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Abstract 

Janus kinases (JAKs) are non-receptor tyrosine kinases that mediate signalling of 

around sixty different cytokines governing various biological processes from the 

regulation of the immune system, to control of haematopoiesis, metabolism, 

and development. JAKs are multidomain proteins, in which the tyrosine kinase 

domain (JH1) is preceded by a pseudokinase domain (JH2). JH2 has critical 

regulatory functions and is a hotspot for many known oncogenic driver 

mutations. These mutations, which cause ligand-independent JAK activation, 

underlie various diseases—most notably haematopoietic malignancies caused 

by somatic JAK2 JH2 mutations. In the work presented here, we analysed the 

functions of JH2 and its mutations in the regulation of JAK activity. We found 

that all JAK JH2s have functional nucleotide-binding sites accessible to ATP and 

small molecule inhibitors. Most importantly, we found that disruption of ATP 

binding to JAK2 JH2 suppresses ligand-independent activation, thus identifying 

the JAK2 JH2 ATP-binding site as a potential drug target for the development of 

mutation-specific inhibitors. These inhibitors would be a distinct improvement 

over inhibitors of JAK2 currently used to treat MPNs, as current inhibitors do not 

distinguish between mutated and wild-type JAK2, and are unable to eradicate 

the disease. We also present a collaboration effort leading to a simulation-based 

model for JH2-mediated inhibition of JH1, thereby providing rationale for most 

known clinical JAK2 mutations. Moreover, we refine our understanding of 

ligand-mediated and ligand-independent activation of JAKs by presenting a 

systematic analysis of JAK2 mutations capable of inhibiting ligand-independent 

hyperactivation. We further identify a novel interface in JAK2 JH2, which is 

needed for heteromeric JAK2 activation in interferon-γ signalling. 
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Tiivistelmä 

Janus-kinaasit (JAKit) ovat ei-reseptorisia tyrosiinikinaaseja, jotka välittävät yli 

60 sytokiinin viestejä soluissa. Nämä viestit säätelevät lukuisia biologisia 

tapahtumia, kuten immuunijärjestelmän toimintaa, hematopoieesia, 

aineenvaihduntaa sekä kehitystä. JAKit ovat monidomeenisia proteeineja, joissa 

viestivää, aktiivista tyrosiinikinaasidomeenia (JH1) edeltää nk. 

pseudokinaasidomeeni (JH2). JH2 on ensisijaisen tärkeä JAK-aktiivisuuden 

säätelyssä. Domeenista onkin löydetty lukuisia kliinisesti merkittäviä 

mutaatioita, kuten autosomaalisia JAK2-mutaatioita, jotka aiheuttavat 

ligandiriippumatonta JAK-aktivaatiota ja siten johtavat hematopoieettisiin 

maligniteetteihin. Tässä työssä esitellyissä tutkimuksissa selvitettiin JH2:n sekä 

sen mutaatioiden toimintaa JAK-säätelyssä. Tutkimuksissa havaittiin, että 

kaikissa JAK JH2:ssa on toiminnallinen nukleotidinsitomistasku, joka kykenee 

sitomaan ATP:ta ja pienmolekyylisiä inhibiittoreita. Tärkeimpänä löydöksenä 

havaittiin, että ATP:n sitoutumisen estäminen JAK2 JH2:n ATP-sitomistaskuun 

alentaa ligandiriippumatonta JAK2-aktivaatiota. Nämä havainnot osoittavat, 

että JAK2 JH2  on mahdollinen lääkekohde kohdennettujen JAK-inhibiittoreiden 

kehittämiselle. Tällaiset inhibiittorit, jotka estäisivät kohdennetusti 

mutatoituneen (muttei villityyppisen) JAKin toimintaa, olisivat merkittävä 

parannus verrattuna nykyisiin JAK-estäjiin, jotka eivät kykene erottelemaan 

villityyppisen ja mutatoituneen JAKin välillä, eivätkä siten pysty parantamaan 

tautia. Tutkimuksissa kehitettiin yhteistyöprojektina myös molekyylimalli JH2:n 

toiminnasta JH1:n aktiivisuuden säätelijänä. JH2–JH1-malli selittää useimpien 

tunnettujen kliinisten JAK2-mutaatioiden toiminnan molekyylitasolla. Lisäksi 

suoritettiin systemaattinen analyysi JAK2-mutaatioista, jotka voivat estää tautia 

aiheuttavan JAK2-hyperaktivaation. Tämä analyysi tarkentaa ymmärrystämme 

JAKien toiminnasta sytokiinivälitteisessä sekä sytokiineista riippumattomassa 

JAK-aktivaatiossa ja samalla tunnistaa aiemmin tuntemattoman JAK2 

JH2 -rajapinnan, joka on välttämätön interferoni-γ-signaloinnille. 
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1 Prelude 

The accrual of knowledge and the progression of understanding in the natural 

sciences do not follow a linear path, nor do they occur at a constant rate. Rather, 

advances in a certain field seem to happen in fits, with bursts of new data being 

produced and published often in rapid succession, followed by seemingly 

quieter periods. So too, has the understanding of the molecular structure and 

regulation of Janus kinases (JAKs) seemed to have undergone a quantum leap in 

the past half-dozen years or so. Upon beginning of the work leading up to this 

thesis, only the crystal structure of the JAK tyrosine kinase domains had been 

solved (Boggon et al. 2005, Lucet et al. 2006, Williams et al. 2009, Chrencik et al. 

2010). In contrast, now (in 2017) all individual JAK domains have had their 

structures solved, and we even have molecular understanding of many of the 

functions of the different JAK domains. 

This thesis is my attempt to describe this progress and the part our findings had 

in it. This thesis is structured as follows: The Review of the Literature aims to 

summarize the lay of the land relevant to this work as it stood at the onset of my 

foray into JAKs (in 2012). More recent results from other laboratories not 

directly impacting the rationale of the work presented here, are mentioned in 

the Review as well where appropriate. The Aims of the Study (p 49), Materials 

and Methods (pp 50–58), and the Summary of the Results (pp 59–72) will cover 

some of our contribution. The Discussion will analyse our results, as well as 

presenting and discussing other important findings and advancements 

published by others during this thesis work (p 73 onwards). At the end, some 

implications and future perspectives of this work will be proposed. 
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2 Review of the Literature 

2.1 Protein kinases and cytokine signalling 

Multi-cellular organisms rely heavily on cellular signalling to control the many 

functions and interactions of cells. Much of this signalling is mediated by soluble, 

proteinaceous signalling molecules, called cytokines (Liongue, Sertori & Ward 

2016). The functions and roles of cytokines have been thoroughly studied 

especially in the differentiation of myeloid and lymphoid cell types and the 

regulation of the immune system (Oppenheim 2001, Schwartz et al. 2016). 

Cytokines exert their biological functions by binding to specific cytokine 

receptors on the surfaces of cells and causing a chain of biomolecular events 

that results in propagation of the signal through the cytoplasm to effector 

proteins. These effector proteins can take the form of metabolic enzymes, 

leading to changes in the cells metabolism, components of the cells 

cytoskeleton, causing the cell to change its shape or motility, and/or 

transcription factors, leading to changes in the collection of gene products being 

expressed (Alberts et al. 2013). This chain of events, called signal transduction, 

is mediated by various kinds of second messengers and relay proteins, one 

important class of which are protein kinases. 

2.1.1 The eukaryotic protein kinase family 

The first signs of regulation by protein phosphorylation were discovered in the 

1950s in metabolic enzymes (Fischer, Krebs 1955, Krebs, Fischer 1956), and 

since, protein phosphorylation has been found to regulate practically all aspects 

of cellular biology (Krebs 1994), with an estimated 30% of all human proteins 

being phosphorylated at any given time (Cohen 2002). The enzyme family 

responsible for this phosphorylation are the eukaryotic protein kinases (ePK), 

which catalyse the transfer of the γ-phosphate of ATP to substrate proteins. The 

protein family was first systematically described by Hanks and colleagues 



 

16 

(Hanks, Quinn & Hunter 1988), at a time when ∼100 protein kinases were 

known. Later, upon completion of the human genome project, Manning and 

colleagues compiled the first complete catalogue of protein kinases (the so-

called ‘kinome’) based on similarity of particular sequence motifs (Manning et 

al. 2002). They identified a total of 518 protein kinases (478 ePKs, the rest being 

‘atypical kinases’), although the exact number is still being adjusted as the 

classification of protein kinases is refined1. 

2.1.1.1 The PKL/ePK Fold 

EPKs consist of 388 protein serine/threonine and 90 protein tyrosine kinases 

(PSK and PTK, respectively), named based on the phosphoryl-receiving residue 

of the substrate protein (Endicott, Noble & Johnson 2012). All ePKs belong to 

the superfamily of protein kinase-like (PKL) proteins, which also includes many 

non-ePK kinases, like the phosphatidylinositol-4,5-bisphosphate 3-kinase (PI3K) 

(Kannan et al. 2007).2 All PKL proteins share a conserved structural fold and 

catalytic mechanism, despite tremendous sequence variation (Scheeff, Bourne 

2005, Kannan et al. 2007). This structural fold, which constitutes the most 

abundant catalytic domain in eukaryotic genomes, is characterised by a purely 

α-helical C lobe and an N-terminal lobe comprised of mostly β-sheets and one 

α-helix (αC), with the catalytically active, nucleotide-binding site wedged 

between the lobes (Figure 1). Comprehensive sequence analysis of PKL member 

proteins has identified 10 extremely conserved characteristic single residues 

scattered throughout the domain, which seem to be defining features of all PKLs 

(Figure 1) (Kannan et al. 2007). Six of these residues are involved in ATP or 

substrate binding (G52, K72, E91, D166, N171, D184; numbering for the 

archetypal protein kinase cAMP-dependent protein kinase A, PKA, which will be 

used throughout this review, unless noted otherwise), some of which were 

already known to be crucial for catalysis from early work (Gibbs, Zoller 1991, 

Knighton et al. 1991, Grant et al. 1998). In fact, in ePKs, these residues fall into 

the classical protein kinase sequence motifs identified by Hanks et al. (Hanks, 

                                                           
1 Tony Hunter, personal communication at Kinases and Pseudokinases: Spines, Scaffolds and 
Molecular Switches, 5.-8.12.2015, in San Diego, California, USA. 
2 Notably, histidine kinases, i.e. protein kinases that phosphorylate histdine residues and play an 
important role especially in prokaryote cellular signalling (Kannan et al. 2007), are evolutionarily 
and structurally distinct from PKLs based on the kinase classification of Manning et al. See 
http://kinase.com/wiki/index.php/Standard_Kinase_Classification_Scheme (accessed 20.10.17). 

http://kinase.com/wiki/index.php/Standard_Kinase_Classification_Scheme
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Quinn & Hunter 1988). Namely, the glycine-rich loop (consensus sequence 

ψGδGXφGXV3, including G52), the VAIKXψ motif (including the β4 lysine, K72), 

and the αC glutamate (E91) in the N lobe, as well as the extended HRD motif 

(ψψHRDψKXδNψψψ including D166 and N171) and the DFG motif (DFGψ, 

including D184), in the C lobe (Hanks, Quinn & Hunter 1988, Kannan et al. 2007, 

Zeqiraj, van Aalten 2010). The function of the remaining four is still not fully 

understood, but three (H158, H164, D220) probably play a part in positioning 

the catalytically important DFG motif (Kannan et al. 2007, Taylor, Kornev 2011). 

It should be noted that, although the nucleotide-binding pocket is highly 

conserved in the ePK fold, the architecture of the pocket is not conserved 

throughout other nucleotide-binding protein families (Zheng, Goncearenco & 

Berezovsky 2015), despite them sharing similar structural features due to them 

binding chemically highly similar (or indeed identical) ligands (Gherardini et al. 

2010). 

Comparative analysis of multiple ePK crystal structures revealed two 

hydrophobic structures that run through most ePK domains, linking the N and C 

lobes (Kornev et al. 2006, Kornev, Taylor & Ten Eyck 2008). These structures 

were termed the regulatory (R) and the catalytic (C) spine (Kornev, Taylor & Ten 

Eyck 2008, Taylor, Kornev 2011). In the spine model, formation of the R spine via 

inward movement of L95 (in αC) and F185 (in DFG; the so-called ‘DFG-in’ position 

(Möbitz 2015)) is representative of an active, catalytically competent protein 

kinase conformation (Taylor, Kornev 2011). This conformation, often also called 

the ‘closed conformation’, is characterised overall by an inward-turned αC, 

which lines the boundary of the N and C lobes, with the αC N-terminus close to 

the activation loop (shown in Figure 1) (Taylor, Kornev 2011). The C spine is 

completed through binding of the purine ring of ATP in its binding pocket and is 

thus also indicative of a catalytically active, nucleotide-bound state (Figure 1). 

2.1.1.2 Nucleotide binding to protein kinases and mode of catalysis 

Protein kinases bind their substrate ATP between the N and C lobes using most 

of the critically conserved residues described above. Briefly, the purine ring of 

                                                           
3 Symbols for consensus amino acids are: ψ – hydrophobic, φ – large hydrophobic (F, Y, or W), 
δ – hydrophilic, X – any amino acid 
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ATP is positioned between hydrophobic residues from the N and C lobe (part of 

the C spine, see Figure 1: PKA), with the phosphate groups pointing towards αC, 

and the adenine base making specific hydrogen bonds to the peptide backbone 

of the hinge region (Endicott, Noble & Johnson 2012). The phosphates are 

positioned between the tip of the Gly-rich loop (also called the ‘phosphate-

binding loop’ or ‘P-loop’) and a basic residue from the C lobe’s side (K168 in PKA; 

usually an arginine in tyrosine kinases) (Taylor et al. 2004). The α and β 

phosphates bind to K72, which also links to E91 in αC (Figure 1). The canonical 

binding mode involves two cations (usually Mg2+) bound between the three ATP 

phosphate groups. The resulting ATP–cation complex is coordinated by N171 

and D184 from the DFG motif, so that the γ phosphate is correctly positioned 

relative to D166, which functions as the catalytic base in the phosphotransfer 

reaction (Valiev et al. 2003, Iyer et al. 2005). 

2.1.1.3 Regulation of protein kinase activity 

The mechanisms how protein kinases shuttle from inactive 

states/conformations to the active (‘closed’) catalytically competent state 

described above, vary widely from protein to protein (Endicott, Noble & Johnson 

2012, Bayliss, Haq & Yeoh 2015). Some general features do apply, however. For 

most known protein kinases, the features of the active conformation are very 

similar. Namely (1) an ordered C helix in the ‘in’ position with K72–E91 intact, (2) 

a DFG-in orientation completing the R spine, (3) a functional peptide substrate-

binding pocket, usually formed by ordering of the activation loop, and lastly (4) 

expelling of any potential inhibitory structural components from the active site 

as often found in tyrosine kinases (Taylor, Kornev 2011, Endicott, Noble & 

Johnson 2012, Bayliss, Haq & Yeoh 2015, Möbitz 2015). Which of these factors 

is primarily in use as a “switch” is determined by the individual kinase in 

question. 
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Figure 1: The eukaryotic protein kinase structure and its mode of nucleotide binding. Top: The secondary 
structure of the archetypal protein kinase PKA. The 10 characteristic residues conserved in all PKLs 
(Kannan et al. 2007) are shown above with the corresponding PKA residue in parenthesis, in case of 
deviation from the consensus sequence. Middle: The crystal structures of PKA (PDB: 4WB5) and JAK2 
JH2 (PDB: 4FVQ). The colouring of the secondary structure elements is the same throughout the figure. 
Note that αB is missing from JAK2 JH2. The additional helix (αAL) in the JAK2 JH2 activation loop is 
shown in salmon red.  Bottom: Close-ups of the ATP-binding sites of PKA and JAK2 JH2. PKA exhibits a 
canonical nucleotide-binding mode. Bound ATP and amino acids critical for nucleotide binding are 
shown as stick models. The colouring of the stick model atoms are: carbon – grey/black, oxygen – red, 
nitrogen – blue, phosphorus – orange. The cation cofactors (Mg2+) are shown as purple spheres. Main 
chain atoms are shown as a cartoon model for clarity, except for the glycine-rich loop. Critical ATP-
binding site interactions are shown as black dotted lines. The C and R spines are shown as volume-filling 
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models in pink and yellow, respectively. Note that only the top-most C spine residue from the C lobe is 
shown in the close-up. The structure figures, as all other structure figures in this thesis, were made 
using PyMOL4. 

Some protein kinase domains are constitutively active on their own (e.g., 3-

phosphoinositide-dependent kinase-1, PDK1, and phosphorylase kinase, PHK) 

and need primarily inhibition of activity (by restriction of conformation) or 

restriction of access to substrates for regulation. A prime example, in which 

regulation is primarily exerted via intramolecular inhibition is the proto-

oncogene tyrosine-protein kinase Src. In Src, SH2 and SH3 domains bind to the 

hinge side of the kinase domain, thus forcing the C helix in an inactive 

conformation (Bradshaw 2010). Upon relaxation of this inhibition (by binding of 

the SH2 and SH3 domains to other recognition sites) the kinase domain relaxes 

to the active conformation. Other protein kinases are by themselves inactive 

(e.g., cyclin-dependent kinase 2, CDK2) and need binding or phosphorylation by 

other proteins or domains in order to adopt the active conformation (Endicott, 

Noble & Johnson 2012). 

Out of activating phosphorylation events, phosphorylation of the activation loop 

(leading to ordering of the loop and subsequently to strengthening potentially 

all aspects 1 through 4 mentioned above) is probably the most frequently 

observed means of regulation (Endicott, Noble & Johnson 2012). Notable 

exceptions, which do not require activation loop phosphorylation include EGFR, 

CDK5, and PHK (Endicott, Noble & Johnson 2012). 

2.1.2 Pseudokinases 

Mapping of the kinome also identified some outlier proteins, which clearly had 

sufficiently high sequence similarity to be expected to adopt the protein kinase 

fold, but which were lacking some or all of the residues known to be critical for 

catalytic activity (Manning et al. 2002). These proteins, which constituted ∼10% 

of the kinome, were collectively dubbed ‘pseudokinases’. Some of the identified 

pseudokinases were already then known to possess catalytic activity through 

non-canonical ways: the most prominent example being WNK1 (With-No-

Lysine(K) 1), which was known to substitute for its lack of K72 with another lysine 

structurally close by (Xu et al. 2000, Min et al. 2004). Nevertheless, most of them 
                                                           
4 The PyMOL Molecular Graphics System, Version 1.3 Schrödinger, LLC 
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were presumed catalytically inactive and, in most cases, their biological function 

remained a mystery. 

Since then, the study of pseudokinases has expanded significantly (Boudeau et 

al. 2006, Zeqiraj, van Aalten 2010, Reiterer, Eyers & Farhan 2014, Hammarén, 

Virtanen & Silvennoinen 2015). Out of the 50 originally identified human 

pseudokinases (Manning et al. 2002), 14 have published crystal structures by 

20175, along with multiple other interesting pseudokinases from other kingdoms 

of life, including plants, fungi, protists, and bacteria (Hammarén, Virtanen & 

Silvennoinen 2015). Upon closer inspection, a few pseudokinases have shown to 

possess some catalytic activity, most notably HER3 (Shi et al. 2010), CASK 

(Mukherjee et al. 2008), KSR (Brennan et al. 2011), and JAK2 JH2 (see below), 

explaining some of their biological function. Still, these seem to be exceptions, 

and most pseudokinases’ functions do not rely on catalysis of phosphotransfer, 

but rather on functions as (allosteric) regulators, binding competitors, and/or 

signal integrators (Zeqiraj, van Aalten 2010, Reiterer, Eyers & Farhan 2014, Kung, 

Jura 2016). 

Interestingly, many pseudokinases have retained the ability to bind nucleotides 

in their (in)active site, even if the ability for catalysis has been lost (Murphy et 

al. 2014). The biological function of this nucleotide binding is only known for a 

few cases, however (Hammarén, Virtanen & Silvennoinen 2015). 

2.2 Janus kinases and JAK–STAT signalling 

2.2.1 A brief history of JAK–STAT 

Janus kinases (JAKs) are a group of non-receptor protein tyrosine kinases, which 

mediate signalling of type I and type II cytokines (Table 1) (Ihle et al. 1995, 

Schwartz et al. 2016, Villarino, Kanno & O'Shea 2017). JAKs reside in the 

cytoplasm and are most probably constitutively bound to their cognate 

receptors (Huang, Constantinescu & Lodish 2001, Giese et al. 2003, Haan et al. 

2006). There are four JAKs in mammals, birds, and fish: JAK1, JAK2, JAK3, and 

                                                           
5 Last checked on PDB on 13.8.2017 
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TYK2, with JAK1, JAK2, and TYK2 ubiquitously expressed in all cell types, but JAK3 

expression restricted mainly to haematopoietic cell types (Yamaoka et al. 2004). 

JAK1 and JAK2 were initially identified as protein kinases using PCR with partially-

degenerate PTK-specific oligonucleotide probes from cDNA libraries (Wilks et al. 

1989, Wilks et al. 1991). Informally the genes were named JAKs for ‘Just another 

kinase’, even though the acronym was eventually published to refer to the two-

faced ancient Roman god Janus due to the peculiar domain structure of JAKs, 

which includes two sequential PTK-like domains (Figure 3) (Wilks et al. 1991, 

Wilks 2008). TYK2 (non-receptor tyrosine kinase 2) was identified 

simultaneously to JAK1 and 2, albeit with different methodology (Firmbach-Kraft 

et al. 1990), and JAK3 only some time later (Kawamura et al. 1994, Takahashi, 

Shirasawa 1994, Witthuhn et al. 1994). 

Critically, many of the signalling functions of JAKs were deciphered using mutant 

cell lines irresponsive to various cytokines (Bonjardim 1998, Stark, Darnell 2012). 

Analysis of a cell line irresponsive to interferon (IFN) α/β, for example, showed 

that TYK2 was required for signalling of these cytokines (Velazquez et al. 1992), 

while another cell line, irresponsive to IFN-γ in addition to IFN-α/β, was found to 

be lacking JAK1, thus identifying the importance of JAK1 for both of these 

cytokine classes (Müller et al. 1993, Kohlhuber et al. 1997). Using similar 

methodology, IFN-γ was found to signal also through JAK2 (Watling et al. 1993, 

Kohlhuber et al. 1997), and interleukin (IL) 3 and erythropoietin (EPO) solely 

through JAK2 (Silvennoinen et al. 1993, Witthuhn et al. 1993) (see also Table 1). 

The signalling cascade was completed by identification of the STAT family of 

transcription factors as substrates for JAKs (Shuai et al. 1992, Darnell Jr, Kerr & 

Stark 1994, Wakao, Gouilleux & Groner 1994, Stark, Darnell 2012) (Figure 2). 

Since then, over 50 cytokines have been found to signal through the JAK–STAT 

pathway via 4 JAKs and 6 STATs (Table 1), and much has been learned about the 

regulation of JAK–STAT signalling, as well as the functions of the individual 

proteins involved. 

2.2.2 The JAK–STAT signal transduction pathway 

Signalling through the JAK–STAT pathway is initiated by binding of a cytokine to 

the extracellular domain(s) of its receptor chain(s). This induces 

dimerisation/oligomerisation of the receptor chains or a conformational change 
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in the receptor (the details are still poorly understood, see also Discussion 6.3.5) 

(Ihle et al. 1995), which activates JAKs and causes trans-autophosphorylation of 

the activation loop of the JAK tyrosine kinase domains (Feng et al. 1997) leading 

to an increase in catalytic activity (Chatti, Farrar & Duhé 2004). Activated JAKs 

next phosphorylate the receptor chains on specific tyrosine residues, which 

serve as docking sites for further JAK substrates, the primary one of which are 

STATs (Darnell 1997). STATs bind the phosphorylated receptor via their SH2 

domains, and are subsequently themselves phosphorylated by JAKs on a specific 

tyrosine in the C-terminal tail near their SH2 domain (Darnell 1997). This 

phosphorylation allows STATs to dimerise via their SH2 domains, move into the 

nucleus and directly bind to DNA, where they act as transcription factors6 

(Darnell 1997, Becker, Groner & Müller 1998, Chen et al. 1998). 

Activation of various JAK signalling pathways has been found to cause 

concomitant activation of (and cross-talk with) other pathways like the MAPK 

and PI3K pathways, and STATs can also be activated by the action of other 

tyrosine kinases (Quintás-Cardama et al. 2011, Vainchenker, Constantinescu 

2013). Furthermore, non-canonical, phosphorylation-independent (JAK–)STAT 

signalling has also been described (Majoros et al. 2017, Stark, Cheon & Wang 

2017). In this signalling mode, unphosphorylated STATs can regulate gene 

expression given the correct interaction partner proteins. For example, 

unphosphorylated STAT1 dimers form and act as transcription factors when 

bound by IRF9 upon IFN-γ stimulation (Majoros et al. 2017). The remainder of 

this thesis, however, will focus on canonical, phosphorylation-dependent JAK–

STAT signalling. 

                                                           
6 The effects of JAK–STAT signalling on transcription and epigenetics have been extensively 
studied (Villarino, Kanno & O'Shea 2017), but will not be discussed further here. 
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Figure 2: Signalling through the JAK–STAT pathway. The erythropoietin (EPO) signalling pathway is 
shown as an example of the canonical JAK–STAT pathway. Additional signalling components not part 
of the archetypal JAK–STAT core are shown faded. Figure is based on following reviews: (Oh, Gotlib 
2010, Quintás-Cardama et al. 2011, Vainchenker, Constantinescu 2013). 

2.2.2.1 Cytokines and cytokine receptors that signal through JAK–STAT 

Type I and type II cytokine receptors (also called haematopoietic and IFN 

cytokine receptors, respectively (Spangler et al. 2015)) are characterised by 

conserved features in their extracellular ligand binding domains, which all 

include so-called cytokine-binding homology regions/domains (CHR/CHD) 

composed of two fibronectin type III domains (Liongue, Ward 2007). The CHRs 

of both type I and II receptors include four characteristic cysteines forming two 

intrachain disulphide bridges (Ihle et al. 1995, Liongue, Ward 2007). Additionally, 

type I cytokine receptors (but not type II receptors) have a conserved 

extracellular WSXWS sequence motif near their single transmembrane helix 
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(Gadina et al. 2001, Liongue, Ward 2007). The cytoplasmic parts of type I and II 

receptors are highly variable, but most include two somewhat conserved, 

membrane-proximal JAK-binding regions: a proline-rich region termed box1 and 

a mostly hydrophobic region called box2 (Murakami et al. 1991). The 

intracellular parts lack any recognisable protein domain features, and are 

thought to be mostly unstructured (Bugge et al. 2016, Ferrao, Lupardus 2017). 

Type I and II receptors signal in different configurations to activate different JAK 

pairs, which in turn activate various STATs downstream (Table 1). Evolutionarily 

the most ancient configuration is probably exemplified by the simplicity of the 

homotypic receptors of the single chain family (see Table 1), where two identical 

chains make up the receptor, which signals through a single JAK (JAK2 in 

mammals) and STAT (STAT5) (Liongue, Sertori & Ward 2016). Concomitantly, out 

of the mammalian JAKs and STATs, JAK2 and STAT5 are most closely related to 

the single Drosophila melanogaster homologues, Hopscotch (Hop) and STAT92E 

(Nicola, Hilton 1998, Zeidler, Bausek 2013). Most mammalian type I and II 

cytokines signal through a combination of receptor chains, which form dimers 

(e.g., IL-4R), trimers (e.g., IL-2R), tetramers (e.g., G-CSFR), hexamers (e.g., IL-6R) 

or even dodecamers (GM-CSFR) (Wang et al. 2009). In these configurations, a 

non-specific “common”, JAK-binding, subunit is often coupled to a ligand-

specific, high-affinity subunit for signalling (Ihle et al. 1995, Baker, Rane & Reddy 

2007). For type I receptors, the shared receptor chains are gp130 (binding at 

least JAK1 and TYK2), the common β chain (βc/gp140, binding JAK2), and the 

common γ chain (γc, binding JAK3) (Wang et al. 2009, Wallweber et al. 2014, 

Ferrao, Lupardus 2017). 

The JAK–STAT-utilising cytokines themselves have a characteristic four-helix 

bundle architecture, in which the topology (up-up-down-down) is constant, but 

the lengths of the helices vary (Nicola, Hilton 1998, Wang et al. 2009). While 

both short- (helices of 8–10 residues in length, e.g., IL-2 and IL-3) and long-chain 

(10–20 residues per helix, e.g., EPO and IL-6) four-helix bundle cytokines signal 

through type I and II cytokine receptors, some short-chain cytokines activate 

receptor tyrosine kinases (RTKs) instead (Nicola, Hilton 1998, Wang et al. 2009). 

Furthermore, some of the four-helix cytokines form dimers of two four-helix 

bundles to produce the active, signalling form (e.g. IL-5 and IFN-γ) (Wang et al. 

2009). 
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Table 1: JAK–STAT signalling pathways. See opposite page for details. 
 

 

Cytokine Receptor chain(s) JAKs STATs References 
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IFN-I (typeI)* IFNAR1 IFNAR2 JAK1, TYK2 STAT1, STAT2, STAT3, 
STAT4 (STAT5, STAT6) 

I, II 

IFN-γ (typeII) IFNGR1 IFNGR2 JAK1, JAK2 STAT1 I, II, X 
IL-28a, IL-28b, 
IL-29‡ 

IL-28R /  
IFNLR1 

IL-10Rβ JAK1, TYK2 STAT1, STAT2, STAT3, 
STAT5 

I, VIII, XII, 
XIII 

IL-10 IL-10Rα IL-10Rβ JAK1, TYK2 STAT3, STAT1 I, II, XII 
IL-19 IL-20Rα IL-20Rβ JAK1, JAK2 STAT3, STAT1 I, X, XII 
IL-20, IL-24 / 
mda7 

IL-20Rα or IL-
22R 

IL-20Rβ JAK1, JAK2 STAT3, STAT1 I, X, XI, XII 

IL-22 / IL-TIF† IL-22R IL-10Rβ JAK1, TYK2 STAT3, STAT1, (STAT5) I, X 
IL-26 / AK155 IL-20Rα IL-10Rβ JAK1, TYK2 STAT3, STAT1 I, XI, XII 
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IL-6 IL-6Rα gp130 JAK1, JAK2, TYK2 STAT3, STAT1 I, II, IX 
IL-11 IL-11Rα gp130 JAK1, JAK2, TYK2 STAT3, STAT1 I, II, IX 
LIF LIFRβ gp130 JAK1, JAK2, TYK2 STAT3, STAT1 I, II, VI, IX 
CNTF CNTFRα LIFRβ gp130 JAK1, (JAK2, TYK2) STAT3, (STAT1) I, II, IX, XIV 
CLCF1§, NP CNTFRα LIFRβ gp130 JAK1, (JAK2) STAT3, STAT1 I, IX, XIV 
CT-1 CNTFRα LIFRβ gp130 JAK1, (JAK2, TYK2) STAT3 I, II, IX 
OSM OSMRβ or 

LIFRβ 
gp130 JAK1, (JAK2, TYK2) STAT3, STAT1 I, II, VI, IX 

IL-31 IL-31Rα / 
GLMR 

OSMRβ JAK1, (JAK2) STAT3, STAT5, STAT1 I, V 

G-CSF GCSFR / CSF3R JAK1, (JAK2) STAT3 I, II, IX 
Leptin LEPR / OBR JAK2 STAT3 I 
IL-12 
(p35+p40) 

IL-12Rβ2 IL-12Rβ1 TYK2, JAK2 STAT4 I, II, XV 

IL-23 
(p19+p40) 

IL-23R IL-12Rβ1 TYK2, JAK2 STAT3, STAT4, STAT1 I, XV 

IL-27 
(p28+EBI3)|| 

IL-27Rα¶ gp130 JAK1, JAK2, TYK2 STAT1, STAT3, STAT4, 
(STAT5) 

I, IX, XV 

IL-35 
(p35+EBI3)# 

IL-12Rβ2 gp130 JAK1, JAK2 STAT1, STAT4 I, XV 

γ c
 fa

m
ily

 

IL-2 IL-2Rα IL-2Rβ γc JAK1, JAK3, (JAK2) STAT5, (STAT3) I, II, IX, XVI 
IL-4 IL-4Rα γc JAK1, JAK3 STAT6 I, II, IX, XVI 
IL-7 IL-7Rα γc JAK1, JAK3 STAT5, (STAT3) I, II, IX, XVI 
IL-9 IL-9Rα γc JAK1, JAK3 STAT5, STAT3 I, II, IX, XVI 
IL-15 IL-15Rα IL-2Rβ γc JAK1, JAK3 STAT5, (STAT3) I, IX, XVI 
IL-21 IL-21R γc JAK1, JAK3 STAT3, STAT5, (STAT1) I, IX, XVI 
TSLP IL-7Rα TSLPR / CRLF2 JAK1, JAK2 STAT1, STAT3, STAT4, 

STAT5, STAT6 
I, XVI, XVII 

IL-13 IL-4Rα IL-13R JAK1, JAK2, TYK2 STAT6, (STAT3) I, II, XVI 

IL
-3

 / 
β c

 

IL-3 IL-3Rα βc (gp140) JAK2, (JAK1) STAT5, STAT3 I, II, IX, XVIII 
IL-5 IL-5Rα βc (gp140) JAK2 STAT5, STAT1, STAT3 I, II, IX 
GM-CSF GM-CSF-Rα βc (gp140) JAK2 STAT5 I, II, IX 

S
in

gl
e 

ch
ai

n 

EPO EPOR JAK2 STAT5 I, II, IX 
GH GHR JAK2 STAT5, (STAT3) I, II, IX 
PRL PRLR JAK2 STAT5 I, IX 
TPO TPOR / MPL JAK2 STAT5 I, II, IX 
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Table 1 legend: Type I and II cytokines, their receptor chain configurations, as well as the corresponding 
JAKs and STATs are shown. JAKs and STATs critical for signalling identified with the highest confidence 
are shown in bold, associated JAKs and STATs for which the data is weaker are shown in parentheses. 
Cytokines that signal through the same receptor-JAK–STAT configuration are separated by commas. 
See List of Abbreviations for explanations of abbreviations. Synonyms are separated by a slash. In case 
of three or more often-used synonyms (or for additional explanations), see the following notes: 

*In humans this family consists of 12 IFN-αs, IFN-ω and Limitin (a.k.a. IFN-ζ). 
 †IL-22  also has a soluble receptor IL-22BP, which probably works as an agonist in vivo (Renauld 2003, 
Rutz, Wang & Ouyang 2014). 
‡Interleukins 28 and 29 are also called Type III IFNs, or IFN-λs, as follows: IL-29/IFN-λ1, IL-28a/IFN-λ2, 
and IL-28b/IFN-λ3. 
§a.k.a. CLC, CLF, NNT-1, BSF-3; CLCF1 is secreted either with sCNTFR or CRLF1. 
 ||IL-27 p28 subunit is also called IL-30, which might signal through IL-6Rα (Aparicio-Siegmund, Garbers 
2015). 
¶a.k.a. WSX-1, TCCR. 
#IL-35 has also been reported to signal through IL-12Rβ2 or gp130 homodimers (Vignali, Kuchroo 2012). 

Data on this table was compiled from the following references: 
 I: (Schindler, Plumlee 2008) 
II: (Baker, Rane & Reddy 2007) 
III: (Spangler et al. 2015) 
IV: (Liongue, Ward 2007) 
V: (Zhang et al. 2008) 
VI: (Dey et al. 2013) 
VII: (Ihle et al. 1995) 
VIII: (Quintás-Cardama et al. 2011) 
IX: (Wang et al. 2009) 

X: (Renauld 2003) 
XI: (Rutz, Wang & Ouyang 2014) 
XII: (Commins, Steinke & Borish 2008) 
XIII: (Kotenko 2011) 
XIV: (Sims 2015) 
XV: (Vignali, Kuchroo 2012) 
XVI: (Kovanen, Leonard 2004) 
XVII: (Zhong et al. 2014) 
XVIII: (Rodig et al. 1998)

In addition to these cytokines and their receptors, JAKs have been reported to 

be (co)activated upon stimulation of a wide range of cytokines, including some 

growth factors, which primarily signal through RTKs. JAKs have also been 

implicated to act in the nucleus to directly phosphorylate various transcription 

factors and histones (Zouein, Duhé & Booz 2011). These data may represent 

aspects of cross talk between various signalling pathways (most of which are not 

critically dependent on JAKs) or specialised functions in certain disease states or 

stages of development, and are not discussed further in this review. 

2.3 Regulation of JAK–STAT signalling 

Activity of the JAK–STAT pathway is tightly regulated on both intra- and 

intermolecular levels to ensure suppression of signalling in the absence of 

cytokine stimulation, and to allow rapid, transient activation of signalling upon 

stimulation. In the absence of stimulation, arguably the most important level of 



 

28 

regulation inhibiting protein tyrosine kinase activity (referred to as ‘kinase 

activity’ hereafter in the context of JAKs) is mediated through intramolecular 

regulation of JAKs by the pseudokinase domain (JH2) (discussed in detail in 2.5 

below). 

In terms of phosphorylation, JAK2, for instance, is phosphorylated in the basal 

state (i.e. in the absence of a stimulating cytokine signal) on a single inhibitory 

residue only (S523), which seems to be needed for keeping JAK2 in an 

autoinhibited state (Ishida-Takahashi et al. 2006, Ungureanu et al. 2011). Upon 

stimulation, JAK2 is activated by (trans-)autophosphorylation on the tyrosine 

kinase domain’s activation loop (Y1007/Y1008), as well as multiple other 

residues (Y637, Y868, Y966, Y972), which are needed for full activation of kinase 

activity (Table 2) (Robertson et al. 2009). Subsequently, termination of signalling 

is thought to be initiated by phosphorylation of multiple inhibitory residues all 

along the protein. These may cause dissociation of JAK2 from its receptors (Y119 

(Funakoshi-Tago et al. 2006)) or directly inhibit catalytic activity (e.g., Y570 

(Robertson et al. 2009, Ungureanu et al. 2011)). In most cases, the 

phosphorylation of these sites has been reported to be dependent on JAK2 

kinase activity or activation loop phosphorylation of the tyrosine kinase domain 

(see also Table 2). The exact sequence of phosphorylation events during 

receptor-mediated activation is yet to be fully elucidated, nor is it clear, whether 

or how these phosphorylation events vary in different cytokine receptor 

contexts. 

After stimulation, signalling is also terminated by multiple other means including 

(de)phosphorylation, production of inhibitory proteins, and the lowering of 

available signalling complexes through internalisation and lysosomal as well as 

ubiquitination-mediated proteasomal degradation of receptors (Vainchenker, 

Constantinescu 2013, Babon et al. 2014). Dephosphorylation of both JAK and 

receptor tyrosines is induced by multiple protein tyrosine phosphatases, 

especially SHP1 and 2, PTP1B, TCPTP, and CD45 (Argetsinger et al. 2004, Babon 

et al. 2014). Other inhibitory proteins that participate in the termination of JAK–

STAT signalling include the family of suppressors of cytokine signalling (SOCS1–

7 and CIS), whose transcription is induced by activated STATs, thus forming a 

negative feedback loop (Vainchenker, Constantinescu 2013). The mechanism of 

action of SOCS proteins has been revealed for SOCS3, which was shown to bind 

to both JAK and the associated cytokine receptor, and to inhibit activity of the 
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tyrosine kinase domain by directly interacting with its activation loop, as well as 

initiating ubiquitination of JAKs (Babon et al. 2012, Kershaw et al. 2013). 

Other regulatory proteins acting on JAKs are members of the SH2B family of 

proteins (including SH2B, APS, and SH2B3 a.k.a. LNK), which have been reported 

to solely bind to phosphorylated Y813 on JAK2, and have differing effects: while 

SH2B and APS are able to activate JAK2-mediated signalling, LNK is a well-

defined inhibitor of JAK2 (reviewed in (Babon et al. 2014)). JAK–STAT signalling 

is also regulated at the level of STATs, by protein inhibitor of activated STATs 

(PIAS) proteins, which inhibit signalling by inducing SUMOylation of STATs 

(Vainchenker, Constantinescu 2013, Rabellino, Andreani & Scaglioni 2017). 

2.4 JAK mutations and JAK-mediated diseases 

In general, JAKs govern key signalling steps in development and growth, but are 

especially important in the regulation of haematopoiesis and the immune 

system. Owing to their differences in cellular signalling pathways (see Table 1), 

different JAKs are implicated in different diseases—be it as parts of signalling 

pathways associated with the pathogenesis of a disease, or as drivers of disease 

due to specific JAK mutations. Examples of the former are especially found in 

immunological diseases, like rheumatoid arthritis (RA) and other autoimmune 

disorders, where JAK inhibitors are currently being tested and successfully 

applied (Norman 2014, Yamaoka 2016, Winthrop 2017). Lately, JAKs have also 

been found to be potentially interesting targets and prognostic markers in the 

treatment of various cancers (Zhang et al. 2016, Pencik et al. 2016). 

Examples of diseases caused or driven by JAK mutations are most commonly 

found in immunodeficiencies, leukaemia as well as other haematological 

malignancies, and are discussed in more detail below. 
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Table 2 legend: Regulatory phosphorylation sites, their effect on basal JAK2 activity (measured as pJAK2 
(pY1007/Y1008) or a downstream measure like STAT phosphorylation (pSTAT) or transcriptional 
reporter activity), the probable phosphorylating kinase, and assumed effects of phosphorylation 
(mostly based on mutagenesis experiments) are shown. The cytokines, which have been experimentally 
tested for inducing specific phosphorylation, are shown in parenthesis. Sites for which no functional 
follow-up data has been published, have been omitted for clarity (Matsuda et al. 2004, Rikova et al. 
2007).  NE – no effect. Autophos. – autophosphorylation by full-length JAK2. ? – no data available. 

*Dependent on JAK2 Y1007/Y1008 phosphorylation and/or JH1 kinase activity. 

§Y201F has no effect on EPO-induced pJAK2, but inhibits Ang II-mediated pJAK2, pSTAT1/3. 
Phosphorylation probably enables binding of SHP-2 and subsequent binding to AT1 receptor. Y201F has 
also been shown to inhibit activation by JAK2 V617F (Yan, Hutchison & Mohi 2012). 

 

2.4.1 JAK loss-of-function mutations 

Currently, there are no known diseases caused by JAK1 or JAK2 loss-of-function 

(LOF) mutations (Hirahara et al. 2016). This is probably best explained by the 

essential roles of JAK1 and JAK2 in many crucial signalling pathways (Table 1), 

which is also highlighted by experimental loss-of-function models. JAK2 knock-

outs are embryonic lethal due to a lack of definitive erythropoiesis (Neubauer et 

al. 1998), and while JAK1 knock-out mice are viable, they die soon after birth due 

to neurological defects (in addition to having immunological problems) (Rodig et 

al. 1998). Some somatic JAK1 LOFs have been reported (Hayashi et al. 2006), but 

the biological relevance of these is not well established. 

For JAK3, multiple known clinical LOF mutations are associated with (and the 

cause of) severe combined immunodeficiency (SCID) characterised by 

lymphopenia due to a lack of signalling by γc cytokines (Table 1) (O’Shea et al. 

2004). Patient homozygous for TYK2 LOF mutations, on the other hand, exhibit 

primary immunodeficiencies due to deficient signalling of multiple cytokines (IL-

12, IFN-α/β, and IL-23 among others) and higher susceptibility to viral, bacterial 

(including mycobacterial), and fungal infections (Minegishi et al. 2006, 

Casanova, Holland & Notarangelo 2012, Kreins et al. 2015).
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2.4.2 JAK gain-of-function mutations 

The first gain-of-function (GOF) point mutations in JAKs were identified in the 

Drosophila melanogaster JAK homologue, Hop. The first allele identified was 

termed HopscotchTumorous-lethal (HopTum-l), since it caused a dominant, leukaemia-

like melanotic tumour (Corwin, Hanratty 1976, Hanratty, Ryerse 1981). The 

mutation was identified to be caused by a GOF mutation in the FERM-domain 

(Hop G341E) (Luo, Hanratty & Dearolf 1995). Interestingly, another mutation 

(HopT42) causing a similar disease phenotype was also identified, but in JH2 (Hop 

E695K) (Luo et al. 1997). This second finding in particular turned out to be highly 

prescient, as JH2 was soon found out to be a veritable hot spot for clinically 

highly-relevant JAK GOF mutations (Vainchenker, Constantinescu 2013). 

2.4.2.1 JAK2 GOF mutations and myeloproliferative neoplasms 

Despite the earlier findings of rare oncogenic JAK2 fusion proteins as drivers for 

human leukaemia (e.g., constitutively active, dimeric TEL-JAK2 fusions 

(Lacronique et al. 1997)), the clinical significance of JAK mutations as causes for 

diseases virtually exploded with the finding of a single somatic JAK2 mutation 

underlying ∼50% of all myeloproliferative neoplasms (MPNs) (Vainchenker, 

Constantinescu 2013). The mutation in question, JAK2 V617F caused by a single 

G-to-T transition (changing GTC to TTC), was identified practically 

simultaneously by four different teams in 2005 (Baxter et al. 2005, James et al. 

2005, Kralovics et al. 2005, Levine et al. 2005). It was found to underlie over 95% 

of polycythaemia vera (PV) and around 50% to 60% of essential 

thrombocythaemia (ET) and primary myelofibrosis (PMF) cases (Baxter et al. 

2005, Skoda, Duek & Grisouard 2015). 

MPNs are a group of diseases characterised by the overproliferation of myeloid 

cells, where the overproliferating cell type determines the MPN in question—

e.g. overproliferation of erythroid cells leading to erythrocytosis and PV. In 

practice, MPNs seem to be caused by acquired, activating somatic mutations 

(JAK2 V617F being the most common) in haematopoietic stem cells, which lead 

to growth factor-independent growth and expansion of the mutated clone 

(Skoda, Duek & Grisouard 2015). Work on mouse models of MPNs has shown 
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that the disease can be initiated by a single haematopoietic stem cell carrying 

JAK2 V617F, which then gradually overpopulates its niche and outcompetes 

wild-type cells (Lundberg et al. 2014). Homozygosity for JAK2 V617F seems to 

also be selected for, as a distinct loss of heterozygosity (i.e. enrichment of JAK2 

V617F alleles) has been observed in human MPNs (James et al. 2005, Kralovics 

et al. 2005). 

Other genes that are frequently mutated and act as drivers in MPNs are the 

JAK2-associated receptors thrombopoietin receptor (TPOR/MPL) and 

granulocyte colony-stimulating factor 3 receptor (GCFSR/CSF3R) (see also Table 

1), as well as the multifunctional endoplasmic reticulum protein calreticulin 

(CALR) (Skoda, Duek & Grisouard 2015). All of these eventually lead to increased 

signalling through JAK2, as has lately also been shown for CALR mutations. All 

MPN-associated CALR mutations are frame-shifts, which result in the formation 

of a highly positively charged protein sequence at the C-terminus of mutated 

CALR (Elf et al. 2016). This seems to enable mutated CALR to directly interact 

with TPOR, potentially while still in the endoplasmic reticulum, leading to 

activation of the receptor and associated JAK2 (Elf et al. 2016, Araki, Komatsu 

2017). 

After JAK2 V617F, many other similar mutations in JAK2 and other JAKs have 

been identified and found to be causative of not only MPNs, but also B and T-

cell leukaemia (JAK1, JAK2, and JAK3 mutations (Flex et al. 2008, Mullighan et al. 

2009, Zhang et al. 2012, Bellanger et al. 2014, Springuel et al. 2014, Losdyck et 

al. 2015)), acute megakaryoblastic leukaemia (AMKL, JAK2 and JAK3 mutations 

(Hama et al. 2012, Koo et al. 2012, Bellanger et al. 2014)), as well as solid cancers 

(JAK1 and JAK3 mutations (Jeong et al. 2008)) among others. 

In addition to JAK mutations identified in patients, multiple experimental 

mutagenesis screens have been performed to discover mutations affecting JAK 

activity (Yeh et al. 2000, Zhao et al. 2009, Gordon et al. 2010). Most of these 

mutations cluster strongly into the SH2-JH2 linker and JH2 (See Table 3 for 

known JAK2 mutations) (Gnanasambandan, Sayeski 2011). Due to its relatively 

high frequency of occurrence, JAK2 V617F is by far the most studied of these 

mutations, and often serves as the archetypal hyperactivating JAK mutation. 

Analysis in cell culture models has shown that, while JAK2 carrying the V617F 

mutation is able to activate in a ligand-independent fashion (and consequently 
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phosphorylate/activate downstream STATs), it does still require the presence of 

JAK2-associated, homotypic receptors to transform cells (e.g., EPOR, TPOR, 

GCSFR) (Lu et al. 2005, Lu, Huang & Lodish 2008). This finding was initially 

postulated to explain, why only myeloid lineage cells seemed to be affected by 

JAK2 V617F, as lymphoid cells do not express homotypic receptors (Lu, Huang & 

Lodish 2008). Later work has shown, however, that this requirement is not 

absolute, as ligand-independent activation of JAK2 by the mutation V617F is 

firstly dependent on JAK2 V617F expression levels (Haan et al. 2009), and 

secondly that JAK2 V617F can also utilise lymphoid receptors like IL-27Rα, IL-

3Rα, and βc (at least in cell culture models) (Pradhan et al. 2010). 

The different MPN driver mutations, including the different JAK2 mutations, 

have somewhat different biological activity and disease profiles. For example, 

CALR mutations primarily lead to thrombocytosis and associated ET and PMF 

(Cazzola, Kralovics 2014), which is readily understood from their probable mode 

of action in activating TPOR, as described above (Elf et al. 2016). With JAK2, exon 

12 mutations mostly lead to erythrocytosis (and thus PV), whereas V617F and 

exon 16 mutations (see Table 3) can also lead to associated granulocytosis, 

thrombocytosis, and leukaemia (Scott et al. 2007, Skoda, Duek & Grisouard 

2015). This differential pattern of activating mutations leading to diseases is also 

true for some recently identified germline JAK2 mutations, which seem to 

preferentially cause thrombocytosis (Skoda, Duek & Grisouard 2015).  

Furthermore, different mutations have been reported to have differing levels of 

enzymatic kinase activity, which, however, do not directly translate into 

transformation potential in cell culture models (Zou, Yan & Mohi 2011). Out of 

JAK2 V617F, K539L and T875N, immunoprecipitated T875N shows the highest 

kinase activity in vitro, but V617F has the highest transforming potential (Zou, 

Yan & Mohi 2011). These differences have been suggested to be due to differing 

affinities for the interaction of mutated JAK2 and different receptors (Zou, Yan 

& Mohi 2011), or differing signalling patterns on different receptors (Yao et al. 

2017). However, overall the differences in activation mechanisms of the 

different mutations have not been well understood (see also 2.5.3 below). 
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2.5 Structure and function of JAK domains 

JAK proteins consist of four domains: an N-terminal FERM (4.1-band, ezrin, 

radexin, moiesin (Chishti et al. 1998)), an SH2-like (Src homology 2), a 

pseudokinase domain, and a tyrosine kinase domain (Figure 3) (Yamaoka et al. 

2004). Upon first identification of JAKs, only the two kinase-like domains were 

identified as independent protein domains, while the rest of the sequence was 

divided into “JAK homology domains” (JH) based on sequence conservation 

within the family, thus following the naming convention used previously for Src 

proteins (Wilks 2008). Seven such regions of homology were identified, with the 

C-terminal tyrosine kinase domain being JH1, and the pseudokinase domain JH2 

(Figure 3) (Schindler, Plumlee 2008, Wilks 2008). 

 

 
Figure 3: The domain structure of JAKs. A: The JAK homology domains (JH (Schindler, Plumlee 2008, 
Wilks 2008)) and their correspondence to structural protein domains. The amino acid (aa) ruler shown 
depicts residue numbers for human JAK2, but is roughly comparable to other JAKs as well. B: The 
domain boundaries for the four human JAKs. The number of the first and last residue of each domain 
are shown, and defined as follows: FERM: starting before F1 β1 (start of TYK2 crystal structure, PDB: 
4PO6), ending between F3 αA and α helix in linker L2 (Ferrao et Lupardus 2017); SH2: starting at end of 
α helix in L2, ending with αB; pseudokinase: starting at conserved phenylalanine before β1 
(Bandaranayake et al. 2012) and ending at end of αI; kinase: beginning of β1 to end of αI. Note that 
the end of JH1 is loosely defined as the lengths of JH1 αI differ somewhat in different JAKs. JAK3 
boundaries inferred from sequence homology, where structural data is not available. MW, molecular 
weight as calculated from the primary sequence. 

Evolutionarily, the domain structure of JAKs is preserved throughout bilateria 

exemplified by the Drosophila JAK Hop, while JAK-like proteins with the 

architecture FERM-SH2-PTK, but lacking the pseudokinase domain, are found in 
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~1150
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present-day sponges (Liongue et al. 2012). Individually, the FERM domain 

resembles most closely the FERM domain in Focal adhesion kinase (FAK), and 

the SH2 domain is similar to spleen tyrosine kinase (SYK) and ZAP70 (Liongue et 

al. 2012). Interestingly, JH1 and JH2 are evolutionarily distinct, and JH1 is more 

closely related to RTKs like EGFR and FGFR than to JH2 (Gu, Wang & Gu 2002). 

The arrangement of a pseudokinase being present alongside an active protein 

kinase in the same protein, is only found in a single other human protein besides 

JAKs, namely General control non-derepressible 2 (GCN2) (Manning et al. 2002), 

a PSK involved in the control of protein synthesis (Qiu, Garcia-Barrio & 

Hinnebusch 1998). 

2.5.1 FERM-SH2 

Early work on JAKs identified the N-terminal parts of JAKs (JH7–JH3, see Figure 

3) as necessary for the receptor interaction (Haan et al. 2001), correct processing 

and cell surface expression of JAK-associated receptors, like EPOR (Huang, 

Constantinescu & Lodish 2001, Zhao et al. 2009), as well as regulating catalytic 

activity of JAKs (Zhou et al. 2001, Zhao et al. 2010). The region was identified to 

consist of a FERM domain (JH7–JH5 and parts of JH4), which is generally found 

mediating interactions of cytoplasmic proteins to integral, single-pass 

membrane proteins (Haan et al. 2001). Interestingly, full recruitment to 

receptors is only achieved, however, with the inclusion of the neighbouring 

domain (JH4–3) as well (Radtke et al. 2005, Zhao et al. 2009). This neighbouring 

domain (JH3 and parts of JH4) strongly resembled SH2 domains, but was found 

not to act like a classical SH2 domain and probably did not function through 

binding of phosphotyrosine (pY) residues (Radtke et al. 2005). 

Many of these early findings were strikingly explained by the recent solving of 

the crystal structures of the FERM-SH2 portions of first TYK2 (Wallweber et al. 

2014), and then JAK1 (Ferrao et al. 2016, Zhang, Wlodawer & Lubkowski 2016) 

and JAK2 (McNally, Toms & Eck 2016). The structures revealed that the FERM 

and SH2 domains form a single, structurally tightly linked, continuous module. 

The JAK FERM domain consists of three FERM subdomains (termed F1, F2, and 

F3) and are arranged in the typical cloverleaf pattern (Ceccarelli et al. 2006, 

Ferrao, Lupardus 2017). The domain does, however, differ in details from 

traditional FERM domains with elongated linker structures, enabling the tight 

contact with the SH2 domain, and a highly basic patch in F2, which is speculated 
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to be involved in interactions with negatively charged plasma membrane 

phospholipids (Ferrao, Lupardus 2017). The JAK SH2 domain resembles 

canonical SH2 domains, except for two loops, which normally form the pY 

peptide-binding groove of SH2 domains (Ferrao, Lupardus 2017). 

The first JAK FERM-SH2 structure was obtained by fusing TYK2 FERM-SH2 to 

box2 from IFNAR1 with a flexible linker in order to overcome previous problems 

caused by poor expression and solubility of JAK fragments and low affinity of the 

receptor–JAK interaction (Wallweber et al. 2014). Interestingly, JAK1 could be 

crystallised in the presence of a free receptor peptide including box1 and box2 

from IFNLR1 (Ferrao et al. 2016), and the JAK2 FERM-SH2 crystal was obtained 

without any receptor peptide at all (McNally, Toms & Eck 2016). The first-

published structures only included either box2 (for TYK2 (Wallweber et al. 2014)) 

or box1 (for JAK1  (Ferrao et al. 2016)) bound to FERM-SH2, and lead to some 

speculation as to the possibility of crossover binding of one receptor peptide to 

two JAK molecules (Ferrao et al. 2016). Zhang and colleagues, however, 

obtained a structure of JAK1 bound simultaneously to both box1 and box2 of 

IFNLR1, indicating that each receptor peptide most probably binds a single JAK 

FERM-SH2 (Zhang, Wlodawer & Lubkowski 2016).  

The interaction between JAK FERM-SH2 and the receptor peptide spans the 

whole FERM-SH2 module (Zhang, Wlodawer & Lubkowski 2016). The proline-

rich box1 segment (consensus PxxLxF for JAK1-associated receptors (Ferrao et 

al. 2016, Ferrao, Lupardus 2017)) interacts mostly with a deep hydrophobic 

groove on the FERM F2 subdomain (Ferrao, Lupardus 2017). The mostly 

hydrophobic box2, on the other hand, interacts with the SH2 domain in a 

manner strikingly resembling the interaction between classical SH2 domains and 

a pY peptide ligand, with the exception of a somewhat conserved receptor 

peptide glutamate taking the position of pY in the SH2 binding pocket 

(Wallweber et al. 2014, Zhang, Wlodawer & Lubkowski 2016). In JAK1 (Zhang, 

Wlodawer & Lubkowski 2016), this interaction is mediated by the conserved pY-

binding arginine of SH2 domains (Waksman et al. 1992). In TYK2, this residue is 

replaced with a histidine, but the SH2–pY-like binding mode is retained by 

compensatory interactions between the receptor glutamate and nearby serine 

and threonine residues (Wallweber et al. 2014). 
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Analysis of the interaction of JAK1 FERM-SH2 and its cognate receptor peptides 

showed that box1 is the primary driver of the interaction, but the interaction is 

further stabilised by box2 (Ferrao et al. 2016). This corroborates earlier mutation 

experiments, which showed that the SH2 arginine (binding box2) is not required 

for correct subcellular localisation of JAK1 (Radtke et al. 2005). Despite the 

current availability of FERM-SH2 structures for three out of four JAKs, 

pinpointing determinants explaining JAK-specificity of receptor interactions is 

difficult due to the poor conservation of receptor sequences (Ferrao, Lupardus 

2017). 

2.5.2 JH2 and JH1 

The single-most defining domain for JAKs is probably its pseudokinase domain, 

JH2, constituting the second face of the two-faced Janus kinase molecule. While 

still strongly resembling ePKs (and indeed sharing their structural fold, see 

below), all JAK JH2s are characterised by the same pattern of deviations from 

canonical ePKs. They all present a partially degraded Gly-rich loop (the third 

glycine is replaced by a threonine), lack the conserved glutamate in their αC 

(E91PKA, replaced by alanine), have their DFG motif replaced by DPG, and the 

HRD motif by HGN. Critically, the change in HRD removes the catalytic base 

(D166PKA) needed in the phosphotransfer reaction (see also 2.1.1.2 above), and 

this caused the initial classification of JH2s as inactive pseudokinases (Manning 

et al. 2002). The defining lack of a proper HRD motif puts the JH2s into the same 

group with many other pseudokinases, most notably the EGFR-family 

pseudokinase HER3 and the pseudokinase-containing membrane guanylate 

cyclases (Boudeau et al. 2006, Hammarén, Virtanen & Silvennoinen 2015). 

2.5.2.1 JH2 is needed for inhibition and activation of JH1 

The first clues about the functions of JH2 came from domain deletion 

experiments with TYK2, which showed that deletion of either JH2 or JH1 results 

in loss of IFN-α signalling (Velazquez et al. 1995), hinting at a positive regulatory 

role for JH2 in activating JAKs. The potential for JH2 to activate JAK activity was 

also seen with the Drosophila JAK which replicated the result of deletion of JH2 

causing loss-of-function, but crucially also showed that JH2 could harbour 

constitutively activating mutations (see also 2.4.2.1) (Luo et al. 1997). After 



 

43 

these early findings, seminal work in the Silvennoinen lab showed that besides 

removing cytokine stimulatability, deletion of JH2 also increased basal JAK 

activity and consecutive activation of STATs (Saharinen, Takaluoma & 

Silvennoinen 2000, Saharinen, Silvennoinen 2002). It was also found that adding 

JH2 to isolated JH1 significantly decreased the kinase activity of JH1 (Chen et al. 

2000, Saharinen, Takaluoma & Silvennoinen 2000). Furthermore, a mutation 

screen approach in TYK2 identified both activating and inhibiting mutations in 

TYK2 JH2 (Yeh et al. 2000). 

What emerged from these studies was a picture of JH2 as a regulatory domain 

with two roles: (1) basal inhibition of the kinase activity of JH1, and (2) mediation 

of the stimulatory signal from the cytokine receptor to JH1 (Saharinen, 

Silvennoinen 2002). The presumable mode of action of the various mutations 

found was thus that activating mutations probably acted through inhibition of 

the first function, while inhibiting mutations through disruption of the second. 

2.5.2.2 Analysis of recombinant JH2 and JH1 fragments 

A major breakthrough in the study of JH2 was the ability to produce and purify 

recombinant fragments of the domain (Ungureanu et al. 2011). This enabled 

controlled biochemical analyses and revealed that recombinant JAK2 JH2 

fragments actually have catalytic, dual-specificity kinase activity and 

autophosphorylate two residues on themselves: S523 in cis and Y570 in trans 

(Ungureanu et al. 2011, Bandaranayake et al. 2012). Both of these residues had 

previously been identified as inhibitory phosphorylation sites in JAK2 

(Argetsinger et al. 2004, Feener et al. 2004, Ishida-Takahashi et al. 2006, 

Mazurkiewicz-Munoz et al. 2006), and neither of the residues are conserved in 

other JAKs. Mutation of the β3 lysine in JAK2 JH2 (K581A) was also shown to 

remove S523 and Y570 phosphorylation in isolated, recombinant JAK2 JH2, as 

well as in the context of full length JAK2 in a cell culture model, suggesting that 

JAK2 JH2 was the kinase domain responsible for S523 and Y570 phosphorylation 

also in a biologically relevant context (Ungureanu et al. 2011). Accordingly, JAK2 

K581A was also shown to have increased basal activation (Ungureanu et al. 

2011). 

Analysis of recombinant JAK fragments has shown that isolated JH1 is 

constitutively active and able to phosphorylate its activation loop in solution 
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(Sanz et al. 2011, Lupardus et al. 2014) leading to full activation of kinase activity 

(Chatti, Farrar & Duhé 2004). Although the unphosphorylated activation loop is 

likely to inhibit activity by inserting into the active site (as seen with other 

tyrosine kinases) currently, no crystal structures exist of this inactive form 

(Lucet, Bamert 2013). Kinase activity assays have also shown that addition of JH2 

to the construct lower kinase activity significantly (20-fold for JAK2 (Sanz et al. 

2011), ∼100-fold for TYK2 (Lupardus et al. 2014)), and that some of this 

inhibition can be relieved by addition of clinical, activating mutations, like JAK2 

V617F. 

2.5.2.3 Structure and noncanonical ATP-binding mode of JH2 

Production and purification of recombinant JH2 also allowed crystallisation 

trials, and eventually resulted in the solving of the crystal structure of JAK2 JH2 

both with and without bound ATP by the Hubbard lab (Bandaranayake et al. 

2012). The overall structure showed a canonical ePK fold with an extended β7-

β8 loop, but a short activation loop, which does not include phosphorylatable 

residues and forms an α helix (αAL, see Figure 1) (Bandaranayake et al. 2012). 

Furthermore, the noncanonical amino acids in its ATP-binding site cause an 

unusual architecture (Figure 1), seen previously in the pseudokinase domain of 

HER3 (Jura et al. 2009). Firstly, the lack of the conserved glutamate in αC (A598; 

E91PKA), causes the β3 lysine (K581; K72PKA) to make an ionic interaction with the 

DFG/DPG aspartate (D699; D184PKA). Secondly, the R spine is poorly defined with 

P700 replacing the canonical phenylalanine in the DFG motif, and the second 

residue from the top out of place/missing (Figure 1). 

A structure with ATP bound to JAK2 JH2 revealed a noncanonical binding mode 

involving only a single divalent cation complexed in between the triphosphate 

group and the conserved N678 (N171PKA), where K677 takes the place of the 

second cation (Figure 1). Other noncanonical features include an abnormally 

hydrophilic ‘gatekeeper’ residue (Knight, Shokat 2007) (Q626; M120PKA) 

contacting the adenine base and D699, as well as a large hydrophobic residue 

(L579; A70PKA) flanking the purine-binding pocket from the N lobe’s side. The 

differences between the apo and ATP-bound structures are small, probably due 

to an interaction between R715 from the C lobe and T555 from the Gly-rich loop 

keeping the lobes together even in the absence of a bound ligand 

(Bandaranayake et al. 2012). The only difference observed was a slight kink in 
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αC caused by insertion of a water molecule into the structure of the apo protein 

(Bandaranayake et al. 2012). 

 

Solving of the structure of JAK1 JH2 shortly thereafter, showed a domain very 

similar to JAK2 JH2, including the unconventional architecture of the ATP-

binding site (Toms et al. 2013). JAK1 JH2, did however, show differences in the 

linking of the activation loop to the N and C lobes, deemed inconsistent with 

phosphotransfer (Toms et al. 2013). This conclusion was also supported by 

experiments showing no autophosphorylation or phosphorylation of exogenous 

substrates with JAK1 JH2 (Toms et al. 2013).  

2.5.3 Mechanism of JAK2 hyperactivation — lessons from inhibitory 
mutations 

2.5.3.1 Role of the JH2 C helix — F595A, F594A 

Along with the wild-type JAK2 JH2 structure, the structure of JAK2 JH2 V617F 

was also solved in its ATP-bound form (Bandaranayake et al. 2012). Overall, 

introduction of V617F in the β4-β5 loop causes only minor changes to the 

structure of JH2. Notable differences are, however, seen in αC, which is 

extended by an additional turn on the N-terminal side in JAK2 V617F, thus 

shortening the β3-αC loop (Bandaranayake et al. 2012). Furthermore, addition 

of V617F causes changes in the side chain positions of F594, F595 as they adopt 

T-shaped π-stacking interactions with F617, thus stabilizing αC (Bandaranayake 

et al. 2012). This phenylalanine stack was previously predicted to form in V617F, 

and it was shown to be critical for its activation mechanism, as addition of the 

mutation F595A (and to a lesser extent F594A) abrogates JAK2 hyperactivation 

(Dusa et al. 2010, Gnanasambandan, Magis & Sayeski 2010). This finding also 

explained, why JAK2 V617F-analogous mutations do also activate JAK1 (V658F) 

and TYK2 (V678F), but not JAK3 (Staerk et al. 2005), since F595 is not conserved 

in JAK3. The importance of a hydrophobic interaction for V617F-hyperactivation 

also explained the earlier result that cytokine-independent activation can be 

achieved by mutating V617 to any large hydrophobic amino acid (W, F, M, I, L, 

in order of lowering activating potential) (Dusa et al. 2008). 
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Intriguingly, however, the experimental mutation F595A used to inhibit 

hyperactivation by JAK2 V617F also inhibits activation by other activating JAK2 

mutations: namely R683S and T875N (Table 3) (Dusa et al. 2010), neither of 

which are structurally close to F595 or the putative hydrophobic stack. 

Molecular dynamics simulations of JAK2 JH2 F595A suggest that αC is markedly 

destabilised by the addition of F595A, implying that stability of αC is needed for 

mutational hyperactivation of JAK2 not only by V617F, but also by other 

activating mutations (Bandaranayake et al. 2012). 

2.5.3.2 The SH2-JH2 linker — F537A 

Structural analysis of JAK1 JH2 also identified JAK1 F575 (JAK2 F537) as required 

for JAK1 V658F/JAK2 V617F activation, and replacing this residue  with alanine 

(JAK1 F575A or JAK2 F537A) could remove V658F/V617F-mediated 

hyperactivation (Toms et al. 2013). This residue lies in the SH2-JH2 linker (exon 

12 in JAK2) and is not visible in the slightly shorter JAK2 JH2 structure. In wild-

type JAK1 JH2, F575 can stack with F636 (analogous to JAK2 F595) in its ‘in’ 

position, but it is displaced outwards by the mutationally-introduced 

phenylalanine in JAK1 V658F (Toms et al. 2013). 

2.5.3.3 The FERM domain — Y201F  

Cytokine-independent activation caused by JAK2 V617F has also been inhibited 

successfully by JAK2 Y201F in the FERM domain (Yan, Hutchison & Mohi 2012). 

This was speculated to be due to Y201 potentially being a binding site for 

regulators of JAK2 activity (including SHP2, see Table 2), but the mechanism is 

yet to be definitively determined. The importance of the FERM domain for 

V617F-mediated activation was also shown by Zhao et al., who showed that, 

while V617F increases JAK2 kinase activity (by decreasing Km, peptide), this increase 

is removed, upon deletion of the FERM domain (Zhao et al. 2010). 

