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Abstract 

Electrical properties of superconductors are very sensitive to mechanical loading. As the 

loading in practical applications is often very large, designers should know the 

mechanical behaviour of conductors well. With the finite element method (FEM), 

mechanical models on complex loading situations and conductor geometries can be 

solved. Such models give local information on stress and strain states, which is needed, 

for example, in predicting a fracture. The aim of this work is to study mechanical 

modelling of Nb3Sn and Bi-2223 filamentary superconductors with continuum models 

that are solved with FEM. The focus is on loading conditions that are typical in a 

magnet. In other words, models are developed for thermal stress, bending, axial tension 

and transversal compression loading of a conductor. 

 

Filamentary superconductors contain specific features that are complicated to describe 

in a mechanical model or increase the need of computational resources in the FEM 

solution. In this work, an auxiliary model approach was proposed to model conductors 

with a large filament number and an on-off approach was suggested to describe creep 

deformation. In addition, the modelling of twisted conductor structures and 

electromagnetic forces were studied. However, computational tests showed that 

knowing the material behaviour at high temperatures and the stiffness of Bi-2223 

filaments is essential for obtaining precise results. Fortunately, some simple 

measurements on the studied conductor can help in finding these properties. 

 

Results of the models were compared to available measurement data. Unfortunately, 

direct measurements on local stress and strain states were not found. The models agreed 

well with the measurements when the conductor properties were modelled realistically. 

Comparison of the FEM models to analytical models confirmed the benefits of the FEM 

models. FEM models allowed to model combined loading and predicted a clear 

variation of stress and notable non-axial stresses that were absent in analytical models.
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1 Introduction 

Superconductors are exceptional materials that lose their electrical resistivity below a 

certain, typically cryogenic temperature. A superconducting state exists when three 

parameters, temperature, external magnetic flux density, and current density, remain 

below their critical values. In small external magnetic fields, superconducting materials 

also experience the Meissner-effect, which means that the magnetic flux does not 

penetrate into them. 

 

Resistive power losses cause both economical and technical problems in many devices 

that employ traditional normal conducting conductors such as copper wires. 

Superconductors help in reducing these losses. For example, in electromagnets, high 

current densities are needed to generate high magnetic fields. In normal conducting 

magnets, the temperature rise due to resistive heat generation limits the maximum 

operation current, but superconductors allow surpassment of this limit. Consequently, 

they are used in research systems for high-energy physics, plasma confinement systems 

of fusion reactors, medical MRI imaging systems and magnetic separators in process 

industry. The reduction of resistive losses could also be welcome in power applications 

such as cables, motors, generators, transformers and energy storage systems. The 

exceptional properties of the superconductors can also provide benefits other than loss 

reduction. For example, the transition from the superconducting to the normal state can 

be used in fault current limiters. [1] 

 

Commercial superconducting wires are typically composites because bare 

superconductor material is vulnerable to electrical and mechanical faults. In the wires 

studied in this work, the superconductor is embedded as filaments into a metallic 
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matrix. Still, the performance of conductors is often very sensitive to mechanical 

loading. Moreover, the superconducting wires operate under large mechanical loads in 

most applications. Therefore, knowing the mechanical behaviour of the used conductor 

is very important in designing applications. The electrical behaviour of a conductor 

under loading depends on how the load is distributed inside the composite. On the other 

hand, the mechanical properties of the conductor depend on all component materials 

and their interaction. The superconducting phase in most filamentary superconductors is 

brittle and produced in chemical reactions triggered by heat. Due to the brittleness, most 

of the forming stages, like drawing or flattening, must be performed before heat treating 

the conductor. 

 

The mechanical loads acting on superconductors originate especially from temperature 

changes, fabrication processes and electromagnetic forces. The conductors are subjected 

to large temperature changes as commercially produced conductors are heat treated at 

temperatures of 900 – 1120 K and operated usually at under 100 K. Fabrication 

processes, for example, winding wire to a magnet, induce mechanical loads. The 

electromagnetic forces grow large in applications with high magnetic field and current 

densities. 

 

Mechanical loading degrades the practical performance of filamentary superconductors 

in two different ways. In conductors such as Nb3Sn wires, strain changes the lattice 

structure of the superconductor, which degrades the superconducting properties [2]. 

This kind of degradation is present at any strain levels. At larger levels of stress and 

strain, the filaments are vulnerable to mechanical fracture by cracking. Many 

superconductor materials, for example Nb3Sn and Bi-2223 are fragile, and therefore the 

stress levels causing such fracture are relatively low [1, p.409], [3, p.57], [4]. 

 

The electro-mechanical behaviour of superconducting composites has been studied 

experimentally, for example, under axial tension, transverse compression or bending 

loading [5-12]. Measurements have some drawbacks, and computational modelling can 

be used to supplement them. First of all, measurements cost time and money, and 

require the fabrication of each studied sample. Computational models are usually 
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cheaper and save time. Thereby, studying a large number of different conductors 

becomes easier, and causalities between the structural features and the mechanical 

behaviour can be found. In addition, modelling enables the study of many complicated 

loading conditions, for which measurement setups would be difficult to build. This 

supports the design of applications, where the loading is typically complex. Secondly, if 

the properties of modelled conductors are accurately known, models can provide 

estimates of local quantities, which are not straightforward to measure. Local quantities 

are needed, for example, in predicting fracture. It must be emphasised that modelling 

does not replace experiments, but in optimum situation the experimental and modelling 

studies support each other. 

 

The theory of continuum mechanics provides an efficient way for mathematical 

modelling of superconductors. The models can be solved with either analytical or 

numerical methods. Within the last 15 years or so, most articles published have relied 

on analytical methods [13-18], which require substantial simplifications before a 

solvable problem is obtained. Lately, numerical methods, especially the finite element 

method, FEM, have gained greater significance [19-23]. FEM has the advantage of 

being able to handle complicated geometries and loading situations with significantly 

fewer simplifications than the analytical methods. However, FEM is still quite a new 

tool in the mechanical modelling of superconductors, and its potential must still be 

clarified. To obtain benefit from fewer assumptions, the accuracy of the mechanical 

model must be improved. Moreover, also FEM has restrictions. For example, the 

computing capacity of computers limits the number of details in the model, when FEM 

is implemented in a computer. Many of the problems arising from the restrictions are 

still awaiting for solutions. 

 

1.1 Scope of this thesis 

The aim of this work was to develop finite element models for Nb3Sn and Bi-2223 

multifilamentary superconductors in most typical loading situations. For modelling, a 
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program capable for solving two-dimensional problems was developed. The models 

were validated with a set of experimental comparisons. 

 

Finite element modelling is still a relatively new tool in the mechanical study of 

filamentary superconductors, and many problems related to modelling these conductors 

have not yet been finally solved. This work focused on Nb3Sn and Bi-2223 conductors 

that have been under research in last few years. The interest in Nb3Sn has arisen 

especially from its suitability for the magnets of the thermonuclear fusion reactor. Bi-

2223 conductors represent tape shaped conductors and have potential to be used in 

insert magnets. The main challenges considered here were developing models to 

describe loading conditions prevailing in magnets, modelling the material behaviour, 

connecting the electrical performance of the conductor to stress and strain results, 

modelling Nb3Sn wires with large number of filaments and modelling twisted Nb3Sn 

wires. 

 

The models developed in this work described thermal stress, axial tension, transversal 

compression and bending loading, which are the constituents of the typical loading in a 

magnet. Combining different loading types in one model was also studied. Only loading 

after heat treatment was inspected because high temperature and long duration of the 

heat treatment is likely to remove the stresses created during the cold work [24, 25]. 

Computational tools for modelling manufacturing processes would differ distinctively 

from the post heat treatment models, mainly due to large deformations arising in 

manufacturing. The stresses arising during the heat treatment, for example due to 

swelling of bronze, were ignored despite of their possible importance, because at the 

time of this study their significance was not well-known.  

 

A big challenge in this work was accurate modelling of the brittle Nb3Sn and Bi-2223 

materials and the ductile metals with low yield strength. Furthermore, in the studied 

wide temperature range, the material properties vary significantly with the temperature. 

A particular feature is the so-called creep deformation at high temperatures. 
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Accurate material properties of particular conductor are often difficult to find because 

the microstructure and composition of the materials change during the manufacture. 

Here, the attention in Nb3Sn wires was especially on the tin content of bronze and in Bi-

2223 tapes on the filament properties and the matrix yield strength. The variation of the 

properties inside a material region was not studied, although such often occurs. Also the 

impact of bronze porosity in Nb3Sn wires was left without a detailed treatment. 

Practically, the porosity influences the same mechanical properties of bronze as the tin 

content. 

 

An important part of the work was to find a way to connect the stress and strain results 

of the models to the electric performance of the superconductor. Reversible and 

irreversible changes of superconductivity need separate degradation models, because the 

mechanisms behind them are different. 

 

Another goal was to develop a method to model Nb3Sn wires containing thousands of 

filaments. The computational capacity needed for FEM solution increases with the 

number of modelled geometry details. Therefore, the traditional solutions for Nb3Sn 

wire problems are often not possible with ordinary computers. 

 

The computational efficiency of modelling twisted Nb3Sn conductors would greatly 

increase if the conductors could be modelled in two-dimensions. Twisted conductor 

geometry forbids the use of the most common two-dimensional formulations, but still, 

its symmetry suggests that the problems can be reduced to two dimensions in some 

loading situations. 

 

In addition to the actual development of modelling methods, this work included 

assessment on the necessity to model features like the electromagnetic forces and small 

details in the Bi-2223 filaments. 

 

To increase the transparency of basic modelling choices, the models of this work were 

implemented with a self-made code in Matlab® environment instead of using a 

commercial finite element program. Thereby, the set of features required from the 
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program could be clearly distinguished and presented without referencing to particular 

properties of a certain program. Moreover, a self-made code allowed making special 

modifications quite easily even in the foundations of the model. Such modifications 

were needed, for example, to model twisted conductors. 

 

The material property data used here was taken from the work of other researchers. 

Finding accurate information on the component materials is clearly one of the most 

important targets for development of the models. Unfortunately, the material properties 

could not be experimentally clarified within this work due to the lack of measurement 

facilities. Instead, the sensitivity of the results to most probable inaccuracies in the 

material data was studied with computational tests. 

 

To validate the developed models, a set of experiments made by other researchers were 

simulated with them, and the results were compared. Even if they were correct, the 

FEM models would be useless unless they offer some additional value in comparison to 

the other modelling methods. Therefore, they were compared to the traditional 

analytical models in basic loading cases, and their potential was demonstrated by 

modelling a complicated loading in a magnet. 

 

1.2 Organization of the thesis 

After the introduction in chapter 1, chapter 2 begins with introduction of the studied 

filamentary superconductors and of the features that influence their mechanical 

modelling. Chapter 2 also includes discussion on the typical mechanical loading of 

superconductors in applications. The purpose of this discussion is to show the relevancy 

of the loading situations studied in this work. Finally, chapter 2 clarifies the response of 

superconducting materials to mechanical loading, i.e. the degradation of their 

performance under stress and strain. The clarification is needed for the further 

development of the work, explaining the connection between the modelled mechanical 

quantities and superconducting properties of the studied conductors. 
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Chapter 3 moves on to present the mechanical problem and to describe the FEM 

solution. It depicts the general principles of the developed models, for example, the 

material models and the conditions imposed to model the external loading. At the same 

time, the chapter represents the ideas behind the computational program. The basic 

concepts of the continuum mechanics are also described shortly. The chapter includes 

introduction of novel approaches for modelling creep deformation, bending and 

transversal compression loading in two dimensions. 

 

Chapter 3 shows the general principals of the models, but leaves some conductor type 

specific problems still to be solved. Chapters 4 and 5 deal with such issues in Nb3Sn or 

Bi-2223 conductors. These chapters present three main aspects. First, they describe the 

connection between the modelled stress and strain and the electrical and mechanical 

performance of the conductor. Second, they introduce approaches for handling features 

that are problematic to model in each conductor type. Third, they present sensitivity 

tests on the impacts of material properties on the results.  

 

Chapter 6 is related to validation of the models. In this chapter, experiments performed 

by other groups are simulated, and the computed results are compared with 

experimental ones. Chapter 7 discusses the usefulness of the FEM model compared to 

analytical methods. It presents a comparison between the results given by the modelling 

methods in basic loading situations. Chapter 8 demonstrates the potential of FEM 

modelling, and presents a model of a Bi-2223 tape under a typical loading in a magnet 

which cannot be treated with analytical models. Chapter 9 summarizes the results of the 

work and draws the conclusions. 
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2 Filamentary superconductor composites 

 
This chapter introduces the multifilamentary Nb3Sn and Bi-2223 conductors studied in 

this work. Section 2.1 presents the conductors, and procedures used in their 

manufacture. Section 2.2 clarifies the operation and mechanical loading conditions that 

are exerted on the conductor in applications such as magnets and cables, and Section 2.3 

reviews experimental observations on the behaviour of superconductor materials under 

loading. 

 

This chapter aims to motivate further the work done in this thesis and to present the 

background information needed in the conductor models. It presents the structure of the 

studied conductors and their material components and explains the manufacture related 

reasons that complicate finding the material properties for models. The chapter also 

explains the choices of studied loading situations. Last but not least, the chapter presents 

experimental observations on the impacts of mechanical loading to superconducting 

properties. These observations form the bases for connecting stress and strain to critical 

parameters of superconductivity later in this work. 

 

2.1 Studied conductors 

Both Nb3Sn and Bi-2223 conductors have a structure, where thin superconductor 

filaments are embedded in metallic matrix material. Such structure offers several 

advantages for the conductor performance and fabrication. First, matrix metal with high 

thermal and electric conductivity protects the conductor from damaging during faults, 



 10

where the superconductivity is lost. Second, both Nb3Sn and Bi-2223 are fragile, and 

the ductile matrix supports the filaments and hinders propagation of cracks from one 

filament to another. Third, matrix metal has larger thermal contraction than the 

superconductor, which causes pre-compression of superconductor after cooling. Pre-

compression is advantageous, because filaments fracture very easily under tensional 

stresses. Fourth, ductile matrix enables drawing of the wire during manufacture. Last, 

the matrix shields the filaments from environmental hazards. [1, p.397] 

 

Manufacture of superconducting wires and tapes consist of assembly, cold working and 

heat treatment stages. Assembly and cold working, comprising of such steps as drawing, 

swaging, rolling and pressing, aim to produce the desired conductor structure and 

dimensions. Intermediate annealing might also be used during cold working to remove 

hardening and to make conductor more workable. After cold working, heat treatment is 

typically applied to form the superconducting phase in the filaments. In the following, 

details of structure and manufacture are presented for different conductor types. 

 

2.1.1 Nb3Sn conductors 

The Nb3Sn conductors have undergone extensive development from the 1960’s. The 

material has long been used in laboratories and high field magnetic resonance imaging 

magnets. Recently, application in magnets for high energy physics accelerators and 

magnetic fusion energy has boosted the markets [26]. The critical temperature, 18.5 K 

[3, p.294], places Nb3Sn into the category of low temperature superconductors. 

 

The structure of Nb3Sn conductors depends on the processes used in manufacture. This 

work focuses on the bronze processed conductors, where the component materials have 

clear boundaries and well-known properties. In another widely used method called the 

internal tin process, the filaments often coalesce together during heat treatment, and the 

outlines of filaments become difficult to distinguish [27]. Before a proper model for 

internal tin conductors could be built of the filamentary regions, their composition and 

material properties should be better known. However, such analysis is not within the 

limits of this work. 
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A typical bronze processed Nb3Sn wire is shown in Figure 2.1. Usually, bronze 

processed conductors have a diameter around 0.5 – 1.5 mm and consist of niobium 

filaments covered by Nb3Sn layers and embedded in a bronze matrix. Often the 

filaments are arranged in groups. The number of the filaments may rise to several 

thousands, their diameter is usually some micrometers, and the thickness of Nb3Sn 

layers in filaments typically some 1 – 2 µm [28]. Copper stabilizer is added to promote 

the stability of the conductor and its protection in quench situations [3, p.299]. 

Nevertheless, ductile copper is also very advantageous in the fabrication process [3, 

p.136]. A barrier of niobium or tantalum between bronze and copper prevents tin 

diffusion from bronze into copper [3, p.299]. Nb3Sn conductors are often twisted to 

reduce electrical coupling between the filaments in an alternating external magnetic 

field. Usually, the twist pitch is at least ten times the wire diameter [26]. 

 

Due to the brittleness of Nb3Sn, the composite wire cannot be drawn after the 

superconducting phase is formed. Instead, the reaction creating Nb3Sn must only take 

place after the conductor is worked to the desired geometry and diameter. The bronze 

process begins with assembling the niobium filaments into bronze matrix and cold 

working the composites to a smaller diameter [3, p.297-9]. Several such bronze-

niobium wires are stacked together and drawn again. Stacking and drawing steps are 

repeated until the wire has the desired diameter and number of filaments. In between, 

     
Figure 2.1. Typical cross section of Nb3Sn wire. By courtesy of Luvata Pori Oy, 

Superconductors. 
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the wire must be annealed to soften the bronze that hardens in drawing [29]. The 

stabilising copper and the diffusion barrier are introduced before the final cold working 

steps. Finally, the wires are heat treated for 1 – 10 days at a temperature between 900 

and 1100 K [3, p.297-9], [29]. In the heat treatment, tin diffuses from bronze and reacts 

with niobium forming Nb3Sn layers onto the filaments. Simultaneously, the tin content 

in bronze decreases to 2 – 7 wt% reaching the lowest level in bronze regions next to the 

filaments [30]. As the niobium reacts to form Nb3Sn, the volume of the filaments 

increases, which also makes the wire cross-section area grow slightly [31, p.65]. In 

bronze processed wires, the increase in filament area has been observed to be 

approximately 20 %, whereas the area within the diffusion barrier has grown about 2 %. 

The effect is much larger in internal tin wires, where about twofold growth in both these 

quantities have been observed. 

 

2.1.2 Bi-2223 conductors 

The discovery of high temperature superconductors in the 1980’s opened new 

possibilities for superconducting applications. One of the new materials was 

(Bi,Pb)2Sr2Ca2Cu3O10, for short BSCCO-2223 or Bi-2223, with a critical temperature of 

110 K [1, p.455]. Its properties are well suited to electric power systems and magnets 

operated at over 30 K temperature [26]. Bi-2223 tapes are the most developed 

filamentary high temperature superconductors and manufactured commercially. 

However, their importance has lately decreased with the fast development of coated 

conductors. 

 

Due to chemical reasons, matrix material in Bi-2223 conductors is usually silver or 

silver alloy. Pure silver leads to better superconducting properties of filaments, but 

alloys reinforce the tape mechanically. In some tapes, the matrix consists of two parts. 

Silver is in contact with the filaments, while the outer part is silver alloy. The Bi-2223 

material is made of up to 20 µm long plate-like grains, whose mechanical and 

electromagnetic properties differ much between directions along the plates and in 

perpendicular to them. The Bi-2223 conductors are pressed or rolled into a tape to align 

the grains well, which is important for the superconducting properties. Figure 2.2 shows 
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Figure 2.2. Typical cross section geometry of Bi-2223 tape. Black areas are filaments and white 

region silver matrix.  [33] 

a cross section of a typical Bi-2223 tape. The cross sectional dimensions of commercial 

tapes are usually about 0.2 x 4 mm2. A typical tape contains some tens of filaments that 

make up 30 – 40 % of the tape volume. Typical cross sectional dimensions of filaments 

are around 10 x 200 µm2. Sometimes, the tape is reinforced with stainless steel 

lamination. Bi-2223 conductors are usually not twisted, because the lower critical 

current of twisted tapes cancels the benefit of loss reduction in alternating magnetic 

fields. [26, 32] 

 

The Bi-2223 tapes are mainly produced with the powder in tube process. In the process, 

the precursor powder is inserted into cylindrical silver or silver alloy billets, which are 

then sealed, evacuated and drawn to wires. To obtain a multifilament conductor, the 

wires are cut, and the pieces are bundled together and arranged into a silver or silver 

alloy cylinder. The sealing, evacuating and drawing stages are then repeated to produce 

a round wire. The wire is then flattened in several stages of rolling and heat treatment. 

Heat treatment is performed typically at around 1100 – 1120 K. [26, 34] 

 

2.2 Mechanical loads on superconductors 

In practical applications, various factors cause mechanical loading of the conductor. 

Heat treatment effectively relaxes stresses, but after heat treatment, loading increases 

again. Changing the temperature gives rise to thermal stresses in a composite, where the 

component materials that tend to expand or contract differently restrict each others 

thermal deformation. The assembly processes may increase the loading further. During 

operation, the current and magnetic field interact and give rise to electromagnetic 

forces. Also forces from, for example, rotation or shaking may act on the conductor. 

This section presents the typical loading conditions in a magnet or in a power 

transmission cable. 



 14

2.2.1 Typical loading conditions 

In all applications of filamentary superconductors, thermal stresses become significant 

due to the large temperature changes during their life-time. Temperature changes 

include cooling after heat treatment and warm ups and cool downs between the 

operation and the room temperatures during the service life. The loading created during 

assembly or operation depends largely on the type of application. 

 

Thermal stresses depend on the heat treatment and operation temperatures. Heat 

treatment temperatures for different conductors were presented in Section 2.1. The 

operation temperature of superconductors must be below the critical temperature. In 

general, decreasing the operation temperature enhances the current carrying capacity 

and magnetic field tolerance of superconductors, but increases the costs and complexity 

of cooling. Most popular cooling options are immersing the conductor in liquid helium 

or nitrogen, using cold helium gas and conduction cooling. Power applications of Nb3Sn 

conductors are usually operated in supercritical helium, but some systems cooled with 

cryocoolers to around 10 K exist also [35]. However, many measurement systems for 

Nb3Sn conductors use liquid helium at 4.2 K. The optimal operation temperature for Bi-

2223 in power applications is 20 – 30 K [1, p.1571], but the measurements are often 

performed in a liquid nitrogen bath at 77 K. 

  

In a magnet application, loading depends markedly on whether the magnet is wound 

before or after the heat treatment. If the magnet is wound before, heat treatment relaxes 

most of the stresses created during winding. If the winding is performed for a heat-

treated conductor, the stresses remain in the final magnet. Loading during winding is 

mainly bending, but also axial tension is applied to obtain a tight winding pack. Nb3Sn 

magnets are typically wound before heat treatment, whereas Bi-2223 magnets are 

fabricated using either method [3, p.316-7], [36]. 

 

Other sources of loading in magnets are the temperature changes and electromagnetic 

interaction during operation. Thermal stresses are created in the conductor either on a 

spool or in a magnet, when the temperature decreases after heat treatment to the room 
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temperature. Thermal stresses increase further when the magnet is cooled to the 

operation temperature. In a magnet, thermal contraction of materials in insulation and 

magnet fixture influence the thermal stresses. Finally, during operation, electromagnetic 

forces act on the conductor. Their distribution and direction relative to the conductor 

depends on the coil shape and arrangement. In a solenoid for example, the radial forces 

in the inner part of the coil are the most important. They act to enlarge the 

circumference of the coil and cause circumferential hoop stresses in the conductor. Less 

significant axial forces in the ends of the coil act to shorten it, and radial forces in the 

outer radius push the outer turns towards the coil axis.  These forces cause transverse 

pressure on the conductor. [3, p.41-7] 

 

In a power transmission cable, fabrication and installation cause the largest loads on the 

conductor, and the magnetic forces are relatively small. Again, thermal stresses arise 

from cooling after heat treatment. In the fabrication process, the conductor is subjected 

to bending, friction and axial tension loading as it is spooled, pulled through different 

guides and mounted on a cable core. Tension increases if the conductor is pulled into a 

cryostat or an installation duct. In addition, the cycling between the operation and room 

temperatures changes the thermal stresses. [37] 

 

2.3 Influence of mechanical loads on superconducting 
properties 

The studied superconducting materials are very sensitive to mechanical loads. 

Mechanical loads influence their performance in two ways. Loads fracture the brittle 

superconductor, but may also cause lattice distortion, which changes the critical 

parameters of superconductivity. The electrical response to load is somewhat different 

in Nb3Sn and Bi-2223 materials. 

 
This section reviews experimental observations on the impacts of mechanical loading 

on the superconducting properties of Nb3Sn and Bi-2223, and thereby, gives further 

motivation for the developed models of multifilamentary superconductors. Moreover, 
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the section sets up ground for the degradation models that are used to connect the stress 

and strain results of the FEM models to the superconducting properties of the 

conductor. Such models are presented later in this work in Sections 4.2 and 5.2. 

 

2.3.1 Nb3Sn 

Mechanical loading affects superconducting properties of Nb3Sn in two different ways. 

Under moderate loading, strain modifies the lattice properties related to 

superconductivity and changes reversibly the critical parameters of superconductivity, 

i.e. critical current and magnetic field densities and critical temperature. At larger 

loading, the superconductor fractures mechanically, which disturbs the current flow and 

causes irreversible degradation of superconducting properties [2]. 

 

Studying the superconducting properties of multifilamentary superconductors under 

uni-axial loading brings out many important features of their behaviour. As an example, 

Figure 2.3 presents schematically the critical current of a typical bronze processed 

Nb3Sn wire under axial tension. Before the measurement, filaments are under thermal 

 
Figure 2.3. Schematic representation of critical current in Nb3Sn wire under axial tension. 

Critical current is normalized to its maximum. The representation is formed based on measured 

data in [38-40], and numerical values are indicative. 
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compression created during cooling after heat treatment. First, the critical parameters 

increase with applied tension as the thermal compression of Nb3Sn is removed, and the 

maximum is obtained when the thermal compression is compensated. Thereafter, further 

tension reduces the critical parameters again. The reduction is first reversible, but then, 

filaments begin to crack and the degradation becomes irreversible. Under compression, 

irreversible changes have not been detected [40], and thus, the critical parameters 

decrease reversibly [41, p.63]. The reversible changes are typically quite symmetrical 

about the maximum when the critical properties are studied as a function of applied 

strain. The irreversible changes, on the other hand can be seen as sudden drop of critical 

parameters. 

 

The reversible changes in superconducting properties are due to strain induced 

distortion in the lattice [42]. Observations have shown that the reversible changes are 

connected closely to distortional strains, while the impact of volumetric strains is 

negligible [43]. 

 

Nb3Sn is brittle, and the critical strain causing fracture under tension is about 0.2 % in 

bulk material [3, p.57]. Larger strain tolerance has been observed in filaments of bronze 

processed wires, where the intrinsic strain tolerance of about 0.55 % has been deduced 

from the results of axial tension test [40]. However, the strength varies within the 

filaments. The filaments contain notches and microcracks that act as stress 

concentration sites. For example, wires fabricated with bronze process contain voids 

with diameter less than 5 µm adjacent to the filaments. SEM images have shown that 

the cracks are initiated near the voids earlier than in other places [44]. Thick Nb3Sn 

layers fracture more easily than thin ones due to material brittleness [44].  

 

Under compression, Nb3Sn does not crack easily, although its strength is not known 

very well.  As already mentioned, irreversible changes in the critical properties have not 

been observed under axial compression. Also in bending tests, significantly lower crack 

density has been observed in the compressed part of wire than in the part under tension 

[31]. Good tolerance against fracture in compression is typical for brittle materials. 
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Some studies have given indication that, in addition to fracture of the actual Nb3Sn 

material, splitting of filament-matrix interface might initiate degradation of 

multifilamentary conductors [45]. Unfortunately, the strength of the interfaces is poorly 

known. 

 

The fracture of one filament increases the load carried by the others and thereby, may 

promote their fracture, for example, under axial tension [40]. Nevertheless, unreacted 

niobium cores sometimes stop the growth of cracks. Then, the filaments fracture 

individually, and their current can transfer to other filaments. This kind of behaviour has 

been observed in bending experiments [44].  

 

2.3.2 Bi-2223 

In Bi-2223, degradation of superconducting parameters under loading is mainly caused 

by the mechanical fracture and is, thereby, irreversible [46, 47]. Bi-2223 is very fragile, 

and the critical strain causing fracture in bare filaments is typically between 0.1 % and 

0.2 % [48]. The fracture of multifilamentary tapes has sometimes been connected to the 

failure of the filament-matrix interface as well [49]. Unfortunately, the stress level 

causing such failure is not well known. Under compression, the strain which fractures 

Bi-2223 filaments has been estimated to lie between – 0.07 % and – 0.4 % [16], i.e. it is 

not very well known either. 

 

The main effects of mechanical loading on superconducting properties of a 

multifilamentary Bi-2223 tape are seen in axial tension test. Figure 2.4 presents 

schematically the typical critical current development in such a test. The tape may be 

compressed axially in some extent without degrading the critical current irreversibly, 

but after compressive load causing filament failure is exceeded, the critical current starts 

to decrease. Under tension, the current is nearly constant up to the so-called 

irreversibility strain, the value of which is determined by the precompression and the 

tensile stress tolerance of the filaments. At the irreversibility strain, the critical current 

starts to decrease drastically due to filament fracture. The slight degradation before 

reaching the irreversibility strain does not depend on magnetic field, but after the 
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Figure 2.4. Schematic representation of critical current in Bi-2223 tape under axial tension. 

Critical current is normalized to its maximum and irreversible strain in this presentation is 

around 0.4 %. The representation is formed based on measured data in [51, 52], but numerical 

values are only indicative. 

irreversibility strain is reached, the critical current drops faster in small than in large 

magnetic fields [50]. 

 

The fracture in Bi-2223 begins from the mechanically weak links that may be left after 

the fabrication process [50]. Especially, rolling produces microcracks that are only 

partially healed during the heat treatment. These microcracks are typically directed 

perpendicularly to the tape length. The filament material is also characteristically quite 

porous and contains notches. Microcracks and notches act as stress concentration sites, 

where the cracking takes place at lower loading than elsewhere. 

 

Multiple cracks in the same filament are typical when the loading is increased after the 

first crack [50]. Bi-2223 is very brittle material so that the cracks grow easily in 

filaments. In addition, due to increased loading of other filaments, the crack often 

propagates to the neighbouring filaments. As an example of such behaviour, tape-wide 

fracture is commonly found under axial tension [50]. 
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2.4 Discussion 

Introducing the structure of filamentary Nb3Sn and Bi-2223 conductors revealed several 

features that affect their modelling. Nb3Sn conductors are typically round wires, 

whereas Bi-2223 conductors are rolled into flat tapes. In Bi-2223 tapes, the filaments 

are usually straight, but the Nb3Sn conductors are twisted in order to reduce losses in an 

alternating magnetic field. In both conductors, brittle superconductors are embedded in 

ductile matrix material. Furthermore, in Bi-2223 tapes, the grain alignment in filaments 

causes anisotropy of the filament properties. The distinctive behaviour of materials will 

influence the choice of material models later. 

 

Both conductors contain small structural details. Later chapters will show that these 

details complicate the modelling significantly. The Nb3Sn conductors typically contain 

thousands of filaments with a specific substructure. The Bi-2223 conductors have fewer 

filaments, but as seen in Figure 2.2, the filaments often have a complicated shape. In 

both conductors the dimensions of structural details are typically very small. 

 

The details of the manufacture procedures influence the material properties of the final 

conductor markedly. In bronze processed Nb3Sn conductors, the final tin content of 

bronze depends on tin diffusion during heat treatment [30]. In Bi-2223 conductors, the 

porosity of filaments depends on the success of manufacture, but the manufacture may 

also influence the properties of the silver matrix. The final properties depend both on 

the parameters of manufacture and on the conductor details. The dependences are 

complicated and the properties of a particular conductor are not well known without 

careful analysis. Unfortunately, such analysis is rarely available. 

 

Bending, axial tension, transversal compression and electromagnetic forces were chosen 

as the investigated loading conditions, because they are important in both magnets and 

cables. The differences between the heat treatment and operation temperatures are very 

large, which creates a need to model thermal stresses. Both Nb3Sn and Bi-2223 fracture 

easily under loading. Mechanical loading also changes the superconducting properties 

of Nb3Sn reversibly even when the load is not high enough to cause fracture. 
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3 Computational model and finite element method 

This chapter introduces the basic mechanical model used in this work and its solution 

with FEM. Section 3.1 reviews the main concepts of the continuum mechanics model 

and its most probable error sources. Section 3.2 concentrates on material models, which 

are an especially problematic part of the model. Section 3.3 presents the loading models 

used in this work. Finally, section 3.4 introduces the numerical FEM procedure used to 

solve the mechanical problem. The chapter is related to Appendices A – D that describe 

some important enhancements and details of the model. 

