we shall prove that
Sle — €04 00 generates a strongly stable Cop-semigroup on a Hilbert space £.5 BUC(R, E)
for all € > 0. As shown in Chapter 2, S = S|¢ and Q = §y or P = dp is an important
special case for the exosystem (2.2). The results of this subsection are new, although
they rely heavily on [61, 85, 94]. Of the results of this subsection only Lemma 4.28 has

been submitted for publication in [43].

— The remainder of this section is devoted to presenting such methods which can be used
to establish the strong stability of the Co—semigroups T, (t) and T4, _(t) generated by
the operators Ap and Ap, introduced in Section 4.5, respectively. As regards A, the
results of this section are essentially contained in [49]; however the results concerning

the strong stability of T4, (t) have not been submitted for publication.

LA linear operator A : D(W) — W is S—compact if AR(), S) is a compact operator for one/all A € p(S) (see
Exercise 111.2.18(1) in [28]). Such an operator A may be unbounded.
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Section 4.7: We shall present an example of error feedback output regulation for a delay-differential equa-
tion. This example is from [49], and here the plant is precisely the same as in Example 3.54

of Chapter 3.

4.1 The error feedback regulation problem EFRP

In this section we shall formulate the error feedback regulation problem EFRP. It involves the
construction of such a dynamic controller for the plant (1.1) on some Banach space X which
achieves strong stability of the closed loop system (consisting of the plant and the controller without

exosignals) and the asymptotic tracking of the reference signals in the presence of disturbances.

Definition 4.1 (EFRP). The task in the error feedback regulation problem EFRP is to find an

error feedback controller of the form

#(t) = Fz(t) + Ge(t), z(0)e X, t>0 (4.1a)

u(t) = Ja(t) (4.1b)

(in the mild sense) on some Banach state space X where F' generates a Co—semigroup, G € L(H, X)

and J € L£(X, H). The controller (4.1) must satisfy the following requirements:

1. In the closed loop system

(t) = Az(t) + BJx(t) + Pw(t), ¢>0 (4.2a)
i(t) = GCx(t) + (F + GDJ)a(t) — GQu(t), t>0 (4.2)
w(t) = Sw(t), teR (4.2¢)
e(t) = Cz(t) + DJx(t) — Qu(t) (4.2d)

the Cp—semigroup T 4(t) generated by the closed loop operator A = (GAC o ng J), with

D(A) =D(A) x D(F), on Z x X is strongly stable.

2. The tracking error e(t) — 0 as t — oo for any initial conditions z(0) € Z, z(0) € X and
w(0) € W.

Remark 4.2. As in the case of the FRP it is implicitly assumed in Definition 4.1 that the

exosystem’s free parameters W, S, P and @ are fixed, but its initial state w(0) € W may vary.
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Remark 4.3. Byrnes et al. [12] considered a similar error feedback regulation problem for finite-
dimensional exosystems (2.1). However, they required exponential stability of T4(t) and D = 0.
It turns out that in the case of an infinite-dimensional exosystem (2.2) exponential stability of
T4(t) is usually impossible to achieve in practice, because the operator F' often contains a copy
of S (see Section 4.4). The problems is — as we shall show in Subsection 4.6.1 — that if W is
infinite-dimensional, then S + A does not generate an exponentially stable Cy—semigroup for any

compact operator A € L(IW) (see also Corollary 3.58 in [65]).

4.2 Sufficient conditions for the solvability of the EFRP

The following result provides sufficient conditions for the solvability of the EFRP. We point out
that, as opposed to [12], in Theorem 4.4 below we do not fix the parameters F,G and J of the
controller (4.1). Instead, we prove for general operators F,G and J that if the closed loop system
operator A generates a strongly stable Cy—semigroup, then output regulation follows if certain
extended regulator equations (4.3) are satisfied. Our proof generalizes the marvelous argument
utilized by Francis and Wonham in [29, 32, 31] and Byrnes et al. in [12], in which the EFRP is
formulated as an FRP for the extended system (4.2). This enables the direct use of the feedforward

output regulation theory of Chapter 3.

Theorem 4.4. Assume that F,G and J in the controller (4.1) have been chosen such that the
closed loop operator A = (GAC ridlpy) generates a strongly stable Co—semigroup Ta(t) on Z x X.
If in addition there exist 11 € LW, Z) and A € L(W, X) such that TI(D(S)) C D(A) and A(D(S)) C

D(F), and the following extended regulator equations are satisfied

All+ BJA+P =TS inD(S) (4.32)
FA=AS inD(S) (4.3b)
ClI+DJA=Q inW (4.3¢)

then this triplet (F,G,J) solves the EFRP.

Proof. Let O(t) = (;8) € Z x X and define

A BJ 0 P
A= ,B=| |, P e
GC F+GDJ 0 ~GQ

(O DJ), D=0 (44)
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with obvious domains of definition. Then write the closed loop system (4.2), with y(¢) = Cz(t) +
DJz(t) = CO(t), as

O(t) = AO(t) 4 Bu(t) + Pw(t), ©O(0) € Z x X (4.5a)
w(t) = Sw(t) (4.5b)
e(t) = CO(t) + Du(t) — Qu(t) (4.5¢)

Since the extended regulator equations (4.3) are satisfied, we have ILS = AIl + BJA + P and
AS =FA=GCII+ (F 4+ GDJ)A — GQ in D(S). Hence

A BJ 11 P
S = + in D(S) (4.6)
A GC F+GDJ A -GQ
H .
Q= (C DJ) in W (4.7)
A

or, using the above notation, for ' =0 € L(W, H)

I
S=A +Br +P inD(S) (4.8)
A A
I
Q=cC +Dr in W (4.9)
A

Since for K = 0 € L(Z x X, H) the operator A = A+BK generates a strongly stable Cy—semigroup,
by Theorem 3.6 the control law u(t) = KO(t) + [[' — K(})]w(t) = 0 solves the corresponding
FRP. This means that in the system (4.2) the tracking error lim; .o, e(t) = 0 for all initial states
©(0) € Zx X (i.e. for all z2(0) € Z and all (0) € X) and all w(0) € W. The proof is complete. [

Remark 4.5. Tt is clear that the solvability of the extended regulator equations (4.3) implies the
solvability of the regulator equations (3.10) (take I' = JA). On the other hand, if the regulator
equations (3.10) have a solution (IL,T'), then so do the extended regulator equations (4.3), provided

that also the following regulator equations for the error feedback controller (4.1) have a solution:

AS=FA inD(S5) (4.10a)

JA=T inW (4.10Db)
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Remark 4.6. If T4(t) is exponentially stable, then also the decay rate of |le(?)|| to 0 as ¢ — oo
is exponentially fast in Theorem 4.4. In fact, under the assumptions of Theorem 4.4 we have that

e(t) = CT4(t) {( ;Eg;) — (22}’58; )} for all ¢ > 0. This can be proved as in Theorem 3.6.

For finite-dimensional exosystems (2.1), explicit operators F,G,J satisfying the conditions of
Theorem 4.4 can be found in Theorem IV.2 of [12]. For general infinite-dimensional exosystems
(2.2) such operators F,G,J will be provided in Section 4.5; as we shall see, the idea is to choose
F,G and J in such a way that the solvability of the regulator equations (3.10) implies the solvability
of the extended regulator equations (4.3), too?. However, before proceeding to the construction
of F,G and J we shall first present some necessary conditions for the solvability of the EFRP in

Section 4.3 below.

4.3 Necessary conditions for the solvability of the EFRP

We saw in Section 4.2 that if a controller (4.1) achieves strong stability of the Cp—semigroup T'4(t)
generated by the closed loop operator A, then the same controller also solves the EFRP provided
that the extended regulator equations (4.3) have a solution. In this section we discuss a converse
question: Is it necessary to be able to solve the extended regulator equations (4.3) in order to be
able to solve the EFRP?

Since we can cast the EFRP as an FRP for the extended system (4.2), based on the results
of Section 3.3 the reader should not be very surprised to learn that a complete characterization
of the solvability of the EFRP in terms of the extended regulator equations (4.3) alone is, in
general, rather difficult unless additional assumptions are made e.g. about the reference signals.
This is because the extended regulator equations (4.3) play the role of the regulator equations
(3.10) for the extended system (4.2). Consequently, their solvability may imply such state space
behaviour of the closed loop system which cannot be guaranteed by strong stability and asymptotic
tracking /rejection alone. Of course, we can employ regularity (cf. Definition 3.9) and Lemma 3.12
to overcome this difficulty, but some additional care is necessary here: The uniform boundedness
of T4(t) and the (unique) solvability of the operator equation I1S = AIl 4+ A for certain operators
A € L(W,Z) sometimes already necessitate exponential stability of the closed loop semigroup

T4(t) (see e.g. Theorem 4.2 in [90]). This may result in a contradictory situation if dim(W) = oo,

2We remind the reader that the solvability of the regulator equations (3.10) is treated in Chapter 8.
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because exponential closed loop stability is then often impossible to achieve in practice. On the
other hand, we shall see that if the closed loop system is exponentially stable, then complete
characterizations for the solvability of the EFRP in terms of the extended regulator equations
(4.3) can be proved. In this section shall extensively employ the notation and definitions of Section

3.3.

Theorem 4.7. Assume that the exogenous system (2.2) generates admissible reference signals. If
the EFRP is solvable for some triplet (F,G,J) and if the operator P = (_gQ) is regular for the
semigroup Tu(t) generated by A = (Gt pftdpy) on Z x X, then there exist 11 € L(W, Z) such
that TI(D(S)) € D(A) and A € LW, X) such that A(D(S)) C D(F) which satisfy the extended

regulator equations (4.3).

Proof. Assume that the EFRP is solvable using a controller of the form (4.1). Let O(t) = (;gg) €
Z x X and consider the closed loop system (4.2) in the form (4.5), with the relevant operators
defined in (4.4). Let K € £(Z x X,H) and £ € L(W, H) be arbitrary. Then since B = 0 and
D = 0, the control law u(t) = KO(¢t) + Lw(t) solves the FRP for the system (4.5). Moreover, by
our assumption P = BL + P is regular for the semigroup generated by A + BK = A. Hence by

Theorem 3.16 there exist () € L(W,Z x X) and T' € L(W, H) such that (})(D(S)) C D(A) and

(H)S=A(R)+Br+P inD(S) (4.11)
II
A

Q=c(§)+Dr inW (4.12)

Expanding these equations gives

I A BJ I 0 P
S = + I+ (4.13)
A ce F+GDJ) \A 0 ~GQ
A BJ I P
= + (4.14)
Ge F+GDJ) \A ~GQ
A BJ\ (1 P
= + in D(S) (4.15)
0o F)\A 0
H .
Q= (O DJ) 00 = (c DJ) in W (4.16)
A A

We now immediately see that the extended regulator equations (4.3) are satisfied for IT and A as

in the above. O
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Corollary 4.8. Assume that the exogenous system (2.2) generales admissible reference signals
and that the controller (4.1) has been chosen in such a way that A generates a strongly stable
Co—semigroup on Zx X . Then the same controller also solves the EFRP and P = (,gQ) is reqular
for T 4(t) if and only if there exist II € L(W, Z) such that II(D(S)) C D(A) and A € LIW, X)) such
that A(D(S)) C D(F') which satisfy the extended regulator equations (4.3).

Proof. To prove sufficiency, we observe that if II and A satisfy the extended regulator equations

(4.3), then the EFRP is solvable according to Theorem 4.4. Moreover,

A BJ II P
S = + in D(S) (4.17)
A GC F+GDJ/ \A -GQ
or (1)S=A(Y)+ P in D(S). Hence P is regular for T4(t) by Lemma 3.12.

The necessity part of the result follows directly from Theorem 4.7. O

Below we shall employ the fact that good enough stability properties for T4(t) automatically

imply regularity of every operator P € L(W,Z x X) for Ts(t).

Theorem 4.9. Assume that the exogenous system (2.2) generates admissible reference signals and
assume that the operators F,G and J in (4.1) are chosen such that A generates an exponentially
stable Cy-semigroup on Z x X. Then the same controller solves the EFRP if and only if there
exist I1 € L(W, Z) such that TI(D(S)) C D(A) and A € L(W, X) such that A(D(S)) C D(F) which

satisfy the extended regulator equations (4.3).

Proof. Sufficiency part of the result is contained in Theorem 4.4. In order to prove necessity, let
o) = (;8) € Z x X and write the closed loop system (4.2) in the form (4.5), with the relevant
operators defined in (4.4). Let K € L(Z x X, H) and L € L(W, H) be arbitrary. Then the control
law u(t) = KO(t) + Lw(t) solves the FRP for the system (4.5) and A = A + BK generates an

exponentially stable Cy—semigroup. The result now follows from Theorem 3.19 as in the proof of

Theorem 4.7. O

In analogy with the FRP, also here it is possible to dispense with the above requirement for

admissibility of the reference signals if both ||T4(t)]| and |le(¢)|| decay exponentially as ¢ — oo:

Theorem 4.10. Assume that the controller (4.1) is chosen such that A generates an exponentially

stable Cy-semigroup on Z X X. Then the same controller solves the EFRP in such a way that
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lle(®)|| < Me=“t||z(0)|| + [|z(0)]| + |w(0)||] for all t > 0 and some M,w > 0 which do not depend
on the initial conditions z(0) € Z, x(0) € X, and w(0) € W, if and only if there exists I1 € L(W, Z)
and A € LW, X) such that II(D(S)) C D(A) and A(D(S)) C D(F) and the extended regulator

equations (4.3) are satisfied.

Proof. This result follows from Theorem 3.20 using the above methods and Remark 4.6. We omit
the details. O

Remark 4.11. In Theorem 4.10 we have endowed the product space Z x X with the 1—norm.
Obviously we could also have used the 2—norm or the co—norm without altering the result (the

value of the constant M would have been altered, though).

It is possible that Theorem 4.9 and Theorem 4.10 may only be applicable when W is finite-
dimensional because exponential closed loop stability may be impossible to achieve for an infinite-
dimensional W. We shall return to this matter in Subsection 4.6.1, but we emphasize that these

results are new even for finite-dimensional spaces W.

4.4 On the necessity of reduplication of S in F

In the previous two sections we have derived general necessary and sufficient conditions for the
solvability of the EFRP in terms of strong closed loop stability and the extended regulator equa-
tions (4.3). In this section we shall further investigate the necessary structure of error feedback
controllers (4.1) that solve the EFRP. In particular, we shall generalize Proposition 3 in [29] for
infinite-dimensional systems and exosystems (2.2). For finite-dimensional plants and exosystems
Proposition 3 in [29] establishes, using a commutative diagram, the fact that under certain as-

sumptions any controller solving the EFRP must incorporate the exosystem dynamics.

Theorem 4.12. Let the pair ((‘6‘ g’), (C —Q)) be approxzimately observable>. Moreover, assume
that the extended regulator equations (4.3) have a solution. Then there exists a subspace Xo C X
which is invariant for the semigroup Tr(t) generated by F' on X, and there exists a linear bijection

M : W — Xo such that M € L(W,X) and Ts(t) = M~ 1Tr(t)M.

3By definition this means that (C —Q)T'(¢)( %) = 0 for all ¢ > 0 implies z0 = 0 € Z and wp = 0 € W [17].

(Zo
0
Here T'(t) is the Cp—semigroup generated by (‘6‘ EYonZxW.
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Proof. By our assumptions there exist bounded linear operators II and A such that

IS = ALl + BJA+ P in D(S) (4.18a)
AS =FA inD(S) (4.18b)
Q=CII+DJA inW (4.18c)

Since A(D(S)) C D(F), from (4.18b) we see that for every w € D(S) and every ¢ > 0

t

ATs(t)w — Tp(t)Aw = | Tp(t — 7)ATs(r)w = /O %Tp(t — DATs(Nwdr  (4.19)

0

= /t Tr(t — 7)[AS — FA|Ts(T)wdr =0 (4.20)
0

A suitable denseness argument (see Lemma 3.5) shows that ATs(t)w — Tr(t)Aw = 0 for every
w € W and every t > 0.

We now show that A : W — ran(A) is injective. If Aw = 0 for some w # 0, then by the above
BJATs(t)w = BJTr(t)Aw = 0 and DJATs(t)w = DJTr(t)Aw = 0 for every t > 0. Consider the

semigroup

T(t) _ TA(t) fO TA(t — S)PTs(S)dS (4.21)
0 Ts(t)

generated by (‘6‘ 153) on Z x W. We immediately see by (4.18a) and Lemma 3.5 that

Ta(t)llw + [J Ta(t — s)(BJA + P)Ts(s)wds

T(t)("y) = o) 2
S w
_ [ Ta(®TTw + T ()w — Ta ()TTw (4.23)
TS (t)w
(0Tt (4.24)
TS (t)w

Hence by (4.18c) we have (C' — Q)T'(t)(™) = (CII + DJA — Q)Ts(t)w = 0 for every ¢ > 0. This
violates the approximate observability assumption. Hence A is injective.

By the fact that ATs(t) = Tr(t)A in W, it is evident that X¢ = ran(A) is a Tp(¢)-invariant subs-
pace of X. Consequently M = A is a bounded linear bijection W — X and Ts(t) = M YT (t)M,

as was claimed. O
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Remark 4.13. In finite dimensions the (approximate) observability of the pair ((4 £), (¢ -@))
implies the exponential detectability of the pair ((4 &), (¢ -@)); the latter was also assumed in

Proposition 3 of [29] which the above result generalizes.

4.5 Some explicit controllers solving the EFRP

Thus far in this chapter we have only presented some necessary and sufficient conditions for the
solvability of the EFRP without any regard to the actual choice of the parameters F,G and J in
the controller (4.1). In this section we shall construct two dynamic controllers (4.1) which solve the
EFRP under certain assumptions. These controllers employ infinite-dimensional generalizations of

some classical constructions of Francis and Davison.

4.5.1 A generalization of the synthesis algorithm of Francis

In [29] Francis presented a synthesis algorithm (SA) for the construction of a dynamic controller
(4.1) which solves the EFRP if both the plant (1.1) and the exosystem (2.1) are finite-dimensional.
Subsequently Byrnes et al. [12] have generalized this procedure for infinite-dimensional plants.
In the present subsection we shall generalize the SA for infinite-dimensional systems (1.1) and
infinite-dimensional exosystems (2.2). Throughout this subsection we make the following standing

assumptions:
1. There is no feedthrough, i.e. D = 0.

2. There exists G = (&!) € L(H,Z x W) for which Ap = (4 §) — (&) (¢ -Q) generates a

strongly stable Cy—semigroup T4, (t) on Z x W.
3. There exists K € L(Z, H) such that A+ BK generates an exponentially stable Cy—semigroup.

4. There exist II € L(W, Z), such that II(D(S)) C D(A), and T' € L(W, H) which satisfy the

regulator equations (3.10).

Remark 4.14. In Subsection 4.6.3 we shall discuss how the assumption 2 above can be satisfied,
whereas in Chapter 8 we shall study solvability of the regulator equations (3.10) (i.e. we show how
the assumption 4 above can be satisfied). The assumptions 1 and 3 above are often comparably

easy to verify in applications.
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It has been shown in [12, 29] for finite-dimensional exosystems that the above assumptions
and exponential stability of T 4, (t) make it possible to solve the error feedback regulation problem
using an observer-based construction. The idea is to use an observer to generate an estimate

o(t) = (g;gg) of the state (Z((ft))) of the system

Z(t) A P 2(t) B
= + u(t) (4.25a)

w(t) 0o s w(t) 0
e(t) = (C _Q) ¢ (i (4.25b)

and then apply the control u(t) = JO(t) = J101(t) + J202(t) where J; € L(Z,H) and J, € L(W, H)
are chosen so that they solve a corresponding FRP. This amounts to choosing J; = K and J, =
I’ — KTI (see [29] for more details).

As will be demonstrated in Subsection 4.6.1, if W is infinite-dimensional, then S+ A cannot ge-
nerate an exponentially stable Cy—semigroup for any compact operator A € L(WW). Consequently,
in the general setup of this thesis we cannot assume exponential stability of T 4,.(¢) as was done in
[12, 29]. However, the following result shows that we do not need exponential stability of T4, (t)
to solve the EFRP.

Theorem 4.15. Let the assumptions 1 — 4 above hold. Then the dynamic controller (4.1) given

on the state space X = Z x W by

A+ BK —-G,C P+ B(I' - KII) +G1Q G1
F= , G= and J:(K I‘—KH)
—-GoC S+ GaQ Ga

solves the EFRP.

Proof. 1t is easy to see that the operators Il and A = (1) € L(W,Z x W) satisfy the extended

regulator equations (4.3). On the other hand, the closed loop system operator is given by

A BK B(I' — KTI)
A BJ
A= =|GiC A+BK-G,C P+B(I-KI)+GQ (4.27)
GC F
GoC e, S+ G2Q

If we can establish that A generates a strongly stable Cy—semigroup T4 (), then the error feedback
controller (4.26) solves the EFRP by Theorem 4.4.
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Applying a similarity transform U given as

I 0 0
U=|1 —-I o0 (4.28)
0 o0 -I

on Z x Z x W to A we see that A is similar to the operator A=UAU having the expression

A+BK —-BK —B( - KII)
~ A+ BK M
A= 0 A-GIC P+&Q |= (4.29)

0 Ap
0 -G C S+ G2Q

for M = (_BK ~B(T — KH)) . By our assumption Ag generates a strongly stable Cy—semigroup
on X and A+ BK generates an exponentially stable Cy—semigroup on Z. Clearly the Cy—semigroup

generated by Aon Z x X is given by

(1) = TatBr(t) fot TatBr(t —s)MT 4, (s)ds (4:30)

0 TAF (t)

Consequently T';(t) is strongly stable if

t

tlim Tarpr(t —s)MT 4, (s)zds =0 VreX (4.31)
But (4.31) holds by Proposition 5.6.1 in [2]. This proves that also T'4(t) is strongly stable. O

Although Theorem 4.15 provides a solution to the EFRP without assuming exponential stability
of T4, (t), we point out that it may not be easy to verify the strong stability of T4, (t) in practice
either. Before discussing the verification of strong stability of T4, (¢) in Section 4.6, we shall first

introduce another explicit solution of the EFRP.

4.5.2 A generalization of Davison’s dynamic state feedback controller

A generalization of Davison’s dynamic state feedback controller (see [39]) is described (in the mild
sense) by the equations
&(t) = Sz(t) + Goe(t), =(0) e W (4.32a)

u(t) = K12(t) + Kox(t) (4.32b)
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on the state space X = W. Here the parameters Ky € L(Z,H), Ko € L(W,H) and Gy € L(H, W)

should be chosen such that the closed loop system operator

A+ BK, BK,
A= Ap, = (4.33)
G0(0+DK1) S+ GoDK>5

generates a strongly stable Cp—semigroup on Z x W and asymptotic tracking/rejection of the
exogenous signals generated by the exosystem (2.2) occurs.

The controller (4.32) is clearly simpler than the one with parameters as in (4.26) in the sense
that the state space X is smaller. Moreover, here it is also possible to have D = 0. However, in
order to achieve sufficient closed loop stability, we cannot in general assume that K7 # 0, i.e. state
feedback must be allowed [39].

It turns out that under certain assumptions® on the operators S, K, Ko and G strong closed
loop stability, i.e. strong stability of T'a,, (t), already #mplies output regulation in the sense that

the dynamic controller

#(t) = Sa(t) + Goelt), x(0) e W (4.34a)

u(t) = Koz (t) (4.34b)

(which does not employ state feedback) solves the EFRP for a plant in which A is replaced by
A+ BK; and C is replaced by C' + DK;. We choose to defer the proof of this result to Chapter 6
because it arises as a natural consequence of the general robustness theory employing the so called
internal model structure. Moreover, in Chapter 6 we shall be able to derive additional conditions
under which the use of direct state feedback can be avoided. Strong stability of the Cy—semigroup
Tap, (t) generated by Ap, will be discussed in Subsection 4.6.4.

We point out that in [35] Haméldinen and Pohjolainen generalized (using frequency domain
techniques) some finite-dimensional output regulation results of Davison for stable plants in the
Callier-Desoer algebra® and for certain finite-dimensional exogenous systems which also allow for

polynomial reference signals. In the case of trigonometric polynomial reference/disturbance signals

2n EK}cO

k=0 3 for s # iwy and for certain € > 0,

their controller has the transfer function Ho(s) = 5

4See Subsection 6.5.2.
5The systems studied in [35] exclude e.g. that in Example 3.56. However, the systems studied in [35] can also

have a more general impulse response than CT4 (¢)B 4+ D4(t) which is the impulse response of the plant (1.1). We

refer the reader to [17] for more details.
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matrices K, and some fixed n € N. Here wy are the frequencies of the exogenous signals. If
H = C¥ and if in (4.34) we can take W = H = Hap(CV, f,,w,) for some N € N, (f,)ner CR
and (wp)ner C R, with S = S|y, P € L(H,Z), Q = & € L(H,CV) and w(0) = yrey € H
as in Proposition 2.3, then the transfer function of the controller (4.34) is given by the strongly

convergent series
K> P,Gy

s — lwp

He(s) = KaR(s, S|r)Go = Y
nel

, 5€p(Sn) (4.35)

where the bounded linear operator P, : H — H, n € I, is defined® by P,y = §(n)e™" for every
Yy =Y ,erd(n)en € H. Observe that the series (4.35) of operators indeed converges strongly,
because P,Goe = (C/Jo\e)(n)ei“’"' € Hand ) ; ‘)"fLH(g(B(n)H2 < oo for all e € H. Moreover,
since S|y Py = iw, P,y for all y € H, clearly R(s,S|xn)Pny = ﬁpny for all y € H and all
s € p(S|x). We emphasize that although the transfer function in (4.35) is more general than the
corresponding one in [35], at this stage we have no guarantee of output regulation; conditions for

this to occur will be provided in Chapter 6.

4.6 On the stabilization of the closed loop system

One of the most delicate issues in the solution of the EFRP for an infinite-dimensional exogenous
system (2.2) turns out to be appropriate stabilization of the closed loop system. We saw in Section
4.5 that the operator
A P G1
Ap = - (¢ -0) (4.36)
0o S Go
should generate a strongly stable Cy—semigroup on Z x W, if a controller with parameters as in
(4.26) is to be used in the solution of the EFRP. On the other hand, if state feedback from the

plant is allowed, then we need the strong stability of the semigroup generated by the operator

A 0 B
Apy = + (K1 Kz) (4.37)
GoC S GoD

on Z x W, in order to use the controller (4.32) for output regulation purposes.

6Since Hap(CVN, fn,wn) C AP(R,CN) we can obviously use the Fourier-Bohr transform to define the operators
P, [63]. If {wn | n € I} is also a discrete set, then they can also be defined via the spectral projections corresponding

to the isolated points iws,.
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Noteworthy in the above operators Ar and Ap, is that they both incorporate a copy of the
exosystem’s operator S. This feature is a source of severe stabilizability problems if dim(W) = oc.
In fact, in Subsection 4.6.1 we will prove in a novel way the well-known result that whenever
dim(W) = oo, the operator S cannot be compactly additively perturbed to obtain a generator
of an exponentially stable Cy—semigroup on W. Moreover, the situation is not much better if
we allow for a degree of unboundedness in the perturbation; S must have compact resolvent in
order that S—compact perturbations can exponentially stabilize it. In Subsection 4.6.2 we shall
provide general sufficient conditions that S + A generates a strongly stable Cy—semigroup for
certain A € L(W). The remainder of this section is then devoted to methods which can be used
to establish the strong stability of the semigroups generated by Ap and Ap,. We hasten to
emphasize that although some of the results of this section may seem difficult to apply in practice,

the robustness results of Chapter 6 show their relatively wide applicability.

4.6.1 The lack of exponential stabilizability of the exosystem

In this subsection we shall prove the following negative results about the lack of exponential

stabilizability of the exogenous system (2.2):

1. Assuming that A € £(W) is compact, the operator S+ A can only generate an exponentially

stable Cp—semigroup if dim(W) < co.

2. Assuming that A is S—compact, the operator S + A can only generate an exponentially

stable Cp—semigroup if R(A,.S) is compact for one/all A € p(5).

Here, as before, S generates an isometric Cy—group on a Banach space W. These results are
well-known (see Corollary 3.58 in [65] and Theorem IV.5.35 in [57]), but our method of proof
is new. While the earlier proofs of these results employ conservation of the so called essential
spectrum under (relatively) compact perturbations, our proof here relies on a direct operator
equation method.

We shall begin with two lemmata. In what follows (W) denotes the Banach space of compact

operators in L(W).

Lemma 4.16. Let E and F generate Co—groups Tg(t) and Tr(t) on a Banach space W, and let
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G € K(W). Then the operator
t
w —>/ Tg(s)GTp(—s)wds, YweW (4.38)
0
is compact for each (fized) t > 0.

Proof. We imitate the proof of Theorem 3.53 in [65]. Let Oy = {Tr(—s)w | w € W, ||w| < 1,0 <
s < t}, which is a bounded subset of W. Then Q5 = G() is precompact, since G is a compact
operator. We show that Q3 = {Tgp(s)w | w € Q2,0 < s <t} is also precompact. Let C > 0 be a
constant such that | Tg(s)|| < C for all s € [0,t]. Let € > 0. Then there exist wy,wa,...,w, € Qs
such that whenever w € €2 it is true that [[w—w;| < 55 for some 1 <4 < n. Since Tg(t) is strongly
continuous, there exist s, s3,..., s}, € [0,¢] such that if s € [0,¢] then || Tg(s})w; — Te(s)wi| < §

for some index j. Hence for every w € {29 and every 0 < s < ¢t there exist indices ¢ and j such that

. ; € €
ITe(s)w = Te(sj)wil| < ITe(s)w = Te(s)will + 1 Te(s)ws — Te(sjlwill < 5 + 5 =€ (4.39)

and so (23 is precompact. Then by Mazur’s Theorem (cf. [27]), the closed convex hull c6(€23) is a
compact set.

Now, it is well known (see p. 48 of [26]) that whenever Q is a closed and convex set in W, v
is a positive Borel measure on [0,00), B C [0,00) is v—measurable such that 0 < v(B) < oo, and
f : B — W is Bochner integrable with respect to v such that f(s) € Q for almost every s € B,
then

ﬁ /B fdv e Q (4.40)
Since for every w € W such that ||w|| <1 the (continuous and hence Bochner integrable) function
s : [0,t] — Tg(s)GTr(—s)w € @o(23), by the above, fg Tr(s)GTp(—s)wds € tco(Q3). Con-

sequently the bounded linear operator w — fg Tr(s)GTr(—s)wds is compact for all ¢ > 0. O

Lemma 4.17. Let E and F generate Co—groups Tg(t) and Tr(t) on a Banach space W, and let
G € K(W). For allt > 0 define the families of operators Qy, and Ry as follows:

Qviw=Tpt)YTp(—t)w, VY € L(W), YweW (4.41)
t t

Riw :/ Qg swds :/ Tr(s)GTr(—s)wds, YweW (4.42)
0 0

If for allY € L(W) we have lim;_,o, Qy,;s = 0 in the uniform operator topology and if there exists
X € L(W) such that X(D(F)) C D(E) and EX — XF = G in D(F), then lim¢_,oc Rt = —X in

the uniform operator topology.
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Proof. As in Lemma 3.5 it is easy to show that
t
Riw = / Tp(s)[EX — XF)Tp(—s)wds = Tg(t) XTp(—t)w — Xw = Qxw — Xw (4.43)
0

for all w € W and all t > 0. Hence lim; ., Ry = —X in the uniform operator topology. O
The following two theorems are the main results of this subsection.

Theorem 4.18. Let A € K(W). If S+ A generates an exponentially stable Co—semigroup, then
dim(W) < oo.

Proof. First observe that since A € L(WW), the operator S + A also generates an exponentially
stable Cp—group. It is clear that X = I solves the operator equation (S + A)X — XS = A in
D(S). Moreover, since Ts(t) is an isometry for all ¢ € R and since Ts1 A (t) is exponentially stable,

we have for some M,w > 0 that
ITs s a(®Y Ts(~t)| < Me="||Y]}, vt >0 (4.44)

so that limy_ o Tsia(t)YTs(—t) = 0 in the uniform operator topology for all Y € L(W). By
Lemma 4.17 we have that

t

lim Toin(s)ATs(—s)wds = —Tw =—w YweW (4.45)

t—o0 0

in the uniform operator topology. But the operators w — fot Ts+a(8)ATs(—s)wds are compact
for every ¢t > 0 by Lemma 4.16. Since IC(W) is closed with respect to the uniform operator norm,

the identity operator I € IC(W). This is possible only if dim(W) < oo. O

Theorem 4.19. Let A be S—compact. If S+ A generates an exponentially stable Cy-semigroup,
then R(\,S) is compact for one/all A € p(S).

Proof. First observe that since A is S—compact, so is —A. Hence the operator —S — A also
generates a Cy—semigroup, and so S + A generates an exponentially stable Cy—group. Since A
is S—compact, the operator AR(\,S) € K(W) for some A € p(S). It is clear that X = R(),S)
solves the operator equation (S + A)X — XS = AR(A,S) in D(S). Moreover, as in the above we

have for some M,w > 0 that

| Tsia(t)YTs(—t)|| < Me Y], Vt>0 (4.46)
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for all Y € L(W) so that lim; oo Ts4a(t)YTs(—t) = 0 in the uniform operator topology. By
Lemma 4.17 we have that
t

lim [ Tsia(s)AR(N, S)Ts(—s)wds = —R(\, S)w YweW (4.47)

t—o0 0

in the uniform operator topology. But the operators w — fg Tsia(S)AR(N, S)Ts(—s)wds are
compact for every t > 0 by Lemma 4.16. Since (W) is closed with respect to the uniform
operator norm, the resolvent operator R(\,S) € KX(W). That R(u, S) is compact for all u € p(S)

now follows easily from the resolvent identity [28]. O

In view of the above negative results it is interesting to observe that for every € > 0 the bounded
(but noncompact) additive perturbation A = —el to S results in the generator of an exponentially
stable Cy—semigroup. Hence, although a compact perturbation never stabilizes S exponentially,
exponential stabilization of S can be accomplished by a bounded perturbation whose norm is

arbitrarily small.

Remark 4.20. If the exogenous system (2.2) represents some physical system, then its exponential
stabilization can sometimes be achieved under (more or less) realistic assumptions. Consider, for

example, the following one-dimensional wave equation with distributed damping:

0? 0? 0

@w(x, ) = ww(m,t) — d(x)aw(x, t), 0<axz<L, teR (4.48a)
w(0,t) = %w(L,t) =0 (4.48b)
w(z,0) =¢(x), 0<z<L (4.48c)

where d(z) > 0, d(z) > dp on a subinterval of (0, L), and d(-) is bounded and continuous. It has
been shown by Chen et al. [14] that the partial differential equation (4.48) can be described by an
abstract Cauchy problem w(t) = Sw(t) + Aw(t) on a certain Hilbert space W. Here S represents
the “wave equation” part of (4.48) and it generates an isometric Co—group on W — hence it
is suitable for the exosystem (2.2). On the other hand, A € L£(W) represents the “distributed
damping” part of (4.48) and it is dissipative, i.e. R{(Aw,w) < 0 for all w € W. It has been shown
in [14] that S + A generates an exponentially stable Cp—semigroup on W. However, an obvious
drawback in the use of this operator S in the exosystem (2.2) is that it may not be possible to

obtain a useful description of the signals that can be generated as in Chapter 2.
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4.6.2 On the strong stabilizability of the exosystem

A decisive conclusion that can be made based on the results of Subsection 4.6.1 is that in practice
it is often impossible to stabilize the exogenous system (i.e. the operator S) exponentially unless
R(A,S) is compact for some/all A € p(S). Unfortunately, since S—compact additive perturbations
to S do not alter the essential spectrum of S (see [57] Theorem IV.5.35, p. 244), also the strong
stabilizability of the exosystem seems to be difficult to verify in many interesting cases. This is
because all nonisolated boundary points of p(S) — which in our case are precisely the nonisolated
points of o(S) — belong to the essential spectrum of S (see [57] Problem IV.5.37, p. 244). The

problem is illustrated in the following example.

Example 4.21. The celebrated Arendt-Batty-Lyubich-Vi (ABLV) Theorem ([28] Theorem V.5.21)
is one of the most powerful tools available for the verification of strong stability of a given Banach
space Co—semigroup. However, in order to use it, we need the countability of the imaginary
spectrum of the generator. The fact that the essential spectrum of S is invariant under S—compact
perturbations renders the ABLV Theorem useless in some of our most general setups. For example,
let £ = AP(R,E) for some Banach space E and consider the left translation Co—group Ts(t)|s
generated by S|le on E. Since the functions t — ¢(t) = ae™?, a € E, are in & for all w € R,
and S|lgd = iwd, we have that iR = o(S|g). Hence for all S—compact perturbations A we have
o(S+A) = iR, which is uncountable. Consequently, the ABLV Theorem does not apply. However,

we point out that this does not imply that S+ A cannot generate a strongly stable Cy—semigroup.

Fortunately, the above problems only appear to arise in the Banach space setup: If W is
a Hilbert space, then we have the powerful decomposition of contractive Cp-semigroups due to
Szokefalvi-Nagy and Foias” at our disposal [85]. The Szokefalvi-Nagy-Foias theory enables us
to prove the following genuinely positive result, which shows that any generator of an isometric
translation Cy—group on a separable Hilbert function space can be strongly stabilized by feedback
operators employing point evaluations and their adjoints only. This result is very useful for our
considerations, because, as we saw in Chapter 2, in output regulation problems the exosystem
operator S is often chosen such that it generates the isometric left translation Cy—group on some
prespecified function space £ BUC(R, E), and the operators P and/or @) are constructed using

suitable point evaluation operators dg.

"The abbreviation Sz.Nagy-Foias is often used in the literature.
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Theorem 4.22. Let E and £ 5BUC(R, E) be (separable complex) Hilbert spaces. Consider the
generator S|g of the isometric left translation Co—group Ts(t)|e on &, the point evaluation operator
do € L(E, E) and its adjoint 65 € L(E,E). Then S|g — €dido generates a strongly stable Co— group

on & for all € > 0.