2.5.3.4 The SH2 domain — R426K 

The importance of N-terminal JAK regions for the activation of V617F was also 

demonstrated by Gorantla et al., who mutated the conserved SH2 arginine 
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(R426K) needed for pY binding in canonical SH2 domains (Gorantla et al. 2010). 

They found that R426K suppressed V617F, but also that this suppression could 

be overcome when overexpressing EPOR (Gorantla et al. 2010). 

2.5.3.5 Activation of JAK2 by mutation vs activation by cytokine 

Intriguingly, analysis of JAK2 F595A (Dusa et al. 2010), Y201F (Yan, Hutchison & 

Mohi 2012), and R426K (Gorantla et al. 2010) showed that, while activation by 

V617F is inhibited, cytokine-mediated activation is not. These data hint at the 

possibility that the mechanism of V617F-activation is distinct from activation by 

cytokine-activated receptors. 

These experimental mutations are thus in stark contrast with mutations that 

clearly disrupt the structure of JAKs, and thereby inhibit V617F. Examples of this 

class of V617F-suppressing mutations include a mutation in the FERM domain 

based on the known SCID-causing LOF JAK3 mutation Y100C, which inhibits 

interaction with γc (Cacalano et al. 1999). The analogous mutation in JAK1 

inhibits interaction with gp130 (Haan et al. 2001), and the analogous JAK2 

mutation (JAK2 Y114A) has been shown to suppress V617F activity (Wernig et al. 

2008, Zhao et al. 2010). This is not surprising, as V617F requires the presence of 

receptors for activation as previously discussed (2.4.2.1 above) (Lu, Huang & 

Lodish 2008). Another example of a disrupting V617F-inhibitory mutation is JAK2 

F739R, which is located in the F helix of the JH2 C lobe, and is expected to 

severely disorder the structure of the domain (Bandaranayake et al. 2012). This 

mutation somewhat suppresses V617F activation, but also causes basal JAK2 

activation, as well as suppression of cytokine-stimulation (Bandaranayake et al. 

2012), thus practically mimicking the effects of JH2 deletion (Saharinen, 

Takaluoma & Silvennoinen 2000, Saharinen, Silvennoinen 2002). 

Furthermore, activating disease mutations in JH2 (V617F, K539L, or R683S) have 

been shown to cause reduction in phosphorylation of S523 and Y570, hinting at 

the possibility that loss of phosphorylation of these residues could be (at least 

part of) the activation mechanism of activating JH2 mutations (Ungureanu et al. 

2011). However, since neither of the residues are conserved in other JAK JH2s 

(which can still be activated by the analogous mutations), this cannot constitute 

the whole activation mechanism. 
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Taken together, these data present a picture of mutational activation of JAKs 

being distinct from disruption of JH2 and thus simple removal of JH2-mediated 

inhibition. Additionally, mutational activation probably is distinct from cytokine-

mediated JAK activation. What the determinants of these activation 

mechanisms are, how they differ, and what the specific roles of FERM, SH2, and 

JH2 are in either of these, has remained unknown. 
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3 Aims of the Study 

Since their discovery almost three decades ago, much has been learned about 

the biological and signalling functions of JAKs as well as the functions of the 

individual JAK domains. However, the identification of a functional ATP-binding 

site in JAK2 JH2 also raises the question of the role of this site for the function of 

JAKs, as well as the potential of the site for therapeutic intervention. 

Furthermore, the precise mechanisms of how JAK activity is inhibited when not 

stimulated, and how it is activated upon cytokine stimulation, has been 

unknown. Moreover, despite the ever-growing amount of known clinical JAK 

mutations, how these mutations function in activating JAKs has remained 

elusive. This lack of mechanistic knowledge about JAK function has been a 

severely limiting factor in the design and search for novel pharmacological 

modalities targeting this critically important class of signalling molecules. 
 
The specific aims of the study were 

1. To characterise the ATP-binding pockets of JAK JH2s and to evaluate 
their potential as drug targets. 

2. To understand the mechanism of intramolecular JAK inhibition, specifically 
JH2-mediated inhibition of JH1. 

3. To decipher the mechanism(s) of ligand-dependent and -independent JAK 
activation, and thus provide knowledge for the rational design of novel JAK 
drugs.  



 

50 

4 Materials and Methods 

4.1 Plasmid constructs, cloning, and site-directed mutagenesis 
(I–IV) 

4.1.1 Mammalian expression constructs (I–IV) 

The following constructs for mammalian expression were in pCI-neo expression 

vector (Promega, Madison, WI, USA) using SalI-NotI restriction sites: full-length 

human JAK1, JAK2, and EPOR. Human STAT5A was in pXM vector (Wakao, 

Gouilleux & Groner 1994). JAK1, JAK2, and STAT5A were C-terminally tagged 

with the human influenza hemagglutinin tag (HA; amino acid sequence 

YPYDVPDYA), and EPOR tagged at the N-terminus after the signal sequence 

between residues 30 and 31. 

Constructs for in vivo work in mice (Article II) were done by collaborators under 

Prof. R. Skoda at University Hospital Basel in Basel, Switzerland. Constructs and 

experiments for mammalian expression of TYK2 constructs (Article I) were done 

by D. Ungureanu. 

4.1.2 Expression constructs for recombinant protein production in insect 
cells (I, II, IV) 

For recombinant expression of human proteins in insect cells, the Bac-to-Bac 

system was used (Invitrogen, Thermo Fisher Scientific, Waltham, MA, USA). 

Constructs (see Table 4) were in pFastBac1 vector (Invitrogen) using SalI-NotI 

restriction sites, and bacmids were produced in and isolated from DH10Bac cells 

(Invitrogen) according to manufacturer’s instructions. All recombinant protein 

constructs were C-terminally tagged with a thrombin cleavage site followed by 

a hexahistidine tag (LVPRGSHHHHHH). 
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Table 4: Recombinant expression constructs 

Protein 
Expression 
Boundaries Additional mutations Used in 

JAK2 JH2 536 536-812 W659A, W777A, F794H  II 

JAK2 JH2 513 513-827 
 

II 

TYK2 JH2 556-871 
 

I 

JAK1 JH2 553-856 
 

II 

4.1.3 Site-directed mutagenesis (I–IV) 

Mutations were introduced using QuikChange site-directed mutagenesis 

(Agilent Technologies, Santa Clara, CA, USA) following manufacturer’s 

instructions, and resulting constructs were analysed and confirmed by Sanger 

sequencing. See Table 5 for all point mutations used in the study. 

 
Table 5: Experimental mutations used in the study. 

JAK Mutation Rationale / mode of action Reference 

JAK2 

V511R Designed to disrupt SH2-JH2 linker from FERM-SH2. (IV) 

S523A Removes S523 phosphorylation (Ungureanu et al. 2011), (II) 

F537A 
F537 proposed to stack with F595 in wild-type JAK2 
JH2. Known to inhibit V617F 

(Toms et al. 2013), (IV) 

K539L Activating. Causes PV. (Scott et al. 2007), (II, IV) 

G552A + 
G554A 

Designed to remove flexible glycines usually needed for 
ATP binding. 

(II) 

I559F 
Designed to sterically inhibit ATP binding. Verified to 
inhibit ATP binding. 

(II) 

L579F 
Alone does not have an effect (Article II). Together with 
L680F should fuse C spine. 

(II) 

K581A Removes conserved β3 lysine. (Ungureanu et al. 2011), (II, IV) 

Y570F Removes Y570 phosphorylation (Ungureanu et al. 2011), (II) 

E592R Outer face of JH2 αC (Shan et al. 2014), (IV) 

F595A 
Inner face of JH2 αC. Known to inhibit V617F and 
others. 

(Dusa et al. 2010, Gnanasambandan, 
Magis & Sayeski 2010, 
Bandaranayake et al. 2012), (IV) 

E596R 
Outer face of JH2 αC. Known to inhibit V617F and 
others. 

(Leroy et al. 2016), (IV) 

M601A R spine residue (RS3). Mutation should disrupt R spine. (IV) 

V610A R spine residue (Sh1). Mutation should disrupt R spine. (IV) 

V617F Activating. Causes MPNs. 
(Baxter et al. 2005, James et al. 2005, 
Kralovics et al. 2005, Levine et al. 
2005), (II, IV) 
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W659A 
Mutation designed to remove surface hydrophobicity to 
stabilize recombinant JH2. 

(Bandaranayake et al. 2012), (II, IV) 

K677E 
Inhibits ATP binding by electrostatic interactions. 
Verified to inhibit ATP binding. 

(II) 

N678A 
Removes catalytic loop asparagine coordinating binding 
of cation needed for ATP binding 

(II) 

L680F Together with L579F should fuse C spine (IV) 

R683S Activating. Causes ALL. 
(Bercovich et al. 2008, Mullighan et al. 
2009), (II, IV) 

D699A D in DPG. Mutating disrupts K581-D699 salt bridge. (II) 

P700A P in DPG (RS2). Mutating should disrupt R spine. (IV) 

P700F P in DPG (RS2). Mutating could reinforce R spine. (IV) 

F739R 
αF within C lobe. Mutation disrupts C lobe and mimics 
JH2 deletion. 

(Bandaranayake et al. 2012), (II) 

W777A 
Mutation designed to remove surface hydrophobicity to 
stabilize recombinant JH2. 

(Bandaranayake et al. 2012), (II, IV) 

N782K 
Outer face of αH in JH2. Designed to disrupt a potential 
interface based on the EGFR activator/receiver model. 

(IV) 

N786K/E 
Outer face of αH in JH2. Designed to disrupt a potential 
interface based on the EGFR activator/receiver model. 

(IV) 

F794H 
Mutation designed to remove surface hydrophobicity to 
stabilize recombinant JH2. 

(Bandaranayake et al. 2012), (II, IV) 

T875N Activating. Causes AMKL. (Mercher et al. 2006), (IV) 

L884P Activating. Homologous to JAK3 L857P found in ALL. (Losdyck et al. 2015), (IV) 

E896A + 
E900A 

Outer face of JH1 αC. Designed to disrupt a potential 
interface based on the EGFR activator/receiver mode. 

(IV) 

D976N D in HRD. Mutation is kinase dead. (IV) 

JAK1 

G590A + 
G592A 

Homologous to JAK2(G552A + G554A). (II) 

E609R 
Predicted to interact with JAK1 K888 in the JH2-JH1 
autoinhibitory model. 

(III)7 

L633D/K Outer face of JH2 αC. Homologous to JAK2 E592. (IV) 

K622A Homologous to JAK2(K581A). (II) 

V658F Activating. Causes ALL. Homologous to JAK2 V617F (Mullighan et al. 2009), (II, IV) 

R724E 
Predicted to interact with JAK1 E897 in the JH2-JH1 
autoinhibitory model. 

(III)7 

K888E 
Predicted to interact with JAK1 E609 in the JH2-JH1 
autoinhibitory model. 

(III)7 

D899A 
Removes charge near predicted R724-E897 salt bridge 
in the JH2-JH1 autoinhibitory model. 

(III)7 

K911E 
Predicted to interact with JAK1 E609 in the JH2-JH1 
autoinhibitory model. 

(III)7 

 

                                                           
7 Data withheld from the final published manuscript. See Results section 5.4.2. 
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4.2 Mammalian cell culture, transfection, and cytokine 
stimulation (II, III, IV) 

JAK2-deficient (γ2A) and JAK1-deficient (U4C) human fibrosarcoma cells 

(Kohlhuber et al. 1997, Bonjardim 1998) and African green monkey kidney cells 

(COS7, American Type Culture Collection CRL-1651) were cultured using 

standard methods in Dulbecco’s Modified Eagle’s Medium (DMEM; Lonza, Basel, 

Switzerland) supplemented with 10% foetal bovine serum (FBS; Sigma-Aldrich, 

St. Louis, MO, USA), 2 mM L-Glutamine (Lonza), and 0.5% Penicillin-

Streptomycin (Lonza). Cells were cultured at 37 °C at 5% CO2 in a humidified 

incubator, and split upon reaching ∼80% confluency using Trypsin-EDTA (Lonza) 

according to manufacturer’s instructions. 

For transfection, cells were seeded onto 6-, 12-, or 24-well tissue culture plates 

and transfected the following day using FuGENE HD (Promega), FuGENE6 

(Promega) or Xtreme-GENE9 (Roche, Basel, Switzerland) according to 

manufacturers’ instructions. After 24 h or 48 h, cells were washed with cold PBS 

and lysed using cold cell lysis buffer (50 mM Tris-Cl pH 7.5, 10% glycerol, 150 mM 

NaCl, 1 mM EDTA, 1% Triton X-100, 50 mM NaF) supplemented with 2 mM 

vanadate (Sigma-Aldrich) for inhibition of tyrosine phosphatases as well as 

protease inhibitors (8.3 µg/ml aprotinin (Sigma-Aldrich), 4.2 µg/ml pepstatin 

(Roche), and 1 mM phenylmethanesulfonyl fluoride (Sigma-Aldrich)). Lysates 

were centrifuged and used directly for SDS-PAGE and immunoblotting or stored 

at -20 °C. 

For cytokine stimulation experiments, cells were transfected for 10–24 h and 

subsequently starved for 12–24 h in serum-free DMEM supplemented with L-

Glutamine and antibiotics before stimulation with human EPO (NeoRecormon, 

Roche), TPO or IFN-γ (Peprotech, Rocky Hill, NJ USA) in starvation medium. 

4.2.1 Luciferase reporter signalling assays (III, IV) 

For Article III, luciferase reporter assays were performed by our collaborator K. 

Gnanasambandan under Prof. S. R. Hubbard at New York University School of 

Medicine, New York, NY, USA. Briefly, an acute phase response element–firefly 

luciferase STAT3 reporter (APRE-luc) was used together with a Renilla luciferase 
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reporter in COS7 cells and luciferase activity was measured with the Dual-Glo 

Luciferase assay kit (Promega). 

For Article IV, a SPI-Luc STAT5 reporter construct (Sliva et al. 1994) was used 

together with a constitutively expressing β-gal plasmid. After transfection and 

stimulation on 96-well plates, cells were washed twice with ice cold PBS and 

lysed using Reporter Lysis Buffer (Promega). The lysate was split for luciferase 

detection (with Luciferase Assay Substrate, Promega E4530) and β-galactosidase 

normalisation (ortho-Nitrophenyl-β-galactoside (ONPG), Sigma-Aldrich). 

Luminescence and absorbance was detected on an EnVision multiplate reader 

(Perkin Elmer). Each sample was done in quadruplicate. 

4.3 SDS-PAGE and immunoblotting (II, III, IV) 

Cell lysates or protein preparations were run on lab-made SDS-PAGE gels using 

standard methodology, and either stained using the non-specific protein stain 

Instant Blue (Expedeon, Harston, UK), or transferred onto Protran 0.45 µm 

nitrocellulose membranes (GE Healthcare, Chicago, IL, USA) and blocked using 

4% BSA (Sigma-Aldrich) in TBS-Tween (0.05%). Blots were double-stained using 

rabbit and mouse primary antibodies and a mix of labelled secondary antibodies 

(Table 6). Signals were detected on an Odyssey CLx (LI-COR, Lincoln, NE, USA) 

and analysed using Image Studio software (LI-COR). 

4.4 Recombinant protein production and purification (I, II, IV) 

Proteins were expressed in Spodoptera frugiperda Sf9 cells and affinity-purified 

as described earlier (Ungureanu et al. 2011). Ni-NTA-affinity-purified protein 

was used directly for differential scanning fluorometry (DSF) if sufficient purity 

was obtained (judged by SDS-PAGE), or further purified for other biochemical 

assays with anion-exchange chromatography as described in (Ungureanu et al. 

2011), or gel filtration with a Superdex200 10/300 GL column (GE Healthcare) 

on an ÄKTA (GE Healthcare) or Shimadzu (Shimadzu Corp., Kyoto, Japan) HPLC 

system. Protein purity was estimated from SDS-PAGE gels, and proper 

functionality/folding with DSF and gel filtration. 
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Table 6: Antibodies used for immunodetection. 

4.5 Analysis of recombinant proteins (I, II, IV) 

4.5.1 Thermal shift assay (TSA) by differential scanning fluorometry (DSF) 
(I, II, IV) 

Thermal shift assays were carried out using the protein dye Sypro Orange 

(Molecular Probes, Thermo Fisher Scientific) in a CFX96 real-time PCR cycler 

(Bio-Rad, Hercules, CA, USA) as described in (Vedadi et al. 2006). Briefly, samples 

are heated at 1 °C per min from 4 °C to 95 °C and fluorescence read every 1 °C. 

Fluorescence data was normalised and fitted to a Boltzmann sigmoidal equation 

using GraphPad Prism (GraphPad Software, San Diego, CA, USA) to obtain 

melting temperatures. 

4.5.2 Fluorometric nucleotide-binding assay with MANT-ATP (I, II) 

Binding of ATP labelled with the fluorescent label MANT (Jena Bioscience, Jena, 

Germany) to JAK JH2s was measured by observing FRET between protein 

tryptophans and the fluorescent label in a Quantamaster cuvette 

Name Antibody Manufacturer Cat. No Used in 
HA Anti-HA.11 Epitope Tag Covance MMS-101P I, II, III 

HA HA Tag Aviva Systems 
Biology 

OAEA00009 IV 

pJAK2 Phospho-Jak2 (Tyr1007/1008) Cell Signaling 3771 II 

pJAK2 Anti-phospho-JAK2 (Tyr1007/1008) Millipore 07-606 IV 

pSTAT1 Phospho-Stat1 (Tyr701) Cell Signaling 9171 II 

pSTAT1 Phospho-Stat1 (Tyr701) (D4A7) Cell Signaling 7649 IV 

pSTAT5A Phospho-Stat5 (Tyr694) Cell Signaling 9351 II, IV 

pJAK1 Anti-phospho-JAK1 (Tyr1022/1023) Millipore 07-849 II, IV 

pJAK1 Phospho-Jak1 (Tyr1022/1023) Cell Signaling 3331 IV 

STAT1 Anti-STAT1 BD Biosciences 610116 IV 

αRabbit IRDye® 680LT Goat anti-Rabbit IgG LI-COR 926-68021 II 

αMouse Goat anti-mouse IgG, DyLight 800 Thermo Scientific 35521 II, IV 

αRabbit Goat anti-rabbit IgG, DyLight 680 Thermo Scientific 35568 IV 
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spectrofluorometer (Photon Technology International, Edison, NJ, USA) 

essentially as described in (Niranjan et al. 2013). Dissociation constants (Kd) were 

calculated from at least triplicate measurements using GraphPad Prism 

(GraphPad Software) and taking into account ligand depletion, using the 

following equation, where 𝑃 is total protein, 𝐿 is total ligand, 𝑃𝐿 is the protein–

ligand complex, and 𝐾𝑑 is the dissociation constant: 

𝐾𝑑 =
[𝑃𝑓𝑟𝑒𝑒][𝐿𝑓𝑟𝑒𝑒]

[𝑃𝐿]
 

Substituting in 
[𝐿𝑓𝑟𝑒𝑒] = [𝐿] − [𝑃𝐿] 

[𝑃𝑓𝑟𝑒𝑒] = [𝑃] − [𝑃𝐿] 

and rearranging 

[𝑃𝐿]2 − ([𝑃] + [𝐿] + 𝐾𝑑)[𝑃𝐿] + [𝑃][𝐿] = 0 

yields a quadratic equation for [𝑃𝐿], which when solved using the quadratic 

formula (and choosing the negative before the square root) gives 

[𝑃𝐿] =
[𝑃] + [𝐿] + 𝐾𝑑 −√([𝑃] + [𝐿] + 𝐾𝑑)

2 − 4[𝑃][𝐿]

2
 

and can be used to fit binding data to solve 𝐾𝑑. 

4.5.3 ADP production assay (I) 

ATP hydrolysis activity was estimated by measuring the production rate of ADP 

in solutions containing purified JAK2 JH2 or TYK2 JH2 using the ADP-Glo kinase 

assay (Promega) according to the manufacturer’s instructions. Specific ADP 

hydrolysis activity was calculated by comparison of the produced signal to an 

ADP/ATP standard curve. 

4.5.4 Surface plasmon resonance measurements (I) 

Affinities for nucleotide and small-molecule binding to TYK2 JH2 using surface 

plasmon resonance on a Biacore T-1000 (GE Healthcare) were measured by 
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collaborators in the Wang group at the Departments of Therapeutic Discovery 

and Inflammation, Amgen Inc. in South San Francisco, CA, USA.  

4.5.5 Protein structure determination with X-ray crystallography and small-
angle X-ray scattering (I) 

The crystal structure of TYK2 JH2 was solved and small-angle X-ray scattering 

(SAXS) analyses were performed by collaborators in the Wang group at Amgen 

Inc. Briefly, the protein construct (TYK2 556-871) was expressed in High Five cells 

(Invitrogen) with a C-terminal tobacco etch virus cleavage site followed by a 

hexahistidine tag, purified with immobilised metal anion chromatography, 

digested with tobacco etch virus, and further purified with anion exchange 

chromatography and gel filtration, before crystallisation and structure 

determination as well as SAXS measurements. 

4.6 In vivo bone marrow transplantation model (II) 

The in vivo mouse work was conducted as a collaboration by J. Grisouard under 

Prof. R. Skoda at University Hospital Basel in Basel, Switzerland, using previously 

published methodology (Tiedt et al. 2008). Briefly, bone marrow cells from 

donor C57BL/6 mice (Harlan Laboratories, Indianapolis, IN, USA) were 

transduced ex vivo with retroviruses containing the desired human JAK2 

construct, and transplanted into lethally irradiated recipient mice. Recipient 

mice were kept in pathogen-free conditions and blood was collected 12 weeks 

after transplantation for analysis. 

4.7 Molecular dynamics simulations and analysis of trajectories 
(II, III) 

All molecular dynamics simulations were carried out by our collaborators under 

supervision of Y. Shan and D. E. Shaw at D. E. Shaw Research in New York, NY, 

USA. The simulations used the CHARMM36 force field for all-atom simulations 

on Anton, a supercomputer specially designed for molecular dynamics 

simulations (Shaw et al. 2008). For Article II, the simulation trajectories were 
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kindly provided by Y. Shan. The trajectories were analysed using the VMD (Visual 

molecular dynamics) software (Humphrey, Dalke & Schulten 1996). For Article 

III, analysis of the simulation trajectories was conducted by our collaborators at 

D. E. Shaw Research. 
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5 Summary of the Results 

5.1 Structural and functional characterisation of recombinant 
JAK JH2s (I, II) 

5.1.1 The crystal structure of TYK2 JH2 (I) 

JAK2 JH2 was the first JAK pseudokinase domain to be functionally and 

structurally characterised (Ungureanu et al. 2011, Bandaranayake et al. 2012). 

In a collaboration with the Wang group at Amgen Inc., we thus characterised 

and solved the crystal structure of TYK2 JH2. Two crystal structures were 

obtained, one bound to ATPγS (resolution 1.9 Å) and one bound to a small-

molecule pyrazine compound (resolution 2.15 Å). Both structures showed a 

mostly canonical ePK fold in a closed conformation with a functional and 

accessible nucleotide-binding site. The domain did exhibit some peculiar 

features for ePKs, which resembled features of JAK2 JH2 (Bandaranayake et al. 

2012). For example, the binding of ATPγS was non-canonically mediated by only 

one cation and the canonical β3–αC link (K72–E91PKA) was replaced by an 

interaction between the β3 lysine and the DPG (DFG) motif aspartate (K642–

D759 in TYK2). Furthermore, the activation loop formed a short, non-canonical 

α-helix stabilised by multiple ionic interactions. 

5.1.2 TYK2 JH2 is an inactive pseudokinase (I) 

Since the crystal structure showed that TYK2 JH2 had an accessible nucleotide-

binding site, we set out to investigate whether the domain had catalytic protein 

kinase activity. To this end, autophosphorylation in vitro kinase assays were 

performed with γ-32P-labelled ATP followed by autoradiography, as well as with 

cold ATP followed by mass spectrometry (MS) analysis. Even though some 

experiments showed weak incorporation of γ-32P into TYK2 JH2 over time, the 

effect was not consistently reproducible (and thus likely to be caused by trace 
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amounts of contaminating protein kinases), nor could any autophosphorylation 

sites be identified with MS. We also measured the domain’s ability to hydrolyse 

ATP in an in vitro assay measuring production of ADP and found that TYK2 JH2 

hydrolyses ATP at ∼50% of the rate of JAK2 JH2, which is known to possess low 

catalytic activity (Ungureanu et al. 2011). Due to this low rate of hydrolysis and, 

especially, the lack of known physiological substrates (e.g. the known 

autophosphorylation sites of JAK2 JH2 are not conserved on TYK2 JH2) TYK2 JH2 

was deemed to probably be an inactive pseudokinase. 

5.1.3 Characterisation of the nucleotide-binding site of JAK JH2s (I, II) 

We characterised the binding of a fluorescently-tagged ATP analogue to all JAK 

JH2 domains we were able to produce and purify as recombinant protein at the 

time, namely JAK1, JAK2, and TYK2 JH2s. For comparing binding affinities, we 

used a FRET-based fluorometric binding assay using ATP labelled with the 

fluorophore MANT (Niranjan et al. 2013). Measurements in the absence and 

presence of different cation salts (MgCl2, MnCl2 or CaCl2) showed tightest 

binding of MANT-ATP to all measured JAK JH2s in the presence of MgCl2 and 

MnCl2 with a significant loss of affinity in the presence of CaCl2 or without cations 

at all. We quantified the dissociation constants (Kd) for binding of MANT-ATP to 

JAK JH2s in the presence of MgCl2, and found that JAK2 JH2 and JAK1 JH2 showed 

comparable tight binding constants for MANT-ATP, while TYK2 JH2 exhibited 

lower binding affinity (Figure 4). 

 
Figure 4: Comparison of MANT-ATP-binding affinity of isolated JAK JH2s. All measurements were done 
in the presence of MgCl2 at a starting protein concentration of 2 µM for JAK1 and TYK2 JH2 and 1.5 µM 
for JAK2 JH2. [Bound] corresponds to the concentration of the protein-ligand complex ([PL] in 4.5.2 
above). N = 4 for JAK1 JH2 and N = 3 for JAK2 and TYK2 JH2. Curves show fits to the data of binding 
equations for tight binding taking ligand-depletion into account (see section 4.5.2 above). 
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While the values obtained for MANT-ATP binding do enable comparison 

between highly related proteins, as is the case for JAK JH2s, it should be noted, 

that they do not necessarily correspond to binding affinities of untagged ATP. Kd 

values for MANT-ATP have been reported to be as much as 3 orders of 

magnitude lower than for untagged ATP, depending on the assay method and 

target protein used (see, e.g., (Vertommen et al. 1996) and references therein). 

Estimation from DSF curves from ATP titration experiments for JAK2 JH2 (Figure 

5 A) and TYK2 JH2 (data not shown) suggest affinities for untagged ATP in the 

100–200 µM and 400–600 µM ranges, respectively. Even though DSF-derived 

affinity estimations can occasionally be very comparable to, e.g., isothermal 

titration calorimetry (ITC) data (Murphy et al. 2014), DSF should in general be 

deemed semiquantitative at best (Matulis et al. 2005, Garbett, Chaires 2012). 

For the case of TYK2 JH2, the effects of MANT on the binding of ATP could be 

estimated by comparing to surface plasmon resonance measurements with 

untagged ATP (Article I), which yielded a very comparable Kd of 24 µM.  Follow-

up experiments, like ITC or competition assays with untagged ATP, however, are 

needed to accurately estimate this difference for the other JAK JH2s, but were 

not done in this context due to high protein demands. 

5.2 Effects of mutational disruption of the JAK JH2 ATP-binding 
site (I, II) 

To assess the functional significance of the nucleotide-binding site of JAK JH2s 

for JAK activity, we took a rational mutagenesis approach. Previous analyses of 

JAK2 had shown that disruption of the JAK2 JH2 ATP-binding site by mutation of 

the β3 lysine (K581 in JAK2) increased basal JAK2 activity (Ungureanu et al. 

2011). Similarly, we found that the same mutation in TYK2 (K642A) had a 

comparable effect (Article I), yet JAK1 showed the opposite, as JAK1 K622A 

decreased basal activity (Article II). 

Although mutation of the conserved β3 lysine (K72PKA) is a common method to 

disrupt a functional kinase ATP-binding site (Iyer et al. 2005, Kannan et al. 2007, 

Ungureanu et al. 2011), multiple protein kinase examples exist, where mutating 

the β3 lysine does not remove nucleotide binding (Carrera, Alexandrov & 

Roberts 1993, Robinson et al. 1996, Cheng, Koland 1998, Iyer et al. 2005). 

Furthermore, β3 lysine mutations have been reported to be potentially 
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structurally disrupting (Fukuda et al. 2011). Thus, to circumvent these potential 

limitations and to properly assess the effects of loss of ATP binding to JH2, we 

designed multiple ways of inhibiting ATP binding. These include (among others) 

steric filling of the purine pocket (JAK2 I559F), electrostatic repulsion of ATP 

phosphates (JAK2 K677E), and disruption of ATP-binding pocket flexibility (JAK2 

G552A + G554A) (Article II, Table 5). 

We furthermore set out to verify the effects of the mutations in recombinant 

JAK2 JH2. Out of the seven ATP-binding site mutations tested, three (I559F, 

K677E, and L579F) yielded recombinant JAK2 JH2 protein, and could be tested 

for their ability to bind ATP. We were unable to produce useful amounts (judged 

from protein-stained SDS-PAGE gels) and folded (judged from DSF unfolding 

curves) proteins for the rest of the tested mutant constructs. Out of the proteins 

that could be produced, L579F did not suppress binding of ATP, but both I559F 

and K677E showed no ATP-induced Tm shift in DSF, thus suggesting that binding 

of ATP was successfully prevented (Figure 5 A). 

 
Figure 5: Characterisation of selected JAK2 JH2 ATP-binding site mutants. A: DSF on recombinant JAK2 
JH2. Shown are averages and standard deviations from three independent measurements. B: 
Immunoblot of whole-cell lysate from γ2A cells transiently transfected with only JAK2. C: Immunoblot 
of whole-cell lysate from γ2A cells transiently transfected with JAK2, EPOR, and STAT5, or nothing 
(Ctrl-). Signal from kinase-dead JAK2 K882A shows antibody background signal with JAK2, while Ctrl- 
sample shows antibody background without JAK2. See Table 5 for explanation of the mutations. The 
blots are cropped for clarity. A minimum of three independent experiments were done for each 
condition. Quantifications of the immunoblot data can be found in Article II. 

To analyse the effects on JAK2 activation, mutated full-length JAK2 constructs 

were transiently transfected into JAK2-deficient γ2A cells. Interestingly, while 
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K581A did increase basal JAK2 activation, the other ATP-binding site mutations 

(including the ATP-blocking I559F and K677E) only showed modest or no 

increase in basal activation (Figure 5 B). Furthermore, while addition of a 

homotypic JAK2-associated receptor (EPOR) increased basal (i.e. ligand-

independent) activation of wild-type JAK2, no such increase could be seen for 

the ATP-binding site mutations (Figure 5 C, see also Figure 9 A and Article IV). 

Upon cytokine stimulation with a high concentration of EPO (Figure 5 C) or IFN-

γ (Article II), all tested ATP-binding site mutations exhibited similar activation 

levels compared to wild type JAK2. 

The effects of JAK2 K581A were initially attributed to the loss of pS523 and pY570 

(Ungureanu et al. 2011). Due to varying quality of non-commercial pS523 and 

pY570 antibodies available, we could not thoroughly assess the phosphorylation 

state of these residues in our ATP-binding site mutants. Preliminary data did 

suggest, however, that S523 is phosphorylated despite the presence of an ATP-

binding site mutation (JAK2 N678A, unpublished observations). Whether this 

means that S523 (and potentially Y570) are phosphorylated in vivo by another 

protein kinase in addition to JAK2 JH2 remains unclear. Our result showing basal 

activation with the analogous β3 mutation in TYK2 (Article I), for which no 

autoinhibitory phosphorylation sites are known, also argues for a structural 

effect caused by the mutation itself, which compromises autoinhibition by JH2. 

5.3 Hyperactivation of JAKs requires a functional ATP-binding 
site in JH2 (II) 

We next analysed the function of the JAK2 JH2 ATP-binding site in the context of 

JAK hyperactivation. Strikingly, we found that adding an ATP-binding site-

disrupting mutation to the hyperactivating mutant V617F reverted JAK2 

activation back to near-wild-type levels (Figure 6). Interestingly, suppression of 

V617F activity was only partial in L579F, which did not successfully inhibit 

binding of ATP to JH2 (Figure 5 A), thus strongly suggesting that the suppressing 

effect observed is linked to the loss of ATP binding to JH2. Furthermore, the 

suppression of V617F was seen with all mutations designed to inhibit ATP 

binding to JH2 (except the unsuccessful L579F mentioned above) irrespective of 

their mode of inhibition of ATP binding (Figure 6, Table 5). 
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Figure 6: Preventing binding of ATP to JAK2 JH2 prevents hyperactivation. Immunoblot of whole-cell 
lysate from γ2A cells transiently transfected with full-length JAK2. Quantifications from immunoblots 
(pJAK2 signal divided by HA(JAK2) signal and normalised to wild-type) of three individual experiments 
are shown above as a bar graph. Error bars are standard deviation. See Table 5 for explanations of the 
mutations. 

The dependence of JAK hyperactivation on a functional ATP-binding site in JH2 

was also seen with JAK1 and the analogous activating JAK1 mutation V658F 

(Article II). 

To assess whether the effect of suppression of JAK2 signalling seen in a cell 

culture model would translate to amelioration of JAK2 V617F-driven disease in 

vivo, we used a bone-marrow transplantation MPN mouse model in 

collaboration with Prof. R. Skoda’s group at University Hospital Basel 

(Switzerland). Analysis of mice transplanted with bone marrow cells containing 

either wild-type JAK2, JAK2 K581A, JAK2 V617F, or JAK2 K581A V617F showed 

that adding the JH2 ATP-binding site mutation K581A to V617F kept 

haemoglobin levels at wild-type levels, whereas V617F alone caused 

erythrocytosis and accompanying abnormally high haemoglobin levels (Article 

II). This result was later further verified using the JAK2 JH2 ATP-binding site 

double mutant JAK2 G552A G554A (J. Grisouard, R. Skoda, unpublished 

observations). 
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5.4 The Inhibitory JH2–JH1 Interaction (III) 

5.4.1 Modelling the interaction using a supercomputer 

Despite the fact that the autoinhibitory function of JH2 had been known for over 

a decade (Chen et al. 2000, Saharinen, Takaluoma & Silvennoinen 2000, Yeh et 

al. 2000, Saharinen, Silvennoinen 2002, Saharinen, Vihinen & Silvennoinen 

2003), no satisfactory model for the mechanism of autoinhibition had been 

suggested, or indeed tested. We set out to decipher the interaction in a 

collaborative effort with Y. Shan at DE Shaw Research and Prof. S. R. Hubbard at 

NYU (both in New York, NY, USA), using a computational molecular dynamics 

approach on the supercomputer Anton (Shaw et al. 2008). 

Briefly, a model of JAK2 JH2-JH1 was generated by simulating the individual 

domains in different arbitrary orientations to one another, and analysing the 

interface of any resulting JH2-JH1 complex. Out of the 14 different poses 

generated, one was deemed most likely, as the JH2–JH1 interface included JH2 

αC known to probably be important for the regulation of JH1 (Dusa et al. 2010, 

Bandaranayake et al. 2012). Next, the JH2-JH1 linker was added and the 

simulation continued, after which the model was completed with the addition 

of the SH2-JH2 linker, resulting in a JAK2 model encompassing residues 520–

1131, which was subjected to an extremely long-scale simulation of ∼40 µs. 

During this final simulation, a stable JH2–JH1 interaction was established after 

several microseconds highlighting the need for extremely long-scale simulations 

in the study of interdomain interactions. 

5.4.2 Characterisation and functional validation of the JH2–JH1 inhibitory 
interaction 

The resulting JH2-JH1 conformation (see Figure 7) exhibits multiple interaction 

regions between the domains. Firstly, the extended β2-β3 loop of JH2, including 

the known inhibitory phosphorylation site Y570 (Argetsinger et al. 2004, 

Ungureanu et al. 2011), lies on top of the JH1 N lobe, which contains a basic 

patch for pY570. Secondly, the JH2 β7-β8 loop contacts the JH1 β2-β3 loop via 

ionic interactions between R683 and D873. 
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Figure 7: The inhibitory JAK JH2–JH1 interaction. JH2 is shown in orange, JH1 in cyan, the SH2-JH2 linker 
in green and the JH2-JH1 linker in dark grey. Known JAK2 clinical disease mutations (see Table 3) are 
shown as red spheres (positions of α carbon atom) and labelled. The mutations shown in bold have 
been analysed in Articles II and/or IV. Autoinhibitory phosphorylation sites in JAK2 (pS523 and pY570) 
are circled. The TYK2 JH2-JH1 crystal structure (PDB: 4OLI) is shown underneath in the same orientation. 
Gaps in the TYK2 crystal structure are linked with dotted lines. 
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Interestingly, both R683 and D873 are known sites of clinical disease-causing, 

gain-of-function mutations (Vainchenker, Constantinescu 2013). Thirdly, the C-

terminal end of JH2 αC contacts the JH1 hinge region, and finally, the SH2-JH2 

linker lies on top of the interface between the domains. 

The SH2-JH2 linker includes the known inhibitory phosphorylation site S523 

(Ishida-Takahashi et al. 2006, Ungureanu et al. 2011), which lies between E592, 

R588, and R947. Strikingly, most of the known activating disease mutants in JH2 

and JH1 map to (or near to) the interface (Figure 7), and many of their effects 

can be readily explained by weakening of the interaction (see Discussion 

6.3.3.1). 

We functionally verified the interaction by structure-guided mutagenesis in a 

cell culture model for JAK activation. To this end, charge-reversal mutations and 

novel ionic interactions were engineered into the JAK2 JH2–JH1 interface: (a) 

Y570R + K883E, (b) R683E + D873R, (c) Q603E (in murine Jak2) + P933R, and (d) 

E592R + R947E. With these charge-reversal mutations, mutating one interaction 

partner is expected to weaken the inhibitory interaction and show increased 

activation, while mutating both residues should rescue the interaction and lower 

activity back to near-wild-type levels. For Y570R + K883E, the result was exactly 

as expected from an inhibitory JH2–JH1 interaction. For (b), activation caused by 

R683E could only be rescued with the secondary mutation D873N (not D873R), 

indicating that probably due to the local structural environment, a Glu-Asn 

interaction is more favourable than Glu-Arg, but still validating the JH2-JH1 

model. For (c), Q603E was not activating, but it was able to suppress activation 

by mutation of its presumed interaction partner, P933R, which is a known 

disease-mutation (Mullighan et al. 2009) (Table 3). Further for (d), R947E was 

suppressed by E592R, even though E592R was not activating by itself. 

We also introduced similar charge-reversal mutations into JAK1 assuming a 

similar JH2–JH1 interaction. We thus engineered the following mutations: JAK1 

E609R + K888E, E609R + K911E, and R724E + E897K (+ D899A), where D899A was 

added to remove a secondary negative charge in the JH1 β2-β3 loop containing 

E897K, and thus enable a one-to-one charge reversal between R724 and E897. 

Firstly, the mutants R724E (+ D899A) and E897K (+ D899A) were activating as 

predicted, and this activation could be suppressed by the triple mutant R724E + 

E897K (+ D899A). Furthermore, the single mutation E609R was also activating as 
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predicted. Unfortunately, however, the mutations in JH1 of the presumed 

interaction partners (K888E and K911E) of E609R strongly suppressed basal JAK1 

activation thus precluding definitive confirmation of the model for JAK1, and as 

such, the data was withheld from the final manuscript (Article III). 

The computationally generated JH2-JH1 model was further independently 

verified by simultaneous publication of a TYK2 JH2-JH1 crystal structure by 

researchers at Genentech (Lupardus et al. 2014) (Figure 7). The overall 

conformation of the domains is virtually identical even though the JAK-specific 

details differ (see Discussion for further analysis). Overall, based on the evidence 

from cell experiments, as well as the agreement with earlier mutagenesis data, 

we concluded that the identified structure likely represented the JH2–JH1 

autoinhibitory interaction. 

5.5 Mechanisms of JAK activation and inhibition thereof (II, IV) 

To better understand the determinants of JAK activation, we took a systematic 

approach, and characterised known JAK2 JH2 mutations capable of inhibiting 

ligand-independent activation caused by clinical JAK2 disease mutations like 

V617F (hereafter referred to as ‘inhibitory mutations’) (Table 5). Additionally, 

we also explored various hypotheses for the function of JH2 in JAK activation 

and identified new inhibitory mutations in the FERM-SH2 module and in JH1 

(Figure 8). 

5.5.1 Systematic analysis of inhibitory mutations 

In addition to JAK2 JH2 ATP-binding site mutations, we expanded our analysis of 

ligand-independent JAK2 activation to other known inhibitory mutations, as well 

as searching for novel ones. To assess the propensity of JAK2 to self-activate (i.e. 

potential for ligand-independent activation), we co-transfected the homotypic 

receptor EPOR, which is known to increase basal (i.e. ligand-independent) 

activation of wild-type JAK2 at high expression levels (Pradhan et al. 2010). 

Although expression levels of EPOR used were potentially non-physiological due 

to transient overexpression, the result indicates that inhibitory mutations 

suppress the potential of otherwise wild-type JAK2 to activate in a ligand-

independent manner (Figure 9 A). 
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Figure 8: Structural locations of the different known and novel inhibitory JAK2 mutations (see text). A: 
Close-up of the ATP-binding site of JH2 (PDB: 4FVQ) showing critical residues for ATP binding. The Mg2+ 
ion is shown in light green. B: The region surrounding JH2 αC including the position of V617 (shown in 
red). Position of JH1 is shown according to the autoinhibitory JH2-JH1 model from Article III. C: Position 
of V511 in regards to FERM-SH2 (PDB: 4Z32). D: The outer face of JH1 αC (model from Article III). The 
position of the JH2-JH1 linker has been omitted for clarity. Colouring of the structures is as in the JAK2 
domain schematic shown above (domain linkers are shown in black). 

Previous studies with inhibitory mutations have indicated that not all activating 

mutations are inhibited equally (Dusa et al. 2010, Leroy et al. 2016). To 

systematise these findings, we characterised the inhibition profiles of our panel 

of inhibitory mutations (Figure 9 B–D). While V617F was inhibited by most 

mutations (with the exception of E896A+E900A), we found distinctly different 

profiles for K539L and R683S (see also Discussion 6.3.4.1).  
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Figure 9: Systematic profiling of inhibitory mutations. Immunoblots of whole-cell lysates from γ2A cells 
transiently transfected with indicated full-length JAK2 mutants (A-D) and STAT5+EPOR (A). 

5.5.2 Testing other hypotheses for the function of JH2 (IV) 

Several hypotheses have been put forward to explain the requirements for JH2 

in mutational activation of JAKs. Using structure-guided site-directed 

mutagenesis, we tested some of these hypotheses as well as novel ones (see 

Table 7). In summary, we found that the protein kinase spine model (see 2.1.1.1 

in Review) does not explain the effects of loss of ATP binding, as a triple mutation 

designed to block ATP binding, but complete the C spine (JAK2 I559F, L579F, 

L680F; see Figure 1 inset of JAK2 JH2 ATP-binding site), did not restore V617F 

activity (Article IV). Furthermore, disruption of the R spine by multiple mutations 

(Table 5) could not inhibit V617F activation, suggesting that inhibitory mutations 

potentially affecting the R spine (e.g. F595A in αC) probably exert their functions 

by other means (Article IV). 

We also tested an HER3/EGFR-like activator/receiver model (Zhang et al. 2006, 

Jura et al. 2009) for the activating effect of JH2 on JH1 in full-length JAK2, but 

did not find evidence for a similar interaction between JH2 and JH1. However, 

testing of this model did identify the importance of the JH1 αC (Figure 8 D) in the 
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ligand-independent activation of wild-type JAK2 (Article IV), as well as for 

activation caused by K539L (Figure 9 D). 

We also tested mutations of FERM-SH2 designed to disrupt the putative 

interaction between FERM-SH2 and JH2, and found that disruption of the SH2-

JH2 linker at the N-terminal end (JAK2 V511R, Figure 8 C), resulted in inhibition 

of multiple activating mutations, namely V617F, R683S (Figure 9 B, D), and 

T875N (Article IV). Despite trying numerous additional point mutations on 

different potential interaction surfaces of FERM-SH2 (unpublished observations), 

we could not identify a FERM-SH2–JH2 interface, which would be needed for a 

detailed molecular model of activation of full-length JAK. 

 

Table 7: Hypotheses tested in Article IV. 

Hypothesis Experiment Result 

Mechanism of ligand-
independent activation is the 
same or similar in wild-type 
JAK2 as in V617F. 

Effect of inhibitory mutations on 
otherwise wild-type JAK2 in the 
presence of EPOR. 

Hypothesis supported. All 
inhibitory mutations also inhibit 
EPOR-induced ligand-
independent activation of 
JAK2. 

Mechanism of activation in 
V617F is the same as in K539L 
and R683S. 

Profile inhibitory mutations 
against V617F, K539L, and 
R683S. 

Hypothesis rejected (partially). 
Activating mutations rely 
differentially on specific regions 
in JAK2. 

Effect of loss of ATP-binding 
to JH2 in inhibiting V617F can 
be explained by lack of C spine 
completion. 

Complete C spine mutationally 
(I559F + L579F + L680F) and 
test, whether V617F activity is 
restored. 

Hypothesis rejected. V617F 
activity is not restored by C 
spine completion. 

Completion of JH2 R spine is 
necessary for V617F activity 
(via positioning of αC or 
otherwise). 

Disrupt R spine mutationally 
(M601A, V610A, P700A) and 
see, whether V617F is 
inhibited. 

Hypothesis rejected. V617F 
activity is not affected by R 
spine mutations. 

JH2 could act as an 
HER3/EGFR-like activator for 
JH1. 

Mutate putative activator 
(N782K, N786K, N786E) and 
receiver (E896A + E900A) 
interfaces. Analyze ligand-
independent and -dependent 
activation. 

Hypothesis rejected, but JH1 
αC important for ligand-
independent activation. 

Interaction between FERM-SH2 
and JH2 is critical for correct 
positioning of JH2-JH1 for 
ligand-independent activation. 

Disrupt link between FERM-
SH2 and JH2 mutationally 
(V511R) and analyze ligand-
independent activation. 

Hypothesis supported. V511R 
inhibits EPOR-induced 
activation as well as activation 
by mutation (V617F, R683S, 
T875N). 
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5.5.3 Identification of a JH2 interface critical for heteromeric JAK2 
signalling  

To assess the effects of inhibitory mutations on the activity of otherwise wild-

type JAK2, we analysed responses to homomeric (EPO) and heteromeric (IFN-γ) 

cytokines. We found slightly impaired responses to EPO with αC (E592R, F595A) 

and JH2-SH2 linker (F537A) mutations (Figure 10 A). Strikingly, we found that 

those same mutations severely inhibited signalling in response to IFN-γ (Figure 

10 B). In contrast, inhibitory mutations in the JH2 ATP-binding site (I559F, 

K677E), SH2 (V511R) or JH1 αC (E896A+E900A) did not show significant effects 

on cytokine stimulatability (Figure 10, Article IV). 

 
Figure 10: Inhibitory mutations in JH2 αC and the C-terminus of the SH2-JH2 linker differentially affect 
responses to homomeric (EPO, panel A) and heteromeric (IFN-γ, panel B) JAK2 signalling. Shown are 
quantifications from immunoblots of whole-cell lysates from γ2A cells transiently transfected with full-
length JAK2, STAT5, and EPOR (A) or full-length JAK2 only (B). Cells were stimulated before lysis for 30 
min with differing amounts of cytokine. pSTAT5 (A) and pSTAT1 (B) signals are shown normalised to 
total STAT5 or STAT1 levels, respectively; a.u. arbitrary units. Note that the difference in initial 
activation between wild-type and the inhibitory mutations in panel A reflects the lowering of basal 
activation described in Figure 9 A. 
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6 Discussion 

JAKs are of key, and rapidly growing, clinical and pharmacological interest, as 

exemplified by two new JAK inhibitors (‘Jakinibs’) approved in Europe within the 

last year (mid-2016 to mid-2017) alone, raising the number of European 

medicines agency (EMA)-approved Jakinibs to four8. Currently, the main clinical 

targets for JAK inhibition are in MPNs, especially myelofibrosis (O'Sullivan, 

Harrison 2017) as well as RA (Yamaoka 2016). JAK inhibition is, however, also 

being actively tested for numerous other indications—primarily autoimmune 

and inflammatory diseases (Banerjee et al. 2017) including dermatological 

disorders (Damsky, King 2017). Preclinically, JAK inhibitors have shown 

promising results also against diabetes (Trivedi et al. 2017) and various cancers 

(Gao et al. 2016). 

Despite this high clinical importance and interest, much of the molecular detail 

of JAK function and regulation has remained elusive. JAK activity is regulated on 

multiple levels, but the intramolecular regulation of JAK activity is likely the 

primary means of regulation. Most of the extrinsic mechanisms of JAK regulation 

by, e.g., phosphatases or regulator proteins, are fine-tuning the cytokine-

response, as evidenced by the fact, that none of them can inhibit mutationally 

hyperactivated JAK (or indeed mutationally hyperactivated JAK-associated 

receptors) (Vainchenker, Constantinescu 2013). How this intramolecular 

regulation comes about in inhibition and activation of JAKs, however, has been 

mostly unclear. 

Starting from the major advances made in the understanding of the molecular 

structure of JAKs, the findings presented in this thesis are put into the context 

of other recent discoveries in the field below. Additionally, the current 

limitations and boundaries of our understanding as well as outstanding 

questions are delineated. 

                                                           
8 http://www.ema.europa.eu/ema/ . Currently (as of July 2017) approved Jakinibs are Ruxolitinib, 
Tofacitinib, Baricitinib, and Oclacitinib (veterinary medicine). Site accessed 17.7.2017. 

http://www.ema.europa.eu/ema/
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6.1 JAK structure 

The last decade has produced a wealth of structural information about JAKs. The 

first JH1 domain structure was published in 2005 (Boggon et al. 2005), and since 

then, all JAK domains have had their crystal structures solved individually or 

paired to their neighbouring domain (Figure 11). Currently, no complete full-

length JAK structure (or tested model) exists, beyond cryo-EM structures of full-

length JAK1 (Lupardus et al. 2011). Despite their low resolution, the cryo-EM 

JAK1 structures do show a flexible JAK molecule, composed of two mostly rigid 

substructures most likely corresponding to the FERM-SH2 and JH2-JH1 modules 

(Lupardus et al. 2011). These modules are able to adopt multiple conformations 

ranging from completely “open” (so-called ‘beads-on-a-string’ conformation) to 

“closed” with presumably extensive, but as-of-yet unknown, contacts between 

FERM-SH2 and JH2-JH1 (Lupardus et al. 2011). How, or whether, these 

correspond to activated or inactivated states of JAKs remains to be determined. 

 

 
Figure 11: Known JAK structures. The PDB codes for the first-published individual crystal structures are: 
FERM-SH2: 5IXI (JAK1), 4Z32 (JAK2), 4PO6 (TYK2); JH2: 4L00 (JAK1), 4FVP (JAK2), 3ZON (TYK2); JH1: 
3EYG (JAK1), 2B7A (JAK2), 1YVJ (JAK3), 3LXN (TYK2); JH2-JH1: 4OLI (TYK2). *JAK2 JH2-JH1 model based 
on the MD simulation from Article III. Shown are 4Z32, 4FVQ, 2B7A, and the autoinhibitory JH2-JH1 
model from Article III. 
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6.2 Structure–function considerations of JH2 

6.2.1 Protein kinase (in)activity of JH2s 

Currently, three out of the four JAKs have published crystal structures of JH2 

(Figure 11). While the structures (including the structure solved in Article I) are 

highly similar, some notable differences, especially between JAK2 and 

JAK1/TYK2 exist. Superficially, all JH2s have a similar, structured activation loop 

helix (αAL, Figure 1), which is in a conformation not suited for catalysis in the 

crystal structure, since the peptide substrate-binding site is occluded (Toms et 

al. 2013). Interestingly, comparison of the side-chain interaction network 

around αAL suggests, however, that this loop could be significantly more rigid in 

TYK2 and JAK1 than in JAK2 JH2. For both TYK2 and JAK1, the JH2 αAL is fixed to 

both the N and C lobes via two salt bridges (R600–E771 and R769–E824 for 

TYK2), while in JAK2 JH2 the first salt bridge is substituted for by hydrophobic 

residues (JAK2 F556–I711) and the second is missing (JAK2 K709- -L763).9 

Accordingly, no protein kinase activity has been detected for JAK1 JH2 (Toms et 

al. 2013) or TYK2 JH2 (Article I), whereas JAK2 JH2 has been shown to 

autophosphorylate in vitro (Ungureanu et al. 2011). Whether this lack of activity 

for JAK1 and TYK2 is due to the aforementioned interactions around αAL, or a 

lack of suitable substrate residues, remains to be determined. 

6.2.2 Nucleotide binding in JH2s 

Despite the lack of detectable catalytic activity for TYK2 and JAK1 JH2s, all JAK 

JH2 domains bind ATP (Ungureanu et al. 2011, Murphy et al. 2014) (JAKs 1&2 

and TYK2: Figure 4;  JAK3: J. Raivola, H. Hammarén, O. Silvennoinen, unpublished 

observations). Although the binding mode is non-canonical (Figure 1), it is 

nowhere near the most exotic ATP-binding modes seen in pseudokinases (Cui et 

al. 2017). In fact, the one-cation architecture including a K72–D184PKA bond is 

the most common nucleotide-binding mode seen in pseudokinases (Hammarén, 

Virtanen & Silvennoinen 2015). 

                                                           
9 In JAK3 JH2, both interaction pairs are replaced by hydrophobics, presumably also stabilizing an 
inactivating αAL (based on homology modelling). 
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The MANT-ATP-binding affinities of JAK JH2s are in the micromolar range (Figure 

4), with JAK2 JH2 being the tightest of the three with a Kd of ∼1 µM for MANT-

ATP. This affinity is ∼50-fold weaker than that measured for JH1 in an identical 

MANT-ATP binding assay (Niranjan et al. 2013), but significantly stronger than 

the published affinity of PKA for MANT-ATP (Kd = 36 µM) (Ni, Shaffer & Adams 

2000)––although some of these differences could be attributed to the effects of 

the addition of the MANT-group to ATP, as earlier discussed (see 5.1.3 above). 

In a thermal shift assay, JAK2 JH2, which has a relatively low melting 

temperature (∼35–43 °C depending on the assay conditions), is significantly 

stabilised by the addition of Mn-ATP or Mg-ATP (Murphy et al. 2014). Given that 

the ATP concentrations in living cells are in the millimolar range (Traut 1994), it 

is likely that JAK JH2s are constitutively nucleotide-bound, even if the 

significantly lower affinities suggested by DSF assays were correct. ATP thus 

probably functions as a structural cofactor in the domain in cells. Indeed, 

mutations of the JAK2 JH2 ATP-binding site do alter the function of JAK2, 

especially in regards to the activity of hyperactivating disease mutations 

(discussed in more detail in 6.3.4). 

6.3 Activation and inhibition of JAKs 

6.3.1 The JH2–JH1 interaction 

6.3.1.1 Previous models for inhibition of JH1 by JH2  

Since the discovery of JH2 inhibiting JH1, various hypotheses about the 

mechanism have been proposed (Constantinescu et al. 2013). First hints of a 

physical interaction between JH2 and JH1 came from coimmunoprecipitation 

(coIP) experiments with differentially tagged JAK3 JH2 and JH1 fragments (Chen 

et al. 2000). An early model for a direct JH2–JH1 interaction (Lindauer et al. 2001) 

was proposed based on homology modelling from a crystallographic dimer seen 

in the crystal structure of the fibroblast growth factor receptor (FGFR) tyrosine 

kinase domain (Mohammadi, Schlessinger & Hubbard 1996). In this model, the 

JH2 and JH1 domains would interact via their respective C helices, which was 

proposed to inhibit JH1 activity by forcing its activation loop into an inactive 

conformation (Lindauer et al. 2001). This model made multiple predictions for 
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potential sites for mutational activation of JAKs by relieving the inhibitory 

interactions. Despite being able to predict some mutations correctly (especially 

those in exon 14, including V617 mutations, Table 3), many more of the 

predicted mutation sites have not held true, including practically the whole JH1 

side of the proposed interface, calling the model into question. 

In contrast, the model proposed by our co-workers and us (Article III), is not 

based on previous crystallographic information, but rather on extensive long-

scale molecular dynamics simulations of multiple initial JH2–JH1 interfaces. In 

our model, JH2 binds to the hinge-side of JH1 via its C helix in a front-to-back 

orientation, somewhat resembling the interaction seen in the inactive 

conformation of Src kinases, where SH2 and SH3 domains bind the hinge-side of 

the protein kinase domain (Bradshaw 2010). Crucially, the simultaneously (but 

independently) published TYK2 JH2-JH1 crystal structure (Lupardus et al. 2014) 

strongly supports our model showing a practically identical architecture (Figure 

7). 

6.3.2 The JH2-JH1 inhibitory interaction model 

In our JH2-JH1 model, inhibition of JH1 is achieved by conformational restriction 

of the JH1 lobes, as well as an opening of the catalytic site. Molecular dynamics 

simulations (Article III) show this as a breaking of the conserved salt bridge 

between the β3 lysine (K882JAK2 JH1; K72PKA) and the αC glutamate (E898JAK2 JH1; 

E91PKA) (Taylor, Kornev 2011), which could facilitate a further inactivating ‘DFG-

out’ flip, in which the catalytically crucial aspartate (D976JAK2 JH1; D184PKA) is 

expelled from the active site. 

Interestingly, data from the TYK2 JH2-JH1 crystal structure and our simulation 

model (Article III) also imply that activation of JAKs does not primarily hinge on 

expelling the activation loop from the active site, as is the case for many other 

tyrosine kinases (Endicott, Noble & Johnson 2012). In the TYK2 JH2-JH1 crystal 

structure (as in our simulation), the activation loop is in the outwards ‘active’ 

position despite being unphosphorylated and the domain being kinase dead 

(TYK2 D1023N) (Lupardus et al. 2014). Furthermore, no crystal structures of JH1s 

thus far show the domain in an inactive state with the activation loop occluding 

its active site (Lucet, Bamert 2013). However, kinase assays with recombinant 

TYK2 JH2-JH1 showed that TYK2 JH2-JH1 is only active when the JH1 activation 
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loop is phosphorylated (Lupardus et al. 2014). In our simulations, 

phosphorylation of the JH1 activation loop did cause destabilisation of the JH2–

JH1 interaction, suggesting that activation loop phosphorylation is still part of 

the activation mechanism (i.e., in changing the dynamic balance from ‘inhibited’ 

to ‘active’), even if possibly not by the traditional means of causing expulsion of 

the activation loop from the enzymatic site. 

It is interesting to speculate, why crystallisation of TYK2 JH2-JH1 succeeded, 

where JAK2 JH2-JH1 failed, despite numerous attempts (D. Ungureanu, H. 

Hammarén, O. Silvennoinen, S. R. Hubbard, unpublished observations). It is 

possible, that the JH2–JH1 interaction is inherently less stable in JAK2, as 

suggested by small-angle light scattering (SAXS) experiments with active 

recombinant JAK2 (Varghese et al. 2014). These experiments show JAK2 JH2-JH1 

in an elongated, loose structure incompatible with the compact JH2-JH1 

structure seen in our simulations and the TYK2 crystal structure (Varghese et al. 

2014). A likely explanation for this is that experiments involving recombinant 

JAK2 JH2 (including crystallisation trials) are complicated by the two JAK2-

specific inhibitory phosphorylation sites, Y570 and S523. Both are part of the 

inhibitory interface in JH2, and obtaining homogeneously phosphorylated 

recombinant protein can be difficult. 

6.3.2.1 Is JH1 inhibited by JH2 in cis or trans? 

Recently, work on the growth hormone receptor (GHR) complex suggested that 

the intracellular portions of pre-dimerised receptor chains would move apart 

during cytokine activation (Brooks et al. 2014). This led the study authors to 

propose a hypothesis for JAK2 activation/inhibition, in which JH2-mediated 

inhibition of JH1 occurs in trans, i.e. JH2 of one JAK2 molecule inhibiting JH1 of 

the other, and vice versa (Waters, Brooks 2015). Although our model or 

experimental evidence does not rule out the possibility of a trans interaction, it 

currently seems unlikely at least for the many heterodimeric JAK configurations 

(Table 1), which have evolved from ancestral JAK2-receptor systems (Nicola, 

Hilton 1998, Zeidler, Bausek 2013). The TYK2 JH2-JH1 crystal structure shows an 

excellent intra-TYK2 fit (Lupardus et al. 2014), and as described in 5.4.2 above, 

our JAK1 JH2–JH1 charge-reversal experiments suggest that an intra-JAK1 (i.e. 

cis) JH2–JH1 interaction is likely. Neither of these findings are expected with JAK 

inhibition in trans since neither TYK2 nor JAK1 signal as homodimers (Table 1). 
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Furthermore, the presumption that JAK-associated receptors, such as GHR or 

EPOR, would primarily exist as inactive, pre-dimerised complexes in vivo have 

been lately called into question (see discussion in section 6.3.5 below), thus also 

challenging the assumptions and methodology that lead to the notion of trans-

inhibition/activation of JAKs  (Brooks et al. 2014). 

6.3.3 JAK activation by mutation (cytokine-independent) 

JAKs are hotspots for clinical mutations causing constitutive, ligand-independent 

activation of JAK kinase activity. There are two (not mutually exclusive) 

hypotheses to explain the function of these mutations: Firstly, hyperactivating 

mutations might act through disruption of existing inhibitory interactions, or 

secondly, hyperactivation could (also) be achieved through stabilisation of 

activating interactions/direct activation of JH1 catalytic activity. Critically, 

detailed understanding of either of these potential mechanisms has been 

lacking, which has precluded the development of targeted mutation-specific 

drugs. 

6.3.3.1 The JH2-JH1 model provides explanations for known disease mutations 

As shown in Figure 7, most known clinical and experimental activating mutations 

(Table 3) fall into (or close to) our JH2–JH1 interface. This suggests that these 

mutations act through the first mechanism (i.e. breaking of an inhibitory 

interface). The most striking examples here are mutations of R683 in JH2 and 

D873 in JH1, as the parental residues form an ionic interaction along the JH2–

JH1 interface. This region around the β7-β8 and αC-β4 loops in JH2, and β2-β3 

loop in JH1, harbours many other known mutations as well, including H606Q, 

K607N, H608Y, I682F, R867Q, and T875N, all of which probably act through 

disruption of the JH2–JH1 interface (Table 8). 

The multitude of known exon 12 mutations (see Table 3 and Table 8) fall into the 

JH2-SH2 linker region (including S523), which makes extensive contacts to both 

JH2 and JH1 in our JAK2 model (linker shown in green in Figure 7). Residues in 

this linker from JAK2 residue D519 onwards have been shown to be important 

for the suppression of basal JH1 activity (Zhao et al. 2009). The importance of 

this region in stabilising the JH2–JH1 interaction also provides rationale for the 
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function of V617F, which does not lie directly in the JH2–JH1 interface, but 

rather between the C-terminus of the SH2-JH2 linker, JH2 αC, and the rest of the 

JH2 N lobe. In this model, V617F is expected to weaken the JH2–JH1 interaction 

by disturbing the JH2-SH2 linker, especially via interactions with F537 (Toms et 

al. 2013). This hypothesis is supported by molecular dynamics simulations 

showing disruption of the linker region in JAK2 V617F, which results in 

stabilisation of the active state of JH1 (Article III). 

In the TYK2 JH2-JH1 crystal structure (Lupardus et al. 2014), the SH2-JH2 linker 

is only structured from residue L579TYK2 onwards (corresponding to M535JAK2), 

even though the expression construct used starts at G566TYK2 (∼T522JAK2). This 

could suggest that the conformation of the linker region, and its involvement in 

strengthening the JH2–JH1 interface, N-terminal of L579TYK2/M535JAK2 is less 

rigid/strong. Indeed, also in JAK2 most of the known activating exon 12 

mutations fall between N531JAK2 and F547JAK2 (Table 3). 

Whether a weakening of the JH2–JH1 interaction alone can explain the high 

activating potency of V617F (or indeed other activating mutations), or whether 

a distinct activating intra- or intermolecular interaction is involved has still not 

conclusively been shown. Practically all activating mutations require the 

presence of cytokine receptors to unleash their transformation potential (Lu, 

Huang & Lodish 2008, Wernig et al. 2008, Yao et al. 2017). Although receptors 

might be needed to enable formation of an activating JAK dimer, they could also 

simply act as a scaffold to co-localise activated JAK2 with its substrate(s), as 

correct orientation of the receptor is not needed for activation by V617F (Dusa 

et al. 2010). 

There are a few lines of evidence supporting an activation model including a 

specific activating interaction, however. For example, coIP experiments with full-

length JAK2 have shown that addition of the V617F mutation leads to a JAK2–

JAK2 interaction in vitro, which cannot be detected with wild-type JAK2 

(Gorantla et al. 2010). Furthermore, the concentration of activating mutations 

in JH2 + SH2-JH2 linker, and the relative rarity of JH1 mutations, have been 

suggested to be a sign of an activating interaction, probably involving the N lobe 

of JH2, since mutations on the JH1 side of the interface should be equally likely, 

if activation relied solely on disruption of the JH2–JH1 inhibitory interaction 

(Silvennoinen, Hubbard 2015). This activating interaction could be an allosteric 
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means of activating JH1, or simply an interaction leading to correct structural 

positioning of JH1 to allow transphosphorylation. 

Table 8: Presumed activation mechanisms of known, activating clinical JAK2 mutations based on the 
JH2–JH1 inhibitory interaction model. *Multiple mutations (Lupardus et al. 2014). 

# 
E

xo
n

 

D
o

m
ai

n
 

S
tr

u
ct

u
re

 

Mutation Mechanism of action Additional information 

3 

F
E

R
M

 

F1-β3 E 61 K Unclear Could face towards JH2/JH1 
4 F1-β5-β6 T 108 A Unclear Could face towards JH2/JH1 
6 F2-α2 E 177 V In interface with box1 Could increase affinity towards receptor 
7 F3-β1-β2 G 276 A Unclear Could face towards JH2/JH1 
8 F3-β6 R 340 Q Unclear Could face towards JH2/JH1 

9 -  L 393 V Unclear  

11 SH2       

12 

L
in

ke
r  T 514 M Unclear  

 N 533 I/Y Could sequester SH2-JH2 linker towards L539 (in K539L) 
 M 535 I 

Probably distorts SH2-JH2 linker 
and thus weakens interaction with 
JH1. 

Might (additionally) be needed for an activating 
interaction. 

JH
2 

 K 539 L 
 I 540 T 
  538-547 
 D 544 G 
 L 545 S 
 F 547 L 

13 

β1-β2 F 556 L Unclear In Gly-rich loop 

β2 R 564 Q In JH2-linker interface 
R564 interacts with backbone amides of F537 
and H538 in SH2-JH2 loop 

β2 V 567 A In JH2–JH1 interface 
Could change conformation of β2-β3 loop or 
disrupt interaction with JH1 β1 

β3-αC H 587 N Unclear Could strengthen activating interaction. 
αC S 591 L Unclear Could strengthen activating interaction. 

14 

αC-β4 

H 606 Q 
In JH2–JH1 interface Opposite of R867, D873, T875 in JH1. K 607 N 

H 608 Y 

L 611 S Could distort αC-β4 loop 
Distortion of loop expected to weaken 
interaction with JH1 (see above). 

β4-β5 

V 617 F 
Somewhat unclear. Could distort 
SH2-JH2 linker 

Distortion of SH2-JH2 linker could weaken 
interaction with JH1. Could also strengthen 
activating interaction. 

V 617 I 
C 618 R 
D 620 E 

15 
β5 L 624 P Unclear Near αC.  

αD-αE I 645 V Unclear In αD-αE loop. Opposite face of JH2 to JH1 

16 
β7 I 682 F In JH2–JH1 interface  

β7-β8 R 683 * In JH2–JH1 interface. Contacts D873. 
17 αF-αG S 755 R Unclear Distal face of JH2 to JH1 

19 

L
in

k  Y 813 D In JH2–JH1 interface In-between JH2 αE and β8 
 E 846 D In JH2–JH1 interface In the binding site of pY570 

20 

JH
1 

β2 R 867 Q 
In JH2–JH1 interface 

Opposite of H606, K607, H608, and R683 in 
JH2. β2-β3 

D 873 N 
T 875 N 

21 
Hinge P 933 R In JH2–JH1 interface  

αD R 938 Q Unclear  

24 αG R 1063 H Unclear  

25 αH-αI N 1108 S Unclear Distal face of JH1 to JH2 
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6.3.4 Inhibitory mutations and loss of ATP binding to JH2 suppress ligand-
independent activation 

Understanding of the activation mechanism of hyperactivating mutations is 

complemented by the existence of a multitude of experimental JAK mutations 

capable of inhibiting hyperactivation (Articles II, IV) (Dusa et al. 2010, 

Gnanasambandan, Magis & Sayeski 2010, Gorantla et al. 2010, Bandaranayake 

et al. 2012, Yan, Hutchison & Mohi 2012, Toms et al. 2013). Examples of these 

mutations have been reported in FERM, SH2, and JH2, and many of them seem 

to be specific in inhibiting only ligand-independent activation (as discussed in 

2.5.3). Our results show that mutations blocking ATP binding to JH2 also have 

this characteristic: suppression of ligand-independent activation, without 

affecting ligand-dependent signalling (Article II). 