 

This chapter introduces the basic modelling choices needed for studying the conductors 

under focus and presents the principles of the developed computational program. This 

chapter and appendices related to it present the two-dimensional formulation of the 

mechanical problem for straight, bent and twisted conductors, and the magnetostatic 

problem needed for calculating electro-magnetic forces. They describe also the chosen 

elastic and elasto-plastic material models, which may include anisotropy and 

temperature dependence of material properties. Particularly, a simple approach is 

introduced to take into account the creep deformation at high temperatures. Also, two-

dimensional models for the studied loading conditions, which include novel ways to 

model transversal compression and bending, are presented. Lastly, the chapter clarifies 

the special details of the FEM solution which are required to describe the large degree 

of plastic deformation in metallic component materials. 
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3.1 Continuum theory 

The theory of continuum mechanics [53] ignores the material microstructure, and does 

not distinguish separate material particles, such as grains. Instead, material is treated 

macroscopically homogeneous, and its properties are related only statistically to the 

particle system. Such approximation is essential for efficient modelling, and holds well 

if the material particles are small compared to the dimensions of the model geometry. 

That is not always the case in the studied conductors, which presents an error source to 

model as noted in subsection 3.1.4. In the continuum model, distributions of stresses 

and strains are described with differential equations. 

 

The main purpose of the mechanical model is to determine the stress and strain 

distributions that influence the performance of the superconductor. Also the 

displacement field is important, because it can be used as the main variable field of the 

problem. This section introduces the stress and strain quantities, the requirements for 

stresses and the connection between strains and displacements. The boundary conditions 

that are later used to describe loading on the conductor are also discussed. Material 

models, that connect the stress and strain, are presented in the next section. For clarity, 

expressions describing the mechanical model and FEM procedure are represented in the 

Cartesian coordinate system. 

 

3.1.1 Stresses 

Concept of stress is useful in quantifying internal and external forces distributed in a 

body or along its boundary. Stresses describe forces that are distributed over an 

infinitesimal unit area cut out of a body in certain directions or over an infinitesimal unit 

area on the bounding surface [54]. The material can tolerate stresses only up to some 

certain level without fracture. Therefore, finding the stress distribution in the fragile 

parts of superconductors is one of the primary goals in modelling. 
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The concept of stress is clarified by inspecting an imaginary surface inside a material. 

Under loading, internal forces keep both sides of the surface together. Internal force 

distribution can be examined with the Cauchy stress vector, which is defined in a point 

as the limit of the force per area as the area of the surface containing the point 

approaches zero. The Cauchy stress vector is not unambiguous in a point but depends 

on the inspected surface. However, according to the Cauchy’s stress principle, the stress 

vector depends only on the normal of the surface at the inspected point.  

 

The stress tensor in a point contains information about the stress vectors connected to 

all possible surfaces passing through the point. Thus, if the unit normal of a surface in a 

point is known, the stress tensor gives the Cauchy stress vector connected to that surface 

in that point. Clearly, the stress vector does not need be parallel with the surface normal. 

All information of the stress tensor is obtained if the stress vector is known for any three 

surfaces that have linearly independent normals. It is, therefore, possible to present the 

stress tensor with nine components, i.e. with three components for each independent 

surface. 

 

To determine the representation of the stress tensor, the surfaces with normals parallel 

to the coordinate axis are examined. The normal and tangential components of the stress 

vectors on surfaces are called normal and shear stresses, respectively. The normal 

stresses are denoted after the normal of the surface to which they are related as σx, σy 

and σz and are positive when the material is under tension. Shear stresses are denoted as 

τxy, τyz, τxz, τyx, τzy and τzx, where the first subscript refers to the normal of the surface 

and the second to the direction of the stress vector component. From the balance 

equation of moment of momentum follows that the shear stresses are pair wise equal, 

i.e. τyx = τxy, τyz = τzy and τzx = τxz. Thus, the number of distinct stress components 

reduces to six, and they can be represented with a vector  

σ = [σx, σy, σz, τxy, τyz, τxz]T. 

 

The stress is often divided into the hydrostatic, p, and deviatoric, s, components as 

. The division is useful in modelling the material behaviour. Particularly, only 

the deviatoric component causes notable plastic and creep deformation in ordinary 

spσ +=
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conditions [55, p.260], [56, p.41]. Physically, the hydrostatic component causes the 

same stress vector with only a normal component for any surface in a point. On the 

other hand, the deviatoric component induces different, not necessarily normal, stress 

vectors for different surfaces. In isotropic material, the deviatoric stress distorts the 

body. The hydrostatic component can be obtained as the average of the normal stresses 

on three perpendicular surfaces. In the Cartesian coordinates 

, where [ ]T000ppp=p ( ) 3zyx σσσ ++=p . The deviatoric part is 

obtained by subtracting . [57, p.108] pσs −=

 

3.1.2 Strains 

Another side of the problem is the deformation of the material. As the body is 

deformed, the material points are displaced from their original positions to new ones. 

However, stresses are related only to deformations that change the distance between 

material points during the deformation. Such deformations are quantified with the 

strains. Rigid translations or rotations, where the points move together preserving their 

positions relative to each other, are not connected to stresses. 

 

The strain in a point tells how deformation affects lengths and relative angles of any 

infinitely small line elements that go through the point. If the displacements are known, 

the change in the length and direction of any short line element can be calculated. To 

obtain strain, the rigid rotation that rotates all line elements in a point similarly must be 

removed from the deformation. Such rotation is possible in the neighborhood of a point 

even though the whole body would not rotate rigidly. For a given line element, strain 

contains the information about its length change. For a pair of line elements, it 

additionally tells how the angle between them changes. Strain in a point is known if the 

changes in lengths and mutual angles of three linearly independent line elements are 

determined. 

 

For strain, length changes of line elements are always proportioned to their lengths. 

With large deformations, the value of strain depends on whether the original or final 
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lengths are used in proportioning. This gives rise to various strain measures, but here, 

the deformations are assumed small enough to use the infinitesimal strain tensor, which 

neglects the difference between the original and final line element lengths. The 

infinitesimal strain tensor also ignores some terms from strain expressions that are 

negligible with small deformation. 

 

Strain information can be collected in a vector ε = [εx, εy, εz, γxy, γyz, γxz]T. For 

infinitesimal strain, the normal strain components, εx, εy and εz, correspond to the 

relative changes in the length of the line elements parallel to the coordinate axes. The 

shear strains, γxy, γyz and γxz, describe the change in the angles between the line elements 

that initially were parallel to the coordinate axes indicated in the subscripts. Each shear 

strain component equals half of the decrease in this angle in radians. 

 

3.1.3 Formulation of mechanical problem 

The formulation of mechanical problem for solving stress and strain uses the 

displacement field u(x) = [u(x), v(x), w(x)]T as a variable. The components of the 

infinitesimal strain tensor depend on the displacement as 

xx ∂∂= uε , yy ∂∂= vε , zz ∂∂= wε ,  

xvyu ∂∂+∂∂=xyγ , ywzv ∂∂+∂∂=yzγ  and xwzu ∂∂+∂∂=xzγ . (3.1) 

The stress, on the other hand, is connected to strains through material models that are 

also called constitutive equations. They are presented in the next section. 

 

The requirements for stresses are given with equilibrium equations. They are based on 

the zero translational acceleration, which requires that the forces acting on boundaries 

and throughout the mass of any volume balance each other. The equilibrium must be 

fulfilled also for every infinitesimal volume in the material, which allows writing the 

balance with differential expression  
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The body force vector, b = [bx, by, bz]T describes the density of external forces that act 

on the material volume. Body forces can be, for example, the gravitation or the 

electromagnetic forces. 

 

The mechanical model is completed, when boundary conditions are set. The boundary 

conditions describe the interaction of the modelled geometry with the surrounding 

environment. From the mathematical view point, they are needed to determine the 

stress, strain and displacement fields uniquely. 

 

The boundary conditions can be either a known displacement or a force distribution 

called the surface traction acting on the outer boundary of the modelled geometry. In 

any case, one independent condition must be known per each modelled direction in each 

point of the surface. In addition, unique solution for displacement field requires that 

rigid displacements or rotations of the body are prohibited with displacement boundary 

conditions set on part of the boundary. 

 

A sort of boundary condition appears also in the material interfaces, where different 

material regions interact. Material interfaces were modelled to have perfect contact, so 

that the material surfaces on the interface move together. Then, the displacement and 

traction vectors must be continuous on the interface. 

 

3.1.4 Error sources for the mechanical model 

The theory presented above used some simplifying approximations, whose validity is 

not certain for superconducting composites. The most significant of such 



 27

approximations are modelling the material as continuum, using the assumptions of 

small deformations and treating the contact between material interfaces as perfect. 

 
Continuum approximation is based on the assumption that separate particles are small 

compared to the dimensions of the modelled geometry. However, the cross sectional 

dimensions of superconducting composites can sometimes be comparable to the grain 

size. Especially, if the filament number of conductor is large, the filaments and matrix 

regions in between may contain only a few grains [26, 30, 58]. The continuum model 

thus neglects, for example, the grain boundaries and the grain-specific anisotropy of the 

material behaviour. However, building a model where all grains were modelled 

individually in detail would be extremely laborious and information needed for such 

model would be very difficult to find. In addition, continuum mechanics models have 

been successfully built for other metal matrix composites with similar dimensions [59]. 

The continuum model was, thus, chosen despite its deficiency to model grain level 

inhomogeneities.  

 

The deformations were assumed small, which simplified the computational process 

greatly. Most importantly, changes in the coordinates of the geometry during 

deformation could be ignored. This allowed using infinitesimal strain tensor, and also 

influenced the evaluation of equilibrium equations. The smallness of deformations also 

allowed the use of simpler material models. Approximating the deformation small is 

generally considered applicable if the magnitude of strain is ten percent or less [60, 

p.27]. After heat treatment, the strain remains well within this range, if the 

superconductor does not break down badly. However, with the chosen approximations, 

the computational model could not be used as such to model, for example, the cold 

working procedures, where the deformations are large. 

 

Perfect contact on material interfaces is principally a good approximation for Nb3Sn and 

Bi-2223 conductors before the filament breakage. Good contact between the filaments 

and matrix is an important goal in manufacture of filamentary superconductors because 

it is required also for good electrical and thermal stability. In Bi-2223 tapes, the grains 

of filament material penetrating deep into the silver matrix have been observed [61] 

which most probably lock together the interfaces near them. Nevertheless, there are 
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some features that weaken the contact at the material interfaces, and ignoring them may 

cause error in the model. Modelling such features calls for detailed information on the 

contact, which is not available. In Nb3Sn wires, the heat treatment generates voids near 

the filament-bronze interface [44, 62], and in Bi-2223 tapes rolling may cause 

delamination of the superconductor-silver interface [63]. The interface contact may also 

be lost during loading, especially if the interface is under large tensile stress or shear 

forces. In Nb3Sn wires, the conductor breakage may sometimes initiate from the 

splitting of the filament-matrix interface [28, 45]. In Bi-2223 tapes, delaminations have 

in some instances been observed after bending the tape [14, 49]. 

 

3.2 Material models 

This section describes the relation between the stress and the strain in the materials of 

filamentary superconductors. Material models have to account for several specific 

issues. The modelled conductors contain very pure metals, which are soft and deform 

with very non-linear stress response at very low stress levels. The conductors are 

modelled starting from heat treatment, and the large temperature changes make the 

thermal deformation significant. Moreover, the stress and strain relation depends 

markedly on the temperature. This section describes how such specifics can be included 

in the material models. In addition, Appendix A illuminates the modelling of 

temperature dependence of material properties and anisotropic nature of Bi-2223 

material. The material parameters and their temperature dependence used in this work 

are presented in Appendix B. The material models presented in this section are collected 

from [57, 64]. 

 

The component materials of filamentary superconductors can be roughly divided into 

two groups: fragile superconductors and ductile metals. Fragile materials deform in the 

practical level only reversibly, and loading cannot change permanently their shape. 

Generally, fragile materials fracture at relatively small strain by cracking. Ductile 

materials can usually withstand relatively large strains without fracturing, but loading 

may create shape changes that remain even after the load is removed. 
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In the material models, the total deformation is divided into components, according to 

different creation mechanisms of the deformation. The most common deformation types 

are elastic, plastic, thermal and creep deformations. Elastic deformation represents the 

reversible part of deformation, that is, size and shape changes that are restored after the 

load is removed. Plastic deformation describes the permanent shape changes that remain 

even after the load is removed. Thermal deformation is created when material expands 

or contracts during temperature changes. It is removed if the original temperature is 

returned. Creep deformation describes the deformation that changes in a loaded object 

with time. 

 

Here, elastic and elasto-plastic material models were chosen for the component 

materials. In principle, the elastic model includes all the deformation types mentioned 

above except plastic deformation. According to the discussion in Appendix A however, 

also creep deformation is insignificant in the materials modelled with elastic model in 

this work. Elastic model was used for fragile materials that typically fracture before 

experiencing any significant plastic deformation. The elasto-plastic model, used for 

ductile materials, included all the deformation types mentioned above. 

 

Deformations in the studied loading cases are considered quite small. Then, it is 

common to assume that strains connected to different deformation types are 

independent of each other and that the total strain, ε, in the materials is their sum. Thus, 

in the elasto-plastic model  

CTPE εεεεε +++= ,     (3.3) 

where εE is elastic, εP, plastic, εT thermal and εC creep strain, and in the elastic model 

CTE εεεε ++= .     (3.4) 

 

3.2.1 Elastic and thermal strains 

According to a common assumption, the elastic strain is the only strain type that causes 

stress. Moreover, the stress depends on elastic strain linearly as 

EDεσ = ,      (3.5) 
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where D is the elastic stiffness matrix. The stiffness matrix for an anisotropic material is 

presented in Appendix A. In an isotropic material, the stiffness matrix can be expressed 

using two constants, Young's modulus, E, and Poisson’s ratio, ν. In orthonormal 

coordinates the stiffness matrix is 
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The physical meaning of Young’s modulus and Poisson’s ratio is the easiest to grasp 

considering uni-axial tension. With uni-axial tension, one can find a coordinate system 

where only one normal stress component is non-zero and shear strains do not exist. 

There, Young’s modulus is the ratio of the non-zero normal stress to the strain in the 

same direction. The Poisson's ratio, on the other hand, is the complement of the ratio 

between the normal strains perpendicular and parallel to the non-zero stress. The shear 

modulus, G, describes the relation between the shear stress and strain, but in an 

isotropic material, it depends directly on E and ν. 

 

The thermal strain can be assumed independent of the stress state. The thermal strain 

strives to change the volume of the material, and does not, in an isotropic material, 

affect the angles between the line elements. The thermal strain vector of an isotropic 

material can be written as , where ε[ T
TTTT 000εεε=ε ] T is the thermal strain 

in one direction. The thermal strain vector for anisotropic material is presented in 

Appendix A. The value of εT depends on the material, temperature and difference to the 

original temperature. Measured data for it is found in the literature. 
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3.2.2 Plastic strain 

Plastic strain, εp, in the elasto-plastic material model depends on the stress in a 

complicated way. To facilitate the understanding of its general model, plastic strain 

generation, i.e., yielding, is first inspected in uni-axial tension, where stress, strain and 

plastic strain in direction of tension are described with σ, ε and εp, respectively. Figure 

3.1 shows the stress and the total strain in the direction of stress in such a case. For 

simplicity, the thermal and creep strains are zero in the figure. 

 

In the beginning of uni-axial tension, the material deforms elastically, σ = Eε. The 

plastic strain is zero until the stress reaches the yield limit, σ0, whose initial value, 

σ0(0), is called the yield strength. According to the model, stress can never exceed the 

yield limit, σ0(εP). Thus, to increase total strain further, either the plastic strain, which 

does not change stress, must increase, or the yield limit must grow. Actually, both these 

happen in the elasto-plastic model. 

 

When the total axial strain is increased after reaching the initial yield limit, plastic strain 

is created so that the stress σ = E(ε−εP) remains equal to the yield limit. However, the 

material also hardens in response to the growing plastic strain meaning that the yield 

limit increases. This allows some growth in the elastic strain and stress, too. The 

 
Figure 3.1. Stress and strain in axial tension according to elasto-plastic material model. 
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dependence, σ0 = σ0(εP), is material specific and obtained from measurements in uni-

axial tension. Figure 3.1 shows the division of strain into the elastic and plastic 

components in an example point A and the yield limit after hardening. Plastic 

deformation causes strain also in perpendicular direction. Plastic deformation is 

incompressible, so that, in uni-axial tension, the strain in perpendicular direction has the 

opposite sign and half of the magnitude of the strain in the stressed direction. 

 

Possible unloading during a test decreases the elastic strain, and thereby the stress, but 

does not affect the plastic strain or the yield limit. Figure 3.1 shows an example of 

unloading at point B. The stress decreases with the slope equal to Young's modulus to 

point C. Further reloading increases the stress without further plastic strain generation 

until the stress reaches again the yield limit which was determined at point B before 

unloading. Thereafter, the plastic strain is created and material hardens as before the 

unloading. 

 

If the stress state is multi-axial, the modelling of plastic strain and hardening becomes 

more complicated. Then, the stress and the plastic strain are modelled with equivalent 

scalars that follow similar dependence as the uni-axial stress and strain in Figure 3.1. 

Furthermore, a flow rule is needed to determine how the generated plastic strain is 

divided into normal and shear components. 

 

The equivalent scalar for stress was chosen to be the Von Mises effective stress  

LssT

2
3

eff =σ ,     (3.6) 

where . The Von Mises stress, similar to the stress in 

uni-axial tension, is compared to the yield limit. Material deforms elastically if the yield 

function 

( 2,2,2,1,1,1diag=L )

0eff σσ −=f  remains below zero. Plastic deformation is created when f = 0. 

During plastic deformation, σ0 increases through hardening. The combined effect of 

plastic deformation and hardening is such that f remains zero. 

 

In a multi-axial case, demanding f = 0 does not unambiguously determine the created 

plastic strain. The model still requires a principle to determine the ‘direction’ of the 
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generated plastic strain, meaning the relative magnitudes of normal and shear 

components. The principle is called the flow rule. In the flow rule used here, the growth 

of plastic strain dεp depends on the yield function as 

σ
ε

∂
∂

=
fλdd P .     (3.7) 

The flow rule contains constant dλ that must be determined so that f = 0 holds. Its 

integral λ is called the plastic multiplier. 

 

The hardening model is generalized to the multi-axial case with equivalent strain 

P
1T

P
eq
P 3

2 εLε −=ε .     (3.8) 

The equivalent strain replaces the axial plastic strain of the uni-axial case in the 

hardening relation, which becomes σ0 = σ0( ). For the material models discussed here 

 reduces to λ. Moreover, in uni-axial tension, the equivalent plastic strain equals the 

plastic strain in the direction of stress. The chosen hardening model is called isotropic 

and it ignores the Bauschinger effect, which decreases the yield limit in compression 

when material hardens in tension.  

eq
Pε

eq
Pε

 

3.2.3 Creep strain 

Creep means a deformation process that happens with time in a loaded body and is 

created in a way that it relaxes stresses in the body. For example, in a rod drawn from 

its ends with a constant force, creep would gradually and irreversibly lengthen the rod. 

The creep rate increases with temperature, and therefore, creep deformation is 

especially significant at temperatures exceeding one third of the material melting point, 

Tm. Creep deformation is important in filamentary superconductors because of their 

high heat treatment temperatures. It is then likely that creep deformation is created 

during cooling after heat treatment. Ignoring the stress relaxation would result in 

overestimating the thermal stresses. In addition to the temperature, creep rate depends 

also largely on the material stress state.  
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Unfortunately, accurate modelling of creep deformation is difficult. The creep rate and 

its variation with time are very sensitive to the composition and microstructure of the 

material as well as its environment and handling. Here the stress relaxation is taken into 

account in an approximate way called the on-off approach. At a certain temperature and 

material, creep is assumed to happen either infinitely rapidly or not at all. The limit 

temperature between these two types of behaviour, TL, is then varied to define the 

general trends of the creep related effects. A more detailed description of creep, its 

appearance in different materials and an approximate modelling method are explained 

in Appendix A. 

 

3.3 Loading 

Actual loading was included in the model as imposed conditions, such as boundary 

conditions. This section presents the conditions that can be used to model loading that 

consists of thermal stresses, axial tension, bending, transversal compression and 

electromagnetic forces. Loading in an application, for example in a magnet, can be 

modelled by combining conditions that describe different types of loading. A sequence 

of different loading types can be modelled using the results of the previous load model 

as initial data for the next one. In this work, mostly loading cases with one or two 

dominant loading types were investigated to enable easy interpretation of results and 

comparison with experiments. 

 

All loading types studied in this work can be modelled in two-dimensions for 

conductors that are homogeneous along their length. The two-dimensional model 

concentrates only on one conductor cross section, and contains a significantly smaller 

amount of unknown variables than the three-dimensional. Therefore, it is easier and 

faster to solve computationally. The number of unknown variables can be further 

decreased by taking advantage of the cross sectional symmetry. 

 

In loading cases of axial tension, transversal compression and electromagnetic forces 

the conductor was modelled as straight using Cartesian coordinates. However, for 
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models of bent conductors cylindrical coordinates were easier to use. The model of a 

bent conductor is clarified further in Appendix C. Thermal stresses were modelled for 

both straight and bent conductors. The straight model is needed, for example, when 

investigating short conductor pieces that are heat treated and cooled afterwards as 

straight. A bent model is required, for example, when studying a conductor that is heat 

treated and cooled on a spool. 

 

3.3.1 Methods to model loading 

All loading models assumed that the cross section planes of a conductor remain planar 

and perpendicular to the conductor axis at all times during loading. The assumption 

holds accurately in an infinitely long conductor where loading is homogeneous along 

the conductor length and axial body force and axial surface traction on conductor 

perimeter are zero. If the conductor additionally is homogeneous along its length, the 

shear strains connected to the longitudinal direction are zero. In straight conductors, the 

assumption requires that the longitudinal displacement is constant in the cross section 

plane. Moreover, as every piece of conductor deforms similarly, the longitudinal normal 

strain, εz, must be constant in whole conductor. It can be set to a pre-determined value 

to describe axial tension of the conductor. Appendix C shows that a similar quantity can 

be found for a bent conductor. It is the change in the central angle of a conductor piece 

relative to its value before deformation. Central angle, θ, is illuminated in Figure C.1. 

 

The longitudinal normal strain or the relative change in the central angle can also be 

unknown before solution. However, it can be solved when an additional condition is 

added to the requirement equations. In straight conductors, the longitudinal normal 

strain can be solved with an imposed condition 

∫
Ω

= dΩzz σF ,     (3.9) 

where Fz is the net axial force , σz is the axial normal stress component, and Ω the 

investigated geometrical domain. If the conductor ends can move freely, Fz is set zero. 

For bent conductors, the corresponding requirement for solving the relative change in 

the central angle is given for the net bending moment, M, on the cross section about the 
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axis of bending. The net moment is obtained from the stress component parallel to the 

conductor axis, σθ, as 

xrrM ddθ∫ ∫= σ ,     (3.10) 

where r is the radial coordinate and x the coordinate perpendicular to it in the cross 

sectional plane. 

 

Other possible imposed conditions are boundary conditions, body forces or thermal 

strains inside the conductor. The boundary conditions can describe either displacement 

or surface traction on the boundary, as explained in Section 3.1.3. A special case of the 

displacement boundary condition is in the model of bending, where radial displacement 

is used to define the bending radius of the conductor. For boundaries that are free to 

move, the boundary condition is of course zero force density. The body forces are in 

this work always electromagnetic forces. 

 

3.3.2 Loading cases 

The imposed conditions above were used for models of some simple loading cases. The 

case of thermal stresses, describing the cooling of a conductor, preceded every other 

loading case. The loading cases of axial tension, bending and electromagnetic forces 

imitated the experimental tests. The case of transversal compression described 

continuous compression along the conductor, although usually in experiments only a 

short length is compressed. However, piecewise compression is not relevant for 

magnets, and would require a three-dimensional model not needed for other loading 

cases. 

 

In the loading case of thermal stresses, the driving condition was the thermal strain. For 

straight conductors, the axial strain and for bent conductors, the relative change in the 

central angle was unknown. Thus, these models contained additional condition Fz = 0 

and M = 0, respectively. In the straight conductor, the boundary condition was zero 

external force density everywhere on the conductor surface. In the bent model, the 

radial position of the conductor in cylindrical coordinates corresponded to the bending 
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radius before the temperature change. In the part of boundary closest to the bending 

axis, the displacement was set zero. The body forces were zero in both straight and bent 

conductor models. 

 

In axial tension, the driving condition was predetermined axial normal strain. All 

boundaries could move freely. Thermal strain and body forces were zero. 

 

Transverse compression was studied only for tape conductors. In the model, the wide 

surfaces of the tape were pushed towards each other. Compression was modelled with 

two different ways describing somewhat different situations. Displacement constraints 

represent compression with a rigid object, whereas force constraints correspond to 

compression with a flexible component. The real situations should fall between these 

two cases. For example in magnets, the conductor is compressed by the surrounding 

winding pack, whose rigidity is comparable to that of a single conductor. 

 

With displacement constraints, the displacement component parallel to the compression 

was constrained on the part of the boundary where compression was applied. The 

displacement perpendicular to the compression there and the axial strain in the whole 

cross section were also forced zero, because friction between the pressing object and the 

conductor was assumed large. In force constraints, compression was defined as the force 

density normal to the compressed boundary. The tangential force density parallel to this 

boundary and the total force density on other boundaries were zero. The condition Fz = 

0 was used for the axial direction. Thus, the pressing object restricts the conductor 

deformation only in the direction of compression. The thermal strains and body forces 

were zero in both models. 

 

The loading case of bending imitated an experimental set-up [9]. The driving factor was 

the radial displacement on the surface closest to the bending axis. In this work, only 

tapes were studied in bending, and the radial displacement was applied to one wide 

surface. All other conductor boundaries were free to move and thermal strains and body 

forces in the conductor were zero. 
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The case of electromagnetic loads illuminates the influence of Lorentz forces arising in 

a current carrying conductor in magnetic field. Lorentz force per volume is given as 

BJF ×=L ,      (3.11) 

where J is the current density and B the magnetic flux density. The current density is 

usually known in advance, and the magnetic flux density can be solved from the 

magnetostatic problem presented in Appendix D. The Lorentz forces are body forces 

that act on every material point. Thus, the body force drives the case of electromagnetic 

loads. The thermal strains are zero, and the conductor boundaries move freely. The axial 

direction is modelled with requirement Fz = 0. 

 

3.3.3 Symmetry boundaries 

In addition to loading, imposed conditions can be used to model symmetry boundaries. 

Thereby, the problem size can be reduced. Often in round wires symmetry allows 

modelling only 1/10th or smaller part of conductor. If both the geometry and loading are 

symmetrical with respect to some symmetry planes, it is enough to model only one 

representative section of the conductor cross section, while the presence of the other 

sections can be accounted for by using boundary conditions. Symmetrical loading 

means here a situation shown in Figure 3.2, where the force vectors acting on 

symmetrical surfaces with mirror image normals, are mirror images of each other. 

 

Displacements at different sides of the symmetry plane are the mirror images meaning 

that the component normal to the symmetry plane is antisymmeric with respect to the 

plane. In addition, the displacement is continuous at the symmetry plane. It follows 

from these two observations that the normal component of displacement on the plane 

must be zero. 

 

Also the stress vectors acting on symmetrical surfaces with opposite normals are the 

mirror images of each other. Thus, for symmetrical surfaces parallel to the symmetry 

plane, the normal components of stress vectors are opposite, but the tangential 

components are the same. As the symmetrical surfaces approach the symmetry plane, 
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        a)                b) 

Figure 3.2. a) Situation where loading, tapp, fulfils symmetry description with respect to dash 

dotted line and b) example of symmetrical stress vectors t+ and t– related to symmetrical 

surfaces with normals n+ and n– and symmetrical displacements u+ and u–. 

the equilibrium states that both the normal and the tangential components of these two 

stress vectors must be opposite. Thereby, the tangential stress vector component has to 

be zero on the symmetry boundary. 

 

The full geometrical symmetry can be exploited in the models of temperature change, 

axial tension and self field electromagnetic forces. In transverse compression, loading 

decreases the symmetry typically so that two symmetry lines at most can be found in the 

cross section. In bending, at least one half of the conductor must be modelled. 

3.4 Computational procedure 

The mechanical problems presented in previous sections are too complicated for 

analytical solution, but this work investigates the possibility to solve the problem with 

FEM. FEM is a numerical method, and widely used to search usually approximate 

solutions to problems that can be mathematically presented with partial differential 

equations [65, p.1]. Generally, FEM can be used in several different ways, but here only 

the choices used in this particular work are discussed. 
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The investigated superconductor composites contain materials whose properties 

influence the computational procedure. The stress strain relation in elasto-plastic 

material models is writable only for the increments of stress and strain, and it depends 

on the history. The problem must then be solved incrementally in steps. Furthermore, 

iterative techniques are needed at each step because of the non-linearity of the materials. 

 

This chapter aims to describe the solution process and the techniques used in it. The 

representation of processes is in Cartesian coordinates. The modifications needed for 

solving the mechanical problem in cylindrical coordinates and the formulation used in 

computing the magnetic field are presented in Appendices C and D. The computational 

performance of the program is discussed in Appendix E. 

 

3.4.1 Finite element method 

In the finite element method, the interesting fields inside the investigated geometry are 

approximated with functions that depend on the limited number of free parameters. The 

free parameters are typically values of the searched field at certain points of the 

geometry called nodes. The approximations of the interesting fields are completed when 

the free parameters are solved from the discretized balance equations. 

 

Before the actual FEM implementation, a mesh is generated on the investigated 

geometry. The mesh contains information about division of the investigated geometry 

into small regions called elements. The elements, together with the type of functions 

used in approximating the variables, determine the position of nodes. Here, the mesh 

was generated with GMSH software [66] that uses algorithms to optimise the nodal 

positions and triangular element division for later computational advantage. 

 

The free parameters were here chosen according to so-called u-p formulation to be the 

cross sectional displacements, , and hydrostatic stresses, , in nodes indexed with i. 

Only the cross sectional components of displacements were variables. The axial 

deformation was treated in the two-dimensional model as explained in Section 3.3.1. In 

csˆ iu ip̂
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other words, [ ]Tcs ˆˆˆ iii vu=u , where  and  were the nodal values of cross sectional 

displacement components u and v, respectively. Between the nodes, the distributions of 

cross sectional displacement and hydrostatic stress were obtained by interpolation 

iû iv̂
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i
iiN uxxu      (3.12) 

and 
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n

i
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where  and  are the shape functions for node i and nu
iN p

iN u and np are the number of 

nodes for the displacement and the hydrostatic stress, respectively. Shape functions  

and  were equal to one in node i, zero in all other nodes and non-zero only in 

elements touching the node i.  

u
iN

p
iN

 

The shape functions  and  were chosen to be element-wise second and first order 

polynomials, respectively. In u-p formulation, these are the smallest polynomial degrees 

which produce continuous approximations and assure the converging solution with 

refining mesh. For the displacement field, a continuous approximation is desired 

everywhere because the conductor is assumed to stay intact, but the hydrostatic stress 

can be discontinuous at material interfaces. The continuity of hydrostatic stress 

approximation was, therefore, relaxed by connecting to interfacial nodes independent 

s for each material meeting there. A more detailed description of the u-p formulation 

and the shape functions is found in [65, p.179-83, 308-14]. 

u
iN p

iN

ip̂

 

3.4.2 Computational solution with field approximations 

In order to solve the unknown nodal variables, the mechanical problem presented in 

Section 3.1.3 must be written with the field approximations. The representation here is 

collected mostly from [65]. 
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The first step is to derive the strain and stress corresponding to the approximations. The 

cross sectional strain components are computed from the displacement approximation 

by differentiating. In the two-dimensional model of a straight conductor, the shear 

strains related to axial direction are zero. By using weighting matrixes Si, containing 

derivatives of shape functions, the cross sectional strain corresponding to the 

displacement approximation becomes 

( ) ( )∑
=

=
u

1

cscs ˆ
n

i
ii uxSxε ,     (3.14) 

where εcs = [εx, εy, γxy]T is a vector containing the cross sectional stress components and 
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In the two-dimensional model, the axial normal stress component is the same 

everywhere in the cross section. As mentioned in Section 3.3.1, it is either an unknown 

variable of the model or an imposed condition. 