Proof. Let ¢ > 0. By Stone’s Theorem (Theorem 2.32 in [65]) and Definition 2.6.3 in [17] the
adjoint S|§ = —S|¢ so that D(S|§) = D(S|¢) and Ts(t)|s = Ts(—t)|s. Moreover, since Ts(t)|s is
an isometric (i.e. unitary) group, by Theorem 3.2 in [61] S|g — €d}do also generates a contraction
group on &.

Since Ts(t)|e is the translation group, it is clear that the unitary space H,(Ts),) = {f € £ |
ITs@)lefll = Il = ITs(t)|5fll,;t > 0} of the Szdkefalvi-Nagy-Foias canonical decomposition [85]
is the entire space £. By Theorem 3.2 in [61] we then have for the unitary space corresponding to the
semigroup generated by S|e — €550 that Hy(Ts|c—cs55,) = Hu(T's|o—(yeso)*(veso)) C ker(y/edo).
But the unitary space Hy(Ts|.—cszs,) also reduces® Ts(t)|e (see p. 724 of [62] or the proof of

Theorem 3.2 in [61]) so that by Lemma 2.1 (4¢) in [61] it must be true that

Hu(Ts)e—esgss) © | Mo ker(VedoTs(0)]2)] 1 [ iz ker(VesoTs(t)le)| (4.49)
= | Nizo ker(BoTs(8)[2)] N | izo ker(BoTs ()le)] (4.50)
=[N0 {F € €1 8Ts(=t)lef = 03| N[ Nizo {f € £ doTs(B)]ef = 0}] (451)
= (ver{f € € | 8oTs(t)lef =0} (4.52)
={fe&|ft)y=0VteR}={0} (4.53)

Hence according to the canonical decomposition of contraction semigroups [85], T, cs:5, (t) is
completely nonunitary, i.e. the completely nonunitary space chu(Ts|g_€5;;50) = &. It remains
to show that T, _es:5,(t) is strongly stable on Hepu(Ts|c —esz5,)- But this follows directly from
Lemma 4.1 in [61] because Ts(t)|s and Ts(t)|; are strongly stable on the completely nonunitary

space Henyu(Ts|,) = {0}. O

Remark 4.23. For an arbitrary Banach space F and for an arbitrary uniformly bounded Cy—group
T(t) generated by Y on E we can always describe Ty (t)e, e € E, by the (strongly continuous
and isometric) left translation group Ts(t)|e on € = span{Ty(-)e | e € E} C BUC(R,E) as

8 A subspace M C & reduces Ts(t)|¢ if it is invariant for both Ts(t)|s and Ts(t)|% [61].
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Ty (t)e = 00Ts(t)|e[Ty (-)e]. The above result suggests that in order to be able to strongly stabilize
the general operator Y, it is sufficient to strongly stabilize S|¢. In certain cases this can be done

using the feedback —ed;dp as in Theorem 4.22.

Remark 4.24. Theorem 4.22 shows that the norm of a strongly stabilizing feedback for the pair

(S|e, d5) can be made arbitrarily small.

Remark 4.25. If 0(S|¢) is countable, then the result of Theorem 4.22 also follows from Theorem

14 of [5] using a more elementary reasoning.

Corollary 4.26. Let E be a (separable and complex) Hilbert space and consider the generalized
Sobolev space € = Hap(E, fn,wn) introduced in Chapter 2. Then S|g — €d3do generates a strongly

stable Cy—semigroup on & for all € > 0.

The following auxiliary result provides sufficient conditions that the operator S|e¢ (and hence
also S|g — €dgdp by [28] p. 159) in Corollary 4.26 has compact resolvent. This information turns
out to be quite useful in the strong stabilization of any closed loop system containing a copy of

S|e (see e.g. Subsection 4.6.3 and Section 6.7).

Proposition 4.27. Let E be a finite-dimensional space and consider the generalized Sobolev space

E = Hap(E, fn,wn) introduced in Chapter 2. If ()\;w" )nel

€ (2 for some X € p(S|g), then S|g has
compact resolvent. This is the case, in particular, if (wy)ner C { 2”7” |n€eZ}, ie. € — Py(R,E),

for some p > 0.

Proof. Let us define (using e.g. the Fourier-Bohr transformation [63]) the family (P,)ner C £(€)

of finite rank operators by

P,y = g(n)e™" for each y = Z g(n)en €& (4.54)
nel

Since S|g Py = iw, Py for all y € £, it is evident that R(\, S|g) Py = /\%LPny for all A € p(S|¢)

W,

and all y € £. As a result, we have

1
RO\ Slely = RO S1e) Y Py =3 s——Pay, Wy EAEp(Sle)  (455)

nel ner M
We show that R(A, S|¢) is the uniform limit of the finite rank operators _,, ++—P,, hence

compact. To this end, let A € p(S|¢) be such that (5—

m)nel € (2. Then, by the Schwartz
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inequality, for all y € £ we have

In|<N n £ |n|>N n .
1 ~ W+
> HA—zwny< Je . (4.57)
In|>N
-y \ o el (458)
A —iwy, | E
[n|>N
1 ’ 21| 2
< X = ) 2 Bl (4.59)
In|>N " In|>N
1 ’ 2|43 2
<\ X | 2 Bl (4.60)
In|>N n nel
= M(N)|lyle (461)

where M(N) = ,/Z‘n|>N|ﬁ 2 — 0as N — oo. Hence R(\, S|¢), being the uniform limit of

the finite rank operators 3°,, <y /\%MP,L, is compact. O

Many authors have also solved the strong stabilization problem for bounded Cy-semigroups
using so-called pole-placement techniques (see e.g. [94] and the references therein). In the case of
the exosystem operator S, the idea behind such techniques is to design a perturbation operator
A such that S + A has a prespecified spectrum contained in the left half of the complex plane.
Although such techniques generally result in more complicated feedback operators than the remar-
kably simple one provided by Theorem 4.22 and Corollary 4.26, and although such techniques often
only work under rather restricted assumptions on S, W and H, they have the advantage that the
growth rate of the norm ||R(iw, S + A)|| as |w| — oo can often be easily estimated. We conclude
this subsection by illustrating this very useful feature in a result, which plays an important role in
the robustness considerations of certain repetitive control applications later on in this thesis (see

Section 6.7):

Proposition 4.28. Let W = G = HZ.,(0,p) for some o > § and let S = S|g, Q = 6y € L(G,C),

in accordance with Proposition 2.3. Let v > o+ +. Then there exists L € L(C,G) such that
1. S|g + Lég generates a strongly stable Co—semigroup on G,

2. The resolvent satisfies || R(iwn, S|g + Ldg)|| < C'\/1+ w2 for some C' > 0 and everyn € Z,
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3. There exists a unique | € G such that Lu = lu for every u € C and (I, ¢,)g # 0 for every

n € 7.

Here w, = 2”—” for alln € Z and (¢ )nez denotes the orthonormal basis of (weighted) exponentials

iu}n' o iu)n
Cne = 7\/Ta, n € Z, for G, which are also the eigenvectors of S|g corresponding to the

etgenvalues iwy,.
Proof. 1. We shall first employ the theory of Xu and Sallet [94] to find L € £(C,G) such that
S| + 5L generates a strongly stable Cy—semigroup?. To this end, we have to show that

the standing assumptions H1 — H3 in [94] are satisfied.

First of all, H1 amounts to verifying that S| has compact resolvent and simple spectrum.
This follows easily from the equality S|§ = —S|g (cf. Stone’s Theorem [65]), Proposition
4.27 and the fact that o(S|g) = {iw, | n € Z}, where each eigenvalue iw,, is simple: The
range of any spectral projection Pwlg is just {ae™ | a € C}, which is one-dimensional.
Thus, hypothesis H1 in [94] is satisfied.

Secondly, H2 amounts to showing that D(S|g) is a Hilbert space in the graph norm and
that 0; (when interpreted as an input element) satisfies d; € D(S|g)’ (the topological dual
of D(S|g)). The first assertion is evident because by Section II.5.a of [28] D(S|g) with the
graph norm is just the Sobolev space Hggl(o, p). The second assertion follows from the fact
that §5 € L(C,G); then dfu € H;"er(O,p) for all u € C.

Finally, in order to meet assumption H3 in [94] we first point out that the eigenvectors ¢,
of S| = —S|g constitute an orthonormal basis in G. Then for H3 to hold it suffices to show
that (¢,,d5)g # 0 for each n € Z and that there exists a positive constant M such that!°

(hn, 03 |
p A+ Wy,

2

(bn, 05) <M (4.62)

— Wy, + twy,

<M and supZ‘

meZ

whenever the distance from A to o(S[5) is at least 3—;. Since ¢, (-) = epe™n, with ¢, =

ﬁa fOI‘ eaCh f S g we have 60f = f(O) = En€Z<f7 ¢n>g¢n(0) = ZnGZ Cn<f7 ¢’ﬂ>g =
(f, 2 nez CnPn)g, so that the adjoint of dg satisfies dgu = u ) ., cndy, for every u € C.

9Here and elsewhere the superscript * denotes the operator adjoint; recall that G is a Hilbert space.
10The fact that in [94] Xu and Sallet employ summation over positive integers does not play any role; only the

elements that are summed matter because we can bijectively transform the summation such that it is carried out

over positive integers.
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Obviously then (¢, 65)g = ¢n # 0 for every n € Z. Moreover, for A as in the above, we have

(since o > 1)

(bn,05) 2 9p? 2 9p? 2\ —
< nl? = 2= 1 C=M < 4.63
DIt S el =15 (e > (4.63)
nez nez nez
and
(bn,08)g | c Cop
ny Y0 n 2\—«
sup E sup E — <= E 14w;) <M (4.64)
meZ n#m ‘ —Wm + Wn meZ n#m 217 (n m) 47T2 nez

In conclusion, the assumptions H1 — H3 in [94] are satisfied.

Let us now define u, = —iw, — L — for every n € Z. We next design a feedback L* €
wn

ﬁ

L(G,C) such that it assigns the spectrum o(S|g +d5L") ={pn [n€Z} C{2€ C|R(2) <
0}. If we can accomplish this, then S|§ +d5L* generates a strongly stable Cp—semigroup on
G. In fact, the operator S|g + d5L* is regular spectral [94], i.e. it has compact resolvent and
its eigenvectors (6, )nez, with (S| +05L*)0, = pnb;, for every n € Z, constitute a Riesz basis
in G. Hence the Cyp—semigroup TSIQ-HS[; 1~ (t) is uniformly bounded; strong stability follows
from the Arendt-Batty-Lyubich-Va Theorem (see e.g. Theorem V.2.21 in [28]) because S|+

d3L* has no spectrum on ¢R. In order to show that such an L* indeed exists, we aim to

apply Theorem 1 in [94]. To this end, we observe that the assigned spectral points i,

2
satisfy the necessary and sufficient condition (3) on p. 522 of [94]: > _, ‘ @“*gf;r;
ns=0

a—vy _
D nez %Vlj—w%wlz =Yzl V1I+w2 2=, 04 w2)*7 < oo because v > o + 3.

Theorem 1 in [94] now implies that the claim follows for the particular choice L* = (-, 1)

where [ € G is given by

=S 1gy where T YIEWR [ ZEatid VIR o

—~ 14+ w,% k= —co ketn —iWwy, + Wi
The convergence of this infinite product is explained on p. 524 of [94]. Our final task in item
1 is to show that the adjoint S|g+ Ldy is also the generator of a strongly stable Cy—semigroup
on G. Clearly S|g + Ldy generates at least a weakly stable Cy—semigroup on G. Since S|g
has compact resolvent, so has S|g + Ldy (see [28] p. 159). For such semigroup generators

weak stability implies strong stability (see Proposition 3.21 in [65]).

2. According to Theorem 1 in [94] the operator S| + d5L* above is regular spectral, i.e. it has

compact resolvent and its eigenvectors (6, )nez, with (S|g +0d5L*)0, = pnb, for every n € Z,
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constitute a Riesz basis in G. We remark that the eigenvalues (f1,,)nez of S|g +3d5L* need not
be simple in general. Let (¢, )ncz denote the sequence in G which is biorthogonal to (6,,)nez
[17]. Whenever A # u, for each n € Z we have (A — S| — 05L*)0, = (X — pin )0, whence

RN S|+ 06 L%)0n = 5=

m 0,, and so for every such A € C

<fv ¢n>99n

ROV S5 + 61701 = D (g RO S5 + 61706, = 3 =57

ne”Z nez

VfEG  (4.66)

For every m € Z and each f € G we may now estimate using well-known properties of Riesz
bases [17] as follows:

2

2
. * X Tk 2 _ <f7 "/}n>gen / <f7 w’ﬂ>g
HR(_Zwm; S|Q + (SOL )f” - %m S D ng m (467)
, (f, w 2 fvne |
=0 n; ‘ - ‘_Mm )
<D'[(1+u2) Z\ Fon) g\2+c2| Fva)gl?] (4.69)
nez nezZ
< CP(1+wp)|IfI1? (4.70)

where I, is the finite (cf. Corollary IV.1.19 in [28]) multiplicity of the eigenvalue p,,, and
¢, D',C" are positive constants. This shows that ||R(—iwn, S|§ + d5L*)|| < C’m’y for
each n € Z. But according to Lemma A.3.65 in [17] and Lemma A.3.60 in [17], || R(iw,, S|g +
Léo)|| = | R(—iwn, S|5 + 65 L*)|| < C'/T + w2 for each n € Z.

3. If we choose L* according to (4.65), then evidently Lu = lu for the unique [ € G. Moreover,
{(¢n,1)g = I, for each n € Z. Now by Theorem 1 in [94] we have

—q ; 1
lim M ﬁ Hn o+t vV 14“”13’Y (4 71)
MN=oo  Cu W —iwy, + Wy, '
. N
M + Wy, [ 1
Cpn  M,N—oo _IZ\_J[k;én i(wk — wn) /1T + @2
—T (4.72)
. N 1 N 1
Since Hk:—M,k;éTL 1+ m} = Hk:—]\/f,k;ﬁn 1-— W > 1 for every

M, N € N, the above infinite product cannot converge to 0. Hence we have I,, # 0 for each

n € 7.
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4.6.3 Strong stability of the Cy—semigroup generated by Ap

In this subsection we shall discuss the strong detectability of the pair (Ao, C) where Ag = (4 £ ) and
C= (C 7Q). In other words, we want to find G = (g;) € L(H,Z x W) such that Ap = Ay — GC
generates a strongly stable Cp—semigroup T4, () on Z x W.

Algebraic Riccati equations provide a useful direct method for the study of the strong detecta-
bility of the pair (Ag,C) [18]. Using this approach, in Proposition 4.29 below we present sufficient
conditions for the existence of a strongly stabilizing output injection operator G; the operator itself
can be found by solving a suitable Riccati equation. Recall that if H is a Hilbert space then
U € L(H) is coercive provided (Uh, h) > €||h||? for some € > 0 and all h € H [18]. In the following

A$ denotes the adjoint operator of Ag.

Proposition 4.29. Assume the following.
1. H and Z x W are (separable) Hilbert spaces.
2. Ay = (é 1;) generates a contraction Co—semigroup on Z X W.
3. The pair (A5,C) is approzimately observable (here C = (C -Q)).
4. Ao has compact resolvent.

Then for any coercive operators U =U* € L(H) and R = R* € L(H) the Riccati equation
Aoz + AAyz — AC*R™'CAz +C*U'C2 =0 Vz € D(A}) (4.73)

has a unique self-adjoint solution A € L(Z x W) such that Ar = Ay — AC*R™IC generates a

strongly stable Co—semigroup.

Proof. Tt is evident that since Ag has compact resolvent, so has A§ because for real a € p(Ap)
we have R(a, A§) = R(a, Ag)* (cf. Lemma A.3.65 in [17], Theorem 7.3 in [86] and equality
(A.3.15) in [17]). Furthermore, also A{ generates a contraction semigroup on Z x W because
T4, (W)l = [Tz (t)]| < 1 for each ¢t > 0. By Theorem 4 in [18], the algebraic Riccati equation
(4.73) has a unique self-adjoint solution A € L(Z x W). By Corollary 5 in [18] the operator
Az = A5 — C*R7ICA generates a strongly stable Co—semigroup. Consequently its adjoint Ap =
Ao — AC*(R™1)*C = Ay — AC* R~IC generates a weakly stable Cy—semigroup. But since Ay has

compact resolvent, the boundedly perturbed operator Ap also has compact resolvent (cf. [28] p.
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159). This implies that the semigroup generated by Ap is in fact strongly stable (see e.g. [18]
Lemma 1 or [65] Proposition 3.21). O

Remark 4.30. If the assumptions of Proposition 4.29 are met, then we may choose the strongly

stabilizing output injection operator G for the pair (Ag,C) as G = (g;) =AC*R™.

Although neither exponential stabilizability nor exponential detectability is required of the
plant, the assumptions of Proposition 4.29 may seem quite restrictive from the practical point of
view. However, its assumption 1 can be met, for example, if Z is a Hilbert space and if we study
asymptotic tracking of the reference signals in the Sobolev spaces W = Hap(CY, f,,w,), N €N,
using Proposition 2.3. The product space Z x W can then be endowed with the natural inner
product to obtain a Hilbert space. The assumptions 2 and 3 in Proposition 4.29 are of technical
nature, but they are easy to verify if, say, we may let P = 0 (which often is the case once we
incorporate robustness; see Chapter 6 and in particular Subsection 6.5.1). Observe that S always
generates an isometric — hence contractive — Cy—group. Finally, Ay has compact resolvent if S
and A have compact resolvents. Proposition 4.27 presents fairly general conditions under which S
has compact resolvent in output regulation applications. Moreover quite often in practice A is also
a differential operator with compact resolvent [28]. Hence the assumptions of Proposition 4.29 can
be met in many important special cases.

It turns out that sometimes it is not necessary to solve the Riccati equation (4.73) in order to

achieve the strong stability of T4 . (¢):
Proposition 4.31. Assume the following.
1. H and Z x W are (separable) Hilbert spaces.
2. Ag = (‘3 1;) generates a contraction Co—semigroup on Z x W.
3. ker(ul — Af) Nker(C) = {0} for all p € iIRNop(Af) (here C = (C -Q)).
4. Ao has compact resolvent.
then Ap = Ag — C*C generates a strongly stable Co—semigroup on Z x W.

Proof. Tt suffices to apply Theorem VI.8.28 in [28] to the strong stabilization of the pair (Ag,C*).
O
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We again point out that the robustness theory of Chapter 6 often allows us to choose the
operators P and ) which are contained in the operator Ag (see Subsection 6.5.1 for more details).
In this case the assumptions of Proposition 4.31 are fairly straightforward to verify.

In the following result we demonstrate that good stabilizability properties of the plant can

compensate the difficult stabilizability of the exosystem (and vice versa) in the stabilization of
Theorem 4.32. Assume that either
o there exists Gy € L(H, Z) such that A— G1C generates an exponentially stable Cy-semigroup

on Z and there exist Go € L(H, W) and L € L(W, H) such that S+ GaL generates a strongly

stable Cy—semigroup on W,
or

o there exists Gy € L(H,Z) such that A—G1C generates a strongly stable Co—semigroup on Z
and there exist Go € L(H,W) and L € L(W, H) such that S+ Gy L generates an exponentially

stable Cy—semigroup on W.

If in addition there exists Y € L(W,Z) such that Y (D(S)) C D(A) and the following operator

equations are satisfied

YS =AY —GiL—P inD(S) (4.74a)

CY=L-Q W (4.74b)
then Ap = A — GC generates a strongly stable Co—semigroup on Z x W whenever

G1— YGs
G= (4.75)
G2

Proof. Tt is a straightforward calculation to show using the operator equations (4.74) that

I'Y A P G1 —YGs (c _Q)] I -Y

0 I 0o S Go 0 I

A—-G.C 0
—-GoC S+ GoL

— A (4.77)
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so that Ap is similar to the operator A® in (4.77). The semigroup T 4:(t) generated by .4° on

Z x W is given by

Ta_c,clt 0
T (t) = a-cro(t) . t>0 (4.78)

— fg T5+G2L(t — S)G2CTA7010(S)d8 TS+GQL(t)

where Tsy,1(t) is the strongly (exponentially) stable Cy—semigroup generated by S + G2L on
W. Since by our assumption T4_¢, () is exponentially (strongly) stable on Z, we only need to
show that
t
tlim Tst+a,n(t — $)G2CTa—_g,c(s)wds =0 Ywe W (4.79)
to ensure that A° (and hence also Ap) generates a strongly stable Cyp—semigroup. That (4.79)

holds in both of the above cases for each w € W follows immediately from Theorem 5.1.2 and

Proposition 5.6.4 in [2]. O

Remark 4.33. The operator equations (4.74) are of the same form as the regulator equations

(3.10). Their solution is discussed in Chapter 8.

Remark 4.34. If A generates an exponentially stable Cy—semigroup and if we may let P = 0
(which is often the case if robustness is present), then we may let G; = 0 and take ¥ = 0
in Theorem 4.32. Hence in this case it is sufficient to find Gy € L(H, W) such that S + G2Q
generates a strongly stable Cy—semigroup on W. Sufficient conditions for the existence of such Go

were presented in Section 4.6.2.

Remark 4.35. If under the assumptions of Theorem 4.32 both A — G1C and S + G2 L generate

exponentially stable Cyp—semigroups, then so does T4, (t).

Remark 4.36. In Chapter 6 we shall derive conditions under which output regulation is robust
with respect to the choice of P and @ in the operator Apr. Under such conditions these operators
P and @ need not coincide with those in the exosystem (2.2); they can be regarded as design

parameters in Proposition 4.29, Proposition 4.31 and Theorem 4.32.

4.6.4 Strong stability of the Cy—semigroup generated by Ap,

Since the strong stability of T4, (¢) means the existence of Gy € L(H, W) and a strongly stabi-

lizing feedback K = (K1 Kz) for the pair (Ag, B), where Ay = (ch g) and B = (G’OBD), it is not
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very surprising that methods “dual” to those presented in Subsection 4.6.3 apply directly here. As

regards the method employing Riccati equations we have:
Proposition 4.37. Assume the following.
1. H and Z x W are (separable) Hilbert spaces.
2. Ay = (G?C g) generates a contraction Co—semigroup on Z x W.
3. The pair (Ao, B*) is approzimately observable (here B = (1) ).
4. A has compact resolvent.
Then for any coercive operators U = U* € L(H) and R = R* € L(H) the Riccati equation
ASAz 4+ AAgz — ABR™'B*Az + BUT'B*2 =0 Vz e D(Ag) (4.80)

has a unique self-adjoint solution A € L(Z x W) such that Ap,, = Ao — BR™'B*A generates a

strongly stable Cy—semigroup.

Proof. This is essentially the same result as in Proposition 4.29. It also follows directly from [18].

We omit the details. O

Remark 4.38. If the assumptions of Proposition 4.37 are met, then we may choose as the strongly

stabilizing feedback for the pair (Ag, B) the operator K = (K1 K2) =—RIB*A € L(Z x W,H).
The dual version of Proposition 4.31 is given next.
Proposition 4.39. Assume the following.
1. H and Z x W are (separable) Hilbert spaces.
2. Ay = (G’;lc g) generates a contraction Cy—semigroup on Z X W.
3. ker(ul — Ag) Nker(B*) = {0} for all p € iRNop(Ay) (here B= (5p)).
4. Ag has compact resolvent.
then Ap, = Ao — BB* generates a strongly stable Co—semigroup on Z x W.

Proof. This result is just Theorem VI.8.28 in [28]. O
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Finally, we arrive at a dual version of Theorem 4.32 below.

Theorem 4.40. Assume that there exist K € L(Z,H), Ko € LW, H) and L € L(H,W) such

that either

e A+ BK generates an exponentially stable Co—semigroup on Z and S + LK, generates a

strongly stable Co—semigroup on W,
or

e A+ BK generates a strongly stable Co—semigroup on Z and S+ LKs generates an exponen-

tially stable Co—semigroup on W.
If there exist Go € L(H,W) and Y € L(Z,W) such that Y (D(A)) C D(S) and

SY =Y (A+ BK) + Go(C + DK) in D(A) (4.81a)

L=YB+GoyD inH (4.81b)

then for K1 = K + KoY the operator Ap, = (GOI?gfglzl) S+g§([2)1(2) generates a strongly stable

Cy-semigroup on Z x W.

A+B(K+K3Y) BK»

Proof. With the above choices we have Ap, = (GO(C+D[K+K2Y]) S+GoDKs

). Then a direct calcu-

lation shows that

I 0\ [ A+B(K+KyY) BK, I o A+BE BE: )
Y 1) \Go(C+DIK + K2Y]) S+ GoDKy) \—Y I 0 S+LK,)

which shows (see Theorem 5.1.2 and Proposition 5.6.4 in [2]) that Ap, generates a strongly stable

Cy—semigroup. O

Remark 4.41. If under the assumptions of Theorem 4.40 both A+ BK and S+ LK also generate

exponentially stable Cy—semigroups, then so does the operator Ap, on Z x W.

Remark 4.42. Strictly speaking, the operator equations (4.81) are not of the same form as the
regulator equations (3.10). However, if we work in Hilbert spaces, then we can take adjoints of the
equations (4.81) and solve them for Y* and G§ using precisely the same methods which apply for

the regulator equations (3.10) (see Chapter 8).
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4.7 An example of error feedback output regulation

In this section we shall present an example to illustrate the error feedback output regulation theory
developed in this chapter. More specifically, we study the same output regulation problem as in
Example 3.54, but we want to use error feedback to achieve the asymptotic tracking of p—periodic
reference signals in certain Sobolev spaces whenever there are no disturbances. The reader will
observe, in particular, that in the example below we solve a repetitive control problem for such
an infinite-dimensional system which does not have a direct feedthrough term (i.e. D = 0). This
would not be possible — even for finite-dimensional systems — using the error feedback controllers

of the classical repetitive control literature [36, 96].

Example 4.43. Let a > 0, r # 0, 1y > 75 > 0 and consider the disturbance-free scalar delay

differential equation

i(t) = —ax(t) — blz(t — 1) + x(t — 72)] + u(?) (4.83a)

yt) =rz(t), t>0 (4.83b)

of Example 3.54. Our goal is to build, using Theorem 4.15, a dynamic controller (4.1) which
solves the EFRP for this plant and an exosystem (2.2) which is constructed using Proposition 2.3
for W ="H = HZ, (0,p), where a > % is to be fized, with Q = dp, P =0 and w(0) = yrey € H.
We assume that the system operator of (4.83) generates an exponentially stable Co—semigroup as
in Example 3.54. Then there are no transmission zeros of the plant in the set { % |neZ}.

By Example 3.54, for a > % we can solve the requlator equations (3.10) for bounded operators

II and T'. Using the methods of Section 3.5 we obtain

Uref (T
Typer = i’qziﬁ ; Vypes € H (4.84)
nez n
Wyrer = Y Gref () Rliwn, A)BT G,  Vyrey € H (4.85)
nez

where (¢n)nez = (€ )nez is the natural orthogonal basis for H and §rer(n) is the nth L* Fourier
coefficient of yrer € H C L*(0,p).
By Theorem 4.22 S|y — 6500 generates a strongly stable Co—semigroup on W =H = Hp,,.(0,p)

(with o« > %) Hence we may use Theorem 4.15 and Remark 4.34 to deduce that an error feedback
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controller (4.1) with

A BT 0
F= . J= (0 r) and G = (4.86)
550 S|y — 050 o

solves the EFRP in question.

A concrete example of the generalization (4.32) of Davison’s dynamic state feedback controller
[39] (and its extension which does not employ state feedback) will be provided in Chapter 6. We
cannot present these examples here because we have not yet provided a proof of output regulation.
In Chapter 6, examples robust error feedback output regulation for systems described by partial

differential equations will also be provided.



Chapter 5

A feedforward-error feedback

controller

In Chapter 3 and Chapter 4 we have studied the existence and construction of feedforward and
error feedback controllers for the regulation of bounded uniformly continuous signals generated by
the exosystem (2.2). Unfortunately there are some practical issues which may sometimes limit the
applicability of these controllers.

First of all, although the feedforward controllers resulting from Theorem 3.6 are very simple
(and hence quite appealing), they employ direct feedback from the state of the plant; this may
be unrealistic in many applications. Moreover, under various assumptions the results of Section
3.3 show that in the case of the FRP it is actually also necessary to use a controller u(t) =
Kz(t)+ (' — KI)w(t), where K stabilizes the pair (A4, B) strongly and IT and T solve the regulator
equations (3.10). Since the operator I' — KII in this controller in general depends on both the
plant data and the stabilizing feedback K, this open loop controller does not provide robust (i.e.
structurally stable) output regulation — even with respect to K.

On the other hand, the error feedback controller (4.1) does not utilize state feedback from the
plant directly, and it is perhaps the more realistic one in applications. Moreover, in the finite-
dimensional case it is well-known that error feedback controllers can provide robustness in output
regulation [24, 29, 32, 60]. However, for an infinite-dimensional exosystem (2.2) designing error

feedback controllers is not a very easy task — in particular, sufficient closed loop stability can be

108
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difficult to achieve in practice. As we have seen in Section 4.6, this is chiefly because the system
operator S of the exosystem is often in some form embedded in the system operator F' of the
controller, and because S is difficult to stabilize by compact feedback.

In order to overcome the above problems and also to illustrate the wide applicability of methods
based on the regulator equations, in the present chapter we shall design a two-degrees-of-freedom
(2-DOF) hybrid controller, employing both error feedback and feedforward control, for output
regulation purposes. In our design the stabilizing state feedback Kz(t) of an FRP controller is
replaced by an output from a stabilizing dynamic controller, while the feedforward part of the
controller is again tuned using the regulator equations (3.10). This procedure essentially results in
a controller with two degrees of freedom, because it turns out that we can resolve the feedback and
feedforward parts of the controller independently of each other. However, the resulting controller
is not a 2-DOF controller in the conventional sense (see e.g. [69] p. 26), because 2-DOF controllers
are commonly utilized to handle those cases where disturbance signal dynamics is different from
the reference signal dynamics.

A key feature in our design is that we deliberately avoid the inclusion of the exosystem generator
S — which causes the stabilizability problems — in the controller generator F'. It turns out that,
even if the exosystem (2.2) is infinite-dimensional, in this case exponential closed loop stability
can often be achieved (as opposed to the error feedback controllers of Chapter 4). Moreover, our
construction always guarantees robustness with respect to the stabilizing feedback part (as opposed
to the feedforward controllers of Chapter 3).

In the following we shall review the contents of this chapter in more detail, and we shall more

precisely indicate the respective contributions of this thesis.

Section 5.1: We shall define the feedforward-feedback regulation problem FFRP. This is a combination of
the FRP and the EFRP; both error feedback and feedforward control are employed to achive

output regulation. To our knowledge, this problem has not been explicitly studied before.

Section 5.2: We shall present sufficient conditions for the solvability of the FFRP. In particular, we shall
show that if the operators F, G and J of the dynamic part of the controller can be chosen such
that the closed loop system is strongly stable, then the operator I' in the static feedforward
part of this controller can be chosen according to solutions of the regulator equations (3.10),

without any regard to the choice of the operators F,G or J.
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Section 5.3: We shall present necessary conditions for the solvability of the FFRP. In particular, if the
exogenous system (2.2) generates admissible reference signals (see Definition 3.14), and if

some operators F, G, J and T solve the FFRP in such a way that ¢(F) No(S) = 0 and the

operator Pr :( G(PJFEE?) ) € L(W, Z x X) is regular for the closed loop semigroup, then there

exists Il € L(W, Z), with II(D(S)) C D(A), such that IT and T satisfy the regulator equations
(3.10). In particular, in this case it is necessary to tune the feedforward part of the controller

using solutions of the regulator equations (3.10).
Section 5.4: We shall present an example of feedforward-feedback output regulation.

The results of this chapter rely heavily on our earlier constructions in Chapter 3 and Chapter 4.

They are based on those in [40].

5.1 The feedforward-feedback regulation problem FFRP

In this section we shall formulate the feedforward-feedback output regulation problem FFRP. It
involves the construction of a dynamic controller on some Banach space X, such that also direct

feedforward control from the exosystem (2.2) is permitted.

Definition 5.1 (FFRP). The task in the FFRP is to find a controller of the form

#(t) = Fa(t) + Gy(t) — yrer (1)), z(0)€X, t>0 (5.1a)

u(t) = Jx(t) + Tw(t) (5.1b)

on some Banach state space X where F' generates a Cp—semigroup, G € L(H,X), J € L(X,H)
and I' € L(W, H). We require the following.

1. In the closed loop system

i(t) = Ax(t) + BJx(t) + (BT + P)w(t), t>0 (5.2a)
#(t) = GCx(t) + (F + GDJ)x(t) + G(DT — Q)w(t), >0 (5.2b)
w(t) = Sw(t), teR (5.2¢)
e(t) = Cz(t) + DJx(t) + (DT — Q)w(t), t>0 (5.2d)

the semigroup T4(t) generated by the closed loop operator A = ( gt pf&p, ), with D(A) C

Z x X, on Z x X is strongly stable.
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2. In the closed loop system (5.2) the tracking error e(t) = y(t) — yres(t) — 0 as t — o0

regardless of the initial conditions 2(0) € Z, z(0) € X and w(0) € W.

Remark 5.2. The FFRP defined above is clearly a mixture of the EFRP and the FRP. The key
difference between the FFRP and the FRP is the use of dynamic control to achieve closed loop
stability. On the other hand, the key difference between the FFRP and the EFRP is the additional

use of static feedforward control T'w(t) to enhance asymptotic tracking and disturbance rejection.

5.2 Sufficient conditions for the solvability of the FFRP

In Theorem 5.3 we shall prove that the solvability of the regulator equations (3.10) provides a
sufficient condition for the solvability of the FFRP under the assumption of strong closed loop
stability.

Theorem 5.3. Assume that A= (4t pf4p,) generates a strongly stable semigroup on Z x X.
IfT € L(W, H) can be chosen such that there exists I1 € L(W, Z), with TI(D(S)) C D(A), and II,T
satisfy the regulator equations (3.10), then a controller (5.1) with these parameters F,G,J and T
solves the FFRP.

Proof. Let O(t) = (;8) € Z x X and define

A BJ 0 P+ BT
A= . B=( "], Pr= . ¢=(c py), D=0
GC F+GDJ 0 G(DT — Q)
(5.3)
with obvious domains of definition. Then write the closed loop system (5.2) as
O(t) = AO(t) + Bu(t) + Prw(t), ©(0) € Z x X (5.4a)
w(t) = Sw(t) (5.4Db)
e(t) = CO(t) + Du(t) + [DT — Qlw(t) (5.4¢)

For appropriate operators this closed loop system is precisely of the same form as in the EFRP.
Thus it is clear by Theorem 4.4 that we only have to verify the existence of Il € L(W, Z) and
A € L(W, X) such that TIy(D(S)) € D(A) and A(D(S)) C D(F), and the following extended
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regulator equations are satisfied

ATy + BJA+ P+ BT =T1,S  in D(S) (5.5a)
FA=AS inD(S) (5.5b)
Clly+DJA=Q —DI' inW (5.5¢)

Clearly Iy = IT and A = 0 is a possible choice since II and T' satisfy the regulator equations
(3.10). O

Remark 5.4. If T4(t) is exponentially stable, then also the decay of |e(t)|| to 0 as t — oo
is exponentially fast in Theorem 5.3 (see also Remark 4.6). In fact, under the assumptions of
Theorem 5.3 we have that e(t) =(c¢ b7 )Ta(t)[( ;gg;) - (H%(O) )] for all t > 0. This can be proved
as in Theorem 3.6.

We point out that the proof of Theorem 5.3 is based on the solution of the extended regulator
equations (4.3) in such a way that A = 0. This means that, in contrast to the controllers of Section
4.5, S need not be reduplicated in F. This feature of the controller can drastically simplify the
stabilization of the closed loop system; as opposed to the EFRP, exponential closed loop stability
is often possible in the FFRP even if the exosystem (2.2) is infinite-dimensional. However, we
shall see in Chapter 6 that it is precisely the reduplication of S in F' which makes robust output
regulation possible in certain cases.

Another remarkable feature in Theorem 5.3 above is that the feedforward part (i.e. I') and the
feedback part (i.e. F,G and J) of the controller (5.1) can be designed completely independently of
each other. In fact, the operator I is chosen so that the regulator equations (3.10) are satisfied for
some II. These equations do not depend on the parameters F', G and J of the feedback controller,
and hence it is possible to use any F,G and J in (5.1) which yield a generator A of a strongly
stable semigroup. Consequently, Theorem 5.3 above is particularly suitable for the design of add-
on controllers (see e.g. [83]), in which the stabilizing feedback part may have to be designed with

also other constraints in mind.

5.3 Necessary conditions for the solvability of the FFRP

We next show that if the closed loop operator A generates a strongly stable semigroup on Z x X

and if the spectra of S and F are disjoint, then the above structure for the feedforward part
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v(t) = Tw(t) of a controller solving the FFRP is actually also necessary in the same practically

important cases as in Chapter 3 and Chapter 4.

Theorem 5.5. Assume that the exogenous system (2.2) generates admissible reference signals (see
Definition 3.14). If some operators F,G,J and T solve the FFRP in such a way that o(F)No(S) =
(0 and the operator Pr :(G{)DJ}B_%)) € LW, Z x X) is regular (see Definition 3.9) for Ta(t), then
there exists Il € LW, Z), with II(D(S)) C D(A), such that IT and T satisfy the regulator equations
(3.10).