6.3.4.1 How do inhibitory mutations inhibit JAK hyperactivation? 

The activation model delineated above presents two likely options for the action 

of inhibitory mutations. Firstly, inhibitory mutations might “hyperstabilise” the 

autoinhibitory JH2–JH1 interaction, thus counteracting the weakening of the 

interface by activating mutations. Secondly, inhibitory mutations could act by 

disrupting a potential activating interaction needed for a mutation to activate. 

For some inhibitory mutations, rationalisation of their mode of action is 

relatively clear. For example, JAK2 F595A was initially designed to inhibit V617F 

(Dusa et al. 2010, Gnanasambandan, Magis & Sayeski 2010), and molecular 

dynamics simulations show that adding F595A to V617F does restore the 

conformation and rigidity of the SH2-JH2 linker disturbed by V617F back to wild-

type levels (Article III), thus arguing for a stabilisation of the autoinhibitory 

interface. How this would translate into suppression of other mutations 

(especially R683S/G, Figure 9 D, (Dusa et al. 2010)), however, remains unclear. 

Contrary to some previous reports (Dusa et al. 2010), we found that all inhibitory 

mutations decreased basal activation of JAK2 evident in the presence of EPOR 

coexpression (Figure 9 A). This finding seems to support the notion that 

inhibitory mutations strengthen basal autoinhibition. Additionally we found that 

disrupting the link between SH2 and JH2 (with JAK2 V511R) causes lowering of 

basal activation, as well as inhibition of some activating mutations. Based on our 
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current knowledge (limited by the lack of full-length JAK structures), this can 

hardly be attributed to strengthening of the JH2–JH1 interaction. Rather, our 

result argues that positioning of JH2 between FERM-SH2 and JH1 is important 

for ligand-independent activation, when the autoinhibitory JH2–JH1 interface is 

broken (e.g. by R683S or T875N), and that V511R disrupts this positioning. 

Similarly, we hypothesise that our JH2 ATP-binding site mutations, which block 

binding of ATP to the domain (Article II), act through a similar mechanism by 

increasing the conformational flexibility of JH2 normally stabilised by bound ATP. 

 

Interestingly, the different inhibition pattern of K539L compared to R683S 

suggests a different activation mechanism for K539L. This mutation is unlikely to 

simply interfere with the autoinhibitory JH2–JH1 interaction, and our inhibitory 

profile analysis suggests, that its activation mechanism could involve direct 

activation of JH1 (Leroy et al. 2016), and/or is dependent on strengthening of an 

activating interaction, which might involve JH1 αC (see E896A+E900A in Figure 9 

C). Interestingly, mutations destabilizing the JH2 N lobe (ATP-binding site or 

F595A) do still partially inhibit K539L, thus indicating that the activation 

mechanism includes this region. 

It is interesting to speculate, whether this activating interaction resulting from 

correct positioning of JH2 and JH1 simply leads to the conformational freedom 

JH1 requires for catalysis, or whether a defined intermolecular interaction 

(presumably with another JAK2 molecule) is required. We found that mutating 

residues in JH1 αC (JAK2 E896A+E900A) can partially inhibit activation of either 

K539L or R683S (Figure 9 C, D), which could indicate that a specific interaction 

involving this region of JH1 is part of the mechanism. 

In conclusion, we thus hypothesise, that basal state inhibition of JAK2 is a 

dynamic equilibrium, in which the autoinhibitory JH2–JH1 interaction favours 

inhibition, but the positioning of JH1 by JH2 simultaneously enables activation, 

thus creating a JAK2 molecule with a strong propensity to activate (presumably 

in the presence of another JAK2 molecule) . Activating mutations exaggerate this 

propensity by reducing inhibition (e.g. R683 or D873 mutations Table 8), by 

strengthening the activating position mediated by JH2, or allosterically activating 

JH1 (as is possible for K539L and V617F). Inhibitory mutations lower this 

propensity probably by both strengthening the inhibitory interface (e.g., F537A 
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and E592R) and/or by disturbing the JH2 conformation needed for the activating 

interaction (ATP-binding site mutations, V511R, maybe E896A+E900A). 

It should be noted, that the function of inhibitory mutations is distinct from 

mutations that completely destabilize JH2 structure (e.g. F739R Table 5; or 

deletion of JH2 αG (Saharinen, Vihinen & Silvennoinen 2003)). These alterations, 

while also possibly suppressing activating mutations like V617F, also remove 

cytokine stimulatability and increase basal JAK activation, thus mimicking JH2 

deletions. 

6.3.5 JAK activation by cytokine 

JAK-associated receptors (Table 1) have highly variable architectures, including 

‘short receptors’ (e.g., GHR, EPOR, γc family, and IFNGR) where the ligand-

binding domain is proximal to the membrane, and ‘tall receptors’ (e.g., gp130, 

TCCR, and LIFRβ) with ligand-binding domains up to 10 nm removed from it 

(Skiniotis et al. 2005, Matadeen et al. 2007, Wang et al. 2009, Spangler et al. 

2015). There are numerous crystal structures of the extracellular domains of 

JAK-associated receptors, both in the cytokine-bound and unbound states, 

showing how the conformation of the extracellular domains could change in 

response to cytokine stimulation (Wang et al. 2009). Yet, no published structures 

exist from which the conformation of the transmembrane and intracellular 

portions of the receptor chains in different states of activation could be 

accurately deduced. Thus, how binding of a cytokine to its receptor is translated 

into JAK activation is currently unknown. 

The simplest model of cytokine receptor activation is an induced dimer/oligomer 

model, in which binding of a ligand induces dimerisation of receptor chains, 

which brings associated protein kinases into proximity resulting in activation by 

transphosphorylation. This mode of activation is widely used by RTKs (Hubbard, 

Miller 2007, Lemmon, Schlessinger 2010), with notable exceptions like insulin 

receptor kinase (IRK), which exists as a preformed dimer that is rearranged upon 

ligand binding (Menting et al. 2013). For JAKs, studies with highly artificial 

chimeric receptor constructs have shown, that simple dimerisation can be 

enough to activate associated JAKs (Saka et al. 2012), and this may actually be 

the activation mechanism of some JAK-receptor systems (Moraga et al. 2015, 
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Spangler et al. 2015). Many natural JAK-associated receptors10, however, have 

been reported to pre-dimerise (Constantinescu et al. 2001, Gent et al. 2002, 

Brown et al. 2005, Malka et al. 2008, Lupardus et al. 2011). Many of these data 

may be hampered, however, by the use of artificial overexpression systems, and 

dimerisation-prone fusion proteins. More accurate and less invasive 

methodologies in (at least near-to) in vivo conditions are thus needed. 

Additionally, a lack of methodologies simultaneously measuring oligomerisation 

and activation state of a receptor complex means, that some of the pre-

dimerised receptors observed could be active, and thus contribute to ‘basal’ 

signalling activity, as opposed to being inactive dimers as previously assumed. 

Still, correct orientation of dimeric EPOR and TPOR has been shown to be crucial 

for activation of wild-type JAK2, with some orientations not being able to signal 

(Seubert et al. 2003, Lu, Gross & Lodish 2006, Staerk et al. 2011), which has been 

used as an argument for the presence of inactive dimers. More recent studies 

have shown a distinct lack of pre-formed dimers for EPOR, however, and 

approaches using engineered protein ligands have suggested that activation of 

EPOR/JAK2 is mainly determined by the inter-chain distance (Moraga et al. 

2015), thus arguing for a ligand-induced dimer model. 

6.3.5.1 The role of JH2 in ligand-induced JAK signalling 

The first JH2 deletion experiment showed that deletion of TYK2 JH2 resulted in 

complete unresponsiveness of cells to IFN-α, while deletion of TYK2 JH1 only 

lowered sensitivity (Velazquez et al. 1995). Similarly, deletion of JAK2 JH2 

removed stimulatability by IFN-γ, and deletion of JAK3 JH2 stimulatability by IL-

2 (Saharinen, Silvennoinen 2002). Interestingly, similar deletion and 

mutagenesis experiments have revealed for multiple heteromeric JAK systems, 

that kinase activity of both JAKs is not required for signalling (Li et al. 2013, Haan 

et al. 2011), but the presence of JH2s is (Eletto et al. 2016). These data clearly 

show, that the JH2 domains of receptor-associated JAKs have an important role 

in relaying the activating signal from an activated (i.e. ligand-bound) cytokine 

receptor to downstream targets––presumably by enabling activation of the 

tyrosine kinase activity of one (or more) of the JH1 domains in the JAK–receptor 

complex. 

                                                           
10 at least EPOR, GHR, gp130, and IL-2Rβ/IL-9Rα and γc 
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Our results showing practically no STAT1 phosphorylation following IFN-γ 

stimulation with point mutations in JAK2 JH2 αC (F595A, E592R) and the SH2-

JH2 linker (F537A) refine these findings (Article IV), by identifying a previously 

unknown interface on JH2, which is critically needed for JAK-mediated relaying 

of signals in IFN-γ stimulation. Furthermore, our finding that JAK2 E592R only 

partially suppresses EPO signalling (Article IV), suggests that the relative 

contributions of JAK2 JH2 on signalling are different in the contexts of IFN-γ and 

EPO, although both rely critically on JAK2 kinase activity (Witthuhn et al. 1993, 

Briscoe et al. 1996). Similar findings have earlier been made about mutations in 

JAK2 JH1 (I1065A), which actually showed strongly suppressed EPO signalling, 

but lesser effects on IFN-γ (Haan et al. 2009). Future research is needed to 

exactly elucidate the molecular nature of homo-/heteromeric JAK activation, 

and the role of the specific JH2 interface identified here. 

6.3.6 The consequences of ATP binding to JAK2 JH2  

Our results shed light on the effects of ATP binding to JH2 (Articles I, II, IV). In 

Article II, we hypothesised, that the inhibitory effects of ATP binding to JH2 could 

be due to destabilisation of JH2 αC, as predicted by MD simulations. Our results 

showing distinct inhibitory profiles as well as distinct effects on cytokine 

stimulation for inhibitory αC and ATP-binding site mutations suggest, however, 

that the mechanisms of action of these two classes of inhibitory mutations are 

distinct (Article IV). Using a thermal shift assay (Article IV), we also show that the 

effect of ATP binding on JH2 is not simple stabilisation of a domain destabilised 

by activating mutations, as might have been the case for JAK2 V617F (Article II). 

Rather, our data suggests that ATP binding to JH2 could be necessary for JH2 to 

fulfil its structural role as mediator between FERM-SH2 and JH1 and/or as 

allosteric activator of JH1. 

6.4 Implications for JAKs as Drug Targets 

JAKs are a prime target for drug development, and the need for inhibitors with 

novel mode-of-actions is great. Our results presented here potentially provide 

such a novel drug target within the JAK molecule, by identifying the importance 

of the JH2 ATP-binding site for ligand-independent activation. 
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6.4.1 The JH2 ATP-binding site as a drug target 

Protein kinases have become the most important target for novel cancer drugs 

over the last two decades or so and currently are of increasing interest in the 

treatment of other disease types as well (Cohen, Alessi 2012). All currently 

approved protein kinase inhibitors target the catalytic ATP-binding sites of 

protein kinase domains, making understanding and availability of 

pharmacological scaffolds targeting this site plentiful. 

Identification of the JAK JH2 ATP-binding site as a potential pharmacological 

target has thus been rapidly translated into attempts to find suitable, functional 

small-molecule binders (Tokarski et al. 2015, Moslin et al. 2017, Newton et al. 

2017, Puleo et al. 2017). However, mutant-specific (e.g. V617F) JAK2 inhibition 

via pharmacological targeting to the JH2 ATP-binding site has yet to be 

demonstrated. The challenge lies in the pseudokinase nature of JH2: an ATP-

competitive inhibitor cannot mimic the natural nucleotide to such an extent as 

to enable activation of, e.g., V617F, as is the case with the natural ligand ATP. 

Thus, as ATP binding is needed for mutational activation, replacing ATP with an 

inactive substrate, which preserves the conformation of ATP-bound JH2, would 

be expected to backfire (Claus, Cameron & Parker 2013). Furthermore, the 

special nature of JAK2 JH2 as a potentially active protein kinase phosphorylating 

two inhibitory residues (S523 and Y570) has also raised doubts about the 

rationale of targeting the pseudokinase domain. Our results indicate, however, 

that for the regulation of basal inhibition/activation, the structural role of ATP 

binding to JAK2 JH2 is more important than a catalytic role, as mutations 

blocking the ATP-binding site actually lower basal activation (Figure 9 A). 

Furthermore, similar results obtained for JAK1 mutations (Articles II, IV) suggest 

that this structural role of JH2 is similarly important in other JAKs as well. 

Recently work done at Bristol-Myers Squibb identified multiple small molecule 

scaffolds specifically binding TYK2 JH2 and (strikingly!) able to inhibit IL-23 

signalling in a cell culture model (Tokarski et al. 2015). Interestingly, the authors 

reported that they were able to find a large number of JH2 ATP-binding site-

binding compounds for both JAK1 and TYK2, but only a subset of the TYK2 JH2-

binders actually affected cytokine-mediated activation, while none of the 

numerous JAK1 JH2-binders showed effects on cytokine activation of JAK1 

(Tokarski et al. 2015). This finding is in line with our mutagenesis studies, which 
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suggest that simply blocking ATP binding to JH2 should have a limited (or no) 

effect on the cytokine-mediated activation of wild-type JAKs (Articles II, IV). Our 

data, however, also shows that it should be possible to generate inhibitors of 

cytokine signalling (even through the ATP-binding pocket), by altering the 

characteristics of JH2 αC or the SH2-JH2 linker in a way mimicking the mutations 

F537A, F595A, or E592R. We thus hypothesise, that the scaffold identified by 

Tokarski and colleagues is able to affect TYK2-mediated cytokine signalling by 

this mechanism. 

The full pharmacostructural determinants of a successful JAK JH2 ATP-binding 

site inhibitor are still unknown—whether for the inhibition of cytokine activation 

of wild-type JAK as demonstrated for TYK2 (Tokarski et al. 2015, Moslin et al. 

2017), or for the mutation-specific inhibition of hyperactivated JAK, e.g., JAK2 

V617F, as suggested in Articles II and IV. Our results in Article IV indicate that 

inhibition of mutational hyperactivation via the JH2 ATP-binding site should be 

possible with “traditional” purine-pocket binding compounds, as breaking of the 

so-called C spine is not required for inhibition. Encouragingly, successful 

development of conformation modulators targeting the ATP-binding site of 

pseudokinases has been recently demonstrated for Kinase suppressor of Ras 

(KSR) (Dhawan, Scopton & Dar 2016). 

Beyond direct, targeted conformational effects caused by ATP-binding site 

occupation, functional nucleotide binding sites (as characterised for JAK1, JAK2, 

and TYK2 JH2 in Articles I and II) offer also the opportunity for pharmacological 

modulation of protein function via other modes-of-action. One such alternative 

approach is to tag selective nucleotide-binding site-binders with chemical 

groups that cause the shuttling of the tagged protein for degradation (Huang, 

Dixit 2016). This approach has recently been utilised, for example, in the 

targeting of the HER3 pseudokinase (Xie et al. 2014, Lim et al. 2015). 

Recently, also other substructures of JH2 have been proposed to be potential 

drug target sites (Leroy, Constantinescu 2017). Specifically, identification of JH2 

αC outer face residues as critical for mutational hyperactivation of JAKs (Leroy 

et al. 2016), has led to the proposition of targeting this region with protein-

protein interaction (PPI) inhibitors (Leroy, Constantinescu 2017). 

Pharmacologically, PPI inhibitors have proven challenging to develop and 

currently remain highly experimental. With the inevitable advancements in the 
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field of pharmacological peptide synthesis, it will be interesting to see, how also 

this approach of targeting JAKs will develop—especially given the potential for 

JAK signalling pathway specificity that targeting this region of JAKs presents 

(Article IV). 
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7 Summary and Conclusions 

Cellular signalling controls most biological processes. Much of this signalling is 

mediated by soluble signalling proteins called cytokines, which bind specific 

receptors on cell surfaces to activate series of intracellular biochemical events 

in a process called signal transduction. Janus kinases (JAK1–3, TYK2) are 

intracellular, non-receptor tyrosine kinases that mediate signalling of around 60 

different cytokines critically involved in haematopoiesis, metabolism, 

development, and control of the immune system (O'Shea, Plenge 2012). JAKs 

consist of multiple domains, including a pseudokinase domain (JH2), which 

precedes the active tyrosine kinase domain (JH1). JH2 has critical regulatory 

functions, and harbours many oncogenic driver mutations underlying 

haematopoietic malignancies (JAK2 mutations), leukaemia (JAKs 1–3), and 

cancer (JAK1, JAK3) (Vainchenker, Constantinescu 2013). 

The work presented here describes characterisation of the structure and 

functions of JAK JH2s. We found that all JAK JH2s have functional nucleotide-

binding sites accessible to ATP and small molecule inhibitors. Using rational 

mutagenesis, we identify the JAK2 JH2 ATP-binding site as a target for potentially 

mutation-specific inhibitors, which would be a distinct improvement over 

current JAK2 inhibitors that are unable to eradicate the disease (Sonbol et al. 

2013). In collaboration with researchers at NYU and DE Shaw research, we 

established a model for JH2-mediated inhibition of JH1, based on long-scale 

molecular dynamics simulations. Our model explains the mechanism of 

inhibition of JH1 by JH2, and provides rationale for most known clinical JAK2 

mutations. We also present a systematic analysis of JAK2 mutations capable of 

inhibiting ligand-independent hyperactivation. The analysis enables functional 

grouping of activating mutations based on mechanism, and identifies a novel 

interface in JAK2 JH2 needed for heteromeric JAK2 activation in IFN-γ signalling. 

 

Our results refine our understanding of JAK function at a time, when clinical JAK 

inhibitors are being increasingly applied not only to diseases driven by JAK 

mutations (e.g., myeloproliferative neoplasms), but also to immunological 
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disorders, in which JAKs present a tempting target as signalling hubs in 

numerous proinflammatory pathways (Yamaoka 2016, O'Sullivan, Harrison 

2017, Banerjee et al. 2017). The ubiquitous involvement of JAKs in cytokine 

signalling, however, presents challenges of specificity and our limited 

understanding of the interplay of different JAKs on different cytokine receptors 

has left much of the development of JAK-targeted drugs down to trial and error. 

In the future, elucidation of the molecular mechanisms of JAK activation on their 

associated receptors, and the involvement of the different JAK domains 

(including their potential druggable sites) in this process, will certainly be of 

paramount importance for the ultimate unlocking of JAKs for targeted 

therapeutics. 
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…↔≡↑∂←↔∂…← °≠ ⊄∅ ∏⋅ ↑≡←≡″≥≡ ∏⇒ ∏⋅⌠ ♠↔ ≈∂←↔∂±…↔ ←↔∂∫

≥∂∞∂±÷ ″°≥≡…♠≥↑ ∂±↔≡↑…↔∂°±← ↑°♠±≈ •≡≥∂♣ ⇒ ∂± ↔•≡ …↔∂♥↔∂°±

≥°°↓ ↓↑°♥∂≈≡  ←↔↑♠…↔♠↑≥ ←∂← ≠°↑ ≈∂≠≠≡↑≡±…≡← ∂± ←♠←↔↑↔≡ ……≡←←

±≈ …↔≥ƒ↔∂… …↔∂♥∂↔∂≡← ″°±÷ ∏⇒ ≠″∂≥ƒ ∏⋅←〉 ⊄•≡ ←↔↑♠…↔♠↑≥

±≈ ∂°…•≡″∂…≥ ≈↔ ←♠÷÷≡←↔ ↔•↔ ⇒⊄∉ ∂±≈∂±÷ ∂← ≠♠±…↔∂°±≥≥ƒ

∂″↓°↑↔±↔ ≠°↑ °↔• ⊄∅ ±≈ ∏⇒ ∏⋅←⌠ ♦•≡↑≡← ↔•≡ ↑≡÷♠≥∫

↔°↑ƒ ↓•°←↓•°↑ƒ≥↔∂°± ↓↓≡↑← ↔° ≡  ♠±∂→♠≡ ↓↑°↓≡↑↔ƒ °≠ ∏⇒〉

∧∂±≥≥ƒ⌠ ↔•≡ …°∫…↑ƒ←↔≥ ←↔↑♠…↔♠↑≡ °≠ ⊄∅ ∏⋅ …°″↓≥≡♣≡≈ ♦∂↔• 

←″≥≥ ″°≥≡…♠≥≡ ∂±•∂∂↔°↑ ≈≡″°±←↔↑↔≡← ↔•↔ ∏⋅ ∂← ……≡←←∂≥≡ ↔°

⇒⊄∉∫…°″↓≡↔∂↔∂♥≡ …°″↓°♠±≈←⌠ ♦•∂…• °≠≠≡↑← ±°♥≡≥ ↓↓↑°…•≡←

≠°↑ ↔↑÷≡↔∂±÷ …ƒ↔°×∂±≡ ←∂÷±≥∂±÷ ← ♦≡≥≥ ← ↓°↔≡±↔∂≥ ↔•≡↑↓≡♠↔∂…

↓↓≥∂…↔∂°±←〉

⊄∅ ≡≥°±÷← ↔° ↔•≡ ∏±♠← ≠″∂≥ƒ °≠ …ƒ↔°↓≥←″∂… ↔ƒ↑°←∂±≡
×∂±←≡← ∏⇒�⌠ ⊄∅ ±≈ ≠♠±…↔∂°±← ←  …↑∂↔∂…≥ ″≡≈∂↔°↑ ∂±
←∂÷±≥∂±÷ ≠°↑ ←≡♥≡↑≥ ∂″″♠±°″°≈♠≥↔°↑ƒ …ƒ↔°×∂±≡← ↔•↔ ↑≡÷♠∫
≥↔≡ ≈∂♥≡↑←≡ …≡≥≥♠≥↑ ↑≡←↓°±←≡← ←♠…• ← ♥∂↑≥ ≈≡≠≡±←≡ ↔ƒ↓≡ √ ±≈
↔ƒ↓≡ √√√ ∂±↔≡↑≠≡↑°±←⌠ ∂″″♠±∂↔ƒ ±≈ ∂±≠≥″″↔∂°± √∫⌠ √∫⌠
√∫⌠ √∫⌠ ±≈ √∫⌠ ±≈ ±↔∂∫∂±≠≥″″↔°↑ƒ ↑≡←↓°±←≡← √∫
 �〉 ⊄∅ ←←°…∂↔≡← ♦∂↔• ↔•≡ …ƒ↔°↓≥←″∂… ≈°″∂±← °≠
…ƒ↔°×∂±≡ ↑≡…≡↓↔°↑←⌠ ±≈ ≥∂÷±≈∫∂±≈♠…≡≈ ↑≡…≡↓↔°↑ ↑≡↑↑±÷≡∫
″≡±↔ ≠…∂≥∂↔↔≡← ⊄∅ ↔↑±←∫∂±↔≡↑…↔∂°± ♦∂↔• ≡∂↔•≡↑ ∏⇒ °↑
∏⇒ ±≈ ↓•°←↓•°↑ƒ≥↔∂°± °≠ …↔∂♥↔∂°± ≥°°↓ ↔ƒ↑°←∂±≡ ↑≡←∂≈♠≡←
ñ ∂± ∏⋅ ↔ƒ↑°←∂±≡ ×∂±←≡ ≈°″∂±⌠ ≥≡≈∂±÷ ↔° ∂↔← …↔∂∫
♥↔∂°± ±≈ ↓↑°÷↑≡←←∂°± °≠ ←∂÷±≥ ↔↑±←≈♠…↔∂°± � 〉 ⊄∅
≈≡≠∂…∂≡±…∂≡← ↑≡ ←←°…∂↔≡≈ ♦∂↔• ←♠←…≡↓↔∂∂≥∂↔ƒ ↔° ♥∂↑≥ ±≈ …∫
↔≡↑∂≥ ∂±≠≡…↔∂°±←⌠ ±≈ ←≡♥≡↑≥ ⊄∅ ↓°≥ƒ″°↑↓•∂←″← ←•°♦ ←↔↑°±÷
≥∂±×÷≡ ↔° ♠↔°∂″″♠±≡ ≈∂←≡←≡← ←♠…• ← ″♠≥↔∂↓≥≡ ←…≥≡↑°←∂←⌠ ←ƒ←∫
↔≡″∂… ≥♠↓♠← ≡↑ƒ↔•≡″↔°←♠←⌠ ⇐↑°•± ≈∂←≡←≡⌠ ↓↑∂″↑ƒ ∂≥∂↑ƒ …∂↑∫
↑•°←∂←⌠ ±≈ ↔ƒ↓≡ √ ≈∂≡↔≡← 〉 ⊄∅ ↓°≥ƒ″°↑↓•∂←″ •← ≥←°
≡≡± ≥∂±×≡≈ ↔° …♠↔≡ ″ƒ≡≥°∂≈ ≥≡♠×≡″∂⌠ ±≈ ⊄ …≡≥≥ …♠↔≡ ≥ƒ″∫
↓•°≥←↔∂… ≥≡♠×≡″∂← •♥≡ ≡≡± ←•°♦± ↔° ≡ ⊄∅∫≈≡↓≡±≈≡±↔
≠°↑ ←♠↑♥∂♥≥ ⌠ 〉 ⊄∅ ↔•♠← ←•°♦← …•↑…↔≡↑∂←↔∂…← °≠  ←♠∂↔≥≡
≈↑♠÷ ↔↑÷≡↔⌠ ♠↔ ↔•♠← ≠↑ ≈≡♥≡≥°↓″≡±↔ °≠ ⊄∅ ←↓≡…∂≠∂… ∂±•∂∂∫
↔°↑← •← ±°↔ ≡≡± ←♠……≡←←≠♠≥〉

⊄•≡ ↔±≈≡″ ×∂±←≡ ≈°″∂±← ↑≡ ↔•≡ •≥≥″↑× °≠ ∏⇒← 〉
∏⋅ ∂←  …±°±∂…≥ ↓↑°↔≡∂± ↔ƒ↑°←∂±≡ ×∂±←≡ ≈°″∂±⌠ ♦•≡↑≡← ∏⋅
∂← …≥←←∂≠∂≡≈ ←  ↓←≡♠≈°×∂±←≡ ≈°″∂±〉 ⊄•≡ •♠″± ÷≡±°″≡
≡±…°≈≡← ″°↑≡ ↔•±  ↓↑°↔≡∂± ×∂±←≡←⌠ ±≈ ≥″°←↔  °≠
↔•≡″ ↑≡ ↓↑≡≈∂…↔≡≈ ↔° ≡ ≡±∞ƒ″↔∂…≥≥ƒ ∂±…↔∂♥≡ ±≈ …≥←←∂≠∂≡≈ ←
↓←≡♠≈°×∂±←≡← ≈♠≡ ↔° ≥↔≡↑↔∂°±← ∂± °±≡ °↑ ←≡♥≡↑≥ °≠ ↔•≡ ″°↔∂≠←
…°±←∂≈≡↑≡≈ ↔° ≡ ≡←←≡±↔∂≥ ≠°↑ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ °↑ …↔≥ƒ←∂←
⌠ 〉 ⊄•≡ ↑≡…≡±↔ ♥∂≥∂≥∂↔ƒ °≠ ↓←≡♠≈°×∂±←≡ …↑ƒ←↔≥ ←↔↑♠…∫

⌡ ⊄•≡ ♠↔•°↑← ≈≡…≥↑≡ ↔•↔ ↔•≡ƒ •♥≡ ±° …°±≠≥∂…↔← °≠ ∂±↔≡↑≡←↔ ♦∂↔• ↔•≡ …°±↔≡±↔←
°≠ ↔•∂← ↑↔∂…≥≡〉

⊄•≡ ↔°″∂… …°°↑≈∂±↔≡← ±≈ ←↔↑♠…↔♠↑≡ ≠…↔°↑← …°≈≡← ⇐ ±≈ ⇐ •♥≡ ≡≡±
≈≡↓°←∂↔≡≈ ∂± ↔•≡ ∉↑°↔≡∂± ⇔↔ ⇑±× •↔↔↓∑ññ♦♦↓≈〉°↑÷ñ〉

 ⊄° ♦•°″ …°↑↑≡←↓°±≈≡±…≡ ″ƒ ≡ ≈≈↑≡←←≡≈〉 ⊄≡≥〉∑ ∫∫∫ ∨∫″∂≥∑
°≥≥∂〉←∂≥♥≡±±°∂±≡±⇓♠↔〉≠∂〉

 ⊄° ♦•°″ …°↑↑≡←↓°±≈≡±…≡ ″ƒ ≡ ≈≈↑≡←←≡≈∑ ⊄≡≥〉∑ ∫∫ ∨∫″∂≥∑
∞♦±÷⇓″÷≡±〉…°″〉

…↑°←←″↑×

⊄⋅∨ ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ ⊃∠〉 ⌠ ∇∠〉 ⌠ ↓↓〉 Ο⌠ ∇°♥≡″≡↑ ⌠ 
ϖ  ƒ ⊄•≡ ⇒″≡↑∂…± ⊂°…∂≡↔ƒ ≠°↑ ⇑∂°…•≡″∂←↔↑ƒ ±≈ °≥≡…♠≥↑ ⇑∂°≥°÷ƒ⌠ √±…〉 ∉♠≥∂←•≡≈ ∂± ↔•≡ ⊇〉⊂〉⇒〉

∇∠⊃∨⇑∨⊆ ⌠  ζ ⊃∠⊇∨  ζ∇⊇⇑∨⊆  ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ 
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↔♠↑≡← •← ←∂÷±∂≠∂…±↔≥ƒ ≈♥±…≡≈ °♠↑ ♠±≈≡↑←↔±≈∂±÷ °≠ ↔•≡ ≠♠±…∫
↔∂°±← ±≈ ←↔↑♠…↔♠↑≡∫≠♠±…↔∂°± ↑≡≥↔∂°±←•∂↓ °≠ ↔•≡←≡ ↓↑°↔≡∂±← �
〉 √±↔≡↑≡←↔∂±÷≥ƒ⌠ ≥″°←↔ •≥≠ °≠ ↓←≡♠≈°×∂±←≡← •♥≡ ≡≡± ≠°♠±≈
↔° ∂±≈ ±♠…≥≡°↔∂≈≡←⌠ ≥↔•°♠÷• °±≥ƒ  ≠≡♦ ≈∂←↓≥ƒ …↔≥ƒ↔∂… …↔∂♥∫
∂↔ƒ⌠ ≥≡♥∂±÷ ↔•≡ ≠♠±…↔∂°±≥ ↑°≥≡ °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ±≈ ∂↔←
≈≡↔≡↑″∂±±↔← ≥↑÷≡≥ƒ ≡≥♠←∂♥≡〉 ⊄•≡ ∏⋅← °≠ ∏⇒← ≥…× ←↓↑↔∂…
…∂≈ ∂± ↔•≡ ⋅⊆⇔ ⋅∂←∫⇒↑÷∫⇒←↓ ″°↔∂≠ °≠ ↔•≡ …↔≥ƒ↔∂… ≥°°↓ ±≈
•♥≡ ± ∂±…°″↓≥≡↔≡ ¬≥ƒ∫↑∂…• ≥°°↓〉 ⊆≡…≡±↔≥ƒ⌠ ∏⇒ ∏⋅ ±≈
⋅∨⊆⌠ ♦•∂…• ≥←° •←  ±°±∫…±°±∂…≥ ←♠←↔∂↔♠↔∂°± ↔ ↔•≡ ←↓↑∫
↔∂… …∂≈ ↓°←∂↔∂°± ∂± ↔•≡ ⋅⊆⇔ ″°↔∂≠⌠ ♦≡↑≡ ←•°♦± ↔° ∂±≈ ⇒⊄∉ ±≈
↑≡↔∂± ≥°♦ …↔≥ƒ↔∂… …↔∂♥∂↔ƒ⌠ ∂±≈∂…↔∂±÷ ↔•↔ ↔•≡ ≥…× °≠ ⇒←↓ …±
≡ ↔ ≥≡←↔ ↓↑↔≥ƒ …°″↓≡±←↔≡≈ ≠°↑ ⌠ 〉

∏⋅ •← ± ∂″↓°↑↔±↔ ↑≡÷♠≥↔°↑ƒ ↑°≥≡ ∂± ∏⇒ ×∂±←≡←⌠ ±≈
″♠↔↔∂°±← ∂± ∏⋅ °≠ ∏⇒← •♥≡ ≡≡± ←•°♦± ↔° …♠←≡⌠ °↑ ≡
≥∂±×≡≈ ↔°⌠ •≡″↔°≥°÷∂…≥ ±≈ ∂″″♠±°≥°÷∂…≥ ≈∂←≡←≡←〉 ⇑∂°∫
…•≡″∂…≥ ≈↔ ←♠↓↓°↑↔≡≈ ƒ …≥∂±∂…≥ ≡♥∂≈≡±…≡ ←♠÷÷≡←↔ ↔•↔ ∏⋅
↓°←←≡←←≡← °↔• ±≡÷↔∂♥≡ ← ♦≡≥≥ ← ↓°←∂↔∂♥≡ ↑≡÷♠≥↔°↑ƒ ≠♠±…↔∂°±
⌠ 〉 ⇔≡≥≡↔∂°± °≠ ∏⋅ …♠←≡← ∂±…↑≡←≡≈ ←≥ …↔∂♥∂↔ƒ ∂± ∏⇒
±≈ ∏⇒ ♦•∂≥≡ ↑°÷↔∂±÷ …ƒ↔°×∂±≡∫∂±≈♠…≡≈ ←∂÷±≥∂±÷ 〉
⇐≥∂±∂…≥ ∏⇒ ″♠↔↔∂°±← ↑≡ ↓↑≡←≡±↔≥ƒ ↔•≡ ≡←↔ ←↔♠≈∂≡≈ ≡♣″↓≥≡
°≠ ↔•≡ ±≡÷↔∂♥≡ ↑≡÷♠≥↔°↑ƒ ≠♠±…↔∂°± °≠ ∏⋅〉 ⊄•≡ ″°←↔ ≠↑≡→♠≡±↔
←°″↔∂… ″♠↔↔∂°±⌠ ⊃∧⌠ ↑≡←♠≥↔← ∂± …°±←↔∂↔♠↔∂♥≡≥ƒ …↔∂♥≡ ∏⇒
±≈ ∂← ↑≡←↓°±←∂≥≡ ≠°↑  °≠ ↓°≥ƒ…ƒ↔•≡″∂ ♥≡↑ …←≡← ±≈

 °≠ ≡←←≡±↔∂≥ ↔•↑°″°…ƒ↔•≡″∂ ±≈ ↓↑∂″↑ƒ ″ƒ≡≥°≠∂↑°←∂←
…←≡← �〉 ⊄•≡ •°″°≥°÷°♠← ″♠↔↔∂°±← ⊃∧ ∂± ⊄∅ ±≈
⊃∧ ∂± ∏⇒ ∏⋅ ≥←° ↑≡←♠≥↔ ∂±  ÷∂±∫°≠∫≠♠±…↔∂°± ↓•≡±°↔ƒ↓≡⌠
←♠÷÷≡←↔∂±÷ ↔•↔ ∏⋅ ↓≥ƒ←  ←∂″∂≥↑ ↑≡÷♠≥↔°↑ƒ ≠♠±…↔∂°± ∂± ↔•≡←≡
∏⇒ ×∂±←≡← 〉 ⊄•≡ ∏⇒ ∏⋅ ″♠↔↔∂°±← ↑≡←♠≥↔∂±÷ ∂± ≈≡≠≡…∫
↔∂♥≡ … ↑≡…≡↓↔°↑ ←∂÷±≥∂±÷ ±≈ …♠←∂±÷ ←≡♥≡↑≡ …°″∂±≡≈ ∂″″♠∫
±°≈≡≠∂…∂≡±…ƒ ←≡↑♥≡ ←  …≥∂±∂…≥ ≡♣″↓≥≡ °≠ ↔•≡ ↓°↔≡±↔∂≥ ↓°←∂↔∂♥≡
↑≡÷♠≥↔°↑ƒ ≠♠±…↔∂°± °≠ ∏⋅ 〉 ⊆±≈°″ ″♠↔÷≡±≡←∂← ↓∫
↓↑°…•≡← ∂≈≡±↔∂≠∂≡≈ ″♠↔↔∂°±← ∂± ⊄∅ ∏⋅ ↔•↔ ↑°÷↔≡ ↔•≡
∂±↔↑∂±←∂… …↔≥ƒ↔∂… …↔∂♥∂↔ƒ ±≈ ≠°↑″↔∂°± °≠ ↔•≡ •∂÷•∫≠≠∂±∂↔ƒ
√∧∇ ↔ƒ↓≡ √ ↑≡…≡↓↔°↑ 〉 ⇒ ←∂″∂≥↑ ↓•≡±°↔ƒ↓≡ ∂← ≥←° °←≡↑♥≡≈ ∂±
↔•≡ ♠↔°∂″″♠±≡ ≈∂←≡←≡∫≥∂±×≡≈ √⊂ ♥↑∂±↔ °≠ ⊄∅ 〉

⊆≡…≡±↔ ∂°…•≡″∂…≥ ±≈ ←↔↑♠…↔♠↑≥ ≈↔ ←♠÷÷≡←↔← ↔•↔ ↔•≡
↓←≡♠≈°×∂±←≡ ≈°″∂± °≠ ∏⇒ •← ≥°♦ ≥≡♥≡≥← °≠ …↔≥ƒ↔∂… …↔∂♥∂↔ƒ
±≈ ±≡÷↔∂♥≡≥ƒ ↑≡÷♠≥↔≡← ↔•≡ …↔∂♥∂↔ƒ °≠ ↔•≡ ×∂±←≡ ≈°″∂± ⌠
〉 ⇐↑ƒ←↔≥ ←↔↑♠…↔♠↑≡← °≠ ∂±•∂∂↔°↑∫°♠±≈ ⊄∅ ∏⋅ •♥≡
↑≡…≡±↔≥ƒ ≡≡± ←°≥♥≡≈⌠ ♠↔ ∂↔← ∂°…•≡″∂…≥ ±≈ ±♠…≥≡°↔∂≈≡ ∂±≈∫
∂±÷ …•↑…↔≡↑∂←↔∂…← ↑≡ ←↔∂≥≥ ≡≥♠←∂♥≡〉 ⊂≡♥≡↑≥ ″≡″≡↑← °≠ ↔•≡
↓←≡♠≈°×∂±←≡ ≠″∂≥ƒ⌠ ∂±…≥♠≈∂±÷ ⊄∅⌠ ↑≡ ≥∂±×≡≈ ↔° •♠″± ≈∂←∫
≡←≡←⌠ ♦•∂…• •← ↑∂←≡≈ ∂±↔≡↑≡←↔ ↔°♦↑≈ ↔•≡∂↑ ↔•≡↑↓≡♠↔∂… ↔↑÷≡↔∫
∂±÷〉 ∨≥♠…∂≈↔∂°± °≠ ↔•≡ ≈≡↔≡↑″∂±±↔← °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ±≈
…↔≥ƒ↔∂… …↔∂♥∂↔ƒ ∂± ↓←≡♠≈°×∂±←≡← ∂← °≠ ←∂÷±∂≠∂…±↔ ↑≡≥≡♥±…≡ ∂±
↔•∂← …°±↔≡♣↔ ← ⇒⊄∉ …°″↓≡↔∂↔∂♥≡ …°″↓°♠±≈← ↑≡ °±≡ °≠ ↔•≡
″°←↔ ↑↓∂≈≥ƒ ÷↑°♦∂±÷ …≥←← °≠ ≈↑♠÷←〉 ⋅≡↑≡ ♦≡ •♥≡ ∂±♥≡←↔∂÷↔≡≈
↔•≡ ←↔↑♠…↔♠↑≡ ±≈ ≠♠±…↔∂°± °≠ ↔•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± °≠
⊄∅⌠ ♦∂↔•  ≠°…♠← °± ↔•≡ ↑°≥≡ °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ±≈ ≈≡↔≡↑∫
″∂±±↔← °≠ …↔≥ƒ↔∂… …↔∂♥∂↔ƒ〉

∨♣↓≡↑∂″≡±↔≥ ∉↑°…≡≈♠↑≡←

∉↑°↔≡∂± ∉♠↑∂≠∂…↔∂°± ±≈ ⇐↑ƒ←↔≥≥∂∞↔∂°±�⊄∅ ∏⋅  �
 ♦← ←♠…≥°±≡≈ ∂±↔°  ↓∧←↔⇑… ⋅⊄ ♥≡…↔°↑ √±♥∂↔↑°÷≡±
♦∂↔•  ⋅∂← ↔÷ ↔ ↔•≡ ∇ ↔≡↑″∂±♠← ±≈  ↔°……° ≡↔…• ♥∂↑♠←
↓↑°↔≡←≡ …≥≡♥÷≡ ←∂↔≡ ≡↔♦≡≡± ↔•≡ ⋅∂← ↔÷ ±≈ ⊄∅〉 ⊄∅
↓↑°↔≡∂± ♦← ≡♣↓↑≡←←≡≈ ∂± …♠≥°♥∂↑♠← ⋅∂÷• ∧∂♥≡ …≡≥≥← √±♥∂↔↑°∫
÷≡± ÷↑°♦± ↔  ο⇐ ≠°↑  • ∂± ∨⊂∧ ∂±←≡…↔ …≡≥≥ ″≡≈∂

∨♣↓↑≡←←∂°± ⊂ƒ←↔≡″←〉 ⇐≡≥≥← ♦≡↑≡ ↓↑°…≡←←≡≈ ♦∂↔•  ∂…↑°≠≥♠∂≈∫
∂∞≡↑⌠ ±≈ ↔•≡ ←♠↓≡↑±↔±↔ ♦← ≥°≈≡≈ °± ± ≠≠∂±∂↔ƒ …°≥♠″± …°±∫
↔∂±∂±÷ ⊄≥°± √⇒⇐ ≡≈← ⇐≥°±↔≡…• ±≈ ≡≥♠↔≡≈ ♦∂↔•  ÷↑≈∂∫
≡±↔ °≠ � ″ ∂″∂≈∞°≥≡〉 ⊄•≡ ↓↑°↔≡∂± ♦← …≥≡♥≡≈ ♦∂↔•
↑≡…°″∂±±↔ ↔°……° ≡↔…• ♥∂↑♠← ↔  ο⇐ °♥≡↑±∂÷•↔〉 ⊄•≡ ≈∂÷≡←↔≡≈
↓↑°↔≡∂± ♦← ≈≡←≥↔≡≈ ∂±↔° °±°∈ ♠≠≠≡↑  ″ ⊄↑∂←⌠ ↓⋅ 〉⌠ 
″ ∇⇐≥⌠  ″ ∨⇔⊄⇒⌠  ″ ⇔⊄⊄⌠ ±≈  ÷≥ƒ…≡↑°≥〉 ⊄•≡
↓↑°↔≡∂± ♦← ≠♠↑↔•≡↑ ↓♠↑∂≠∂≡≈ ♠←∂±÷ ±∂°±∫≡♣…•±÷≡ °±°∈
±≈ ←∂∞≡ ≡♣…≥♠←∂°± ⊂♠↓≡↑≈≡♣  …•↑°″↔°÷↑↓•ƒ〉 ⊄•≡ ↓♠↑∂∫
≠∂≡≈ ↓↑°↔≡∂± ♦← •∂÷•≥ƒ •°″°÷≡±≡°♠← ±≈ ♦← …°±…≡±↔↑↔≡≈ ↔°
 ″÷ñ″≥ ∂± ↔•≡ …↑ƒ←↔≥≥∂∞↔∂°± ♠≠≠≡↑  ″ ⋅≡↓≡←⌠ ↓⋅ 〉⌠ 
″ ∇⇐≥⌠  ″ ⇔⊄⊄⌠  ″ ↔↑∂←∫…↑°♣ƒ≡↔•ƒ≥↓•°←↓•∂±≡⌠
 ÷≥ƒ…≡↑°≥ ≡≠°↑≡ …↑ƒ←↔≥≥∂∞↔∂°±〉 ⊄∅ ∏⋅ ♦← ∂±…♠↔≡≈
♦∂↔•  ″ ⇒⊄∉∫ ⊂ ±≈  ″ ÷⇐≥⌠ °↑ ♦∂↔• 〉 ″ …°″∫
↓°♠±≈⌠ ≠°↑  • °± ∂…≡ ≡≠°↑≡ ←≡↔↔∂±÷ ♠↓ ↔•≡ …↑ƒ←↔≥≥∂∞↔∂°± ↔↑ƒ〉
⊄•≡ ↓↑°↔≡∂± ♦← …↑ƒ←↔≥≥∂∞≡≈ ƒ ″∂♣∂±÷ ♦∂↔• � ∉∨¬ ⌠
〉  ⊄↑∂←⌠ ↓⋅ 〉⌠ ±≈  ″ ⇐⇐≥ ∂±  ∑ ↑↔∂°〉 ↑÷≡ ←∂±÷≥≡
…↑ƒ←↔≥← ♦≡↑≡ °↔∂±≡≈ ↔•↑°♠÷• ″∂…↑°←≡≡≈∂±÷〉 ∧°↑ ≈↔ …°≥≥≡…∫
↔∂°±⌠  ←∂±÷≥≡ …↑ƒ←↔≥ ♦← ↔↑±←≠≡↑↑≡≈ ↔°  …↑ƒ°↓↑°↔≡…↔∂°± ←°≥♠∫
↔∂°± …°±↔∂±∂±÷  ∉∨¬⌠ 〉  ⊄↑∂←⌠ ↓⋅ 〉⌠  ″

⇐⇐≥⌠ ±≈  ≡↔•ƒ≥≡±≡ ÷≥ƒ…°≥⌠ ±≈ ↔•≡± ≠↑°∞≡± ∂± ≥∂→♠∂≈
±∂↔↑°÷≡±〉

⇔↔ ⇐°≥≥≡…↔∂°± ±≈ ⊂↔↑♠…↔♠↑≡ ⊂°≥♠↔∂°±�∩∫↑ƒ ≈∂≠≠↑…↔∂°±
≈↔ ←≡↔← ♦≡↑≡ …°≥≥≡…↔≡≈ ↔ ←ƒ±…•↑°↔↑°± ≡″≥∂±≡ 〉〉 ↔ ↔•≡
⇒≈♥±…≡≈ ∂÷•↔ ⊂°♠↑…≡ ⇒⊂ ⇑≡↑×≡≥≡ƒ⌠ ⇐⇒⌠ ↓↑°…≡←←≡≈ ♠←∂±÷
∠⊂∧ ⌠ ±≈ ←…≥≡≈ ♠←∂±÷ ⊂⇐⇒⇒ ∂± ⇐⇐∉ ↓…×÷≡〉 ⊄•≡
←↔↑♠…↔♠↑≡ ♦← ←°≥♥≡≈ ƒ ″°≥≡…♠≥↑ ↑≡↓≥…≡″≡±↔ ″≡↔•°≈ ♠←∂±÷
↔•≡ ↓↑°÷↑″ ∉⋅⇒⊂∨⊆ 〉 ⊄•≡ ↑≡←♠≥↔∂±÷ ≈≡±←∂↔ƒ ″↓ ∂← °≠ •∂÷•
→♠≥∂↔ƒ⌠ ±≈ ↔•≡ ″°≈≡≥ ↔↑…∂±÷ ♦← …↑↑∂≡≈ °♠↔ ∂± ⇐∠∠⊄ 
♦∂↔• ↔•≡ ∂≈ °≠ ⇒⊆∉ñ♦⇒⊆∉ ♠↔° ↔↑…∂±÷〉 ⊂↔↑♠…↔♠↑≡ ↑≡≠∂±≡″≡±↔
♦← ≈°±≡ ♦∂↔• ⊆∨∧⇒⇐  ∂± ↔•≡ ⇐⇐∉ ↓…×÷≡ 〉

⇑∂…°↑≡ ⇒±≥ƒ←∂←�⇑∂±≈∂±÷ ≠≠∂±∂↔∂≡← ♦≡↑≡ …≥…♠≥↔≡≈ ƒ ⊂∉⊆
°±  ⇑∂…°↑≡ ⊄∫ ¬∨ ⋅≡≥↔•…↑≡〉 ⇑∂°↔∂±ƒ≥↔≡≈ ⊄∅ ∏⋅
♦← …°♠↓≥≡≈ ↔° ∂″″°∂≥∂∞≡≈ ←↔↑≡↓↔♥∂≈∂± °±  ⇐ ←≡±←°↑ …•∂↓
¬∨ ⋅≡≥↔•…↑≡〉 ∧°↑ ×∂±≡↔∂… ≡♣↓≡↑∂″≡±↔←⌠  ≠≥°♦ ↑↔≡ °≠ 

≥ñ″∂± ♦← ♠←≡≈〉 ⊄•≡ ↑♠±±∂±÷ ♠≠≠≡↑ …°±↔∂±←  ″ ∇⇐≥⌠ 
″ ÷⇐≥⌠  ″ ⇐⇐≥⌠ 〉 ⊄♦≡≡± ⌠  ″ ⇔⊄⊄⌠ ±≈  ″

↔↑∂←∫…↑°♣ƒ≡↔•ƒ≥↓•°←↓•∂±≡〉 ⊄•≡ …°±…≡±↔↑↔∂°± °≠ ⇒⊄∉ ♦←
…•±÷≡≈ ≠↑°″   ↔°  ±〉 ⇔↔ ♦≡↑≡ ±≥ƒ∞≡≈ ♦∂↔•
↔•≡ ⇑∂…°↑≡ ⊄∫ ≡♥≥♠↔∂°± ←°≠↔♦↑≡⌠ ♥≡↑←∂°± 〉 ¬∨
⋅≡≥↔•…↑≡〉

⇔∂≠≠≡↑≡±↔∂≥ ⊂…±±∂±÷ ∧≥♠°↑°″≡↔↑ƒ ⇒±≥ƒ←∂←� ≥ °≠ 〉
″÷ñ″≥ ⊄∅ ∏⋅ ≈°″∂± �  ♦← ∂±…♠↔≡≈ ♦∂↔•  ″

⇒⊄∉ ±≈  ″ ÷⇐≥〉  ≥ °≠  ⊂∅∉⊆∠ ∠↑±÷≡ ≈ƒ≡ ♦←
≈≈≡≈ ↔° ↔•≡ ″∂♣↔♠↑≡〉 ⊄•≡ ≠≥♠°↑≡←…≡±…≡ ♦← ″≡←♠↑≡≈ °± 
⇑∂°∫⊆≈ ⇐∧∩∫ ↑≡≥ ↔∂″≡ ∉⇐⊆ ″…•∂±≡⌠ ±≈ ↔•≡ ↔≡″↓≡↑↔♠↑≡
♦← ∂±…↑≡←≡≈ ≠↑°″  ↔°  ο⇐ ♦∂↔•  ↑″↓∂±÷ ←↓≡≡≈ °≠
 ο⇐ñ″∂±〉

⊂⇒∩⊂ ⇒±≥ƒ←∂←�⊂″≥≥∫±÷≥≡ ♣∫↑ƒ ←…↔↔≡↑∂±÷ ⊂⇒∩⊂ ≈↔
♦≡↑≡ …°≥≥≡…↔≡≈ ↔ ←ƒ±…•↑°↔↑°± ≡″≥∂±≡ 〉〉 ↔ ↔•≡ ⇒≈♥±…≡≈
∂÷•↔ ⊂°♠↑…≡ ⇒⊂ ⇑≡↑×≡≥≡ƒ⌠ ⇐⇒〉 ⊄•≡ ♦♥≡≥≡±÷↔• 〉 Ζ
±≈ ←″↓≥≡∫↔°∫≈≡↔≡…↔°↑ ≈∂←↔±…≡ ♦≡↑≡ ←≡↔ ↔° 〉 ″⌠ ↑≡←♠≥↔∂±÷ ∂±
←…↔↔≡↑∂±÷ ♥≡…↔°↑←⌠ →⌠ ↑±÷∂±÷ ≠↑°″ 〉 ↔° 〉 Ζ 〉 ⊄•≡ ←…↔∫
↔≡↑∂±÷ ♥≡…↔°↑ ∂← ≈≡≠∂±≡≈ ← →  ←∂± ñ ⌠ ♦•≡↑≡  ∂← ↔•≡ ←…↔∫

 ⊄•≡ ↑≡♥∂↔∂°±← ♠←≡≈ ↑≡∑ ⇒⊄∉∫ ⊂⌠ ≈≡±°←∂±≡  ∫∠∫↔•∂°↔↑∂↓•°←↓•↔≡
±↔∫⇒⊄∉⌠  ∫ ∫∠∫∇∫″≡↔•ƒ≥±↔•↑±∂≥°ƒ≥∫≈≡±°←∂±≡∫ ∫↔↑∂↓•°←↓•↔≡
⊂⇒∩⊂⌠ ←″≥≥∫±÷≥≡ ♣∫↑ƒ ←…↔↔≡↑∂±÷〉

⇒⊄∉ ⊂↔∂≥∂∞≡← ∏⋅ ±≈ °≈♠≥↔≡← ⊄∅ ⇒…↔∂♥∂↔ƒ

 ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ ⊃∠⊇∨  ζ∇⊇⇑∨⊆  ζ ∇∠⊃∨⇑∨⊆ ⌠ 
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↔≡↑∂±÷ ±÷≥≡〉 ⇒≥≥ ≡♣↓≡↑∂″≡±↔← ♦≡↑≡ ↓≡↑≠°↑″≡≈ ↔  ο⇐⌠ ±≈ ≈↔
♦≡↑≡ ↓↑°…≡←←≡≈ ← ≈≡←…↑∂≡≈ 〉 ⊄•≡ ≡♣↓≡↑∂″≡±↔≥ ⊂⇒∩⊂ ≈↔
≠°↑ ≈∂≠≠≡↑≡±↔ ↓↑°↔≡∂± …°±…≡±↔↑↔∂°±← ♦≡↑≡ ∂±♥≡←↔∂÷↔≡≈ ≠°↑
÷÷↑≡÷↔∂°± ♠←∂±÷ ¬♠∂±∂≡↑ ↓≥°↔← 〉 ⊄•≡ ↑≈∂♠← °≠ ÷ƒ↑↔∂°± ⊆÷

♦← ≈≡↑∂♥≡≈ ƒ ↔•≡ ¬♠∂±∂≡↑ ↓↓↑°♣∂″↔∂°± √→ √ ≡♣↓
 →⊆÷

ñ ♦∂↔• ↔•≡ ≥∂″∂↔← →⊆÷ 〉〉 ⊄•≡ ↓↑°÷↑″ ⊂⇐⇒⊄⊄∨⊆
♦← ♠←≡≈ ↔° …°″↓♠↔≡ ↔•≡ ↓∂↑∫≈∂←↔±…≡ ≈∂←↔↑∂♠↔∂°± ≠♠±…↔∂°±←⌠
∉↑ 〉

⇒⇔∉ ∉↑°≈♠…↔∂°± ⇒←←ƒ�⇒⇔∉ ↓↑°≈♠…↔∂°± ≠°≥≥°♦∂±÷ ⇒⊄∉ •ƒ∫
≈↑°≥ƒ←∂← ♦← ″≡←♠↑≡≈ ♠←∂±÷ ↔•≡ ⇒⇔∉∫¬≥° ×∂±←≡ ←←ƒ ∉↑°∫
″≡÷⌠ ≈∂←°±⌠ ∪√〉 ⇒…↔∂♥∂↔ƒ ″≡←♠↑≡″≡±↔← ♦≡↑≡ ≈°±≡ ≠°≥≥°♦∫
∂±÷ ↔•≡ ″±♠≠…↔♠↑≡↑�← ∂±←↔↑♠…↔∂°±←〉 ⇑↑∂≡≠≥ƒ⌠ ⇒⇔∉ ↓↑°≈♠…↔∂°±
♦← ″≡←♠↑≡≈ ∂± ∫ ≥ ↑≡…↔∂°± ♥°≥♠″≡← ∂±  ″ ⊄↑∂←∫⇐≥ ↓⋅
〉⌠  ″ ±⇐≥⌠ ±≈   ⇒⊄∉〉 ⊆≡…↔∂°±← ♦≡↑≡ ←↔↑↔≡≈ ƒ
≈≈∂±÷  °↑  ±÷ °≠ ↑≡…°″∂±±↔ ⊄∅ ∏⋅ °↑ ∏⇒ ∏⋅⌠
↑≡←↓≡…↔∂♥≡≥ƒ⌠ ±≈ ←↔°↓↓≡≈ ≠↔≡↑ ⌠ ⌠ ⌠ °↑  ″∂± ƒ ≈≈∂±÷ ↔•≡
⇒⇔∉∫¬≥° ↑≡÷≡±↔〉 ⇒≠↔≡↑ ↔•≡ ≈≈∂↔∂°± °≠ ↔•≡ ×∂±←≡ ≈≡↔≡…↔∂°±
↑≡÷≡±↔⌠ ↓↑°≈♠…≡≈ ≥♠″∂±≡←…≡±…≡ ♦← …°″↓↑≡≈ ♦∂↔• ↑≡←♠≥↔←
≠↑°″ ± ⇒⇔∉ñ⇒⊄∉ ←↔±≈↑≈ …♠↑♥≡〉 ≡←♠↑≡″≡±↔← ♦≡↑≡ ≈°±≡
∂± ↔↑∂↓≥∂…↔≡〉

±↔∫⇒⊄∉ ⇑∂±≈∂±÷ ⇒←←ƒ�±↔∫⇒⊄∉ ∏≡± ⇑∂°←…∂≡±…≡←
∂±≈∂±÷ ↔° ⊄∅ ∏⋅ ♦← ″≡←♠↑≡≈ ♠←∂±÷  ∈♠±↔←↔≡↑
←↓≡…↔↑°≠≥♠°↑°″≡↔≡↑ ∉•°↔°± ⊄≡…•±°≥°÷ƒ √±↔≡↑±↔∂°±≥ ƒ ±∫
≥ƒ∞∂±÷ ∧⊆∨⊄ ≡↔♦≡≡± ↔•≡ ↓↑°↔≡∂± ±≈ ±↔〉 ∨♣…∂↔↔∂°± ♦♥≡∫
≥≡±÷↔• ♦←  ±″⌠ ♦•∂≥≡ ≡″∂↔↔≡≈ ≠≥♠°↑≡←…≡±…≡ ♦← ←…±±≡≈
≠↑°″  ↔°  ±″〉 ∧°↑ ≈ ≈≡↔≡↑″∂±↔∂°±⌠ ∂±…↑≡←∂±÷ …°±…≡±∫
↔↑↔∂°±← °≠ …°±…≡±↔↑↔≡≈ ±↔∫⇒⊄∉ ←↔°…×← ♦≡↑≡ ≈≈≡≈ ↔° 
♠≠≠≡↑ ←°≥♠↔∂°± °≠  ″ ⊄↑∂←∫⋅⇐≥ ↓⋅ 〉⌠  ″ ∇⇐≥⌠ 
÷≥ƒ…≡↑°≥⌠  ″ ⇔⊄⊄⌠ ±≈   ↑≡…°″∂±±↔ ∏⋅ ↓↑°↔≡∂± ∂± ↔•≡
↓↑≡←≡±…≡ °≠  ″ ÷⇐≥〉 ⇑∂±≈∂±÷ ♦← °←≡↑♥≡≈ ← ≡″∂↔↔≡≈
≠≥♠°↑≡←…≡±…≡ ↔ �  ±″⌠ ±≈ ↔•≡ ″≡←♠↑≡≈ ≠≥♠°↑≡←…≡±…≡
♥≥♠≡← ♦≡↑≡ …°↑↑≡…↔≡≈ ≠°↑ ↔•≡ ↓↑∂″↑ƒ ∂±±≡↑ ≠∂≥↔≡↑ ≡≠≠≡…↔〉 ⊄•≡ ≈

♥≥♠≡ ♦← …≥…♠≥↔≡≈ ≠↑°″ →♠≈↑♠↓≥∂…↔≡ ″≡←♠↑≡″≡±↔← ♠←∂±÷
¬↑↓•∉≈ ∉↑∂←″ 〉 ≡←←≡±↔∂≥≥ƒ ← ≈≡←…↑∂≡≈ ∂± ⊆≡≠〉 〉

∉≥←″∂≈←⌠ ⊄↑±←≠≡…↔∂°±←⌠ ±≈ ∪≡←↔≡↑± ⇑≥°↔←�⋅♠″± ⊄∅
…⇔∇⇒ ⊄∅ ∪⊄ ♦← …≥°±≡≈ ∂±↔° ↔•≡ ↓⇐√∇≡° ♥≡…↔°↑ ∉↑°∫
″≡÷ ♦∂↔•  ⇐∫↔≡↑″∂±≥ ⋅⇒ ↔÷〉 ⊄∅ ⇒ ±≈ ⊆
″♠↔↔∂°±← ♦≡↑≡ ∂±↔↑°≈♠…≡≈ ♠←∂±÷ ∈♠∂×⇐•±÷≡ ←∂↔≡∫≈∂↑≡…↔≡≈
″♠↔÷≡±≡←∂← ⊂↔↑↔÷≡±≡ ±≈ ♥≡↑∂≠∂≡≈ ƒ ←≡→♠≡±…∂±÷〉 ⊄∅∫
≈≡≠∂…∂≡±↔ ⌠ …≡≥≥← ±≈ ⊂ …≡≥≥← ×∂±≈≥ƒ ↓↑°♥∂≈≡≈ ƒ ⊂〉 ∉≡≥∫
≥≡÷↑∂±∂ •♥≡ ≡≡± ≈≡←…↑∂≡≈ ↓↑≡♥∂°♠←≥ƒ ⌠ ⌠ ±≈ ↔•≡ƒ ♦≡↑≡
↔↑±←≠≡…↔≡≈ ← ↑≡↓°↑↔≡≈ ≡↑≥∂≡↑〉 ⇒≠↔≡↑  •⌠ …≡≥≥← ♦≡↑≡ ←↔↑♥≡≈
°♥≡↑±∂÷•↔ ±≈ ←↔∂″♠≥↔≡≈ ♦∂↔•  ♠±∂↔←ñ″≥ √∧∇∫ ∉≡↓↑°∫
⊄≡…• °↑  ♠±∂↔←ñ″≥ √∫ ∉≡↓↑°⊄≡…• ≠°≥≥°♦≡≈ ƒ ≥ƒ←∂← ∂± 
″ ⊄↑∂←∫⋅⇐≥⌠ ↓⋅ 〉⌠  ″ ∇⇐≥⌠  ″ ∇∧⌠  ÷≥ƒ…≡↑°≥⌠
 ∇°±∂≈≡↔ ∉∫⌠ ±≈ ↓↑°↔≡←≡ ∂±•∂∂↔°↑ …°…×↔∂≥ ⊆°…•≡
⇒↓↓≥∂≡≈ ⊂…∂≡±…≡〉 ⊄∅ ♦← ∂″″♠±°↓↑≡…∂↓∂↔↔≡≈ ♠←∂±÷ ±↔∂∫
⊄∅±↔∂°≈ƒ∂≥≥∂↓°↑≡⌠…↔≥°÷♠≡±♠″≡↑∫⌠±≈↓•°←∫
↓•°↑ƒ≥↔∂°± ♦← ±≥ƒ∞≡≈ ƒ ∪≡←↔≡↑± ≥°↔↔∂±÷ ♦∂↔• ±↔∂∫↓•°←∫
↓•°∫⊄ƒ↑ ¬⌠ ∂≥≥∂↓°↑≡⌠ …↔≥°÷♠≡ ±♠″≡↑ ∫〉
⊂⊄⇒⊄ ↓•°←↓•°↑ƒ≥↔∂°± ♦← ±≥ƒ∞≡≈ ♠←∂±÷ ±↔∂∫↓⊂⊄⇒⊄
±↔∂°≈ƒ ⇐≡≥≥ ⊂∂÷±≥∂±÷⌠ …↔≥°÷♠≡ ±♠″≡↑ 〉

⊆≡←♠≥↔←

⇒⊄∉ ⇑∂±≈∂±÷ ↔° ⊄∅ ∏⋅ ⇔°″∂±�⊄•≡ ∂±≈∂±÷ °≠ ⇒⊄∉ ↔°
⊄∅ ∏⋅ ♦← ←←≡←←≡≈ ♠←∂±÷ ″♠≥↔∂↓≥≡ ±≥ƒ↔∂… ″≡↔•°≈←〉 ∪≡
″≡←♠↑≡≈ ↔•≡ ∂±≈∂±÷ ×∂±≡↔∂…← °≠ ⇒⊄∉ ↔° ⊄∅ ∏⋅ ♠←∂±÷ ←♠↑∫
≠…≡ ↓≥←″°± ↑≡←°±±…≡ ⇑∂…°↑≡〉 ⊄•≡ ≡♣↓≡↑∂″≡±↔← ♠←≡≈
↑≡…°″∂±±↔ •♠″± ⊄∅ ∏⋅ � 〉 ⇒← ←•°♦± ∂± ∧∂÷〉
⇒⌠ ⇒⊄∉ ∂±≈← ↔° ⊄∅ ∏⋅ ♦∂↔•  ≠←↔∫°± ±≈ ≠←↔∫°≠≠ ↑↔≡ ±≈
 ″≡←♠↑≡≈ ≈ °≠  〉 ∪≡ ≥←° ♠←≡≈  ≠≥♠°↑≡←…≡±↔ ″≡↔•ƒ≥±∫
↔•↑±∂≥°ƒ≥ ⇒⊄∉ ±≥°÷ ±↔∫⇒⊄∉ ∂±  ←↓≡…↔↑°≠≥♠°↑°″≡↔↑∂…
←←ƒ  ↔° …°±≠∂↑″ ↔•≡ ∂±≈∂±÷ °≠ ⇒⊄∉ ↔° ⊄∅ ∏⋅〉 ⊄•≡
↑≡←♠≥↔← ←•°♦≡≈  ≈ °≠   ≠°↑ ±↔∫⇒⊄∉ ∧∂÷〉 ⇑⌠ ♦•∂…• ∂←

∧√¬⊇⊆∨ 〉 ⇒⊄∉ ∂±≈∂±÷ ↔° ⊄∅ ∏⋅〉 ⇒⌠ ←♠↑≠…≡ ↓≥←″°± ↑≡←°±±…≡ ←≡±←°↑÷↑″ °≠ ⇒⊄∉ ∂±≈∂±÷ ↔° ⊄∅ ∏⋅〉 ⇑⌠ ±↔∫⇒⊄∉ ↔∂↔↑↔∂°± …♠↑♥≡〉 ∉°∂±↔← ↑≡↓↑≡←≡±↔ ↔•≡
♥≡↑÷≡ ≠↑°″ ≠°♠↑ ∂±≈∂♥∂≈♠≥ ″≡←♠↑≡″≡±↔←〉 ∨↑↑°↑ ↑← ↑≡ ←↔±≈↑≈ ≈≡♥∂↔∂°±〉 ⇐⌠ ↔•≡↑″≥ ″≡≥↔∂±÷ …♠↑♥≡ °≠ ∏⋅ ∂± ↔•≡ ←≡±…≡ ≥♠≡ ±≈ ↓↑≡←≡±…≡ ↑≡≈ °≠ ⇒⊄∉〉
⇔⌠ ↔•≡ ↓∂↑∫≈∂←↔±…≡ ≈∂←↔↑∂♠↔∂°± ≠♠±…↔∂°± ≠↑°″ ⊂⇒∩⊂ °≠ ∏⋅ ∂± ↔•≡ ←≡±…≡ ≥♠≡ ±≈ ↓↑≡←≡±…≡ ÷↑≡≡± °≠ ⇒⊄∉〉

⇒⊄∉ ⊂↔∂≥∂∞≡← ∏⋅ ±≈ °≈♠≥↔≡← ⊄∅ ⇒…↔∂♥∂↔ƒ

∇∠⊃∨⇑∨⊆ ⌠  ζ ⊃∠⊇∨  ζ∇⊇⇑∨⊆  ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ 
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♦≡×≡↑ ↔•± ↔•≡ ±↔∫⇒⊄∉ ∂±≈∂±÷ ≠≠∂±∂↔ƒ ≠°↑ ∏⇒ ∏⋅ ≈