 

The deviatoric stress component is obtained from the cross sectional and axial strain 

through material relationships. In u-p formulation, the hydrostatic stress component is 

not derived from the strain but taken directly from its nodal approximation. The total 

cross sectional stress, σcs = [σx, σy, τxy]T, is computed as the sum of the deviatoric and 

hydrostatic components so that , where m = [1, 1, 0]pmsσ += cscs T and scs is the cross 

sectional deviatoric stress. 

 

The requirement equations for solving nodal variables are the equilibrium equations in 

the cross sectional plane and the compatibility of the volumetric strain computed either 

from displacements or from the parameters . If the axial normal strain is unknown, an 

additional requirement equation is set for the net axial force in the conductor. In finite 

element method, the field approximations cannot usually fully fulfil these conditions 

with any set of variable values. Then, the conditions are required to be satisfied only 

approximately. The nodal variables are searched so that the integral of a weighted error 

in the conditions over the modelled geometry becomes zero.  

ip̂
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The cross sectional equilibrium equations are weighted with an arbitrary cross sectional 

displacement field δucs. After some manipulation, the integral of the weighted 

equilibrium equations becomes 

( ) ( ) ( ) 0dδdδdδ csTcscsTcscsTcs =Γ−Ω−Ω ∫∫∫
ΓΩΩ

tubuσε ,    (3.15) 

where δεcs is the strain corresponding to δucs, Ω is the investigated geometrical domain 

and Γ its boundary. bcs = [bx, by]T and tcs = [tx, ty]T are the cross sectional components of 

the body force density and the surface traction on the boundary, respectively. The finite 

element equations concerning the force balance are obtained by choosing   

( ) ( )∑
=

=
u

1

csucs ˆδδ
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i
iiN uxxu ,     (3.16) 

where s are the nodal values of the arbitrary virtual displacement field. Expressions 

3.14 – 3.16 imply for every i 

csˆδ iu

0ddd csucsucsT =Γ−Ω−Ω ∫∫ ∫
ΓΩ Ω

tbσS iii NN .   (3.17) 

The nodal displacements and hydrostatic stresses are entered in Equation 3.17 through 

the stress, σcs. 

 

In the same way, the compatibility equations are weighted with hydrostatic stress field 

( ) ( )∑
=

=
p

1

p ˆδδ
n

i
ii pNp xx ,     (3.18) 

where s are the nodal values of the arbitrary virtual hydrostatic stress field. The 

finite element equation for compatibility then becomes 

ip̂δ

( ) 0d~p =Ω−∫
Ω

ppNi ,     (3.19) 

where p~  is the hydrostatic stress connected to the strain though material relations and, 

thereby, depends on the nodal displacements. If the axial strain is unknown, requirement 

Equations 3.17 and 3.19 are completed with Equation 3.9. 

 

The integrals in Equations 3.9, 3.17 and 3.19 can be decomposed down to the sum of 

integrals over separate elements. However, analytical integration is not possible, 

because the non-linear and history dependent material relationships do not allow simple 
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analytical expressions for stresses. The integration is, therefore, performed numerically 

with the Gaussian quadrature using 3 – 12 Gaussian points for triangular elements and 

two points for line integrals. For reference in linear materials where body forces are 

constant in elements and surface traction is constant at element edges, all integrated 

terms in 3.9, 3.17 and 3.19 are at most quadratic with the chosen shape functions. Then, 

the integrals are obtained with exactly three Gaussian points in triangles and two 

Gaussian points in line segments. 

 

During solution, the stress was computed at the Gaussian integration points. To 

illustrate the stress distributions, the solutions were post-processed. In the post-

processed data, the stress was linear in each element and continuous inside each 

material. The stresses at nodes were chosen so that the Lebesgue 2-norm of the 

difference between the solved and the post-processed stress fields was minimized. 

 

At this point, scepticism may arise against the chosen formulation. Hydrostatic stresses 

are unknowns in this formulation, although they could be calculated from 

displacements. In fact, in the standard displacement based formulation, the hydrostatic 

stress is not an independent variable. However, using displacements as only unknown 

variables leads to erroneous stress field oscillations in problems where plastic 

deformation dominates [65, p.307]. In superconducting composites, metallic materials 

can deform plastically in considerable amount in ordinary loading situations. For the 

conductors under study, the standard displacement formulation led to marked stress 

oscillation for example in Bi-2223 tapes. Figure 3.3 illustrates the problem with 

displacement formulation and demonstrates that using  u-p-formulation relieves it. 
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a)         b)    

      
c)         d)    

Figure 3.3. Vertical normal stress in Bi-2223 rectangle and surrounding silver after cooling 

from 1103 K to 77 K in a) solution with displacement formulation using element-wise linear 

shape functions that lead to element-wise constant stress, b) post-processed version of a), c) 

post-processed solution with displacement formulation using element-wise quadratic shape 

functions and d) post-processed solution of u-p formulation. 

3.4.3 Incremental solution 

Solving the problem incrementally means that the loading history is divided into steps, 

and the solution is searched for one step at a time. A load step, thus, corresponds to 

changes in loading that happen within some time interval. The problem at each step is to 

find the increments of nodal displacements and hydrostatic stress so that the equilibrium 

according to Equation 3.17 and possibly 3.9 is satisfied after the step and the 

compatibility according to Equation 3.19 is fulfilled at the step. The stress distribution 

and the state of material after the previous step are used as initial parameters for the 
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solution. The procedure used in the load stepping is shown in Figure 3.4 and explained 

in more detail in [57, p.154-6]. Strictly speaking, elasto-plastic material models 

presented in Section 3.2 are accurate only for load increments that approach zero, 

although in practice, of course, the step size is not infinitesimal. 

 

Because of the non-linear material relationships, solving the variable increments at a 

load step requires iterative methods. The problem is solved here with the Newton-

Raphson method [67, p.244-8]. The variable increments can be solved from a group of 

equations written based on Equations 3.17 and 3.19 as 
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where S = [S1, S2, …, ], NunS u = [ , , …, ], I2x2
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where  = [ , , , , …, , ]û 1û 1v̂ 2û 2v̂ uˆnu uˆnv T and  = [ , , …, ]p̂ 1p̂ 2p̂ pˆ np T contain the nodal 

displacements and hydrostatic stresses, respectively. 

 Start.

Increase load. 

No 

End.
Yes

Recover stress and hardening state of material 
and update total values of nodal variables. 

Solve increments of nodal variables.

Is final load 
achieved?

 
Figure 3.4. Procedure used in incremental load stepping. 
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The solution of a load step is started from an initial guess for a and the variables are 

updated iteratively as shown in Figure 3.5 until F is close to zero. The variables at the 

guess number n+1, denoted as an+1, are obtained from the current guess an, as [67,p.247] 

( )( ) nnnn aFaaFaa 1
1 dd −

+ −= ( ) ,    (3.21) 

where dF(an)/da is the Jacobian of F at an. Differentiating F gives 
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where cscsS
T εsD ∂∂=  and csP

T
~ εD ∂∂= p  are calculated based on material models 

according to the consistent tangential stiffness matrix concept [57, p.178-80]. To 

achieve the best correction, the Jacobian is calculated at every step with present an. 

Finding new updates is straight forward, because it involves working with linear 

systems only. The set of linear equations was here solved with a direct method that uses 

the Gaussian elimination with partial pivoting [68]. Iteration was ended when the norm 

of F went under a pre-set convergence criterion. A good convergence criterion was 

found to be 10–5 – 10–8 when the model dimensions were treated in millimetres and 

stresses in megapascals. 

 Start.

End.

Initial guess an = a0. 

Calculate F(an). 

Update Jacobian. 

No 

Yes

Calculate new guess from equation 3.21. 

Is convergence 
criterion 
satisfied?

 
Figure 3.5. Basic structure of iterative procedure to find solution at one step. 
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3.5 Discussion 

This chapter introduced the continuum model and its FEM solution for filamentary 

superconductors.  The special features of the filamentary conductors affected choices 

made both in the model and in the solver. 

 

The basic mechanical problem was to solve the stress, strain and displacement fields in 

the superconductor cross section so that 

1. Stress fulfilled equilibrium equation. 

2. Strain was connected to displacements with formulas of infinitesimal strain. 

3. Stress and strain were connected through material models. 

4. Displacement and/or stress fulfilled boundary conditions. 

The error sources of the continuum model for a filamentary superconductor include the 

assumptions of continuous material, small displacements, perfect contact in material 

interfaces and uncertainty in material models. 

 

Brittle and ductile materials were modelled with the elastic model and the elasto-plastic 

material models, respectively. In the elastic model, the stress strain relation was linear. 

The non-linear and history dependent elasto-plastic model allowed modelling plastic 

strains and hardening. Both models allowed modelling deformations arising from 

thermal expansion and the temperature dependence of material properties. Creep 

deformation relaxes stresses markedly at high temperatures, but it was modelled only 

approximately with the on-off approach because the data on the phenomenon was 

uncertain. 

 

Loading on the conductor was included in the mechanical model as imposed conditions. 

The conditions that enable modelling the loading conditions studied in this work are 

I. Thermal strain 

II. Axial normal strain or relative change in central angle 

III. Axial net force or net moment about the bending axis 

IV. Pressure or displacement on the boundary 

V. Body force density 
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The imposed conditions can be combined to describe typical situations encountered, for 

example, in a magnet. This chapter introduced particular loading cases, which focus 

separately on different loading types, such as axial tension or bending. All the loading 

cases can be described with two-dimensional models, which simplify the solution 

considerably. 

 

The elasto-plastic material models complicated the computational solution of the 

problem, and the most traditional displacement based FEM formulation led to erroneous 

stresses. Instead, the problem can be solved with the u-p-formulation, where the 

variables are nodal displacements and hydrostatic stresses. Due to the history dependent 

material models, the solution has to be searched incrementally by increasing the load in 

steps. Because of non-linear material models, each load step requires an iterative 

solution with, for example, the Newton-Raphson method. 

 

The modelling choices made in this chapter lay the basis for further mechanical 

modelling in this work. However, many problematic features of conductors still remain 

untreated. Particular problems encountered in modelling the Nb3Sn and Bi-2223 

conductors are thus discussed in the next two chapters. 
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4 Modelling Nb3Sn conductors 

This chapter deals with the particular aspects of modelling Nb3Sn wires. In section 4.1, 

the studied loading cases and the general outlines of the results are briefly presented to 

set up ground for the work in this chapter. After that, section 4.2 introduces the concepts 

used to connect the superconducting properties and the overall mechanical behaviour of 

the wires to the results of the models. Sections 4.3 and 4.4 deal with the problems 

encountered in modelling large filament number and twisted filament shape. Section 4.5 

discusses the importance of electro-magnetic forces to the stress distribution. Finally, 

section 4.6 clarifies the sensitivity of the models to inaccurately known material 

properties. 

 

This chapter describes the solutions for specific problems encountered when modelling 

Nb3Sn wires. The stress and strain results of the models are connected to the 

performance of conductor. An approach that allows modelling wires with large number 

of filaments is developed and studied computationally. A formulation for two-

dimensional modelling of twisted conductors, presented in Appendix C, is tested, and 

the applicability of the auxiliary model approach to twisted conductors is examined. The 

criteria when twisting and electro-magnetic forces should be modelled are distinguished 

with computational tests. Finally, the sensitivity of the modelling results to inaccurate 

input data on tin content of bronze or degree of creep deformation is clarified with 

computations. 
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4.1 General outlines of the studied loading cases 

To set the grounds for later discussion, details of the investigated loading cases and 

general outlines of the stress and strain results are presented here. To obtain the outlines 

without complications in geometry modelling, a schematic wire, which resembled real 

wires for structure and materials, but had a reduced number of filaments, was studied. 

 

Modelling of Nb3Sn conductors was investigated under thermal stresses and axial 

tension loading. The thermal stress case modelled the cooling down to the operation 

temperature after heat treatment. Stresses generated in cold working were assumed to 

relax in heat treatment and, thus, the initial state of cooling model was stress free. Creep 

deformation during cooling was ignored. Axial tension was modelled at the operation 

temperature, and the initial state of the model was taken from the results of the cooling 

model. Figure 4.1 and Table 4.1 show the details of the studied wire. The symmetry of 

conductor geometry and loading allowed modelling of only 1/12th of the cross section. 

Table 4.2 summarizes the studied loading cases. 

  
a)                   b)   

Figure 4.1. a) Cross section of schematic conductor. b) Enlargement of the region marked with 

the white box in a). 
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Table 4.1. Properties of the schematic conductor used in studying the modelling approaches. 

Filament number 1147 
Wire diameter, dw 0.61 mm 
Twist pitch ∞ 
Filaments per filament group 31 
Filament diameter, df 4 µm 
Diameter of bronze region, dBr 0.49 mm 
Thickness of tantalum barrier, tTa 9.2 µm 
Thickness of Nb3Sn layer in filaments, tNb3Sn 1.3 µm 
Distance between filament group centres, lg 68 µm 
Distance between filament centres, lf 10.3 µm 
Volume fraction of copper stabilizer 30 % 
Volume fraction of tantalum diffusion barrier 5 % 
Volume fraction of bronze matrix 45.4 % 
Tin content of bronze matrix 5 % 
Heat treatment temperature 1000 K 
Operation temperature 4.2 K 

Table 4.2. Summary of the studied loading cases. 

Conductor: Schematic wire, no twisting 
Creep deformation: None 
Tin content of bronze: 5 % 
Loading Load change Initial state 
1. Cooling 1000 K → 4.2 K Stress free 
2. Axial tension 0 % → 0.5 % Loading 1. 

In the Nb3Sn layers of filaments, the cooling model results displayed axial compression, 

but locally tensional cross sectional stresses. The axial stress was compression also in 

the niobium cores of filaments and in the tantalum diffusion barrier, but tension in the 

bronze matrix and copper stabilizer. Figure 4.2a) shows typical distribution of axial 

normal stress after cooling. Figure 4.2b) illuminates the cross sectional stresses in the 

filament region and shows the normal stress related to surface whose normal is parallel 

to radial direction of the wire. The filament-matrix interfaces were exposed to large 

normal compression with the average of about 100 MPa, but the shear stresses had the 

average of only about 20 MPa. 

 

Applied axial tension gradually turned the axial compression in filaments and tantalum 

into tension. Figure 4.3 shows the axial stress in the conductor at the tension of 0.5 %. 

Tension did not significantly change the cross sectional stress components or shear 

stress at the filament-matrix interfaces. The normal stress at the filament-matrix 

interfaces remained compressive, but its average decreased to about 10 MPa. 
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  a)            b) 

Figure 4.2. a) Axial and b) radial stress components in schematic wire after cooling. Black box 

in a) shows the region presented in b). 

 
Figure 4.3. Axial stress in the cross section at axial tension of 0.5 %. 

 

4.2 Relating stress and strain to superconducting and overall 
mechanical properties 

The results of the presented mechanical FEM model are stress, strain and displacement 

distributions. However, the modeller is rarely directly interested in these distributions, 

but wants to know how the superconducting properties are affected. Alternatively, the 

modeller might be designing an application, and wants to find the wire’s mechanical 

behaviour there. Experimental observations on the impacts of mechanical loading on the 

superconducting properties of Nb3Sn wires were reviewed in section 2.3.1. Here, the 
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models that are used in this work to describe them are discussed. In addition, the 

concept of overall axial stiffness of wire is briefly presented. 

 

4.2.1 Connecting stress and strain to superconducting properties 

As described in section 2.3.1., mechanical loading can degrade the superconducting 

properties of Nb3Sn both reversibly and irreversibly, and the mechanisms behind the 

two types of changes are different. 

 

The reversible changes are here connected to modelled strain by assuming that the 

maximal critical parameters of superconductivity are obtained when the deviatoric 

component of strain is minimized [69]. This theory, developed in University of Twente, 

is one of the few theories describing strain induced reversible degradation that take into 

account the multi-axial nature of strain. Like the deviatoric stress, the deviatoric strain is 

related to the shape changes of the material. The deviatoric strain is a tensor, but its 

impact on the superconducting properties is usually described with a scalar [69] 

( ) ( ) ( )2
IIII

2
IIIII

2
III3

2
dev εεεεεεε −+−+−=    (4.1) 

that is here called the deviatoric strain measure. εI, εII and εIII are the principal strains 

whose calculation from the strain vector is presented in [53, p.74]. When an isotropic 

material model is used for Nb3Sn, εdev is connected to the effective stress as 

( )
ffdev 3

122
eE

σνε +
= .     (4.2) 

The theory allows making quantified predictions of superconducting properties of a 

conductor, but then, it involves several conductor-specific parameters. To avoid the 

uncertainty related to such parameters, the theory is used in this work only for finding 

the loading that causes maximal superconducting properties. 

 

The fracture causing irreversible degradation of critical current is here assumed to occur 

when the first principal stress, σΙ, exceeds locally the fracture strength of the material in 

tension or the third principal stress, σΙΙΙ, becomes more compressive than the fracture 

strength in compression. The assumption follows the maximum-principal stress theory, 
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which typically holds well for brittle materials [70, p.414-5]. In a point, σΙ is the largest 

and σΙΙΙ is the smallest normal stress subjected to any surface passing the point and their 

calculation is presented in [53, p.100-1]. 

 

As mentioned in section 2.3.1, experimental observations have showed that Nb3Sn 

fractures usually much more easily in tension than in compression. Thus, the strength of 

Nb3Sn in compression is much larger than in tension. Furthermore, the compressive 

stresses are generally small in the loading cases studied for the Nb3Sn wires and focus 

here is, thus, only on σΙ. The maximum-principal-stress theory is probably the most 

simple fracture model for brittle materials. It was chosen over other more sophisticated 

models [55, p.260-6], because the fracture properties of Nb3Sn are too poorly known for 

reliable use of those models. 

 

As explained in section 2.3.1, information on the fracture strength of Nb3Sn in filaments 

is unfortunately quite scarce. In the material models used here, the critical strain for 

fracture in bulk, 0.2 %, corresponds to about 200 MPa stress in Nb3Sn at 4.2 K. Then 

again, the critical axial strain 0.55 % found for filaments in multifilamentary composite 

in axial tension is related to stress of 550 MPa. Clearly, the properties of bulk Nb3Sn are 

different than those of the filament material. Nevertheless, strength of Nb3Sn was 

estimated here to be closer to the bulk strength than the strength estimated for matrix 

embedded filaments. This was because the bulk strength is more purely material related 

whereas the strength estimated for embedded filaments depends on factors like thermal 

and non-axial stresses and measurement system.  

 

Estimation of fracture is also disturbed by notches, voids and micro-cracks appearing in 

Nb3Sn. These irregularities are not known well enough to be modelled, but a model 

ignoring them can underestimate the local stress around them severely. In other words, a 

fracture is likely to begin at rather low modelled stress near the unmodelled 

irregularities. The presence of unknown irregularities can therefore be considered as a 

variation of local fracture strength. 
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Possibility of failure initiation in the filament-matrix interface is here discussed only 

qualitatively due to the lack of the information about the strength of the interface. The 

stress state on the interface is discussed based on the normal and shear stresses on the 

interface. The tensile normal stress acts to pull material surfaces apart, while the shear 

stress acts to slide the surfaces past each other. 

 

4.2.2 Studying overall mechanical behaviour of conductor 

Overall mechanical properties of the composite conductor include its overall stiffness, 

the relationship between axial and transversal deformation and its overall thermal 

expansion. It is important to note that the overall properties of conductor vary with 

direction. 

 

The loading situations studied for Nb3Sn wires in this work were cooling as straight and 

axial tension. Therefore, the overall mechanical data that can be deduced from the 

models include the axial stiffness of the conductor, its transversal deformation under 

axial loading and its thermal contraction in different directions during cooling. Here, the 

attention was mainly on the axial overall stiffness. Experimentally, axial stiffness is 

obtained when the net axial force is measured as a function of axial strain in a situation 

where transversal deformations are not restricted. Results are reported with an average 

stress strain curve, where the stress is the measured force divided with the area of the 

conductor cross section. Similarly, the stiffness was here investigated with the axial 

tension model. 

 

4.3 Modelling the large filament amount 

As mentioned in Section 2.1.1, bronze processed Nb3Sn conductors often contain 

thousands of filaments, in which thin Nb3Sn layer surrounds the niobium core. If all 

filaments were modelled in detail, an extremely dense mesh would be needed for an 
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accurate solution. The size of the computational model would then easily exceed the 

available computing capacity. 

 

The problem can be illustrated with a typical bronze processed wire shown in Figure 

2.1. The computational size of the problem would be the smallest if loading followed 

the full cross section symmetry. Then, it suffices to model only 1/12th of the cross 

section shown in Figure 4.4a). Figure 4.4b) shows a part of a very coarse mesh 

generated for the geometry. With this coarse mesh, the computational problem would 

contain 178000 unknown variables, and its size would be at the limits of available 

computer memory and efficiency. Still, mesh density tests in Appendix E showed that 

the results obtained with this coarse mesh would be very inaccurate. For accurate 

results, the variable number has to be at least ten times larger, and the problem could 

never be solved with the present computational program and computer. 

 

Of course, the maximum size of solvable problems depends on the used software and 

hardware. However, improving the computer performance does not generally fix the 

problem of too many details because, as seen in Appendix E, computational 

requirements grow rapidly with the number of unknown variables. The filament number 

can generally be many times larger than in the example wire, or the lack of symmetry 

might require the modelling of more than 1/12th of the cross section. 

 
a)     b) 

Figure 4.4. a) Geometry of 1/12th of the Luvata wire. b) Part of coarse mesh generated for the 

geometry in a). 



 59

Previously, the problem of large filament amount has been approached with 

homogenization methods [19, 20, 71], or by ignoring the detailed filament geometry 

[21]. In homogenization, the detailed filament geometry is replaced in the main model 

with a homogeneous material with similar overall properties. The overall properties are 

obtained from a model of the detailed filament geometry. Non-linear and history 

dependent behaviour of component materials complicate the use of homogenization. 

Then, the overall properties of homogeneous material change under loading, and they 

must be updated several times during the solution of main model [19]. 

 

Here, an auxiliary model approach is suggested for modelling problems with a large 

filament amount. This approach is simpler than homogenization, but it still pays 

attention to the details of filament geometry. The validity of the approach is tested here 

with models of a schematic wire geometry. 

 

4.3.1 Auxiliary model approach 

In the suggested approach, a conductor is modelled several times with different 

auxiliary models. Each auxiliary model aims at accurately finding the solution only at 

one filament group, called the primary group. The number of geometry details in the 

auxiliary models is decreased by simplifying the filament geometry far from the 

primary group. Also, a fine mesh is needed only in and around the primary group. The 

overall solution in the conductor is obtained when the results of auxiliary models with 

different primary groups are combined.  However, several questions must be solved 

before applying the approach in actual models. How many auxiliary models are used, 

and on which parts of the geometry do they focus? How is the surrounding conductor 

simplified? How large a degree of simplification is acceptable, and what kind of errors 

are produced by the simplification?  

 

Answers to these questions were searched with the schematic wire geometry presented 

in Figure 4.1 and in Table 4.1 and tests shown in Table 4.3. The small filament amount 

of schematic wire allowed its modelling also without simplifications. To overestimate 

rather than underestimate the interaction between filament groups, a stiff model of 
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Table 4.3. Computational tests conducted to validate and to find the optimum use of the 

auxiliary model approach. 

Conductor: Schematic wire, no twisting 
Loading: Cooling (1000 K → 4.2 K), axial tension (0 % → 0.5 %) 
Creep deformation: None 
Model Purpose of test Primary quantity Tin content 
Full To find the auxiliary 

models and their 
primary groups 

Stress and strain in whole 
wire 

5 % 

Auxiliary model C 
(models C1, C2 and C3) 

Stress and strain in 
filaments of the central 
filament group 

Auxiliary model O 
(models O1, O2 and O3) 

To find the optimum 
level of simplification 
for auxiliary models 

Stress and strain in 
filaments of the outer 
filament group 

Both 2 % 
and 5 % 
tested 

bronze was preferred. Thereby, the tin content of bronze was chosen to be high and 

creep deformation ignored. 

 

The auxiliary models should be chosen so that all regions of conductor with distinctive 

stress and strain distributions are modelled in detail with some auxiliary model. 

However, choosing too many auxiliary models means fruitless work. The number of 

needed auxiliary models and the choice of their primary groups depend on loading and 

conductor geometry. The schematic wire geometry was first modelled in detail to find 

relevant auxiliary models for the round wires in thermal stress and axial tension loading. 

This model is later referred to as Model F. 

 

Both after cooling and in axial tension, the stress distribution was similar in all inner 

filament groups and differed significantly only in the outermost group. As an example, 

the distributions of the first principal stress on some lines on the wire cross section at a 

strain of 0.5 % and with bronze tin content of 5 % are shown in Figure 4.5. Thus, the 

models for thermal stresses and axial strain in round wires require only two auxiliary 

models: auxiliary Model C focusing on the central and auxiliary Model O on the 

outermost filament group. 
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    a)            b) 

       
    c)            d) 
Figure 4.5. a) Lines on which first principal stress is studied. First principal stress b) along wire 

radius c) on inner glancing line and d) on outer glancing line. 

The mesh in auxiliary models was very fine only in the hexagonal region containing the 

primary group. The hexagonal regions surrounding the primary group in auxiliary 

Models C and O are indicated with white lines in Figure 4.5a). To obtain further 

decrease in the computational size, the filament groups far from the primary group were 

replaced with co-centric cylinders of niobium and Nb3Sn, which mimicked the structure 

of real filaments. The cylinders had the same volumes of Nb and Nb3Sn as the original 

filament group as a whole, and their centres coincided with the centre point of the 

original filament group. The filament groups to be replaced were chosen according to 

their distance from the primary group. The number of replaced filament groups was 

again a compromise between the accuracy of results and the computational burden. 
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To test the influence of the simplification level on the auxiliary model results, the stress 

and strain distributions calculated with the auxiliary models C were compared with the 

results from Model F. Several variations, i.e. auxiliary Models C1, C2 and C3, were tried.  

In these auxiliary models, the filament groups starting from the most distant layer were 

replaced one by one with cylinders as shown in Figure 4.6. In all models, the mesh was 

the finest in the central filament group. Changes in the mesh could also cause difference 

between results. Therefore, the mesh in the central filament group was fixed the same in 

Models F and auxiliary Models C1, C2 and C3. A corresponding set of tests were also 

carried out for auxiliary Model O (auxiliary Models O1, O2 and O3, in Figure 4.6). 

                 
a)          b) 
Figure 4.6. Simplification of conductor geometry in examining a) the central group (Model C) 

b) the outer group (Model O). White lines correspond to hexagons in Figure 4.5a) and show the 

primary groups. 
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Table 4.4 compares the size of the auxiliary model problems and the time consumed in 

solving the axial tension problem with them. The size is reported as a number of 

unknown variables outside the hexagonal region which surrounds the primary group. 

The mesh inside this hexagon was very dense and similar in all models related to the 

same primary group. In Model C it contained 15752 variables and in Model O 79160 

variables. The mean size of an element inside the hexagon was 0.26 µm (7 % of the 

filament diameter) in model C and 0.34 µm (8 % of the filament diameter) in model O. 

In most cases, the size of the problem and its solution time decreased significantly with 

the simplification. 

 

Table 4.5 shows, how computed εdev and σI in Nb3Sn layers became less accurate in the 

primary group when the simplification degree increased. Table 4.6 shows similar 

behaviour for normal and shear stresses on filament-matrix interfaces. The values 

presented in Tables 4.5 and 4.6 are the averages of the absolute difference between the 

simplified model and Model F. They are proportioned to the average of absolute value 

in investigated region according to Model F. A rather good accuracy was obtained even 

with auxiliary Models C2 and O2 that modelled in detail only one layer of the closest 

filament groups in addition to the primary group. However, increasing the level of 

simplification further leads to the notable degradation of accuracy (see Models C3 and 

O3). The error distribution of εdev inside Nb3Sn in auxiliary Models C2 and O2 is shown 

in Figure 4.7 for the axial tension of 0.5 %. The presented distribution is also 

proportioned to the average of εdev in Nb3Sn layers. 

Table 4.4. Size of model and time consumed in solving the axial tension problem for different 

auxiliary models. Only nodes outside primary group are counted in the number of variables. 

Time reported is CPU time used for computation proportioned to the time used for Model F. 

Model Number of variables Normalized time 
F a 96338 1 
C1 70466 0.74 
C2 53232 0.59 
C3 44595 0.51 
F b 87263 1 
O1 85516 0.99 
O2 63117 0.87 
O3 29872 0.68 

         a finest mesh in central group, b finest mesh in outermost group 
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Table 4.5. Influence of geometry modelling to deviatoric strain and first principal stress. Values 

were generally obtained with tin content of 5 %. In parenthesis, some values obtained with tin 

content of 2 % are shown. 

Average difference in εdev Average difference in σIModel 
Cooling Axial tension Cooling Axial tension 

C1 1.8 % 2.3 % 0.75 % 3.9 % 
C2 3.0 % (2.9 %) 3.8 % (3.6 %) 1.1 % (0.95 %) 6.5 % (4.8 %) 
C3 3.5 % 4.5 % 3.0 % 7.9 % 
O1 0.10 % 0.15 % 0.047 % 0.25 % 
O2 1.3 % (1.4 %) 1.9 % (1.8 %) 0.58 % (0.84 %) 3.1 % (2.5 %) 
O3 3.0 % 4.3 % 2.1 % 7.5 % 

Table 4.6. Influence of geometry modelling to normal and shear stress acting on filament-matrix 

interface. Values were generally obtained with tin content of 5 %. In parenthesis, some values 

obtained with tin content of 2 % are shown. 

Average difference in normal stress Average difference in shear stress Model 
Cooling Axial tension Cooling Axial tension 

C1 0.33 % 0.37 % 0.27 % 0.084 % 
C2 0.66 % (0.60 %) 1.3 % (0.61 %) 0.45 % (0.48 %) 0.15 % (0.16 %) 
C3 1.5 % 11.7 % 6.2 % 12.6 % 
O1 0.043 % 0.19 % 0.080 % 0.15 % 
O2 0.53 % (0.86 %) 2.2 % (3.1 %) 1.0 % (1.8 %) 1.6 % (2.4 %) 
O3 2.0 % 8.3 %  3.0 % 5.7 % 

            
a)          b)    

Figure 4.7. Distribution of relative difference in deviatoric strain measure between full model 

and Models a) C2 and b) O2. Figures a) and b) show only the Nb3Sn layers of primary groups 

that are indicated with white lines in Figures 4.6a) and b), respectively. 
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The results presented in Tables 4.5 and 4.6 were calculated with the bronze tin content 

of 5 % to get a pessimistic view about the performance of the approach. Generally, 

decreasing the tin content of bronze makes the difference in εdev and σI between 

different geometry models fall. However, error in interfacial stress increases in some 

cases. As an example, Tables 4.5 and 4.6 show in parenthesis some average relative 

errors obtained with the 2 % tin content. 

 

4.3.2 Advantages and drawbacks of auxiliary model approach 

An advantage of the presented filament modelling approach is its simplicity in 

comparison to homogenization methods. The auxiliary models can be built in a 

straightforward way with finite element programs and solved separately. In spite of its 

simplicity, the presented approach pays attention to the geometrical details of the 

primary group. The geometrical details are important for local stresses. 