Proof. According to the equations (5.4), the closed loop FFRP system (5.2) represents such a
closed loop EFRP system where P is replaced by P + BI' and @ is replaced by Q — DI'. Hence
by Theorem 4.7 there exists II € £L(W, Z) such that II(D(S)) C D(A) and A € L(W, X) such that
A(D(S)) C D(F) satistying

TS = ATl + BJA+ P+ BT in D(S) (5.6a)
AS =FA in D(S) (5.6b)
Q-DI'=CIl+DJA in W (5.6¢)

It remains to show that A = 0. By Lemma A.8 there exists a sequence (W, )nen C W of closed
Ts(t)—invariant subspaces such that W,, C W,,;, for every n € N, o(S|w, ) C 0(5), S, = S|lw,, €
L(W,,), and U,enW,, = W. Consequently for an arbitrary n € N we have ASf = AS,,f = FAf
for each f € W, so that AS,, = FA in D(S,,) = W,,. But ¢(S,) No(F) C o(S)No(F) =0, so
that the solution of this operator equation is unique (cf. Section 2 in [90]). Consequently A = 0
in W, for each n € N. By continuity of A and denseness of U,,enW,,, we must have that A =0 in

W. This shows that IT and T satisfy the regulator equations (3.10). O

Corollary 5.6. Assume that the exogenous system (2.2) generates admissible reference signals.
If some operators F,G,J and ' solve the FFRP in such a way that F and A generate exponen-
tially stable Co—semigroups on X and Z x X respectively. Then there exists 11 € L(W, Z), with
II(D(S)) € D(A), such that 11 and T satisfy the regulator equations (3.10).

Proof. If F' generates an exponentially stable Cyp—semigroup, then o(F)No(S) C o(F) NiR = .
If A generates an exponentially stable Cp—semigroup, then every operator Pr € L(W,Z x X) is

regular for T4 (t). The result follows by the above. O
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5.4 An example of feedforward-feedback output regulation

In this section we shall present a fairly simple example to illustrate the solution of the FFRP. A
noteworthy feature in the example is that the stabilizing dynamic feedback part of the controller

(5.1) is finite-dimensional, although the exosystem (2.2) is infinite-dimensional.

Example 5.7. Let x1,z2 € (0,1), let € > 0 and consider the SISO process
Oz(x,t)  0%z(x,t)

ot Ox?
z(0,t) = 2(1,t) =0 (5.7b)

+2m%2(x,t) + be(z)u(t), 0<x <1, t>0 (5.7a)

y(t):/O ce(x)z(z, t)dx (5.7¢)

Here b.(z) = % for x1 —e < x < x1 and b.(x) = 0 otherwise, and c.(xr) = % for xo — e <
x <z and c.(x) = 0 otherwise. Our goal is to construct a feedforward-feedback controller (5.1)
for the asymptotic tracking of p—periodic reference signals in certain generalized Sobolev spaces
H = Hap(C, fp, 2"7") = H(fn,wn) (see Definition 2.18), assuming that there are no disturbances.
To this end, we shall construct the exosystem (2.2) as in Proposition 2.3, with W =H, S = S|y,
P=0and Q=6 € L(H,C).

Let Z = L*(0,1) and define Af = L, f +2n2f with D(A) = {f e Z | L, f € Z,f(0) = f(1) =
0}. Also define B € L(C,Z) such that Bu = beu for every u € C, and C € L(Z,C) such that
Cf = fol ce(x) f(x)dx for each f € Z. With these operators A, B and C, and D = 0 the system
(5.7) takes the form (1.1) with Ug;st(t) = 0 for each t.

It is easy to see that A has a self-adjoint compact inverse, and that the eigenvalues of A are
An = (2 —n?)72, n € N. These eigenvalues are real and the corresponding eigenvectors constitute
an orthonormal basis in Z. Moreover, A has only one eigenvalue in the closed right half plane,

namely A = 72

. The corresponding eigenfunction is ¢(z) = /2sin(rx).

Assume that x1, x2 and € > 0 have been chosen such that b = fol be(x)p(x)dx # 0 and ¢ =
fol ce(x)p(x)dx # 0. Then the state feedback operator J = <~,—%¢> € L(Z,C) exponentially
stabilizes the pair (A, B). Moreover, the output injection operator L € L(C,Z) defined by Ly =

-5

Y 6”2(;5 for each y € C is such that A + LC generates an exponentially stable Co—semigroup.

Consequently, as we let X = Z, we see that the closed loop operator

A BJ
A= (5.8)
—LC A+ LC+BJ
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generates an exponentially stable Co—semigroup in Z X X so that we may choose G = —L and
F =A+ LC + BJ in the controller (5.1).

Having constructed the operators F,G and J of the controller (5.1), we may now proceed to the
construction of the feedforward part of the controller as demonstrated in Section 3.5 and Chapter
8. We assume that the transfer function H(s) = CR(s, A)B of the plant does not vanish at the
points iw, for anyn € I. Let ¢,(z) = e“"® for eachn € I and v € R. We then immediately see
that the following operators I', II solve the regulator equations (3.10) whenever they are in L(H,C)
and L(H, Z) respectively:

Yret(n)
wa ~ H(an)7 Vy7ef S H (5 9)
. . Uref(n) .
Myyes = g Uref(n)R(iwy,, A)BT ¢, = g WR(ZLU”,A)B, Yyres € H (5.10)
nel nel n

2mn

Here w,, = =5 ne I, and Yrep(n) is the nth L*-Fourier coefficient of yyer € H. For a suitable
weighting sequence (fn)ner in the space H the coefficients yrcp(n) tend to 0 so fast that the operators

II and T’ above are indeed bounded; for example, by the Schwartz inequality

Yref(n) DN 1
I re S - S re n T ol - N0 M re 5.11

for all yrep € H whenever Y-, ;| fu| 2 |H (iwy)| 72 = M? < co. As a matter of fact, the condition
(fitH (iw,) Yner € €2 for the sequence (fn)ner also guarantees the boundedness of 11 because
clearly | R(iwn, A)B|| is uniformly bounded in n (use e.g. the eigenfunction expansion of A, hence
Ta(t) and R(iwy, A), to see this).

For the sake of a numerical example, we let x1 = 1,25 = %,e = % (this is obviously a valid
choice as regards the constants b and ¢ above). Using the method in [17] (pp. 184-186) it is
straightforward to verify that in this case the transfer function H(s) of the plant is given by
4[cosh(‘/S’TW) — 1]2

H(s) = , s€EplA 5.12
(#) (s — 2m2)% sinh(v/s — 272) p(A) (5:12)

so that indeed H (iwy,) # 0 for alln € I. Since the term
sinh(viw — 272) (5.13)

[cosh(ivi“f”z) —1] ?

is uniformly bounded in w € R, we have that |H (iw)|~2 is of order O(|w|?) as |w| — oo. This

shows that it is sufficient to choose the sequence (fn)ner such that fp, > 1 for alln € I and — if
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the index set I is not finite — such that (f, V)ner € €% and f2 grows faster than |w,|**7 for some
(arbitrary) v > 0 as |w,| — oco.
Whenever the space H (i.e. the sequence (fn)ner) is chosen such that the operators II and T

above are bounded, for any given reference function yr.y € H we should choose the feedforward

part Tw(t) of the controller (5.1) as

y/re\ n) iw
Tw(t) = TTs () nyres = Y H(fu() ;6 " Yrep €M (5.14)
nel n

We point out that this feedforward control law is similar — but not equal — to the feedforward
control law used in Section 3.5 where knowledge of the transfer function of the stabilized plant is in
general required. Here we only need knowledge of the transfer function of the original plant because
the stabilizing feedback part of the controller can be designed independently of the feedforward part

of the controller.



Chapter 6

Robustness and the internal model

structure

In the previous chapters we have designed feedforward controllers, error feedback controllers and
feedforward-feedback controllers for output regulation purposes. In practice, however, it is also
desirable to achieve a degree of robustness in output regulation. In very general terms robustness
means tolerance for uncertainty. In this thesis robustness is understood in the sense that perturba-
tions to some of the parameters of the plant (1.1), the employed controller and the exogenous signal
generator (2.2) should not affect the closed loop stability and the asymptotic tracking/rejection of
the exogenous signals (see Definition 6.4). This type of robustness is often referred to as structural
stability in the literature [29, 32, 93]; it covers e.g. small modelling errors but it does not cover
e.g. the effect of small time delays on output regulation [64, 76].

Because of their practical importance it is not at all surprising that robust controllers of the
above type have been subject to a vast amount of research during the past three decades. The
problem of robust output regulation was solved for finite-dimensional linear systems and exosystems
by Davison [24], Davison and Goldenberg [19], Francis [29], Francis and Wonham [32], Sebakhy and
Wonham [82], Wonham [93] and others in the 1970s. It is now well known that error feedback must
be utilized in order to achieve robust output regulation. In fact, we saw in Chapter 3 and Chapter
5 respectively that feedforward controllers do not in general achieve robust output regulation, and

that a feedforward-feedback controller is often only guaranteed to be robust with respect to the
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stabilizing part of the controller.

According to Kwatny and Kalnitsky [60], the finite-dimensional linear error feedback control
methods which achieve robust output regulation can be quite generally grouped into two distinct
categories — those employing estimates of (possibly artificial) disturbance states (e.g. [29]), and
those employing dynamic error augmentation (e.g. [24]). Moreover, these two categories arise as
special instances of the general robust output regulation paradigm for finite-dimensional systems,
the celebrated Internal Model Principle due to Francis and Wonham [32] (see also [24]). This
principle asserts that an error feedback controller which stabilizes the closed loop system also
achieves robust output regulation if and only if the controller utilizes a suitably reduplicated copy
of the maximal cyclic component of the exogenous system matrix S. For a survey of these (and
related) results, with an emphasis on the differences between the above two categories, the reader
should see [60].

During the past several decades many authors have also extended portions of the above finite-
dimensional robust output regulation theory for infinite-dimensional plants and finite-dimensional
exogenous systems. The finite-dimensional results of Davison and his coworkers have been gene-
ralized by Pohjolainen [73, 74], Haméldinen and Pohjolainen [34, 35], Ukai and Iwazumi [87] and
others (see [33] for more detailed information). On the other hand, the finite-dimensional results
of Francis [29] have been generalized to this setting by Bhat [7] who focused on applications in
time-delay systems. However, it is interesting to observe that although the papers [12, 80] do
generalize the error feedback output regulation theory of Francis [29] and Wonham [93] for certain
infinite-dimensional systems, they do not address the issue of robustness.

To the author’s knowledge so far no one has generalized the Internal Model Principle for infinite-
dimensional systems in the state space domain. Yamamoto and Hara have proved in Theorem 4.10
of [96] a frequency domain analogue of the Internal Model Principle for systems having a pseu-
dorational impulse response (e.g. repetitive control systems): Under the hypothesis of internal
closed loop stability!, the existence of an internal model in the controller is equivalent to stable
tracking. However, the theory of Yamamoto and Hara [96] seems to suffer from relatively nar-
row applicability because the hypothesis of internal closed loop stability is impossible to meet in

many applications (see Chapter 1 for more details). Moreover, the plant in the repetitive control

Yamamoto and Hara show in Theorem 3.5 of [96] that for suitably observable realizations of their class of

systems this stability notion is equivalent to exponential stability.
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applications [36, 92, 95, 96] is invariably finite-dimensional.

The lack of a general Internal Model Principle for infinite-dimensional state space systems
may be a consequence of the fact that the principle, when formulated precisely in the state space
domain, employs purely finite-dimensional concepts such as minimal polynomials and rational
canonical decompositions of matrices [32]. Thus, although there is evidence that the Internal
Model Principle also holds for infinite-dimensional state space systems [96], it is not at all trivial
what a reasonable formulation — and interpretation — of this principle for such systems is in the
state space domain.

In the present chapter we shall develop a robustness theory for error feedback (EFRP) out-
put regulation of infinite-dimensional systems (1.1) and (possibly infinite-dimensional) exosystems
(2.2). In particular, we shall present such an operator-theoretic state space generalization for the
Internal Model Principle which does not employ any purely finite-dimensional concepts. The core
of this infinite-dimensional Internal Model Principle lies in the observation that any closed loop
error feedback (EFRP) control system, when appropriately stabilized, in a sense already contains
the error zeroing dynamics. A suitable choice of the controller’s parameters F' and G resulting
in the so called internal model structure (see Definition 6.19) then realizes the desired dynamical
behaviour of robust output regulation. In fact, error feedback controllers which have the internal
model structure also have the crucial property that sufficient closed loop stability already implies
the solvability of the extended regulator equations (4.3); this has been shown to guarantee output
regulation in Theorem 4.4.

Before reviewing the contents of this chapter in more detail it is appropriate to precisely define
the robustness concepts that we are going to employ. The following assumption holds throughout

this chapter.

Assumption 6.1 (Perturbations). All perturbations to the parameters of the plant, the controller
and the exosystem are bounded, linear and additive. Moreover, all perturbations are independent of
each other in the sense that no perturbation to any given parameter affects the other parameters of
the closed loop system. Perturbations are denoted by Ay where M is the parameter that is subject

to perturbation?.

Remark 6.2. The reason why we restrict our attention to bounded perturbations only is their

2For example, A can be subject to a perturbation A4 € £(Z) such that the perturbed operator is A + A 4.
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simplicity. The so-called relatively bounded perturbations are also important e.g. for differential

operators [28, 57|, but the theory developed in this chapter does not apply to them.
Quite often we shall employ the following self-explanatory notion of smallness in perturbations:

Definition 6.3 (Small perturbations). A perturbation Aj; to a parameter M of the plant, the

controller or the exosystem is called small (enough) if ||Ajps] is small (enough).

Definition 6.4 (Robust output regulation). Let 2 be a class of perturbations to the parameters

of the plant, the controller and/or the exosystem®. Then output regulation is

e robust with respect to 2 if all perturbations in €2, when applied to the corresponding parts
of the closed loop control system, preserve strong closed loop stability and asymptotic trac-

king/disturbance rejection for all initial states of the plant, the controller and the exosystem;

e conditionally robust with respect to €2 if all perturbations in €2, when applied to the corres-
ponding parts of the closed loop control system, have the following property: If they preserve
strong closed loop stability, then they also preserve asymptotic tracking /disturbance rejection

for all initial states of the plant, the controller and the exosystem.

Conditional robustness in the above sense is a rephrasement of the widely used finite-dimensional
robustness criterion: Closed loop stability implies output regulation. Clearly any purely finite-
dimensional control system having this property achieves a degree of robustness in output regu-
lation, with respect to certain sufficiently small perturbations. However, we point out that in
infinite dimensions strong stability of a Cy—semigroup can sometimes be destroyed by arbitrarily
small bounded perturbations to its generator — hence the study of conditional robustness and

robustness separately is reasonable for infinite-dimensional systems:

Example 6.5. Let Z be a Hilbert space with an orthonormal basis (¢n)n>1 and consider the
bounded diagonal operator A on Z defined by Az = Zn21(—%)<z, Gn)bn for all z € Z. Clearly A
generates a strongly stable Co—semigroup on Z by the Arendt-Batty-Lyubich- Vi Theorem (Theorem
V.2.21 in [28]), but the semigroup generated by A + el is unbounded for all € > 0.

Remark 6.6. A potentially useful result in the study of conditional robustness is the following

one due to Casarino and Piazzera [13]: Assuming that an operator E generates a strongly stable

3For example, if A is subject to perturbations, one possibility is Q@ = { Ax € L(Z) | ||A || < €} for some € > 0.
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Cp—semigroup Tg(t) on a Banach space Y, a sufficient condition that the perturbed operator

E + Ag, where Ag € L(Y)*, still generates a strongly stable Cyo—semigroup on Y is

t
sup / |AETs(s)ylds < Cllyll. vy € D(E) (6.1)
> 0
for some 0 < C < 1.

Based on the above discussion we choose as our basic strategy in this chapter to establish
conditional robustness results for output regulation; these results then immediately yield robustness
results if the closed loop system is also exponentially stable and if we only consider small enough
perturbations. Moreover, our focus in the present chapter will be on controllers solving the EFRP
of Chapter 4, because they do not incorporate feedforward control. This makes (conditionally)
robust output regulation possible.

We shall now review the contents of this chapter in more detail, and we shall more precisely

indicate the respective contributions of this thesis.

Section 6.1: We shall prove general conditional robustness results for dynamic controllers (4.1) which
solve the EFRP. Here generality refers to the fact that we do not fix the parameters F,G
and J of the controller (4.1) in any specific way, as opposed to e.g. [7, 33, 87]. The condi-
tional robustness results are obtained by studying the persistence of the unique solvability
of the extended regulator equations (4.3) under perturbations to some of the parameters
A,B,C,D,P,Q,G and J of the plant (1.1), the exosystem (2.2) and the controller (4.1) (ob-
serve that S and F cannot be perturbed). These results, together with Theorem 4.4, readily
imply conditional robustness of output regulation. Our proofs employ operator-theoretic ge-
neralizations of some finite-dimensional methods of Francis [29]. However, they seem to be
new even for finite-dimensional systems. In fact, although the conditions of the main result
(Theorem 6.16) resemble those found in the finite-dimensional control literature, it genera-
lizes the work of Francis [29] and Francis and Wonham [32] by allowing for perturbations
also in C, D and Q. Moreover, it generalizes the results of Davison [24] by allowing for the
parameters F, G and J of the controller to be free modulo strong closed loop stability and
the unique solvability of the extended regulator equations (4.3). The results of this section

are contained in [45].

4In [13] the additive perturbation Ag may actually be of the more general Miyadera-Voigt type.
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Section 6.2:

Section 6.3:

Section 6.4:

We shall define the internal model structure, and we shall prove (cf. Theorem 6.20) that
under exponential closed loop stability this structure is both necessary and sufficient for
any dynamic controller (4.1) which achieves robust output regulation in the sense of the
EFRP. This result is an infinite-dimensional state space generalization of the Internal Model
Principle of Francis and Wonham [32]. By allowing for conditional robustness we shall also
extend its sufficiency part for such control systems for which the closed loop operator A only
generates a strongly stable Cyp—semigroup (cf. Theorem 6.25 and Theorem 6.32). In this case
we shall need an additional assumption about the unique solvability of a Sylvester operator
equation; it turns out that this can often be verified without explicitly calculating the solution
operator (cf. Corollary 6.26 and Corollary 6.33). The results of this section are essentially
contained in [43, 45]; to the author’s knowledge they are new even for finite-dimensional

exosystems.

In order to gain a deeper understanding of controllers having the internal model structure
we shall derive general characterizations for this structure using geometric methods, spectral
theory and an interplay of ergodic theory and the recent theory of implemented semigroups
due to Alber and Kiithnemund [1, 59]. Although the results of this section are rather abstract
from the application point of view, they show, in particular, that the finite-dimensional struc-
turally stable synthesis algorithm of Francis [29], whenever applied to a finite-dimensional
EFRP with S as in Proposition 2.3, results in a dynamic controller having the internal model
structure (cf. Example 6.36). These results are new even for finite-dimensional systems; they

are contained in [45].

We shall continue the study of controllers which have the internal model structure by con-
sidering the special case where F' generates an isometric Co—group such that o(S) = o(F).
It turns out (cf. Section 6.5) that in practice the verification of the internal model struc-
ture can often be reduced to this special case; it then corresponds to the finite-dimensional
procedure of embedding suitable reduplications of the maximal cyclic component of S in
F [29]. Theorem 6.46 shows how the operator G in (4.1) should be chosen to obtain the
internal model structure if nothing extra is known about ¢(S) = o(F) but X and W are

Hilbert spaces, and S and F' are bounded. Theorem 6.47, on the other hand, shows that
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Section 6.5:

Section 6.6:

whenever o(S) = o(F) are also discrete® sets the controller has the internal model structure
if PEG : H — ran(PL) is injective for all iw € o(F). Here P[) is the spectral projection
corresponding to an isolated point iw € o(F'), and neither S nor F need be bounded. An
example shows a special case in which this injectivity condition is equivalent to the approxi-
mate controllability of the pair (F,G). Theorem 6.47 is contained in [43] while Theorem 6.46

is new even for finite-dimensional systems.

In this section we shall prove conditional robustness results for the controllers of Section 4.5
which generalize certain finite-dimensional controllers of Davison (cf. [39]) and Francis [29].
Our standing assumptions are mostly the same as those in Section 4.5; however a fundamental
difference is that the operator S in (4.26) and (4.32) is replaced by an auziliary operator S,
defined on another Banach space W,, such that in a sense S, resembles S. As will be shown,
this replacement is quite benefical, because it allows us to design the controllers in such a
way that they have the internal model structure, and because it is then possible to regard
the operators P and @ in the controller (4.26) as design parameters — a feature which is
very convenient in the (otherwise quite difficult) process of stabilization of the closed loop
system. In Subsection 6.5.1 we shall prove conditional robustness results for the Francis-
type controllers of Subsection 4.5.1. The Davison-type controllers of Subsection 4.5.2 are
then treated in Subsection 6.5.2 where the dynamic state feedback controller (4.32) is also
generalized so that the use of state feedback is not necessary. The results of this section
are mostly contained in [43]; they generalize the finite-dimensional robust output regulation
theory, e.g. [24, 19, 29, 32], for infinite dimensional systems. Moreover, they provide a

robustness theory for the controllers utilized in [12].

In some applications it may be sensible to trade perfect output regulation without guaranteed
robustness to almost perfect output regulation with guaranteed robustness. In this case study
section we shall illustrate how this can be done in the case that the reference signals are in
some infinite-dimensional Sobolev space G = Hp(CM, f,,,w,) with fixed sequences (wy, )ner
and (fn)ner (see Chapter 2). In Theorem 6.65 we propose a controller which achieves robust
approximate output regulation of every y,.; € G in the sense that limsup,_, |le(t)| <

€|lyrefllc where e > 0 is a prespecified accuracy. A remarkable feature of the controller is

5A discrete spectrum consists of isolated points only [57].
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Section 6.7:

Section 6.8:

6.1

that it is guaranteed to work under the assumptions of nonexistence of transmission zeros
on a certain finite subset of {iw, | n € I'}, D = 0, the exponential stabilizability of the
pair (A, B) and the exponential detectability of the pair (A, C). These requirements may be
simpler to verify in practice than those utilized in [12], which are also applicable here (but

do not guarantee robustness of output regulation).

In this case study section we shall focus on a repetitive control application for exponentially
stable SISO plants. We shall prove that in our framework it is possible to conditionally
robustly regulate p—periodic signals with an infinite number of distinct frequency components
even if D = 0 in the plant. In the conventional repetitive control scheme [36, 96] this is not
possible, because internal (i.e. exponential) closed loop stability — which implies output
regulation — can only be attained if the finite-dimensional plant is not strictly proper (cf.
Section V of [96] or Chapter 1). Theorem 6.70 proposes a controller which achieves strong
stability of the closed loop semigroup T4 (¢t) by utilizing a stabilized copy of the generator of
the p—periodic translation group on a suitably larger space than on which output regulation
is required. Moreover, if the reference signals are smooth enough with respect to the above

copy, then output regulation is conditionally robust with respect to certain perturbations

A 4 to the closed loop operator A satisfying sup,,cy || A aR( 27;” , A)|| < 1. The results of this

section are mostly contained in [43].

In this section we shall provide some simple but concrete examples of (conditionally) robust

output regulation for infinite-dimensional systems.

General conditional robustness results for error feed-

back controllers

In this section we shall present general conditional robustness results for dynamic controllers (4.1)

solving the EFRP. Here the term “general” refers to the fact that the only restrictions for the choice

of the parameters F, G and J of a controller (4.1) solving the EFRP are strong closed loop stability

and the unique solvability of the extended regulator equations (4.3) for certain operators P and Q.

We emphasize that this section only contains sufficient conditions for conditionally robust output

regulation; that these conditions can (and sometimes must) be satisfied in practice is the topic of
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the subsequent sections.

We begin by introducing a number of auxiliary operators.

Definition 6.7. Let the Banach space X and the operators F,G and J be as in the controller
(4.1)%. Then

e The linear Sylvester operator T4 g is defined on a subspace of L(W, Z) by
D(Tas) = (T € LW, 2) | TI(D(S)) € D(A),3Y € LW, Z) ;
Yw = Allw — IISw Yw € D(S) } (6.2)

Tasll=Y (6.3)

The linear Sylvester operator 7 g is defined on a subspace of L(W, X) by
D(Tis) = { A € LOW, X) | A(D(S)) € D(F),3Y € LW, X) :
Yw=FAw — ASwVYw € D(S) } (6.4)
TrsAh=Y (6.5)

e The linear multiplication operator C : L(W, Z) — L(W, H) is defined by CII = C1TI for each
ITe L(W,Z).

The linear multiplication operator B : L(W, X) — L(W, Z) is defined by BA = BJA for each
Ae (W, X).

The linear multiplication operator D : L(W,X) — L(W, H) is defined by DA = DJA for
each A € L(W, X).

From [1, 3, 59] it follows that the Sylvester operators 74 s and 7p g in Definition 6.7 are closed
on L(W, Z) and L(W, X) respectively. Furthermore, it is easy to see that B, C and D are bounded
operators because B,C, D and J are bounded operators. We shall need the following combined

operators:
Definition 6.8. Let 74 g,7r s,B,C and D be as in Definition 6.7. Then
e the linear operator [T4 s&B| : D(74,s) x LW, X) — L(W, Z) is defined by

[TA,S&B] ( E) = TA75H +BA VII € 'D(TA,S) and VA € ,C(I/V, X) (6.6)

6 At this point we do not assume that the controller (4.1) solves any output regulation problem.
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o the linear operator [&7Tps|: LW, Z) x D(Tp,s) — L(W, X) is defined by

[&TF,S](R) = TF75A VII € L(VV, Z) and VA € 'D(Tﬂs) (67)

e the linear operator [C&D] : L(W,Z) x LW, X) — L(W,H) is defined by [C&D](Y) =
CII + DA for each Il € L(W, Z) and every A € L(W, X).

It is straightforward to show that [T4 s&B| and [&7F s] are closed operators on L£L(W, Z) X
L(W, X). Furthermore, since C and D are bounded operators, so is [C&D].

We are now ready to turn to the conditional robustness results of this section. The first one is
an elementary sufficient condition that the EFRP is solvable regardless of the disturbance operator

P in the exosystem (2.2).

Proposition 6.9. Assume that C has a right inverse C~ € L(H, Z) such that C~Q € D(T4,5). If
F,G and J in (4.1) are chosen so that the closed loop system operator A = (Gt p&ip,) generates
a strongly stable Co—semigroup on Z x X and if for every P € L(W, Z) there exist II € L(W, Z)
and A € L(W,X) such that TI(D(S)) C D(A) and A(D(S)) C D(F), and the following extended

requlator equations are satisfied

All+ BJA+ P =TS in D(S) (6.82)
FA=AS inD(S) (6.8b)
ClI+DJA=0 inW (6.8¢c)

then with this triplet (F,G,J) the EFRP is solvable regardless of P in the exosystem (2.2).

Proof. Let P € L(W, Z) be arbitrary and set M = P + T4 sC~ Q. Since M € L(W,Z), by our
assumption there exist operators II € L(W, Z) and A € L(W, X) such that II(D(S)) C D(A) and
A(D(S)) C D(F), and

ATl + BJA + M =T1IS in D(S) (6.92)
FA=AS inD(S) (6.9b)
CI+DJA=0 inW (6.9¢)

Here equation (6.9a) reads AIl4+ BJA+P+7T4 sC~Q = Al+ BJA+AC-Q—-C~ QS+ P =11S
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in D(S). Consequently we have that

AT +C Q)+ BJA+P=(I1+C"Q)S inD(S) (6.10a)
FA=AS inD(S) (6.10b)
CIl+C Q) +DJA=Q inW (6.10¢)

This shows that the conditions of Theorem 4.4 hold, and hence the EFRP is solvable for every
P. O

In the finite-dimensional case the existence of a right inverse C~ for C € £(Z, H) is equivalent
to C being surjective — a standard assumption [24, 29, 32]. Moreover, in the finite-dimensional
setting the Sylvester operator 74 s is bounded (and hence everywhere defined). Consequently
the technical assumptions of Proposition 6.9 about C'~ and C~Q involve no loss of generality if
the spaces H, W, X and Z are finite-dimensional. An example of an infinite-dimensional setup
in which the technical assumptions of Proposition 6.9 are satisfied is given next. If the reader
is not familiar with bi-continuous and implemented semigroups, it may be worthwhile to look at

Appendix A.3 at this point.

Example 6.10. Let H = C, W = HSBUC(R, H) and assume that S = S|y € L(H), Q =
do € L(H,H) as in Proposition 2.3. Let Z be a Hilbert space with inner product (-,-) and take
C = (-,¢) for some 0 # c € D(A). Clearly we can define the bounded linear operator C~ : C — Z

by C~y = yw for each y € C, then CC~y = yﬁcc’lfg =y for eachy € C (i.e. C~ is a right inverse
of C). Furthermore, ran(C~) C D(A).

It remains to show that C~6y € D(Ty s),,). By the results of [1, 59] we know that Ty g,
generates the so-called implemented semigroup G(t) on L(H,Z) given by G()II = T4 (t)ITs(—t)| 2,
Il € L(H, Z), where T(t) is the Co—semigroup generated by A on Z and Ts(—t)| is the Co—group
generated by —S|3 on H. This implemented semigroup is strongly continuous in the strong operator

topology, and by Theorem 1.17 in [59] it suffices to show that the limit limy, _ o+ w

exrists
in the strong operator topology of L(H,Z).

Let f € H be arbitrary. Then f € D(S|n) because S|y € L(H). Furthermore, since S|y is the
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differential operator, the limit limy_.q M exists for allt € R. Then

G(h)C=dof —C o f _ Ta(h)C~60Ts(=h)|sf —C o f

o, 3 =, h (6.11)
o TANCTED = C 0 612
iy, TAGICTUCR) =[O+ TARCIO =IO

It is evident that limy, g+ LA [fh(_h)_f(on = limy, o+ TA(h)C_W exists, because Tx(t)

TA(h)cff%O)_cff(O) exists because

is a Co—semigroup and C~ is continuous. Similarly limy_, o+
ran(C~) € D(A). Consequently the limit limj_ g+ w exists in the strong operator

topology of L(H, Z), and so C~ 6y € D(T4,s,,)-

In Proposition 6.9 we only allowed the operator P in the exosystem vary. Next we shall also
consider perturbations to the parameters A, B and G of the plant and the controller. The following

elementary lemma will be important in the subsequent proofs.

Lemma 6.11. Let U and V be Banach spaces, let R C U be a closed subspace and let M : D(M) C
U — V be a closed linear operator. Then ker(M) is a closed subspace of U and the restriction

M|g :D(M|g) =D(M)NR—V : M|gu= MuVu € D(M|r) is a closed operator.

Proof. Let (un)nen C ker(M) be such that lim, . u, = v € U. Then (Muy)nen = (0)neny CV
is a Cauchy sequence, hence convergent in V', ie. lim, ., Mu, = y for some y € V. But it is
easy to see that necessarily y = 0. Since M is a closed operator, v € D(M) and Mu =y = 0, i.e.
u € ker(M). Consequently ker(M) is a closed subspace of U.

Let (rn)ney € D(M|r) = D(M) N R be such that lim, .7, = r € R and such that
lim,, 0o M|grn, = y € V. Then lim, ,oor, = r € U and lim, oo M7, = y € V. Since
M is a closed operator D(M) C U — V, we must have that r € D(M) N R = D(M|r) and
Mr = M|gr =y. O

Theorem 6.12. Assume that C has a right inverse C~ € L(H, Z) such that C~Q € D(Ta,s). Let
F,G and J in (4.1) be such that the closed loop operator A generates a strongly stable Co-semigroup
on Z x X and for every P € L(W, Z) there exist a unique 11 € L(W, Z) and a unique A € L(W, X)
such that TI(D(S)) C D(A) and A(D(S)) C D(F), and the extended regulator equations (6.8) are
satisfied. Then the controller (4.1) solves the EFRP for every P € L(W,Z) in such a way that
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output requlation is conditionally robust with respect to all perturbations to G, and all small enough

perturbations to A and B.

Proof. Our first observation is that the regulator equations (6.8) do not depend on G. Hence we
may perturb G arbitrarily as long as closed loop stability is preserved, according to Proposition
6.9 and according to our assumption about the independence of the perturbations (Assumption
6.1).

Let M = ker([C&D])Nker([&7F,s]). Then by Lemma 6.11 M is a closed subspace of L(WV, Z) x
L(W, X), and the restriction [T4 s&B]|a¢ is a closed operator.

The crucial steps of the proof are the following.

(i) We show that the extended regulator equations (6.8) have a unique solution for every P €

L(W, Z) if and only if the the restriction [T4,s&B]| s is a closed bijection M — L(W, Z).

(ii) Bounded additive perturbations to A and B result in a bounded additive perturbation to
[74,5&B], whereas the space M is not affected by these perturbations. Thus such perturba-

tions to A and B result in a bounded additive perturbation to [T4 s&B]|m.

(iii) If the perturbations to A and B are small enough, then the perturbed operator [74,s&B][%,
is still a closed bijection M — L(W, Z).

The desired result then follows via another application of item (i) and Proposition 6.9. We now

proceed to the proofs.

(i) Let P € L(W,Z) be arbitrary. If the extended regulator equations (6.8) have a unique
solution, then there exists a unique element (R) € D(7Ta,s) X D(Tr,s) C D([T4,5&B]) N

D([&7F,s]) such that

[TA,S&B](R) = TA7SH +BA=AIl-1IS+ BJA = —-P (614)
[&Trs](R) =FA—AS=0 (6.15)
[C&D] () =Cl+ DJA =0 (6.16)

Consequently (1/_\[) € M, and [7T4,s&B]| s is a closed bijection M — L(W, Z).

On the other hand, if the restriction [74 ,s&B]|r is a closed bijection M — L(W, Z), then

for every P € L(W,Z) there exists a unique element () € M N D([T4,s&B]) such that
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[74,5&B] () = —P. Equations (6.14)-(6.16) then show that the extended regulator equa-

tions (6.8) have a unique solution for every such P.

(ii) Let AP = A+ A4 and BP = B+ Ap, where Ay € L(Z) and A € L(H, Z). Then since the
perturbations are independent of each other and since the Banach space M does not depend
on A or B, it is not affected by these perturbations. Moreover clearly D(74,s) = D(7ar,s).
In fact, Tar gII = (A + A L)L —IIS = T4 gII + ALII for each IT € D(74,s), so that Tur g =
Ta,s + Ar. Here the bounded linear operator Ay € L(L(W, Z)) is defined as A7l = A4II
for each IT € L(W, Z). Similarly, the perturbed operator B? = B + A where the bounded
linear operator AgA = AgJA for each A € L(W, X). Hence for all () € D([T4,5&B]) we

have that the perturbed operator is
[TA7S&B]”(1K) = Tyo sII + BPA =T sI1+ BA + A(R) (6.17)

where the bounded linear operator A : L(W, Z) x L(W,X) — L(W, Z) is given by A(Y) =
A7II+ABA = ApTI+ApJA for each () € L(W, Z)xL(W, X). In conclusion D([T4, s&B]F) =
D([TAﬂ&BD and [TAﬁ&B]p = [TA75&B] + A.

(iii) From item (ii) we immediately see that as ||[A 4| — 0 and ||Ag|| — 0, so must ||A|| — 0. Since
M and L(W, Z) are Banach spaces and [74,s&B]|r is a closed bijection M — L(W, Z),
by the Open Mapping Theorem it must be boundedly invertible. By Theorem IV.1.16 in
[57], if [|A]l is (i.e. if ||[Aall and ||Ag]l are) sufficiently small, then the perturbed operator
[T4,5&B]|",, is still boundedly invertible, that is, a closed bijection M — L(W, Z).

O

Corollary 6.13. Let the assumptions of Theorem 6.12 hold. If in addition the closed loop operator
A generates an exponentially stable Co—semigroup, then the controller (4.1) solves the EFRP for
every P € L(W, Z) in such a way that output regulation is robust with respect to all small enough

perturbations to A, B and G.

We now turn our attention to the case in which the operators C, D, G and ) undergo pertur-

bations while the other operators in the closed loop system are held fixed.

Theorem 6.14. Assume that the operators F,G and J in (4.1) are such that the conditions of

Theorem 4.4 hold for some Q = Qo € L(W, H). Assume, in addition, that for every Q € L(W, H)
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there exist unique operators II € L(W,Z) and A € L(W,X) such that TI(D(S)) C D(A) and
A(D(S)) C D(F), and the extended regulator equations

Al + BJA =TIS in D(S) (6.18a)
FA=AS inD(S) (6.18b)
CIH+DJA=Q inW (6.18¢)

are satisfied. Then the controller (4.1) solves the EFRP for every Q € L(W, H) in such a way
that output regulation is conditionally robust with respect to all perturbations to G, and all small

enough perturbations to C and D.

Proof. The proof of this result closely parallels the proof of Theorem 6.12. Again, since the
extended regulator equations (4.3) do not depend on G and since all perturbations are assumed
to be independent of each other (Assumption 6.1), we may perturb G arbitrarily as long as closed
loop stability is preserved, according to Theorem 4.4.

Let N' = ker([T4,s&B]) N ker([&7F,s]). Then, by Lemma 6.11, N is a closed subspace of
LW, Z) x LW, X), and the restriction [C&D]|y is a bounded linear operator.

The crucial steps of the proof are the following.

(i) We show that the extended regulator equations (6.18) have a unique solution for each @) €

L(W, H) if and only if the the restriction [C&D]|y is a bijection N — L(W, H).

(ii) Bounded additive perturbations to C' and D result in a bounded additive perturbation to
[C&D], whereas the space N is not affected by these perturbations. Thus, these perturba-

tions result in a bounded and additive perturbation to [C&D]|xr.

(iii) If the perturbations to C' and D are small enough, then the perturbed operator [C&D][, is
still a bounded bijection N' — L(W, H).

(iv) The extended regulator equations (4.3), with C' and D replaced by C? and DP, have a solution

for each @) whenever the perturbations to C' and D are small enough.
The desired result then follows from Theorem 4.4. We now proceed to the proofs.