  〉
∇≡♣↔ ♦≡ ≡♣″∂±≡≈ ↔•≡ ≡≠≠≡…↔ °≠ ⇒⊄∉ ∂±≈∂±÷ ↔° ⊄∅ ∏⋅〉

∪≡ ♠←≡≈  ≈∂≠≠≡↑≡±↔∂≥ ←…±±∂±÷ ≠≥♠°↑≡←…≡±…≡ ←←ƒ ↔° ←↔♠≈ƒ ↔•≡
↔•≡↑″≥ ″≡≥↔∂±÷ °≠ ⊄∅ ∏⋅ ∂± ↔•≡ ↓↑≡←≡±…≡ ±≈ ←≡±…≡ °≠
⇒⊄∉〉 √± ↔•∂← ←←ƒ⌠ ↔•≡ ≠≥♠°↑≡←…≡±↔ ≈ƒ≡ ⊂∅∉⊆∠ ∠↑±÷≡ ∂±≈← ↔°
↔•≡ •ƒ≈↑°↓•°∂… ↑≡÷∂°±← ↔•↔ ↑≡ ≡♣↓°←≡≈ ♦•≡± ↓↑°↔≡∂±←
♠±≈≡↑÷° ↔•≡↑″≥ ♠±≠°≥≈∂±÷⌠ ≥≡≈∂±÷ ↔° ± ∂±…↑≡←≡ ∂± ≠≥♠°↑≡←∫
…≡±…≡ ∂±↔≡±←∂↔ƒ〉 ⇒← ←•°♦± ∂± ∧∂÷〉 ⇐⌠ ↔•≡ ↓° ⊄∅ ∏⋅ ←•°♦≡≈
 ⊄″ °≠  ο⇐〉 ⊇↓°± ⇒⊄∉ ∂±≈∂±÷⌠ ↔•≡ ″≡≥↔∂±÷ ↔≡″↓≡↑↔♠↑≡ °≠
∏⋅ ∂±…↑≡←≡≈ ƒ  ο⇐⌠ ←♠÷÷≡←↔∂±÷ ↔•↔ ⇒⊄∉ ∂±≈∂±÷ ←↔∂≥∂∞≡←
∏⋅〉 ⊄° ≠∂±≈ °♠↔ ♦•≡↔•≡↑ ⇒⊄∉ ∂±≈∂±÷ ↑≡←♠≥↔← ∂± …°±≠°↑″∫
↔∂°±≥ …•±÷≡←⌠ ♦≡ ↓≡↑≠°↑″≡≈ ⊂⇒∩⊂ ≡♣↓≡↑∂″≡±↔← °± °↔• ↓°
±≈ ⇒⊄∉∫°♠±≈ ∏⋅←〉 ⊄•≡ ←…↔↔≡↑∂±÷ ↓↑°≠∂≥≡← °≠ ∏⋅ ↑≡ ♥∂↑↔♠∫
≥≥ƒ ∂≈≡±↔∂…≥ ∂± ↔•≡ ↓↑≡←≡±…≡ ±≈ ←≡±…≡ °≠ ÷∫⇒⊄∉ ∧∂÷〉 ⇔
♦∂↔•  …≥…♠≥↔≡≈ ↑≈∂♠← °≠ ÷ƒ↑↔∂°± ⊆÷ °≠ 〉 ±″ ≠°↑ ↓° ±≈
〉 ±″ ∂± ↔•≡ ↓↑≡←≡±…≡ °≠ ÷∫⇒⊄∉〉 ⊄×≡± ↔°÷≡↔•≡↑⌠ ↔•≡←≡ ≈↔
←♠÷÷≡←↔ ↔•↔ ⇒⊄∉ ∂±≈∂±÷ ≈°≡← ±°↔ ∂±≈♠…≡ ″∝°↑ °♥≡↑≥≥ …°±∫
≠°↑″↔∂°±≥ …•±÷≡ ∂± ∏⋅⌠ ♠↔ ↑↔•≡↑ ←↔∂≥∂∞≡← ↔•≡ ≈°″∂±〉

∨±∞ƒ″↔∂… ⇒…↔∂♥∂↔ƒ °≠ ⊄∅ ∏⋅�⊄° ≈≈↑≡←← ↔•≡ →♠≡←↔∂°±
♦•≡↔•≡↑ ⊄∅ ∏⋅ ↓°←←≡←←≡← ≡±∞ƒ″↔∂… ×∂±←≡ …↔∂♥∂↔ƒ⌠ ♦≡
≡″↓≥°ƒ≡≈ ± ⇒⇔∉∫¬≥° ×∂±←≡ ←←ƒ ↔° …°″↓↑≡ •ƒ≈↑°≥ƒ←∂←
…↔∂♥∂↔ƒ °≠ ⊄∅ ∏⋅ ♦∂↔• ∏⇒ ∏⋅⌠ ♦•∂…• ♦← ↑≡…≡±↔≥ƒ ≠°♠±≈
↔° ≡ ± …↔∂♥≡⌠ ≥≡∂↔ ♦≡× ×∂±←≡ 〉 ⊄•≡ ↑≡←♠≥↔← ←•°♦ ↔•↔
⊄∅ ∏⋅ ♦← ≥≡ ↔° …↔≥ƒ∞≡ ⇒⇔∉ ↓↑°≈♠…↔∂°± ≠↑°″ ⇒⊄∉ ↔
↑↔≡← °≠  °≠ ↔•↔ °≠ ∏⇒ ∏⋅ ∧∂÷〉 ⇒⌠ ≈≡″°±←↔↑↔∂±÷ ↔•↔⌠
≈≡←↓∂↔≡ ≈≡♥∂↔∂°±← ∂± ∂↔← ←≡→♠≡±…≡ ≠↑°″ …±°±∂…≥ ↓↑°↔≡∂±
×∂±←≡←⌠ ⊄∅ ∏⋅ ↓°←←≡←←≡← ←°″≡ ↑≡←∂≈♠≥ …↔∂♥∂↔ƒ〉 ⊄° ≠♠↑↔•≡↑
←←≡←← ↔•≡ ↓°←←∂≥≡ ×∂±←≡ …↔∂♥∂↔ƒ⌠ ♦≡ ↓≡↑≠°↑″≡≈ ∂± ♥∂↔↑° ×∂±←≡
↑≡…↔∂°±← ↔° ↔≡←↔ ≠°↑ ♠↔°↓•°←↓•°↑ƒ≥↔∂°± …↔∂♥∂↔ƒ ±≈ ←♠∝≡…↔≡≈
↔•≡ ↓♠↑∂≠∂≡≈ ↓↑°↔≡∂±← ↔° ″←← ←↓≡…↔↑°″≡↔↑ƒ ±≥ƒ←∂←〉 ⋅°♦≡♥≡↑⌠
♦≡ …°♠≥≈ ±°↔ ∂≈≡±↔∂≠ƒ ±ƒ …°±←∂←↔≡±↔ ↓•°←↓•°↑ƒ≥↔∂°± ∂± ∏⋅
≈↔ ±°↔ ←•°♦±〉 ⊄•♠←⌠ ≥↔•°♠÷• ⊄∅ ∏⋅ ↑≡↔∂±← ♥≡↑ƒ ≥°♦

∂≥∂↔ƒ ↔° •ƒ≈↑°≥ƒ∞≡ ⇒⊄∉⌠ ∂↔ ≈°≡← ±°↔ ←•°♦ ♠↔°↓•°←↓•°↑ƒ≥↔∂°±
±≈ …± ≡ …°±←∂≈≡↑≡≈  …↔≥ƒ↔∂…≥≥ƒ ∂±…°″↓≡↔≡±↔ ↓←≡♠≈°×∂∫
±←≡〉 √± ……°↑≈±…≡⌠ ↔•≡ ↑≡÷♠≥↔°↑ƒ ♠↔°↓•°←↓•°↑ƒ≥↔∂°± ←∂↔≡←
∂± ∏⇒ ∏⋅ ↑≡ ±°↔ …°±←≡↑♥≡≈ ∂± ⊄∅ ∏⋅〉

⇒±≥ƒ←∂← °≠ ⊄∅ ∏⋅ ∂± √∧∇ ±≈ √∫ ⊂∂÷±≥∂±÷�∪≡ ♦≡↑≡
∂±↔≡↑≡←↔≡≈ ↔° ∂±♥≡←↔∂÷↔≡ ♦•≡↔•≡↑ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ …↓∂≥∂↔ƒ °≠
⊄∅ ∏⋅ ∂← ∂±♥°≥♥≡≈ ∂± ↔•≡ ∏⋅∫″≡≈∂↔≡≈ ↑≡÷♠≥↔∂°± °≠ ⊄∅
…↔∂♥∂↔ƒ⌠ ← •← ≡≡± ≡↑≥∂≡↑ ↑≡↓°↑↔≡≈ ≠°↑ ∏⇒ ∏⋅ 〉 ⊄° ↔•∂←
≡±≈⌠ ↔•≡ …↔≥ƒ↔∂… ≥ƒ←∂±≡ ∂± ↔•≡  ←↔↑±≈ °≠ ∏⋅ ♦← ″♠↔↔≡≈ ↔°
≥±∂±≡ ±≈ ↔•≡ ≠♠≥≥∫≥≡±÷↔• ⊄∅ •↑°↑∂±÷ ↔•≡ …°↑↑≡←↓°±≈∂±÷
∏⋅ ⇒ ″♠↔↔∂°± ♦← ±≥ƒ∞≡≈ ∂± √∧∇ ±≈ √∫ ←∂÷±≥∂±÷〉
⊄∅∫≈≡≠∂…∂≡±↔ ⌠ °↑ ⊂ …≡≥≥← ♦≡↑≡ ↔↑±←≠≡…↔≡≈ ♦∂↔• ⋅⇒∫
↔÷÷≡≈ ⊄∅ …°±←↔↑♠…↔← ±≈ ±≥ƒ∞≡≈ ≠°↑ ⊄∅ ∏⋅ …↔∂♥↔∂°±
≥°°↓ ↓•°←↓•°↑ƒ≥↔∂°± ƒ ∪≡←↔≡↑± ≥°↔↔∂±÷〉 ∧∂÷〉 ⇑ ←•°♦← ↔•↔
♦∂≥≈ ↔ƒ↓≡ ⊄∅ ≈∂←↓≥ƒ←  ≥°♦ ≥≡♥≡≥ °≠ ←≥ ↓•°←↓•°↑ƒ≥↔∂°± °≠
↔•≡ …↔∂♥↔∂°± ≥°°↓ ↔ƒ↑°←∂±≡ ↑≡←∂≈♠≡← ↔•↔ ∂← ↑≡≈∂≥ƒ ∂±≈♠…≡≈ ƒ
√∧∇ °↑ √∫ ←↔∂″♠≥↔∂°±〉 ⊄•≡ ∏⋅ ⇒ ″♠↔↔∂°± ∂±…↑≡←≡←
⊄∅ ↓•°←↓•°↑ƒ≥↔∂°± ∂± °↔• ♠±←↔∂″♠≥↔≡≈ ±≈ √∧∇ ∫←↔∂″♠∫
≥↔≡≈ …°±≈∂↔∂°±←⌠ ♦•≡↑≡← ↔•≡ ∏⋅ ×∂±←≡∫∂±…↔∂♥≡ ⊆
″♠↔±↔ ↑≡″∂±← ♠±↓•°←↓•°↑ƒ≥↔≡≈〉 ⊄•≡ ∏⋅ ⇒ ″♠↔↔∂°±
≥←° ↑≡←♠≥↔← ∂± ± ∂±…↑≡←≡≈ ≥≡♥≡≥ °≠ ←≥ ⊂⊄⇒⊄ ↓•°←↓•°↑ƒ≥∫
↔∂°±⌠ ←♠÷÷≡←↔∂±÷ ↔•↔ ↔•≡ ⇒⊄∉∫∂±≈∂±÷ ↓°…×≡↔ °≠ ∏⋅ ∂← ↑≡÷♠≥↔∫
∂±÷ ±°↔ °±≥ƒ ♠↔°↓•°←↓•°↑ƒ≥↔∂°± °≠ ↔•≡ ⊄∅ …↔∂♥↔∂°± ≥°°↓
♠↔ ≥←° ≈°♦±←↔↑≡″ ←∂÷±≥∂±÷〉

⇐↑ƒ←↔≥ ⊂↔↑♠…↔♠↑≡ °≠ ⊄∅ ∏⋅ ⇑°♠±≈ ♦∂↔•  ∇♠…≥≡°↔∂≈≡�√±
↓↑≥≥≡≥⌠ ♦≡ ≈≡↔≡↑″∂±≡≈ ↔•≡ …↑ƒ←↔≥ ←↔↑♠…↔♠↑≡ °≠ ⊄∅ ∏⋅ ∂±
…°″↓≥≡♣ ♦∂↔• ± ⇒⊄∉ ±≥°÷♠≡⌠ ⇒⊄∉∫ ⊂⌠ ↔ 〉 Ζ ↑≡←°≥♠↔∂°±
⊄≥≡ 〉 ⊄•≡ °♥≡↑≥≥ ←↔↑♠…↔♠↑≡ ∂← ↓↑…↔∂…≥≥ƒ ∂≈≡±↔∂…≥ ↔° ↔•°←≡
°≠ ↑≡…≡±↔≥ƒ ↑≡↓°↑↔≡≈ ∂±•∂∂↔°↑ …°∫…↑ƒ←↔≥ ←↔↑♠…↔♠↑≡← °≠ ⊄∅
∏⋅ ∉↑°↔≡∂± ⇔↔ ⇑±× ∉⇔⇑ …°≈≡←∑ ⊕∠∇⌠ ∠√⌠ ±≈ ∪∠⊃
⌠ 〉 ⊄∅ ∏⋅ ≈°↓↔←  …±°±∂…≥ ∂≥°≥ ↓↑°↔≡∂± ×∂±←≡
≠°≥≈ ∧∂÷〉 ⇒〉 ⊄•≡ ∇∫↔≡↑″∂±≥ ≥°≡ ∇∫≥°≡ ∂← ″≈≡ ♠↓ °≠ ≠∂♥≡

∫←↔↑±≈← ±≈ °±≡ •≡≥∂♣  ⇐⌠ ±≈ ↔•≡ ≥↑÷≡↑ ⇐∫↔≡↑″∂±≥ ≥°≡

∧√¬⊇⊆∨ 〉 ∧♠±…↔∂°±≥ …•↑…↔≡↑∂∞↔∂°± °≠ ⊄∅ ∏⋅〉 ⇒⌠ ⇒⊄∉ •ƒ≈↑°≥ƒ←∂← ← ″≡←♠↑≡≈ ƒ ⇒⇔∉∫¬≥° ←←ƒ〉 ∨↑↑°↑ ↑← ↑≡ ⊂〉⇔〉 ≠↑°″ ↔↑∂↓≥∂…↔≡ ≡♣↓≡↑∂″≡±↔←〉 ⇑⌠ ±≥ƒ←∂←
°≠ ⊄∅ ←∂÷±≥∂±÷ ∂± ″″″≥∂± …≡≥≥←〉 ⊄∅∫≈≡≠∂…∂≡±↔ ⌠ …≡≥≥← ≥≡≠↔ °↑ ⊂ …≡≥≥← ↑∂÷•↔ ♦≡↑≡ ↔↑±←≠≡…↔≡≈ ♦∂↔• ⊄∅ ♦∂≥≈ ↔ƒ↓≡ ±≈ ″♠↔±↔← ↔•≡↑≡°≠ ±≈
←↔∂″♠≥↔≡≈ ♦∂↔• √∧∇∫ °↑ √∫ ← ∂±≈∂…↔≡≈〉 ∉•°←↓•°↑ƒ≥↔∂°± °≠ ⊄∅ ♦← ±≥ƒ∞≡≈ ƒ ±↔∂∫⊄∅ ∂″″♠±°↓↑≡…∂↓∂↔↔∂°± ≠°≥≥°♦≡≈ ƒ ±↔∂∫↓•°←↓•°↔ƒ↑°←∂±≡
↓∫⊄∅⊆ ≥°↔〉 ⊂⊄⇒⊄ ↓•°←↓•°↑ƒ≥↔∂°± ♦← ±≥ƒ∞≡≈ ≈∂↑≡…↔≥ƒ ƒ ±↔∂∫↓•°←↓•°∫⊂⊄⇒⊄ ↓∫⊂⊄⇒⊄ ≥°↔〉 ⇒±↔∂∫⋅⇒ ≥°↔ ←•°♦← ⊄∅ ↓↑°↔≡∂± ≥≡♥≡≥←〉

⇒⊄∉ ⊂↔∂≥∂∞≡← ∏⋅ ±≈ °≈♠≥↔≡← ⊄∅ ⇒…↔∂♥∂↔ƒ

 ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ ⊃∠⊇∨  ζ∇⊇⇑∨⊆  ζ ∇∠⊃∨⇑∨⊆ ⌠ 
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⇐∫≥°≡ …°″↓↑∂←≡← ″∂±≥ƒ ∫•≡≥∂…≡←〉 ∪•∂≥≡ ″∂±↔∂±∂±÷ ↔•≡
°♥≡↑≥≥ ←↔↑♠…↔♠↑≥ ≠°≥≈ °≠ …±°±∂…≥ ↓↑°↔≡∂± ×∂±←≡←⌠ ↔•≡ ←↔↑♠…∫
↔♠↑≡ ↑≡♥≡≥←  ≠≡♦ ±°↔≥≡ ±°±∫…±°±∂…≥ …•↑…↔≡↑∂←↔∂…← ↔ ↔•≡
…↔∂♥≡ ←∂↔≡〉 ⊄•≡ ″°←↔ ≡♥∂≈≡±↔ ≈∂≠≠≡↑≡±…≡ ∂← ∂± ↔•≡ …↔∂♥↔∂°± ≥°°↓⌠
♦•∂…• ±°↑″≥≥ƒ ←↔↑↔← ≠↑°″ ⇔∧¬ ⇒←↓∫∉•≡∫¬≥ƒ ±≈ ≡±≈← ♦∂↔•
⇒∉∨ ⇒≥∫∉↑°∫¬≥♠〉 ⊄∅ ∏⋅ ↓↑≡←≡±↔←  ←•°↑↔≡↑ …↔∂♥↔∂°±
≥°°↓ °≠  ↑≡←∂≈♠≡← ← …°″↓↑≡≈ ♦∂↔•  ↑≡←∂≈♠≡← ∂± ⊄∅ ∏⋅
±≈  ↑≡←∂≈♠≡← ∂± ↓•°←↓•°↑ƒ≥←≡ ×∂±←≡ ∉⋅ ∉⇔⇑ …°≈≡∑
∉⋅〉 ⊄•≡ …↔∂♥↔∂°± ≥°°↓ ∂← ♠±↓•°←↓•°↑ƒ≥↔≡≈⌠ ♠↔ ♦≡≥≥
°↑≈≡↑≡≈⌠ ±≈ ≠°↑″← ± ♠±♠←♠≥ ↔♦°∫↔♠↑± ∫•≡≥∂♣  ⇒∑ ↑≡←∂≈♠≡←
� ↔°♦↑≈ ↔•≡ ⇐ ↔≡↑″∂±♠←〉 ⊄•≡ ↑≡←∂≈♠≡← ∂± ⇒ °≠ ⊄∅
∏⋅ …°↑↑≡←↓°±≈ ↔° ↔•≡ ←°∫…≥≥≡≈ ∉  ≥°°↓ ∂± …±°±∂…≥ ×∂±←≡←〉
⊄•∂← ≥°°↓ ≠°↑″← ↔•≡ ←♠←↔↑↔≡∫∂±≈∂±÷ ÷↑°°♥≡ ±≈ ≥≥°♦← ↓°←∂∫
↔∂°±∂±÷ °≠ ↔•≡ ≡♣°÷≡±°♠← ←♠←↔↑↔≡�← ⊂≡↑ñ⊄•↑ñ⊄ƒ↑ ↑≡←∂≈♠≡ ±≡♣↔
↔° ↔•≡ ∫↓•°←↓•↔≡ °≠ ⇒⊄∉ ∧∂÷〉 ⇑〉 ⊄•≡ ±≡♣↔ ±°↔≥≡ ≈∂≠≠≡↑∫
≡±…≡ ∂± ⊄∅ ∏⋅ ∂←  ≥°±÷≡↑ ∫  ≥°°↓ °≠  ↑≡←∂≈♠≡← ← …°″∫
↓↑≡≈ ♦∂↔•  ±≈  ↑≡←∂≈♠≡← ∂± ⊄∅ ∏⋅ ±≈ ∉⋅⌠ ↑≡←↓≡…↔∂♥≡≥ƒ〉
⊄•≡ ≠♠±…↔∂°± °≠ ↔•∂← ≡♣↔≡±≈≡≈ ≥°°↓ ∂← ♠±…≥≡↑〉

⊂∂″∂≥↑ ↔° …±°±∂…≥ ↓↑°↔≡∂± ×∂±←≡←⌠ ⇒⊄∉∫ ⊂ ∂± ∏⋅ ∂±≈← ∂±
↔•≡ …≥≡≠↔ ≡↔♦≡≡± ↔•≡ ∇∫ ±≈ ⇐∫≥°≡← ♦∂↔• ↔•≡ ≈≡±∂±≡ ↑∂±÷
≠°↑″∂±÷ •ƒ≈↑°÷≡± °±≈ ∂±↔≡↑…↔∂°±← ↔° ↔•≡ •∂±÷≡ ≥∂±×≡↑〉 ⊄•≡↑≡
↑≡⌠ •°♦≡♥≡↑⌠  ≠≡♦ ≈∂←↔∂±…↔ ≈∂≠≠≡↑≡±…≡←〉 ⊄•≡ ↓•°←↓•↔≡ ÷↑°♠↓←
↑≡ ←±≈♦∂…•≡≈ ≡↔♦≡≡± ↔•≡ ÷≥ƒ…∂±≡∫↑∂…• ≥°°↓ ¬∫≥°°↓ ±≈ ↔•≡
…↔≥ƒ↔∂… ≥°°↓ ♦∂↔•  ←∂÷±↔♠↑≡ ″°↔∂≠ °≠ ⋅¬∇ ∂±←↔≡≈ °≠ ⋅⊆⇔〉 ⇒
←∂±÷≥≡ ″≡↔≥ ∂°± …°°↑≈∂±↔≡← ↔•≡ °♣ƒ÷≡± ↔°″← ≠↑°″ ≥≥ ↔•↑≡≡
↓•°←↓•↔≡ ÷↑°♠↓← °≠ ⇒⊄∉ ∧∂÷〉 ⇐⌠ ∂±←↔≡≈ °≠ ↔♦° ″≡↔≥ ∂°±← ∂±
…±°±∂…≥ ×∂±←≡← ↔•↔ …°°↑≈∂±↔≡ ∫ ±≈ ∫ ±≈ ∫ ±≈ ∫↓•°←∫
↓•↔≡ ÷↑°♠↓←⌠ ↑≡←↓≡…↔∂♥≡≥ƒ〉 ⊄•≡ …↔≥ƒ↔∂… ≥ƒ←∂±≡ ƒ←  

≡±÷÷≡← ↔•≡ ∫↓•°←↓•↔≡ °≠ ⇒⊄∉∫ ⊂ ±≈ ≠°↑″←  ←≥↔ ↑∂≈÷≡
♦∂↔• ⇒←↓ °≠ ↔•≡ ⇔∉¬ ″°↔∂≠〉 ⊄•≡ …°±≠°↑″↔∂°± °≠ ↔•≡ ⋅¬∇
…↔≥ƒ↔∂… ≥°°↓ ∂± ⊄∅ ∏⋅ ←•°♦← •↑≈≥ƒ ±ƒ …•±÷≡← …°″↓↑≡≈
♦∂↔• ↔•≡ ↔ƒ↓∂…≥ ⋅⊆⇔ ≥°°↓⌠ ♦∂↔• ⇒←± ↓°←∂↔∂°±∂±÷ …≥°←≡ ↔° ↔•≡

∫↓•°←↓•↔≡ ÷↑°♠↓〉 ⊄•♠←⌠ ≈≡←↓∂↔≡ ←°″≡ …↑∂↔∂…≥ ↑≡←∂≈♠≡ ≈∂≠≠≡↑∫
≡±…≡←⌠ ↔•≡ ⇒⊄∉∫∂±≈∂±÷ ←∂↔≡ °≠ ⊄∅ ∏⋅ ←♠↓↓°↑↔← ≥≥ ×≡ƒ ∂±↔≡↑∫
…↔∂°±← ↔° ……°″″°≈↔≡ ⇒⊄∉ ∂±≈∂±÷⌠ ♠↔ ♥∂  ±°±∫…±°±∂…≥
∂±≈∂±÷ ″°≈≡⌠ ♦•∂…• ∂← •∂÷•≥ƒ ←∂″∂≥↑ ↔° ↔•↔ °≠ ∏⇒ ∏⋅ 〉

∏⋅ °≠ ⊄∅ ≈°↓↔←  …≥°←≡≈ …°±≠°↑″↔∂°±⌠ ♦∂↔• ↔•≡ ↔♦°
≥°≡← …≥°←≡≈ ∂± °± ≡…• °↔•≡↑ ±≈ ↔•≡ ⇐ •≡≥∂♣ ↑°↔↔≡≈ ∂±♦↑≈〉
⊂♠…•  …°±≠°↑″↔∂°± ∂← ↑≡÷↑≈≡≈ ← ↔•≡ �…↔∂♥≡ …°±≠°↑″↔∂°±�
∂± …±°±∂…≥ ↓↑°↔≡∂± ×∂±←≡← ±≈ ∂← ♠←♠≥≥ƒ ″∂±↔∂±≡≈ ƒ  ←≥↔
↑∂≈÷≡ ≡↔♦≡≡± ↔•≡ …↔≥ƒ↔∂… ≥ƒ←∂±≡ ±≈ ± ∂±♥↑∂±↔ …∂≈∂… ↑≡←∫
∂≈♠≡ ⇒←↓ñ¬≥♠ ≠↑°″ ⇐〉 √± ⊄∅ ∏⋅⌠ •°♦≡♥≡↑⌠ ↔•∂← ∂±↔≡↑…∫
↔∂°± ∂← °≥∂←•≡≈ ≡…♠←≡ ↔•≡ …∂≈∂… ↑≡←∂≈♠≡ ∂← ↑≡↓≥…≡≈ ƒ 
↔•↑≡°±∂±≡ ⊄•↑〉 √±←↔≡≈⌠ ⊄∅ ∏⋅ ≡♣↓≥°∂↔← ↔♦° ♠±∂→♠≡
∂±↔≡↑…↔∂°±← ↔° •°≥≈ ↔•≡ …≥°←≡≈ ≈°″∂± …°±≠°↑″↔∂°± ♥∂ ⇐⌠ ∂〉≡〉

⊄•↑  ⇐ ≈°±↔∂±÷  •ƒ≈↑°÷≡± °±≈ ↔° ↔•≡ …↑°±ƒ≥ °≠ ¬≥ƒ

°≠ ↔•≡ ⇔∉¬ ±≈ ⊄ƒ↑  ⇐ ″×∂±÷  •ƒ≈↑°÷≡± °±≈ ♦∂↔•
⇒←±   ∧∂÷〉 ⇔〉

√± ≈≈∂↔∂°±⌠ ↔•≡ ←↔↑♠…↔♠↑≡ ←•°♦← ↔•↔ ↔•≡ ≡♣↔↑ ⇒ ∂± ↔•≡
…↔∂♥↔∂°± ≥°°↓ ↓≥ƒ← ± ∂″↓°↑↔±↔ ↑°≥≡ ≠°↑ ↔•≡ …≥°←≡≈ …°±≠°↑∫
″↔∂°± ∂± ⊄∅ ∏⋅〉 ⊆≡←∂≈♠≡← ≠↑°″ ↔•≡ ⇒ ↑∂≈÷≡ ↔° °↔• ↔•≡
¬∫≥°°↓ ∂± ↔•≡ ∇∫≥°≡ ±≈ •≡≥∂♣ ¬ ∂± ↔•≡ ⇐∫≥°≡ ↔•↑°♠÷• 
±≡↔♦°↑× °≠ ←≥↔ ↑∂≈÷≡← ±≈ •ƒ≈↑°÷≡± °±≈ ∂±↔≡↑…↔∂°±← ∧∂÷〉
∨〉 ⊄•≡ ¬∫≥°°↓ ±≈ ⇒ ↑≡ ↓♠≥≥≡≈ ↔°÷≡↔•≡↑ ƒ  ←≥↔ ↑∂≈÷≡
≡↔♦≡≡± ⇒↑÷ ¬∫≥°°↓ ±≈ ¬≥♠  ⇒〉 ∠± ↔•≡ °↔•≡↑ ←∂≈≡⌠
°↔• ≡±≈← °≠ ↔•≡ •≡≥∂♣ ⇒ ↑≡ ±…•°↑≡≈ ↔° ↔•≡ ±≡↑ƒ •≡≥∂♣ ¬
↔•↑°♠÷• ≡≥≡…↔↑°←↔↔∂… ∂±↔≡↑…↔∂°±←〉 ⊄•≡ ∇∫↔≡↑″∂±≥ ≡±≈ °≠ ⇒
∂← ↑∂≈÷≡≈ ↔° ¬ ↔•↑°♠÷•  ←≥↔ ↑∂≈÷≡ ≡↔♦≡≡± ¬≥♠  ¬ ±≈
⇒↑÷  ⇒⌠ ±≈ ↔•≡ ⇐∫↔≡↑″∂±≥ ≡±≈ °≠ ⇒ ≡±÷÷≡← ∂± •ƒ≈↑°∫
÷≡± °±≈ ∂±↔≡↑…↔∂°±← ♦∂↔• ƒ←  ¬ ↔•↑°♠÷• ↔•≡ …↑°±ƒ≥←
°≠ ¬≥♠ ±≈ √≥≡ ∂± ⇒〉

⇐°″↓↑∂←°± °≠ ∏⋅ ⊂↔↑♠…↔♠↑≡←�⇐°″↓↑∂←°± ♦∂↔• ↔•≡
↑≡…≡±↔≥ƒ ↓♠≥∂←•≡≈ …↑ƒ←↔≥ ←↔↑♠…↔♠↑≡← °≠ ↔•≡ ∏⇒ ±≈ ∏⇒ ∏⋅←
⌠  ←•°♦← ↔•↔ ⊄∅ ∏⋅ ≈°↓↔←  ±≡↑≥ƒ ∂≈≡±↔∂…≥ ≠°≥≈ ±≈
″±ƒ ←∂″∂≥↑ ←↔↑♠…↔♠↑≥ ≠≡↔♠↑≡←〉 ⊄•≡←≡ ∂±…≥♠≈≡ ↔•≡ ±°±∫…±°±∫
∂…≥ ⇒⊄∉ ∂±≈∂±÷ ″°≈≡ ♦∂↔• °±≡ ″≡↔≥ ∂°± ∂± ∏⇒ ⌠ ±≈ ∂±
°↔• ∏⇒ ±≈ ∏⇒  ←•°↑↔ …↔∂♥↔∂°± ≥°°↓ ♦∂↔•  •≡≥∂♣ ⇒
←♠←↔∂↔♠↔∂±÷ ↔•≡ ↔ƒ↓∂…≥ ∉  ≥°°↓⌠ ← ♦≡≥≥ ←  …≥°←≡≈ …°±≠°↑″∫
↔∂°± ↔•↔ ∂← ±°↔ ″∂±↔∂±≡≈ ƒ ↔•≡ …°±♥≡±↔∂°±≥ ƒ←  ∫¬≥♠
 ⇐ ←≥↔ ↑∂≈÷≡〉 ⊇±≡♣↓≡…↔≡≈≥ƒ⌠ ←≡→♠≡±…≡ ≥∂÷±″≡±↔ °≠ ≥≥ ≠°♠↑
∏⇒ ∏⋅← ∧∂÷〉 ⇒ ±≈ …°″↓↑∂←°± °≠ ↔•≡ ↔•↑≡≡ ∏⋅ ←↔↑♠…↔♠↑≡←
↑≡♥≡≥ ↔•↔ ←°″≡ °≠ ↔•≡ ←↔↑♠…↔♠↑≥ ←∂″∂≥↑∂↔∂≡← ≡↔♦≡≡± ∏⇒ ±≈
⊄∅ ∏⋅← …↔♠≥≥ƒ °↑∂÷∂±↔≡ ≠↑°″ ≈∂←↔∂±…↔ ″°≥≡…♠≥↑ ∂±↔≡↑…∫
↔∂°±←〉 √± ↔•≡ ∏⇒ ∏⋅ ←↔↑♠…↔♠↑≡ ⌠ ⇒↑÷  ⇒ ″×≡← 
•ƒ≈↑°÷≡±∫°±≈∂±÷ ∂±↔≡↑…↔∂°± ♦∂↔• ⊄•↑ ¬∫≥°°↓⌠ ♦•∂…•
×≡≡↓← ∏⇒ ∏⋅ ∂±  …≥°←≡≈ …°±≠°↑″↔∂°± ±≈ ↑≡≈ƒ ≠°↑ …↔≥ƒ↔∂…
…↔∂♥∂↔ƒ〉 ⊂♠…• ± ∂±↔≡↑…↔∂°± ∂← ≥…×∂±÷ ∂± ⊄∅ ∏⋅ ← ↔•≡ …°↑∫
↑≡←↓°±≈∂±÷ ⇒↑÷ ±≈ ⊄•↑ ↑≡ 〉 Ζ ↓↑↔〉 √±←↔≡≈⌠ ⇒ ±≈
↔•≡ ¬∫≥°°↓ ∂± ⊄∅ ∏⋅ ↑≡ ↑°♠÷•↔ ↔°÷≡↔•≡↑ ƒ ↔•≡ ¬≥♠

 ⇒∫⇒↑÷ ¬∫≥°°↓ ←≥↔ ↑∂≈÷≡⌠ ♦•∂…• ∂± ∏⇒ ∂← ←♠←↔∂↔♠↔≡≈
♦∂↔•  •ƒ≈↑°↓•°∂… ∂±↔≡↑…↔∂°± ♦∂↔• ↔•≡ …°↑↑≡←↓°±≈∂±÷ ↑≡←∂∫
≈♠≡← ≡∂±÷ √≥≡  ⇒ ±≈ ∉•≡ ¬∫≥°°↓ ∧∂÷〉 ⇑〉 ∧♠↑↔•≡↑∫
″°↑≡⌠ ↔•≡ ∂±↔≡↑…↔∂°±← ↔•↔ ≥∂±× ⇒ ±≈ ¬ ∂± ⊄∅ ∏⋅ ↑≡
←∂÷±∂≠∂…±↔≥ƒ ∂″↓∂↑≡≈ ∂± ∏⇒ ∏⋅〉 ⇒≥↔•°♠÷• ƒ← ±≈ ↔•♠←
↔•≡ ∂±↔≡↑…↔∂°± ♦∂↔• √≥≡ ±≈ ¬≥♠ …×°±≡← °≠ ⊄∅ ∏⋅

⊄⇒⇑∨ 

⊂↔↔∂←↔∂…← °≠ …↑ƒ←↔≥≥°÷↑↓•∂… ≈↔ ±≈ ↑≡≠∂±≡″≡±↔
⊃≥♠≡← ∂± ↓↑≡±↔•≡←≡← ↑≡ ≠°↑ ↔•≡ •∂÷•≡←↔ ↑≡←°≥♠↔∂°± ←•≡≥≥〉

⇒⊄∉ ∉ƒ↑∞∂±≡ …°″↓°♠±≈

⇔↔ …°≥≥≡…↔∂°±
⊂↓…≡ ÷↑°♠↓ ∉  ∉ 
⊇±∂↔ …≡≥≥ ≈∂″≡±←∂°±← 〉 〉 〉

 〉 
〉 〉 〉
 〉 

∪♥≡≥≡±÷↔• Ζ 〉 〉
⊆≡←°≥♠↔∂°± Ζ 〉�〉 �〉 〉�〉 〉�〉
∇°〉 °≠ ↔°↔≥ ↑≡≠≥≡…↔∂°±← ⌠ ⌠
∇°〉 °≠ ♠±∂→♠≡ ↑≡≠≥≡…↔∂°±← ⌠ ⌠
∪∂≥←°± ⇑ ≠…↔°↑ Ζ 〉 〉
⇒♥≡↑÷≡ ″♠≥↔∂↓≥∂…∂↔ƒ 〉 〉 〉 〉
⇐°″↓≥≡↔≡±≡←←  〉 〉 〉 〉
≡± ∂±↔≡±←∂↔ƒ √ñ 〉 〉 〉 〉
⊆←ƒ″

 〉 〉 〉 〉

⊆≡≠∂±≡″≡±↔
⊆≡←°≥♠↔∂°± Ζ �〉 〉�〉 �〉 〉�〉
⊆♦°↑×ñ⊆≠↑≡≡

 〉ñ〉 〉 ñ〉
∇°〉 °≠ ↑≡≠≥≡…↔∂°±← ⌠ ⌠
∇°〉 °≠ ↔°″←  
∉↑°↔≡∂±  
∪↔≡↑  
∂÷±≈  
⊆″…•±≈↑± ←↔↔∂←↔∂…←

⊆≡←∂≈♠≡ ∂± ≠♥°↑≡≈ ↑≡÷∂°±← 〉 〉
⊆≡←∂≈♠≡← ∂± ≥≥°♦≡≈ ↑≡÷∂°±← 〉 〉
⊆≡←∂≈♠≡← ∂± ≈∂←≥≥°♦≡≈ ↑≡÷∂°±←  

⇒♥≡↑÷≡ ⇑∫≠…↔°↑← Ζ 〉 〉
∉↑°↔≡∂± 〉 〉
∂÷±≈ 〉 〉
∪↔≡↑ 〉 〉

↑〉″〉←〉≈ ∂± °±≈ ≥≡±÷↔• Ζ… 〉 〉
↑〉″〉←〉≈ ∂± °±≈ ±÷≥≡← ο 〉 〉

 ⊆←ƒ″ √♥÷ √∝ ñ √∝⌠ ♦•≡↑≡ √∝ ∂← ↔•≡ °←≡↑♥≡≈ ∂±↔≡±←∂↔ƒ ≠°↑ ↔•≡ ∝↔• ″≡←♠↑≡∫
″≡±↔ ±≈ √♥÷ ∂← ↔•≡ ♥≡↑÷≡ ∂±↔≡±←∂↔ƒ °≠ ≥≥ ″≡←♠↑≡″≡±↔←〉

 ⊆≠…↔°↑ ∧° ∧… ñ ∧°⌠ ♦•≡↑≡ ∧° ±≈ ∧… ↑≡ °←≡↑♥≡≈ ±≈ …≥…♠≥↔≡≈ ←↔↑♠…↔♠↑≡
≠…↔°↑←⌠ ↑≡←↓≡…↔∂♥≡≥ƒ⌠ ⊆≠↑≡≡ ♦← …≥…♠≥↔≡≈ ≠↑°″  ↑±≈°″≥ƒ …•°←≡±  °≠ ↑≡≠≥≡…∫
↔∂°±← ≡♣…≥♠≈≡≈ ≠↑°″ ↔•≡ ↑≡≠∂±≡″≡±↔⌠ ±≈ ⊆≠…↔°↑ ♦← …≥…♠≥↔≡≈ ≠↑°″ ↔•≡ ↑≡″∂±∫
∂±÷  °≠ ↑≡≠≥≡…↔∂°±←〉

… ↑〉″〉←〉≈〉 ∂← ↔•≡ ↑°°↔∫″≡±∫←→♠↑≡ ≈≡♥∂↔∂°± ≠↑°″ ∂≈≡≥ ÷≡°″≡↔↑ƒ〉

⇒⊄∉ ⊂↔∂≥∂∞≡← ∏⋅ ±≈ °≈♠≥↔≡← ⊄∅ ⇒…↔∂♥∂↔ƒ

∇∠⊃∨⇑∨⊆ ⌠  ζ ⊃∠⊇∨  ζ∇⊇⇑∨⊆  ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ 
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∂← …°±←≡↑♥≡≈ ∂± ≥≥ ∏⇒ ∏⋅←⌠ ±≡∂↔•≡↑ ¬≥♠  ¬ ±°↑ ⇒↑÷

 ⇒ ∂± ↔•≡ ←≥↔ ↑∂≈÷≡ ≡↔♦≡≡± ⇒ ±≈ ¬ ∂← …°±←≡↑♥≡≈ ∂±
∏⇒ ∏⋅〉 ⊄•≡ …°↑↑≡←↓°±≈∂±÷ ↑≡←∂≈♠≡← ∂± ∏⇒ ↑≡ ≡♠  ¬
±≈ ƒ←  ⇒〉 ⊄•♠←⌠ ←  ↑≡←♠≥↔ °≠ ↔•≡ ∂±↔≡↑…↔∂°±← ≈≡←…↑∂≡≈
°♥≡ ≡←↓≡…∂≥≥ƒ ↔•≡ ↔♦° ←≥↔ ↑∂≈÷≡←⌠ ⇒ °≠ ⊄∅ ∏⋅ ∂← ±°↔
°±≥ƒ ∂± ↔•≡ …≥°←≡≈ …°±≠°↑″↔∂°± ♠↔ ≥←° ∂±  •∂÷•≥ƒ ←↔≥≡ ←↔↔≡
↔•↔ ∂← ♠±≥∂×≡≥ƒ ↔° ↔°≥≡↑↔≡ ±ƒ …°±≠°↑″↔∂°±≥ …•±÷≡←〉 ⊄•≡
…≥°←≡≈ ⇐ …°±≠°↑″↔∂°± ∂± ⊄∅ ∏⋅ ∂← ≠♠↑↔•≡↑ ←↔↑≡±÷↔•≡±≡≈
ƒ ↔♦° •ƒ≈↑°÷≡± °±≈ ∂±↔≡↑…↔∂°±←⌠ ±≡∂↔•≡↑ °≠ ♦•∂…•⌠ ∂〉≡〉 ⊄•↑

 ⇐ ↔° ¬≥ƒ ⇔∉¬ ±≈ ⊄ƒ↑  ⇐ ↔° ⇒←±  ⌠ ∂← ↓↑≡←≡±↔
∂± ↔•≡ ∏⇒ ∏⋅ ←↔↑♠…↔♠↑≡〉

⊄•≡ ↔♦° ←≥↔ ↑∂≈÷≡← ≡↔♦≡≡± ⇒∫¬∫≥°°↓ ¬≥♠�⇒↑÷
±≈ ⇒∫ ¬ ⇒↑÷�¬≥♠ °←≡↑♥≡≈ ∂± ⊄∅ ∏⋅ ↑≡ ≥←°
↓↑≡←≡±↔ ∂± ↔•≡ ∏⇒ ∏⋅ ←↔↑♠…↔♠↑≡ ⌠ ∂±≈∂…↔∂±÷ ↔•↔ ⇒ ∂←
≥←° ↓↑°≥ƒ ♥≡↑ƒ ←↔≥≡ ∂± ∏⇒ ∏⋅ ∧∂÷〉 ⇑〉 ⋅°♦≡♥≡↑⌠ ↔•≡
↔♦° •ƒ≈↑°÷≡± °±≈ ∂±↔≡↑…↔∂°±← ≡↔♦≡≡± ⇐ ↔° ⇔∉¬ ±≈  ∂±
⊄∅ ∏⋅ ∧∂÷〉 ⇔ ↑≡ ←≡±↔ ∂± ∏⇒ ∏⋅ ≡…♠←≡ ↔•≡ …°↑↑≡∫
←↓°±≈∂±÷ ↑≡←∂≈♠≡← ↔° ⊄ƒ↑ ±≈ ⊄•↑ ∂± ⇐ °≠ ⊄∅ ∏⋅ ↑≡
∉•≡ ±≈ ⇒≥⌠ ↑≡←↓≡…↔∂♥≡≥ƒ〉

√±•∂∂↔°↑ ⇑∂±≈∂±÷ ↔° ↔•≡ ⇒⊄∉ ∉°…×≡↔�⇑≡…♠←≡ ↔•≡ ⇒⊄∉∫∂±≈∂±÷
←∂↔≡ ∂± ⊄∅ ∏⋅ ″∂±↔∂±← ≥≥ …↑∂↔∂…≥ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ∂±↔≡↑…∫

↔∂°±← ≈≡←↓∂↔≡ ←≡→♠≡±…≡ ≈∂≠≠≡↑≡±…≡← …°″↓↑≡≈ ♦∂↔• …±°±∂…≥
×∂±←≡←⌠ ♦≡ ↔≡←↔≡≈ ♦•≡↔•≡↑ ↔•≡ ⇒⊄∉ ↓°…×≡↔ ∂± ⊄∅ ∏⋅ ∂← ……≡←∫
←∂≥≡ ↔° ± ⇒⊄∉∫…°″↓≡↔∂↔∂♥≡ ∂±•∂∂↔°↑〉 ⊇←∂±÷ ↔•≡ …↑ƒ←↔≥ ←↔↑♠…↔♠↑≡
°≠ ⊄∅ ∏⋅⌠ ♦≡ ↓≡↑≠°↑″≡≈ ± ∂± ←∂≥∂…° ←…↑≡≡± ÷∂±←↔ ± ⇒″÷≡±
∂±↔≡↑±≥ ×∂±←≡ ∂±•∂∂↔°↑ ≥∂↑↑ƒ〉 ⇒ ↓±≡≥ °≠ …°″↓°♠±≈← ♦←
∂≈≡±↔∂≠∂≡≈ ← ↓°←←∂≥≡ ⊄∅ ∏⋅ ∂±≈≡↑←〉 ∠±≡ ←♠…• ↓ƒ↑∞∂±≡
…°″↓°♠±≈ ←•°♦≡≈ ∂±≈∂±÷ ↔° ⊄∅ ∏⋅ ♦∂↔•  ≈ °≠ 〉 

∧∂÷〉 ⇒〉 ∪≡ …°∫…↑ƒ←↔≥≥∂∞≡≈ ↔•∂← ↓ƒ↑∞∂±≡ …°″↓°♠±≈ ♦∂↔•
⊄∅ ∏⋅ ±≈ ←°≥♥≡≈ ↔•≡ ←↔↑♠…↔♠↑≡ ↔° 〉 Ζ〉 ⊄•≡ ↓ƒ↑∞∂±≡
…°″↓°♠±≈ ≈°↓↔←  ⊇∫←•↓≡ ↓°←≡ ∂± ↔•≡ ⇒⊄∉∫∂±≈∂±÷ ↓°…×≡↔
∧∂÷〉 ⇑ ♦∂↔• ↔•≡ ↓ƒ↑∞∂±≡ ±∂↔↑°÷≡± ↔°″ ≠°↑″∂±÷  •ƒ≈↑°÷≡±
°±≈ ∂±↔≡↑…↔∂°± ♦∂↔• ↔•≡ •∂±÷≡ ↑≡←∂≈♠≡ ⊃≥⌠ ↑≡″∂±∂←…≡±↔ °≠
↔•≡ ≈≡±°←∂±≡ •∂±÷≡ ∂±↔≡↑…↔∂°±〉 ⊄•≡ ↓∂↓≡↑∂≈∂±≡ ↑≡…•≡← ≈≡≡↓
∂±↔° ↔•≡ ⇒⊄∉∫∂±≈∂±÷ ↓°…×≡↔⌠ ±≈ ∂↔← ±∂↔↑°÷≡± ↔°″ ≠°↑″← 
♦↔≡↑∫″≡≈∂↔≡≈ •ƒ≈↑°÷≡± °±≈ ∂±↔≡↑…↔∂°± ♦∂↔• ↔•≡ ÷↔≡∫
×≡≡↓≡↑ ↑≡←∂≈♠≡ ⊄•↑〉 ⊄•≡ ∂±≈°≥≡ ÷↑°♠↓ ←∂↔← ♠±≈≡↑±≡↔• ↔•≡ 
←↔↑±≈ ±≈ ∂← ←↔∂≥∂∞≡≈ ƒ ± ≡≈÷≡∫↔°∫≠…≡ ∂±↔≡↑…↔∂°± ♦∂↔•
∉↑°〉 ⊄•≡ ∂±•∂∂↔°↑∫°♠±≈ …°∫…↑ƒ←↔≥ ←↔↑♠…↔♠↑≡ ←♠÷÷≡←↔← ↔•↔
≈≡←↓∂↔≡  ±°±∫…±°±∂…≥ ⇒⊄∉ ∂±≈∂±÷ ″°≈≡⌠ ↔•≡ ⇒⊄∉∫∂±≈∂±÷
←∂↔≡ °≠ ⊄∅ ∏⋅ ″∂±↔∂±← ↔•≡ ←…≠≠°≥≈ ±≡≡≈≡≈ ↔° ∂±≈ ⇒⊄∉
…°″↓≡↔∂↔∂♥≡ ∂±•∂∂↔°↑←〉

∧√¬⊇⊆∨ 〉 ⇐↑ƒ←↔≥ ←↔↑♠…↔♠↑≡ °≠ ⊄∅ ∏⋅ ∂± …°″↓≥≡♣ ♦∂↔• ⇒⊄∉∫ ⊂〉 ⇒⌠ °♥≡↑≥≥ ←↔↑♠…↔♠↑≡ °≠ ↔•≡ ⊄∅ ↓←≡♠≈°×∂±←≡ ≈°″∂±〉 ⊄•≡ ↓↑°↔≡∂± ∂← ←•°♦± ∂± ÷↑↓•∂…
↑≡↓↑≡←≡±↔↔∂°± ♦∂↔• ↔•≡ …↔∂♥↔∂°± ≥°°↓ •∂÷•≥∂÷•↔≡≈ ∂± ♥∂°≥≡↔⌠ ⇐ •≡≥∂♣ ∂± ÷↑≡≡±⌠ ¬∫≥°°↓ ∂± °↑±÷≡⌠ …↔≥ƒ↔∂… ≥°°↓ ∂± …ƒ±⌠ ±≈ ≥°°↓ ∫  ∂± ≥♠≡〉 ⇒⊄∉∫ ⊂ ∂← ←•°♦±
∂± ←↔∂…×← ∂± ↔°″∂… …°≥°↑ ←…•≡″≡ ♦∂↔• ƒ≡≥≥°♦ ≠°↑ …↑°±⌠ ↑≡≈ ≠°↑ °♣ƒ÷≡±⌠ ≥♠≡ ≠°↑ ±∂↔↑°÷≡±⌠ ≥∂÷•↔ ƒ≡≥≥°♦ ≠°↑ ←♠≥≠♠↑⌠ ±≈ ÷↑≡≡± ≠°↑ ↓•°←↓•°↑⌠ ±≈ ↔•≡ ″≡↔≥ ∂°± ∂←
←•°♦± ←  ÷↑ƒ ←↓•≡↑≡〉 ⊄•≡ ≡≥≡…↔↑°± ≈≡±←∂↔ƒ ″↓ ∧° ∧…⌠ …°±↔°♠↑≡≈ ↔  …≥…♠≥↔≡≈ ♦∂↔• ⇒⊄∉∫ ⊂ °″∂↔↔≡≈ ∂± ↔•≡ ″°≈≡≥ ∂← ←•°♦± ∂± ″≡←•〉 ⇑⌠ ←♠↓≡↑↓°←∂↔∂°± °≠
↔•≡ ←↔↑♠…↔♠↑≡ °≠ ∂±←♠≥∂± ↑≡…≡↓↔°↑ ↔ƒ↑°←∂±≡ ×∂±←≡ ←↔↑♠…↔♠↑≡ ≥∂÷•↔ ≥♠≡ ∂± …°″↓≥≡♣ ♦∂↔• ⇒⊄∉ ±≈  ←♠←↔↑↔≡ ↓≡↓↔∂≈≡ ÷↑≡≡± °±↔° ⊄∅ ∏⋅〉 ⇐⌠ …≥°←≡∫♠↓ ♥∂≡♦ °≠ ↔•≡
↓•°←↓•↔≡∫∂±≈∂±÷ ←∂↔≡〉 ⇔⌠ …≥°←≡∫♠↓ ♥∂≡♦ °≠ ↔•≡ •≡≥∂♣ ⇐ ↑≡〉 ∨⌠ …≥°←≡∫♠↓ ♥∂≡♦ °≠ ↔•≡ •≡≥∂♣ ⇒ ←∂↔≡ ∂± ↔•≡ …↔∂♥↔∂°± ≥°°↓〉

⇒⊄∉ ⊂↔∂≥∂∞≡← ∏⋅ ±≈ °≈♠≥↔≡← ⊄∅ ⇒…↔∂♥∂↔ƒ

 ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ ⊃∠⊇∨  ζ∇⊇⇑∨⊆  ζ ∇∠⊃∨⇑∨⊆ ⌠ 
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⇔∂←…♠←←∂°±

⊄•≡ ←↔↑♠…↔♠↑≡ °≠ ⊄∅ ∏⋅ ←•°♦← ↔•↔ ∂↔← °♥≡↑≥≥ ←↔↑♠…↔♠↑≥
…•↑…↔≡↑∂←↔∂…← …≥°←≡≥ƒ ↑≡←≡″≥≡ ↔•°←≡ °≠ ∏⇒ ±≈ ∏⇒ ∏⋅〉
⇑°↔• ←↔↑♠…↔♠↑≥ ±≈ ∂°…•≡″∂…≥ ≈↔ ←•°♦≡≈ ↔•↔ ⊄∅ ∏⋅ ∂←
≥≡ ↔° ∂±≈ ⇒⊄∉⌠ ♠↔ ♦≡ ≈∂≈ ±°↔ ≈≡↔≡…↔ ↓•°←↓•°↔↑±←≠≡↑ …↔∂♥∫
∂↔ƒ〉 ⊄•≡ ←↔↑♠…↔♠↑≡ ±≈ ←≡→♠≡±…≡ …°″↓↑∂←°± °≠ ⊄∅ ∏⋅ ♦∂↔•
∏⇒ ∏⋅⌠  ↓←≡♠≈°×∂±←≡ ↑≡↓°↑↔≡≈ ↔° ↓°←←≡←← …↔≥ƒ↔∂… …↔∂♥∂↔ƒ⌠
±≈ ↔•≡ ↑≡…≡±↔≥ƒ ↑≡↓°↑↔≡≈ ∏⇒ ∏⋅⌠ ≥←° ≈≡♥°∂≈ °≠ ↓•°←↓•°∫

↔↑±←≠≡↑ …↔∂♥∂↔ƒ⌠ ≥≥°♦≡≈ ♠← ↔° ∂±←↓≡…↔ ↔•≡ ≈≡↔≡↑″∂±±↔← ≠°↑
×∂±←≡ñ↓←≡♠≈°×∂±←≡ …↔≥ƒ↔∂… …↔∂♥∂↔ƒ〉

√± …±°±∂…≥ ×∂±←≡←⌠ ↔•≡ …≥°←≡≈ ↓°←∂↔∂°± °≠ •≡≥∂♣ ⇐ ↓↑≡←≡±↔←
°±≡ °≠ ↔•≡ •≥≥″↑×← ≠°↑ ↔•≡ …↔∂♥≡ ←↔↔≡ °≠  ×∂±←≡ ♦•≡↑≡ ±
∂±♥↑∂±↔ ¬≥♠ ↑≡←∂≈♠≡ ≠°↑″←  ←≥↔ ↑∂≈÷≡ ♦∂↔• ↔•≡ …↔≥ƒ↔∂… ƒ←⌠
♦•∂…• ≥←° ∂±≈← ↔° ↔•≡ ↓•°←↓•↔≡ ÷↑°♠↓← °≠ ⇒⊄∉〉 √± ↔•≡ ↔•↑≡≡
∏⇒ ↓←≡♠≈°×∂±←≡← …°″↓↑≡≈ •≡↑≡⌠ ↔•≡ ∂±♥↑∂±↔ ¬≥♠ ∂← ←♠←↔∂∫
↔♠↔≡≈ ƒ °↔•≡↑ ↑≡←∂≈♠≡←〉 √±←↔≡≈⌠ ↔•≡ …↔≥ƒ↔∂… ƒ← ≠∂±≈← ↔•≡ ⇒←↓

∧√¬⊇⊆∨ 〉 ⇐°″↓↑∂←°± °≠ ⊄∅ ∏⋅ ♦∂↔• °↔•≡↑ ∏⇒ ↓←≡♠≈°×∂±←≡ ≈°″∂±←〉 ⇒⌠ ←≡→♠≡±…≡ ≥∂÷±″≡±↔ °≠ ∏⇒ ∏⋅←〉 ⇑⌠ …°″↓↑∂←°± °≠ ×≡ƒ ∂±↔≡↑…↔∂°±← ↑°♠±≈
•≡≥∂♣ ⇒ ∂± ∏⋅← °≠ ⊄∅ ≥≡≠↔ ↓±≡≥⌠ ∏⇒ ″∂≈≈≥≡ ↓±≡≥⌠ ∉⇔⇑ …°≈≡∑ ∧⊃∉⌠ ±≈ ∏⇒ ↑∂÷•↔ ↓±≡≥⌠ ∉⇔⇑ …°≈≡∑ 〉

⇒⊄∉ ⊂↔∂≥∂∞≡← ∏⋅ ±≈ °≈♠≥↔≡← ⊄∅ ⇒…↔∂♥∂↔ƒ

∇∠⊃∨⇑∨⊆ ⌠  ζ ⊃∠⊇∨  ζ∇⊇⇑∨⊆  ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ 

 ↔ ∧
√∇

∨


√⇑
 ∫ ⊄

″
↓≡↑≡ ⊇

±∂♥ °± ∇
°♥≡″

≡↑ ⌠ 
•↔↔↓∑ññ♦

♦
♦

〉∝…〉°↑÷ñ
⇔

°♦
±≥°≈≡≈ ≠↑°″

 



∂± ↔•≡ ⇔∉¬ °↑ ⇔∧¬ ″°↔∂≠ °≠ ↔•≡ …↔∂♥↔∂°± ≥°°↓ ← ± ≥↔≡↑±↔∂♥≡
←≥↔ ↑∂≈÷≡ ↓↑↔±≡↑⌠ ← ♦≡≥≥ ← ∂±≈∂±÷ ↔°  ↓•°←↓•↔≡ ÷↑°♠↓ °≠
⇒⊄∉〉 ⊄•♠←⌠ ↔•≡ ↓°←∂↔∂°± °≠ ⇐ ∂← ≥∂×≡≥ƒ ↔° ≡ ≥≡←← …↑∂↔∂…≥ ≠°↑
↓°↔≡±↔∂≥ …↔≥ƒ↔∂… ↑≡…↔∂°±←〉 ⊄•∂← ∂← ≠♠↑↔•≡↑ ←♠↓↓°↑↔≡≈ ƒ ↔•≡
←↔↑♠…↔♠↑≡ °≠ ∨↑⇑ ↓←≡♠≈°×∂±←≡ ∂± ♦•∂…• ↔•≡ ⇐ ∂← ↓♠←•≡≈
°♠↔♦↑≈⌠ ƒ≡↔ ↔•≡ ↓↑°↔≡∂± …± ←↔∂≥≥ …↔≥ƒ∞≡ ↓•°←↓•°↑ƒ≥ ↔↑±←≠≡↑
〉 ⇒±°↔•≡↑ …↑∂↔∂…≥ ↑≡←∂≈♠≡ ∂± ↔•≡ ↓•°←↓•°↑ƒ≥↔∂°± ↑≡…↔∂°± ∂←
↔•≡ …↔≥ƒ↔∂… ←≡ ⇒←↓⌠ ♦•∂…• ≠…∂≥∂↔↔≡← ↔•≡ ↓•°←↓•°↑ƒ≥ ↔↑±←≠≡↑
∂± …±°±∂…≥ ×∂±←≡←〉 ⋅°♦≡♥≡↑⌠ ≥≥ ∏⇒ ±≈ ∨↑⇑ ↓←≡♠≈°×∂∫
±←≡← •♥≡ ± ⇒←↓∫↔°∫⇒←± ←♠←↔∂↔♠↔∂°± •≡↑≡⌠ ±≈ ± ≥↔≡↑±↔∂♥≡
↓•°←↓•°↑ƒ≥ ↔↑±←≠≡↑ ↓↔•♦ƒ •← ≡≡± ↓↑°↓°←≡≈ ≠°↑ ∨↑⇑ ↔•↔
♦°♠≥≈ ±°↔ ↑≡→♠∂↑≡ ↔•≡ …↔≥ƒ↔∂… ←≡ ≠°↑ …↔≥ƒ↔∂… …↔∂♥∂↔ƒ 〉
⊄•♠←⌠ ↔•≡ ∂±…°″↓≡↔≡±↔ …↔≥ƒ↔∂… ↑≡←∂≈♠≡ ≠≡↔♠↑≡← ↓≡↑ ←≡ ≈° ±°↔
↓↓≡↑ ↔° ……°♠±↔ ≠°↑ ↔•≡ ≈∂≠≠≡↑≡±↔ …↔≥ƒ↔∂… …↔∂♥∂↔ƒ °≠ ∏⇒ ±≈
∨↑⇑ ♥≡↑←♠← ⊄∅ ±≈ ∏⇒ ↓←≡♠≈°×∂±←≡←〉

⇑≡←∂≈≡← ↔•≡ …↔♠≥ ↓•°←↓•°↑ƒ≥ ↔↑±←≠≡↑ ↑≡…↔∂°±⌠ °↑∂≡±↔↔∂°±
°≠ ↔•≡ ←♠←↔↑↔≡ ∂← ↔•≡ ≠∂↑←↔ ↓∂♥°↔≥ ←↔≡↓ ∂±  ×∂±←≡ ↑≡…↔∂°±〉 ⊄•≡
∉  ≥°°↓ °≠ ↔•≡ …↔∂♥↔∂°± ≥°°↓ ↔°÷≡↔•≡↑ ♦∂↔• •≡≥∂♣ ¬ ↓↑°♥∂≈≡
 ↓≥↔≠°↑″ ≠°↑ ↔•≡ ←♠←↔↑↔≡ ↔° ∂±≈ ±≈ ↓°←∂↔∂°± ↔•≡ •ƒ≈↑°♣ƒ≥

″°∂≡↔ƒ °≠ ⊂≡↑⌠ ⊄•↑⌠ °↑ ⊄ƒ↑ …≥°←≡ ↔° ↔•≡ ∫↓•°←↓•↔≡ °≠ ⇒⊄∉〉 ⇒≥≥
↔•↑≡≡ ∏⇒ ∏⋅← ←♠←↔∂↔♠↔≡ ↔•≡ ∉  ≥°°↓ ƒ  •≡≥∂♣ ⇒⌠ ♦•∂…•
≥°…×← ↓↑°↓≡↑ ↓°←∂↔∂°±∂±÷ °≠ ↔•≡ ←♠←↔↑↔≡ ≠°↑ …↔≥ƒ←∂←⌠ ≡←↓≡∫
…∂≥≥ƒ ↔•≡ ∇∫↔≡↑″∂±≥ ↓↑↔ °≠ ↔•≡ •≡≥∂♣ ⇒〉 ⊄° ≥≥°♦ ↔•≡ ←♠∫
←↔↑↔≡ ↔° ……≡←← ↔•≡ …↔≥ƒ↔∂… ←∂↔≡⌠ ⇒ ∂← ↑≡→♠∂↑≡≈ ↔° ″×≡ 
″°♥≡″≡±↔ °↑ …°±≠°↑″↔∂°±≥ …•±÷≡〉 ⊆≡″↑×≥ƒ⌠ ↔•≡ ⇒ °≠
⊄∅ ∏⋅ ← ♦≡≥≥ ← ∏⇒ ∏⋅ •← ↔♦° ≈≈∂↔∂°±≥ ←≥↔ ↑∂≈÷≡←⌠
♦•∂…• ±…•°↑ ↔° ↔•≡ ±≡↑ƒ ¬ ±≈ ¬∫≥°°↓⌠ °≠≠≡↑∂±÷ ⇒ ∂±
⊄∅ ±≈ ∏⇒ ∏⋅← ←♠↓≡↑ ←↔∂≥∂↔ƒ〉 ⇑°↔• °≠ ↔•≡←≡ ←≥↔ ↑∂≈÷≡←
↑≡ ≥…×∂±÷ ∂± ∏⇒ ∏⋅〉 ⊄•≡←≡ ↑≡←♠≥↔← ←♠÷÷≡←↔ ↔•↔ ↔•≡ ⇒
″∂÷•↔ …↔ ←  �←♠←↔↑↔≡ ÷↔≡� ∂± ∏⇒ ∏⋅←〉 ⇒≥↔•°♠÷• ↔•∂← ←♠∫
←↔↑↔≡ ÷↔≡ ∂± ⊄∅ ∏⋅ ← ♦≡≥≥ ∏⇒ ∏⋅ ∂← ↔∂÷•↔≥ƒ …≥°←≡≈ ≈♠≡ ↔°
↔•≡ ↔♦° ←≥↔ ↑∂≈÷≡← ±…•°↑∂±÷ ↔•≡ ⇒ ↔ ↔•≡ ∇∫↔≡↑″∂±≥ ≡±≈⌠
↔•≡ ÷↔≡ ∂← ″°↑≡ ←♠←…≡↓↔∂≥≡ ↔° °↓≡±∂±÷ ∂± ∏⇒ ∏⋅⌠ ≥≥°♦∂±÷
↔•≡ ←♠←↔↑↔≡ ≡±↔↑±…≡ ±≈ ↔•♠← ≡±≥∂±÷ ↔•≡ …↔≥ƒ↔∂… …↔∂♥∂↔ƒ °≠
∏⇒ ∏⋅〉 ⊄•≡ …•↑…↔≡↑∂←↔∂… °≠ ⇒ ∂± ∨↑⇑ ≠♠↑↔•≡↑ ←♠↓↓°↑↔←
↔•∂← ″°≈≡≥ ♦•≡↑≡ ↔•≡ ⇐∫↔≡↑″∂±≥ ≡±≈ °≠ ⇒ ∂±↔≡↑…↔← ♦∂↔• ¬
±≈ •ƒ≈↑°÷≡±∫°±≈← ↔° ↔•≡ ≥°°↓ ∧∫ ¬〉 ⊄•♠←⌠ ↔•≡ ←♠←↔↑↔≡
÷↔≡ ∂± ∨↑⇑ ∂← ≥↑÷≡≥ƒ⌠ ∂≠ ±°↔ …°″↓≥≡↔≡≥ƒ °↓≡±⌠ ±≈ ±° ″∝°↑
…°±≠°↑″↔∂°±≥ …•±÷≡← ↑≡ ↑≡→♠∂↑≡≈ ≠°↑ ↔•≡ ←♠←↔↑↔≡ ↔° ≡±↔≡↑〉