 

The presented approach can be recommended as a quick tool to model moderately 

complicated loading situations and to study the impacts of conductor properties and 

modelling parameters on the stress and strain distributions. However, it is not well 

suited if a loading situation is very complex or if the model is required to work as an 

automatic system with a loading situation as an input. Then, similarity of the behaviour 

of the filament groups can not be used to reduce the number of needed  auxiliary 

models, and the effectiveness of the approach decreases drastically. 

 

4.4 Modelling twisting 

Nb3Sn wires are usually twisted around their centre axis in manufacture to decrease the 

electric coupling losses in alternating magnetic fields. Typically, the twist pitch λt, is 

about ten times the conductor diameter, dw, or larger. Twisting complicates modelling 

because it destroys the longitudinal homogeneity, which allowed reducing the model in 

two-dimensions in the way presented in the Chapter 3. 
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Fortunately, also twisted conductor can often be modelled in two dimensions, although 

the formulation is slightly more complex than for straight conductors. In a twisted wire, 

the geometry of every cross section plane perpendicular to the wire axis is similar 

except for rotation around the axis. The conductor can be modelled in two-dimensions if 

the loading follows the same twisted symmetry, as for example thermal stresses and 

axial tension loading do. Two-dimensional modelling is possible, because the 

displacement, strain and stress fields are similar in all conductor cross sections except 

for the rotation. The two-dimensional model is presented in Appendix C. 

 

The auxiliary model approach proved to be advantageous with non-twisted conductors. 

Next, its applicability to twisted conductors is examined. Also, the effect of twisting on 

stress and strain results is tested computationally to distinguish the situations where 

twisting must be modelled. 

 

4.4.1 Auxiliary model approach 

The problem of large filament numbers was approached in twisted wires in the same 

way as in straight conductors. Because twisting changes stress and strain distributions, 

the selection of auxiliary models and their simplification had to be considered anew. 

 

To support the selection of auxiliary models for twisted conductors, the schematic wire 

geometry was studied with tests presented in Table 4.7. To emphasise the effects of 

twisting, the modelled twist pitch was only five times the wire diameter. Figure 4.8 

presents the first principal stress on some descriptive lines after axial tension of 0.5 %. 

The stress distributions varied more between filament groups in the twisted than in the 

straight wire. In particular, the distance from the wire axis influenced the distribution, 

but the stress trends were closely similar in groups with equal distance to wire axis. 

Thus, the twisted wire requires more auxiliary models than the straight, because the 

auxiliary models of the twisted wire should cover filament groups at different distances 

from the wire axis. 
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Table 4.7. Computational tests conducted to validate and to find the optimum use of the 

auxiliary model approach for twisted conductors. 

Conductor: Schematic wire 
Loading: Cooling (1000 K → 4.2 K), axial tension (0 % → 0.5 %) 
Creep deformation: None 
Twist pitch: 5 · wire diameter 
Model Purpose of test Primary quantity Tin content 
Full To find the auxiliary models 

and their primary groups 
Stress and strain in 
whole wire 

5 % 

Auxiliary model C 
(models C1, C2 and C3) 
Auxiliary model O 
(models O1, O2 and O3) 
Auxiliary model B 
(models B1 and B2) 

To find the optimum level of 
simplification for auxiliary 
models 

Stress and strain in 
filaments of the 
primary filament 
group 
 

Both 2 % 
and 5 % 
tested 

 

 
a)    

 
b)             c)  

Figure 4.8. Distribution of first principal stress in twisted conductor with λt = 5dw at lines 

shown in Figure 4.5a). 
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To test the influence of the simplification degree on results of the twisted wire Model B 

presented in Figure 4.9 was studied in addition to Models C and O. Again, the auxiliary 

model geometries are simplified by replacing distant filament groups with co-centric 

cylinders of niobium and Nb3Sn. Comparison of the auxiliary model results to those of 

full Model F is presented in Tables 4.8 and 4.9. The results are very similar to those 

obtained with straight conductors, and thereby, the auxiliary model approach can also be 

applied for twisted conductors. 

 

 
a)  

                
       b)              c) 

Figure 4.9 a) Primary group in auxiliary Model B and simplifications b) B1 and c) B2. 

Table 4.8. Influence of geometry modelling on deviatoric strain and first principal stress. 

Differences are proportioned to an average of the absolute value of εdev or σI in Nb3Sn. 

Average difference in εdev Average difference in σIModel 
Cooling Axial tension Cooling Axial tension 

C1 1.8 % 2.3 % 0.69 % 3.7 % 
C2 3.0 % 3.8 % 1.0 % 6.2 % 
C3 3.5 % 4.4 % 3.0 % 7.6 % 
O1 0.091 % 0.069 % 0.054 % 0.13 % 
O2 1.2 % 0.89 % 0.65 % 1.6 % 
O3 2.7 % 2.1 % 2.1 % 3.9 % 
B1 0.10 % 0.091 % 0.16 % 0.15 % 
B2 2.9 % 3.0 % 3.4 % 4.5 % 
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Table 4.9. Influence of geometry modelling on stress at filament-matrix interface. Differences 

are proportioned to an average of the absolute value of the normal or shear stress on the 

interface. 

Average difference in normal stress Average difference in shear stress Model 
Cooling Axial tension Cooling Axial tension 

C1 0.36 % 0.49 % 0.27 % 0.084 % 
C2 0.70 % 1.6 % 0.44 % 0.15 % 
C3 1.6 % 12.8 % 6.2 % 12.6 % 
O1 0.040 % 0.14 % 0.10 % 0.18 % 
O2 0.49 % 1.5 % 1.2 % 1.9 % 
O3 1.9 % 5.9 % 3.3 % 6.4 % 
B1 0.053 % 0.40 % 0.39 % 0.54 % 
B2 1.6 % 12.2 % 7.7 % 15.9 % 

4.4.2 Significance of twist pitch 

Common sense suggests that the influence of twisting on the stress and strain should 

decrease with increasing twist pitch. If the influence is very small, modelling twisting 

only increases unnecessarily the memory and time requirements of a FEM solution as 

discussed in Appendix C. For users of commercial FEM software packages, the 

implementation of twisted formulation may also require significant extra work. To find 

the limit when twisting is essential to a model, conductors with different twist pitches 

were investigated. 

 

The general impacts of twisting were first studied with the full model of schematic wire 

geometry. As expected, the difference between the twisted and straight models was 

largest in the outermost filament groups. Figure 4.10 shows the difference for the 

deviatoric strain measure in the filaments of the schematic wire with λt = 10dw. 

 

The impact of twisting on the stress and strain was inspected with five schematic wire 

geometries. The filament number, diameter and the distance of the farthest filament 

from the wire centre, rf, are presented for the inspected conductors in Table 4.10. Wire 

geometry 1 was the one presented in Section 4.1. In all wires, the volume fractions of 

materials and filament group properties corresponded to those presented in Table 4.1. 



 70

All cross section geometries were modelled with several twist pitches and as a straight 

wire. The computational tests made are summarized in Table 4.11. 

 

             
a)                    b) 

Figure 4.10. a) Relative difference in percents between twisted (λt = 10dw) and straight wire in 

a deviatoric strain measure. The difference is proportioned to average εdev in the superconductor 

area of a straight conductor. Enlargement of the black rectangle in a) is shown in b).  

Table 4.10. Properties of investigated conductor geometries 

Conductor geometry 1a 2 3 4 5 
Filament number 1147 1891 2821 3937 5239 
Wire diameter (mm) 0.61 0.78 0.95 1.1 1.3 
rf (mm) 0.23 0.30 0.37 0.43 0.50 

a Presented in Figure 4.5 a). 

Table 4.11. Computational tests on the significance of twisting to results. 

Loading: Cooling (1000 K → 4.2 K), axial tension (0 % → 0.5 %) 
Creep deformation: None 
Tin content of bronze: 5 % 
 
Conductor geometry Studied twist pitches 
1 3, 6, 10 and 20 mm 
2 10 mm 
3 10 mm 
4 10 mm 
5 10 mm 
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Wire geometries 2 – 5 contained too many filaments to be modelled in detail with one 

model. Thus, they were modelled with the auxiliary model approach, but with only one 

auxiliary model per conductor. The focus of the auxiliary models, shown in Figure 4.11, 

was on the outermost filament group where the impact of twisting should be maximal. 

 

The significance of twist pitch to εdev in Nb3Sn areas of the outermost filament group is 

clarified in Figure 4.12. Again, the difference between the twisted and straight models 

was proportioned to the average of εdev in the investigated areas in the straight model. 

The influence was roughly the same in conductors with the same ratio of twist pitch to 

rf. The impact of twisting in the outermost group was notable only when λt/rf was less 

than 25. With practical dimensions of conductor, this means that twist pitches larger 

than 20 mm need not to be modelled. 

 

It must be noted that Figure 4.12 indicates the largest impacts of twisting in a wire. 

Twisting influences the average properties of the wire even less than Figure 4.12 

suggests, because its impact on inner filament groups is smaller than on the outermost 

group. Thus, it appears that if the interest focuses only on the average properties and 

possibility of filament breakage in outer groups is not great, twisting can be ignored 

with all practical twist pitches. 

 
   a)      b) 

 
   c)      d) 

Figure 4.11. Geometry models a) 2, b) 3, c) 4 and d) 5 used for investigating twisting. 
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Figure 4.12. Maximum (□) and average (o) relative difference in εdev between twisted and 

untwisted conductors at Nb3Sn areas of the outermost filament group. The lines with open 

symbols correspond to cross section geometry 1 of Table 4.10 and full symbols to larger 

geometries. 

4.5 Modelling electromagnetic forces 

This section clarifies the influence of electromagnetic forces on the stress and strain in 

Nb3Sn conductors. Electromagnetic forces arise from the interaction of current and 

magnetic field in a current carrying conductor and can be included as body forces in the 

mechanical model. However, modelling these electromagnetic forces requires additional 

work for solving the magnetic field. Electromagnetic forces and their impacts are here 

discussed to find out, when their modelling is necessary. The forces are discussed in the 

cases, where the external magnetic field is strong and in the case, where it is absent. 

  

In a strong external magnetic field, the electromagnetic force acts in all Nb3Sn layers to 

approximately the same direction, and induces a net force on the conductor. 

Electromagnetic force for a conductor in an external magnetic field perpendicular to 

conductor length can be estimated roughly with some simplifications. Both the external 

field and the current in the filaments influence the magnetic field in the conductor. 

However, if the external flux density is high, like 10 T or more, it dominates over the 

impact of conductor current. Then, the total force per unit length of a conductor is 
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roughly the external magnetic field density times the total current in the conductor. For 

example, a conductor with the 400 A current in the external magnetic field with flux 

density of 10 T is subjected to approximately to 4 kN/m force.  

 

In an external field, the conductor must be supported against the net electromagnetic 

force that would otherwise cause acceleration. Then, the stress field inside the 

superconductor depends markedly on the type of support. However, some idea on the 

magnitude of compression against the support is gained recollecting that the typical 

diameter of Nb3Sn wires is around 1 mm. The compression in the example case above is 

then some tens of MPas. 

 

In a strong external field, the type of used support, thus, dominates the stresses arising 

from electromagnetic forces. However, stresses in the conductor can also be caused by 

variation of electromagnetic forces in filaments, for example, due to current in 

conductor. To investigate the impact of such stresses, the conductor shown in Figure 2.1 

was modelled in a case where only the magnetic field created by the conductor current 

was present. The details of the investigated loading case are summarized in Table 4.12. 

Thermal stresses were modelled before the electromagnetic forces were applied, 

because they are always present in superconducting wires during operation. The critical 

current of the studied conductor at zero external field was unknown, but typically, the 

critical current density in bronze processed Nb3Sn reaches some tens of thousands 

A/mm2 [72, p.24]. Here, Nb3Sn had the current density of 30 000 A/mm2.  

 

Magnetic flux density was calculated with FEM following Appendix D. The materials 

were described with permeability of vacuum, because the superconductor operated at its 

critical current [3, p.131]. A uniform current density was assumed in filaments and 

Table 4.12. Computational tests on the significance of the electromagnetic forces. 

Conductor: Luvata Nb3Sn wire, no twisting 
Creep deformation: Modelled with TL = 600 K 
Tin content of bronze: 2 % 
Loading Load change Initial condition 
1. Cooling 943 K → 4.2 K Stress free 
2. Electromagnetic forces 0 → 30 000 A/mm2  Loading 1. 
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twisting was ignored. The Lorenz force was modelled as explained in Section 3.3.2. The 

initial state of the mechanical model was the solution of the cooling model. The tin 

content of bronze was 2 %, and the creep deformation was modelled with TL = 600 K. 

 

Due to its large filament number, the conductor was modelled with the auxiliary model 

approach. The two auxiliary models used focused on the central and outermost groups. 

The fields solved in these groups were expected to represent the extreme situations in 

the conductor. In the geometries of auxiliary models, all filament groups except for the 

primary group and the groups closest to it were simplified. Validity of simplification 

was checked with the schematic geometry in Figure 4.1 with tests similar to Section 

4.3.1. The test showed that the error due to simplification of the stress and strain was in 

the electromagnetic loading approximately similar as in the loading types discussed 

earlier. The simplification error was even smaller for the magnetic flux density. 

 

The results of auxiliary models showed that the electromagnetic forces push the 

filaments towards each other, but their impact on stresses was small. Figures 4.13 and 

4.14 a) and b) present the absolute magnetic flux density and the corresponding 

distributions of electromagnetic force density. Figure 4.14c) illustrates the change in 

stresses that the electromagnetic forces cause after cooling. The change is negligible 

compared to the thermal stresses illustrated in Figure 4.2. 

 
Figure 4.13. Magnetic flux density when current density in Nb3Sn is 30 000 A/mm2. 
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a)      

 
b)      

 
c) 

Figure 4.14. a) Radial and b) circumferential component of electromagnetic force density when 

the current density in Nb3Sn is 30 000 A/mm2 and c) change in radial stress caused by the 

current. 
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4.6 Uncertainties of the model 

To achieve correct results, the properties of the modelled conductor should, of course, 

be accurately known. Unfortunately, some properties of Nb3Sn conductors are often 

poorly known before modelling. For example, the tin content of bronze matrix changes 

during heat treatment. Finding it for the final conductor requires laborious 

microstructure analysis, which is often not possible in practise. In addition the extent of 

creep strain is very uncertain as explained in Section 3.2.3. It can be even more difficult 

to examine than the tin content of bronze due to its complex dependence on, for 

example, microstructure and cooling rate. Also the swelling of filaments during heat 

treatment and porosity of bronze may cause uncertainty to the results. However, impacts 

of such uncertainties are not specifically studied here. 

 

The reliability of a model depends on how the uncertainties influence the modelling 

results. If the results are very sensitive to the uncertain factors, modelling becomes 

useless. Even if the error bounds resulting from the uncertainties were reasonable, they 

are important to interpretation of results. Here, the impact of uncertainties was 

examined with computational tests, where the bronze tin content and the degree of creep 

deformation were varied between their probable limits. 

 

4.6.1 Computational tests 

The tests for uncertain properties were conducted with the full model of the schematic 

wire in Figure 4.1. The sensitivity of the models was here studied in axial tension 

loading, which constitutes a significant part of the total loading of the wire, for example, 

in magnets. Moreover, the average stress-strain curve in axial tension gives information 

about the axial stiffness of the wire, which is important in applications. The tin content 

was varied between 2 wt% and 7 wt% following experimental observations on content 

variation [30]. The tin content varies significantly also within the matrix of one 

conductor, but here such variation was not investigated. The properties of bronze as a 

function of tin content were found in [24] and presented in Tables B.1 and B.2 of 
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Appendix B. Creep deformation was ignored in tests concerning the tin content. The 

tests on sensitivity are summarized in Table 4.13. 

 

Creep deformation was modelled in copper and bronze with the on-off approach 

presented in Appendix A. The limit temperature, TL, for stress relaxation was varied 

between 400 K and 1000 K. Temperature 400 K corresponds approximately to 0.3Tm, 

above which the creep is traditionally considered significant. Temperature 1000 K is 

close to the usual heat treatment temperature. The higher TL is used the larger the degree 

of creep. The bronze tin content was fixed at 5 % in the tests concerning creep. 

 

The average stress strain curves obtained with different properties are shown in Figure 

4.15. The degree of creep deformation did not have much effect on the average stress 

strain curve of the wire. The bronze tin content influenced the curves slightly more. 

Increasing the bronze tin content from 2 wt% to 7 wt% increased the average stress at 

applied strain of 0.5 % by 10 %, but in practice a tin content of 7 wt% is rare. Thus, the 

impact of the tin content on the average stress strain curve is not significant either. 

 

On the stress and strain state in filaments, creep deformation had marked impact, but the 

tin content affected them only slightly. Creep deformation decreased the thermal 

compression in the filaments after cooling. Thereby, the stress in Nb3Sn was more 

tensile during axial tension if smaller TL was used in the model. The deviatoric strain in 

filaments obtained with different properties is shown in Figure 4.16. 

 

Although the sensitivity studies here concerned only axial tension, the correlation 

between the degree of creep and the thermal stresses is important also under other 

loading types. Thus, modelling should be performed with various degrees of creep to 

Table 4.13. Computational sensitivity tests on uncertain material properties 

Conductor: Schematic wire, full model 
Loading: Cooling (1000 K → 4.2 K), axial tension (0 % → 0.5 %) 
Twist pitch: No twisting 
Sensitivity test Tin content of bronze Creep deformation 
Creep 5 % Modelled with TL = 400 K, 600 K 800 K and 1000 K 
Tin content  2 %, 5 % and 7 % None 
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obtain upper and lower limits for the stresses and strains. Then again, according to the 

degradation models presented in section 4.2, the critical parameters of superconductivity 

in Nb3Sn are at their maximum when the deviatoric strain in Nb3Sn is the smallest. 

Thereby, the degree of creep deformation can be estimated comparing the strains 

modelled with different TL values and the development of superconducting properties 

measured in an axial tension test. The estimation can, then, be used in modelling other 

loading situations. 

     
a)              b) 

Figure 4.15. Average stress-strain curves at 4.2 K calculated with a) limits of stress relaxation 

400 K (o) and 1000 K (*) and b) tin contents 2 % (o), 5 % (□) and 7 % (◊). 

     
a)               b) 

Figure 4.16. Average deviatoric strain at 4.2 K in Nb3Sn during axial tension test with a) 

different limits of stress relaxation 400 K (o), 600 K (□), 800 K (◊) and 1000 K (*) and b) tin 

contents 2 % (o), 5 % (□) and 7 % (◊). 
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4.7 Discussion 

This chapter investigated the models for cooling and axial tension of bronze processed 

Nb3Sn conductors. After cooling from the heat treatment temperature to the operation 

temperature, Nb3Sn material was compressed axially, but the cross sectional stresses in 

it were partly tensile. Axial tension at the operating temperature turned the axial stress 

tensile in Nb3Sn. 

 

The most important mechanical quantities for the electrical performance are the 

deviatoric strain and first principal stress in Nb3Sn and the stress at the filament-matrix 

interface. The deviatoric strain in Nb3Sn is connected to reversible changes in 

superconducting properties. According to the common theory the critical current 

decreases with increasing deviatoric strain. The first principal stress describes the 

fracture probability of the superconductor, and the stress at the filament-matrix interface 

determines the probability of the interface failure. The mechanical performance of 

conductor can be characterized with its overall stiffness properties. The stiffness varies 

with direction, but the work here paid attention only to the overall axial stiffness. 

 

The large amount of details can prevent the FEM solution of a Nb3Sn conductor model 

with thousands of filaments. This chapter presented an approach, where the problem is 

divided in auxiliary models with a reduced number of details. Each auxiliary model 

searches for an accurate solution only in a part of the conductor cross section, and 

ignores the details far from the region under focus. The approach is simple to implement 

and serves best as a quick tool for modelling moderately complicated loading situations. 

However, it is efficient only if the stress field can be assumed to be similar in different 

parts of the cross section. The approach becomes toilsome to use, if either loading or 

cross section geometry forbids such assumptions. 

 

Thermal stresses and axial tension in a twisted conductor can be modelled with a two-

dimensional model because the load follows the twisted symmetry of the conductor. 

Taking into account twisting with two-dimensional model requires modifications to the 

expression of strain. A twisted wire with thousands of filaments can be modelled with 
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the auxiliary model approach. However, a twisted wire requires more auxiliary models 

than a straight wire, because the impacts of twisting on the stress and strain depend on 

the distance from wire axis. 

 

The impact of twisting on results is in most cases so insignificant that it can be ignored 

in the model. The twisting has practical significance for stresses only if the ratio of the 

twist pitch to the distance between the outermost filament and the wire axis is smaller 

than 25. Even then, notable impact is only seen in the outermost filaments but not in the 

average stresses of Nb3Sn. 

 

An approximate estimation showed that in the external magnetic field of 10 T the 

electromagnetic forces are marked. However, their influence depends mostly on how 

the conductor is supported against movement. If the support was known, the stresses 

and strains could be modelled. To illuminate a more general impact of electromagnetic 

forces on the stresses inside the conductor, the situation, where an external magnetic 

field is absent, was studied. It was found that electromagnetic forces in such situation 

push the filaments towards each other, but their impact on stresses is negligible in 

comparison to thermal stresses. 

 

The influence of inaccurate modelling parameters on the reliability of the results was 

tested computationally. The tests showed that uncertainty in the bronze tin content does 

not significantly degrade the reliability of the conductor stiffness or the deviatoric strain 

results. 

 

The conductor stiffness was also insensitive to the degree of creep deformation. 

However, the deviatoric strain results depended greatly on the modelled degree of creep 

deformation. After the cooling, the deviatoric strains in Nb3Sn were lowered if the 

degree of creep deformation increased. In addition, increasing the degree of creep 

deformation decreased the axial tension where the deviatoric strain reached its 

minimum. 
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The sensitivity of deviatoric strain to creep means that reversible changes in 

superconducting properties or the loading related to maximal critical current cannot be 

determined very reliably. Instead, various levels of creep deformation should be 

modelled to find the error bounds for the results. A systematic comparison of modelled 

and measured results for different conductors could also provide more precise 

estimations on the degree of creep deformation. 
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5 Modelling Bi-2223 conductors 

This chapter discusses the specific problems in the modelling of the Bi-2223 tapes. The 

organization of the chapter is quite similar to Chapter 4. Section 5.1 sets up ground for 

the actual work in this chapter by presenting the studied loading cases and outlines of 

the stress and strain during loading. Section 5.2 presents the models used to connect the 

degradation of superconductivity and the stresses and the concepts used to study the 

overall mechanical properties of the tapes. Section 5.3 clarifies the influence of the 

filament shape details and the electro-magnetic forces to the modelling results. Lastly, 

section 5.4 presents computational tests on sensitivity of the stress results to the most 

poorly known material parameters. 

 

In this chapter, efficient means for modelling of the Bi-2223 tapes are searched. First, 

the stress results are connected to the fracture of filaments and critical current 

degradation of the tapes. Then, the sensible modelling accuracy is searched for the 

filament geometry, and the situations when the electromagnetic forces are necessary to 

model are distinguished. Finally, the sensitivity of the stress to filament anisotropy and 

stiffness, matrix yield strength and creep is tested computationally. 

 

5.1 General outlines of studied cases 

An overview on the studied loading cases is taken to get a conception on the stress and 

strain under different types of loading. Such conception is necessary for understanding 

the later discussion on modelling the specific features. Bi-2223 tapes were modelled 

under cooling, axial tension, transverse compression and bending about an axis that is 
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parallel to the wide side of the tape. All of these loading types created distinctively 

different stress and strain distributions in the tape. This section presents the details of 

the loading cases modelled in this chapter and collects the main features of modelling 

results. 

 

5.1.1 Studied loading cases 

In practice, Bi-2223 tapes are always cooled down from the heat treatment temperature 

before applying any other type of loading. Therefore, thermal stresses were always 

modelled first. Heat treatment was assumed to relax all the stresses generated during 

cold working, so that in the beginning of cooling, the tape was free of stresses. Thermal 

stresses were modelled for both straight and bent Bi-2223 tapes. The bent model 

describes a situation, where a tape has been cooled, for example, on a spool. The 

straight model characterises heat treatment of either short conductor pieces or outer 

turns of a tape cooled on a spool. The thermal stresses were calculated with the straight 

cooling model to get initial data for axial tension and transversal compression and with 

the bent cooling model to get the initial data for bending. The heat treatment 

temperature was assumed to be 1103 K.  The final temperature in straight models was 

77 K which is typically used in measurements. In bent models, the tape had a radius of 

curvature of 250 mm, and the final temperature in the bent models was 293 K, because 

bending is most often related to assembly processes at room temperature. 

  

Loading was studied in a range that covered the levels that Bi-2223 tapes encounter in 

applications. Axial tension was examined in up to 0.2 % axial strain, which is usually 

enough to fracture the filaments. Transverse compression was applied to wide surfaces 

of the tape, so that the tape thickness was reduced. Compression was modelled mostly 

with displacement constraints. The compressive displacements were increased until the 

average compressive stress clearly exceeded 100 MPa, which is a typical criterion set 

for the tape durability [73]. In practice, the average compressive stress reached 150 – 

250 MPa at its maximum. A model with force constraints was also tested. However, it 

was not used very extensively because the displacement constraints resemble more the 

usual loading situations. The bending model considered the decrease of the tape radius 
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of curvature from 250 mm to 20 mm. The final radius 20 mm is somewhat smaller than 

the minimum bending radius usually allowed for tapes [74]. 

 

Before the most uncertain parameters of the tapes are discussed, the simulations are 

started with some simplifying assumptions. The creep deformation in silver is ignored, 

and the filaments are modelled with isotropic models. The filament stiffness and silver 

yield strength were modelled with the values of 100 GPa and 11 MPa at room 

temperature and their temperature dependence is presented in Appendix B [17, 75].  

 

The loading situations studied in the section are summarized in Table 5.1. The 

investigated tape geometry is called a schematic tape and presented in Figure 5.1 and 

Table 5.2. The dimensions of the tape were 4 mm x 0.2 mm, and it contained 36 

filaments with elliptical cross sections in pure silver matrix. The filaments formed 30 % 

of the cross section area. Attention was paid especially to stress distributions. In the 

following text, horizontal, vertical and axial stresses refer to normal stress components 

connected to surfaces whose normals are parallel to the tape width, thickness and 

longitudinal directions, respectively. 

Table 5.1. Loading situations studied in this section 

Conductor: Schematic tape 
Filament model: Isotropic 
Filament Young’s modulus at 293 K: 100 GPa 
Silver yield strength at 293 K: 11 MPa 
Creep deformation: None 
Loading Load change Initial state Radius of curvature 
1. Cooling 1103 K → 77 K Stress free Straight 
2. Axial tension 0 → 0.2 % Loading 1. Straight 
3. Transversal compression, 
displacement constraints 

0 → over 100 MPa Loading 1. Straight 

4. Transversal compression, 
force constraints 

0 → over 100 MPa Loading 1. Straight 

5. Cooling 1103 → 293 K Stress free 250 mm 
6. Bending 250 mm → 20 mm Loading 5. changes 



 86

 
Figure 5.1. Schematic tape geometry used to investigate the main features of stresses under 

thermal stress, axial tension, transversal compression and bending. The black ellipses represent 

the filaments and white regions silver matrix.

Table 5.2. Dimensions of the schematic tape 

Tape width x tape thickness 4 mm x 0.2 mm 
Semimajor/semiminor axis of elliptical filament 0.5 mm/17.0 µm 
Horizontal cap between adjacent filaments 35.7 µm  
Vertical distance between centres of adjacent  filament rows 26.8 µm 

5.1.2 Outlines of results 

The straight and bent cooling models gave essentially the same results. After cooling, 

filaments were mostly under compression and the matrix under tension. The axial stress 

was compressive everywhere in the filaments. However, the cross sectional normal 

stress was locally slightly tensional, especially in the horizontal direction as seen in 

Figure 5.2 for the straight cooling model. The silver matrix was under tension and 

yielded plastically. Around 75 % of the filament-matrix interfaces was under normal 

compression, and the tensile stress in the remaining interfaces was only a few MPas at 

most. The shear stress was lower than 10 MPa practically everywhere in the interfaces. 

 

 

 
Figure 5.2. Horizontal and axial stress in straight tape after cooling. 
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When axial tension was applied after cooling, compression in filaments decreased until 

it turned into tension. Under small applied tension, the largest tensile normal stresses 

were the cross sectional ones, but at the applied tension about 0.035 % – 0.055 %, the 

axial stress exceeded them. Figure 5.3 shows the axial and horizontal stress components 

in the cross section at the axial tension of 0.2 %. Again, the matrix yielded plastically. 

The state of filament-matrix interfaces was similar than after cooling. 

 

In the bending model, the stress distribution varied significantly in vertical direction. In 

the filaments, the axial stress changed nearly linearly with vertical position as seen in 

Figure 5.4. The compressive axial thermal stress turned tensile in the convex half of the 

tape. In the concave half, the compressive stress increased in filaments. The matrix 

silver yielded under tension in the convex half, whereas on the concave half silver first 

unloaded elastically and then yielded under compression. Around 35 % of the filament-

matrix interface was under normal tension, but the tension was only a few MPas at the 

most. The shear stress remained under 10 MPa practically in the whole interface. 

 

 
Figure 5.3. Horizontal and axial stress in tape cross section at an axial tension of 0.2 %. 

 

 
Figure 5.4. Axial stress in the tape after bending to a radius of curvature of 25 mm. 
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As mentioned in Section 3.3.2, the transversal compression models with displacement 

and force constraints describe different loading situations. The stress solution for the 

two conditions differs significantly. The displacement constraints in the transversal 

compression model prohibited the axial deformation, and the whole central part of tape 

was under hydrostatic compression. At the thin edge of the tape, the silver bulged 

outwards and became locally under tension in the axial and horizontal directions. Even 

there, the filaments remained under hydrostatic compression up to the applied 

compression of about 100 MPa. Figure 5.5 shows the horizontal, vertical and axial 

stresses in the schematic tape at the average vertical compression of 100 MPa. The 

matrix yielded, but the hydrostatic compressive stress became very large. The 

compression at the filament-matrix interfaces increased with the applied compression 

and at 100 MPa applied compression, it reached 120 MPa. The average of interfacial 

shear was slightly lower than it was under bending or axial tension. 

 

 

 

 
Figure 5.5. Horizontal, vertical and axial stress components in tape cross section at transversal 

compression of 100 MPa modelled with displacement constraints. 
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The force constraints in the transversal compression model did not restrict axial 

deformation. Largely therefore, they resulted in significantly different stress results, as 

seen in Figure 5.6, than the displacement constraints. The normal stresses in filaments 

increased locally to very high. For example, already at an applied compression of 40 – 

50 MPa, which is about half of the pressure that tapes must bear in magnets, the local 

tensile stress could reach 200 MPa, which is about double the level the filaments usually 

tolerate. The matrix yielded throughout the compression, and the interfaces were in 

approximately a similar state as with the displacement constraints. 

 

 

 

 
Figure 5.6. Horizontal, vertical and axial stress components in tape cross section at a transversal 

compression of 100 MPa modelled with force constraints. 
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5.2 Relating stress to superconducting and overall mechanical 
properties of tape 

Mechanical modelling of Bi-2223 tapes aims most often to find the critical current 

degradation or the overall mechanical properties of the tape. The latter determine, for 

example, how the tape supports itself in applications. This section describes the method 

that is used to connect the modelled stress distributions to critical current degradation of 

Bi-2223 tapes. In addition, the overall mechanical properties, which can be deduced 

from the models, are briefly presented. 

 

5.2.1 Connecting stress to superconducting properties 

In Bi-2223 tapes, only the effect of fracture on the critical current was considered. After 

all, practically all critical current degradation of Bi-2223 under mechanical loading is 

irreversible and due to fracture of filaments.  

 

Also in Bi-2223, the fracture was assumed to occur and the critical current drop when at 

any point either the σI exceeds the tensile fracture strength or the σIII becomes more 

compressive than the compressive fracture strength. Thus, also Bi-2223 was inspected 

following the maximum-principal-stress theory, presented in Section 4.2. The method 

allows making predicting the fracture initiation. However, it does not work well for 

quantifying the magnitude of the critical current drop. Such predictions would require 

models describing the growth and progress of the cracks. 