(i) Let Q@ € L(W, H) be arbitrary. If the extended regulator equations (6.18) have a unique

solution, then there exists a unique element (R) € D(7Ta,s) X D(Tr,s) C D([T4,5&B]) N
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(iii)

D([&TF,s]) such that

[T4,s&B](]) = Ta sl + BA = AIl - 1IS + BJA = 0 (6.19)
(&Trs](]) = FA—AS =0 (6.20)
[C&D] () =Cll+ DJA =Q (6.21)

Consequently (1) € NV, and [C&D]|, is a bounded bijection N' — L(W, H).

On the other hand, if the restriction [C&D]|u is a bounded bijection N' — L(W, H), then
for every Q € L(W, H) there exists a unique element (}) € A/ such that [C&D]|x () = Q.
Equations (6.19)-(6.21) then show that the extended regulator equations (6.18) have a unique
solution for every Q € L(W, H).

Let C? = C 4+ A¢ and DP = D + Ap, where A¢ € L(Z,H) and Ap € L(H). Then
since perturbations are independent of each other and since the Banach space N does not
depend on C or D, N is not affected by these perturbations. Moreover clearly [C&D]? ( R[) =
CPII4+DPA = (C+Ac)I+(D+Ap)JA = [C&D] (V) +Acp (§) for each IT € L(W, Z) and
A € L(W, X). Here the bounded linear operator Acp € L(L(W, Z) x LW, X), L(W, H)) is
defined by Acp () = AcIl + ApJA for each IT € L(W, Z) and A € L(W, X).

From item (ii) we immediately see that as ||A¢|| — 0 and ||Ap|| — 0, so must [|Acp]| — 0.
Since N and L(W, H) are Banach spaces and [C&D]|x is a bounded bijection N — L(W, H),
by the Open Mapping Theorem it must be boundedly invertible. By Theorem IV.1.16 in
[57], if || Acp]|| is (i-e. if [|Ac|| and ||Ap]| are) sufficiently small, then the perturbed operator
[C&D]}, is still boundedly invertible, that is, a bounded bijection N' — L(W, H).

Let (23 ) € D(Ta,s) x D(T5,s) denote a solution of the extended regulator equations (4.3) for
the nominal value @ = Qo. Let Q € L(W, H) be arbitrary and set QP = Q — CPIIy — DPJA,.
Assuming that the perturbations to C' and D are small enough, applying items (iii) and (i)

again shows that for this QP € L(W, H) the extended regulator equations (6.18), with C' and



CHAPTER 6. ROBUSTNESS AND THE INTERNAL MODEL STRUCTURE 133
D replaced by CP and DP respectively, have a unique solution (%) Moreover

[Ta.s&B] (101N, ) = Tas(Io + I1P) + B(Ag + AP) = Ty 11y + BAg = —P (6.22)

[&Trs](RoThs ) = F(Ao + AP) — (Ag + A)S =0 (6.23)
[C&DP(Rot)) = CP(I + I1P) + DPJ(Ag + AP) (6.24)
= CPIly + DPJAg + Q — CPIly — DPJAg = Q (6.25)

Consequently the operators Iy + ITP and Ay + AP solve the extended regulator equations
(4.3), with C and D replaced by C? and DP respectively.

O

Corollary 6.15. Let the assumptions of Theorem 6.14 hold. If in addition the closed loop operator
A generates an exponentially stable Co—semigroup, then the controller (4.1) solves the EFRP for
every Q € LW, H) in such a way that output requlation is robust with respect to all small enough

perturbations to C, D and G.

The following theorem is the main result of this section. It provides a sufficient condition that
small perturbations to the operators A, B,C, D, G, J, P and @ do not destroy EFRP type output
regulation. A remarkable feature in the result is that, in contrast to Theorem 6.12, we obtain
conditional robustness — even with respect to more general perturbations — without having to
assume the existence of a right inverse C~ for C such that C~Q € D(74,s). However, we do have
to assume a more restricted kind of unique solvability of the extended regulator equations (4.3)

than in either Theorem 6.12 or Theorem 6.14.

Theorem 6.16. Let F,G and J in the controller (4.1) be such that the closed loop operator A
generates a strongly stable Co—semigroup Ta(t) on Z x X. Assume that, in addition, for every
P e L(W,Z) and every Q € L(W, H) there exist unique operators Il € L(W,Z) and A € L(W, X)
such that II(D(S)) C D(A) and A(D(S)) C D(F), and the extended regulator equations (4.3) are
satisfied. Then the controller (4.1) solves the EFRP for every P € L(W, Z) and every Q € L(W, H)
in such a way that output regulation is conditionally robust with respect to all perturbations to G,

and all small enough perturbations to A, B,C, D and J.

Proof. As before, since the extended regulator equations (4.3) do not depend on G, by the indepen-

dece of the perturbations we may perturb G arbitrarily as long as closed loop stability is preserved,
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according to Theorem 4.4. Moreover, by Lemma 6.11 the restriction [7a,5&B]|ker(j&75 5]) Of the
closed operator [74,s&B] to the closed subspace ker([&7F s]) of L(W,Z) x L(W, X) is again a
closed operator.

We can now define a linear operator matrix K : D(K) = D([74,s&B]) N ker([&TFs]) C
L(W, Z) x L(W, X) — L(W, Z) x £(W, H) by

1I TA,S B 1I TA73H + BA [TA,S&B]

(6.26)

_ _ _ (%)
A c b/ \a CII + DA [C&D](1)
for each () € D(K).

In analogy with the previous proofs, we proceed by showing the following:
(i) K is a closed operator D(K) = D([74,5&B)) Nker([&Tr,s]) — L(W, Z) x L(W, H).

(ii) The extended regulator equations (4.3) have a unique solution for each P € L(W,Z) and
every Q € L(W, H) if and only if K is a bijection D(K) — L(W, Z) x L(W, H).

(iii) Bounded linear additive perturbations to A, B, C, D and J result in a bounded linear addi-
tive perturbation Ak to K, which is independent of the perturbations to G, such that the
perturbed operator is K = K + Ak with D(K?) = D(K).

(iv) If the perturbations to A, B,C, D and J are small enough, then the perturbed operator K?
is still a bounded bijection D(K) — L(W, Z) x L(W, H).

The desired result then follows via another application of item (ii) above and Theorem 4.4. It

remains to prove the above properties.

(i) Let ((37)),cn C D(K) be such that lim, .o(}) = (¥) € LW, 2) x L(W,X) and
limn_,ooK(R:) = (§) € LW, Z) x L(W,H). Then for each n € N we have (Rn) €
D([Tx 5&B)) Nker([&Trs]) = D([Ta 5&B]ler((75 o)) Moreover, limy, [T s&B] (1) =
limnﬁoo[TA,S&B]|ker([&Tp,5])(1/_\[2) = P. Since the operator [74 s&B]|xer(j&7w.5)) 18 closed
(cf. Lemma 6.11), () € D([T4,5&B]) N ker([&7p,s]) and we also have [Ty s&B](Y) =
[T4,5&B] |xer((&7r.s]) () = P. Furthermore, since [C&D] is bounded, [C&D](Y) = Q.
Putting things back together we obtain () € D(K) and K(§) = (), which shows that

K is closed.
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(i)

(iii)

(iv)

By a direct calculation it can be shown that for all P € £(W,Z) and all Q € L(W, H) the

extended regulator equations (4.3) have a unique solution II, A if and only if

[T4,5&B](}) =-P (6.27)
A

[C&DJ(}) =@ (6.28)

for a unique () € D([74,5&B]) N ker([&7F,s]). Hence the extended regulator equations
(4.3) have a unique solution for each P € L(W, Z) and every Q € L(W, H) if and only if K
is a bijection D(K) — L(W, Z) x L(W, H).

Let AP = A+ A4,B? = B+ A, C? = C+ A¢,D? = D+ Ap,JP = J + Ay, where
the perturbations are bounded and linear on suitable spaces. These perturbations induce a

perturbation to K. The resulting perturbed operator KP is given by

KP 11 _ [TA S&B p(A) _ TA+AA75H+(B+AB)(J+AJ)A (629)
A [C&DP (1) (C+Ac)I+ (D + Ap)(J + Ap)A
Tasll+ BJA AAIl+ BAJA+ Ap(J+Aj)A
_ ([ 7as LA J B( 7) (6.30)
CII + DJA AcIl+ DAJA + Ap(J 4+ Aj)A
I Ay BA;j+Ap(J+A II
- LA 7+ Ap( 7) (6.31)
A Ac DAy + AD(J + A']) A

for every (RI) € D(K). Hence bounded linear additive perturbations to A, B,C, D and J
result in a bounded linear additive perturbation Ax = (22 gijiiigiﬁ;;) to K, such
that for the perturbed operator we have D(K?) = D(K + Ak) = D(K). Moreover, by the

independence of the perturbations Ak does not depend on the perturbations to G.

From item (iii) we immediately see that as ||Aa]| — 0, ||Ag|| — 0,||A¢|| — 0, [|Ap|| — 0 and
IAs|| — 0, so must ||Ak|| — 0. Since K with domain D(K) is a closed bijection between two
Banach spaces, by the Open Mapping Theorem it must be boundedly invertible. By Theorem
IV.1.16 in [57], if || Ak || is (i.e. if |AAll, [|AB], |Acll, |Ap| and ||As|| are) sufficiently small,

then the perturbed operator K? is still boundedly invertible, that is, a closed bijection.

O

The following corollary is particularly useful in the case that the exosystem is finite-dimensional.
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Corollary 6.17. Let the assumptions of Theorem 6.16 hold. If in addition the closed loop operator
A generates an exponentially stable Co—semigroup, then the controller (4.1) solves the EFRP for
each P € L(W,Z) and Q € L(W, H) in such a way that output requlation is robust with respect to
all small enough perturbations to A, B,C,D,G and J.

Remark 6.18. A converse for Corollary 6.17 will be proved in Corollary 6.23. In particular,
it turns out that in this case the unique solvability of the extended regulator equations (4.3) is

actually necessary for robust output regulation.

We point out that Corollary 6.17 is new even for finite-dimensional systems, although its as-
sumptions resemble those found in the finite-dimensional control literature. In particular, Corollary
6.17 generalizes the work of Francis [29] and Francis and Wonham [32] by allowing for perturba-
tions also in C, D and Q. Moreover, it generalizes the results of Davison [24] by allowing for
the parameters F, G and J of the controller to be free modulo closed loop stability and unique
solvability of the extended regulator equations (4.3) (in Davison’s work the matrix F' contains a
suitable reduplication of the maximal cyclic component of the matrix S, for example).

We emphasize that the results of this section are general perturbation results in the sense that
we have not made any specific choice of the parameters F, G and J in the error feedback controller
(4.1). Unfortunately, at this stage it is not at all clear how the operators F,G and J should be
chosen in order to meet the assumptions of these results. Of course, we can always reformulate the

extended regulator equations (4.3) as

11 A BJ 11 P
S— 4 in D(S) (6.320)
A cc r+aps) \a) \-co
H .
Q=(c pJ) in W (6.32D)
A

and then attempt to directly apply the results of Chapter 8 to obtain unique solutions; this is
possible because the equations (6.32) are of the form (3.10). However, as we shall see in Section
6.2 below, a better approach is to observe that the equation (6.32b) is embedded in the equation
(6.32a). Hence, all we really need is the solvability of (6.32a) and some additional condition which
ensures that (6.32b) is also satisfied. This additional requirement turns out to be an internal model

condition, as suggested by the finite-dimensional theory (see Section 6.2 below).
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6.2 The internal model structure

In this section we shall study the necessary and sufficient structure of error feedback controllers
(4.1) which achieve conditionally robust output regulation in the sense of the EFRP. A crucial
observation that we make (see the proof of Theorem 6.20) is that every sufficiently stable closed
loop EFRP control system in a sense contains the error zeroing dynamics even without assuming
the solvability of the extended regulator equations (4.3). The main results of this section show
that the desired dynamical behaviour of conditionally robust output regulation is then realized if

(and sometimes only if) the dynamic controller (4.1) has the following structure:

Definition 6.19 (Internal model structure). A controller (4.1) has the internal model structure if

the following implication holds:
VA e D(Tps), VAe LW, H): AS=FA+GA inD(S) = A=0 (6.33)
Here D(7r,s) is as in Definition 6.7.

We shall see shortly that sufficient closed loop stability and the internal model structure together
imply the solvability of the extended regulator equations (4.3) — and thus also output regulation

by Theorem 4.4.

6.2.1 A generalization of the Internal Model Principle

Theorem 6.20 below generalizes the Internal Model Principle of Francis and Wonham [32] in such a
way that no purely finite-dimensional concepts are utilized. We have to assume exponential closed
loop stability — which may be unreasonable if dim(W) = co — in order to achieve the desired
equivalence, but we emphasize that this assumption will be weakened in Subsection 6.2.2 where
we shall present more sufficient conditions for conditionally robust output regulation. Moreover,

the following result is new even for finite-dimensional exosystems (2.1).

Theorem 6.20. Let F,G and J in (4.1) be chosen such that the closed loop operator A =
(GAC F+BGJDJ) generates an exponentially stable Co—semigroup on Z x X. Then the controller
(4.1) solves the EFRP for every P € LW, Z) and every Q € L(W, H) in the exosystem (2.2) in

such a way that

1 Jle@®)| < Me=“t||z(0)|| + |=(0)]] + |lw(0)|l] for all t > O and some M,w > 0 which do not
depend on the initial conditions z(0) € Z, x(0) € X, and w(0) € W,
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2. output regulation is robust with respect all such perturbations to A, B,C,D,G and J which

preserve the exponential closed loop stability,
if and only if the controller has the internal model structure.

Proof. (Necessity.) Assume that for every P € L(W,Z) and every Q € L(W, H) in the exosystem
(2.2) we achieve robust output regulation with respect all such independent perturbations to the
operators A, B,C, D,G and J which preserve exponential closed loop stability. Let A € L(W, H)
and A € D(7p g) be arbitrary operators such that AS = FA + GA in D(S). We must show that
this implies A = 0.

Observe that by our assumptions, output regulation in the sense of the EFRP occurs for the
particular operators Q@ = A — DJA € L(W,H) and for P = BJA € L(W,Z) in the exosystem

(2.2). Let O(t) = (;8) € Z x X and define the operators

A BJ BJA

A= . P = . C= (c DJ) (6.34)
GC F+GDJ ~G(A — DJA)

with suitable domains of definition. Then we may write the closed loop system (4.2) (with P = BJA
and Q = A — DJA) as

(1) A P\ [0@)
= ., 00)eZxX, w0)eW, t>0 (6.35a)

W(t) 0 S) \w
e(t) = CO(t) — (A — DINw(t), t>0 (6.35b)

Since A generates an exponentially stable Cy—semigroup and since S generates an isometric
Co—group, by the results in [88, 90] (see also Section A.2) there exists a unique operator (23) €
L(W, Z x X) such that (§°)S = A(?) + P in D(S), i.e.

Ty A BJ Iy BJA

S = + in D(S) (6.36)
Ao GC F+GDJ Ay —GA+GDJA

Let w(0) € W be arbitrary and let ©(0) = (;Eg;) = (I,Eg Jw(0). Using Lemma 3.5 it is then straight

forward to show that for every every t > 0

/O Ta(t — 7)PTs(T)w(0)dr = (\°)Ts(t)w(0) — Ta(t) (1 )w(0) (6.37)
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and that the corresponding tracking error e(t) is as follows:

e(t) = CO(t) — (A — DIAN)w(t) (6.38)
= CTA(t)O(0) +C / t Tu(t — 7)PTs(T)w(0)dr — (A — DJA)Ts(t)w(0) (6.39)
0
= CTa(t)[0(0) — (12 )w(0)] + [C(}°) — (A — DJA)]Ts(t)w(0) (6.40)
= (CTly + DJAg — A + DJA)Ts(t)w(0) (6.41)

Precisely as in the proof of Theorem 3.20 we deduce using the exponential decay of |e(t)| that
necessarily CIlg + DJAg— A+ DJA =0 in W. However, clearly II5 = 0 and Ay = —A satisfy the
equation (6.36). By uniqueness we must then have that A = C0+ DJA — DJA = 0. This shows
that the controller necessarily has the internal model structure.

(Sufficiency.) Let P € L(W,Z) and Q € L(W, H) be arbitrary and set P = (_gQ). Let
AP = A+ Ay ,BP =B+ Ap,C?P =C+ A¢c,D? =D+ Ap,JP = J + Ay, where the independent
perturbations are bounded and linear on suitable spaces. Assume that the exponential stability
of the closed loop system is not affected by these perturbations. Let the perturbed closed loop
operator be denoted by AP. Since AP generates an exponentially stable Cy—semigroup and since
S generates an isometric Co—group, by the results in [88, 90] (see also Section A.2) there exists a

unique operator () € L(W,Z x X)) such that ()5S = AP(}) + P in D(9), i.e.

1I AP BPJP 1I P
S = + in D(S) (6.42)
A Ger F+GDPJr ) \A —GQ

But this shows that AS = FA + G(CPII + DPJPA — Q) in D(S), and since the controller has
the internal model structure, ultimately CPII + DPJPA = @ in W and the extended regulator
equations (4.3) for the perturbed operators are satisfied. The result now follows by Theorem 4.10.
We remark that since the extended regulator equations (4.3) do not depend on G, this operator

may be subject to arbitrary independent perturbations as long as closed loop exponential stability

holds. O

Remark 6.21. Taking a glance at the proof of Theorem 4 in [32]” immediately reveals that if

dim(W) < oo, if dim(Z) < oo and if dim(H) < oo, then every dynamic controller (4.1) solving the

"This is the classical finite-dimensional result showing that a degree of robustness in output regulation can be
obtained by incorporating a suitably reduplicated (and suitably controllable and observable) copy of the maximal

cyclic component of the exosystem matrix S in F'.
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EFRP by utilizing the classical Internal Model Principle (i.e. Theorem 4 in [32]) has the internal
model structure. However, it should be pointed out that in this case Theorem 6.20 above also
guarantees robustness with respect to C, D and @ which is not the case in [32]. On the other hand,
Francis and Wonham [32] also consider the case in which the tracking error e(t) is only readable

from some other signal; we shall not do that here.

Remark 6.22. In Theorem 6.20 the operators S and F' cannot be perturbed if robust output
regulation is to be maintained. This is in accordance with the the finite-dimensional robust output
regulation theory where it is well-known that the system matrix S of the exosystem and the
suitably reduplicated copy of its maximal cyclic component in the matrix F' cannot be subject to
perturbations if robust output regulation is to be maintained [24, 29, 32]. Although some parts of
F may in practice tolerate perturbations, by convention (and for the sake of simplicity) nowhere

in this chapter do we allow for perturbations to the operators S and F.

Recall from Section 6.1 that the unique solvability of the extended regulator equations (4.3)
is a precursor for conditionally robust output regulation. Now Theorem 6.20 immediately yields
the following result which illustrates a degree of mecessity of the unique solvability of the extended
regulator equations (4.3) for robust output regulation. In particular, Corollary 6.23 below is a

partial converse for Corollary 6.17.

Corollary 6.23. Let F,G and J in (4.1) be chosen such that the closed loop operator A generates
an exponentially stable Co—semigroup on Z x X and such that the controller (4.1) solves the
EFRP for every P € L(W,Z) and every Q € L(W, H) robustly as described in items 1 and 2 of
Theorem 6.20. Then the extended regulator equations (4.3) have a unique solution II € L(W, Z),
A e LW, X) for each P € LW, Z) and every Q € L(W, H).

Proof. Under the assumptions the controller (4.1) must have the internal model structure, accor-
ding to Theorem 6.20. The sufficiency part of the proof of Theorem 6.20 then readily shows that
the extended regulator equations (4.3) have a solution IT € L(W, Z), A € L(W, X). On the other

hand, any such solution operators ﬁ, A also satisfy the equation

I A BJ Il P
S = + in D(S) (6.43)
A GC F+GDJ) \A -GQ

But the solution of this equation is unique because the closed loop system is exponentially stable

and S generates an isometric Cy—group (see Section A.2). O



CHAPTER 6. ROBUSTNESS AND THE INTERNAL MODEL STRUCTURE 141

Remark 6.24. Let D = 0. If dim(W) < oo, if dim(Z) < oo and if dim(H) < oo then under
the assumptions of Corollary 6.23 for every P € L(W, Z) there exist operators IT € L(W, Z) and
I € L(W, H) such that

P = AIl - 1IS + BT (6.44a)
0=CI (6.44D)

This condition has been shown to be necessary for robust output regulation with respect to P in

Theorem 2a of [29]. Francis [29] has also demonstrated that this condition is equivalent to

A—-)X B
ran =ZxH, VYXea(S) (6.45)
C 0

which is the one arising in the work of Davison and Goldenberg [19] and Wonham [93].

6.2.2 Conditional robustness results based on the internal model struc-

ture

We shall next present some more sufficient conditions for conditionally robust output regulation. In
contrast to the previous subsection, here we shall only require that the closed loop system operator
A generates a strongly stable Cp—semigroup T4(t) on Z x X. Our results again utilize the concept
of internal model structure, but we shall also need an assumption about the unique solvability of
a Sylvester type operator equation. This assumption is always satisfied for an exponentially stable

T4(t), but need not be so for a strongly stable T 4(t).
Theorem 6.25. Let F,G and J in the controller (4.1) be chosen such that

1. the closed loop system operator A = (GAC F+%]DJ) generates a strongly stable Cy-semigroup

on Z x X,
2. the controller (4.1) has the internal model structure,

3. for every P € L(W, Zx X) there ezists a unique Y € L(W,Z x X)) such that Y (D(S)) C D(A)
and Y'S = AY + P in D(S).

Then the controller (4.1) solves the EFRP for oll P € L(W,Z) and all Q € L(W,H) in such
a way that output regulation is conditionally robust with respect to small enough perturbations to

A, B,C,D,G and J.
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Proof. Let P € L(W,Z) and Q € L(W,H) be arbitrary and set P = (_§). Let A? = A+
Ap,BP = B+ Ap,C? = C+ A¢,D? = D+ Ap,JP = J 4+ Ay, where the perturbations are
bounded and linear on suitable spaces. For conditional robustness, we assume that the perturbed
closed loop operator AP is still the generator of a strongly stable Cy—semigroup on Z x X. By our

assumptions the linear Sylvester operator 74 s defined by

D(Tas)={Y e LW, ZxX)|Y(D(S)) CD(A),IP € LW, Z x X) :
Pw=AYw —YSwVw € D(S) } (6.46a)

TasY =P (6.46b)

is a boundedly invertible closed operator D(74.s) C L(W,Z x X) — L(W, Z x X ) [3]; consequently
so is T4r s as long as the above perturbations to A, B, C, D and J are small enough ([57] p. 196).
Hence there exists a unique operator (1) € L(W, Z x X) such that ({)S = AP ([} ) +P in D(9).
As in the proof of the sufficiency part of Theorem 6.20 this and the internal model structure show
that the extended regulator equations (4.3) for the perturbed parameters have a solution. Observe
that G can then also be perturbed because these equations do not depend on it. The result follows

by Theorem 4.4. O

We emphasize that in practice the unique solvability of the Sylvester type operator equation
YS =AY +P in D(S) for all P € L(W, Z x X), which is required in Theorem 6.25, can often be
established without any knowledge of the actual solution operator Y (see Section A.2 and [3, 8,
88, 90]). One such case is that in which A also generates an exponentially stable Cp—semigroup;

another such case is presented below.

Corollary 6.26. Let S € L(W). Let F,G and J in the controller (4.1) be chosen such that
1. the closed loop operator A generates a strongly stable Co—semigroup on Z x X,
2. the controller (4.1) has the internal model structure,
3. o(A)Na(S)=0.

Then the controller (4.1) solves the EFRP for all P € L(W, Z) and all Q € L(W, H) in such a way
that output regulation is conditionally robust with respect to those perturbations to A, B,C,D,G
and J for which the corresponding perturbation A 4 to the closed loop operator A satisfies |A 4|l <
minyeq(s) | R, A7
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Proof. By [90] (see also Section A.2) for every P € L(W,Z x X) there exists a unique ¥ €
L(W,Z x X) such that Y (D(S)) € D(A) and YS = AY + P in D(S). The result follows by
Theorem 6.25 and Remark IV.3.2 in [57] which guarantees that the assumption in item 3 is not
altered by the perturbations (observe that o(S) C iRNp(A) is a compact set). We point out that
by the independence of the perturbations, G can be treated separately of the other operators, as

in Theorem 6.25. O
Remark 6.27. It is not assumed in Corollary 6.26 that dim(WW) < co.

If the spectra of the closed loop operator A and the exosystem operator S are not disjoint,
ie. o(A)No(S) # 0, then the Sylvester operator equation V'S = AY + P in D(S) does not have
a unique solution for every P € L(W,Z x X) [90]. On the other hand, even if it is true that
o(A) No(S) = 0 then this Sylvester equation does not necessarily have a unique solution unless
S € L(W) [90]. Hence Theorem 6.25 and its Corollary 6.26 are not always applicable in practice
(they are applicable and new for finite-dimensional exosystems (2.1)). However, it is still possible
that the above operator equation does have a unique solution for every P € L(W, Z x X) which is
also in some smaller subspace L(Wy, Z x X)) of L(W, Z x X). This situation occurs e.g. in certain
repetitive control applications (see Section 6.7). We next show how Theorem 6.25 can be extended

to this case. We need some elementary preliminary lemmata.

Lemma 6.28. Let Wy be a Banach space such that W — Wy. Let U be a Banach space. Then
LWy, U) — LW, U).

Proof. Let Y € L(Wy,U) and let w € W — Wj. Then
Ywllo < 1Y lleowo.onlwliwe < ellY |l cowo.on llwllw (6.47)

for some constant ¢ > 0. Hence Y € L(W,U). Moreover, we have

Yllzowoy = sup  [[Ywllu < sup  cllYlzw,ollwllw (6.48)
weW,|lw|lw <1 weW, |lw|lw<1
= clYlleowo,v) (6.49)
so that the identity operator L(Wp,U) — L(W,U) is indeed continuous. O

Now assume that Wy is some fixed Banach space such that W — W,. Then the Sylvester
operator T4 s : D(Tas) C LW, Z x X) — L(W,Z x X) defined in (6.46) can be restricted to an
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operator T4 s| whose image is in L(Wp, Z x X) as follows:

D(Tasl) ={Y € D(Tas) | TasY € LWy, Z x X) } (6.50a)

TaslY =TasY, VY € D(Tasl) (6.50b)

Lemma 6.29. The above operator T4 s| is a closed operator W — L(Wy,Z x X), where W =

m“‘“ﬁ(W,ZXX) ]

)

Proof. Let (Yy,)nen C D(Z4a,s|) C D(Ta,s) be such that lim,, . Y;, =Y (convergence in L(W, Z x
X)) and lim, oo 74,5|Y, = P (convergence in L(Wy,Z x X)). Then Y € L(W,Z x X) and

P e L(Wy, Z x X) because these spaces are Banach spaces. Moreover,
Jim (| T,5Y5 = Pllew.zxx) < ¢ lim [Ta5Yn = Pllew,zxx) =0 (6.51)

for some constant ¢ > 0 because L(Wy, Z x X) — L(W, Z x X), according to Lemma 6.28. Hence
by the closedness of T4 ¢ in L(W,Z x X) (cf. [3]) we have Y € D(T4 ) and T4 sY = P. But
P e L(Wy,Z x X), so that by definition Y € D(74,5]) and T4 s|Y = P, i.e. T4s|is a closed
operator W — L(Wy, Z x X). O

By the Open Mapping Theorem and by above it is clear that 74 g| is a boundedly invertible
operator D(T4 s|) — L(Wy, Z x X) if and only if for all P € L(Wy, Z x X) the operator equation
YS = AY + P in D(S) has a unique solution Y € L(W, Z x X), with Y(D(S)) C D(A). This
motivates us to define (W, Wy)—admissible perturbations to the closed loop system as such operators

Ay € L(Z x X) which do not destroy the unique solvability of this operator equation:

Definition 6.30. Let W and W, be as in the above. Let 0 € p(74 s]). We say that an operator
Ay € L(ZxX)is (W, Wy)—admissible if 0 € p(Ta4+a ,,s|). Here the perturbed operator Ta4a 4. sl :
D(Tasn,sl) CLW,Z x X) — LWy, Z x X) is defined by

D(Tavaasl) ={Y € D(Tataas) | TavansY € LWy, Z x X) } (6.52a)

TA+AA,S Y = TA_,_AA’AQYV, VY € D(TA+AA,S|) (652b)

and the perturbed Sylvester operator Ta4a s is defined in the obvious analogy with (6.46).

Remark 6.31. If W = W then every sufficiently small operator A4 € L(Z x X) is (W, Wp)-
admissible by [57] p. 196 and by the fact that D(7a1a ,,s|) = D(Ta+a,s) =DP(Tas) =D(Tasl)
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and Ta4a 8| = Tasa,,s =Tas+ AT where ATY = ALY forall Y € L(W, Z x X). However,
in the general case that W — W, we shall need some additional structure for the perturbations

A 4 to ensure that 0 € p(Ta4a ,,s|)-
The following result generalizes Theorem 6.25 for (W, Wy)—admissible perturbations.

Theorem 6.32. Let W and Wy be as in the above. Let F,G and J in the controller (4.1) be

chosen such that
1. the closed loop operator A generates a strongly stable Cy—semigroup on Z x X,
2. the controller (4.1) has the internal model structure,

3. for every P € L(Wy, ZxX) there exists a unique Y € L(W, ZxX) such that Y (D(S)) C D(A)
andYS = AY + P in D(S).

Then the controller (4.1) solves the EFRP for all P € L(Wy,Z) and all Q € L(Wy, H) in the
following way: Output regulation is conditionally robust with respect to such perturbations to
A,B,C,D,G and J for which the corresponding perturbation A4 to the closed loop operator A
is (W, Wy)—admissible.

Proof. Let P € L(Wy,Z) — L(W,Z) and Q € L(Wy, H) — L(W, H) be arbitrary and set P =
(_Gq) € LWy, ZxX). Let AP = A+Ay, B? = B+Ap,C? = C+Ac,DP = D+Ap, JP = J+A,
where the perturbations are bounded and linear on suitable spaces. We assume for conditional
robustness that the corresponding perturbed closed loop operator AP = A+A 4 is still the generator
of a strongly stable Cyp—semigroup on Z x X. By our assumptions there exists a unique operator
(V) € D(Tarau,sl) € LW, Z x X) such that (§)S = AP(1) + P in D(S). As in the proof of
the sufficiency part of Theorem 6.20 this and the internal model structure show that the extended
regulator equations (4.3) for the perturbed parameters have a solution. The result now follows, as

G can also be perturbed; the extended regulator equations (4.3) do not depend on G. O

The following corollary demonstrates the usefulness of the concept of (W, Wy)—admissible per-

turbations in such output regulation problems where the exosystem (2.2) is infinite-dimensional.

Corollary 6.33. Let E be a Banach space and for a given sequence (wn)ner C R of distinct

frequencies consider the function spaces W = & = Hap(E, fn,wn), Wo = Hap(E, gn,w,), with
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fn = gn foralln € I. Let S = S|e generate the left translation Co—group on E. Let the sequences

(frn)ner and (gn)ner, and the operators F,G and J in (4.1) be such that
1. the closed loop operator A generates a strongly stable Cy—semigroup on Z x X,
2. the controller (4.1) has the internal model structure,
3. a(A) N {iw, |nel}=0and ¥y, w<oo

Then the controller (4.1) solves the EFRP for all P € L(Wy,Z) and all Q € L(Wy, H) in the
following way: Output regulation is conditionally robust with respect to such perturbations to
A,B,C,D,G and J for which the corresponding perturbation A4 to the closed loop operator A

satisfies sup,,c || AaR(iw,, A)| < 1.

Proof. By Proposition 2.16 it is evident that W — W,. For every n € I define the bounded linear
operator P, : £ — & such that P,h = h(n)e™n" for all h = Y omer h(n)e™n € € (the operators P,
can be explicitly defined using e.g. the Fourier-Bohr transform [63]; observe that the coefficients
/ﬁ(n) are unique by construction). Let P € £L(Wy, Z x X) be arbitrary. Then the linear operator
Y :E— Z x X defined by Yh =3 ; R(iw,, A)PP,h for all h € £ is bounded:

[Yhlzxx < ZHR(WmA)PPnhHZxX (6.53)
nel
<D || R(iw, A ez IPR(n)e™ || 2xx (6.54)
nel
< I R(iwn, Al zzxx) 1Pl ewe, z2x ) 12(n) | 29n (6.55)
nel
= 1Pl cwn,zxx) D_IIR(iwn, )Hz:(ZxX)JTHh( )| e fn (6.56)
nel
HR(iwm )HLZ X g,
< 1Plleawozxx) 4| D O N hm)lRsz (6.57)
nel " nel
[ R(iwn, A7 (2 x) 92
<Plewozxx)y| D i X0 10 (6.58)
nel n

by the Schwartz inequality, because clearly P, h = E(n)ei“’"' e Wy for alln € 1.
Since S|¢ is just the differential operator, it is clear that Y € L(€,Z x X) is the unique
operator satisfying Y S|¢h = AYh + Ph for each h € span{a,e» | a, € E,n € I} }, where

the index set [} is finite. Using the boundedness of Y, the closedness of A and the fact that
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P,S|¢h = iwn, P,h = S|gPyh for all h € D(S|¢) it is not difficult to show that Y/(D(S|s)) C D(A)
and that Y is the unique solution of the operator equation Y'S|g = AY + P in D(S|g) (see also
Theorem 8.11). Consequently 0 € p(74,s|) in the notation (6.50).

In order to be able to apply Theorem 6.32 it remains to show that the perturbation A 4 is
(W, Wy)—admissible under the assumption sup,,¢||A 4R (iwy, A)|| < 1. Since for all n € I we have
iwp — A— A =[I — ApR(iwp, A)](iw, I — A), under our assumption iw,, € p(A+ A 4) and we

can expand R(iw,, A+ A 4) using a Neumann series as

o0

R(iwn, A+ A4) = Rliwn, A) S [AuR(iw,, A)]* (6.59)
k=0

Hence there exists m > 0 which is independent of n € I such that || R(iwn, A+A4)| < m||R(iwn, A)||
for all n € I. A reasoning similar to the one given above then immediately shows that the opera-
tor equation YS|g = [A+ A4]Y 4+ P in D(S]¢) also has a unique solution Y € L(€,Z x X) for
all P € L(Wy, Z x X). Thus the perturbation A 4 is (W, Wp)—admissible and the desired result
follows from Theorem 6.32. O

Remark 6.34. In Corollary 6.33 ||R(iw,,.A)|| need not be uniformly bounded in n unless A
generates an exponentially stable Cy—semigroup or the index set [ is finite. Thus, in general it is
possible that ¢(S) and o(A) overlap at tico. To the author’s knowledge this has not been possible

in any earlier robustness result in the existing output regulation theory.

It is probably appropriate to conclude this section with a rough-and-ready summary and prac-
tical interpretation of the above (conditional) robustness results. So, assuming that a given error
feedback controller (4.1) has the internal model structure and that it achieves strong closed loop

stability, we have the following:

e Output regulation is exponentially fast and robust with respect to certain stability-preserving

perturbations if the closed loop system is also exponentially stable (cf. Theorem 6.20).

e Output regulation is conditionally robust with respect to certain small perturbations, if the
exogenous signals do not contain arbitrarily high frequencies and if the (complex) spectrum
of these signals does not mix with that of the closed loop system operator (cf. Corollary

6.26).

e If the exogenous signals do contain arbitrarily high frequencies, but none of these (complex)

frequencies iw, is part of the spectrum of the closed loop operator A, if P, () and the
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exogenous signals are sufficiently continuous, and if the order of growth of ||R(iw,,.A)| as
|wn| — o0 is in a sense controlled, then output regulation is conditionally robust with respect

to certain perturbations which do not increase this order of growth (cf. Corollary 6.33).

In the above, of course, only certain parts of the closed loop system are allowed to be subject to

perturbations.

6.3 Characterizations for the internal model structure

Having (hopefully) convinced the reader that such dynamic controllers (4.1) which have the in-
ternal model structure play a central role in linear robust output regulation problems, in this
section we shall establish general characterizations for those controllers which have this structure.
Our approach is mostly based on the recent theory of implemented semigroups due to Alber and
Kithnemund [1, 59]; a brief review of this theory can be found in Appendix A.3. However, we
shall begin with a simple but useful geometric characterization for the internal model structure.
In a subsequent example this geometric characterization will reveal the relation of our robustness

results to the (finite-dimensional) structurally stable synthesis algorithm of Francis [29].

Theorem 6.35. Let G € L(L(W,H),L(W,X)) be defined such that GA = GA for each A €
LW, H). A controller (4.1) has the internal model structure if and only if ker(G) = {0} and
ran(7p,s) Nran(G) = {0}.

Proof. Assume first that the controller has the internal model structure. If GA = 0 for some
A € L(W,H), then AS = FA + GA in D(S) for A = 0, which implies A = 0, and hence G is
injective. On the other hand, for arbitrary ¥ € ran(7p ) Nran(G) we have Y = FA — AS = GA
for some A € D(Tps) and some A € L(W,H). Whence Y = 0 because A = 0 by the internal
model structure.

Assume then that ker(G) = {0} and ran(7p,s) Nran(G) = {0}. Let AS = FA + GA in D(S)
for some A € D(7Tp g) and some A € L(W, H). Then AS — FA = GA € ran(Tps) Nran(G) = {0}.
However, G is injective, and so A = 0. This implies that the controller has the internal model

structure. O

Example 6.36. Let the spaces Z,H and W = H C BUC(R, H) be finite-dimensional and let us

take S = S|y in accordance with Proposition 2.3. In this example we show, using Theorem 6.35,
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that the structurally stable synthesis algorithm (SSSA) of Francis (see Theorem 2b in [29]), when
applied to any EFRP where S = S|y, results in a controller having the internal model structure.
Recall from [29] that the SSSA essentially amounts to (i) designing an observer for an extended
system containing the plant and o dim(H)—fold direct sum of the mazimal cyclic component Sy of
S, and then (i) applying a control which is obtained from a related pure gain synthesis.