⊄•≡ ←↔↑♠…↔♠↑≡ °≠ ⊄∅ ∏⋅⌠ ← ♦≡≥≥ ← ∂↔← …°″↓↑∂←°± ♦∂↔•
∏⇒ ±≈ ∏⇒ ∏⋅⌠ ↓↑°♥∂≈≡← ∂±←∂÷•↔← ∂±↔° ↔•≡ ≠♠±…↔∂°± °≠ ↔•∂←
≈°″∂± ∂± ↔•≡ ↑≡÷♠≥↔∂°± °≠ ∏⇒ …↔∂♥∂↔ƒ ±≈ …ƒ↔°×∂±≡ ←∂÷±≥∂±÷〉
⊄•≡ ↔•↑≡≡ ∏⋅← ←•↑≡ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ↓↑°↓≡↑↔ƒ⌠ ±≈ ∂± ⊄∅ ←
♦≡≥≥ ← ∂± ∏⇒ ⌠ ∂↔ ↓↓≡↑← ↔° ≡ ↑≡→♠∂↑≡≈ ≠°↑ ←↔↑♠…↔♠↑≥
←↔∂≥∂∞↔∂°± ±≈ ←♠↓↓°↑↔←  …°±≠°↑″↔∂°± ↔•↔ ↓↑°♥∂≈≡← ↑≡÷♠∫
≥↔∂°± ≠°↑ …°±↔↑°≥≥≡≈ …ƒ↔°×∂±≡ ←∂÷±≥∂±÷〉 ⊄•≡ ↑≡…≡±↔≥ƒ ↑≡↓°↑↔≡≈
…↑ƒ←↔≥ ←↔↑♠…↔♠↑≡ °≠ ⊄∅ ±≈ ″°≥≡…♠≥↑ ″°≈≡≥ °≠ ∏⇒ ↓←≡♠∫
≈°×∂±←≡∫×∂±←≡ ≈°″∂±← ←♠÷÷≡←↔≡≈ ± ♠↔°∂±•∂∂↔°↑ƒ ″≡…•∫
±∂←″ ≠°↑ ↔•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± ∂± ∏⇒ ×∂±←≡← ⌠ 〉 ⊄•≡
←↔↑♠…↔♠↑≥ ←↔∂≥∂↔ƒ °≠ ∏⋅ ↓↓≡↑← ↔° ≡ °≠ …↑∂↔∂…≥ ∂″↓°↑↔±…≡
≠°↑ ∂↔← ≥≥°←↔≡↑∂… °↑ ←…≠≠°≥≈∂±÷ ≠♠±…↔∂°± ∂± ″∂±↔∂±∂±÷ ↔•≡ ↔ƒ↑°∫
←∂±≡ ×∂±←≡ ≈°″∂± ∂± ± ∂±…↔∂♥≡ …°±≠°↑″↔∂°±〉 √± ≥∂±≡ ♦∂↔•
↔•≡←≡ ≈↔⌠ ⇒⊄∉ ∂±≈∂±÷ ↔° ⊄∅ ∏⋅ ∂±…↑≡←≡≈ ↔•≡ ↔•≡↑″≥
←↔∂≥∂↔ƒ ♠↔ ≈∂≈ ±°↔ ↑≡←♠≥↔ ∂± ″∝°↑ ←↔↑♠…↔♠↑≥ ≥↔≡↑↔∂°±←〉 ⊄•≡
∂±…↑≡←≡ °≠ ⊄″ ƒ  ο⇐ ∂← …°±←∂←↔≡±↔ ♦∂↔• ↔•≡ ″∂…↑°″°≥↑ ≠≠∂±∂↔ƒ
°≠ ⇒⊄∉〉 √±  ↓↑≡♥∂°♠← ←↔♠≈ƒ °≠ ±≥ƒ∞∂±÷ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷
↓↑°↓≡↑↔∂≡← °≠ ↓←≡♠≈°×∂±←≡←⌠ ⇒⊄∉ ∂±≈∂±÷ ♦← ±°↔ ≠°♠±≈ ↔°
←∂÷±∂≠∂…±↔≥ƒ ≠≠≡…↔ ↔•≡ ↔•≡↑″≥ ←↔∂≥∂↔ƒ °≠ ⊄∅ ∏⋅ 〉 ⊂♠…•
♥↑∂↔∂°±← …°♠≥≈ ≡ ≈♠≡ ↔° ↔•≡ ≈∂≠≠≡↑≡±…≡← ∂± ↓↑°↔≡∂± …°±←↔↑♠…↔
≈≡←∂÷±⌠ ↓↑°↔≡∂± ↓♠↑∂≠∂…↔∂°± ↓↑°…≡≈♠↑≡⌠ ±≈ ⇒⊄∉ …°±…≡±↔↑↔∂°±
♠←≡≈ ∂± ↔•≡ ←←ƒ〉 ∠♠↑ ↓♠↑∂≠∂…↔∂°± ↓↑°…≡≈♠↑≡ ♦← ♥≡↑ƒ ↑∂÷°↑°♠←
↔° ÷≡±≡↑↔≡ ↓♠↑≡ ±≈ •°″°÷≡±°♠← ↓↑°↔≡∂± ≠°↑ …↑ƒ←↔≥≥∂∞↔∂°±〉
∪≡ ≥←° °←≡↑♥≡≈ ↔•↔ ↔•≡ ⊄″ °≠ ⊄∅ ∏⋅ ∂±…↑≡←≡≈ ↔ ⇒⊄∉
…°±…≡±↔↑↔∂°±← ♠↓ ↔°  ″⌠ ♦•≡↑≡← ∂± ↔•≡ ↓↑≡♥∂°♠← ←↔♠≈ƒ⌠ 
…°±…≡±↔↑↔∂°± °≠   ⇒⊄∉ ♦← ♠←≡≈〉

⊄•≡ ←↔↑♠…↔♠↑≡ °≠ ⊄∅ ∏⋅ ≥≥°♦← ±≥ƒ←∂← °≠ ↓↑≡♥∂°♠←≥ƒ
∂≈≡±↔∂≠∂≡≈ …≥∂±∂…≥ ±≈ ≠♠±…↔∂°±≥ ″♠↔↔∂°±←〉 ⊂…↑≡≡±∂±÷ °≠ 
⊄∅ …⇔∇⇒ ≥∂↑↑ƒ …°±↔∂±∂±÷ ↑±≈°″≥ƒ ″♠↔↔≡≈ ∏⋅
←≡→♠≡±…≡← ∂≈≡±↔∂≠∂≡≈ ≠°♠↑ ≥°←←∫°≠∫≠♠±…↔∂°± ∏⋅ ″♠↔↔∂°±←
⊃⇔⌠ ¬⊃⌠ ⋅∉⌠ ±≈ ⊆¬ ♦∂↔• ≈∂≠≠≡↑≡±↔ ≡≠≠≡…↔← °±
⊄∅ 〉 ⊃⇔ ±≈ ¬⊃ ″♠↔±↔← ♦≡↑≡ ≥≡ ↔° …°±♥≡ƒ
←≡±←∂↔∂♥∂↔ƒ ↔° •∂÷• ≈°←≡← °≠ √∧∇ ↔° ⊄∅∫±♠≥≥ …≡≥≥← ♦∂↔• ←≥∂÷•↔≥ƒ
≡≥≡♥↔≡≈ ←≥ ↓•°←↓•°↑ƒ≥↔∂°± ≠°↑ ⊃⇔ ±≈ ♥∂↑↔♠≥≥ƒ ±°
…•±÷≡ ∂± ¬⊃ ↓•°←↓•°↑ƒ≥↔∂°±〉 ⋅∉ ±≈ ⊆¬⌠ °± ↔•≡
°↔•≡↑ •±≈⌠ ←•°♦≡≈ ±° ⊄∅∫″≡≈∂↔≡≈ ←∂÷±≥∂±÷ ♠↔ ♦≡↑≡
•≡♥∂≥ƒ ↓•°←↓•°↑ƒ≥↔≡≈ ≡♥≡± ∂± ↔•≡ ←≥ ←↔↔≡〉 ⊃≥ ∂← ≥°…↔≡≈
≡≠°↑≡ ←•≡≡↔  ±≈ ∂← ± ∂±↔≡÷↑≥ ↓↑↔ °≠ ↔•≡ •ƒ≈↑°↓•°∂… …°↑≡

∧√¬⊇⊆∨ 〉 ⇒ ←″≥≥ ″°≥≡…♠≥≡ ∂±•∂∂↔°↑ ∂±≈∂±÷ ↔° ⊄∅ ∏⋅〉 ⇒⌠ …•≡″∂…≥
←↔↑♠…↔♠↑≡ °≠ ↔•≡ ↓ƒ↑∞∂±≡ ∂±•∂∂↔°↑ ±≈ ←♠↑≠…≡ ↓≥←″°± ↑≡←°±±…≡ ←≡±←°↑∫
÷↑″ °≠ ↔•≡ ↓ƒ↑∞∂±≡ ∂±•∂∂↔°↑ ∂±≈∂±÷ ↔° ⊄∅ ∏⋅〉 ⇑⌠ ″°≥≡…♠≥↑ ∂±↔≡↑…↔∂°±←
°≠ ↔•≡ ↓ƒ↑∞∂±≡ ∂±•∂∂↔°↑ ∂± ↔•≡ ⇒⊄∉∫∂±≈∂±÷ ↓°…×≡↔ ∂± ⊄∅ ∏⋅〉

⇒⊄∉ ⊂↔∂≥∂∞≡← ∏⋅ ±≈ °≈♠≥↔≡← ⊄∅ ⇒…↔∂♥∂↔ƒ

 ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ ⊃∠⊇∨  ζ∇⊇⇑∨⊆  ζ ∇∠⊃∨⇑∨⊆ ⌠ 

 ↔ ∧
√∇

∨


√⇑
 ∫ ⊄

″
↓≡↑≡ ⊇

±∂♥ °± ∇
°♥≡″

≡↑ ⌠ 
•↔↔↓∑ññ♦

♦
♦

〉∝…〉°↑÷ñ
⇔

°♦
±≥°≈≡≈ ≠↑°″

 



°≠ ↔•≡ ∫←•≡≡↔ ↑≡÷∂°± °≠ ↔•≡ ∇∫≥°≡⌠  ↑≡÷∂°± ↔•↔ ♦← ↑≡…≡±↔≥ƒ
≥←° ≠°♠±≈ ↔° •↑°↑  ≈∂←≡←≡∫←←°…∂↔≡≈ ⊄∅ ♥↑∂±↔ √⊂
 ∫←↔↑±≈〉 ⊄•∂← ♥↑∂±↔ ∂← ≥←° …°″↓≡↔≡±↔ ≠°↑ √∧∇ ←∂÷±≥∂±÷⌠
≥↔•°♠÷• ⊄∅ ∏⋅ ×∂±←≡ …↔∂♥∂↔ƒ ←≡≡″← ∂″↓∂↑≡≈ 〉 ¬≥ƒ

∂← ↔•≡ ≠∂↑←↔ ∂±♥↑∂±↔ ÷≥ƒ…∂±≡ ∂± ↔•≡ ¬∫≥°°↓〉 ¬∂♥≡± ↔•↔ ⊄∅ ∏⋅
∂← ≥≡ ↔° ∂±≈ ±♠…≥≡°↔∂≈≡←⌠ ±≈ ↔•≡ ∂″↓°↑↔±…≡ °≠ ↔•≡ ¬∫≥°°↓ ≠°↑
±♠…≥≡°↔∂≈≡ ∂±≈∂±÷⌠ ↔•≡ ↑≡↓°↑↔≡≈ ≈≡≥≡↔≡↑∂°♠← ≡≠≠≡…↔← °≠ ↔•≡
¬⊃ ″♠↔↔∂°± ↑≡ ≥∂×≡≥ƒ ″≡≈∂↔≡≈ ƒ …•±÷≡← ∂± ⇒⊄∉ ∂±≈∫
∂±÷ ↔° ∏⋅〉

√±↔≡↑≡←↔∂±÷≥ƒ⌠ ↔•≡ ⇐ •≡≥∂♣ ±≈ ∂↔← ←♠↑↑°♠±≈∂±÷ ↑≡←∂≈♠≡←
≡←↓≡…∂≥≥ƒ ∉•≡ ±≈ ⊄ƒ↑ ∂± ⊄∅ ∏⋅ ↑≡ ↓≡↑≠≡…↔≥ƒ ↓°∂←≡≈
↔° ←♠↓↓°↑↔ ←↔↑♠…↔♠↑≥ …•±÷≡← ← ←≡≡± ∂± ↔•≡ ⊃∧ ″♠↔↔∂°± ∂±
∏⇒ ∏⋅〉 °↑≡°♥≡↑⌠ ↔•≡ •°″°≥°÷°♠← ″♠↔↔∂°± •← ≡≡±
←•°♦± ↔° ≥≡≈ ↔° …°±←↔∂↔♠↔∂♥≡ …↔∂♥↔∂°± ∂± °↔• ⊄∅ ⊃∧
±≈ ∏⇒ ⊃∧⌠ ←♠÷÷≡←↔∂±÷  …°″″°± ″≡…•±∂←″ °≠ …↔∂♥∫
↔∂°± ≠°↑ ∏⇒⌠ ∏⇒⌠ ±≈ ⊄∅ ″♠↔±↔← ⌠ 〉 ⊄•≡←≡ ≈↔⌠
↔°÷≡↔•≡↑ ♦∂↔• ″♠↔↔∂°± ∂±≠°↑″↔∂°± ≠↑°″ ∂± ♥∂♥° ″°≈≡≥←⌠ ♥≥∂∫
≈↔≡← ←ƒ←↔≡″↔∂… ±≥ƒ←∂← °≠ ∏⇒ ∏⋅ ″♠↔↔∂°±← ∂± •♠″±
≈∂←≡←≡←〉

√± ←♠″″↑ƒ⌠ ↔•≡ ←↔↑♠…↔♠↑≡ °≠ ⊄∅ ∏⋅⌠ ← ♦≡≥≥ ← ∂↔← …°″∫
↓↑∂←°± ♦∂↔• ∏⇒ ±≈ ∏⇒ ∏⋅⌠ ↓↑°♥∂≈≡← ±°♥≡≥ ∂±←∂÷•↔← ∂±↔°
↔•≡ ≠♠±…↔∂°± °≠ ↔•∂← ≈°″∂± ∂± ↔•≡ ↑≡÷♠≥↔∂°± °≠ ∏⇒ …↔∂♥∂↔ƒ ±≈
…ƒ↔°×∂±≡ ←∂÷±≥∂±÷〉 ⇒≥≥ ↔•↑≡≡ ∏⋅← ∂±≈ ⇒⊄∉⌠ ♦•∂…• ↓↓≡↑← ↔°
≡ ↑≡→♠∂↑≡≈ ≠°↑ ←↔↑♠…↔♠↑≥ ←↔∂≥∂∞↔∂°± ±≈ …°±↔↑°≥≥≡≈ …ƒ↔°×∂±≡
←∂÷±≥∂±÷ ↔ ≥≡←↔ ∂± ⊄∅ ±≈ ∏⇒〉 ⊂↔↑♠…↔♠↑≥ …°″↓↑∂←°±
♦∂↔• ↔•≡ …↔≥ƒ↔∂…≥≥ƒ …↔∂♥≡ ∏⇒ ±≈ ∨↑⇑ ↓←≡♠≈°×∂±←≡←
∂≈≡±↔∂≠∂≡≈ ↔•≡ •≡≥∂♣ ⇒ ∂± ↔•≡ …↔∂♥↔∂°± ≥°°↓ ←  ←♠←↔↑↔≡
÷↔≡ ↔•↔ ∂← ≥∂×≡≥ƒ ↔° …°±↔↑°≥ ←♠←↔↑↔≡ ∂±≈∂±÷ ±≈ ↔•♠← ↔•≡ …↔∫
≥ƒ↔∂… …↔∂♥∂↔ƒ ∂± ∏⇒ ∏⋅←〉 ⇑←≡≈ °± ↔•∂← …°″↓↑↔∂♥≡ ±≥ƒ←∂←⌠
♦≡ …°♠≥≈ ←≡↓↑↔≡ ↔•≡ ∏⇒ ∏⋅← ∂±↔° …↔≥ƒ↔∂…≥≥ƒ …↔∂♥≡ ∏⇒
±≈ …↔≥ƒ↔∂…≥≥ƒ ∂±…°″↓≡↔≡±↔ ⊄∅ ±≈ ∏⇒〉 ⊄•≡ …↔≥ƒ↔∂…
…↔∂♥∂↔ƒ °≠ ∏⇒ ∏⋅ ∂← ≥°♦ ±≈ ≠♠±…↔∂°±← ↔° ↓•°←↓•°↑ƒ≥↔≡ ↔♦°
↑≡÷♠≥↔°↑ƒ ↑≡←∂≈♠≡← ∂±♥°≥♥≡≈ ∂± ∏⇒ ↑≡÷♠≥↔∂°±〉 ⊄•≡←≡ ↑≡÷♠≥∫
↔°↑ƒ ←∂↔≡← ↑≡ ±°↔ …°±←≡↑♥≡≈ ∂± °↔•≡↑ ∏⇒ ×∂±←≡←⌠ ±≈ ↔•≡ ↑≡÷∫
♠≥↔∂°± ≥∂×≡≥ƒ ↑≡≥↔≡← ↔° ↔•≡ ♠±∂→♠≡ ↓↑°↓≡↑↔ƒ °≠ ∏⇒ ↔° ″≡≈∂↔≡
←∂÷±≥∂±÷ ←  •°″°≈∂″≡↑ ≠°↑ ≡♣″↓≥≡⌠ ∂± ∨↓°⊆⌠ ⊄↓°⊆⌠ ±≈
¬⋅⊆ ← …°″↓↑≡≈ ♦∂↔• ↔•≡ °↔•≡↑ ∏⇒ ±≈ ⊄∅ ↔•↔ ↑≡≥ƒ °±
∂±↔≡↑…↔∂°± ♦∂↔• ±°↔•≡↑ ∏⇒ ″≡″≡↑ ≠°↑ ←∂÷±≥∂±÷〉 ⊄•♠←⌠ ↔•≡
≈≡↔≡↑″∂±±↔← ≠°↑ ↔•≡ …↔≥ƒ↔∂… …↔∂♥∂↔ƒ⌠ ±≈ ∂± ↔•≡ …←≡ °≠ ⊄∅
∏⋅ ≠°↑ …↔≥ƒ↔∂… ∂±…°″↓≡↔≡±…≡⌠ ↓↓≡↑ ↔° ↑≡≥ƒ °± ↔•↑≡≡ …•↑…∫
↔≡↑∂←↔∂…←∑ ≥°♦ ∂±•≡↑≡±↔ ⇒⊄∉ •ƒ≈↑°≥ƒ←∂← …↔∂♥∂↔ƒ⌠ …≥°←≡≈ ↑∂÷∂≈ ←♠∫
←↔↑↔≡ ÷↔≡⌠ ±≈ ≥…× °≠ ←♠∂↔≥≡ ←♠←↔↑↔≡ ↑≡←∂≈♠≡←〉

≡ƒ ≠∂±≈∂±÷← °≠ °♠↑ ←↔♠≈ƒ ↑≡ ↔•≡ ←↔∂≥∂∞∂±÷ ≠♠±…↔∂°± °≠ ⇒⊄∉
≠°↑ ⊄∅ ∏⋅ ±≈ ↔•≡ ≈↑♠÷÷∂≥∂↔ƒ °≠ ↔•≡ ⇒⊄∉∫∂±≈∂±÷ ↓°…×≡↔〉
⊄•≡ ↓↑≡♥∂°♠←≥ƒ ↑≡↓°↑↔≡≈ ←↔↑♠…↔♠↑≡← °≠ ⊄∅ ∏⋅ °♠±≈ ↔°
∂±•∂∂↔°↑ ∉⇔⇑ …°≈≡←∑ ⊕∠∇⌠ ∠√⌠ ±≈ ∪∠⊃ ↑≡ °♥≡↑≥≥
♥≡↑ƒ ←∂″∂≥↑ ↔° °♠↑ ⇒⊄∉∫ ±≈ ∂±•∂∂↔°↑∫°♠±≈ ←↔↑♠…↔♠↑≡←〉
⊄°×↑←×∂ ≡↔ ≥〉  ≈≡←…↑∂≡≈  …°″↓°♠±≈ ↔•↔ ∂±≈← ↔•≡ ∏⋅
⇒⊄∉ ↓°…×≡↔ ±≈ ←↓≡…∂≠∂…≥≥ƒ ∂±•∂∂↔← …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑∫∂±≈♠…≡≈
⊄∅ ←∂÷±≥∂±÷〉 ⋅°♦≡♥≡↑⌠ ↔•≡ ♠↔•°↑← ≈∂≈ ±°↔ ≈≡↔≡…↔ ⇒⊄∉ ∂±≈∫
∂±÷ ±≈ …°±…≥♠≈≡≈ ↔•↔ ↔•≡ ↓°…×≡↔ …°♠≥≈ ±°↔ ……°″″°≈↔≡
⇒⊄∉ 〉 ∠♠↑ ∂°…•≡″∂…≥⌠ …≥°↑∂″≡↔↑∂…⌠ ±≈ ←↔↑♠…↔♠↑≥ ↑≡←♠≥↔←
←•°♦ ↔•↔ ⊄∅ ∏⋅ ∂±≈← ⇒⊄∉⌠ ♦•∂…• ≠♠↑↔•≡↑″°↑≡ •← ±
∂″↓°↑↔±↔ ←↔∂≥∂∞∂±÷ ≠♠±…↔∂°± ≠°↑ ↔•≡ ≈°″∂± ±≈ ↔•≡ ↑≡÷♠≥∫
↔∂°± °≠ ⊄∅ …↔∂♥∂↔ƒ〉 ⊄•♠←⌠ ⇒⊄∉ …°″↓≡↔∂↔∂♥≡ …°″↓°♠±≈← ″ƒ
↓↑°♥∂≈≡ ″≡±← ↔° ←↓≡…∂≠∂…≥≥ƒ ↔↑÷≡↔ ⊄∅ ∏⋅ ∂± ♠↔°∂″″♠±≡
±≈ ∂±≠≥″″↔°↑ƒ ≈∂←≡←≡←〉

⇒♠↔•°↑ ⇐°±↔↑∂♠↔∂°±←�∩〉 ⌠ ⇐〉 ¬〉⌠ ∇〉 ∪〉⌠ ∠〉 ⊂〉⌠ ±≈ ⊕〉 ∪〉 …°°↑≈∂∫
±↔≡≈ ↔•≡ ←↔♠≈ƒ ±≈ ♦↑°↔≡ ↔•≡ ↓↓≡↑〉 ∩〉 〉⌠ ⇔〉 ⊇〉⌠ ⊂〉 〉⌠ ⋅〉 ⋅〉⌠ ⊂〉 ⊄〉⌠
∨〉∫〉 ⋅〉⌠ 〉 ⇒〉⌠ ⇑〉 ¬〉⌠ ∏〉 ∨〉⌠ ∠〉 ⊂〉⌠ ±≈ ⊕〉 ∪〉 ≈≡←∂÷±≡≈⌠ ↓≡↑≠°↑″≡≈⌠ ±∫
≥ƒ∞≡≈ ↔•≡ ≡♣↓≡↑∂″≡±↔←〉 ⇒≥≥ ♠↔•°↑← ↑≡♥∂≡♦≡≈ ↔•≡ ↑≡←♠≥↔← ±≈ ↓↓↑°♥≡≈
↔•≡ ≠∂±≥ ♥≡↑←∂°± °≠ ↔•≡ ″±♠←…↑∂↓↔〉

⇒…×±°♦≥≡≈÷″≡±↔←�∪≡ ↔•±× ⊄♠∂∝ ∉≡××≥⌠ ∏♠• ⊂↑∂×≡↔↔♠⌠

∅←•♥±↔•∂ ∇∂↑±∝±⌠ ⇐≥∂≠≠°↑≈ ∅°♠±÷⌠ ±≈ ∠≥≡ ∇〉 ∏≡±←≡± ≠°↑ ≡♣↓≡↑∂∫

″≡±↔≥ …°±↔↑∂♠↔∂°± ±≈ ∉♠≥ °←°±≡±⌠ ≡↑∝ ≡•↔∂±≡±⌠ ±≈ ∨≥∂±

°←×≡±≥•° ≠°↑ ↔≡…•±∂…≥ ←←∂←↔±…≡〉 ∪≡ ≥←° ↔•±× ∂…•≥ ⋅″″≡≥

±≈ ¬↑≡÷°↑ƒ ⋅♠↑ ↔ ↔•≡ ⊂√⇑∅⊂ ≡″≥∂±≡ ↔ ⇒⊂ ≠°↑ ≈↔ …°≥≥≡…↔∂°±

±≈ ±≥ƒ←∂← °≠ ↔•≡ ⊂⇒∩⊂ ≡♣↓≡↑∂″≡±↔←〉 ⊄•≡ ⇒⊂ ∂← ←♠↓↓°↑↔≡≈ ƒ ↔•≡

⊇〉 ⊂〉 ⇔≡↓↑↔″≡±↔ °≠ ∨±≡↑÷ƒ ♠±≈≡↑ ⇐°±↔↑…↔ ⇔∨∫⇒⇐∫⊂∧ ↔

↔•≡ ♦↑≡±…≡ ⇑≡↑×≡≥≡ƒ ∇↔∂°±≥ °↑↔°↑ƒ〉

⊆≡≠≡↑≡±…≡←

〉 ↑÷•∂°←°≠≠⌠ 〉⌠ ∇≡♠♠≡↑⌠ ⋅〉⌠ ←←±∂÷⌠ ⇐〉⌠ °♥↑∂×⌠ ∉〉⌠ ⊂…•∂±≈≥≡↑⌠ ⋅〉⌠

∉∂↑…•≡↑⌠ ⋅〉⌠ …⇐°ƒ⌠ ⇑〉⌠ ⇑°÷≈±⌠ ⇐〉⌠ ⇔≡…×≡↑⌠ ⊄〉⌠ ⇑↑≡″⌠ ¬〉⌠ ∉≠≡≠≠≡↑⌠ 〉⌠ ±≈

#≥≥≡↑⌠ 〉  ∉↑↔∂≥ ∂″↓∂↑″≡±↔ °≠ …ƒ↔°×∂±≡ ↑≡←↓°±←≡← ∂± ⊄ƒ×∫≈≡≠∂∫

…∂≡±↔ ″∂…≡〉 √″″♠±∂↔ƒ ⌠ �

〉 ⊂•∂″°≈⌠ 〉⌠ ↔°⌠ 〉⌠ ⇒°×∂⌠ 〉⌠ ↔←♠≈⌠ ⊄〉⌠ ∂ƒ″°↔°⌠ ⇒〉⌠ ⊂•∂″°↑∂⌠ 〉⌠

∅″←•∂↔⌠ 〉⌠ ∇♠″↔⌠ ⇒〉⌠ ⊄×←≡⌠ 〉⌠ °ƒ←•∂⌠ ⊂〉⌠ ⊂•∂↔⌠ ⊂〉⌠ ⇒←±°⌠

∅〉⌠ ¬°±≈°⌠ ⋅〉⌠ ⊂≡×∂÷♠…•∂⌠ 〉⌠ ∇×ƒ″⌠ 〉⌠ ∇×ƒ″⌠ ⊄〉⌠ ∠×″♠↑⌠ ⊄〉⌠

∠×″♠↑⌠ ⊂〉⌠ ∇∂•°⌠ ∅〉⌠ ±≈ ∇×ƒ″⌠ 〉  ⊄ƒ× ↓≥ƒ←  ↑≡←↔↑∂…↔≡≈

↑°≥≡ ∂± √∧∇ ←∂÷±≥∂±÷⌠ ≥↔•°♠÷• ∂↔ ∂← ↑≡→♠∂↑≡≈ ≠°↑ √∫∫″≡≈∂↔≡≈ ⊄ …≡≥≥

≠♠±…↔∂°±〉 √″″♠±∂↔ƒ ⌠ �

〉 ⊃≡≥∞→♠≡∞⌠ 〉⌠ ∧≡≥≥°♠←⌠ 〉⌠ ⊂↔↑×⌠ ¬〉 ⊆〉⌠ ±≈ ∉≡≥≥≡÷↑∂±∂⌠ ⊂〉  ⇒ ↓↑°↔≡∂±

↔ƒ↑°←∂±≡ ×∂±←≡ ∂± ↔•≡ ∂±↔≡↑≠≡↑°± ñ ←∂÷±≥∂±÷ ↓↔•♦ƒ〉 ⇐≡≥≥ ⌠ �

〉 ¬♠∞∞∂⌠ 〉 ⇐〉⌠ ⊃≡≥∞→♠≡∞⌠ 〉⌠ …≡±≈↑ƒ⌠ ⊆〉⌠ °÷≡±←≡±⌠ 〉 ∨〉⌠ ∧≡≥≥°♠←⌠ 〉⌠

±≈ ∉≡≥≥≡÷↑∂±∂⌠ ⊂〉  √±↔≡↑≠≡↑°±∫ ∫≈≡↓≡±≈≡±↔ …↔∂♥↔∂°± °≠ ⊄ƒ× ↑≡∫

→♠∂↑≡← ↓•°←↓•°↑ƒ≥↔∂°± °≠ ↓°←∂↔∂♥≡ ↑≡÷♠≥↔°↑ƒ ↔ƒ↑°←∂±≡← ƒ ±°↔•≡↑ ×∂±←≡〉

∏〉 ⇑∂°≥〉 ⇐•≡″〉 ⌠ �

〉 ⊆∂…•↔≡↑⌠ 〉 ∧〉⌠ ⇔♠″6±∂≥⌠ ¬〉⌠ ⊇∞6⌠ ¬〉⌠ ∧≡≥≥°♠←⌠ 〉⌠ ±≈ ∉≡≥≥≡÷↑∂±∂⌠ ⊂〉 

⊂↓≡…∂≠∂… …°±↔↑∂♠↔∂°± °≠ ⊄ƒ× ∏⋅ ↑≡÷∂°±← ↔° ↔•≡ ∂±≈∂±÷ ±≈ ↔•≡ ≡♣↓↑≡←←∂°±

°≠ ↔•≡ ∂±↔≡↑≠≡↑°± ñ ↑≡…≡↓↔°↑ …°″↓°±≡±↔ √∧∇⇒⊆〉 ∏〉 ⇑∂°≥〉 ⇐•≡″〉 ⌠

�

〉 ⊃≡≥∞→♠≡∞⌠ 〉⌠ °÷≡±←≡±⌠ 〉 ∨〉⌠ ⇑↑∂≡↑∂⌠ ¬〉⌠ ∧≡≥≥°♠←⌠ 〉⌠ ⊇∞6⌠ ¬〉⌠ ±≈

∉≡≥≥≡÷↑∂±∂⌠ ⊂〉  ⇔∂←↔∂±…↔ ≈°″∂±← °≠ ↔•≡ ↓↑°↔≡∂± ↔ƒ↑°←∂±≡ ×∂±←≡ ↔ƒ×

↑≡→♠∂↑≡≈ ≠°↑ ∂±≈∂±÷ °≠ ∂±↔≡↑≠≡↑°±∫ ñ ±≈ ≠°↑ ←∂÷±≥ ↔↑±←≈♠…↔∂°±〉 ∏〉 ⇑∂°≥〉

⇐•≡″〉 ⌠ �

〉 ⊂↔↑°≥⌠ ⇑〉⌠ ⊂↔°∂≡↑⌠ ⇔〉⌠ ⊂≡♣≥⌠ ⊃〉⌠ ±≈ ♠≡≥≥≡↑⌠ 〉  ⊄ƒ↑°←∂±≡ ×∂±←≡ 

⊄∅ ∂± …ƒ↔°×∂±≡ ←∂÷±≥≥∂±÷ ±≈ •°←↔ ∂″″♠±∂↔ƒ〉 ∧↑°±↔〉 ⇑∂°←…∂〉 ⌠

�

〉 ⊂±≈⌠ ⊄〉⌠ ⊄ƒ±≡↑⌠ ∏〉 ∪〉⌠ ¬♠↔∂≡↑↑≡∞⌠ ⇒〉⌠ ∇÷°⌠ ⊃〉 ∇〉⌠ ¬≥°♥≡↑⌠ ∏〉⌠ ⇐•±÷⌠ ⇑〉 ⋅〉⌠

∅°←↔⌠ ⇒〉⌠ ⌠ ∪〉⌠ ∧≥≡∂←…•″±⌠ ⇒〉 ¬〉⌠ ⊕•°♠⌠ ∪〉⌠ ∅±÷⌠ ∅〉⌠ ≥≡↓↓≡⌠ 〉⌠ ⇒•±⌠

∅〉⌠ ⊄↔↑≡×⌠ ∏〉⌠ ≡≥≥∂•≡↑⌠ 〉 ⇒〉⌠ ∇≡♠≡↑÷⌠ ⇔〉 ⊂〉⌠ ≡♥∂±≡⌠ ⊆〉 〉⌠ °↑∂÷÷≥⌠ ⊆〉⌠

#≥≥≡↑⌠ 〉⌠ ¬↑ƒ⌠ ∇〉 ⊂〉⌠ ∏″∂≡←°±⌠ ⇐〉 ⋅〉⌠ ∪≡±÷⌠ ⇒〉 ∉〉⌠ ⊂↔♠≈↔⌠ 〉 〉⌠ ⇔↑♠×≡↑⌠

⇑〉 ∏〉⌠ ±≈ °°×⌠ ⇒〉 ⊄〉  ⊄∅∫⊂⊄⇒⊄∫⇑⇐ ↓↔•♦ƒ ≈≡↓≡±≈≡±…≡ ∂±

⊄∫…≡≥≥ …♠↔≡ ≥ƒ″↓•°≥←↔∂… ≥≡♠×≡″∂〉 ⇐±…≡↑ ⇔∂←…°♥〉 ⌠ �

〉 ⊄°″←←°±⌠ 〉 ⋅〉⌠ ∩∂±÷⌠ ⊕〉⌠ ∪≥÷↑≡±⌠ ⊆〉⌠ ⊕•°⌠ ∅〉⌠ ←∂⌠ ∅〉⌠ ∂±≡↑⌠ ⊄〉⌠

⊆∂≡←⌠ ⊆〉 ∨〉⌠ ♠″±⌠ ∠〉⌠ ∧↑≡″°±↔⌠ ⇔〉 ⋅〉⌠ …≡≥≥±⌠ 〉 ⇔〉⌠ ∉ƒ↔°±⌠ ∏〉 ∨〉⌠

∪≡←↔≡↑♥≡≥↔⌠ ∉〉⌠ ⇔∂∉≡↑←∂°⌠ ∏〉 ∧〉⌠ ∂±×⌠ ⇔〉 ⇐〉⌠ ∪≥↔≡↑⌠ 〉 ∏〉⌠ ¬↑♠≡↑↔⌠ ⊄〉 ⇒〉⌠

∪↔←°±⌠ 〉⌠ ⇑↔ƒ⌠ ∏〉⌠ ⋅≡↔•⌠ ⊂〉⌠ ⊂•±±°±⌠ ∪〉 ⇔〉⌠ ∇÷↑∝±⌠ ⊆〉⌠ ⇑≥°°″≠∂≡≥≈⌠

⇐〉 ⇔〉⌠ ↑≈∂←⌠ ∨〉 ⊆〉⌠ ∪∂≥←°±⌠ ⊆〉 〉⌠ ±≈ ≡ƒ⌠ ⊄〉 ∏〉  ⊂°″↔∂… ″♠↔↔∂°±←

±≈ ÷≡↑″≥∂±≡ ←≡→♠≡±…≡ ♥↑∂±↔← ∂± ↔•≡ ≡♣↓↑≡←←≡≈ ↔ƒ↑°←∂±≡ ×∂±←≡ ÷≡±≡← °≠

↓↔∂≡±↔← ♦∂↔• ≈≡ ±°♥° …♠↔≡ ″ƒ≡≥°∂≈ ≥≡♠×≡″∂〉 ⇑≥°°≈ ⌠ �

〉 ∅″°×⌠ 〉⌠ ⊂•↑∂±≡±⌠ ∉〉⌠ ∉≡←♠⌠ 〉⌠ ⋅°≥↔⌠ ⊃〉 ∨〉⌠ ↑≈⌠ ⊂∂≥♥≡±±°∂±≡±⌠ ∠〉⌠

±≈ ∠�⊂•≡⌠ ∏〉 ∏〉  ⊄•≡ ∏±♠← ×∂±←≡← ∏×←〉 ¬≡±°″≡ ⇑∂°≥〉 ⌠ 

〉 ⇑°♠≈≡♠⌠ ∏〉⌠ ∂↑±≈∫⊂♥≡≈↑⌠ ⇔〉⌠ ⇑↑↔°±⌠ ¬〉 ∏〉⌠ ±≈ ⇒≥≡←←∂⌠ ⇔〉 ⊆〉 

∨″≡↑÷∂±÷ ↑°≥≡← °≠ ↓←≡♠≈°×∂±←≡←〉 ⊄↑≡±≈← ⇐≡≥≥ ⇑∂°≥〉 ⌠ � 

〉 ⊕≡→∂↑∝⌠ ∨〉⌠ ±≈ ♥± ⇒≥↔≡±⌠ ⇔〉 〉  ∉←≡♠≈°×∂±←≡←∑ ↑≡″±±↔← °≠ ≡♥°∫

≥♠↔∂°± °↑ ×≡ƒ ≥≥°←↔≡↑∂… ↑≡÷♠≥↔°↑←◊ ⇐♠↑↑〉 ∠↓∂±〉 ⊂↔↑♠…↔〉 ⇑∂°≥〉 ⌠ �

〉 ⇑±≈↑±ƒ×≡⌠ ⊆〉 〉⌠ ⊇±÷♠↑≡±♠⌠ ⇔〉⌠ ⊂•±⌠ ∅〉⌠ ⊂•♦⌠ ⇔〉 ∨〉⌠ ⊂∂≥♥≡±±°∂±≡±⌠

∠〉⌠ ±≈ ⋅♠↑≈⌠ ⊂〉 ⊆〉  ⇐↑ƒ←↔≥ ←↔↑♠…↔♠↑≡← °≠ ↔•≡ ∏⇒ ↓←≡♠≈°×∂±←≡

≈°″∂± ±≈ ↔•≡ ↓↔•°÷≡±∂… ″♠↔±↔ ⊃∧〉 ∇↔〉 ⊂↔↑♠…↔〉 °≥〉 ⇑∂°≥〉 ⌠

⇒⊄∉ ⊂↔∂≥∂∞≡← ∏⋅ ±≈ °≈♠≥↔≡← ⊄∅ ⇒…↔∂♥∂↔ƒ

∇∠⊃∨⇑∨⊆ ⌠  ζ ⊃∠⊇∨  ζ∇⊇⇑∨⊆  ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ 
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�

〉 ∂⌠ ⊂〉 ∅〉⌠ ∩♠⌠ ∪〉⌠ ¬≠≠≡±⌠ ⊂〉 〉⌠ ∂♠⌠ 〉 ⇔〉⌠ °±÷″°↑≡⌠ ¬〉 ⇔〉⌠ ¬↑≡≡±≡⌠ ∪〉 ⇐〉⌠

±≈ ¬°≥≈←″∂↔•⌠ 〉 ⇒〉  ⊄•≡ ″°≥≡…♠≥↑ ↑°≥≡ °≠ ↔•≡ …°″″°± … ←♠∫

♠±∂↔ ∂± ←∂÷±≥ ↔↑±←≈♠…↔∂°± ↑≡♥≡≥← ≠♠±…↔∂°±≥ ←ƒ″″≡↔↑ƒ ♦∂↔•∂± ″♠≥↔∂″∫

≡↑∂… …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑ …°″↓≥≡♣≡←〉 ∉↑°…〉 ∇↔≥〉 ⇒…≈〉 ⊂…∂〉 ⊇〉⊂〉⇒〉 ⌠

�

〉 ⇑↑≡″⌠ ∏〉 ⋅〉⌠ ⋅°≈÷≡⌠ ⇔〉 〉⌠ ¬°±←×ƒ⌠ ⊆〉⌠ ⊂↓°≥←×∂⌠ ⊆〉⌠ ≡°±↑≈⌠ ∪〉 ∏〉⌠ ↑≡←⌠ ⊂〉⌠

⊄↑÷±⌠ ⊂〉⌠ °↑∂±°♠⌠ ⇒〉⌠ ∠�⊂•≡⌠ ∏〉 ∏〉⌠ ±≈ ∅°♠±÷⌠ ⋅〉 ⇒〉  ⇒ ≈∂←↔≥

↑≡÷∂°± ∂± ↔•≡ ∂±↔≡↑≠≡↑°±∫ ÷≡±≡ ∂←  ←∂↔≡ °≠ ≡↓∂÷≡±≡↔∂… ↑≡″°≈≡≥∂±÷ ±≈

↔↑±←…↑∂↓↔∂°±≥ ↑≡÷♠≥↔∂°± ƒ ∂±↔≡↑≥≡♠×∂±∫〉 ∏〉 ⇑∂°≥〉 ⇐•≡″〉 ⌠

� 

〉 ¬°≥≈←″∂↔•⌠ 〉 ⇒〉⌠ ∂×″∂⌠ ⇒〉⌠ ∅°♠⌠ ∅〉⌠ ∂♠⌠ 〉 ⇔〉⌠ ⊄•°″←⌠ 〉⌠ ∉•↑↑⌠ ∉〉⌠

±≈ °±÷″°↑≡⌠ ¬〉 ⇔〉  ⇒←≡±…≡ °≠ …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑∫≈≡↓≡±≈≡±↔

←↓≡…∂≠∂…∂↔ƒ ∂± ↑≡≈ ≥°°≈ …≡≥≥ ≈∂≠≠≡↑≡±↔∂↔∂°± ∂± ♥∂♥°〉 ∉↑°…〉 ∇↔≥〉 ⇒…≈〉 ⊂…∂〉

⊇〉⊂〉⇒〉 ⌠ �

〉 ⊂•∂⌠ ∧〉⌠ ⊄≡≥≡←…°⌠ ⊂〉 ∨〉⌠ ∂♠⌠ ∅〉⌠ ⊆≈•×↑∂←•±±⌠ ⊆〉⌠ ±≈ ≡″″°±⌠ 〉 ⇒〉

 ∨↑⇑ñ⋅∨⊆ ∂±↔↑…≡≥≥♠≥↑ ≈°″∂± ∂← …°″↓≡↔≡±↔ ↔° ∂±≈ ⇒⊄∉ ±≈

…↔≥ƒ∞≡ ♠↔°↓•°←↓•°↑ƒ≥↔∂°±〉 ∉↑°…〉 ∇↔≥〉 ⇒…≈〉 ⊂…∂〉 ⊇〉⊂〉⇒〉 ⌠

�

〉 ⊇±÷♠↑≡±♠⌠ ⇔〉⌠ ∪♠⌠ ∏〉⌠ ∉≡××≥⌠ ⊄〉⌠ ∇∂↑±∝±⌠ ∅〉⌠ ∅°♠±÷⌠ ⇐〉⌠ ∏≡±←≡±⌠ ∠〉 ∇〉⌠

∩♠⌠ ⇐〉 ∧〉⌠ ∇≡♠≡↑↔⌠ ⊄〉 ⇒〉⌠ ⊂×°≈⌠ ⊆〉 ⇐〉⌠ ⋅♠↑≈⌠ ⊂〉 ⊆〉⌠ ±≈ ⊂∂≥♥≡±±°∂±≡±⌠ ∠〉

 ⊄•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± °≠ ∏⇒ ∂←  ≈♠≥∫←↓≡…∂≠∂…∂↔ƒ ↓↑°↔≡∂±

×∂±←≡ ↔•↔ ±≡÷↔∂♥≡≥ƒ ↑≡÷♠≥↔≡← …ƒ↔°×∂±≡ ←∂÷±≥∂±÷〉 ∇↔〉 ⊂↔↑♠…↔〉 °≥〉 ⇑∂°≥〉

⌠ �

〉 ⊂•↑∂±≡±⌠ ∉〉⌠ ⊄×≥♠°″⌠ 〉⌠ ±≈ ⊂∂≥♥≡±±°∂±≡±⌠ ∠〉  ⊆≡÷♠≥↔∂°± °≠

↔•≡ ∏× ↔ƒ↑°←∂±≡ ×∂±←≡ ƒ ∂↔← ↓←≡♠≈°×∂±←≡ ≈°″∂±〉 °≥〉 ⇐≡≥≥〉 ⇑∂°≥〉 ⌠

�

〉 ⊂•↑∂±≡±⌠ ∉〉⌠ ⊃∂•∂±≡±⌠ 〉⌠ ±≈ ⊂∂≥♥≡±±°∂±≡±⌠ ∠〉  ⇒♠↔°∂±•∂∂↔∂°± °≠

∏× ↔ƒ↑°←∂±≡ ×∂±←≡ ∂← ≈≡↓≡±≈≡±↔ °± ←↓≡…∂≠∂… ↑≡÷∂°±← ∂± ∂↔← ↓←≡♠≈°×∂±←≡

≈°″∂±〉 °≥〉 ⇑∂°≥〉 ⇐≡≥≥ ⌠ �

〉 ⊂•↑∂±≡±⌠ ∉〉⌠ ±≈ ⊂∂≥♥≡±±°∂±≡±⌠ ∠〉  ⊄•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± ∂←

↑≡→♠∂↑≡≈ ≠°↑ ←♠↓↓↑≡←←∂°± °≠ ←≥ …↔∂♥∂↔ƒ °≠ ∏× ±≈ ∏× ↔ƒ↑°←∂±≡ ×∂±←≡←

±≈ ≠°↑ …ƒ↔°×∂±≡∫∂±≈♠…∂≥≡ …↔∂♥↔∂°± °≠ ←∂÷±≥ ↔↑±←≈♠…↔∂°±〉 ∏〉 ⇑∂°≥〉 ⇐•≡″〉

⌠ � 

〉 ⇑♣↔≡↑⌠ ∨〉 ∏〉⌠ ⊂…°↔↔⌠ 〉 〉⌠ ⇐″↓≡≥≥⌠ ∉〉 ∏〉⌠ ∨←↔⌠ ⇐〉⌠ ∧°♠↑°♠…≥←⌠ ∇〉⌠ ⊂♦±↔°±⌠

⊂〉⌠ ⊃←←∂≥∂°♠⌠ ¬〉 ⊂〉⌠ ⇑≡±…•⌠ ⇒〉 ∏〉⌠ ⇑°ƒ≈⌠ ∨〉 〉⌠ ⇐♠↑↔∂±⌠ ∇〉⌠ ⊂…°↔↔⌠ 〉 ⇒〉⌠ ∨↑≡↑⌠

∪〉 ∇〉⌠ ¬↑≡≡±⌠ ⇒〉 ⊆〉⌠ ±≈ ⇐±…≡↑ ¬≡±°″≡ ∉↑°∝≡…↔  ⇒…→♠∂↑≡≈ ″♠↔∫

↔∂°± °≠ ↔•≡ ↔ƒ↑°←∂±≡ ×∂±←≡ ∏⇒ ∂± •♠″± ″ƒ≡≥°↓↑°≥∂≠≡↑↔∂♥≡ ≈∂←°↑≈≡↑←〉

±…≡↔ ⌠ �

〉 ↑≥°♥∂…←⌠ ⊆〉⌠ ∉←←″°±↔∂⌠ ∧〉⌠ ⇑♠←≡↑⌠ ⇒〉 ⊂〉⌠ ⊄≡°⌠ ⊂〉 ⊂〉⌠ ⊄∂≡≈↔⌠ ⊆〉⌠ ∉←←♦≡÷⌠

∏〉 ⊆〉⌠ ⊄∂…•≡≥≥∂⌠ ⇒〉⌠ ⇐∞∞°≥⌠ 〉⌠ ±≈ ⊂×°≈⌠ ⊆〉 ⇐〉  ⇒ ÷∂±∫°≠∫≠♠±…↔∂°±

″♠↔↔∂°± °≠ ∏⇒ ∂± ″ƒ≡≥°↓↑°≥∂≠≡↑↔∂♥≡ ≈∂←°↑≈≡↑←〉 ∇〉 ∨±÷≥〉 ∏〉 ≡≈〉 ⌠

�

〉 ≡♥∂±≡⌠ ⊆〉 〉⌠ °↑∂♠♣⌠ 〉⌠ ⋅♠±↔≥ƒ⌠ ⇑〉 ∏〉⌠ °•⌠ 〉 〉⌠ ⇑≡↑±⌠ 〉⌠ ⊂↔°≠≠↑≡÷≡±⌠

∨〉⌠ ⇑≡↑÷≡↑⌠ ⊆〉⌠ ⇐≥↑×⌠ ∏〉 ∏〉⌠ ∪∂≥≥∂←⌠ ⊂〉 ¬〉⌠ ∇÷♠ƒ≡±⌠ 〉 ⊄〉⌠ ∧≥°↑≡←⌠ ∇〉 ∏〉⌠ ∨←↔≡ƒ⌠ ∨〉⌠

¬↔↔≡↑″±±⌠ ∇〉⌠ ⇒↑″←↔↑°±÷⌠ ⊂〉⌠ °°×⌠ ⇒〉 ⊄〉⌠ ¬↑∂≠≠∂±⌠ ∏〉 ⇔〉⌠ ⇑≡↑±↑≈⌠ ∠〉 ⇒〉⌠

⋅≡∂±↑∂…•⌠ 〉 ⇐〉⌠ ¬∂≥≥∂≥±≈⌠ ⇔〉 ¬〉⌠ ⇔↑♠×≡↑⌠ ⇑〉⌠ ±≈ ⇔≡∂±∂±÷≡↑⌠ 〉 ∪〉 

⊄•≡ ∏⇒⊃∧ …↔∂♥↔∂±÷ ″♠↔↔∂°± °……♠↑← ∂± …•↑°±∂… ″ƒ≡≥°″°±°…ƒ↔∂…

≥≡♠×≡″∂ ±≈ …♠↔≡ ″ƒ≡≥°∂≈ ≥≡♠×≡″∂⌠ ♠↔ ±°↔ ∂± …♠↔≡ ≥ƒ″↓•°≥←↔∂…

≥≡♠×≡″∂ °↑ …•↑°±∂… ≥ƒ″↓•°…ƒ↔∂… ≥≡♠×≡″∂〉 ⇑≥°°≈ ⌠ �

〉 ⊂↔≡↑×⌠ ∏〉⌠ ≥≥∂±⌠ ⇒〉⌠ ⇔≡″°♠≥∂±⌠ ∏〉 ⇑〉⌠ ⊃∂±…•≡±×≡↑⌠ ∪〉⌠ ±≈ ⇐°±←↔±↔∂∫

±≡←…♠⌠ ⊂〉 ∇〉  ∏⇒ ±≈ ⊄ƒ× …↔∂♥↔∂°± ƒ ↔•≡ •°″°≥°÷°♠← ↓°≥ƒ…ƒ∫

↔•≡″∂ ♥≡↑ ∏⇒ ⊃∧ ″♠↔↔∂°±∑ …↑°←←∫↔≥× ♦∂↔• √¬∧ ↑≡…≡↓↔°↑〉 ∏〉 ⇑∂°≥〉

⇐•≡″〉 ⌠ �

〉 ……•∂⌠ ∉〉⌠ ⊃∂≥≥⌠ ⇒〉⌠ ¬∂≥∂±∂⌠ ⊂〉⌠ ⊂……°⌠ 〉 ¬〉⌠ ∧↑↔↔∂±∂⌠ ⇒〉⌠ ∉°↑↔⌠ ∧〉⌠ ⊇÷∞∂°⌠

⇒〉 ¬〉⌠ ∏°•±←↔°±⌠ ∏〉 ⇒〉⌠ ⇐±≈°↔↔∂⌠ ∧〉⌠ ∠�⊂•≡⌠ ∏〉 ∏〉⌠ ≡↔ ≥〉  ♠↔↔∂°±← °≠

∏×∫ ÷≡±≡ ∂± ↓↔∂≡±↔← ♦∂↔• ♠↔°←°″≥ ←≡♥≡↑≡ …°″∂±≡≈ ∂″″♠±≡ ≈≡≠∂∫

…∂≡±…ƒ ⊂⇐√⇔〉 ∇↔♠↑≡ ⌠ �

〉 ∅≡•⌠ ⊄〉 ⇐〉⌠ ⇔°±≈∂⌠ ∨〉⌠ ⊇∞≡⌠ ¬〉⌠ ±≈ ∉≡≥≥≡÷↑∂±∂⌠ ⊂〉  ⇒ ≈♠≥ ↑°≥≡ ≠°↑ ↔•≡

×∂±←≡∫≥∂×≡ ≈°″∂± °≠ ↔•≡ ↔ƒ↑°←∂±≡ ×∂±←≡ ⊄ƒ× ∂± ∂±↔≡↑≠≡↑°±∫ ←∂÷±≥∂±÷〉

∉↑°…〉 ∇↔≥〉 ⇒…≈〉 ⊂…∂〉 ⊇〉⊂〉⇒〉 ⌠ �

〉 ∂⌠ ⊕〉⌠ ¬×°♥∂…⌠ 〉⌠ ⊆÷∂″≡♠⌠ ∏〉⌠ ∨≥°↑±↔⌠ 〉 〉⌠ ⊆)±±≥°″⌠ 〉⌠ ∂…•≡≥⌠

∧〉⌠ ±≈ ∉≡≥≥≡÷↑∂±∂⌠ ⊂〉  ⊄♦° ↑↑≡ ≈∂←≡←≡∫←←°…∂↔≡≈ ⊄ƒ× ♥↑∂±↔← ↑≡

…↔≥ƒ↔∂…≥≥ƒ ∂″↓∂↑≡≈ ♠↔ ←∂÷±≥∂±÷ …°″↓≡↔≡±↔〉 ∏〉 √″″♠±°≥〉 ⌠

�

〉 ≡←≥∂≡⌠ ⇒〉 ¬〉 ∪〉⌠ ±≈ ∉°♦≡≥≥⌠ ⋅〉 ⊆〉  ∉↑°…≡←←∂±÷ ≈∂≠≠↑…↔∂°± ≈↔ ♦∂↔•

″°←≠≥″〉 ∂± ∨♥°≥♥∂±÷ ″≡↔•°≈← ≠°↑ ″…↑°″°≥≡…♠≥↑ …↑ƒ←↔≥≥°÷↑↓•ƒ ⊆≡≈⌠

⊆〉 ∏〉⌠ ±≈ ⊂♠←←″±⌠ ∏〉 〉⌠ ≡≈←〉⌠ ⊃°≥〉 ⌠ ↓↓〉 �⌠ ⊂↓↑∂±÷≡↑⌠ ⇔°↑≈↑≡…•↔⌠

⊄•≡ ∇≡↔•≡↑≥±≈←

〉 …⇐°ƒ⌠ ⇒〉 ∏〉⌠ ¬↑°←←≡∫♠±←↔≥≡♥≡⌠ ⊆〉 ∪〉⌠ ⇒≈″←⌠ ∉〉 ⇔〉⌠ ∪∂±±⌠ 〉 ⇔〉⌠ ⊂↔°∫

↑°±∂⌠ 〉 ⇐〉⌠ ±≈ ⊆≡≈⌠ ⊆〉 ∏〉  ∉•←≡↑ …↑ƒ←↔≥≥°÷↑↓•∂… ←°≠↔♦↑≡〉 ∏〉 ⇒↓↓≥〉

⇐↑ƒ←↔≥≥°÷↑〉 ⌠ �

〉 ∨″←≥≡ƒ⌠ ∉〉⌠ ±≈ ⇐°♦↔±⌠ 〉  ⇐°°↔∑ ″°≈≡≥∫♠∂≥≈∂±÷ ↔°°≥← ≠°↑ ″°≥≡…∫

♠≥↑ ÷↑↓•∂…←〉 ⇒…↔ ⇐↑ƒ←↔≥≥°÷↑〉 ⇔ ⇑∂°≥〉 ⇐↑ƒ←↔≥≥°÷↑〉 ⌠ �

〉 ♠↑←•♠≈°♥⌠ ¬〉 ∇〉⌠ ⊃÷∂±⌠ ⇒〉 ⇒〉⌠ ±≈ ⇔°≈←°±⌠ ∨〉 ∏〉  ⊆≡≠∂±≡″≡±↔ °≠

″…↑°″°≥≡…♠≥↑ ←↔↑♠…↔♠↑≡← ƒ ↔•≡ ″♣∂″♠″∫≥∂×≡≥∂•°°≈ ″≡↔•°≈〉 ⇒…↔

⇐↑ƒ←↔≥≥°÷↑〉 ⇔ ⇑∂°≥〉 ⇐↑ƒ←↔≥≥°÷↑〉 ⌠ �

〉 ⇐°≥≥°↑↔∂♥≡ ⇐°″↓♠↔↔∂°±≥ ∉↑°∝≡…↔⌠ ∇♠″≡↑   ⊄•≡ ⇐⇐∉ ←♠∂↔≡∑

↓↑°÷↑″← ≠°↑ ↓↑°↔≡∂± …↑ƒ←↔≥≥°÷↑↓•ƒ〉 ⇒…↔ ⇐↑ƒ←↔≥≥°÷↑〉 ⇔ ⇑∂°≥〉 ⇐↑ƒ←↔≥≥°÷↑〉

⌠ �

〉 ⊄≡± ∨ƒ…×⌠ 〉 ∧〉⌠ ⊄ƒ≥°↑⌠ ⊂〉 ⊂〉⌠ ±≈ °↑±≡♥⌠ ⇒〉 ∉〉  ⇐°±←≡↑♥≡≈ ←↓↔∂≥

↓↔↔≡↑±← …↑°←← ↔•≡ ↓↑°↔≡∂± ×∂±←≡ ≠″∂≥ƒ〉 ⇑∂°…•∂″〉 ⇑∂°↓•ƒ←〉 ⇒…↔ ⌠

�

〉 ¬♠∂±∂≡↑⌠ ⇒〉⌠ ±≈ ∧°♠↑±≡↔⌠ ¬〉  ⊂″≥≥∫±÷≥≡←…↔↔≡↑∂±÷ °≠ ♣∫↑ƒ←〉 ∪∂≥≡ƒ⌠

∇≡♦ ∅°↑×

〉 ∧)↑←↔≡↑⌠ ⊂〉⌠ ⇒↓°←↔°≥⌠ 〉⌠ ±≈ ⇑↑←⌠ ∪〉  ⊂…↔↔≡↑∑ ←°≠↔♦↑≡ ≠°↑ ↔•≡ ±≥∫

ƒ←∂← °≠ ±±°∫ ±≈ ″≡←°←…≥≡ ←″≥≥∫±÷≥≡ ←…↔↔≡↑∂±÷〉 ∏〉 ⇒↓↓≥〉 ⇐↑ƒ←↔≥≥°÷↑〉 ⌠

�

〉 ⊕≡→∂↑∝⌠ ∨〉⌠ ∧∂≥∂↓↓∂⌠ ⇑〉 〉⌠ ¬°≥≈∂≡⌠ ⊂〉⌠ ∇♥↑↔∂≥°♥⌠ √〉⌠ ⇑°♠≈≡♠⌠ ∏〉⌠ ⇔≡×⌠ 〉⌠

⇒≥≡←←∂⌠ ⇔〉 ⊆〉⌠ ±≈ ♥± ⇒≥↔≡±⌠ ⇔〉 〉  ⇒⊄∉ ±≈ ∠ ↑≡÷♠≥↔≡ ↔•≡

…°±≠°↑″↔∂°±≥ ←↔↔≡ °≠ ↔•≡ ⊂⊄⊆⇒⇔ ↓←≡♠≈°×∂±←≡ ±≈ …↔∂♥↔∂°± °≠ ↔•≡

⇑ ↔♠″°♠↑ ←♠↓↓↑≡←←°↑〉 ∉°⊂ ⇑∂°≥〉 ⌠ ≡

〉 ∉≡≥≥≡÷↑∂±∂⌠ ⊂〉⌠ ∏°•±⌠ ∏〉⌠ ⊂•≡↑≡↑⌠ 〉⌠ ≡↑↑⌠ √〉 〉⌠ ±≈ ⊂↔↑×⌠ ¬〉 ⊆〉  ⊇←≡

°≠  ←≡≥≡…↔≥≡ ″↑×≡↑ ↑≡÷♠≥↔≡≈ ƒ ∂±↔≡↑≠≡↑°± ↔° °↔∂± ″♠↔↔∂°±← ∂± ↔•≡

←∂÷±≥∂±÷ ↓↔•♦ƒ〉 °≥〉 ⇐≡≥≥〉 ⇑∂°≥〉 ⌠ �

〉 ⊆÷∂″≡♠⌠ ∏〉⌠ ⇔°±≈∂⌠ ∨〉⌠ ⊃←←≡↑°↔⌠ ⇒〉⌠ ⊆°″≡↑°⌠ ∉〉⌠ ⊇∞6⌠ ¬〉⌠ ±≈ ∉≡≥≥≡÷↑∂±∂⌠

⊂〉  ⊄•≡ ↑≡…≡↓↔°↑ ∂±↔≡↑…↔∂°± ↑≡÷∂°± °≠ ⊄ƒ× …°±↔∂±←  ″°↔∂≠ ↑≡∫

→♠∂↑≡≈ ≠°↑ ∂↔← ±♠…≥≡↑ ≥°…≥∂∞↔∂°±〉 ∏〉 ⇑∂°≥〉 ⇐•≡″〉 ⌠ �

〉 ∂♠⌠ 〉 ⇔〉⌠ ¬≠≠≡±⌠ ⊂〉 〉⌠ ¬°≥≈←″∂↔•⌠ 〉 ⇒〉⌠ ±≈ ¬↑≡≡±≡⌠ ∪〉 ⇐〉  ∏±♠←

×∂±←≡← ∂± ∂±↔≡↑≥≡♠×∂±∫∫″≡≈∂↔≡≈ ←∂÷±≥∂±÷∑ ∏⇒ ±≈ ∏⇒ ↑≡ ≈∂≠≠≡↑≡±∫

↔∂≥≥ƒ ↑≡÷♠≥↔≡≈ ƒ ↔ƒ↑°←∂±≡ ↓•°←↓•°↑ƒ≥↔∂°±〉 ⇐♠↑↑〉 ⇑∂°≥〉 ⌠ � 

〉 ⊂•±⌠ ∅〉⌠ ¬±±←″±≈±⌠ 〉⌠ ⊇±÷♠↑≡±♠⌠ ⇔〉⌠ ∂″⌠ ∨〉 ⊄〉⌠ ⋅″″↑6±⌠ ⋅〉⌠

∅″←•∂↔⌠ 〉⌠ ⊂∂≥♥≡±±°∂±≡±⌠ ∠〉⌠ ⊂•♦⌠ ⇔〉 ∨〉⌠ ±≈ ⋅♠↑≈⌠ ⊂〉 ⊆〉 

°≥≡…♠≥↑ ←∂← ≠°↑ ↓←≡♠≈°×∂±←≡∫≈≡↓≡±≈≡±↔ ♠↔°∂±•∂∂↔∂°± °≠ ∏⇒ ↔ƒ↑°∫

←∂±≡ ×∂±←≡〉 ∇↔〉 ⊂↔↑♠…↔〉 °≥〉 ⇑∂°≥〉 ⌠ �

〉 ♠↑↓•ƒ⌠ ∏〉 〉⌠ ⊕•±÷⌠ ∈〉⌠ ∅°♠±÷⌠ ⊂〉 ∇〉⌠ ⊆≡≡←≡⌠ 〉 〉⌠ ⇑∂≥≡ƒ⌠ ∧〉 ∉〉⌠ ∨ƒ≡↑←⌠

∉〉 ⇒〉⌠ ⊇±÷♠↑≡±♠⌠ ⇔〉⌠ ⋅″″↑≡±⌠ ⋅〉⌠ ⊂∂≥♥≡±±°∂±≡±⌠ ∠〉⌠ ⊃↑÷•≡←≡⌠ 〉 ∇〉⌠

⇐•≡±⌠ 〉⌠ ⊄↑∂↓ƒ≈°±∂←⌠ ⇒〉⌠ ∏♠↑⌠ ∇〉⌠ ∧♠×♠≈⌠ 〉⌠ ∈∂±⌠ ∏〉⌠ ∇∂″…•♠×⌠ ⊕〉⌠ ♠≈∫

÷≡↔↔⌠ 〉 ⇑〉⌠ ∨≥°♦≡⌠ ⊂〉⌠ ¬≡≡⌠ ⇐〉 〉⌠ ∂♠⌠ 〉⌠ ⇔≥ƒ⌠ ⊆〉 ∏〉⌠ ±±∂±÷⌠ ¬〉⌠ ⇑°±⌠ ∏〉 ∏〉⌠

±≈ ♠…≡↔⌠ √〉 ⊂〉  ⇒ ↑°♠←↔ ″≡↔•°≈°≥°÷ƒ ↔° ←♠…≥←←∂≠ƒ ↓←≡♠≈°×∂±←≡←

←≡≈ °± ↔•≡∂↑ ±♠…≥≡°↔∂≈≡∫∂±≈∂±÷ ↓↑°↓≡↑↔∂≡←〉 ⇑∂°…•≡″〉 ∏〉 ⌠ �

〉 ¬×°♥∂…⌠ 〉⌠ ⊆÷∂″≡♠⌠ ∏〉⌠ ∧↑±…°∂←⌠ ⊃〉⌠ ⇐°±←↔±↔∂±≡←…♠⌠ ⊂〉 ∇〉⌠ ±≈ ∉≡≥∫

≥≡÷↑∂±∂⌠ ⊂〉  ⊄•≡ ⊂↔↔∫…↔∂♥↔∂±÷ ⊄ƒ× ⊃∧ ″♠↔±↔ ≈°≡← ±°↔ ♠↓∫

↑≡÷♠≥↔≡ ←∂÷±≥∂±÷ ↔•↑°♠÷• ↔•≡ ↔ƒ↓≡ √ ∂±↔≡↑≠≡↑°± ↑≡…≡↓↔°↑ ♠↔ …°±≠≡↑← ≥∂÷±≈

•ƒ↓≡↑←≡±←∂↔∂♥∂↔ƒ ↔°  •°″°≈∂″≡↑∂… ↑≡…≡↓↔°↑〉 ∏〉 ⇑∂°≥〉 ⇐•≡″〉 ⌠

�

〉 ⊄°×↑←×∂⌠ ∏〉 ⊂〉⌠ ⊕♠↓∫∧≡↑±±≈≡∞⌠ ⇒〉⌠ ⊄↑≡≈♠↓⌠ ∏〉 ⇒〉⌠ ∉∂×≡⌠ 〉⌠ ⇐•±÷⌠ ⇐〉⌠ ∩∂≡⌠

⇔〉⌠ ⇐•≡±÷⌠ 〉⌠ ∉≡≈∂…°↑≈⌠ ⇔〉⌠ ♠…×≡≥♠≡↑⌠ ∏〉⌠ ∏°•±←°±⌠ ⊂〉 ⊆〉⌠ ∪♠⌠ ⊂〉⌠ ∨≈♥∫

≡↔↔≥⌠ ⊂〉 ⇐〉⌠ ⋅°±÷⌠ ∅〉⌠ ∪∂↔″≡↑⌠ 〉 ⊆〉⌠ ∨≥×∂±⌠ 〉 〉⌠ ⇑≥↔⌠ ∅〉⌠ ∉∂↔↔←⌠ ∪〉 ∏〉⌠

∪≡∂±←↔≡∂±⌠ ⇔〉 ⊂〉⌠ ±≈ ⇑♠↑×≡⌠ ∏〉 ⊆〉  ⊄ƒ↑°←∂±≡ ×∂±←≡ ∫″≡≈∂↔≡≈ ←∂÷±≥

↔↑±←≈♠…↔∂°± ∂± ⊄ ≥ƒ″↓•°…ƒ↔≡← ∂← ≥°…×≡≈ ƒ ↓•↑″…°≥°÷∂…≥ ←↔∂≥∂∞∫

↔∂°± °≠ ∂↔← ↓←≡♠≈°×∂±←≡ ≈°″∂±〉 ∏〉 ⇑∂°≥〉 ⇐•≡″〉 ⌠ �

⇒⊄∉ ⊂↔∂≥∂∞≡← ∏⋅ ±≈ °≈♠≥↔≡← ⊄∅ ⇒…↔∂♥∂↔ƒ

 ∏∠⊇⊆∇⇒ ∠∧ ⇑√∠∠¬√⇐⇒ ⇐⋅∨√⊂⊄⊆∅ ⊃∠⊇∨  ζ∇⊇⇑∨⊆  ζ ∇∠⊃∨⇑∨⊆ ⌠ 
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⇒⊄∉ ∂±≈∂±÷ ↔° ↔•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± °≠ ∏⇒ ∂←
…↑∂↔∂…≥ ≠°↑ ↓↔•°÷≡±∂… …↔∂♥↔∂°±
⋅≡±↑∂× 〉 ⋅″″↑6±⌠ ⇔±∂≡≥ ⊇±÷♠↑≡±♠⌠ ∏≡± ¬↑∂←°♠↑≈⌠ ⊆≈≡× ⇐〉 ⊂×°≈⌠ ⊂↔≡♥± ⊆〉 ⋅♠↑≈…⌠≈⌠
±≈ ∠≥≥∂ ⊂∂≥♥≡±±°∂±≡±⌠≡⌠

⊂…•°°≥ °≠ ≡≈∂…∂±≡⌠ ⊇±∂♥≡↑←∂↔ƒ °≠ ⊄″↓≡↑≡⌠ ∧√∫ ⊄″↓≡↑≡⌠ ∧∂±≥±≈ ⇔≡↓↑↔″≡±↔ °≠ ⇑∂°″≡≈∂…∂±≡⌠ ∨♣↓≡↑∂″≡±↔≥ ⋅≡″↔°≥°÷ƒ⌠ ⊇±∂♥≡↑←∂↔ƒ ⋅°←↓∂↔≥ ⇑←≡≥⌠
⇐⋅∫ ⇑←≡≥⌠ ⊂♦∂↔∞≡↑≥±≈ …∂″″≡≥ ⇐≡±↔≡↑ ≠°↑ ⇑∂°≥°÷ƒ ±≈ ≡≈∂…∂±≡ ↔ ↔•≡ ⊂×∂↑≥≥ √±←↔∂↔♠↔≡ ±≈ ≈⇔≡↓↑↔″≡±↔ °≠ ⇑∂°…•≡″∂←↔↑ƒ ±≈ °≥≡…♠≥↑
∉•↑″…°≥°÷ƒ⌠ ∇≡♦ ∅°↑× ⊇±∂♥≡↑←∂↔ƒ ⊂…•°°≥ °≠ ≡≈∂…∂±≡⌠ ∇≡♦ ∅°↑×⌠ ∇∅  ±≈ ≡⇐≥∂±∂…≥ ⋅≡″↔°≥°÷ƒ⌠ ⇔≡↓↑↔″≡±↔ °≠ √±↔≡↑±≥ ≡≈∂…∂±≡⌠ ⊄″↓≡↑≡
⊇±∂♥≡↑←∂↔ƒ ⋅°←↓∂↔≥⌠ ∧√∫ ⊄″↓≡↑≡⌠ ∧∂±≥±≈

∨≈∂↔≡≈ ƒ ∏°←≡↓• ⊂…•≥≡←←∂±÷≡↑⌠ ∅≥≡ ⊇±∂♥≡↑←∂↔ƒ ⊂…•°°≥ °≠ ≡≈∂…∂±≡⌠ ∇≡♦ ⋅♥≡±⌠ ⇐⊄⌠ ±≈ ↓↓↑°♥≡≈ ↑…• ⌠  ↑≡…≡∂♥≡≈ ≠°↑ ↑≡♥∂≡♦ ⇔≡…≡″≡↑ ⌠ 