 

As discussed in section 2.3.2, fracture strengths of Bi-2223 filaments vary between 10 

MPa and 170 MPa in tension [16, 48, 76], but are very poorly known in compression. 

However because Bi-2223 is brittle, it is likely that the fracture strength under 

compression surpasses markedly the fracture strength under tension [77, p.19]. The 

variation of the strength is large, mostly due to pores and micro-cracks that act as stress 

concentration sites and decrease the fracture strength locally. Therefore, the fracture 

strength varies also within one filament. 
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The breakdown of filament-matrix interfaces may also degrade the performance of Bi-

2223 tapes [49]. Its probability is connected to the stress state at the interface, but 

unfortunately, experimental observations on the interface strengths are lacking. In any 

case, the previous section showed that the interfacial stress in the studied loading 

conditions is mostly compressive and shear stress low. Because the interfaces do not 

probably break up then, the interfacial stresses are not studied as intensively as the 

principal stresses. 

 

5.2.2 Studying overall mechanical behaviour of conductor 

Modelling transversal compression loading for Bi-2223 tapes allowed studying 

transversal overall stiffness of the tapes in addition to their axial stiffness. Due to the 

flat geometry and filamentary structure of the tapes, the stiffness was expected to 

depend largely on the inspected direction. 

 

The axial stiffness was inspected following the guidelines presented in Section 4.2.2. 

The transversal stiffness was studied roughly with the transversal compression model 

observing the relation between the average vertical stress and the average vertical strain. 

In a strict sense, the transversal stiffness should be studied in a situation, where the 

conductor was free to deform in perpendicular directions. It was here studied, however, 

with the displacement constraints that completely prohibit the axial and restrict the 

horizontal deformation. Such a case was considered to have larger practical interest than 

the one with free axial and horizontal deformation. However therefore, the transversal 

stiffness reported in this chapter contains also contribution from the interconnection 

between the deformations in different directions. 

 

5.3 Modelling challenges 

This section aspires to clarify practices in modelling Bi-2223 tapes. First, it focuses on 

the consequences of simplifying the modelled geometry. Obviously, a modeller must in 
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any case smooth out the smallest details from the geometry model. The impact of 

smoothing must be known so that the results can be interpreted realistically. In some 

cases, the modeller might also omit some other details from the model to save time. 

These details can also be uncertain or create meshing problems. Therefore, it is 

important to know how details influence stresses. 

 

Like Nb3Sn conductors, Bi-2223 tapes are subjected to electromagnetic forces always 

when they carry current. The magnetic field inducing the forces can be created solely by 

the current in the tape or as a combination of current and external field. Mechanical 

measurements of Bi-2223 tapes are often carried out in the absence of the external field, 

but in applications the external field is practically always present. 

 

5.3.1 Filament shape 

When modelling Bi-2223 tapes, a detailed description of complicated filament shapes 

demands considerable effort. The detailed model also requires a dense finite element 

mesh and increases the size of the computational problem. These difficulties increase if 

the size of modelled details decrease. Moreover, the details at the scale of grains do not 

even follow the assumptions needed for the two-dimensional model and are hardly 

known well enough to allow three-dimensional modelling. 

 

Here, the impact of filament shape on the stress distribution is illuminated with 

examples of features in two different size scales. The first features concern the whole 

filament geometry and the second presents a feature that is only just visible in an optical 

image of the cross section. In addition, the impact of even smaller details is discussed. 

 

The largest geometry features and their impact on the stress were investigated modelling 

the four filament tapes shown in Figure 5.7 in loading cases presented in Table 5.3. 

Each tape contained 20 % of filament material. The filament geometries included the 

elliptical shape, which is a convenient shape to model if the details were ignored. The 

stress in worm shaped filaments (last tape in Figure 5.7) differed most from the 

elliptical filaments, and therefore, they were taken under closer inspection. 
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Figure 5.7. Tape geometries used in studying impact of large geometry features on stress.

Table 5.3. Computational tests to study the influence of filament shape 

Conductors: Four filament tapes 1 – 8 in figure 5.7 
Filament model: Isotropic 
Filament Young’s modulus at 293 K: 100 GPa 
Silver yield strength at 293 K: 11 MPa, Creep deformation: None 
Loading Load change Initial state Radius of curvature 
1. Cooling 1103 K → 77 K Stress free Straight 
2. Axial tension  0 → 0.15 % Loading 1. Straight 
3. Transversal compression, 
displacement constraints 

0 → 100 MPa Loading 1. Straight 

4. Cooling 1103 → 293 K Stress free 250 mm 
5. Bending 250 mm → 50 mm Loading 4. changes 

 

Figure 5.8 shows the large scale distributions of the first principal stress in tapes with 

elliptical and worm-shaped filaments after cooling, under axial tension and under 

transversal compression. The local stress variation was markedly larger in the worm-

shaped filaments, especially around the places where the direction of the filament-

matrix interface changes suddenly. Due to the variation the worm-shaped model 

predicts earlier fracture than the elliptical one, but the difference in predictions depends 

on the loading. A rough idea of the significance of filaments shape can be obtained by 

assuming that fracture begins when σI exceeds 100 MPa at 90 % of the filament 

material. Then, the worm-shaped filaments would fracture at a 3 % smaller axial tension 

and at 23 % smaller transversal compression than the elliptic filaments. 
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To study the medium sized geometry features, the worm-shaped filaments contained an 

irregularity at their edge as shown in Figure 5.8. Similar irregularities can be seen for 

example in Figure 2.2. Figure 5.9 zooms in the stress distribution around the irregularity 

in different loading cases, and shows that irregularity had marked effect on stress 

distribution near it. 

 

These examples show clearly that geometry details significantly influence the stresses in 

the filaments after cooling, under axial tension and under transversal compression. The 

variation of stress was the stronger the sharper the detail. Under bending such geometry 

features influenced less on the first principal stress, because the axial stress depended 

strongly on the distance from the tape mid-plane. Therefore, σI was practically 

determined by this distance. 

 
       a) 

 
       b) 

 
       c) 

Figure 5.8. First principal stress in elliptic and worm-shaped filaments a) after cooling, b) at 

axial tension of 0.15 % and c) at transversal compression of 100 MPa. Studied medium size 

irregularity is marked with black frame. Note the different colour scales in the figures. 
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a)          b)          c)   

Figure 5.9. First principal stress around irregularity in worm-shaped filaments a) after cooling 

b) at axial tension of 0.15 % and c) at transversal compression of 100 MPa. Region shown is 

marked in Figure 5.8 with black frame. 

As the examples showed, the details influence the local stress whether they are large or 

small. However, at some scale of details, they must be judged too small for modelling 

and be accounted for as a variation of material properties. In Bi-2223 tapes, decision is 

difficult to make because even the grain level details are not much smaller than the 

filaments. However, the details at the grain scale, such as pores and notches, influence 

already the fracture strength measured for single filaments. The modelling results are 

compared to the measured fracture strengths and thus, the grain scale details should be 

left out of the geometry model. On the other hand, the difference in the stress of elliptic 

and worm shaped filaments arises from filament-matrix interaction under external 

loading. As such, the interaction is not included in the measured fracture strength, and 

thus, the filament shape should be modelled. Based on the reasoning, the filament 

details should be modelled starting from the scale of tens of micrometers, which in 

practice is about the smallest scale still visible in ordinary optical images of a tape cross 

section. 

 

5.3.2 Electromagnetic forces 

The electromagnetic forces due to the conductor current were first clarified without 

external field to illustrate the stresses caused by the spatial variation of electromagnetic 
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forces in the filaments. Again, the schematic tape geometry in Figure 5.1 was studied. 

To demonstrate the maximal impacts of electromagnetic forces, the situation was 

inspected at 4.2 K, where the critical current is high. The current density of 4000 

A/mm2 modelled in Bi-2223 filaments describes a very high quality tape [78]. 

 

Electromagnetic forces were modelled according to explanation in Section 3.3.2. All 

filaments had uniform current density, and all materials were modelled with the vacuum 

permeability. A tape cooled after heat treatment to the operation temperature 4.2 K was 

investigated, and the initial state of the mechanical model resulted from the cooling 

model presented in Section 5.1.1 for a straight tape. The modelled loading is 

summarized in Table 5.4. 

 

Figures 5.10 – 5.11 show the absolute magnetic flux density, the electromagnetic force 

density and the change caused on thermal stresses by electromagnetic forces. For 

comparison, the thermal stress distribution without electromagnetic forces is shown in 

Figure 5.2. According to the results, the electromagnetic forces in self field had a very 

small impact on stresses. They pushed the current carrying filaments towards the tape 

centre, but their impact for stresses was negligible in comparison to thermal stresses. 

Table 5.4. Computational tests on the significance of the electromagnetic forces 

Conductor: Schematic Bi-2223 tape 
Filament model: Isotropic 
Filament Young’s modulus at 293 K: 100 GPa 
Silver yield strength at 293 K: 11 MPa 
Creep deformation: None 
Loading Load change Initial condition 
1. Cooling 1103 K → 4.2 K Stress free 
2. Electromagnetic forces 0 → 4000 A/mm2  Loading 1. 

 
Figure 5.10. Magnetic flux density created by conductor current in Bi-2223 tape. 
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Figure 5.11. Horizontal and vertical components of electromagnetic force density and change 

caused by application of current in distribution of horizontal and vertical stress after cooling.

 

 

In external magnetic field, forces in the filaments are much larger than in the self field. 

However, they usually act in all filaments to approximately the same direction and try to 

set the tape in accelerating movement. A realistic current in a tape at 5 T and 4.2 K is 

500 A [79]. Then, a rough estimation, similar to that in Section 4.5, gives 2500 N/m 

force per tape length. To prevent the tape from moving, it must be supported against this 

force. The stress distribution then depends largely on the characteristics of the support. 

If the support is known, stresses could be modelled with a similar method as presented 

above for the self field. Considering the tape dimensions, the compression on the 

supported surface section would be a few MPas at most. 
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5.4 Uncertainties of the model 

Bi-2223 tapes contain several properties that vary between different tapes or are 

otherwise often uncertain for the modeller. The most important are related to the 

stiffness and anisotropy of filaments, the creep deformation at high temperatures and the 

silver yield strength. 

 

Superconducting Bi-2223 material consists of flat grains whose mechanical properties 

in the thin direction differ largely from those in perpendicular directions. Good 

superconducting properties require well aligned grains, and to achieve it, the conductor 

is rolled during manufacture. As a result, the overall properties of the filaments become 

highly anisotropic. However, the accurate modelling of filament anisotropy is 

problematic. The degree of grain alignment varies inside the filaments [80], and for a 

particular tape, it is rarely known. Additionally, the thin dimension of grain follows 

closely the thin direction of filament, and the filament curves may influence local 

orientation of anisotropy. Finding the anisotropic material parameters for some 

filaments would require a careful study of their microstructure. 

 

One of the material parameters that vary most between different Bi-2223 tapes is the 

Young's modulus of filaments. The Young's modulus depends on the porosity of the 

filaments and is, therefore, influenced by, for example, the manufacturing process. 

Some variation may also be due to the anisotropy. The measured values for Bi-2223 

filaments and rods have ranged from 32 GPa to 121 GPa [4, 48, 76, 81]. 

 

Creep deformation concerns Bi-2223 tapes because silver or silver alloy used as a 

matrix material has such a low melting point. The melting point of silver is 1234 K so 

that the limit of 0.3Tm for considerable creep strain generation is approximately 370 K. 

The heat treatment temperature of tapes is much higher than this, typically 1103 K. The 

degree of creep deformation is usually not known accurately, and thus, it presents an 

error source to the model. 
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In addition, the yield strength of silver may not be known accurately for a particular 

tape. In the literature, yield strengths in range 11 – 25 MPa have been reported at room 

temperature for silver that has gone through a procedure resembling heat treatment of 

Bi-2223 tapes [17, 33, 75, 82]. The yield strength is sensitive to the grain size and the 

impurity content of material. Typically, a large grain size, resulting from long heat 

treatment at high temperature, implies lowered yield strength. Impurities, on the other 

hand, increase the yield strength. Their content depends on the initial purity of used 

silver and diffusion processes during heat treatment. 

 

Uncertainty on the yield limit of silver is increased in cyclic loading because of the 

Bauschinger effect. The Bauschinger effect decreases the compressional yield limit 

when material hardens in tension. The Bauschinger effect was neglected in the 

hardening model of silver because it was not known for silver of superconducting tapes. 

The isotropic hardening model used here does not predict such a decrease but treats the 

yield limit always the same regardless of the direction of loading.   

 

The influence of uncertain parameters on the modelling results was investigated with 

computational tests summarized in Table 5.5 that were made for the schematic tape 

geometry presented in Figure 5.1. In the results, attention is paid especially to quantities 

related to the tape stiffness and fracture probability of filaments. The tests considered 

one parameter at a time, and all other uncertain parameters were fixed to a default value 

corresponding a typical behaviour. To model creep deformation, the on-off approach 

presented in Appendix A was used with the default value 700 K for the limit 

temperature of creep deformation. The temperature dependences of filament stiffness 

and silver yield strength were modelled as presented in Appendix B. As a default, 100 

GPa and 11 MPa were used for the room temperature values of the filament stiffness, 

EBi2223, and the silver yield strength, YAg, respectively. When studying thermal stresses, 

axial tension and transversal compression in straight tapes, one quarter of the schematic 

tape was modelled. Thermal stresses of bent tape and bending were modelled with one 

half of the tape geometry. 
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Table 5.5. Computational sensitivity tests on uncertain material properties 

Conductor: Schematic Bi-2223 tape, Loading: According to Table 5.1 
Sensitivity test Filament model EBi2223 (GPa) YAg (MPa) TL (K) 
Anisotropy Isotropic/Anisotropic 100 11 700 
Filament stiffness Isotropic 40 – 130 11 700 
Silver yield strength  Isotropic 100 11 – 25 700 
Creep deformation  Isotropic 100 11 370 -1103 

 

5.4.1 Tests on anisotropy 

To aid the choice of filament model for the rest of the tests, the filament anisotropy was 

studied first. It was investigated by comparing the results of two models where the 

filaments were strongly anisotropic in one and totally isotropic in the other. The 

anisotropic material was modelled modifying the elastic stiffness matrix and the thermal 

strain vector in a way presented in Appendix A. Filaments in the schematic tape 

geometry had very regular shape so that their properties connected to the width and 

longitudinal directions of tape were considered to be the same and to differ only in the 

thin direction. The anisotropic material parameters for the filaments are presented in 

Appendix B. The stiffness matrix was scaled so that the axial stiffness was 100 GPa 

both in the anisotropic and in the isotropic model. 

 

The results showed that the anisotropy affected neither the overall tape stiffness nor the 

first principal stress in filaments much. Unexpectedly, the anisotropic and isotropic 

model even predicted practically the same overall transverse stiffness, although the 

filament properties differed between the two models most in the vertical direction. 

Probably, this was due to the thin filament shape. The difference in the first principal 

stress between the two models is shown in Table 5.6. After cooling, the relative 

difference between material models was large, but σI was so small that it hardly causes 

fracture. In external loading, the difference between the anisotropic and isotropic 

models was quite small. In most cases, the anisotropic model predicted slightly larger 

stresses. The largest difference was in the horizontal normal stress, where local 

differences of 20 – 60 MPa in both directions appeared. 
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Table 5.6 Key figures of first principal stress distribution in filaments for anisotropic and 

isotropic filament models. 

Median of σI (MPa) Maximum of σI (MPa) Loading case 
anisotropic isotropic anisotropic isotropic 

Cooling as straight −0.17 −0.37 2.6 2.7 
Cooling with radius 250 mm 0.36 −0.38 2.2 2.4 
Axial tension 0.2 % 168 171 170 175 
Transverse compression 100 MPa −59.7 −59.5 −11.6 −12.0 
Bending to radius 25 mm 14.3 14.2 244 253 

As a whole, anisotropic filaments had only a small impact on the important mechanical 

quantities of the tape. Therefore, accurate results can be produced without knowledge of 

filament alignment. The isotropic model was, therefore, used in the rest of the tests. 

 

5.4.2 Tests on other uncertain parameters 

The influence of filament stiffness was inspected with the room temperature values of 

Young’s modulus from 40 GPa to 130 GPa. Creep deformation was tested with TL in 

the range 370 K – 1103 K. In the model, the degree of creep deformation enhanced 

when TL was lowered. The studied silver yield strengths were 11 MPa and 25 MPa in 

room temperature. 

 

Clearly, the stiffness of the filaments mainly determined the overall tape stiffness. 

Figure 5.12 shows the influence of filament stiffness on the axial and transversal 

average stress strain curves, whereas the impacts of creep deformation and silver yield 

strength are briefly summarized in Table 5.7. Thus, the filament’s Young’s modulus can 

be roughly deduced from the average stress strain curve if such is available for the tape. 

Table 5.7. Impact of silver yield strength and creep on overall tape stiffness. 

Parameters 
(EBi2223 = 100 GPa) 

Average axial stress at axial 
strain 0.2 %.  
(Axial tension model) 

Average vertical stress at 
transverse strain 0.1 %. 
(Trans. compres. model) 

TL = 1103 K (YAg = 11 MPa) 68.0 MPa 100 MPa 
TL = 370 K (YAg = 11 MPa) 66.5 MPa 96 MPa 
YAg = 11 MPa (TL = 1103 K) 66.9 MPa 97 MPa 
YAg = 25 MPa (TL = 1103 K) 69.2 MPa 104 MPa 
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        a)              b) 
Fig. 5.12 a) Average stress strain curves of axial tension test and b) average applied force 

density as a function of average vertical strain calculated with EBi2223 = 40 GPa (o), EBi2223 = 70 

GPa (□), EBi2223 = 100 GPa (◊) and EBi2223 = 130 GPa (∆).

All the loading cases tested were strain driven. Under the forced strain, tensile or 

compressive stresses in filaments were naturally larger if the filaments were stiff. 

Additionally, the axial compressive thermal strain was smaller if filaments were stiffer, 

but the axial thermal stress of filaments was almost the same in tapes with different 

filament stiffness. The growth of filament stress as a function of the constrained 

deformation is seen in Figures 5.13 and 5.14. In addition, Figure 5.15 show the filament 

stress in transversal compression as a function of applied compression, because such 

presentation is often of more use in practise. 

 

It is important to note that the fracture strength of filaments depends also on filament 

porosity. Stiff filaments often have large fracture strength. If a modeller overestimates 

or underestimates both the stiffness and the fracture strength simultaneously, the total 

error in the fracture prediction is decreased. 
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a)          b) 

Figure 5.13. Growth of first principal stress in filaments with EBi2223 = 40 GPa (o), EBi2223 = 70 

GPa (□), EBi2223 = 100 GPa (◊) and EBi2223 = 130 GPa (∆) a) in axial tension and b) in bending. 

Dashed line shows the maximum. Full line corresponds in a) to median and in b) to the value 

exceeded by 25 % of area. 

  
a)          b) 

Figure 5.14. Growth of a) the first and b) the third principal stress in filaments with EBi2223 = 40 

GPa (o) and EBi2223 = 130 GPa (∆) in transversal compression. Full line corresponds to median 

and the dashed line to most tensile σI or to most compressive σIII in the filament area. 
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a)          b) 

Figure 5.15. Growth of  a) the first and b) the third principal stress in filaments with EBi2223 = 40 

GPa (o) and EBi2223 = 130 GPa (∆) in transversal compression. Full line corresponds to median 

and the dashed line to most tensile σI or to most compressive σIII in the filament area. 

The degree of creep deformation and the silver yield strength influence the first 

principal stress in the filaments in a very similar way as shown in Figures 5.16 – 5.19. 

These two factors change the thermal pre-compression of filaments and, thereby, affect 

the point where the axial stress turns tensile. Creep deformation removed thermal 

stresses and lowered filament compression after cooling. If the yield strength was 

increased, elastic deformation in silver became larger, and its thermal contraction 

dominated more during cooling. Thereby, the thermal compression of filaments became 

larger. 

 

The thermal compression of filaments can be roughly studied with axial pre-strain that 

is the difference between the axial strain of filaments in the cooled tape and the free 

thermal compression of the filament material. For example, when YAg = 11 MPa and 

EBi2223 = 100 GPa, the compressive thermal pre-strain in axial direction was −0.046 % 

without creep deformation but only −0.029 % with TL = 370 K. Increasing the yield 

strength of silver from 11 MPa to 25 MPa, when TL = 700 K and EBi2223 = 100 GPa, 

changed the pre-strain from −0.033 % to −0.064 %. 
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As a whole, inaccuracy in the filament stiffness leads to large error bounds for both the 

overall stiffness and the filament stress. Uncertainty in the degree of creep deformation 

or in the silver yield strength does not decrease the reliability of modelled overall 

stiffness, but makes the predictions of filament stresses more inaccurate. On the other 

hand, the direct connection between the filament and overall stiffness might be 

advantageous if the measured stiffness for the tape is available. The actual filament 

stiffness can, then, be extracted from such data and used in further modelling. 

        
a)               b) 

Figure 5.16. First principal stress in filaments in axial tension with a) YAg =11 MPa and TL = 

370 K (o) and TL = 1103 K (∆) and b) TL = 700 K and YAg = 11 MPa (o) and YAg = 25 MPa (∆). 

Full line shows median and dashed line maximum. 

 
a)            b) 

Figure 5.17. First principal stress in filaments in bending with a) YAg =11 MPa and TL = 370 K 

(o) and TL = 1103 K (∆) and b) TL = 700 K and YAg = 11 MPa (o) and YAg = 25 MPa (∆). Full 

line shows the value exceeded by 25 % of area and dashed line maximum. 
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a)            b) 

Figure 5.18. First principal stress in filaments in transversal compression with a) YAg =11 MPa 

and TL = 370 K (o) and TL = 1103 K (∆) and b) TL = 700 K and YAg = 11 MPa (o) and YAg = 25 

MPa (∆). Full line shows median and dashed line most tensile σI in the filament area. 

 
a)            b)   

Figure 5.19. Third principal stress in filaments in transversal compression with a) YAg =11 MPa 

and TL = 370 K (o) and TL = 1103 K (∆) and b) TL = 700 K and YAg = 11 MPa (o) and YAg = 25 

MPa (∆). Full line shows median and dashed line most compressive σIII in the filament area. 
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5.5 Discussion 

 
Modelling of Bi-2223 tapes was studied for cooling, axial tension, bending and 

transversal compression. Cooling left the filaments in axial compression, but the cross 

sectional stresses were locally slightly tensile. Axial tension turned also the axial stress 

component in the filaments tensile. In filaments, bending caused a stress growing 

almost linearly with the distance from the bending axis. The results of transversal 

compression model depended markedly on the used boundary conditions. Displacement 

constraints caused hydrostatic compression almost everywhere in the filaments. On the 

other hand, force constraints led to very high tensile stresses perpendicular to the 

compressed direction. Practical loading usually resembles more the situation described 

with the displacement constraints, and therefore, they were mostly used in this work. 

 

The superconducting properties of Bi-2223 tapes under loading degrade mainly due to 

filament fracture. The first and third principal stresses typically describe well the 

fracture probability of brittle materials like Bi-2223 in tension and in compression, 

respectively. Therefore, the principal stresses were used in this work to connect the 

stress results of the FEM models to the electrical behaviour of tapes. The overall 

stiffness of the tape described its mechanical performance. 

 
The computational tests revealed that the filament shape has a large impact on filament 

stresses but electromagnetic forces in the absence of external field have not. The details 

in filament shape that do not influence the measured fracture strength should be 

modelled. Thus, they should be modelled starting from the scale of tens of micrometers, 

but the details in the grain level should not be taken into account as they already 

influence the fracture strength. In the absence of an external field, the electromagnetic 

forces can be ignored. If the external field is high, their impact depends on the support 

method, but it can be modelled if the properties of support are known. 

 

The results of the Bi-2223 tape models are more sensitive to the values of uncertain 

input parameters than the models of Nb3Sn wires. The conductor property that widens 

the error bounds of the models most is the filament stiffness. It affects both the overall 
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stiffness and the filament stress results notably. Moreover, the possible value of the 

filament stiffness can vary in large range. The overall stiffness results are not sensitive 

to the degree of creep or the yield strength of silver. However, uncertainty of these 

properties widens the error bounds of the filament stress results. The results of overall 

stiffness and of principal stress in filaments are quite insensitive to the filament 

anisotropy. 
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6 Modelling results versus experimental data 

This chapter presents a comparison of the modelling results to the experimental ones. 

The section 6.1 concentrates on the Nb3Sn wire models and the Section 6.2 on the Bi-

2223 tape models. The purpose of the chapter is to find a validation to the FEM models 

developed in this work. 

 

The comparisons are made by modelling measurements of Nb3Sn and Bi-2223 

conductors found from the literature or provided by collaborating groups. Some 

comparisons used purely mechanical measurement data. In addition, measured critical 

current data was exploited indirectly by using the degradation models presented in 

Sections 4.2 and 5.2 to connect the stress and strain to critical current. For transversal 

compression, suitable measurement data was not found, but it was modelled in typical 

loading encountered in applications, and the results were discussed based on 

expectations. The set of experiments used in validation is shown in Table 6.1. 

Table 6.1. Set of experiments used in validating the developed models. 
Conductor Loading situation Measured quantities Measured by  
Luvata Nb3Sn wire Axial tension, 4.2 K Average stress and 

critical current 
Forschungszentrum 
Karlsruhe [83] 

Bi-2223/Ag/AgMg 
tape VAM1 

Thermal stress,  
7 K → 293 K 

Overall thermal 
expansion 

Sugano [17] 

Kováč 37 filament 
Bi-2223/Ag tape 

Axial tension, 77 K Average stress and 
critical current 

Kováč [33] 

Kováč 21 filament 
Bi-2223/Ag tape 

Bending, 77 K Critical current Kováč [84] 

Kováč 37 filament 
Bi-2223/Ag tape 

Transversal 
compression, 77K 

Modelled under typical load level required 
from Bi-2223 tapes. 
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6.1 Nb3Sn wires 

The Nb3Sn conductor models were compared to a measured axial average stress strain 

curve and critical current. Before actual axial tension, thermal stresses were modelled. 

The modelling took advantage of the auxiliary model approach, and creep deformation 

was studied with several different TL values. 

 

6.1.1 Axial tension 

Experimental data for axial tension test was obtained from Forschungszentrum 

Karlsruhe, which has measured the average axial stress and critical current for a bronze 

processed wire of Luvata [85]. The measurements are described in [83]. The wire has 

already been discussed in conjunction with the electromagnetic forces in Section 4.5, 

and its cross section has been shown in Figure 2.1. The geometry details are presented 

in Table 6.2. Before the measurements, the wire was heat-treated at 943 K for 96 hours 

and cooled to room temperature at a rate of 30 K/h. The critical current measured at   

4.2 K and at 13 T transverse magnetic field is shown in Figure 6.1. The average stress 

strain curve is presented in Figure 6.3b). The conductor was supported from one side 

against the electromagnetic force created in the magnetic field. 

Table 6.2. Details of Nb3Sn wire made by Luvata. 

Number of filaments 6655 
Wire diameter 0.8 – 1.0 mm 
Filament diameter 4 – 5 µm 
Volume fraction of copper stabilizer 30 % 
Volume fraction of tantalum diffusion barrier 5 % 
Volume fraction of bronze matrix 45 % 
Twist pitch 50 mm 
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Figure 6.1. Critical current measured in axial tension test for wire produced by Luvata. Circles 
show measurement points. 

6.1.2 Computational model 

The Luvata wire contained so many filaments that, with the available computing 

capacity, it could have been fully modelled only with an extremely coarse mesh. The 

wire was, therefore, investigated with the auxiliary model approach. Four auxiliary 

models, whose primary groups were the centremost and the three outer filament groups, 

were chosen as shown in Figure 6.2. The centremost group was considered to represent 

all other filament groups except those next to the tantalum barrier. The degree of 

simplification was rather large so that a fine mesh could be used in the primary group 

without exceeding the memory limitations of the computer.  

        
Figure 6.2. Geometry models made from Luvata wire. Primary groups are enclosed with white 

circles. 
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The computations began with the modelling of the thermal stresses created during 

cooling from the heat treatment temperature to the operation temperature. Creep 

deformation was treated with the on-off approach presented in Appendix A. The degree 

of creep deformation was unknown, and so the thermal stresses were computed with 

several different TL. The cooling model results were used as the initial condition for the 

axial tension model. Axial tension was modelled up to the 0.5 % applied axial strain. In 

both loading situations, symmetry allowed to model only 1/12th of the conductor cross 

section. 

 

Some further simplifications were used in the model. Twisting was ignored because 

according to the tests in Section 4.4.2 the twist pitch of 50 mm does not influence on the 

results. The tin content of bronze was chosen to be 2.5 % in accordance with [24]. The 

Nb3Sn layer thickness in the filaments was assumed to be 1.5 µm, although it was not 

exactly known for the wire. The electromechanical force pushing the conductor against 

the support was at its maximum about 4200 N/m, which would most likely cause 

compression of a few megapascals. However, it was neglected because the support 

structure was not known well enough to be modelled. 

 

6.1.3 Results 

The results of the cooling and axial tension models were generally very similar to those 

described in Section 4.1 for the schematic wire geometry. After cooling, the axial 

stresses in the Nb3Sn layers of filaments were compressive, but the cross sectional stress 

components were locally tensional. During cooling, the bronze matrix, tantalum barrier 

and copper stabilizer experienced marked plastic deformation. Under increasing applied 

axial tension, the stress state in Nb3Sn turned gradually into tensile. Bronze and copper 

continued to deform plastically, whereas tantalum barrier, which was under 

compression after cooling deformed elastically. At the 0.5 % applied tensional strain, 

the diameter of the wire was about 1.8 µm smaller than after cooling. 
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The first comparison between the model and the experiment focused on the overall axial 

stiffness of the wire. The modelled average axial stress was compared to the measured 

average stress strain curve. Figure 6.3 shows the difference between the measured curve 

and curves modelled with different TL. As a whole, the modelled overall axial stiffness 

coincided very well with the measurements. 

 

The comparison to critical current measurements was made indirectly by inspecting the 

deviatoric strain measure, εdev. As explained in Section 4.2, the deviatoric strain 

measure can describe the reversible changes of the critical current that are related to the 

distortion of lattice under strain. According to the degradation model presented there, 

the critical current obtains its maximum when εdev is at its minimum. The average εdev 

was very similar in different filament groups, but the degree of creep deformation had a 

notable effect on the deviatoric strain. The applied axial strain corresponding to the 

minimum average deviatoric strain is presented in Figure 6.4 as a function of TL. The 

best correspondence with the measurement was obtained with TL = 450 – 550 K. 

 

      
a)         b) 

Figure 6.3. a) Difference between measured and calculated average stress strain curves in axial 

tension test and b) measured average stress strain curve and the modelled curve differing most 

from measurement. Curves correspond to computations with TL values 400 K ( ∇ ), 600 K (◊), 

800 K (□) and TL > 943 K (o). 
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Figure 6.4. Applied axial strain when the modelled deviatoric strain measure is smallest in 

central (full line) and outer (dashed line) filament group as a function of limit temperature of 

stress relaxation. Thick horizontal lines show the region where the measured critical current, 

shown in Figure 6.1, is at its maximum. 

In addition to reversible changes, the critical current could be decreased irreversibly by 

fracture of superconductor layers. The present experiment did not give unambiguous 

information about irreversible degradation because the strain was applied 

monotonically. However, the reversible changes in critical current are typically roughly 

symmetric around the maximum when the critical current is plotted versus the applied 

strain as in Figure 6.1 [43, p.70-92]. Thereby, the rapid decrease of critical current at 0.3 

– 0.4 % applied strain could indicate some fracture. 

 

In Nb3Sn wires, fracture may initiate either as cracking of the Nb3Sn itself or as 

separation of interface between filament and matrix [28, 45]. Cracking of Nb3Sn layers 

is once again investigated with the concept of first principal stress, σI. Thus it is 

assumed that irreversible degradation of critical current takes place, when σI locally 

exceeds the fracture strength of filament material. Figure 6.5 shows the growth of the 

median of first principal stress component in Nb3Sn layers. The region of applied axial 

tension where the measured critical current dropped abruptly is shown with grey colour. 