Let us assume that the SSSA can be used to solve a given EFRP where S = S|y. Observe
that S|y generates the isometric left shift group on the finite-dimensional space H C BUC(R, H).
Consequently there exists a finite set {iw, | n € I} of complex frequencies such that iw, # iw,, for
n # m and such that the exponentials (€' "), cr form a basis in H. This implies that Ts(t)|nf =
Soner fnn ) =3 1 freineint for every t € R and every f € H (for some unique sequence
(fr)ner € H). Thus the differential operator S = S|y can be represented by a diagonal matriz
having a dim(H)—fold reduplication of each of the frequencies iw,, n € I, on the diagonal. Then
according to the Corollary on p. 306 of [9] the minimal polynomial p(\) of S is just the product
IL,cr (A —iwy,) of distinct linear factors. Since the minimal polynomial of Sy is the same as that
of S [29], the matriz representation of S = S|y is similar® to a block diagonal matriz Sp having
a dim(H)—fold reduplication of the maximal cyclic component Sy of S on the block diagonal [29].
Also observe that the space W = H that we use here is just the space Hoe = Hay ® -+ @ Ho
(dim(H)—fold copy) employed in [29].

Using the notation of Theorem 6.35, from the relations (48) and (49) in [29] we readily see that
ker(G) = {0} and that ran(7p s, ) Nran(G) = {0} (in the notation of Francis we have G = B,
and Tp s, = A..). It is then evident that also ran(Tpg) Nran(G) = {0}. By Theorem 6.35 the

resulting controller has the internal model structure.

Remark 6.37. In [29] Francis proved that the SSSA results in a controller which is robust (struc-
turally stable) with respect to small perturbations to the parameters A, B, P,G and J of the closed
loop system. However, by Theorem 6.20, in the setting of Example 6.36 we also achieve robustness
with respect to small perturbations to C and arbitrary perturbations to ). To the author’s know-
ledge, this has not been explicitly pointed out before in the finite-dimensional output regulation

literature (although the result is probably known in the folklore).

Clearly the injectivity of the operator G in Theorem 6.35 is easy to verify; in particular, if G is

8The similarity transform is given in the Corollary on p. 306 of [9].
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injective, then so is G. However, the range intersection property in Theorem 6.35 may be far from
trivial to verify in practice. Consequently, it is appropriate to present also other characterizations

for the internal model structure. The next one is of spectral nature:

Theorem 6.38. Let F' generate a uniformly bounded Cy—semigroup Tr(t) on X. If
sup||R(N, Trs)GA|| =00 VA € L(W,H)\ {0} (6.60)
A>0

then the controller (4.1) has the internal model structure. Conversely, if X is reflezive and if the

controller (4.1) has the internal model structure, then condition (6.60) holds.

Proof. Let AS = FA+GA in D(S) for some A € D(7p g) and some A € L(W, H). Then according

to Theorem 12 in [88] the family Ay, A > 0, of bounded linear operators defined by
Ay = / M (DGAT(—t)wdt YA > 0w € W (6.61)
0

is uniformly bounded for A > 0. However, by the Alber-Kithnemund theory [1, 59] (see in particular
p. 372 of [1] and Remark 2.15 in [1]), the Sylvester operator 7r g generates the uniformly bounded
implemented semigroup F(t) = Tp(t) - Ts(—t) on the operator space L(W, X). Hence for each

A > 0 the resolvent R(\, 7r s) can be given in terms of a Laplace integral:

[R(\, Tr,5)GAw = /0 h e M[F(t)GAJwdt (6.62)
= /0 h e MTr(t)GATs(—t)wdt (6.63)
=Aw VYA>0VweW (6.64)
Consequently if
ii%”R()HTF,S)GA” =o0 VA€ L(W, H)\{0} (6.65)

we must have that A = 0, i.e. the controller has the internal model structure.

Conversely, if X is reflexive, if the controller has the internal model structure and if we also
have supy< | R(X\, Tp,s)GA| < oo for some nonzero A € L(W, H), then the family of operators
A, defined above is uniformly bounded for A > 0. According to Theorem 12 in [88] this implies
that there exists A € L(W, X) such that AS = FA 4+ GA in D(S). However, since the controller
has the internal model structure, necessarily A = 0, which is a contradiction. This shows that the

condition (6.60) holds. O
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Remark 6.39. In the dynamic state feedback controller of Subsection 4.5.2 we chose F' = S which
always generates a uniformly bounded Cy—semigroup on X = W. Consequently, the assumption

in Theorem 6.38 about the uniform boundedness of Tr(t) is realistic in many applications.

Assuming that F' generates a uniformly bounded Cp—semigroup Tr(¢) on X, the condition
(6.60) clearly holds if GA is an eigenvector, corresponding to the eigenvalue A = 0, of the linear
Sylvester operator 75 g for all nonzero A € L(W, H). In this case R(\, Tp g)GA = %GA forall A
L(W,H) and all A > 0. However, in general the condition (6.60) and the uniform boundedness of
Tr(t) only imply that 0 € 04(7F,s) (the approximate point spectrum). In fact, for all nonzero A €
L(W, H) the operators GA can be used to construct a corresponding approximate eigenvector for
Tr.s (see Proposition IV.1.10 in [28]). In the remainder of this section we shall further investigate
the interesting case in which the internal model structure property of a controller (4.1) can be
reduced to (part of) GA being an eigenvector of 7p g for all operators A. It turns out to be
possible to drop the above explicit assumption about the uniform boundedness of Tr(t). We shall

employ the following assumption throughout the remainder of this section.
Assumption 6.40. There exists Ao > 0 such that (0, Xo) € p(7p,s) and

sup AR, Tis)l| < o0 (6.66)
0<A< Ao

Assumption 6.40 covers the case of a uniformly bounded Tr(t):

Proposition 6.41. If F generates a uniformly bounded Co—semigroup Tr(t), then Assumption
6.40 holds.

Proof. By the Alber-Kithnemund theory [1, 59|, the Sylvester operator Tr s generates the imple-
mented semigroup F(t) = Tr(t)-Ts(—t) on L(W, X) which is strongly continuous in the strong ope-
rator topology. Furthermore, by Lemma 3.14 in [59] sup,> || F () || = sup;>o | Tr () ||| Ts (1) < oo,
so that F(¢) is uniformly bounded. By Theorem 1.28 in [59], Tr s is a Hille-Yosida operator such

that
Trg)k M
RN, Trs)"|| < 7 VRENVA>0 (6.67)
for some M > 1. Consequently Assumption 6.40 holds. O

The next result provides additional conditions under which the internal model structure pro-
perty of a controller (4.1) follows from GA being an eigenvector (corresponding to the eigenva-

lue 0) of 7p ¢ for all nonzero operators A € L(W, H). For such controllers, ran(G) C X is a
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Tr(t)—invariant subspace on which the dynamical behaviour of the semigroup Tr(t) is in a sense

described by that of Ts(t). Observe that below T (t) need not be uniformly bounded.

Proposition 6.42. Let the operator G (cf. Theorem 6.35) be injective. If, in addition, for every
A€ L(W,H) and everyt > 0, it is true that Tp(t)GA = GATs(t), or equivalently GA € ker(Tp,g),

then the controller (4.1) has the internal model structure.

Proof. Since Assumption 6.40 holds, for every 0 < A < g and for each A € L(W, X) we have that
TrsR(\, Trps)A = AR(A, Tr,s)A — A. Thus A € Tan(7r ) if and only if limy\ o AR(A, Tp,5)A = 0.
Moreover, AR(X, 7r,s)A = A for all 0 < XA < Xg if and only if A € ker(7r5) (see p. 263 of [2]
for more details). In particular we have ker(7p g) NTan(7r,s) = {0}. Hence whenever ran(G) C
ker(7F ) is true, we also have ran(G) Nran(7x,s) C ker(7r,s) NTtan(7Zr,s) = {0}, from which the
result immediately follows by Theorem 6.35. Thus it only remains to show that GA € ker(7p g) if
and only if Tr(t)GA = GATs(t) for all ¢ > 0.

Let A € L(W, H) be such that Tr(t)GA = GATs(t) for every ¢t > 0. Then we also have that
F)GA = Tr(t)GATg(—t) = GA for all t > 0 and all A € L(W, H). Here F(t) is again the
semigroup implemented by Tr(t) and Ts(—t) on L(W, X) [59]. Consequently,

[F(t)GAlw — GAw
t

[Tr sGALw = lim =0 VweWw (6.68)

so that indeed GA € ker(7,s). Conversely, if GA € ker(7f g), then F(t)GA = GA by Proposition
1.16 (b) in [59]. The result now follows. O

Unfortunately, in applications the assumption that GA is an eigenvector of Tp g for every
0 # A € L(W, H) may be a severe restriction; we do not know if it can be satisfied in any nontrivial
situation. However, assuming the injectivity of G and a considerable amount of additional structure
for Tp g we can prove that it is in fact necessary and sufficient for the internal model structure
that for every nonzero A € L(W, H) some part of GA is an eigenvector of 7T g (corresponding to
the eigenvalue 0). This condition can be quite easily verified e.g. in the finite-dimensional case,
as will be demonstrated shortly in an example. We then obtain our last complete characterization

for those controllers which have the internal model structure:

Theorem 6.43. Assume that Tp g is uniformly Abel-ergodic, i.e. limy~ o AR(\, Tp ) converges
in LIL(W,X)). Then the controller (4.1) has the internal model structure if and only if for all
nonzero A € L(W, H) limx\ o AR(X, Tr,5)GA # 0, and the operator G is injective.
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Proof. If the controller (4.1) has the internal model structure, then G is injective by Theorem 6.35.
By Proposition 4.3.15 in [2], ran(7F,s) is closed in £(W, X). The uniform Abel-ergodicity of Tp g
and Proposition 4.3.2 in [2] immediately give the decomposition £(W, X) = ker(7p,s) ®ran(7r,s).
Hence for every nonzero A € L(W, H) we have GA = FA — AS + M for some A € D(7pg) and
some M € ker(7rg). By the internal model structure, M # 0 (for otherwise A = 0). On the
other hand, by Corollary 4.3.2 in [2] the operator Pye, = limy\ o AR(), 7 g) is the projection onto
ker(7r g) along ran(7p g). Hence limy\ o AR(A, Tr,s)GA = M # 0.

Conversely, assume that for all nonzero A € L(W, H) we have limy\ o AR(X\, 7r,s)GA # 0 and
that G is injective. Let A € D(Tp g) and A € L(W, H) be such that AS = FA+ GA. Then by the
above direct sum decomposition of L(W, X), it is true that limy\ o AR(X, 7r,s)GA = 0. But this

is possible only if A = 0. Hence the controller has the internal model structure. O

Corollary 6.44. Let W, H and X be finite-dimensional spaces. Let F' generate a uniformly boun-
ded Co—semigroup on X. Then the controller (4.1) has the internal model structure if and only if

for all nonzero A € L(W, H) limy\ o AR(X, Tr,5)GA # 0, and G is injective.

Proof. Under our assumptions £(W, X) is also finite-dimensional. Moreover, the semigroup F(t)
implemented by Tr(t) and Ts(—t) on L(W,X) is Cp and uniformly bounded [1, 59]. Since every
generator of a bounded Cp—semigroup on a reflexive Banach space is (strongly) Abel-ergodic (by
Corollary 4.3.5 in [2] and Proposition 4.3.4 in [2]), and since in finite-dimensional spaces strong
convergence implies uniform convergence, the operator 7r g is uniformly Abel-ergodic. The result

follows by Theorem 6.43. O

Example 6.45. Let us consider the Davison-type controller introduced in Subsection 4.5.2 in the
special finite-dimensional case W = C2, H = C and
iwl 0
S = , w1 7& wg, Wi,ws € R (669)
0 iLUQ
We shall find sufficient conditions for the internal model structure of the controller (4.32) using
Theorem 6.43. In this setup the dynamic state feedback controller (4.32) utilizes F = S and G = G

or some Gg € , . Let Gog = an =(di1 d2 ) so that GoA = . According to
for some Go € L(H,W). Let Go = (53) and & hat GoA = (352 9242). Accordi
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Proposition 4.3.4 in [2] we have that

t

1
)1\1{% )\R(/\, Tsﬂs)GoA = tlim - Ts(t)GoATs(—t)dt (670)
— 00 0
1 t eiwlt 0 d d efiwlt 0
= lim - } e S at (6.)
t=oo t 0 0 61w2t g2d1 ggdz 0 e‘“"zt
~[9dr 0 (6.72)
0 g2dy

because Tg s generates the implemented (uniformly bounded and strongly continuous) semigroup
F(t)=Ts(t) - Ts(—t) on LIW). Clearly whenever we choose G such that g1 # 0 and g2 # 0, we
have that limy« o AR(X, T5,5)GoA # 0 unless A = 0, i.e. di = dy = 0. For this choice of Go the

controller (4.32) has the internal model structure.

6.4 The internal model structure in the case o(F) = o(95)

In Section 6.3 we presented some abstract characterizations for the internal model structure for
general operators F' and G in the controller (4.1). However, in practice the particular case o(F') =
o(S) turns out to be very important. For example, the generalizations of Davison’s dynamic state
feedback controller presented in Subsection 4.5.2 employ the choices X = W and F' = S. On the
other hand, later on in this chapter we shall also prove that the verification of the internal model
structure property for the Francis-type controllers of Subsection 4.5.1 can often be reduced to the
case o(F) = o(S). Hence this special case deserves additional attention.

Recall that we assume throughout this thesis that S generates an isometric Cy—group on some
Banach space W. Suppose that S is also bounded, that X and W are actually Hilbert spaces and
that F' € £L(X) also generates an isometric Co—group on X. Then since the operators S and F are
also normal, there exists unique spectral measures £ and E¥" associated with S and F [86]. Thus,
for example, if ¢ is any Borel measurable set in the plane, then E°(¢) is a projection that reduces
S, and the spectrum of the restriction of S to the range of E°(¢) is contained in the closure of ¢

[81, 86]. In the following we let £§ denote the open disk with center i\ € iR and radius ¢, k € N.

Theorem 6.46. Assume that X and W are Hilbert spaces, that S € L(W) and that F € L(X)

generates an isometric Co—group on X. Let B and EY be the spectral measures as in the above
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and assume that o(F) = o(S). If G € L(H,X) is such that for all A € L(W, H) the implication
Jim |EF(EHGAES (€)= 0Vix e o(S) =o(F)| = A =0 (6.73)

holds true, then also the implication (6.33) holds true, i.e. the controller (4.1) with F and G as in

the above has the internal model structure.

Proof. Let A € D(Tr,s) = L(W,X) and A € L(W, H) be such that AS = FA+GA in D(S) =W.
Then GA € ran(7p s) and according to Theorem 2.2 in [81] this implies that for every i\ € o(S) =

o(F) we have limy_, | EF (£§)GAES (£})|| = 0. By our assumptions this implies A = 0. O

It is a well-known (but nontrivial?) fact that the generator of an isometric Co—group on a
Banach space Y is decomposable, i.e. for every compact set v C iR there exists a maximal spectral
subspace My (y) (a maximal closed invariant subspace of Y on which the generator is bounded
and has spectrum contained in 7). Since UpenMy ([—in,in]) is also dense in Y [90] we suspect
that the boundedness assumption for S and F' in Theorem 6.46 can be generally removed without
much effort. However, since in many interesting output regulation applications (e.g. in repetitive
control) the spectrum o(S) is known to be a discrete set, the following result suffices for our

purposes; observe that neither S nor F' need be bounded in it.

Theorem 6.47. Let F' generate an isometric Co—group on a Banach space X such that o(F) =
o(S) are discrete. Let PL denote the spectral projection on X corresponding to any (isolated)
point iA € o(F). If G € L(H,X) is such that for all isolated points i\ of o(F') the operators
PLG : H — ran(PE) are injective, then the implication (6.33) holds true, i.e. the controller (4.1)

with these parameters F' and G has the internal model structure.

Proof. Let Pg\ denote the spectral projection on W corresponding to any isolated point i\ € o(S5).
Then by Gelfand’s Theorem ([2] Corollary 4.4.8) and our assumptions the spectra o,(S) = o(S) =
o(F) = 0,(F) consist of isolated points only, such that P3.S = iAP3 = SP3 and PLF =i\PL =
FPE for all i\ € 0(S) = o(F). If A € D(Trs) and A € L(W, H) are such that AS = FA + GA
in D(S), then for all i\ € o(S) = o(F) we have 0 = PJ[AS — FA — GA]PSw = PLGAPSw for
all w € W. But by our assumption the operators PZI;G are injective, so that APg\w = 0 for all
w € W and all iA € ¢(S). Since the spectra o(S) = o(F) are discrete, now the maximal spectral

subspace My ([—in,in]) = span{ran P3 | k € I, } for some finite set I,, of indices, and hence

9see Appendix A and [90] p. 400.
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A = 0 in My ([—in,in]) for all n € N. An extension by continuity then implies A = 0 in W

because UpenMyy ([—in, in]) is dense in W (see Appendix A). O

Example 6.48. Let H = CV for some N € N and take X = H.> BUC(R,C"), with F = S|,
in accordance with Proposition 2.3. Assume that o(F) is discrete and G € L(CN,X). Then for
each i\ € o(F) the operator PL maps H to {ae* | a € CN'}, which is an N—dimensional linear
space. Since G : CN — H, the operator PG can be represented by an N x N matriz. In fact,
each y € CN has the representation y = ZT]:I:l(y,en)CNen in terms of the matural orthornormal

basis for CV. Upon defining 1, = Ge,, € H for each 1 <n < N we have

(y,€1)
PRGy = i@&ﬁpfiﬂin . (Pf;wl Pf;l/fzv) f (6.74)
- (oen)
Pi(iA) o v ) [ (ysen)
e | r 5 (6.75)
dni(iA) o (N ) \ (v en)
where for cach 1< n < N we have defined
hin (i)
Pha, = : e e {ae” |a e CN} =ran(P)) (6.76)
D (i)

Consequently, in order that PEG is injective for all i\ € o(F), the N x N matriz in (6.75) —
consisting of the “combined Ath Fourier coefficients” of the functions ¥, = Ge, € H for1 <n < N
— must be nonsingular for all i\ € o(F). This is of course reflected in an appropriate choice of

the operator G.

Example 6.49. Let « > %, p > 0, H = C and let X = HS (0,p) (the Sobolev space of

per
a—differentiable p—periodic scalar functions, see Chapter 2). Let F = S|ng(0’p) in accordance
with Proposition 2.3. If we take any G € L(C, X), with Gu = gu for some g € X and all u € C,
such that the pair (F,G) is approzimately controllable, then the operator Pf;G is ingective for all
iN€o(F) = {ZQ’TT” | n € Z}. In fact, X is a Hilbert space and F is a Riesz spectral operator
(cf. [17]) whose eigenvectors constitute an orthonormal basis (¢n)nez of (weighted) exponentials

on X. By Theorem 4.2.3 in [17] the approximate controllability of the pair (F,G) is equivalent
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to (g, ¢n) # 0 for all n € Z. But a direct calculation shows that P5Gu = (g, ¢n)dnu for each

A= i%T" € o(F) and all u € C; hence PAG is indeed injective for all i\ € o(F).

6.5 Conditional robustness results for the controllers of Sec-

tion 4.5

We are finally in a position to present verifiable sufficient conditions under which conditionally
robust output regulation occurs for the two dynamic controllers introduced in Section 4.5. Our
key idea is to replace the copy of the operator S in (4.26) and (4.32) by an auziliary operator
S, defined on an auziliary Banach space W,, such that in a sense S, “resembles!?” S. This
approach makes it possible, for example, to regard the operators P and @ which are embedded in
the operator F in (4.26) as design parameters. This feature is very convenient in the stabilization
of the closed loop system; observe that it is not present e.g. in Theorem 4.15 where P and @ must
coincide with the corresponding operators of the exosystem (2.2), as W, = W.

In the present section conditionally robust output regulation with respect to certain pertur-
bations is obtained by stabilizing the closed loop system (containing S,) strongly and by relying
on the internal model structure. We shall provide conditions under which the verification of the

internal model structure can be traced to Theorem 6.47 for F = S,.

6.5.1 Conditional robustness results for the Francis-type controllers

We begin our study with the controller (4.26) which generalizes those of Francis [29] and Byrnes et
al. [12]. In Assumption 6.50 below the items 1-5 are natural infinite-dimensional generalizations
of the requirements in the structurally stable synthesis algorithm (SSSA) of Francis [29]. On the

other hand, the item 6 in Assumption 6.50 below arises naturally from the results of Section 6.4.

Assumption 6.50. There exists an operator S, which generates an isometric Co—group on a

Banach space W,, and the following are true:
1. There is no feedthrough, i.e. D =0,

2. The spectra 0(S,) = o(S) are discrete,

100f course, we do not exclude the possibility that W, = W and S, = S.
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3. There exist Py € L(W,4,Z) and Qq € L(W,, H) and G = (g;) € L(H,Z x W,) such that

(‘3 g:) - (g; )(C _Qa) generates a strongly stable Cy-semigroup on Z x W,

4. There exists K € L(Z,H) such that A+ BK generates an exponentially stable Co-semigroup

on Z,

5. There exist 1 € L(W,,Z), such that TI(D(S,)) C D(A), and T' € L(W,, H) satisfying the

following regulator equations:

1S, = All+ BT + P, in D(S,) (6.77a)

Q.=CT inW, (6.77b)

6. For every iw € o(S,) the operator P2*Gy : H — van(P2*) is injective. Here P is the

spectral projection corresponding to the (isolated) point iw € o(S,).

Remark 6.51. The methods of Subsection 4.6.3 are directly applicable in verifying item 3 of
Assumption 6.50; observe that here P, and @, can be freely chosen (modulo item 5). The methods

of Chapter 8 then apply to item 5 of this assumption.
Lemma 6.52. Under Assumption 6.50 the dynamic controller (4.1) with

A+ BK -G C Pa+B(F—KH)+G1Qa Gy
e . Q= . J=(k r-kn)
*GQC Sa+G2Qa G2

(6.78)
on the state space X = Z x W, has the internal model structure. Moreover, the closed loop operator

A= (GAC I}J) generates a strongly stable Co—semigroup on Z x X.

Remark 6.53. In (6.78) the operators P, € L(W,, Z) and Q, € L(W,, H) need not coincide with
the operators P € L(W, Z) and Q € L(W, H) of the exosystem (2.2).

Proof of Lemma 6.52. Assume that A € L(W,H) and A = (ﬁ;) € D(Tr,5) C L(W, X) are such
that AS = FA 4+ GA in D(S). Then

A A+ BK - G1C P,+ B(I' - KII) + G1Q, A G
Hs= ! ( )+ e el A D) (6.79)

Ay -GoC Sa +G2Qq Ay Go

whence AsS = SAs + G2 (QuAy — CA; + A) in D(S). It follows from Theorem 6.47 that Q,As —
CA; + A =0in W. Hence also A2S = S,As in D(S).
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On the other hand, by (6.79) we also have

A S = (A + BK — GlC)Al + (Pa + B(F — KH) + GlQa)AQ + G1A (680)
= (A + BK)Al + (Pa + B(F — KH))AQ + Gl(QaAg —CA + A) (681)
— (A+ BEK)A, + (P, + B(T — KII))Ay in D(S) (6.82)

Consequently (ﬁ; )S = (A+0BK B(F_KHHP“)(Q;) in D(S). But since by our assumptions the

a

regulator equations (6.77) are satisfied, we have

I 1 A+BK 0 I -1I _ A+ BK B(I'-KII)+ P, (6.83)
0 I 0 Sa 0 I 0 Sa
so that () (2; )S = (MEK b?ﬂ ) (&7 ﬁ; ) in D(S). Therefore (A1 —IIA2)S = (A+BK)(A;—
ITA3) in D(S). But A + BK generates an exponentially stable Cp—semigroup, so that by the
uniqueness the only operator M € L(W, Z) satisfying MS = (A+ BK)M in D(S) is M = 0 (see
[90] and Section A.2). We thus have A; = IIAp in W.
Finally recall from the above that Q,A2—CA;1+A = 0in W, so that by the regulator equations
(6.77) we have QqA2 — CTIA2 + A = Q,As — QoA + A = A = 0. This shows that the controller
(4.1) with the above parameters has the internal model structure. The strong stability of the closed

loop semigroup T 4(t) follows as in the proof of Theorem 4.15, upon replacing S by S,, P by P,
and @ by Q,. O

The next result follows immediately from Theorem 6.20, Theorem 6.25 and Theorem 6.32 using

Lemma 6.52.

Corollary 6.54. Let Assumption 6.50 hold such that W — W,. Let A = (GAC %‘7), with the
operators F,G and J of (4.1) as in (6.78). Then the following hold.

o If for every P € L(W,,Z x X) there exists a unique Y € L(W,Z x X) such that Y (D(S)) C
D(A) and YS = AY + P in D(S), then the controller (4.1) solves the EFRP for every
Pe L(WyZ)C LW,Z) and Q € LW,,H) C L(W,H) in the exosystem, and the fol-
lowing holds: Output requlation is conditionally robust with respect to such perturbations to
A,B,C,G and J for which the corresponding perturbation A 4 to the closed loop operator A
is (W, W,)—admissible.
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o If for every P € L(W,Z x X) there exists a unique Y € L(W,Z x X) such that Y (D(S)) C
D(A) and YS = AY + P in D(S), then the controller (4.1) solves the EFRP for every
Pe LW,Z) and Q € L(W,H) in the exosystem, in such a way that output regulation is

conditionally robust with respect to all small enough perturbations to A, B,C,G and J.

o If A generates an exponentially stable Co—semigroup on Z x X, then the controller (4.1)
solves the EFRP for every P € L(W,Z) and Q € L(W, H) in the exosystem, in such a way
that output regulation is robust with respect to small enough perturbations to A, B,C,G and
J. Moreover, asymptotic tracking of the reference signals in the presence of disturbances is

exponentially fast.

The special case W, = W and S, = S is of course possible in Corollary 6.54. However, if
dim(W) = oo, then it is in general wise to only have W «— W,. In the case of p—periodic scalar
reference signals, for example, we should consider choosing W = erT(O, p) and W, = HZ,, (0,p),
with § = S|H5”(O’p) and S, = S|ng(0,p), in accordance with Proposition 2.3. Here § > o > %
guarantees that W — W,, and the idea is that if § is considerably larger than «, then the
reference signals are much smoother than what the error feedback controller (6.78) is prepared to
asymptotically track. Corollary 6.33 then reveals that in some cases sufficient smoothness of the
reference signals implies a degree of conditional robustness. We refer the reader to Section 6.7 for

an application of this principle, and we point out that this feature is of course only interesting in

the case of an infinite-dimensional exosystem (2.2).

Remark 6.55. In [12] (Theorem IV.2) Byrnes et al. have proved a complete characterization for
the existence and construction of error feedback controllers achieving (possibly nonrobust) output
regulation for a given finite-dimensional exogenous system (2.1) with fixed operators P and Q.
They employed controllers (4.1) with parameters as in (4.26). In their work the closed loop system
operator A generates an exponentially stable Cp—semigroup; hence Corollary 6.54 above reveals
that if G5 is chosen appropriately in their controller, then the controller does not have to be
changed if the matrices P and ) in the exosystem are changed. Moreover, in this case output
regulation is in fact robust with respect to sufficiently small perturbations to certain parameters

of the closed loop system.

Remark 6.56. If Z, X, H and W = W, = H C BUC(R, H) are finite-dimensional spaces and if

S =S, = S|n in accordance with Proposition 2.3, then by Example 6.36 the matrix F' in (6.78)
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contains the matrix S, which is similar to a block diagonal matrix Sp utilizing a dim(H)—fold
reduplication of the maximal cyclic component of S. Hence the above robustness results are in

accordance with the corresponding finite-dimensional theory [29].

6.5.2 Conditional robustness results for the Davison-type controllers

We shall now establish conditions under which the generalization (4.32) of Davison’s dynamic state
feedback controller (cf. [39]) achieves conditionally robust output regulation. We shall also show
how this state feedback controller can be used in the design of a dynamic controller (4.1) which
does not employ direct feedback from the state of the plant. As in Subsection 6.5.1 also here it
will be useful to prove the results in the more general case that the operator S in (4.32) is replaced
by an auxiliary operator S, which “resembles” S (of course S, = S is again possible).

The items 1 and 2 in Assumption 6.57 below are natural generalizations of the corresponding
finite-dimensional assumptions in [39]. On the other hand, the third item in Assumption 6.57

below arises naturally from the results of Section 6.4.

Assumption 6.57. There exists an operator S, which generates an isometric Co—group on a

Banach space W, and the following are true:
1. The spectra o(S) = o(S,) are discrete,

2. There exist K1 € L(Z,H), Ko € L(W,,H) and Gy € L(H,W,) such that the operator

(Go?gfgll(l) SaJr%I&)KQ) generates a strongly stable Co—semigroup on Z x Wy,

3. For every isolated point iw € 0(S,) the operator P Gy : H — ran(PSe) is injective. Here
PS5+ is the spectral projection corresponding to the (isolated) point iw € o(S,).

w

Remark 6.58. The methods of Subsection 4.6.4 are readily applicable in verifying item 2 above.
Under Assumption 6.57 we shall consider the dynamic state feedback controller

z(t) = Sax(t) + Goe(t), =(0)eW,, t>0 (6.84a)

u(t) = K12(t) + Kox(t) (6.84b)

which for W = W, and S = S, reduces to that in (4.32). It is evident that an error feedback
output regulation problem for the controller (6.84) can be studied as an EFRP for a plant (1.1)
where A is replaced by A 4+ BK; and C is replaced by C + DK;. We obtain:
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Lemma 6.59. Let Assumption 6.57 hold and consider a plant (1.1) where A is replaced by A+BK;
and C is replaced by C + DKy. Set X = W, with F = S,, G = Gy, J = Ky. Then the
resulting dynamic controller (4.1) has the internal model structure, and the closed loop operator

A= (GEAC++BDKIé1) F+BGJDJ) generates a strongly stable Cy—semigroup on Z x W,.

Proof. This result follows directly from Theorem 6.47 and Assumption 6.57. O

The next result follows immediately from Theorem 6.20, Theorem 6.25 and Theorem 6.32 using

Lemma 6.59.

Corollary 6.60. Let Assumption 6.57 hold such that W — W,. Consider a plant where A
is replaced by A + BK; and C is replaced by C + DK,. Consider the controller (4.1) whose

parameters F,G and J are as in Lemma 6.59.

o If for every P € L(W,,Z x X) there exists a unique Y € L(W,Z x X) such that Y (D(S)) C
D(A) and YS = AY + P in D(S), then the controller (4.1) solves the EFRP for every
P e L(W,,Z) C LW, Z) and Q € L(W,,H) C L(W,H) in the exosystem, in the fol-
lowing way: Output requlation is conditionally robust with respect to such perturbations to
A, B,C,D,Ki,Ks and Gy for which the corresponding perturbation A4 to the closed loop
operator A is (W, W,)—admissible.

o If for every P € L(W,Z x X) there exists a unique Y € L(W,Z x X) such that Y (D(S)) C
D(A) and YS = AY + P in D(S5), then the controller (4.1) solves the EFRP for every
P e L(W,Z) and Q € L(W,H) in the exosystem, in such a way that output regulation is

conditionally robust with respect to all small enough perturbations to A, B,C, D, Ky, Ky and
Gp.

o If A generates an exponentially stable Co—semigroup on Z x X, then the controller (4.1) solves
the EFRP for every P € LW, Z) and Q € L(W, H) in the exosystem, in such a way that
output requlation is robust with respect to all small enough perturbations to A, B,C, D, Ky, Ko
and Gy. Moreover, asymptotic tracking of the reference signals in the presence of disturbances

is exponentially fast.

Now that we have studied conditionally robust output regulation for the dynamic state feedback

controller (6.84), we turn to the construction of a dynamic controller (4.1) which does not involve
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direct feedback from the state of the plant. In addition to Assumption 6.57 we shall need the

exponential detectability of the pair (4, C).

Lemma 6.61. Let Assumption 6.57 hold such that W — W,. Assume, in addition, that there
exists L € L(H,Z) such that A — LC generates an exponentially stable Co—semigroup on Z. Let

X =Z x W, and choose the parameters of the controller (4.1) as follows:

A+ BK, — L(C + DK,) (B - LD)K, L
F= . G= S J= (K1 KQ) (6.85)
0 Sa GO

Then the controller (4.1) has the internal model structure and the closed loop operator A =

(GAC FEGJDJ) generates a strongly stable Cy—semigroup on Z x X.
Proof. If A = (ﬁ;) € D(Tr,s) and A € L(W, H) are such that AS = FA + GA in D(S), then

A A+ BK, — L(C + DK,) (B—LD)K,\ [A L
s = 1= I D ) (A A nD(S) (6.86)
Ay 0 Sa Ay Go

Hence A2S = SyAs + GoA in D(S). The internal model structure of the controller (4.1) can now
be easily verified as in Theorem 6.47. We prove that the closed loop system operator A generates
a strongly stable Cy—semigroup on Z x X. With F,G and J as in (6.85), the closed loop system

operator becomes

A BK; BK,
A BJ
A= =| LC A+4+BK,-LC BK, (6.87)
GC F+GDJ
GoC GoDK, S, + GoDK,

Applying the similarity transform U given as

I -1 0
U=|o0o I o0 (6.88)
0 0 I

we see that A is similar to the operator A=UAU! having the expression

A-LC 0 0

A=| LcC A+ BK, BK, (6.89)
GoC Go(o + DKl) S, + GoDK>o
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which — by Assumption 6.57 and the assumption that A — LC' generates an exponentially stable
Cy—semigroup on Z — generates a strongly stable Cy—semigroup on Z x W,. Consequently, the

similar closed loop semigroup T 4(t) is also strongly stable. O

The next result follows immediately from Theorem 6.20, Theorem 6.25 and Theorem 6.32 using

Lemma 6.61.

Corollary 6.62. Let Assumption 6.57 hold such that W — W,. Assume, in addition, that there
exists L € L(H,Z) such that A — LC generates an exponentially stable Co—semigroup on Z.

Consider the controller (4.1) whose parameters F,G and J are as in (6.85).

o If for every P € L(W,, Z x X) there exists a unique Y € L(W,Z x X) such that Y (D(S)) C
D(A) and YS = AY + P in D(S5), then the controller (4.1) solves the EFRP for every
Pe L(W,Z) C LW,Z) and Q € L(W,,H) C L(W,H) in the exosystem, in the fol-
lowing way: Output regulation is conditionally robust with respect to such perturbations to
A,B,C,D,G and J for which the corresponding perturbation A 4 to the closed loop operator
A is (W, W,)—admissible.

o If for every P € L(W,Z x X) there exists a unique Y € LW, Z x X) such that Y (D(S)) C
D(A) and YS = AY + P in D(S), then the controller (4.1) solves the EFRP for every
P e LW, Z) and Q € L(W,H) in the exosystem, in such a way that output regulation is

conditionally robust with respect to all small enough perturbations to A, B,C,D,G and J.

e If A generates an exponentially stable Co—semigroup on Z x X, then the controller (4.1)
solves the EFRP for every P € LW, Z) and Q € L(W, H) in the exosystem, in such a way
that output regulation is robust with respect to all small enough perturbations to A, B,C, D,G
and J. Moreover, asymptotic tracking of the reference signals in the presence of disturbances

is exponentially fast.

6.6 A case study: Robustification of output regulation

In some applications it may be sensible to trade perfect output regulation without guaranteed
robustness to almost perfect output regulation with guaranteed robustness. The purpose of the

present case study section is to illustrate how this can be done in the case that H = CM for some
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M € N and in the case that the true reference signals — for which perfect regulation is not required
— are in some generalized Sobolev space G = Hap(H, fn,w,) with fixed sequences (wy,)ncr and
(fn)ner (see Chapter 2). In order to avoid trivialities, we assume in this section that I is an infinite
set of indices, so that G is an infinite-dimensional space.

Let € > 0 be the desired tracking accuracy in the sense that limsup,_,||e(t)| < €|lyrefllg is
required for all reference signals y,.; € G and all initial states z(0) € Z and z(0) € X of the plant
(1.1) and the error feedback controller (4.1). By our construction there exists N € N such that
Din|>N f? < €. Then for all yrer =3, c; Urep(n)e™n” € G we have by the Schwartz inequality
that

lyres = D Grepme™ ™ lloo < D Grep()e™ (| o < D Mgres () (6.90)

In|<N |n|>N [n|>N

< IS 52 S gl < cllyreslls (6.91)
In|>N nel

Consequently, whenever it is possible to asymptotically track the approzrimation signal y,{\é F=

Pinl<N Yrep(n)e™n of yrep = > 1 Urer(n)e™n in the sense of the EFRP, it is also possible to
asymptotically track y,.; with accuracy € > 0 in the above sense. In fact, in this case

lm suplly(t) = yres ()] < imsuply(8) = yi%s ()| + limsupl[y2 (8) = vres ()] < ellresllo (6:92)

t—o0
for all y,.y € G and for all initial states z(0) € Z and z(0) € X of the plant (1.1) and the error
feedback controller (4.1) achieving the asymptotic tracking of the approximations y f (t).

Let N € N be fixed as in the above, and define g, = f, for all |[n| < N and g, = 0 for
[n| > N. We shall next provide sufficient conditions that the above approximations yi\i 5 can
be asymptotically tracked robustly with respect to perturbations to some of the control system’s
parameters. In accordance with Proposition 2.3 this amounts to solving the EFRP robustly for
W =H = Hup(H, gn,wn) and S = S| (observe that dim(H) < oo). In order to accomplish this

we make the following standing assumption.