∉←≡♠≈°×∂±←≡← ≥…× …°±←≡↑♥≡≈ ″°↔∂≠← ↔ƒ↓∂…≥≥ƒ ↑≡→♠∂↑≡≈ ≠°↑ ×∂±←≡

…↔∂♥∂↔ƒ〉 ∇≡↑≥ƒ •≥≠ °≠ ↓←≡♠≈°×∂±←≡← ∂±≈ ⇒⊄∉⌠ ♠↔ °±≥ƒ ≠≡♦

↑≡↔∂± ↓•°←↓•°↔↑±←≠≡↑ …↔∂♥∂↔ƒ⌠ ≥≡♥∂±÷ ↔•≡ ≠♠±…↔∂°±≥ ↑°≥≡ °≠ ±♠∫

…≥≡°↔∂≈≡ ∂±≈∂±÷ ∂± ″°←↔ …←≡← ♠±×±°♦±〉 ∏±♠← ×∂±←≡← ∏⇒← ↑≡

±°±↑≡…≡↓↔°↑ ↔ƒ↑°←∂±≡ ×∂±←≡← ♦∂↔•  ↔±≈≡″ ↓←≡♠≈°×∂±←≡�×∂±←≡

≈°″∂± …°±≠∂÷♠↑↔∂°±⌠ ♦•≡↑≡ ↔•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± ∏⇒ •°∫

″°≥°÷ƒ ⌠ ∏⋅ •← ∂″↓°↑↔±↔ ↑≡÷♠≥↔°↑ƒ ≠♠±…↔∂°±← ±≈ •↑°↑←

″♠↔↔∂°±← ♠±≈≡↑≥ƒ∂±÷ •≡″↔°≥°÷∂…≥ ±≈ ∂″″♠±°≥°÷∂…≥ ≈∂←≡←≡←〉

∏⋅ °≠ ∏⇒⌠ ∏⇒⌠ ±≈ ⊄∅ ≥≥ ∂±≈ ⇒⊄∉⌠ ♠↔ ↔•≡ ←∂÷±∂≠∂…±…≡ °≠

↔•∂← ∂← ♠±…≥≡↑〉 ∪≡ …•↑…↔≡↑∂∞≡ ↔•≡ ↑°≥≡ °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ∂±

±°↑″≥ ±≈ ↓↔•°÷≡±∂… ∏⇒ ←∂÷±≥∂±÷ ♠←∂±÷ …°″↓↑≡•≡±←∂♥≡ ←↔↑♠…∫

↔♠↑≡∫←≡≈ ″♠↔÷≡±≡←∂←〉 ⇔∂←↑♠↓↔∂°± °≠ ∏⋅ ⇒⊄∉ ∂±≈∂±÷ ∂± ♦∂≥≈∫

↔ƒ↓≡ ∏⇒ •← °±≥ƒ ″∂±°↑ ≡≠≠≡…↔←⌠ ±≈ ∂± ↔•≡ ↓↑≡←≡±…≡ °≠ ↔ƒ↓≡ √

…ƒ↔°×∂±≡ ↑≡…≡↓↔°↑←⌠ ↔•≡ ″♠↔↔∂°±← ≈° ±°↔ ≠≠≡…↔ ∏⇒ …↔∂♥↔∂°±〉

⋅°♦≡♥≡↑⌠ ∏⋅ ″♠↔±↔← ≈≡♥°∂≈ °≠ ⇒⊄∉ ∂±≈∂±÷ ″≡≥∂°↑↔≡ ↔•≡

•ƒ↓≡↑…↔∂♥↔∂°± °≠ ∏⇒ ⊃∧〉 ⇔∂←↑♠↓↔∂±÷ ⇒⊄∉ ∂±≈∂±÷ ∂± ∏⋅ ≥←°

∂±•∂∂↔← ↔•≡ •ƒ↓≡↑…↔∂♥∂↔ƒ °≠ °↔•≡↑ ↓↔•°÷≡±∂… ∏⇒ ″♠↔±↔←⌠ ←

♦≡≥≥ ← °≠ ∏⇒ ⊃∧⌠ ±≈ ↓↑≡♥≡±↔← ∂±≈♠…↔∂°± °≠ ≡↑ƒ↔•↑°…ƒ↔°←∂←

∂±  ∏⇒ ⊃∧ ″ƒ≡≥°↓↑°≥∂≠≡↑↔∂♥≡ ±≡°↓≥←″ ″°♠←≡ ″°≈≡≥〉 °∫

≥≡…♠≥↑ ≈ƒ±″∂… ←∂″♠≥↔∂°±← ±≈ ↔•≡↑″≥∫←•∂≠↔ ±≥ƒ←∂← ∂±≈∂…↔≡

↔•↔ ⇒⊄∉ ∂±≈∂±÷ ←↔∂≥∂∞≡← ∏⋅⌠ ♦∂↔•  ↓↑°±°♠±…≡≈ ≡≠≠≡…↔ °± ↔•≡

⇐ •≡≥∂♣ ↑≡÷∂°±⌠ ♦•∂…• ↓≥ƒ←  …↑∂↔∂…≥ ↑°≥≡ ∂± ↓↔•°÷≡±∂… …↔∂♥↔∂°±

°≠ ∏⇒〉 ⊄×≡± ↔°÷≡↔•≡↑⌠ °♠↑ ↑≡←♠≥↔← ←♠÷÷≡←↔ ↔•↔ ⇒⊄∉ ∂±≈∂±÷ ↔°

∏⋅ ←≡↑♥≡←  ←↔↑♠…↔♠↑≥ ↑°≥≡ ∂± ∏⇒←⌠ ♦•∂…• ∂← ↑≡→♠∂↑≡≈ ≠°↑ ≡↑↑±↔

…↔∂♥∂↔ƒ °≠ ↓↔•°÷≡±∂… ∏⇒ ″♠↔±↔←〉 ⊄•≡ ∂±•∂∂↔°↑ƒ ≡≠≠≡…↔ °≠ ↑°∫

÷↔∂±÷ ∏⋅ ⇒⊄∉ ∂±≈∂±÷ ∂± ↓↔•°÷≡±∂… ∏⇒ ″♠↔±↔← ″ƒ ♦↑↑±↔

±°♥≡≥ ↔•≡↑↓≡♠↔∂… ↓↓↑°…•≡←〉

∏⇒ ≤ ↓←≡♠≈°×∂±←≡ ≈°″∂± ≤ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ≤ …ƒ↔°×∂±≡ ≤ ″ƒ≡≥°∂≈

±≡°↓≥←∂

⊄•≡ ∏±♠← ×∂±←≡← ∏⇒�⌠ ⊄∅ ↑≡  ≠″∂≥ƒ °≠ ±°±↑≡∫
…≡↓↔°↑ ↔ƒ↑°←∂±≡ ×∂±←≡← ♦∂↔• ≡←←≡±↔∂≥ ≠♠±…↔∂°±← ∂± ↔•≡

↑≡÷♠≥↔∂°± °≠ •≡″↔°↓°∂≡←∂←⌠ ↔•≡ ∂″″♠±≡ ←ƒ←↔≡″⌠ ±≈ …≡≥≥♠≥↑
″≡↔°≥∂←″〉 ∏⇒← ∂±↔≡↑…↔ ←↓≡…∂≠∂…≥≥ƒ ♦∂↔• ♥↑∂°♠← …ƒ↔°×∂±≡
↑≡…≡↓↔°↑← ±≈ …°♠↓≥≡ …ƒ↔°×∂±≡ ∂±≈∂±÷ ↔° …ƒ↔°↓≥←″∂… ←∂÷±≥∂±÷
…←…≈≡←⌠ ∂±…≥♠≈∂±÷ ↔•≡ ←∂÷±≥ ↔↑±←≈♠…≡↑← ±≈ …↔∂♥↔°↑← °≠ ↔↑±∫
←…↑∂↓↔∂°± ⊂⊄⇒⊄ ↓↔•♦ƒ〉 ∏⇒← …°±←∂←↔ °≠ ± ∇∫↔≡↑″∂±≥ ∧∨⊆
≈°″∂±⌠ ± ⊂⋅∫≥∂×≡ ⊂↑… •°″°≥°÷ƒ  ≈°″∂±⌠  ↓←≡♠≈°×∂±←≡
≈°″∂± ∏⇒ •°″°≥°÷ƒ ⌠ ∏⋅⌠ ±≈ ↔•≡ ⇐∫↔≡↑″∂±≥ ↔ƒ↑°←∂±≡ ×∂∫
±←≡ ≈°″∂± ∏⋅〉 ∏⋅ ″≡≈∂↔≡← …↑∂↔∂…≥ ↑≡÷♠≥↔°↑ƒ ≠♠±…↔∂°±← ∂±
∏⇒← ±≈ ↓↑∂″↑∂≥ƒ ←≡↑♥≡← ↔° ∂±•∂∂↔ ←≥ ∏⋅ …↔∂♥∂↔ƒ〉 ∨♣↓≡↑∂∫
″≡±↔≥ ≈≡≥≡↔∂°± °≠ ∏⋅ ∂±…↑≡←≡← ∏⋅ …↔∂♥∂↔ƒ ∂± ≠♠≥≥∫≥≡±÷↔• ∏⇒ ∂±
↔•≡ ←≡±…≡ °≠ ←↔∂″♠≥↔∂°± �⌠ ±≈ ∂± ↑≡…°″∂±±↔ ←ƒ←↔≡″←
≈≈∂↔∂°± °≠ ∏⋅ ←♠↓↓↑≡←←≡← ∏⋅ …↔∂♥∂↔ƒ �〉 ∏⋅ ∂←⌠ •°♦≡♥≡↑⌠
≥←° ↑≡→♠∂↑≡≈ ≠°↑ ≥∂÷±≈∫∂±≈♠…≡≈ …↔∂♥↔∂°± °≠ ≠♠≥≥∫≥≡±÷↔• ∏⇒← ∂±
…≡≥≥ �⌠ ⌠ 〉 ⊄•≡ ↑≡÷♠≥↔°↑ƒ ≠♠±…↔∂°±← °≠ ∏⋅ ↑≡ …°↑↑°°↑↔≡≈
ƒ ↔•≡ ″♠≥↔∂↔♠≈≡ °≠ •♠″± ≈∂←≡←≡ ″♠↔↔∂°±← ∂≈≡±↔∂≠∂≡≈ ∂± ↔•≡
≈°″∂±〉 ⊄•≡ ″°←↔ …°″″°± ∏⇒ ″♠↔↔∂°±⌠ ⊃∧⌠ ≥≡≈← ↔° …ƒ∫
↔°×∂±≡∫∂±≈≡↓≡±≈≡±↔ ←∂÷±≥∂±÷ ↔•↑°♠÷• ↔•≡ ≡♣…≥♠←∂♥≡≥ƒ ∏⇒∫
≈≡↓≡±≈≡±↔ •°″°↔ƒ↓∂… ↑≡…≡↓↔°↑← ≠°↑ ≡↑ƒ↔•↑°↓°∂≡↔∂± ∨∉∠⌠
÷↑±♠≥°…ƒ↔≡ …°≥°±ƒ ←↔∂″♠≥↔∂±÷ ≠…↔°↑ ¬∫⇐⊂∧⌠ ±≈ ↔•↑°″°∫
↓°∂≡↔∂± 〉 ⊄•≡ ⊃∧ ″♠↔↔∂°± ∂← ≠°♠±≈ ∂±  °≠ ↓↔∂≡±↔←

♦∂↔• ↓°≥ƒ…ƒ↔•≡″∂ ♥≡↑ ∉⊃ � ← ♦≡≥≥ ← ∂±  °≠ ↓∫
↔∂≡±↔← ♦∂↔• ≡←←≡±↔∂≥ ↔•↑°″°…ƒ↔•≡″∂ ∨⊄ ±≈ ↓↑∂″↑ƒ ″ƒ≡∫
≥°≠∂↑°←∂← ∉∧〉 ⇒≠↔≡↑ ∂≈≡±↔∂≠∂…↔∂°± °≠ ↔•≡ ⊃∧ ″♠↔↔∂°±⌠ 
″♠≥↔∂↔♠≈≡ °≠ °↔•≡↑ ″♠↔↔∂°±← ∂± ∏⇒⌠ ∏⇒⌠ ±≈ ∏⇒ •♥≡
≡≡± ≠°♠±≈ ↔•↔ ↑≡ ≥∂±×≡≈ ↔° ″ƒ≡≥°∂≈ ±≈ ≥ƒ″↓•°∂≈ ″≥∂÷±±∫
…∂≡← ±≈ ↔° ∂″″♠±°≥°÷∂…≥ ≈∂←≡←≡← ← ♦≡≥≥ ← ↔° ←°″≡ ←°≥∂≈
…±…≡↑← ⌠ 〉 ⊄•≡ ″♠↔↔∂°±← …≥♠←↔≡↑ ″∂±≥ƒ ∂± ≡♣°±  ∂± ↔•≡
⊂⋅�∏⋅ ≥∂±×≡↑ ±♠″≡↑∂±÷ ≠°↑ •♠″± ∏⇒⌠ ≡♣°±  ±≡↑
⊃≥⌠ ±≈ ≡♣°±  〉 ⇒≥↔•°♠÷• ″°←↔ ∏⇒ ∏⋅ ″♠↔↔∂°±←
↑≡ ÷∂±∫°≠∫≠♠±…↔∂°±⌠ ←°″≡ ∏⋅ ″♠↔↔∂°±← ∂± ∏⇒ ←♠↓↓↑≡←← ∏⋅
…↔∂♥∂↔ƒ⌠ ≥≡≈∂±÷ ↔° ←≡♥≡↑≡ …°″∂±≡≈ ∂″″♠±°≈≡≠∂…∂≡±…ƒ ⌠ 〉
⊄•≡ ″≡…•±∂←″ ƒ ♦•∂…• ∏⋅ ↑≡÷♠≥↔≡← ∏⇒ …↔∂♥∂↔ƒ •← ≥°±÷

≡≡± ≡±∂÷″↔∂…⌠ ♠↔ ↑≡…≡±↔ ←↔♠≈∂≡← •♥≡ ↓↑°♥∂≈≡≈ ↓↑≡♥∂°♠←≥ƒ ♠±∫
∂≈≡±↔∂≠∂≡≈ ∂±←∂÷•↔←〉 ⊄•≡ …↑ƒ←↔≥ ←↔↑♠…↔♠↑≡ °≠ ∏⇒ ∏⋅ 
↑≡♥≡≥≡≈  ↓↑°↔°↔ƒ↓∂…≥ ×∂±←≡∫≈°″∂± ≠°≥≈ ↔•↔ ∂±≈← ⇒⊄∉ ⌠
♠↔ ♦∂↔•  ±°±…±°±∂…≥ ∂±≈∂±÷ ″°≈≡〉 ⇒≈≈∂↔∂°±≥≥ƒ⌠ ∏⇒ ∏⋅
♦← ≠°♠±≈ ↔° ↓°←←≡←← ♦≡× ×∂±←≡ …↔∂♥∂↔ƒ ∂± ♥∂↔↑° ±≈ ♠↔°↓•°←∫
↓•°↑ƒ≥↔≡ ↔♦° ↑≡÷♠≥↔°↑ƒ ←∂↔≡←∑ ⊂≡↑ ∂± ↔•≡ ⊂⋅�∏⋅ ≥∂±×≡↑ ±≈
⊄ƒ↑ ∂± ∏⋅ ∂↔←≡≥≠ 〉 ⊄•≡ ←↔↑♠…↔♠↑≡ °≠ ∏⇒ ∏⋅ ⊃∧ ∂←
•∂÷•≥ƒ ←∂″∂≥↑ ↔° ♦∂≥≈∫↔ƒ↓≡ ∏⋅ ♠↔ ←•°♦←  ↑∂÷∂≈∂≠∂≡≈ ⇐ •≡≥∂♣  ⇐
∂± ↔•≡ ×∂±←≡ ∇ ≥°≡ ±≈  ←≥∂÷•↔≥ƒ ≥↔≡↑≡≈ ⇒⊄∉ ∂±≈∂±÷ …≥≡≠↔ 〉
⊄•≡←≡ ←↔↑♠…↔♠↑≥ ≈∂≠≠≡↑≡±…≡←⌠ •°♦≡♥≡↑⌠ ≈° ±°↔ ↓↑°♥∂≈≡ ± °♥∂°♠←
≡♣↓≥±↔∂°± ≠°↑ ↔•≡ ″≡…•±∂←″ °≠ ↓↔•°÷≡±∂… …↔∂♥↔∂°±〉 ⇒ ↑≡…≡±↔
←∂″♠≥↔∂°±∫←≡≈ ″°≈≡≥ °≠ ↔•≡ ∏⇒ ↔±≈≡″ ×∂±←≡ ≈°″∂±←
∏⋅�∏⋅  ±≈  …↑ƒ←↔≥ ←↔↑♠…↔♠↑≡ °≠ ⊄∅ ∏⋅�∏⋅ 
←•°♦ ± ≡♣↔≡±←∂♥≡ ∂±↔≡↑…↔∂°± ∂±↔≡↑≠…≡ ≡↔♦≡≡± ∏⋅ ±≈ ↔•≡
…×←∂≈≡ °≠ ∏⋅⌠ ↓↑°♥∂≈∂±÷  ↑↔∂°±≥≡ ≠°↑ ↔•≡ ♠↔°∂±•∂∂↔°↑ƒ
∂±↔≡↑…↔∂°± ″≡≈∂↔≡≈ ƒ ∏⋅〉 √″↓°↑↔±↔≥ƒ⌠ ↓↑…↔∂…≥≥ƒ ≥≥ ×±°♦±

⊂∂÷±∂≠∂…±…≡

♠↔↔∂°±← ∂± ↔•≡ ∏⇒ ↓←≡♠≈°×∂±←≡ ≈°″∂± ↑≡ °± ≠∂≈≡ °±∫

…°÷≡±∂… ≈↑∂♥≡↑← ↔•↔ ♠±≈≡↑≥∂≡ ″±ƒ ″ƒ≡≥°↓↑°≥∂≠≡↑↔∂♥≡ ±≈ ♠∫

↔°∂″″♠±≡ ≈∂←≡←≡← ∂± •♠″±←〉 ⊄•≡ ∏⇒ ⊃∧ ″♠↔↔∂°± ∂←

↑≡←↓°±←∂≥≡ ≠°↑  °≠ ↓°≥ƒ…ƒ↔•≡″∂ ♥≡↑ ±≈  °≠ ↓↑∂∫

″↑ƒ ″ƒ≡≥°≠∂↑°←∂← ±≈ ≡←←≡±↔∂≥ ↔•↑°″°…ƒ↔°←∂← …←≡←〉 ⇐♠↑∫

↑≡±↔≥ƒ⌠ ≈≡♥≡≥°↓≡≈ ∏⇒ ↔ƒ↑°←∂±≡ ×∂±←≡ ∂±•∂∂↔°↑← •♥≡ ±°↔

≡≡± ≥≡ ↔° ≡↑≈∂…↔≡ ≈∂←≡←≡ …♠←≡≈ ƒ ″♠↔↔≡≈ ∏⇒〉 ⊄•≡

≈↔ ↓↑≡←≡±↔≡≈ •≡↑≡ ←•°♦ ↔•↔ ≥↔≡↑↔∂°± °≠ ↔•≡ ⇒⊄∉ ∂±≈∂±÷

←∂↔≡ °≠ ↔•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± •← ↔•≡ ↓°↔≡±↔∂≥ ↔° ←♠↓↓↑≡←←

∏⇒ •ƒ↓≡↑…↔∂♥↔∂°± …♠←≡≈ ƒ ↓↔•°÷≡±∂… ″♠↔↔∂°±←⌠ ♦∂↔•

″∂±∂″≥ ≡≠≠≡…↔← °± ♦∂≥≈∫↔ƒ↓≡ ∏⇒⌠ ↔•♠← ≡←↔≥∂←•∂±÷ ↔•≡ ⇒⊄∉

∂±≈∂±÷ ←∂↔≡ °≠ ↔•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± ←  ↓°↔≡±↔∂≥ ↓•↑∫

″…°≥°÷∂…≥ ↔↑÷≡↔〉

⇒♠↔•°↑ …°±↔↑∂♠↔∂°±←∑ ⋅〉〉⋅〉⌠ ⊆〉⇐〉⊂〉⌠ ⊂〉⊆〉⋅〉⌠ ±≈ ∠〉⊂〉 ≈≡←∂÷±≡≈ ↑≡←≡↑…• ⋅〉〉⋅〉 ±≈ ∏〉¬〉

↓≡↑≠°↑″≡≈ ↑≡←≡↑…• ⇔〉⊇〉 …°±↔↑∂♠↔≡≈ ±≡♦ ↑≡÷≡±↔←ñ±≥ƒ↔∂… ↔°°≥← ⋅〉〉⋅〉 ±≈ ∏〉¬〉 ±∫

≥ƒ∞≡≈ ≈↔ ±≈ ⋅〉〉⋅〉⌠ ⊂〉⊆〉⋅〉⌠ ±≈ ∠〉⊂〉 ♦↑°↔≡ ↔•≡ ↓↓≡↑〉

⊄•≡ ♠↔•°↑← ≈≡…≥↑≡ ±° …°±≠≥∂…↔ °≠ ∂±↔≡↑≡←↔〉

⊄•∂← ↑↔∂…≥≡ ∂←  ∉∇⇒⊂ ⇔∂↑≡…↔ ⊂♠″∂←←∂°±〉

∧↑≡≡≥ƒ ♥∂≥≥≡ °±≥∂±≡ ↔•↑°♠÷• ↔•≡ ∉∇⇒⊂ °↓≡± ……≡←← °↓↔∂°±〉

⊄° ♦•°″ …°↑↑≡←↓°±≈≡±…≡ ←•°♠≥≈ ≡ ≈≈↑≡←←≡≈〉 ∨″∂≥∑ °≥≥∂〉←∂≥♥≡±±°∂±≡±⇓♠↔〉≠∂〉

⊄•∂← ↑↔∂…≥≡ …°±↔∂±← ←♠↓↓°↑↔∂±÷ ∂±≠°↑″↔∂°± °±≥∂±≡ ↔ ♦♦♦〉↓±←〉°↑÷ñ≥°°×♠↓ñ←♠↓↓≥ñ≈°∂∑〉

ñ↓±←〉ñ∫ñ⇔⇐⊂♠↓↓≥≡″≡±↔≥〉

� ≤ ∉∇⇒⊂ ≤ ⇒↓↑∂≥ ⌠  ≤ ♥°≥〉  ≤ ±°〉  ♦♦♦〉↓±←〉°↑÷ñ…÷∂ñ≈°∂ñ〉ñ↓±←〉



≈∂←≡←≡∫…♠←∂±÷ ∏⋅ ±≈ ∏⋅ ″♠↔↔∂°±← ≥°…≥∂∞≡ ∂± °↑ ±≡↑ ↔•≡
∏⋅�∏⋅ ∂±↔≡↑≠…≡ ±≈ ↑≡ ≡♣↓≡…↔≡≈ ↔° ≈≡←↔∂≥∂∞≡ ↔•≡ ∂±∫
↔≡↑…↔∂°± ⌠ 〉 ⊄•≡ ←↔↑♠…↔♠↑≡← °≠ ∏⇒ ±≈ ⊄∅ ∏⋅ ↑≡
•∂÷•≥ƒ ←∂″∂≥↑ ↔° ∏⇒ ∏⋅ ⌠ ⌠ ±≈ ≥≥ ↔•↑≡≡ ∏⋅← ∂±≈ ⇒⊄∉
〉 ⊄•≡ ↑≡÷♠≥↔°↑ƒ ↑≡←∂≈♠≡← ⊂≡↑ ±≈ ⊄ƒ↑ ∂± ∏⇒ ↑≡ ±°↔
…°±←≡↑♥≡≈ ∂± °↔•≡↑ ∏⇒ ≠″∂≥ƒ ″≡″≡↑←⌠ ±≈ ↔•≡ …↔≥ƒ↔∂…
≠♠±…↔∂°± °≠ ∏⋅ ↓↓≡↑← ↔° ≡  ♠±∂→♠≡ …•↑…↔≡↑∂←↔∂… °≠ ∏⇒⌠
♦•∂…• ∂← ≥←° ↔•≡ °±≥ƒ ∏⇒ ↔° ≠♠±…↔∂°± ← •°″°≈∂″≡↑← °± ↔ƒ↓≡ √
…ƒ↔°×∂±≡ ↑≡…≡↓↔°↑←〉 ⊄•≡ …°±←≡↑♥≡≈ ≠♠±…↔∂°± °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷
∂± ≥≥ ∏⇒ ∏⋅←⌠ •°♦≡♥≡↑⌠ ∂← …♠↑↑≡±↔≥ƒ ♠±×±°♦±〉
⊆≡←≡↑…• °± ∏⋅ ≥←° ↔∂≡← ∂±↔° ↔•≡ ≠∂≡≥≈ °≠ ↓←≡♠≈°×∂±←≡← ∂±

÷≡±≡↑≥〉 ∉←≡♠≈°×∂±←≡← ↑≡ ×∂±←≡∫≥∂×≡ ↓↑°↔≡∂±← ↔•↔ ≥…× °±≡ °↑
″°↑≡ …°±←≡↑♥≡≈ …↔≥ƒ↔∂… ↑≡←∂≈♠≡← ±≈ …°±←↔∂↔♠↔≡ ≥″°←↔  °≠
↔•≡ •♠″± ×∂±°″≡ 〉 ±ƒ ↓←≡♠≈°×∂±←≡← •♥≡ ↑≡↔∂±≡≈ ↔•≡
∂≥∂↔ƒ ↔° ∂±≈ ±♠…≥≡°↔∂≈≡←⌠ ƒ≡↔ ↔•≡ ↓•ƒ←∂°≥°÷∂…≥ ≠♠±…↔∂°± °≠ ↔•∂←
∂±≈∂±÷ •← ↑≡″∂±≡≈ ♠±×±°♦± ∂± ″°←↔ …←≡←〉 ⇔≡…∂↓•≡↑∂±÷ ↔•≡
≠♠±…↔∂°± °≠ ↔•≡←≡ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ←∂↔≡← ∂← °≠ ↓↑…↔∂…≥ ∂″↓°↑∫
↔±…≡⌠ ← ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ↓°…×≡↔ ∂←  ♦≡≥≥∫♥≥∂≈↔≡≈ ↓•↑″…°∫
≥°÷∂…≥ ↔↑÷≡↔ 〉 √±↔↑∂÷♠≡≈ ƒ ↔•≡←≡ →♠≡←↔∂°±←⌠ ♦≡ ←≡↔ °♠↔ ↔°
∂±♥≡←↔∂÷↔≡ ↔•≡ ≠♠±…↔∂°±≥ ↑°≥≡ °≠ ⇒⊄∉ ∂±≈∂±÷ ∂± ∏⇒ ∏⋅⌠ ≠°∫
…♠←∂±÷ °± ∂↔← ↑°≥≡ ∂± ↔•≡ ↑≡÷♠≥↔∂°± °≠ ∏⇒ ←∂÷±≥∂±÷ ∂± ♦∂≥≈∫↔ƒ↓≡
±≈ ↓↔•°÷≡±∂… …°±↔≡♣↔←〉

⊆≡←♠≥↔←

∨←↔≥∂←•∂±÷ ∏⇒ ∏⋅ ⇒⊄∉ ⇑∂±≈∂±÷ ⊂∂↔≡ ♠↔↔∂°±←〉 ∏⇒ ∏⋅ •← ±
⇒⊄∉ ∂±≈∂±÷ ↓°…×≡↔ ♦∂↔• ♠±♠←♠≥ …•↑…↔≡↑∂←↔∂…← ∧∂÷〉 ⇒ 〉

⊄° ←↔♠≈ƒ ↔•≡ ↑°≥≡ °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷⌠ ♦≡ ♠←≡≈  ←ƒ←↔≡″↔∂…⌠
←↔↑♠…↔♠↑≡∫←≡≈ ″♠↔÷≡±≡←∂← ↓↓↑°…• ≈≡←∂÷±≡≈ ↔° ≈∂←↔∂±÷♠∂←•
↔•≡ ≡≠≠≡…↔ °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ≠↑°″ ↓°←←∂≥≡ ←↔↑♠…↔♠↑≥ ≡≠≠≡…↔←
…♠←≡≈ ƒ ↔•≡ ″♠↔↔∂°±⌠ ← •← ≡≡± °←≡↑♥≡≈ ♦∂↔•⌠ ≠°↑ ≡♣″↓≥≡⌠
∫←↔↑±≈    ≥ƒ←∂±≡ ″♠↔↔∂°±← ⌠ 〉 ∪≡ ↔•♠← ″♠↔↔≡≈ ±°↔
°±≥ƒ ↔•≡  ≥ƒ←∂±≡ ⇒ ±≈ ∂↔← ∂±↔≡↑…↔∂°± ↓↑↔±≡↑ ⇔⇒
♠↔ ≥←° ↔•≡ ÷≥ƒ…∂±≡∫↑∂…• ≥°°↓ ¬⇒ ¬⇒ ↑≡←∂≈♠≡← °± ↔•≡
…↔≥ƒ↔∂… ≥°°↓ ∂±↔≡↑…↔∂±÷ ≈∂↑≡…↔≥ƒ ♦∂↔• ⇒⊄∉ ∨ °↑ ↔•≡ ≈∂∫
♥≥≡±↔ …↔∂°± ∇⇒⌠ ← ♦≡≥≥ ← ↑≡←∂≈♠≡← ≥∂±∂±÷ ↔•≡ ↓♠↑∂±≡ ∂±≈∂±÷
↓°…×≡↔ √∧⌠ ∧〉 ⊄° …°″↓↑≡ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ ″♠↔∫
↔∂°±← ♦∂↔•  ←↔↑♠…↔♠↑≥≥ƒ ≈≡←↔∂≥∂∞∂±÷ ″♠↔↔∂°±⌠ ♦≡ ″♠↔↔≡≈ ∉•≡
↔° ↑÷∂±∂±≡ ∂± ↔•≡ •ƒ≈↑°↓•°∂… …°↑≡ °≠ ↔•≡ ⇐ ≥°≡  ⊄≥≡ 〉
⊄° ♥≡↑∂≠ƒ ↔•≡ ≡≠≠≡…↔← °≠ ↔•≡ ″♠↔↔∂°±← °± ⇒⊄∉ ∂±≈∂±÷⌠ ♦≡

↓↑°≈♠…≡≈ ↑≡…°″∂±±↔ ∏⇒ ∏⋅〉 ∧≥♠°↑°″≡↔↑∂… ↔•≡↑″≥∫←•∂≠↔
±≥ƒ←∂← ⊄⊂⇒ ←•°♦≡≈ ↔•↔ ↔•≡ ″♠↔↔∂°±← ∨⌠ √∧⌠ ±≈
∧ •♥≡ °±≥ƒ  ″↑÷∂±≥ ≡≠≠≡…↔ °± ↔•≡ ″≡≥↔∂±÷ ↔≡″↓≡↑↔♠↑≡
⊄″ °≠ ↓° ∏⋅ ∧∂÷〉 ⇑⌠ ↑ ÷↑↓•〉 ⇒⊄∉ ∂±≈∂±÷∫∂±≈♠…≡≈
←↔∂≥∂∞↔∂°±⌠ •°♦≡♥≡↑⌠ ♦← …°″↓≥≡↔≡≥ƒ ↑°÷↔≡≈ ∂± ∨ ±≈
√∧ ♠↔ ±°↔ ∂± ∧ ∧∂÷〉 ⇑⌠ ≥∂±≡ ÷↑↓•〉 ⊄•≡←≡ ↑≡←♠≥↔← ∂±∫
≈∂…↔≡ ↔•↔ √∧ ±≈ ∨ ≈° ±°↔ ≠≠≡…↔ ↔•≡ ↓↑°↓≡↑ ≠°≥≈∂±÷ °≠
↔•≡ ≈°″∂± ♠↔ ↔•↔ ↔•≡ƒ ≡≠≠≡…↔∂♥≡≥ƒ ≥°…× ⇒⊄∉ ∂±≈∂±÷〉 ∧
≡♥∂≈≡±↔≥ƒ ≈∂≈ ±°↔ ↓↑≡♥≡±↔ ⇒⊄∉ ∂±≈∂±÷〉 ⊄•≡ ≡≠≠≡…↔ °≠ ↔•≡ °↔•≡↑
″♠↔↔∂°±← ≈≡←…↑∂≡≈ °♥≡ …°♠≥≈ ±°↔ ≡ ≡♣↓≥∂…∂↔≥ƒ ±≥ƒ∞≡≈ ≈♠≡
↔° ≥…× °≠ ↑≡…°″∂±±↔ ≡♣↓↑≡←←∂°± ⊄≥≡ 〉

⇒⊄∉ ⇑∂±≈∂±÷ ∂± ∏⇒ ∏⋅ ⊃∧〉 ⊄•≡ …↑ƒ←↔≥ ←↔↑♠…↔♠↑≡ °≠ ∏⇒ ∏⋅
⊃∧ ∂← •∂÷•≥ƒ ←∂″∂≥↑ ↔° ↔•≡ ♦∂≥≈∫↔ƒ↓≡ ←↔↑♠…↔♠↑≡ ⌠ ♦∂↔• ←″≥≥
…•±÷≡← ∂± ⇐ ±≈ ↔•≡ � ⇐ ≥∂±×≡↑ ±≈  ←≥∂÷•↔ …•±÷≡ ∂± ↔•≡
↔°↓°÷↑↓•ƒ °≠ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ↓°…×≡↔ ≈♠≡ ↔° ≥∂÷±″≡±↔ °≠
∉•≡⌠ ∉•≡⌠ ±≈ ∉•≡ ↔•≡ ≥↔↔≡↑ ↔♦° ∂± ⇐ ∂± ⊃∧ ∧∂÷〉
⊂〉 ⊄° ÷♠÷≡ ♦•≡↔•≡↑ ↔•≡←≡ ≈∂≠≠≡↑≡±…≡← •♥≡ ±ƒ ≡≠≠≡…↔ °± ↔•≡
←↔∂≥∂↔ƒ °≠ ∏⋅ ±≈ ∂↔← ≠≠∂±∂↔ƒ ≠°↑ ⇒⊄∉⌠ ♦≡ ♠←≡≈ ⊄⊂⇒ ±≈  ∧⊆∨⊄∫
←≡≈ �ñ ∫∇∫″≡↔•ƒ≥∫±↔•↑±∂≥°ƒ≥�⇒⊄∉ ⇒∇⊄∫⇒⊄∉ ∂±≈∂±÷
←←ƒ °± ↑≡…°″∂±±↔ ∏⇒ ∏⋅〉 ⊄⊂⇒ ←•°♦≡≈ ↔•↔ ↔•≡ ⊃∧
″♠↔↔∂°± ≥°♦≡↑← ↔•≡ °♥≡↑≥≥ ↔•≡↑″≥ ←↔∂≥∂↔ƒ °≠ ↔•≡ ≈°″∂± ⊄″ 

〉 ν 〉 ο⇐ …°″↓↑≡≈ ♦∂↔• 〉 ν 〉 ο⇐ ≠°↑ ♦∂≥≈ ↔ƒ↓≡〉 ⇒≈≈∂↔∂°±
°≠ ÷∫⇒⊄∉ …♠←≡≈ ←∂″∂≥↑ ←↔∂≥∂∞↔∂°± ≠°↑ °↔• ≈°″∂±←⌠ ♦∂↔• ⊄″
←•∂≠↔← °≠ ♠↓ ↔°  ο⇐⌠ ♦•∂…• ♦←⌠ •°♦≡♥≡↑⌠ ←↔∂≥≥ ±°↔ ≡±°♠÷• ↔° ↑∂±÷
↔•≡ ⊄″ °≠ ⊃∧ ↔° ↔•≡ ≥≡♥≡≥ °≠ ♦∂≥≈ ↔ƒ↓≡ ∧∂÷〉 ⇐〉 ∈♠±↔∂≠∂…↔∂°±
°≠÷�⇒∇⊄∫⇒⊄∉ ∂±≈∂±÷ ≠≠∂±∂↔ƒ ←•°♦≡≈ ±° ≈∂≠≠≡↑≡±…≡ ≡↔♦≡≡±
∏⇒ ∏⋅ ♦∂≥≈ ↔ƒ↓≡ ±≈ ⊃∧⌠ ♦∂↔• ≈∂←←°…∂↔∂°± …°±←↔±↔← °≠
〉 ν 〉  ≠°↑ °↔• ∧∂÷〉 ⇔〉 ⊄•♠←⌠ ⊃∧ ≥°♦≡↑← ↔•≡ ↔•≡↑″≥
←↔∂≥∂↔ƒ °≠ ∏⋅ ♠↔ ≈°≡← ±°↔ ←♠←↔±↔∂≥≥ƒ ≠≠≡…↔ ⇒⊄∉ ∂±≈∂±÷〉

⇒±≥ƒ←∂← °≠ ∏⇒ ∏⋅ ⇒⊄∉ ⇑∂±≈∂±÷ ⊂∂↔≡ ♠↔↔∂°±← ∂± ↔•≡ ⇒←≡±…≡ °≠

∏⇒∫⇒←←°…∂↔≡≈ ⊄ƒ↓≡ √ ⊆≡…≡↓↔°↑←〉 ⊄•≡ ⇒⊄∉∫…°°↑≈∂±↔∂±÷ ↑≡←∂≈♠≡←
♦≡↑≡ ″♠↔↔≡≈ ∂± ↔•≡ …°±↔≡♣↔ °≠ ≠♠≥≥∫≥≡±÷↔• ∏⇒⌠ ±≈ …↔∂♥↔∂°±
♦← ±≥ƒ∞≡≈ ∂± ↔↑±←≠≡…↔≡≈ ∏⇒∫≈≡≠∂…∂≡±↔ ⇒ …≡≥≥← ƒ ″≡∫
←♠↑∂±÷ ∏⋅ …↔∂♥↔∂°±∫≥°°↓ ↓•°←↓•°↑ƒ≥↔∂°± ↓∅�↓∅
∧∂÷〉 〉 ⇒ ∂←  ≠∂↑°≥←↔ …≡≥≥ ≥∂±≡ ±≈ ↔•♠← ≥…×← ≡♣↓↑≡←←∂°± °≠
∏⇒∫←←°…∂↔≡≈ •°″°↔ƒ↓∂… ↔ƒ↓≡ √ ″ƒ≡≥°∂≈ …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑←
∨∉∠⊆⌠ ∉⌠ ±≈ ¬∫⇐⊂∧∫⊆〉 √± ↔•≡ …°±↔≡♣↔ °≠ ♦∂≥≈∫↔ƒ↓≡ ∏⇒⌠
↔•≡ ∏⋅ ″♠↔↔∂°±← ↑≡←♠≥↔≡≈ ÷≡±≡↑≥≥ƒ ∂± ←″≥≥ ∂±…↑≡←≡← ∂± ←≥
∏⇒ …↔∂♥∂↔ƒ〉 ⊂↓≡…∂≠∂…≥≥ƒ⌠ ↔•≡ ♥≡↑∂≠∂≡≈ ⇒⊄∉ ∂±≈∂±÷∫≈≡≠∂…∂≡±↔
″♠↔±↔← ∨ ±≈ √∧ ←•°♦≡≈ 〉∫ ±≈ 〉∫≠°≥≈ ∂±…↑≡←≡← °♥≡↑
♦∂≥≈∫↔ƒ↓≡ ∏⇒⌠ ♦•≡↑≡← ↔•≡ ≥≡←← …°±←≡↑♥↔∂♥≡ …•±÷≡ ⇒
…♠←≡≈  ≥↑÷≡↑ ≠∂♥≡≠°≥≈ ∂±…↑≡←≡ ∂± ↓∅�↓∅ ≥≡♥≡≥←⌠ ←
≈∂≈ ↔•≡ ←↔↑♠…↔♠↑≥≥ƒ ≈∂←↑♠↓↔∂♥≡ ∧⊆ ″♠↔↔∂°± ∧∂÷〉 〉
∇≡♣↔⌠ ↔•≡ ≈∂≠≠≡↑≡±↔ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ ″♠↔↔∂°±← ♦≡↑≡ ∂±↔↑°∫

≈♠…≡≈ ∂±↔° ≠♠≥≥∫≥≡±÷↔• ∏⇒ ⊃∧⌠ ±≈ ↔•≡ ↑°≥≡ °≠ ∏⋅ ±♠…≥≡∫
°↔∂≈≡ ∂±≈∂±÷ °± …ƒ↔°×∂±≡∫∂±≈≡↓≡±≈≡±↔ …↔∂♥↔∂°± ♦← ±≥ƒ∞≡≈〉
∨♣↓↑≡←←∂°± °≠ ⊃∧ ↑≡←♠≥↔≡≈ ∂± 〈∫≠°≥≈ •ƒ↓≡↑↓•°←↓•°↑ƒ≥↔∂°±
…°″↓↑≡≈ ♦∂↔• ♦∂≥≈ ↔ƒ↓≡〉 ⊂↔↑∂×∂±÷≥ƒ⌠ ≥″°←↔ ≥≥ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡
″♠↔↔∂°±← ↑≡♥≡↑↔≡≈ ↔•≡ •∂÷• ←≥ …↔∂♥∂↔ƒ °≠ ⊃∧ ↔° ±≡↑ ♦∂≥≈∫
↔ƒ↓≡ ≥≡♥≡≥← ∧∂÷〉 〉 ⊄•≡ ∂±•∂∂↔∂°± ♦← ″°←↔ ↓↑°″∂±≡±↔ ∂± ↔•≡
÷≥ƒ…∂±≡∫↑∂…• ≥°°↓ ″♠↔±↔ ¬⇒ ¬⇒ ±≈ °↔• …↔≥ƒ↔∂…
≥°°↓ ″♠↔±↔← ∇⇒⌠ ∨⌠ ♦∂↔• ↓∅�↓∅ ≥≡♥≡≥←
±≡↑≥ƒ ♦∂≥≈ ↔ƒ↓≡ 〉�〉∫≠°≥≈ °≠ ♦∂≥≈ ↔ƒ↓≡〉 ∧⌠ ♦•∂…• ≈∂≈ ±°↔
↑°÷↔≡ ⇒⊄∉ ∂±≈∂±÷ ∧∂÷〉 ⇑⌠ ÷♥≡ ↔•≡ ←″≥≥≡←↔ ↑≡≈♠…↔∂°± ∂±
•ƒ↓≡↑↓•°←↓•°↑ƒ≥↔∂°± ∧∂÷〉 〉 ∧♠↑↔•≡↑″°↑≡⌠ ″♠↔↔∂°± °≠ ∏⋅
♠↔°↓•°←↓•°↑ƒ≥↔∂°± ←∂↔≡← ⊂≡↑ ±≈ ⊄ƒ↑  ≈∂≈ ±°↔ ≥°♦≡↑

⇒ ⇑

⇐ ⇔

⊄″ ο⇐

∪⊄

⊃∧

∏⇒ ∏⋅

√

¬





⇒





∇

∇

⇔

¬

⊗⇒⊄∉ℜ ϕ

    
〉

〉

〉

〉

⊗⇒∇⊄∫⇒⊄∉ℜ ϕ























 

∫

∫











∪⊄ ≈〉 〉 ϕ

⊃∧ ≈〉 〉 ϕ





  
⊗⇒⊄∉ℜ ϕ

∧∂÷〉 〉 ⇐•↑…↔≡↑∂∞∂±÷ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ↓°…×≡↔ °≠ ∏⇒ ∏⋅〉 ⇒ ⊄•≡ ⇒⊄∉

∂±≈∂±÷ ↓°…×≡↔ °≠ ∏⇒ ∏⋅  ⊗∉↑°↔≡∂± ⇔↔ ⇑±× ∉⇔⇑ √⇔ …°≈≡ ∧⊃∈ℜ

•∂÷•≥∂÷•↔∂±÷ ↔•≡ ±°±…±°±∂…≥ ″°≈≡ °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷〉 ∏⇒ ∏⋅ …°±∫

↔∂±←  ♠≥×ƒ ≥≡♠…∂±≡ ≡♠ °± ↔•≡ ∇∫≥°≡ ←∂≈≡ °≠ ↔•≡ ↓♠↑∂±≡ ↓°…×≡↔

←♠←↔∂↔♠↔∂±÷ ≠°↑ ↔•≡ …±°±∂…≥ ≥±∂±≡ ∂± ↔•≡ ⊃⇒√ ″°↔∂≠〉 ⊄•≡ ÷≥ƒ…∂±≡∫↑∂…•

≥°°↓ …°±←∂←↔← °≠ ↔♦° ÷≥ƒ…∂±≡← ←•°♦± ← ←↓•≡↑≡← ↑↔•≡↑ ↔•± ↔•↑≡≡〉 ⊄•≡

↓•°←↓•↔≡← °≠ °♠±≈ ⇒⊄∉ ←•°♦± ← ←↔∂…×← ↑≡ …°°↑≈∂±↔≡≈ ƒ °±≥ƒ °±≡

≈∂♥≥≡±↔ …↔∂°± ←•°♦± ∂± ″÷≡±↔ ∂±←↔≡≈ °≠ ↔♦° ∂± ↔ƒ↓∂…≥ ×∂±←≡←〉 ∧♠↑∫

↔•≡↑″°↑≡⌠ ⇒←↓ °≠ ↔•≡ ⇔∉¬ ″°↔∂≠ …°±←≡±←♠← ⇔∧¬ ≠°↑″←  ←≥↔ ↑∂≈÷≡ ↔°

↔•≡  ≥ƒ←∂±≡ ƒ←⌠ ±≈ ƒ← ≠↑°″ ↔•≡ …↔≥ƒ↔∂… ≥°°↓ ∂±≈← ≈∂↑≡…↔≥ƒ ↔° ↔•≡

±≈ ↓•°←↓•↔≡← °≠ ⇒⊄∉〉 ⇔°↔↔≡≈ ≥∂±≡← •∂÷•≥∂÷•↔ •ƒ≈↑°÷≡± °±≈← ±≈ ←≥↔

↑∂≈÷≡← ↓↑↔∂…∂↓↔∂±÷ ∂± ↔•≡ ∂±≈∂±÷ °≠ ⇒⊄∉〉 ⊄•≡ •ƒ≈↑°↓•°∂… ″∂±° …∂≈←

≥∂±∂±÷ ↔•≡ ↓♠↑∂±≡ ←≡ ±≈ ←♠÷↑ ″°∂≡↔ƒ ∂±≈∂±÷ ←∂↔≡ ↑≡ ←•°♦± ← ♥°≥♠″≡∫

≠∂≥≥∂±÷ ″°≈≡≥←〉 ⇑ ∧≥♠°↑°″≡↔↑∂… ⊄⊂⇒ °≠ ↑≡…°″∂±±↔ ∏⇒ ∏⋅〉 ⊄″← °≠ ∏⇒

∏⋅ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ ″♠↔±↔← ↑≡ ←•°♦± ∂± ↔•≡ ↑ ÷↑↓•〉 ⊄⊂⇒ ←•°♦← ±°

↔•≡↑″≥ ←↔∂≥∂∞↔∂°± ≠°↑ ∏⇒ ∏⋅ √∧ °↑ ∏⇒ ∏⋅ ∨ ♠↓°± ≈≈∂↔∂°± °≠

⇒⊄∉  ⊄″⌠ ≥∂±≡ ÷↑↓•〉 ⇐ ⊄•≡↑″≥ ←↔∂≥∂↔ƒ °≠ ↑≡…°″∂±±↔ ∏⇒ ∏⋅ ♦∂≥≈

↔ƒ↓≡ ±≈ ⊃∧ ♠↓°± ≈≈∂↔∂°± °≠ ⇒⊄∉ ↔° ♦∂≥≈∫↔ƒ↓≡ ±≈ ⊃∧ ∏⋅ ←•°♦←

←∂″∂≥↑ ⇒⊄∉ ↑≡←↓°±←≡← ƒ≡↔ °♥≡↑≥≥ ↑≡≈♠…≡≈ ↔•≡↑″≥ ←↔∂≥∂↔ƒ ∂± ⊃∧〉 ⊄•≡

≈↔ ≠°↑ ♦∂≥≈ ↔ƒ↓≡ ↑≡ ↔•≡ ←″≡ ← ←•°♦± ∂± ⇑〉 ⇔ ⇒∇⊄∫⇒⊄∉ ∂±≈∂±÷ ←←ƒ

°± ↑≡…°″∂±±↔ ∏⇒ ∏⋅ ↑≡♥≡≥← ∂≈≡±↔∂…≥ ⇒∇⊄∫⇒⊄∉ ∂±≈∂±÷ ≠≠∂±∂↔∂≡← ≠°↑

♦∂≥≈ ↔ƒ↓≡ ±≈ ⊃∧〉 ⇒≥≥ ≡♣↓≡↑∂″≡±↔← ♦≡↑≡ ≈°±≡ ∂± ↔•≡ ↓↑≡←≡±…≡ °≠ ÷〉

⇒≥≥ ≡↑↑°↑ ↑← ↑≡ ←↔±≈↑≈ ≈≡♥∂↔∂°±← ⊂⇔ ≠↑°″ ↔↑∂↓≥∂…↔≡ ≡♣↓≡↑∂″≡±↔←〉

⋅″″↑6± ≡↔ ≥〉 ∉∇⇒⊂ ≤ ⇒↓↑∂≥ ⌠  ≤ ♥°≥〉  ≤ ±°〉  ≤ 

⇑
√∠
⇐
⋅
∨
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∅



⊃∧ •ƒ↓≡↑…↔∂♥∂↔ƒ ∧∂÷〉 ⊂⌠ ≈≡″°±←↔↑↔∂±÷ ↔•↔ ↔•≡ ←♠↓↓↑≡←←∂°±
°≠ ≡↑↑±↔ …↔∂♥↔∂°± ƒ ↔•≡ ∏⋅ ⇒⊄∉ ∂±≈∂±÷ ″♠↔↔∂°±← ∂← ±°↔
≈♠≡ ↔° ≥°←← °≠ ∏⋅ …↔≥ƒ↔∂… …↔∂♥∂↔ƒ〉

⊆≡″°♥≥ °≠ ⇒⊄∉ ⇑∂±≈∂±÷ √← ⇔∂←↔∂±…↔ ∧↑°″ ⊂↔↑♠…↔♠↑≥ ⇔∂←↑♠↓↔∂°± °≠ ∏⋅

±≈ ⇔°≡← ∇°↔ ⇒≠≠≡…↔ ⊄ƒ↓≡ √ °↑ ⊄ƒ↓≡ √√ ⇐ƒ↔°×∂±≡ ⊆≡…≡↓↔°↑ ⊂∂÷±≥∂±÷〉 ⊄°
←←≡←← ↔•≡ ≡≠≠≡…↔ °≠ ∏⋅ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ ″♠↔↔∂°±← °± ↔•≡ …ƒ∫
↔°×∂±≡ ∂±≈♠…∂∂≥∂↔ƒ °≠ ∏⇒⌠ ♦≡ …°≡♣↓↑≡←←≡≈ ↔ƒ↓≡ √ …ƒ↔°×∂±≡ ↑≡∫
…≡↓↔°↑ ∨∉∠⊆⌠ ⊂⊄⇒⊄⇒⌠ ±≈ ↔•≡ ∏⇒ ″♠↔±↔← ∂± ⇒ …≡≥≥←〉 ⇒
×∂±←≡∫∂±…↔∂♥↔∂±÷ ″♠↔↔∂°± ∂± ∏⋅ ⇒ ♦← ∂±…≥♠≈≡≈ ← 
…°±↔↑°≥〉 √± ↔•≡ ↓↑≡←≡±…≡ °≠ ∨∉∠⊆⌠ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ ″♠↔∫
↔∂°±← ≈∂≈ ±°↔ ∂±…↑≡←≡ ←≥ ∏⇒ …↔∂♥↔∂°± …°″↓↑≡≈ ♦∂↔• ♦∂≥≈∫
↔ƒ↓≡ ∏⇒⌠ ♦•≡↑≡← ↔•≡ ≈≡←↔∂≥∂∞∂±÷ ″♠↔↔∂°± ∧⊆ ←↔∂≥≥ …♠←≡≈ 
″↑×≡≈ ∂±…↑≡←≡ ∧∂÷〉 ⇒〉 ⊄•∂← ↑≡←♠≥↔ ♦← ≥←° ≡♥∂≈≡±↔ ∂± ≈°♦±∫
←↔↑≡″ ←∂÷±≥∂±÷⌠ ♦∂↔• ±↔∂∫↓⊂⊄⇒⊄⇒ ≥°↔↔∂±÷ ←•°♦∂±÷ ≥°♦ ←≥
⊂⊄⇒⊄⇒ ↓•°←↓•°↑ƒ≥↔∂°± ≠°↑ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ ″♠↔±↔← ƒ≡↔
∂±…↑≡←≡≈ ↓•°←↓•°↑ƒ≥↔∂°± ≠°↑ ∧⊆ ∧∂÷〉 ⇑〉 ∨∉∠∫∂±≈♠…≡≈
∏⇒ …↔∂♥↔∂°± ±≈ ←∂÷±≥∂±÷ ↑≡″∂±≡≈ ≡←←≡±↔∂≥≥ƒ ♠±…•±÷≡≈ ∂±
≥≥ ⇒⊄∉ ←∂↔≡ ″♠↔±↔←〉 √± …°±↔↑←↔⌠ ↔•≡ ≈≡←↔∂≥∂∞∂±÷ ∏⋅ ″♠↔↔∂°±
∧⊆ ♦← ↑≡≠↑…↔°↑ƒ ↔° ∨∉∠ ←↔∂″♠≥↔∂°± ∧∂÷〉  ⇒ ±≈ ⇑⌠
↑≡←≡″≥∂±÷ ↔•≡ ≡≠≠≡…↔ °≠ ∏⋅ ≈≡≥≡↔∂°± ⌠ ⌠ 〉
√± ≈≈∂↔∂°± ↔° •°″°≈∂″≡↑∂… ↔ƒ↓≡ √ …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑←⌠ ∏⇒

≠♠±…↔∂°±← °± ↔ƒ↓≡ √√ …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑← ♦•≡↑≡ ←∂÷±≥∂±÷ ↑≡≥∂≡← °±
↔↑±←∫…↔∂♥↔∂°± °≠ ↔♦° ≈∂≠≠≡↑≡±↔ ∏⇒←〉 ∪≡ ↔•♠← ±≥ƒ∞≡≈ …↔∂♥↔∂°±
°≠ ⊂⊄⇒⊄ ↔•↑°♠÷• ↔•≡ ∂±↔≡↑≠≡↑°± √∧∇  ↑≡…≡↓↔°↑ ∂± ⇒ …≡≥≥←〉
⇐°±÷↑♠≡±↔ ♦∂↔• ↔•≡ ≡≠≠≡…↔ °←≡↑♥≡≈ °± ↓∏⇒⌠ ←≥ ↓⊂⊄⇒⊄ ♦←
∂±…↑≡←≡≈ ∂± ⇒⌠ ♦•≡↑≡← ↔•≡ ≥≡←← ∂±♥←∂♥≡ ¬⇒ ¬⇒⌠
∨⌠ ±≈ √∧ ≈∂≈ ±°↔ ≠≠≡…↔ ←≥ ⊂⊄⇒⊄ ↓•°←↓•°↑ƒ≥↔∂°±
∧∂÷〉 ⇐〉 ⊇↓°± √∧∇ ←↔∂″♠≥↔∂°±⌠ ≥≥ ≠°♠↑ ↔≡←↔≡≈ ∏⋅ ″♠↔±↔←
←•°♦≡≈ ∂±≈♠…↔∂°± °≠ ⊂⊄⇒⊄ ↓•°←↓•°↑ƒ≥↔∂°± ∧∂÷〉 ⇐〉
⊄×≡± ↔°÷≡↔•≡↑⌠ ↔•≡←≡ ↑≡←♠≥↔← ∂±≈∂…↔≡ ↔•↔ ± ∂±↔…↔ ⇒⊄∉ ∂±≈∂±÷

←∂↔≡ ∂± ∏⇒ ∏⋅ ∂← ↑≡→♠∂↑≡≈ ≠°↑ ≠♠≥≥ ∏⋅∫″≡≈∂↔≡≈ ♠↔°∂±•∂∂↔∂°±
°≠ ∏⋅ …↔∂♥∂↔ƒ ∂± ↔•≡ ←≡±…≡ °≠ ↔ƒ↓≡ √ …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑←〉 ⋅°♦∫
≡♥≡↑⌠ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ∂≥∂↔ƒ °≠ ∏⇒ ∏⋅ ∂← ±°↔ ≡←←≡±↔∂≥ ≠°↑
≥∂÷±≈∫∂±≈♠…≡≈ ←∂÷±≥∂±÷ ♥∂ ↔ƒ↓≡ √ °↑ ↔ƒ↓≡ √√ …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑←〉
∧♠↑↔•≡↑″°↑≡⌠ ↔•≡←≡ ↑≡←♠≥↔← …≥≡↑≥ƒ ∂±≈∂…↔≡ ↔•↔ ≥°←← °≠ ∏⋅ ⇒⊄∉
∂±≈∂±÷ ∂← ≈∂←↔∂±…↔ ≠↑°″ ←↔↑♠…↔♠↑≥ ≈∂←↑♠↓↔∂°± °≠ ∏⋅〉

°←← °≠ ⇒⊄∉ ⇑∂±≈∂±÷ ∂± ∏⇒ ∏⋅ ⊂♠↓↓↑≡←←≡← ↔•≡ ⊃∧ ∉•≡±°↔ƒ↓≡〉

⇐ƒ↔°×∂±≡∫∂±≈≡↓≡±≈≡±↔ ←∂÷±≥∂±÷ °≠ ∏⇒ ⊃∧ •← ↓↑≡♥∂°♠←≥ƒ
≡≡± ←•°♦± ↔° ≡ ↑≡≥∂±↔ °± ≡♣↓↑≡←←∂°± °≠ ↔ƒ↓≡ √ …ƒ↔°×∂±≡ ↑≡∫
…≡↓↔°↑←⌠ ♦•≡± ∏⇒ ∂← ≡♣↓↑≡←←≡≈ ↔ ↓•ƒ←∂°≥°÷∂…≥ ≥≡♥≡≥← ⌠ 〉
∨♥≡± ♦•≡± …°≡♣↓↑≡←←≡≈ ♦∂↔• ∨∉∠⊆⌠ ↔•≡ ∏⋅ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡

″♠↔±↔← ♦≡↑≡ ≠°♠±≈ ↔° ←♠↓↓↑≡←← ⊃∧∫∂±≈♠…≡≈ •ƒ↓≡↑…↔∂♥∂↔ƒ
∧∂÷〉 ⇒〉 √± ……°↑≈±…≡ ♦∂↔• ↔•≡ ↑≡←♠≥↔← ∂± ↔•≡ ←≡±…≡ °≠ ↔ƒ↓≡ √
↑≡…≡↓↔°↑ ≡♣↓↑≡←←∂°±⌠ …↔∂♥∂↔ƒ °≠ ⊃∧ ∧ ≥←° ↑≡″∂±≡≈
•∂÷• ∂± ↔•≡ ↓↑≡←≡±…≡ °≠ ∨∉∠⊆ ∧∂÷〉 ⇒〉 √±•∂∂↔∂°± °≠ ∏⋅ ⇒⊄∉
∂±≈∂±÷ ≥←° ←♠↓↓↑≡←←≡≈ …ƒ↔°×∂±≡ ∂±≈♠…∂∂≥∂↔ƒ °≠ ∏⇒ ⊃∧
∧∂÷〉 ⇒ ±≈ ∧∂÷〉 ⊂〉
⊄° ←←≡←← ↔•≡ ≡≠≠≡…↔← °≠ ∏⋅ ⇒⊄∉ ∂±≈∂±÷∫≈≡≠∂…∂≡±↔ ″♠↔↔∂°±←

∂± ♥∂♥°⌠ ↔•≡ ⇒ ″♠↔↔∂°± ♦← ∂±↔↑°≈♠…≡≈ ∂±↔° •♠″± ∏⇒⌠
♦∂≥≈ ↔ƒ↓≡ ±≈ ⊃∧⌠ ∂±  ↓⊂⇐⊃�√⊆∨⊂ ¬∧∉ ♥≡…↔°↑⌠ ±≈ ∂↔←
≡≠≠≡…↔ °± ≈≡♥≡≥°↓″≡±↔ °≠ ″ƒ≡≥°∂≈ ≥∂±≡÷≡ …≡≥≥← ♦← ±≥ƒ∞≡≈ ∂± 
″°♠←≡ °±≡ ″↑↑°♦ ↔↑±←↓≥±↔↔∂°± ″°≈≡≥ 〉 ⋅≡″↔°≥°÷∂…≥
±≥ƒ←∂← ←•°♦≡≈ ↔•↔ ″∂…≡ ≡♣↓↑≡←←∂±÷ ∏⇒ ⊃∧ ≈≡♥≡≥°↓≡≈
≡↑ƒ↔•↑°…ƒ↔°←∂← ♦∂↔•∂±  ″°⌠ ↔ƒ↓∂…≥ ≠°↑ ⊃∧∫∂±≈♠…≡≈ …ƒ↔°×∂±≡∫
∂±≈≡↓≡±≈≡±↔ ∏⇒ ←∂÷±≥∂±÷⌠ ♦∂↔• ∂±…↑≡←≡≈ •≡″°÷≥°∂± ∧∂÷〉
⇑⌠ ″≡± …°↑↓♠←…♠≥↑ ♥°≥♠″≡ ⇐⊃⌠ •≡″↔°…↑∂↔⌠ ±≈ ↑≡∫
↔∂…♠≥°…ƒ↔≡ ±♠″≡↑← ∧∂÷〉 ⊂ 〉 ↔♠↑≡ ↑≡≈ ≥°°≈ …≡≥≥⌠ ↓≥↔≡∫
≥≡↔⌠ ±≈ ±≡♠↔↑°↓•∂≥ …°♠±↔← ≈∂≈ ±°↔ ≈∂≠≠≡↑ ≡↔♦≡≡± …°±↔↑°≥ ±≈ ±ƒ
°≠ ↔•≡ ∏⇒ …°±←↔↑♠…↔← ∧∂÷〉 ⊂〉 ∂…≡ ≡♣↓↑≡←←∂±÷ ∏⇒ ⇒
⊃∧ ≈∂≈ ±°↔ ≈≡♥≡≥°↓ ≡↑ƒ↔•↑°…ƒ↔°←∂← ±≈ ←•°♦≡≈ ≥°°≈
…°♠±↔← ∂±≈∂←↔∂±÷♠∂←•≥≡ ≠↑°″ ♦∂≥≈∫↔ƒ↓≡ ∏⇒∫↔↑±←↓≥±↔≡≈ ″∂…≡

⊄≥≡ 〉 ⊂♠″″↑ƒ °≠ ∏⇒ ±≈ ∏⇒ ↓°∂±↔ ″♠↔↔∂°±← ♠←≡≈ ↔° ←↔♠≈ƒ ↔•≡ ≠♠±…↔∂°± °≠ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ °≠ ∏⋅

♠↔↔∂°± ⊆↔∂°±≥≡ñ≡≠≠≡…↔ ∉↑°≈♠…∂≥≡ ∏⋅

∏⇒

⊂⇒ ⊆≡″°♥≡← ⊂≡↑ ↓•°←↓•°↑ƒ≥↔∂°± �

 ⋅ƒ↓≡↑…↔∂♥↔∂±÷ ∉∇ ″♠↔↔∂°± ∂± ∏⋅�∏⋅ ∂±↔≡↑≠…≡ ⌠  �

¬⇒ ¬⇒ ⊆≡″°♥≡← ≠≥≡♣∂≥≡ ÷≥ƒ…∂±≡← ♠←♠≥≥ƒ ±≡≡≈≡≈ ≠°↑ ⇒⊄∉ ∂±≈∂±÷ ∇°

√∧  ≈≡←∂÷±≡≈ ↔° ←↔≡↑∂…≥≥ƒ ∂±•∂∂↔ ⇒⊄∉ ∂±≈∂±÷ ♥≡↑∂≠∂≥ƒ ∂±•∂∂↔← ⇒⊄∉ ∂±≈∂±÷ ∧∂÷〉 ⇑ ∅≡←

√∨  ≈≡←∂÷±≡≈ ↔° ≡≥≡…↔↑°←↔↔∂…≥≥ƒ ∂±•∂∂↔ ⇒⊄∉ ∂±≈∂±÷ ∇°

∅∧ ⊆≡″°♥≡← ⊄ƒ↑ ↓•°←↓•°↑ƒ≥↔∂°± �

⇒ ⊆≡″°♥≡←  ≥ƒ←∂±≡ ±≡≡≈≡≈ ≠°↑ ⇒⊄∉ ∂±≈∂±÷ ∇°

∧  ≈≡←∂÷±≡≈ ↔° ←↔≡↑∂…≥≥ƒ ∂±•∂∂↔ ⇒⊄∉ ∂±≈∂±÷ ≈°≡← ±°↔ ∂±•∂∂↔ ⇒⊄∉ ∂±≈∂±÷ ∧∂÷〉 ⇑ ∅≡←

⊃∧ ⋅ƒ↓≡↑…↔∂♥↔∂±÷ ∉∇ ″♠↔↔∂°± ∅≡←

∨ ∨♣…•±÷≡← …↔≥ƒ↔∂… ≥°°↓ ≥ƒ←∂±≡ ∂±↔≡↑…↔∂±÷ ♦∂↔• ±≈ ↓•°←↓•↔≡← °≠ ⇒⊄∉ ♦∂↔• °↓↓°←∂↔≡≥ƒ

…•↑÷≡≈ ↑≡←∂≈♠≡ ♥≡↑∂≠∂≥ƒ ∂±•∂∂↔← ⇒⊄∉ ∂±≈∂±÷ ∧∂÷〉 ⇑

∅≡←

∇⇒ ⊆≡″°♥≡← …↔≥ƒ↔∂… ≥°°↓ ←↓↑÷∂±≡ …°°↑≈∂±↔∂±÷ ∂±≈∂±÷ °≠ …↔∂°± ±≡≡≈≡≈ ≠°↑ ⇒⊄∉ ∂±≈∂±÷ ∇°

⊆⊂ ⋅ƒ↓≡↑…↔∂♥↔∂±÷ ∉∇ ″♠↔↔∂°± ≈∂↑≡…↔≥ƒ ∂± ∏⋅�∏⋅ ∂±↔≡↑≠…≡ ⌠  �

⇔⇒ ⇔∧¬ ⇔∉¬ ∂± ∏⇒ ″°↔∂≠ ≈∂←↑♠↓↔← ƒ←∫⇒←↓ ←≥↔ ↑∂≈÷≡ ∇°

∧⊆ ⇔≡←∂÷±≡≈ ↔° ≈∂←↑♠↓↔ ∏⋅ ƒ ∂±↔↑°≈♠…∂±÷ …•↑÷≡≈ ↑≡←∂≈♠≡ ∂±↔° •ƒ≈↑°↓•°∂… …°↑≡ °≠ ⇐ ≥°≡  ∇°

∏⇒

¬⇒ ¬⇒ ⇒±≥°÷°♠← ↔° ∏⇒¬⇒ ¬⇒ �

⇒ ⇒±≥°÷°♠← ↔° ∏⇒⇒ �

⊃∧ ⇒±≥°÷°♠← ↔° ∏⇒⊃∧ �

⇐°±←↔↑♠…↔← ±°↔ ↔≡←↔≡≈ ≠°↑ ↑≡…°″∂±±↔ ↓↑°≈♠…↔∂°± ↑≡ ″↑×≡≈ ♦∂↔•  ��〉�
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∧∂÷〉 〉 ♠↔↔∂°± °≠ ↔•≡ ∏⇒ ∏⋅ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ ↑≡″°♥≡← ⊃∧∫″≡≈∂↔≡≈

•ƒ↓≡↑…↔∂♥↔∂°±〉 ⊂•°♦± ∂← ↔•≡ ♦•°≥≡∫…≡≥≥ ≥ƒ←↔≡ ∂″″♠±°≥°↔ ≠↑°″ ⇒ …≡≥≥←

↔↑±←≠≡…↔≡≈ ♦∂↔• ≠♠≥≥∫≥≡±÷↔• •♠″± ∏⇒∫⋅⇒ ♦∂↔•°♠↔ ≡♣°÷≡±°♠← ↑≡…≡↓↔°↑←〉

∏⇒ ≡♣↓↑≡←←∂°± ≥≡♥≡≥← ↑≡ ←•°♦± ♠←∂±÷ ±↔∂∫⋅⇒ ←↔∂±∂±÷ ≠↑°″ ↔•≡ ←″≡

≥°↔←〉 ⇑↑ ÷↑↓• ←•°♦← ↓∏⇒∅�∅ →♠±↔∂≠∂…↔∂°± ±°↑″≥∂∞≡≈ ↔°

⋅⇒ ≥≡♥≡≥← ≠↑°″ ∂″″♠±°≥°↔← ≥∂×≡ ↔•≡ °±≡ ←•°♦±⌠ ← ♥≡↑÷≡← ≠↑°″ ↔•↑≡≡

∂±≈≡↓≡±≈≡±↔ ≡♣↓≡↑∂″≡±↔←〉 ∨↑↑°↑ ↑← ↑≡ ⊂⇔←〉 ⊂≡≡ ⊄≥≡  ≠°↑ ≡♣↓≥±↔∂°± °≠

↔•≡ ″♠↔±↔←〉

 ≤ ♦♦♦〉↓±←〉°↑÷ñ…÷∂ñ≈°∂ñ〉ñ↓±←〉 ⋅″″↑6± ≡↔ ≥〉



∧∂÷〉 ⇑ ±≈ ∧∂÷〉 ⊂〉 √± ≥∂±≡ ♦∂↔• ↔•≡ …≡≥≥ …♠≥↔♠↑≡ ≈↔ ♦∂↔•
…°≡♣↓↑≡←←≡≈ ∨∉∠⊆⌠ ⇒ ∂± °↔•≡↑♦∂←≡ ♦∂≥≈∫↔ƒ↓≡ ∏⇒ ≈∂≈ ±°↔
≠≠≡…↔ ↔•≡ ″ƒ≡≥°∂≈ ↓•≡±°↔ƒ↓≡ ∧∂÷〉 ⇑ ±≈ ∧∂÷〉 ⊂〉