In addition, 200 MPa stress corresponding to the typical bulk critical strain for fracture, 

0.2 %, [3, p.57] is indicated with a line. The first principal stress obtained with TL = 400 

– 600 K agreed well with fracture starting at the applied strain of 0.3 – 0.4 % if the 

fracture strength of filaments is assumed to be 200 MPa. The same TL values produced 
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Figure 6.5. Median first principal stress in filaments computed with TL = 400 K ( ),   

T

∇

L = 600 K (◊), TL = 800 K (□) and TL > 943 K (o). Grey region shows applied axial strain 

where critical current dropped drastically. Thick line indicates probable stress level for fracture.  

also the best agreement with the reversible critical current degradation. Therefore, the 

rapid critical current degradation was very probably created by the fracture of Nb3Sn.  

 

The typical bulk fracture strength assumed above is low compared to strengths 

estimated for filaments. As mentioned in sections 2.3.1 and 4.2, intrinsic strain tolerance 

of 0.55% corresponding to stress of 550 MPa has been estimated for filaments in bronze 

processed wire. However, details of the measurement system may play a large role in 

filament failure [10]. In the axial tension measurement used for that estimation, the wire 

was soldered along its whole length to the Pacman spring, which transmits tension to 

wire [40]. The soldering most likely supports the wire quite well against progressive 

fracture. In the case studied here, the wire was more pronouncedly self-supported and 

the load was transmitted to neighbouring filaments in a larger degree after local 

cracking. Thus, it is likely that fracture of wire was more dominantly determined by the 

weakest parts of filaments. Therefore, the fracture strength of a bulk material was 

chosen for comparison.  

 

The shape of the first principle stress curves in Figure 6.5 can be explained as follows. 

At small tension, σI corresponds to cross sectional stresses that increase relatively 

slowly. With increasing tension, σI begins to coincide to the axial stress at a larger and 
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larger portion of Nb3Sn. Then, the slope of the σI versus applied strain rises. The 

increasing slope can also be explained partly by the behaviour of metallic component 

materials. Their stiffness decreases with increasing strain. Thereby, the load carried by 

Nb3Sn increases with the tension. 

 

Another possible explanation for critical current degradation after 0.3 % applied strain 

is increase of normal stress at the filament-matrix interface. Figure 6.6 illuminates the 

changes in this stress during axial tension in model with TL = 500 K. After the cooling, 

the compressive normal stress dominated on the interfaces, but the fraction of interface 

under normal tension quickly increased at the applied tension of 0.28 – 0.40 %, almost 

simultaneously with the rapid decrease in critical current. However even then, the 

average normal stress did not exceed 10 MPa in tension. Thus, if the interfacial normal 

stress is to blame for the critical current decrease, the interface should be very sensitive 

to tension. The interfacial shear stress does not promote interfacial fracture much, 

because it was quite low and decreased as the axial tension increased. For example 

when the applied tension increased from 0.3 % to 0.4 %, the average shear stress 

decreased from 7 MPa to 6 MPa in central filament group and from 13 MPa to 11 MPa 

in the outer group. 

 

 
Figure 6.6. Fraction of Nb3Sn interface where normal stress exceeds 0 MPa and 15 MPa in 

central (full line) and outer (dashed line) filament groups. 
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6.2 Loading cases for Bi-2223 tapes 

Several different loading types were considered in the experimental verification of the 

Bi-2223 tape models. Several tapes, for which suitable experimental data could be 

found, were studied. Purely mechanical measurement data was available for the thermal 

expansion of tape and for the axial tension test. For bending, the only possible 

comparison could be made indirectly from the critical current data. Suitable 

experimental data about transversal compression was not available for comparison. 

Therefore, transversal compression was only modelled for a typical tape under typical 

load level that Bi-2223/Ag tapes bear. The results were then discussed based on the 

expected behaviour of the conductor. 

 

6.2.1 Thermal stresses 

The reliability of the thermal stress model plays an enhanced role because the thermal 

stresses are always modelled before any other loading type. In practise, the thermal 

stress models are most commonly needed for calculating stresses arising from cooling 

after heat treatment. However, suitable experimental data for cooling could not be 

found. Instead, the thermal stress model was compared here to thermal expansion 

measured during the warming from 7 K to 293 K. Modelling thermal stresses when the 

temperature rises is principally similar to the modelling of cooling. However, the initial 

conditions for the warming model were taken from a model for cooling after heat 

treatment. Warming causes opposite thermal stresses than initial cooling, and therefore, 

the material behaviour is more complicated than under monotonous loading. Thereby, 

the warming model was more complex and contained more error sources than a model 

for cooling after heat treatment.  

 

The comparison concerned Sugano’s measurements for the thermal expansion of the so-

called VAM1 tape [17]. Before the measurement, the tape was cooled from the heat 

treatment temperature to 7 K. Its matrix consisted of pure silver next to the filaments 

and AgMg alloy surrounding the silver [86]. The cross section of the tape has been 
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presented in [86] and some of its details are collected in Table 6.3 from [17, 86]. The 

geometry model used in computations is shown in Figure 6.7. 

 

The initial state for the thermal expansion model was obtained from the model of 

cooling the tape from the heat treatment temperature to 7 K. Thermal expansion of tape 

was then modelled in warming the tape from 7 K to room temperature. Modelling was 

done with the isotropic filament model and the same TL value was used for silver and 

Ag-1at%Mg. Various values of EBi2223, and TL were used in computations, but the silver 

yield strength was always the typical 11 MPa. 

 

The model predicted slightly larger thermal expansion for the tape than what was 

measured during warming. Modelled and measured axial thermal expansions are 

compared in Figure 6.8. Generally, the difference between the modelled and measured 

results increased with decreasing filament stiffness and increasing TL. 

 

The Bauschinger effect can explain part of the difference. In the current tape, the 

Bauschinger effect concerns only silver because AgMg alloy did not harden in cooling. 

Silver, on the contrary, yielded and hardened under tension during cooling until 

warming reversed the direction of loading. Then, silver unloaded elastically until the 

stress reached the compressive yield limit. Neglecting the Baushinger effect caused the 

model to overestimate the amount of elastic unloading. Thereby, it predicted the 

contribution of silver on the tape thermal expansion to be too large. Because silver has 

the largest thermal expansion of the component materials, the model without 

Bauschinger effect overestimates the change of tape length. 

Table 6.3 Properties of Bi-2223/Ag/AgMg tape designated as VAM1 [17, 86] 

Volume fractions Dimensions Heat treatment 
temperature 

Filament 
number Bi-2223 Silver Ag-1at%Mg 

3.7 x 0.27 mm  1103 K 57  0.27 0.40 0.33 
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Figure 6.7. Geometry model of Bi-2223/Ag/AgMg tape designated as VAM1 that was used in 

testing the thermal stress model. The darkest regions are the filaments, the grey areas silver and 

the white areas silver alloy Ag-1at%Mg. 

     
a)             b) 

Figure 6.8. a) Axial thermal expansion of tape during warm-up from 7 K to 293 K according to 

measurements (full line) and model with EBi2223 =120 GPa and TL = 900 K (dashed line). Also 

shown are thermal expansion data of component materials. b) Absolute difference between 

measured and calculated tape thermal expansion with EBi2223 = 80 GPa and TL = 1103 K (o) and 

EBi2223 = 120 GPa and TL = 370 K (□). 

6.2.2 Axial tension 

Experimental comparison for the axial tension model of the Bi-2223 tape used the 

Kováč’s measurements of critical current and axial stress in an axial tension test. The 

test was performed at 77 K with ‘short straight sample’ procedure described in [10]. The 

measurement system allowed the tape to contract freely during cool down, and during 

the measurement the tape was free-standing. Kováč also manufactured the measured 

tape, whose cross section and details are shown in Figure 2.2 and Table 6.4. More tape 

details are presented in article [33], which described the experimental comparison for a 

preliminary version of our computational program. The results presented here are 

computed after making some changes in the finite element formulation used in the 

program. 
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The measured average axial stress strain curve and critical current are shown in Figure 

6.10. The critical current decreased slightly from the beginning of the measurement. 

After the 0.10 % applied strain, the decrease became more notable, and finally at about 

0.14 %, the critical current dropped drastically. The decreasing critical current indicates 

filament fracture that can be noted also as a decreasing slope of the average stress strain 

curve, which cannot be fully explained with yielding of silver. In fact, the slope 

decreased more than would have been expected even if the silver did not harden at all. 

 

Modelling began with calculating the thermal stresses created during cooling from the 

heat treatment temperature to the measurement temperature. The results of the cooling 

model were, then, used as an initial state for the axial tension model. The axial tension 

was modelled up to the strain of 0.2 %. However, the model did not account for 

filament fracture. Therefore the validity of the model decreases already after about     

0.1 % applied strain as the amount of filament fracture increases. The filaments were 

modelled as isotropic, but their stiffness and the degree of stress relaxation were 

Table 6.4. Properties of the 37 filament Bi-2223/Ag tape produced by Kováč. 

Dimensions 0.245 x 4.20 mm2

Filament number 37 
Fill factor 29.3 % 
Matrix material Ag 
Heat treatment 1106 K/30 h+1103 K/65 h 

 
Figure 6.10. Measured average stress strain (full line) and critical current (dashed line) curves. 
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unknown before modelling. The modelling was, therefore, performed with several 

values of TL and EBi2223. The yield strength of silver at room temperature was chosen to 

be 25 MPa based on a tensile stress measurement of a wire heat treated similarly to the 

tape [33]. The geometry model used is shown in Figure 6.11. 

 

Figure 6.12 compares average stress strain curves modelled with TL = 900 K to the 

measured curve. Average stress strain curves are shown only for one TL value, because 

creep deformation was noted to have only minor impact on them in Section 5.4.2. The 

initial parts of the average stress strain curves coincided well, if the filament stiffness 

was suitably chosen. For this tape, the best correspondence was achieved with EBi2223 = 

120 GPa. After the applied strain of about 0.05 %, the modelled curve started to 

disagree with the measured one. Most probably, this was due to gradual filament 

fracture. 

 

 
Figure 6.11. Geometry model of 37 filament Bi-2223/Ag tape produced by Kováč that was used 

in testing the axial tension model. Grey regions are filaments and white regions silver. Only one 

quarter of the tape was modelled although the details in different quarters were slightly 

unsymmetrical. The photograph of the real cross section is shown in Figure 2.2. 

 
Figure 6.12. Average stress strain curves calculated for studied tape with EBi2223 = 100 GPa (∆), 

EBi2223 = 120 GPa (◊) and EBi2223 = 140 GPa ( ∇ ) and curve measured by Kováč (no symbols). 
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The growth of stress in filaments can be roughly compared to their fracture indicated by 

the critical current measurement. As explained in Section 5.2, the stress results of the 

FEM model are here connected to the fracture under tension by comparing the first 

principal stress to the fracture strength of the filament material. Nevertheless, the 

comparison cannot be strict because the fracture strength varies in filaments and is not 

known exactly. The reasons were explained in detail in Section 5.2. The first principal 

stress was here compared to the values of 45 MPa and 100 MPa, which are the average 

strengths obtained in different measurements [16, 76]. 

 

Figure 6.13 shows the portion of filament area where the first principal stress exceeds 

different strength estimates as a function of applied tension. The results correspond to 

the smallest and largest inspected TL and to EBi2223 = 120 GPa that gave the best 

agreement for the average stress strain curve. The computational results are in good 

agreement with the measurement if the fracture strength of the filaments is assumed to 

lie between 45 MPa and 100 MPa. However, due to the uncertainty of local fracture 

strengths, it is difficult to say, which TL value fits best with the measurement. 

 

           
a)             b)         

Figure 6.13. Fraction of filament area, where first principal stress exceeds (dashed lines from 

left to right) 45 MPa and 100 MPa for a) TL = 370 K and b) TL = 1103 K and the critical current 

versus applied tension measured by Kováč (no symbols).
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6.2.3 Bending 

The bending model was compared to measurements presented in [84]. The tape 

involved in the measurements is described Figure 6.14a) and Table 6.5. It was produced 

with the tape-in-rectangular-tube method [87], which accounts for the special filament 

structure. Before the measurement, the tape was heat-treated at a former with 20 mm 

radius and cooled to 77 K. In the measurement, the tape was forced to move over a 

conical mandrel so that its radius gradually decreased from 20 mm to 7.5 mm and then 

increased again to 20 mm [9, 84]. 

 

The modelling consisted again of two stages. First, cooling of the tape after heat 

treatment to the measurement temperature was modelled in cylindrical coordinates with 

the lower surface of tape constrained to the radius of 20 mm. The results of the cooling 

solution were used as initial data in the bending model, where the tape lower surface 

was constrained to move from the radius of 20 mm to 15 mm. Further decreasing or 

increasing the bending radius was not modelled because the critical current 

measurements indicated considerable filament fracture at radius of about 16 mm. The 

geometry model used is shown in Figure 6.14b). 

       
a)         b)   

Figure 6.14. a) Cross section geometry of 21 filament Bi-2223/Ag tape investigated in bending 

and b) geometry model of tape half for computations.

Table 6.5. Properties of 21 filament Bi-2223/Ag tape produced by Kováč. 

Dimensions 0.53 x 2.21 mm2

Filament number 21 
Fill factor 39.4 % 
Matrix material Ag 
Heat treatment 1106 K/25 h+1103 K/ 60 h 
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Filaments were modelled with isotropic properties. Their Young’s modulus was chosen 

as 40 GPa based on the comparison of the axial tension experiment and the model made 

for the tape [33]. The low filament stiffness was due to high porosity of filaments 

resulting from the fabrication process. Again, the silver yield strength of 25 MPa at the 

room temperature was used based on the measurement made for a silver wire [33]. The 

computations were performed with various values of TL, but the degree of creep 

deformation was noted to have no practical impact on results. 

 

As explained in section 5.2, the first principal stress, σI, is here used to describe the 

fracture probability of the filaments in tension. The fracture takes place if σI exceeds 

locally the fracture strength of the filament material, which varies inside the filaments. 

The probability of the fracture increases when the proportion of material under high 

stress grows. Figure 6.15 shows a comparison between the modelled first principal 

stress and the measured critical current during bending. The median, the maximum and 

the limits exceeded in 30 % and 10 % of the filament area are shown for the first 

principal stress. The largest stresses in filaments begin to rise just about the same time 

as the critical current degrades rapidly. Assuming that the filament strengths would lie 

around 40 – 80 MPa, the model results agree well with the experiments. 

 
Figure 6.15. First principal stress (dashed lines) modelled with TL = 600 K and measured 

critical current (full line) during bending. Dashed lines from down to up are median of first 

principal stress, value exceeded in 30 % of the filament area, value exceeded in 10 % of the 

filament area and maximum of first principal stress in filaments. 
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6.2.4 Transversal compression 

The transversal compression model of Bi-2223 tape was difficult to compare with 

experiments because suitable measurement data was lacking. In the measurements, the 

tape has been compressed only at a very short length [12, 88, 89], whereas the model 

described compression along the whole conductor length resembling situation in a 

magnet. The measurement conditions seem much more severe for the tape than 

homogeneous compression along its length because the edges of the compressed region 

are subjected to large shear forces. Nevertheless, evaluating of the transversal 

compression model is important, especially because the results obtained with alternative 

boundary conditions differed so significantly in Section 5.1.2. 

 

The model was roughly evaluated here by investigating the 37 filament Bi-2223/Ag 

tape (Table 6.4) used also for testing the axial tension model. Some idea about the 

sensibility of results is obtained by considering typical load levels that Bi-2223 bear. 

For example, in magnets used in high energy physics, Bi-2223 tapes are required to 

tolerate transversal compression of 100 MPa [73]. On the other hand, the critical current 

has been observed to drop about 10 % with compression of 100 MPa, when the tapes 

with pure silver matrix have been compressed only on a short length [90]. In this 

particular measurement, the voltage taps were located inside the compressed region so 

that the critical current measurement was not that much influenced by the shear related 

to the edges of compression. 

 

Transversal compression was modelled both with the displacement and with the force 

constraints. The two models described somewhat different situations as explained in 

Section 3.3.2. With the displacement constraints, the vertical displacement of wide 

surfaces towards the centre plane of the tape was increased stepwise up to 0.3 µm. The 

final value corresponded to about 240 MPa average vertical compression. Horizontal 

displacement on the wide surface and axial deformation of the tape were prohibited. 

With force constraints, the uniform pressure up to 200 MPa was applied to the wide 

surface. The initial condition for both cases was taken from the result of cooling model 
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that was already used for the axial tension model. The modelling was performed with 

EBi2223 = 120 GPa, YAg = 25 MPa and TL = 700 K. 

 

Figure 6.16a) shows the first and third principal stresses in the filaments during 

compression obtained from the models with displacement constraints. With the 

displacement constraints, the filaments were dominantly under compression all the time. 

Local tensional first principal stresses appear only when the applied pressure was nearly 

140 MPa. The third, meaning the most compressive, principal stresses in the filaments 

stayed about the same level from the cool down up to the 100 – 150 MPa applied 

compression. After that, compression began to increase. Because of the low level of 

tension stresses and the constant level of compressive stresses, the model indicated that 

no fracture would happen before 150 MPa pressure. 

 

The model with the force constraints predicted very rapid growth of tensile stresses in 

the filaments as shown in figure 6.16b). The tensile stress in filaments increased very 

fast and soon reached the level of 45 – 100 MPa typically causing fracture. Therefore, 

the model suggested the break down of filaments already at around 50 – 75 MPa applied 

pressure. Thus, the force constraints produce again more pessimistic results than the 

displacement constraints. 

     
a)             b)   

Figure 6.16. Development of first (o) and third (□) principal stresses in filaments in transversal 

compression models with a) displacement and b) force constraints. Full line shows the median 

and dashed lines maximum for σI and minimum for σIII. 
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6.3 Discussion 

When parameters of the model were chosen realistically, the modelling results were in 

good agreement with the experimental data used for comparison in this chapter. 

However, the error bounds between the extreme values of parameters were large. Table 

6.6 summarizes the parameters that gave the best match with the experimental data. 

 

Nevertheless, the model cannot be judged unquestionably valid based on the presented, 

quite constricted, comparison. The main shortcoming of the comparison is the lack of 

directly measured local mechanical data. The only measured mechanical data used in 

comparison were the average axial stiffness and the total thermal expansion of the 

whole conductor. Some average data on the superconductor filaments could be deduced 

from the critical current measurements. The degradation of critical current was here 

compared to modelling results with degradation models introduced in Sections 4.2 and 

5.2. In other words, the critical current of Nb3Sn wires was assumed to obtain its 

maximum when the deviatoric strain measure is at its minimum. Fracture causing 

irreversible decrease in critical current was assumed to occur according to the 

maximum-principal-stress theory. Unfortunately, the comparison was not very precise 

because it involved the filament strengths, that were known only approximately. 

 

The experimental comparison for the Nb3Sn wire models was made only under axial 

tension. The axial stiffness predicted by the model with any degree of modelled creep 

deformation fitted well to the measured average stress strain curve. The critical current 

data was compared to the model assuming that the maximum critical current is obtained 

Table 6.6. The parameters giving the best agreement between the models and experiments 
Conductor Experiment Set of parameters 
Luvata Nb3Sn wire Axial tension TL = 450 – 550 K, tin content of bronze 2.5 %a

VAM1 
Bi-2223/Ag/AgMg tape 

Thermal 
expansion 

EBi2223 = 120 GPa, TL = 370 K, YAg = 11 MPaa

Kováč 37 filament Bi-
2223/Ag tape 

Axial tension EBi2223 = 120 GPa, TL closer to 1103 K than to 
370 K, YAg = 25 MPaa

Kováč 21 filament Bi-
2223/Ag tape 

Bending EBi2223 = 40 GPaa, YAg = 25 MPaa

aParameter was deduced from references and only one value was used in tests here. 
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when the average deviatoric strain is the smallest. The model agreed with the 

experimental results when stress relaxation was described with TL = 450 – 550 K. 

 

The Bi-2223 tape models were compared to the experiments under thermal, axial 

tension and bending loading. The thermal contraction model for warming from 7 K to 

293 K agreed very well to the experiment. The axial tension model predicted the initial 

axial stiffness of the tape correctly if the stiffness of filaments was chosen properly. 

Fracturing filaments disturbed the coincidence when the applied axial strain was large. 

Filament fracture observed from the measured critical current under axial tension and 

bending was consistent with the modelled growth of the tensile stresses in filaments. 

Nevertheless, the uncertainty of filament strength made the comparison approximate. 

 

The model of transversal compression could not be compared to measurements. The 

only available experimental data concerned situations where the tape was compressed 

only on a short length. In the modelled situations, the tape was compressed on its whole 

length. Thus, the reasonability of modelling results was, then, only roughly estimated. 

For reference, it was known that in magnet applications, Bi-2223 tapes are required to 

endure the compression of around 100 MPa. Models of a typical Bi-2223 tape were 

made both with the displacement and force constraints. The displacement constraint 

model predicted that fracture in the filaments would not begin until 150 MPa applied 

compression. According to the force constraint model, the fracture would already be 

probable when the applied compression is about 50 MPa. 
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7 Comparison between FEM and analytical models 

This chapter compares the results of the FEM models to those of the analytical models 

in the basic loading situations. The chosen analytical models are most commonly used 

with filamentary superconductors, and they are reviewed here briefly. The comparisons 

involved are presented in Table 7.1. 

 

The purpose of this chapter is to distinguish the benefits and drawbacks of the FEM 

models in comparison to analytical methods when studying the basic loading situations. 

The information is useful for future researchers who are dealing with basic loading 

conditions, for example in measurement systems, and choosing a modelling method for 

their problems. FEM models are computationally heavy, and they are laborious to 

implement or expensive to purchase. On the other hand, the analytical models are light 

and anybody can implement them easily. Therefore for the FEM models to be useful, 

their results should be clearly more accurate than those of analytic models. 

 

One major advantage of FEM models compared to the analytical models is the 

possibility to deal with complex loading situations in complicated geometries without 

dramatically simplifying the geometry or loading conditions. An analytical solution 

Table 7.1. Comparisons made to compare FEM and analytical models 

Loading Conductor FEM models presented in 
Thermal stresses Luvata Nb3Sn wire, 37 filament Bi-2223 

tape and VAM1 Bi-2223 tape 
Sections 6.1, 6.2.2 and 
6.2.1  

Axial tension Luvata Nb3Sn wire and 37 filament Bi-
2223 tape 

Sections 6.1 and 6.2.2 

Bending Schematic Bi-2223 tape Section 5.1 
Transversal 
compression 

37 filament Bi-2223 tape Section 6.2.4 
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requires a simple geometry and loading. Typically, analytical models use 

approximations of uni-axial stress state or symmetrical geometry and loading that 

allows one-dimensional treatment. Approximating uni-axial stress state in composite 

structures means neglecting, for example, the cross sectional interaction of materials. 

One-dimensional models are obtained by assuming the geometry either infinitely long 

or infinitely thin in unmodelled directions. 

7.1 Thermal stresses 

An analytical model of thermal stress is obtained when the requirement of compatible 

cross sectional deformations is neglected. Then, each material can deform in the cross 

section plane freely, and all normal and shear stresses related to cross section plane are 

zero. Moreover, the axial stress is constant in each component material. As in the FEM 

model, the axial normal strain is constant in the conductor. It is determined with the 

requirement that axial stresses balance each other so that the axial net force in the 

conductor cross section equals zero. 

 

If the material models are complex, a fully analytical solution is impossible. Still, the 

problem can be solved with rather low computational costs with Newton-Raphson 

method. This kind of solution is here called quasi-analytical. Commercial FEM 

softwares usually contain implementation of the Newton-Raphson procedure, which can 

be used to solve the problem presented here. Nevertheless, the Newton-Raphson 

procedure can be easily implemented also without costly FEM software and is, 

therefore, shortly presented here. 

  

Due to the simplifications, the only unknown variable in the model is the axial strain of 

the conductor, . In component material k, the axial stress, σcondε k, is obtained from 

 through the constitutive relation  condε

( kkk h T
cond εεσ −= ),     (7.1) 

where hk describes the uni-axial stress as a function of axial strain in the material k and 

 is the thermal strain in the material k. Relation hk
Tε k is reduced from the material 
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models described in Section 3.2. In elastic materials, hk is linear. In elasto-plastic 

materials, it follows the uni-axial stress strain relation described in Section 3.2.2 and is 

interconnected with hardening. In all materials, relation hk depends on the temperature. 

Creep deformation was modelled with the on-off method presented in Appendix A for 

the FEM model, where the full relaxation now meant zero stress in the material. The net 

force in axial direction was calculated simply as a sum 

∑=
k

kkWF σz ,     (7.2) 

where Wk is the cross sectional area of the material k. Demanding that Fz = 0,  can 

be solved and the material stresses determined from Equations 7.1 and 7.2. 

condε

 

The practical solution of this simplified model depends on the type of the material 

models. If the hardening models of elasto-plastic materials are linear, an analytical 

solution is possible [15]. If the material models included non-linear hardening, an 

analytical solution is forbidden, and the Newton-Raphson method was used for solution. 

 

The material models were also history dependent. The stress in materials does not 

necessarily increase monotonously, but unloading may occur due to the temperature 

dependent material properties or cycling of temperature. Possible unloading during the 

temperature change can be accounted for by increasing the temperature step by step in 

the solution. In addition, the stepwise solution allows modelling such creep deformation 

that removes stresses only from some materials above some temperature. Here, the 

solution was searched with several load steps, but also the solution with one step was 

tested, as it is most often used in the literature. The stepwise solution procedure is 

shown in Figure 7.1. There, Newton-Raphson method was used to find the change in 

axial strain of conductor  due to the change in thermal strain, , at each 

temperature interval. 

condε∆ k
Tε∆
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Final temperature 
achieved? 

No 

End. 

Yes

Update material data to correspond to new temperature and 
k
Tε∆  to correspond to temperature interval. 

Start. 

Set strain, stress and internal variables zero and temperature to initial temperature. 

Change temperature.

Solve condε∆  from Equations 7.1 and 7.2 with Newton-Raphson. 

Increase strain of conductor with condε∆ . 

Update stresses and internal variables. 

 
Figure 7.1 Stepwise solution procedure for quasi-analytical thermal stress model. 

7.1.1 Results for Nb3Sn and Bi-2223 conductors 

To compare the quasi-analytical and FEM models, some of the cases previously 

modelled with FEM were calculated again with the quasi-analytical model. The cases 

included cooling of Nb3Sn and Bi-2223 conductors from the heat treatment temperature 

to the operation temperature that was modelled in Sections 6.1 and 6.2.2. In addition, 

the thermal expansion of Bi-2223 tape between 7 K and 293 K, studied with the FEM 

model in Section 6.2.1, was calculated with the quasi-analytical model. For the thermal 

expansion, also measured data was available for comparison. 

 



 133

The details of the Nb3Sn wire and Bi-2223 tape modelled in cooling were presented in 

Sections 6.1 and 6.2.2, respectively. The modelled temperature change was for the 

Nb3Sn wire from 943 K to 4.2 K and for the Bi-2223 tape from 1103 K to 77 K. In the 

model of Nb3Sn wire, the computation began from 943 K because creep deformation 

was not modelled in niobium, Nb3Sn and tantalum due to their large melting points. 

Creep deformation of copper and bronze at high temperatures could be observed only 

with stepwise solution. In Bi-2223, creep deformation removed stress from both the 

filaments and the matrix at high temperatures according to the model explained in 

Appendix A. The computation began from the limit temperature of stress relaxation 

both in the one step and stepwise solutions. As with the FEM solution, the stepwise 

solution of quasi-analytical model took 99 steps. 

 

Tables 7.2 and 7.3 show the results of quasi-analytical and FEM models for the thermal 

contraction and axial thermal stress in the Nb3Sn and Bi-2223 materials. The thermal 

contraction in the quasi-analytical model was very close to the result of the FEM model. 

On the other hand, the axial thermal stress in the superconductor exhibited some 

differences. In the Nb3Sn wire, the quasi-analytical model gave slightly larger axial 

thermal stress than the median in the FEM model. In addition, the axial thermal stress 

Table 7.2. Thermal contraction of wire and axial stress in Nb3Sn after cooling. 

TLQuantity Model 
400 K 600 K 800 K 943 K 

Quasi-analytical (one step) - - - – 1.09 
Quasi-analytical (99 steps) – 0.87 – 0.97 – 1.05 – 1.09 

Tape 
strain 
(%) FEM – 0.86 – 0.94 – 1.00 – 1.03 

Quasi-analytical (one step) - - - – 351 
Quasi-analytical (99 steps) – 126 – 233 – 308 – 350 

Axial 
stress 
(MPa) FEM (median) – 118 – 215 – 279 – 310 

Table 7.3. Thermal contraction of tape and axial stress of Bi-2223 after cooling. 

TLQuantity Model 
370 K 700 K 900 K 1103 K 

Quasi-analytical (one step) – 0.42 – 0.93 – 1.25 – 1.57 
Quasi-analytical (99 steps) – 0.42 – 0.93 – 1.25 – 1.57 

Tape 
strain 
(%) FEM – 0.41 – 0.93 – 1.24 – 1.57 

Quasi-analytical (one step) – 75.6 – 78.5 – 82.3 – 88.1 
Quasi-analytical (99 steps) – 75.6 – 78.5 – 82.3 – 88.1 

Axial 
stress 
(MPa) FEM (median) – 77.8 – 82.9 – 90.3 – 101 
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varied inside the Nb3Sn layer in the FEM model, for example, between –222 MPa and  

–203 MPa in the model with TL = 600 K. In the Bi-2223 tape, the axial filament stress 

was very close to the median given by the FEM model if TL was small, but the 

difference increased with decreasing degree of creep deformation. Nevertheless, the 

axial stress in the FEM model varied again quite considerably in filament material. For 

example, in the model with TL = 700 K, it ranged from –116 MPa to –68.2 MPa. 

 

The quasi-analytical model assumed that the cross sectional stress components are zero. 

However, the FEM solution of the cooling model shows that these components are 

significant and locally tensile too. This is important difference because the material is 

most susceptible to fracture under tensile stresses. 

 

Solutions with one and with multiple steps gave practically identical thermal contraction 

for the conductor and the axial stress for the superconducting material both in the Nb3Sn 

wire and in the Bi-2223 tape. For the Bi-2223 tape, the solutions were also otherwise 

similar. However, in the Nb3Sn wire, the stresses in the one step and with the multiple 

steps solutions differed significantly in the other component materials than Nb3Sn. As 

shown in Figure 7.2, the one step solution produced systematically larger stresses. 

Moreover, according to the one step solution, the stresses were equal to the yield limit, 

whereas in the multiple step solution the absolute values of stresses were smaller than 

the yield limits. 

 

The differences arose most probably due to the highly non-monotonous temperature 

dependence of the Young's modulus of Nb3Sn. The Young’s modulus dropped suddenly 

at around 50 K and released thermal stresses from other materials. Before the drop, the 

other materials hardened markedly, and during cooling from 50 K to 4.2 K, the stress 

did not reach again the yield limit related to this hardening. The one step model uses 

only the material properties at the final temperature and, therefore, does not observe the 

drop of Nb3Sn Young’s modulus. 
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a)          b) 

Figure 7.2. Axial stresses (black bars) and yield limits (white bars) in elasto-plastic component 

materials of Nb3Sn wire according to quasi-analytical model with a) one step and b) 99 steps. 

In addition to the cooling models, the thermal expansion of the Bi-2223 tape during 

warming from 7 K to 293 K was modelled with the quasi-analytical model. The details 

of the conductor were presented in Section 6.2.1. As explained there, the tape was 

cooled from 1103 K to 7 K before warming. The quasi-analytical thermal stress model 

was, therefore, used first for cooling and only then for warming with the cooling result 

as an initial state. The warming model was calculated only with several steps because 

the intermediate results were needed to present the expansion versus temperature. 

Figure 7.3 shows that the quasi-analytical and FEM models gave very closely the same 

results, but they both differed a little from the measured results. 