Assumption 6.63. There is no feedthrough, i.e. D = 0, and there exist K € L(Z,H) and
L e L(H,Z) such that A4+ BK and A — LC generate exponentially stable Co—semigroups on Z.
Moreover, the set {iwy | [n| < N} C p(A) and the matriz H(iw,) = CR(iw,, A)B is nonsingular

for all |n| < N (recall that we have assumed that H = CM for some M € N).
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Let us define the bounded linear operators P, : H — H, |n|] < N, by P,f = f(n)ei“’"' for
all f = EIn\SN ]?(n)ei“’"' € H. In the main result of this section we shall utilize the following

operators (which are well-defined under Assumption 6.63):

To= Y H(iw,) "0 P, € L(H, H) (6.93)
<N

o= Y R(iwn, A)BToP, € L(H, Z) (6.94)
n|<N

P =BTy — L € L(H,Z) (6.95)

Q=26 € L(H,H) (6.96)

I'= " H(iwy) '[Q — CR(iw,, A)PIP, € L(H, H) (6.97)
In|<N

M= Y R(iwn, A)[BT + PP, € L(H,Z) (6.98)
[n|<N

Gy = —6) € L(H,H) (6.99)

Gy =L T8 € L(H, Z) (6.100)

where dof = f(0) for all f € H and & is the adjoint operator of dy with respect to the inner

product on H given in Proposition 2.16.

Remark 6.64. It is an elementary calculation to verify that

S|y = Allg 4+ BTy in D(S|n) =H (6.101a)
5o =CIly inH (6.101b)
and that
S|y = Al + BT + P in D(S|y) = H (6.102a)
Q=CI inH (6.102b)

Theorem 6.65 below is our main result in this section. It presents one possible choice for the
dynamic controller (4.1) for robust asymptotic tracking of the above approximations yive ¢ In the

presence of certain disturbances.
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Theorem 6.65. Under Assumption 6.63 the dynamic controller (4.1) with X = Z x 'H and

A+ BK —G,C P+ B[ -KI)+GQ Gy
Fe ) . G= . J=(k r-xn)
—GQC S|H+G2Q GQ

(6.103)
where the related operators are defined in (6.93)-(6.100), solves the EFRP (with W = H) for all
PeL(H,Z) and Q € L(H, H) in the exosystem (2.2). Moreover, output requlation is exponentially

fast and robust with respect to small enough perturbations to the operators A, B,C,G and J.

Proof. We show that all requirements of Assumption 6.50 are satisfied for W, = W ="H, S, = S|,
P, = P and Qo = Q, and that the closed loop operator A = (GAC BJ ) generates an exponentially
stable Cy—semigroup on Z x X. That robust and exponentially fast output regulation indeed
occurs follows by Corollary 6.54.

The items 1,2,4 and 5 of Assumption 6.50 follow easily from Assumption 6.63 and the fact that
dim(H) < co. As in the proof of Proposition 4.28 we see that o5 : H — H :u — 32, <y fr ue’™n
for all w € H. Consequently for every iw, € o(S|x) the operator ﬂi‘:‘Gg H — ran(Piilf) is
injective (i.e. item 6 of Assumption 6.50 is true) because Pii‘: Gou = —Pf]: 2olkI<N fr lueiwr =
—flue™n . Here Piilf is of course the spectral projection corresponding to the (isolated) point
iwy € 0(S|n), for |n| < N.

As in the proof of Theorem 4.15 we can show that the closed loop operator A is similar to the

operator
A+ BK —BK —B("' — KTI)
~ R ) A+ BK A
A= 0 A-GC P+GQ | = (6.104)
R 0 Ap
0 —GoC Sln + G2Q
A-G1C P+G1Q .
where the operator Ap = (- P S|:+ GZQQ) satisfies
I —Ty\ [A-GiC P+ GiQ I 1
0 1 1QA o) _ (6.105)
0 I —GyC S‘H + G2Q 0 I
A—GC +1IiGoC  Allg — G1CTIy + I1gGoCTl + ]5 + GlQ — HOS|’H — HOGQQ (6 106)
e, S|y + G2Q — G2CTl,
A-LC 0
(6.107)

55C Slw — 5360
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so that by the finite-dimensionality of H and by Corollary 4.26 A generates an exponentially stable
Cy—semigroup on Z x H. Hence also item 3 of Assumption 6.50 is true. Finally, by similarity and
the assumption that A + BK generates an exponentially stable Cy—semigroup on Z the closed
loop operator A also generates an exponentially stable Cy—semigroup on Z x X.

O

Since in Theorem 6.65 we regulate signals generated by a particular finite-dimensional neutrally
stable exosystem (2.1), also the error feedback output regulation theory of Byrnes et al. [12]
(Theorem IV.2 in [12] in particular) is applicable in this situation. Thus, in order to justify
Theorem 6.65 as being new and useful, it is important to accentuate the following differences

between Theorem 6.65 and the results in [12]:

e Exponential detectability of the pair ((‘6‘ ), (c-ae )), i.e. hypothesis H3 in [12], does not
have to be postulated here; it is part of the conclusion. In particular, here the operators P
and @ correspond to the above design parameters P and Q, while in [12] they correspond to

the particular operators of the exosystem for which output regulation is to be achieved.

e The regulator equations (3.10) have been a priori solved here, whereas the use of Theorem
IV.2 in [12] explicitly requires the solution of these regulator equations. Moreover, in [12] the
operators P and @ in these equations must correspond to the particular operators utilized

in the exosystem (2.1).

e Output regulation is guaranteed to be robust here, while the issue of robustness is not

addressed in [12].

e We achieve approximate (with a desired accuracy € > 0) asymptotic tracking of all reference
signals in the infinite-dimensional Sobolev space Hap(H, fy,wy), while no approximation

results are presented in [12].

On the other hand, it has been proved in [12] that the nonsingularity of H (iw) for all iw € o(S)
(which is assumed in the above) already implies the solvability of the regulator equations (3.10)
regardless of the operators P and @, whenever dim(WW) < oo. Moreover, we point out that in [12] it
is not explicitly assumed that the pair (A, C) is exponentially detectable, as is done in the above.

Nonetheless, Theorem 6.65 above may sometimes be easier to apply in practice than Theorem
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IV.2 in [12] because of the additional design parameters P and Q which need not coincide with

the operators P and @ utilized in the exosystem.

6.7 A case study: Conditionally robust repetitive control

for SISO systems

We now turn our attention to certain repetitive control applications. In this section we make the
following standing assumption, which shows that our aim is to study the asymptotic tracking of all
p—periodic scalar-valued reference signals in certain Sobolev spaces H2, (0,p), p > 0 and 8 > %,

per

using error feedback control.

Assumption 6.66. The plant is a SISO system, i.e. H = C, the operator A generates an
exponentially stable Co—semigroup on Z, D = 0, W = H = ngr(o,p), Wo =G = Hp.,.(0,p)

for some 8 > a > % (where v is fized at the outset and (3 is to be determined), p > 0 and S = S|y,

Se = Sl|g, Q =0y € L(G,C)N L(H,C), in accordance with Proposition 2.3.

Remark 6.67. The assumption that there is no feedthrough in the plant, i.e. D = 0, is deliberate.
We aim to show that, contrary to the conventional repetitive control scheme [36, 96], in our
framework conditionally robust output regulation of p—periodic signals with an infinite number of
distinct frequency components is possible even if D = 0. This is a consequence of the fact that
we do not require exponential closed loop stability. In the conventional repetitive control scheme
internal (i.e. exponential) closed loop stability — which implies output regulation — can only be
attained if the finite-dimensional plant is not strictly proper (cf. Chapter 1 or Section V of [96]

and Proposition 2 of [36]).

In order to achieve output regulation with a degree of conditional robustness, we shall construct

a dynamic controller (4.1) with parameters as in (6.78). We begin the controller design process by

stabilizing the pair (S|g, dg) strongly using the pole-placement techniques of Chapter 4. Below, we
- 27N

denote iw, = e for all n € Z. The following result is just a rephrasement of Proposition 4.28:

Lemma 6.68. Let v > a+ 1. Then there exists L € L(C,G) such that

1. S|g + Lég generates a strongly stable Co—semigroup on G,

2. The resolvent satisfies | R(iwn, S|g +Ldo)|| < C'\/1+ w2 " for some C' > 0 and every n € Z,



CHAPTER 6. ROBUSTNESS AND THE INTERNAL MODEL STRUCTURE 170

3. There exists a unique | € G such that Lu = lu for every uw € C and (I, ¢,) # 0 for every

n € 7.

Twn -
etwn

Here (¢n)nez denotes the orthonormal basis of (weighted) exponentials cpetn = T n € 7,

for G, which are also the eigenvectors of S|g corresponding to the eigenvalues iwy,.

Remark 6.69. The above strongly stabilizing feedback L for the pair (S|g,do) is constructed in

the proof of Proposition 4.28; see in particular (4.65).
The following is the main result of this section.

Theorem 6.70. Let G, v and L be as in Lemma 6.68. Let 3 > v+ a + € for arbitrary € > %
Assume that there exist 11 € L(G,Z) and T' € L(G,C) such that TI(D(S|g)) C D(A) and the

following regulator equations are satisfied:

ATl + BT =T11S|g in D(S|g) (6.108a)

Cll=6, inG (6.108b)

Let X = Z x G and set F = (—fc S\gBif—FLéo)) J = (or) and G = (). Then the controller
(4.1) with these parameters solves the EFRP for every P € L(G,Z) and each Q € L(G,C) in the
exosystem, in the following sense: Output regulation is conditionally robust with respect to such
perturbations to A, B,C,G and J for which the corresponding perturbation A4 to the closed loop

operator A = (44 BY) satisfies sup,,cz||AaR(iwy,, A)|| < 1.

Proof. By Assumption 6.66 and Lemma 6.68 all conditions of Assumption 6.50 are satisfied for
P,=0and Q, = d € L(G,C). In particular, (‘3 S(I)g) —(9)(c -6 ) generates a strongly stable
Co—semigroup on Z x G, and in the notation of Lemma 6.68 and Assumption 6.50 we have that
Pii‘f Lu = (l, ¢, ) ppu for all u € C and n € Z, so that PiilfL is injective because (I, ¢,,) # 0 for all
n € Z. Thus by Lemma 6.52 the closed loop operator A generates a strongly stable Cp—semigroup
on Z x X. Moreover, a controller (4.1) with the above parameters has the internal model structure.

Applying the procedure in the proof of Theorem 4.15 we immediately see that the closed loop

operator
A 0 BT
A BJ
A= =lo 4 BT (6.109)

GC F
LC —LC S|g+ Lé
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is similar to the operator A given by

A 0 —BT
_ A —BJ
A=[0o A4 0 = (6.110)
0 A
0 —LC S|g+ Ldy

where we have defined Ay = (—éc S| g_?r s, )- By the triangular structure of the operators A,
and A, by the exponential stability of T4(t) and by Lemma 6.68, {iw, | n € Z} C p(A).
Moreover, a direct calculation utilizing the triangular structure of A, and the second item of
Lemma 6.68 shows that ||R(iwn,As)|| < me for some M > 0 and all n € Z. Simi-
larly, ||R(iw,, A)|| < Myy/1+ w2 for some M, > 0 and all n € Z. Finally, by similarity also
| R(iwn, A)|| < M/\/WAY for some M’ > 0 and all n € Z. Then

R(iwy, A 1 (1 Yoty
3 | Riwn, AP+ @) o Z ) (6.111)
+ w2)h 14+ w2)p
ne”Z nez
The result now follows by Corollary 6.33 with f,, = 1/1 + w%ﬁ and g, = /1 + w%a. O

Remark 6.71. The logic and order behind the choice of the scalar parameters «, 3 and « in
Theorem 6.70 is this:

1. a> % is chosen to be sufficiently large to obtain bounded solutions to the regulator equations

(6.108) (see e.g. condition (3.55) in Section 3.5); this choice of « also fixes G.
2. « is any real number larger than o + 3 (the smaller the better).

3. [ is any real number larger than a4y + € for ¢ > %; this parameter § fixes H and hence the

degree of smoothness required for the reference signals.

Remark 6.72. It is crucial in Theorem 6.70 that the closed loop system contains a stabilized copy
of the differential operator S|g on a larger space G = H,.,.(0,p) than the space H = per(O,p)
on which we require output regulation. Thus, here sufficient smoothness of the exogenous signals

(with respect to the pivot space G) implies a degree of conditional robustness in output regulation.

Remark 6.73. The regulator equations (6.108) can be solved using the methods of Chapter 8
or Section 3.5. In particular, the condition (3.55) completely characterizes the solvability of these

equations if there are no transmission zeros of the plant on {iw, | n € Z}.
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6.8 Some concrete examples

The purpose of the present section is to provide some simple but concrete examples of (conditio-

nally) robust output regulation for infinite-dimensional systems.

Example 6.74. Consider the same disturbance-free controlled one-dimensional heat equation on
the interval [0,1], with Neumann boundary conditions, as in Example 1.1. In [12] (Example VI.2)
Byrnes et al. designed a dynamic error feedback controller (4.1) such that the output of this heat
plant asymptotically tracks the reference signal yres(t) = sin(2t) for all initial states of the plant.
This controller is explicitly reproduced in the item (iv) of Example 1.1.

However, Byrnes et al. [12] did not study the robustness of their controller, so we shall here
provide an addendum to Example 1.1 and Example VI.2 in [12] by proving its robustness. Observe
that the items 1-5 in Assumption 6.50 are satisfied for W = W,, S, = S and P = 0, because evi-
dently S generates an isometric Co—group on W, (6‘ g) — (g; ) ( c —Q) generates an exponentially

stable Cy—semigroup and

IS = All+ BT in W (6.112a)

Cll=Q inW (6.112b)

(see [12] for more details). In order to be able to apply Corollary 6.5/ we must show that P{?;GQ :

R — ran(Pfy) 1s injective for v = +£2. But for v = 2 and for all u € R we have

1
P2 Gou = 5 f R(\, S)GadAu (6.113)
Y
1 7 1
1 i —1 - 0 - = -3
= 5= Atz 22 d\u (6.114)
e 1 7 1
T\l 1 0 3= 3 3 -3
T —1 0
_ i ” (6.115)
1 1 -5 — 51
3 3.
-5+ 51
= j 2 u (6.116)
27 2t

and similarly for v =2 and all u € R

u (6.117)

1
S _ _
PSGau = o~ %YR()\,S)ngAu =

plw  NIw
wlw MW
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so that indeed P{,SYGQ R — ran(Pf‘;) is injective for v = 2. In conclusion all items in Assumption
6.50 are satisfied. Since the closed loop system is exponentially stable, robust output requlation
as described in Corollary 6.54 occurs. We remark, in particular, that the dynamic controller of
Ezample 1.1 studied above can also be used to simultaneously reject disturbances Pw(t) generated by

the above exosystem; this feature is not pointed out in [12] where the controller was first introduced.

Example 6.75. Let a > 0, r # 0, 7y > 75 > 0 and consider the disturbance-free scalar delay

differential equation

i(t) = —ax(t) — blz(t — 1) + x(t — 72)] + u(?) (6.118a)

yt) =rz(t), t>0 (6.118b)

of Example 3.54 and Ezxample 4.43. We assume that the system operator of (6.118) generates
an exponentially stable Co—semigroup as in Example 3.54 and Example 4.43. Then there are no
transmission zeros of the plant on the imaginary axis.

Let W, =G = H,

per(0,p) for o= g and p > 0. We can then easily solve the requlator equations

(6.108) for Il € L(W,,Z) and T € L(W,,C) as in Section 3.5. Let the stabilizing operator L be as
in Lemma 6.68 for v = a+1. Then by Theorem 6.70 the dynamic controller (4.1) with X = Z x G

and parameters

A BT 0
F= . J= (0 p) and G = (6.119)
—LC S|g+ Lég L

achieves the asymptotic tracking of all reference signals in ngr(o,p) for (say) B > 5. Moreo-
ver, output regulation is conditionally robust with respect to certain admissible perturbations, as

described in Theorem 6.70.

Example 6.76. Consider the controlled and observed weakly damped SISO string system described
in Example 3.56. Assume that the reference signals to be asymptotically tracked are in some finite-
dimensional Sobolev space H = Hap(C, fn,wn), with (fu)ner C R, (wn)ner C R for some finite
set I of indices. Let ¢, (x) = f1e™n® for allx € R andn € I. It is clear that (¢, )ner constitutes
an orthonormal basis in H.

Assume that H (iw,) = B*R(iwp, A)B # 0 for alln € I. Let us take W = H and S = S|y as
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in Proposition 2.3, and define

Go =Y fu ' H(iwn) " ¢n € L(C, H) (6.120)
nel

o =Y R(—iwn, A")BGn (- dn) € LI, Z) (6.121)
nel

where * denotes the operator adjoint (recall that Z and H are both Hilbert spaces). Then it is a

straightforward caleulation to show that Io(H) C D(A*) and

—1IIyS|n = A*Tlp + BG; in H (6.122a)

whence for I =115 € L(Z, H) the following regulator equations are satisfied:

B =6, inC (6.123b)

because S|3, = —S|x.
A regulating Davison-type dynamic state feedback controller is then given on the state space

X ="H by the equations

#(t) = S|px(t) + Goe(t), =(0) e H (6.124a)
u(t) = —0oIlz(t) — dox(t) (6.124Db)

In fact, since D = 0 the resulting closed loop system operator A = (Aafg‘in _S?:D) satisfies

I 0\ [A-—BsIl —Bs\ [ I o A =B
= (6.125)

m I GoB* S|y ) \-II T 0 S|y — 660

Hence by similarity A generates a strongly stable Cy—semigroup on Z x X, because A generates a
strongly stable Co—semigroup on Z (see Example 3.56) and because S|y — 6359 generates an expo-
nentially stable Co—semigroup on H (by Theorem 4.22 and the fact that dim(H) < co). Moreover,
since P{Z‘:Gou = f H(iwn) Yonu for all w € C and all n € I, Assumption 6.57 holds true.
Finally, by similarity and the above triangular structure, o(A) NiR = 0, because a(A) NiR = ()
and o(S|x — 0500) ViR = 0. Lemma 6.59 and Corollary 6.26 then show that the controller (6.124)
solves the EFRP for a plant (which is also subject to the state feedback —oIl) for all P € L(H, Z)
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and all Q € L(H,H) in such a way that output regulation is conditionally robust with respect to

those perturbations to A, B,C,Gg, Il and 0y for which the corresponding perturbation A4 to the

closed loop operator A satisfies || A || < minyeq (s, [|R(A,A)|| 71 = mingeq||R(iwn, A)|| .



Chapter 7

Practical output regulation

Since virtually all real world control systems are subject to unpredictable disturbances and uncer-
tainties, exact output regulation is, strictly speaking, very often beyond reach in practice. For
infinite-dimensional systems matters are made worse by the fact that all computer simulations
must be conducted using finite-dimensional approximations, e.g. as in the finite element analysis
of partial differential equations.

Fortunately, one can often achieve a satisfactory degree of accuracy in output regulation in
practice using robust controllers, as is now well known. However, certain issues should be borne in
mind when considering the application of robust controllers in output regulation problems. First
of all, as we have seen in Chapter 6, a robust controller often utilizes a suitable reduplication of
the exosystem operator S — or at least some operator S, with similar properties — but this part
of the controller cannot sustain any perturbations if output regulation is to be maintained (see [32]
for a discussion of this topic). Secondly, the more general the reference/disturbance signals are, the
more difficult it is to design error feedback controllers achieving even conditionally robust output
regulation, because sufficient closed loop stability becomes more difficult to achieve. Finally, a
robust controller which solves an output regulation problem often explicitly incorporates some
solutions (II,T') of the regulator equations (3.10) (see e.g. Subsection 6.5.1). However, in the
most general setup of this thesis the regulator equations (3.10) are operator equations on infinite-
dimensional spaces. In practice they can only be solved approximately — a fact that can introduce
intolerable uncertainty in the control system, especially if the robustness margin (i.e. the degree

of tolerance for perturbations) for the controller is small or unknown.

176
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Because of the above issues, in applications it is often sensible to content oneself with prac-
tical output regulation instead of explicitly requiring ezact output regulation. In practical output
regulation the goal is to achieve asymptotic tracking/rejection of the exogenous signals with a
given accuracy. More specifically, if e(t) denotes the corresponding tracking error (in the presence
of disturbances) and if € > 0 is the desired tracking accuracy, then the goal in practical output
regulation is to have limsup,_, |le(t)|| < Me where M > 0 only depends on the particular refe-
rence/disturbance signals for which practical regulation is desired, i.e. the initial condition of the
exosystem. We have actually already touched upon this topic in Section 6.6 where we explicitly
designed robust (EFRP) controllers which approximately regulate all reference signals in a given
infinite-dimensional Sobolev space Hap(H, fn,wn).

For finite-dimensional nonlinear systems much research has been devoted to the practical out-
put regulation problem, because it turns out to be considerably simpler and more convenient to
solve than its exact counterpart. This is largely due to the fact that the so-called nonlinear regu-
lator equations — whose solvability in part guarantees output regulation for nonlinear systems —
are difficult to solve precisely [71]. A survey of various approximative methods for the solution of
the nonlinear regulator equations and their use in practical output regulation can be found in [91],
while some general existence results for the nonlinear practical output regulation problem can be
found in [75].

On the other hand, only little research seems to have been reported on practical output regu-
lation specifically for linear systems. This is quite surprising, because the linear problem is not a
trivial one even for finite-dimensional systems — although in this case the above cited nonlinear
theory is of course applicable, and although in this case robustness sometimes guarantees even
exact output regulation. Vast majority of the knowledge related to practical output regulation for
linear infinite-dimensional systems seems to exist in the form of model reduction techniques (see
e.g. [16, 68] and the references therein). This is quite natural, because model reduction deals with
one of the key sources of model uncertainty in practice, namely that of approximating infinite-
dimensional systems by finite-dimensional ones. As regards other related research, we mention
that practical output regulation of general p—periodic (p > 0) signals for linear finite-dimensional
systems has been studied in [36, 92] as “modified” repetitive control problems (see Chapter 1 for
more details).

In this chapter we shall develop the mathematical foundations of practical output regulation for
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exponentially stabilizable linear state space control systems, both finite-dimensional and infinite-
dimensional. Instead of directly designing controllers which achieve practical output regulation
with a desired accuracy!, our approach here is to assume that there already exists a (hypothetical)
exactly regulating controller, which we may not be able to construct in practice due to modelling
errors et cetera. Under exponential closed loop stability this existence assumption can, as we
have seen in the previous chapters, be reduced to the solvability of the regulator equations (3.10)
or the extended regulator equations (4.3), depending on the controller type in question. Our
idea is then to directly employ a perturbation analysis to the closed loop control system and the
corresponding (extended) regulator equations which in a certain sense describe the system’s steady
state behaviour. Our main results in the present chapter are general upper bounds for the norms of
additive, bounded, linear perturbations to the the parameters of the plant, the exosystem and the
(hypothetical) controller, which solves the corresponding exact output regulation problem, such
that practical output regulation with a given accuracy € occurs. Our results cover in a unified way
practical output regulation for the FRP, the EFRP and the FFRP, which have been studied in
detail in the previous chapters.

We shall next review the contents of this chapter in more detail. However, we emphasize
that the results of this chapter are difficult to compare to the existing literature, because our
operator-theoretic approach seems to be entirely new even in the output regulation theory of

linear finite-dimensional systems. The results of this chapter are based on those in [44, 50].

Section 7.1: We shall first recall how the output regulation problems FRP, EFRP and FFRP can be
studied as output stabilization problems for certain triangular dynamical systems on products
of Banach spaces. Thereafter in Theorem 7.2 we shall prove an abstract perturbation result

which can be used to study practical output stability of such triangular systems.

Section 7.2: We shall show that the abstract perturbation result, Theorem 7.2, of Section 7.1 can readily

be used in practical output regulation. In particular:

— In Corollary 7.7 we shall establish such upper bounds for the norms of the perturba-
tions to the parameters A, B,C, D, P,Q, K and L of the closed loop feedforward control

system (3.1) which guarantee that practical (FRP) output regulation with a desired

1 As is usually done in the nonlinear systems literature, see e.g. [91], and as was done in the case study of Section

6.6 of this thesis.
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accuracy € > 0 occurs.

— In Corollary 7.8 we shall establish such upper bounds for the norms of the perturbations
to the parameters A, P, @ and C of the closed loop system (4.2) (see also the proof of
Theorem 4.4) which guarantee that practical (EFRP) output regulation with a desired

accuracy € > 0 occurs.

— In Corollary 7.9 we shall establish such upper bounds for the norms of the perturbations
to the parameters A, Pr, @, I and C of the closed loop system (5.2) (see also the proof of
Theorem 5.3) which guarantee that practical (FFRP) output regulation with a desired

accuracy € > 0 occurs.
Section 7.3: We shall consider two illustrative applications of the results of Section 7.2, namely:

— In Subsection 7.3.1 we shall study quantitatively the effect of bounded linear additive
perturbations to the internal model of the exogenous signals, as utilized in the robust
error feedback controllers of Subsection 6.5.1. It should be pointed out that the robust-
ness results of Chapter 6 do not allow for perturbations in F' if exact output regulation
is to be maintained; however this example shows that practical output regulation can

sometimes be achieved even if the critical part of F' is subject to perturbations.

— In Subsection 7.3.2 we shall study practical periodic tracking/disturbance rejection in
the sense of the FRP for exponentially stabilizable SISO systems and reference signals
in the generalized Sobolev spaces H(f,,wy), using Proposition 2.3. In Section 3.5 (see
in particular (3.47)) we derived a series expansion for the operator L in a regulating
feedforward control law u(t) = Kz(t) + Lw(t). Given a desired asymptotic tracking
accuracy € > 0, here we shall establish how many terms should be included in the
truncation of this series expansion for L such that practical output regulation with

accuracy € occurs.

In general, the results of this chapter improve the existing ones in the following ways:

e The source of uncertainties and perturbations to the parameters of the plant, the exosystem
and the controller is irrelevant here, as opposed to e.g. specific techniques for model reduction

where uncertainty is a result of finite-dimensional approximation.
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e Our results cover practical output regulation for several different controller configurations,

as opposed to [36, 92] which only cover practical error feedback regulation.

e Our results allow for the use of approximate solutions of the regulator equations (3.10)
in the controller, as opposed to [7, 12, 29, 80] where exact solutions are needed for exact
output regulation. Moreover, here it is irrelevant how the regulator equations (3.10) are

approximated.

e Our results allow for arbitrary bounded uniformly continuous reference/disturbance signals
generated by the exosystem (2.2), as opposed to p—periodic signals in [36, 92] and trigono-

metric polynomial signals in [12].

e Our results can be used to establish practical output regulation with a desired accuracy in
the case that the internal model of the exogenous signals in the system operator F' of a robust
controller is subject to perturbations. In the related existing work it is well-known that this
internal model cannot be perturbed if exact output regulation is to be maintained; however,
no general quantitative information on the control systems’ dynamical behaviour seems to
exist even for finite-dimensional systems, in the case that the internal model is perturbed

[7, 24, 29, 32, 33]. For repetitive control systems such information does exist e.g. in [36, 92].

e In the literature related to the approximate solution of the regulator equations, see e.g.
[50, 91], the plant data need not be explicitly known in the controller design, but the resul-
ting (approximate) controller is only guaranteed to achieve practical output regulation for
a plant whose parameters are explicitly known (i.e. they are at their nominal values). Our
general results can be used to guarantee practical output regulation in the case that a cont-
roller employing approximate solutions of the regulator equations is applied to a plant which
has uncertain parameters and which is subject to uncertain disturbances. To the author’s

knowledge this has not been possible in any related earlier work, linear or nonlinear.

However, it should be pointed out that, as in Chapter 6, throughout this chapter we shall only
consider bounded perturbations to the control system’s parameters. This may be restrictive in some
applications, because certain parts of the control system can in practice be subject to unbounded

perturbations too. Moreover, here we confine our attention to exponentially stable closed loop
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systems only?, which may restrict the applicability of the results of this chapter to the EFRP if

the exosystem (2.2) is not finite-dimensional.

7.1 Practical output stability of triangular systems

Let X1, X2 and H be Banach spaces, let A; generate an exponentially stable Cyp—semigroup Ty, (t)
on X1, let As generate a uniformly bounded Co—group T4, (t) on Xy and let Az € L£(X2, X1).

Furthermore, let Cy € L(X;, H), let Cy € L(Xo, H) and consider the following dynamical system

on X1 X XQZ
) _ (A ) () . 1>, n) X1 % Xo (7.1a)
xg(t) 0 A2 (EQ(t) {172(0)
S -
To t

in the mild sense. The system (7.1) is said to be output stable if lim;_, e(¢) = 0 for all z1(0) € X;
and all z2 € X2(0).

As we have seen in the previous chapters, in many output regulation problems the extended
system consisting of the plant and the controller, with the exogenous signals present, can be
described by such a triangular dynamical system (see Theorem 3.6, Theorem 4.4 and Theorem
5.3). For example, in the case of the FRP, we can choose X; = Z, Xo = W, A1 = A+ BK, Ay = S5,
A3 = BL + P etc. provided that A + BK generates an exponentially stable Cy—semigroup. In
such cases the output stability of the triangular system in question means asymptotic tracking of
the reference signals in the presence of disturbances generated by the exosystem (2.2).

Now let us apply certain perturbations to the system (7.1). More specifically, let Ay €
L(X1),Aa3 € L(X2,X1),Ac1 € L(X1,H) and Age € L(X3,H) and consider the perturbed

dynamical system described by the equations

7 (t A+ A Az + A t 0
71(2) _ 1 Al 3 A3 y1(t) >0, y1(0) € Xy % X, (7.28)
2(t) 0 Ay Ya(?) Y2(0)
- y1(1)
ét) = (Cl +Ac1 Co+ Acg) o , t=0 (7.2b)
ya(t

2See Remark 7.6 for the motivation behind this choice.
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in the mild sense. It is clear by the above that if we can prove a general perturbation result which
gives upper bounds for the norms ||Aa1]], [|Aasll, |Aci]| and ||Acz]| such that limsup,_, . |[e(t)]] <
Me where M only depends on the initial state y2(0) and € > 0 is given, then that result would
immediately yield practical output regulation results for the FRP, the EFRP and the FFRP. The
main result of this section is precisely such a general perturbation theorem. In order to prove it,
we shall need the following addendum to Lemma 3.5, which is easy to prove using the techniques

developed in this thesis; we leave the details to the reader.

Lemma 7.1. Under the above assumptions, if there exists II € L(X3,X1), with II(D(Az)) C
D(A1), such that the following operator equations are satisfied:
HA2 = A1H + A3 m D(AQ) (73&)

0= 01H + 02 mn X2 (73b)
then lim;_,o e(t) = 0 for all initial states £1(0) € X1 and z2(0) € Xs.
The following is the main result of this section.

Theorem 7.2. Assume that II € L(X5,X1) is such that TI(D(A3)) C D(A1) and the operator
equations (7.3) are satisfied. Let | Ta, (t)|| < Me=“" for some M > 1 and w > 0 and all t > 0.
Let € > 0 be given and let 0 < a < 175 where 1 < N = supyp||Ta,(t)|| < co. Then whenever the

above perturbations satisfy

[Aail <a (7.4a)
MN MZ2N?q MNa\—1 €
—A + 1-— As+ A < 7.4b
1Al + == (1= =07) s+ Al 3(1+1C1 + Acal)) (74b)
€
1Al < o (7.4c)
3(1 - [11]])
€
[Acal| < 3 (7.4d)
we have limsup,_, o ||€(t)|| < eNlly2(0)] for every y1(0) € X1 and every y2(0) € X5.
Proof. Let us define the linear Sylvester operator 74, 4, on a subspace of £(X3, X1) by
D(TAI,AQ) = {A S £(X2,X1) ‘ A(D(Ag)) C D(Al), 1Y e ,C(Xg,Xl) :
Yo=A1Az — Az Vz € D(A4s) } (7.5)

Ta, 40, A=Y (7.6)
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Since T4, (t) is (by assumption) exponentially stable and since T, (t) is a uniformly bounded
group, the operator equation (7.3a) has a unique solution for each Az € £(X2,X1) (see [88, 90]
and Section A.2). Thus the operator T4, 4, is a closed bijection D(74, 4,) — L£(X2,X1) and

0 € p(74,.4,) [3, 88]. Moreover, IT = *TA_SAQ Az, and by Corollary 8 in [88] we must have

_ e MN
Tl = sw s | 7 @A s 00 < 2 (7.7

lAs[|=1]l=[=1

Next define the operator A € L(L(X2,X1)) such that AA = A A for each A € L(X3, X7).
Obviously we may consider the perturbed Sylvester operator Ta, +a 4,4, 88 Ta,+A ;4,0 = (A1 +
Aar)A — AAy = Ta, 4, A + AA for each A € D(T4, 4,). Now [|A| < [[Aa, |l < a < 375, and
aH'Tf(ll,A2 || < 1. Consequently, by Theorem IV.1.16 in [57] (p. 196) it is true that 0 € p(74,+A4,,4,)

II?

7—71
and that |7 A, 4, — Tala,ll < 1a|| 4142 Thus whenever the above inequalities (7.4) are

LAl
—allT; |

satisfied, there exists a unique IT € £(X5, X;) such that II(D(Ay)) € D(A;) and TIA, = (A; +
AAl)ﬁ + (A3 + A43) in D(As). Moreover, necessarily = _TX{FAAl,AQ (A3 + A43), so that

1

I =10 = | T3 0, A5 = Ta ki a s, a, (As + As)| (7.:8)
<NTata, (As = As — Aua) |+ 174 4, — Taoa s a,)(As + Ans)| (7.9)
MN al| T3, 117

< ——lAasll+ Az + Aas| (7.10)

1—al| T3 4, |

MN aM?N? MNH\ -1
< Al + S (- a=) (A + A (7.11)
w w w
-1
< 5(1 +]Cy +A01H) (7.12)

by (7.4b). Hence also

I(Ch + Ae)TT+ (Co + Ac2) || < [(C1 + Act)(IT = )| + [[(C1 + Aoy — C)T| (7.13)
+ ||CLIT 4 Co| 4 [|—Ca + Ca + Agsa|| (7.14)

<+ Bl S (1410 +Aeal) (7.15)

+ [ Aot [T + [[Acz]l (7.16)

<e (7.17)

because C1II + Co = 0. As in the proof of Lemma 3.5 we then deduce that for every y;(0) € X3
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and every y2(0) € X5

limsup[[(t)]| = limsupl|(C1 + Ac1)y1 (¢) + (C2 + Ac2)y2(0)] (7.18)

< limsupl|(Cr + Act) Tay +a4 (D)[y1(0) — Ty (0)] (7.19)

+ h?j}gPH [(C1 + AT+ (Co + Aca)] Ta, ()y2(0) (7.20)

< Timsup||Cy + Ay [[Me 124Dy, (0) — Tiyy(0)) (7.21)

FN(C+ AT+ (Ca+ Aco)1200)] (:22)

< eN|[y2(0)]] (7.23)

since || Ta,+a,, (1) < Mel—wtMIAalt 0 as t — oo, by Theorem ITL.1.3 in [28]. O

Remark 7.3. The bounds (7.4) are not optimized; the right hand sides of the inequalities (7.4Db)

and (7.4c) are chosen as such to accommodate the possibility that one or more of the relevant

operators is zero. We also emphasize that if some of the perturbation operators are zero, then the
€

factors § can obviously be modified to take into account these changes (see Section 7.3 for some

examples).

Remark 7.4. It is clear from the proof of Theorem 7.2 that whenever the perturbations satisfy

the bounds (7.4), we have that

I6(t)]| = I(C1 + Act)Ta, 424 (8)[y1(0) — Tya(0)] (7.24)
+ [(Cr + Ac)TL+ (Co + Ac)] Ta, (t)y2(0) (7.25)
< |01 + At Tay+24 Ol 1y1(0) — Ty2(0)|| + eN|ly2(0)| (7.26)

for all 41(0),2(0), and t > 0. Moreover, ||Ta,+a,, ()| < Mel=«+tMIAa1DE for all + > 0. These

inequalities can be used to determine the smallest ¢ > 0 for which ||é(¢)]|] < 2eN|ly2(0)] (say).

Observe that Theorem IV.1.16 in [57] provides the useful estimates ||II|| = ||TA*11+AA17A2(A3 +
174, 4, ay—
Ang)ll < 7 145 + Aag]| < A (1= 25) 7| As + Al
1,42

Remark 7.5. The reason why we do not allow for perturbations to As in Theorem 7.2 is because
often in output regulation problems we may let Xy = W and As = S. In output regulation
problems it is reasonable to assume that the exosystem dynamics is not perturbed or uncertain,

because otherwise we could — up to a certain point — enlarge the state space W of the exosystem
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to accommodate these perturbations. For example, in the setting of Proposition 2.3, if the period
length of periodic reference signals is not exactly known, we can at least in principle take W =
H = AP(R, H) which contains all continuous periodic H—valued functions (regardless of the

period length).

Remark 7.6. The reason why we require exponential stability of T4, (t) in Theorem 7.2 is two-
fold. First of all, in this case it is possible to find an upper bound for the norms of additive
bounded perturbations to the generator A; such that they do not destroy exponential stability of
T, (t). Secondly, in this case we can quantitatively specify how much the solution operator II of
the Sylvester operator equation ITAs = A;Il + Az in D(As) is perturbed if A; and Az undergo
small bounded perturbations. This would not have been possible if we had only required that A,
generates a strongly stable Cp—semigroup®. However, we must acknowledge that the requirement
that T4, (t) is exponentially stable limits the applicability of the results of this chapter in the EFRP
whenever the exosystem (2.2) is infinite-dimensional. This is because in the case of the EFRP,
Ta, (t) will represent the closed loop semigroup, which may be impossible to stabilize exponentially

if dim(W) = oo (see Chapter 4).

7.2 Practical output regulation

In this section we shall apply the abstract perturbation result (Theorem 7.2) to certain practical
output regulation problems. We shall treat the FRP, the EFRP and the FFRP separately, but in

a unified way.