⇒± √±↔…↔ ⇒⊄∉ ⇑∂±≈∂±÷ ∉°…×≡↔ °≠ ∏⋅ √← ⊆≡→♠∂↑≡≈ ≠°↑ ⋅ƒ↓≡↑…↔∂♥∂↔ƒ °≠

∏⇒ ∨♣°±  ±≈  ♠↔↔∂°±← ±≈ ∏⇒ ⊃∧〉 ⊄° ±≥ƒ∞≡ ♦•≡↔•≡↑
°↔•≡↑ •ƒ↓≡↑…↔∂♥↔∂±÷ ∏⇒ ″♠↔↔∂°±← ↑≡ ≥←° ≈≡↓≡±≈≡±↔ °±
⇒⊄∉ ∂±≈∂±÷ ↔° ∏⋅⌠ ⇒ ±≈ ¬⇒ ¬⇒ ♦≡↑≡ ∂±←≡↑↔≡≈
↔° ≡♣°±  ⌠ ″♠↔↔≡≈ ∂± ∉⊃ ±≈ ≡♣°±  ∏⇒ ″♠↔±↔←
⊆⊂⌠ ″♠↔↔≡≈ ∂± …♠↔≡ ⇑ ≥ƒ″↓•°≥←↔∂… ≥≡♠×≡″∂ 〉 ⇒

±≈ ¬⇒ ¬⇒ ←∂÷±∂≠∂…±↔≥ƒ ≥°♦≡↑≡≈ •ƒ↓≡↑↓•°←↓•°↑ƒ≥↔∂°± °≠
°↔• ″♠↔±↔← ∧∂÷〉 ⇒〉
⊄° ↔≡←↔ ↔•≡ ÷≡±≡↑≥∂↔ƒ ±≈ ≠♠±…↔∂°±≥ …°±←≡↑♥↔∂°± °≠ ⇒⊄∉

∂±≈∂±÷ ∂± ∏⋅ ♦∂↔•∂± ↔•≡ ∏⇒ ≠″∂≥ƒ⌠ ←↔♠≈∂≡← ♦≡↑≡ ↓≡↑≠°↑″≡≈
♦∂↔• ∏⇒〉 ⇑∂±≈∂±÷ °≠ ⇒∇⊄∫⇒⊄∉ ↔° ∏⇒ ∏⋅ ↑≡♥≡≥≡≈ ↔∂÷•↔
∂±≈∂±÷ ∂± ↔•≡ ↓↑≡←≡±…≡ °≠ °↔• ÷ ±≈ ±⌠ ♦∂↔•  ≈ °≠
〉 ν 〉  ∧∂÷〉 ⊂⌠ ♦•∂…• ∂← …°″↓↑≥≡ ↔° ↔•↔ °≠ ∏⇒ ∏⋅
〉 〉 ⇒±≥ƒ←∂← °≠ ∏⇒ ⊃∧ ±≥°÷°♠← ↔° ∏⇒ ⊃∧
←•°♦≡≈ ↔•↔ ″♠↔↔∂±÷ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ °≠ ∏⇒ ∏⋅ ♦∂↔•
⇒ °↑ ¬⇒ ¬⇒ …°↑↑≡←↓°±≈∂±÷ ↔° ⇒ ±≈ ¬⇒
¬⇒ ∂± ∏⇒⌠ ↑≡←↓≡…↔∂♥≡≥ƒ ↑≡←♠≥↔≡≈ ∂± ↑°÷↔∂°± °≠ ⊃∧∫
∂±≈♠…≡≈ ∏⇒ •ƒ↓≡↑↓•°←↓•°↑ƒ≥↔∂°± ∧∂÷〉 ⇑〉 √± …°±↔↑←↔ ↔° ↔•≡
↑≡←♠≥↔← ≠°↑ ∏⇒⌠ ←≥ ↓•°←↓•°↑ƒ≥↔∂°± ≥≡♥≡≥← °≠ ∏⇒ ♦≡↑≡ ↑≡∫
≈♠…≡≈ ↔° ±≡↑≥ƒ ♠±≈≡↔≡…↔≥≡ ≥≡♥≡≥← ∂± ⇒ ±≈ ¬⇒ ¬⇒
∂± ↔•≡ …°±↔≡♣↔ °≠ °↔• ♦∂≥≈ ↔ƒ↓≡ ±≈ ⊃∧〉

°≥≡…♠≥↑ ⇔ƒ±″∂… ⊂∂″♠≥↔∂°±← √″↓≥ƒ  ⊂↔∂≥∂∞∂±÷ ∨≠≠≡…↔ ≠°↑ ⇒⊄∉

⇑∂±≈∂±÷ °± ↔•≡ ⊂↔↑♠…↔♠↑≡ °≠ ∏⋅〉 °≥≡…♠≥↑ ≈ƒ±″∂… ←∂″♠≥↔∂°±←
♦≡↑≡ ↓≡↑≠°↑″≡≈ ↔° ≡♣↓≥°↑≡ ↔•≡ ←↔↑♠…↔♠↑≥ …°±←≡→♠≡±…≡← °≠ ∏⋅
⇒⊄∉ ∂±≈∂±÷〉 ∏⇒ ∏⋅ ♦∂≥≈ ↔ƒ↓≡ ±≈ ⊃∧ ♦≡↑≡ ←∂″♠≥↔≡≈ ≠°↑
〉 ← ∂± ↔•≡ ↓↑≡←≡±…≡ °≠ ⇒⊄∉⌠ ±≈ ↔•≡ ↑≡←♠≥↔← ♦≡↑≡ …°″↓↑≡≈
♦∂↔• ←∂″♠≥↔∂°±← °≠ ↔•≡ ≈°″∂±← ♦∂↔•°♠↔ ⇒⊄∉ 〉 ⇒± °♥≡↑≥≥
↑≡≈♠…↔∂°± ∂± ≠≥≡♣∂∂≥∂↔ƒ °≠ ∏⋅ ♦← °←≡↑♥≡≈ ♠↓°± ⇒⊄∉ ∂±≈∂±÷⌠
♦∂↔• ↑≡≈♠…↔∂°±← ∂± ↑°°↔∫″≡±∫←→♠↑≡ ≠≥♠…↔♠↔∂°± ±≈ ≈≡♥∂↔∂°±
∧∂÷〉 ⊂ ⇒�⇐〉 ⊄•≡ ≥↑÷≡←↔ ←↔∂≥∂∞↔∂°± ♦← ←≡≡± ∂± ≥°°↓ ↑≡÷∂°±←
∂± °↔• ↔•≡ ∇ ±≈ ⇐ ≥°≡← ↔•↔ ↓↑↔∂…∂↓↔≡ ∂± ↔•≡ ♠↔°∂±•∂∂↔°↑ƒ
∏⋅�∏⋅ ∂±↔≡↑…↔∂°± ⌠ ⌠ ←♠…• ← ↔•≡ �  ≥°°↓ …°±↔∂±∂±÷
⊄ƒ↑ ±≈ ↔•≡ �  ≥°°↓ …°±↔∂±∂±÷ ⇒↑÷⌠ ↔•≡ ≥↔↔≡↑ °≠
♦•∂…• ←•°♦≡≈ ≥↑÷≡ ↑≡≈♠…↔∂°± ∂± ″°∂≥∂↔ƒ °±≥ƒ ∂± ♦∂≥≈∫↔ƒ↓≡ ∏⋅
∧∂÷〉 ⊂⇒〉 √±↔≡↑≡←↔∂±÷≥ƒ⌠ ↔•≡ ≈ƒ±″∂…← °≠ ⇒⊄∉∫°♠±≈ ♦∂≥≈∫↔ƒ↓≡
±≈ ⊃∧ ∏⋅ ♦≡↑≡ •∂÷•≥ƒ ←∂″∂≥↑⌠ ♦∂↔• ↔•≡ ≡♣…≡↓↔∂°± °≠ ↔•≡
↑≡÷∂°± ≡±…°″↓←←∂±÷ ⇐⌠ ♦•∂…• ♦← ″°↑≡ ←↔≥≡ ∂± ⊃∧ ∧∂÷〉
〉 ⊂≡…°±≈↑ƒ ←↔↑♠…↔♠↑≡ ±≥ƒ←∂← °≠ ⇐ ←•°♦≡≈ ↔•↔ ↔•≡ ↔∂″≡ ⇐
↑≡←∂≈♠≡← � ♦≡↑≡ ∂± ± ∫•≡≥∂…≥ …°±≠°↑″↔∂°± ∂±…↑≡←≡≈
♠↓°± ⇒⊄∉ ∂±≈∂±÷ ≠↑°″  ↔°  ∂± ♦∂≥≈ ↔ƒ↓≡ ±≈ ≠↑°″ 
↔°  ∂± ⊃∧ ∧∂÷〉 ⊂⇔ 〉 ⊄×≡± ↔°÷≡↔•≡↑⌠ ↔•≡←≡ ≈↔
∂″↓≥ƒ  ←↔∂≥∂∞∂±÷ ≡≠≠≡…↔ ≠°↑ ⇒⊄∉ ∂±≈∂±÷ °± ∏⋅ ±≈  ≈∂≠≠≡↑∫
≡±…≡ ∂± ↔•≡ ⇐ ↑≡÷∂°± °≠ ⇒⊄∉∫°♠±≈ ∏⇒ ∏⋅ ⊃∧ …°″∫
↓↑≡≈ ♦∂↔• ♦∂≥≈ ↔ƒ↓≡〉

⇔∂←…♠←←∂°±

⇒ ↑≡…≡±↔ ←↔♠≈ƒ ≡♥≥♠↔∂±÷ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ∂±  ↓←≡♠≈°×∂±←≡
≈°″∂±← ∂±≈∂…↔≡≈ ↔•↔ ≥″°←↔ •≥≠ °≠ ↓←≡♠≈°×∂±←≡← ↑≡↔∂± ±♠…≥≡∫
°↔∂≈≡ ∂±≈∂±÷⌠ ♦•∂…• ∂± ″°←↔ …←≡← ∂← ±°↔ ←←°…∂↔≡≈ ♦∂↔• ↓•°←∫
↓•°↔↑±←≠≡↑ …↔∂♥∂↔ƒ 〉 ⊄•≡←≡ ±≈ ←∂″∂≥↑ °←≡↑♥↔∂°±← ⌠ �
 •♥≡ ↑°♠÷•↔ ♠↓ ↔•≡ →♠≡←↔∂°± °♠↔ ↔•≡ ≠♠±…↔∂°±≥ ↑°≥≡ °≠ ⇒⊄∉
∂±≈∂±÷ ∂± ↓←≡♠≈°×∂±←≡←〉 ⋅≡↑≡ ♦≡ •♥≡ ≈≈↑≡←←≡≈ ↔•∂← →♠≡←↔∂°± ∂±
↔•≡ ∏⇒ ↓←≡♠≈°×∂±←≡ ≈°″∂±⌠ ≠°…♠←∂±÷ °± ∂↔← ↓↔•°÷≡±∂… ″♠∫
↔±↔←〉 ⊄•≡ ″°←↔ ←↔↑∂×∂±÷ ≠∂±≈∂±÷ °≠ °♠↑ ←↔♠≈ƒ ∂← ↔•↔ ∏⋅ ±♠…≥≡°↔∂≈≡
∂±≈∂±÷ ↓≥ƒ←  …↑∂↔∂…≥ ↑°≥≡ ∂± ↓↔•°÷≡±∂… …↔∂♥↔∂°± °≠ ∏⇒←〉
⊂↓≡…∂≠∂…≥≥ƒ⌠ °♠↑ ∂± ♥∂↔↑° ±≈ ∂± ♥∂♥° ↑≡←♠≥↔← ←•°♦ ↔•↔ ⇒⊄∉
∂±≈∂±÷∫≈≡≠∂…∂≡±↔ ∏⋅ ″♠↔±↔← ←♠↓↓↑≡←← ↔•≡ •ƒ↓≡↑…↔∂♥↔∂°± °≠
↓↔•°÷≡±∂… ∏⇒⌠ ♦•≡↑≡← ↔•≡ ←″≡ ≥↔≡↑↔∂°±← ≈° ±°↔ ←∂÷±∂≠∂∫
…±↔≥ƒ ≠≠≡…↔ ↔•≡ …↔∂♥↔∂°± …•↑…↔≡↑∂←↔∂…← °≠ ♦∂≥≈∫↔ƒ↓≡ ∏⇒〉
∠♠↑ ↑≡←♠≥↔← ↑≡ …°±←∂←↔≡±↔ ♦∂↔• ± ≡↑≥∂≡↑ ←↔♠≈ƒ⌠ ∂± ♦•∂…•

″♠↔↔∂°± °≠ ↔•≡ ∏⋅  ≥ƒ←∂±≡ ⊆ ♦← ≠°♠±≈ ↔° ≈≡…↑≡←≡

⇒

⇑

∏⇒ ∏⇒  ⊂⊄⇒⊄  ∨∉∠⊆

∨∉∠  ⊇ñ″≥

⇐↔↑≥

∨∉∠  ⊇ñ″≥

⇐↔↑≥

∏⇒  ⊂⊄⇒⊄  ∨∉∠⊆
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∧∂÷〉 〉 ⇔∂←↑♠↓↔∂°± °≠ ↔•≡ ∏⇒ ∏⋅ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ ∂← ≈∂←↔∂±…↔ ≠↑°″ ←↔↑♠…↔♠↑≥

≈∂←↑♠↓↔∂°±〉 ⇒ ∏⇒∅�∅ ↓•°←↓•°↑ƒ≥↔∂°± °≠ ∏⇒ ″♠↔±↔← ∂± ↔•≡

↓↑≡←≡±…≡ °≠ ↔ƒ↓≡ √ …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑ ∨∉∠⊆ ∂± ⇒ …≡≥≥←〉 ⇑←≥ ∏⇒ ↓•°←∫

↓•°↑ƒ≥↔∂°± ∂± ↔•≡ ←≡±…≡ °≠ ∨∉∠⊆ ≡♣↓↑≡←←∂°± ∂← ←•°♦± °± ↔•≡ ≥≡≠↔〉

⇑ ⊂⊄⇒⊄⇒∅ ↓•°←↓•°↑ƒ≥↔∂°± ≠↑°″ ↔•≡ ←″≡ ←″↓≥≡← ← ↓∏⇒ ∂± ⇒〉

∉•°←↓•°↑ƒ≥↔∂°± ♦← ″≡←♠↑≡≈ ≠↑°″ ♦•°≥≡∫…≡≥≥ ≥ƒ←↔≡← °≠ ↔↑±←≠≡…↔≡≈ ⇒

…≡≥≥← ♠←∂±÷ ∂″″♠±°≥°↔↔∂±÷ ±≈ ±°↑″≥∂∞≡≈ ↔° ∏⇒∫⋅⇒ ±≈ ⊂⊄⇒⊄∫⋅⇒ ≡♣∫

↓↑≡←←∂°± ≥≡♥≡≥←⌠ ↑≡←↓≡…↔∂♥≡≥ƒ〉 ∨♣↓↑≡←←∂°± ≥≡♥≡≥← °≠ ∨∉∠⊆ ♦≡↑≡ ±≥ƒ∞≡≈ ƒ

∂″″♠±°≥°↔↔∂±÷ ♦∂↔• ±↔∂∫⋅⇒ ±≈ ≠°♠±≈ ↔° ≡ ≡→♠≥〉 ⇐  ⊂⊄⇒⊄∅

↓•°←↓•°↑ƒ≥↔∂°± °≠ ≡±≈°÷≡±°♠← ⊂⊄⇒⊄ ∂± ⇒ …≡≥≥←〉 ⇑↑ ÷↑↓• ←•°♦← →♠±∫

↔∂≠∂…↔∂°± °≠ ↓⊂⊄⇒⊄ ≠↑°″ ∂″″♠±°≥°↔← ±°↑″≥∂∞≡≈ ↔° ←≥ ↓⊂⊄⇒⊄ ≥≡♥≡≥← ∂±

…≡≥≥← ↔↑±←≠≡…↔≡≈ ♦∂↔• ♦∂≥≈∫↔ƒ↓≡ ∏⇒ ≥≡≠↔″°←↔ ←″↓≥≡〉 ⇒…↔∂± ∂← ←•°♦± ← 

≥°≈∂±÷ …°±↔↑°≥〉 ⇒≥≥ ≡↑↑°↑ ↑← ↑≡ ⊂⇔← ≠↑°″ ↔•↑≡≡ ∂±≈≡↓≡±≈≡±↔ ≡♣↓≡↑∂″≡±↔←〉
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∨∉∠  ⊇ñ″≥

∨∉∠⊆

∧∂÷〉 〉 °←← °≠ ⇒⊄∉ ∂±≈∂±÷ ∂± ∏⋅ ←♠↓↓↑≡←←≡←

↔•≡ ⊃∧ ↓•≡±°↔ƒ↓≡〉 ⇒ ∏⇒∅�∅ ↓•°←∫

↓•°↑ƒ≥↔∂°± ∂± ⇒ …≡≥≥← ±°↑″≥∂∞≡≈ ← ≡♣↓≥∂±≡≈ ≠°↑

∧∂÷〉 〉 ∨↑↑°↑ ↑← ↑≡ ⊂⇔← ≠↑°″ ↔•↑≡≡ ∂±≈≡↓≡±≈≡±↔

≡♣↓≡↑∂″≡±↔←〉 ⇑ ⋅≡″°÷≥°∂± ≥≡♥≡≥← ≠↑°″ ″∂…≡ ↔↑±←∫

↓≥±↔≡≈ ♦∂↔• ↑≡↔↑°♥∂↑≥≥ƒ ↔↑±←≈♠…≡≈ °±≡ ″↑↑°♦〉

∂…≡ ♦≡↑≡ ±≥ƒ∞≡≈  ♦× ↓°←↔↔↑±←↓≥±↔↔∂°±〉

⊆≡←♠≥↔← ←•°♦ ″≡± ν ⊂∨〉 ±   ≠°↑ ≡…• ÷↑°♠↓〉

⌡∉  〉〉

⋅″″↑6± ≡↔ ≥〉 ∉∇⇒⊂ ≤ ⇒↓↑∂≥ ⌠  ≤ ♥°≥〉  ≤ ±°〉  ≤ 
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∅



∏⇒ ⊃∧ •ƒ↓≡↑↓•°←↓•°↑ƒ≥↔∂°± 〉 ∠♠↑ …•↑…↔≡↑∂∞↔∂°±
°≠ ↔•≡ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ±≈ ↔•≡↑″≥ ←↔∂≥∂↔ƒ °≠ ∏⋅ ⇒⊄∉
∂±≈∂±÷ ←∂↔≡ ″♠↔±↔← ∧∂÷〉 ⇑ ≈∂←↔∂±÷♠∂←•≡← ↔•≡ ≡≠≠≡…↔ °≠ ⇒⊄∉
∂±≈∂±÷ ≠↑°″ ↓°↔≡±↔∂≥ ←↔↑♠…↔♠↑≥ ≈≡←↔∂≥∂∞↔∂°± …♠←≡≈ ƒ ↔•≡
″♠↔↔∂°±←〉 ⊄•∂← ≥≡≈← ♠← ↔° …°±…≥♠≈≡ ↔•↔ ↔•≡ ∂±•∂∂↔∂°± °≠ ⊃∧
•ƒ↓≡↑…↔∂♥∂↔ƒ ∂← ≈♠≡ ↔° …•±÷≡← ∂± ∏⋅ …♠←≡≈ ƒ ≥°←← °≠ ±♠…≥≡∫
°↔∂≈≡ ∂±≈∂±÷ ∧∂÷←〉  ±≈ ⇒〉 ⊄•≡ ≥°←← °≠ ↓↔•°÷≡±∂… …↔∂♥↔∂°±
♦← °←≡↑♥≡≈ ♦∂↔• ↔•↑≡≡ ↓↔•°÷≡±∂… ″♠↔↔∂°±← ⊃∧⌠ ⊆⊂⌠
±≈  ∧∂÷←〉  ±≈ ⌠ ≥≥ °≠ ♦•∂…• ≈∂←↑♠↓↔ ↔•≡ ♠↔°∂±•∂∂↔°↑ƒ
∏⋅�∏⋅ ∂±↔≡↑≈°″∂± ∂±↔≡↑…↔∂°± 〉 ⊄•≡ ″♠↔↔∂°±← ↑≡ ≥°…↔≡≈
∂± ≈∂≠≠≡↑≡±↔ ↑≡÷∂°±← °≠ ∏⋅⌠ ∂±≈∂…↔∂±÷ ↔•↔ ↔•≡ ♠±≈≡↑≥ƒ∂±÷ ″≡…•∫
±∂←″ ≠°↑ ↑≡≈♠…↔∂°± °≠ •ƒ↓≡↑…↔∂♥∂↔ƒ ∂← ±°↔ ″♠↔↔∂°± ←↓≡…∂≠∂… ♠↔
↑↔•≡↑ ∂←  …°″″°± ≡≠≠≡…↔ °± ≡↑↑±↔≥ƒ …↔∂♥↔≡≈ ∏⇒〉
⊄•≡ ≡≠≠≡…↔← °≠ ∏⋅ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ ″♠↔↔∂°±← °± °↔•≡↑♦∂←≡

♦∂≥≈∫↔ƒ↓≡ ∏⇒ ♦≡↑≡ ←″≥≥∑ ±°↑″≥ …ƒ↔°×∂±≡ ←↔∂″♠≥↔∂°± ♠↔ 
←≥∂÷•↔≥ƒ ∂±…↑≡←≡≈ ←≥ …↔∂♥∂↔ƒ ∂± ↔•≡ ←≡±…≡ °≠ ↔ƒ↓≡ √ …ƒ↔°×∂±≡
↑≡…≡↓↔°↑← ∧∂÷〉 ⌠ ♦•∂…• ♦← °≥∂←•≡≈ ƒ ≡♣↓↑≡←←∂°± °≠ ∨∉∠⊆
∧∂÷〉 ⇒〉 ⊄•∂← ∂← ≈∂←↔∂±…↔≥ƒ ≈∂≠≠≡↑≡±↔ ≠↑°″ ←↔↑♠…↔♠↑≥≥ƒ ≈∂←↑♠↓↔≡≈
∏⋅⌠ ← ≈≡″°±←↔↑↔≡≈ ƒ ∧⊆⌠ ♦•∂…• ≡≠≠≡…↔∂♥≡≥ƒ ↑≡″°♥≡← °↔•
←↓≡…↔← °≠ ∏⋅ ≠♠±…↔∂°±��±″≡≥ƒ⌠ ∂±•∂∂↔∂°± °≠ ←≥ …↔∂♥∂↔ƒ ±≈
↑≡←↓°±←≡ ↔° ←↔∂″♠≥↔∂°± ∧∂÷〉  ⇒ ±≈ ⇑��↔•♠← ″∂″∂…×∂±÷ ∏⇒
∏⋅ ≈≡≥≡↔∂°± ⌠ ⌠ 〉 √±↔≡↑≡←↔∂±÷≥ƒ⌠ ″♠↔↔∂±÷ ↔•≡ ⇒⊄∉ ∂±≈∂±÷
←∂↔≡ °≠ ∏⇒ ∏⋅ ←•°♦≡≈ ↑≡≈♠…≡≈ ←≥ …↔∂♥∂↔ƒ ∧∂÷〉 ⇑⌠ ♦•∂…•
♦≡ ←↓≡…♠≥↔≡ ∂← ≈♠≡ ↔° ≈∂≠≠≡↑≡±↔ ″°≈≡← °≠ ↑≡÷♠≥↔∂°± °≠ ←≥ ∏⇒
…↔∂♥∂↔ƒ ∂± •°″°∫ ∏⇒ ±≈ •≡↔≡↑°≈∂″≡↑∂… ≥≥ ∏⇒← ↑≡…≡↓↔°↑
…°±≠∂÷♠↑↔∂°±←〉
⊄•≡ ∏⋅ ≈°″∂± ≥∂×≡≥ƒ ↑°←≡ ≡↑≥ƒ ∂± ≡♥°≥♠↔∂°± ↔•↑°♠÷• ≈♠∫

↓≥∂…↔∂°± °≠ ∏⋅⌠ ±≈ ↔•≡ ↔♦° ≈°″∂±← •♥≡ ←∂±…≡ ↔×≡±  ≈∂≠∫
≠≡↑≡±↔ ≡♥°≥♠↔∂°±↑ƒ ↓↔• ♦∂↔• ≈∂←↔∂±…↔ ↑≡÷∂°±← …°±←≡↑♥≡≈ ∂± ≡…•
°≠ ↔•≡″ ⌠ ∂±≈∂…↔∂♥≡ °≠ ↔•≡∂↑ ↑≡←↓≡…↔∂♥≡ ←≡↓↑↔≡ ≠♠±…↔∂°±≥
↑°≥≡←〉 ⇒← ∏⋅ ″∂±↔∂±≡≈ ↔•≡ ←♠←↔↑↔≡ ↓•°←↓•°↑ƒ≥↔∂°± ≠♠±…∫
↔∂°±⌠ ↔•≡ …↔≥ƒ↔∂… ≠♠±…↔∂°± ∂± ∏⋅ ≡…″≡ ↑≡≈♠±≈±↔ ±≈ •←
…°±←≡→♠≡±↔≥ƒ ≡≡± ≥°←↔⌠ ♦∂↔• ↔•≡ ≡♣…≡↓↔∂°± °≠ ↑≡÷♠≥↔°↑ƒ ♠↔°∫
↓•°←↓•°↑ƒ≥↔∂°± ∂± ∏⇒〉 √±↔≡↑≡←↔∂±÷≥ƒ⌠ ∏⋅ ⇒⊄∉ ∂±≈∂±÷
∂≥∂↔ƒ ∂← …°±←≡↑♥≡≈ ∂± ∏⇒ ±≈ ⊄∅ ∏⇒ ♠±×±°♦±⌠ ≡♥≡±
↔•°♠÷•  ↓↑≡…∂←≡ ≠♠±…↔∂°± ∂± ♦∂≥≈∫↔ƒ↓≡ ∏⇒ñ⊄∅ …±±°↔ ≡
←…≡↑↔∂±≡≈ ≠↑°″ …♠↑↑≡±↔ ≈↔〉 ∇≡♥≡↑↔•≡≥≡←←⌠ ↔•≡ ↑≡≥↔∂♥≡≥ƒ •∂÷•
∂±≈∂±÷ ≠≠∂±∂↔ƒ ∧∂÷〉 ⇔⌠ ∧∂÷〉 ⊂⌠ ±≈ ↑≡≠〉 ⌠ …°″∂±≡≈ ♦∂↔•
≥°♦ °↑ ←≡±↔ •ƒ≈↑°≥ƒ←∂← ±≈ •∂÷• …≡≥≥♠≥↑ ⇒⊄∉ …°±…≡±↔↑↔∂°±←⌠
≥∂×≡≥ƒ ↑≡←♠≥↔← ∂± …°±←↔∂↔♠↔∂♥≡≥ƒ °♠±≈ ⇒⊄∉ ∂± ∏⋅⌠ ↔•♠← ″×∂±÷
⇒⊄∉ ≡←←≡±↔∂≥≥ƒ  ←↔↑♠…↔♠↑≥ …°″↓°±≡±↔ °≠ ↔•≡ ∏⇒ ↓←≡♠≈°×∂∫
±←≡ ≈°″∂±〉
⊄•≡ ≡≠≠≡…↔← °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ↔° ↔•≡ ←↔↑♠…↔♠↑≡ °≠ ∏⋅ ↑≡

←♠↔≥≡∑ ″∂±≥ƒ ↑∂÷∂≈∂≠∂…↔∂°± °≠ ⇐ ∂± ↔•≡ ⇒⊄∉∫°♠±≈ ≠°↑″ 〉
∪•ƒ ∂← ∂↔ ↔•≡± ↔•↔ ↔•≡ ≥°←← °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ •←  ↓↑°∫
±°♠±…≡≈ ≡≠≠≡…↔ ∂± ⊃∧ ♠↔ ±°↔ ∂± ♦∂≥≈ ↔ƒ↓≡◊ ⊄⊂⇒ ←•°♦← ↔•↔
↔•≡ ⊃∧ ″♠↔↔∂°± ←∂÷±∂≠∂…±↔≥ƒ ↑≡≈♠…≡← ↔•≡ ⊄″ °≠ ∏⇒ ∏⋅
…°″↓↑≡≈ ♦∂↔• ♦∂≥≈ ↔ƒ↓≡ ∧∂÷〉 ⇐⌠ ƒ≡↔ ⇒⊄∉ ∂±≈∂±÷ ↔° °↔• ♦∂≥≈

↔ƒ↓≡ ±≈ ⊃∧ …♠←≡← ≡→♠≥ ↔•≡↑″≥ ←↔∂≥∂∞↔∂°±〉 ⊄•≡←≡ ≈↔
←♠÷÷≡←↔ ↔•↔ ↔•≡ ⊃∧ ″♠↔↔∂°± ≈≡←↔∂≥∂∞≡← ∏⇒ ∏⋅ ±≈
↑≡±≈≡↑← ∂↔ ↔•♠← ″°↑≡ ←≡±←∂↔∂♥≡ ↔° ↔•≡ ≥°←← °≠ ↔•≡ ←↔∂≥∂∞∂±÷ ≡≠≠≡…↔
°≠ ⇒⊄∉⌠ ← ≡♥≡± ⇒⊄∉∫°♠±≈ ∏⋅ ⊃∧ ≈°≡← ±°↔ ↑≡…• ↔•≡ ⊄″
°≠ ♦∂≥≈ ↔ƒ↓≡ ∧∂÷〉 ⇐〉 ∪•≡↔•≡↑ ↔•∂← ←≡±←∂↔∂♥∂↔ƒ ∂← ≈♠≡ ↔° °♥≡↑≥≥
≈≡←↔∂≥∂∞↔∂°± °≠ ∏⋅ ⊃∧ °↑  ←↓≡…∂≠∂… ←↔↑♠…↔♠↑≥ ≥↔≡↑↔∂°±
…±±°↔ ≡ ≈≡≠∂±∂↔∂♥≡≥ƒ ≈≡↔≡↑″∂±≡≈ ≠↑°″ …♠↑↑≡±↔ ≈↔⌠ ♠↔ ″°≥≡…∫
♠≥↑ ≈ƒ±″∂… ←∂″♠≥↔∂°±← •∂±↔ ↔  …↑∂↔∂…≥ ↑°≥≡ ≠°↑ ↔•≡ ⇐ ↑≡÷∂°±〉
⊄•≡ ″∂± ←↔↑♠…↔♠↑≥ ≡≠≠≡…↔← ≈♠≡ ↔° ⇒⊄∉ ∂±≈∂±÷ ∂± ∏⋅ ↑≡

°←≡↑♥≡≈ ∂± ⇐⌠ ±≈ ″♠↔↔∂°±← ∂± ⇐ ≡〉÷〉⌠ ∧⇒⌠ ∧⇒ •♥≡
≡≡± ←•°♦± ↔° ↑≡♥≡↑←≡ •ƒ↓≡↑…↔∂♥↔∂°± °≠ ←≡♥≡↑≥ ″♠↔↔∂°±←
←…↔↔≡↑≡≈ ↔•↑°♠÷•°♠↔ ↔•≡ ∏⇒ ∏⋅�∏⋅ ∂±↔≡↑≠…≡ ⌠ ⌠ 〉
⇒≥↔•°♠÷• ∂± ↔•≡ …←≡ °≠ ⊃∧⌠ ♦•∂…• ∂← ↓↑°♣∂″≥ ↔° ⇐⌠ ∧⇒
″∂÷•↔ ↑≡…°±←↔∂↔♠↔≡  ≈∂←↑♠↓↔≡≈ ♠↔°∂±•∂∂↔°↑ƒ ∏⋅�∏⋅ ∂±↔≡↑≠…≡⌠
 ″°↑≡ ≥∂×≡≥ƒ ≡♣↓≥±↔∂°± ≠°↑ ↔•≡ ←♠↓↓↑≡←←∂♥≡ ≡≠≠≡…↔← °≠ ⇒⊄∉
∂±≈∂±÷ ″♠↔↔∂°±← ±≈ °≠ ∧⇒⌠ ∧⇒ ∂← ↔•↔ ↓↔•°÷≡±∂…
•ƒ↓≡↑…↔∂♥↔∂°± ∂← ≈≡↓≡±≈≡±↔ °±  ƒ≡↔∫↔°∫≡∫…•↑…↔≡↑∂∞≡≈ ↓°←∂∫
↔∂♥≡ ↑≡÷♠≥↔°↑ƒ ∂±↔≡↑…↔∂°± ″≡≈∂↔≡≈ ƒ ∏⋅⌠ ♦•∂…• ↓↑°≥ƒ ∂±∫
♥°≥♥≡← ⇐ ±≈ ∂← ↔•≡↑≡≠°↑≡ ←≡±←∂↔∂♥≡ ↔° ∂↔← …°±≠°↑″↔∂°±〉
⊄•≡ ″°≈♠≥↔°↑ƒ ±↔♠↑≡ °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ ↓°…×≡↔ °……♠↓∫

↔∂°± •← ↓↑≡♥∂°♠←≥ƒ ≡≡± ≈°…♠″≡±↔≡≈ ∂± ↔•≡ ×∂±←≡ ±≈ ↓←≡♠∫
≈°×∂±←≡ ≥∂↔≡↑↔♠↑≡〉 ∉↑°↔≡∂± ×∂±←≡ ⇐⌠ ≠°↑ ≡♣″↓≥≡⌠ •← ≡≡±
←•°♦± ↔° ≡ ↑≡÷♠≥↔≡≈ ƒ ±°±…↔≥ƒ↔∂… ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ 〉
⇒≥←°⌠ ∂± ↔•≡ ↓←≡♠≈°×∂±←≡← ⊂⊄⊆⇒⇔ ⌠  ±≈ ∂±↔≡÷↑∂±∫≥∂±×≡≈
×∂±←≡ √ ⌠ ⌠ ⇒⊄∉ ∂±≈∂±÷ ∂← ↑≡→♠∂↑≡≈ ↔° ≡±≥≡ …↑∂↔∂…≥
↓↑°↔≡∂±�↓↑°↔≡∂± ∂±↔≡↑…↔∂°±←〉 √±↔≡↑≡←↔∂±÷≥ƒ⌠ ⇒⊄∉ ∂±≈∂±÷ ∂← ±≡…∫
≡←←↑ƒ ≠°↑ √ ≠♠±…↔∂°±⌠ ≡♥≡± ↔•°♠÷• ±° ″∝°↑ ⇒⊄∉ ∂±≈∂±÷∫
∂±≈♠…≡≈ ←↔↑♠…↔♠↑≥ …•±÷≡← …°♠≥≈ ≡ ≈≡↔≡…↔≡≈ ♠←∂±÷ ″♠≥↔∂↓≥≡
∂°↓•ƒ←∂…≥ ″≡↔•°≈← 〉 ⇒≥←°⌠ ↔•≡ ≥≥°←↔≡↑∂… ↑≡÷♠≥↔°↑ƒ ≠♠±…↔∂°±
°≠ ↔•≡ ⋅∨⊆ ↓←≡♠≈°×∂±←≡ •← ≡≡± ←•°♦± ↔° ≡ ←≡±←∂↔∂♥≡ ↔°
″°≈♠≥↔∂°± ƒ ± ⇒⊄∉ ″∂″≡↔∂… ∂±•∂∂↔°↑ 〉 ∧♠↑↔•≡↑″°↑≡⌠ ←°″≡
↓←≡♠≈°×∂±←≡← ↔•↔ ↑≡ ∂±…↓≥≡ °≠ ∂±≈∂±÷ ⇒⊄∉⌠ ≥∂×≡ ⊃……∂±∂∫
↑≡≥↔≡≈ ×∂±←≡ ⌠ ≡≠≠≡…↔∂♥≡≥ƒ ″∂″∂… ↔•≡ ⇒⊄∉∫°♠±≈ …°±≠°↑″↔∂°±
↔•↑°♠÷• ♠≥×ƒ ±≈ …∂≈∂… ″∂±° …∂≈ ←♠←↔∂↔♠↔∂°±← ∂± ↔•≡ …↔∂♥≡ ←∂↔≡
〉 ⇑≡…♠←≡ ≥″°←↔ •≥≠ °≠ ↓←≡♠≈°×∂±←≡← ←↔♠≈∂≡≈ ←° ≠↑ ↓°←←≡←←
←°″≡ ≠°↑″ °≠ ±♠…≥≡°↔∂≈≡ ∂±≈∂±÷ …↔∂♥∂↔ƒ ⌠ ∂↔ ←≡≡″← ≥∂×≡≥ƒ ↔•↔
≠♠↔♠↑≡ ←↔♠≈∂≡← ♦∂≥≥ ≠∂±≈ ≡♥≡± ″°↑≡ ≡♥∂≈≡±…≡ ≠°↑  ≠♠±…↔∂°±≥ ↑°≥≡ °≠
⇒⊄∉ ∂±≈∂±÷ ∂± ↔•∂← ÷↑°♠↓ °≠ ↓↑°↔≡∂±←〉
⊄•≡ ↑≡←♠≥↔← ↓↑≡←≡±↔≡≈ •≡↑≡ ↑≡♥≡≥ ↔•↔ ↔•≡ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ °≠

∏⇒ ∏⋅ •← …•↑…↔≡↑∂←↔∂…← ↔° ←≡↑♥≡ ←  ↓°↔≡±↔∂≥ ↔↑÷≡↔ ←∂↔≡ ≠°↑
″°≈♠≥↔°↑← ±≈ñ°↑ ″♠↔±↔∫←≡≥≡…↔∂♥≡ ∂±•∂∂↔°↑← °≠ ∏⇒ …↔∂♥∂↔ƒ〉
°←← °≠ ∏⋅ ⇒⊄∉ ∂±≈∂±÷ ↑°÷↔≡← •ƒ↓≡↑…↔∂♥↔∂°± °≠ ″♠↔±↔
∏⇒ ∂± …≡≥≥← ±≈ ∂± ♥∂♥° ♦•∂≥≡ ≥≡♥∂±÷ ♦∂≥≈∫↔ƒ↓≡ ∏⇒ ≥↑÷≡≥ƒ
♠±≠≠≡…↔≡≈〉 ⇐♠↑↑≡±↔ ↓•↑″…°≥°÷∂…≥ ∂±↔≡↑♥≡±↔∂°±← ↔ ∏⇒← ↔↑∫
÷≡↔ ∏⋅⌠ ±≈ ≥↔•°♠÷• ↔•≡←≡ ∂±•∂∂↔°↑← •♥≡ ↑°♠÷•↔ ∂″↓°↑↔±↔
≈♥±…≡← ∂± ↔•≡ ↔↑≡↔″≡±↔ °≠ ∉∧ ±≈ ∉⊃ ↓↔∂≡±↔←⌠ ↔•≡ƒ ↑≡
♠±≥≡ ↔° ≡↑≈∂…↔≡ ↔•≡ ≈∂←≡←≡ ±≈ ↔•≡ƒ ≥←° ≠≠≡…↔ ♦∂≥≈∫↔ƒ↓≡ ∏⇒←
〉 ⊄↑÷≡↔∂±÷ ∏⋅ ♦∂↔• …°±≠°↑″↔∂°±∫←↓≡…∂≠∂… ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡
∂±•∂∂↔°↑← ″ƒ ÷∂♥≡ ↑∂←≡ ↔° ±°♥≡≥ ↓•↑″…°≥°÷∂…≥ …°″↓°♠±≈← ≥≡
↔° ≥≥°←↔≡↑∂…≥≥ƒ ∂±•∂∂↔ ↓↔•°÷≡±∂… ∏⇒ …↔∂♥∂↔ƒ〉
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∧∂÷〉 〉 ⇒±≥ƒ←∂← °≠ ⇒⊄∉ ∂±≈∂±÷ ←∂↔≡ ″♠↔±↔← ∂± °↔•≡↑ ∏⇒ ≈∂←≡←≡ ″♠↔∫

↔∂°±← ±≈ ∏⇒ ∏⋅〉 ⇒ ∏⇒∅�∅ ↓•°←↓•°↑ƒ≥↔∂°± ∂± ⇒ …≡≥≥←

↔↑±←≠≡…↔≡≈ ♦∂↔• ∏⇒ ″♠↔±↔←〉  ±≈ ⊆⊂ ↑≡ ≈∂←≡←≡ ″♠↔↔∂°±← ≥°∫

…↔≡≈ ∂± ∏⇒ ∏⋅〉 ⇑ ∏⇒∅�∅ ↓•°←↓•°↑ƒ≥↔∂°± ≠↑°″ ⇐∠⊂ …≡≥≥←

↔↑±←≠≡…↔≡≈ ♦∂↔• ≠♠≥≥∫≥≡±÷↔• ∏⇒∫⋅⇒〉 ∏⇒ ⊃∧ ∂← ±≥°÷°♠← ↔° ∏⇒

⊃∧〉 ⇑↑ ÷↑↓• ←•°♦← →♠±↔∂≠∂…↔∂°± °≠ ↓•°←↓•°↑ƒ≥↔∂°± ≠↑°″ ∂″″♠±°∫

≥°↔←⌠ ← ≈≡←…↑∂≡≈ ≠°↑ ∧∂÷〉 〉 ∨↑↑°↑ ↑← ↑≡ ⊂⇔← ≠↑°″ ↔•↑≡≡ ∂±≈≡↓≡±≈≡±↔

≡♣↓≡↑∂″≡±↔←〉

⊆≡←∂≈♠≡

⊆⊂∧ Ζ

             










∏⋅  ⇒⊄∉
∏⋅⊃∧  ⇒⊄∉



∧∂÷〉 〉 ⇐°″↓↑∂←°± °≠ ⇒⊄∉∫°♠±≈ ∏⇒ ∏⋅ ♦∂≥≈ ↔ƒ↓≡ ±≈ ⊃∧ ∂± ″°∫

≥≡…♠≥↑ ≈ƒ±″∂… ←∂″♠≥↔∂°±←〉 ⊆°°↔∫″≡±∫←→♠↑≡ ≠≥♠…↔♠↔∂°± °≠ ≡…• ↑≡←∂≈♠≡

∂± ∏⇒ ∏⋅ ♦∂≥≈ ↔ƒ↓≡ ±≈ ⊃∧ ♦∂↔• ⇒⊄∉ °♠±≈ °♥≡↑ ↔•≡ …°♠↑←≡ °≠ ↔•≡

←∂″♠≥↔∂°± 〉 ←〉 ⊄•≡ ←≡…°±≈↑ƒ ←↔↑♠…↔♠↑≡ °≠ ∏⇒ ∏⋅ ∂← ←•°♦± ←…•≡″↔∫

∂…≥≥ƒ °± ↔•≡ ♣ ♣∂←〉

 ≤ ♦♦♦〉↓±←〉°↑÷ñ…÷∂ñ≈°∂ñ〉ñ↓±←〉 ⋅″″↑6± ≡↔ ≥〉



↔≡↑∂≥← ±≈ ≡↔•°≈←
⇐≡≥≥ ⇐♠≥↔♠↑≡⌠ ⊄↑±←≠≡…↔∂°±⌠ ±≈ √″″♠±°≥°↔↔∂±÷〉 ∏⇒∫≈≡≠∂…∂≡±↔ ⇒ ≠∂↑°←↑∫

…°″ …≡≥≥← ±≈ ⇐∠⊂ …≡≥≥← ♦≡↑≡ …♠≥↔♠↑≡≈ ♠←∂±÷ ←↔±≈↑≈ …≡≥≥ …♠≥↔♠↑≡ ″≡↔•°≈←

±≈ ↔↑±←≠≡…↔≡≈ ♦∂↔• ≠♠≥≥∫≥≡±÷↔• •♠″± ∏⇒∫⋅⇒⌠ •♠″± ⊂⊄⇒⊄⇒∫⋅⇒⌠

±≈ •♠″± ∨∉∠⊆∫⋅⇒ ♠←∂±÷ ∧♠¬∨∇∨ ∉↑°″≡÷ °↑ ∩↔↑≡″≡∫¬∨∇∨ ⊆°…•≡

……°↑≈∂±÷ ↔° ↔•≡ ″±♠≠…↔♠↑≡↑←� ∂±←↔↑♠…↔∂°±←〉 ⇒≠↔≡↑  • …≡≥≥← ♦≡↑≡ ←↔↑♥≡≈

∂± ←≡↑♠″∫≠↑≡≡ ″≡≈∂♠″ °♥≡↑±∂÷•↔ ±≈ ←↔∂″♠≥↔≡≈ ≠°↑  ″∂± ♦∂↔• •♠″±

∨∉∠ °↑ •♠″± √∧∇ 〉 ⇒≠↔≡↑ ←↔∂″♠≥↔∂°±⌠ …≡≥≥← ♦≡↑≡ ≥ƒ←≡≈ ∂±↔° ⊄↑∂↔°±∫∩ …≡≥≥

≥ƒ←∂← ♠≠≠≡↑ ±≈ …≡±↔↑∂≠♠÷≡≈⌠ ±≈ ↔•≡ ←♠↓≡↑±↔±↔ ♦← ♠←≡≈ ≈∂↑≡…↔≥ƒ ≠°↑

⊂⇔⊂ñ∉⇒¬∨ ±≈ ∂″″♠±°≥°↔↔∂±÷〉 ⇑≥°↔← ♦≡↑≡ ≈°♠≥≡∫←↔∂±≡≈ ♦∂↔• ↓•°←∫

↓•°←↓≡…∂≠∂… ±↔∂°≈∂≡← ±≈ ±↔∂∫⋅⇒ ±≈ ≈≡↔≡…↔≡≈ ♦∂↔•  ″∂♣ °≠ √⊆⇔ƒ≡∫

≥≡≥≡≈ ←≡…°±≈↑∂≡←〉 ⇑≥°↔← ♦≡↑≡ ↑≡≈ ±≈ →♠±↔∂≠∂≡≈ ♠←∂±÷  √∫⇐∠⊆ ∠≈ƒ←←≡ƒ

⇐♣〉 ⇒ ″∂±∂″♠″ °≠ ↔•↑≡≡ ∂±≈≡↓≡±≈≡±↔ ≡♣↓≡↑∂″≡±↔← ♦≡↑≡ ↓≡↑≠°↑″≡≈ ≠°↑

≡…• …°±≈∂↔∂°±〉

⊆≡↔↑°♥∂↑≥ ⊄↑±←≈♠…↔∂°± ±≈ ⇑°±≡ ↑↑°♦ ⊄↑±←↓≥±↔↔∂°±〉 ∧°↑ ≈≡↔∂≥← °±

↑≡↔↑°♥∂↑≥ ↔↑±←≈♠…↔∂°± ±≈ °±≡ ″↑↑°♦ ↔↑±←↓≥±↔↔∂°±⌠ ←≡≡ ⊂√ ↔≡↑∂≥←

±≈ ≡↔•°≈←〉 ⇒≥≥ ≡♣↓≡↑∂″≡±↔← ♦≡↑≡ ↓≡↑≠°↑″≡≈ ∂± ←↔↑∂…↔ ≈•≡↑≡±…≡ ↔° ⊂♦∂←←

≥♦← ≠°↑ ±∂″≥ ♦≡≥≠↑≡ ±≈ ↓↓↑°♥≡≈ ƒ ↔•≡ ⊂♦∂←← ⇐±↔°±≥ ⊃≡↔≡↑∂±↑ƒ

∠≠≠∂…≡ °≠ ⇑←≡≥∫⊂↔≈↔〉

°≥≡…♠≥↑ ⇔ƒ±″∂… ⊂∂″♠≥↔∂°±←〉 ⊂∂″♠≥↔∂°±← ♦≡↑≡ …↑↑∂≡≈ °♠↔ ← ≈≡←…↑∂≡≈

↓↑≡♥∂°♠←≥ƒ 〉 ⊄↑∝≡…↔°↑∂≡← ♦≡↑≡ ±≥ƒ∞≡≈ ♠←∂±÷ ⊃⇔ ♥∂←♠≥ ″°≥≡…♠≥↑

≈ƒ±″∂…← 〉

√± ⊃∂↔↑° ⇑∂°…•≡″∂…≥ ⇒←←ƒ← °± ⊆≡…°″∂±±↔ ∉↑°↔≡∂±←〉 ⊆≡…°″∂±±↔ ↓↑°↔≡∂±←

♦≡↑≡ ≡♣↓↑≡←←≡≈ ∂± ⊂≠ …≡≥≥← ← ≈≡↔∂≥≡≈ ≡↑≥∂≡↑ 〉 ⇒≠↔≡↑ …≡≥≥ …°≥≥≡…↔∂°± ±≈

∇∂∫∇⊄⇒ ↓♠↑∂≠∂…↔∂°±⌠ ↓↑°↔≡∂± ♦← ≡∂↔•≡↑ ♠←≡≈ ← ←♠…• ⊗∏⇒�∫♣⋅∂←

≠°↑ ⊄⊂⇒ℜ °↑ ←♠∝≡…↔≡≈ ↔° ±∂°± ≡♣…•±÷≡ ↓♠↑∂≠∂…↔∂°± ← ≈≡←…↑∂≡≈ ≡↑≥∂≡↑ 

⊗∏⇒�∫♣⋅∂← ±≈ ∏⇒�∫♣⋅∂← ≠°↑ ⇒∇⊄∫⇒⊄∉ ∂±≈∂±÷ ←∫

←ƒ←ℜ〉 ⊄⊂⇒ ≡♣↓≡↑∂″≡±↔← ♦≡↑≡ …↑↑∂≡≈ °♠↔ ≡←←≡±↔∂≥≥ƒ ← ≈≡←…↑∂≡≈ ∂± ↑≡≠〉 〉

⊄•≡ ⇒∇⊄∫⇒⊄∉ ∂±≈∂±÷ ←←ƒ ∂← ≈≡←…↑∂≡≈ ∂± ↑≡≠〉 〉

⇒⇐∇∠∪∨⇔¬∨∇⊄⊂〉 ∪≡ ↔•±× ∅∂∂±÷ ⊂•± ≠°↑ ×∂±≈≥ƒ ↓↑°♥∂≈∂±÷ ↔•≡ ∏⇒
∏⋅ ″°≥≡…♠≥↑ ≈ƒ±″∂… ←∂″♠≥↔∂°± ≈↔⌠ ⋅≡∂≈∂ ∉≡♠←←⌠ ⇒±± ⊇〉 ∂↔∂±≡±⌠ ±≈
∨≥≥∂±∫↑∂←↔∂± ⋅∂≥≥≡↑↔ ≠°↑ ≡♣…≡≥≥≡±↔ ↔≡…•±∂…≥ ←←∂←↔±…≡⌠ ±≈ ♠↑ƒ ♠…≡↑ ≠°↑
♥≥♠≥≡ …°″″≡±↔← °± ↔•≡ ″±♠←…↑∂↓↔〉 ⊄•∂← ♦°↑× ♦← ←♠↓↓°↑↔≡≈ ∂± ↓↑↔ ƒ ↔•≡
≡≈∂…≥ ⊆≡←≡↑…• ⇐°♠±…∂≥ °≠ ↔•≡ ⇒…≈≡″ƒ °≠ ∧∂±≥±≈⌠ ⊂∂÷↑∂≈ ∏♠←≡≥∂♠← ∧°♠±≈∫
↔∂°±⌠ ≡≈∂…≥ ⊆≡←≡↑…• ∧♠±≈ °≠ ⊄″↓≡↑≡ ⊇±∂♥≡↑←∂↔ƒ ⋅°←↓∂↔≥⌠ ∧∂±±∂←• ⇐±…≡↑
∧°♠±≈↔∂°±⌠ ∇°♥° ∇°↑≈∂←× ∧°♠±≈↔∂°±⌠ ±≈ ⊄″↓≡↑≡ ⊄♠≡↑…♠≥°←∂← ∧°♠±≈↔∂°±
↔° ∠〉⊂〉 ∇↔∂°±≥ √±←↔∂↔♠↔≡← °≠ ⋅≡≥↔• ¬↑±↔ ⊆ ⇒√ ↔° ⊂〉⊆〉⋅〉 ±≈ ⊂♦∂←←
∇↔∂°±≥ ⊂…∂≡±…≡ ∧°♠±≈↔∂°± ¬↑±↔← ∫ñ ±≈ ⇑⇑ℵñ
±≈ ⊂♦∂←← ⇐±…≡↑ ≡÷♠≡ ¬↑±↔ ⊂∫∫∫ ↔° ⊆〉⇐〉⊂〉〉

〉 ⊂•↑∂±≡± ∉⌠ ⊂∂≥♥≡±±°∂±≡± ∠  ⊄•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± ∂← ↑≡→♠∂↑≡≈ ≠°↑ ←♠↓∫

↓↑≡←←∂°± °≠ ←≥ …↔∂♥∂↔ƒ °≠ ∏× ±≈ ∏× ↔ƒ↑°←∂±≡ ×∂±←≡← ±≈ ≠°↑ …ƒ↔°×∂±≡∫∂±≈♠…∂≥≡

…↔∂♥↔∂°± °≠ ←∂÷±≥ ↔↑±←≈♠…↔∂°±〉 ∏ ⇑∂°≥ ⇐•≡″ ∑�〉

〉 ⇐•≡± ⌠ ≡↔ ≥〉  ⇐°″↓≥≡♣ ≡≠≠≡…↔← °≠ ±↔♠↑≥≥ƒ °……♠↑↑∂±÷ ″♠↔↔∂°±← ∂± ↔•≡ ∏⇒

↓←≡♠≈°×∂±←≡ ≈°″∂±∑ ∨♥∂≈≡±…≡ ≠°↑ ∂±↔≡↑…↔∂°±← ≡↔♦≡≡± ↔•≡ ×∂±←≡ ±≈ ↓←≡♠≈°×∂∫

±←≡ ≈°″∂±←〉 °≥ ⇐≡≥≥ ⇑∂°≥ ∑�〉

〉 ∅≡• ⊄⇐⌠ ⇔°±≈∂ ∨⌠ ⊇∞6 ¬⌠ ∉≡≥≥≡÷↑∂±∂ ⊂  ⇒ ≈♠≥ ↑°≥≡ ≠°↑ ↔•≡ ×∂±←≡∫≥∂×≡ ≈°″∂± °≠

↔•≡ ↔ƒ↑°←∂±≡ ×∂±←≡ ⊄ƒ× ∂± ∂±↔≡↑≠≡↑°±∫ ←∂÷±≥∂±÷〉 ∉↑°… ∇↔≥ ⇒…≈ ⊂…∂ ⊇⊂⇒ ∑

�〉

〉 ⊂±∞ ⊂±∞ ⇒⌠ ≡↔ ≥〉  ⊄•≡ ∏⋅ ≈°″∂± ±≈ ⊂⋅∫∏⋅ ≥∂±×≡↑ ↑≡÷♠≥↔≡ ∏⇒ …↔∂♥∂↔ƒ∑ ⇒

≈≡↔∂≥≡≈ ×∂±≡↔∂… ±≥ƒ←∂← °≠ ♦∂≥≈ ↔ƒ↓≡ ±≈ ⊃∧ ″♠↔±↔ ×∂±←≡ ≈°″∂±←〉 ⇑∂°…•∂″

⇑∂°↓•ƒ← ⇒…↔ ∑�〉

〉 ♠↓↑≈♠← ∉∏⌠ ≡↔ ≥〉  ⊂↔↑♠…↔♠↑≡ °≠ ↔•≡ ↓←≡♠≈°×∂±←≡∫×∂±←≡ ≈°″∂±← ≠↑°″ ↓↑°↔≡∂±

×∂±←≡ ⊄∅ ↑≡♥≡≥←  ″≡…•±∂←″ ≠°↑ ∏±♠← ×∂±←≡ ∏⇒ ♠↔°∂±•∂∂↔∂°±〉 ∉↑°… ∇↔≥

⇒…≈ ⊂…∂ ⊇⊂⇒ ∑�〉

〉 ⊂•↑∂±≡± ∉⌠ ⊃∂•∂±≡± ⌠ ⊂∂≥♥≡±±°∂±≡± ∠  ⇒♠↔°∂±•∂∂↔∂°± °≠ ∏× ↔ƒ↑°←∂±≡ ×∂±←≡

∂← ≈≡↓≡±≈≡±↔ °± ←↓≡…∂≠∂… ↑≡÷∂°±← ∂± ∂↔← ↓←≡♠≈°×∂±←≡ ≈°″∂±〉 °≥ ⇑∂°≥ ⇐≡≥≥ ∑

�〉

〉 ⊂•↑∂±≡± ∉⌠ ⊄×≥♠°″ ⌠ ⊂∂≥♥≡±±°∂±≡± ∠  ⊆≡÷♠≥↔∂°± °≠ ↔•≡ ∏× ↔ƒ↑°←∂±≡

×∂±←≡ ƒ ∂↔← ↓←≡♠≈°×∂±←≡ ≈°″∂±〉 °≥ ⇐≡≥≥ ⇑∂°≥ ∑�〉

〉 ⊃∂±…•≡±×≡↑ ∪⌠ ⇐°±←↔±↔∂±≡←…♠ ⊂∇  ∏⇒ñ⊂⊄⇒⊄ ←∂÷±≥∂±÷ ∂± •≡″↔°≥°÷∂…≥ ″∫

≥∂÷±±…∂≡←〉 ∠±…°÷≡±≡ ∑�〉

〉 ⇑♣↔≡↑ ∨∏⌠ ≡↔ ≥〉 ⇐±…≡↑ ¬≡±°″≡ ∉↑°∝≡…↔  ⇒…→♠∂↑≡≈ ″♠↔↔∂°± °≠ ↔•≡ ↔ƒ↑°←∂±≡

×∂±←≡ ∏⇒ ∂± •♠″± ″ƒ≡≥°↓↑°≥∂≠≡↑↔∂♥≡ ≈∂←°↑≈≡↑←〉 ±…≡↔ ∑�〉

〉 ∏″≡← ⇐⌠ ≡↔ ≥〉  ⇒ ♠±∂→♠≡ …≥°±≥ ∏⇒ ″♠↔↔∂°± ≥≡≈∂±÷ ↔° …°±←↔∂↔♠↔∂♥≡ ←∂÷±≥≥∂±÷

…♠←≡← ↓°≥ƒ…ƒ↔•≡″∂ ♥≡↑〉 ∇↔♠↑≡ ∑�〉

〉 ↑≥°♥∂…← ⊆⌠ ≡↔ ≥〉  ⇒ ÷∂±∫°≠∫≠♠±…↔∂°± ″♠↔↔∂°± °≠ ∏⇒ ∂± ″ƒ≡≥°↓↑°≥∂≠≡↑↔∂♥≡

≈∂←°↑≈≡↑←〉 ∇ ∨±÷≥ ∏ ≡≈ ∑�〉

〉 ≡♥∂±≡ ⊆⌠ ≡↔ ≥〉  ⇒…↔∂♥↔∂±÷ ″♠↔↔∂°± ∂± ↔•≡ ↔ƒ↑°←∂±≡ ×∂±←≡ ∏⇒ ∂± ↓°≥ƒ∫

…ƒ↔•≡″∂ ♥≡↑⌠ ≡←←≡±↔∂≥ ↔•↑°″°…ƒ↔•≡″∂⌠ ±≈ ″ƒ≡≥°∂≈ ″≡↔↓≥←∂ ♦∂↔• ″ƒ≡≥°≠∂∫

↑°←∂←〉 ⇐±…≡↑ ⇐≡≥≥ ∑�〉

〉 ⋅± ⇐⌠ ⇑≡•↑″±± √⌠ ⋅± ⊂  ∉≡↑←↓≡…↔∂♥≡← ≠°↑ ↔•≡ ♠←≡ °≠ ←↔↑♠…↔♠↑≥ ∂±≠°↑″↔∂°±

±≈ …•≡″∂…≥ ÷≡±≡↔∂…← ↔° ≈≡♥≡≥°↓ ∂±•∂∂↔°↑← °≠ ∏±♠← ×∂±←≡←〉 ∏ ⇐≡≥≥ °≥ ≡≈ ∑

�〉

〉 ∂↓←°± ⇔⌠ ≡↔ ≥〉  √≈≡±↔∂≠∂…↔∂°± °≠ ±≡♦ ⇒ ±≈ ⊆∨⊄ ÷≡±≡ ≠♠←∂°±← ≠↑°″ …°≥°↑≡…↔≥

±≈ ≥♠±÷ …±…≡↑ ∂°↓←∂≡←〉 ∇↔ ≡≈ ∑�〉

〉 ⇐±≈°↔↔∂ ∧⌠ ≡↔ ≥〉  ⊂↔↑♠…↔♠↑≥ ±≈ ≠♠±…↔∂°±≥ ←∂← ≠°↑ ∏⇒∫≈≡≠∂…∂≡±↔ ←≡♥≡↑≡

…°″∂±≡≈ ∂″″♠±°≈≡≠∂…∂≡±…ƒ〉 ⇑≥°°≈ ∑�〉

〉 ⇑±≈↑±ƒ×≡ ⊆⌠ ≡↔ ≥〉  ⇐↑ƒ←↔≥ ←↔↑♠…↔♠↑≡← °≠ ↔•≡ ∏⇒ ↓←≡♠≈°×∂±←≡ ≈°″∂±

±≈ ↔•≡ ↓↔•°÷≡±∂… ″♠↔±↔ ⊃∧〉 ∇↔ ⊂↔↑♠…↔ °≥ ⇑∂°≥ ∑�〉

〉 ⊇±÷♠↑≡±♠ ⇔⌠ ≡↔ ≥〉  ⊄•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± °≠ ∏⇒ ∂←  ≈♠≥∫←↓≡…∂≠∂…∂↔ƒ

↓↑°↔≡∂± ×∂±←≡ ↔•↔ ±≡÷↔∂♥≡≥ƒ ↑≡÷♠≥↔≡← …ƒ↔°×∂±≡ ←∂÷±≥∂±÷〉 ∇↔ ⊂↔↑♠…↔ °≥ ⇑∂°≥ ∑

�〉

〉 ⊂•± ∅⌠ ≡↔ ≥〉  °≥≡…♠≥↑ ←∂← ≠°↑ ↓←≡♠≈°×∂±←≡∫≈≡↓≡±≈≡±↔ ♠↔°∂±•∂∂↔∂°± °≠

∏⇒ ↔ƒ↑°←∂±≡ ×∂±←≡〉 ∇↔ ⊂↔↑♠…↔ °≥ ⇑∂°≥ ∑�〉

〉 ⊄°″← ⇒⊃⌠ ≡↔ ≥〉  ⊂↔↑♠…↔♠↑≡ °≠  ↓←≡♠≈°×∂±←≡∫≈°″∂± ←♦∂↔…• ↔•↔ …°±↔↑°≥← °±∫

…°÷≡±∂… …↔∂♥↔∂°± °≠ ∏× ×∂±←≡←〉 ∇↔ ⊂↔↑♠…↔ °≥ ⇑∂°≥ ∑�〉

〉 ♠↑↓•ƒ ∏⌠ ≡↔ ≥〉  ⇒ ↑°♠←↔ ″≡↔•°≈°≥°÷ƒ ↔° ←♠…≥←←∂≠ƒ ↓←≡♠≈°×∂±←≡← ←≡≈ °±

↔•≡∂↑ ±♠…≥≡°↔∂≈≡∫∂±≈∂±÷ ↓↑°↓≡↑↔∂≡←〉 ⇑∂°…•≡″ ∏ ∑�〉

〉 ±±∂±÷ ¬⌠ ∪•ƒ↔≡ ⇔⇑⌠ ↑↔∂±≡∞ ⊆⌠ ⋅♠±↔≡↑ ⊄⌠ ⊂♠≈↑←±″ ⊂  ⊄•≡ ↓↑°↔≡∂± ×∂±←≡

…°″↓≥≡″≡±↔ °≠ ↔•≡ •♠″± ÷≡±°″≡〉 ⊂…∂≡±…≡ ∑�〉

〉 ±↓↓ ⊂⌠ ⊂♠±≈←↔↑)″   ⊆≡…≡±↔≥ƒ ↔↑÷≡↔≡≈ ×∂±←≡← ±≈ ↔•≡∂↑ ∂±•∂∂↔°↑←�⊄•≡

↓↔• ↔° …≥∂±∂…≥ ↔↑∂≥←〉 ⇐♠↑↑ ∠↓∂± ∉•↑″…°≥ ∑�〉

〉 ∧♠×♠≈ ⌠ ±∂÷•↔ ∏⇔⌠ ∉∂←∞…∞≡× ¬⌠ °↔•↑ƒ ⊆⌠ ∈∂± ∏  ⇑∂°…•≡″∂…≥⌠ ↓↑°↔≡°″∂…⌠

←↔↑♠…↔♠↑≥⌠ ±≈ ↔•≡↑″°≈ƒ±″∂… …•↑…↔≡↑∂∞↔∂°±← °≠ ∂±↔≡÷↑∂±∫≥∂±×≡≈ ×∂±←≡ √∑

⇐↑°←←∫♥≥∂≈↔∂°± °≠ ↔•≡ ↓←≡♠≈°×∂±←≡〉 ∏ ⇑∂°≥ ⇐•≡″ ∑�〉

〉 √ƒ≡↑ ¬⋅⌠ ¬↑↑°≈ ⊂⌠ ∪°°≈← ⊃⌠ ∏↑⌠ ⊄ƒ≥°↑ ⊂⊂  ⇐↔≥ƒ↔∂… ∂±≈≡↓≡±≈≡±↔ ≠♠±…↔∂°±← °≠ 

↓↑°↔≡∂± ×∂±←≡ ← ↑≡♥≡≥≡≈ ƒ  ×∂±←≡∫≈≡≈ ″♠↔±↔∑ ⊂↔♠≈ƒ °≠ ↔•≡ ƒ←⋅∂← ″♠↔±↔ °≠

…⇒∉∫≈≡↓≡±≈≡±↔ ×∂±←≡〉 ∏ °≥ ⇑∂°≥ ∑�〉

〉 ♠ ∩⌠ ≡↔ ≥〉  ∨♣↓↑≡←←∂°± °≠  •°″°≈∂″≡↑∂… ↔ƒ↓≡ √ …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑ ∂← ↑≡→♠∂↑≡≈ ≠°↑

∏⇒⊃∧∫″≡≈∂↔≡≈ ↔↑±←≠°↑″↔∂°±〉 ∉↑°… ∇↔≥ ⇒…≈ ⊂…∂ ⊇⊂⇒ ∑�〉

〉 ♠ ∩⌠ ⋅♠±÷ ∏⊂⌠ °≈∂←• ⋅∧  ⇔∂″≡↑∂∞↔∂°± ƒ  …ƒ↔°×∂±≡ ↑≡…≡↓↔°↑ ∂← ±≡…≡←←↑ƒ ≠°↑

…°±←↔∂↔♠↔∂♥≡ …↔∂♥↔∂°± °≠ ∏⇒⊃∧〉 ∏ ⇑∂°≥ ⇐•≡″ ∑�〉

〉 ⊄∂≡≈↔ ⊆⌠ ≡↔ ≥〉  ⊆↔∂° °≠ ″♠↔±↔ ∏⇒∫⊃∧ ↔° ♦∂≥≈∫↔ƒ↓≡ ∏× ≈≡↔≡↑″∂±≡← ↔•≡

∉⇔ ↓•≡±°↔ƒ↓≡← ∂± ↔↑±←÷≡±∂… ″∂…≡〉 ⇑≥°°≈ ∑�〉

〉 ⊕≡→∂↑∝ ∨⌠ ≡↔ ≥〉  ⇒⊄∉ ±≈ ∠ ↑≡÷♠≥↔≡ ↔•≡ …°±≠°↑″↔∂°±≥ ←↔↔≡ °≠ ↔•≡

⊂⊄⊆⇒⇔≥↓• ↓←≡♠≈°×∂±←≡ ±≈ …↔∂♥↔∂°± °≠ ↔•≡ ⇑ ↔♠″°♠↑ ←♠↓↓↑≡←←°↑〉 ∉°⊂ ⇑∂°≥

∑≡〉

〉 ∂↔↔≥≡≠∂≡≥≈ ∉⌠ °←←≡↑ ⌠ ∏♠↑ ∇  ⇒± ⇒⊄∉∫…°″↓≡↔∂↔∂♥≡ ∂±•∂∂↔°↑ ″°≈♠≥↔≡← ↔•≡

≥≥°←↔≡↑∂… ≠♠±…↔∂°± °≠ ↔•≡ ⋅∨⊆ ↓←≡♠≈°×∂±←≡〉 ⇐•≡″ ⇑∂°≥ ∑�〉

〉 ⇐″≡↑°± ⇒∏⌠ ∨←…↑∂±° ⇐⌠ ⊂♠↑∂± ⇒⊄⌠ °←↔≡≥≡…×ƒ ⇑⌠ ∉↑×≡↑ ∉∏  ∉⇐ ″↔♠↑↔∂°± ∂←

↓↑°″°↔≡≈ ƒ ±♠…≥≡°↔∂≈≡ ↓°…×≡↔ °……♠↓↔∂°± ∂±≈≡↓≡±≈≡±↔≥ƒ °≠ ∂±↔↑∂±←∂… ×∂±←≡ …↔∂♥∂↔ƒ〉

∇↔ ⊂↔↑♠…↔ °≥ ⇑∂°≥ ∑�〉
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〉 ¬♠ ∏⌠ ∪±÷ ∅⌠ ¬♠ ∩  ∨♥°≥♠↔∂°±↑ƒ ±≥ƒ←∂← ≠°↑ ≠♠±…↔∂°±≥ ≈∂♥≡↑÷≡±…≡ °≠ ∏×
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Janus kinase-2 (JAK2) mediates signaling by various cytokines, including erythropoietin  

and growth hormone. JAK2 possesses tandem pseudokinase and tyrosine kinase domains. 