 
Figure 7.3. Thermal expansion of Bi-2223 tape during warming from 7 K to 293 K according to 

measurements and quasi-analytical and FEM models. Full line shows the measurement results. 

Results of quasi-analytical and FEM models are shown with (○) and (◊), respectively. 
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7.2 Axial tension 

The axial tension model can be simplified with the similar approximation of free 

material deformations in transversal directions than the thermal stress model. However, 

modelling is even simpler, because the axial strain of the conductor is predetermined. 

Then, the stresses can be directly obtained from Equation 7.1 and the axial net force 

from Equation 7.2. The axial net force corresponds now to the external force needed to 

cause the axial strain and can be used in drawing the average stress strain curve for the 

conductor. 

 

In a typical situation, axial tension is applied after cooling the tape from the heat 

treatment temperature to the operation temperature. The total axial strain of the 

conductor is then, 
appcond

0
cond εεε += ,     (7.3) 

where  is the strain after cooling and εcond
0ε app is the actual applied strain. It is usually 

convenient to perform the computation in steps of increasing εapp, so that intermediate 

results can be used to study the development of stresses throughout the loading. The 

initial state of stress and material hardening for the first step are taken from the solution 

of cooling model. 

 

7.2.1 Results for Nb3Sn and Bi-2223 conductors 

The quasi-analytical axial tension model was compared to the FEM model and to the 

measurements presented in Sections 6.1 and 6.2.2. The conductors involved were the 

same Nb3Sn wire and Bi-2223 tape that were used in the tests for the quasi-analytical 

cooling model. The models were compared by observing the similarities and differences 

in the average stress strain curves and in the first principal stresses that the models 

predict. Axial tension was modelled stepwise and the intermediate results were recorded 

to obtain the development of stress during the test. Both the one-step and the multiple 

step solutions of cooling model were tested as an initial state of the tension models. 
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Figure 7.4 shows the measured and modelled average stress strain curves for the Nb3Sn 

wire and Bi-2223 tape. For both conductors, the quasi-analytical model gave a lower 

average axial stress than the FEM model most probably because the restrictions for 

cross sectional deformations were neglected. The restrictions change the axial stress in 

different materials and influence the yielding of elasto-plastic materials. The number of 

steps in the cooling model made a difference for the Nb3Sn wires but not for the Bi-

2223 tapes. In the Nb3Sn wire, the multiple step model predicted unloading during 

cooling as explained in the previous section. After that, the elasto-plastic materials 

deformed elastically at small applied tension. 

 

Figure 7.5 shows the first principal stress calculated with FEM and the quasi-analytical 

models for the Nb3Sn wire and Bi-2223 tape. For Nb3Sn, the FEM model predicted 

larger first principal stresses than the quasi-analytical model. At small applied strains, 

the first principal stress in the FEM model corresponded to tensile cross sectional 

stresses, but in quasi-analytical models the cross sectional stresses were zero. At larger 

applied strains, the FEM model gave a larger first principal stress than the quasi-

analytical models, because the axial stress in the FEM model was greater. In Bi-2223, 

the first principal stress in the quasi-analytical model practically equalled the median in 

the FEM model. The number of steps used in the simplified cooling model did not 

influence the first principal stress of superconducting material in either conductor. 

 
a) b) 

Figure 7.4 Average stress strain curves for a) Nb3Sn wire and b) Bi-2223 tape given by 

measurements (full line), quasi-analytical model with one step in cooling model (○), quasi-

analytical model with 99 steps in the cooling model (□) and the FEM model (◊). 
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a)          b) 

Figure 7.5. First principal stress in superconductor material of a) Nb3Sn wire and b) Bi-2223 

tape according to quasi-analytical model (○) and minimum ( ∇ ), median (◊) and maximum (∆) 

of the FEM model. 

7.3 Bending 

In the literature, superconductors have often been studied with a simplified analytical 

formula that describes the bending of initially straight conductors. As with the FEM 

model, the analytical model also assumes that all fibres along the conductor length 

deform to co-centric circular arcs, and the cross section planes remain perpendicular to 

the conductor axis. Unlike the FEM model, the analytical model ignores strains in the 

radial direction and the cross sectional stress components. 

 

In the analytical bending model, the strain in a point depends on the radial distance from 

the neutral surface. The neutral surface consists of fibres along the conductor length 

whose length does not change in bending. When a straight conductor is bent, the 

assumptions used for the analytical bending model gives the strain along the conductor 

length as [70, p.202] 

neneθ Ry=ε ,     (7.4) 

where Rne is the radius of curvature of the neutral plane after bending and yne is the 

radial position of the point with respect to the neutral axis. The position of neutral 
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surface can be determined demanding that the net force in the longitudinal direction is 

zero. The neutral surface coincides with the conductor mid-plane, if the bent conductor 

has a symmetric cross section with respect to its mid-plane and contains only elastic 

materials. This approximation is usually used with the analytical model, although in 

superconductors the plastic deformation of matrix may shift the neutral surface away 

from the mid-plane. Then, the neutral axis of the analytical model corresponds to the 

radius of the surface closest to the bending axis used in the FEM model added with half 

of the conductor thickness. 

 

7.3.1 Results for Bi-2223 conductor 

The analytical bending model was tested for the schematic Bi-2223 tape geometry 

presented in Section 5.1. In the modelled situation, the tape was first cooled from the 

heat treatment temperature to the operation temperature with the radius of 250 mm and, 

then, bent down to the radius of curvature of 20 mm. The initial state for the analytical 

model of bending was taken from the analytical model for cooling presented in Section 

7.1. The analytical cooling model assumed that the tape was initially straight, whereas 

cooling was modelled with a finite radius of 250 mm in the FEM model. 

 

Figure 7.6 shows the growth of the maximum first principal stress in the filaments when 

the bending radius was decreased. At the radius of 250 mm, the FEM model predicted 

the maximum stress close to zero, but the analytical model predicted clearly a larger 

stress because the bending radius during cooling was ignored. In other words, the FEM 

model described the situation where the tape originally had the radius of 250 mm, 

whereas in the analytical model the tape was bent to obtain this radius. The growth of 

the maximum first principal stress during bending was smaller in the analytical model 

than in the FEM model. In both models, the maximum first principal stress appeared at 

the top of the filament farthest from the mid-plane and corresponded there to the axial 

stress. However in the FEM model, the maximum axial stress was larger due to tensile 

cross sectional stresses. In the FEM model the axial strain turned from contraction to 

elongation very close to the mid-plane of the cross section, which supports the 

assumption made on the neutral surface location in the analytical model. 
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Figure 7.6. Maximal first principal stress in filaments according to analytical model (○) and 

FEM model (♦) and the axial stress in the FEM model (■).

 

7.4 Transversal compression 

Finally, the FEM model for transversal compression was compared to the 

approximation where the vertical stress in the superconductor equals the applied 

compression. Moreover, in the approximation, the stress was constant in filaments. The 

approximation ignores the distribution of applied compression between the matrix and 

the filaments and the interaction between materials.  

 

The situation was investigated both by prohibiting the axial and horizontal deformations 

and by allowing these deformations happen freely. The first option corresponded more 

closely to the displacement constraints and the second to the force constraints of the 

FEM model. In the first option, horizontal and axial stresses were calculated according 

to the constitutive relations. However, the important aspects of results were in both 

cases similar. The third principal stress equalled to the applied stress, the shear stresses 

were zero and tensile stresses did not appear. 
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7.4.1 Results for Bi-2223 conductor 

The approximation for transversal compression was studied only for the Bi-2223 tape, 

and the results were compared with the FEM model presented in Section 6.2.4. In the 

modelled situation, the tape was cooled after heat treatment to the operation temperature 

77 K before applying compression. To obtain initial conditions for the approximation of 

transversal compression, cooling was first modelled as described in Section 7.1. 

 

Information on tensile normal stresses in the filaments is needed to estimate filament 

fracture. According to Figure 6.16 in Section 6.2.4, the FEM models resulted in some 

tensile normal stresses in the filaments. However, the investigated approximation 

missed any tensile stresses. 

 

In the approximation, the third principal stress, that determines compressive filament 

fracture, equals the vertical stress, and thereby, the applied compression. Figure 7.7 

shows the development of the third principal stress according to the approximation and 

the FEM model. The compression of filaments was in the approximation smaller than 

 
   a)            b) 

Figure 7.7. Median (full line) and minimum (dashed line) of third principal stress according to 

a) FEM model with force constraints (◊) and analytical model (○) and b) FEM model with 

displacement constraints (◊) and analytical model (○). 
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the median in the FEM model with the displacement constraints but almost equal to the 

median in the FEM model with the force constraints. Figures 5.5 and 5.6 in Section 

5.1.2 show the reason for this. The vertical stress was very uniform in the whole tape 

with the force constraints. With the displacement constraints, the tape centre, which had 

numerous filaments, supported more of the load than the regions near the short edges of 

the tape with large silver regions. 

 

7.5 Discussion 

This chapter presented analytical and quasi-analytical models for thermal stresses, axial 

tension, bending and transversal compression. Due to their computational lightness, 

they are very attractive to be used instead of a laborious FEM model.  

 

The computational tests presented in this chapter showed that the results of analytical 

and quasi-analytical models coincided well with the results of the FEM models in Bi-

2223 tapes. For Nb3Sn wires, the difference between the models was larger. Thus, it 

seems that, at least for Bi-2223 tapes, the analytical and quasi-analytical models suffice 

to estimate the averages of the dominant stress and strain components in a conductor. 

 

However, in many cases these quantities are not enough. For example, the fracture of 

materials is determined by local stresses that cannot be estimated with analytical 

models. Analytical and quasi-analytical models also often approximate that the normal 

stress connected to the main direction of loading is the only non-zero stress component. 

However, for example after cooling, the tensile normal stresses are also connected to the 

directions perpendicular to the main direction of loading. Ignoring these stress 

components creates a serious error, because the superconductors are typically very 

sensitive to tensile stresses. Furthermore, analytical and quasi-analytical models do not 

give information about the stresses at material interfaces that may also in some cases 

initiate the conductor failure. 
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One of the largest drawbacks in analytical and quasi-analytical models is that they 

cannot be easily combined. Thereby, modelling complex loading situations requires 

considerable simplifications, whose consequences are not always well known. In such 

situations, the FEM models are advantageous.  

 

As a whole, analytical and quasi-analytical models, due to their computational lightness, 

serve well for initial studies on simple loading. In such situations, analytical and quasi-

analytical models give approximately similar results for the averages of main stress and 

strain components as the FEM models. In addition, analytical and quasi-analytical 

models help in understanding the main factors influencing different loading situations. 

However, more comprehensive models, like the FEM models, are needed to model 

complex loading situations, local stress and strain or multi-axial stress state. 
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8 FEM model of a Bi-2223 tape under magnet 
loading 

This chapter aims to highlight the potential of the FEM models by presenting an 

example how to use them in a complicated loading situation. Often the approximations 

needed for an analytically solvable problem are not found, at least before modelling, if 

the modelled geometry and loading are complex and the significance of different factors 

is not well known. Then, it can be difficult to estimate the importance of different 

loading types or the impact of the cross sectional interaction between component 

materials in advance. 

 

The chosen example concerns a Bi-2223 tape in an insert magnet that is loaded with 

thermal stresses, with bending loads from winding and with axial and transversal loads 

during the operation. Magnet designers encounter such loading customarily, but there 

are so many different factors affecting the stress that well grounded approximations 

needed for analytical solution are difficult to make. Thus, FEM models bring 

considerable benefits to inspection of the situation. 

8.1 Modelled loading 

Loading was chosen to imitate that in a Bi-2223 solenoid insert magnet, which is used 

to increase the magnetic field in the bore of a larger magnet. To highlight the 

possibilities of the FEM models such a magnet was chosen for demonstration that has a 

small bending radius. Thereby, bending has a significant contribution to stresses, and 

modelling differs clearly from cooling and axial tension models of straight conductor 
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that could be studied with quasi-analytical models. Moreover, an estimate of the 

mechanical loads during operation was found for such a magnet in the literature. To 

know precisely the loads exerted on the tape, the fabrication process should be 

scrutinized and the magnet operation should be modelled in detail. Here, such analysis 

was omitted, and loading modelled only approximately based on information gathered 

from articles dealing with roughly similar magnets. After all, the goal here was not so 

much to obtain results for some particular magnet, but to demonstrate how magnet 

loading can be modelled. 

 

The modelling concerned the Bi-2223 tape presented in Section 5.1 during cooling, 

magnet fabrication and operation. First, the tape was heat-treated at 1103 K and cooled 

to the room temperature on a spool where the investigated piece of tape had a radius of 

250 mm. At room temperature, the tape was wound to a magnet. The dimensions of the 

winding resembled those presented in [91] with the inner radius of 45 mm and the outer 

radius close to 95 mm. The modelled tape was assumed to be situated in the mid-way of 

both the coil axial length and the radial thickness. That is, the tape had a bending radius 

of 70 mm. After winding, the magnet was cooled to the typical operation temperature of 

an insert magnet, i.e., 4.5 K [91]. During operation, current was fed to the magnet. That 

gave rise to electro-mechanical forces and, thereby, additional stresses in the magnet. 

The hoop stress, i.e., the normal stress along the tape axis, is maximal at the inner radius 

of the magnet. According to [91] the maximum hoop stress in insert magnets is typically 

around 50 MPa. Estimation made for a large bore Bi-2223 magnet gives the hoop stress 

of about 35 MPa and the radial stress of about 7 MPa in the location of the modelled 

tape [92]. 

8.2 Computational model and results 

The modelled sequence of loading consisted of four stages that are presented in Table 

8.1. Modelling combined the methods presented earlier in this work, especially in 

Sections 3.3.1 and 5.1.1. The tape was modelled in cylindrical coordinate system, 

because it had finite bending radius throughout the loading sequence. The influence of 

temperature change was accounted for in the model with thermal strains entering in to 
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Table 8.1. The sequence of loading modelled for the tape. 

Conductor: Schematic tape 
Filament model: Isotropic 
Filament Young’s modulus at 293 K: 100 GPa 
Silver yield strength at 293 K: 11 MPa 
Creep deformation: Modelled with TL = 700 K 
Stage Bending radius 

(mm) 
Net moment 
(Nm) 

Temperature 
(K) 

Transversal 
compression 
(MPa) 

Thermal stresses on spool 250 0 1103 → 293 0 
Winding 250 → 70 0 → 0.7 293 0 
Cooling of magnet 70 0.7 293 → 4.5 0 
Operation 70 0.7 → 2.7 4.5 0 → 7 

the constitutive equations and with temperature dependent material properties. Bending 

was modelled by setting a radial displacement on the concave surface of the tape. The 

net moment of the cross section about the bending axis, M, was modelled by setting an 

additional condition . Transversal compression was modelled with 

boundary conditions corresponding to the displacement constraints on the upper wide 

tape surface (see Section 3.3.2). The numerical value of constant vertical displacement 

of the surface causing the desired average transversal compression was found with trial 

and error method. Next paragraphs explain the reasons for the load levels studied at 

each loading stage, present the details of the models and show the main results. 

Mr =∫∫ dxdrθσ

 

The first modelled stage was cooling of the tape on the spool from the heat treatment 

temperature to the room temperature.  Because the interaction of tape turns on a loose 

spool was not known very well even the same boundary conditions were used as in 

Section 5.1.1. Thus, the concave surface of the tape was forced to remain straight in the 

tape width direction with the radial position equal to the bending radius, but the convex 

surface was free to move in all directions. In addition, the net moment about the 

bending axis on the conductor was estimated to be zero. Creep deformation was 

modelled in silver and the limit temperature of stress relaxation was chosen to be 700 K. 

Figure 8.1 shows the axial and horizontal stress components in the tape after cooling. 

The distribution follows the outlines presented in Section 5.1.2 for thermal stresses after 

cooling. 
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Figure 8.1. Axial and horizontal stress components after cooling on spool. 

Next modelled stage was winding the magnet. The result of the spool cooling model 

was taken as the initial condition of the model. The main modelled issue was bending 

the tape from the 250 mm radius to the 70 mm radius. Thus, the radial displacement of 

the concave surface was 180 mm. The other surfaces were free to move. In an actual 

winding process the winding tension is subjected in the tape longitudinal direction to 

obtain a tight pack. A typical winding tension in Bi-2223 magnets is 10 N [93]. 

Therefore, the net moment about the bending axis in the tape was modelled as 10 N 

times the bending radius. A real winding process would involve straightening the tape 

from the spool before winding it to the magnet, but this stage was ignored here for 

simplicity. The initial radius of 250 mm was so large that straightening should not have 

very large impact. Figure 8.2 shows the axial and horizontal stress components in the 

tape after winding. The variation of stress with vertical position is clearly visible in 

filaments. 

 

Another cooling model followed the winding model and took its results as initial data. 

The cooling model for tape in the magnet was similar to the cooling model for the tape 

on a spool, except for the temperature range. Additionally, the net moment of 0.7 Nm 

was remaining from winding in the tape during cooling. Transversal and axial loads 

exerted on the tape by other parts of magnet and by supports were neglected. Figure 8.3 

shows the axial and horizontal stress components in the tape after cooling the magnet. 
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In this second cooling stage, the axial stress in filaments became again more 

compressive and especially the cross sectional stresses in filaments became more 

notable. 

 

 

 
Figure 8.2. Axial and horizontal stress components after winding. 

 

 
Figure 8.3. Axial and horizontal stress components after cooling magnet. 
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Finally, the tape was modelled in magnet operation with the results of the last cooling 

model as the initial condition. The hoop stress was modelled by increasing the net 

moment with 2.0 Nm, which corresponds to the average axial stress of 35 MPa in the 

cross section. Transversal compression was taken into account by setting a constant 

displacement, which reduced the tape thickness, as a boundary condition on the concave 

surface. The value of displacement that causes the average transversal compression of 7 

MPa was searched with trial and error method. The deformation in the tape width 

direction was free in all boundaries. The increase in the net moment and transversal 

compression described electromagnetic loading exerted on tape from the other parts of 

the magnet. The electromagnetic forces created by the current in the conductor itself 

were considered small and ignored. Figure 8.4 shows the axial and horizontal stress 

components in the tape during operation. The axial stresses were high and it seemed that 

this kind of tape with the pure silver matrix would fracture in such a loading. In the 

actual insert magnet presented in [91] the tape was reinforced with a stainless steel 

sheet. 

 

 
Figure 8.4. Axial and horizontal stress components during operation. 
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8.3 Discussion 

This chapter presented an example of modelling complicated loading, i.e., a Bi-2223 

tape in a magnet application. The modelled loading sequence consisted of four stages 

i.e. cooling the tape on the spool after heat treatment, winding the magnet, cooling the 

tape in magnet to operation temperature, and application of forces on the magnet during 

operation. The whole loading sequence could be modelled as a whole with the 

developed two-dimensional models. The example showed that different loading 

combinations can be easily combined in FEM models. 

 

The load data used in modelling corresponded to a solenoid insert magnet and was 

found in literature. In the actual magnet, tapes were reinforced with a stainless steel 

sheet. Accordingly, the modelling results obtained here for tape without reinforcement 

indicated stresses high enough to cause filament fracture. The numerical values used to 

describe the loading were only approximate and details like straightening the wire from 

a spool before winding and transversal loading of the tape during cooling were omitted. 

Here, the approximations did not matter, because the main goal was to demonstrate the 

model. In actual magnet design, more attention should be paid on these details. 
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9 Concluding remarks 

In this work, finite element models of multifilamentary Nb3Sn and Bi-2223 conductors 

were developed for loading cases typically encountered in magnet applications. During 

the work, a finite element program was developed to solve two-dimensional problems. 

With the program, thermal stresses, axial tension, transversal compression and bending 

can be modelled separately and as combinations. The program allows modelling 

magnetic fields and forces and non-linear material properties which can depend on 

history and temperature. 

 

The work presented novel methods to deal with creep deformation at high temperatures 

and twisted Nb3Sn wires with large filament number. To model creep deformation, a 

simple approach was developed. There, the deviatoric stress in the material is assumed 

zero over a certain limit temperature, and at lower temperatures, creep is ignored. The 

approach is thus very simple, but its simplicity is justified as the creep rates of materials 

are typically too poorly known for more sophisticated analysis. 

 

To model the large filament amount, an auxiliary model approach was developed. 

There, the conductor is modelled using several auxiliary models that each focus on one 

region of conductor cross section at a time while the other geometry is simplified. The 

approach is easy to implement in comparison to other approaches developed so far. 

Still, the approach takes into account the detailed filament geometry as required to find 

the local stresses. However, the method works efficiently only if the stress field can be 

assumed to be similar in different parts of the cross section. 
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For twisted conductors, a formulation allowing two dimensional modelling was 

introduced. Such a model can be used if the loading follows the same twisted symmetry 

as the wire geometry. For example, thermal stress and axial tension in an unbent 

conductor fulfil this condition. Two-dimensional modelling relieves greatly the 

requirements for computational resources when solving the problem, and the 

formulation could easily be included in the developed program. Nevertheless, the 

computational tests showed that twisted shape has to be modelled only when local 

stresses and strains at outermost filaments are important and the twist pitch is smaller 

than 20 mm. 

 

To enable predictions on the electrical performance of conductor, the stress and strain 

results of the model had to be connected to the superconducting properties of the 

conductor. Irreversible degradation of superconducting properties due to fracture of 

superconductor was considered in both conductors and investigated with the maximum-

principal-stress-theory. Reversible degradation due to straining of lattice was considered 

only in Nb3Sn, and studied with the concept of deviatoric strain developed in the 

University of Twente. To improve the accuracy of predictions, more study is needed on 

the fracture strength distributions in superconducting materials. 

 

A sensitivity analysis clarified the significance of the material properties to the 

modelling accuracy. In Bi-2223 tapes, filament stiffness plays a great role in estimating 

the conductor overall stiffness. Then again, the predictions of stress and strain in 

superconducting material depend much on the yield strength of matrix metal in Bi-2223 

tapes and on the degree of creep deformation in both conductors. 

 

The work revealed also some details that can enhance the modelling efficiency in future. 

The effect of electromagnetic forces on stresses in self field was proven to be 

insignificant. In an external field of several teslas, the forces become significant, but 

their impact depends on the support of the conductor. Computational tests also showed 

that anisotropy of Bi-2223 filaments does not impact markedly the tape stiffness or on 

stresses causing fracture. The filament shape, on the other hand, has large influence on 

local stresses, but the effects of the smallest details are included in the measured 
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fracture strength. The filament details starting from the scale of tens of micrometers are 

typically not included and should be modelled accurately. 

 

The developed models were validated against a set of published experimental data. 

Unfortunately, direct experimental data on local stress and strain states was not found 

for the comparison. The models agreed well with the measurements when realistic 

values for input parameters were chosen. However, uncertainties in input information 

disturbed the verification.  

 

To motivate the use of FEM models, their results were compared with results of the 

analytical models most often used with superconductors. The FEM models predicted a 

clear variation of stress in filaments and significant non-axial stress components that 

cannot be observed with the analytical models. In Nb3Sn wires, the medians of 

dominant axial stress components differed also notably between the models. 

 

In future, the developed models can benefit conductor development and magnet 

modelling. In conductor development, the FEM models can be used to test the influence 

of modifications in structure or in materials on the electro-mechanical properties. When 

the impacts of changes are first analysed with models, smaller number of conductor 

samples need to be fabricated for testing. In magnet modelling, the conductors have to 

be modelled as a homogeneous material, and the models presented here can be used to 

derive the effective, overall material properties of conductors. The models also have 

potential in studying the performance of superconductors under loading that acts on 

them in magnets. Experimental set-ups for examining such combined loading are 

difficult to build. The most important step to improve the models would be 

experimental research on material properties. Especially creep deformation and the 

fracture behaviour of the superconducting materials should be scrutinized.  

 

This work focused on bronze processed Nb3Sn wires and Bi-2223 tapes. However, the 

developed modelling methods can be useful also in modelling, for example, MgB2 

conductors or internal tin processed Nb3Sn wires. Applying the model to these 

conductors requires first and foremost detailed information of their material properties. 
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In MgB2 conductors, more information is needed especially on the mechanical 

properties of filaments and of reaction layer between the filaments and the sheath. In 

internal tin Nb3Sn wires, additional data is required on the properties of filament regions 

with irregular geometry and coalesced filaments. 
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Appendix A: Enhancements to material models 

Section 3.2 presented the basics of the chosen material models for isotropic materials. 

However, some details remain yet to be clarified. These concern modelling the 

temperature dependent stress-strain relation, the anisotropic elastic material and the 

creep deformation of metallic materials. 

 

A.1 Temperature dependence of stress-strain relation 

Modelling of superconductor composites concerns a large temperature range from a 

furnace to a cryostat. In this range, the stress-strain relationship of material changes 

markedly. Therefore, the temperature dependence of the stress-strain relationship must 

be included in material models. Generally, also the Poisson's ratio could depend on the 

temperature, but here it was always treated as a constant. 

 

The stress-strain relation usually changes smoothly with the temperature, except in 

Nb3Sn that may undergo a martensitic transition at around 50 K. In the transition, the 

crystal structure of Nb3Sn changes and its Young’s modulus suddenly plunges. The 

impact is taken into account in the temperature dependence of Young’s modulus as 

presented in Appendix B. [97] 

 

The temperature dependence is incorporated in the model with the method presented in 

[64]. The temperature is typically changed in steps, and the stresses of the previous step 

are the initial stresses for the next step. However, the initial stresses must be 
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transformed to correspond to new material properties. The stress change,  

during a step i can, then, be obtained with an approximation 

1−−=∆ ii σσσ

( )( )1TP −∆−∆−∆−∆=∆ iiT CσεεεDσ ,    (A.1) 

where  is the change in the compliance matrix when the temperatures changes from 

T

C∆

i−1 to Ti. The plastic strain change ∆εP depends on the yield limit at the temperature 

after the step. 

 

A.2 Anisotropic model for materials 

The anisotropic material model is used for Bi-2223 that follows the elastic material 

model. Modelling anisotropy requires modifications to the stiffness matrix and the 

thermal strain vector. A Bi-2223 filament can be considered to be transversally isotropic 

because its behaviour is very similar in the longitudinal and thickness directions. 

However, the anisotropic model is presented here for a more general orthotropic 

material, whose material properties differ in three perpendicular directions. The 

practical implementation of the orthotropic model gives a possibility to later extend the 

anisotropic treatment to a wider range of materials. 

 

For an orthotropic material the inverse of the stiffness matrix, i.e. the compliance 

matrix, is easier to write symbolically than the actual stiffness matrix. The elastic 

compliance matrix C6x6 has all other elements equal to zero except  

111 1 EC =  , 1122112 ECC ν−== , 1133113 ECC ν−== , 

 222 1 EC = , 2233223 ECC ν−== ,     (A.2) 

333 1 EC = , 1244 1 GC = , 2355 1 GC =  and 1366 1 GC = , 

where E1, E2 and E3 are the Young’s moduli, ν12, ν23 and ν13 the Poisson's ratios and 

G12, G23 and G13 the shear moduli [98, p.55]. Under uni-axial tension in direction i, 

iiiE εσ=  and ijij εεν −= ,    (A.3) 

where j is a direction perpendicular to i. Each shear modulus connects the shear stress 

and strain related to the directions indicated in subscripts. The Young’s moduli, 
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Poisson's ratios and shear moduli are all independent of each other in the general case. 

Often, the orthotropic stiffness matrix is directly found from the literature. 

 

Anisotropy influences also the thermal strain. The thermal strain vector for the 

orthotropic material is 

[ T
T3T2T1 000εεε=Tε ] ,    (A.4) 

where εT1, εT2 and εT3 are the thermal strains in directions 1, 2 and 3. 

 

A.3 Modelling the creep deformation 

In metals, creep deformation is considered considerable at temperatures over 0.3 – 0.4 

times the melting point, Tm, of the material [99, p.11]. Often, the heat treatment 

temperature exceeds this limit in metallic components, as can be seen in Table A.1. 

Thus, creep deformation is significant during the heat treatment, but also when the 

conductor is cooled from the heat treatment temperature to the room temperature. The 

only metallic materials in superconductors where creep is not likely considerable are 

niobium and tantalum. In ceramics, creep is less significant than in metals due to their 

material structure [100, p.169]. 

 

Creep deformation relaxes stresses from the material, but its accurate modelling is 

difficult. Sophisticated models are presented for example in [56], but they are 

impractical for several reasons. First of all, the models require detailed information on 

the creep rate that is very sensitive to the composition and microstructure of the 

Table A.1 Heat treatment temperatures of superconductors and melting points of their metallic 

components. 

Conductor type Heat treatment temperature Component material Melting point 
Copper 1357 K 
Bronze 1100–1350 K 
Niobium 2741 K 

Nb3Sn-conductor 870 – 1070 K 
(bronze process) 

Tantalum 3123 K 
Bi-2223-tape ~ 1100 K Silver 1234 K 
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material. Finding the creep rate with satisfying accuracy would demand detailed 

analysis of the material. Second, a high temperature also promotes various other 

processes. For example, recrystallization may remove hardening, or a material may go 

through chemical or structural changes. Third, initial stress and hardening states after 

heat treatment are not accurately known. Here, heat treatment is assumed to remove all 

stresses and hardening caused in cold work processing, although some hardening can 

remain in niobium and tantalum [24]. 

 

In this work, creep deformation is modelled only in an approximate way. At 

temperatures above the limit temperature, TL, creep deformation is assumed infinitely 

rapid, and at lower temperatures, it is ignored. Experimental observations of metals 

have shown that creep relaxes mainly the deviatoric stress component and does not 

affect the hydrostatic component of stress [56, p.42]. For this reason, creep was 

modelled as vanishing of deviatoric stresses. Thus, in materials with stress relaxation, 

only hydrostatic stress component is present at T > TL. Moreover, the equilibrium 

equations require that the hydrostatic stress must be constant in a region with zero 

deviatoric stresses and body forces. This could be used to decrease variable number in 

FEM and improving its efficiency in future. 

 

Setting deviatoric stresses to zero in the formulation presented in Section 3.4 

complicates the computation slightly. In the region with the zero deviatoric strain, the 

equilibrium equations do not unambiguously determine the displacements. Fortunately, 

stresses and strains can still be solved, and the displacements during cooling are not as 

interesting. Due to deficiency of the problem, the Jacobian used in the Newton-Raphson 

method becomes singular and cannot be inverted. To circumvent the problem, the true 

Jacobian is replaced with one that corresponds to minor deviatoric stresses in regions 

with T > TL. 

 

The Bi-2223 tape presents a special case, where modelling the creep deformation 

becomes very easy. The constant hydrostatic stress in a region with T > TL must be zero 

if the region is attached to a boundary with the zero force boundary condition. In Bi-

2223 tapes, the whole matrix is typically modelled with the same TL, and the stress is 
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zero everywhere in the matrix when T > TL. Stresses arise in filaments during usual 

cooling because the matrix forces the filaments to deform differently from their free 

thermal contraction. When T > TL, the matrix does not restrict the thermal contraction of 

filaments, and also the filaments are stress free. Thereby, all stresses are zero in the 

conductor at T > TL, and the modelling can be started from T = TL. For Nb3Sn 

conductors, the modelling must still, unfortunately, be started from heat treatment, 

because Nb3Sn, niobium and tantalum, restrict each others deformation even when 

copper and bronze are free of deviatoric stresses. 
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Appendix B: Material properties used in this study 

 

Data on material properties and their temperature dependence is, to some extent, found 

in the literature. However, complete data could not be found because the investigated 

temperature range is so large and some of the materials are quite exotic. Therefore, data 

had to be completed with estimations. In addition, different literature sources gave quite 

different information on some properties. The discrepancies might be due to 

measurement errors, but they also indicate the variation that appears within the same 

material. Therefore, the used material data contained some open parameters that enabled 

the modelling of different material grades. 