7.2.1 Practical feedforward output regulation

In this subsection we assume that there exist operators K and L which solve the FRP in such a way
that the closed loop system (i.e. Ta+pi(t)) is exponentially stable. Our aim is to apply Theorem
7.2 to obtain bounds for the norms of the perturbations to the parameters A, B,C,D, K, L, P
and @ of the plant, the controller and the exosystem for which practical output regulation with a
desired accuracy occurs. In the following we indicate the perturbed operators by primes, and all

perturbations (denoted by Ag, with R = A, B,C,D,K,L, P or Q) are assumed to be bounded,

31n fact, in this case even the solvability of the Sylvester operator equation TTAy = ATl + A3 in D(A2) under

small perturbations to A; and A3 is not guaranteed [90].
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linear and additive. For example, A’ = A + A4 for some Ay € £(Z). Moreover, y(t) denotes the

output of the perturbed closed loop system.

Corollary 7.7. Assume that u(t) = Kz(t) + Lw(t) solves the FRP such that L =T — KII where
Me LW, Z) and T € L(W, H) solve the regulator equations (3.10). Let | Taypx (t)|| < Me™%t for
some M > 1 andw >0 and allt > 0. Let € > 0 be given, let 0 < a < 57 and let A,B,C,D,K,L, P

and/or Q be subject to perturbations. Then whenever these perturbations satisfy

|A'+ BK' — A—BEK| <a (7.27a)

M M?3aq Man -1 €
Z\|BL +P -BL-P 1-=2) B'L + P 7.27b
SIBL I+ (1= 37) 1BV + Pl < simapen (720

€

|C' + D'K' — C — DK|| < —————— (7.27¢)

3(1 + [|1I]f)
ID'L' — Q' — DL+ Q| < % (7.27d)

we have limsup,_, . ||7(t) — Q" Ts(t)w(0)| < €||w(0)] for every z(0) € Z and every w(0) € W.

Proof. First observe that since II and T' solve the regulator equations (3.10), the operators IT and

L =T — KII solve the following operator equations:

IS = (A+ BK)II+ BL+ P in D(S) (7.28a)

0=(C+DK)I+DL-Q inW (7.28b)

Now, as the control law u(t) = K z(t)+Lw(t) is applied to the plant, the extended system consisting

of the plant and the exosystem on Z x W can be described (in the mild sense) as follows:

I e Y e I O e (7.292)
W (#) 0 S w(t) w(0)
z(t)
e(t) = (c+ DK DL-Q) o) >0 (7.29D)

This system is of the form (7.1) with X1 = Z, Xo =W, Ay = A+ BK, Ay =S, A3 = BL+ P,
Cy = C+ DK and Cy = DL — Q. In this notation, by the operator equations (7.28), we have
ITAy = AT+ As in D(As) and C1IT + Cy = 0 in X5. The result then follows immediately from

Theorem 7.2 because Ts(t) is an isometry, i.e. N = sup,cp|/Ts(t)]| = 1. O
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7.2.2 Practical error feedback output regulation

In this subsection we shall study practical output regulation in the sense of the EFRP. It turns out
that we can again apply Theorem 7.2 to obtain upper bounds for the norms of the perturbations to
the parameters of the plant, the controller and the exosystem such that practical output regulation

with a desired accuracy occurs. Let us recall some operators from Chapter 4:

A BJ P
A= . P= and C= (c DJ) (7.30)
GC F+GDJ -GQ
with obvious domains of definition. In the following we again indicate the perturbed operators
by primes, and all perturbations (denoted by Ag, with R = A,P,Q and C) are assumed to be
bounded, linear and additive. For example, A’ = A+ A 4 for some A4 € L(Z x X). Moreover,

we denote by y(t) the output of the perturbed closed loop system.

Corollary 7.8. Let the operators F,G and J in (4.1) be such that | Ta(t)|] < Me™*! for some
M >1and w > 0 and all t > 0. Also assume that there exist II € L(W,Z) and A € L(W, X)
satisfying the extended regulator equations (4.3), so that the dynamic controller (4.1) with these
parameters F,G,J solves the EFRP. Let € > 0 be given, let 0 < a < 17 and let the operators

A,C,Q and P be subject to perturbations. Then whenever the perturbations satisfy

[Aall <a (7.31a)
M M?3q Man 1 €
—||A 1—— ! _— 7.31b
€
[Acll < s (7.31c)
3+ 1)
Aol < % (7.31d)

we have limsup,_, . |§(t) — Q' Ts(t)w(0)|| < €l|w(0)| for every 2(0) € Z, x(0) € X and every
w(0) € W.

Proof. The extended system consisting of the plant, the controller and the exosystem is given by

4(t) = Az(t) + BJa(t) + Pu(t) (7.32a)
#(t) = GC2(t) + (F + GDJ)a(t) — GQu(t) (7.32b)
w(t) = Sw(t) (7.32¢)

e(t) = y(t) — Yres(t) = C2(t) + DJz(t) — Qu(t) (7.32d)
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on the state space Z x X x W. If we let O(t) = (i%) € Z x X and define A,C and P as in the

above, then we can write the extended system (7.32) as

o(t) _(A7 o) t>0 () €EZxXxW (7.33a)

i (t) 0 S/ \w) - w(0)

e(t)=(c —Q) @Eti , >0 (7.33b)
w(t

which is precisely of the desired form (7.1) for X1 = Z x X, Xo =W, A; = A, Ay =S, A3 =P,
Cy = C and Cy = —Q. Moreover, since IT and A satisfy the regulator equations (4.3), it is
elementary to verify that ()5S = A(Y¥)+P in D(S) and C(§) —Q = 0 in W. Hence the operator

(E) satisfies the operator equations (7.3). The result now follows immediately by Theorem 7.2. [

7.2.3 Practical feedforward-error feedback output regulation

In this subsection we shall study practical output regulation in the sense of the FFRP using an

analysis similar to that in Subsection 7.2.2. Let us recall the following operators from Theorem

A BJ P+ BT
A= . Pr= and C= (c DJ) (7.34)
GC F+GDJ G(DT - Q)
with obvious domains of definition. In the following we again indicate the perturbed operators
by primes, and all perturbations (denoted by Ag, with R = A, Pr,Q and C) are assumed to be
bounded, linear and additive. For example, A’ = A+ A 4 for some A4 € L(Z x X). Moreover,

we denote by y(t) the output of the perturbed closed loop system.

Corollary 7.9. Assume that the operators F,G and J in (5.1) have been chosen such that
ITa(®)]| < Me™t for some M > 1 and w > 0 and all t > 0. Also assume that 11 € L(W, Z)
and T' € L(W, H) satisfy the regulator equations (3.10), so that the controller (5.1) with these

parameters F,G,J,T' solves the FFRP. Let € > 0 be given, let 0 < a < 7 and let the operators
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A,C,Q and Pr be subject to perturbations. If these perturbations satisfy

[Aall <a (7.35a)
M M?a May\ -1 €
= = (- == < — .
lael+ =5 (1= =7) IPHl < s5em (7.35D)
€
Acll < s 7.35¢
DT —Q — DT + Q| < % (7.35d)

we have limsup,_, .. [|§(t) — Q' Ts(t)w(0)|| < el|w(0)| for every z(0) € Z, z(0) € X and every
w(0) € W.

Proof. The extended system consisting of the plant, the controller and the exosystem is given by

4(t) = Az(t) + BJx(t) + (P + BT)w(t) (7.36a)
#(t) = GCx(t) + (F + GDJ)a(t) + G(DT — Q)uw(t) (7.36b)
w(t) = Sw(t) (7.36¢)
e(t) = y(t) — yres(t) = C2(t) + DJx(t) + (DT — Q)uw(t) (7.36d)

on the state space Z x X x W. If we let O(t) = (;8) € Z x X and define A,C and Pr as in the

above, then we can write the extended system (7.36) as

oW _ (A Pr) (00 . t>0, %0 s xxw (7.37a)

(t) 0 S/ \w®) w(0)

e(t):(c DF_Q) @Et; , >0 (7.37b)
w(t

which is precisely of the desired form (7.1) for X1 =Z x X, Xo =W, A; = A, Ay =S, A3 = Pr,

Cy = C and Cy = DT — Q. Moreover, since II and IT" satisfy the regulator equations (3.10), it is

elementary to verify that (§)S = A(Y) + Pr in D(S) and C({) + DI' = Q = 0 in W. Hence
I

the operator (0) satisfies the operator equations (7.3). The result now follows by Theorem 7.2

because [|IIf| = ||( )| in any reasonable product space norm. O

7.3 Applications

In this section we shall present some applications of the above theory.
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7.3.1 Practical error feedback regulation under perturbations to the in-

ternal model

As we have seen in Chapter 6, error feedback controllers (4.1) utilizing the internal model struc-
ture achieve a degree of robustness in output regulation if the closed loop system is exponentially
stable and if none of the perturbations affect the system operator F' of the controller. In the
all-finite-dimensional case it is well-known that, more precisely, the reduplication of the maximal
cyclic component of the exosystem matrix S in the controller’s system matrix F' cannot be per-
turbed if robust output regulation is to be maintained [24, 29, 32, 93]. In this subsection we show
that practical output regulation with a prescribed accuracy can sometimes still be achieved if the
perturbations to the critical parts of F' are sufficiently small.

Let us consider the Francis-type error feedback controllers of Subsection 6.5.1 (cf. Lemma 6.52).
Instead of those in (6.78) we are using the following perturbed parameters F’, G, J in a dynamic

controller (4.1) on the state space X = Z x Wy:

A+ BK —-G1C P,+ B(l' - KII) + G1Q, G,
F/: y G: 3 J: (K F_KH>
—GyC Sa + Ag + G2Q, Ga

(7.38)
Our goal is to achieve practical output regulation of signals generated the exosystem (2.2) which
utilizes the (unperturbed) system operator S, with ¢(S,) = ¢(5) as in Lemma 6.52.

Let the assumptions of Lemma 6.52 be satisfied for Ag = 0 and assume that the closed loop
operator A :( GAC %’ ) generates an exponentially stable Cy—semigroup whenever Ag = 0*. More
specifically, for Ag = 0 we require ||T4(t)|| < Me™** for some M > 1,w > 0 and all ¢ > 0. Since
this is a practical error feedback (EFRP) regulation problem, we can use Corollary 7.8 directly: If

0 < a < 37 and if the perturbation Ag to the operator S, in F' both satisfy

[As] <a (7.39a)

(—ég)H < (1+7€||C||) (7.39b)

then limsup,_, . ||y(t) — QT s(t)w(0)|| < €||w(0)] for every z(0) € Z, z(0) € X and every w(0) € W.

1-— ==
w

M32a Man 1
w? ( )

Here y(t) is the output of the plant when it is subject to the perturbed control and e > 0 is

the desired accuracy. Observe that in the above we may assume ||A4| = ||Ag|| because only

41t is possible that this closed loop stability assumption can only be met for a finite-dimensional exosystem (2.2)

in practice; see Chapter 4.
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the operator S, in F’ (in A) is perturbed; similarly ||C'|| = ||C|| = ||C|| because D = 0 under
the assumptions of Lemma 6.52. Moreover, it is clearly possible to replace the factors § in the
inequalities (7.31) by € since only A is subject to perturbations®.

We shall now reward the patient reader with a real, albeit very simple, simulation example
which demonstrates the use of the bounds (7.39) in practice; these bounds are new even in this

simple finite-dimensional situation.

Example 7.10. Consider the stable finite-dimensional SISO system

2(t) = —4z(t) + 2u(t) +3, =z(0)=1, t>0 (7.40a)

y(t) = 5z(t) (7.40b)

Our goal is to study a set point control problem where asymptotic tracking of the constant reference
signal yrep(t) =1 as t — oo, in spite of the constant disturbance Ugis(t) = 3, is desired.

We can formulate the above control problem in our framework by choosing Z = H =W =C
and the parameters of the plant (1.1) as A = —4,B = 2,C = 5,D = 0. The parameters of the
exosystem (2.2) are chosen as S =0,Q =1,P =3,w(0) = 1.

According to the robustness theory of Chapter 6, for the nominal case Ag = 0 we can regard
the elements P, and Q. in the matriz F = F' of (7.38) as design parameters (i.e. they need not
coincide with the above choices of P and @Q in the exosystem) as long as closed loop stability is
achieved and the controller has the internal model structure. Since the plant is already stable, it is
convenient to take W, =C, P, =0, Q, =Q, S, =S5, K =0, G; =0 and Gy = —1. Then we

can choose the unperturbed operator F' = (_5‘20 S+BGF2Q) such that T' and I1 satisfy the regulator

equations
I1S = AIl + BT (7.41a)
Cll=Q (7.41b)
For this very simple problem II and T’ are elementary to work out; we have Il = —A~1BT = % and
[ = —[CA7'B]7'Q = % In conclusion we obtain the nominal controller (4.1) with state space

5Here the inequalities (7.31c) and (7.31d) are satisfied regardless of the choice of ¢ > 0. Hence the §-argument
in the equations (7.13)-(7.17) in the proof of Theorem 7.2 can be reduced to an e—argument utilizing the triangle

inequality only once.
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X = C? and the parameters

) (7.42)

[SHIN]

The closed loop operator is given by

-4 0 3
A BJ
A= =10 -4 % (7.43)
GC F
5 5 -1

which is exponentially stable such that | T4(t)|| < Me™%! approzimately for M = 1.5 and w = 1.
Figure 7.1 shows a MATLAB simulation for the controller’s initial state x(0) = (g), it 1s obvious

that asymptotic tracking of the desired constant reference signal occurs in spite of the disturbance.

The plant output

Figure 7.1: The nominal controller (7.42) solves the set point control problem.

Now let us fix the desired tracking accuracy as € = % and introduce nonzero perturbations

Ag € C to the element S, = 0 in the (2,2)—block of the matrix F in (7.42). We obtain the

4
—4 -

perturbed controller matriz F' = ( 5 _1tAs

). For this particularly simple example it is easy apply
the inequalities (7.39) and work out an upper bound for the constant a (as a function of €) such
that all perturbations satisfying |Ag| < a are tolerated. We have that approzimately a < 0.0115 is
sufficient; this bound clearly also satisfies a < 57. Figure 7.2 presents a MATLAB simulation of a
critical case Ag = 10.0115 for the same initial values as in the above. Clearly the absolute value of
the tracking error in Figure 7.2 is bounded by e||w(0)|| = €, and even §, which illustrates the fact
that our bounds are not sharp (as has been indicated in Remark 7.3).

Let us finally enlarge the perturbation to Ag = 0.4 + 0.5¢. Now |Ag]| is larger than the above

bound for a. A MATLAB simulation for the same initial values as in the above is presented in
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The real part of the plant output for delta_ = 0.0115i
T T T

LN W A o o N

The imaginary part of the plant output for detta_ = 0.0115i

00: T T T

0.0:

-0.0:

-0.0:

-0.0

00 | | | | | | | | |

fF 8 8 B o B ®
o

The absolute value of the tracking error for dellaS =0.0115i

o kN w » o o

Figure 7.2: Small enough perturbations to the internal model result in practical output regulation

with a desired accuracy.

Figure 7.3. In this case the closed loop system remains stable, but the absolute value of the tracking

error e(t) is not bounded by e.

It is illustrative to view the above results in light of the inequality

15(8) = yres (W] = [ICO(t) — @Ts(t)w(0)]] (7.44)

< |[ce’(t) —com)| + [Ico(t) — QTs(tw(0)|| (7.45)

where O(t) = (;8) € Z x X, t >0, is the state of the closed loop system and ©'(t) denotes its
perturbation when Ag # 0. Roughly stated, small bounded perturbations Ag to the operator S,
in F’ result in small perturbations to the closed loop state; hence the first term in (7.45) is small on
the whole nonnegative real axis. Since by assumption the nominal plant achieves output regulation,
the second term in (7.45) decays to zero as t — oo. Altogether limsup,_, . ||CO’(t) —QTs(t)w(0)| is

small regardless of the initial states ©(0) and w(0), which is precisely what is required for practical

output regulation.
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The real part of the plant output for delta, = 0.4+0.5i
T T T

1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

The imaginary part of the plant output for defta_ = 0.4+0.5i
T T T

- 1 1 1 1 1
“o 2 4 6 8 10 12 14 16 18 20

The absolute value of the tracking error for de\la5 =0.4+0.5i

Figure 7.3: Large enough perturbations to the internal model destroy practical output regulation

with a desired accuracy.

7.3.2 Practical feedforward regulation of periodic signals in generalized

Sobolev spaces

In this subection we shall consider a practical aspect of the feedforward regulation problem discus-
sed in Section 3.5, where the reference signals are in some of the generalized Sobolev spaces
H = H(fn,wn). As in Section 3.5, here we shall also assume that the plant is a SISO sys-
tem, that A + BK generates an exponentially stable Cp—semigroup on Z, and that Hg (iw,) =
(C + DK)R(iwn, A+ BK)B + D # 0 for all n € I. Moreover, as in Section 3.5 here we take
W =mH,S=>5n Q=27d € LH,C), P € L(H,Z) and w(0) = yr.y € W in accordance with
Proposition 2.3.
In Theorem 3.35 we showed that under the above assumptions the control law u(t) = Kz(t) +
Lw(t) where
L= Hyliwn) 1 = Ha(w)] (-, 6n) (7.46)

nel
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solves the FRP if and only if L € £L(H,C). This in turn was shown to be equivalent to the condition
(3.55). Here ¢,,(z) = e“n? for each n € I and x € R, and (-,-) is the L? inner product on H.
Unfortunately, if the index set I is not finite, then in practice the series expansion (7.46) for
L cannot be precisely evaluated, and we cannot apply the control law u(t) = Kz(t) + Lw(t)
which would be required for exact output regulation. On the other hand, we can use the obvious
truncation approximation Ly for L defined by
Ly =Y Hg(iwa) '[1 = Hi(n)|(-,¢n), N €N (7.47)
[n|<N
An important question immediately arises: How big must IV be in order that we achieve practical
output regulation with some given accuracy € > 07 The following result answers this question. As

before, we let g(t) denote the output of the plant subject to a perturbed control law.

Corollary 7.11. Let ||Tatpk(t)|] < Me™%t for some M > 1 and w > 0 and all t > 0. Let € > 0
be given and let L € L(H,C) and Ly € L(H,C) be as in the above. If u(t) = Kz(t) + Lyw(t)

where N is such that

. _ -2 . €W €
2 el — Bl < min{ T BTG T Ie T DR T3 18T

(7.48)

then limsup,_, ||Y(t) — Yref ()| < €l|yresll# for every z(0) € Z and every yres € H.

Proof. Since in this case we may let ¢ = 0 in Corollary 7.7, it is sufficient to show that % |BLy —

BL| < and ||DLy — DL|| < §; observe that since only L is subject to perturbations

€
2(1+[C+DKI)
in the entire control system, we may trivially change the factor § to § in the bounds (7.27) in

analogy with the procedure of Subsection 7.3.1. Hence it is sufficient to show that

EW €
Ly —L i A
I1Zx = Lllewwe) < min{ s3T50 1o 7 DR 205 107 ) (7:49)

A direct calculation shows that for every y..y € H

Ltres = Lyrer| < 3 Hicliwn) |7 L= Haw)l £ ful e 00)] (7.50)
|n|>N
< |37 Hicliwn) |21 = Ham) £ |7 flgres ()P (7.51)
In|>N In|>N
. €w €
< min 2M(1+ [BI)(1+[C + DK[)" 2(1 + D] Plorerloe— (7.52)
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by the Schwartz inequality and the fact that

Z| Yrefren ) 2|? f3 = Z |Gres (M) f3 = llyreslln (7.53)
nel nel
This establishes the result. O

Remark 7.12. The bound (7.48) in Corollary 7.11 is not optimized. For instance, if B # 0, C # 0

and D = 0, then it is clearly sufficient that

cw

Hic(iwn)|72[1 = Ha(n) 2 f? < e
D i) 21 = Ha(m)P 2 < g

In|>N

(7.54)
as can be easily seen by modifying the proof of Theorem 7.2, in particular the argument in (7.13)-
(7.17), appropriately.

In the case that K = 0 and P = 0 (i.e. the exponentially stable disturbance-free case) the

above procedure results in the remarkably simple approximative feedforward control law u(t) =

ZInISN %Eﬁ"g iwnt ¢ >0, for the practical output regulation of any y,.; € H. We conclude this
discussion by pointing out that uncertainties in the values Hg (iwy,) and Hy(n), for [n| < N, can
also be easily accommodated in the above bounds because || Ly — L|| < | Ly — L || + || Lx + L.

Here the operator Ly incorporates these uncertainties and ||EN — Ly|| needs to be estimated.



Chapter 8

Solving the regulator equations

By now the reader has without doubt realized that the solvability of the regulator equations
(3.10) and the extended regulator equations (4.3) is crucial for the existence and construction of
controllers achieving output regulation of bounded uniformly continuous exogenous signals. We
have conducted a preliminary study of the solution of the regulator equations (3.10) in the SISO
case in Section 3.5 in order to convince the reader that our treatment of infinite-dimensional
exosystems is indeed useful. On the other hand, in this chapter we shall present considerably
more general methods for the solution of these regulator equations (3.10). Since the extended
regulator equations (4.3) play the role of the regulator equations (3.10) for an extended system
with zero control and zero feedthrough (see the proof of Theorem 4.4), the same methods apply
for the extended regulator equations (4.3) with obvious changes. Moreover, as seen in Chapter 4
and Chapter 6, the solvability of the regulator equations (3.10) guarantees the existence of such
operators F, G and J for which the extended regulator equations (4.3) also have a solution. Hence
the equations (4.3) do not have to be explicitly solved in many output regulation applications;
restricting our attention to the equations (3.10) is thus justified.

The regulator equations (3.10) first appeared in the finite-dimensional work of Francis and
Wonham [29, 30, 31], and their solvability has also been studied in that setting by Hautus [37]
(among others). For infinite-dimensional linear systems (1.1), with D = 0 and dim(H) < oo,
and for finite-dimensional exosystems (2.1), Byrnes et al. [12] showed that the solvability of the
regulator equations (3.10) is guaranteed (under a certain additional assumption on the structure of

o(A)) for every P € L(W, Z) and every Q € L(W, H) whenever no eigenvalue of S is a transmission

197
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zero of the plant, i.e. iw € o(S) implies det(H (iw)) # 0 for all w € R. Here H(\) = CR(A, A)B for
each X\ € p(A). It should be emphasized, however, that in a slightly different form the above-cited
result of Byrnes et al. also appears in the earlier work of Schumacher (cf. Proposition 3.2 of [80])
where the regulator equations (3.10) are written in a geometric form.

On the other hand, if the exosystem is not finite-dimensional, then the nonexistence of trans-
mission zeros on o(S) is in general not sufficient for the solvability of the regulator equations
(3.10). This was first suggested in [10, 11] where some examples of output regulation for infinite-
dimensional exosystems were studied. In Section 3.5 of this thesis we made the formal arguments
in [10, 11] mathematically rigorous, whereas in Section 3.6 we illustrated the necessity of no-
nexistence of certain system zeros on o (S) for output regulation of bounded uniformly continuous
signals. The key implication of these results is that also the high frequency (i.e. |w| — o0) beha-
viour of the transfer function of the (stabilized) plant must in a sense be “compatible” with that
of the exogenous signals to be regulated, in order that the regulator equations (3.10) possess a
solution.

The purpose of the present chapter is to extend the solvability criteria of Section 3.5 for the
two (separate) cases in which o(S) is not necessarily discrete or H # C, under the following
standing assumption which covers all of our cases but which can sometimes also be weakened in

applications’:
Assumption 8.1. There exists K € L(Z, H) such that iR C p(A+ BK).

Clearly Assumption 8.1 holds whenever the pair (A, B) is exponentially stabilizable by K,
because then 0(A + BK) C {z € C | R(z) < —e} for some ¢ > 0. However, the exponential
stabilizability of the pair (A, B) is not necessary for the above kind of removability of the imaginary
spectrum. In fact, there exist pairs (A, B) which can only be stabilized strongly by a bounded
feedback K, such that o(A + BK) NiR = ) but +ico are points of accumulation for o(A + BK).
Such pairs (A, B) also satisfy Assumption 8.1; we refer the reader to Section 6.7 for an example
of this phenomenon. Finally, we point out that K = 0 is also possible in Assumption 8.1, and
we emphasize that A + BK does not have to generate a strongly stable Cy—semigroup under

Assumption 8.1.

'In particular, the whole imaginary spectrum need not always be removable in such applications in which the

exosystem is very simple (e.g. finite-dimensional).
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As was done in Section 3.5, also here we will explicitly use the feedback operator K of As-
sumption 8.1 in the solution of the regulator equations (3.10). This approach is quite natural,
because often K can be chosen as a stabilizing state feedback for the plant, and such an operator
is also needed for output regulation purposes. This was the case, for example, in Section 3.5 where
the regulator equations (3.10) were solved for exponentially stabilizable SISO systems and perio-
dic signals in H(f,,wy), with the help of an exponentially stabilizing state feedback operator K.
However, it is often also necessary to transform the obtained solvability criteria to such conditions
which only utilize the original data or to such conditions which are readily derivable from these.
Before outlining the contents of this chapter, we present a result which is very useful in this respect

throughout this chapter?.

Theorem 8.2. Let s € p(A) N p(A + BK), and denote H(s) = CR(s,A)B + D and Hk(s) =
(C+ DK)R(s,A+ BK)B + D as usual. If H(s)™' € L(H), then Hi(s)™' € L(H) and

Hy(s)™' = (I — KR(s,A)B)H(s)™* (8.1)

Proof. We have to verify that Hy (s)[I — KR(s, A)B|H(s)~* = I, or, equivalently, that
Hk(s)[I — KR(s,A)B] = H(s) (8.2)
In order to do that, first observe that R(s, A) = R(s, A+ BK) — R(s, A+ BK)BKR(s, A). Hence

Hy(s)[I — KR(s, A)B] = [(C' + DK)R(s, A+ BK)B + D|[I — KR(s, A)B] (8.3)
= (C + DK)R(s, A+ BK)B + D (8.4)
— (C + DK)R(s,A+ BK)BKR(s, A)B — DKR(s, A)B (8.5)

= (C + DK)[R(s, A+ BK) — R(s, A+ BK)BKR(s, A))B (8.6)

— DKR(s,A)B+ D (8.7)

= (C+ DK)R(s,A)B— DKR(s,A)B+ D (8.8)

= H(s) (8.9)

and the proof is complete. O

This chapter is organized as follows.

2This result was suggested to the author by Prof. Ruth Curtain (personal communication).
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Section 8.1: We shall present such a method for the solution of the regulator equations (3.10) which applies
for SISO plants (1.1) (i.e. H = C) without any additional assumptions on the exosystem
(2.2), in particular on o(S). The results of this section generalize those of Section 3.5 and

[10, 11, 12]. They are contained in [40].

Section 8.2: We shall present two results showing how the regulator equations (3.10) can be solved if the
plant (1.1) is not a SISO system. In this case we have to assume that either o(S5) is discrete
or W = Hap(H, frn,wy,) (see Chapter 2). Our results generalize those of Section 3.5 and
those in [10, 11, 12] by using the ideas of Section 8.1. They have not been submitted for

publication.

Section 8.3: We shall discuss some shortcuts and simplifications for the solution of the regulator equations
(3.10). The results of this section have been pointed to the author by Prof. Ruth Curtain

(personal communication).

8.1 A general method for SISO plants

In this section we shall present such a method for the solution of the regulator equations (3.10)
which applies for SISO plants (1.1) (i.e. H = C) only, but without any additional assumptions on
the exosystem (2.2), in particular on o(S). Our strategy is based on the general decomposition
W = UpenW, of the state space W of the exosystem (2.2) into the maximal spectral subspaces
W,, = M([—in,in]), n € N, as given in Lemma A.8%. We shall first solve the regulator equations
(3.10) in W,, C D(S) for each n € N. This is relatively easy to do because of the boundedness
of S, = Slw,. Lemma A.8 then guarantees that in a sense S, — S as n — oo. If the limiting
behaviour, as n — oo, of the corresponding sequence of solutions (II,,),en and (T'p)nen of the
regulator equations (3.10) in W, is sufficiently good, then II = lim,, o II,, and ' = lim, . ',
(strong limits) solve the regulator equations (3.10) in the entire spaces D(S) and W.

The following two lemmata form the basis of our approach. The first one follows easily from

well-known results [8, 88, 90|, but we reproduce a proof here for the sake of completeness.

Lemma 8.3. Let W,, = M([—in,in]) and S, = S|w, for alln € N be as in Lemma A.8. Let

n € N and let A € L(W,,,Z) be arbitrary. Let -y, denote a smooth contour enclosing o(Sy) in

3See also Proposition A.9 for a concrete example of how the elements of W, are constructed.



CHAPTER 8. SOLVING THE REGULATOR EQUATIONS 201

such a way that it and its interior do not contain any points in o(A + BK), and -y, is traversed

counterclockwise. Then the bounded linear operator 11, : W,, — Z defined by

1
II,,w =

=5 ¢ RO A+BK)AR, S, wd) Vuw € W, (8.10)

Tn

is the unique solution of the operator equation I1S, = (A+ BK)II+ A in W,,.

Proof. By our assumptions on K the contour 7, can be chosen so that the operator II, is well
defined. It is also evident that II, € L(W,,Z) and that IL,(W,) C D(A + BK). For every
A € p(A+ BK) we have (A+ BK)R(A, A+ BK) = AR(\, A+ BK) — I. Hence

(A+ BE)w = —— ¢ AR\, A+ BE)AR(A, Sy)wd — 2i AR, Sy)wd\  (8.11)

2mi )., T Jy,

=1IL,S,w — Aw Ywe W, (8.12)
because similarly R(\, S,)S, = AR(X, Sp,) — I for each A € p(S,,), and so

0, Sy = —— ]{ AR(A, A + BE)AR(, S, )wdA — —— f RO\MA+ BEK)Awdy  (8.13)
2mi J., 210 ),

1
= _— ¢ AR\ A+ BK)AR(\, Sy)wd\ Yw € W, (8.14)

Comi f,
where the fact that R(\, A + BK)Aw is analytic inside an on +, has been used. The uniqueness

of the solution follows from the boundedness of S,, and the fact that o(S,) No(A + BK) C
o(S)No(A+ BK) C o(A+ BK)NiR = 0, according to the results in [3, 90]. O

Lemma 8.4. Let the sequences (Wy,)nen and (Sp)nen be as in Lemma 8.3. Let n € N. Define the
linear operators F, € L(W,,) and P, € LIW,,,C) by

Fow = QL (C + DK)R(\, A+ BK)BR(\, Sp)wd\ + Dw Y € W, (8.15)
e Tn
1
Paw =5 ¢ (C+DK)RO\, A+ BK)PR(\, Sy)wd) Vo € W, (8.16)
Y
In

where the contour 7, is as in Lemma 8.3. If F,, is boundedly invertible, i.e. F, 1 € L(W,,), then
the following define operators in L(W,,,C) and L(W,,, Z) respectively:

Loyw=(Q— P)E, 'w Ywe W, (8.17)
1
Myw = 5— ¢ R\ A+ BE)(BLy + P)R(, Sp)wd) Y € W, (8.18)
Tn

Moreover, I1,, and T, = L,, + K1I,, € L(W,,,C) solve the regulator equations (3.10) in W,,.
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Proof. Clearly F, is indeed a bounded linear operator W,, — W,, because W, is invariant for
R(\, S,,) and because the plant is assumed to be SISO. Similarly P, € L(W,,C) and II,, €
L(W,,Z). Since S, € L(W,) and since L, € L(W,,C), by Lemma 8.3 the operator II = II,
satisfies the equation IIS,, = (A + BK)Il + BL,, + P in D(S,) = W,.

On the other hand, for each w € W,, we have that

(C + DE)yw+ DLyw = —— ¢ (C+ DE)R(\, A+ BK)(BLy + P)R(A, Sp)wd)  (8.19)

2 J s,
+ DL,w (8.20)
1
=L, {Tm jf (C + DK)R(\, A+ BK)BR(X, Sp)wd + Dw|  (8.21)
Tn
1
+ 5= ¢ (C+ DE)R( A+ BEK)PR(X, S, )wdA (8.22)
T
Tn
=(Q— Pu)F, 'Fyw + Pyw (8.24)
=Quw (8.25)

since the plant (1.1) is assumed to be a SISO system. Consequently IT,, and T, = L,, + KTI,, solve

the regulator equations (3.10) in W,. O

Before proceeding any further, we hasten to show that the bounded invertibility of the operator
F,, in Lemma 8.4 holds provided that the system, which is obtained after the application of the

state feedback K to the plant, does not have transmission zeros on o(Sy,).

Proposition 8.5. Let K and the sequences (Wp)nen and (Sp)nen be as in the above. Let n € N
and assume that Hi(s) = (C+ DK)R(s,A+ BK)B+ D # 0 for all s € 0(Sy,). Then the operator
F, € L(W,,) defined in (8.15) is boundedly invertible and thus the regulator equations (3.10) are

solvable in W,.

Proof. By definition, for each w € W,,, we have that

1

Fyw =~ ¢ (C+DK)R\ A+ BK)BR(A, 5, )JwdA + Dw (8.26)
YW
’Y’VL
1
=5 [((C+ DK)R(A\,A+ BK)B + D|R(X, S,)wd\ (8.27)
T
Yn
1
= — Hy (M A, Sp)wdA 2
o f KR\, S, )w (8.28)
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because w = ﬁ fv R(A, Sp)wdA for all w € W,,. Since Hg is an analytic scalar function in
the neighbourhood of ¢(S,,), for which Hg(s) # 0 for all s € o(S,,), by the standard results in
operational calculus, e.g. Theorem V.8.2 in [86], F), is a bijection on W,,. Since F,, € L(W,,), by
the Open Mapping Theorem (see e.g. Theorem IV.5.5 in [86]) F,, must be boundedly invertible on
W,. O

Corollary 8.6. Let K and the sequences (Wy)nen and (Sp)nen be as in the above. Let n € N and
assume that o(Sy,) C p(A)Np(A+ BK). If H(s) = CR(s,A)B+ D # 0 for all s € o(S,), then
the operator F,, € L(W,,) defined in (8.15) is boundedly invertible and thus the requlator equations
(3.10) are solvable in W,,.

Proof. This result follows from Proposition 8.6 and Theorem 8.2. O

It is easy to see that with the definitions and notation of Lemma 8.4 we have I1,,11|w, = II,
and I'y41|w, = 'y, provided that the assumptions of Lemma 8.4 are satisfied for every n € N.
In this case we can define a linear operator Ily : U,enW,, — Z by Ilpw = II,w for w € W,, and
a linear operator I'g : UpenyW,, — C by I'yw = T'w for w € W,,. As we shall see below, this
construction allows us to solve the regulator equations (3.10) in the dense subspace U,enW,, of
W. Tt is then only a matter of continuous extension (if it exists) to solve these equations in D(S)

and W respectively:

Theorem 8.7. Let the assumptions of Lemma 8.4 hold for all n € N. Assume (in the above
notation) that sup, cn||T'n|| < 00 and sup,cn||I,| < co. Define II € L(W,Z) and T' € L(W,C)
as the unique continuous extensions of the operators Ily and I'g above. Then Il and I' solve the

requlator equations (3.10).

Proof. Tt is clear that for every w € U,enW,, C D(S) we have

IISw = I1Spw = I Spw = Allpw + BI'yw + Pw = Allw + Bl'w + Pw (8.29)

Qw = Cllyw + DT pw = CTMw 4+ DT'w (8.30)
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for some k € N. Then for every ¢ > 0 and every w € U,enW,, C D(S) we also have that

MTs(t)w — Ta(t)w = t Ta(t — ) ITs(m)wdr (8.31)

7=0

= /t iTA(t — 7)ITs(r)wdr (8.32)
0 dr

= /t Ta(t—7)[ILS — AI|Ts(7)wdr (8.33)
0

= /t Ta(t —7)(BT + P)Ts(r)wdr (8.34)
0

because Ts(T)w € D(S) and UTg(r)w € D(A) for every 7 > 0. Since UpenyW, is dense in W, we

have by the proof of Lemma 3.5 that
t
Ts(t)w = Ta(t)Tw + / Ta(t—7)(BT + P)Ts(t)wdr YweW Vi>0 (8.35)
0

We next show that II(D(S)) C D(A). Let w € D(S). Then for h > 0

Ta(h)w —Tw  Ta(h)lw — MTs(h)w  TTs(h)w — Mw
h B h * h

o Jo Talh — T)(BII; + P)Ts(m)wdr + HTS(h);U — (8.37)

(8.36)

which by the boundedness of II shows that IIw € D(A); also observe that the function ¢ —
(BT + P)Ts(t)w is continuously differentiable (because w € D(S)) so that the convolution in
(8.37) is differentiable (cf. Proposition 1.3.6 in [2]). Taking the limit ~ — 0%, we see that
Allw = —(BT + P)w + I1Sw for each w € D(S).

By continuity and density, also the equation (8.30) must hold in W. Consequently IT and T

solve the regulator equations (3.10). O

Remark 8.8. Theorem 8.7 immediately also gives the operator L = I' — KTII (as a continuous
extension of the operators L, ) which is important in the solution of the FRP (see Chapter 3) and

the EFRP (see Chapter 4).

At this stage the reader may wonder when (if ever) and how the continuous extension required
in Theorem 8.7 can actually be done. Therefore, it is worthwhile to conclude this section with a

discussion on this topic. There are three issues which should be pointed out in this context:

1. If Hg (iw) # 0 for all w € R, then the assumptions sup,,cy||I'y| < 0o and sup,,cy ||/, || < oo

of Theorem 8.7 are also necessary for the solvability of the regulator equations (3.10). In
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fact, if I € L(W, Z) and T' € L(W, C) solve the equations (3.10), then for all n € N

1S, = (A+ BK)Il+ BL+P inW, (8.38a)

Q= (C+DK)I+ DL inW, (8.38b)

for L=T — KII € L(W,C). But the equations (8.38) have a unique solution by the above.
Indeed, we have L|w, = L, and |y, = II,, as in (8.17) and (8.18). Since II and L are

bounded on W, we must have sup,,cy||T'n|| < 0o and sup,,ey||n || < oo.