Mutations in the pseudokinase domain are causally linked to myeloproliferative neoplasms 

(MPNs) in humans. The structure of the JAK2 tandem kinase domains is unknown, and 

therefore the molecular bases for pseudokinase-mediated autoinhibition and pathogenic 

activation remain obscure. Using unbiased molecular dynamics simulations of protein-

protein docking, we produced a structural model for the autoinhibitory interaction 

between the JAK2 pseudokinase and kinase domains. A striking feature of our model, 

which is supported by mutagenesis experiments, is that nearly all of the disease mutations 

map to the domain interface. The simulations indicate that the kinase domain is stabilized 

in an inactive state by the pseudokinase domain, and they offer a molecular rationale for 

the hyperactivity of V617F, the predominant JAK2 MPN mutation.  

 

Janus kinases (JAK1–3, TYK2) are protein tyrosine kinases that mediate cytokine signaling1. 

JAKs possess an N-terminal FERM (band 4.1, ezrin, radixin, moesin) domain and a Src 

homology-2 (SH2)-like domain, which are responsible for cytokine-receptor association2, and 

tandem protein kinase domains: a pseudokinase domain and a tyrosine kinase domain. JAKs are 

activated through cytokine-induced trans-phosphorylation, either as heterodimeric receptor-JAK 

complexes (all JAKs) or as homodimeric receptor-JAK2 complexes. Signaling through JAK-

STAT (signal transducer and activator of transcription) pathways are essential for cell growth, 

differentiation, proliferation and survival, particularly in hematopoiesis, as well as for the initial 

events in innate and adaptive immunity1. 

Mutations in JAKs are causally linked to human myeloproliferative neoplasms (MPNs), 

which are clonal proliferative disorders affecting different myeloid lineages3. The more common 

MPNs—polycythemia vera, essential thrombocythemia, and primary myelofibrosis—are caused 

in most cases by mutations in the pseudokinase domain of JAK2 (refs. 3,4). Mutations in the 

pseudokinase domain of JAKs have also been linked to acute lymphoblastic leukemia (ALL) and 
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acute myeloid leukemia (AML)4. All of these pseudokinase domain mutations result in 

constitutive activity of the tyrosine  kinase domain. V617F in the JAK2 pseudokinase domain is 

the most commonly identified mutation in MPNs5-7, responsible for ~95% of cases of 

polycythemia vera, and this mutation also been implicated in non-small-cell lung cancer8. These 

clinical data, as well as biochemical data9,10, implicate the pseudokinase domain as a negative 

regulatory domain necessary to maintain low basal JAK2 activity, yet the molecular basis for 

pseudokinase-mediated autoinhibition remains elusive. 

We demonstrated previously that the pseudokinase domain of JAK2 in fact possesses low 

catalytic activity, phosphorylating two negative regulatory sites in JAK2 (ref. 11), and we 

subsequently determined its crystal structure12. Numerous crystal structures of the tyrosine 

kinase domain of JAK2 have been determined, but attempts to crystallize the tandem kinase 

domains of JAK2 have been unsuccessful to date. Here, we used long time-scale molecular 

dynamics (MD) simulations, guided by biochemical knowledge of the system, to generate a 

structural model for the autoinhibitory interaction between the pseudokinase and kinase domains 

of human JAK2. Our model, which is supported by extensive mutagenesis data, can rationalize 

nearly all of the gain-of-function disease mutations in JAK2. 

 

RESULTS 

Generation of the JAK2 JH2–JH1 model 

To generate a structural model for the autoinhibitory interaction between the JAK2 pseudokinase 

domain (JAK homology-2, JH2) and tyrosine kinase domain (JH1), which could then be tested 

experimentally, we simulated the JH2–JH1 interaction without any presumption of the binding 

pose, in a manner similar to small molecule-protein binding13. We placed atomic structures of 

JH2 and JH1 in an arbitrary, untethered, and non-contacting pose within a box of explicit solvent 

molecules (Fig. 1, state 1). From this starting pose, we ran 14 independent MD simulations of 3 

µs each, which, in each case, resulted in a JH2–JH1 configuration in which the two domains 

were in contact (Fig. 1, state 2). We did not include the 29-residue JH2–JH1 linker at this early 



4 

stage of the simulations, because initial simulations with the linker resulted in entanglement of 

JH1 or JH2 with the linker, which could not be easily resolved in the relatively short (3 µs) 

simulation time. We knew from mutagenesis data in the literature, and the lack of sequence 

conservation, that the JH2–JH1 linker was not a critical component of autoinhibition. Therefore, 

for computational efficiency, we chose to omit the linker initially and focus on direct JH2 and 

JH1 interactions.  

 Visual inspection revealed that there was a large variation of JH2–JH1 poses from these 14 

simulations (Fig. 1, state 2). One of the 14 poses (pose 2) possessed two key features: the JH2–

JH1 interface included α-helix C (αC) in JH2, which we and others had identified previously as a 

structural element in the regulation of JH1 by JH2 (refs. 12,14), and the C-terminus of JH2 and 

the N-terminus of JH1 could readily be connected by the JH2–JH1 linker. For these reasons, we 

chose to pursue pose 2. We also subjected these 14 simulations to two empirical protein-docking 

scoring functions (EMPIRE15 and OSCAR16), and pose 2 scored better than the others 

(Supplementary Fig. 1a). However, because our final model differs substantially from this 

initial pose (Supplementary Fig. 1b and as described below), and the interaction energy of the 

linker is likely to be non-negligible, the docking scores were not of fundamental consequence.  

 In the next phase of modeling, we added the JH2–JH1 linker to JH2–JH1 pose 2 (Fig. 1, 

state 3) and performed four simulations of the resulting system (residues 536–1131). In these 

simulations, the addition of the linker caused major movements of JH1 relative to JH2. One 

simulation of 1.7 µs (Fig. 1, states 3 and 4) resulted in a root-mean-square deviation (RMSD) of 

~9 Å for JH2 and JH1 (Cα atoms) relative to the starting position. The resultant JH2–JH1 pose 

from this simulation was appealing because additional interdomain contacts were established, 

which were between the “backside” (β7–β8 loop) of JH2 and the N lobe of JH1 (β2–β3 loop) 

(described in detail below). In addition, a negative regulatory phosphorylation site, Tyr570 (refs. 

11,17,18), in the β2–β3 loop of JH2, which was phosphorylated from the outset of the 

simulations, settled into a positively charged pocket in the N lobe of JH1 (described in detail 

below).  
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 Because of the negative regulatory role of the SH2–JH2 linker19—in particular Ser523 

(refs. 20,21), a JH2 phosphorylation site11—we then added residues 520–535 to the model with 

Ser523 phosphorylated (Fig. 1, state 5). We simulated JAK2 residues 520–1131, encompassing 

the SH2–JH2 linker (C-terminal half), JH2, and JH1, for 40 µs. After several microseconds, a 

defined interaction between JH2, JH1, and the SH2–JH2 linker was established, which we term 

the JH2–JH1 autoinhibitory pose (Fig. 1, state 6). (A potential mechanism by which JH2 

autoinhibits JH1 in this pose is presented below.) This configuration was highly stable: in the 40 

µs simulation, the RMS fluctuation of Cα atoms (in JH2 and JH1) was only 2.6 Å with respect to 

the average structure. (Structural coordinates for the JAK2 JH2–JH1 model (a representative 

snapshot from the simulation) and an animation of model generation (Supplementary Video 1) 

are included in Supplementary Information.) 

 

Description of the model 

The most striking feature of our model for the autoinhibitory interaction between JH2 and JH1 of 

JAK2 is the positioning of nearly all of the mapped disease mutations4, and other gain-of-

function mutations19, in or proximal to the interdomain interface (Fig. 2a and Supplementary 

Fig. 1c). The JH2–JH1 interface can be subdivided into four regions: region 1, the β2–β3 loop of 

JH2 and the β sheet in the N lobe of JH1 (Fig. 2b); region 2, β7–β8 of JH2 and the β2–β3 loop of 

JH1 (Fig. 2c); region 3, the end of αC in JH2 and the kinase hinge region of JH1 (Fig. 2d); and 

region 4, the SH2–JH2 linker, α-helix C (αC) of JH2 and αD of JH1 (Fig. 2e). Although residues 

in the JH2–JH1 linker also interacted with JH2 and JH1 during the simulations, these interactions 

were generally less stable and will not be enumerated. 

 In region 1 (Fig. 2b), pTyr570 in the β2–β3 loop of JH2 is inserted into the pocket formed 

by the curved β sheet in the N lobe of JH1, salt-bridged to Lys883 (β3), Lys926 (β5), and 

Arg922 (β4–β5 loop). In region 2 (Fig. 2c), the simulations showed a stable salt bridge between 

two residues, Arg683 (β7) in JH2 and Asp873 (β2–β3 loop) in JH1; mutation of each residue 

(R683S, D873N) has been linked to acute lymphoblastic leukemia (ALL)4. Thr875, also in the 
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β2–β3 loop, is the site of another disease mutation (T875N; acute megakaryoblastic leukemia4). 

In addition to Arg683, Lys607 (K607N; acute myeloid leukemia4) (αC–β4 loop) was also 

observed to salt bridge with Asp873 during the simulation. In region 3 (Fig. 2e), Pro933 in the 

JH1 hinge region, which links the N and C lobes, formed a small hydrophobic cluster with 

Met600 and Leu604 (αC and just after) in JH2. Val878 (β3) and Tyr931 (hinge) in JH1 also 

contribute to this hydrophobic cluster. P933R was mapped as an activating mutation in ALL22. 

Finally, in region 4 (Fig. 2e), the SH2–JH2 linker made contacts with αC of JH2 and αD of JH1. 

In addition to SH2–JH2 linker-mediated contacts between the domains, stable salt bridges were 

formed between Glu592 (αC, JH2) and Arg947 (αD–αE loop, JH1) and between Arg588 (αC, 

JH2) and pSer523 (SH2–JH2 linker). Arg947 also interacted with pSer523 during the simulation. 

Notably, the mutation R588A was shown previously to be partially activating23.  

 

Experimental validation of the model 

To provide experimental validation for the autoinhibitory model of JAK2 JH2–JH1 derived from 

the MD simulations, we explored charge-reversal mutations in each of the four regions of the 

JH2–JH1 interface. In region 1 (Fig. 2b), we generated the individual point mutations Y570R 

(charge reversal of pTyr570; JH2) and K883E (JH1) and the double mutation Y570R K883E in 

full-length JAK2 and transfected them into COS7 cells. We measured JH1 activation-loop 

phosphorylation (pTyr1007–1008)—the standard read-out of JAK2 activation—and downstream 

STAT1 phosphorylation and STAT3-mediated gene transcription. The expectation was that the 

single point mutants would be partially activated, because of destabilization of the JH2–JH1 

interaction, but that the activation state of the double mutant would be suppressed, due to 

formation of the “reverse” salt bridge and restoration of the autoinhibited state. Indeed, both 

Y570R and K883E were activated by a factor of ~4 relative to wild-type JAK2, and, strikingly, 

the activation state of the double mutant was similar to wild type, i.e., suppressed (Fig. 3a and 

Supplementary Fig. 2a), consistent with reverse salt-bridge formation. 
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 In region 2 (Fig. 2c), we probed the interaction between Arg683 (JH2) and Asp873 (JH1) 

(both ALL mutations). We first generated the charge-reversal mutants R683E, D873R, and 

R683E D873R. Although R683E was activated by a factor of ~20 (Fig. 3b and Supplementary 

Fig. 2a), D873R was not activated, and testing of D873R in the context of JH1 alone revealed 

that this mutation (and also D873K) compromised JH1 activation-loop phosphorylation 

(Supplementary Fig. 2b), even though Asp873 is at a considerable distance from the JH1 active 

site (Fig. 2a). We then tested the actual disease mutant, D873N, and the double mutant R683E 

D873N. D873N was activated by a factor of ~17, whereas activation of the double mutant was 

substantially reduced compared to the two single mutants (Fig. 3b and Supplementary Fig. 2a). 

These data argue for a direct interaction between these two residues. It is conceivable that 

Asn873 interacts more favorably with Glu683 (in R683E D873N) than with Arg683 (in D873N), 

given that asparagine–glutamate interactions were found empirically to be energetically more 

favorable than asparagine–arginine interactions24. Consistent with this interpretation, in 

simulations, the single mutations (R683E, D873N) partially destabilized the JH2–JH1 

interaction, while the double mutation (R683E D873N) restored wild-type stability 

(Supplementary Fig. 3a). Further support of a direct interaction of Arg683 with JH1 (Asp873) 

comes from a crystal structure of JAK2 JH2 R683S (data not shown), which shows that this 

disease mutation does not affect the structure (global or local) of JH2. Thus, it is unlikely that 

substitution of Arg683 destabilizes the JH2–JH1 interaction indirectly through structural 

perturbation of JH2.  

 In region 3 (Fig. 2d), we took advantage of a disease (ALL) mutation, P933R, which 

substitutes a positively charged residue in the hinge region between the JH1 kinase lobes. 

Residue 603 (Lys603 in human, Gln603 in mouse) in JH2 is opposite Pro933 in our JH2–JH1 

model, and we tested whether substitution of a negatively charged residue at 603 could suppress 

the hyperactivation of P933R, by creating a favorable charge interaction across the interface. For 

this purpose, we generated mutants (in mouse JAK2) Q603E, P933R, and Q603E P933R. Q603E 

had activity comparable to wild-type JAK2, which was expected given that this residue is not 
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conserved in mammalian species, P933R was activated by a factor of ~13, and, as predicted from 

the model, Q603E suppressed the activation of P933R (Q603E P933R) (Fig. 3c and 

Supplementary Fig. 2a). Because in this case only one of the two single mutants in the putative 

JH2–JH1 interface was activated, we confirmed that Q603E (JH2) does not cause impairment of 

JAK2 (e.g., loss of receptor engagement) by verifying that Q603E and Q603E P933R could be 

activated by erythropoietin (Epo) in γ2A cells co-transfected with Epo receptor (Supplementary 

Fig. 2c).  

 Finally, in region 4 (Fig. 2e), we created charge-reversal mutants E592R (JH2), R947E 

(JH1), and E592R R947E. R947E was activated by a factor of ~4 (Fig. 3d and Supplementary 

Fig. 2a). E592R, however, was not activated, which was unexpected because mutation to alanine 

(E592A) was shown previously to be partially activating23. MD simulations of E592R could 

rationalize the experimental result: Arg592 can form a salt bridge with pSer523, along with 

Arg947 (Supplementary Fig. 3b), to stabilize the autoinhibitory state. Importantly, the double 

mutant (E592R R947E) was not activated (Fig. 3d and Supplementary Fig. 2a), i.e., E592R 

suppressed the hyperactivation of R947E, consistent with formation of the reverse salt bridge 

(Arg592–Glu947), which indeed formed and was stable in the simulation of E592R R947E 

(Supplementary Fig. 3b). As for Q603E above, because E592R (JH2) was not activated on its 

own (yet suppressed R947E), we confirmed that this mutation does not impair JAK2 by co-

expressing E592R and E592R R947E with Epo receptor and stimulating with Epo 

(Supplementary Fig. 2c). 

 Thus, based on the JH2–JH1 model, we predicted and confirmed experimentally three 

novel activating mutations in JAK2—two in JH1 (K883E and R947E) and one in JH2 

(Y570R)—each of which could be suppressed with a mutation across the JH2–JH1 interface. We 

also predicted and confirmed that a mutation in JH2 (Q603E) could suppress a disease mutation 

in JH1 (P933R). 
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Autoinhibitory mechanism 

In our model for the interaction between JAK2 JH2 and JH1, the activation loop of JH1 is 

unencumbered, and the active site is accessible to substrates (Fig. 2a). However, our simulations 

suggest that the interaction with JH2 leads to a more extended configuration of the JH1 lobes 

(Supplementary Fig. 4a), which is reminiscent of the effect of the SH2 and SH3 domains on the 

kinase domain of Abl in the autoinhibited state25. Because substantial lobe movements occur in 

protein kinases during the phosphoryl-transfer process26, and the JH2 interaction with JH1 in the 

model involves both lobes of JH1, this interaction should suppress JH1 catalytic activity. In 

addition, the simulations indicate that binding of JH2 to JH1 destabilizes the catalytically 

important β3–αC (Lys882–Glu898) salt bridge in JH1 (Fig. 4a) and might facilitate the so-called 

“DFG flip” in the activation loop25,27. Indeed, the DFG-out, catalytically inactive state was 

reached in the simulation of JH2–JH1, starting from the DFG-in (active) state (Fig. 4b). Taken 

together, the simulations suggest that the interaction of JH2 with JH1 stabilizes an inactive state 

of JH1 (Fig. 5).  

 While phosphorylation of Ser523 and Tyr570 are posited to fortify the JH2–JH1 

autoinhibitory interaction (Fig. 2b,e), phosphorylation of the JH1 activation loop (Tyr1007–

1008), which stabilizes the active state, conversely might destabilize the JH2–JH1 interaction. 

This concept is supported by MD simulations of JH2–JH1, in which phosphorylation of the JH1 

activation loop leads to a higher JH1 RMSD than when the activation loop is unphosphorylated 

(Supplementary Fig. 4b). Presumably, a high degree of conformational freedom for JH1 is 

necessary for phosphorylation of other sites in JAKs (e.g., Tyr813 in JAK2), the cytokine 

receptor, and recruited STAT proteins.  

 

Mechanism of V617F activation 

Val617, the site of the predominant MPN-causing mutation, V617F5-7, is not situated directly in 

the JH2–JH1 interface, but rather is proximal to the SH2–JH2 linker (Fig. 2e), which was shown 

previously to be important for maintenance of the JAK2 basal state19. To gain insights as to how 
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this mutation results in constitutive activation of JAK2, we simulated V617F JH2–JH1. Analysis 

of the simulation trajectories suggest that the bulky phenylalanine at residue 617 destabilizes the 

position of the SH2–JH2 linker between JH2 and JH1 (Supplementary Fig. 4c), which results in 

increased conformational heterogeneity of JH1 relative to JH2 (Supplementary Fig. 4d). 

Accordingly, the catalytically active conformation of αC in JH1 (β3–αC salt bridge; see Fig. 4b) 

is more stable in V617F than in wild-type JAK2 (Supplementary Fig. 4e). A mutation in αC of 

JH2, F595A, was shown previously to suppress V617F14,28, and in a simulation of the double 

mutant V617F F595A, the SH2–JH2 linker position is again stable between JH2 and JH1 

(Supplementary Fig. 4c). 

  

Applicability to other JAKs 

The proposed autoinhibitory interaction between JH2 and JH1 of JAK2 should be applicable to 

the other JAKs as well, in particular JAK1, which shares several disease mutations with JAK2, 

including V658F (V617F in JAK2) and R724S (R683S in JAK2). Indeed, a 12-µs simulation of 

JH2 and JH1 of JAK1 (whose interdomain linker is 14 residues shorter than in JAK2) showed 

that the key interface interactions are conserved, with most of the known activating mutations in 

JAK1 clustered in the interface (Supplementary Fig. 5a). During the simulation, salt bridges 

were established between Arg724 in JH2 (Arg683 in JAK2) and Asp899 and Glu897 (Asp873 

and Leu871 in JAK2) in the β2–β3 loop of JH1, despite Arg724 being located >9 Å from these 

acidic residues at the start of the simulation. Although the β2–β3 loop in JAK1 JH2 does not 

contain a known phosphorylation site, Glu609 in the loop is observed in the simulation to 

interact with Lys888 (β2) and Lys911 (β3–αC loop) in the N lobe of JH1 (Supplementary Fig. 

5a), similar to the interaction in JAK2 between pTyr570 and Lys883 (β3) and Lys926 (β5) (Fig. 

2b). (Structural coordinates for the JAK1 JH2–JH1 model (a representative snapshot from the 

simulation) are included in Supplementary Information.) 
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DISCUSSION 

In this study, we used long time-scale MD simulations to generate a molecular model for the 

autoinhibitory interaction between the pseudokinase domain (JH2) and tyrosine kinase domain 

(JH1) of JAK2. Our goal in performing the MD simulations was to see whether we could 

generate a plausible model for the JH2–JH1 interaction, which we could then test 

experimentally. While the particular MD simulation approach we took, which entailed decisions 

based on biochemical and structural knowledge of JAK2, is far from a “turnkey” method for ab 

initio modeling of protein-protein interactions, the current work highlights the potential of MD 

simulations as a powerful tool for structural elucidation of such interactions.  

 In our model, nearly all of the activating disease mutations are present in the JH2–JH1 

interface, thus providing a molecular rationale for oncogenic activation through mutation: 

destabilization of the JH2–JH1 interaction results in more facile JH1 trans-phosphorylation (Fig. 

5). Although the MD simulations of JH2–JH1 can provide insights into specific oncogenic 

mutations, such as D873N or V617F (Supplementary Figs. 3a and 4c–e), they are not able to 

predict, for example, the relative degree to which a mutation in JAK2 will be activating in cells. 

Moreover, whether destabilization of the SH2–JH2 linker is the sole mechanism by which 

V617F is activated will require additional structural and mechanistic studies. 

 Our JAK2 JH2–JH1 model is fundamentally different from models proposed 

previously23,29,30, in which only V617F among the many MPN mutations is present in the 

respective JH2–JH1 interfaces (Supplementary Fig. 5b). In the prevailing model in the field29, 

JH2 sterically prevents the JH1 activation loop from adopting an active conformation, and the 

SH2–JH2 linker plays no role in the JH2–JH1 interaction. In our model, JH2 binds to the 

“backside” of JH1, stabilizing an inactive conformation of JH1, and the SH2–JH2 linker serves 

as a bridging element between JH2 and JH1. The conformation of the SH2–JH2 linker in our 

model differs from that in the crystal structure of JAK1 JH2 (ref. 31), but this may be due to the 

absence of JH1 in the crystallized protein. 
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 After our study was completed, a crystal structure of TYK2 JH2–JH1 was reported32. Our 

simulations-based models for JAK2 and JAK1 JH2–JH1 are in striking accord with the TYK2 

structure. All of the key JH2–JH1 interactions in the JAK2 and JAK1 models are present in the 

TYK2 structure, in particular, those between the β7–β8 loop in JH2 and the β2–β3 loop in JH1 

(Fig. 2c) and between the end of αC in JH2 and the hinge region in JH1 (Fig. 2d). On average 

(over the simulation), the JAK2 model is 3.7 Å (RMSD for Cα atoms in JH2–JH1) away from 

the TYK2 crystal structure (PDB code 4OLI), and the JAK1 model is 3.3 Å away. 

 The JH2-mediated autoinhibitory mechanism described above would serve to limit trans-

phosphorylation of JAK molecules associated either with heterodimeric receptors juxtaposed 

through ligand binding or with preformed homodimeric receptors (e.g., Epo receptor) 

reconfigured by ligand binding. For JAK2, which is the only JAK to associate with preformed 

homodimeric receptors, phosphorylation of Ser523 (refs. 11,20,21) and Tyr570 (refs. 11,17,18), 

which is unique to JAK2, provides an additional mechanism of JH2–JH1 stabilization (Figs. 2b,e 

and 5).  

 Finally, there is considerable interest in developing V617F-specific inhibitors of JAK2 for 

treatment of MPNs, which would minimize the toxicities associated with concomitant inhibition 

of wild-type JAK2 (ref. 33). By providing an understanding of how JH2 and JH1 interact in the 

basal state, our model should be valuable for the screening and design of small molecules that 

could fortify this interaction, which could potentially serve as novel therapeutic inhibitors of 

V617F or other oncogenic JAK2 mutants. 
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FIGURE LEGENDS 

Figure 1  Steps of JAK2 JH2–JH1 model generation. (1) Starting positions of JAK2 JH2 (PDB 

code 4FVQ12), residues 536–810, and JAK2 JH1 (PDB code 3KRR34), residues 840–1131. The 

center-of-mass distance is 67 Å, with a minimum separation of 26 Å. JH2 is colored orange and 

JAK2 JH1 is colored cyan, with the activation loop (residues 994–1016) colored red. Structural 

elements that will converge in the final model of JH2–JH1 (αC (JH2) with αD (JH1) and β7-β8 

(JH2) with β2-β3 (JH1)) are labeled at key steps. (2) JH2–JH1 interaction poses after 14 3-µs 

MD simulations (different initial random velocities for each simulation), superimposed on JH2. 

Pose 2, shown in solid coloring, was used in the subsequent modeling steps. (3) After adding the 

JH2–JH1 linker in an extended conformation. (4) After simulating JH2–JH1, residues 536–1131, 

for 1.7 µs. (5) After adding the SH2–JH2 linker in an extended conformation. (6) After 

simulating JH2–JH1, residues 520–1131, for 40 µs. RMSD values of JH1 and JH2 (Cα atoms) 

relative to the final model (state 6) are given in parenthesis for states 3 and 4. 

 

Figure 2  Model of JAK2 JH2–JH1 derived from MD simulations. (a) Autoinhibitory pose of 

JAK2 JH2–JH1. The coloring scheme is the same as in Fig. 1. Residues that cause JAK2 

activation upon mutation (to the indicated residues) are shown in sphere representation (side 

chains) and colored pink (carbon atoms). Phosphorylated Ser523 and Tyr570 are shown in stick 

representation and colored according to their location. Oxygen atoms are colored red, nitrogen 

atoms blue, sulfur atoms yellow, and phosphorus atoms black. A red superscript in a residue 

label indicates the figure part showing a zoom-in of that region. The N-terminus (residue 520) is 

labeled ‘N’, and the C-terminus (residue 1131) is labeled ‘C’. The JH2–JH1 interface (the SH2–

JH2 and JH2–JH1 linkers excluded) buries 1670 Å2 of total surface area. (b–e) Regions of the 

JH2–JH1 interface near pTyr570 (b), near Arg683–Asp873 (c), near the hinge region of JH1 (d), 

and near the SH2–JH2 linker (e). Select residues are shown in stick representation, some with 

van der Waals surfaces. Black dashed lines represent salt bridges. 
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Figure 3  Experimental validation of the JAK2 JH2–JH1 model. (a–d) Left: representative 

western blots of immunoprecipitated JAK2 from COS7 cells, wild type (WT) or the indicated 

JAK2 mutant, probed with anti-pTyr1007–1008 (pJAK2) (top) or anti-HA antibodies (bottom). 

The position of the 150-kDa molecular-weight marker is indicated. Middle: quantification of the 

pJAK2 signals normalized by JAK2 protein levels and plotted as fold-change relative to wild-

type JAK2 (set to 1.0). Average values and standard deviations were derived from three 

independent experiments (N=3). Right: representative western blots of COS7 whole-cell lysates 

probed with anti-pTyr701 STAT1 antibodies (pSTAT1) (top) or anti-STAT1 antibodies (STAT1) 

(bottom) to detect endogenous STAT1 levels. The position of the 100-kDa molecular-weight 

marker is indicated. Original images of blots used in this study can be found in Supplementary 

Figure 6. 

 

Figure 4  JH2-mediated autoinhibition of JH1 in JAK2. (a) Distance in JH1 between Lys882 

(β3) and Glu898 (αC). The distance is plotted as a function of simulation time for simulations of 

JAK2 JH2–JH1 or JH1 alone (JH1 activation loop was unphosphorylated for both). To simplify 

the salt-bridge presentation (to account for both Oε1 and Oε2 of Glu898), the actual distance 

displayed is between Nζ of Lys882 and Cδ of Glu898, and the gray rectangle indicates the salt-

bridging distance range. (b) DFG-in and -out states of the JH1 activation loop. Left: in the active 

state of JH1 (PDB code 3KRR34), the Lys882–Glu898 salt bridge is formed, and Asp994 and 

Phe995 of the DFG motif in the activation loop adopt the DFG-in (active) conformation. Right: 

during the simulation of JH2–JH1, the Lys882–Glu898 salt bridge is disrupted and the DFG 

motif more readily adopts a DFG-out (inactive) conformation (shown is a snapshot taken after 12 

µs of the simulation). Coloring is the same as in Fig. 1. 

 

Figure 5  Model for JAK2 JH2-mediated autoinhibition of JH1. (Not shown are the FERM and 

SH2 domains of JAK2 and cytokine receptor.) A conformational equilibrium exists between JH1 

in the JH2–JH1 autoinhibitory interaction (state I), in which JH1 is held in an inactive state (JH1, 
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red), and configurations in which JH1 is disassociated from JH2 (orange) and is transiently 

active (state II; JH1, mixed red and green). The N and C lobes of JH2 and JH1 are labeled. 

Phosphorylated Ser523 and Tyr570 (magenta and mixed white and magenta spheres, 

respectively) stabilize the autoinhibited state by binding to positively charged residues in JH1 

and JH2 (blue patches; see Fig. 2b,e). Ser523 is constitutively phosphorylated20, whereas Tyr570 

is sub-stoichiometrically phosphorylated in the basal state, and its phosphorylation level 

increases upon JAK2 activation18, which probably serves as a negative feedback mechanism (to 

stabilize the autoinhibited state). In the basal state (no cytokine), the two JAK2 molecules (only 

one JH2–JH1 shown) associated with a cytokine-receptor dimer are maintained in positions that 

limit trans-phosphorylation of the JH1 activation loop (Tyr1007–1008). Cytokine binding and 

receptor rearrangement juxtapose the two JAK2 molecules to facilitate JH1 trans-

phosphorylation of the activation loop, which activates JAK2 (state III; JH1, green). Activating 

mutations such as D873N, R683S, or V617F destabilize the autoinhibited state, permitting trans-

phosphorylation of the JH1 activation loop in the basal state. 
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ONLINE METHODS  

Molecular dynamics simulations. Simulation systems were set up by placing JH2–JH1 in a 

cubic simulation box (with periodic boundary conditions) of at least 100 Å per side and 

approximately 100,000 atoms in total. The system for the simulation of the unbiased association 

of JH2 and JH1 was 120 Å per side and approximately 165,000 atoms in total. Explicitly 

represented water molecules were added to fill the system, and Na+ and Cl− ions were added to 

maintain physiological salinity (150 mM) and to obtain a neutral total charge for the system. The 

systems were parameterized using the CHARMM36 force field with TIP3P water35-37 and then 

equilibrated in the NPT ensemble at 1 bar and 310 K for 10 ns. Equilibrium MD simulations 

were performed on the special-purpose molecular dynamics machine Anton38 in the NVT 

ensemble at 310 K using the Nose-Hoover thermostat39 with a relaxation time of 1.0 ps and a 

time step of 2.5 fs. All bond lengths to hydrogen atoms were constrained using a recently 

developed implementation40 of M-SHAKE41. The Lennard-Jones and the Coulomb interactions 

in the simulations were calculated using a force-shifted cutoff of 12 Å (ref. 42). The DFG flip in 

the JH1 activation loop (Fig. 4b) was completed in two separate JH2–JH1 simulations. In the 

first one, JH1 started in the catalytically active conformation, characterized by an intact Lys882–

Glu898 salt bridge, and Asp994 was deprotonated. In the course of this simulation, the Lys882–

Glu898 salt bridge was disrupted due to the interaction of JH1 with JH2 (Fig. 4a). From this 

conformation (disrupted salt bridge), a second simulation was launched with Asp994 protonated, 

and the DFG flip was completed in this simulation after approximately 12 µs. As shown 

previously43, disruption of the salt bridge and protonation of this aspartic acid promote the DFG 

flip in a protein kinase. 

Transfection and western blot analysis. Mouse JAK2 cDNA was engineered to include a 

C-terminal HA tag and was inserted into plasmid pcDNA6. Mutations were introduced using the 

QuikChange site-directed mutagenesis kit (Agilent). The mutants were verified by DNA 

sequencing. COS7 cells were transiently transfected with 10 μg of the respective JAK2 cDNA 

using X-tremeGENE 9 (Roche) according to the manufacturer’s instructions. 48 h after 
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transfection, cells were lysed using RIPA buffer in the presence of protease inhibitors. JAK2 was 

immunoprecipitated from the cleared lysate using 2 μg of anti-JAK2 antibodies (HR-758, cat. 

no. sc-278, Santa Cruz) and Protein A/G beads (Santa Cruz) and western-blotted with anti-JAK2 

pTyr1007–1008 antibodies (cat. no. 44-426G, Invitrogen) at 1:500 dilution or anti-HA antibodies  

(HA-7, cat. no. H9658, Sigma) at 1:3,000 dilution. Whole-cell lysates from transfected COS7 

cells (~2% input) were western-blotted with anti-pTyr701 STAT1 antibodies (D4A7, cat. no. 

7649P, Cell Signaling) at 1:1,000 dilution or anti-STAT1 antibodies (cat. no. 610185, BD 

Biosciences) at 1:1,000 dilution. Validation for the various antibodies used are available on the 

respective manufacturer’s website. The western-blot signals were detected using the 

fluorescence-based Odyssey imaging system (LI-COR Biosciences). Original images of blots 

used in this study can be found in Supplementary Figure 6. 

JAK2-deficient γ2A cells (fibrosarcoma cells) were transfected with the respective JAK2 

plasmids, Epo receptor, and STAT5, using Fugene 6 (Promega) according to the manufacturer's 

instructions. After 12 h, cells were starved in serum-free media followed by stimulation with Epo 

(200 U/ml, NeoRecormon, Roche) for 30 min. Cells were lysed in buffer (50 mM Tris-HCl (pH 

8.0), 150 mM NaCl, 100 mM NaF, 10% (v/v) glycerol, 1% (v/v) Triton-X, and protease inhibitor 

cocktail), and cleared whole-cell lysates were western-blotted using anti-JAK2 pTyr1007–1008 

antibodies (cat. no. 3771, Cell Signaling) at 1:1000 dilution, anti-pSTAT5 antibodies (C11C5, 

cat. no. 9359, Cell Signaling) at 1:2000, or anti-HA antibodies (cat. no. MMS-101P, Covance) at 

1:3000 dilution. 

Mouse JAK2 JH1 (residues 825–1132) was cloned in pcDNA3.1 (+) with a C-terminal HA 

tag. HEK 293T cells were transfected with the respective JAK2 JH1 plasmids using X-

tremeGENE 9 (Roche) according to the manufacturer's instructions. 48 h after transfection, cells 

were lysed using RIPA buffer in the presence of protease inhibitors. JAK2 JH1 was 

immunoprecipitated from the cleared lysate using 20 µl of EZview™ Red Anti-HA affinity gel 

(Sigma) and western-blotted with anti-JAK2 pTyr1007–1008 (Invitrogen) at 1:500 dilution or 

anti-HA antibodies (Sigma) at 1:3000 dilution. 
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Luciferase assay. COS7 cells were plated at 2×104 cells/well in a 96-well plate 36 h before 

transfection. Each well was transfected with 50 ng of JAK2 cDNA (wild type or mutant) or 

empty vector, 50 ng of APRE-luc (Acute phase response element-firefly luciferase reporter for 

STAT3), and 50 ng of pRG-TK (Renilla luciferase reporter) using X-tremeGENE 9 (Roche), 

according to the manufacturer’s instructions. 48 h after transfection, the cells were assayed for 
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°≥≡…♠≥↑ ←∂← ≠°↑ ↓←≡♠≈°×∂±←≡∫≈≡↓≡±≈≡±↔ ♠↔°∂±•∂∂↔∂°± °≠ ∏⇒ ↔ƒ↑°←∂±≡ ×∂±←≡

∅∂∂±÷ ⊂•±⌠ ♥∂↔• ¬±±←″±≈±⌠ ⇔±∂≡≥ ⊇±÷♠↑≡±♠⌠ ∨↑∂… ⊄〉 ∂″⌠ ⋅≡±↑∂× ⋅″″↑�±⌠ 
∞♠° ∅″←•∂↔⌠ ∠≥≥∂ ⊂∂≥♥≡±±°∂±≡±⌠ ⇔♥∂≈ ∨〉 ⊂•♦⌠ ±≈ 

⊂↔≡♥± ⊆〉 ⋅♠↑≈

⊄•∂← ∉⇔∧ ∂±…≥♠≈≡← ⊂♠↓↓≥≡″≡±↔↑ƒ ∧∂÷♠↑≡← Ο〉

⊂♠↓↓≥≡″≡±↔↑ƒ ∧∂÷♠↑≡  ∨±≡↑÷ƒ ±≥ƒ←∂← °≠  ∏⇒ ∏⋅Ο∏⋅ ↓°←≡←〉 ∧↑°″ ≡…• °≠ ↔•≡  〉∫
← ←∂″♠≥↔∂°±←⌠ ←↔↑↔∂±÷ ≠↑°″ ± ↑∂↔↑↑ƒ ∏⋅Ο∏⋅ ±°±∫…°±↔…↔∂±÷ ↓°←≡⌠  ←±↓←•°↔← ∫±← 

∂±↔≡↑♥≥ ♦≡↑≡ ≡♥≥♠↔≡≈ ♠←∂±÷ °↔• ∨∉√⊆∨ ±≈ ∠⊂⇐⇒⊆ ←…°↑∂±÷ ≠♠±…↔∂°±←⌠〉 ⊄•≡ ←…°↑≡ °≠ ≡…• 
←±↓←•°↔ ≠↑°″ ≡…• ←∂″♠≥↔∂°± ♦← ↓≥°↔↔≡≈ ∂± ↔•≡ ↔♦°∫≈∂″≡±←∂°±≥ ≡±≡↑÷ƒ ←↓…≡ ♦∂↔•  ♠±∂→♠≡ 
…°≥°↑〉 ⊄•≡ ≈°↔← …°↑↑≡←↓°±≈∂±÷ ↔° ↔•≡ ←∂″♠≥↔∂°± ↔•↔ ÷≡±≡↑↔≡≈ ↓°←≡ ⌠ ↔•≡ ∏⋅Ο∏⋅ ∂±↔≡↑…↔∂°± 
↔•↔ ♦← ↓♠↑←♠≡≈ ≠♠↑↔•≡↑ ←≡≡ ∧∂÷〉 ⌠ ↑≡ …°≥°↑≡≈ ↑≡≈〉



⊂♠↓↓≥≡″≡±↔↑ƒ ∧∂÷♠↑≡   ∧♠±…↔∂°±≥ ←↔♠≈∂≡← °≠ ∏⇒ ″♠↔±↔←〉  ♠…∂≠≡↑←≡ …↔∂♥∂↔∂≡← °≠ ♦∂≥≈∫
↔ƒ↓≡ ±≈ ″♠↔±↔ ∏⇒ ″≡←♠↑≡≈ ♠←∂±÷ ± ⇒∉⊆∨∫≥♠… ↑≡↓°↑↔≡↑ ↔° ←←≡←← ≡±≈°÷≡±°♠← ⊂⊄⇒⊄∫
≈≡↓≡±≈≡±↔ ↔↑±←…↑∂↓↔∂°± ∂± ⇐∠⊂ …≡≥≥←〉 ⊄•≡ ≠∂↑≡≠≥ƒ ≥♠…∂≠≡↑←≡ …↔∂♥∂↔ƒ °≠ ≡…• ←″↓≥≡ ♦← 
±°↑″≥∂∞≡≈ ↔° ↔•↔ °≠ ↑≡±∂≥≥ ≥♠…∂≠≡↑←≡ ≥♠…∂≠≡↑←≡ ↑↔∂° ±≈ ↓≥°↔↔≡≈ ← ≠°≥≈∫…•±÷≡ ↑≡≥↔∂♥≡ ↔° ↔•≡ 
♦∂≥≈∫↔ƒ↓≡ ∏⇒ ∪⊄ ≥♠…∂≠≡↑←≡ ↑↔∂° ←≡↔ ↔° 〉〉 ⇒♥≡↑÷≡ ♥≥♠≡← ±≈ ←↔±≈↑≈ ≈≡♥∂↔∂°±← ♦≡↑≡ 
≈≡↑∂♥≡≈ ≠↑°″ ↔↑∂↓≥∂…↔≡ ←″↓≥≡← ∇〉  ⇒±≥ƒ←∂← °≠ ∏⇒ ″♠↔±↔← ⇔⊆ ±≈ ⇔∇ ∂± ∏⋅ 
≥°±≡〉 ⊆≡↓↑≡←≡±↔↔∂♥≡ ♦≡←↔≡↑± ≥°↔ °≠ ∏⇒ ∏⋅ ⋅⇒∫↔÷÷≡≈ ∂″″♠±°↓↑≡…∂↓∂↔↔≡≈ ≠↑°″ 
↔↑±←≠≡…↔≡≈ ⋅∨ ⊄ …≡≥≥← ±≈ ↓↑°≡≈ ≠°↑ ∏⇒ ⊄ƒ↑Ο ↓•°←↓•°↑ƒ≥↔∂°± ↓∏⇒ ↔°↓ 
°↑ ↓↑°↔≡∂± ≥≡♥≡≥← ⋅⇒ °↔↔°″〉 ⇒ ↑≡≠≡↑≡±…≡ ″°≥≡…♠≥↑∫♦≡∂÷•↔ ″↑×≡↑ ∂± ×⇔ ∂← ∂±≈∂…↔≡≈ °± 
↔•≡ ≥≡≠↔〉 … ∨↓°∫≈≡↓≡±≈≡±↔ …↔∂♥↔∂°± °≠ ∏⇒ ″♠↔±↔←〉 ∏⇒∫≈≡≠∂…∂≡±↔ ⇒ …≡≥≥← ↔↑±←≠≡…↔≡≈ 
♦∂↔• ↔•≡ ∂±≈∂…↔≡≈ ∏⇒ ±≈ ⊂⊄⇒⊄ ⋅⇒∫↔÷÷≡≈ ↓≥←″∂≈← ♦≡↑≡ ≡∂↔•≡↑ ≥≡≠↔ ♠±↔↑≡↔≡≈ Ο °↑ 
←↔∂″♠≥↔≡≈ ♦∂↔• ∨↓° ⌠ ±≈ ↔•≡ ♦•°≥≡ …≡≥≥ ≥ƒ←↔≡← ♦≡↑≡ ↓↑°≡≈ ≠°↑ ∏⇒ ⊄ƒ↑Ο 
↓•°←↓•°↑ƒ≥↔∂°± ↓∏⇒⌠ ↔°↓⌠ ⊂⊄⇒⊄ ↓•°←↓•°↑ƒ≥↔∂°± ↓⊂⊄⇒⊄⌠ ″∂≈≈≥≡⌠ °↑ ↓↑°↔≡∂± ≥≡♥≡≥← ⋅⇒⌠ 
°↔↔°″〉 ⊆≡≠≡↑≡±…≡ ″°≥≡…♠≥↑∫♦≡∂÷•↔ ″↑×≡↑← ∂± ×⇔ ↑≡ ∂±≈∂…↔≡≈ °± ↔•≡ ≥≡≠↔〉 



⊂♠↓↓≥≡″≡±↔↑ƒ ∧∂÷♠↑≡  ⊂∂″♠≥↔∂°±← °≠ ∏⇒ ∏⋅Ο∏⋅ ″♠↔±↔←〉  ⇒±≥ƒ←∂← °≠ ⊆∨⌠ 
⇔∇ ±≈ ⊆∨ ⇔∇〉 ⊄•≡ ≈∂←↔±…≡ ≡↔♦≡≡± ↔•≡ ⇐  ↔°″← °≠ ¬≥♠ ∏⋅ ±≈ ⇒↑÷ 
∏⋅⌠ ∂±↔≡↑…↔∂±÷ ↑≡←∂≈♠≡← ∂± ↔•≡ ∏⋅Ο∏⋅ ″°≈≡≥ ←≡≡ ∧∂÷〉 ≡⌠ ∂← ↓≥°↔↔≡≈ ←  ≠♠±…↔∂°± °≠ 
←∂″♠≥↔∂°± ↔∂″≡〉 √± ↔•≡ …↔∂♥↔∂±÷ ″♠↔↔∂°±← ⊆∨ ±≈ ⇔∇⌠ ↔•≡ ↔♦° ↑≡←∂≈♠≡← ¬≥♠⌠ 
⇒↑÷ ←≡↓↑↔≡≈⌠ ♦•≡↑≡← ≠°↑ ♦∂≥≈ ↔ƒ↓≡ ∪⊄ ±≈ ↔•≡ ≈°♠≥≡ ″♠↔↔∂°±⌠ ↔•≡ ≈∂←↔±…≡ ↑≡″∂±≡≈ 
↑≡≥↔∂♥≡≥ƒ ←↔≥≡〉  ⊂≥↔∫↑∂≈÷≡ ±≥ƒ←∂← ≠°↑ ∏⇒ ¬≥♠Ο⇒↑÷〉 ∪⊄⌠ ∨⊆⌠ ±≈ ∨⊆ 
⊆∨⌠ ♦≡↑≡ ←∂″♠≥↔≡≈ ≠°↑ 〉 ← ≡…•〉 ∉≥°↔↔≡≈ ↑≡ ↔•≡ ≈∂←↔±…≡← ≡↔♦≡≡± ←≡≥≡…↔ ↑≡←∂≈♠≡← ←  
≠♠±…↔∂°± °≠ ←∂″♠≥↔∂°± ↔∂″≡〉 ⊂•°♦± ∂± ←°≥∂≈ ≥∂±≡← ↑≡ ↔•≡ ≈∂←↔±…≡ ↔↑∝≡…↔°↑∂≡← ≡↔♦≡≡± ±↔∂♥≡ 
↑≡←∂≈♠≡←⌠ ±≈ ←•°♦± ∂± ≈←•≡≈ ≥∂±≡← ↑≡ ≈∂←↔±…≡ ↔↑∝≡…↔°↑∂≡← ∂± ♦•∂…• ↔ ≥≡←↔ °±≡ °≠ ↔•≡ ↑≡←∂≈♠≡← 
∂±♥°≥♥≡≈ •← ≡≡± ∂±↔↑°≈♠…≡≈ ƒ ″♠↔↔∂°±〉 ⊄° ←∂″↓≥∂≠ƒ ↔•≡ ←≥↔∫↑∂≈÷≡ ↓↑≡←≡±↔↔∂°±⌠ ↔•≡ …↔♠≥ 
≈∂←↔±…≡← ≈∂←↓≥ƒ≡≈ ↑≡ ≡↔♦≡≡± ⇐  °≠ ⇒↑÷⌠ ⇒↑÷⌠ °↑ ⇒↑÷ ↔° ……°♠±↔ ≠°↑ ∇ ⌠ ∇ ⌠ ±≈ 
∇  °≠ ↑÷∂±∂±≡ ±≈ ≡∂↔•≡↑ ⇐  °≠ ¬≥♠ °↑ ¬≥♠ ↔° ……°♠±↔ ≠°↑ ∠  ±≈ ∠  °≠ ÷≥♠↔″∂… 
…∂≈ °↑ ∉ °≠ ↓⊂≡↑ ↔° ……°♠±↔ ≠°↑ ∠∉⌠ ∠∉⌠ ±≈ ∠∉ °≠ ↓•°←↓•°←≡↑∂±≡〉 ⊄•♠←⌠ ↔•≡ 
↑≡↓↑≡←≡±↔↔∂♥≡ ≈∂←↔±…≡ ≠°↑  ←≥↔ ↑∂≈÷≡ ∂← ϒ〉 � ↑↔•≡↑ ↔•± ϒ〉 � ↔ƒ↓∂…≥ ±∂↔↑°÷≡±Ο°♣ƒ÷≡± 
≈∂←↔±…≡〉 ¬↑ƒ ↑≡…↔±÷≥≡← ∂±≈∂…↔≡ ↔•≡ ↓↓↑°♣∂″↔≡ ≈∂←↔±…≡ ↑±÷≡ ≠°↑ ←≥↔ ↑∂≈÷≡←〉





⊂♠↓↓≥≡″≡±↔↑ƒ ∧∂÷♠↑≡   ⇐°±≠°↑″↔∂°±≥ …•±÷≡← ∂± ∏⋅ ±≈ ±≥ƒ←∂← °≠ ⊃∧〉  ⊆≈∂♠← °≠ 
÷ƒ↑↔∂°± ⊆÷⌠ ± °♥≡↑≥≥ ″≡←♠↑≡ °≠ ↔•≡ ←∂∞≡ °≠ ∏⋅ ←  ≠♠±…↔∂°± °≠ ←∂″♠≥↔∂°± ↔∂″≡ ←″≡ 
←∂″♠≥↔∂°±← ← ∂± ∧∂÷〉 〉  ⊆⊂⇔ ≠°↑ ⇐  ↔°″← ∂± ∏⋅ ←  ≠♠±…↔∂°± °≠ ←∂″♠≥↔∂°± ↔∂″≡⌠ ≠↔≡↑ 
≥∂÷±∂±÷ ⇐  ↔°″← ∂± ∏⋅ ≠°↑ ≡…• ↔∂″≡ ≠↑″≡ ♦∂↔• ↔•≡ ⇐  ↔°″← ∂± ↔•≡∂↑ ∂±∂↔∂≥ ↓°←∂↔∂°±←〉 ⇑°↔• 
←∂″♠≥↔∂°±← ♦≡↑≡ ∂±∂↔∂↔≡≈ ≠↑°″ ± ∂≈≡±↔∂…≥ ∏⋅Ο∏⋅ ↓°←≡ ♦∂↔• ⊂≡↑ ±≈ ⊄ƒ↑ 
↓•°←↓•°↑ƒ≥↔≡≈〉 √± °±≡ ←∂″♠≥↔∂°± °↑±÷≡⌠ ↔•≡ ∏⋅ …↔∂♥↔∂°± ≥°°↓ ♦← ↓•°←↓•°↑ƒ≥↔≡≈ ↔ 
⊄ƒ↑ ±≈ ⊄ƒ↑⌠ ±≈ ∂± ↔•≡ °↔•≡↑ ←∂″♠≥↔∂°± ÷↑≡≡±⌠ ↔•≡ …↔∂♥↔∂°± ≥°°↓ ♦← 
♠±↓•°←↓•°↑ƒ≥↔≡≈〉 ⇒ •∂÷• ⊆⊂⇔ ∂← ∂±≈∂…↔∂♥≡ °≠  •∂÷• ≈≡÷↑≡≡ °≠ ←↔↑♠…↔♠↑≥ ≈≡♥∂↔∂°± ≠↑°″ ↔•≡ 
∏⋅Ο∏⋅ …°±≠∂÷♠↑↔∂°± ↔•≡ ♠↔°∂±•∂∂↔°↑ƒ ↓°←≡ ←•°♦± ∂± ∧∂÷〉 〉 …Ο≡ ⇒±≥ƒ←≡← °≠ ∏⇒ ∉∇ 
″♠↔↔∂°± ⊃∧〉 √± ↓↑≡♥∂°♠← ←↔♠≈∂≡←⌠ ♦≡ ←•°♦≡≈ ↔•↔ ⊂≡↑ ±≈ ⊄ƒ↑ ↑≡ ↓°°↑≥ƒ 
↓•°←↓•°↑ƒ≥↔≡≈ ∂± …↔∂♥↔≡≈ ∏⇒ ″♠↔±↔← ←♠…• ← ⊃∧〉 ⊄•♠←⌠ ↔° ←∂″♠≥↔≡ ⊃∧ ∏⋅Ο∏⋅ 
↓↑°↓≡↑≥ƒ⌠ ♦≡ ≥≡≠↔ ⊂≡↑ ±≈ ⊄ƒ↑ ♠±↓•°←↓•°↑ƒ≥↔≡≈ ±≈⌠ ≠°↑ …°″↓↑∂←°± ↓♠↑↓°←≡←⌠ ♦≡ ≥←° 
←∂″♠≥↔≡≈ ♠±↓•°←↓•°↑ƒ≥↔≡≈ ♦∂≥≈ ↔ƒ↓≡ Κ∪⊄ϑ〉 ∧⇒⌠ ∂± ⇐ °≠ ∏⋅ ±≈ ↓↑°♣∂″≥ ↔° ⊃≥⌠ 
♦← ←•°♦± ↔° ←♠↓↓↑≡←← ⊃∧⌠⌠ ±≈ ↔•≡↑≡≠°↑≡ ♦≡ ≥←° ←∂″♠≥↔≡≈ ∧⇒ ⊃∧ 
♠±↓•°←↓•°↑ƒ≥↔≡≈〉  … ⊄•≡ ⊂⋅Ο∏⋅ ≥∂±×≡↑ …°±≠°↑″↔∂°±← ♥∂←∂↔≡≈ ≈♠↑∂±÷ ↔•≡ ←∂″♠≥↔∂°±←〉 ∏⋅Ο
∏⋅ ∂± ↔•≡ ≠∂↑←↔ ↔∂″≡ ≠↑″≡ ↔ °≠ ≡…• ↔↑∝≡…↔°↑ƒ ∂← ←•°♦± ∂± ↑∂°± ↑≡↓↑≡←≡±↔↔∂°± ±≈ …°≥°↑≡≈ 
←  ∂±  ∧∂÷〉  〉  ⊄•≡  ⇐  ↔↑…≡ °≠ ↔•≡ ⊂⋅Ο∏⋅ ≥∂±×≡↑ ↑≡←∂≈♠≡← Ο ≠°↑ ≡…• ↔∂″≡ ≠↑″≡ ∂← 
←•°♦± ∂± ÷↑≡≡±⌠ ≠↔≡↑ ≥∂÷±∂±÷ ∏⋅ ∂± ≡…• ≠↑″≡ ♦∂↔• ∏⋅ ↔ ↔〉 ⇒← ←•°♦±⌠ ↔•≡ ≥∂±×≡↑ ∂± ⊃∧ 
∂← ≥≡←↔ ←↔≥≡ ∂± ↔•≡ ∂±≈∂±÷ ÷↑°°♥≡ ≡↔♦≡≡± ∏⋅ ±≈ ∏⋅〉 ≈ ⊆⊂⇔ ≠°↑ ⇐  ↔°″← ∂± ∏⋅ ←  
≠♠±…↔∂°± °≠ ←∂″♠≥↔∂°± ↔∂″≡⌠ ≠↔≡↑ ≥∂÷±∂±÷ ⇐  ↔°″← ∂± ∏⋅ ≠°↑ ≡…• ↔∂″≡ ≠↑″≡ ♦∂↔• ↔•≡ ⇐  
↔°″← ∂± ↔•≡∂↑ ∂±∂↔∂≥ ↓°←∂↔∂°±←〉 ⊆≡″°♥≥ °≠ ↓⊂≡↑ ±≈ ↓⊄ƒ↑ Κ∪⊄ϑ ♥≡↑←♠← Κ∪⊄ ↓⊂↓∅ϑ ≥≡≈ 
↔° ± ∂±…↑≡←≡ ∂± ↔•≡ °♥≡↑≥≥ …°±≠°↑″↔∂°±≥ •≡↔≡↑°÷≡±≡∂↔ƒ °≠ ∏⋅ ±≈ ↔•♠← ≈≡←↔∂≥∂∞↔∂°± °≠ ↔•≡ 
∏⋅Ο∏⋅ …°″↓≥≡♣〉 ⊃∧ …♠←≡≈  ≠♠↑↔•≡↑ ∂±…↑≡←≡ ∂± ∏⋅ •≡↔≡↑°÷≡±≡∂↔ƒ⌠ ±≈ ≈≈∂↔∂°± °≠ 
∧⇒ ↔° ⊃∧ ↑≡←↔°↑≡≈ ∏⋅ •≡↔≡↑°÷≡±≡∂↔ƒ …× ↔° ↔•≡ ≥≡♥≡≥ °≠ ↓•°←↓•°↑ƒ≥↔≡≈ ∏⋅Ο∏⋅ Κ∪⊄ 
↓⊂↓∅ϑ〉 ≡ ⊆⊂⇔ ≠°↑ ⇐  ↔°″←  ∂±  ⇐ °≠ ∏⋅ ↑≡←∂≈♠≡← Ο ↑≡≥↔∂♥≡ ↔° ↔•≡ …↔∂♥≡ 
…°±≠°↑″↔∂°±⌠ ≠↔≡↑ ≥∂÷±∂±÷ ≥≥ ↔•≡ ⇐  ↔°″← ∂± ∏⋅〉 ⇒← ←•°♦±⌠ ↔•≡ …↔∂♥≡ …°±≠°↑″↔∂°± °≠ ⇐ ∂← 
″°←↔ ←↔≥≡ ∂± ⊃∧〉



⊂♠↓↓≥≡″≡±↔↑ƒ ∧∂÷♠↑≡   ∏⇒ ∏⋅Ο∏⋅ ″°≈≡≥ ±≈ …°″↓↑∂←°± °≠ ∏⇒ ∏⋅Ο∏⋅ ″°≈≡≥←〉  
⇒↔°″∂… ″°≈≡≥← °≠ ∏⇒ ∏⋅ ∉⇔⇑ …°≈≡  ↑≡≠〉  ±≈ ∏⋅ ∉⇔⇑ …°≈≡ ∨∪ ↑≡≠〉  ♦≡↑≡ 
↓≥…≡≈ ƒ ←♠↓≡↑↓°←∂↔∂°± ∂±↔° ↔•≡ ↓°←∂↔∂°±← °≠ ∏⋅ ±≈ ∏⋅ °≠ ∏⇒ ∧∂÷〉 〉 ⊄•≡ ⊂⋅Ο∏⋅ ±≈ 
∏⋅Ο∏⋅ ≥∂±×≡↑← ♦≡↑≡ ≈≈≡≈⌠ ±≈ ± ⇔ ←∂″♠≥↔∂°± ♦← ↑♠± ≠°↑  ←〉 ⊂•°♦± ∂←  
↑≡↓↑≡←≡±↔↔∂♥≡ ↓°←≡ ±≡↑ ↔•≡ ≡±≈ °≠ ↔•≡ ←∂″♠≥↔∂°±〉 ∏⋅ ↑≡←∂≈♠≡← Ο ∂← …°≥°↑≡≈ °↑±÷≡⌠ 
∏⋅ ↑≡←∂≈♠≡← Ο ∂← …°≥°↑≡≈ …ƒ±⌠ ♦∂↔• ↔•≡ …↔∂♥↔∂°± ≥°°↓ ↑≡←∂≈♠≡← Ο …°≥°↑≡≈ 
↑≡≈⌠ ↔•≡ ⊂⋅Ο∏⋅ ≥∂±×≡↑ ↑≡←∂≈♠≡← Ο ∂← …°≥°↑≡≈ ÷↑≡≡±⌠ ±≈ ↔•≡ ∏⋅Ο∏⋅ ≥∂±×≡↑ ↑≡←∂≈♠≡← 
Ο ∂← …°≥°↑≡≈ ÷↑ƒ〉 ↓↓≡≈ …↔∂♥↔∂±÷ ″♠↔↔∂°±← ↑≡ ←•°♦± ∂± ←↔∂…× ↑≡↓↑≡←≡±↔↔∂°±⌠ 
…°≥°↑≡≈ ↓∂±×⌠ ±≈ ≥≡≥≡≈〉 ∠↔•≡↑ ↑≡←∂≈♠≡← °≠ ∂±↔≡↑≡←↔ ↑≡ ←•°♦± ∂± ←↔∂…× ↑≡↓↑≡←≡±↔↔∂°± ±≈ 
≥≡≥≡≈〉 ⊄•≡ ∇∫↔≡↑″∂±♠← ↑≡←∂≈♠≡  ∂← ≥≡≥≡≈ Κ∇ϑ⌠ ±≈ ↔•≡ ⇐∫↔≡↑″∂±♠← ↑≡←∂≈♠≡  ∂← 
≥≡≥≡≈ Κ⇐ϑ〉  ⊆∂°± ≈∂÷↑″ °≠ ↔•≡ ∏⇒ ∏⋅Ο∏⋅ ″°≈≡≥ ≠↑°″ ↔•≡ …♠↑↑≡±↔ ←↔♠≈ƒ ⌠ ≠↑°″ 
∂±≈♠≡↑ ≡↔ ≥〉 ⌠ ±≈ ≠↑°″ ∪± ≡↔ ≥〉 〉 ⇐°≥°↑∂±÷ ∂← ↔•≡ ←″≡ ← ∂± ∧∂÷〉 〉 ⊄•≡ ←∂≈≡ …•∂±← °≠ 
⊃≥⌠ ⇒↑÷⌠ ±≈ ⇒←↓ ↑≡ ←•°♦± ∂± ←↓•≡↑≡ ↑≡↓↑≡←≡±↔↔∂°± ±≈ …°≥°↑≡≈ ↓∂±× …↑°± 
↔°″←〉 ⊄•≡ ″°≈≡≥← ↑≡ ≥∂÷±≡≈ ♦∂↔• °±≡ ±°↔•≡↑ ←≡≈ °±  ←♠↓≡↑↓°←∂↔∂°± °≠ ∏⋅〉 ⊄•≡ ∇∫ ±≈ ⇐∫
↔≡↑″∂±∂ ≠°↑ ≡…• ″°≈≡≥ ↑≡ ≥≡≥≡≈ Κ∇ϑ ±≈ Κ⇐ϑ〉



⊂♠↓↓≥≡″≡±↔↑ƒ ∧∂÷♠↑≡   ⊇±…↑°↓↓≡≈ ∂″÷≡← ≠°↑ ♦≡←↔≡↑± ≥°↔← ←•°♦± ∂± ∧∂÷〉 〉 ∧°↑ ≡…• ≥°↔ 
≥≡≥≡≈ ……°↑≈∂±÷≥ƒ⌠ °♣≡← ″↑× ↔•≡ °↑≈≡↑← °≠ ↔•≡ …↑°↓↓≡≈ ∂″÷≡← ←•°♦± ∂± ∧∂÷〉 〉



⊆∨∧∨⊆∨∇⇐∨⊂

〉 ∂±÷⌠ ⊂〉⌠ ∂♠⌠ ⊂〉⌠ ⊕•±÷⌠ ⇐〉  ⊕•°♠⌠ ∅〉 ⇒ ←∂″↓≥≡ ↑≡≠≡↑≡±…≡ ←↔↔≡ ″×≡←  ←∂÷±∂≠∂…±↔ 
∂″↓↑°♥≡″≡±↔ ∂± ±≡↑∫±↔∂♥≡ ←≡≥≡…↔∂°±← ≠↑°″ ←↔↑♠…↔♠↑≥≥ƒ ↑≡≠∂±≡≈ ≈°…×∂±÷ ≈≡…°ƒ←〉 ∉↑°↔≡∂±← ⌠ 
∫ 〉

〉 ∂±÷⌠ ⊂〉⌠ ⊕•±÷⌠ ⇐〉⌠ ⊂↑″∂≡±↔°⌠ ∏〉  ⊂↔±≈≥≡ƒ⌠ ⇔〉〉 ∉↑°↔≡∂± ≥°°↓ ″°≈≡≥∂±÷ ♦∂↔• °↓↔∂″∂∞≡≈ 
…×°±≡ ↓°↔≡±↔∂≥ ≠♠±…↔∂°±←〉 ∏〉 ⇐•≡″〉 ⊄•≡°↑〉 ⇐°″↓〉 ⌠ ∫ 〉

〉 ⊇±÷♠↑≡±♠⌠ ⇔〉⌠ ≡↔ ≥〉 ⊄•≡ ↓←≡♠≈°×∂±←≡ ≈°″∂± °≠ ∏⇒ ∂←  ≈♠≥∫←↓≡…∂≠∂…∂↔ƒ ↓↑°↔≡∂± ×∂±←≡ 
↔•↔ ±≡÷↔∂♥≡≥ƒ ↑≡÷♠≥↔≡← …ƒ↔°×∂±≡ ←∂÷±≥∂±÷〉 ∇↔〉 ⊂↔↑♠…↔〉 °≥〉 ⇑∂°≥〉 ⌠ ∫ 〉

〉 ⇔♠←⌠ ⇒〉⌠ °♠↔°±⌠ ⇐〉⌠ ∉≡…→♠≡↔⌠ ⇐〉⌠ ⋅≡↑″±⌠ 〉  ⇐°±←↔±↔∂±≡←…♠⌠ ⊂〉∇〉 ∏⇒ ⊃∧ 
…°±←↔∂↔♠↔∂♥≡ …↔∂♥↔∂°± ↑≡→♠∂↑≡← ∏⋅ ↑≡←∂≈♠≡ ∧∑  ↓←≡♠≈°×∂±←≡ ≈°″∂± ↔↑÷≡↔ ≠°↑ ←↓≡…∂≠∂… 
∂±•∂∂↔°↑←〉 ∉≥°⊂ ∠±≡ ⌠ ≡ 〉

〉 ¬±±←″±≈±⌠ 〉⌠ ÷∂←⌠ ⇒〉  ⊂ƒ≡←×∂⌠ ∉〉∉〉 ⊄•≡ …°±←↔∂↔♠↔∂♥≡ …↔∂♥↔∂°± °≠ ∏×∫⊃∧ ∂← 
″≡≈∂↔≡≈ ƒ  ↓∂ ←↔…×∂±÷ ″≡…•±∂←″ ∂±♥°≥♥∂±÷ ↓•≡±ƒ≥≥±∂±≡←  ±≈ 〉 ⇑∂°…•≡″∂←↔↑ƒ ⌠ 
∫ 〉

〉 ⊄°″←⌠ ⇒〉⊃〉⌠ ≡↔ ≥〉 ⊂↔↑♠…↔♠↑≡ °≠  ↓←≡♠≈°×∂±←≡∫≈°″∂± ←♦∂↔…• ↔•↔ …°±↔↑°≥← °±…°÷≡±∂… 
…↔∂♥↔∂°± °≠ ∏× ×∂±←≡←〉 ∇↔〉 ⊂↔↑♠…↔〉 °≥〉 ⇑∂°≥〉 ⌠ ∫ 〉

〉 ♠≥÷°♦←×∂⌠ ∏〉∏〉⌠ ≡↔ ≥〉 √≈≡±↔∂≠∂…↔∂°± °≠ ∂″∂≈∞°∫↓ƒ↑↑°≥°↓ƒ↑∂≈∂±≡← ← ±°♥≡≥ ±≈ ↓°↔≡±↔ ∏⇒ 
∂±•∂∂↔°↑←〉 ∏〉 ≡≈〉 ⇐•≡″〉 ⌠ ∫ 〉

〉 ∂±≈♠≡↑⌠ 〉⌠ °≡↑↔∂±÷⌠ ⊄〉⌠ ∂≡≈≥⌠ 〉⊆〉  ↑°≡″≡↑⌠ ⊆〉⊄〉 ∉↑≡≈∂…↔∂°± °≠ ↔•≡ ←↔↑♠…↔♠↑≡ °≠ •♠″± 
∏±♠← ×∂±←≡  ∏⇒ …°″↓↑∂←∂±÷ ↔•≡ ↔♦° …↑°♣ƒ∫↔≡↑″∂±≥ ≈°″∂±← ↑≡♥≡≥←  ″≡…•±∂←″ ≠°↑ 
♠↔°↑≡÷♠≥↔∂°±〉 ∉↑°↔≡∂± ∨±÷〉 ⌠ ∫ 〉

〉 ∪±⌠ ∩〉⌠ ⌠ ∅〉⌠ …⇐≥≡±≈°±⌠ ⇐〉〉⌠ ⋅♠±÷⌠ 〉∏〉  ⋅♠±÷⌠ ∇〉 ⇒ √±∂↔∂° °≈≡≥∂±÷ ±≈ 
∨♣↓≡↑∂″≡±↔≥ ⇒←←≡←←″≡±↔ °≠ ∏±♠← ∂±←≡  ∏⇒ ∂±←≡∫∉←≡♠≈°×∂±←≡ ⇐°″↓≥≡♣ ⊂↔↑♠…↔♠↑≡〉 
∉°⊂ ⇐°″↓♠↔〉 ⇑∂°≥〉 ⌠ ≡ 〉