 

B.1 Component materials of Nb3Sn wires 

 

The Nb3Sn wires modelled in this work contained niobium, Nb3Sn, bronze, tantalum 

and copper components. Almost all material data for them was found in [24]. The data 

there covered the temperature dependent uni-axial stress-strain relationship and the 

thermal expansion at the temperature range of 4.2 K – 943 K. The stress-strain 

relationship for bronze was expressed as a function of tin content and was valid up to a 

tin content of 10 %. Thereby, the data could be used for modelling different types of 

bronze. Thermal expansion data is reproduced in Figure B.1. 
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The brittle Nb3Sn was modelled as elastic and copper, bronze, niobium and tantalum as 

elasto-plastic materials. The uni-axial stress-strain dependence of elasto-plastic 

materials was described with 
aHE σσε += ,     (B.1) 

where H, a and Young’s modulus E are constants. The hardening law can be derived 

from Equation B.1. The first term on the right hand side of Equation B.1 represents the 

elastic and the second plastic strain component so that 
aHσε =p .      (B.2) 

Equations B.1 and B.2 present the stress-strain relation under monotonically increasing 

loading with continuous hardening. Therefore, σ and εP in Equation B.2 can be thought 

to represent the yield limit, σ0, and the equivalent plastic strain , respectively. Then, 

the hardening law becomes 

eq
pε

( ) ( )aH
1

eq
p

eq
p0 εεσ = .     (B.3) 

 

The temperature dependences used for E, H and a are collected in Tables B.1 and B.2 

together with the Poisson’s ratios used for different materials. The martensitic phase 

transformation was included in the Young’s modulus data of Nb3Sn between 100 K and 

35 K. 

 

B.2 Component materials of Bi-2223-tapes 

 

The materials in the Bi-2223 tape models were silver, silver alloy Ag-1at%Mg, and Bi-

2223 superconductor. Their material data were collected from various sources. Two 

parameters, silver yield strength and the Bi-2223 Young’s modulus at the room 

temperature could be varied to model different materials grades. 

 

Bi-2223 was modelled with the elastic material model. Both isotropic and anisotropic 

models were studied. The anisotropic stiffness matrix, D, was formed based on the 

matrix presented in [101]. The matrix there was measured at the room temperature for a 
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dense, textured, bulk bar fabricated with sinter forging. The matrix was scaled with a 

constant to obtain a chosen axial Young’s modulus EBi2223 at the room temperature. 

Scaling the stiffness matrix with a constant is the same as scaling each Young’s moduli 

and shear moduli with the constant, while the Poisson’s ratios remain unaltered. The 

temperature dependence of the stiffness matrix was described with another scaling 

factor, S(T). Scaling factor S(T) was a first order polynomial determined based on the 

measurements of the first element of the stiffness matrix at 293 and 1033 K [101]. The 

anisotropic stiffness matrix, together with the isotropic stiffness matrix, is presented in 

Table B.3. In the isotropic model, the Young's modulus followed the same temperature 

dependence as the anisotropic stiffness matrix. The Poisson’s ratio is reported in Table 

B.4. 

 

Silver and Ag-1at%Mg were modelled as elasto-plastic materials. Their uni-axial stress-

strain relationship was presented as 

( )⎩
⎨
⎧

>−+
≤

=
EYEYEY

EYE
εε

εε
σ

 when ,
when ,

T
,    (B.4) 

where Y is the yield strength, i.e., the initial yield limit, in the material and ET its tangent 

modulus. This kind of material is called linearly hardening because of its hardening law 

[57, p.159-60] 

( )
( ) ( )⎩

⎨
⎧

>−+
≤

=
EYEEEEY
EYY

εε
ε

εσ
when 
when ,

eq
PTT

eq
P0 .   (B.5) 

 

The temperature dependence of the Young's modulus of silver was estimated with the 

second order polynomial fitted to data from [17, 102], whereas the temperature 

dependence of the yield strength was approximated to be linear as in [17]. In the fitting, 

the yield strength was zero at the silver melting point and YAg at the room temperature. 

Parameter YAg could be varied to describe different silver types. The temperature 

dependence of Young's modulus and yield strength for Ag-1at%Mg were taken from 

[17]. Poisson's ratios and tangential moduli of Ag and Ag-1at%Mg are presented in 

Tables B.4 and B.5.  
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The thermal expansion data is presented in Figure B.1. Data for anisotropic Bi-2223 

was collected from [16, 103, 104]. Isotropic Bi-2223 is a mixture of randomly oriented 

grains, and its thermal expansion in any direction is dominated by grains that are stiffest 

in that direction. The grains are stiffest in a-b plane, and therefore, the isotropic thermal 

expansion was modelled to corresponding to the a-b plane in the anisotropic model. The 

thermal expansion data of silver was taken from [15, 17] and for Ag-1at%Mg from [75, 

105]. 

    
a)            b) 

Figure B.1. a) Thermal expansion of the component materials of Nb3Sn wire, copper and 

bronze (○), tantalum (∆), niobium (□) and Nb3Sn (◊) compared to temperature 1000 K. b) 

Thermal expansion of Bi-2223 (full line) in different directions, for silver (dashed line) and for 

Ag-1at%Mg (dash dotted line). 

Table B.1. Elastic material parameters for components of Nb3Sn conductors. [24] 

Material E (GPa) ν 
Copper 3824 1000.810270.1137 TT −− ×+×−  0.34 [100, p.7] 
Bronzea

( )( )1000T-10002
1000.810270.1137 3824

××+
×+×− −−

Sn
TT  

0.34 [106, p.301] 

Niobium ( )( )2931015.01105 3 −×−× − T  0.38 

Nb3Sn 
( )

K 100when ,135
K 100K 35when ,653535100

K 35when ,100

>
≤<−×+

≤

T
TT

T
 

0.30 

Tantalum ( )( )2931015.01180 3 −×−× − T  0.34 
a Tin content, Sn, is a free parameter. 
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Table B.2. Parameters for calculating a and H for elasto-plastic materials of Nb3Sn conductors. 

In all expressions ε0.2 = 0.2 %. [24] 

Material ( ) ( )( ) ( )yu0.2uu lnln σσεσε EEa −=  and EH a−−= 1
uu σε  

Copper MPa 10925.25625.0315 24
u TT −×+−=σ  

MPa 10805.0154.08.86 24
y TT −×+−=σ  

( ) % 100.110001000150553.084.5 25
u TTT −×+−−−=ε  

Bronzea

( )( )
( )MPa 00230882 

040516074279203114
10925.25625.0315

5033302

24
u

T..
SnT.T..Sn.Sn.

TT
..

−
+×−+×−×+

×+−= −σ
 

( ) MPa 0.547504.220.16
3049.0507.510805.0154.08.86

5.00.5333.0

224
y

SnTT
SnSnTT

+×−+
×−×+×+−= −σ  

( )( ) % 10001000155.0100.10553.04.58 25
u TSnTT −−+×+−= −ε  

Niobiumb ( )MPa log05.3424.1125 10u T−=σ  
( )MPa log564.77368.242 10y T−=σ  

⎩
⎨
⎧

>
≤= K 165for  % 50

K 165for  %, 2e0.01956

u T
TT

ε  

Tantalumb ( )MPa log3304.1215 10u T−=σ  
( )MPa log3301080 10y T−=σ  

⎩
⎨
⎧

>
≤= K 168for  % 20

K 168for  %, 0.75e0.01956

u T
TT

ε  

a Tin content, Sn, is a free parameter. 
bData of [24] is improved according to suggestions in [6]. 

Table B.3. Anisotropic stiffness matrix. 

( )

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

478.0
218.0

218.0
51.1550.0559.0
550.0593.0550.0
559.0550.051.1

Bi2223 TSED  

Isotropic stiffness matrix 

( )

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

417.0
417.0

417.0
11.1278.0278.0
278.011.1278.0
278.0278.011.1

Bi2223 TSED  

( ) 0548.1108698.1 4 +×−= − TTS , ( ) 1K 293 =S  
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Table B.4. Elastic material parameters for components of Bi-2223 conductors. 

Material E (GPa) ν 
Bi-2223a ( )TSEBi2223  0.2 [81] 
Silver 92.029  103.0599 101.3427 225 +×−×− −− TT  0.37 [100, p.7] 
Ag-1at%Mg 23.104102957.3101660.4 225 +×−×− −− TT  [17] 0.37 

a Isotropic model, Young’s modulus at 293 K, EBi2223, is a free parameter. 

Table B.5. Parameters related to yielding and hardening in silver and silver alloy. 

Material Y (MPa) ET (GPa) 
Silvera ( 3111.1100617.1 3

Ag +×− − TY )  1 [17] 

Ag-1at%Mg 87.4583716.0 +− T  1 [17] 
a Yield strength of silver at 293 K, YAg, is a free parameter. 
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Appendix C: Mechanical problem in a bent or 
twisted conductor 

Section 3.1 introduced the continuum model for a straight conductor, and Section 3.4 

presented its solution with the finite element model. However, bent and twisted 

conductors can with certain additional assumptions also be modelled in two dimensions. 

Such treatment requires that the representation of the strain-displacement relations and 

equilibrium equations are modified. The modifications and their effect on the FEM are 

presented in this appendix. 

 

C.1 Mechanical model for a bent conductor 

A bent conductor can be modelled in two dimensions with cylindrical coordinates. The 

basic assumption is that the conductor is bent around a circular cylinder with the radius 

R. Changing the radius produces bending to the conductor and is thus modelled as a 

radial displacement in the conductor surface. All fibres along the conductor axis are also 

assumed to remain co-centric circular arcs in the deformation, although the point where 

a fibre cuts the cross section may change. In addition, every cross sectional plane, 

originally perpendicular to the conductor axis, is assumed to remain so under bending. 

These assumptions are good if the investigated piece is far from the ends of the 

conductor. With them the problem can be formulated in two dimensions when the 

conductor is homogeneous along its length. However, it is important to note that the 

conductor does not form a ring. The conductor might be a piece that does not form a full 

ring or it might be wound as a coil. In the latter case, the conductor rise from turn to 

turn is ignored. The situation for a piece of a conductor is illustrated in Figure C.1. 
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The principles of the mechanical model are independent of the used coordinate system. 

However, the representations of the strain-displacement relation and the equilibrium 

equation differ between cylindrical and Cartesian coordinate systems. The cylindrical 

coordinate system (x,r,θ) is set in the conductor so that θ coincides with the conductor 

longitudinal direction, x is parallel to the bending axis and r describes the distance to the 

bending axis. The cross section plane is, thus, described with coordinates x and r. The 

vector representations of strain and stress are denoted  

[ ]T
xθrθxrθrxcyl γγγεεε=ε   

and 

[ ]T
xθrθxrθrxcyl τττσσσ=σ , 

respectively. 

The strain can be written with displacements ux and ur, in x and r directions 

respectively, and with one constant describing the deformation in the longitudinal 

 
Figure C.1. Principal situation assumed in bending, where full lines represent the original 

configuration and dashed lines to a situation after bending. Rin is the radius of curvature of the 

conductor in bending. 
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direction. The cross sectional strain components have expressions that are similar to the 

ones in the Cartesian coordinate system. They are according to the theory of small 

displacements [53, p.91] 

xu ∂∂= xxε , ru ∂∂= rrε  and ruxu ∂∂+∂∂= xrxrγ .  (C.1) 

The shear strain components, γrθ and γxθ, are non-zero only if the angles between the line 

elements in r and θ direction or the line element in x and θ direction change in 

deformation. The assumption of cross section planes remaining perpendicular to the 

longitudinal fibres forbids such changes so that γrθ and γxθ must be zero. 

 

The expression for the longitudinal strain component differs from the rectangular 

version. It can be formed considering a fibre lying along the length of the conductor. In 

Figure C.1, such a fibre is shown with the dark line. According to the assumptions, the 

fibre is a circular arc both before and after the deformation. The longitudinal strain 

component is equal to the relative length change of the fibre in deformation. That is, 

( )( )
r
u

r
rur rr

θ 1 ⎟
⎠
⎞

⎜
⎝
⎛ ∆

++
∆

=
−∆++

=
θ
θ

θ
θ

θ
θθθ

ε ,   (C.2) 

where θ is the central angle corresponding to the fibre and ∆θ its change in deformation. 

θθ∆  is required to be constant everywhere in the conductor due to the assumptions 

that the cross section planes remain perpendicular to the length axis and the conductor is 

uniform in the longitudinal direction. It can either be a predetermined condition of the 

problem or an additional variable. Approximating 1<<∆ θθ  gives the typical small 

deformation expression in cylindrical coordinates [53, p.91], 

( ) ruu rθθ +∂∂= θε ,     (C.3) 

where θ∆= ruθ . The expression C.3 is also used in the models presented here. 

 

The stress can be obtained from the strain through ordinary constitutive relationships 

presented in Section 3.2, because the cylindrical coordinate axis are locally 

orthonormal. Based on the constitutive relations, shear stress components τrθ and τxθ 

must be zero when γrθ  = γxθ = 0.  
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Stresses must also fulfil the equilibrium equations. When τrθ = τxθ = 0, the equilibrium 

equations are in cylindrical coordinates, [53, p.112] 

( )

01

,01

01

θ

rθr
rxr

xrx
xrx

=
∂

∂

=+−+
∂

∂
+

∂
∂

=++
∂

∂
+

∂
∂

θ
σ

σστσ

τστ

r

b
rxr

b
rxr

    (C.4) 

where bx and br are body force components in r- and x-directions, respectively. 

Equilibrium in the conductor longitudinal direction is handled in the average sense by 

setting requirement for the net moment, M, about the bending axis. The net moment is 

drdxθrM ∫ ∫= σ ,     (C.5) 

where σθ is the stress component parallel to the conductor axis. 

 

The modifications of strain and equilibrium expressions cause some changes in finite 

element formulation, too. The cross sectional displacements,  = [ucs
cylu x, ur]T, are still 

approximated as the sum of nodal displacements,  and , so that  iuxˆ iurˆ

( ) ( )∑ ⎥
⎦

⎤
⎢
⎣

⎡
=

i
i

i

i u
u

N
r

xucs
cyl ˆ

ˆ
xxu ,     (C.6) 

where x = [x, r]T. The vector containing non-zero strain components is now obtained 

from nodal displacements and constant θθ∆  as 

( ) ( )∑ ∆
+⎥

⎦

⎤
⎢
⎣

⎡
=

i
i

i

i u
u

θ
θε θ

r

xcylred
cyl ˆ

ˆ
mxSx ,    (C.7) 

where , m[ Tred
cyl x r θ xrε ε ε γ=ε ] θ = [0, 0, 1, 0]T and 

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

∂∂∂∂

∂∂
∂∂

=

xNrN
rN
rN

xN

ii

i

i

i

i

uu

u

u

u

cyl

0
0

0

S . 

In the finite element method a weighted integral approximation used for the equilibrium 

equations is for every i, [65, p.117-9] 
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( ) 0ddd cs
cyl

ucs
cyl

ured
cyl

Tcyl =Γ−Ω−Ω ∫∫ ∫
ΓΩ Ω

tbσS iii NN ,   (C.8) 

where σ ,[ ]T
xrθrx

red
cyl τσσσ=  [ ]T

rx
cs
cyl tt=t

]

 is the cross sectional surface traction 

and . In addition, the third equilibrium equation has to be weighted with 

the shape function related to 

[ T
rx

cs
cyl bb=b

θθ∆ , if θθ∆  is unknown. Because θθ∆  is a constant, 

the shape function equals one everywhere. As the result, the weighted equilibrium 

equation reduces to Equation C.5. The compatibility condition between the hydrostatic 

stress and strain does not differ from that in the Cartesian coordinates, since it is derived 

from the constitutive equations. In the integration in the cylindrical coordinates 

 and drdxd r=Ω lrdd =Γ , where dl is a differential piece of boundary [65, p.117-9]. 

 

The incremental solution procedure is slightly different for bending than it was for 

straight conductors. The problem is still solved in load steps in the way described in 

Section 3.4.3. For straight conductors, the coordinates were not updated according to 

the displacements during steps. Under bending, the radial coordinate of points is 

updated according to the radial displacement component common to the whole wire. At 

a load step, the radial coordinate of a point is  

inin yRr += ,      (C.9) 

where Rin is the radius of the surface closest to the bending axis in the beginning of the 

load step and yin is the radial distance of the point from Rin before the bending. 

 

C.2 Solving the mechanical problem in twisted wire 

In a twisted wire, an approximation that the conductor is uniform in its longitudinal 

direction is not valid. However, all cross sections can be thought similar except for 

rotation. If loading follows similar symmetry, the conductor can still be modelled in two 

dimensions, which saves time and computer resources needed for solving the problem. 

Nevertheless, two-dimensional modelling of a twisted conductor requires modifications 

in the expression of strain. 
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The symmetry is described in Figure C.2. Due to the twisted symmetry, every cross 

section can be returned to one representative cross section geometry. The coordinate 

system is set so that x and y axes lie in the cross section plane and z axis coincides with 

the conductor axis. The representative cross section is chosen to be at z = 0, and the 

points and fields there in it are denoted with the subscript 0. The points (x, y, z) that 

correspond to the point (x0, y0, 0) of the representative cross section form a helical line. 

Thus, they fulfil 

( ) ⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡

0

0

y
x

z
y
x

Q ,   (C.10) 

where 

( ) ( ) ( )
( ) ( ) ⎥

⎦

⎤
⎢
⎣

⎡
⋅⋅
⋅−⋅

=
tt

tt

2cos2sin
2sin2cos

λπλπ
λπλπ

zz
zz

zQ , 

and λt is the twist pitch. 

 

 
Figure C.2. Symmetry of twisted geometry. 
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If loading follows the twisted symmetry, the displacement field also has the same 

symmetry. In a point with arbitrary z, the displacement is obtained from the value at the 

corresponding point of the representative plane. However, the rotation of displacement 

must be accounted for. Then, the cross sectional displacement, ucs = [u, v]T, at (x, y, z) is 

( ) ( ) ( 0,,,, 00
cscs yxzzyx uQu = ).   (C.11) 

As in straight conductors, the cross section planes are assumed to stay planar and 

perpendicular to the length of the conductor. Thereby, the displacement in the conductor 

longitudinal direction, w, must be constant in the cross section. In addition, the relative 

length change of all conductor pieces should be similar so that zw ∂∂  is constant in the 

whole conductor. 

 

The information of the displacement field can be used to derive the expression of strain 

that contains only the displacements of the representative plane. The small deformation 

expression for the strain in the Cartesian coordinates was presented in Section 3.1.3. 

Obviously, they contain derivatives of the displacement components u, v and w with 

respect to the space coordinates x, y and z. Derivatives of cross section plane 

displacements u and v can be obtained with the chain rule from Equations C.11 and 

C.10. According to the assumptions, w is constant in the cross section so that 

0=∂∂=∂∂ ywxw . As for the straight conductors, constant zw ∂∂  is treated either as 

an unknown constant or an imposed condition of the problem. As a whole, the strain at 

the representative plane becomes 

xu ∂∂=xε , yv ∂∂=yε , constantz =∂∂= zwε , 

xvyu ∂∂+∂∂=xyγ , ( ) tyz 2 λπγ uxyvyxv +⋅∂∂−⋅∂∂=  and   (C.12) 

( ) txz 2 λπγ vxyuyxu −⋅∂∂−⋅∂∂= . 

 

The expression of strain is now formed in the Cartesian coordinates so that the stress is 

obtained through the ordinary constitutive relationships presented in Section 3.2. The 

stresses must once again fulfil the equilibrium equations presented in Section 3.1.3.  
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In the finite element method, the cross section plane displacements are approximated 

again as 

( ) ∑ ⎥
⎦

⎤
⎢
⎣

⎡
=

i i

i
i v

u
N

ˆ
ˆucs xu .   (C.13) 

The cross sectional strain now contains non-zero shear strain components γyz and γxz, 

and is expressed as εcs = [εx, εy, γxy, γyz, γxz]T. It is now obtained from the displacement 

approximation as 

( ) ∑ ⎥
⎦

⎤
⎢
⎣

⎡
=

i i

i
i v

u
ˆ
ˆtwcs Sxε ,   (C.14) 

where 
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S . 

The constant axial normal strain component is again either an unknown variable or an 

imposed condition of the problem. 

 

In the FEM formulation of the equilibrium equations of twisted conductors,  

replaces S

tw
iS

i. This follows, when δεcs in Equation 3.15 is replaced with the finite element 

approximation of Equation C.14. The matrix  is larger than the matrix Stw
iS i for a 

straight conductor. Thereby, the two-dimensional FEM solution of a twisted conductor 

requires more time and memory than the solution for a straight conductor. The 

compatibility and net axial force requirements are again investigated with Equations 

3.19 and 3.9, respectively. 

 

 



 D-1

Appendix D: Calculating the magnetic field density 

The magnetic flux density for Lorentz-force computations is obtained from the solution 

of a magnetostatic problem. The magnetostatic problem was solved with FEM because 

its implementation was very easy after building the FEM solver for the mechanical 

problem. Here, analytical solutions would also have been possible because the models 

involved only non-magnetable materials. However, their implementation would have 

needed additional work, and the better accuracy achieved would have been lost to a 

large extent after inserting the results in the mechanical model. Moreover the finite 

element model also allows modelling magnetable materials, which enhances the 

possibilities to use the program for different types of conductors in future. 

 

Magnetic flux density, B, is calculated in a very similar manner as with the strain in the 

mechanical problem. The primary quantity solved is the magnetic vector potential, A, 

which is connected to the magnetic flux density as 

AB ×∇= .      (D.1) 

The equation corresponding to the equilibrium equations is Ampere’s law 

JH =×∇ ,      (D.2) 

where H is the magnetic field intensity and J the current density. The magnetic field 

intensity and magnetic flux density are connected to each other through material 

relationship. Here, all materials are described with the relation 

µBH = ,      (D.3) 

where µ is the magnetic permeability. Permeability was chosen to equal that of vacuum 

in all materials. The choice was justified, because the superconductors were assumed to 

be near to their transmission to the normal state and the other materials are non-

magnetizing. [3, p.131], [94 p.207, 228, 230] 
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Thanks to the symmetry of the conductor in the longitudinal direction, the magnetostatic 

problem can be solved in two dimensions. Then, the magnetic vector potential, which is 

not unique, can be chosen in the way that its direction is known by the geometry and its 

only unknown properties are the sign and magnitude. In the untwisted case, all current 

flows perpendicular to the investigated cross section plane, and the magnetic vector 

potential is directed parallel to the axis of the wire. A twisted conductor can also be 

treated in two-dimensions in a similar way as presented for the mechanical problem, but 

it is here omitted for simplicity. 

 

In the finite element solution the magnetic vector potential component parallel to wire 

axis is approximated as 

( ) ( )∑=
i

ii ANA ˆm xx ,     (D.4) 

where ’s are the shape functions and ’s the nodal values of A. The system of 

equations to solve ’s is obtained from Ampere’s law by weighting it with shape 

functions related to unknown ’s and integrating over the model geometry. Then, the 

equation for every i becomes [95, p.8, 225], [96, p.32, 37] 

m
iN iÂ

iÂ

iÂ

( ) 0d1dˆd1 mmmTm =Γ
∂
∂

−Ω−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⋅Ω ∫∫∑ ∫

ΓΩΩ n
SS ANJNA ii

j
jji µµ

,  (D.5) 

where Ω is the model geometry, Γ its boundary and n the outward normal of the 

boundary. Matrix  connects the gradient of the vector potential to the ’s so that m
iS iÂ

( ) ( )∑=∇
i

ii AA ˆm xSx ,     (D.6) 

and 

⎥
⎦

⎤
⎢
⎣

⎡

∂∂
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=
yN
xN

i

im
i m

m

S . 

In the last term of Equation D.5, n∂∂A  actually equals the tangential component of B 

on the boundary. Due to the formulation used in the mechanical problem, quadratic 

shape functions are used for the magnetic vector potential and the number of Gaussian 

points is chosen equal to the mechanical problem. 
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To get a solvable problem, a boundary condition for either A or its normal derivative 

n∂∂A  must be set for every piece of the boundary. At symmetry boundaries, the 

magnetic flux flows directly through the boundary meaning that the tangential 

component of B is zero and, therefore, also 0=∂∂ nA . However, for the other edges of 

the cross section, the boundary condition cannot be directly set. To sidestep the 

problem, a region of air is modelled around the conductor. The region must be large 

enough that the influence of the conductor on the magnetic field at its outer boundary is 

negligible. If only the self field is present, the boundary condition valid for this outer 

boundary is A = 0. 
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Appendix E: Computational performance of the 
program 

 

The practical usefulness of the model depends on how efficiently it can produce 

accurate results. Therefore, it is necessary to discuss the computational performance of 

the presented numerical model in typical modelling situations. Both the computational 

cost and the accuracy of results depend on several parameters of the numerical program. 

Special attention is paid here to the impact of density of the mesh and the number of 

load steps. 

 

The computational model was built in a Matlab® environment to facilitate programming 

and to make the program compatible with several other computational tools developed 

at the institute, where this work was conducted. However, the program performance in 

the environment was not the best possible. In the implementation, speed was preferred 

over efficient memory consumption, i.e., as much reusable data as possible was stored. 

As an example, the shape function derivatives at the Gauss points were created and 

stored in the beginning of computations. The computations were made with a computer 

with two 3.4 GHz Pentium® 4 processors and 3 GB of RAM. 

 

The program performance was studied in some common loading cases with conductor 

geometries that contained typical features for Nb3Sn wires and Bi-2223 tapes. The 

investigated loadings are listed in Table E.1, and conductor geometries under inspection 

are shown in Figure E.1. Transversal compression was modelled with the displacement 

constraints, and the load change reported for it in Table E.1 corresponds to the average 

vertical force density. 
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Table E.1. Loading cases, where program performance was investigated. 

Conductor Loading Load change Initial state Radius of curvature 
1. Cooling 1000 K → 4 K Stress free Straight “Nb3Sn wire” 
2. Axial tension 0 → 0.5 % Loading 1. Straight 
3. Cooling 1103 K → 77 K Stress free Straight 
4. Axial tension 0 → 0.2 % Loading 3. Straight 
5. Transversal 
compression 

0 → 190 MPa Loading 3. Straight 

6. Cooling 1103 K → 293 K Stress free 250 mm 

“Bi-2223 tape” 

7. Bending  250 mm → 10 mm Loading 6. changes 

 
a) 

 
b) 

Figure E.1. a) “Nb3Sn wire” and b) “Bi-2223 tape” geometries used in testing computational 

performance. Black lines indicate regions shown in figures E.3 and E.4.

Special attention was paid to stress quantities that are important for the electro-

mechanical properties of conductors. In the tension model of the Nb3Sn conductor, 

attention was on the effective stress, σeff, and on the first principal stress, σI. The former 

is important for reversible critical current degradation, and the latter determines the 

fracture probability. In Bi-2223 filaments, the reversible critical current degradation is 

negligible, and thereby, attention in tension, transversal compression and bending 

models was only on the first principal stress. After cooling, the first principal stress in 

the filaments is usually very close to zero, and therefore, the dominant axial stress 

component, σz, was viewed instead of σI in the cooling models. 

 

The CPU-time used for computations was recorded in Matlab®. Other processes running 

on the computer interfered with the CPU-time recording. To minimize the interference 
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and to make the CPU-time estimates of different computations comparable, all other 

user launched applications except for Matlab® were shut down before the recordings. 

 

Because the program was optimized for computational speed at the expense of memory 

consumption, the maximum size for solvable problems was limited by available 

memory. The computational time remained bearable even with large problems. Most 

often, the limits of the memory were encountered during the computation of the 

Jacobian in the Newton-Raphson method. It required multiplication of matrices, whose 

size increased with the number of Gauss points and the element number of mesh. 

However, if the number of Gaussian points per element was small, for example three, 

memory sometimes ran out first in solving the system of linear equations for updating 

variables. 

 

The most time consuming part of the program was also the computation of Jacobian. As 

a whole, it took typically 1.5 times more time than evaluating the error of the global 

balance and compatibility equations. The fraction of time consumed in solving the 

systems of linear equations increased rapidly with the variable number. With the 

coarsest investigated meshes, solving the linear equations took one fifth of the time used 

for the computation of Jacobian, whereas with the densest meshes it took one half. Time 

required to find the solution of a non-linear problem depended on the convergence 

properties of Newton-Raphson method. The error decrease at one iteration cycle 

depends on the problem, but in problems studied here, it was typically some decades as 

shown in Figure E.2. 

 

To study the impact of mesh density, both example conductors were first modelled with 

so dense a mesh that the problem size reached the limits of computer performance. This 

solution was chosen to be the reference solution. The computations were repeated with 

several coarser meshes, and the results were compared to the reference solution. As an 

example, Figures E.3 and E.4 show parts of some meshes created for the conductor 

geometries. In the bending models, the variable number was approximately doubled if 

compared to the straight conductor model with the same mesh density because the 

bending models contained a half instead of a quarter of the tape cross section. 
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Figure E.2. Typical convergence of Newton-Raphson iteration in Nb3Sn wire (dashed lines) and 

Bi-2223 tape (full lines) models of cooling as straight (o), cooling as bent ( ), axial tension ∇

       
a)    b)        c)   

Figure E.3. Mesh in area depicted in Figure E.1 for Nb3Sn wire model with a) 3822, b) 34423 

and c) 135604 variables. 

       
a)      b)         c)   

Figure E.4. Mesh in area depicted in Figure E.1 for Bi-2223 tape model with a) 3302, b) 23454 

and c) 123689 variables. 
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The stress results approach the reference solution with increasing mesh density as 

shown in Figure E.5. On the other hand, the computational time and memory 

consumption increased simultaneously. The computational time depended on the 

variable number superlinearly, which can be seen in Figure E.6. 

 

The impact of the load step size was studied by comparing results obtained with 

different step sizes. The meshes used in comparison are depicted in Figures E.5 and E.6 

for straight conductors. In bent models, the finest mesh was used in the tests.  

Theoretically, the results become more accurate as the step size decreases. Therefore, 

the solution with the smallest step size, 140 steps per loading case, was taken as the 

reference solution. To avoid an accumulating error, the initial condition for the axial 

tension, transverse compression and bending models was taken from the reference 

solution of cooling.  

      
a)          b) 

Figure E.5. Maximum difference in σeff (white), σz (gray) and σI (black) in superconductor of a) 

Nb3Sn wire and in b) Bi-2223 tape between coarse and fine meshes in cooling as straight (o), 

cooling as bent ( ∇ ), axial tension (□), compression (◊) and bending (∆). Results are computed 

with 140 load steps and proportioned to the average of σeff, σz or σI in superconductor material. 

Circles indicate the meshes used later for testing different step sizes. 
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a)             b)   

Figure E.6 Dependence of computational time on number of variables in Nb3Sn wire (dashed 

lines) and Bi-2223 tape (full lines) models of cooling as straight (o), cooling as bent ( ∇ ),axial 

tension (□), compression (◊) and bending (∆) computed with 140 load steps. Circles indicate 

the meshes used later for testing different step sizes. 

As shown in Figure E.7, the difference between the results and the reference solution 

decreased along with the step size. The solution for transversal compression of Bi-2223 

tape did not even converge with the largest step size. The step size also had large impact 

in models for the Nb3Sn wire and in the bending model for the Bi-2223 tape. However, 

negligible improvements in accuracy were achieved after the load step number 

exceeded 20 in all cases except the bending, where the accuracy improved considerably 

even when the step number was increased from 60 to 100. The time consumed to obtain 

the final solution increased with the load step number as shown in Figure E.8. Thus, the 

optimal load step number seems to be 10 – 20 in all other cases but in the bending 

model, where up to 100 steps should be used. Nevertheless, load steps also give 

intermediate solutions which illustrate the stress state development during loading. 

These intermediate solutions are often as useful as the final solution. For this reason, in 

this work usually 60 – 100 load steps were used per one loading case. 
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Figure E.7. Maximum difference to reference solution in σeff (white), σI (black) and σz (gray) in 

superconductor in Nb3Sn wire (dashed line) and in the Bi-2223 tape (full line) in cooling as 

straight (o), cooling as bent ( ∇ ), axial tension (□), compression (◊) and bending (∆). The 

differences are proportioned to the average σeff, σI or σz in superconductor material. 

       
Figure E.8. Dependence of computational time on load step number in Nb3Sn wire (dashed 

lines) and Bi-2223 tape (full lines) models of cooling as straight (o), cooling as bent ( ∇ ), axial 

tension (□), compression (◊) and bending (∆).  
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