2. If it is sufficient to consider approximations of the reference/disturbance signals in the sense
that we can take W = W,, for some n € N, then no continuous extension has to be done at
all. In practice one always has to accept compromises in terms of output regulation accuracy,
and therefore an approximation of the exogenous signals is usually viable. A sensible and
useful way to approximate general bounded uniformly continuous functions is provided by
Lemma A.8 and Proposition A.9 — the idea is to utilize convolutions with suitable Fejér
kernels if W — BUC(R, C). This approximation procedure allows us to explicitly construct
the function spaces W,. Moreover, according to Proposition 8.5 and Lemma 8.4 in this
case it is sufficient for the solvability of the regulator equations (3.10) that Hg (iw) # 0 for
w € [-n,n]. In many cases this condition can be verified using knowledge of the original

plant data only; see Corollary 8.6.

3. If A+ BK generates an exponentially stable Cy—semigroup, if we take W = H = H(f,,, wn)
for some sequence (fn)ner, if @ = 0o € L(H,C) and if Hx (iw,) # 0 for all n € I, then it is
easy to see that the methods of Section 3.5 apply directly. Indeed, if we denote ¢,,(z) = e'“n®
for all n € I and = € R and if we set Hy(n) = (C + DK)R(iwy, A + BK)P¢,, then the
operator L, of (8.17) is given by

Lyw=Ly, > (w,¢p)p2¢r = Y Hrliwy) 'L — Ha(k)[(w, ¢x) 2 (8.39)

kel, kel,
for all w € W,, = span{e™* | k € I, } (the index set I, is finite). This precisely what
we obtained in Section 3.5; in particular, the condition (3.55) for the sequence (f,)ner and
the signals guarantees the uniform boundedness of || L,||. Exponential stability of T+ gk (t)
subsequently guarantees the existence of a bounded II, as in Theorem 3.35. In conclusion,
verifiable sufficient conditions exist for ||IL,|| and ||T,|| to be uniformly bounded in certain

interesting applications.
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In contrast to Section 3.5, in Theorem 8.7 there are no restrictions on o(S). However, if o(5) is
discrete or if W is some generalized Sobolev space Hp(H, fr,wy) of functions, then, as we shall
see in Section 8.2 below, the above uniform boundedness requirement for ||IL,|| and ||T,|| reduces
to the strong convergence of certain series of operators. It is remarkable that in this case we can

dispense with the assumption H = C, which was also posed in Section 3.5 for the sake of simplicity.

8.2 A general method for exosystems with additional struc-
ture

In this section we shall present two results showing how the regulator equations (3.10) can be
solved if the exosystem (2.2) has some additional structure, but the plant (1.1) is not necessarily a
SISO system. Our method generalizes that in Section 3.5 while employing ideas from Section 8.1.
Recall that according to the standing Assumption 8.1 of this chapter the imaginary spectrum of

A can be removed by the state feedback operator K € £(Z, H).

Theorem 8.9. Assume that o(S) = {iw, |n €I}, I CZ, is a discrete set and that Hg (iw,) =
(C + DK)R(iw, A + BK)B + D is a boundedly invertible operator H — H for all n € I. Let
P, denote the spectral projection corresponding to iw, € o(S) for every n € I. If the sequences

(Ln)n>1 C LW, H) and (IIx)n>1 C L(W, Z) of operators defined by

Lyw = Z Hg (iw,) "' [Q — (C + DK)R(iwn, A+ BK)P|P,w, Ywe W,YN €N  (8.40)
In|<N

IOyw= Y R(iwn, A+ BK)(BLy + P)Pyw, YweW,YN €N (8.41)
n|<N

are uniformly bounded in N, then the operators Il = limy oo Iy and T' = limy_ oo [KTINn + Ly]
(limits in the strong operator topology) exist in L(W,Z) and L(W, H) repectively, and they solve

the regulator equations (3.10).

Proof. Since o(S) is discrete, by Gelfand’s Theorem (Corollary 4.4.8 in [2]) for every n € I we have
that P,S = iw, P, = SP,. Moreover, since for every n € N the interval [—in,in] C iR is compact
and since o(9) is discrete, the maximal spectral subspace (cf. Lemma A.8) W,, = M ([—in,in]) =
span{ran Py | k € I,, } for some finite set I,, of indices. Additionally, w =}, 1, Prw for each

w € Wy, (see Theorem 9.1 in [86]). Then it is not difficult to see that for each n € N there exists a
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(smallest) Ny € N such that for every N > Ny we have that

MySw=TyS Y Paw= Y iwpR(iwk, A+ BK)(BLy + P)Psw (8.42)
kel, kel,
= Y [I+(A+ BK)R(iwy, A+ BK)|(BLy + P)Pyw (8.43)
kely,
=(BLy+P) Y Puw+(A+BK) > R(iwy, A+ BK)(BLy + P)Pyw (8.44)
kel, kel,
= (BLy + P)w + (A + BK)lIyw, Ywe W, (8.45)
and that
(C+ DK)lIyw+ DLyw = (C + DK)Ily Z Pyw+ DLy Z Pyw (8.46)
kel, kel,
= Y [(C+ DE)R(iwy, A+ BK)B + D] Ly Pew (8.47)
kel,
+ > (C+ DK)R(iwg, A+ BK)PPyw (8.48)
kel,
=Q Y Pw-— Y (C+ DK)R(iwy, A+ BK)PPyw (8.49)
kel, kel,
+ > (C+ DK)R(iwg, A+ BK)PPyw (8.50)
kel,
=Quw, YweW, (8.51)

This shows that Iy and I'y = Ly + KIIy solve the regulator equations (3.10) in W,,. We can
now define a linear operator Iy : UpenWy — Z by Ilpw = Iy, w for w € W), and a linear operator
Lo : UgenWy, — H by Low = Ly,w for w € W,,. By our assumptions and Lemma A.8 the
operators IIp and Ly have unique continuous extensions IT € L(W, Z) and L € L(W, H). Clearly
this means that I = limy o, Iy and T' = limy_ o [KTIy + Ly] in the strong operator topology.
That IT and T' = L + KII € L(W, H) solve the regulator equations (3.10) now follows precisely as

in the proof of Theorem 8.7. O

Remark 8.10. Section 3.5 illustrates the use of Theorem 8.9 for SISO systems. In Section 3.5
the convergence of Ly as N — oo is guaranteed by condition (3.55), i.e. by a suitable state space
topology for W, while the exponential stability of T4y i () guarantees the convergence of Il as

N — o0o.
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In a completely analogous manner we can prove the following result in which ¢(S) need not be

a discrete set, but, on the other hand, some additional structure is required of the elements of .

Theorem 8.11. Let W = H = Hap(H, fn,wn) for some sequences (fn)ner and (wp)ner, where
I C Z (see Chapter 2). Assume that S = S|y generates the isometric left translation Co—group
Ts(t)|n on H, and that Hg(iw,) = (C + DK)R(iwn, A+ BK)B+ D : H — H is boundedly
invertible for all n € I. For every n € I define the bounded linear operator P, : H — H by
P,f = f(n)e“n for each f = Y omer f(n)e™n e H. If the sequences (Ly)n>1 C L(H,H) and
(IIn)n>1 C L(H, Z) of operators defined by

Lyf= Z Hg (iw,) "' [Q — (C + DK)R(iw,, A+ BK)P|P,f, VfeH,NeN (852)
{iwn|In|<N}

Iyf= Y  Rliw,, A+ BEK)(BLy+P)P,f, VfeH,NeN (8.53)
{iwn|In|<N}

are uniformly bounded in N, then the operators Il = limy oo Iy and T' = limy oo [KTINn 4+ Ly]
(limits in the strong operator topology) exist in L(H,Z) and L(H,H) repectively, and they solve

the regulator equations (3.10).

Proof. Observe first that by construction every f € H is an almost periodic function, which is
uniquely determined by the series expansion ) ; f(n)e™n, because the sequence (||f(n)|)ner €
¢'. Consequently, the operators P, can be given in terms of the Fourier-Bohr transformation

38, 63], i.e. (Pof)(t) =™ limp_.oc 57 ffT f(s)e~nsds. But according to [63] (p. 22) we have

that
. ) I it
fln) = Th_r)nOO T /_T_m f(t)e dt (8.54)
uniformly for « € R. Hence
I .
P.f= Tll_{noo T /_T Ts(s)|rfe™"*ds (8.55)
and consequently for every f € D(S|y) we have
I _
PaShef = Jim o | Ts(5)eSpe e ds (8.56)
1 T
= lim —/ TS|y —iw, 1(8)[S| — iwn ] fds + iw, P, f (8.57)
T—oo 2T -T "

= iw, Py f (8.58)
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This shows that S|y P, f = iw, P, f = P,S|nf for each f € D(S|y). The rest of the proof parallels
that of Theorem 8.9. We can define, using Lemma A.8, Wy = M({iw, | |n|] < N}), so that
{iwy | In] < N} C iR is a finite set for all N € N, and Uy>1 Wy is dense in W = H. O

Remark 8.12. In Theorem 8.9 and Theorem 8.11 it is not assumed that dim(H) < oo.

Remark 8.13. Theorem 8.9 and Theorem 8.11 immediately also give the operator L =T" — KTI
which is important in the solution of the FRP (see Chapter 3) and the EFRP (see Chapter 4).

Remark 8.14. The method we have used in this section has been shown to work for finite-
dimensional exogenous systems in [12, 80]. In addition to that, C. Byrnes, D. Gilliam, V. Shubov
and J. Hood have applied a similar eigenfunction decomposition method in the solution of the
regulator equations for a boundary controlled heat plant driven by a wave equation [10, 11]. They
obtained series expansions for the solution operators II and I" (similar to those in the above) for
this special case, and they presented criteria for the convergence of these series; we point out
that in [12, 80] no such convergence problems can arise because of the finite-dimensionality of the

exosystem.

Remark 8.15. If in Theorem 8.9 and Theorem 8.11 the operator A+ BK generates an exponen-
tially stable Cy—semigroup and if the family of operators Ly is uniformly bounded (i.e. the limit
L € L(W, H) exists), then also the family ITy is uniformly bounded and II = fooo Tarpr(t)(BL+

P)Tg(—t)dt (strong convergence) according to the results of Appendix A.2.

Remark 8.16. In the case that H = C a very useful method for establishing the uniform boun-
dedness of the operators Ly in Theorem 8.11 is the following. Using the Schwartz inequality we

can deduce that

[Lngl < > [Hi(iwn) ' [Q = (C + DK)R(iw,, A+ BK)P] P,g| (8.59)
neln
= Y |Hg(iwn) ' [Q — (C + DK)R(iwn, A+ BK)P]e™||g(n)] (8.60)
neln
< [ |Hi(iwn) 1 [Q = (C + DK)R(iwn, A+ BK)Plein 2f% [~ [§(n)|2f2
neln neln
(8.61)

forallg e W =H = Hap(C, fn,wy). Here Iy = {iw, | |n| < N }. Since, according to Proposition

2.16, \/ZHUN |g(n)|2f2 converges to ||g|l% as N — oo, the uniform boundedness of Ly can be
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achieved by an appropriate choice of (f,)ner, i.e. by an appropriate choice of the reference signal

space topology. In particular, the sequence (f,)ner should be chosen such that

2f2 <00 (8.62)

Z |HK(iwn)*1 [Q — (C+ DK)R(iwn, A+ BK)P]eiwn-
neln

which is essentially the idea presented already in the condition (3.55) of Section 3.5: The signals

must be smooth enough with respect to the high-frequency damping rate of the plant.

Remark 8.17. If in Theorem 8.11 we have @ = g and P = 0 but possibly H # C, then
Lyg= Y, Hgliw,) 'g(n), Vge™M,NeN. (8.63)
{iwn|In|<N }
In this case the argument of Remark 8.16 relying on the Schwartz inequality can again be utilized

to deduce the uniform boundedness of Ly. We immediately see that whenever

(1 Hre (iwn) "M f Dner € €2 (8.64)

the family Ly of operators is uniformly bounded on Hap(H, fn,wy). Again, this just amounts
to an appropriate choice of topology for the signal space. Observe that the assumption @ = J is
not very restrictive from the point of view of reference signals, and the assumption P = 0 is not
restrictive if the ultimate goal is to design a conditionally robust regulator; see e.g. the equations

(6.108).

Remark 8.18. Theorem 8.2 can be readily utilized to transform the above square summability

criteria to verifiable conditions for the original plant data.

8.3 Discussion

The results of the previous two sections on the solution of the regulator equations (3.10) are by
no means exhaustive: Although they are suitable for rather general problems, often in practice
there are shortcuts which can be taken if additional assumptions are posed. A particularly useful
shortcut is at our disposal if the feedthrough operator D of the plant is a design parameter, as has
been pointed to the author by Prof. Ruth Curtain (personal communication). The purpose of this
section is to illustrate the use of this shortcut using her arguments. The key idea is that whenever D

is boundedly invertible on H, the regulator equations (3.10) reduce to the unconstrained Sylvester
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operator equation

IIS=(A-BD'C)Il+ BD'Q+ P in D(S) (8.65)

which can be readily solved using e.g. the well-known results of Appendix A.2 provided that
A — BD7!C has certain desirable properties. These properties are described below.

If A— BD~'C generates an exponentially stable Cy—semigroup, then the unconstrained equa-
tion (8.65) has a unique solution regardless of P € L(W, Z) and @ € L(W, H). This is the case, in

particular, if one of the following two conditions holds:

e A generates an exponentially stable Cp—semigroup such that [|T4(¢)|] < Me “! for some
M >1 and w > 0 such that [|[BD™*C|| < 44. This condition can always be met if D can be

chosen freely (take e.g. D = ¢l for a sufficiently large ¢ > 0).

e The pair (A, B) is exponentially stabilizable, the pair (A, C) is exponentially detectable
and H(s)~! € H®. Here, of course, H(s) = CR(s,A)B + D for s € p(A) and H> is
the standard Hardy space of bounded holomorphic functions [17]. Note that H(s)™! =
DD - CR(s,A— BD~'C)B]D~. 1t should be pointed out that in this case D need not

even be a design parameter; we only need its bounded invertibility.

If A~ BD~1C generates a strongly stable Cy—semigroup, then the operator equation (8.65) does
not necessarily always have a solution. However, if S € L(W), if o(4)No(S) =0, and if H(iw) =
CR(iw, A)B+ D is boundedly invertible for all iw € o(S), then 0(A—BD~1C)No(S) = 0 and thus
the Sylvester equation (8.65) has a unique solution for all P € L(W, Z) and all Q € L(W, H). We
point out that if D is a design parameter and if B = C* — which represents the case of collocated
actuators and sensors for a Hilbert state space Z — then we can take D = I and use e.g. the
results of [5, 18] to verify that A — BD~1C generates a strongly stable Co—semigroup on Z.

If A— BD~'C generates an analytic semigroup*, then results similar to the ones given above
hold even if no stability properties for the semigroup generated by A — BD~'C were known.
Moreover, in this case S need not be bounded: If o(4)No(S) = 0, and if H (iw) = CR(iw, A)B+ D
is boundedly invertible for all iw € o(S), then (A — BD71C) No(S) = ) and thus the Sylvester
equation (8.65) has a unique solution for all P € L(W, Z) and all Q € L(W, H).

4This is always the case whenever A generates an analytic semigroup, according to a well-known bounded

perturbation result (cf. Proposition II1.1.12 of [28]).
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A nice additional feature in some of the above results is that a stabilizing state feedback
operator K = —D7~'C, which is often also needed in the controller design process, is readily
found. Moreover, by Theorem 3.6, a control law solving the FRP is then given by u(t) = Kz(t) +
(T — KIw(t) = —D~1C2(t) + [D~1(Q — CT) + D~ 'CHJw(t) = —D71Cz(t) + D7 'Quw(t) =
—D 7 y(t)—yrer(t)] = =D~ 'e(t). Therefore, neither direct state feedback nor the solution operator
IT of (8.65) need be explicitly found in the controller design process. We only need the existence
of II solving (8.65), and it is quite tempting to conjecture that even this requirement may be
superficial in applications.

Unfortunately, in many problems of practical interest the operator D is fixed and noninvertible.
For example, in many partial differential equations there is no feedthrough at all, i.e. D = 0. In
such cases we can still often utilize the methods of Section 3.5, Section 8.1 and Section 8.2 in the
solution of the regulator equations (3.10). Nonetheless, any shortcut should be utilized whenever
such is available. We conclude this section by pointing out that in certain special cases the regulator
equations (3.10) can be solved as a coupled system of two point boundary value problems subject

to additional constraints, provided that D = 0 (see [12] for more details).



Chapter 9

Conclusions

In the previous chapters we have developed a robust state space output regulation theory for
linear infinite-dimensional systems and bounded uniformly continuous exogenous signals. Here we
conclude the discussion with a summary of the main contributions of the present thesis, and we

describe some open problems as well as new research directions.

9.1 Summary of the main contributions of the thesis

The simplest exosystem generating a given class of signals

We have constructed the simplest possible exosystems capable of generating signals (functions) in
certain Banach subspaces of bounded uniformly continuous functions. These exosystems always
utilize the generator of an isometric Cy—group, plus one bounded observation operator for the
reference signals and one for the disturbance signals. A distinguishing feature in our approach is
the following: While in most of the related earlier work the exogenous signals are assumed to be
generated by some arbitrary finite-dimensional exosystem, here we have assumed a given class of
exogenous signals for which we have constructed (i.e. realized) an exosystem capable of generating

them. In our work the exosystem can also be — and usually is — infinite-dimensional.
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Complete solution of three output regulation problems

We have generalized the finite-dimensional geometric output regulation theory for infinite-dimensional
linear systems and bounded uniformly continuous exogenous signals.

For feedforward (state feedback) controllers the geometric output regulation theory gives rise to
the regulator equations (3.10). We have shown how these regulator equations completely describe
the steady state behaviour of an appropriately stabilized plant, subject to a feedforward control
and bounded uniformly continuous exogenous reference/disturbance inputs. In particular, the
solvability of the regulator equations has been shown in this thesis to completely characterize the
solvability of the simple feedforward output regulation problem, under certain assumptions.

Generalizing a well-known finite-dimensional argument, we have shown how an error feedback
output regulation problem can be formulated — and solved — as a feedforward output regulation
problem for an extended system. This approach gives rise to the extended regulator equations
(4.3). We have shown that under certain assumptions the solvability of the extended regulator
equations completely characterizes the solvability of the error feedback output regulation problem.
Various explicit choices for the controllers’ parameters have been given, such that the extended
regulator equations have a solution provided that the regulator equations have a solution.

The above generalization of a finite-dimensional argument has also been shown in this thesis
to yield a complete characterization of the solvability of a hybrid feedforward-feedback output

regulation problem, in terms of the solvability of the regulator equations.

Strong stabilization of the exosystem and the closed loop system

We have shown that under certain assumptions the exosystem’s system operator S must (in a sense)
be embedded in the controller’s system operator F' in order that error feedback output regulation is
possible. However, this necessary embedding of S in F is a cause of severe stabilizability problems
for the closed loop system, if the exosystem is infinite-dimensional. We have provided new proofs
for certain well-known negative results about the lack of exponential stabilizability of the exosystem
operator S, and we have proved some new positive results about the strong stabilizability of this
operator. Taking into account this lack of exponential closed loop stabilizability, we have provided
sufficient conditions for the strong stabilizability of the closed loop system for two particular error

feedback controllers generalizing certain finite-dimensional ones due to Francis [29] and Davison
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[24].

Robustness, conditional robustness and the Internal Model Principle

We have studied robustness and conditional robustness (i.e. robustness on condition that the
closed loop stability is also robust) in error feedback output regulation. Our results show that the
unique solvability of the extended regulator equations with respect to certain parameters implies a
degree of conditional robustness in output regulation. We have generalized the celebrated Internal
Model Principle for infinite-dimensional systems and possibly infinite-dimensional exosystems using
state space techniques, but without relying on any purely finite-dimensional concepts. This result
describes the necessary and sufficient structure of such exponentially stabilizing error feedback
controllers which also achieve robust output regulation. We have also shown how two common error
feedback controllers achieve (conditionally) robust output regulation, by utilizing this structure,

even in infinite dimensions.

Practical output regulation

We have developed the mathematical foundations of practical output regulation, i.e. approximate
asymptotic tracking/rejection of exosystem-generated signals, for linear infinite-dimensional sys-
tems. By a direct perturbation analysis, we have obtained general upper bounds for the norms of
additive, bounded, linear perturbations to the the parameters of the plant, the exosystem and the
(hypothetical) controller, which solves the corresponding exact output regulation problem, such
that practical output regulation with a given accuracy occurs. Our approach covers in a unified
way practical state space output regulation for the three exactly regulating controllers studied

elsewhere in this thesis.

Solution of the regulator equations

We have solved the regulator equations in the following two separate cases: That of a SISO plant
and that in which the spectrum of the exosystem’s generator is a discrete set (this occurs e.g. in
all repetitive control problems). The approach of the latter case has also been shown to extend
to another closely related separate case in which the spectrum of the exosystem generator is not

discrete but the signals are known to be in certain Banach spaces.
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Applications

In order to illustrate the developed output regulation theory, as applications we have presented
numerous case studies and examples throughout this thesis. These applications illustrate several
new phenomena which arise from the possible infinite-dimensionality of the exogenous system;
they are not present in the related earlier work. Such new phenomena include (i) the complex
relationship between the system zeros and the (non)existence of a regulating controller, (i7) the
necessary degree of smoothness of the exogenous signals for the existence of a regulating controller,
and (ii1) the robustness-enhancing effect of additional smoothness of the exogenous signals related

to their internal model in a regulating error feedback controller.

9.2 Open problems and new research directions

In the author’s view the most severe limitation in the results of this thesis lies in the extensive use of
bounded control, observation and feedback operators in the plant, the controller and the exosystem.
Although bounded control and observation operators can often be used as good approximations of
the reality, it is well-known that many infinite-dimensional systems utilizing e.g. boundary control
and/or point observation can only be formulated as a plant (1.1) with unbounded operators B and
C. Therefore, a particularly important direction for future research is the generalization of the
output regulation theory developed in the present thesis for unbounded control and observation
operators in the plant. On the other hand, allowing for unbounded control and observation in
the error feedback controllers would probably facilitate exponential closed loop stabilization even
for infinite-dimensional exosystems. This would likely result in improved robustness properties in
output regulation, too.

Another direction for future research, which is closely related to the above, is to consider more
general exogenous signals than those which are bounded and uniformly continuous. It is evident
that an exogenous system utilizing the left translation operators and point evaluation at the origin
can be also used to generate signals which are not bounded and uniformly continuous; this method
of generating signals appears to be strikingly universal. However, the lack of strong continuity
of the left translation semigroup, as well as the possible unboundedness of the point evaluation
operators, can be mathematically very difficult to handle in this case.

In the author’s view one of the most interesting — and also fruitful — directions for future
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research is a more thorough study of robustness in error feedback output regulation under the
assumption of strong closed loop stability. In this thesis we have provided some sufficient conditions
for conditionally robust output regulation, but we have not properly addressed e.g. the issue of
persistence of strong closed loop stability under perturbations. We have referred to a result due to
Casarino and Piazzera [13] which can be used to guarantee the persistence of strong closed loop
stability under perturbations, but there are also at least two other ways to proceed here. The first
way is to attempt to use the recent theory of strongly stable systems due to OQostveen [70]. His
strongly stable systems utilize a strongly stable semigroup and suitably continuous input-output,
input-state and state-output mappings to achieve a degree of robustness in the strong stability of
the system. The second way is to attempt to apply the concept of polynomial stability, which is
currently under development (see the preprint [4] and the references therein), to achieve a degree of
robustness of closed loop stability with respect to certain perturbations. The concept of polynomial
stability of a Cy—semigroup is intriguing because it allows for a uniform polynomial decay rate for
all sufficiently smooth initial conditions. In this respect it resembles exponential stability, which
is known to have nice robustness properties.

The last important direction for future research consists of the development of frequency domain
analogues of the state space results of this thesis. Especially for the repetitive control applications,
where frequency domain methods are prominent and also have proven to be quite effective, it
would be vital to establish results taking into account (¢) the smoothness of the exogenous signals
to be regulated, and (i7) the lack of exponential closed loop stability. We have shown in this thesis
that in the state space domain it is crucial to take these issues into account, in order to achieve

tracking/rejection of periodic signals.



Appendix A

A.1 A collection of results from spectral theory

In this section we shall provide an array of well-known facts from spectral theory and harmonic

analysis, for the reader’s convenience. As before, spc(-) denotes the Carleman spectrum.

Proposition A.1. Let X be a Banach space and let A generate a Co—semigroup on X. Let poo(A)

denote the connected component of p(A) which is unbounded to the right. If Xg C X is a closed

subspace and if A € poo(A) No(A|x,), then X € o(A).
Proof. See Corollary IV.2.16 in [28]. O

Proposition A.2. Let X be a Banach space and let A generate a Cy—semigroup on X. If
(AM)nen C p(A) is such that limy,_,oo Ap, = A, then A € 0(A) if and only if lim, o || R(An, A)|| = oo.

Proof. See Proposition IV.1.3 (iii) in [28]. O

Proposition A.3. Let A generate a uniformly bounded Co—group Ta(t) on a Banach space X.
If 0(A) C {0}, then Ta(t) = I for all t € R. Consequently, each isolated point of o(A) is an

eigenvalue.
Proof. This is the well-known Gelfand Theorem, see Corollary 4.4.8 and Corollary 4.4.9 in [2]. O

Proposition A.4. Let X be a Banach space. A function f € BUC(R, X) has empty Carleman

spectrum, i.e. spc(f) =0, only if f =0.

Proof. This is the well-known Wiener Tauberian Theorem, cf. [89] p. 38. O
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Proposition A.5. Let X be a Banach space and let f,g, € BUCR,X), n € N, such that

lgn = fllco = 0 as n — oo. Then
1. spc(f) is closed.

2. spo(f) = spc(f(-+ h)) for each h € R.

3. If spc(gn) C A for each n € N, then spc(f) C A.

4. If Z is another Banach space and P € L(X,Z), then spc(Pf(-+ h)) C spc(f) for each
h eR.

Proof. This result is essentially contained in Theorem 1.15 in [38]. O

Proposition A.6. Let A generate a uniformly bounded Co—group Ta(t) on a Banach space X, let
y € X and define the function f : R — X by f(t) = Ta(t)y for everyt € R. Then ispc(f) C o(A).

Proof. This is Remark 4.6.2 in [2]. O

Proposition A.7. Let A generate Co—semigroup Ta(t) on a Banach space X. If for some xg € X
the function x : R — X such that x(0) = xo satisfies x(t) = Ta(t — s)x(s) for each t > s and is

uniformly bounded, then ispc(x) C o4(A) NiR.
Proof. See Proposition 3.7 in [89]. O

Lemma A.8. The generator S of an isometric Co—group Ts(t) on a Banach space W is decom-
posable, i.e. for every compact A C iR there exists a (maximal) spectral subspace M(A) C W
which is closed and invariant for Ts(t), the restriction S|pray € LI(M(A)), and o(S|aa)) C A.

Moreover, | J,,cy M ([—in,in]) is dense in W.

Proof. See pp. 399-400 of [90] or [66]. For a constructive argument we refer the reader to the proof
of Theorem IV.3.16 in [28]. O

In order to illustrate the fundamental result of Lemma A.8, we shall construct a decomposition
for the generator —S| of the strongly continuous right translation group Ts(—t)|7 on some scalar
function space H — BUC(R,C). We shall rely on a functional calculus for Tg(—t)| on the

convolution algebra (L(R), ), as constructed in Section IV.3.c in [28]. For each f € L*(R) define
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the operator f(T) = J75, F()Ts(—t)|nydt for y € H. Here the integral is understood in the sense
of Bochner. Next define

H,={yeH| f(T)y=0forall fe L' (R) satisfying f =0 on [-n,n] } (A1)

where f denotes the Fourier transform of f € L*(R). It has been shown in Section IV.3.c in [28] that
each H,, is Ts(t)|n—invariant, S|y, is bounded (in fact o(S|y,) C [—in,in]) and U, H,, = H.
The following result demonstrates how the functions in H can be approximated by those in

Hy.

. nt 2
Proposition A.9. For cachn € N and t € R let gu(t) = i(ﬁ) e LY(R) (the Fejér
2

2mn

kernel). Lety € H and n € N. Then y, = go(T)y € Hy, and lim,,—ool|yn — ylln = 0.

Proof. By the definition of H,, we must show that f(T)yn = 0 for all f € LY(R) satisfying
f =0on [-n,n]. First of all, for every such f by Lemma C.12 in [28] we have f/*EL =fgn =0
(recall from [58] that supp(gn) C [—n,n]). According to a well-known inversion theorem this
implies f * g, = 0 almost everywhere. Then according to Lemma 3.17 in [28] we have f Ty, =
F(T)gn(T)y = f/*EL(T)y = Oforall f € L'(R) satisfying f = 0 on [—n, n]. Consequently y,, € H,.

In order to establish lim, o |lyn — y|lx = 0 we first observe that by construction H is a
translation-invariant space on which the translation group in strongly continuous. This implies
that H is a homogenous Banach space in the sense of Katznelson ([58] p. 127) such that for every
f € H we have lim;_,g sup,cp f;ﬂ |f(s—t)—f(s)|ds < klimy_.osup,cg f;+1||Ts(—t)|Hf—f||Hds =
kElimy_o||Ts(=t)|nf — fllx = 0 (here k > 0 is obtained from the relation H — BUC(R,C)).
Excercise 14 on p. 130 of [58] shows that lim,_,«||gn * ¥ — y|l7x = 0, because the Fejér kernel is a
summability kernel in L!(R). Now since Ts(—t)y = y(- — t), it is clear that y,(x) = [gn(T)y](x) =

ffooo gn(O)y(z — t)dt for every x € R. In other words, y,, = g, * y. The proof is complete. O

It is evident from the above proof that approximation of functions in H by those in H,, can be

performed by convolving the original function with a suitable Fejér kernel.
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A.2 A collection of results for the operator Sylvester equa-
tion

Throughout this section we assume that A and —B are the generators of Cy—semigroups 7'(¢) and
S(t) on Banach spaces E and F', respectively, and that C € L(F, E). We next collect from [3, 88, 90]
some well-known results related to the solvability of the operator Sylvester equation AX —X B = C,
for the reader’s convenience. Recall from e.g. [90] that an operator X € L(F, E) is a solution of
this operator equation if for each f € D(B) we have X f € D(A) and AX f — XBf = Cf. For such

solution operators X the following assertions hold true.

e If one of the operators A, B is bounded (or, more generally, analytic) and if o(4)No(B) = 0,

then the operator equation AX — X B = C has a unique solution [3, 90].

e If for every C € L(F, E) the operator equation AX — X B = C has a unique solution, then

necessarily o(A4) No(B) = (). The converse result does not hold in general, however [3, 90].

o If the (growth) types of the semigroups T'(¢t) and S(¢) are wa and wp, respectively, such
that wa +wp < 0 (this is the case in particular if T'(¢) is exponentially stable and if S(t) is

uniformly bounded), then the bounded linear operator X : F' — FE defined by
X = —/ T(t)CS(t)dt (strong convergence) (A.2)
0
is the unique solution of the operator equation AX — XB = C' [88, 90].

o If T'(t) and S(t) are uniformly bounded semigroups, then a necessary condition for the sol-
vability of the operator equation AX — XB = C for a given C € L(F,E) is the uniform

boundedness of the family (7},),~0 of operators defined by
Ty, = 7/ e Y'T(t)CS(t)dt (strong convergence) (A.3)
0

For the case of reflexive E the uniform boundedness of the family (Ty),>¢ is also sufficient

for the solvability of the operator equation AX — XB = C [88].

A.3 A brief introduction to bi-continuous semigroups

Following [59], in this section we shall provide a brief introduction to bi-continuous semigroups.

Such semigroups constitute a generalization of Cy—semigroups, and they are very important e.g.
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in the study of various operator algebras. An important subclass of bi-continuous semigroups is
that of implemented semigroups [1]; this particular class of bi-continuous semigroups is utilized in
the present thesis in the context of operator Sylvester equations.

Let us first fix some notation. For a linear space X, the value of a functional f : X — C at
x € X is in this section denoted by (z, f). Recall that for linear spaces X, Y and Z such that
X C Y and a linear operator A : D(A) C Y — Z, the restriction (or part) A|x of A in X has
domain D(A|x) ={x € D(A)NX | Az € X } and A|xx = Az for every x € D(A|x).

In the context of bi-continuous semigroups it is customary to make the following standing

assumption.

Assumption A.10. Let (X, ||-||) be a Banach space with topological dual X' and let T be a locally

convez topology on X induced by a family P, of seminorms, with the following properties:

1. The space (X,T) is sequentially complete on ||-|—bounded sets, i.e. every ||-|—bounded

sequence, which is Cauchy in the T—topology, converges in (X, 7).

2. The topology T is coarser than the ||-|—topology; hence we may without loss of generality

assume that p(z) < ||z|| for every x € X and every p € P;.
3. The space (X,T)" is norming for (X,|-]]), i.e.
2]l = sup{ [z, ®)| | 6 € (X,7)" and [|$]l(x,y <1} Ve eX (A.4)

Definition A.11. A linear operator A on a Banach space X is called a Hille-Yosida operator (of

type w) if there exists w € R such that (w,00) C p(A4) and

M

IRO-A < =

(A.5)
for all k € N, A > w and some M > 1.

Clearly Hille-Yosida operators are also closed operators [28].

Definition A.12. A set Y is bi-dense in X if for every z € X there exists a ||| —bounded sequence

(Yn)n>0 C Y which is 7—convergent to z.
We shall need the following equicontinuity concepts.

Definition A.13. Let (T(¢))t>0 C £(X). Then
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e T'(t) is (globally) bi-equicontinuos if for every |-||—bounded sequence (z,)n>0 C X which is

T-convergent to € X we have 7 — lim,, . T'(t)(x — x,) = 0 uniformly for all ¢ > 0.

e T'(t) is locally bi-equicontinuos if for every ¢ > 0 and every ||-||—bounded sequence (z,,)n>0 C
X which is 7—convergent to x € X we have 7 — lim,, .o T(t)(x — z,,) = 0 uniformly for all

to >t>0.
We can now define bi-continuous semigroups.

Definition A.14. An operator family (T'(¢)):>0 C £(X) (or shortly T'(¢)) is called a bi-continuous

semigroup (with respect to 7 and of type w) if
1. T(0) =T and T(s +t) = T(s)T(t) for all s,t > 0.
2. |T(t)|| £ Me** for all t > 0 and some constants M > 1 and w € R.

3. T(t) is strongly continuous in (X, 7), i.e. the map Ry ¢ — T(t)x € X is 7—continuous for

each z € X.
4. T(t) is locally bi-equicontinuous.
We call T'(t) uniformly bounded if we can take w = 0 in Definition A.14.

Definition A.15. The generator A: D(A) C X — X of a bi-continuous semigroup 7'(t) on X is
the unique operator on X such that its resolvent R(\, A)z = fooo e MT(t)zdt for all x € X and
forall A € {p € C|R(p) > w} for some w > 0. Here the Laplace integral is understood as the

norm limit (as & — 00) of a 7—Riemann integral over [0, a] (see [59] for details).

The subsequent results are just parts of Proposition 1.16, Theorem 1.17, Proposition 1.18 and

Theorem 1.28 of [59].

Theorem A.16. Let A generate the bi-continuous semigroup T(t) on X. Then

T(t)x —x

Ar =7 — lim , Vo eD(A) (A.6a)
N0 t
DA) ={zeX|T- }{1(1) Tz exists in X } (A.6D)

Theorem A.17. Let A generate the bi-continuous semigroup T(t) of type w on X. Then the

following assertions hold true.
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1. If v € D(A) then T(t)x € D(A) for allt > 0, T(t) is continuously differentiable in t with
respect to the topology 7, and LT (t)x = AT (t)z = T(t)Az for all t > 0.

2. An element x € X belongs to D(A) and Ax =y if and only if T(t)x —x = fot T(s)yds for all

t>0.

3. The operator A is bi-closed, i.e. for all sequences (Tn)nen C D(A) with (xn)nen and
(Azy)nen norm-bounded, 7 — limy ooy, = ¢ € X and 7 — limp— oAz, = y € X we

have x € D(A) and Az = y.

4. A is a bi-densely defined Hille-Yosida operator of type w.

5. The subspace Xy = D(A)w|| C X is T(t)—invariant and the restrictions T (t)|x, constitute a

Co—semigroup (generated by the part Alx, of A).

As mentioned in the above, the so-called implemented semigroups constitute an important

subclass of bi-continuous semigroups.

Definition A.18. Let X and Y be Banach spaces and let A and B be generators of Cy—semigroups
T(t) and S(¢) on X and Y, respectively. On the Banach space L£(Y, X) we define the semigroup
U(t) implemented by A and B according to the rule U(t)Z = T(t)ZS(t) for all Z € L(Y, X) and

for all t > 0.

The following result (cf. Proposition 3.16 of [59] and Remark 2.15 of [1]) is crucial in the output
regulation results of this thesis. It reveals a deep relation between operator Sylvester equations

and bi-continuous semigroups.

Theorem A.19. Let X and Y be Banach spaces and let A and B be generators of Co—semigroups
T(t) and S(t) on X and Y, respectively. Let U(t) be the semigroup on L(Y,X) implemented by
A and B. Then U(t) is a bi-continuous semigroup in the strong operator topology T = Tsiop-

Moreover, the generator T of U(t) is the operator defined by

D(T)={Z e L(Y,X) | Z(D(B)) € D(A),3P € L(Y,X) : Pu= AZu + ZBuvu € D(B) }
(A.7a)

TZ =P (A.7b)

Remark A.20. The relation (A.7b) is just the operator Sylvester equation AZ + ZB = P.
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